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㠪 䉘

.Ҽӊᒪ⴪ঐ∋ѐҁ䱻ࡦ䱪㦅㤈,ᰛᴾྸợ,䖢⵲䰪ᐨ㔅ݿ ഔᵑ൞⎏ཝ的䘏⇫ঐ༡⭕⏥,⼞䳴

的Ⱁ㤜ૂᡆ䮵的௒ᛜӈ相৸ᵸ, ᡇሯ䘏ж࠽┗ᘶ᝕◶. ൞↚, ᡇҕᜩሯ䛙ӑᑤࣟᡇ, ᭥ᤷᡇ的㘷

ᐾ,ᵁਁ,ᇬӰ㺞⽰㺭ᗹ的᝕䉘.

俌ݾ㾷᝕䉘ᡇ的ሲᐾߥ⏑㘷ᐾ. ,㘷ᐾ㾷≸ћṲߥ ᙱᱥ㙆ᗹ䀙ㆊૂ᤽ሲᡇԢ൞〇研ѣ䙽ࡦ

的⯇䰤. 㲳❬ཝᇬڐ的䰤从⎿及䶘ᒵ⌑,਺у相ੂ,ռߥ㘷ᐾד❬㜳ᨆ਌ࡦ关䭤ؗᚥૂᙓᜩᵢ䍞.

的щᇬᮏ޻㘷ᐾ㓺㓽Ҽླࠖ⅗ള䱻Ր䇤,ੂᰬ啉ࣧᡇԢ৸ࣖެԌᆜṗ㓺㓽的ᆜᵥՐ䇤,ф亼ตߥ

ᦾᖉ䶘Ӛ⍷,ᆜҖ᯦ᙓᜩ,᧛䀜ᴿᝅᙓ的䰤从. ᖾ᝕䉘ߥ㘷ᐾ䘏ӊᒪᶛሯᡇ的᤽ሲૂᑤࣟ.

ᡇҕ㾷᝕䉘ઞᛜ㘷ᐾ, зᆎ⭕㘷ᐾ, ᮽ⌷Წ㘷ᐾ, ᯯՕߑ㘷ᐾ, ੇ䶈㘷ᐾ, ԌԢሯᡇ൞ᆜᵥр

的᤽ሲфᔰ䇤䇟ᡇ਍ⴀ亽Ѧ. 㺭ᗹ᝕䉘ᯯ⡧ᮅ㘷ᐾ,䱾ᘍള㘷ᐾ,ᶄ㩂㘷ᐾ,ԌԢ൞⭕⍱р㔏ҾҼ

ᡇ䇮ཐ关ᗹૂᔰ䇤,䇟ᡇࣽᮘ൦䐞䗽Ҽᖾཐ඄ත.

᝕䉘ᡇ的ੂ䰞: ᶄՕ㚠ᐾݺ,ᕖж⛒ᐾݺ,ᕖ丢ᐾݺ,⊠俞ᐾݺ, Jerod Michelᐾݺ,зᣛ᰼ᐾ

,䴺,ᗆᆆ㘊,丟䴠မ,ަᱣੑݹྐ,䲬❬,⧁䠄,ݺᡐ㄁⌘ᐾ,ݺᐾ⚥᷍,ݺ䫧ᱰ䗦ᐾ,ݺ傢Ქᆜᐾ,ݺ

䱾ႭႭ,ઞ䶌ක,ᆏ⿶㣩,⣺ᮽᑓ,䱼ᔰޫ,᷍ฯ䍚ㅿ. 䘏ᱥжѠॷ࠼⑟᳌的䳼։,ཝᇬ㔅ᑮ൞ж䎭

᧘䇞䰤从,ж䎭ᆜҖ᯦⸛䇼,ӈ相啉ࣧ,ާੂ䘑↛.

᝕䉘ᡇ的ᵁਁ: ᶄҜᶞ,ᕖᲬᲬ,ⲳжṲ,䇮֩ᬶ,ࡎѣђ,ᐟӤ⩪ㅿ. ԌԢж⴪ㄏ൞ᡇ的䓡᯷

䲠ժᡇᡆ䮵,⭞㗄ླݻᇔҼᡇ的ঐ༡⭕⏥.

᝕䉘ᡇ的⡬∃,ԌԢж⴪ㄏ൞ᡇ䓡੄,唎唎Ԏ࠰,ᡆѰᡇᴶඐ强的੄ⴴ. ԌԢခ㓾啉ࣧᡇ䘳≸

Ờᜩ,Ѱ⽴Ր֒䍗⥤. ᝕䉘ᡇ的࿯࿯֋仌⩜,ྯሯᡇ的关ᗹૂ啉ࣧ䇟ᡇࣽᮘੇࢃ,у᜝㢦䳴䲟䱱.

᝕䉘ᡶᴿᑤࣟ䗽ᡇ的Ӱ.

ᴶ੄ᡇ㾷᝕䉘⎏⊕ཝᆜ,⎏ཝѰᡇԢᨆבҼᖾླ的〇研ᒩਦ,䇟ᡇԢ㜳᧛䀜ࡦᖾཐള䱻ࢃ⋵

的亼ต,ᆜҖࡦᖾཐ᯦的ᙓᜩૂᐛޭ. ᆜṗуӻ⭞ᖾ⎉৐的Ӱᮽ᛻ᘶ᝕ḉᡇԢ,䘎ᮏᡇԢ㝐䑅ᇔ

൦ڐжѠ≸ᱥӰ,Ѱളᇬᔰ䇴䍗⥤жԳ࣑䠅.
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᪎ 㾷

强正则图ૂᴿੇ强正则图ᱥ㓺ਾ图䇰ѣॷ࠼䠃㾷的њ㊱图, ᆹԢфуੂ亼ตѣ的䇮ཐᴿᝅ

ᙓ的㔉ᶺᴿ⵶ᇼ࠽的㚊㌱,ྸᴿ䲆ࠖ֋Ƚ㕌码⨼䇰ԛ及㓺ਾ䇴䇗⨼䇰ㅿㅿ. 研究㘻Ԣ䙐ᑮٕࣟࠥ

㧧图ሯ䘏њ㊱图䘑㺂研究ૂᶺ䙖,ᗍࡦҼ䇮ཐуੂ㊱ශ的强正则图ૂᴿੇ强正则图. 㓺ਾ⨼䇰ѣ

的㔉ਾᯯṾૂ t-䇴䇗ᱥ䘇ࠖॷᒪᶛ㻡ཝ䠅研究的њ〃㓺ਾ㔉ᶺ, ᆹԢ൞图䇰Ƚ㕌码⨼䇰Ƚᇼ码

ᆜȽ䙐ؗૂ㔕䇗ᆜ亼ตᴿ⵶ᒵ⌑的ᓊ⭞. ⢯ࡡ൦,强正则图ૂᰖᇐᖘሯ〦㔉ਾᯯṾᴿ⵶ᖾ强的㚊

㌱,ਜཌ t-䇴䇗ૂ线性码ҁ䰪的相ӈ֒⭞的研究ҕж⴪ᱥཝᇬ᝕ު䏙的䈴从. ᵢᮽሼ䙐䗽ԙᮦᯯ

⌋ᶺ䙖䶔Ӛᦘ 2-㗚р的强正则ࠥ㧧图ૂᰖᇐᖘࠥ㧧㔉ਾᯯṾ, ᒬ࡟⭞䜞ૂ࠼ᰅᶺ䙖᯦的ᴿੇ强

正则ࠥ㧧图. ᵢᮽӜ㠪࣑ӄ研究⭧ж㊱пݹ线性码ሯᓊ的᭥᫇ 2-䇴䇗ᡶ⭕ᡆ的线性码.

൞ㅢжㄖѣ,ᡇԢㆶ㾷ԁ㔃Ҽᵢᮽ的研究㜂ᲥȽᮽ⥤㔲䘦ԛ及ѱ㾷޻ᇯ.

൞ㅢӂㄖѣ, ᡇԢ俌ݾ㘹㲇Ҽ RT2图, Davis-Xiang图ૂᆹԢሯᓊ的ᰖᇐᖘӚᦘࠥ㧧㔉ਾᯯ

Ṿ的正则㠠ੂᶺ㗚. ᧛⵶ᗍࡦҼ䙐䗽Ӛᦘ正则㠠ੂᶺ㗚ᶺ䙖䶔Ӛᦘ的正则㠠ੂᶺ㗚的ж㡢性㔉

䇰,ᒬሼᆹԢᓊ⭞ࡦ䘏њ㊱图ԛ及ሯᓊ的ᰖᇐᖘӚᦘࠥ㧧㔉ਾᯯṾѣ,Ԅ㙂ᗍࡦҼᰖᇐᖘ䶔Ӛᦘ

ࠥ㧧㔉ਾᯯṾ.

൞ㅢпㄖѣ,ᡇԢ࡟⭞Ҽቶ䜞⧥ሯр的䜞ૂ࠼ᰅᶺ䙖Ҽޭᴿ᯦৸ᮦ的ᴿੇ强正则图. ᗍࡦҼ

16Ѡ᯦的ᴿੇ强正则图ᰖキ㊱,ᒬ㔏࠰Ҽж㊱᯦的ж㠪䜞ૂ࠼ᰅ.

൞ㅢ഑ㄖѣ,ᡇԢ䇞䇰Ҽ⭧ Hermitian࠳ᮦᇐѿ的Եሺу਎пݹ码. 俌ݾ䇗㇍Ҽ䘏ӑпݹ码

的ᴶቅ䠃䠅码ᆍᡶሯᓊ的᭥᫇ 2-䇴䇗的关㚊⸟䱫. ❬੄䇷᱄Ҽ⭧䘏ӑ关㚊⸟䱫的㺂ᡶ⭕ᡆ的线

性码ᱥ഑䱬ᒵѿ Reed-Muller 码的ᆆ码, ᒬъᆹԢਥԛᗍࡦ 2-䇴䇗. ᴶ੄, ⺤ᇐҼᡶᗍ的пݹ线

性码的㔪ᮦ,ᒬ㔏࠰Ҽ䈛码的ᴶቅ䐓⿱的с⮂.

൞ㅢӊㄖѣ,ᡇԢᙱ㔉Ҽᵢᮽᡶ⎿及的ѱ㾷ᐛ֒,ᒬㆶ⮛ਏ䘦Ҽ᧛сᶛᐛ֒的ኋᵑ.

关䭤䈃: ࠥ㧧图; ᰖᇐᖘࠥ㧧ᯯṾ; 正则㠠ੂᶺ㗚; 强正则图; ᴿੇ强正则图; 䜞ૂ࠼ᰅ; ቶ䜞⧥;

пݹ码; 2-䇴䇗;ᒵѿ Reed-Muller码.
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Abstract

Strongly regular graphs and directed strongly regular graphs are two important kinds of graphs in

combinatorial graph theory. They are closely related to many interesting structures in different fields,

such as finite geometry, coding theory, combinatorial design theory and so on. By means of Cayley

graph, many different types of strongly regular graphs and directed strongly regular graphs have been

obtained. The association scheme and the t-design in combinatorial theory are two kinds of combina-

torial structures which have been studied extensively in recent decades. They are widely used in graph

theory, coding theory, cryptography, communication and statistics. In particular, strong regular graphs

have a strong connection with the amorphic Cayley schemes, and the interaction between t-designs and

linear codes has been a topic of interest. In this paper, we will construct strongly regular Cayley graph

and amorphic Cayley schemes on non-abelian 2-groups by algebraic method, and construct new directed

strongly regular Cayley graph by using partial sum families. This paper is also devoted to the study of

linear codes generated by supporting 2-designs corresponding to a class of ternary linear codes.

In Chapter 1, we will briefly introduce the research background, literature review and the main

content of this paper.

In Chapter 2, we consider regular automorphism groups of graphs in the RT2 family and the Davis-

Xiang family and amorphic abelian Cayley schemes from these graphs. We derive general results on

the existence of non-abelian regular automorphism groups from abelian regular automorphism groups

and apply them to the RT2 family and Davis-Xiang family and their amorphic abelian Cayley schemes

to produce amorphic non-abelian Cayley schemes.

In Chapter 3, we construct directed strongly regular graphs with new parameters by using partial

sum families with local rings. 16 families of new directed strongly regular graphs are obtained and the

uniform partial sum families are given.

In Chapter 4, we study the affine-invariant ternary codes defined by Hermitian functions. We first

compute the incidence matrices of the 2-designs supported by the minimum weight codewords of these

ternary codes. Then we show that the linear codes spanned by the rows of these incidence matrices

are subcodes of the 4-th order generalized Reed-Muller codes and also hold 2-designs. Finally, we

determine the dimension and develop a lower bound on the minimum distance of our ternary linear

III
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codes.

In chapter 5, we summarize the main work of this paper and briefly describe the future work.

Keywords: Cayley graph; amorphic Cayley scheme; regular automorphism group; strongly reg-

ular graph; directed strongly regular graph; partial sum family; local ring; ternary code; 2-design; gen-

eralized Reed-Muller code.
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1 ᕋ䀶

1.1 䘿从㜂Ქфᝅѿ

强正则图ᱥ䘇ࠖॷᒪᶛॷ࠼✣䰞的研究䈴从. Bose [51] ӄ 1963 ᒪ俌⅗䙐䗽ࠖڅ֋ૂሯ〦

ࠖ֋ᯯṾ研究Ҽ强正则图的㔉ᶺ. ൞䘏ҁ੄, 䱼䱼㔣㔣⏂⧦Ҽᖾཐ关ӄ强正则图的ж㡢性䍞ૂ

㔉ᶺ的研究. ሯӄжѠ图 Γ, 㤛ެᆎ൞жѠ㠠ੂᶺ㗚 G ሯެ⛯䳼的֒⭞ᱥ正则的, 则图 Γ ਥㅿ

ԭ䖢ौѰࠥ㧧图. ӄᱥᡇԢਥԛ䙐䗽൞уੂ的㗚 G рሱᢴਾ䘸的ᆆ䳼 D ᶛᗍࡦ强正则ࠥ㧧图

Cay(G,D), 䘏䠂的ᆆ䳼 D 㻡〦Ѱڅᐤ䳼. Ma [56] ቧ 1994 ᒪԛڅࢃᐤ䳼的相关研究ڐҼ䈜㓼ъ

.ᐤ䳼څ䶘的ᙱ㔉,ᒬᇐѿҼླࠖ〃㊱ශ的ޞ ެѣ的᣿зᯯශڅᐤ䳼ૂ䍕᣿зᯯශڅᐤ䳼਍ࡦҼ

ᒵ⌑的关⌞. ᵢᮽሼ关⌞ RT图ૂ Davis-Xiang图䘏њ㊱图, ᆹԢሯᓊӄ᣿зᯯශᡌ䍕᣿зᯯශ

的څᐤ䳼. 相关ᮽ⥤㺞᱄,关ӄ䍕᣿зᯯශ的څᐤ䳼的ᶺ䙖∊䎭᣿зᯯශ的څᐤ䳼的ᶺ䙖相ሯ⅖

㕰.

研究㘻Ԣ࡟⭞ᴿ䲆ตૂᴿ䲆ቶ䜞⧥ᶺ䙖Ҽཝ䠅的ᴿ䲆Ӛᦘ p-㗚р的څᐤ䳼. ❬㙂䶔Ӛᦘ p-

㗚р的څᐤ䳼的研究相ሯ䖹ቇ,ⴤࢃᐨ⸛的ਠᴿGhineli [18]ȽSwartz [20]ૂ Smith [42]ᶺ䙖的䶔Ӛᦘ

p-㗚р的څᐤ䳼. ᶺ䙖څᐤ䳼的ᯯ⌋ᴿᖾཐθެѣऻᤢφӂ⅗ශȽbent࠳ᮦȽӂ⅗ᴨ䶘ԛ及㗚⴪

〥ㅿ. ᵢᮽ䙐䗽研究ᐨ⸛图的正则㠠ੂᶺ㗚的ᯯ⌋ᶛᗍ᯦ࡦ的䶔Ӛᦘ 2-㗚р的څᐤ䳼. 强正则

图ૂᰖᇐᖘሯ〦㔉ਾᯯṾᴿ⵶ᇼ࠽的㚊㌱, Ivanov [11] ૂ ItoㅿӰ [58] 的㔉᷒㺞᱄жѠ৸ᮦ n > 2

的ሯ〦㔉ਾᯯṾ S ᱥᰖᇐᖘ的ᖉъӻᖉެᆆ图ൽѰ᣿зᯯශᡌ㘻ൽѰ䍕᣿зᯯශ的强正则图.

ਜཌ, van Dam [19]䇷᱄Ҽྸ᷒жѠ⛯䳼X р的ᇂޞ图㜳㻡࠼ࡈѰ᣿зᯯශᡌ㘻䍕᣿зᯯශ的强

正则图,䛙Ѿ⭧⛯䳼ૂ䘏ӑ图的关㌱ቧ㜳ᗍࡦжѠሯ〦㔉ਾᯯṾ. ᮽ⥤ [19]㺞᱄㤛ᣀG\{1}ڐԱ

ᝅ的ֵ࠼ࡈᗍ D1, D2, · · · , Dn ൽѰ᣿зᯯශ的څᐤ䳼ᡌ㘻ൽѰ䍕᣿зᯯශ的څᐤ䳼,ᡇԢሼᗍ

жѠࠥ㧧㔉ਾᯯṾࡦ S = (G;D1, D2, · · · , Dn). ᱴ❬䘏ҕᱥжѠᰖᇐᖘࠥ㧧㔉ਾᯯṾ. ሯӄ㔏

ᇐ的৸ᮦ䳼, ྸ֋⺤ᇐऻ੡ᤛᴿ䘏ӑ৸ᮦ的څᐤ䳼的㗚ᱥ⧦Ԁڅᐤ䳼研究亼ตѣ的жѠṮᗹ䰤

从. ӄᱥᵢᮽቓ䈋ᶺ䙖ᐨ⸛的њ㊱图ԛ及ެሯᓊ的ᰖᇐᖘ㔉ਾᯯṾ的正则㠠ੂᶺ㗚ᶛ䈋图㔏䘏

Ѡ䰤从жѠ䀙ᯯߩṾ.

1988 ᒪ Duval [4] 俌⅗ᨆ࠰Ҽᴿੇ强正则图的Ᾰᘫ. Duval ሯӄᴿੇ强正则图的৸ᮦૂ㔉ᶺ

的研究ᐛ֒᧞ࣞҼ䘏Ѡ᯦亼ต的ਇኋ,ੂᰬ੮ᕋҼཝ䠅研究㘻的关⌞. Սᡶઞ⸛,ᰖੇ图൞ԙᮦ

图䇰ѣ䎭ࡦҼṮᗹ֒⭞. ᴿੇ图ᱥ强正则图关ӄᴿੇ性的ж〃᧞ᒵ,ެ⭧ӄᴿ䏙的㔉ᶺ性䍞㻡ф

਺〃㓺ਾ㔉ᶺ相㚊㌱. 研究㘻Ԣֵ⭞Ҽ䇮ཐуੂ的ᐛޭৱᶺ䙖ᴿੇ强正则图,ެѣऻᤢ: ӂ⅗࢟

֏㊱Ƚށ㖍ށ޻〥Ƚ㓺ਾඍ䇴䇗Ƚ࠼ඍ⸟䱫Ƚࠓ㚐ԙᮦȽࠥ 㧧ᴿੇ图Ƚᒵѿࠥ㧧ᴿੇ图Ƚঀ⴪〥Ƚ
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ᴿ䲆关㚊㔉ᶺȽ䇴䇗ԛ及䜞ૂ࠼ᰅㅿ. Hobartૂ Shaw [53] 关ӄᰖ⌋䙐䗽Ӛᦘ㗚р的ࠥ㧧图ᗍࡦ

ᴿੇ强正则图的㔉䇰㔏ཝᇬᨆבҼᶺ䙖ᴿੇ强正则图的њѠ␻Ღ的ᯯੇ: 㘹㲇Ӛᦘ㗚р的m-ࠥ

㧧图, m ≥ 2, ᡌ㘻䙐䗽䶔Ӛᦘ㗚р的ࠥ㧧图ᶺ䙖ᴿੇ强正则图. Martínez ૂ Araluze [44] 㘹㲇㗚

р的䳼ᰅ,䙐䗽䳼ᰅᶺ䙖m-ࠥ㧧图,ᒬ㔏࠰m-ࠥ㧧图ᡆѰᴿੇ强正则图ᰬ䳼ᰅᡶ䴶㾷┗䏩的ᶗ

Ԭ,⭧↚ᕋޛҼ䜞ૂ࠼ᰅ的Ᾰᘫ. 䜞ૂ࠼ᰅᾸᘫ的ᕋޛѰᶺ䙖ᴿੇ强正则图ᨆבҼ᯦的ᯯੇ,ࣖ

рެ␻Ღ的ԙᮦ㔉ᶺ性䍞,ֵᗍᡇԢᖾᇯ᱉ٕࣟԙᮦᯯ⌋ৱ䘑㺂ᶺ䙖. ൞ᮽ⥤ [44]的ᴶ੄,ԌԢᨆ

的䰤从,ެѣ的ㅢӂѠᱥሯԱᝅ的ߩҼпѠᵠ䀙࠰ m ≥ 2,ᴿੇ强正则 m-ࠥ㧧图的ᆎ൞性䰤从.

ᵢᮽ䈋图ৱ䀙ߩ䘏Ѡ䰤从ᒬᶺ䙖ޭᴿ᯦৸ᮦ的ᴿੇ强正则图. ᖾ㠠❬൦,ᡇԢ㜳ٕࣟ强正则图Ѱ

研究ᴿੇ强正则图ሱᢴ᯦的ᙓ䐥. ਍ࡦ Polhill൞ᮽ⥤ [32] ѣֵ⭞ Galois⧥ᶺ䙖强正则图的੥ਇ,

ᵢᮽቓ䈋ֵ⭞ቶ䜞⧥ԛ及ԌԢᡶ⭞ࡦ的 “spread”ᶛᶺ䙖ᗍࡦᴿੇ强正则图. ᗍⴀӄ㗚⧥ӈਃޢ

ᕅ,ᡇԢӜֵ⭞㗚⧥䈣䀶ૂ⢯ᖷ⨼䇰ᶛ༺⨼䜞ૂ࠼ᰅ的䇷᱄䜞࠼,⭧↚ᡇԢ的䘆㇍ᗍࡦҼཝ䠅的

ㆶौ. 㲳❬ⴤࢃᐨ㔅ᴿ䇮ཐ䇰ᮽ䇞䇰уੂ৸ᮦٲ的ᴿੇ强正则图的ᆎ൞性ૂ୥ж性䰤从,ռ㠩Ԁ

ԃᴿཝ䠅的ᴿੇ强正则图的ᆎ൞性ቐᵠ⺤ᇐ. ഖ↚ᡇԢ䇚Ѱᴿੇ强正则图亼ต䘎ᴿ䇮ཐ䰤从ٲ

ᗍ研究ૂ᧞ᒵ.

㓺ਾ t-䇴䇗ᱥ䘇ࠖॷᒪᶛ㓺ਾᮦᆜѣжѠॷ࠼ᴿᝅᙓ的䈴从, ެ൞㕌码⨼䇰Ƚᇼ码ᆜȽ䙐

ؗૂ㔕䇗ᆜㅿ亼ตᴿ⵶ᒵ⌑的ᓊ⭞. ቚެ关ӄ t-䇴䇗⨼䇰ૂ㕌码⨼䇰ҁ䰪的相ӈ֒⭞ж⴪ᱥ㓺

ਾᆜᇬૂ㕌码⨼䇰ᇬ䶔ᑮ᝕ު䏙的䈓从, 䘏൞䇮ཐᮽ⥤ѣᗍࡦҼদ䇷. Ding ൞ެᴶ䘇ਇ㺞的㪍

֒ [12]ѣ䈜㓼ᙱ㔉Ҽ t-䇴䇗ૂ线性码ҁ䰪的㚊㌱ᒬъ研究Ҽ䘏њ㘻ᡶ䴶㾷的ะᵢ⸛䇼ૂ性䍞. Ԅ

线性码ᗍࡦ t-䇴䇗ᴿњ〃㔅ޮ的ᯯ⌋: ㅢж〃ᱥ࡟⭞ Assmus-Mattsonᇐ⨼ [35],ㅢӂ〃ᱥ研究线

性码的㠠ੂᶺ㗚, ྸ᷒㠠ੂᶺ㗚的㖤ᦘ䜞࠼൞码рᱥ t-Ֆ䙈的, 则ਥ䙐䗽线性码ᗍࡦ t-䇴䇗, 䈜

㿷 [34]. 关ӄ䘏њ〃ᯯ⌋的ֵ⭞䜳ᴿཝ䠅的৸㘹ᮽ⥤. ׁྸ, ᴶ䘇 Ding ૂ Tang [14] ٕࣟ Assmus-

Mattsonᇐ⨼ᗍࡦҼऻ੡ 2-䇴䇗ૂ 3-䇴䇗的᧛䘇ᴶཝ䐓⿱ਥ࠼码ᰖキ㊱,䀙ߩҼжѠ 70ᒪᶛ的

.ᔶ䰤从ޢ 䘏㺞᱄线性码ૂ t-䇴䇗ҁ䰪䘎ᴿᖾཐ䰤从ᴿᖻ␧ޛ᥌᧎. ᖉ线性码ᱥԵሺу਎ᰬ,䛙

Ѿቧᆎ൞жѠ㖤ᦘᆆ㗚֒⭞൞䈛码рᱥ 2-Ֆ䙈的, 䘏ᝅ઩⵶ᡇԢਥԛ䙐䗽䈛码ᗍࡦ 2-䇴䇗. 研

究㘻ԢᑮᑮٕࣟжѠ࡚ᇐᶗԬ,঩线性码ᱥੜѰԵሺу਎的ᶛ࡚ᯣ䈛码ᱥੜ㜳ᗍࡦ 2-䇴䇗. Ding

ㅿӰ [13] 㘹㲇࡟⭞⭧线性码ᗍࡦ的 t-䇴䇗߃⅗⭕ᡆ线性码, ᒬሯᡶᗍࡦ的线性码䘑㺂研究. Ԍ

Ԣᡶֵ⭞的пݹ码ᱥ⭧࠳ᮦ Tr2m(at2 + bt) + h ᇐѿᗍࡦ的, ӄᱥᡇԢᖾ㠠❬൦ᜩࡦৱ㘹㲇⭧

Hermitian࠳ᮦ Tr2m(at3
m+1 + bt) + hᇐѿ的пݹ码. ㊱ղ൦ৱ研究䈛пݹ码ᗍࡦ的᭥᫇䇴䇗ሯ

ᓊ的线性码ᡶޭᴿ的性䍞ԛ及䘏ӑ码的৸ᮦ.
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1.2 ᮽ⥤㔲䘦

Bose [51](1963) 俌⅗䙐䗽ࠖڅ֋ૂሯ〦ࠖ֋ᯯṾ研究Ҽ强正则图的㔉ᶺ. 1975 ࡦ 1991 ᒪ

ҁ䰪, Hubant [68](1975)ȽCameron [49](1978)ȽSeidel [36](1979)ȽBrouwer ૂ van Lint [6](1984) ԛ及

Cameron ૂ van Lint [50](1991) ㅿӰ䘑㺂Ҽᖾཐ关ӄ强正则图的ж㡢性䍞⨼䇰ૂ㔉ᶺ的研究. ҁ

੄ Brouwerૂ Haemers൞ᮽ⥤ [5](2012)ѣᙱ㔉Ҽᴿ关图䉧Ƚ研究图的线性ԙᮦᐛޭȽ图的⢯ᖷ

.ᇯ޻⢯ᖷੇ䠅Ƚ㔉ਾᯯṾԛ及强正则图的ะᵢ性䍞ૂ㜂Ქㅿૂٲ ཝ䠅的ᮽ⥤㺞᱄,ࠥ㧧图ᱥ⭞

ӄ研究强正则图ॷ࠼ᑮ㿷ъᴿ⭞的ᐛޭ. 䙐䗽ሱᢴ㗚 G ѣਾ䘸的ᆆ䳼 D ᶛᗍࡦ强正则ࠥ㧧图

Cay(G,D),䘏ṭ的ᆆ䳼 D㻡〦Ѱڅᐤ䳼. ᭥Ƚ㕌码⨼䇰ԛ及ᴿ䲆ࠖ֋࠼ᐤ䳼ф㓺ਾᆜ的ެԌڅ

ᴿ⵶ᇼ࠽的㚊㌱. Calderbankૂ Kantor ሺᖧ⭞࡟(1986)[10] 2-䠃码ૂሺᖧ 2-Ӛ䳼ᶺ䙖Ҽཝ䠅的څ

ᐤ䳼. LeungૂMa൞ᮽ⥤ [39](1990)ѣֵ⭞ᴿ䲆ቶ䜞⧥ᶺ䙖Ҽ p-㗚р的څᐤ䳼ૂ相关ᐤ䳼,ҁ੄

৾൞ᮽ⥤ [37](1994)ѣᗍࡦҼ Paleyڅᐤ䳼. Ma [56](1994)ቧ 1994ᒪԛڅࢃᐤ䳼的研究ᶺ䙖䘑㺂

Ҽ䈜ታ㙂ޞ䶘的ᙱ㔉.

൞䘏ҁ੄,ᴿ䇮ཐ᯦的ᶺ䙖ᯯ⌋ૂᢶᐝ㻡᥌᧎,᭯䘑ૂᇂ஺. ެѣᴿཝ䠅的ᐛ֒ᱥ࡟⭞ᴿ䲆

ตૂᴿ䲆ቶ䜞⧥ᶺ䙖ᴿ䲆Ӛᦘ p-㗚р的څᐤ䳼. Hou ㅿӰ൞ᮽ⥤ [61](2000)Ƚᮽ⥤ [64](2001)Ƚᮽ

⥤ [62](2002)Ƚᮽ⥤ [63](2003)ૂᮽ⥤ Ҽᴿ䲆ᤕ⭞ֵࡡ࠼(2007)[65] Frobeniusቶ䜞⧥ȽGalois⧥ȽR 䲆

Frobeniusቶ䜞⧥ԛ及ᴿ䲆䬴⧥ᶺ䙖Ҽж㌱᯦ࡍ的څᐤ䳼. Hamilton ᣋሺグ䰪ѣ的⭞࡟(2002)[47]

ᎂྍ “᭴ཝ”ӂ⅗ශᶺ䙖Ҽ᯦的强正则图. Davisૂ Xiang ӂ⅗ᴨ䶘ᶺ䙖Ҽ᤽ᮦѰ⭞࡟(2004)[27]

4的䶔ࡓㅿӚᦘ 2-㗚р的䍕᣿зᯯශڅᐤ䳼. Polhill൞ᮽ⥤ [28](2008)ѣ䙐䗽ሼᴿ䲆ตр഼࠼㊱

䘑㺂᧞ᒵ,Ԅ㙂ᗍࡦҼ䶔ࡓㅿӚᦘ p-㗚р᯦的䍕᣿зᯯශڅᐤ䳼. ҁ੄ PolhillㅿӰ൞ᮽ⥤ [31] ѣ

ֵ⭞Ҽ⴪〥ᶺ䙖ᯯ⌋. TanㅿӰ [72](2010)䙐䗽ᴿ䲆ตр的ࠖ〃ᐨ⸛的 bent࠳ᮦᗍࡦҼะᵢӚᦘ

p-㗚р的᯦强正则图. ҁ੄ CheeㅿӰ [69](2011)ሼ TanㅿӰᡶ⭞的 ݹ3 bent࠳ᮦ᧞ᒵ㠩 pݹ bent

⭞ᮦ,ᒬ࠳ pݹ bent࠳ᮦᶺ䙖Ҽ᯦的强正则图. Chenૂ Polhill [70](2012)ᶺ䙖Ҽж〃ՠӂ⅗ bent

ᮦԙᴵӂ⅗ශᶺ䙖ҼӚᦘ࠳ᮦ,ᒬ⭞䘏ӑ࠳ p-㗚р的څᐤ䳼. FengㅿӰ [57](2013)ֵ⭞ӂ⅗ශૂ

pݹᕧ正则 bent࠳ᮦᶺ䙖ҼӚᦘ p-㗚р᯦的䍕᣿зᯯශ的څᐤ䳼. BouyuklievㅿӰ [24](2006)ૂ

Kohnert ҼӚᦘࡦ的᯦ӂ䠃码ㅿԭᗍࡦᡶᗍ⭞࡟(2007)[8] p-㗚р的᯦څᐤ䳼. ❬㙂ሯӄᴿ䲆䶔Ӛ

ᦘ㗚 p-㗚р的څᐤ䳼的研究相ሯ䖹ቇ,ⴤࢃ Smith [42](1995)ȽGhineli [18](2012)ૂ Swartz [20](2015)

ᶺ䙖Ҽ䶔Ӛᦘࡡ࠼ p-㗚р的څᐤ䳼.

Ivanov [11](1985)ૂ ItoㅿӰ [58](1991)研究Ҽᰖᇐᖘሯ〦㔉ਾᯯṾ S ф᣿зᯯශԛ及䍕᣿з

ᯯශ的强正则图ҁ䰪的关㌱. van Dam൞ᮽ⥤ [19](2003)ѣ㔏࠰Ҽ⭧⛯䳼р的ᇂޞ图ᗍࡦᰖᇐᖘ

ሯ〦㔉ਾᯯṾ的ㅿԭᶗԬ.

关ӄᴿੇ强正则图, Duval [4](1988) 俌⅗ᨆ࠰ᴿੇ强正则图的Ᾰᘫ, ᒬ㔏࠰Ҽᴿੇ强正则图

的৸ᮦᡶ㾷┗䏩的ࠖѠᗻ㾷ᶗԬ. 䲚Ҽжӑ䶔ᆎ൞性的䇷᱄, DuvalӜ䙐䗽ඍᶺ䙖ૂށ㖍ށ޻〥
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ᶺ䙖㔏࠰Ҽᴿੇ强正则图的жӑᆎ൞性的㔉᷒. Jørgensen [43](2001)Ѱ Duval关ӄ京⛯ᮦ v ≤ 20

的ᴿੇ强正则图的ᆎ൞性䰤从ᨆבҼᇂ᮪的ㆊṾ. Fiedler ㅿӰ [22](2002) ൞䇗㇍ᵰ的ᑤࣟс⺤

ᇐҼᡶᴿ⛯ᮦ v ≤ 20 的ޭᴿ京⛯Ֆ䙈㠠ੂᶺ㗚的ᴿੇ强正则图, ੂᰬԌԢ䘎䙐䗽ࠓ㚐ԙᮦ

(coherent algebras) 研究ᴿੇ强正则图. 䲚↚ҁཌ, 㚐ԙᮦ研究ᴿੇ强正则图的䘎ᴿࠓ⭞ Fiedler

ㅿӰ [23](1999) ૂ Klin ㅿӰ [46](2004). ᡇԢ䘎ਥԛ䙐䗽䇮ཐ㓺ਾ㔉ᶺᗍࡦᴿੇ强正则图, ׁྸ

OlmezȽSong [48](2012) ૂ Brouwer ㅿӰ [3](2012) ,Ҽᴿ䲆关㚊㔉ᶺ⭞࡟ Gyürki [55](2016) ٕࣟҼ

ᒩ㺗ࢨ࠼ԛ及 AdamsㅿӰ [21](2018)ֵ⭞Ҽඍ⸟䱫ㅿㅿ.

㊱ղӄ强正则图, ᴿੇ强正则图的研究ૂᴿੇࠥ㧧图ԛ及ᴿੇ m-ࠥ㧧图ᴿ⵶ᇼ࠽的㚊㌱.

Hobartૂ Shaw [53](1999)㔏࠰Ҽᴿ䲆㗚的ᆆ䳼ᡆѰжѠᴿੇ强正则图的䘔䙐䳼的ݻ㾷ᶗԬᒬᗍ

.㊱Ҽᴿੇ强正则图的ᰖキࡦ ԌԢ䘎䇷᱄ҼжѠ䶔ᒩࠗ的ᴿੇ强正则图ᰖ⌋䙐䗽Ӛᦘ㗚р的ࠥ

㧧ᴿੇ图ᗍࡦ. Duvalૂ Iourinski [9](2003)൞䶔Ӛᦘ的ঀ⴪〥㗚рᶺ䙖Ҽᴿੇ强正则ࠥ㧧图. ཝ

䠅的ᮽ⥤㺞᱄, m-ࠥ㧧图ᱥ研究强正则图䶔ᑮᴿ⭞的ᐛޭ, ׁྸ Resminiૂ Jungnickel [45](1992)

ԛ及 Leung ૂ Ma [40](1993) ٕࣟҼঀࠥ㧧图ԛ及 Kutnar ㅿӰ [41](2009) ֵ⭞Ҽ 3-ࠥ㧧图ㅿㅿ.

Martínezૂ Araluze [44](2010)ะӄ Duvalૂ Iourinski [9](2003)ᰟᵕ的ᐛ֒, ᨆ࠰Ҽ䜞ૂ࠼ᰅ的Ᾰ

ᘫ,ᒬ⭞䜞ૂ࠼ᰅᶺ䙖Ҽ m-ᴿੇࠥ㧧图. AraluzeㅿӰ [1](2011)ٕࣟ䜞ૂ࠼ᰅᗍࡦҼᴿੇ强正则

图的жӑᶺ䙖,ᒬ㔏࠰Ҽж㠪䜞ૂ࠼ᰅ的ᇐѿ,䇷᱄Ҽ䜞ૂ࠼ᰅ的ᇔ⭞性. AraluzeㅿӰ [2](2012)

䙐䗽䜞ૂ࠼഑ݹ㓺 (঩ m = 2ᰬ的䜞ૂ࠼ᰅ)研究Ҽᗠ⧥㗚的 2-ࠥ㧧ᴿੇ强正则图的㔉ᶺᒬᗍ

.㊱Ҽжӑᰖキࡦ

Սᡶઞ⸛ t-䇴䇗ૂ线性码ᱥᇼ࠽相关的, Assumus ૂ Mattson [35](1969) 㔏࠰Ҽ䙐䗽线性码

的码ᆍᡶᇐѿ的⛯ૂඍᡆѰжѠ t-䇴䇗ᡶ䴶㾷┗䏩的ᶗԬ, ⭧↚ᗍࡦҼ Assmus-Mattson ᇐ⨼.

䈛ᇐ⨼ሯӄ⭞线性码ᶺ䙖 t-䇴䇗ᶛ䈪ᱥжѠॷ࠼ᴿ⭞的ᐛޭ. ׁྸ, Ding ૂ Li [16](2017) ԛ及

Ding [15](2017)䙐䗽䈛ᇐ⨼൞线性码ѣᢴࡦҼཝ䠅的 2-䇴䇗ૂ 3-䇴䇗ᰖキ㊱. ਜཌθDodunekov

ૂ Landgev [54](1995) 㔏࠰ҼжѠ᧛䘇ᴶཝ䐓⿱ਥ࠼码ѣᆎ൞ t-䇴䇗的࠼ݻᶗԬ. ะӄԌԢ的㔉

䇰, Dingૂ Tang [14](2020)ᗍࡦҼऻ੡ 2-䇴䇗ૂ 3-䇴䇗的᧛䘇ᴶཝ䐓⿱ਥ࠼码ᰖキ㊱,Ԅ㙂䀙ߩ

Ҽ 70ᒪᶛж⴪ᵠᗍࡦ䀙ߩ的䰤从: ᱥੜᆎ൞ऻ੡ t-䇴䇗ᰖキ㊱的᧛䘇ᴶཝ䐓⿱ਥ࠼码.

ѰҼ䙐䗽线性码ᗍࡦ t-䇴䇗,䲚Ҽֵ⭞ Assmus-Mattsonᇐ⨼ཌ,ᡇԢ䘎ਥԛ䙐䗽 Assmusૂ

Key ൞ᮽ⥤ [34](1992) ѣᡶᗍࡦ的㔉䇰: ྸ᷒码的㠠ੂᶺ㗚的㖤ᦘ䜞࠼൞码рᱥ t-Ֆ䙈的, 则䈛

码ਥԛᗍࡦ t-䇴䇗. Ding [12](2018)䈜㓼ᙱ㔉Ҽ䘏њ㘻ҁ䰪的关㌱ԛ及ᡶ䴶㾷的ะᵢ⸛䇼ૂ性䍞.

ਜཌ, Dingᨆࡦᖉ线性码ᱥԵሺу਎ᰬ,ެ㖤ᦘᆆ㗚൞码р的֒⭞ᱥ 2-Ֆ䙈的. DuㅿӰ [66](2019)

ૂ DuㅿӰ [67](2019)䙐䗽䇷᱄ᡶ⭞的码ᱥԵሺу਎的,Ԅ㙂ᗍࡦ䘏ӑ码ᱥਥԛᗍࡦ 2-䇴䇗的. ᔰ

㄁൞线性码ૂ t-䇴䇗ਥԛ相ӈ䖢ौ的ะ⹶р, Ding ㅿӰ [13](2020) ֵ⭞ᮽ⥤ [16] ѣ的ж㊱пݹ线

性码的ᴶቅ䠃䠅码,ᗍࡦҼ䘏ӑ码ᆍሯᓊ的᭥᫇ 2-䇴䇗的关㚊⸟䱫,ᒬ䇗㇍Ҽ关㚊⸟䱫的㺂ᡶ⭕
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ᡆ的线性码的৸ᮦ.

1.3 ᮽㄖѱ㾷޻ᇯф᯦ࡑ⛯

ᵢᮽ的ѱ㾷޻ᇯ䳼ѣ൞ㅢӂȽпȽ഑ㄖ㢸ѣ, ሯ䶔Ӛᦘࡡ࠼ 2-㗚р的څᐤ䳼ૂᰖᇐᖘࠥ㧧

㔉ਾᯯṾ的ᶺ䙖䰤从,ቶ䜞⧥рᴿੇ强正则图的ᶺ䙖䰤从ԛ及⭧ Hermitian࠳ᮦᇐѿ的Եሺу਎

пݹ码䘑㺂Ҽ研究. с䶘ㆶঋԁ㔃∅жㄖ㢸的ѱ㾷޻ᇯૂ᯦ࡑ⛯.

• ㅢӂㄖ: ᡇԢѱ㾷ቓ䈋ᶺ䙖䶔Ӛᦘ 2-㗚р的᣿зᯯශૂ䍕᣿зᯯශ的څᐤ䳼ԛ及ሯᓊ的

ᰖᇐᖘࠥ㧧㔉ਾᯯṾ. ྸ᷒䴶㾷ᗍࡦ䘏㊱څᐤ䳼,ᴶ㔅ޮ的ᯯ⌋ҁжᱥ࡟⭞䶔䘶ौӂ⅗ශ

的䴬⛯䘑㺂ᶺ䙖,ᡇԢ〦⭧䘏㊱ᯯ⌋ᗍࡦ的强正则图Ѱ RT2图. ਜж〃ᯯ⌋ᱥ⭧ Davisૂ

Xiangᨆ࠰的,঩ሼр䘦څᐤ䳼䙐䗽਎ᖘᗍࡦ的䶔ࡓㅿӚᦘ 2-㗚р的څᐤ䳼,ᡇԢ〦䘏㊱

ᐤ䳼ᡶሯᓊ的图Ѱڅ Davis-Xiang图. ᵢㄖ研究Ҽ䘏њ㊱图的正则㠠ੂᶺ㗚, ᒬԄӚᦘ的

正则㠠ੂᶺ㗚࠰ਇ, ᗍࡦҼ䘏њ㊱图的䶔Ӛᦘ正则㠠ੂᶺ㗚. ൞↚ะ⹶р, 䘏њ㊱图ԛ及

ሯᓊ的ᰖᇐᖘࠥ㧧㔉ਾᯯṾ൞䶔Ӛᦘ 2 㗚р的ᆎ൞性ᗍԛ䇷᱄. ⴤ҄ࠖࢃᡶᴿᐨ⸛的ऻ

੡᣿зᯯශᡌ䍕᣿зᯯශڅᐤ䳼的㗚䜳ᱥӚᦘ p-㗚, ❬㙂关ӄ䶔Ӛᦘ p-㗚р的᣿зᯯශ

ૂ䍕᣿зᯯශ的څᐤ䳼的研究ૂᶺ䙖䶔ᑮቇ. 䙐䗽ᵢㄖ的ᶺ䙖ਥԛᗍࡦ䇮ཐ䶔Ӛᦘ的正

则㠠ੂᶺ㗚,ᆹԢޭࡡ࠼ᴿᑸ䴬㊱ᮦ 2, 3, 4ᡌ 6ԛ及᤽ᮦ 4, 8ᡌ 16. ⭧↚㺞᱄,䶔Ӛᦘ㗚р

的څᐤ䳼的ᶺ䙖ᱥжѠٲᗍ㔝㔣研究的䰤从. ྸᮽ⥤ [27] ᡶ䘦, ⧦Ԁ研究څᐤ䳼的жѠṮ

ᗹ䰤从ᱥ, ሯӄ㔏ᇐ的৸ᮦ䳼, ྸ֋⺤ᇐऻ੡ᤛᴿ䘏ӑ৸ᮦ的څᐤ䳼的㗚. ᡇԢ的研究㺞

᱄, 䙐䗽ᐨ⸛的强正则图ૂᰖᇐᖘ㔉ਾᯯṾ的正则㠠ੂᶺ㗚ᶺ䙖䶔Ӛᦘ正则㠠ੂᶺ㗚ᱥ

䀙ߩ䘏Ѡ䰤从的жѠ∊䖹ਥ਌的ࣔ⌋. 䘏䜞࠼的޻ᇯᐨਇ㺞൞ “Journal of Combinatorial

Designs”ᵸᘍр.

• ㅢпㄖ:ᡇԢٕࣟ䜞ૂ࠼ᰅ൞⭧ቶ䜞⧥Rᗍࡦ的㗚G = (R×R,+)рᶺ䙖Ҽж㊱᯦的ᴿ

ੇ强正则图. ᡇԢ㘹㲇㗚 Gрᇐѿ的䜞ૂ࠼ᰅ. ഖѰ⭧䜞ૂ࠼ᰅᇐѿ的 m-ࠥ㧧图ᱥжѠ

ᴿੇ强正则图,ᡶԛᡇԢ䈋图䙐䗽ᶺ䙖䜞ૂ࠼ᰅᶛ㧭ᗍᴿੇ强正则图. ٕࣟ㗚⧥䈣䀶ૂ⢯

ᖷ⨼䇰, ᡇԢㆶौҼ䳼ᰅᡆѰ䜞ૂ࠼ᰅ的ᶗԬ, Ԅ㙂ᢴࡦҼᶺ䙖䜞ૂ࠼ᰅ的᯦ᯯ⌋. ሯ∊

Brouwer的ѱ享 [7] р࠰ࡍ的৸ᮦ,ਥԛਇ⧦䈛ᶺ䙖൞ v < 110的᛻߫сᴿ 16Ѡ᯦的 ݹ5

㓺的৸ᮦ:

(50, 18, 7, 6, 12), (75, 28, 11, 10, 16), (75, 32, 13, 14, 20), (98, 26, 9, 6, 16),
(98, 32, 11, 10, 22), (98, 39, 16, 15, 27), (100, 38, 15, 14, 20), (100, 42, 17, 18, 24),

ԛ及䘏ӑ৸ᮦ的㺛৸ᮦ

(50, 31, 18, 21, 25), (75, 46, 27, 30, 34), (75, 42, 23, 24, 30), (98, 71, 50, 55, 61),
(98, 65, 42, 45, 55), (98, 58, 33, 36, 46), (100, 61, 36, 39, 43), (100, 57, 32, 33, 39).
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⭧↚䇷᱄Ҽ䜞ૂ࠼ᰅᱥж〃ᶺ䙖ᴿੇ强正则图的强ᴿ࣑的ᐛޭ. ൞жӑ᛻߫с,䘎ਥԛ䙐

䗽↚ᶺ䙖ᯯ⌋ᗍࡦ RѰᴿ䲆ต的᛻߫с的ж㠪䜞ૂ࠼ᰅ,䀙ߩҼᮽ⥤ [1] ѣ关ӄж㠪䜞࠼

ૂᰅ的ᆎ൞性的⯇㲇. 䘏䜞࠼的޻ᇯᐨਇ㺞൞ “Designs, Codes and Cryptography”ᵸᘍр.

• ㅢ഑ㄖ:ᡇԢ研究Ҽ⭧ Hermitian࠳ᮦᇐѿ的Եሺу਎пݹ码. 俌࡟ݾ⭞пݹ码的ᴶቅ䠃

䠅码ᆍᗍࡦҼ 2-䇴䇗,❬੄䇗㇍䘏ӑ 2-䇴䇗ሯᓊ的关㚊⸟䱫. ൞↚ะ⹶р,ᡇԢሼ关㚊⸟

䱫的㺂⭕ᡆ的ੇ䠅グ䰪ᇐѿѰ 2-䇴䇗ሯᓊ的线性码. ❬੄䇷᱄Ҽᡶᗍࡦ的䘏ӑ线性码ᱥ

഑䱬ᒵѿ Reed-Muller码的ᆆ码,ᒬъ㜳䙐䗽ެᆆ码߃⅗ᗍࡦ 2-䇴䇗. ਜཌ,ᵢㄖᡶᗍࡦ的

线性码 C3(Dd(C(2m, 3)))ऻ੡Ҽᴶᔶခᡶֵ⭞的пݹ线性码 C(2m, 3). 䘏ᝅ઩⵶,线性码

C3(Dd(C(2m, 3))) 的㔉ᶺ∊৕ᶛ的线性码 C(2m, 3) 的㔉ᶺᴪࣖѦሂ. ᴶ੄ᡇԢ⺤ᇐҼ䘏

ӑпݹ线性码的㔪ᮦ,ᒬ㔏࠰Ҽެᴶቅ䐓⿱的с⮂. ᵢㄖ的研究ኋ⧦Ҽ t-䇴䇗ૂ线性码ҁ

䰪ᖾ强的关㚊性,ੂᰬҕᝅ઩⵶уӻਥԛ䙐䗽线性码ᶛ㧭ᗍ t-䇴䇗,䘎ਥԛԄ t-䇴䇗ᡶሯ

ᓊ的关㚊⸟䱫㧭ᗍޭᴿ㢥ླ性䍞的线性码. 䘏䜞࠼的޻ᇯᐨ㔅ਇ㺞൞ “Cryptography and

Communications”ᵸᘍр.

൞ᵢᮽ的֒ߏ䗽ぁѣ,ᗍࡦҼളᇬ㠠❬〇ᆜะ䠇 (No.11771392)的᭥ᤷ.

⭧ӄ֒㘻㠠䓡的ᆜᵥ≪ᒩᴿ䲆, ࣖрᰬ䰪ૂㇽᑻ的䲆࡬, ᵢᮽ的研究䳴ރᴿ䉢䈥ૂу䈜ҁ

༺,ᚩ䈭਺փщᇬૂ䈱㘻у੓᢯䇺ૂ᤽正.
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2 䶔Ӛᦘ 2-㗚р的څᐤ䳼ૂᰖᇐᖘࠥ㧧㔉ਾᯯṾ

ᵢㄖ研究Ҽ RT2 图ૂ Davis-Xiang 图的正则㠠ੂᶺ㗚, ԛ及䘏ӑ图ሯᓊ的ᰖᇐᖘӚᦘࠥ㧧

㔉ਾᯯṾ. ᡇԢԄᰖᇐᖘࠥ㧧㔉ਾᯯṾ的Ӛᦘ正则㠠ੂᶺ㗚࠰ਇ, ᗍࡦҼ䶔Ӛᦘ的正则㠠ੂᶺ

㗚的ᆎ൞性的ж㡢㔉᷒, ᒬሼ䘏ӑ㔉᷒ᓊ⭞ࡦ RT2 图ૂ Davis-Xiang 图及ެᰖᇐᖘӚᦘࠥ㧧㔉

ਾᯯṾѣ,ᗍࡦҼᰖᇐᖘ䶔Ӛᦘࠥ㧧㔉ਾᯯṾ. ᡇԢᡶᶺ䙖的ᱥᑸ䴬㊱ᮦѰ 2, 3, 4ᡌ 6ԛ及᤽ᮦ

Ѱ 4, 8ᡌ 16的正则㠠ੂᶺ㗚.

ᵢㄖ的ѱ㾷޻ᇯ㓺㓽ྸс. ൞ㅢж㢸ѣ,ᡇԢᕋޛ强正则图Ƚࠥ㧧图ԛ及ሯ〦㔉ਾᯯṾ的ะ

ᵢ⸛䇼. ൞ㅢӂ㢸ѣ,ԁ㔃ҼжѠ研究 RT2图ૂ Davis-Xiang图ԛ及ሯᓊ的ᰖᇐᖘሯ〦㔉ਾᯯṾ

的ж㡢Ṽᷬ,ᒬᨅ䘦Ҽ研究ᆹԢ的正则㠠ੂᶺ㗚的ㆌ⮛. ൞ㅢп㢸ѣ,俌ݾᗍࡦҼ⭧ӂ⅗ශᶺ䙖

的څᐤ䳼的正则㠠ੂᶺ㗚的ж㡢性㔉䇰,❬੄ሼ䘏ӑ㔉䇰䘆⭞ࡦ RT2图, Davis-Xiang图ԛ及ᰖ

ᇐᖘ㔉ਾᯯṾѣ. ᡇԢ䙐䗽䇗㇍㗚的у਎䠅ᶛ॰࠼ᡶᗍࡦ的正则㠠ੂᶺ㗚.

2.1 ะᵢ⸛䇼

жѠ图 Γ = (V,E)ᱥ⭧⛯䳼 V ૂ䗯䳼 E 㓺ᡆ的,ެѣሯԱᝅњѠ京⛯ x, y ∈ V , xૂ y ҁ

䰪ᴿ䗯ᖉъӻᖉ (x, y) ∈ E. 㤛ሯԱᝅ的京⛯ x ∈ V ൽᴿ kᶗ䗯фҁ相关㚊,则〦 Γᱥ k正则图.

㤛 Γ的ԱᝅњѠ京⛯䰪ൽᴿ䗯,则〦 ΓᱥжѠᇂޞ图.

定义 2.1 жѠ৸ᮦѰ (v, k, λ, µ)Ⲻᕰ↙ࡏഴ (strongly regular graph)Γ = (V,E)ᱥжѠᴿ v Ѡ

京⛯Ⲻ䶔ᇂޞᒬъ䶔グⲺ k↙ࡏഴ,ެѣሯԱᝅњѠуੂⲺ京⛯ x, y ∈ V :

(1) ྸ᷒ (x, y) ∈ E,ࡏᚦླᴿ λѠ z ∈ V ֵᗍ (x, z)ૂ (z, y) ∈ E;

(2) ྸ᷒ (x, y) ̸∈ E,ࡏᚦླᴿ µѠ z ∈ V ֵᗍ (x, z)ૂ (z, y) ∈ E.

ሯӄжѠ图 Γ = (V,E),㤛ᆎ൞ Γ的жѠ㠠ੂᶺ㗚 G֒⭞ӄ京⛯䳼 V рᱥ正则的,঩ G֒

⭞൞京⛯䳼рᱥՖ䙈的ъԱᝅ䶔ঋփݹуരᇐԱ֋⛯, 则ᡇԢ൞京⛯䳼ѣԱᝅ䘿਌жѠ⛯ aᒬ

ᇐѿ Gѣ的жѠᆆ䳼 D = {g ∈ G : (a, ag) ∈ E}. ᱉⸛ Γ的⛯䳼 V = {ag : g ∈ G},䗯䳼 E ૂ㗚

G,ᆆ䳼 Dࡡ࠼ᔰ㄁Ҽжжሯᓊ关㌱.

定义 2.2 ሯӄ㗚 Gૂެᆆ䳼 D,ࠥ㧧ഴ (Cayley graph)Cay(G,D)Ⲻᇐѿྸс:

(1) ެ京⛯ᱥ GѣⲺݹ㍖;
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(2) ሯӄԱᝅⲺњѠ京⛯ g1ૂ g2 ∈ G, g1ૂ g2൞ࠥ㧧ഴ Cay(G,D)ѣ⴮䛱ᖉъӻᖉ g2g
−1
1 ∈

D.

᱉䇷图 Γੂᶺӄࠥ㧧图 Cay(G,D). ↚ᰬᡇԢਥԛ䙐䗽ࠥ㧧图 Cay(G,D)ᨅ䘦图 Γ的性䍞:

(1) 图 Γᰖാᖉъӻᖉ 1 ̸∈ D,

(2) 图 Γᰖੇᖉъӻᖉ D = D(−1),

(3) 图 Γᱥ强正则的ᖉъӻᖉ (i)㤛 g ∈ D,则 |D∩gD| = λ; (ii)㤛 g ∈ G\D,则 |D∩gD| = µ.

定义 2.3 ሯԱᝅⲺ v 䱬㗚 Gૂ GⲺжѠ大ቅѰ k Ⲻᆆ䳼 D,ᡇԢሼ┗䏩ԛрпѠᶗԬⲺ䳼ਾ

D,〦Ѱ㗚 GѣⲺ (v, k, λ, µ)-څᐤ䳼 (partial difference set).

定义 2.4 䇴ٽ DѰޭᴿ৸ᮦ (n2, r(n− ϵ), ϵn+ r2 − 3ϵr, r2 − ϵr)Ⲻڅᐤ䳼,ެѣ nૂ rൽѰ↙

᮪ᮦ, ϵ = ±1. ᖉ ϵ = 1ᰬ, D㻡〦Ѱ᣿зᯯශ (Latin square type)Ⲻڅᐤ䳼;ᖉ ϵ = −1ᰬ, D㻡

〦Ѱ䍕᣿зᯯශ (negative Latin square type)Ⲻڅᐤ䳼.

൞ᵢ⅗䈴从ѣ,ᡇԢѱ㾷ቓ䈋ᶺ䙖䶔Ӛᦘ p-㗚р的᣿зᯯශڅᐤ䳼ԛ及䍕᣿зᯯශڅᐤ䳼.

定义 2.5 䇦 Γ(X)Ѱ⛯䳼 X рⲺᇂޞഴ. ᴿ䲆䳼 X рⲺሯ〦㔉ਾᯯṾ (symmetric association

scheme)ᱥ Γ(X)ⲺжѠ࠼ࡈ Γ1, Γ2, · · · , Γnֵᗍ䘏ӑᆆഴⲺ䛱᧛⸟䱫A1,A2, · · · ,An┗䏩: ሯԱ

ᝅ↙᮪ᮦ 1 ⩽ i, j ⩽ n,ᆎ൞䶔䍕᮪ᮦ p0i,j , p1i,j , · · · , pni,jֵᗍAiAj = p0i,jIX+p1i,jA1+p
2
i,jA2+· · ·+

pni,jAn,ެѣ IX ᱥ䱬Ѱ |X|Ⲻঋփ⸟䱫. 䇴ᆆഴٽ Γ′
1, Γ′

2, · · · , Γ′
m ᱥᇂޞഴ Γ(X)ⲺжѠ࠼ࡈъ

┗䏩: ሯԱᝅ 1 ⩽ i ⩽ n,ᆎ൞ 1 ⩽ j ⩽ mֵᗍ Γi ⊆ Γ′
j . 㤛ᡶᴿ䘏ṭⲺ࠼ࡈᡶሯᓊⲺ㓺ਾ㔉ᶺ

S ′ = (X; Γ′
1,Γ

′
2, · · · ,Γ′

m)ԃᰝᱥжѠሯ〦㔉ਾᯯṾ,ࡏ〦ሯ〦㔉ਾᯯṾ S = (X; Γ1,Γ2, · · · ,Γn)

ᱥᰖᇐᖘ (amorphic)Ⲻ.

ṯᦤ Ivanov [11] ૂ Ito [58] ㅿӰ的㔉᷒, ᡇԢ⸛䚉жѠ৸ᮦѰ n > 2 的ሯ〦㔉ਾᯯṾ S ᱥᰖ

ᇐᖘ的ᖉъӻᖉᆆ图 Γ1, Γ2, · · · , Γn ൽѰ᣿зᯯශᡌ㘻ൽѰ䍕᣿зᯯශ的强正则图. ਜཌ, van

Dam [19] 䇷᱄Ҽྸ᷒㜳ሼ⛯䳼 X р的ᇂޞ图࠼ࡈᡆޞ䜳ᱥ᣿зᯯශᡌ㘻ޞ䜳ᱥ䍕᣿зᯯශ的强

正则图 Γ1, Γ2, · · · , Γn,䛙Ѿᡶᗍࡦ的 S = (X; Γ1,Γ2, · · · ,Γn)ቧᱥжѠᰖᇐᖘሯ〦㔉ਾᯯṾ.

ሯӄ⛯䳼X 的жѠ㖤ᦘ,㤛ެᱥᡶᴿᆆ图 Γ1, Γ2, · · · , Γn的㠠ੂᶺ,则〦䈛㖤ᦘѰ S 的жѠ

㠠ੂᶺ. ऻ੡㔉ਾᯯṾ S 的ᡶᴿ㠠ੂᶺ的䳼ਾᱥ㖤ᦘ㗚的жѠᆆ㗚,ᡇԢ〦ҁѰ S 的ᇂޞ㠠ੂ

ᶺ㗚,ᒬ䇦Ѱ Aut(S). ᇂޞ㠠ੂᶺ㗚 Aut(S)的Աᝅᆆ㗚 G㻡〦Ѱ S 的㠠ੂᶺ㗚.

定义 2.6 ྸ᷒ᴿжѠ㠠ੂᶺ㗚 G൞ S рⲺ֒⭞ᱥ↙ࡏⲺ,䛙Ѿ㗚 Gૂ⛯䳼 X ቧਥㅿԭሯᓊ䎭

8
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ᶛ,ᒬъਥԛᗍࡦ G \ {1}ⲺжѠ࠼ࡈ D1, D2, · · · , Dn ֵᗍሯԱᝅⲺ 1 ⩽ i ⩽ n, Di = D
(−1)
i ԛ

਀ Γi
∼= Cay(G,Di). ᡇԢ〦䘏ṭⲺ S Ѱࠥ㧧㔉ਾᯯṾ (Cayley association scheme),ᒬሼެ䇦Ѱ

S = (G;D1, D2, · · · , Dn).

жѠࠥ㧧㔉ਾᯯṾ S ᱥᰖᇐᖘ的ᖉъӻᖉ D1, D2, · · · , Dn ൽѰ᣿зᯯශᡌ㘻ൽѰ䍕᣿з

ᯯශ的څᐤ䳼. ⭞࡟ van Dam൞ᮽ⥤ [19] ѣ的жѠᇐ⨼,㤛ᣀ G \ ᗍֵ࠼ࡈԱᝅ的ڐ{1} D1, D2,

· · · , Dn ൽѰ᣿зᯯශ的څᐤ䳼ᡌ㘻ൽѰ䍕᣿зᯯශ的څᐤ䳼, ᡇԢሼᗍࡦжѠࠥ㧧㔉ਾᯯṾ

S = (G;D1, D2, · · · , Dn). ᱴ❬䘏ҕᱥжѠᰖᇐᖘࠥ㧧㔉ਾᯯṾ.

2.2 RT2图ȽDavis-Xiang图及ެᰖᇐᖘ㔉ਾᯯṾ

䇴 qᱥжѠ㍖ᮦᑸ, Fq ᱥᴿ qѠݹ㍖的ᴿ䲆ต. ᡇԢᇐѿ V Ѱ Fq р的 n㔪ੇ䠅グ䰪. 㤛࠳

ᮦ Q : V → Fq ┗䏩ྸсᶗԬ,则㻡〦Ѱ Fq р的ӂ⅗ශ:

(1) ሯᡶᴿ的 s ∈ Fq ԛ及 v ∈ V , Q(sv) = s2Q(v);

(2) ᮦ࠳ B(v1, v2) := Q(v1 + v2)−Q(v1)−Q(v2)ᱥ Fq р的ਂ线性ශ.

ӂ⅗ශ Q的ṯᕅᇐѿѰ

Rad(Q) := {v ∈ V : Q(v) = 0ъ ∀x ∈ V,B(v, x) = 0}.

㤛 Rad(Q) = {0},则ӂ⅗ශ Q㻡〦Ѱ䶔䘶ौӂ⅗ශ. ᖉӂ⅗ශ Qᱥ䶔䘶ौᰬ,ᡇԢ㜳ᢴࡦ V ѣ

的ж㓺ะ e1, · · · , enֵᗍԛсҁжᡆ㄁:

(1) ᖉ nᱥڬᮦᰬ, Q(x) = x1x2 + · · ·+ xn−1xn(↚ᰬ〦 Qᱥਂᴨ线ӂ⅗ශ);

(2) ᖉ nᱥڬᮦᰬ, Q(x) = x1x2 + · · ·+ xn−3xn−2 + x2n−1 + axn−1xn + bx2n,ެѣ aૂ bᱥ Fq

ѣ的ݹ㍖ъ┗䏩ᕅᆆ X2 + aX + b൞ Fq руਥ㓜 (↚ᰬ〦 Qᱥὣ഼ӂ⅗ශ);

(3) ᖉ nᱥཽᮦᰬ, Q(x) = x1x2 + · · ·+ xn−2xn−1 + x2n(↚ᰬ〦 Qᱥᣑ⢟线ӂ⅗ශ);

ᖉ nѰڬᮦъ Q䶔䘶ौᰬ,㤛 Qᱥਂᴨ线ӂ⅗ශ,则ᇐѿ s(Q) = 1;㤛 Qᱥὣ഼ӂ⅗ශ,则ᇐѿ

s(Q) = −1. ྸ᷒ V1 ૂ V2 ᱥњѠڬᮦ㔪ੇ䠅グ䰪, Q1 : V1 → Fq ૂ Q2 : V2 → Fq ᱥњѠ䶔䘶ौ

ӂ⅗ශ,ᡇԢᇐѿ V1 ⊕ V2р的ӂ⅗ශ Q1 ⊕Q2ྸс,

Q1 ⊕Q2 : V1 ⊕ V2 →Fq

(v1, v2) 7→Q1(v1) +Q2(v2),

9
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᱉䇷䈛ӂ⅗ශӜᱥ䶔䘶ौ的. ሯӄ V р的线性਎ᦘ g,㤛 g ᱥжѠਂሺᒬъሯӄԱᝅ x ∈ V ,ൽ

┗䏩 Q(g(x)) = Q(x),则〦 g Ѱ V р关ӄ Q的жѠㅿ䐓਎ᦘ. ྸ᷒ᆎ൞ճ㖍⬜㗚 Gal(Fq)ѣ的

жѠݹ㍖ σֵᗍሯԱᝅ x ∈ V ,ൽᴿ Q(g(x)) = Q(x)σ,ቧ〦 gᱥ关ӄ Q的ᒵѿㅿ䐓਎ᦘ.

ԛсᱥᶺ䙖强正则图的жѠ㔅ޮᯯ⌋, 䈛ᯯ⌋࡟⭞䶔䘶ौӂ⅗ශ的䴬⛯ᶺ䙖څᐤ䳼Ԅ㙂ᗍ

.强正则图ࡦ ᡇԢሼ䘏㊱图〦Ѱ RT2图,䈜㓼㿷ᮽ⥤ [10].

定理 2.1 䇴ٽ V ᱥ Fq рⲺжѠ 2l㔪ੇ䠅グ䰪, Qᱥ V рⲺжѠ䶔䘶ौӂ⅗ශ. 䳼ਾ Q−1(0) \

{0} = {x ∈ V : x ̸= 0ъ Q(x) = 0}ᱥжѠڅᐤ䳼,ެ৸ᮦѰ

(q2l, (ql−1 + s(Q))(ql − s(Q)), q2l−2 + s(Q)ql−1(q − 1)− 2, q2l−2 + s(Q)ql−1).

ᖉ Qᱥὣ഼ӂ⅗ශᰬ, ᐤ䳼څ Q−1(0) \ {0}ᱥ䍕᣿зᯯශⲺ. ᖉ Qᱥਂᴨ㓵ӂ⅗ශᰬ, ᐤ䳼څ

Q−1(0) \ {0}ᱥ᣿зᯯශⲺ.

൞ᮽ⥤ [27] ѣ, Davis ૂ Xiang ਇ⧦Ҽж〃䶔ᑮᴿ䏙的ᶺ䙖څᐤ䳼的ᯯ⌋, 䈛ᯯ⌋䙐䗽ሼр

䘦ᇐ⨼ѣ的څᐤ䳼ڐжӑ਎ᖘθԄ㙂ᗍࡦҼ䶔ࡓㅿӚᦘ 2㗚р的څᐤ䳼ᰖキ㊱. ᡇԢሼ䘏㊱强

正则图〦Ѱ Davis-Xiang图. ᵢᮽᨅ䘦Ҽ RT2图ૂ Davis-Xiang图的㔕жᶺ䙖,ԛ及ᆹԢ൞жӑ

2-㗚р的ᰖᇐᖘࠥ㧧㔉ਾᯯṾ.

䇴 F4 = {0, 1, w, w + 1}ѰжѠ䱬Ѱ 4的ᴿ䲆ต,ެѣ wᱥ F4 ѣ的ᵢ৕ݹ. ሯӄ F4 ѣԱᝅ

њѠݹ㍖ αૂ β,ᇐѿ F4р的ӂ㔪ӂ⅗ශ Qα,β(x, y) = αx2 + xy + βy2. ӄᱥ Qα,β ┗䏩性䍞:

(1) 㤛 s(Qα,β) = 1,则ሯ F4ѣ的Աᝅ䶔䴬ݹ x, Q−1
α,β(x)ൽᱥ৸ᮦѰ (16, 3, 2, ;ᐤ䳼څ-(0

(2) 㤛 s(Qα,β) = −1,则ሯ F4ѣ的Աᝅ䶔䴬ݹ x, Q−1
α,β(x)ൽᱥ৸ᮦѰ (16, 5, 0, .ᐤ䳼څ-(2

䇴 ϵᱥ F2ѣ的жѠݹ㍖. ᇐѿӚᦘ㗚 Gϵ = (F4 × F4,+),ެѣ的ࣖ⌋䘆㇍Ѱ: ሯԱᝅ (x, y),

(x′, y′) ∈ F4 × F4, (x, y) + (x′, y′) = (x+ x′, y + y′ + ϵ(xx′)2). ⌞ᝅࡦ,ᖉ ϵ = 0ᰬ,㗚 Gϵ
∼= Z4

2;

ᖉ ϵ = 1 ᰬ, 㗚 Gϵ
∼= Z2

4. 䇴 α Ѱ F4 ѣ的жѠݹ㍖. ᇐѿ F4 р的жѠӂ㔪ӂ⅗ශ Qα(x, y) =

αx2 + xy + y2. ᱉⸛, s(Qα) = (−1)Tr(α),ެѣ Tr(α) = α+ α2 ᱥ α的䘯. ᡇԢਥԛሼӂ⅗ශ Qα

㿼ѰԄ㗚 Gϵࡦ F4р的࠳ᮦ,ެѣ ϵ = 0ᡌ 1. ᇯ᱉僂䇷:

(1) ሯԱᝅ的䶔䴬ݹ x ∈ F4, Q−1
α (x)ᱥ㗚 Gϵ р৸ᮦѰ (16, 4 − s(Qα), 1 + s(Qα), 1 − s(Qα))

的څᐤ䳼,ެѣ ϵ = 0ᡌ 1;

(2) ᖉ s(Qα) = 1ᰬ, Q−1
α (0) \ {0}ᱥ㗚 Gϵ р৸ᮦѰ (16, 6, 2, 2)的څᐤ䳼,ӜᱥжѠ৸ᮦѰ

(16, 6, 2)的 Hadamardᐤ䳼. ᖉ s(Qα) = −1ᰬ, Q−1
α (0) \ {0}൞ Gϵ ѣᱥжѠグ䳼, ެѣ

ϵ = 0ᡌ 1.
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с䶘的ᇐ⨼ᱥᮽ⥤ [70]ѣ性䍞 3.6ૂᇐ⨼ 3.7的᧞䇰.

定理 2.2 䇴 n ⩾ 2 ѰжѠ᮪ᮦ. ሯӄ㔏ᇐⲺ Fn
2 ѣⲺੇ䠅 e = (ϵ1, ϵ2, · · · , ϵn) ૂ Fn

4 ѣⲺੇ

䠅 a = (α1, α2, · · · , αn), ᇐѿжѠӚᦘ㗚 Ge = Gϵ1 ⊕ Gϵ2 ⊕ · · · ⊕ Gϵn ૂжѠӂ⅗ශ Qa =

Qα1
⊕Qα2

⊕ · · · ⊕Qαn
: Ge → F4. ሯԱᝅⲺ a ∈ Fn

4 ૂ e ∈ Fn
2 ,ᆆ䳼Q−1

a (0) \ {0}ᱥ GeѣⲺжѠ

ᐤ䳼,ެ৸ᮦѰڅ

(42n, (4n−1 + s(Qa))(4
n − s(Qa)), 4

2n−2 + 3 · 4n−1s(Qa)− 2, 42n−2 + 4n−1s(Qa)).

ሯԱᝅⲺ a ∈ Fn
4 , e ∈ Fn

2 ૂԱᝅⲺ F4 ѣⲺ䶔䴬ݹ x,ᆆ䳼 Q−1
a (x)ᱥ Ge ѣⲺжѠڅᐤ䳼,ެ৸

ᮦѰ

(42n, 4n−1(4n − s(Qa)), 4
2n−2 + 4n−1s(Qa), 4

2n−2 − 4n−1s(Qa)).

ਜཌ,ᖉ s(Qa) = ᐤ䳼څ,1ᰬ− Q−1
a (0) \ {0}, Q−1

a (1), Q−1
a (ω)ૂ Q−1

a (ω + 1)ൽѰ䍕᣿зᯯශ

Ⲻ. ᖉ s(Qa) = ᐤ䳼Q−1څ,1ᰬ
a (0) \ {0},Q−1

a (1),Q−1
a (ω)ૂQ−1

a (ω+1)ൽѰ᣿зᯯශⲺ. ഖ↚,

S(4)
e,a = (Ge;Q

−1
a (0) \ {0}, Q−1

a (1), Q−1
a (ω), Q−1

a (ω + 1))

ૂ

S(3)
e,a = (Ge;Q

−1
a (0) \ {0}, Q−1

a (1), Q−1
a (ω) ∪Q−1

a (ω + 1))

ൽѰᰖᇐᖘӚᦘࠥ㧧㔉ਾᯯṾ.

注 2.1 ᖉੇ䠅 e = 0ᰬ, GeѣⲺڅᐤ䳼 Q−1
a (0) \ {0}ሯᓊⲺᕰ↙ࡏഴᱥ RT2ഴ;ᖉ e ̸= 0ᰬ, Ge

ѣⲺڅᐤ䳼 Q−1
a (0) \ {0}ሯᓊⲺᕰ↙ࡏഴᱥ Davis-Xiangഴ.

注 2.2 ൞ᮽ⥤ [27]ѣ, Davisૂ Xiang䇷᱄ҼQ−1
a (0) \ {0}ᱥGeѣⲺڅᐤ䳼. Polhill൞ᮽ⥤ [30]ѣ

⭞Ҏ〥ᶺ䙖Ⲻᯯ⌋䇷᱄Ҽ,ሯ F4ѣԱᝅ䶔䴬ݹ x, Q−1
a (x)ᱥ GeѣⲺڅᐤ䳼.

注 2.3 ᡇԢӜਥԛ䇷᱄Q−1
a (0)∪Q−1

a (1)ૂQ−1
a (ω)∪Q−1

a (ω+1)ൽѰ GeѣⲺ Hadamardᐤ䳼.

ᮽ⥤ [27]ѣᨆ࠰: “...研究څᐤ䳼的ѣᗹ䰤从ҁжᱥሯӄ㔏ᇐ的৸ᮦ䳼,ଠӑ䘸ᖉ䱬的㗚ऻ੡

ᤛᴿ䈛৸ᮦ的څᐤ䳼”. ᡇԢ的研究㔏䘏Ѡ䰤从ᨆבҼжӑㆊṾ.
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2.3 强正则图的正则㠠ੂᶺ㗚ૂᰖᇐᖘ㔉ਾᯯṾ

൞䘏ж㢸ѣ, ᡇԢㆶ㾷൦ᨅ䘦Ҽ㧭ᗍᇐ⨼ 2.2ѣᡶᨆࡦ的ࠥ㧧㔉ਾᯯṾ S(4)
e,a ૂ S(3)

e,a 的正则

㠠ੂᶺ㗚的ᯯ⌋. ሯԱᝅ的 g ∈ Ge,᱖ሺ

R(g) : Ge → Ge

x 7→ x+ g, ∀x ∈ Ge

ؓᤷҼ S(4)
e,a ૂ S(3)

e,a ѣᡶᴿ强正则图的关㚊关㌱. ᱴ❬, ሯԱᝅ的 g1, g2 ∈ Ge, R(g1)R(g2) =

R(g1 + g2). ሯ Ge的жѠᆆ㗚K,䇦 R(K) = {R(g) : g ∈ K}. ᇯ᱉僂䇷, R(K)ᱥ R(Ge)的жѠ

ᆆ㗚,ᒬъ R(K) ∼= K.

引理 2.1 䇴ٽ τ ∈ Aut(Ge)ᱥ GeⲺжѠ㠠ੂᶺ.

(1) 㤛 τ ᱥ Qa ⲺжѠㅿ䐓਎ᦘ, ҕቧᱥ䈪, ሯԱᝅⲺ g ∈ Ge, Qa(τ(g)) = Qa(g), ᴿࡏ τ ∈

Aut(S(4)
e,a ).

(2) 㤛 τ ᱥ Qa ⲺжѠᒵѿㅿ䐓਎ᦘ, ҕቧᱥ䈪, ሯԱᝅⲺ g ∈ Ge, Qa(τ(g)) = Qa(g)
2, ᴿࡏ

τ ∈ Aut(S(3)
e,a ).

证明 㔏ᇐжѠ㠠ੂᶺ τ ∈ Aut(Ge). 㠠ੂᶺ τ ∈ Aut(S(3)
e,a )(ᡌ㘻 τ ∈ Aut(S(4)

e,a )) ᖉъӻᖉሯ

ᰖᇐᖘࠥ㧧㔉ਾᯯṾ S(3)
e,a (ᡌ㘻 S(4)

e,a ) ѣԱᝅⲺڅᐤ䳼 D, ൽᴿ τ(D) = D. ഖ↚, ྸ᷒ሯᡶᴿ

Ⲻ g ∈ Ge 䜳ᴿ Qa(τ(g)) = Qa(g) ᡆ㄁, 䛙Ѿቧᴿ τ ∈ Aut(S(4)
e,a ); ྸ᷒ሯᡶᴿⲺ g ∈ Ge 䜳ᴿ

Qa(τ(g)) = Qa(g)
2ᡆ㄁,䛙Ѿቧᴿ τ ∈ Aut(S(3)

e,a ).

ᕋ⨼ 2.1ؓ䇷Ҽᖉ τ ᱥ Qa 的ᒵѿㅿ䐓਎ᦘᡌㅿ䐓਎ᦘᰬ, ⟨R(Ge), τ⟩ ∼= Ge ⋊ ⟨τ⟩ᱥ S(3)
e,a ᡌ

S(4)
e,a 的жѠ㠠ੂᶺ㗚. ᡇԢሼٕࣟ㠠ੂᶺ τ ૂ Ge 的жѠᆆ㗚ᶛᶺ䙖 S(3)

e,a ૂ S(4)
e,a 的䶔Ӛᦘ正则

㠠ੂᶺ㗚. ⭧↚ሼᰖᇐᖘӚᦘࠥ㧧㔉ਾᯯṾ䖢ᦘᡆᰖᇐᖘ䶔Ӛᦘࠥ㧧㔉ਾᯯṾ.

定理 2.3 ྸ᷒ྸсᶗԬ㻡┗䏩:

(1) Aut(Ge)ѣᆎ൞ QaⲺжѠ䱬Ѱ e > 1Ⲻㅿ䐓਎ᦘ τ ,

(2) Geѣᆎ൞жѠ᤽ᮦѰ eⲺ τ -у਎ᆆ㗚K,

(3) GeѣᴿжѠݹ㍖ hֵᗍ he ∈ K ૂ h1, · · · , he−1 ̸∈ K,ެѣ h1 = h,

hi := h+ τ(h) + · · ·+ τ i−1(h), 2 ⩽ i ⩽ e,
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ӄᱥ㗚

GK,τ,h := ⟨R(K), R(h)τ⟩ (2.1)

ᱥᰖᇐᖘӚᦘࠥ㧧㔉ਾᯯṾ S(3)
e,a ᡌ S(4)

e,a Ⲻ↙ࡏ㠠ੂᶺ㗚. ਜཌ, ሯԱᝅⲺ k ⩾ 1, 䇦 G(0) :=

GK,τ,hૂ G(k) := [G(k−1) : G(0)]θZ(G(0))Ѱ G(0)Ⲻѣᗹ, Φ(G(0))Ѱ G(0)Ⲻ Frattiniᆆ㗚,䛙Ѿ

G(1) = ⟨R(x− τ(x)) : x ∈ K⟩,

G(k) = ⟨R(x− τ(x)) : x ∈ G(k−1)⟩ሯᡶᴿ k ⩾ 2, (2.2)

ᒬъ G(0)ᱥ䶔ӚᦘⲺᖉъӻᖉ τ уരᇐK ѣⲺᡶᴿݹ㍖,ҕቧᱥ䈪, t = o(τ |K) > 1. 䇴mѰٽ

R(ht)τ
tⲺ䱬. ӄᱥѣᗹ

Z(G(0)) ∼=


[⟨R(x) : x ∈ K ъ τ(x) = x⟩ / ⟨R(he)⟩]× Zm ྸ᷒ t < e,

⟨R(x) : x ∈ K ъ τ(x) = x⟩ ྸ᷒ t = e,

(2.3)

ԛ਀ Frattiniᆆ㗚

Φ(G(0)) =
⟨
R(2x), R(x+ τ(x)), R(h2)τ

2 : x ∈ K
⟩
. (2.4)

证明 ᇯ᱉僂䇷 (R(h)τ)−1 = R(τ−1(h))τ−1ԛ਀ሯԱᝅⲺ x ∈ K,

R(h)τR(x) (R(h)τ)
−1

= R(τ(x)).

⭧↚ਥᗍ R(K)ᱥ GK,τ,h ⲺжѠ↙㿺ᆆ㗚. ਜཌ,ሯԱᝅⲺ 1 ⩽ i ⩽ e, (R(h)τ)i = R(hi)τ
i,ެѣ

hiྸᶗԬ (3)ѣᡶᇐѿ. ഖѰ he ∈ K ᒬъሯᡶᴿⲺ 1 ≤ i ≤ e, R(K + hi)τ
iњњуੂ,ᡶԛ

GK,τ,h = ∪e
i=1R(K + hi)τ

i. (2.5)

⢯ࡡ൦,㗚 GK,τ,hⲺ大ቅѰ |Ge|.

ሯԱᝅⲺ 1 ⩽ i < j ⩽ e, ᡇԢᴿ hj − hi = τ i(hj−i). ഖѰ K ᱥ τ у਎Ⲻ, ᒬъ⭧ᶗԬ

(3) ਥ⸛ hj−i ̸∈ K, ᡶԛ hj − hi ̸∈ K. ਜཌ, ਥ⭧ he ∈ K ᗍࡦ ∪e
i=1(K + hi) = Ge. ѰҼ

䇷᱄ GK,τ,h ᱥжѠ↙ࡏᆆ㗚, ᡇԢਠ䴶㾷䇷᱄ 0 ∈ Ge ൞㗚 GK,τ,h ֒⭞сⲺ䖞䚉ᱥ Ge. ഖѰ

R(k)R(hi)τ
i(0) = hi + k,ӄᱥㅿԭ൦,ਠ䴶㾷䇷᱄ ∪e

i=1(K + hi) = Ge. 䘏䜞ࡐࡐ࠼ᐨ㔅㻡䇷᱄

Ҽ,ᡶԛᡇԢᇂᡆҼㅢж䜞࠼Ⲻ䇷᱄.

ਥԛ⴪᧛䇗㇍

G(1) = ⟨R(x)R(ht)τ tR(x)−1(R(ht)τ
t)−1 : x ∈ K, 1 ⩽ t ⩽ e− 1⟩

= ⟨R(x− τ t(x)) : x ∈ K, 1 ⩽ t ⩽ e− 1⟩.
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ഖѰ

x− τ t(x) = (x− τ(x)) + (τ(x)− τ(τ(x))) + (τ2(x)− τ(τ2(x))) + · · ·+ (τ t−1(x)− τ(τ t−1(x)))

ԛ਀K ᱥ τ -у਎Ⲻ,ᡇԢᗍࡦ

G(1) = ⟨R(x− τ t(x)) : x ∈ K, 1 ⩽ t ⩽ e− 1⟩ = ⟨R(x− τ(x)) : x ∈ K⟩.

ੂṭ൦,ሯԱᝅⲺ k ⩾ 2, G(k) = ⟨R(x− τ(x)) : x ∈ G(k−1)⟩. ᱴ❬ѣᗹ

Z(GK,τ,h) =
⟨
R(x), R(ht)τ

t : x ∈ K ъ τ(x) = x, t = o(τ |K)
⟩

∼=


[⟨R(x) : x ∈ K ъ τ(x) = x⟩ / ⟨R(he)⟩]× Zm ྸ᷒ t < e,

⟨R(x) : x ∈ K ъ τ(x) = x⟩ ྸ᷒ t = e,

䘏ᱥ⭧ӄ ⟨R(x) : x ∈ K ъτ(x) = x⟩∩⟨R(ht)τ t⟩ = ⟨R(he)⟩,䱬 o(R(ht)τ
t) = m,ԛ਀ τ(he) = he.

ഖѰ GeᱥжѠ 2-㗚, GK,τ,hⲺ Frattiniᆆ㗚 Φ(GK,τ,h)ᱥ⭧ g2⭕ᡆⲺ,ެѣ g ∈ GK,τ,t. ഖѰ

R(x+ hi)τ
iR(x+ hi)τ

i = R(x+ hi + τ i(x+ hi))τ
2i = R(x+ τ i(x) + h2i)τ

2i,

ᡶԛᴿ

Φ(GK,τ,h) =
⟨
R(x+ τ i(x) + h2i)τ

2i : x ∈ K, i ⩾ 1
⟩

=
⟨
R(x+ τ i(x)), R(h2i)τ

2i : x ∈ K, i ⩾ 1
⟩

=
⟨
R(2x), R(x+ τ i(x)), R(h2i)τ

2i : x ∈ K, 1 ⩽ i ⩽ e− 1
⟩

=
⟨
R(2x), R(x− τ i(x)), R((h2)τ

2)i : x ∈ K, 1 ⩽ i ⩽ e− 1
⟩

=
⟨
R(2x), R(x− τ(x)), R(h2)τ

2 : x ∈ K
⟩

=
⟨
R(2x), R(x+ τ(x)), R(h2)τ

2 : x ∈ K
⟩
.

ᡇԢሼֵ⭞(2.2), (2.3)ૂ(2.4)֒Ѱу਎䠅ᶛ॰࠼䘏ӑ正则ᆆ㗚 GK,τ,h的ੂᶺ㊱.

2.4 RT2 图ૂ Davis-Xiang 图的正则ᆆ㗚及ެᰖᇐᖘӚᦘࠥ㧧㔉ਾᯯ

Ṿ

㔏ᇐжѠӚᦘ㗚 G,䇦 End(G)Ѱऻ੡ G的ᡶᴿ㠠ੂᘷ的䳼ਾ. ሯ End(G)ѣ的∅жѠ㠠ੂ

ᘷ f ,䇦 ImG(f) := {f(g) : g ∈ G}Ѱ G൞ f с的܅,ᒬ䇦 KerG(f) := {g ∈ G : f(g) = 0}Ѱ

f ൞ Gѣ的Ṯ,঩ঋփݹ的৕܅. ሯ᮪ᮦ n,䇦 ImG(n) := {ng : g ∈ G}ૂ KerG(n) := {g ∈ G :

ng = 0}. ׁྸ, Ge 的 Frattiniᆆ㗚ᱥ Φ(Ge) = ImGe(2)ԛ及 Fix(τ) = KerGe(τ − 1). ൞ᵢ㢸ѣ,ᡇ

14



浙江大学博士学位论文 非交换 2-群上的偏差集和无定形凯莱结合方案

Ԣٽ䇴 Ge ᱥᇐ⨼ 2.2ѣᇐѿ的Ӛᦘ 2-㗚, τ ∈ Aut(Ge)ᱥ关ӄ Qa 的 e = 2䱬ㅿ䐓਎ᦘᡌ e = 4

䱬ᒵѿㅿ䐓਎ᦘ,ެѣ Qaᱥᇐ⨼ 2.2ѣᇐѿ的ӂ⅗ශ.

ᵢ㢸的ѱ㾷ⴤḽᱥᢴࡦ Ge ѣ┗䏩ᇐ⨼ 2.3ѣᶗԬ的ᆆグ䰪 K ㍖ݹૂ h.с䶘䘏Ѡㆶঋ的㿸

ሕᱥ䶔ᑮᴿ⭞的.

引理 2.2 㤛 [Ge : Fix(τ)] > e,ࡏᇐ⨼ 2.3ѣᇐѿⲺ↙ࡏᆆ㗚 GK,τ,hᱥ䶔ӚᦘⲺ.

证明 䙐䗽ᇐ⨼ 2.3Ⲻㅢӂ䜞࠼,ਥԛ⸛䚉㗚 GK,τ,h Ӛᦘᖉъӻᖉ τ രᇐK ѣⲺᡶᴿݹ㍖,ҕቧ

ᱥ䈪,K ⩽ Fix(τ). 䙐䗽∊䖹ԌԢⲺ大ቅ,ᡇԢਥԛ⸛䚉䘏ᱥуਥ㜳Ⲻ.

2.4.1 ж㡢性的㔉䇰

䇴ٽ GᱥжѠӚᦘ㗚, ϕᱥ㗚 G的жѠ㠠ੂᶺ. ᡇԢ俌ݾ䇷᱄Ҽжӑ关ӄ G的 ϕ-у਎ᆆ㗚

的ж㡢性㔉䇰.

引理 2.3 䇴ٽ K ᱥ GⲺжѠ᤽ᮦѰ 2Ⲻᆆ㗚,঩ K ⩽ Gъ [G : K] = 2. ᆆ㗚 K ᱥ ϕ-у਎Ⲻ

ᖉъӻᖉ ImG(1 + ϕ) ⩽ K.

证明 ྸ᷒Kᱥ ϕ-у਎Ⲻ,䛙Ѿ x ∈ Kᖉъӻᖉ ϕ(x) ∈ K. ᱴ❬,ሯԱᝅⲺ x ∈ K, (1+ϕ)(x) =

x + ϕ(x) ∈ K. ⭧ӄ [G : K] = 2, ሯԱᝅⲺ x /∈ K, (1 + ϕ)(x) = x + ϕ(x) ∈ K. ഖ↚,

ImG(1 + ϕ) ⩽ K. ਃҁ,ྸ᷒ ImG(1 + ϕ) ⩽ K,ቧᴿሯԱᝅⲺ x ∈ K, (1 + ϕ)(x) = x+ ϕ(x) ∈ K.

⭧↚ᗍࡦ ϕ(x) ∈ K ԛ਀K ᱥ ϕ-у਎Ⲻ.

引理 2.4 䇴Kٽ ᱥ GѣⲺжѠ᤽ᮦѰ 4Ⲻᆆ㗚. 㤛 ϕⲺ䱬у㻡 3᮪䲚,ᒬъK ᱥ ϕ-у਎Ⲻ,ࡏ

Gऻ੡жѠ᤽ᮦѰ 2Ⲻᆆ㗚 H ,ެѣ H ᱥ ϕ-у਎Ⲻ,ᒬъ K ⩽ H . ਜཌ,ᡇԢᴿ ImG(1 + ϕ +

ϕ2 + ϕ3) ⩽ K.

证明 ⭧ӄ K ᱥ GⲺ ϕ-у਎ᆆ㗚,ࡏਥ⭧ ϕᗍࡦ୼㗚 Ḡ := G/K ⲺжѠ㠠❬Ⲻ㠠ੂᶺ ϕ̄. 䇴ٽ

π : G → ḠᱥжѠ㠠❬ᣋሺੂᘷ. ഖѰ |Ḡ| = 4,ᡶԛ Ḡ ∼= C4 ᡌ C2 × C2. ᖉ Ḡ ∼= C4 ᰬ, Ḡѣ

Ⲻӂ䱬ݹ㻡 ϕരᇐ. ᖉ Ḡ ∼= C2 × C2 ᰬ,⭧ӄ ϕⲺ䱬у㻡 3᮪䲚,ਥԛ⸛䚉 Ḡѣжᇐᆎ൞жѠ

䱬Ѱ 2Ⲻݹ㍖ xֵᗍ ϕ̄(x) = x. ᇐѿ H = π−1({0, x}). ᱉⸛ H ᱥ ϕ-у਎Ⲻ, [G : H] = 2ԛ਀

K ⩽ H . ⭧ᕋ⨼ 2.3, ਥᗍ ImG(1 + ϕ) ⩽ H . ৾ഖѰ K ҕᱥ ϕ2-у਎Ⲻ, ਥԛṯᦤᕋ⨼ 2.3ᗍࡦ

ImH(1 + ϕ2) ⩽ K. ഖ↚, ImG(1 + ϕ+ ϕ2 + ϕ3) = ImG((1 + ϕ2)(1 + ϕ)) ⩽ K.

ᡇԢ൞с䶘的ᇐ⨼ѣᇂޞ䀙ߩҼᖉ o(τ) = 2ᰬ,ᆆ㗚K ㍖ݹૂ h的ᆎ൞性䰤从.
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定理 2.4 䇴ٽ τ ∈ Aut(Ge) Ѱ Qa ⲺжѠ䱬Ѱ 2 Ⲻᒵѿㅿ䐓਎ᦘᡌㅿ䐓਎ᦘ. ᆎ൞ Ge ⲺжѠ

䱬Ѱ 2Ⲻ τ -у਎ᆆ㗚K ֵᗍ GK,τ,hᱥᕅᆆ (2.1)ѣᇐѿⲺᰖᇐᖘӚᦘࠥ㧧㔉ਾᯯṾ S(3)
e,a ᡌ S(4)

e,a

ⲺжѠ↙ࡏᆆ㗚. 㤛 τ |K = 1K ࡏ, GK,τ,h Ⲻᑸ䴬㊱ᮦѰ 1. 㤛 τ |K ̸= 1K ъ τ |Φ(K) = 1Φ(K),ࡏ

GK,τ,hⲺᑸ䴬㊱ᮦѰ 2. 㤛 τ |Φ(K) ̸= 1Φ(K),ࡏ GK,τ,hⲺᑸ䴬㊱ᮦᱥ 3.

证明 ഖѰ τ Ⲻ䱬ᱥ 2, ᡶԛ |Ge| ⩾ 4. ᱉⸛, 㗚 Ge Ⲻᶷ大ᆆ㗚ⲺѠᮦᱥ |Ge/Φ(Ge)| − 1, ެѣ

|Ge/Φ(Ge)| − 1ᱥཽᮦ. ഖ↚,жᇐᆎ൞ Ge ⲺжѠ τ -у਎ᶷ大ᆆ㗚 K. ṯᦤᕋ⨼ 2.2ૂᇐ⨼ 2.3,

ሯԱᝅⲺ h ∈ Ge \K,ᕅᆆ(2.1)ѣᇐѿⲺ㗚 GK,τ,hᱥᰖᇐᖘӚᦘࠥ㧧㔉ਾᯯṾ S(3)
e,a ᡌ S(4)

e,a Ⲻ↙

.㠠ੂᶺ㗚ࡏ ྸ᷒ cᱥֵᗍᕅᆆ (1 − τ)c|K = 0K ᡆ㄁ⲺᴶቅⲺ↙᮪ᮦ, ቧਥԛ䙐䗽ᇐ⨼ 2.3ᗍ

ᆆ㗚ࡏ↙ࡦ GK,τ,h Ⲻᑸ䴬㊱ᱥ cѠ. ഖѰ (1 − τ)2 = 2(1 − τ)ъ (1 − τ)3 = 0θᖉ τ |K = 1Kθ

㗚 GK,τ,h Ⲻᑸ䴬㊱ᮦѰ 1. ᖉ τ |K ̸= 1K ъ τ |Φ(K) = 1Φ(K) ᰬ, 㗚 GK,τ,h Ⲻᑸ䴬㊱ᮦѰ 2. ᖉ

τ |Φ(K) ̸= 1Φ(K)ᰬ,㗚 GK,τ,hⲺᑸ䴬㊱ᮦѰ 3.

例 2.1 Ա਌ F2
2 ѣⲺжѠੇ䠅 e = (ϵ1, ϵ2)ԛ਀ F2

4 ѣⲺжѠੇ䠅 a = (α1, α2). 䇴 Ge ૂ Qa ࡡ࠼

Ѱᇐ⨼ 2.2ѣᇐѿⲺӚᦘ㗚ૂӂ⅗ශ. ྸсᇐѿжѠ䱬Ѱ 2Ⲻㅿ䐓਎ᦘ τ ∈ Aut(Ge):

τ : Ge −→ Ge

τ(((x1, y1), (x2, y2))) = ((x1, y1 + x1), (x2, y2 + x2)).

᱉⸛㗚

K := {{((x1, y1), (x2, y2)) ∈ Ge : Tr(wx1) = 0}

ᱥ㗚 Ge Ⲻ᤽ᮦѰ 2 Ⲻ τ -у਎ᆆ㗚. ᇐѿ h = ((w, 0), (0, 0)) ∈ Ge \ K, ެѣ w ∈ F4 ֵᗍ

Tr(w) = 1. ⭧↚ਥᗍᕅᆆ(2.1)ᇐѿⲺ㗚 GK,τ,h ᱥᰖᇐᖘӚᦘࠥ㧧㔉ਾᯯṾ S(4)
e,a Ⲻ↙ࡏ㠠ੂᶺ

㗚. ഖѰ Φ(K) = {((0, ϵ1x1), (0, ϵ2x2)) ∈ Ge : Tr(wx1) = 0},ਥᗍ τ |K ̸= 1K ૂ τ |Φ(K) = 1Φ(K).

ӄᱥ㗚 GK,τ,hⲺᑸ䴬㊱ᱥ 2.

ᡇԢ᧛сᶛ㘹㲇 o(τ) = 4ᰬ,ᆆ㗚K ㍖ݹૂ h的ᆎ൞性䰤从.

定理 2.5 䇴ٽ τ ∈ Aut(Ge)ᱥӂ⅗ශ Qa Ⲻ 4䱬ᒵѿㅿ䐓਎ᦘᡌㅿ䐓਎ᦘ. ᆎ൞ Ge ѣⲺжѠ᤽

ᮦѰ 4Ⲻ τ -у਎ᆆ㗚 K ԛ਀ݹ㍖ hֵᗍ⭧ᕅᆆ(2.1)ᇐѿⲺ㗚 GK,τ,h ᱥᰖᇐᖘӚᦘࠥ㧧㔉ਾᯯ

Ṿ S(3)
e,a ᡌ S(4)

e,a Ⲻ↙ࡏ㠠ੂᶺ㗚ᖉъӻᖉᆎ൞ GeⲺжѠ᤽ᮦѰ 2Ⲻᆆ㗚 H ֵᗍ

KerGe(1 + τ) + ImGe(1 + τ) ⩽ H,

ImGe(1 + τ) ̸⩽ Φ(H) + ImH(1 + τ).

ྸ᷒䘏ṭⲺжѠ↙ࡏᆆ㗚 GK,τ,hᆎ൞,ࡏ䈛㗚Ⲻᑸ䴬㊱ᮦу大ӄ 6.
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证明 Ⲻࡦ䇴ᇐ⨼ѣᨆٽ K ૂ hᱥᆎ൞Ⲻ. ⭧ᕋ⨼ 2.4ਥ⸛,ᆎ൞ Ge ⲺжѠ᤽ᮦѰ 2Ⲻ τ -у਎

ᆆ㗚H ֵᗍK ⩽ H . ṯᦤᕋ⨼ 2.3, ImGe(1 + τ) ⩽ H , ImH(1 + τ) ⩽ K ԛ਀ Φ(H) ⩽ K. 䘏ᱥ⭧

ӄ [Ge : H] = [H : K] = 2. 䘑ж↛ਥᗍ

Φ(H) + ImH(1 + τ) ⩽ K.

ᡇԢਥԛ⭧ᇐ⨼ 2.3ѣⲺ (c)ᗍࡦ (1 + τ)(h) /∈ K ૂ (1 + τ)(h) ∈ H ,ӄᱥቧᴿ

ImH(1 + τ) < ImGe(1 + τ)

ૂ

ImGe(1 + τ) ̸⩽ Φ(H) + ImH(1 + τ) ⩽ K.

ᡇԢ᧛сᶛ࡟⭞ਃ䇷⌋䇷᱄KerGe(1+τ) ⩽ H . 䇴KerGe(1+τ)ٽ ̸⩽ H . ⭧ [Ge : H] = 2,ਥᗍ

KerH(1+τ) = KerGe(1+τ)∩HᱥKerGe(1+τ)ⲺжѠ᤽ᮦѰ 2Ⲻᆆ㗚. ԄᕅᆆGe/KerGe(1+τ)
∼=

ImGe(1 + τ) ૂ H/KerH(1 + τ) ∼= ImH(1 + τ) ਥԛⵁ࠰ |ImH(1 + τ)| = |ImGe(1 + τ)|. ⭧

↚ਥ⸛ ImH(1 + τ) = ImGe(1 + τ). ᱴ❬䘏ф ImH(1 + τ) < ImGe(1 + τ) ᱥ⸑ⴴⲺ. ഖ↚,

KerGe(1 + τ) + ImGe(1 + τ) ⩽ H .

ਃҁ,ٽ䇴H ᱥ GeѣⲺжѠ᤽ᮦѰ 2Ⲻᆆ㗚,ެ┗䏩ᶗԬ KerGe(1 + τ) + ImGe(1 + τ) ⩽ H

ԛ਀ ImGe(1+ τ) ̸⩽ Φ(H) + ImH(1+ τ). 䙐䗽ᕋ⨼ 2.3,ᆆ㗚H ᱥ τ -у਎Ⲻᒬъᆎ൞жѠGe \H

ѣⲺݹ㍖ h┗䏩 h + τ(h) = (1 + τ)(h) /∈ Φ(H) + ImH(1 + τ). ഖ↚, H ᴿжѠ᤽ᮦѰ 2Ⲻᆆ

㗚 K ֵᗍ h + τ(h) /∈ K ૂ ImH(1 + τ) ⩽ K, ᒬъ䙐䗽ᕋ⨼ 2.3, K ൞ H ѣᱥ τ -у਎Ⲻ. ഖ

Ѱ H ൞ Ge ѣᱥ τ -у਎Ⲻ, ᡶԛ K ൞ Ge ѣӜᱥ τ -у਎Ⲻ, ᒬъ [Ge : K] = 4. 䙐䗽ᕋ⨼ 2.4,

h+ τ(h) + τ2(h) + τ3(h) = (1 + τ + τ2 + τ3)(h) ∈ ImGe(1 + τ + τ2 + τ3) ⩽ K. ৾⭧ h /∈ H ૂ

h+ τ(h) ∈ H ԛ਀ H ᱥ Ge ѣ τ -у਎Ⲻ,ਥᗍݹ㍖ h+ τ(h) + τ2(h) /∈ H . ഖ↚, K ૂ h┗䏩ᇐ

⨼ 2.3ѣⲺᶗԬ (a), (b)ૂ (c).

ഖѰ τ4 = 1ԛ਀ 4x = 0ሯᡶᴿⲺ x ∈ Ge 䜳ᡆ㄁,ᡶԛᴿ (1− τ)6 = 0. ৾ṯᦤᇐ⨼ 2.3,᱉

⸛ GK,τ,hⲺᑸ䴬㊱ᮦቅӄㅿӄ 6.

推论 2.1 䇴ٽ τ ∈ Aut(Ge)ᱥQaⲺжѠ 4䱬ᒵѿㅿ䐓਎ᦘᡌㅿ䐓਎ᦘֵᗍ ImGe(1+τ)∩Φ(Ge) =

{0}. ᆎ൞GeⲺжѠ 4䱬 τ -у਎ᆆ㗚Kԛ਀GeѣⲺжѠݹ㍖ hֵᗍ⭧ᕅᆆ(2.1)ᇐѿⲺ㗚GK,τ,h

ᱥᰖᇐᖘӚᦘࠥ㧧㔉ਾᯯṾ S(3)
e,a ᡌ S(4)

e,a Ⲻ↙ࡏ㠠ੂᶺ㗚ᖉъӻᖉ

KerGe(1 + τ) ∩ ImGe(1 + τ) ̸= {0},

ᡌ㘻ㅿԭ൦䈪,

KerGe(1 + τ) < KerGe(1 + τ)2.

ެѣ,㗚 GK,τ,hⲺᑸ䴬㊱ᮦу大ӄ 6.

17



浙江大学博士学位论文 非交换 2-群上的偏差集和无定形凯莱结合方案

证明 㤛KerGe(1+τ)∩ImGe(1+τ) ̸= {0}ᡆ㄁,ࡏKerGe(1+τ)+ImGe(1+τ) ̸= Ge,ᒬъᆎ൞Geѣ

ⲺжѠ᤽ᮦѰ 2Ⲻᆆ㗚Hֵᗍ KerGe(1+ τ)+ ImGe(1+ τ) ⩽ H . ⭧ӄ ImGe(1+ τ)∩Φ(Ge) = {0}

ԛ਀ Φ(H) = ImH(2) ⊆ Φ(Ge) = ImGe(2), ሯӄԱ֋䘏ṭⲺ Ge Ⲻ᤽ᮦѰ 2 Ⲻᆆ㗚 H , 䜳ᴿ

ImGe(1 + τ) ̸⩽ Φ(H) + ImH(1 + τ). ṯᦤᇐ⨼ 2.5,ᆎ൞ Ge ⲺжѠ᤽ᮦѰ 4Ⲻ τ -у਎ᆆ㗚 K ૂ

㍖ݹ hֵᗍᕅᆆ(2.1)ѣᇐѿⲺ GK,τ,hᱥ S(3)
e,a ᡌ S(4)

e,a ⲺжѠ↙ࡏᆆ㗚.

ਃҁ,㤛䘏ṭⲺ᤽ᮦѰ 4Ⲻ τ -у਎ᆆ㗚Kૂݹ㍖ h ∈ Geᆎ൞,ࡏ⭧ᇐ⨼ 2.5ਥ⸛,ᆎ൞GeⲺ

᤽ᮦѰ 2Ⲻᆆ㗚HֵᗍKerGe(1+τ)+ ImGe(1+τ) ⩽ H . ഖ↚, KerGe(1+τ)∩ ImGe(1+τ) ̸= {0}.

᧛сᶛᡇԢ䇷᱄ᇐ⨼ 2.4ѣ关ӄ㗚 Ge 的᤽ᮦѰ 4的 τ -у਎ᆆ㗚 K ㍖ݹૂ h的ᆎ൞性的ਜ

жѠ㔉᷒.

定理 2.6 䇴ٽ τ ∈ Aut(Ge) ᱥ Qa Ⲻ 4 䱬ᒵѿㅿ䐓਎ᦘᡌㅿ䐓਎ᦘ. 㤛 τ ൞ Ge/(Φ(Ge) +

ImGe(1 + τ2))рⲺ䈧ሲ֒⭞ᱥ䶔ᒩࠗⲺ,ࡏᆎ൞ Ge ѣ᤽ᮦѰ 4Ⲻᆆ㗚 K ㍖ݹૂ hֵᗍެᡶሯ

ᓊⲺ㗚 GK,τ,h ᱥᰖᇐᖘӚᦘࠥ㧧㔉ਾᯯṾ S(3)
e,a ᡌ S(4)

e,a Ⲻ↙ࡏ㠠ੂᶺ㗚, ᒬъ┗䏩ᇐ⨼ 2.3. ެ

ѣ,㗚 GK,τ,hⲺᑸ䴬㊱ᮦу䎻䗽 6.

证明 ṯᦤᕋ⨼ 2.3,ਥԛ⸛䚉Geѣᡶᴿ᤽ᮦѰ 2Ⲻ τ2-у਎ᆆ㗚ⲺӚѰ Φ(Ge)+ ImGe(1+ τ
2)ԛ

਀ Geѣᡶᴿ᤽ᮦѰ 2Ⲻ τ -у਎ᆆ㗚ⲺӚѰ Φ(Ge) + ImGe(1 + τ). ഖ↚, Φ(Ge) + ImGe(1 + τ2) ⩽

Φ(Ge)+ImGe(1+τ),䘏ᱥ⭧ӄ τ -у਎ᆆ㗚ӜѰ τ2-у਎ᆆ㗚. ഖѰ τ൞୼㗚Ge/(Φ(Ge)+ImGe(1+

τ2))рⲺ䈧ሲ֒⭞ᱥ䶔ᒩࠗⲺ,ᡶԛᆆ㗚 ImGe(1+τ) ̸⩽ Φ(Ge)+ImGe(1+τ
2),ᒬъᆎ൞жѠݹ㍖

h ∈ Geֵᗍ h+ τ(h) ∈ ImGe(1+ τ)ᴿжѠ䶔䴬Ⲻ܅൞୼㗚Ge/(Φ(Ge)+ ImGe(1+ τ
2))ѣ. ਜཌ,

h+ τ(h) /∈ Φ(Ge),䘏ᝅ઩⵶ Ge ѣᆎ൞жѠ᤽ᮦѰ 2Ⲻᆆ㗚 H ┗䏩 Φ(Ge) + ImGe(1 + τ2) ⊆ H

ᒬъ h + τ(h) /∈ H . ⭧ᕋ⨼ 2.3, τ(H) ̸= H ᒬъ τ2(H) = H . 䇴ٽ K = H ∩ τ(H). ᱉⸛, K ᱥ

Ge ⲺжѠ᤽ᮦѰ 4Ⲻ τ -у਎ᆆ㗚. ṯᦤ h+ τ(h) /∈ H ,ਥᗍ h+ τ(h) /∈ K,ᒬъ⭧ K ᱥ τ -у਎

Ⲻᗍࡦ h /∈ K. ഖѰ h /∈ K ԛ਀K ᱥ τ -у਎Ⲻ,⭧ᕋ⨼ 2.4,ਥᗍ h+ τ(h) + τ2(h) + τ3(h) ∈ K

ૂ h+ τ(h) + τ2(h) /∈ K.

例 2.2 Ա਌ F2
2 ѣⲺжѠੇ䠅 e = (ϵ1, ϵ2)ૂ F2

4 \ F2
2 ѣⲺжѠੇ䠅 a = (α1, α2). 䇴ٽ Ge ૂ Qa

⨽Ѱᇐࡡ࠼ 2.2ѣᇐѿⲺӚᦘ㗚ૂӂ⅗ශ. ྸсᇐѿжѠ 4䱬Ⲻᒵѿㅿ䐓਎ᦘ τ ∈ Aut(Ge): ሯԱ

ᝅⲺ ((x1, y2), (x2, y2)) ∈ Ge,

τ(((x1, y1), (x2, y2))) = ((x21, y
2
1 + α1x

2
1), (x

2
2, y

2
2 + α2x

2
2)).

䙐䗽䇗㇍ਥᗍ

ImGe(1 + τ2) = {((0, (Tr(α1) + ϵ1)x1), (0, (Tr(α2) + ϵ2)x2)) : x1, x2 ∈ F4}
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ૂ

Φ(Ge) = {((0, ϵ1x1), (0, ϵ2x2)) : x1, x2 ∈ F4}.

᱉⸛, τ ൞㗚 Ge/(Φ(Ge) + ImGe(1 + τ2))рⲺ䈧ሲ֒⭞ᱥ䶔ᒩࠗⲺ. ਌ݹ㍖ h = ((w, 0), (0, 0)) ∈

Ge. ਥԛ僂䇷ᗍࡦ h+ τ(h) = ((1, α1w
2 + ϵ1), (0, 0))൞ Ge/(Φ(Ge) + ImGe(1 + τ2))ѣᴿ䶔䴬Ⲻ

.܅ ᆆ㗚

H := {((x1, y1), (x2, y2)) ∈ Ge : Tr(wx1) = 0}

ᱥ Ge᤽ᮦѰ 2Ⲻᆆ㗚ъ┗䏩 h+ τ(h) /∈ H . 䇴Kٽ = H ∩ τ(H). ӄᱥᗍࡦжѠ τ -у਎ᆆ㗚

K = {((x1, y1), (x2, y2)) ∈ Ge : x1 = 0},

ެѰ㗚 Ge ᤽ᮦѰ 4Ⲻᆆ㗚,ъ┗䏩ᇐ⨼ 2.3ѣⲺᶗԬ (c). ӄᱥ⭧ᕅᆆ(2.1)ᇐѿⲺ㗚 GK,τ,h ᱥᰖ

ᇐᖘӚᦘࠥ㧧㔉ਾᯯṾ S(3)
e,a ⲺжѠ↙ࡏ㠠ੂᶺ㗚. ਥԛ⴪᧛䇗㇍ᗍࡦ (1− τ)4|K = 0ԛ਀

(1− τ)3(K) = {((0, 0), (0,Tr(α2)x) ∈ Ge : x ∈ F2}.

⭧ᕅᆆ(2.2),ᖉ Tr(α2) = 0,㗚 GK,τ,hⲺᑸ䴬㊱ᮦѰ 3. ᖉ Tr(α2) ̸= 0,㗚 GK,τ,hⲺᑸ䴬㊱ᮦѰ 4.

᧛сᶛᡇԢޭ։㔏࠰ᇐ⨼ 2.3ѣᡶᨆࡦ的 RT2 图ૂ Davis-Xiang 图ԛ及ф䘏ӑ图ᴿ关的ᰖ

ᇐᖘӚᦘࠥ㧧㔉ਾᯯṾ的䶔Ӛᦘ正则㠠ੂᶺ㗚. ᡇԢሼֵ⭞䱬Ѱ 2ᡌ 4的ᒵѿㅿ䐓਎ᦘᡌㅿ䐓

਎ᦘ,ഖ↚ᡇԢਥԛٕࣟԛрᡶᗍࡦ的㔉䇰.

2.5 ᰖᇐᖘӚᦘࠥ㧧㔉ਾᯯṾ的䶔Ӛᦘ正则㠠ੂᶺ㗚

ሯӄԱᝅњѠੇ䠅 u = (u1, u2, · · · , un)ૂ v = (v1, v2, · · · , vn),ᇐѿ

u ∗ v := (u1v1, u2v2, · · · , unvn)

ૂ

Tr(u) = (Tr(u1),Tr(u2), · · · ,Tr(un)).

䇦 1 := (1, 1, · · · , 1)ૂ 0 := (0, 0, · · · , 0). ਜཌ,ᡇԢ⭞ㅜਭ w(u)㺞⽰ੇ䠅 u的≿᱄䠃䠅.

൞䘏䠂ᡇԢֵ⭞൞ᇐ⨼ 2.2ҁࢃᇐѿ的ㅜਭGϵૂQα,ެѣ ϵ ∈ F2, α ∈ F4. ሯԱᝅ的 ν ∈ F4,

ྸсᇐѿњѠ㠠ੂᶺ ρν ∈ Aut(Gϵ)ૂ τν ∈ Aut(Gϵ): ሯԱᝅ的 (x, y) ∈ Gϵ,

ρν(x, y) = (x2, y2 + νx2), (2.6)

τν(x, y) = (x, y + νx).
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㠠ੂᶺ τν ᱥ Qα 的жѠㅿ䐓਎ᦘ,ᒬъᖉ ν = 0ᰬ,ެ䱬Ѱ 1;ᖉ ν = 1ᰬ,ެ䱬Ѱ 2. ᇯ᱉僂䇷

ρ2ν = τTr(ν),ᒬъ Qα(ρα(x, y)) = Qα(x, y)
2. ӄᱥ㠠ੂᶺ ρα ᱥ Qα 的жѠᒵѿㅿ䐓਎ᦘ,ᒬъᖉ

Tr(α) = 0ᰬ,ެ䱬Ѱ 2;ᖉ Tr(α) = 1ᰬ,ެ䱬Ѱ 4.

ਥԛ䙐䗽䇗㇍ᗍࡦ,ሯԱᝅ的 ν ∈ F2,

ImGϵ
(1 + τν) = {(0, (ν + ϵ)x) : x ∈ F4},

KerGϵ
(1 + τν) = {((ν + ϵ+ 1)x, y) ∈ Gϵ : x, y ∈ F4},

ImGϵ
(1− τν) = {(0, νx) : x ∈ F4}, (2.7)

KerGϵ
(1− τν) = {((ν + 1)x, y) ∈ Gϵ : x, y ∈ F4}.

ሯԱᝅ的 α ∈ F4,

ImGϵ
(1 + ρα) = {(x, y) + ρα(x, y) : (x, y) ∈ Gϵ} (2.8)

= {(x+ x2, y + y2 + αx2 + ϵx3) : x, y ∈ F4}

=


{(0, 0), (0, 1), (1, 0), (1, 1)} ྸ᷒ α = 0,

{(0, 0), (0, 1), (1, ω), (1, ω + 1)} ྸ᷒ α = 1,

{(0, y), (1, y) : y ∈ F4} ྸ᷒ α = ωᡌ ω + 1,

KerGϵ
(1 + ρα) = {(x, y) ∈ Gϵ : x, y ∈ F4ъx+ x2 = 0, y + y2 + αx2 + ϵx3 = 0}

=


{(0, 0), (0, 1), (1, 0), (1, 1)} ྸ᷒ α+ ϵ = 0,

{(0, 0), (0, 1), (1, ω), (1, ω + 1)} ྸ᷒ α+ ϵ = 1,

{(0, 0), (0, 1)} ྸ᷒ α = ωᡌ ω + 1,

(2.9)

ImGϵ
(1− ρα) = {(x, y)− ρα(x, y) : (x, y) ∈ Gϵ} (2.10)

= {(x+ x2, y + y2 + (α+ ϵ)x2 + ϵx3) : x, y ∈ F4}

=


{(0, 0), (0, 1), (1, 0), (1, 1)} ྸ᷒ α+ ϵ = 0,

{(0, 0), (0, 1), (1, ω), (1, ω + 1)} ྸ᷒ α+ ϵ = 1,

{(0, y), (1, y) : y ∈ F4} ྸ᷒ α = ωᡌ ω + 1,
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KerGϵ
(1− ρα) = {(x, y) ∈ Gϵ : x, y ∈ F4ъx+ x2 = 0, y + y2 + αx2 = 0} (2.11)

=


{(0, 0), (0, 1), (1, 0), (1, 1)} 㤛 α = 0,

{(0, 0), (0, 1), (1, ω), (1, ω + 1)} 㤛 α = 1,

{(0, 0), (0, 1)} 㤛 α = ωᡌ ω + 1.

ᡇԢ⧦൞߼༽㔏࠰഑Ѡᰖᇐᖘ䶔Ӛᦘࠥ㧧㔉ਾᯯṾ,ᆹԢੂᶺӄ S(3)
e,a ᡌ S(4)

e,a ሯᓊӄ䶔ࡡ࠼,

Ӛᦘ的᣿зᯯශૂ䍕᣿зᯯශ的څᐤ䳼.

定理 2.7 䇴ٽ nᱥжѠ大ӄㅿӄ 2Ⲻ᮪ᮦ, e = (ϵ1, ϵ2, · · · , ϵn)ᱥੇ䠅グ䰪 Fn
2 ѣⲺੇ䠅,ԛ਀

a = (α1, α2, · · · , αn)ᱥੇ䠅グ䰪 Fn
4 ѣⲺੇ䠅. 䇴Ge,Qaૂٽ S(4)

e,a ⨽Ѱᇐࡡ࠼ 2.2ѣᇐѿⲺӚᦘ

㗚Ƚӂ⅗ශૂᰖᇐᖘӚᦘࠥ㧧㔉ਾᯯṾ. ሯԱᝅ┗䏩 0 ⩽ l ⩽ w(e)ૂ 1 ⩽ n− l ⩽ k ⩽ nⲺ᮪ᮦ

kૂ l,ᆎ൞ S(4)
e,a ⲺжѠ↙ࡏ㠠ੂᶺ㗚 G,ެѣ GⲺᑸ䴬㊱ᮦᱥ 2,᤽ᮦᱥ 4,ᒬъ┗䏩

[G,G] ∼= Z2k
2 ᡌ Z2k−1

2 , (2.12)

Z(G) ∼= Z4n−2k−4l
2 ⊕ Z2l

4 ᡌ Z4n−2k−4l+1
2 ⊕ Z2l−1

4 ᡌ Z4n−2k−4l−1
2 ⊕ Z2l

4 , (2.13)

Φ(G) ∼= Z2l+2w(e)−1
2 ᡌ Z2l+2w(e)

2 . (2.14)

证明 䇴ٽ v = (ν1, ν2, · · · , νn)Ѱ Fn
2 ѣⲺжѠੇ䠅,ֵᗍ w(v ∗ e+ e) = lъ w(v) = k. ᇐѿ㗚

GeⲺжѠ㠠ੂᶺ τv = (τν1
, τν2

, · · · , τνn
) ∈ Aut(Ge). ᱉⸛, τvӜᱥ QaⲺжѠ 2䱬ㅿ䐓਎ᦘ. ⭧

ImGe(1 + τv) = ImGϵ1
(1 + τν1

)⊕ ImGϵ2
(1 + τν2

)⊕ · · · ⊕ ImGϵn
(1 + τνn

)θ

ԛ਀ᕋ⨼ 2.3ૂᕅᆆ (2.7),ਥᗍሯӄ Fn
4 ѣⲺжѠ㔏ᇐⲺ䶔䴬ੇ䠅 (b1, b2, · · · , bn),ᆆ㗚

K := {((x1, y1), (x2, y2), · · · , (xn, yn)) ∈ Ge : Tr(b1x1 + b2x2 + · · ·+ bnxn) = 0}

ᱥ GeⲺжѠ᤽ᮦѰ 2Ⲻ τv-у਎ᆆ㗚. 䇦 h = ((u1, v1), (u2, v2), · · · , (un, vn))Ѱ GeⲺжѠݹ㍖,

ެ┗䏩 Tr(b1u1+b2u2+ · · ·+bnun) ̸= 0ъ (v+e)∗(u1, u2, · · · , un) ̸= 0. ṯᦤᇐ⨼ 2.4,ᇐ⨼ 2.3ѣ

ᇐѿⲺ㗚G := GK,τv,hᱥᰖᇐᖘӚᦘࠥ㧧㔉ਾᯯṾ S(4)
e,a ⲺжѠ↙ࡏ㠠ੂᶺ㗚. 䙐䗽ᇐ⨼ 2.3ૂᕅ

ᆆ (2.7),Ӛᦘᆆ㗚

[G,G] ∼= ImK(1− τv)

= {((0, ν1x1), (0, ν2x2), · · · , (0, νnxn)) ∈ Ge : Tr(b1x1 + b2x2 + · · ·+ bnxn) = 0}

∼=


Z2w(v)−1

2 ྸ᷒ b ∗ (v+ 1) = 0,

Z2w(v)
2 ྸ᷒ b ∗ (v+ 1) ̸= 0.

21



浙江大学博士学位论文 非交换 2-群上的偏差集和无定形凯莱结合方案

⭧ᕅᆆ (2.3),ѣᗹ

Z(G) ∼= KerK(1− τv)

= {(((ν1 + 1)x1, y1), ((ν2 + 1)x2, y2), · · · , ((νn + 1)xn, yn)) ∈ Ge : Tr(b1(ν1 + 1)x1

+ b2(ν2 + 1)x2 + · · ·+ bn(νn + 1)xn) = 0}

∼=


Z4n−2w(v)−4w(v∗e+e)

2 ⊕ Z2w(v∗e+e)
4 ྸ᷒ b ∗ (v+ 1) = 0,

Z4n−2w(v)−4w(v∗e+e)+1
2 ⊕ Z2w(v∗e+e)−1

4 ྸ᷒ b ∗ (v+ 1) ̸= 0,b ∗ (v+ 1) ∗ (e+ 1) = 0,

Z4n−2w(v)−4w(v∗e+e)−1
2 ⊕ Z2w(v∗e+e)

4 ྸ᷒ b ∗ (v+ 1) ∗ (e+ 1) ̸= 0.

⭧ᕅᆆ (2.4), Frattiniᆆ㗚

Φ(G) ∼= Φ(K) + ImK(1 + τv) + ⟨h2⟩ = Φ(K) + ImK(1 + τv) + ⟨h+ τv(h)⟩

= Φ(K) + ImGe(1 + τv)

= {((0, (ν1 + ϵ1)x1 + ϵ1x
′
1), (0, (ν2 + ϵ2)x2 + ϵ2x

′
2), · · · , (0, (νn + ϵn)xn + ϵnx

′
n))

∈ Ge : Tr(b1x′1 + b2x
′
2 + · · ·+ bnx

′
n) = 0}

∼=


Z2w(v∗e+v)+2w(e)−1

2 ྸ᷒ b ∗ (v ∗ e+ 1) = 0,

Z2w(v∗e+v)+2w(e)
2 ྸ᷒ b ∗ (v ∗ e+ 1) ̸= 0.

ഖѰ ImK(1−τv) ̸= {0}ԛ਀ ImΦ(K)(1−τv) = {0},ṯᦤᇐ⨼ 2.4,㗚GⲺᑸ䴬㊱ᮦᱥ 2. ṯᦤٽ䇴

ਥ⸛ xi(1 ⩽ i ⩽ n)уޞѰ䴬. ሯԱᝅⲺ x ∈ K ૂ R(ht)τ
t,ᡇԢᴿ (R(ht + x)τ t)4 = R(0). ਜཌ,

(R(h)τ)2 = R(((0, (ν1 + ϵ1)u1), · · · , (0, (νn + ϵn)un))). ṯᦤٽ䇴ਥ⸛ (v+ e) ∗ (u1, · · · , un) ̸= 0,

ӄᱥ GⲺ᤽ᮦᱥ 4.

定理 2.8 䇴ٽ nѰжѠ大ӄㅿӄ 2Ⲻ᮪ᮦ, e = (ϵ1, ϵ2, · · · , ϵn)ૂ a = (α1, α2, · · · , αn)ൽѰ Fn
2

ѣⲺੇ䠅. 䇴ٽ Ge, Qa ૂ S(3)
e,a ⨽ᱥᇐࡡ࠼ 2.2ѣᇐѿⲺӚᦘ㗚Ƚӂ⅗ශૂᰖᇐᖘӚᦘࠥ㧧㔉ਾ

ᯯṾ. S(3)
e,a ᴿжѠ↙ࡏ㠠ੂᶺ㗚 G,ެѣ GⲺᑸ䴬㊱ᮦᱥ 2ᡌ 3,᤽ᮦᱥ 4ᡌ 8,ᒬъᴿ

[G,G] ∼= Z2(n−w(e))+1
2 ⊕ Zw(e)−1

4 ᡌ Z2(n−w(e))−1
2 ⊕ Zw(e)

4 ,

Z(G) ∼= Z2(n−w(e))
2 ⊕ Zw(e)

4 ,

Φ(G) ∼= Z2n−w(e)−1
2 ⊕ Zw(e)

4 ᡌ Z2n−w(e)
2 ⊕ Zw(e)

4 .

证明 ᇐѿӚᦘ㗚 GeⲺжѠ㠠ੂᶺ ρa = (ρα1
, ρα2

, · · · , ραn
),ެѣ ραi

(1 ⩽ i ⩽ n)ᱥ Gϵi Ⲻੂᶺ.

᱉⸛, ρa ᱥ Qa ⲺжѠ䱬Ѱ 2Ⲻᒵѿㅿ䐓਎ᦘ. 㔏ᇐжѠ䶔䴬ੇ䠅 b = (b1, b2, · · · , bn) ∈ Fn
2 . 䙐

䗽ᕋ⨼ 2.3,⭧

ImGe(1 + ρa) = ImGϵ1
(1 + ρα1

)⊕ ImGϵ2
(1 + ρα2

)⊕ · · · ⊕ ImGϵn
(1 + ραn

)
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ૂᕅᆆ (2.8),ਥᗍᆆ㗚

K := {((x1, y1), (x2, y2), · · · , (xn, yn)) ∈ Ge : Tr(b1x1 + b2x2 + · · ·+ bnxn) = 0}

ᱥ㗚 Ge ⲺжѠ᤽ᮦѰ 2Ⲻ ρa-у਎ᆆ㗚. Ԛ h = ((u1, v1), (u2, v2), · · · , (un, vn))ᱥ Ge \H ѣⲺ

ԱᝅжѠݹ㍖. ᇐ⨼ 2.3ѣᡶᇐѿⲺ㗚 G := GK,ρa,h ᱥ S(3)
e,a ⲺжѠ↙ࡏ㠠ੂᶺ㗚. ⭧ᇐ⨼ 2.3ૂ

ᕅᆆ (2.10),Ӛᦘᆆ㗚

[G,G] ∼= ImK(1− ρa)

= {((x1 + x21, y1 + y21 + (α1 + ϵ1)x
2
1 + ϵ1x

3
1), (x2 + x22, y2 + y22 + (α2 + ϵ2)x

2
2 + ϵ2x

3
2),

· · · , (xn + x2n, yn + y2n + (αn + ϵn)x
2
n + ϵnx

3
n)) ∈ Ge : Tr(b1x1 + b2x2 + · · ·+ bnxn) = 0}

∼=


Z2(n−w(e))+1

2 ⊕ Zw(e)−1
4 ྸ᷒ b ∗ e = b,

Z2(n−w(e))−1
2 ⊕ Zw(e)

4 ྸ᷒ b ∗ e ̸= b.

⭧ᕅᆆ (2.10),ѣᗹ

Z(G) ∼= KerK(1− ρa)

= {((x1, y1), (x2, y2), · · · , (xn, yn)) ∈ Ge : Tr(b1x1 + b2x2 + · · ·+ bnxn) = 0,

xi + x2i = 0ૂ yi + y2i = αix
2
i ެѣ i = 1, 2, · · · , n}

∼= Z2(n−w(e))
2 ⊕ Zw(e)

4 .

⭧ᕅᆆ (2.4), Frattiniᆆ㗚

Φ(G) ∼= Φ(K) + ImK(1 + ρa) + ⟨h2⟩ = Φ(K) + ImK(1 + ρa) + ⟨h+ ρa(h)⟩

= Φ(K) + ImGe(1 + ρa)

= {((x1 + x21, y1 + y21 + α1x
2
1 + ϵ1x

3
1 + ϵ1x

′
1), (x2 + x22, y2 + y22 + α2x

2
2 + ϵ2x

3
2 + ϵ2x

′
2),

· · · , (xn + x2n, yn + y2n + αnx
2
n + ϵnx

3
n + ϵnx

′
n)) ∈ Ge : Tr(b1x′1 + b2x

′
2 + · · ·+ bnx

′
n) = 0}

∼=


Z2n−w(e)−1

2 ⊕ Zw(e)
4 ྸ᷒b ∗ e = b,

Z2n−w(e)
2 ⊕ Zw(e)

4 ྸ᷒b ∗ e ̸= b.

䙐䗽䇗㇍ [G,G],ਥ⸛Gᱥ䶔ӚᦘⲺ. ᖉ e = 0ᡌw(e) = w(b) = w(e∗b) = 1ᰬ, ImK((1−ρa)2) =

0,ੜࡏ ImK((1− ρa)
2) ̸= 0ъ ImK((1− ρa)

3) = 0. ӄᱥṯᦤᕋ⨼ 2.3,ᖉ e = 0ᡌ w(e) = w(b) =

w(e ∗ b) = 1ᰬ, GⲺᑸ䴬㊱ᮦᱥ 2,ੜࡏ GⲺᑸ䴬㊱ᮦᱥ 3. ሯԱᝅⲺ x ∈ K ૂ R(ht)ρ
t
a,ᡇԢ

ᴿ (R(ht + x)ρta)
8 = R(0). ਜཌ, (R(h)ρa)4 = R(((0, ϵ1(u1 + u21)), · · · , (0, ϵn(un + u2n))). ྸ᷒

e ∗ (Tr(u1), · · · ,Tr(un)) = 0, GⲺ᤽ᮦᱥ 4,ੜࡏ GⲺ᤽ᮦᱥ 8.
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定理 2.9 䇴ٽ n ⩾ 2ᱥжѠ᮪ᮦ, e = (ϵ1, ϵ2, · · · , ϵn)ᱥ Fn
2 ѣⲺੇ䠅,ԛ਀ a = (α1, α2, · · · , αn)

ᱥ Fn
4 \ Fn

2 ѣⲺжѠੇ䠅. 䇴ٽ Ge, Qaૂ S(3)
e,a ⨽ᱥᇐࡡ࠼ 2.2ѣᇐѿⲺӚᦘ㗚Ƚӂ⅗ශૂᰖᇐᖘ

Ӛᦘࠥ㧧㔉ਾᯯṾ. S(3)
e,a ᴿжѠ䶔Ӛᦘ↙ࡏ㠠ੂᶺ㗚 G,ެѣ GⲺᑸ䴬㊱ᱥ 2ᡌ 4,᤽ᮦᱥ 4ᡌ

8,ᒬъ

|[G,G]| = 22(n−1)+w(Tr(a))ᡌ 22n+w(Tr(a))−1,

|Z(G)| = 22n−w(Tr(a))ᡌ 22n−w(Tr(a))−1,

|Φ(G)| = 22n−1+w(Tr(a))+w((Tr(a)+1)∗e).

证明 ᇐѿӚᦘ㗚 Ge ⲺжѠ㠠ੂᶺ ρa = (ρα1
, ρα2

, · · · , ραn
), ެѣ ραi

, 1 ⩽ i ⩽ n, ᱥᇐѿ

൞ᕅᆆ (2.6) ѣⲺ Gϵi Ⲻ㠠ੂᶺ. ᱉⸛, ρa Ӝᱥ Qa ⲺжѠ 4 䱬ㅿ䐓਎ᦘ. 㔏ᇐжѠ䶔䴬ੇ䠅

b = (b1, b2, · · · , bn) ∈ Fn
2 . ṯᦤᕋ⨼ 2.3,⭧

ImGe(1 + ρa) = ImGϵ1
(1 + ρα1

)⊕ ImGϵ2
(1 + ρα2

)⊕ · · · ⊕ ImGϵn
(1 + ραn

)

ૂᕅᆆ (2.8),㗚

H := {((x1, y1), (x2, y2), · · · , (xn, yn)) ∈ Ge : Tr(b1x1 + b2x2 + · · ·+ bnxn) = 0}

ᱥ GeⲺжѠ᤽ᮦѰ 2Ⲻ ρa-у਎ᆆ㗚,ᒬъ㗚

K := {((x1, y1), (x2, y2), · · · , (xn, yn)) ∈ Ge : b1x1 + b2x2 + · · ·+ bnxn = 0}

ᱥ H ⲺжѠ᤽ᮦѰ 2Ⲻ ρa-у਎ᆆ㗚. Ԛ h = ((u1, v1), (u2, v2), · · · , (un, vn))ᱥ Ge \H ѣⲺԱ

ᝅжѠݹ㍖. ᇐ⨼ 2.3ѣᇐѿⲺ㗚 G := GK,ρa,h ᱥࡡ࠼ሯᓊӄڅᐤ䳼 Q−1
a (0) \ {0}ૂ Q−1

a (1)Ⲻ

ഴ Γ
(0)
e,a ૂഴ Γ

(1)
e,a Ⲻ↙ࡏᆆ㗚. 䙐䗽ᇐ⨼ 2.3ૂᕅᆆ (2.10),Ӛᦘᆆ㗚

[G,G] ∼= ImK(1− ρa)

= {((x1 + x21, y1 + y21 + (α1 + ϵ1)x
2
1 + ϵ1x

3
1), (x2 + x22, y2 + y22 + (α2 + ϵ2)x

2
2 + ϵ2x

3
2),

· · · , (xn + x2n, yn + y2n + (αn + ϵn)x
2
n + ϵnx

3
n)) ∈ Ge : b1x1 + b2x2 + · · ·+ bnxn = 0}

∼=



Z2(n−w(e))+w(Tr(a))
2 ⊕ Zw(e)−1

4 ྸ᷒ b ∗ Tr(a) = bъ b ∗ e = b,

Z2(n−w(e)−1)+w(Tr(a))
2 ⊕ Zw(e)

4 ྸ᷒ b ∗ Tr(a) = bъ b ∗ e ̸= b,

Z2(n−w(e))+w(Tr(a))+1
2 ⊕ Zw(e)−1

4 ྸ᷒ b ∗ Tr(a) ̸= bъ b ∗ e = b,

Z2(n−w(e))+w(Tr(a))−1
2 ⊕ Zw(e)

4 ྸ᷒ b ∗ Tr(a) ̸= bъ b ∗ e ̸= b.

ഖ↚ |[G,G]| = 22(n−1)+w(Tr(a))ᡌ 22n+w(Tr(a))−1. 䙐䗽ᇐ⨼ 2.3ૂᕅᆆ (2.11),ྸ᷒

w(Tr(a)) = w(b) = w(Tr(a) ∗ b) = 1,
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ቧᴿ o(ρa|K) = 2, ᒬъᖉ h4 ∈ Φ(KerK(1 − ρa)), ѣᗹ Z(G) ∼= KerK(1 − ρa) × Z2; ᖉ h4 ̸∈

Φ(KerK(1 − ρa)),ѣᗹ Z(G) ∼= [KerK(1 − ρa)/⟨h4⟩] × Z4. ੜࡏ, o(ρa|K) = o(ρa) = 4,ᒬъѣᗹ

Z(G) ∼= KerK(1− ρa),ެѣ

KerK(1− ρa)

={((x1, y1), (x2, y2), · · · , (xn, yn)) ∈ Ge : b1x1 + b2x2 + · · ·+ bnxn = 0, xi + x2i = 0

ъ yi + y2i = αix
2
i , i = 1, 2, · · · , n}

∼=


Zw(Tr(a))+2w((Tr(a)+1)∗(e+1))

2 ⊕ Zw((Tr(a)+1)∗e)
4 ྸ᷒ b ∗ Tr(a) = b,

Zw(Tr(a))+2w((Tr(a)+1)∗(e+1))+1
2 ⊕ Zw((Tr(a)+1)∗e)−1

4 ྸ᷒ b ∗ Tr(a) ̸= bъ b ∗ e = b,

Zw(Tr(a))+2w((Tr(a)+1)∗(e+1))−1
2 ⊕ Zw((Tr(a)+1)∗e)

4 ྸ᷒ b ∗ Tr(a) ̸= bъ b ∗ e ̸= b.

ഖ↚ |Z(G)| = 22n−w(Tr(a)) ᡌ 22n−w(Tr(a))−1. 䙐䗽ᇐ⨼ 2.3, ਥᗍ Frattiniᆆ㗚 Φ(G) ∼= ⟨Φ(K) +

ImK(1 + ρa), h2ρ
2
a⟩. ഖѰ

Φ(K) + ImK(1 + ρa)

={((x1 + x21, y1 + y21 + α1x
2
1 + ϵ1x

3
1 + ϵ1x

′
1), (x2 + x22, y2 + y22 + α2x

2
2 + ϵ2x

3
2 + ϵ2x

′
2),

· · · , (xn + x2n, yn + y2n + αnx
2
n + ϵnx

3
n + ϵnx

′
n)) ∈ Ge : b1x1 + b2x2 + · · ·+ bnxn = 0,

b1x
′
1 + b2x

′
2 + · · ·+ bnx

′
n = 0}

∼=


Z2(n−w(e))+w(Tr(a))+w((Tr(a)+1)∗e)

2 ⊕ Zw(e)−1
4 ྸ᷒ b ∗ e = b,

Z2(n−w(e)−1)+w(Tr(a))+w((Tr(a)+1)∗e)
2 ⊕ Zw(e)

4 ྸ᷒ b ∗ e ̸= b,

ૂ (h2ρ
2
a)

2 = h4 = (1 + ρa + ρ2a + ρ3a)(h) = (1 + ρa)(1 + ρ2a)(h) ∈ ImK(1 + ρa)ԛ਀ (1 + ρ2a)(h) ∈

K, ᡶԛ䱬 |Φ(G)| = 22n−1+w(Tr(a))+w((Tr(a)+1)∗e). ⭧ӄ |[G,G]| ̸= 0, G Ⲻᑸ䴬㊱ᮦ大ӄ 1. ഖѰ

(1− ρa)
4 = 2(1 + ρ2a) = 0 ∈ End(Ge), GⲺᑸ䴬㊱ᮦу大ӄ 4. ੂṭ൦,⭧

ImK(1− ρa)
2 = {((0, (α2

1 + α1)x1 + ϵ1(x1 + x21)), (0, (α
2
2 + α2)x2 + ϵ2(x2 + x22)),

· · · , (0, (α2
n + αn)xn + ϵn(xn + x2n))) : b1x1 + b2x2 + · · ·+ bnxn = 0}

ૂ

ImK(1− ρa)
3 = {((0, (α2

1 + α1)(x1 + x21)), (0, (α
2
2 + α2)(x2 + x22)), · · · ,

(0, (α2
n + αn)(xn + x2n))) : b1x1 + b2x2 + · · ·+ bnxn = 0},

ਥᗍ (1 − ρa)
3|K = 0ᖉъӻᖉ w(Tr(a)) = w(b) = w(Tr(a) ∗ b) = 1, ᒬъᴿ (1 − ρa)

2|K ̸= 0.

ഖ↚ GⲺᑸ䴬㊱ᱥ 3ᡌ 4. ሯԱᝅⲺ x ∈ K ૂ R(ht)ρ
t
a, ᡇԢᴿ (R(ht + x)ρta)

8 = R(0). ਜཌ,
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(R(h)ρa)
4 = R(((0, (α1 + α2

1 + ϵ1)(u1 + u21)), · · · , (0, (αn + α2
nϵn)(un + u2n))). ྸ᷒ (Tr(a) + e) ∗

(Tr(u1), · · · ,Tr(un)) = 0,䛙Ѿ GⲺ᤽ᮦᱥ 4,ੜࡏ GⲺ᤽ᮦᱥ 8.

定理 2.10 䇴ٽ n ⩾ 0 ᱥжѠ᮪ᮦ, e = (ϵ1, ϵ2, · · · , ϵn) ᱥੇ䠅グ䰪 Fn
2 ѣⲺੇ䠅ԛ਀ a =

(α1, α2, · · · , αn) ᱥੇ䠅グ䰪 Fn
4 ѣⲺੇ䠅. ሯԱᝅⲺݹ㍖ ϵ ∈ F2, ᇐѿ e′ = (ϵ, ϵ, ϵ, ϵ). ሯԱᝅ

Ⲻݹ㍖ α ∈ F4,ᇐѿ a′ = (α, α, α, α). Ԛ Ge′ , Ge ૂ Qa′ , Qa ⨽Ѱᇐࡡ࠼ 2.2ѣᇐѿⲺӚᦘ㗚ૂӂ

⅗ශ. ᇐѿ Ge′⊕e = Ge′ ⊕ Ge ૂ Qa′⊕a = Qa′ ⊕Qa. 䇴ٽ S(4)
e′⊕e,a′⊕a ᱥᇐ⨼ 2.2ѣᇐѿⲺᰖᇐᖘӚ

ᦘࠥ㧧㔉ਾᯯṾ. ሯԱᝅⲺ᮪ᮦ 0 ⩽ l ⩽ w(e)ૂ 0 ⩽ n− l ⩽ k ⩽ n, S(4)
e′⊕e,a′⊕aᴿжѠ↙ࡏ㠠ੂᶺ

㗚 G,ެѣ GⲺᑸ䴬㊱ᮦѰ 4ᡌ 6,᤽ᮦѰ 8ᡌ 16,ᒬъᴿ |[G,G]| = 45+k, |Z(G)| = 4n+l+2 ૂ

|Φ(G)| = 22(5+k+l)+1ᡌ 22(6+k+l)+1.

证明 䇴ٽ v = (ν1, ν2, · · · , νn)Ѱ Fn
2 ѣⲺжѠੇ䠅, τv : Ge → Ge Ѱᇐ⨼ 2.7䇷᱄ѣᇐѿⲺ Qa

Ⲻㅿ䐓਎ᦘ. 䇦 w(v ∗ e + e) = lૂ w(v) = k. ྸсᇐѿ Qa′ ⊕ Qa ⲺжѠ 4䱬ㅿ䐓਎ᦘ: ሯԱᝅ

Ⲻ ((x1, y1), (x2, y2), (x3, y3), (x4, y4)) ∈ Ge′ ૂ z ∈ Ge,

π : Ge′⊕e −→ Ge′⊕e

π(((x1, y1), (x2, y2), (x3, y3), (x4, y4)), z) = (((x4, y4), (x1, y1), (x2, y2), (x3, y3)), τv(z)).

ᇐѿᆆ㗚

K := {(((x1, y1), (x2, y2), (x3, y3), (x4, y4)), z) ∈ Ge′⊕e′ : Tr(x1) = Tr(x3),Tr(x2) = Tr(x4)}

ૂ h = (((ω, 0), (0, 0), (0, 0), (0, 0)), 0). ᇯ᱉僂䇷 K ᱥ Ge′⊕e ⲺжѠ᤽ᮦѰ 4Ⲻ π-у਎ᆆ㗚,ᒬ

ъ K, π ૂ h┗䏩ᇐ⨼ 2.3ѣⲺᶗԬ. ഖ↚ G := GK,π,h ᱥ S(4)
e′⊕e ⲺжѠ↙ࡏ㠠ੂᶺ㗚. 䙐䗽ᇐ⨼

2.3,Ӛᦘᆆ㗚

[G,G] ∼= ImK(1− π) = {(((x1 + x4, y1 + y4 + ϵx4 + ϵx21x
2
4), (x2 + x1, y2 + y1 + ϵx1 + ϵx22x

2
1),

(x3 + x2, y3 + y2 + ϵx2 + ϵx23x
2
2), (x4 + x3, y4 + y3 + ϵx3 + ϵx24x

2
3)), z) ∈ Ge′⊕e :

Tr(x1) = Tr(x3)ъ Tr(x2) = Tr(x4)ъ z ∈ ImGe(1− τv)}

=


Z2(5+w(v))

2 ྸ᷒ ϵ = 0,

Z2(1+w(v))
2 ⊕ Z4

4 ྸ᷒ ϵ = 1.
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ṯᦤᇐ⨼ 2.3ૂ o(π|K) = 4θѣᗹ

Z(G) ∼=KerK(1− π)

={(((x, y), (x, y), (x, y), (x, y)), z) ∈ Ge′⊕e : x, y ∈ F4, z ∈ KerGe(1− τv)}

=


Z2(w(v)+2w((v+1)∗(e+1))+2)

2 ⊕ Z2w((v+1)∗e)
4 ྸ᷒ ϵ = 0,

Z2(w(v)+2w((v+1)∗(e+1)))
2 ⊕ Z2(1+w((v+1)∗e))

4 ྸ᷒ ϵ = 1.

ṯᦤᇐ⨼ 2.3, Frattiniᆆ㗚 Φ(G) ∼= ⟨Φ(K) + ImK(1 + π), h2π
2⟩,ެѣ

Φ(K) + ImK(1 + π)

={(((x1 + x4, y1 + y4 + ϵx21x
2
4 + ϵx′1), (x2 + x1, y2 + y1 + ϵx22x

2
1 + ϵx′2),

(x3 + x2, y3 + y2 + ϵx23x
2
2 + ϵx′3), (x4 + x3, y4 + y3 + ϵx24x

2
3) + ϵx′4), z) ∈ Ge′⊕e :

Tr(x1) = Tr(x3),Tr(x2) = Tr(x4),Tr(x′1) = Tr(x′3),Tr(x
′
2) = Tr(x′4), z ∈ ImGe(1 + τv) + Φ(Ge)}

=


Z2(n+5−w((v+1)∗(e+1))

2 ྸ᷒ ϵ = 0,

Z2(n+2−w((v+1)∗(e+1))
2 ⊕ Z4

4 ྸ᷒ ϵ = 1.

⭧↚ਥ⸛ |Φ(G)| = 22(5+k+l)+1ᡌ 22(6+k+l)+1.

᱉⸛ݹ㍖ x = (((1, 0), (0, 0), (0, 0), (0, 0)), 0) ∈ K ъ

(1 + π + π2 + π3)(x) = (((1, 0), (1, 0), (1, 0), (1, 0)), 0) ̸= 0.

ᖉ ϵ = 0ᰬ, End(Ge′⊕e)ѣⲺ㠠ੂᘷ

(1− π)3 = 1 + π + π2 + π3,

(1− π)4 = 2(1 + π2) = 0,

ᒬъ䱬 o(R(h)π) = 8,ഖ↚ GⲺᑸ䴬㊱ᮦᱥ 4,᤽ᮦᱥ 8. ᖉ ϵ = 1ᰬ,

(1− π)5 = 2(1 + π + π2 + π3),

(1− π)5(x) = (((0, 1), (0, 1), (0, 1), (0, 1)), 0) ̸= 0,

ᒬъ䱬 o(R(h)π) = 16,ഖ↚ GⲺᑸ䴬㊱ᮦᱥ 6,᤽ᮦᱥ 16.

2.6 ᵢㄖቅ㔉

ᵢㄖᶺ䙖Ҽ䇮ཐ RT2 图ૂ Davis-Xiang 图的䶔Ӛᦘ正则㠠ੂᶺ㗚, ᆹԢޭࡡ࠼ᴿᑸ䴬㊱ᮦ

2, 3, 4ᡌ 6ԛ及᤽ᮦ 4, 8ᡌ 16. ⭧䘏ӑ正则㠠ੂᶺ㗚ਥԛᗍࡦᰖᇐᖘ䶔Ӛᦘࠥ㧧㔉ਾᯯṾ,ੂᰬ
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䘏ӑ㗚ऻ੡ф RT2图ૂ Davis-Xiang图ޭᴿ相ੂ৸ᮦ的څᐤ䳼. ⭧ӄỶ僂њѠ 2-㗚ҁ䰪ᱥੜੂ

ᶺᱥжѠദ䳴的䰤从,ഖ↚൞ᡶᴿ正则ᆆ㗚ѣ㘹㲇ੂᶺ㗚ղ҄ᱥദ䳴的. ӄᱥᡇԢ䙐䗽䇗㇍жӑ

㗚的ੂᶺу਎䠅ᶛ֒Ѱ॰࠼䘏ӑ正则ᆆ㗚的דᦤ. ᡇԢ的㔉᷒㺞᱄,㘹㲇ᐨ⸛的强正则图ૂᰖᇐ

ᖘ㔉ਾᯯṾ的正则ᆆ㗚ᱥᶺ䙖ऻ੡䶔ᒩࠗ的څᐤ䳼ૂᰖᇐᖘ䶔Ӛᦘࠥ㧧㔉ਾᯯṾ的䶔Ӛᦘ㗚的

жѠਥ਌的ࣔ⌋.
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3 ᴿੇ强正则图的ᶺ䙖

ᵢㄖ࡟⭞ቶ䜞⧥ሯр的䜞ૂ࠼ᰅᶺ䙖Ҽޭᴿ᯦৸ᮦ的ᴿੇ强正则图ᒬ㔏࠰Ҽж㊱ж㠪䜞࠼

ૂᰅ.

ᵢㄖ的ѱ㾷޻ᇯ㓺㓽ྸс. ൞ㅢж㢸ѣ,ᡇԢ㔏࠰Ҽᴿੇ强正则图Ƚቶ䜞⧥Ƚm-ࠥ㧧ᴿੇ图

ԛ及䜞ૂ࠼ᰅ的ᇐѿૂะᵢ性䍞. ൞ㅢӂ㢸ѣ, ᡇԢ࡟⭞ቶ䜞⧥ሯᗍࡦҼжѠ䜞ૂ࠼ᰅ的ᰖキ

㊱,ެѣжӑ䜞ૂ࠼ᰅ⭕ᡆҼޭᴿ᯦৸ᮦ的ᴿੇ强正则图. ൞ੂжṼᷬс,ᡇԢҕᗍࡦҼᴿ䲆ต

᛻߫с的ж㠪䜞ૂ࠼ᰅ.

3.1 ะᵢ⸛䇼

3.1.1 ᴿੇ强正则图

ᴿੇ强正则图ᱥ 1988ᒪ⭧ Duval [4]ᨆ࠰的.

定义 3.1 ᑜᴿ৸ᮦ (v, k, λ, µ, t)Ⲻᴿੇᕰ↙ࡏഴ (directed strongly regular graph)G = (V,E)ᱥ

жѠ⋗ᴿാⲺᴿੇഴъ┗䏩ྸсᶗԬ:

(1) ሯԱᝅ京⛯ x ∈ V ,ᴿ kѠуੂⲺ京⛯ y ∈ V ૂ kѠуੂⲺ京⛯ z ∈ V ֵᗍ (x, y), (z, x) ∈

E;

(2) ሯԱᝅ京⛯ x,ᚦᴿ tѠ京⛯ yֵᗍ (x, y), (y, x) ∈ E;

(3) ሯԱᝅњѠуੂⲺ京⛯x, y ∈ V ,ྸ᷒ (x, y) ∈ E,ࡏᚦᴿλѠ京⛯ z ∈ V ֵᗍ (x, z), (z, y) ∈

E;ྸ᷒ (x, y) ̸∈ E,ࡏᚦᴿ µѠ京⛯ z ∈ V ֵᗍ (x, z), (z, y) ∈ E.

㤛 (x, y)ૂ (y, x)ൽኔӄ E,则 {(x, y), (y, x)}ਥ㻡㿼ѰжѠᰖੇ䗯. ᱴ❬, G 的∅Ѡ京⛯䜳

൞ tᶗᰖੇ䗯ૂ 2k − 2tᶗᴿੇ䗯р. ྸ᷒ t = k,则 G ᱥжѠ强正则图. ྸ᷒ t = 0,则 G ᱥжѠ

ਂ正则ㄔ䎑图. 䘏њ〃᛻߫, ࣖр G ᱥᇂޞ图的᛻߫, 㻡㔕〦Ѱᒩࠗ的. ൞䘏жㄖ㢸ѣᡇԢਠ㘹

㲇䶔ᒩࠗ的ᴿੇ强正则图.

定义 3.2 䇴᮪ᮦٽ m ≥ 1, n ≥ 2. 䇴ٽ G ᱥжѠᴿ mnѠ⛯Ⲻᴿੇഴ. ྸ᷒ഴ G ᴿжѠ䱬Ѱ n

Ⲻ㠠ੂᶺ㗚 Gֵᗍ G Ⲻ⛯䳼൞ GⲺ֒⭞с㜳㻡࠼ࡈѰ mѠ大ቅѰ nⲺ䖞䚉,ᒬъެѣ∅Ѡ䖞

䚉൞ GⲺ֒⭞сᱥ↙ࡏⲺ,ࡏ〦 G ᱥжѠm-ࠥ㧧ᴿੇഴ (m-Cayley digraph). ⢯ࡡ൦,ᖉm = 1

ᰬ,〦 G Ѱࠥ㧧ᴿੇഴ;ᖉm = 2ᰬ,〦 G Ѱঀࠥ㧧ᴿੇഴ (semi-Cayley digraph).
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ࠥ㧧ᴿੇ图ᱥж〃ᶺ䙖强正则图ૂᴿੇ强正则图的䠃㾷ᐛޭ. 䇴ٽ G = (V,E)ᱥжѠᴿੇ

图ъᴿжѠ正则㠠ੂᶺ㗚 G. ᇐѿ S = {g ∈ G : (a, ag) ∈ E} ⊆ G, ެѣ a ∈ V ᱥ G ѣж

Ѡ㔏ᇐ的⛯. ᇐѿࠥ㧧ᴿੇ图 Cay(G,S),ެѣࠥ㧧图的⛯ᱥ Gѣ的ݹ㍖, (g1, g2)ᱥᕝᖉъӻᖉ

g2g
−1
1 ∈ S. ᡇԢ㿼 Gૂ Cay(G,S)ㅿԭ,ᒬ〦 Sᱥ G的䘔䙐䳼. ൞ᮽ⥤ [53]ѣ,֒㘻㔏Ҽᴿ䲆㗚的

ᆆ䳼ᡆѰжѠᴿੇ强正则图的䘔䙐䳼的ݻ㾷ᶗԬᒬᗍࡦҼᴿੇ强正则图的ᰖキ㊱.

䙐䗽ᮽ⥤ [53],жѠ䶔ᒩࠗ的ᴿੇ强正则图ᰖ⌋䙐䗽Ӛᦘ㗚р的ࠥ㧧ᴿੇ图ᗍࡦ. ⭧↚,ᶺ䙖

䶔ᒩࠗᴿੇ强正则图ᑮ⭞的ᯯ⌋ᴿњ〃,ж〃ᱥ㘹㲇䙐䗽䶔Ӛᦘ㗚的ࠥ㧧ᴿੇ图ᶺ䙖,ਜж〃ᱥ

ٕࣟm ≥ 2ᰬ的m-ࠥ㧧图ᶛᶺ䙖. ᵢㄖٕࣟㅢӂ〃ᯯ⌋ᶛᶺ䙖ᴿੇ强正则图. ᡇԢ࡟⭞㗚⧥ૂ

⢯ᖷ⨼䇰䇷᱄Ҽ m ≥ 2的䜞ૂ࠼ᰅ的ᆎ൞性,ӄᱥᗍࡦҼ m-ࠥ㧧图的ᰖキ㊱. ⭧↚Ѱ䘏Ѡ䰤从

ᨆבҼжѠㆊṾ.

ᴿੇ图 G = (V,E)的㺛图 G = (V ′, E′)ӜᱥжѠᴿੇ图, ެѣ的⛯䳼 V ′ = V , ᕝ䳼 E′ =

{(x, y) ∈ V × V : x ̸= y, (x, y) /∈ E}. Duval൞ᮽ⥤ [4]ѣᨆ࠰,ᑜᴿ৸ᮦ (v, k, λ, µ, t)的ᴿੇ强正

则图的㺛图的৸ᮦѰ

(v′, k′, λ′, µ′, t′) = (v, v − k − 1, v − 2k + µ− 2, v − 2k + λ, v − 2k + t− 1).

䘏њ㓺৸ᮦᱥާੂᆎ൞的. ᡶԛᡇԢਠ䴶㘹㲇 k ≤ v/2的ᴿੇ强正则图.

3.1.2 㗚⧥ф⢯ᖷ⨼䇰

.䇴GᱥжѠᴿ䲆㗚ٽ 㗚⧥ Z[G]㻡ᇐѿѰGѣݹ㍖的ᖘᕅૂ的䳼ਾ,ެѣ∅Ѡݹ㍖的㌱ᮦ

ൽѰ᮪ᮦ. 㗚⧥ Z[G]ѣ的䘆㇍ “+”ૂ :ᇐѿྸсࡡ࠼”·“

∑
g∈G

agg +
∑
g∈G

bgg =
∑
g∈G

(ag + bg)g

ԛ及 (∑
g∈G

agg

)
·

(∑
h∈G

bhh

)
=
∑

g,h∈G

agbh(gh).

䇮ཐ㓺ਾ㔉ᶺൽᱥ࡟⭞㗚⧥ᶛ研究的. ѰҼᯯ׵, ᡇԢሼу॰࠼ G ѣ的ᆆ䳼 S ૂ Z[G] ѣ

的相ᓊ的ݹ㍖
∑

s∈S s. ⢯ᖷ䇰ᱥਜжѠ强ᴿ࣑的ᐛޭ, ᡇԢሼ൞੄ᮽѣѱ㾷⭞ࡦ⢯ᖷ䇰ᶛ䇷᱄

ж㡢性. ⢯ᖷ䇰的Վࣵѱ㾷൞ӄᆹਥԛ൞ᖾཝぁᓜрㆶौ䘆㇍. ᴿ䲆Ӛᦘ㗚 Gр的жѠ⢯ᖷᱥ

Gࡦ㔓ሯٲѰ 1的གྷᮦᶺᡆ的Ҏ⌋ᆆ㗚р的жѠੂᘷ. 㗚 G的ᒩࠗ⢯ᖷᱥ χ0,ެ┗䏩ሯԱᝅ的

x ∈ G, χ0(x) = 1. ሯ G的Աᝅᆆ䳼 S,ᇐѿ χ൞ S р的֒⭞Ѱ χ(S) =
∑

s∈S χ(s).

ᡇԢӜ㾷⭞ྸࡦсᕋ⨼ѣ㪍੃的㗚⧥ӈਃޢᕅ.

引理 3.1 䇴ٽ GᱥжѠᴿ䲆Ӛᦘ㗚, A =
∑

g∈G aggᱥ㗚⧥ Z[G]ѣⲺжѠݹ㍖. ӄᱥ AⲺ㌱ᮦ
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ag 㜳ޭ։㺞⽰Ѱ

ag =
1

|G|
∑
χ∈Ĝ

χ(A)χ(g−1),

ެѣ ĜѰ GⲺ⢯ᖷ㗚. ⢯ࡡ൦,ྸ᷒ A,B ∈ Z[G]┗䏩 χ(A) = χ(B)ሯᡶᴿⲺ⢯ᖷ χ ∈ Ĝൽᡆ

㄁,䛙Ѿቧᴿ A = B.

3.1.3 ቶ䜞⧥

਍ࡦᮽ⥤ [32] ֵ⭞ Galois ⧥ᶺ䙖څᐤ䳼的ᯯ⌋的੥ਇ, ᡇԢቓ䈋ֵ⭞ቶ䜞⧥ᶺ䙖䜞ૂ࠼ᰅ.

ቶ䜞⧥ᱥޭᴿ୥жᶷཝ⨼ᜩ的⧥. 䘏䠂ਠ㘹㲇ᴿ䲆Ӛᦘቶ䜞⧥,ެᶷཝ⨼ᜩѰѱ⨼ᜩ⧥. 䘏ṭ的

ቶ䜞⧥ᴿᰬ㻡〦Ѱᴿ䲆䬴⧥. 䇦RѰжѠᴿ䲆䬴⧥ (finite chain ring),ެᶷཝ⨼ᜩѰ I . ᱉⸛ I ᱥ

⭧ḆѠ㍖ݹ π ⭕ᡆ的,ᒬъਥԛ䈪 I ᱥ⭧ Rѣ的ᡶᴿ䴬ഖᆆԛ及 0㓺ᡆ的. ӄᱥ R \ I ᱥ Rѣ

ᡶᴿঋփ的䳼ਾ. Leungૂ Ma [39] ൞ R×Rѣᶺ䙖Ҽڅᐤ䳼,ެѣ RᱥޭᴿḆӑ性䍞的ᴿ䲆䬴

⧥. ᖾ㠠❬൦,ਥԛᜩࡦ൞ੂṭ的㗚R×Rрৱᶺ䙖䜞ૂ࠼ᰅԄ㙂ᗍࡦᴿੇ强正则图. с䶘ᡇԢ

⥤൞ᮽ⧦࠰жӑ࠰ࡍݾ [39]ѣ的性䍞,䘏ӑ性䍞ሼ൞ㅢ 3.2㢸ѣ㻡ֵ⭞.

引理 3.2 [ᮽ⥤ [39],ᙝ䍞 2.4]ሯԱᝅⲺ㍖ᮦ pԛ਀↙᮪ᮦ s, r, d,ެѣ r ≤ s,ᆎ൞жѠᴿ䲆䬴⧥

Rԛ਀RⲺᶷ大⨼ᜩ I = (π),ެѣ πѰ㍖ݹ,ֵᗍ (1) Is−1 ̸= 0, Is = 0, ㍖ݹ(2) pૂݹ㍖ πr ӈ

⴮ժ䳅, (3)R/I ᱥжѠᴿ pdⲺݹ㍖Ⲻᴿ䲆ต.

Ӂᇔр,ᡇԢਥԛᗍࡦ䇮ཐ┗䏩ᕋ⨼ 3.2ѣᶗԬ的ᴿ䲆䬴⧥. ׁྸ,ԱᝅжѠᴿ䲆ตᡌ㘻 Ga-

lois⧥ൽ┗䏩ᕋ⨼ 3.2ѣ的ᶗԬ. ൞ᮽ⥤ [39] ѣ,ӜᴿжѠ相ሯགྷᵸ的⽰ׁ: 䇴ٽ Qp Ѱ Q的 p䘑

ᇂ༽ौᮦต, Zp ᱥᡶᴿ p䘑᮪ᮦ的䳼ਾ. 䇴ٽ K ᱥ Qp 的ᴿ䲆ᢟᕖ, R′ ᱥ Zp ൞ K ѣ的᮪䰣ऻ.

䛙Ѿ R′ᱥжѠᤛᴿᶷཝ⨼ᜩ (π)的ቶ䜞⧥. ӄᱥቧਥԛᗍࡦᴿ䲆䬴⧥ R := R′/πsR′.

䇴ٽ RᱥжѠ┗䏩ᕋ⨼ 3.2ѣᶗԬ的ᴿ䲆䬴⧥,H ᱥ⧥R的ࣖ⌋㗚. 䇦 Ĥ ѰH 的ࣖ⌋⢯ᖷ

㗚. ഖѰ Is−1 ̸= 0,ᡶԛᆎ൞жѠ⢯ᖷψ ∈ Ĥֵᗍψ൞ Is−1р֒⭞ᱥ䶔ᒩࠗ的. ሯԱᝅ的 a ∈ R,

ᇐѿ᱖ሺ ψa: ሯԱᝅ的 x ∈ R, ψa(x) = ψ(ax). ӄᱥ {ψa : a ∈ R} ⊆ Ĥ . ᱴ❬ᴿ ψa ̸= ψb ሯԱᝅ

的 a ̸= bൽᡆ㄁,䘏ᱥഖѰ ψ ൞ Is−1 ⊆ (a − b)р的֒⭞ᱥ䶔ᒩࠗ的. ⭧↚, Ĥ = {ψa : a ∈ R}.

ᡇԢሼԛр䇞䇰ᡶᗍࡦ的㔉䇰ᙱ㔉൞с䶘的ᕋ⨼ѣ.

引理 3.3 [ᮽ⥤ ⨽䇴Rᱥ┗䏩ᕋٽ[[39] 3.2ѣᶗԬⲺᴿ䲆䬴⧥,H ᱥRⲺࣖ⌋㗚, Ĥ ᱥH Ⲻࣖ⌋

⢯ᖷ㗚. ᆎ൞жѠࣖ⌋⢯ᖷ ψ ∈ Ĥ ┗䏩 ψ൞ Is−1 рᱥ䶔ᒩࠗⲺ. ਜཌ, Ĥ = {ψa : a ∈ R},ެѣ

ሯԱᝅⲺ x ∈ R, ψa(x) = ψ(ax).

ᡇԢ㘹㲇㗚 G = (H ×H,+). 关ӄ㗚 G的⢯ᖷ㺞⽰,ሼ⭞ࡦс䶘的ᕋ⨼.
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引理 3.4 [ᮽ⥤ [39], ᙝ䍞 3.2] ሯԱᝅⲺ⢯ᖷ χ ∈ Ĝ, ᆎ൞ݹ㍖ a, b ∈ H ԛ਀⢯ᖷ ψ ∈ Ĥ ֵᗍ

χ(x, y) = ψ(ax+ by)ሯԱᝅ x, y ∈ H ൽᡆ㄁.

൞ᮽ⥤ [32] ѣᡶ⭞ࡦ的㗚 G = (H ×H,+),ެѣ H ᱥжѠ Galois⧥. Polhill䙐䗽㗚 Gрᡶ

ᇐѿ的 “spreadĈᶺ䙖Ҽڅᐤ䳼. ᵢㄖ⭞㊱ղ的ᙓᜩቓ䈋൞㗚 Gѣᶺ䙖䜞ૂ࠼ᰅ. ᡇԢሼԌԢᮽ

ㄖѣᇐѿ的 “spread”⭧ Galois⧥᧞ᒵࡦᴿ䲆䬴⧥Rр:

La = {(x, ax) : x ∈ R},

L∞ = {(0, x) : x ∈ R}.

രᇐ⨼ᜩ I ൞ᴿ䲆䬴⧥ Rѣ的䲠䳼ԙ㺞ݹ, ᒬሼ⭧䘏ӑ䲠䳼ԙ㺞ݹᡶ㓺ᡆ的䳼ਾ䇦Ѱ J . 䇴ٽ

J ′ = J ∪ {∞}. ⭧ӄሯԱᝅ的 a ̸= b ∈ J ′, La ∩ Lb = {(0, 0)}ᒬъ |La| = |Lb| = |H|,ᡇԢਥԛᗍ

ࡦ LaLb = {x+ y : x ∈ La, y ∈ Lb} = G.

3.1.4 m-ࠥ㧧ᴿੇ图ૂ䜞ૂ࠼ᰅ

ᡇԢݾㆶ㾷ԁ㔃ᴿੇᐤ图的жӑㅜਭ, ᒬֵ⭞䜞ૂ࠼ᰅ的Ᾰᘫᶛ䈪᱄ᴿੇᐤ图ᡆѰжѠᴿ

ੇ强正则图的ᶗԬ. .㇍䇴GᱥжѠ䱬Ѱn的Ӛᦘ㗚,Gр的䘆㇍Ѱࣖ⌋䘆ٽ 䇴ٽ {Si,j}0≤i,j≤m−1

ᱥ G的m2Ѡᆆ䳼. ᡇԢ࡟⭞ Gૂ䘏ӑᆆ䳼 {Si,j}0≤i,j≤m−1ᇐѿᴿੇ图 G:

(1) ⛯䳼 V ᱥmѠ G的⴪〥,ҕቧᱥ䈪,

V =
∪

0≤i≤m−1

Gi,

ެѣ∅Ѡ Gi ᱥ G的жѠགྷ࡬. ሯԱᝅ的 a ∈ G, ᇐѿ G的ᐜ֒⭞ ρa Ѱ ρa(x) = x + a,

∀x ∈ G. ӄᱥ ρa֒⭞൞⛯䳼 V рਥֵᗍ∅Ѡ Giൽᱥ൞ ρa֒⭞с的жѠ䖞䚉.

(2) ᕝ䳼 E ᱥ⭧ᆆ䳼 {Si,j}0≤i,j≤m−1 ᡶᇐѿ的. ሯԱᝅњѠуੂ的⛯ x ∈ Gi ૂ y ∈ Gj ,

0 ≤ i, j ≤ m− 1,䇴ᇐ (x, y) ∈ E ᖉъӻᖉ x− y ∈ Si,j .

⭧↚ਥ⸛ G ᱥᴿੇ图 G = (V,E) 的㠠ੂᶺ㗚, ᒬъ֒⭞൞∅Ѡ Gi р䜳ᱥ正则的. ᴿੇ图

G 㻡〦Ѱ关ӄ䳼ᰅ {Si,j}0≤i,j≤m−1 的ᴿੇᐤ图. ⌞ᝅࡦ, ྸ᷒жѠᴿੇ图 G ᱥжѠ关ӄ䳼ᰅ

{Si,j}0≤i,j≤m−1的ᴿੇᐤ图,䛙Ѿᆹ的㺛图 Gᱥ关ӄ䳼ᰅ {S′
i,j}0≤i,j≤m−1的ᴿੇᐤ图,ެѣሯԱ

ᝅ的 0 ≤ i ̸= j ≤ m− 1,

S′
i,i = G∗ \ Si,i

ԛ及

S′
i,j = G \ Si,j ,

䘏䠂的 G∗ = G \ {e}. ൞ᮽ⥤ [1] ѣ, Araluze ㅿӰᗍࡦ G ᱥжѠᴿੇ强正则图ᖉъӻᖉ䳼ᰅ

{Si,j}0≤i,j≤m−1ᱥжѠྸсᇐѿ的䜞ૂ࠼ᰅ.
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定义 3.3 ᴿ䲆Ӛᦘ㗚 GѣⲺжѠᆆ䳼ᰅ {Si,j}0≤i,j≤m−1 㻡〦ѰжѠ (m,n, k, λ, µ, t)-䜞ૂ࠼ᰅ

(partial sum family),ྸ᷒䘏Ѡᆆ䳼ᰅ┗䏩ྸсᶗԬ:

(1) ሯԱᝅⲺ 0 ≤ i ≤ m− 1, e /∈ Si,i,ެѣ eᱥ GѣⲺঋփݹ;

(2) ሯԱᝅⲺ 0 ≤ i ≤ m− 1,
∑m−1

j=0 |Si,j | =
∑m−1

j=0 |Sj,i| = k;

(3) ሯԱᝅⲺ 0 ≤ i, j ≤ m−1,
∑m−1

l=0 Sl,jSi,l = µG+βSi,j + δi,jγe,ެѣ β = λ−µ, γ = t−µ,

ᒬъ δi,j ᱥށ㖍࠳ށ޻ᮦ.

引理 3.5 [ᮽ⥤ [1],ᙝ䍞 1.2]ᴿ䲆Ӛᦘ㗚GⲺжѠᆆ䳼ᰅ {Si,j}0≤i,j≤m−1ᱥжѠ (m,n, k, λ, µ, t)-

䜞ૂ࠼ᰅᖉъӻᖉ⭧ {Si,j}0≤i,j≤m−1ᇐѿⲺᴿੇᐤഴᱥᱥжѠ (mn, k, λ, µ, t)-ᴿੇᕰ↙ࡏഴ.

൞ m = 2的᛻߫с,⭧ G 的正则性ਥᗍ |S0,0| = |S1,1|ૂ |S0,1| = |S1,0|. ռᱥሯ m > 2的

᛻߫ᡇԢᰖ⌋䙐䗽 G 的正则性ᗍࡦ䘏ṭ的性䍞. ㊱ղӄ m = 2的᛻߫с䳼ᰅᡶᤛᴿ的性䍞,ᮽ

⥤ [2]ѣ的֒㘻ᨆ࠰Ҽ↚㊱性䍞൞m > 2的᛻߫с的᧞ᒵᒬъ㔏࠰Ҽж㠪䜞ૂ࠼ᰅ的ᇐѿ.

定义 3.4 [ᮽ⥤ [2]]ᴿ䲆Ӛᦘ㗚GрⲺжѠ䜞ૂ࠼ᰅ {Si,j}0≤i,j≤m−1㻡〦Ѱж㠪Ⲻ (uniform),ྸ

᷒䈛䜞ૂ࠼ᰅ┗䏩ྸсᶗԬ:

(1) |Si,i|ൽ⴮ㅿ;

(2) |Si,j |ሯᡶᴿⲺ i ̸= j ൽ⴮ㅿ;

(3) {Si,i : 0 ≤ i ≤ m− 1}ᱥ G \ {0}ⲺжѠ࠼ࡈ.

3.2 ะӄ䜞ૂ࠼ᰅ的ᴿੇ强正则图的ᶺ䙖

䇴ٽ Rᱥ┗䏩ᕋ⨼ 3.2ѣᶗԬ的ቶ䜞⧥,ެ䱬Ѱ psd, I ᱥ Rѣ୥ж的ᶷཝ⨼ᜩ. 䇴ٽ H ᱥ

R的ࣖ⌋㗚, G = H ×H . ൞䘏ж㢸ѣᡇԢݾԁ㔃࡟⭞ㅢ 3.1.3㢸ѣᡶᇐѿ的 “spread”㧭ᗍ䜞࠼

ૂᰅ的ᯯ⌋. ❬੄䙐䗽ᕋ⨼ 3.5ԛ及䘏ӑ䜞ૂ࠼ᰅᗍࡦҼж㊱᯦的ᴿੇ强正则图的ᰖキ㊱. ᖉ⧥

R的ᶷཝ⨼ᜩ I = 0ᰬ, ᡇԢӜਥ㧭ᗍж㠪䜞ૂ࠼ᰅ. 䘏䠂ᡇԢֵ⭞ㅢ 3.1.3㢸ѣᡶᇐѿ的ㅜਭ

J, J ′ૂ La, a ∈ J ′,ᒬъㆶ䇦 (0, 0) ∈ GѰ 0G.

ᡇԢ俌ݾ䱾䘦ѱ㾷的㔉䇰.

定理 3.1 ሯԱᝅⲺ㍖ᮦ pૂ↙᮪ᮦ s, d, w, z1θ1 ≤ w ≤ pd, 1 ≤ z1 ≤ pd − w + 1,ᆎ൞৸ᮦѰ

(mn, k, λ, µ, t) = ((z1 +1)p2sd, (psd − 1)w+ z1z2p
sd, psd +w2 − 3w+ z1z

2
2 , w

2 −w+ z1z
2
2 , p

sdw−

w + z1z
2
2)Ⲻᴿੇᕰ↙ࡏഴ,ެѣྸ᷒ w = 1, z2 = 1;ྸ᷒ 2 ≤ w ≤ pd, z2 = w − 1ᡌ w.
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䇴ٽ J ′ = {a0 = ∞, a1, . . . , apd}. ሯԱᝅ┗䏩 0 ≤ i ≤ j ≤ pd 的᮪ᮦ i, j, 䇦 D[i,j] =

{ai, ai+1, · · · , aj}. ሯԱᝅ的 1 ≤ w ≤ pd,ᇐѿ Dw = {D[i,w+i−1] : 0 ≤ i ≤ pd − w + 1}. Ա਌ Dw

ѣ z1 + 1Ѡуੂ的ݹ㍖ A0, · · · , Az1 ,ެѣ 1 ≤ z1 ≤ pd − w + 1, Ai = D[ki,w+ki−1]. уཧж㡢性,

䇴ሯԱᝅ的ٽ i < j, ki < kj . Ԛ

bi,j =


aki

ྸ᷒ i < j,

aw+ki−1 ྸ᷒ i > j,

(3.1)

ԛ及 Ti,j(0 ≤ i ̸= j ≤ z1)Ѱ G关ӄ Lbi,j 的ཝቅѰ z2 的䲠䳼ԙ㺞ݹ䳼ਾ. ⌞ᝅࡦ 1 ≤ z2 ≤ psd.

᧛⵶ᡇԢྸсᇐѿ G的жѠᆆ䳼ᰅ S = {Si,j}0≤i,j≤z1 : ሯԱᝅ的 0 ≤ i ̸= j ≤ z1,

Si,i =
∪

a∈Ai

La \ {0G},

Si,j =
∪

g∈Ti,j

(g + Lbi,j ).
(3.2)

注 3.1 ∅Ѡ bi,j Ⲻ䘿᤟ൽ䴶㾷ֵᗍ Lbi,lLbl,j = GሯԱᝅⲺ l ̸= i, j ᡆ㄁. ⌞ᝅࡦ Lbi,lLbl,j = G

ᖉъӻᖉ bi,l ̸= bl,j . ṯᦤ bi,j൞ᕅᆆ (3.1)ѣⲺᇐѿ,ᡇԢ㜳僂䇷ሯԱᝅ┗䏩 l ̸= i, jⲺ᮪ᮦ i, j, l,

ൽᴿ bi,l ̸= bl,j .

引理 3.6 ᕅᆆ (3.2) ѣᇐѿⲺ䳼ᰅᱥжѠ䜞ૂ࠼ᰅᖉъӻᖉ z2 = 1 ሯ w = 1 ᡆ㄁θᡌ z2 =

w − 1 ᡌ w ሯ 2 ≤ w ≤ pd ᡆ㄁. ਜཌ, ᖉ S ᱥжѠ䜞ૂ࠼ᰅᰬ, ެ৸ᮦѰ (m,n, k, λ, µ, t) =

(z1 + 1, p2sd, (psd − 1)w + z1z2p
sd, psd + w2 − 3w + z1z

2
2 , w

2 − w + z1z
2
2 , p

sdw − w + z1z
2
2).

证明 ṯᦤ Si,i Ⲻᇐѿ,ᱴ❬∅Ѡ Si,i ൽуऻ੡ 0G. ⌞ᝅࡦ,ሯԱᝅⲺ᮪ᮦ 0 ≤ i ≤ z1θ|Si,i| =

(psd − 1)w. ሯԱᝅⲺ᮪ᮦ 0 ≤ i ̸= j ≤ z1θ|Si,j | = psdz2. ⭧↚ᗍࡦሯԱᝅⲺ᮪ᮦ 0 ≤ i ≤ z1,∑z1
j=0 |Si,j | =

∑z1
j=0 |Sj,i| = (psd − 1)w + z1z2p

sd ᱥжѠᑮᮦ. ᡶԛ S = {Si,j}0≤i,j≤z1 ┗䏩ᡆѰ

жѠ䜞ૂ࠼ᰅⲺᶗԬ (1)ૂ (2). ᧛сᶛᡇԢ䴶㾷僂䇷䳼ᰅ S ┗䏩ᇐѿ 3.3ѣⲺᶗԬ (3)ᖉъӻ

ᖉ z2 = w − 1ᡌ w.

ᡇԢ䠃䘦ᇐѿ 3.3ѣⲺᶗԬ (3): ሯԱᝅⲺ 0 ≤ i ̸= j ≤ z1,

S2
i,i +

z1∑
l=0,l ̸=i

Si,lSl,i = µG+ βSi,i + γ0G, (3.3)

Si,j(Si,i + Sj,j) +

z1∑
l=0,l ̸=i,j

Si,lSl,j = µG+ βSi,j . (3.4)

ṯᦤ Si,j Ⲻᇐѿ,ሯԱᝅⲺ᮪ᮦ l ̸= i, j,

Si,lSl,j =
∑
g∈Ti,l

(g + Lbi,l)
∑

h∈Tl,j

(h+ Lbl,j ) =
∑
g∈Ti,l

∑
h∈Tl,j

(g + h+G) = |Ti,l||Tl,j |G = z22G,
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䘏䠂ᱥṯᦤ Lbi,lLbl,j = G. ഖ↚

Si,lSl,j = z22G. (3.5)

ሼᕅᆆ (3.5)ԙޛᕅᆆ (3.3)ૂ (3.4),ਥᗍ

S2
i,i = (µ− z1z

2
2)G+ βSi,i + γ0G (3.6)

ሯԱᝅⲺ 0 ≤ i ≤ z1ᡆ㄁,ᒬъ

Si,j(Si,i + Sj,j) = (µ− (z1 − 1)z22)G+ βSi,j (3.7)

ሯԱᝅⲺ 0 ≤ i ̸= j ≤ z1ᡆ㄁. ᡇԢਠ䴶㾷䇷᱄ᕅᆆ (3.6)ૂᕅᆆ (3.7)ᡆ㄁ᖉъӻᖉ z2 = w − 1

ᡌ w঩ਥ.

䇴ᕅᆆٽ (3.6)ૂᕅᆆ (3.7)ᡆ㄁. ࡦᗍ׵⢯ᖷ֒⭞൞䘏њѠᕅᆆр⭞࡟ z2 = w− 1ᡌ w. ⭧

ᕋ⨼ 3.4,㗚 GⲺ⢯ᖷѰ

χb : (x, y) 7→ χb(x, y) = ψ(b1x+ b2y),

ެѣ b = (b1, b2) ∈ G, ψ ∈ Ĥ . 䙐䗽⭞ᒩࠗ⢯ᖷ χ0֒⭞൞ᕅᆆ (3.6)р,ਥᗍ

|Si,i|2 = (µ− z1z
2
2)|G|+ β|Si,i|+ γ, (3.8)

⭧↚ᗍࡦ

(psd − 1)2w2 = (µ− z1z
2
2)p

2sd + β(psd − 1)w + γ. (3.9)

⭞ χ0֒⭞൞ᕅᆆ (3.7)рᗍࡦ

2psd(psd − 1)wz2 = (µ− (z1 − 1)z22)p
2sd + βpsdz2. (3.10)

䙐䗽ሼ䶔ᒩࠗⲺ⢯ᖷ χb֒⭞൞ La, a ∈ J ′,рᗍࡦ

χb(La) =


psd ྸ᷒ χb֒⭞൞ LaрᱥᒩࠗⲺ,

0 ੜ则.

ྸㅢ 3.1.2㢸ѣᡶ䘦,ྸ᷒жѠ⢯ᖷ χ֒⭞൞њѠу⴮ㅿⲺ spread La1
ૂ La2

рൽᱥᒩࠗⲺ,ࡏ χ

൞᮪Ѡ㗚 GрᱥᒩࠗⲺ. ഖ↚

χb(Si,i) =


psd − w ྸ᷒ χb֒⭞൞ḆѠ LaрᱥᒩࠗⲺ, La \ {0} ⊆ Si,i,

−w ੜ则.

ሼ䶔ᒩࠗⲺ⢯ᖷ χb֒⭞൞ᕅᆆ (3.6)р,ਥᗍ

χb(Si,i)
2 = βχb(Si,i) + γ. (3.11)
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䇴ٽ b1ᱥ RрⲺঋփݹ,ҕቧᱥ䈪, b1 ∈ R \ I . ⢯ᖷ χ(0,b1)ૂ χ(b1,0)ᱥ䶔ᒩࠗⲺ,ъ֒ࡡ࠼⭞൞

L0ૂ L∞рᱥᒩࠗⲺ. ሯԱᝅⲺ a ∈ J \ {0},䶔ᒩࠗ⢯ᖷ χ(b1,−b1a−1)֒⭞൞ LaрᱥᒩࠗⲺ. ഖ

Ѱ z1 ≥ 1,ᡇԢ㜳਌ a ∈ A0 \A1. ӄᱥᆎ൞жѠ䶔ᒩࠗⲺ⢯ᖷ χb֒⭞൞ LaрᱥᒩࠗⲺ. ൞䘏〃

᛻߫с, χb(S0,0) = psd − wԛ਀ χb(S1,1) = −w,ᒬъ χb(S0,0)ૂ χb(S1,1)ൽ┗䏩ᕅᆆ (3.11). ᡶ

ԛ χb(S0,0) + χb(S1,1) = β ૂ χb(S0,0)χb(S1,1) = −γ. 䘏ᝅ઩⵶,

β = psd − 2w, γ = psdw − w2.

䙐䗽ᕅᆆ (3.9),ਥᗍ

µ = w2 − w + z1z
2
2 ,

ᒬъṯᦤᕅᆆ (3.10)ᡇԢᴿ

z22 − (2w − 1)z2 + w2 − w = 0,

⭧↚ਥᗍ

z2 = w − 1ᡌ w.

⌞ᝅࡦ 1 ≤ w ≤ pdԛ਀ 1 ≤ z2 ≤ psd,ᒬъᖉ w = 1ᰬ, z2 = 1.

ਃҁ,ٽ䇴ᖉ w = 1ᰬ, z2 = 1;ᖉ 2 ≤ w ≤ pdᰬ, z2 = w− 1ᡌ w. 䙐䗽ሼ䶔ᒩࠗ⢯ᖷ χb֒

ᕅᆆࡦ⭞ (3.7)р,ਥᗍ

χb(Si,j)χb(Si,i + Sj,j) = βχb(Si,j). (3.12)

ṯᦤᕋ⨼ 3.1,ਠ䴶㾷䇷᱄ᕅᆆ (3.9), (3.10), (3.11)ૂ (3.12)൞ GⲺᡶᴿ⢯ᖷⲺ֒⭞сൽᡆ㄁.

䇴ٽ µ = w2 −w+ z1z
2
2 , β = psd − 2wૂ γ = psdw−w2. ᱉⸛,ᕅᆆ (3.9)ૂ (3.10)ൽᡆ㄁. ഖѰ

ሯԱᝅⲺ᮪ᮦ 0 ≤ i ≤ z1ૂ䶔ᒩࠗ⢯ᖷ χb,ൽᴿ χb(Si,i) ∈ {psd −w,−w}ᡆ㄁,ᡶԛᕅᆆ (3.11)

ᡆ㄁. ⧦൞ਠ䴶䇷᱄ᕅᆆ (3.12)ᡆ㄁. ⭧ β = psd−2wԛ਀ሯԱᝅњѠуੂⲺᆆ䳼 Si,iૂ Sj,j ԛ

਀䶔ᒩࠗ⢯ᖷ χb,ൽᴿ

χb(Si,i + Sj,j) ∈ {−2w, psd − 2w, 2psd − 2w},

ਥᗍ χb(Si,j) = 0ሯԱᝅⲺֵᗍ χb(Si,i + Sj,j) ̸= β Ⲻ䶔ᒩࠗ⢯ᖷ χb ൽᡆ㄁. Ԛ⢯ᖷ χb ┗䏩р

䘦ᶗԬ,ࡏᴿ χb(Si,i) = χb(Sj,j) = psd −wᡌ −w. ൞䘏њ〃᛻߫с,ᡇԢ䜳㜳ᗍࡦ χb൞ Lbi,j р

ᱥ䶔ᒩࠗⲺ. ӄᱥ

χb(Si,j) = χb(
∪

g∈Tij

(g + Lbi,j )) = χb(Lbi,j )
∑

g∈Ti,j

χb(g) = 0.

ഖ↚ᕅᆆ (3.12)ᡆ㄁.

ᡇԢ⧦൞ਥԛ䇷᱄ᇐ⨼ 3.1.
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证明 (定理 3.1) 䙐䗽ᕋ⨼ 3.5ૂᕋ⨼ 3.6,ቧ㜳ᗍࡦ䈛ᇐ⨼Ⲻ㔉䇰.

注 3.2 䇴ٽ S ᱥᇐѿ൞ᕅᆆ (3.2)ѣⲺ䳼ᰅ. 䇦 G Ѱ⭧ S ᗍࡦⲺᴿੇᐤഴ. ഖѰ w ≤ pd,䳼ਾ

Si,i(0 ≤ i ≤ z1),ൽуㅿӄ G \ {0G},䘏ᝅ઩⵶ G уᱥᇂޞⲺ. ᡇԢ䴶㾷ᧈ䲚 t = kૂ t = 0䘏њ

〃᛻߫,ഖѰ൞䘏њ〃᛻߫сⲺᴿੇᐤഴ G ൽѰᒩࠗⲺ. ᇯ᱉⸛䚉 t = psdw − w + z1z
2
2 > 0. ᖉ

t = k ᰬ,ᡇԢᗍࡦ w = z2 = pd ૂ s = 1. ↚ᰬ G ѰжѠ (䶔ᇂޞⲺ)ᕰ↙ࡏഴ. ਜཌ,ᖉ s = 1

ᰬ,ቶ䜞⧥ੂᶺӄжѠᴿ䲆ต.

ᡇԢሼр䶘的ᇐ⨼䇷᱄ѣ⭞w, z1ૂ z2ᶛ㺞⽰的৸ᮦ k, λ, µ, tࡡ࠼䇦Ѱ k(w, z1, z2), λ(w, z1, z2),

µ(w, z1, z2), t(w, z1, z2).

注 3.3 ൞ㅢжㄖ㢸ѣⲺࡍ 16Ѡ᯦৸ᮦᱥњњӈ㺛Ⲻ,䘏ӑ᯦৸ᮦൽਥԛ⭧ᡇԢⲺᶺ䙖൞ s = 1

Ⲻ᛻߫сᗍࡦ. ҕቧᱥ䈪,ᡇԢᰘਥԛᗍࡦжѠ৸ᮦѰ (z1 + 1, p2d, k(w, z1, z2), λ(w, z1, z2),

µ(w, z1, z2), t(w, z1, z2)) Ⲻ䜞ૂ࠼ᰅ, ҕਥԛᗍࡦ䘏Ѡ䜞ૂ࠼ᰅⲺ㺛Ⲻ৸ᮦ (z1 + 1, p2d, k(pd +

1−w, z1, p
d − z2), λ(p

d +1−w, z1, p
d − z2), µ(p

d +1−w, z1, p
d − z2), t(p

d +1−w, z1, p
d − z2))

ᡶሯᓊⲺ䜞ૂ࠼ᰅ.

䇴ٽ S = {Si,j}0≤i,j≤z1 ᱥ⭧ᕅᆆ (3.2)ᗍࡦ的䳼ᰅ, cᱥ┗䏩 0 ≤ c ≤ z1的жѠരᇐ的᮪ᮦ.

⭧Sࠅࡖᗍࡦ的䳼ᰅS ′ = {Si,j}0≤i,j≤z1,i,j ̸=cӜᱥжѠ䜞ૂ࠼ᰅ,ᒬъޭᴿ৸ᮦ (z1, p
2sd, k(w, z1−

1, z2), λ(w, z1 − 1, z2), µ(w, z1 − 1, z2), t(w, z1 − 1, z2)). ਜཌ,൞ s = 1ᰬ,ᡇԢਥԛ䘸ᖉ䘿਌ᆆ

䳼 A0, A1, · · · , Az1 ֵᗍ䜞ૂ࠼ᰅᱥж㠪的.

推论 3.1 ሯԱᝅⲺ㍖ᮦ pૂ↙᮪ᮦ d,wֵᗍw|pd+1,ᆎ൞жѠޭᴿ৸ᮦ (z1+1, p2d, k(w, z1, z2),

λ(w, z1, z2), µ(w, z1, z2), t(w, z1, z2)) Ⲻж㠪䜞ૂ࠼ᰅ {Si,j}0≤i,j≤z1 , ެѣ z1 = pd+1
w

− 1 ԛ਀

z2 = w − 1ᡌ w.

证明 䇴ᇐ z1 = pd+1
w

− 1 ૂ Ai = D[wi,w(i+1)−1], 0 ≤ i ≤ z1. 䇴ٽ {Si,j}0≤i,j≤z1 ᱥ⭧

{A0, · · · , Az1} ൞ᕅᆆ (3.2) ѣᇐѿⲺ䳼ᰅ, ެѣ z2 = w − 1 ᡌ w. ྸᕋ⨼ 3.6ᡶ䘦, 䘏Ѡ䳼ᰅ

ᱥжѠޭᴿ৸ᮦ (z1 + 1, p2d, k(w, z1, z2), λ(w, z1, z2), µ(w, z1, z2), t(w, z1, z2))Ⲻ䜞ૂ࠼ᰅ. ᇯ᱉

ⵁ࠰ {Si,i : 0 ≤ i ≤ z1} ᱥ G \ {0} ⲺжѠ࠼ࡈ. ⭧ᕋ⨼ 3.6ѣⲺ䇷᱄, |Si,i| = (pd − 1)w ԛ਀

|Si,j | = pdz2 ሯԱᝅⲺ i ̸= j ൽᡆ㄁. 䘏ṭؓ䇷Ҽᇐѿ 3.4ѣⲺᶗԬ (1)ૂ (2)㻡┗䏩. ഖ↚䘏Ѡ

䜞ૂ࠼ᰅᱥж㠪Ⲻ.
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3.3 ᵢㄖቅ㔉

ᵢㄖ㘹㲇Ҽቶ䜞⧥ Rԛ及㗚 G = (R × R,+),ᒬᇐѿҼ Gр的 spread. ᡇԢٕࣟ㗚⧥的䈣

䀶ૂ⢯ᖷ⨼䇰, ㆶौҼжѠ䳼ᰅᡆѰ G р的䜞ૂ࠼ᰅ的ᶗԬ, Ԅ㙂ᢴࡦҼᶺ䙖䜞ૂ࠼ᰅ的᯦ᯯ

⌋. 䙐䗽䜞ૂ࠼ᰅ的ᶺ䙖ᗍࡦҼཝ䠅的᯦的ᴿੇ强正则图. ൞ RѰᴿ䲆ต的᛻߫с,ᡇԢ的ᶺ䙖

䘎ਥԛᗍࡦж㠪䜞ૂ࠼ᰅ,Ԅ㙂䀙ߩҼ关ӄж㠪䜞ૂ࠼ᰅ的ᆎ൞性的⯇㲇.
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4 ᒵѿ Reed-Muller码的ᆆ码–2䇴䇗的线性码

ᵢㄖ研究⭧Hermitian࠳ᮦᇐѿ的Եሺу਎пݹ码. ᡇԢ俌ݾ䙐䗽пݹ码的ᴶቅ码ᆍᗍࡦҼ

2-䇴䇗,❬੄䇗㇍䘏ӑ 2-䇴䇗ᡶሯᓊ的关㚊⸟䱫. ᧛⵶䇷᱄Ҽ䘏ӑ关㚊⸟䱫㺂ᡶ⭕ᡆ的线性码ᱥ

഑䱬ᒵѿ Reed-Muller码的ᆆ码,ੂᰬऻ੡ᴶࡓᡶֵ⭞的пݹ码. ᴶ੄⺤ᇐҼᡶᗍࡦ的线性码的

㔪ᮦ,ᒬ㔏࠰Ҽᴶቅ䐓⿱的с⮂.

ᵢㄖ的ѱ㾷޻ᇯ㓺㓽ྸс. ൞ㅢж㢸ѣ, ᡇԢԁ㔃Ҽ线性码Ƚt-䇴䇗Ƚᗠ⧥码Ƚᒵѿ Reed-

Muller码ૂ线性码的㠠ੂᶺ㗚的жӑㅜਭૂะᵢ㔉᷒. ൞ㅢӂ㢸ѣ,㘹㲇ҼԵሺу਎пݹ码ૂ⭧

䘏ӑ䇴䇗的关㚊⸟䱫的㺂ᕖᡆ的线性码. ᧛⵶ᇐ⨼ 4.9ૂᇐ⨼ 4.10㔏࠰Ҽ线性码 C3(Dd(C(2m, 3)))

的ޭ։㺞䗴ᖘᕅ. ᡇԢ䘎൞ᇐ⨼ 4.11ѣ⺤ᇐҼ C3(Dd(C(2m, 3)))的㔪ᮦૂᴶቅ䠃䠅的жѠс⮂.

൞ㅢ഑㢸ѣ,䇷᱄Ҽ൞ㅢӂ㢸ѣ㔏࠰的ѱ㾷㔉᷒.

4.1 ะᵢ⸛䇼

4.1.1 线性码ૂ t-䇴䇗

定义 4.1 ᑜᴿ৸ᮦ (n, k, λ)Ⲻ t-䇴䇗ᱥ⭧⛯䳼 P ૂඍ䳼 B㓺ᡆⲺ㓺ਾ㔉ᶺ D = (P,B),ެѣ P

Ⲻ大ቅѰ n, BѣⲺ∅Ѡඍᱥ P ⲺжѠ kݹᆆ䳼,ъ┗䏩⛯䳼 P ѣԱ֋ tѠ⛯䜳ᚦླऻ੡൞ඍ䳼

BⲺ λඍѣ.

ᡇԢਠ㘹㲇ㆶঋ䇴䇗,঩уऻ੡䠃གྷඍ的䇴䇗,ᒬъ৸ᮦ n > k > λ.

定义 4.2 䇴ٽ q Ѱ㍖ᮦᑸ, Fq Ѱ੡ᴿ q Ѡݹ㍖Ⲻᴿ䲆ต. жѠ൞ᴿ䲆ต Fq р৸ᮦѰ [n, k, d]Ⲻ

㓵ᙝ⸷ C ᱥжѠੇ䠅グ䰪 Fn
q Ⲻ k 㔪ੇ䠅ᆆグ䰪,ъᴶቅ䠃䠅ᱥ d. ሯԱᝅⲺ 0 ≤ i ≤ n,ᡇԢ䇦

Ai Ѱ⸷ C ѣ䠃䠅Ѱ iⲺ⸷ᆍⲺѠᮦ. ᓅࡍ (A0, A1, · · · , An)ૂ
∑n

i=0Ait
i 㻡〦Ѱࡡ࠼ C Ⲻ䠃䠅

ᐹ࠼ (weight distribution)ૂ䠃䠅䇗ᮦᆆ (weight enumerator).

t-䇴䇗⨼䇰ૂ线性码⨼䇰关㌱ॷ࠼ᇼ࠽. 䇴Dٽ = (P,B)ᱥжѠ t-(n, k, λ)䇴䇗,ᒬъ䇴 bᱥ

Bѣ的ඍᮦ. 䇴䇗 D的关㚊⸟䱫MD = (mij)ᱥжѠ b× n䱬的⸟䱫,ެѣྸ᷒⛯ pj ൞ඍ Bi ∈ B

ѣ,䛙Ѿmij = 1;ྸ᷒⛯ pj у൞ඍ Bi ∈ Bѣ,䛙Ѿmij = 0. 关㚊⸟䱫MD 的㺂ਥԛ֒Ѱ Fn
q ѣ

的ੇ䠅. ❬੄,䘏 bѠੇ䠅ᡶᕖᡆ的ᆆグ䰪 Cq(D)㻡〦Ѱ䇴䇗 D൞ Fq р的线性码. 䇴 C ᱥ Fq р

৸ᮦѰ [n, k, d]的жѠ线性码,码ѣ的∅Ѡ码ᆍ⭧ᴿᓅݹ㍖ {p0, p1, · · · , pn−1}֒Ѱ㍘ᕋ. ሯӄԱ

ᝅ Ai ̸= 0,ᡇԢሼ Bi㺞⽰Ѱᡶᴿ䠃䠅Ѱ i的码ᆍ的᭥᫇ Suppt(c) = {pj : cpj
̸= 0, 0 ≤ j ≤ n− 1}

的䳼ਾ,ެѣ c = (cp0
, cp1

, · · · , cpn−1
) ∈ C ԛ及 0 ≤ i ≤ n. Ԛ P = {p0, p1, · · · , pn−1}. ྸ᷒㓺ਾ

39



浙江大学博士学位论文 广义 Reed-Muller码的子码–2设计的线性码

㔉ᶺ (P,Bi)ᱥжѠ t-(n, i, λ)䇴䇗,ެѣ λૂ tൽѰ正᮪ᮦ,䛙ѾᡇԢ〦ҁѰ码 C的᭥᫇䇴䇗,ᒬ

⭞ Di(C)㺞⽰.

Ding, Tangૂ Tonchevᴶ䘇研究Ҽж㊱Եሺу਎пݹ码ѣ 2-䇴䇗的线性码,䈜㿷ᮽ⥤ [13]. ൞

ԌԢ的ᮽ⥤ [13] ѣᡶֵ⭞的пݹ码ᱥ⭧ӂ⅗࠳ᮦ Tr(ax2 + bx + c) ᡶᇐѿ的. ᵢㄖ㘹㲇⭧ Her-

mintian ,码ݹᮦᇐѿ的Եሺу਎п࠳ 䈛码⭞ C(2m, 3) ᶛ㺞⽰. ⭞ d 㺞⽰码 C(2m, 3) 的ᴶቅ䠃

䠅, ᒬ⭞ Dd(C(2m, 3))㺞⽰ C(2m, 3)ѣᤛᴿᴶቅ䠃䠅的码ᆍ的᭥᫇ᡶሯᓊ的䇴䇗. ᡇԢ的ⴤ的

ᱥ研究线性码 C3(Dd(C(2m, 3)))的性䍞. ൞੄㔣ᡇԢሼҼ䀙ࡦ,线性码 C3(Dd(C(2m, 3)))ᱥԵሺ

у਎的,ҕቧᱥ䈪,䘏〃码的码ᆍ的᭥᫇ᱥᆎ൞ 2-䇴䇗的. ਜཌ线性码 C3(Dd(C(2m, 3)))ऻ੡码

C(2m, 3),ᒬъᤛᴿ䇮ཐެԌ的Եሺу਎ᆆ码. 䘏ᝅ઩⵶ C3(Dd(C(2m, 3)))的㔉ᶺ∊ҁࢃ的线性

码 C(2m, 3)ᴪѦሂ. ᴶ੄,ᡇԢਇ⧦线性码 C3(Dd(C(2m, 3)))ᱥ 4䱬пݹᒵѿ Reed-Muller码的

ᆆ码.

4.1.2 ᗠ⧥码

ሯӄ Fq р的жѠ৸ᮦѰ [n, k, d]的线性码 C,ྸ᷒ެѣ的Աᝅ码ᆍ c = (c0, c1, · · · , cn−1) ∈

C 的ᒩ〱 (cn−1, c0, · · · , cn−2) ҕ൞ C ѣ, 䛙Ѿ䈛线性码㻡〦Ѱᗠ⧥码. ᡇԢᇐѿжѠ࢟֏㊱⧥

Rn[x] = Fq[x]/(x
n − 1)ૂሯᓊӄᗠ⧥码 C 的Rn[x]ѣ的ᆆ䳼

C(x) = {c0 + c1x+ · · ·+ cn−1x
n−1 ∈ Rn[x] : (c0, c1, · · · , cn−1) ∈ C}.

᱉⸛,ᗠ⧥码 C фᆆ䳼 C(x)ҁ䰪ᆎ൞жжሯᓊ关㌱. ṯᦤᗠ⧥码的性䍞,ሯԱᝅ的 c(x) ∈ C(x),

у䳴ⵁ࠰ xc(x) ∈ C(x). ഖ↚ C(x) ᱥ࢟֏㊱⧥ Rn[x] ѣ的жѠ⨼ᜩ. ⭧ӄ Rn[x] ᱥѱ⨼ᜩ᮪

⧥, C(x)ᱥжѠѱ⨼ᜩ, ᒬъᆎ൞жѠ൞䈛⨼ᜩѣᤛᴿᴶቅ⅗ᮦ的俌жཐ亯ᕅ g(x) ∈ Rn[x]ֵ

ᗍ C(x) = ⟨g(x)⟩. ᡇԢ〦 g(x)Ѱ C 的⭕ᡆཐ亯ᕅ, h(x) = (xn − 1)/g(x)Ѱ C 的ཽڬṗ僂ཐ亯

ᕅ. ⭧ᮽ⥤ [60]ѣ的ᇐ⨼ 4.2.1ਥ⸛,ᗠ⧥码 C 的㔪ᮦᱥ n− deg(g(x)).

䇴 nᱥжѠ᮪ᮦ,ֵᗍ gcd(n, q) = 1. ሯӄ㔏ᇐ的 0 ≤ s < n,ᇐѿ s⁗ n的 q-഼࠼䲠䳼 Cs

ྸс,

Cs = {s, sq, · · · , sqr−1} (mod n),

ެѣ rᱥֵᗍ sqr ≡ s (mod n)ᡆ㄁的ᴶቅ正᮪ᮦ. 䳼ਾ Csѣᴶቅ的正᮪ᮦ㻡〦Ѱ Cs的䲠䳼俌

փ. ⌞ᝅ,䘏ӑуੂ的 q-഼࠼䲠䳼 Cs, 0 ≤ s < n,ᱥ䳼ਾ {0, 1, · · · , n− 1}的жѠ࠼ࡈ. 䇴mᱥ q

⁗ n的䱬, γᱥ Fqm 的ᵢ৕ݹ,঩ F∗
qm = ⟨γ⟩. Ԛ β = γ

qm−1
n ,᱉⸛ βᱥ Fqm ѣ的жѠ n⅗ঋփṯ.

ሯ∅жѠ s, 0 ≤ s < n, βs൞ Fq р的ᶷቅཐ亯ᕅᱥMβs(x) = Πi∈Cs
(x− βi). ӄᱥᗠ⧥码 C的⭕

ᡆཐ亯ᕅਥԛ㻡ߏᡆ g(x) = Πs∈SMβs(x),ެѣ S ᱥжӑ഼࠼䲠䳼的䲠䳼俌փ的䳼ਾ. ᡇԢᣀ䘏

ӑ഼࠼䲠䳼的ᒬ〦Ѱ C 的ᇐѿ䳼. 䳼ਾ Z = {βi : i ∈ T}ѣ的ঋփṯ〦Ѱᗠ⧥码 C 的䴬ݹ,㙂䳼

ਾ {βi : i /∈ T}ѣ的ݹ㍖〦Ѱ䶔䴬ݹ. 关ӄ഼࠼䲠䳼ૂᶷቅཐ亯ᕅ的ᴪཐ㓼㢸,䈭৸䰻ᮽ⥤ [60].
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线性码 C 的ሯڬ码ᇐѿྸс

C⊥ := {c′ ∈ Fn
q : c · c′ = 0, ሯԱᝅ的c ∈ C},

ެѣㅜਭ · 㺞⽰޻〥. ྸ᷒ C ᱥޭᴿཽڬṗ僂ཐ亯ᕅ h(x) 的ᗠ⧥码, 䛙Ѿ C⊥ ᴿ⭕ᡆཐ亯ᕅ

xkh(x−1)/h(0),ެѣ k = deg(h(x)).

с䶘ᶛ㠠ᮽ⥤ [60]的ᇐ⨼㺞᱄, C⊥的䴬ݹᱥਥԛ⭧ C 的䶔䴬ݹᗍࡦ.

定理 4.1 [ᮽ⥤ [60],ᇐ⨼ 4.4.9]䇴 C ᱥต Fq рޭᴿ৸ᮦ [n, k, d]Ⲻᗠ⧥⸷. ྸ᷒ γ1, · · · , γk ᱥ C

Ⲻ䶔䴬ݹ,䛙Ѿ γ−1
1 , · · · , γ−1

k ᱥ C⊥Ⲻ䴬ݹ.

命题 4.1 [ᮽ⥤ [60],ㄖ㢸 4.4]䇴 Ci ᱥ Fq р䮵ᓜѰ nⲺᗠ⧥⸷,ъᴿᇐѿ䳼 Tiθ1 ≤ i ≤ 2. ӄᱥ

㓵ᙝ⸷ C1 + C2 = {c1 + c2 : ci ∈ Ci, 1 ≤ i ≤ 2}Ⲻᇐѿ䳼Ѱ T1 ∩ T2.

线性码 C 的ᢟኋ码ᇐѿྸс

C = {(c0, c1, · · · , cn) ∈ Fn+1
q : (c0, c1, · · · , cn−1) ∈ C ֵᗍ

n∑
i=0

ci = 0}.

ྸ᷒ H ᱥ码 C 的ཽڬṗ僂⸟䱫,䛙Ѿ C 的ཽڬṗ僂⸟䱫ᱥ

H =

[
1 1
H 0

]
,

ެѣ 1 = (1, 1, · · · , 1)ъ 0 = (0, 0, · · · , 0)⊤.

定理 4.2 [ᮽ⥤ [60],ᇐ⨼ 4.4.19]䇴 nᱥжѠ↙᮪ᮦ, qᱥжѠ㍖ᮦᑸ. 䇴 g(x)ᱥ xn − 1൞ Fq р

⅗ᮦѰ sⲺуਥ㓜ഖᕅ. 䇴 γ ∈ Fqs ᱥ g(x)ⲺжѠṯ. Ԛ Trs : Fqs → Fq Ѱ Fqs ࡦ Fq ⲺжѠ䘯᱖

ሺ. 䛙Ѿ

Cγ = {
n−1∑
i=0

Trs(aγi)xi : a ∈ Fqs}

ᱥжѠ৸ᮦѰ [n, s]Ⲻуਥ㓜ᗠ⧥⸷,ެ䶔䴬ݹѰ {γ−qi : 0 ≤ i < s}.

4.1.3 ᒵѿ Reed-Muller码

䇴 q ᱥ㍖ᮦᑸ, l ૂ m ᱥ┗䏩 1 ≤ l < (q − 1)m 的正᮪ᮦ. ᴿ䲆ต Fq р的 l 䱬ࡖ֏ᒵѿ

Reed-Muller码Rq(l,m)∗ᱥжѠ䮵ᓜѰ n = qm − 1的ᗠ⧥码,ެ⭕ᡆཐ亯ᕅѰ

g(x) =
∑

1≤i≤n−1

wq(i)<(q−1)m−l

(x− γi),

ެѣ γ ᱥ Fqm 的ᵢ৕ݹ, i =
∑m−1

j=0 ijq
j , 0 ≤ ij ≤ q − 1ъ wq(i) =

∑m−1
i=0 ij .
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Assmusૂ Key൞ᮽ⥤ [33] ѣᨆבҼࡖ֏ᒵѿ Reed-Muller码 Rq(l,m)∗ 的৸ᮦ,ᡇԢሼެགྷ

䘦൞ྸсᇐ⨼ѣ.

定理 4.3 [ᮽ⥤ [33],ㄖ㢸 ᒵѿ֏ࡖ[5 Reed-Muller⸷Rq(l,m)∗Ⲻ䮵ᓜѰ n = qm − 1,㔪ᮦѰ

k =
l∑

i=0

m∑
j=0

(−1)j
(
m

j

)(
i− jq +m− 1

i− jq

)
ԛ਀ᴶቅ䠃䠅Ѱ d = (q − l0)q

m−l1−1 − 1,ެѣ l = l1(q − 1) + l0, 0 ≤ l0 < q − 1.

൞ᮽ⥤ [33]ૂᮽ⥤ [34]ѣ,֒㘻ᗍࡦҼࡖ֏ᒵѿReed-Muller码Rq(l,m)∗的ሯڬ码 (Rq(l,m)∗)⊥

ԛ及ሯڬ码的৸ᮦ.

定理 4.4 [ᮽ⥤ [33],ᕋ⨼ 5.21]㓵ᙝ⸷ (Rq(l,m)∗)⊥ᱥжѠᗠ⧥⸷,ެ⭕ᡆ⸟䱫ᱥ

g⊥(x) =
∏

1≤i≤n−1

ωq(i)<l

(x− γi).

定理 4.5 [ᮽ⥤ [34],ㄖ㢸 5.4]㓵ᙝ⸷ (Rq(l,m)∗)⊥Ⲻ䮵ᓜѰ n = qm − 1,㔪ᮦѰ

k⊥ = n−
l∑

i=0

m∑
j=0

(−1)j
(
m

j

)(
i− jq +m− 1

i− jq

)
,

ԛ਀ᴶቅ䠃䠅Ѱ

d⊥ ≥ (q − l′0)q
m−l′1−1,

ެѣm(q − 1)− 1− l = l′1(q − 1) + l′0, 0 ≤ l′0 < q − 1.

ᒵѿ Reed-Muller码Rq(l,m)ᱥࡖ֏ᒵѿ Reed-Muller码Rq(l,m)∗的ᢟኋ码.

定理 4.6 [ᮽ⥤ [33],ㄖ㢸 5]㓵ᙝ⸷Rq(l,m)Ⲻ䮵ᓜѰ n = qm,㔪ᮦѰ

k =
l∑

i=0

m∑
j=0

(−1)j
(
m

j

)(
i− jq +m− 1

i− jq

)
,

ᴶቅ䠃䠅Ѱ d = (q − l0)q
m−l1−1,ެѣ l = l1(q − 1) + l0, 0 ≤ l0 < q − 1.

4.1.4 线性码的㠠ੂᶺ㗚

䇴 C ᱥ Fq р的жѠ৸ᮦѰ [n, k, d]的线性码. ᡶᴿ㜳ሼ码 C ᱖ሺࡦ㠠䓡的сḽ㖤ᦘ㓺ᡆ的

䳼ਾ关ӄ㖤ᦘ的Ҏ⌋ᡆѰሯ〦㗚 Sym(n)的жѠᆆ㗚. ᡇԢ〦䘏Ѡᆆ㗚Ѱ码 C 的㖤ᦘ㠠ੂᶺ㗚,

ᒬ⭞ PAut(C)㺞⽰. ᴿ䲆ตFqр的жѠঋ亯⸟䱫ᱥжѠ正ᯯᖘ⸟䱫,ֵᗍ∅ж㺂ૂ∅жࡍᚦླᴿ
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жѠFqѣ的䶔䴬ݹ㍖. ሼ C᱖ሺࡦ㠠ᐧ的ᡶᴿঋ亯⸟䱫的䳼ਾᶺᡆжѠ㗚MAut(C),ᆹ㻡〦Ѱ C

的ঋ亯㠠ੂᶺ㗚. ṯᦤᇐѿ,∅ѠMAut(C)ѣ的ݹ㍖ൽਥ㻡㺞⽰ѰDP ᡌ PD1,ެѣDૂD1ൽ

Ѱሯ䀈⸟䱫,P ᱥжѠ㖤ᦘ⸟䱫. ᡶᴿᖘѰDPγъരᇐ C的⸟䱫ᖘᡆжѠ㗚,〦Ѱ C的㠠ੂᶺ㗚,

⭞Aut(C)㺞⽰,ެѣ γᱥᴿ䲆ตFq的жѠ㠠ੂᶺ. ṯᦤᇐѿ,ਥ⸛ PAut(C) ⊆ MAut(C) ⊆ Aut(C).

㠠ੂᶺ㗚 Aut(C)㻡〦Ѱᱥ t-Ֆ䙈的,ྸ᷒ሯ码 C ѣ码ᆍ的ԱᝅњѠཝቅѰ t的ᴿᓅсḽᆆ䳼 A

ૂ B,䜳ᆎ൞жѠ⸟䱫 DPγ ∈ Aut(C)ֵᗍ P ሼ A᱖ሺࡦ B.

с䶘的ᇐ⨼ᱥ线性码 C 㜳ᗍࡦ t-䇴䇗的࠼ݻᶗԬ.

定理 4.7 [ᮽ⥤ [60],ᇐ⨼ 8.4.7]䇴 Cᱥต Fq ржѠ䮵ᓜѰ nⲺ⸷. ྸ᷒ Aut(C)ᱥ t-Ֆ䙈Ⲻ,䛙Ѿ

ሯԱᝅⲺ᮪ᮦ i, i ≥ t,䠃䠅Ѱ iⲺ⸷ᆍ䜳ሯᓊжѠ t-䇴䇗.

ж㡢Եሺ㗚 GA1(Fqm)ᱥ Fqm р的сࡍ㖤ᦘ的䳼ਾ:

{σs1,s2 : s1 ∈ F∗
qm , s2 ∈ Fqm},

ެѣ σs1,s2(x) = s1x+ s2, ∀x ∈ Fqm . 䇴 C ᱥต Fq р䮵ᓜѰ qm的线性码. ᡇԢ⭞ Fqm ѣ的ݹ㍖

Ѱ码 C ѣ的码ᆍᔰ㄁㍘ᕋ. ྸ᷒码 C ൞ж㡢Եሺ㗚 GA1(Fqm)的֒⭞сᱥу਎的,则〦线性码 C

ᱥԵሺу਎的,঩ GA1(Fqm) ≤ PAut(C). Սᡶઞ⸛㗚 GA1(Fqm)൞ Fqm рᱥਂՖ䙈的. с䶘的ᇐ

⨼ᱥ⭧ᇐ⨼ 4.7ᗍࡦ的.

定理 4.8 [ᮽ⥤ [12],ᇐ⨼ 6.6]䇴 iᱥжѠ᮪ᮦ, 0 ≤ i ≤ n. Ԛ Ai ᱥ䠃䠅Ѱ iⲺ⸷ᆍⲺѠᮦ. ྸ᷒

㓵ᙝ⸷ C ᱥԵሺу਎Ⲻ,䛙ѾሯԱᝅⲺ iֵᗍ Ai ̸= 0,⸷ C ѣ䠃䠅Ѱ iⲺ⸷ᆍሯᓊжѠ 2-䇴䇗.

4.1.5 ж㊱Եሺу਎пݹ码ሯᓊ䇴䇗的码

䇴mٽ ≥ 2ᱥжѠ正᮪ᮦ, pᱥжѠཽ㍖ᮦ. ᇐѿ Trs ᱥжѠԄ Fps ࡦ Fp 的䘯࠳ᮦ. ᡇԢ㘹

㲇线性码

C(2m, p) = {c(a, b, h) : a ∈ Fpm , b ∈ Fp2m , h ∈ Fp}, (4.1)

ެѣ

c(a, b, h) = (Tr2m(atp
m+1 + bt) + h)t∈Fp2m

.

ྸᮽ⥤ [67] ѣᡶ䘦,码 C(2m, p)ᱥԵሺу਎的,ഖ↚⭧䈛码ਥԛᗍࡦ 2-䇴䇗. ሯ C(2m, p)ѣ的∅

Ѡ码ᆍ c(a, b, h),≿᱄䠃䠅 wH(c(a, b, h)) = p2m − T (a, b, h),ެѣ

T (a, b, h) = |{t ∈ Fp2m : Tr2m(atp
m+1 + bt) + h = 0}|. (4.2)
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引理 4.1 [ᮽ⥤ [67]]ሯԱᝅⲺ a ∈ Fpm , b ∈ Fp2m ૂ h ∈ Fp,ٽ䇴 T (a, b, h)ᱥྸᕅᆆ (4.2)ѣᡶᇐ

ѿⲺ࠳ᮦ.

(1) ᖉ a = b = h = 0ᰬ, T (a, b, h) = p2m.

(2) ᖉ a = b = 0ૂ h ̸= 0ᰬ, T (a, b, h) = 0.

(3) ᖉ a = 0ૂ b ̸= 0ᰬ, T (a, b, h) = p2m−1.

(4) ᖉ a ̸= 0ᰬ,

T (a, b, h) =


p2m−1 − pm−1(p− 1)ྸ᷒ h = Tr2m(asp

m+1
at,bt ),

p2m−1 + pm−1 ྸ᷒ h ̸= Tr2m(asp
m+1

at,bt ),

ެѣ t ∈ F∗
p, s

pm+1
at,bt ᱥ ((at)p

m

+ at)s = 2ats = −(bt)p
m

ⲺжѠ䀙, ҕቧᱥ䈪, sp
m+1

at,bt =

−2−1a−1bp
m

tp
m−1 = −2−1a−1bp

m .

ṯᦤр䘦ᕋ⨼ਥ⸛,жѠ码ᆍ c(a, b, h)ᴿᴶቅ䠃䠅 d = p2m−1(p− 1)− pm−1 ӻᖉ a ∈ F∗
pm ,

b ∈ Fp2m ԛ及 h ∈ Fp \ {Tr2m(−2−1b)}. ⭧ᮽ⥤ [67] 的ᇐ⨼ 3 ਥ⸛, 线性码 C(2m, p) ᴿ৸ᮦ

[p2m, 3m+1, p2m−1(p−1)−pm−1]ૂ㺞 4.1ѣᡶࡍ的䠃䠅࠼ᐹȾᡇԢҁࢃᡶᨆࡦ的码ѣ᭥᫇䇴䇗

的ඍᱥ⭧ C(2m, p)ѣޭᴿᴶቅ䠃䠅 d的码ᆍ的᭥᫇㓺ᡆ的. 䇴ٽ Dd(C(2m, p))ᱥ码 C(2m, p)的

᭥᫇䇴䇗. ṯᦤᮽ⥤ [67],ਥ⸛ Dd(C(2m, p))ᱥжѠ 2-䇴䇗. ԚMDd
ᱥ䇴䇗 Dd(C(2m, p))的关㚊

⸟䱫, Cp(Dd(C(2m, p)))ᱥ⭧关㚊⸟䱫MDd
的㺂൞ต Fpрᡶ⭕ᡆ的线性码. ᡇԢ䘏䠂㘹㲇 p = 3

的᛻߫ᒬ䇗㇍码 C3(Dd(C(2m, 3)))的㔪ᮦૂᴶቅ䠃䠅.

㺞 4.1 码 C(2m, p)的䠃䠅࠼ᐹ

䠃䠅 䠃ᮦ

0 1

p2m−1(p− 1)− pm−1 p2m(pm − 1)(p− 1)

p2m−1(p− 1) p(p2m − 1)

(p2m−1 + pm−1)(p− 1) p2m(pm − 1)

p2m p− 1

注 4.1 ᮽ⥤ [13] ᡶ༺⨼Ⲻ⭧ต F3 рⲺӂ⅗࠳ᮦ Tr2m(at2 + bt) + hᡶᇐѿⲺпݹ㓵ᙝ⸷ᴿ৸ᮦ

[32m, 4m+ 1, 2(32m−1 − 3m−1)]. ⭧ F3рⲺ Hermitian࠳ᮦ Tr2m(at3
m+1 + bt) + hᡶᇐѿⲺпݹ

㓵ᙝ⸷ޭᴿ৸ᮦ [n, k, d] = [32m, 3m+ 1, 2 · 32m−1 − 3m−1]. ⭧↚ਥ⸛,䘏њ〃࠳ᮦᡶᇐѿⲺ⸷ޭ

ᴿуੂⲺ㔪ᮦ,ᡶԛᆹԢᱥуㅿԭⲺ.
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ѰҼㆶौㅜਭ,ᡇԢ൞੄䶘的ㇽᑻѣㅿԭ㺞⽰࠳ᮦ f(t)ૂੇ䠅 (f(t))t∈F32m
. с䶘ᡇԢ࠰ࡍ

ᵢㄖ的ѱ㾷㔉䇰,䘏ӑ㔉䇰的䇷᱄ᡇԢሼ൞੄䶘的ㅢ 4.1.6㢸㔏࠰.

定理 4.9 ሯԱᝅⲺ᮪ᮦm ≥ 2,ต F3рⲺ㓵ᙝ⸷ C3(Dd(C(2m, 3)))ᱥ⭧сࡍⲺੇ䠅⭕ᡆⲺ{
Tr2m(bt),Tr2m(bt)Tr2m(b′t),Tr2m(at3

m+1)Tr2m(bt),
Tr2m(at3

m+1)Tr2m(a′t3
m+1),Tr2m(at3

m+1), 1 : a, a′ ∈ F3m , b, b
′ ∈ F32m

}
.

定理 4.10 ሯԱᝅⲺ᮪ᮦm ≥ 2,㓵ᙝ⸷ C3(Dd(C(2m, 3)))⭧ྸсੇ䠅㔏ᇐ{ ∑m−1
i=0 Tr2m(bit

(3m+1)3i+1) +
∑2m−1

i=0 Tr2m(b′it
3i+1)

+
∑m−1

i=0 Trm(ait
(3m+1)(3i+1)) + Tr2m(bt) + h : b, bi, b

′
i ∈ F32m , ai ∈ F3m , h ∈ F3

}
,

ᒬъ䈛⸷ѣᆎ൞ 2-䇴䇗.

定理 4.11 ሯԱᝅⲺ᮪ᮦm ≥ 1,㓵ᙝ⸷ C3(Dd(C(2m, 3)))䮵ᓜѰ n = p2m,㔪ᮦѰ k = 9m2+7m
2

+

1ԛ਀ᴶቅ䠃䠅Ⲻс⮂ᱥ 32m−2.

例 4.1 ᖉm = 1, 2ᰬ,㓵ᙝ⸷ C(2m, 3)ૂ C3(Dd(C(2m, 3)))Ⲻ৸ᮦྸс:

m C(2m, 3) C3(Dd(C(2m, 3)))
1 [9, 4, 5] [9, 9, 1]
2 [81, 7, 51] [81, 26, 21].

㓵ᙝ⸷ C(4, 3)Ⲻ䠃䠅࠼ᐹѰ

1 + 1296z51 + 240z54 + 648z60 + 2z81.

㓵ᙝ⸷ C3(Dd(C(4, 3)))Ⲻ䠃䠅࠼ᐹѰ

1 +648z21 +240z27 +38880z28

+25920z29 +104976z30 +373248z31

+678780z32 +2491560z33 +9305280z34

+12791520z35 +52067880z36 +167585760z37

+193771440z38 +633582000z39 +1789957440z40

+1784204820z41 +5114657520z42 +12311494560z43

+10655818920z44 +26240268600z45 +54869931360z46

+40818498480z47 +86821798860z48 +155822087880z49

+99765111888z50 +181835828208z51 +279785262240z52

+153082363320z53 +238171803600z54 +311801503680z55

+144740601000z56 +190453223160z57 +210148421760z58

+81951931440z59 +90132625584z60 +82728913248z61

+26672379840z62 +24134094720z63 +18117430380z64

+4739847840z65 +3450820320z66 +2053913760z67

+424174320z68 +238097880z69 +109483488z70

+16715808z71 +7076700z72 +2442960z73

+116640z74 +58320z75 +38880z77

+6480z78 +2106z80 +2186z81.
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4.1.6 ѱ㾷㔉䇰的䇷᱄

൞䘏ж㢸ѣ,ᡇԢ䇷᱄Ҽᇐ⨼ 4.9, 4.10ૂ 4.11. ᡇԢ俌ݾ㔏࠰Ҽ䇴䇗 Dd(C(2m, 3))的关㚊⸟

䱫的㺂的ޭ։㺞䗴ᖘᕅ, ᒬሼ㔉䇰ࡍ൞Ҽᇐ⨼ 4.9ѣ. ᧛⵶, ㆶौҼᇐ⨼ 4.9ѣ的ੇ䠅, ᒬ㔏࠰Ҽ

ᇐ⨼ 4.10的䇷᱄. ⭧ᇐ⨼ 4.10的㔉䇰,ਥ⸛线性码 C3(Dd(C(2m, 3)))ᱥ 4䱬ᒵѿ Reed-Muller码

的ᆆ码. ൞↚ะ⹶р, ਥԛ䇗㇍码 C3(Dd(C(2m, 3))) 的ᴶቅ䠃䠅的с⮂. ᴶ੄, ᡇԢ䙐䗽䇗㇍ᕅ

ᆆ (4.14)ᇐѿ的码 C 的ᇐѿ䳼的ཝቅ,ᗍࡦҼ码 C3(Dd(C(2m, 3)))的㔪ᮦ,ᒬሼ㔉䇰ࡍ൞Ҽᇐ⨼

4.11ѣ.

ᡇԢṯᦤㅢ 4.1.5㢸关ӄ码 C3(Dd(C(2m, 3)))的ᇐѿਥԛᗍྸࡦсᕋ⨼.

引理 4.2 䇴ٽ m ≥ 2ᱥжѠ↙᮪ᮦ. 㓵ᙝ⸷ C3(Dd(C(2m, 3)))ᱥ⭧с䶘䳼ਾѣⲺੇ䠅൞ต F3

р⭕ᡆⲺ:

{(Tr2m(at3
m+1 + bt) + h)2 : a ∈ F∗

3m , b ∈ F32m , h ∈ F3 \ {Tr2m(b)}}.

⨽ᕋ⭞࡟ 4.2,ሯԱᝅ的 a ∈ F∗
3m , b ∈ F32m ૂ h ∈ F3 \ {Tr2m(b)},ਥᗍ

(Tr2m(at3
m+1 + bt) + h)2 = Tr2m(at3

m+1 + bt)2 + 2hTr2m(at3
m+1 + bt) + h2

= Tr2m(at3
m+1)2 + 2Tr2m(at3

m+1)Tr2m(bt) + Tr2m(bt)2

+ 2hTr2m(at3
m+1) + 2hTr2m(bt) + h2 ∈ C3(Dd(C(2m, 3))),

(4.3)

(Tr2m(at3
m+1 − bt) + h)2 = Tr2m(at3

m+1 − bt)2 + 2hTr2m(at3
m+1 − bt) + h2

= Tr2m(at3
m+1)2 − 2Tr2m(at3

m+1)Tr2m(bt) + Tr2m(bt)2

+ 2hTr2m(at3
m+1)− 2hTr2m(bt) + h2 ∈ C3(Dd(C(2m, 3))).

(4.4)

ሼᕅᆆ ৱᕅᆆࠅ(4.3) (4.4),ਥᗍ

Tr2m(at3
m+1)Tr2m(bt) + hTr2m(bt) ∈ C3(Dd(C(2m, 3))). (4.5)

ሼᕅᆆ (4.3)ࣖрᕅᆆ (4.4),ਥᗍ

2Tr2m(at3
m+1)2 + 2Tr2m(bt)2 + hTr2m(at3

m+1) + 2h2 ∈ C3(Dd(C(2m, 3))). (4.6)

ᡇԢ᧛сᶛ䇷᱄ᕅᆆ (4.3)ѣ的∅ж亯ൽ൞码 C3(Dd(C(2m, 3)))ѣ.

引理 4.3 䇴ٽ a ∈ F3m ૂ b ∈ F32m . ӄᱥ {Tr2m(bt),Tr2m(at3
m+1)Tr2m(bt)} ⊆ C3(Dd(C(2m, 3))).

证明 ሯԱᝅⲺ a ∈ F∗
3m , b ∈ F32m ૂ h1 ̸= h2 ∈ F3 \ {Tr2m(b)},ṯᦤ (4.5),ਥᗍ

Tr2m(at3
m+1)Tr2m(bt) + h1Tr2m(bt) ∈ C3(Dd(C(2m, 3))), (4.7)
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Tr2m(at3
m+1)Tr2m(bt) + h2Tr2m(bt) ∈ C3(Dd(C(2m, 3))). (4.8)

ӄᱥᡇԢ䙐䗽ሼᕅᆆ (4.7)ૂᕅᆆ (4.8)⴮ࠅቧਥᗍࡦ䈛ᕋ⨼ѣⲺ㔉䇰.

引理 4.4 ሯԱᝅⲺ t ∈ F32m ,сࡍᕅᆆᡆ㄁:

(1)
∑

a∈F∗
3m

Tr2m(at3
m+1)2 = 0.

(2)
∑

b∈F∗
32m

Tr2m(bt)2 = 0.

(3)
∑

a∈F∗
3m

Tr2m(at3
m+1) = 0.

证明 ᖉ t = 0ᰬ, 㔉䇰ᱴ❬ᡆ㄁. ᡇԢ⧦൞㘹㲇 t ̸= 0. ሯԱᝅⲺ t ∈ F∗
32m , ᯯぁ (t3

m+1)3
m

=

t3
m+1ᡆ㄁ᝅ઩⵶ t3

m+1 ∈ F∗
3m . ⌞ᝅࡦ,ሯԱᝅⲺ a ∈ F3m ,䜳ᴿ Tr2m(a) = 2Trm(a).

俌ݾ,ᡇԢᴿ ∑
a∈F∗

3m

Tr2m(at3
m+1)2 =

∑
a∈F∗

3m

Trm(a)2

= |{a ∈ F3m |Trm(a) ̸= 0}| (mod 3)

= 3m − |{a ∈ F3m |Trm(a) = 0}| (mod 3)

= 3m − 3m−1 (mod 3)

= 0.

᧛⵶θ䇗㇍ ∑
b∈F∗

32m

Tr2m(bt)2 =
∑

b∈F32m

Tr2m(b)2

= |{b ∈ F32m |Tr2m(b) ̸= 0}| (mod 3)

= 32m − 32m−1 (mod 3)

= 0.

ᴶ੄θਥԛᗍࡦ ∑
a∈F∗

3m

Tr2m(at3
m+1) = 2

∑
a∈F∗

3m

Trm(a)

= 2Trm(
∑

a∈F∗
3m

a)

= 0.

引理 4.5 ᑮٲ⸷ᆍ 1 ∈ C3(Dd(C(2m, 3))).
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证明 ሯԱᝅⲺ a ∈ F∗
3m ૂ b ∈ F32m ,䘿਌ hb = Tr2m(b) + 1. ṯᦤᕋ⨼ 4.4ૂᕅᆆ (4.6),ਥᗍ

∑
b∈F∗

32m

∑
a∈F∗

3m

(Tr2m(at3
m+1)2 + Tr2m(bt)2 + 2hbTr2m(at3

m+1) + h2b)

= 2
∑

b∈F∗
32m

(Tr2m(b) + 1)2

=
∑

b∈F∗
32m

(Tr2m(b) + 2)

= 1 ∈ C3(Dd(C(2m, 3))).

引理 4.6 ሯԱᝅⲺ b, b′ ∈ F32m , Tr2m(bt)Tr2m(b′t) ∈ C3(Dd(C(2m, 3))).

证明 䇴ٽ b1 =
b+b′

2
, b2 = b′−b

2
∈ F32m . ሼ b1ૂ b2ԙࡦޛᕅᆆ (4.6)ѣ,ᡇԢᗍࡦ

2Tr2m(at3
m+1)2 + 2Tr2m(b1t)

2 + h1Tr2m(at3
m+1) + 2h21 ∈ C3(Dd(C(2m, 3))), (4.9)

2Tr2m(at3
m+1)2 + 2Tr2m(b2t)

2 + h2Tr2m(at3
m+1) + 2h22 ∈ C3(Dd(C(2m, 3))), (4.10)

ެѣh1 ∈ F3\{Tr(b1)}ԛ਀h2 ∈ F3\{Tr(b2)}. 䇴ᇐh1 = h2 = h,ެѣhᱥF3\{Tr2m(b1),Tr2m(b2)}

ѣⲺжѠݹ㍖. 䙐䗽ሼᕅᆆ (4.10)ૂᕅᆆ (4.9)⴮ࠅ,ᡇԢᗍࡦ

2Tr2m((b1 − b2)t)Tr2m((b1 + b2)t) ∈ C3(Dd(C(2m, 3))).

ഖ↚, Tr2m(bt)Tr2m(b′t) ∈ C3(Dd(C(2m, 3))).

引理 4.7 ሯԱᝅⲺ a, a′ ∈ F3m ,

{Tr2m(at3
m+1),Tr2m(at3

m+1)Tr2m(a′t3
m+1)} ⊆ C3(Dd(C(2m, 3))).

证明 ⭧ᕋ⨼ 4.5,ᕋ⨼ 4.6ૂᕅᆆ (4.6),ᡇԢᴿ

Tr2m(at3
m+1)2 + 2hTr2m(at3

m+1) ∈ C3(Dd(C(2m, 3))). (4.11)

ਥԛ䘿਌ h1 ̸= h2 ∈ F3 \ {Tr2m(b)},ᒬሼ h1, h2ԙࡦޛᕅᆆ (4.11)ѣ,ӄᱥਥԛᗍࡦ

Tr2m(at3
m+1)2 + 2h1Tr2m(at3

m+1) ∈ C3(Dd(C(2m, 3))), (4.12)

Tr2m(at3
m+1)2 + 2h2Tr2m(at3

m+1) ∈ C3(Dd(C(2m, 3))). (4.13)

ሼᕅᆆ (4.13)ૂᕅᆆ (4.12)⴮ࠅ,ਥᗍ

2(h1 − h2)Tr2m(at3
m+1) ∈ C3(Dd(C(2m, 3))).
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ഖѰ h1 ̸= h2, ᡶԛ Tr2m(at3
m+1),Tr2m(at3

m+1)2 ∈ C3(Dd(C(2m, 3))). 䇴ٽ a1 = a+a′

2
, a2 =

a−a′

2
∈ F3m . ⌞ᝅࡦ Tr2m(a1t

3m+1)2, Tr2m(a2t
3m+1)2 ∈ C3(Dd(C(2m, 3))). ᡶԛᴿ

Tr2m(a1t
3m+1)2 − Tr2m(a2t

3m+1)2 = Tr2m((a1 + a2)t
3m+1)Tr2m((a1 − a2)t

3m+1)

= Tr2m(at3
m+1)Tr2m(a′t3

m+1) ∈ C3(Dd(C(2m, 3))).

证明 (定理 4.9) ṯᦤԛрⲺ㔉䇰ૂᕅᆆ (4.3),ᡇԢᇯ᱉ᗍࡦ䈛㔉䇰.

引理 4.8 [ᮽ⥤ [73], ᧞䇰 䇴ٽ[8.4 pᱥжѠ㍖ᮦ, nᱥжѠ↙᮪ᮦ. 䇴ٽ t1, · · · , tn ∈ Fpn . 䛙Ѿ

{t1, · · · , tn}ᱥ Fpn ѣީӄ FpⲺж㓺ะᖉъӻᖉ∣∣∣∣∣∣∣∣∣
t1 t2 · · · tn
tp1 tp2 · · · tpn
...

... · · ·
...

tp
n−1

1 tp
n−1

2 · · · tp
n−1

n

∣∣∣∣∣∣∣∣∣ ̸= 0.

引理 4.9 ሯԱᝅⲺ↙᮪ᮦm ≥ 2θᡇԢᴿ

⟨Tr2m(bt)Tr2m(b′t) : b, b′ ∈ F32m⟩ = ⟨
2m−1∑
i=0

Tr2m(bit
3i+1) : bi ∈ F32m⟩.

证明 ሯ F32m ѣԱᝅⲺњѠݹ㍖ b, b′,

Tr2m(bt)Tr2m(b′t) =
2m−1∑
i=0

2m−1∑
j=0

b3
i

b′3
j

t3
i+3j =

2m−1∑
i=0

b3
i

(
2m−1∑
j=0

b′3
j−i

t1+3j−i

)3
i

=
2m−1∑
i=0

b3
i

(
2m−1∑
j=0

b′3
j

t1+3j )3
i

=
2m−1∑
j=0

Tr2m(bb′3
j

t1+3j ).

䇴ٽ γ ᱥ F32m ѣⲺжѠᵢ৕ݹ. ᱉⸛ {γ, γ3, · · · , γ32m−1}ᱥ F32m ީӄ F3 Ⲻж㓺↙㿺ะ. 䙐䗽

ᕋ⨼ 4.8,с䶘䳼ਾѣⲺݹ㍖൞ต F3рᱥ㓵ᙝᰖީⲺ,

{(b′, b′3, · · · , b′3
2m−1

) : b′ = γ3
i

, 0 ≤ i ≤ 2m− 1}.

䘏ᝅ઩⵶ᆹԢ㓺ᡆ F2m
32m ީӄ F32m Ⲻж㓺ะ. ഖ↚ ⟨

∑2m−1
j=0 Tr2m(bb′3

j

t3
j+1) : b, b′ ∈ F32m⟩ =

⟨
∑2m−1

i=0 Tr2m(bit
3i+1) : bi ∈ F32m⟩.

引理 4.10 ሯԱᝅⲺ↙᮪ᮦm ≥ 2,

⟨Tr2m(at3
m+1)Tr2m(bt) : a ∈ F3m , b ∈ F32m⟩ = ⟨

m−1∑
i=0

Tr2m(bit
(3m+1)3i+1) : bi ∈ F32m⟩.
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证明 ሯԱᝅⲺ a ∈ F3m ૂ b ∈ F32m ,

Tr2m(at3
m+1)Tr2m(bt) = 2

m−1∑
i=0

(at3
m+1)3

i
2m−1∑
j=0

(bt)3
j

= 2
2m−1∑
j=0

(bt)3
j
m−1∑
i=0

(at3
m+1)3

i+j

= 2
2m−1∑
j=0

(bt
m−1∑
i=0

(at3
m+1)3

i

)3
j

= 2
m−1∑
i=0

Tr2m(ba3
i

t(3
m+1)3i+1).

䙐䗽ᕋ⨼ 4.8,ਥ⸛с䶘䳼ਾѣⲺݹ㍖൞ F3рᱥ㓵ᙝᰖީⲺ,

{(a, a3, · · · , a3
m−1

) : a = γ(3
m+1)3i , 0 ≤ i ≤ m− 1}.

䘏ᝅ઩⵶ᆹԢ㓺ᡆҼ Fm
32m ީӄ F32m Ⲻж㓺ะ. ഖ↚ ⟨2

∑m−1
i=0 Tr2m(ba3

i

t(3
m+1)3i+1) : a ∈

F3m , b ∈ F32m⟩ = ⟨
∑m−1

i=0 Tr2m(bit
(3m+1)3i+1) : bi ∈ F32m⟩.

引理 4.11 ሯԱᝅⲺ↙᮪ᮦm ≥ 2,

⟨Tr2m(at3
m+1)Tr2m(a′t3

m+1) : a, a′ ∈ F3m⟩ = ⟨
m−1∑
i=0

Trm(ait
(3m+1)(3i+1)) : ai ∈ F3m⟩.

证明 ሯԱᝅ F3m ѣⲺݹ㍖ aૂ a′,

Tr2m(a′t3
m+1)Tr2m(at3

m+1) =
2m−1∑
i=0

(a′t3
m+1)3

i
2m−1∑
j=0

(at3
m+1)3

j

=
2m−1∑
i=0

((a′t3
m+1)

2m−1∑
j=0

(at3
m+1)3

j−i

)3
i

=
2m−1∑
i=0

((a′t3
m+1)

2m−1∑
j=0

(at3
m+1)3

j

)3
i

=
2m−1∑
i=0

(
2m−1∑
j=0

a′a3
j

t(3
m+1)(3j+1))3

i

=
2m−1∑
j=0

Tr2m(a′a3
j

t(3
m+1)(3j+1))

=
m−1∑
j=0

Trm(a′a3
j

t(3
m+1)(3j+1)).

㊱ղӄᕋ⨼ 4.10ѣⲺ䇷᱄,ᡇԢᗍࡦҼ䈛ᕋ⨼ѣⲺ㔉䇰.

证明 (定理 4.10) ᇐ⨼ѣⲺㅢж䜞࠼ਥ⭧ᇐ⨼ 4.9ૂᕋ⨼ 4.9−4.11ᗍࡦ.

⧦൞ᡇԢ䇷᱄㓵ᙝ⸷ C3(Dd(C(2m, 3))) ᱥԵሺу਎Ⲻ, ⭧↚ਥṯᦤᇐ⨼ 4.8ᗍࡦ䈛⸷ѣᆎ

൞ 2-䇴䇗. ሯԱᝅⲺ σs1,s2 ∈ GA1(F32m), ެѣ s1 ∈ F∗
32m ԛ਀ s2 ∈ F32m , ᡇԢਠ䴶㾷䇷
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᱄ Tr2m(bσs1,s2(t) + b′(σs1,s2(t))
3i+1 + b′′(σs1,s2(t))

(3m+1)3j+1 + c(σs1,s2(t))
(3m+1)(3k+1)) + h ∈

C3(Dd(C(2m, 3)))ሯᡶᴿⲺ 0 ≤ i ≤ 2m− 1, 0 ≤ j, k ≤ m− 1, b, b′, b′′ ∈ F32m , c ∈ F3m ૂ h ∈ F3

ൽᡆ㄁. ᇯ᱉僂䇷 Tr2m(b(s1t+ s2) + b′(s1t+ s2)
3i+1) + h ∈ C3(Dd(C(2m, 3))). ਥᗍ

Tr2m(b′′(s1t+ s2)
(3m+1)3j+1)

= Tr2m(b′′(s3
m+j

1 t3
m+j

+ s3
m+j

2 )(s3
j

1 t
3j + s3

j

2 )(s1t+ s2))

= Tr2m(b′′(s1t)
3m+j+3j+1 + b′′(s1t)

3m+j+1s3
j

2 )

+ Tr2m(b′′(s1t)
3j+1s3

m+j

2 + b′′s1ts
3m+j+3j

2 + b′′(s1t)
3m+1s3

−j

2 )

+ Tr2m(b′′s1ts
3m+3m−j

2 + b′′s1ts
3m+3−j

2 + b′′s3
m+j+3j+1

2 ) ∈ C3(Dd(C(2m, 3))).

㊱ղ൦,ᡇԢᴿ Tr2m(c(s1t+ s2)
(3m+1)(3k+1)) ∈ C3(Dd(C(2m, 3))). ӄᱥ㔉䇰ᡆ㄁.

൞㔝㔣᧛сᶛ的䇗㇍ҁࢃ, ᡇԢݾԁ㔃жӑㅜਭ. 䇴ٽ γ ᱥ F32m 的ᵢ৕ݹ. ሯԱᝅ的 0 ≤

k ≤ 2ૂ 0 ≤ j ≤ 2m− 1,ᇐѿс䶘的线性码:

Cγkj
= {

32m−2∑
i=0

Tr2m(aiγ
i
kj)x

i : ai ∈ F32m},

Cγ3j
= {

32m−2∑
i=0

Tr2m(aiγ
i
3j)x

i : ai ∈ F3m},

ެѣ γ0j = γ, γ1j = γ(3
m+1)3j+1, γ2j = γ3

j+1ԛ及 γ3j = γ(3
j+1)(3m+1). ᡇԢᇐѿ线性码

C =
⟨
x : x ∈ Cγkj

, 0 ≤ k ≤ 3, 0 ≤ j ≤ 2m− 1
⟩
F3
. (4.14)

ሯӄ 0 ≤ j ≤ 2m− 1,ᡇԢ䇴ᇐ

S0j = {−3i : 0 ≤ i ≤ 2m− 1},

S1j = {−3i(3j(3m + 1) + 1) : 0 ≤ i ≤ 2m− 1},

S2j = {−3i(3j + 1) : 0 ≤ i ≤ 2m− 1},

S3j = {−3i(3j + 1)(3m + 1) : 0 ≤ i ≤ 2m− 1}.

(4.15)

注 4.2 䙐䗽ᇐ⨼ 4.10,ਥ⸛⸷ C3(Dd(C(2m, 3)))㖤ᦘㅿԭӄ⸷ C⊥⊥
,ެѣ C ᱥᕅᆆ (4.14)ѣᇐ

ѿⲺ㓵ᙝ⸷. 䙐䗽ᇐ⨼ 4.2, ਥ⸛∅Ѡ⸷ Cγkj
(0 ≤ k ≤ 3, 0 ≤ j ≤ 2m − 1) Ⲻᇐѿ䳼Ѱ Tkj =

F∗
32m \ Sjk. ӄᱥṯᦤᙝ䍞 4.1, 㓵ᙝ⸷ C ᴿᇐѿ䳼 T = ∩3

k=0 ∩2m−1
j=0 Tkj . 䇴ٽ Sk = ∪2m−1

j=0 Skj ,

0 ≤ k ≤ 3. ਥԛ⴪᧛僂䇷ᗍࡦᇐѿ䳼

T = ∩3
k=0 ∩2m−1

j=0 (F∗
32m \ Skj) = ∩3

k=0(F∗
32m \ (∪2m−1

j=0 Skj)) = F∗
32m \ (∪3

k=0Sk).
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ᇯ᱉僂䇷,ሯԱᝅ的 0 ≤ i ̸= j ≤ 3, Si ∩Sj = ∅. ⧦൞ᡇԢ䇗㇍ Si, 0 ≤ i ≤ 3,ѣݹ㍖的Ѡᮦ.

⌞ᝅࡦ |S0| = 2m.

引理 4.12 䇴ٽ S1j(0 ≤ j ≤ 2m− 1)ᱥྸᕅᆆ (4.15)ѣᡶᇐѿⲺ䳼ਾ. ᡇԢᴿྸс㔉䇰:

(1) ሯԱᝅⲺ 0 ≤ i1, i2, j1, j2 ≤ 2m − 1, −3i1(3j1(3m + 1) + 1) ≡ −3i2(3j2(3m + 1) + 1)

(mod (32m − 1))ᖉъӻᖉ i1 = i2ԛ਀ j1 = j2ᡌ j1 +m ≡ j2 (mod 2m).

(2) ሯԱᝅⲺ 0 ≤ i ̸= j ≤ 2m− 1, |S1i| = 2mԛ਀
S1i = S1j ྸ᷒i+m ≡ j (mod 2m),

S1i ∩ S1j = ∅ ྸ᷒i+m ̸≡ j (mod 2m).

(3) |S1| = 2m2.

证明 (1) уཧж㡢ᙝ, 䇴ٽ i2 ≥ i1. ྸ᷒ −3i1(3j1(3m + 1) + 1) ≡ −3i2(3j2(3m + 1) + 1)

(mod (32m − 1)),ቧᴿ

3i2−i1+j2+m + 3i2−i1+j2 + 3i2−i1 − 3j1+m − 3j1 − 1 ≡ 0 (mod (32m − 1)). (4.16)

䇴ٽ a1, a2, a3ᱥ┗䏩ྸсᶗԬⲺ᮪ᮦ
0 ≤ i2 − i1 + j2 +m− 2a1m ≤ 2m− 1,

0 ≤ i2 − i1 + j2 − 2a2m ≤ 2m− 1,

0 ≤ j1 +m− 2a3m ≤ 2m− 1.

р䘦ᕅᆆᝅ઩⵶ 0 ≤ a1 ≤ 2, 0 ≤ a2 ≤ 1ૂ 0 ≤ a3 ≤ 1. 䇦

s1 = i2 − i1 + j2 +m− 2a1m,

s2 = i2 − i1 + j2 − 2a2m,

s3 = i2 − i1,

t1 = j1 +m− 2a3m,

t2 = j1.

ഖѰ 2 − 2 · 32m−1 ≤ 3s1 + 3s2 + 3s3 − 3t1 − 3t2 − 1 ≤ 32m − 3, ᡶԛ⭧ᕅᆆ (4.16)ᗍࡦ 3s1 +

3s2 + 3s3 − 3t1 − 3t2 − 1 = 0. ⌞ᝅࡦ,䳼ਾ {s1, s2, s3}ѣᴿ㠩ቇжѠ䴬ݹ. ᡇԢᴿ s2 ≡ s1 +m

(mod 2m),ӄᱥ s1, s2ૂ s3уޞѰ䴬.
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ྸ᷒䳼ਾ {s1, s2, s3}ѣᚦᴿжѠݹ㍖ㅿӄ 0,䛙Ѿᖉ k ਌ {1, 2, 3}ѣуੂⲺᰬٲ,ᡇԢᴿп

〃᛻߫㾷㘹㲇: sk = 0, min({s1, s2, s3} \ {sk}) = min{t1, t2} ᒬъ max({s1, s2, s3} \ {sk}) =

max{t1, t2}. ഖ↚ਥᗍ i1 = i2ૂ
j1 = 0, j2 = mᡌ j1 = j2 = m ྸ᷒ k = 1,

j1 = j2 = 0ᡌ j1 = m, j2 = 0 ྸ᷒ k = 2,

j1 = j2ᡌ j2 ≡ j1 +m (mod 2m) ྸ᷒ k = 3.

ྸ᷒䳼ਾ {s1, s2, s3}ѣᚦᴿњѠݹ㍖ㅿӄ 0,ቧᴿ 1+3s = 3t1+3t2 ,ެѣ sᱥ䳼ਾ {s1, s2, s3}

ѣⲺ䶔䴬ݹ. 䘏ᝅ઩⵶ min{t1, t2} = min{s, 0} = 0 ԛ਀ max{t1, t2} = max{s, 0} = s. ഖѰ

s1 = 0ૂ s2 = 0уੂᰬᡆ㄁,ᡶԛ s3 = 0,ҕቧᱥ䈪, i1 = i2. ᒬъᡇԢᴿс䶘഑〃᛻߫:

j1 = 0, j2 = m ྸ᷒ s1 = 0, s2 = t1, t2 = 0,

j1 = j2 = m ྸ᷒ s1 = 0, s2 = t2, t1 = 0,

j1 = j2 = 0 ྸ᷒ s2 = 0, s1 = t1, t2 = 0,

j1 = m, j2 = 0 ྸ᷒ s2 = 0, s1 = t2, t1 = 0.

㔉ਾԛр䇗㇍ᡶᗍࡦⲺ㔉䇰,ᡇԢ䇷᱄Ҽᕅᆆ (4.16)ᡆ㄁ᖉъӻᖉ i1 = i2 ԛ਀ j1 = j2 ᡌ

j1 +m ≡ j2 (mod 2m).

(2)䙐䗽㔉䇰 (1),ਥ⸛ −3i1(3j(3m + 1) + 1) ≡ −3i2(3j(3m + 1) + 1) (mod (32m − 1))ᖉъ

ӻᖉ i1 = i2. ഖ↚ሯԱᝅⲺ 0 ≤ i ≤ 2m − 1θ|S1i| = 2m. 䇴ٽ 0 ≤ i ̸= j ≤ 2m − 1. ⭞ֵ⅗߃

(1)ѣⲺ㔉䇰ᗍࡦ,ྸ᷒ i +m ≡ j (mod 2m),ቧᴿ S1i = S1j . ྸ᷒ i +m ̸≡ j (mod 2m),ቧᴿ

S1i ∩ S1j = ∅.

(3)䙐䗽㔉䇰 (2), S1 = ∪m−1
i=0 S1i. ഖ↚ |S1| =

∑m−1
i=0 |S1i| = 2m2.

引理 4.13 䇴ٽ S2j , 0 ≤ j ≤ 2m− 1,ᱥᇐѿ൞ᕅᆆ (4.15)ѣⲺ䳼ਾ. ᡇԢᴿྸс㔉䇰:

(1) ሯԱᝅⲺ 0 ≤ i1, i2, j1, j2 ≤ 2m− 1θ−3i1(3j1 + 1) ≡ −3i2(3j2 + 1)( mod (32m − 1))ᖉъ

ӻᖉ j1 = j2ૂ i1 = i2ᡌ j1 ≡ −j2 (mod 2m)ૂ i1 ≡ i2 + j2 (mod 2m).

(2) ሯԱᝅⲺ 0 ≤ i ̸= j ≤ 2m− 1

|S2i| =


m ྸ᷒ i = m,

2m ੜࡏ,

ᒬъ 
S2i = S2j ྸ᷒ i ≡ −j (mod 2m),

S2i ∩ S2j = ∅ ྸ᷒ i ̸≡ −j (mod 2m).

53



浙江大学博士学位论文 广义 Reed-Muller码的子码–2设计的线性码

(3) |S2| = (2m+ 1)m.

证明 䇴ٽ(1) i2 ≥ i1. ྸ᷒ 3i1(3j1 + 1) ≡ 3i2(3j2 + 1) (mod (32m − 1)),ቧᴿ

3i2−i1+j2 + 3i2−i1 − 3j1 − 1 ≡ 0 (mod (32m − 1)). (4.17)

䇴ٽ aᱥжѠ᮪ᮦ,┗䏩 0 ≤ i2 − i1 + j2 − 2am ≤ 2m− 1. ⌞ᝅࡦ 0 ≤ a ≤ 1. ᇐѿ
s1 = i2 − i1 + j2 − 2am,

s2 = i2 − i1,

t = j1.

ഖѰ 1− 32m−1 ≤ 3s1 + 3s2 − 3t − 1 ≤ 2 · 32m−1 − 2,⭧ᕅᆆ (4.18),ਥᗍ 3s1 + 3s2 − 3t − 1 = 0.

ഖѰ min{s1, s2} = min{t, 0} = 0,᱉⸛䳼ਾ {s1, s2}ѣ㠩ቇᴿжѠݹ㍖ㅿӄ 0.

ྸ᷒䳼ਾ {s1, s2}ᚦླᴿжѠݹ㍖ㅿӄ 0,ቧਥᗍྸсњ〃᛻߫:
j1 + j2 ≡ 0 (mod 2m), i2 − i1 = j1 ྸ᷒ s1 = 0, s2 = t,

j1 = j2, i1 = i2 ྸ᷒ s2 = 0, s1 = t.

ྸ᷒ s1 = s2 = 0,ቧᴿ t = 0. ⭧↚ਥᗍ j1 = j2 = 0ૂ i1 = i2.

䛙ѾᡇԢṯᦤԛр䇞䇰,ਥԛ⸛䚉ᕅᆆ (4.18)ᡆ㄁ᖉъӻᖉ j1 = j2ૂ i1 = i2ᡌ j1+ j2 ≡ 0

(mod 2m)ૂ i1 ≡ i2 + j2 (mod 2m).

(2)⭧㔉䇰 (1), −3i1(3j + 1) ≡ −3i2(3j + 1) (mod (32m − 1))ᖉъӻᖉ
i1 = i2 ྸ᷒ j ̸= m,

i1 = i2ᡌ i1 ≡ i2 +m (mod 2m) ྸ᷒ j = m.

ྸ᷒ j = m,ቧᴿ |S2j | = m. ੜࡏ, |S2j | = 2m. 䇴 0 ≤ i ̸= j ≤ 2m− 1. 䙐䗽㔉䇰 (1)Ⲻ䇷᱄,ྸ

᷒ i+ j ≡ 0 (mod 2m),ቧᴿ S2i = S2j . ྸ᷒ i+ j ̸≡ 0 (mod 2m),ቧᴿ S2i ∩ S2j = ∅.

(3) ⭧㔉䇰 (2), ᡇԢᴿ S2 = ∪m
i=0S2i. ഖ↚ |S2| =

∑m−1
i=0 |S2i| + |S2,m| = 2m2 + m =

(2m+ 1)m.

引理 4.14 䇴 S3j , 0 ≤ j ≤ 2m− 1,ᱥᇐѿ൞ᕅᆆ (4.15)ѣⲺ䳼ਾ. ᡇԢᴿྸс㔉䇰:

(1) ሯԱᝅⲺ 0 ≤ i1, i2, j1, j2 ≤ 2m− 1,−3i1(3j1 + 1) ≡ −3i2(3j2 + 1) (mod (3m − 1))ᖉъӻ

ᖉ j1 ≡ j2 (mod m)ૂ i1 ≡ i2 (mod m)ᡌ j1 ≡ −j2 (mod m)ૂ i1 ≡ i2 + j2 (mod m).

(2) ሯԱᝅⲺ 0 ≤ i ̸= j ≤ 2m− 1,

|S3i| =


m
2
ྸ᷒mᱥڬᮦъ i = m

2
ᡌ 3m

2
,

m ੜࡏ.
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ᒬъ 
S3i = S3j , ྸ᷒ i ≡ ±j (mod m),

S3i ∩ S3j = ∅, ྸ᷒ i ̸≡ ±j (mod m).

(3) |S3| = m(m+1)
2

.

证明 (1)уཧж㡢ᙝ,ٽ䇴 i2 ≥ i1. ྸ᷒ 3i1(3j1 + 1) ≡ 3i2(3j2 + 1) (mod (3m − 1)),ቧᴿ

3i2−i1+j2 + 3i2−i1 − 3j1 − 1 ≡ 0 (mod (3m − 1)). (4.18)

䇴 a1, a2, a3Ѱ↙᮪ᮦ,ֵᗍ 
0 ≤ i1 − i2 + j2 − a1m ≤ m− 1,

0 ≤ i2 − i1 − a2m ≤ m− 1,

0 ≤ j1 − a3m ≤ m− 1.

䘏ᝅ઩⵶ 0 ≤ a1 ≤ 3, 0 ≤ a2 ≤ 1ԛ਀ 0 ≤ a3 ≤ 1. 䇦
s1 = i2 − i1 + j2 − a1m,

s2 = i2 − i1 − a2m,

t = j1 − a3m.

ഖѰ 1− 3m−1 ≤ 3s1 +3s2 − 3t − 1 ≤ 2 · 3m−1 − 2,⭧ᕅᆆ (4.18)ᗍࡦ 3s1 +3s2 − 3t − 1 = 0.

⭧ӄ min{s1, s2} = min{t, 0} = 0,䳼ਾ {s1, s2}ऻ੡Ҽ㠩ቇжѠ䴬ݹ.

ྸ᷒䳼ਾ {s1, s2}ᚦླᴿжѠݹ㍖ㅿӄ 0,ቧᴿྸсњ〃᛻߫:
j1 ≡ −j2 (mod m), i1 ≡ i2 + j2 (mod m) ྸ᷒ s1 = 0, s2 = t,

j1 ≡ j2 (mod m), i1 ≡ i2 (mod m) ྸ᷒ s2 = 0, s1 = t.

ྸ᷒ s1 = s2 = 0,ቧᴿ t = 0. ⭧↚ᗍࡦ j1 ≡ j2 ≡ 0 (mod m)ૂ i1 ≡ i2 (mod m).

㔉ਾр䶘Ⲻ䇞䇰,ᡇԢᗍࡦᕅᆆ (4.18)ᡆ㄁ᖉъӻᖉ j1 ≡ j2 (mod m), i1 ≡ i2 (mod m)ᡌ

j1 ≡ −j2 (mod m), i1 ≡ i2 + j2 (mod m).

(2)⭧㔉䇰 (1),ਥᗍ −3i1(3j + 1) ≡ −3i2(3j + 1) (mod (3m − 1))ᖉъӻᖉ
i1 ≡ i2 (mod m)ᡌ i1 ≡ i2 +

m
2

(mod m) ྸ᷒mᱥڬᮦᒬъ j = m
2
ᡌ 3m

2
,

i1 ≡ i2 (mod m) ੜࡏ.

ഖ↚,ྸ᷒mᱥڬᮦ,ሯԱᝅⲺ 0 ≤ i ≤ 2m−1ૂ i ̸= m
2
, 3m

2
, |S3,m2

| = |S3, 3m2
| = m

2
ૂ |S3i| = m.

ྸ᷒mᱥཽᮦ,ሯԱᝅⲺ 0 ≤ i ≤ 2m− 1, |S3i| = m. ਜཌ,ᖉ i ≡ ±j (mod m)ᰬ, S3i = S3j . ᖉ

i ̸≡ ±j (mod m)ᰬ, S3i ∩ S3j = ∅.
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(3)⭧㔉䇰 (2),ྸ᷒mᱥڬᮦ,䛙Ѿ |S3| =
∑m

2 −1
i=0 |S3i|+ |S3,m2

| = m2

2
+ m

2
= m(m+1)

2
. ྸ᷒

mᱥཽᮦ,䛙Ѿ |S3| =
∑m−1

2

i=0 |S3i| = m(m+1)
2

. ഖ↚ሯԱᝅⲺ᮪ᮦm ≥ 2, |S3| = m(m+1)
2

.

证明 (定理 4.11) 䙐䗽ᕋ⨼ 4.12,ᕋ⨼ 4.13ૂᕋ⨼ 4.14,ਥ⸛ |S| =
∑3

i=0 |Si| = 2m+2m2+(2m+

1)m+ m(m+1)
2

= 9m2+7m
2

. ⧦൞ᡇԢᴿ dim(C) = n− |T | = n− (n− |S|) = 9m2+7m
2

. 䛙Ѿ

dim(C3(Dd(C(2m, 3)))) = dim(C⊥⊥
) = dim(C) + 1 =

9m2 + 7m

2
+ 1.

㓵ᙝ⸷ C3(Dd(C(2m, 3)))ᱥ 4䱬ᒵѿ Reed-Muller⸷R3(4, 2m)Ⲻᆆ⸷. ਜཌṯᦤᇐ⨼ 4.9ૂᇐ⨼

4.6ਥ⸛⸷R3(4, 2m)Ⲻᴶቅ䠃䠅Ѱ 32m−2. ӄᱥ⸷ C3(Dd(C(2m, 3)))Ⲻᴶቅ䠃䠅Ⲻс⮂Ѱ 32m−2.

注 4.3 ⭧ᇐ⨼ 4.6, 4䱬ᒵѿ Reed-Muller⸷R3(4, 2m)Ⲻ㔪ᮦ

k =

(
2m+ 3

4

)
+

(
2m+ 2

3

)
− (2m− 1)2m

2
+ 1

>
9m2 + 7m

2
+ 1

= dim(C3(Dd(C(2m, 3)))).

4.2 ᵢㄖቅ㔉

ᵢㄖ䇗㇍Ҽ线性码 C(2m, 3) 的ᴶቅ䠃䠅码ᆍᡶሯᓊ的᭥᫇ 2-䇴䇗的关㚊⸟䱫. ൞ m ≥ 2

的᛻߫с, ⭧关㚊⸟䱫的㺂⭕ᡆ的线性码 C3(Dd(C(2m, 3))) ऻ੡Ҽ C(2m, 3), ᒬъެᴿ䇮ཐԵ

ሺу਎ᆆ码. 䘏ᝅ઩⵶线性码 C3(Dd(C(2m, 3))) 的㔉ᶺ䖹ҁࢃ的ᴪࣖѦሂ. ᡇԢ䇷᱄Ҽ线性码

C3(Dd(C(2m, 3)))ᱥ഑䱬ᒵѿ Reed-Muller码的ᆆ码, ᒬ㔏࠰Ҽ C3(Dd(C(2m, 3)))的ᴶቅ䠃䠅的

с⮂. ᴶ੄ᡇԢ䙐䗽䇗㇍ᇐѿ൞ᕅᆆ (4.14)ѣ的码 C 的ᇐѿ䳼⺤ᇐҼ C3(Dd(C(2m, 3)))的㔪ᮦ.
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5 ᙱ㔉фኋᵑ

൞ᵢᮽ的ㅢӂㄖѣ,ᡇԢᶺ䙖Ҽ Davis-Xiang图ૂ RT2图的᤽ᮦѰ 4, 8, 16ԛ及ᑸ䴬㊱ᮦѰ

2, 3, 4ૂ 6的䶔Ӛᦘ正则㠠ੂᶺ㗚. 䘏ӑ正则㠠ੂᶺ㗚ӝ⭕Ҽᰖᇐᖘ䶔Ӛᦘࠥ㧧㔉ਾᯯṾ,䘏ӑ

㗚ऻ੡ф Davis-Xiang图ૂ RT2图相ੂ৸ᮦ䳼的څᐤ䳼. ⭧ӄỶ僂њѠ 2-㗚ᱥੜੂᶺᱥжѠദ

䳴的䰤从,൞ᡶᴿ正则ᆆ㗚ѣ㘹㲇ੂᶺ㗚ղ҄ᱥദ䳴的. ӄᱥᡇԢ䙐䗽䇗㇍жӑ㗚的⨼䇰у਎䠅

ሼ䘏ӑ㗚ڐжѠㆶঋ的॰࠼. ᵢㄖ的㔉᷒㺞᱄,䙐䗽ᐨ⸛的强正则图ૂᐨ⸛的ᰖᇐᖘࠥ㧧㔉ਾᯯ

Ṿ的正则ᆆ㗚ᶺ䙖ऻ੡䶔ᒩࠗڅᐤ䳼ૂᰖᇐᖘࠥ㧧㔉ਾᯯṾ的䶔Ӛᦘ㗚ᱥжѠਥ਌的ࣔ⌋. ⴤ

ሯ䶔Ӛᦘࢃ p-㗚р的څᐤ䳼的ᶺ䙖ד❬ᖾ⅖㕰,ᡶԛ൞᧛сᶛ的ᐛ֒ѣ,ᡇԢਥԛ䙐䗽研究 pѰ

ཽᮦᰬӚᦘ p-㗚р的强正则图的正则㠠ੂᶺ㗚,䈋图ᗍࡦ pѰཽᮦᰬ的䶔Ӛᦘ p-㗚р的څᐤ䳼.

ਜཌ,൞жӑ㔉ᶺ∊䖹␻Ღ的䶔Ӛᦘ p-㗚рᶺ䙖᯦的څᐤ䳼ҕሼՐᱥжѠᴿ䏙的ᐛ֒.

൞ᵢᮽ的ㅢпㄖѣ,ᡇԢ൞⭧ቶ䜞⧥ᡶᖘᡆ的ࣖ⌋㗚рᶺ䙖Ҽ䜞ૂ࠼ᰅ. 䙐䗽䘏〃ᶺ䙖,ᗍ

Ҽж㊱᯦的ᴿੇ强正则ࡦ m-ࠥ㧧图, ެѣ m ≥ 2. ᵢㄖᡶᶺ䙖的жӑᴿੇ强正则 m-ࠥ㧧图ޭ

ᴿཝ䠅的᯦৸ᮦ,䘏ᝅ઩⵶䜞ૂ࠼ᰅᱥ⭞ᶛᶺ䙖ᴿੇ强正则图䶔ᑮᴿ⭞的ж〃ᐛޭ. ↚ཌ,᧞䇰

3.1㺞᱄,ᡇԢӜਥԛ൞ s = 1的᛻߫с䙐䗽ᇐ⨼ 3.1ѣ的ᶺ䙖ᗍࡦж㊱᯦的ж㠪䜞ૂ࠼ᰅ. ൞ⴤ

,ⵁᶛࢃ 关ӄྸ֋൞уੂ的㗚рᶺ䙖ᑜᴿ᯦৸ᮦ的ᴿੇ强正则ࠥ㧧图ד❬ᱥжѠ∊䖹✣䰞的研

究䈴从. 䲚↚ҁཌ,ᴿ关ӄ䜞ૂ࠼ᰅ的研究ૂᶺ䙖䘎∊䖹⅖㕰,൞ᵠᶛ的ᐛ֒ѣ,ᡇԢਥԛ䘑ж↛

研究䜞ૂ࠼ᰅԛ及ж㠪䜞ૂ࠼ᰅ的ᴪཐ性䍞.

൞ᵢᮽ的ㅢ഑ㄖѣ,ᡇԢ䇗㇍Ҽ码 C(2m, 3)的ᴶቅ䠃䠅码ᆍᡶሯᓊ的᭥᫇ 2-䇴䇗的关㚊⸟

䱫. ሯԱᝅ的᮪ᮦm ≥ 2,⭧关㚊⸟䱫的㺂ᡶ⭕ᡆ的线性码 C3(Dd(C(2m, 3)))ऻ੡码 C(2m, 3)Ѱ

ᆆ码. 䘏ᝅ઩⵶ᡶᗍࡦ的线性码 C3(Dd(C(2m, 3)))ᤛᴿ∊码 C(2m, 3)ᴪѦሂ的㔉ᶺ. ᡇԢ䇷᱄Ҽ

线性码 C3(Dd(C(2m, 3)))ᱥ 4䱬ᒵѿ Reed-Muller码的ᆆ码, ᒬ⭧↚ᗍࡦҼ码 C3(Dd(C(2m, 3)))

的ᴶቅ䠃䠅的с⮂. ൞䘏ㄖ㢸的ᴶ੄ᡇԢ䙐䗽䇗㇍ᕅᆆ (4.14)ѣᇐѿ的码 C 的ᇐѿ䳼ѣ的ݹ㍖

Ѡᮦ⺤ᇐҼ线性码 C3(Dd(C(2m, 3)))的㔪ᮦ. ᡇԢҕਥԛቓ䈋࡟⭞ެԌ的线性码,研究ެ᭥᫇ t-

䇴䇗的关㚊⸟䱫ᡶ⭕ᡆ的线性码,䈋图ᗍࡦ性䍞Վ㢥的码. Ԅཝᯯੇⵁᶛ,䇮ཐᴿᝅᙓ的㓺ਾ㔉

ᶺૂ码ҁ䰪的关㌱䘎ᴿᖾཝ的研究グ䰪,൞᧛сᶛ的ᐛ֒ᡇԢਥԛᵓ⵶䘏ᯯ䶘࣑࣠.
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