LECTURE 17: DIFFERENTIAL FORMS

1. DIFFERENTIAL FORMS

Now let M be a smooth manifold of dimension n. We start by defining the tensor product
of vector bundles over M. Let (m, By, M) and (mq, E5, M) be two vector bundles over M of rank
ki, ks respectively. Then the tensor product bundle (w1 ® 7o, By @ Eo, M) is the rank kiko vector
bundle over M with fiber

(m ®m2) "' (p) = (E1)p @ (En), = span{e; @ €5},

where e},--- ey is a basis of (Ey),, while €7,--- , €} is a basis of (E5),. The local trivialization
map is

O @ P (M @m) H(U) = U x (R @R™),  a;(p)e; ® €5 — (p, ai;(p) @ (e}) @ D(e3))

where <I>1U and CI% are local trivializations of E; and FEj respectively. One can check that this does
defines a vector bundle.

By using this way iteratively, one can construct the (k,[)-tensor bundle of M
QMTM = (TM)®* @ (T*M)®
Definition 1.1. Any smooth section of this bundle is called a smooth (k,l)-tensor field on M.
Note that locally any smooth (&, l)—tensor field can be expressed as
pin-i 0 . .
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where T;f;l’“’s are smooth functions on a coordinate patch.

Ezample. A symmetric positive (0,2)-tensor field g on M is called a Riemannian metric on M.
Locally g = > gij(z)dz" ® da?, where (g;;(x)) is a positive definite symmetric matrix depending
smoothly on .

Similarly one can define the exterior power bundle A*T* M, whose fiber at point p € M is the
linear space A*T*M. A local trivialization A*®y : (Am)~1(U) — U x AFR™ is given by

D Wi (P)T A N dat s (9, wi i () DU (da) A A Dy (dah)).

Definition 1.2. A smooth k-form (or simply a k-form) w on M is a smooth section of A¥T*M.
The set of k-forms is denoted by QF(M).
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Note that Q°(M) = C®(M), and Q*(M) = 0 for k > n.

Locally in a chart U any smooth k-form w can be represented as
w = Zw]dmI = Zwil,...ﬂ-kdxil Ao Adzt
I I

where I = {i; < --- < i)} is taking as increasing k-tuples in {1,---,n}, and w;’s are smooth
functions on U. Observe that if Xi,---, X} are smooth vector fields on M, and if we denote
Xj = ZX;@Z, then

d!Eil VANRRIVAY d.f(]ik(Xh ce ,Xk) == det(Xir)lgT’sSn.

s

As a consequence, if w is a smooth k-form on M, then for any smooth vector fields X, -+, X on
M, w(Xy,- -, X}) is a smooth function on M.

One can define the wedge product of two differential forms as before. For example,
(dz' + 2dx?) A (da' A dx® — da® A da® + 3da' A da®) = —Tdxt A dx® A da®.
Note that the wedge product is still anti-commutative: if w € Q¥(M),n € QY(M), then
wAn=(—1)"nAwe QF(M).
Similarly one can contract a differential k-form w with a smooth vector field X, which gives a
(k — 1)-form ¢xw on M defined as
Lxw(Xy, - X)) = w(X, X, -0 Xgeq).

txw is called the contraction of w with respect to X. Obviously the map ¢ty : QF(M) — QF1(M)
is linear and satisfies tx o tx = 0. Moreover, a direct computation yields

Lxdz™ Ao Ada' = Z(—l)rfldxiT(X)dxil Ao Adain Ao A dat

Using this, one can easily see tx is an anti-derivative:
Lemma 1.3. Let X be a smooth vector field, w € Q*(M) and n € Q'(M). Then
ix(wAN) = (txw) A+ (=1)Fw A uxn.

We can also pull back differential forms. In fact, if ¢ : M — N is a smooth map, then for any
p € M, dp, is a linear map from T,M to T N. So one can define the pull-back of w € QF(N) to
be the k-form ¢*w € QF(M) defined at any p € M by

(P w)p(X1, - Xi) = wrp) (depp(X2), - -+, dpp( X))
From the linear theory one can easily see that ©* : QF(N) — QF(M) is linear and
P wAn) =@ wAe.
Moreover, by chain rule one can prove (¢ o ¢)* = ¥* o p*.

Remark. If k = 0, then the pullback ¢* is exactly the pullback ¢* : C*°(N) — C*°(M) on functions
that we learned earlier.
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Let {y',---,y™} be local coordinates on N. Then we get

P (D wrdyt A Ady™) = (Gt (dy) A AT (dy™).
T I
Note that by definition,

(SO*dyi)p(Xp> = dy@(p)(dS%(Xp)) = d(?/ o @)p(Xp> = d(‘P*yi>p(Xp)-
As a consequence, we get

Corollary 1.4. Let ¢ : M — N be a smooth map between n-manifolds, and ('), (y") be smooth
coordinates on U C M and V' C N respectively. Then

©*(gdy' A --- Ndy"™) = (p*g)(detdp)da A --- A da™.
Proof. If we denote ¢ = (p',-++ ") in the coordinate system (y'), then we have get
¢ (gdy" A~ Ady") = (*g)dp' A+ A"

So the formula to be proved follows from

%

dp' A Nd™(Or, -+ ,0,) = det(dp'(5;)) = det(agp ) = det(dy).

Lj

2. THE EXTERIOR DERIVATIVE

Another very important operation on differential forms is the exterior derivative. It is not a
pointwise operation, but a local operation. Suppose w is a k-form on M, so that locally

w= E Wiy e i AT A - A dx™
I

Definition 2.1. The exterior derivative of w is the (k 4 1)-form dw given by the formula
(1) dw = Z dwi, ... iy Ndx™ A - A da't = Z Oi(wiy o i )dT" Adz™ A+ A da's.
I Li

Before we proceed, we need to clarify that dw defined above is well-defined. In other words, if
we choose different coordinate patches (in which w has different local expressions), dw calculated in
different ways should match. To prove this, we will give a new expression (the invariant formula)
of dw and check that locally we have the previous expression.

Theorem 2.2. For any w € Q¥(M), the formula
dw(Xb o 7X/€+1) = Z(_]-)Z_IXZ(W(Xb o 75(\’&) e 7X/€+1))

+Z(_l)i+jw([Xi7Xj]7X17'” 75(\1'7"' 75(;7"' 7Xk+1)'

i<j
defines a (k + 1)-form dw € Q¥1 (M) which is given by (1) locally.
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Remark. Special cases of the invariant formula

o If f € C(M) = Q°(M), then df(X) = X .
o if w e Q' (M), then for any smooth vector fields X, Y on M,

dw(X,Y) = X(w(Y)) = Y(w(X)) — w([X,Y]).
o If w e Q?(M), then for any smooth vector fields X,Y,Z on M,
dw(X,Y,Z) =X (w(Y,Z)) = Y(w(X,2)) + Z(w(X,Y))
—w([X,Y],Z2)+w([X, Z],Y) —w(]Y, Z].X).
Proof of theorem 2.2. To show that dw is a (k + 1)-form, we need to show that
(1) dw is anti-symmetric, i.e. for any r < s,
dw( Xy, X Xy X)) = —dw(Xy, o, X, X X))

This follows from a simple but very long computation. But you can get the idea by staring
at the formulae for dw with w € Q'(M) or w € Q*(M) above.

(2) dw is multi-linear at each point, i.e. dw is C°°(M)-linear on M. Note that dw is obviously
R-linear. So in view of (1), it is enough to prove for any f € C*(M),

dw(lea X27 T 7Xk+1> = fdw(Xla T 7Xk+1>'
This can be checked by a direct computation:

dw(le,X2,~-- an+1) :le( (Xz,"' Xk:+1))
+Z l lX th 7/X\ia"' 7Xk+1)>

i>1

+Z l+1 leu ]X27'”7Xi7'”7Xk+1)
i>1

+ Z H_]w ] lea 7X7L7"'7Xj7"'7Xk+1)
1<i<y

=fdw(Xy, -+ Xis1)
+Z lle (Xlu"'7X\iu"'7Xk+1)

i>1

_Z Prle (le"'75(\iu"'7Xk+1>

i>1

=fdw(Xy, -+, Xiy1).
It remains to check that dw has the local expression (1) as we anticipated. Obviously the map
d: Q¥ (M) — QY (M)
is linear. So without loss of generality, we may assume

w= fdz' A--- AdzF
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in a local chart U. Note that [0;,0;] = 0. It follows that for any increasing indices j; < - -+ < jg41,
the right hand side of

dw(ajlﬂ T 78jk+1) = Z(_l)iilaji (w(aju e 73]&‘? T 78jk+1))

%

vanishes except for the case j; = 1,--- ,jx = k and ¢ = k + 1. In other words, the only non-zero
terms in all possible expressions dw(9;,,--- ,0;,,,) are

dw(0y, -+, 0, 0,) = (=1)*0.(f).
It follows that
dw = Z(—l)kﬁr(f)dxl A Ada A da” = Z@T(f)dxr Adxt A - A da,
r>k
which is exactly tlje local expression we want. O
Here are some important properties of the operator d : Q¥(M) — QF1(M).
Lemma 2.3. For any w € QF(M),n € QY(M), we have d(w An) = dw An+ (—1)kw A dn.

Proof. For simplicity one may assume w = fdx" A---Adx® and n = gdz?* A--- Adz?', with indices
set I NJ = 0. Then the formula follows from a direct computation. U

Corollary 2.4. For any w € QF(M), d(dw) = 0.
Proof. We first check this for £ = 0:
d(df)(X,Y) = X(df (Y)) = Y (df (X)) = df ([X,Y]) = X(V(f)) = Y(X(f)) = [X,Y]f = 0.
For k > 0, we may assume w = fdz' A --- A dz* locally, so that
d(dw) = d(df Adz" - - Nda¥) = d(df ) Ada' A- - Ada® 4> (1) df Adat A---Ad(da') A- - Adak =0

since d(df) = 0 and d(dz") = 0. O
Lemma 2.5. If o : M — N is smooth, then for any w € QF(N), p*dw = d(p*w).

Proof. We have already checked this for 1-forms. In general, It is enough to check this for w =
fdx' A--- Adx®, in which case
Ordw = o*(df Adx' A ANdx®) =d(f o) Ad(z' o). Ad(xF A @)
while
dp*w=d(f o pd(z' 0 p) A--- Nd(a* o)) = d(f o p) Ad(z" 0 0) - Ad(z" A p).



