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§9 Caccetta-Häggkvist ß�ïÄ 65

§9.1 k�ã�>��ê . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65
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§1 �½�>ëÏÝ�:�[ã�35l¤±�, ãØ´ïÄ�ä��kå�êÆóä, ÏǑ�ä�ÿÀ(��±^ã5L«, Ù¥ã�º:L«�ä¥�?nì���,ã�>L«�ä���m�ë�.�ä�N�5´déAã�:ëÏÝ κ ½ö>ëÏÝ λ 5Ýþ. Ǒ
��\ïÄ�ä�N�5, Boesch �<[1] u 1981 
JÑ�ëÏã�Vg. XJãG�z���º:�£½>�¤ÑU©l��º:, K¡GǑ� κëÏ� (super-κ connected) (½� λ ëÏ� (super-λ connected)). ù
VgQiåþ­V 80 
�#�Óéã�ëÏÝïÄ9�.�dÓ�, Harary [2] JÑ^�ëÏÝ£conditional connectivity¤Vg£�© §2.1ò�?�Ú?Ø¤; EsfahanianÚ Hakimi [3] ò^�äNz, JÑ���ëÏÝ£restricted connectivity¤Vg. ���, ùü�ëÏÝVgvk��ãØ.�È4ǑA, Ï
§�ïÄvk��?Û¢�5?�. ��þ­V"Ú�­V�, ¥I�ÆEâ�Æ|Ü�ãØ�K|3oz�Ç��+e��0\^�ëÏÝïÄ. ld±�, IS	ãØÆöÚ�änØó�öǑ\\ïÄ, Øäò^�ëÏ5ïÄí�p�, �8ØP, ù´����J�ÚgÍ�¯�. 'uã�ëÏÝïÄkü�nã©z�±ë�, �ÏïÄ(J� Mader [4] ÚCÏïÄ(J� Hellwig Ú Volkmann [5].

1Bauer, D., Boesch, F., Suffel, C. and Tindell, R., Connectivity extremal problems and the design of reliable proba-

bilistic networks. The theory and application of graphs. Y. Alavi and G. Chartrand (Editors), Wiley, New York (1981),

89-98.
2Harary, F., Conditional connectivity. Networks, 13 (3) (1983), 346-357.
3Esfahanian, A. H., and Hakimi, S. L., On computing a conditional edge-connectivity of a graph. Information

processing Letters, 27 (1988), 195-199.
4Mader W. Connectivity and edge connectivity in finite graphs. London mathematical Lecture. Note Series, 38(1979),

66-95
5Hellwig, A. and Volkmann, L., Maximally edge-connected and vertex-connected graphs and digraphs-A survey.

Discrete Mathematics, 308 (15) (2008), 3265-3296.



§1 �½�>ëÏÝ�:�[ã�35 5dã��ëÏ5Vg, ég,/JÑ��¯Kµl� κ ëÏ£½� λ ëÏ¤ã G ¥£�õ��º: (½õ�^>) â¬�G ØëÏ¿�z�ëÏ©|ÑØ´�á:. 3d�µe, ã��ëÏÝÚ�>ëÏÝ�Vg�J
Ñ5.� G = (V, E) ´ëÏã, F ⊂ V (G)£½ö F ⊂ E(G). XJ G− F ØëÏ� δ(G− F ) > 1, �o¡ F Ǒ G ��:�£½ö�>�¤. G � �:ëÏÝ£super connectivity¤κs(G)£½ö�>ëÏÝ£super edge-connectivity¤λs(G)¤½ÂǑ���:�¥�:ê£½ö���>�¥�>ê¤.ã��ëÏÝVg´3©z [6] ¥��ªJÑ5, §� Esfahanian Ú Hakimi [3] JÑ���ëÏÝ£restricted connectivity¤k:«O. 3��ëÏÝ κr(G)£½ö��>ëÏÝ λr(G)¤�Vg¥,§��z�º:��:8ÑØ�¹3?Û��:�¥£½ö���,�º:'é�>8Ø�¹3?Û��>�¥¤.l½Â��, �>����>�ùü�Vgvk�o«O, =é?ÛëÏãG, �>ëÏÝ
λs(G) ���>ëÏÝ λr(G) ´���, = λs(G) = λr(G). Ïd, Nõ©z¥�J��>ëÏÝ,é�J9�>ëÏÝ. ¯¢þ, Nõk'��>ëÏÝ(J�y²¥, �/¥æ^
�>ëÏÝ½Â. ,
,�:����:�ùü�Vg%ké�«O. ~X,�Äã 1¤«�ã G,§k����:� F = {x2, x5, x7}£�§Ø´��:�, ÏǑ x7 ��:8 {x2, x5} ⊂ F¤. Ïd, κs(G) = 3. �G¥vk��:�. Ïd, κr(G) Ø�3. N´w�, G ���:��½´�:�. ¤±, XJκr(G)�3,�oκs(G)7�3,
�κs(G) 6 κr(G). ��,XJκs(G)Ø�3,�oκr(G)Ǒ�½Ø�3.

x1 x2 x3

x4 x5 x6

x7ã 1 κs(G) = 3, 
 κr(G) Ø�3�!'%�´ã��£½ö��¤>ëÏÝ, UìÏ~©z¥�S., ùp�´æ^/��>ëÏÝ0�
,¿PǑ λ′(G). w,, ( K1,n Ú��ã K3 ���>ëÏÝ λ′ Ø�3. � G ´ëÏã, XJ G QØ´ K1,n ǑØ´ K3, K¡G Ǒλ′ ëÏã. Ïd, XJ G ´ λ′ ëÏã, �o§����´ 4, 
� EsfahanianÚ Hakimi [3] y²
λ′(G) ��35.·K 1.1 é?Û λ′ ëÏã G,

λ(G) 6 λ′(G) 6 ξ(G),Ù¥ λ(G)´ G�>ëÏÝ, ξ(G)´ G���>Ý,= ξ(G) = min{dG(x)+dG(y) : xy ∈ E(G)}−2.ã G ¡Ǒ λ′ `�, XJ λ′(G) = ξ(G); ÄK¡Ǒ� λ′ `�.

§1.1 ®�(J!ß�Ú¯Kù�!£��e�:�[ã���>ëÏÝk'(J!ß�Ú¯K.éu:�[ëÏã G, λ(G) = δ(G), Ù¥ λ(G) Ú δ(G) ©O´ G �>ëÏÝÚ��Ý.

6Md², ½¯, ê{#, Hellwig, A., Super Connectivity of Line Graphs. Information Processing Letters, 94 (4)

(2005), 191-195.



§1 �½�>ëÏÝ�:�[ã�35 6Ì�ã G(n;±S),Ù¥ S = {s1, . . . , sk}� 0 < s1 < · · · < sk 6 ⌊n
2 ⌋,º:8Ǒ {0, 1, · · · , n−1},>8Ǒ {ij : �3,� t �� |j − i| ≡ st(mod n)}.Ì�ã£circulant graph¤��Ñy3©z [7] ¥, ÙÌ�ïÄSN��´: éu�½� k > 1,N�À� S �� G(n;±S)k���». N´y²: Ì�ã´:�[,�KÝǑ 2k XJ ak 6= n

2 , ÄKǑ (2k − 1) �K�. éuÌ�ã���>ëÏÝ, ozûÚoz[8] ¼�Xe(J.·K 1.2 λ′(G(n;±S)) = ξ(G(n;±S)) = 4k − 2, Ù¥ S = {s1, . . . , sk} � 1 6 s1 < · · · < sk < n
2 ,

k > 2.éu��:�[ã���>ëÏÝ, 2002 
, M�<[9] ¼�eã(J.·K 1.3 � G ´ n (> 4) �:�[ëÏã, �KÝ d (> 2). K
(a) XJ n ´Ûê, ½ö G Ø¹nÆ/, �o λ′(G) = ξ(G) = 2d − 2; ½ö
(b) �3�ê m (> 2) �� d 6 λ′(G) = n

m
6 2d − 3.íØ 1.4 (Esfahanian10, 1989) éu�á�N Qn (n > 2), λ′(Qn) = ξ(Qn) = 2n − 2.l·K 1.3 á=�: éu n � d Ý:�[ëÏã G, XJ§´� λ′ `�, �o

d 6 λ′(G) 6
n

2
6 2d − 3.�ä©Ù5|Ü�änØïÄ�£��g�6[11] Qß�:ß� 1.5 éu n � d Ý:�[ëÏã G, XJ d < λ′(G) < ξ(G), �o λ′(G) = 1

2 n.

1997 ?�
�oX3���.�Ø©�, QÁã��ß� 1.5, �¤õ, �¼�Xe(J [12]:·K 1.6 éu�½��ê d Ú s, d > 3 � 0 6 s 6 d − 3, �3 d Ý:�[ëÏã G ��
λ′(G) = d + s ⇔ d ´Ûê½ö s ´óê.oX��E
�a:�[ëÏãã G �� λ′(G) = 1

2 |V (G)|. é�½��ê s Ú m (> 1), -
G0 =

{

G(k + s;±{1, 2, · · · , m}), e k = 2m + 1,

G(k + s;±{1, 2, · · · , m − 1, m + 1
2 s}), e k = 2m � s ´óê.¿- G´ G0 Ú��ã K2 �(k��È,= G = G0� K2£3ù�©Ù¥, ·�ò^ÎÒ � L«ã�(k��È¤. �o G ´:�[�, 
� λ′(G) = v(G0) = k + s = 1

2 |V (G)|.·K 1.3 (b) ¥ λ′(G) = λ(G) �:�[ã G Ǒ´�3�. ¯¢þ, oX¼�Xe(Jµ
7Wong, C. K., and Coppersmith, D., A combinatorial problem related to multimodule memory organization. Journal

of Association for Computing Machinery, 21 (3) (1974), 392-401.
8Li, Q. L. and Li, Q., Reliability analysis of circulant graphs. Networks, 31 (2) (1998), 61-65.
9Xu, J.-M. and Xu, K.-L., On restricted edge-connectivity of graphs. Discrete Mathematics, 243 (1-3) (2002),

291-298.
10Esfahanian, A. H., Generalized measures of fault tolerance with application to n-cube networks. IEEE Transactions

on Computers, 38 (11) (1989), 1586-1591.
11http://staff.ustc.edu.cn/~xujm/essay2003b.pdf, 2003.
12Li, L. and Xu, J.-M., On restricted edge-connectivity of vertex-transitive graphs.¥I�ÆEâ�ÆÆ�, 33 (3)

(2004), 266-272.



§1 �½�>ëÏÝ�:�[ã�35 7·K 1.7 � G ´� λ′
s `�:�[ëÏã, �KÝ d (> 3). K

λ′(G) = d ⇔ G �¹ d ���fã Kd.~X, G = Kn� K2, Òk λs(G) = λ(G) = n = 1
2 |V (G)|.)û?Ûß�Ñ�±lü��¡5?1. ��¡´��y²ß�; ,��¡´�E~fÄ½ß�. �E:�[ãkü«~^�{, �´|^ Cayley ã, �´|^ã�$�. Cayley ã´:�[�, k�
'u Cayley ëÏÝ�(J [13], �8
�vk'u Cayley ���>ëÏÝ�?�Ú�(J. ÏǑ:�[ã£Cayley ã¤�(k��ÈEǑ:�[ã£Cayley ã¤, ÏdïÄ(k��Èã���>ëÏÝÚå<��4�,�.½¯£2002 ?Æ¬)¤3ÖÆÚÆ¬�Ïm, ±9MUJ£2003 ?Æ¬�¤ǑQÁãy²ß� 1.5, Ǒ�¤õ; ǑÁãÄ½ß� 1.5, =Ïé:�[ã G �� λ(G) < λ′

s(G) < 1
2 |V (G)|, �vké�~f. 3dïÄL§¥, ½¯¼�<�(k��ÈãÚ2Â(k��Èã�ëÏÝ�eZ(J

[14,15,16]. �±�&�kÙ�ÆöǑïÄLß� 1.5, �´vk¤õ, ���'��v
, �kNõ©z3ïÄ:�[ãÚ(k��Èã���>ëÏÝ.

10 
5, ß� 1.5��´℄3·��K|%Þ¥�¯K, k�Ý\�þïÄåþ, þvk)û.

2012
., ·�3��I[g,�ÆÄ7�85O�Å�Æ¥�eZ|Ü¯KïÄ6�, ò§�ǑT�81��I�)û�¯K, dÆ¬ïÄ)ö�7Ì�«úù�¡�ïÄ.3T�8�1L§¥,·�
[ïÄk
ó���Ǒ:Q,y²Ø
ß� 1.5,´Ä�±~�ß� 1.5 ��(5. d·K 1.6, XJ d = 3, �o s = 0. (Ü·K 1.3, ·K 1.6 Ú·K 1.7, ·�3T�8�ïÄ¥JÑ����ïÄ¯K.¯K 1.8 �½Ûê d (> 5) Ú?¿�ê s£1 6 s 6 d − 3¤, ´Ä�3 n � d Ý:�[ëÏã G�� λ′(G) = d + s < 1
2 n.���E:�[ã´ØN´�, �du Cayleyã´:�[�, ÏL Cayley ã5�E:�[ã´g,�. �E Cayleyã CΓ(S)�'�´é���Ü·�+ ΓÚ§�)¤8 S. ®²��: Cayleyã�(k��ÈEǑ Cayley ã. Q,�{l(k��È5�EÑ�~, ´Ä�±}Á|^Ù�ãØ$�5Ïé�~. �o��ãØ$�âU�y§�� Cayley 5�Q?ö�7£2011 ?Æ¬)¤3ÖÆÏmÁã��¯K 1.8. ÏLØä�¹¢Ú�E�y, ªu¤õ
�±e0�ù�ïÄ¤JÚ)ûù�¯K��g´ÚL§.

§1.2 Cayley ã£��e Cayley ã. � Γ = (X, ◦) ´k�+, S ⊂ X �Ø¹ Γ �ü �. + Γ 'u8 S �
Cayley ã CΓ(S) kº:8 X Ú>8 {(x, y) : x−1 ◦ y ∈ S, x, y ∈ X}.

13Tindell, R., Connectivity of Cayley Graphs. In Combinatorial Network Theory (D.Z. Du and D.F. Hsu, eds.), pp.

41-64, Kluwer Academic Publishers, 1996.
14Lü, M., Chen, G.-L. and Xu, J.-M., On super edge-connectivity of Cartesian product graphs. Networks, 49 (2006),

135-157.
15Lü, M., Wu, C., Chen, G.-L. and Lü, C., On super connectivity of Cartesian product graphs. Networks, 52 (2008),

78-87.
16Lü, M., Chen, G.-L. and Xu, X.-R., On super edge-connectivity of product graphs. Applied Mathematics and

Computation, 207 (2009), 300-306.



§1 �½�>ëÏÝ�:�[ã�35 8~f 1.9 Ì�ã G(n; S) ´ Cayley ã.�Ä n (> 2) �Ì�+ Zn, 0 ´ü �, i−1 = n − i = −i. XJ S = {1}, �o� n = 2 �,

S−1 = S; � n 6= 2 �, S−1 6= S. Ïd Cayley ã CZ2
({1}) = K2, CZn

({1}) ´�Ǒ n (> 3) �k�� Cn, 
 CZn
({1, n− 1}) ´�Ǒ n (> 3) ���� Cn.��/, e S ⊆ {1, 2, · · · , n − 1}, n > 3, K� S−1 6= S �, Cayley ã CZn

(S) ´Ì�k�ã
G(n; S); 
� S−1 = S �´Ì���ã G(n;±S).��`5, Cayley ã CΓ(S) ´k�ã. XJ S = S−1, �o CΓ(S) ´��ã. e¡�(Ø´¯¤±��£ë�5|Ü�änØ6[19] ¥½n 4.4.1.).·K 1.10 Cayley ã´:�[ã, ¿� Cayley ã�(k��ÈE´ Cayley ã. �°(/ù, �
Gi = CΓi

(Si) ´k�+ Γi = (Xi, ◦i) 'u8 Si �Cayley ã, �o G = G1� G2� · · ·� Gn ´+
Γ = Γ1 × Γ2 × · · · × Γn 'u8

S =
n⋃

i=1

{e1 · · · ei−1} × Si × {ei+1 · · · en},� Cayley ã CΓ(S), Ù¥ ei ´ Γi �ü �, i = 1, 2, · · · , n.~f 1.11 �á�N Qn ´ Cayley ã.�Ä+ Γ = (Z2)n = Z2 × Z2 × · · · × Z2, Ù$�½ÂǑ:

(x1 · · ·xn) ◦ (y1 · · · yn) = (x1 + y1)(mod 2) · · · (xn + yn)(mod 2),Ù¥xi, yi ∈ {0, 1}, ei = 0, i = 1, 2, · · · , n. -
S =

n⋃

i=1

{e1 · · · ei−1} × Si × {ei+1 · · · en}

= {100 · · ·00, 010 · · ·00, · · · , 000 · · ·01},Ù¥ Si = {1}, i = 1, 2, · · · , n. ØJw� S ¥¤k��Ñ´g_�,=k S−1 = S. u´, Cayleyã
CΓ(S) ´��ã, d·K 1.10 �, ù�ã´ K2� K2� · · ·� K2. §Ò´�á�N Qn.~f 1.12 n �á�ëÏ� CCCn ´ Cayley ã.

n �á�ëÏ�£cube-connected cycle [17]¤CCCn. l�*þw, CCC1 = K2 = Q1; CCC2 =

C8, §�±w�´d�á�N Q2 ¿ò§�z�º:O�¤ K2 
���ã. éu n > 3, CCCn´d�á�N Qn ¿ò§�z�º:O�¤� Cn 
���ã. ã 2 ¥¤«�´ CCC3. �á�N Qn Ú� Cn Ñ´ Cayley ã, �þãO����á�ëÏ� CCCn E´ Cayley ã. ¯¢þ, �
Γ = (Z2)n × Zn, S = {(00 · · · 0; 1), (00 · · · 0; n − 1), (10 · · · 0; 0)}, �o CCC(n) ´ Cayley ãCΓ(S).y²áu Carlesson �<[18]£Ǒ�±ë�5|Ü�änØ6[19] ¥�~f 3.5.3.¤, �{k:ÕA,vk^�ã�O�(�.

17Preparata, F. P. and Vuillemin, J., The cube-connected cycles: a versatile network for parallel computation. Com-

munications of the Association for Computing Machinery, 24 (5) (1981), 300-309.
18Carlsson, G. E., Cruthirds, J. E., Sexton, H. B., and Wright, C. G., Interconnection networks based on a general-

ization of cube-connected cycles. IEEE Transactions on Computers, 34 (8) (1985), 769-772.
19Md², |Ü�änØ. �®µ�ÆÑ��, 2007 
 5 �.
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000 001

010 011

100 101

110 111

Q3

Q3rC3

0

1 2

C3

(000,2) (001,2)

(000,1) (000,0) (001,0) (001,1)
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(100,2) (101,2)

(101,0)

(100,1) (101,1)

(110,1) (111,1)

(110,0)

(110,2) (111,2)

(111,0)

(010,1) (010,0) (011,0) (011,1)

(010,2) (011,2)ã 2 3 �á�ëÏ��ä CCC3 = Q3 R©C3.O��Èã��ã�{Ǒ±ØÓ�¶¡Ñy3z¥, ~X, DunbarÚ Haynes [20], Favaron [21,22]ïÄL)äã£inflation or inflated graph¤. ã G �)äã´r G �z�º: x O�¤��ã
KdG(x). Alon �<[23] Ú Hoory �<[24] ��J�¿ïÄLO��È£replacement product¤ã, ¿ä½ü� Cayley ã�O��ÈãE´ Cayley ã. ��3�ãù�(J�^�ü�Vgµü�+���ÈÚü�ã�O��È.

§1.3 +���ÈÄk£�+���È£semidirect product¤Ú�
�'�+ØVg.� A = (A, ◦) Ú B = (B, ∗) ´ü�+. l A � B �+Ó�£group homomorphism¤´N�
φ : A → B ÷v φ(a ◦ b) = φ(a) ∗ φ(b). + B 3+ A þ�� £̂action¤́ +Ó� φ : B → Aut(A)÷v φ(b) = φb � φ(b1b2) = φ(b1)φ(b2) = φb1φb2 , Ù¥ Aut(A) ´ A �gÓ�+.+Ó��ü�­�5�é·��Ì�(J�y²�~k^.·K 1.13 � A Ú B ´ü�k�+, eA Ú eB ©O´ A Ú B �ü �, φ ´l A � B �+Ó�. K

(a) φ(eA) = eB;

(b) φ(a−1) = (φ(a))−1 éz� a ∈ A.3 B ��^ φ e, a ∈ A �;�£orbit¤́ 8 aB = {φb(a) ∈ A : b ∈ B}.

20Dunbar, J. E. and Haynes, T.W., Domination in inflated graphs, Congr. Numer. 118 (1996), 143-154.
21Favaron, O., Irredundance in inflated graphs. Journal of Graph Theory, 28(2)(1998), 97-104.
22Favaron, O., Inflated graphs with equal independence number and upper irredundance number. Discrete Mathe-

matics, 236(1-3) (2001), 81-94.
23Alon, N., Lubotzky, A. and Wigderson, A., Semi-direct product in groups and zig-zag product in graphs: connections

and applications (extended abstract). In 42nd IEEE Symposium on Foundations of Computer Science (Las Vegas, NV,

2001), pp. 630-637. IEEE Computer Society, 2001.
24Hoory, S., Linial, N. and Wigderson, A., Expander graphs and their applications. Bull. Amer. Math. Soc. (N.S.)

43 (4) (2006), 439-561.



§1 �½�>ëÏÝ�:�[ã�35 10~f 1.14 � A = (Z2)n = Z2 × Z2 × · · · × Z2, B = Zn ´ n �Ì�+,

e0 = 0 · · · 0
︸ ︷︷ ︸

n

, ei = 0 · · · 0
︸ ︷︷ ︸

i−1

1 0 · · ·0
︸ ︷︷ ︸

n−i

i = 1, 2, . . . , n. (1.1.1)Ù¥ e0 ´ (Z2)n �ü �, {e1, e2, . . . , en} �±w¤´ n �m�IOÄ.

B 3 A þ��^ φ ½ÂXe: éz� a = a1a2 . . . an ∈ A,

φi(a) = a1−ia2−i . . . an−i(modn), i = 0, . . . , n − 1 ∈ B.~X, XJ a = e1, �o φi(e1) = ei+1 (i = 0, 1, . . . , n − 1). 3 φ e�;�
eB
1 = {e1, e2, · · · , en}.+ A Ú B 'u φ ���È£semidirect product¤ A ⋊φ B ´��+, §�:8Ǒ A × B =

{(a, b) : a ∈ A, b ∈ B} Ú��$� “∗”

(a1, b1) ∗ (a2, b2) = (a1φb1(a2), b1b2), a1, a2 ∈ A, b1, b2 ∈ B,ü �´ (eA, eB), Ù¥ eA Ú eB ©O´ A Ú B �ü �, �� (a, b) �_�
(a, b)−1 = (φb−1 (a−1), b−1).e� φ ´ A �ð�gÓ�, K (a1, b1) ∗ (a2, b2) = (a1a2, b1b2), A ⋊φ B Ò´�È A × B.+���È9ÙA^�ë� Alon�<nã©Ù [23]. Nõã�gÓ�+´ÏLü�+���È���. ~X,|^��È,¾û� [25] Ú Ganesan [26] (½
d,
é�8)¤� Cayleyã�gÓ�+; ±?
�<[27,28] (½
��+ãÚ��+�ä�gÓ�+. +���ÈǑ�^5y²,
�ä´ Cayleyã. ~X,±Ö²�<[29] y²
éóá�N�ä DCn ´ Cayleyã C(Γ×Γ)⋊φZ2

(S),Ù¥ Γ = (Z2)n, S = {(e0, e1, 0), . . . , (e0, en, 0), (e0, e0, 1)}, �^ φ : Z2 → Aut(Γ × Γ) ½ÂXe
φi(α, β) =

{

(α, β) e i = 0;

(β, α) e i = 1.

Alon Ú Hoory �<J� Cayley ã CA(SA) Ú CB(SB) �O�ã CA(SA)rCB(SB) ´ Cayleyã CA⋊φB(S). ã�O��È´No½Â�Q?

§1.4 ã�O��Èã�O��È£replacement product¤kNõØÓ��d½Â. Ǒ
·��I�, ùpæ^d
Hoory �<[24] JÑ�½Â, b½ G1 Ú G2 Ñ´�Kã. � G1 ´ n � δ1 �Kã, G2 ´ δ1 � δ2�Kã. éz�º: x ∈ V (G1), G1 ¥'éu x �¤k>IÒǑ e1

x, e2
x, . . . , eδ1

x .

25Feng, Y.-Q., Automorphism groups of Cayley graphs on symmetric groups with generating transposition sets.

Journal of Combinatorial Theory, Series B, 96 (2006), 67-72.
26Ganesan, A., Automorphism groups of Cayley graphs generated by connected transposition sets, Discrete Mathe-

matics, 313 (2013), 2482-2485.
27Zhou, J.-X., The automorphism group of the alternating group graph. Applied Mathematics Letters, 24 (2011),

229-231.
28Zhang, W.-J. and Zhou, J.-X., Automorphisms of the alternating group network. Ars Combinatoria, 128 (2016),

301-307.
29Zhou, S.-M., Chen, L.-X. and Xu, J.-M., Conditional fault diagnosability of dual-cubes. International Journal of

Foundations of Computer Science, 23 (8) (2012), 1729-1749.



§1 �½�>ëÏÝ�:�[ã�35 11½Â 1.15 � G1 ´ n � δ1 �Kã, G2 ´ δ1 � δ2 �Kã. G1 Ú G2 �O��È´ã G1 R©G2,Ù¥ V (G1 R©G2) = V (G1) × V (G2), üØÓº: (x, i) Ú (y, j)£Ù¥ x, y ∈ V (G1), i, j ∈ V (G2)¤3 G1 R©G2 ¥k>�ë ⇔ ½ö x = y � ij ∈ E(G2), ½ö xy ∈ E(G1) � ei
x = xy = ej

y.�*þw, Ò´ò G1 Ú G2 x3²¡þ£d�ò G1 ¥:x�
, G2 x�
¤, ,�ò G2 CX3 G1 �z�º: xþ�� G2 �: iá3 G1 ¥éA�> ei
x þ. ã 3¤«�ã´ K4 Ú C3 �O��Èã K4 R©C3 ±9 K4 ¥>�IÒ. éuù�ã, Ǒ�o§´:�[�, ·���vkt�Ù.
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K4rC3ã 3 O��Èã K4 R©C3.i;�Èã£lexicographic product¤G1[G2]: º:8Ǒ V (G1) × V (G2), üº: (x, i) Ú (y, j)�ë ⇔ ½ö x = y � ij ∈ E(G2) ½ö xy ∈ E(G1), ùpvk^�“ei
x = xy = ej

y”. Ïd, O�ã
G1 R©G2 ´i;�Èã G1[G2] �fã.i;�Èã ´d Hausdorff [30] ÄkJÑ5�. Sabidussi [31] y²
: G1[G2] ´:�[� ⇔
G1 Ú G2 Ñ´:�[�. N´y²: éz� i = 1, 2, � Gi ´ Cayley ã CΓi

(Si), ei ´ Γi �ü �. �oi;�È G1[G2] ´ Cayley ã CΓ(S), Ù¥ Γ = Γ1 × Γ2, S = (S1 × Γ2}) ∪ ({e1} × S2). �© §2.10 ò?Ø§�ëÏÝ.`�i;�Èã, ·�Ø�ØJ9�e�3� [32] �¤�(J: :�[�>�[ëÏã [33] G´�� κ � ⇔ G ∼= Cn[Kc
m]£n > 6¤½ö L(Q3)[Kc

m]£n > 1¤, Ù¥ L(Q3) ´á�N Q3 ��ã,

Kc
m ´ m ��>ã, =��ã Km �Öã.
¡J�L)äã (inflation or inflated graph), ùp½Â�O��Èã´)äã�AÏ�/.4ï�<[34] y²
: �á�N Qn �)äã Qn R©Kn ´ Cayley ã [35].ã�O��È´�ã½�ä�­��{��. ~X, â
¤�, Í¶�á�ëÏ� CCCn Ò´�á�N Qn Ú� Cn �O��Èã Qn R©Cn£�ã 2 ¤«¤. ,	, Malluhi Ú Bayoumi [36] JÑ
30Hausdorff, F., Grundzüge der Mengenlehre. Leipzig, 1914.
31Sabidussi, G., The lexicographic product of graphs. Duke Math. J., 28(1961), 573-578.
32Meng, J., Connectivity of vertex and edge transitive graphs. Discrete Applied Math., 127 (2003), 601-613.
335: ùp¤`�/>�[0́ �/1l�[0,=k�ã¿Âe�>�[.
34Liu, J., Zhang, X.-D., Cube-connected complete graphs. IAENG International Journal of Applied Mathematics,

44(3)(2014), IJAM−44−3−03.
355: Ùy²� Carlesson�< [18] ��{��,��ö%vkJ9ù�©z. ;Í [J.-M. Xu, Topological structure

and analysis of interconnection networks, Kluwer Academic Publishers, Dordrecht, 2001.] ¥1 90 �~ 3 Ǒ0�

Carlesson �<��{. �öÚ^
TÖ, %vkJ9dy².

36Malluhi, Q. M. and Bayoumi, M. A., The hierarchical hypercube: A new interconnection topology for massively

parallel systems. IEEE Transactions on Parallel and Distributed Systems, 5(1) (1994), 17-30.



§1 �½�>ëÏÝ�:�[ã�35 12� n �©��á�N£hierarchical hypercube¤�ä HHCn ´ Q2m Ú Qm O�ã Q2m R©Qm, Ù¥ n = 2m + m. ã 4 ¤«�´©��á�N�ä HHC6, Ù¥ m = 2 � n = 6.
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(b) HHC6ã 4 ©��á�N�ä HHC6ù
¯¢J2·�, Ǒ
��·��8�, ÀJ�á�N Qn ÚÌ�ã G(n,±S) �O��È'��Ì, ÏǑ§�Ñ´ Cayley ã.,	J9�eO��Èã3�E 3�K 3ëÏ� Hamilton²¡ã�A^,�T�8�ïÄ�', �´`²ã�O��È�­�5, =øÖöë�.
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(c) K4ã 5 Tutte ã9Ù�E
1880 
, Tait [37] 3/z� 3�K 3ëÏ²¡ãÑ´ Hamilton ã0�b�e�Ñ
Úß��/y²0. 8�õ
�, Tutte [38] (1946)�E
�� 3�K 3ëÏ� Hamillton²¡ã (ã 5 (a)),l
Ä½
 Tait �y². Tutte ãÒ´ò��ã K4 ¥ 3 �º: (ã 5 (c) ¥ç:) ^ Tutte fã (ã

5 (b)) 5O�����ã. ���~´ 38�º:, §�´ò 6 � 5 ÓÎ (ã 6 (b) ) ¥ü�º: (ã
6 (b) ¥ç:) ^ Tutte fãO�����ã. k,��Öö�±ë� Holton & McKay [39] (1988).

37Tait, P. G., On the colouring of maps. Proc. Royal Soc. Edinburgh, 10 (1878-1880), 501-503
38Tutte, W, T., On Hamiltonian circuits. J. London Math. Soc., 21 (1946), 98-101
39Holton, D. A. and McKay, B. D., The smallest non-Hamiltonian 3-connected cubic planar graphs have 38 vertices.

Journal of Combinatorial Theory, Series B, 45 (3) (1988), 305õ319
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§1.5 Cayley ã�O��Èk
ã�O��ÈÚ+���ÈVg, y3�±�ã��'�(J, §ïá3eãb�Ä:þ.b½ 1.16 � A Ú B ´ü�k�+, SA Ú SB ©O´ A Ú B �)¤8, |SA| = |B| > 2, φ ´ B3 A þ��^÷v SA = xB£x ∈ SA¤, � S = {(eA, b) : b ∈ SB} ∪ {(x, eB)}.½n 1.17 3b½ 1.16 e, S )¤ A ⋊φ B. 
�, XJ SB = S−1

B � x = x−1, �o S = S−1 �
CA⋊φB(S) ´ CA(SA) Ú CB(SB) �O��Èã.y3`²�e½n 1.17 ¥¤�^��7�5. ÏǑ¤?Ø� Cayley ã´��ã, d½Â, Ǒ
(� 3 � Cayley ã CA(SA), CB(SB) Ú CA⋊φB(S) Ñ´��ã, ^�/SA = S−1

A , SB = S−1
B Ú

S = S−10Ñ´7��. d·K 1.13 (b) é B 3 A þ�?Û�^ φ,

(x, eB)−1 = (φeB
(x−1), eB) = (x−1, eB).Ïd, ^�/S = S−10¿�X

{(eA, b) : b ∈ SB} ∪ {(x, eB)} = ({(eA, b) : b ∈ SB} ∪ {(x, eB)})−1

= {(eA, b−1) : b ∈ SB} ∪ {(x−1, eB)}.ù¿�X^�/S = S−10�^�/SB = S−1
B � x = x−10́ �d�.ÏǑ3�^ φ e SA = xB, ¤±é?Û a ∈ SA, �3,� b ∈ B �� a = φb(x). d·K 1.13

(b), é?Û a ∈ SA k
x = x−1 ⇔ a = φb(x) = φb(x−1) = (φb(x))−1 = a−1, = x = x−1 ⇔ S = S−1.�Ǒã�ç¸£zig-zag¤�È [40] �AÏ�/, ½n 1.17 ��©/ª�{ü/�ã3 Alon �<nã©Ù [23] �½n 2.3 ¥, CA⋊φB(S) = CA(SA)rCB(SB), �vky². Hoory �<3nã©Ù [24] �½n 11.22 ¥�Ñ'�����ã, �Qvk^�/S = S−10, Ǒvk^�/x = x−10Ú/SB = S−1

B 0, y²ǑØ��. ·��Ñ���ãÚy², y²�Ì��{´�âO��Èã�½Â 1.15 5y²µCA⋊φB(S) ´ CA(SA) Ú CB(SB) �O��Èã.

40ÄkJÑç £̧zig-zag¤�È�´3©z [O. Reingold, S. Vadhan and A. Wigderson, EntropyWaves, The zig-zag

graph product, and new constant-degree expanders and extractors. Proc. of the 41st FOCS (2000), pp. 3-13] ¥.



§1 �½�>ëÏÝ�:�[ã�35 14~f 1.18 - A = (Z2)n, B = Zn. K eA = e0, eB = 0. - SA = {e1, e2, . . . , en}, Ù¥ eiX (1.1.1) ¤½Â, e−1
i = ei £i ∈ {1, 2, . . . , n}¤, ¿- SB = ±{s1, s2, . . . , sk}. �o, Cayley ã

CA(SA) ´�á�N Qn £�~f 1.11¤, Cayley ã CB(SB) ´Ì�ã G(n,±S) £�~f 1.9¤.- φ ´ B 3 A þ��^£½Â3~f 1.14¤. �o, SA ´3 φ e�� e1 ∈ SA �;� eB
1 . -

S = {(eA, s) : s ∈ SB} ∪ {(e1, eB)}. �o S = S−1. d½n 1.17, S )¤ A ⋊φ B, � CA⋊φB(S) ´
CA(SA) Ú CB(SB) �O��È.AO/,XJ SB = {1, n− 1},�o S = {(e0, 1), (e0, n− 1), (e1, 0)}. Cayleyã C(Z2)n⋊φZn

(S) =

QnrCn = CCCn. ã 2 ¤«�á�ëÏ� CCC(3) Ò´ Q3 Ú C3 �O��Èã, 
�´ Cayleyã CZ3
2⋊φZ3

({(000, 1), (000, 2), (100, 0)}).- SB = {1, 2, . . . , n − 1}, K CB(SB) ´��ã Kn. - S = {(e0, 1), . . . , (e0, n − 1), (e1, 0)}. K
Cayley ã C(Z2)n⋊φZn

(S) = QnrKn. ùÒ´4ï�<[34] ���(J.- A = Z4, B = Z3, SA = {1, 2, 3}, SB = {1, 2}. K SA ´ Z4 �)¤8, SB ´ Z3 �)¤8,
� Cayley ã CZ4
(SA) ´��ã K4, Cayley ã CZ3

(SB) ´� C3. � φ = {φ1, φ2, φ3} ´ B 3 Aþ��^, Ù¥ φ1 = (1234) ´ Ω4 þ��Ó�, φ2 = φ2
1, φ3 = φ3

1. Ké 1 ∈ SA k SA = 1B, �
S = {(eA, b) : b ∈ SB} ∪ {(1, eB)} = {01, 02, 10}. d½n 1.17 �, O��Èã K4rC3 ´ Cayley ã
CZ4⋊φZ3

(S), Ù¥ S = {01, 02, 10}. Ïd, ã 3 ¤«�O��Èã K4rC3 ´ Cayley ã, Ï
´:�[�.

§1.6 O��Èã�>ëÏÝǑ
��·��8�,·�ïÄO�ã�>ëÏÝÚ��>ëÏÝ.Äk�ÄO��Èã�>ëÏÝ. éz� i = 1, 2, � Gi ´ëÏã, λi Ú δi ©OL« Gi �>ëÏÝÚ��Ý. eã½n�ÑO��Èã�>ëÏÝ�..½n 1.19 � G1 Ú G2 ´ü�ëÏã. K
min{λ1, λ2} 6 λ(G1 R©G2) 6 min{λ1, δ2 + 1}. (1.1.2)
�, XJ κ1 > 2, �o

min{λ1, λ2 + 1} 6 λ(G1 R©G2). (1.1.3)

x

e1
x e8

x

e2
x e7

x
e3

x e6
x

e4
x e5

x

r

G1 G2

1 8

2 7

3 6

4 5ã 7 `²½n 1.19 ¥^�/κ1 > 20Ø���ü�ã G1 Ú G2½n 1.19 ¥^�/κ1 > 20éØ�ª (1.1.3) ¤á´ØU��. ~X, ü�ã G1 Ú G2 Xã 7¤«. N´w� κ1 = 1, λ1 = 4, λ2 = δ2 = 2, G1 R©G2 ´ 3 �K�, �
λ(G1 R©G2) = 2 < min{4, 3} = min{λ1, λ2 + 1}.(Ü Whitney Ø�ª κ(G) 6 λ(G) 6 δ(G) Ú½n 1.19,á=¼�eãíØ.



§1 �½�>ëÏÝ�:�[ã�35 15íØ 1.20 � G1 Ú G2 ´ü�ëÏã. K
(a) λ(G1 R©G2) = 1 XJ λ1 = 1;

(b) λ(G1 R©G2) = λ1 XJ λ2 > λ1;

(c) λ(G1 R©G2) = λ1 XJ κ1 > 2 � λ2 > λ1 − 1;

(d) λ(G1 R©G2) = min{λ1, δ2 + 1} XJ κ1 > 2 � λ2 = δ2.íØ 1.21 é?Û n �KëÏã G þk λ(G R©Kn) = λ(G).íØ 1.22 é?Û n �K 2 ëÏã G þk λ(G R©Cn) = min{λ(G), 3}.

§1.7 O��Èã���>ëÏÝù�!�ÄO��Èã���>ëÏÝ, Äk�ÑO��Èã���>ëÏÝ�..½n 1.23 � G1 Ú G2 ´ü�ëÏã, 
� δ1 > 4. K
min{λ1, κ1 + λ2 − 1, 2λ2, λ

′
2 + 2} 6 λ′(G1 R©G2) 6 min{λ1, 2δ2}. (1.1.4)AO/, XJ κ1 > λ1 − λ2 + 1£½ö κ1 > λ2 + 1¤� G2 ´ λ′ `�, �o

λ′(G1 R©G2) = min{λ1, 2δ2}. (1.1.5)d½n 1.23,á=��eãíØ.íØ 1.24 � G1 Ú G2 ´ü�ëÏã. XJ κ1 = λ1 � G2 ´ λ′ `�. K
λ′(G1 R©G2) = min{λ1, 2δ2}.ëÏã G �¡Ǒ� λ �£super-λ¤XJz� λ >�©l G ¥,�º:. w,, G ´� λ ⇔

λ′(G) > λ(G). d½n 1.23, á=��eã(Ø.½n 1.25 � G1 Ú G2 ´ëÏã. e κ1 > λ1 − λ2 + 1 > 2£½ κ1 > λ2 + 1¤� G2 ´ λ′ `�, K
(a) G1 R©G2 ´ λ′ `� ⇔ λ1 > 2δ2;

(b) G1 R©G2 ´� λ � ⇔ λ1 > δ2 + 1.íØ 1.26 � G1 Ú G2 ´ü�ëÏã, � δ1 > 4. XJ κ1 = λ1 > 2 � G2 ´ λ′ `�, �o
(a) G1 R©G2 ´ λ′ `� ⇔ λ1 > 2δ2;

(b) G1 R©G2 ´� λ � ⇔ λ1 > δ2 + 1.íØ 1.26 3y²�¡�(J¥å
'��^.íØ 1.27 XJ G ´ n �KëÏã, � κ(G) > 3, �o λ′(G R©Cn) = min{λ(G), 4}.
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§1.8 �½��>ëÏÝ�:�[ã�35y3£��½��>ëÏÝ�:�[ã�35.ã G �¡Ǒ κ `�, XJ κ(G) = δ(G). e CA(SA) ´ κ `�� CB(SB) ´ λ′ `�, Ke¡�½n�Ñ Cayley ã CA⋊φB(S) ´ λ′ `��¿©7�^�.½n 1.28 3b½ 1.16 e, - S = {(eA, s) : s ∈ SB} ∪ {(x, eB)} � S = S−1. XJ Cayleyã CA(SA) ´ κ `�� Cayley ã CB(SB) ´ λ′ `�, �o Cayley ã CA⋊φB(S) ´ λ′ `�
⇔ |SA| > 2|SB|.~f 1.29 � A = (Z2)n, B = Zn. SA = {e1, e2, . . . , en}, SB = ±{s1, s2, . . . , sk} ( sk < n

2 , k > 2).� φ ´d~f 1.14 ¥¤½Â� B 3 A ��^, S = {(e1, 0), (e0, s) : s ∈ SB}. �o, díØ 1.4 �
CA(SA) = Qn ´ κ `�, d·K 1.3 � CB(SB) = G(n,±S) ´ λ′ `�. - G = CA⋊φB(S). d½n 1.28, G ´ λ′ `� ⇔ ‖SB‖ 6 1

2‖SA‖ = 1
2 n .d~f 1.29 Úd½n 1.28 á=�Ñeã(J.½n 1.30 � A = (Z2)n, B = Zn, SA = {e1, e2, . . . , en}, Ù¥ ei X (1.1.1) ¤½Â, SB =

±{s1, s2, . . . , sk}, k > 2, sk < n
2 , φ ´ B 3 A þ��^X~f 1.14 ¥¤«. - G = CA⋊φB(S), Ù¥ S = {(e0, s) : s ∈ SB} ∪ {(e1, 0)}. XJ n

2 < |SB| < n − 1, �o G ´� λ′ `��
λ(G) < λ′(G) = n <

υ(G)

2
, n > 3,~f 1.31 é�½�Ûê d (> 5) Ú?¿�ê s £1 6 s 6 d − 3¤, - n = d + s, k = d−1

2 . K3½n 1.30 ¥, k |SB | = d − 1 � G = C
Z

d+s
2 ⋊φZd+s

(S) ´ Cayley ã. ÏǑ 1 6 s 6 d − 3, ¤±
d+s
2 < |SB| < d + s − 1. d½n 1.30, G ´� λ′ `�, 
�

λ(G) = d < λ′(G) = d + s <
(d + s) · 2d+s

2
=

υ(G)

2
.~f 1.31 �±�ãǑe¡�½n.½n 1.32 é�½�Ûê d (> 5) Ú?¿�ê s£1 6 s 6 d− 3¤, �3�KÝǑ d � Cayley ã G�� λ′(G) = d + s < 1

2 υ(G).ÏǑ Cayley ã´:�[�, ¤±½n 1.32 ��£�
¯K 1.8. ù�(JØ=�.)û
(¾·� 10 õ
���)û�¯K, 
�´LÚ�õ
:�[ã'uëÏ5nØ, �­��´3y²ù�(J�L§¥Jø��{��
ã��ê�'X.d¤JÌ�dö�7�¤�, uL35ö�7, Md², On restricted edge-connectivity of re-

placement product graphs. SCIENCE CHINA Mathematics, (60) (4) (2017), 745-7586�©¥.�ïÄ¤JQk��A�3�®�Ï�Æ!�®�Æ!Hm�Æ|Ü¥%!H®�Æ!H®���Æ!4²�Æ!f��Æ!4²���Æ!àH���Æ!U9���Æ!Ü�ó��Æ!�H�Æ!¥H�Æ!¥��Æ!ìÜ�Æ!�H���Æ� 10 õ¤p�,5�®�ÆÚ�®�Ï�ÆéÜÌ��1�3|ÜêÆï?¬6!5�nÆãØ�|Üï?¬6Ú52016
1n3°büW�äN���æ�äï?¬6�wLdïÄ¤JÚïÄ�{, É�Ó12���, ����Ï. 3d�ù
Ó1L«a�.
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§2 �ä�pN�5ïÄ
§2.1 ã�� h ëÏÝÚr h ëÏÝ¯¤±�, �ä�N�5´^éAã�ëÏÝ5Ýþ. �²;�ëÏÝVgéÝþ�äN�5k²w�"�,ÏǑ§Ø�Äz�ëÏ©|����¹. Ǒ
�O(/Ýþ�ä�N�5, Harary [2]JÑ^�ëÏÝ£conditional connectivity¤Vg. éuëÏã G �©l8 S, G − S ¥z�ëÏ©|I�÷v,�5� P. �â5� P �ØÓ, Harary JÑ 13 «^�ëÏÝ. <��'%�Ì�5�´z�ëÏ©|7L÷v�½�:ê½ö��Ý£= Harary JÑ�1£C¤«Ú1£E¤«^�ëÏÝ¤.Äk0� Harary JÑ�1£C¤«^�ëÏÝ, Ù¥�^�´��z�ëÏ©|�:ê�u���½��ê h. Harary `´ Harvey Greenberg ¯�´Äk<3ïÄù«ëÏÝ. Fàbrega Ú
Fiol [41] rù«ëÏÝ¡Ǒr h ëÏÝ£extra h-connectivity¤.� G = (V, E) ´ëÏã, F ⊂ V (G) (½ö F ⊂ E(G)). éu�½��ê h (> 0), XJ G − FØëÏ
�z�ëÏ©|¥�:ê�u h, �o¡ F Ǒ G �r h :� (½ör h >�). ã G �r h :ëÏÝ κ

(h)
o (G) (½ör h >ëÏÝ λ

(h)
o (G)) ½ÂǑ��r h :�¥:ê (½ö��r h>�¥�>ê). éu h > 1 Ú���ëÏã G, κ

(h)
o (G) (½ö λ

(h)
o (G)) Ø�½�3. XJ κ

(h)
o (G)

(½ö λ
(h)
o (G)) �3, K¡ G Ǒ κ

(h)
o ëÏã£½ö λ

(h)
o ëÏã¤. w,, éu h > 1, XJ G ´

κ
(h)
o £½ö λ

(h)
o ¤ëÏã, �o κ

(h−1)
o (G) 6 κ

(h)
o (G)£½ö λ

(h−1)
o (G) 6 λ

(h)
o (G)¤.5:k
Æö3ïÄr hëÏÝ�,ò��z�ëÏ©|�:ê�u/h0UǑ��Ǒ/h0,'X, �3�, Volkmann, Üè�<[42,43,44]. ù´3Ú^�'(J�AT5¿�.y30� HararyJÑ�1£E¤«^�ëÏÝ,Ù¥�^�´��z�ëÏ©|���ÝØ�u h, ù«ëÏÝ�¡Ǒ� h ëÏÝ£super h-connectivity¤£�[?Øë�5|Ü�änØ6[19]¥1 $16.6!¤.� G = (V, E) ´ëÏã, F ⊂ V (G) (½ö F ⊂ E(G)). éu�½��ê h (> 0), XJ G − FØëÏ
���ÝØ�u h, �o¡ F Ǒ G �� h :� (½ö� h >�). ã G �� h ëÏÝ

κ
(h)
s (G) (½ö� h >ëÏÝ λ

(h)
s (G)) ½ÂǑ��� h :�¥:ê (½ö��� h >�¥�>ê).éu h > 1 Ú���ëÏã G, κ

(h)
s (G) (½ö λ

(h)
s (G)) Ø�½�3. XJ κ

(h)
s (G) (½ö λ

(h)
s (G))�3,K¡ GǑ κ

(h)
s ëÏã£½ö λ

(h)
s ëÏã¤. w,, éu h > 1,XJ G´ κ

(h)
s £½ö λ

(h)
s ¤ëÏã, �o κ

(h−1)
s (G) 6 κ

(h)
s (G)£½ö λ

(h−1)
s (G) 6 λ

(h)
s (G)¤.*	�3�:ëÏÝVg¥, XJ F ´� h :�, �o δ(G − F ) > h. Ïd, G − F �z�ëÏ©|��k h + 1 �º:. �é{`, éu κ

(h)
s ëÏã G, � h :�7´r h :�. Ïd, κ

(h)
sëÏã G 7´ κ

(h)
o ëÏ�, 
� κ

(h)
o (G) 6 κ

(h)
s (G). Ó�/, λ

(h)
s ëÏã G 7´ λ

(h)
o ëÏ�, 
� λ

(h)
o (G) 6 λ

(h)
s (G). =é?Û h (> 0),

κ(h)
o (G) 6 κ(h)

s (G), λ(h)
o (G) 6 λ(h)

s (G). (2.2.6)ÏǑ κ
(h)
s (G) Ú λ

(h)
s (G)£½ö κ

(h)
o (G) Ú λ

(h)
o (G)¤' κ(G) Ú λ(G) �UO(Ýþ�ä G �N�5, ¤±éu�
Í¶�ä, (½ù 4 �ëê���´|Ü�änØó�ö¤'%�¯K. 3

41Fàbrega, J. and Fiol, M. A., On the extraconnectivity of graphs. Discrete Mathematics, 155 (1996) 49-57.
42Meng, J.-X. and Ji, Y., On a kind of restricted edge connectivity of graphs. Discrete Appl. Math. 117 (1-3) (2002),

183-193.
43Bonsma, P., Ueffing, N. and Volkmann, L., Edge-cuts leaving components of order at least three. Discrete Math.

256 (1-2) (2002), 431-439.
44Zhang, Z. and Yuan, J., A proof of an inequality concerning k-restricted edge-connectivity. Discrete Math. 304

(2005), 128-134.
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p, � h ���, X h ∈ {0, 1, 2}, <�(½
,
Í¶�ä�ù 4 �ëê�. éu��� h, <����(J%é�. éu�á�N Qn, � h 6 n − 2 �, Oh �<£1993¤[45] Ú
Wu �<£1998¤[46] Õá/(½
 κ

(h)
s (Qn) = 2h(n − h); � h 6 n − 1 �, M£2000¤[47] (½


λ
(h)
s (Qn) = 2h(n − h). 'u Qn � h r:ëÏÝ κ

(h)
o , �� 2009 
â�
�u�< [48] (½µ

κ(h)
o (Qn) = n(h + 1) − 1

2
h(h + 3) (0 6 h 6 n − 3, n > 4).éu?¿�ã G Ú�½��K�ê h, (½ κ

(h)
s (G) Ú λ

(h)
s (G)£½ö κ

(h)
o (G) Ú λ

(h)
o (G)¤́��(J�, <�q�å��ü. Latifi �<[49] ßÿ§´ NP-hard¯K.��8Ì�ïÄ� h ëÏÝ κ

(h)
s Ú� h >ëÏÝ λ

(h)
s . ·�é�eZk��{, |^ù
�{(½
eZÍ¶�ä�ëê�. ùÜ©�Ì�ïÄ¤Jdo���¤�.k£��
7��PÒ. éu�½��ê n (> 2), - In = {1, 2, . . . , n}, I ′n = {2, . . . , n}. Ǒ�Bå�, ^�ü� (p1p2 · · · pn) L«�� (

1 2 ··· n
p1p2···pn

)
. éz��ê k (1 6 k 6 n − 1), - P (n, k) =

{p1p2 . . . pk : pi ∈ In, pi 6= pj , 1 6 i 6= j 6 k} ´ In þ� k ü�8. w,, P (n) ´ In þ��ü�8,

|P (n)| = n ! � |P (n, k)| = n!
(n−k)! .��ü���
Ù{��ØC���¡Ǒé�£transposition¤; ^ (i, j)L«�� iÚ j�é�,=, (p1 · · · pi · · · pj · · · pn)(ij) = (p1 · · · pj · · · pi · · · pn). éz� i ∈ I ′n,P pi = p1 · · · pi · · · pj · · · pn)(1, i)

= pip2 . . . pi−1p1pi+1 . . . pn. ¯¤±�, z�é�UC���Ûó5.^ Ωn L« In þ�é¡+£symmetric group¤; Γn L« Ωn ¥���+£alternating group¤£ó���+¤. Äu��+, küaÍ¶� Cayley ã.~f 2.1 ��+�ä£alternating group networks¤
231 312

123

AN3

4321 3412

2431 41323241 1342

4213 1423

2143

1234

2314 3124

AN4ã 8 ��+�ä AN3 Ú AN4��+�ä ANn´dFkm [50] JÑ5�,§´ (n−1)�K (n−1)ëÏ� Cayleyã CΓn
(S),Ù¥ n > 3, S = {(1, 2, 3), (1, 2)(3, i) : 4 6 i 6 n}. ã 8 ¤«�´ AN3 Ú AN4.

45Oh, A. D. and Choi, H., Generalized measures of fault tolerance in n-cube networks. IEEE Transactions on Parallel

and Distributed Systems, 4 (1993), 702-703.
46Wu, J. and Guo, G., Fault tolerance measures for m-ary n-dimensional hypercubes based on forbidden faulty sets.

IEEE Transactions on Computers, 47 (1998), 888-893.
47Xu, J.-M., On conditional edge-connectivity of graphs, Acta Math. Appl. Sin. 16 (4) (2000), 414-419.
48Yang, W.-H. and Meng, J.-X., Extraconnectivity of hypercubes. Applied Mathematics Letters, 22(6)(2009), 887-891.
49S. Latifi, M. Hegde, M. Naraghi-Pour, Conditional connectivity measures for large multiprocessor systems, IEEE

Trans. Comput. 43 (2) (1994), 218-222.
50Fkm, �a#���+Cayley �ä. p�A^êÆÆ�, A14(2) (1999) 235-239.



§2 �ä�pN�5ïÄ 19~f 2.2 ��+ã£alternating group graphs¤��+ã AGn ´d Jwo�<[51] JÑ5�, §´ Cayleyã CΓn
(S),Ù¥ n > 3, S = {(1, 2, i) :

3 6 i 6 n}. ã 9 ¤«�´ AG3 Ú AG4. ��+ã AGn ´ (2n − 4) �K (4n − 4) ëÏ�.

231 312

123

AG3

4213 1423

2143

2314 3124

1342 3241

4132 2431

1234

3412 4321

AG4ã 9 ��+ã AG3 Ú AG4±?
�<[27,28] (½
��+�äÚ��+ã�gÓ�+.

§2.2 (ãÚ (n, k) (ã� h �ëÏÝ
n �(ã (star graph) Sn ´d Akers Ú Krishnamurthy [52] JÑ5�, Ù¥ V (Sn) = P (n),

E(Sn) = {ppi : p ∈ P (n), i ∈ I ′n}. ¯¢þ, (ã Sn ´ Cayley ã CΩn
(S), Ù¥ S = {(1, i) : 2 6

i 6 n}. ã 10¤«�´(ã S2, S3 Ú S4. (ã Sn ´ (n− 1)�K (n− 1)ëÏ� 2Üã�Ø¹ C4.

1221

(a) S2

231

321 213

312

132

123

(b) S3
3142

1342 4132

4312
1432

3412

1324

2314

3124

3214 2134

1234

2143

1243 4123

4213

1423

2413

4321

2341

3421

3241 2431

4231

(c) S4ã 10 (ã S2, S3 Ú S42Â(ã– (n, k) (ã Sn,k �º:8Ǒ P (n, k), º: p = p1p2 . . . pi . . . pk �e�º:��:

(a) pip2 · · · pi−1p1pi+1 · · · pk, Ù¥ i ∈ I ′k = {2, 3, . . . , k}.

51Jwo, J. S., Lakshmivarahan, S. and Dhall, S. K., A new class of interconnection networks based on the alternating

group, Networks, 23(1993), 315-326.
52Akers, S. B. and Krisnamurthy, B., A group theoretic model for symmetric interconnection networks. IEEE Trans-

actions on Computers, 38(4)(1989), 555-566.
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(b) p′1p2p3 · · · pk, Ù¥ p′1 ∈ In \ {pi : i ∈ Ik}.ã 11 ¤«´ü� (n, k) (ã S4,3 Ú S4,2.

431 134

243 342

321

123

341

143

234

432

214

412

231

132

241

142

413

314

423

324

213 312

421 124

S4,3

32 23

12 13
42 43

21 31

41

14

24 34

S4,2ã 11 (n, k) (ã S4,3 Ú S4,2

(n, k) (ã´d Chiang �<[53] JÑ5�, §´ (n − 1) �K (n − 1) ëÏ�:�[ã. w,,

Sn,1
∼= Kn, Sn,n−1

∼= Sn. 
�, Cheng �<[54] y²
 Sn,n−2
∼= ANn£��+�ä, �~f 2.1¤.é��� k (2 6 k 6 n − 3), Sn,k ´Ä´ Cayley ã?�C, Cheng �<[55] �Ä
ù�¯K, �Ñ S6,2 Ø´ Cayley ã, y²
 Sn,2 ´ Cayley ã

⇔ n ´�ê�; Sn,3 ´ Cayley ãXJ n − 1 ´�ê�, ¿ß�ù�^�Ǒ´7��. ����Ñ
Sn,k é Cayley ã©a�(J5, ¿JÑXeß�.ß� 2.3 é?Û k (> 2), XJ Sn,k ´ Cayley ã, �o Sn−1,k−1 Ǒ´ Cayley ã.·��,�´(½ κ

(h)
s (Sn,k) Ú λ

(h)
s (Sn,k). 2012
, ·�[56] (½
 λ

(h)
s (Sn,k).½n 2.4 XJ 2 6 k 6 n − 1 � 0 6 h 6 n − k, �o

λ(h)
s (Sn,k) =

{

(n − h − 1)(h + 1), h 6 min{k − 2, n
2 − 1},

(n − k + 1)(k − 1), Ù��/.�u κ
(h)
s (Sn,k), 
¥u�<[57] y²
: éu 2 6 k 6 n − 2, κ

(1)
s (Sn,k) = n + k − 3 (n > 3),

κ
(2)
s (Sn,k) = n + 2k − 5 (n > 4). ��8��(½
 κ

(h)
s (Sn,k).

53Chiang, W.-K., Chen, R.-J., The (n, k)-star graphs: A generalized star graph, Inform. Process. Lett. 56 (1995)

259-264.
54Cheng, E., Qiu, K. and Shen, Z., A note on the alternating group network. The Journal of Supercomputing, 59(1)

(2012), 246-248.
55Cheng, E., Li L., Lipták, L., Shim, S. and Steffy, D. E., On the Problem of Determining which (n, k)-Star Graphs

are Cayley Graphs. Graphs and Combinatorics, 33 (1) (2017), 85-102
56o��, Md², Generalized measures of edge fault tolerance in (n, k)-star graphs. Mathematical Science Letters.

1 (2) (2012), 133-138.
57Yang, W.-H., Li, H.-Z. and Guo, X.-F., A kind of conditional fault tolerance of (n, k)-star graphs, Inform. Process.

Lett. 110 (2010) 1007-1011.



§2 �ä�pN�5ïÄ 21½n 2.5 XJ 2 6 k 6 n − 1 � 0 6 h 6 n − k, �o
κ(h)

s (Sn,k) = n + h(k − 2) − 1.ù�(J�¹35X.-J. Li and J.-M. Xu, Fault-tolerance of (n, k)-star networks. Applied Math-

ematics and Computation, 248 (2014), 525-5306�©. ����[58] Ǒ�Õá�ù�(J.�X·�¤w��, � k = n− 1 �, Sn,n−1
∼= Sn. 3ù«�¹e, ½n 2.5¥�^�/0 6 h 6

n− k0¿�X/0 6 h 6 10. Cheng �<[59], Hu �<[60], m¡Á�<[61] Ú Rouskov�<[62] Õá(½
 κ
(1)
s (Sn) = λ

(1)
s (Sn) = 2n − 4 (n > 3). ù
(JÑ�¹3½n 2.5.,
, � h > 2 �, ½n 2.5 (½Ø
 κ

(h)
s (Sn) Ú λ

(h)
s (Sn). � h = 2 � n > 4 �, 
¥u�<[63] (½
 λ

(2)
s (Sn) = 6(n − 3); Üè�<[64] (½
 κ

(2)
s (Sn) = 6(n − 3) ¿ß� κ

(h)
s (Sn) =

(h + 1)!(n − h − 1). �ù
(J%ØU�¹3½n 2.5. ¯¢þ, ·�¼�e¡����(J.½n 2.6 é?Û�ê h, XJ 0 6 h 6 n − 2, �o
κ(h)

s (Sn) = λ(h)
s (Sn) = (h + 1)! (n − h − 1).½n�y²´�½ n, é h > 0 æ^8B{. 3y²L§¥, ¿©|^ Sn �(�5�, e¡�Únå
'��^.Ún 2.7 � H ´ Sn �fã, V (H) = X, UX

j = {pj : p1 . . . pj . . . pn ∈ X}, j ∈ In. éu�½�
h ∈ In−1, XJ δ(H) > h, �o�3 j ∈ I ′n �� |UX

j | > h + 1.ù�(J�¹35Xiang-Jun Li and Jun-Ming Xu, Generalized connectivity of star graphs.

Networks, 63 (3) (2014), 225-230.6�©¥.5¿�½n 2.4Ú½n 2.5=�Ä�/ 0 6 h 6 n−k. ·��C[65] �Ä�/ n−k 6 h 6 n−2,¼�Xe(J.½n 2.8 XJ 2 6 k 6 n − 1 � n − k 6 h 6 n − 2, �o
κ(h)

s (Sn,k) = λ(h)
s (Sn,k) =

(h + 1)!(n − h − 1)

(n − k)!
.éu��+�ä ANn(n ≥ 3),� h ∈ {0, 1, 2}�,d½n 2.4Ú½n 2.5Uá=(½ λ

(h)
s (ANn)Ú κ

(h)
s (ANn):

κ(h)
s (ANn) =







n − 1 XJ h = 0 � n > 2,

2n − 5 XJ h = 1 � n > 5,

3n − 9 XJ h = 2 � n > 4;

58Wei, Y. and Chen, F., Generalized connectivity of (n, k)-star graphs. International Journal of Foundations of

Computer Science, 24 (8) (2013), 1235-1241.
59Cheng, E. and Lipman, M. J., Increasing the connectivity of the star graphs. Networks, 40 (3) (2002), 165-169.
60Hu, S.-C. and Yang, C.-B., Fault tolerance on star graphs. International Journal of Foundations of Computer

Science, 8 (2) (1997), 127-142.
61m¡Á, 4ù{, Md², Star ãpë�ä�N�5©Û.5êÆÔnÆ�6, 24 (2) (2004), 168-176.
62Rouskov, Y., Latifi, S. and Srimani, P. K., Conditional fault diameter of star graph networks. Journal of Parallel

and Distributed Computing, 33 (1) (1996), 91-97.
63Yang, W.-H., Li, H.-Z. and Meng, J.-X., Conditional connectivity of Cayley graphs generated by transposition trees.

Information Processing Letters, 110 (23) (2010), 1027-1030.
64Wan, M. and Zhang, Z., A kind of conditional vertex connectivity of star graphs. Applied Mathematics Letters, 22

(2009), 264-267.
65Xiang-Jun Li, Yong-Ni Guan, Zheng Yan and Jun-Ming Xu, On fault tolerance of (n,k)-star networks. https:

//arxiv.org/abs/1611.06460, 2016.
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λ(h)

s (ANn) =







n − 1 XJ h = 0 � n > 2,

2(n − 2) XJ h = 1 � n > 5,

3(n − 3) XJ h = 2 � n > 4.�C, ¾û��<[66] (½
 λ
(3)
s (ANn) = 12(n− 4) (n > 5). ¯¢þ, � h > 2 �, d½n 2.8 ·�á=��e¡�íØ.íØ 2.9 κ

(h)
s (ANn) = λ

(h)
s (ANn) = 1

2 (h + 1)!(n − h − 1) for 2 6 h 6 n − 2.UÏ~�{��, ÏL·�À��� h �:£>¤�
��½n 2.8 ¥�þ.:

max{λ(h)
s (Sn,k), κ(h)

s (Sn,k)} 6
(h + 1)!(n − h − 1)

(n − k)!
. (2.2.7)½n 2.8 ¥e.�¼�I�Ú?��ã$�.� G ´ã, t ´��ê. G � t ©�ã£t-split graph¤Gt ´l G Ue��{���ã: é G¥z�º: x ^ t �º:�Õá8 Vx 5O�§; é G ¥z^> e = xy ^ Vx Ú Vy �m����� Ee 5O�§. ã 12 ¤«�ã´ (4, 2) (ã S4,2 Ú§Ó��(ã S4 � 2 ©�ã S2

4,2.

34

14

24

41

3121

13

23

43

32

42 12

S4,2

−→

S4

1423

2413 3412

1432

2431
3421

4132

2134 3124

4123

2143
3142

4213

3214

1234
4231

3241

1243 4321

2341

1342
4312

2314

1324

ã 12 (4, 2) (ã S4,2 Ú§Ó��(ã S4 � 2 ©�ã S2
4,2.e¡ü�Ún3½n 2.8 ¥e.�y²¥å
'��^.Ún 2.10 � G ´ëÏã, Gt ´ G � t ©�ã, K min{κ(h)

s (Gt), λ
(h)
s (Gt)} 6 t κ

(h)
s (G).Ún 2.11 é?Û k£2 6 k 6 n − 1¤, Sn,k �3Ó�u(ã Sn � (n − k)! ©�ã S

(n−k)!
n,k .dÚn 2.10,Ún 2.11 Ú½n 2.6, ·�á=k

κ
(h)
s (Sn,k)(n − k)! > κ

(h)
s (S

(n−k)!
n,k ) = κ

(h)
s (Sn) = (h + 1)!(n − h − 1)

λ
(h)
s (Sn,k)(n − k)! > λ

(h)
s (S

(n−k)!
n,k ) = λ

(h)
s (Sn) = (h + 1)!(n − h − 1),=,

min{λ(h)
s (Sn,k), κ(h)

s (Sn,k)} >
(h + 1)!(n − h − 1)

(n − k)!
. (2.2.8)d£2.2.7¤Ú£2.2.8¤, ·�á=��½n 2.8.

66Feng, Y.-Q., Hao, R.-X. and Zhou, J.-X., On computing of a conditional edge connectivity of alternating group

network. Linear and Multilinear Algebra, DOI: 10.1080/03081087.2016.1277689, 2017.
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§2.3 (n, k) ü�ã�;�ëÏ5�X·�w��, (ã Sn k n ! �º:. ��*¿ Sn � Sn+1, º:ê8l n ! � (n + 1) ! �mké���Y. Ǒ
�Ñù�":, Day�<[67] JÑ (n, k)ü�ã (arrangement graph) An,k,Ù¥ V (An,k) = Pn,k, E(An,k) = {pq : p Ú q =���IØÓ}. ã 13 ¤«�´ (4, 2) ü�ã A4,2.

4 3 2 3 2 1 4 1

1 3

2 4

3 1

1 4 3 4

3 21 2

4 2

ã 13 (4, 2) ü�ã A4,2

(n, k)ü�ã An,k ´ n!
(n−k)! �� k(n−k)�K k(n−k)ëÏ�:!>�[ã. w,, An,1

∼= Kn,

An,n−1
∼= Sn. Chiang �<[68] y²: An,n−2

∼= AGn, Ù¥ AGn ´ n ���+ã£Ù½Â�~f
2.2¤. ��ã Kn, (ã Sn Ú��+ã AGn Ñ´ Cayley ã.¯K 2.12 é?Û k (2 6 k 6 n − 3), An,k ´Ä´ Cayley ã.éu��+ã AGn, Cheng �<[69] y²: κ

(1)
s (AG4) = 4, κ

(1)
s (AGn) = 4n − 11 (n > 5). Üè�<[70] y²: κ

(2)
s (AG4) = 4, κ

(2)
s (AGn) = 6n − 18 (n > 5). ±Ö²�<[71] í2ù
(J� An,k.

κ
(1)
s (An,k) = (2k − 1)(n − k) − 1 (k > 3, n > k + 1).

κ
(2)
s (An,k) = (3k − 2)(n − k) − 2 (k > 4, n > k + 2).�w{Ú±Ö² [72] (½
: é?Û 0 6 h 6 k − 2 Ú n > k + h,

κ(h)
s (An,k) = ((h + 1)k − h)(n − k) − h.é��� h > 3, λ

(h)
s (An,k), κ

(h)
o (An,k) Ú λ

(h)
o (An,k) �vk�(½.� G´ κëÏã. XJz���:�Ñ©l��º:,K¡ G´� κëÏ (super κ-connected)ã. XJz���:�Ñ©l G Ǒü�ëÏ©|, Ù¥��Ǒ���á:, K¡ G ´;� κ ëÏ

(tightly super κ-connected) ã. ~X, �� 2 Üã Kn,n ´� n ã, �Ø´;� n ã.

67Day, K. and Tripathi, A., Arrangement graphs: a class of generalized star graphs. Information Processing Letters,

42(5)(1992), 235-241.
68Chiang, W. K. and Chen, R.J., On the arrangement graph. Information Processing Letters, 66(4)(1998), 215-219.
69Cheng, E., Lipták, L. and Sala, F., Linearly many faults in 2-tree-generated networks. Networks, 55(2)(2010) 90-98.
70Zhang, Z., Xiong, W. and Yang, W. H., A kind of conditional fault tolerance alternating group graphs. Information

Processing Letters, 110(2010) 998-1002.
71±Ö², Md², Conditional fault tolerance of arrangement graphs. Information Processing Letters, 111 (21-22)

(2011), 1037-1043.
72�w{, ±Ö², Conditional connectivity for (n, k)-arrangement graphs. êÆïÄ, 45(4)(2012), 350-364.
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Cheng �<[73] ïÄ
(ã Sn Ú��+ã AGn ��;�ëÏ5: � n > 4 �, Sn ´;�
(n− 1)ëÏ�; � n > 5�, AGn ´;� (2n− 4)ëÏ�. ·�í2ù
(J����� (n, k) ü�ã. N´�y: A4,2 Ø´;�ëÏ�, ¤±b½ k > 3.½n 2.13 é?Û n > 4, k > 3, ü�ã An,k ´;� k(n − k) ëÏ�.ù
(J�¹35Shuming Zhou and Jun-Ming Xu, Fault diagnosability of arrangement graphs.

Information Sciences, 246 (10) (2013), 177-1906�©¥.

§2.4 á�N.�ä� h �>ëÏÝ� G0 = (V0, E0) Ú G1 = (V1, E1) ´ü�Ø��ã� |V0| = |V1|, σ : V0 → V1 ´V�,

Mσ = {xσ(x)| x ∈ V0, σ(x) ∈ V1}. ^ G0 ⊕σ G1 L«ã G = (V0 ∪ V1, E0 ∪ E1 ∪ Mσ). w,, Mσ ´
G �����. 
�, XJ σ ´ V (G0) þ�ð���, �o G0 ⊕σ G0 = G0 × K2.�â σ �ØÓ, $� ⊕σ �±ØÓ�ã. 48/$^$� ⊕σ, �±�a�¡Ǒ n ��á�N.�ä (hypercube-like networks) [74] HLn, ½¡V�ë�ã£bijective connection graphs, {¡ BCã [75]¤. HLn U48½ÂXeµ

(1) HL0 = {G0}, Ù¥ G0 = K1;

(2) Gn ∈ HLn ⇔ Gn = Gn−1 ⊕σ G′
n−1, Ù¥ Gn−1, G

′
n−1 ∈ HLn−1.w,, z�ã Gn ∈ HLn ´ 2n �� n �K n ëÏã.d½Â,N´�y: �á�N (hypercube) Qn = Qn−1 ⊕σ1

Qn−1,C/�á�N (varietal hyper-

cube) [76] V Qn = V Qn−1 ⊕σ2
V Qn−1, Ûá�N (twisted cube) [77] TQn = TQn−1 ⊕σ3

TQn−1, ÛÜÛá�N (locally twisted cube) [78] LTQn = LTQn−1 ⊕σ4
LTQn−1, ��á�N (crossed cube) [79]

CQn = CQn−1 ⊕σ5
CQn−1, Möbius á�N [80] MQn = MQn−1 ⊕σ6

MQn−1. �u48Ì�ã (re-

cursive circulant) G(2n, 4), � n ∈ {2, 3, 4} �, V (G(2n−1, 4)) þ�3���� σ �� G(2n, 4) =

G(2n−1, 4)⊕σ G(2n−1, 4). ��/, G(2n, 4)ØUlü�48Ì�ÏL$� ⊕σ 
��. ,
, Kim [81]y²: V (G(2n−2, 4)� K2) ¥�3�� σ �� G(2n, 4) = [G(2n−2, 4)� K2] ⊕σ [G(2n−2, 4)� K2]. Ïd, {Qn, V Qn, TQn, LTQn, CQn, MQn, G(2n, 4), . . .} ⊆ HLn.

73Cheng, E., Lipman, M. J. and Park, H. A., Super connectivity of star graphs, alternating group graphs and split-

stars. Ars Combinatoria, 59 (2001), 107-116.
74Vaidya, A. S., Rao, P. S. N. and Shankar, S. R., A class of hypercube-like networks. In Proceedings of the Fifth

IEEE Symposium on Parallel and Distributed Processing, IEEE Computer Society Press, Los Alamitos, CA, 1993, pp.

800-803.
75Fan, J.-X. and Jia, X.-H., Edge-pancyclicity and path-embeddability of bijective connection graphs. Information

Sciences, 178(2)(2008), 340-351.
76Cheng S.-Y. and Chuang J.-H., Varietal hypercube-a new interconnection networks topology for large scale multi-

computer. Prooceedings of International Conference on Parallel and Distributed Srstems, 1994, 703-708.
77Hilbers, P. A. J., Koopman, M. R. J. and van de Snepscheut, J. L. A., The twisted cubes. In Parallel Architectures

and Languages Europe, Lecture Notes in Computer Science. June 1987, pp.152-159.
78Yang, X. F., Evans, D. J. and Megson, G. M., The locally twisted cubes, International Journal of Computer

Mathematics, 82 (4) (2005), 401-413.
79Efe, K., A variation on the hypercube with lower diameter. IEEE Transactions on Computers, 40 (11) (1991),

1312-1316.
80Cull, P. and Larson, S. M., The Möbius cubes. IEEE Transactions on Computers, 44 (5) (1995), 647-659.
81Kim, S.-Y., Lee, J.-H. and Park, J.-H., Disjoint path covers in recursive circulants G(2m, 4) with faulty elements,

Theor. Comput. Sci. 412 (35) (2011) 4636-4649.



§2 �ä�pN�5ïÄ 25éu h ∈ {0, 1}, λ
(h)
s (HLn) ®�(½£� [82,83]¤. ��8(½
 Gn ∈ HLn � h �>ëÏÝ.½n 2.14 é?Û n (> 2), Gn ∈ HLn Ú h ∈ {0, 1, . . . , n − 1}, λ

(h)
s (Gn) = 2h(n − h).íØ 2.15 é?Û n (> 2) Ú h ∈ {0, 1, . . . , n − 1}, XJ Gn ∈ {Qn, V Qn, CQn, MQn, TQn, LTQn,

G(2n, 4), . . .}, �o λ
(h)
s (Gn) = 2h(n − h).ù�ïÄ(J�¹35Xiang-Jun Li and Jun-Ming Xu, Edge-fault tolerance of hypercube-like

networks. Information Processing Letters, 113 (19-21) (2013), 760-7636�©¥.5: éu h �:ëÏÝ κ
(h)
s (Gn), � h ∈ {0, 1}�, κ

(h)
s (Gn)®�(½,�é��� h, κ

(h)
s (Gn)E�(½. éuAÏ��ä, 'X�á�N Qn, � 0 6 h 6 n − 2 �, Oh �<[84] Ú Wu �<[85]Õá/(½
 κ

(h)
s (Qn) = 2h(n − h). éuÛÜÛá�N£locally twisted cubes¤�ä LTQn, �C,

Wei Ú Hsieh [86] (½
: � 0 6 h 6 n − 2 �, κ
(h)
s (LTQn) = 2h(n − h). �C, Ye Ú Liang [87] y²
é?Û h ∈ {0, 1, . . . , n − 2} k κ

(h)
s (Gn) > 2h(n − h), �Òé CQn, MQn, LTQn ¤á.ß� 2.16 é?Û n (> 2), Gn ∈ HLn Ú h ∈ {0, 1, . . . , n − 2}, κ

(h)
s (Gn) = 2h(n − h).éu h rëÏÝ κ

(h)
0 (Gn) Ú λ

(h)
o (Gn), � h ∈ {0, 1, 2} �, §�®�(½, �é��� h,

κ
(h)
o (Gn) Ú λ

(h)
o (Gn) E�(½. 5¿�, e Gn ¥¹kfã K1,h �Ø��üº:�õk��ú��:, K κ

(h)
0 (Gn) 6 fn(h), Ù¥

fn(h) = n(h + 1) − 1

2
h(h + 3).
�u�< [88] (½
�á�N Qn � κ

(h)
o (Qn) = fn(h) (0 6 h 6 n − 3, n > 4); 
�u� [89]Ú±?
� [90] Õá(½
òUá�N FQn � κ

(h)
o (FQn) = fn+1(h) (0 6 h 6 n − 3, n > 6). �C, ±?
 [91] (½
C.�á�N V Qn£T�ä��[?Ø��© §5.1¤: e n = 3k + t, k > 3,

0 6 t 6 2, K κ
(h)
o (V Qn) = fn(h) (0 6 h 6 n − k).Ár�<[92], 
¥u�<[93] Ú±?
 [91] y²: é?Û Gn ∈ HLn Ú h, e 0 6 h 6 n − 3,K κ

(h)
o (Gn) > fn(h). ±?
 [91] y²: e Gn ¹ (h + 1) �fã H � |NGn

(H)| = fn(h), K
82Chen, Y.-C., Tan, J. J. M., Hsu, L.-H. and Kao, S.-S., Super-connectivity and super-edge-connectivity for some

internation networks. Applied Mathematics and Computation, 140 (2003), 245-254.
83Xu, J.-M., Wang, J.-W., and Wang, W.-W., On super or restricted connectivity of some interconnection networks.

Ars Combinatoria, 94 (2010), 25-32.
84Oh, A. D. and Choi, H., Generalized measures of fault tolerance in n-cube networks. IEEE Transactions on Parallel

and Distributed Systems, 4 (1993), 702-703.
85Wu, J. and Guo, G., Fault tolerance measures for m-ary n-dimensional hypercubes based on forbidden faulty sets.

IEEE Transactions on Computers, 47 (1998), 888-893.
86Chia-Chen Wei, Sun-Yuan Hsieh, h-restricted connectivity of locally twisted cubes. Discrete Applied Mathematics,

217 (2) (2017), 330-339.£5µÙ¥ë�©z [33] ¥Ñ?AT /́Discrete Math. 243 (2002), 291-2980.¤
87Ye, L. and Liang, J., On Conditional h-Vertex connectivity of some networks. Chinese Journal of Electronics, 25

(3) (2016), 556-560.
88Yang, W.-H. and Meng, J.-X., Extraconnectivity of hypercubes. Applied Mathematics Letters, 22 (6) (2009),

887-891.
89Yang, W.-H. and Meng, J.-X., Extraconnectivity of folded hypercubes. Ars Combinatoria, 116 (2014), 121-127.
90Zhang, M.-M. and Zhou, J.-X., On g-extra connectivity of folded hypercubes. Theoretical Computer Science, 593

(2015), 146-153.
91±?
, On g-extra connectivity of hypercube-like networks. arXiv1609.08885v1, 2016.
92Zhu, Q., Wang, X.-K. and Cheng, G.-L., Reliability evaluation of BC networks. IEEE Transaction on Computers,

62 (11) (2013), 2337-2340.
93Yang, W. and Lin, H., Reliability evaluation of BC networks in terms of the extra vertex- and edge-connectivity,

IEEE Transactions on Computers, 63(10)(2014), 2540-1548.£5µÙ¥ë�©z [31]¥/20120AT /́20130, ��©ë�©z [92].¤
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κ
(h)
o (Gn) = fn(h); 
��E
�a Gn ∈ HLn �� κ

(h)
o (Gn) > fn(h). 5¿�� h ∈ {0, 1, 2} �,

κ
(h)
o (Gn) = fn(h). ��k��¯K´: é¤k� Gn ∈ HLn, (½�� h �� κ

(h)
o (Gn) = fn(h).

§2.5 éóá�Ú���á�N� h �ëÏÝéóá�£dual-cube¤DCn ´d Li �<[94] JÑ5�, §k 22n+1 �º:, z�º:´�Ǒ
(2n + 1) � {0, 1} iG, k (n + 1) ��:; üº: u = u2nu2n−1 . . . u0 Ú v = v2nv2n−1 . . . v0 k>�ë ⇔ u Ú v =31 i �IØÓ, 
�

(a) e 0 6 i 6 n − 1, K u2n = v2n = 0;

(b) e n 6 i 6 2n − 1, K u2n = v2n = 1.
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00010

00001

00011

01000
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01011
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10010
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11100

10110

11110

10001

11001

10011

11011

10101

11101

10111

11111

00100

00110

01100

01110

00101

00111

01101

01111ã 14 éóá��ä DC2ã 14 ¤«�´éóá��ä DC2. éóá��ä DCn ´ (n + 1) �K 2 Üã. |^+���È, ±Ö²�<[95] y² DCn ´ Cayley ã C(Γ×Γ)⋊φZ2
(S), Ù¥ Γ = (Z2)n, φ : Z2 → Aut(Γ × Γ)½ÂǑ

φi(α, β) =

{

(α, β) e i = 0;

(β, α) e i = 1,� S = {(e0, e1, 0), . . . , (e0, en, 0), (e0, e0, 1)}, Ù¥ ei X£1.1.1¤¤½Â.éz� h ∈ {0, 1, 2},±Ö²�<[96] (½
: κ
(h)
s (DC(n)) = 2h(n + 1 − h).e¡½Â���á�N (exchanged hypercube). éu�½�ü��ê s Ú t, -

V (s, t) = {us+t · · ·ut+1ut · · ·u1u0 : u0, ui ∈ {0, 1}, i ∈ Is+t}.���á�N EH(s, t) �º:8Ǒ V (s, t), üº: u = us+t · · ·u0 Ú v = vs+t · · · v0 �� ⇔§�÷ve¡^�: éz� i ∈ Is+t,

(a) u Ú v ØÓ=1 i �½ö�����I,

(b) XJ i ∈ It, �o u0 = v0 = 1,

(c) XJ i ∈ Is+t − It, �o u0 = v0 = 0.ã 15 ¤«�´ EH(1, 1) Ú EH(1, 2).

94Li, Y. and Peng, S., Dual-cubes: a new interconnection network for high-performance computer clusters, Proceedings

of the 2000 international computer symposium, workshop on computer architecture, 2000, 51-57.
95Zhou, S.-M., Chen, L.-X. and Xu, J.-M., Conditional fault diagnosability of dual-cubes. International Journal of

Foundations of Computer Science, 23 (8)(2012), 1729-1749.
96Yang, X. and Zhou, S.-M., On conditional fault tolerant of dual-cubes. International Journal of Parallel, Emergent

and Distributed Systems, 28 (3) (2013), 199-213.
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b b
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EH(1, 1) EH(1, 2)ã 15 ���á�N�ä EH(1, 1) Ú EH(1, 2)���á�N�ä EH(s, t)´d Loh�<[97] JÑ5�. Qs+t+1 k (s + t + 2)2s+t−1 ^> [98].- E′
i ´ Qs+t+1 ¥÷ve�^�� i �>f8: éu e ∈ E′

i, e i ∈ It, K e �üà:����IǑ 0; e i ∈ Is+t − It, K e �üà:����IǑ 1. l½ÂN´w�, EH(s, t) �±l�á�N
Qs+t+1 ¥é¡/£�¤±>8 E′

i (i ∈ Is+t) ��. Ïd, EH(s, t) ´ Qs+t+1 �|  2 Üfã, ��ÝǑ min{s, t} + 1, ��ÝǑ max{s, t} + 1.w,, � s = t = n �, EH(n, n) ∼= DC(n). éóá�N DC(n) ´ Cayley ã, �� s 6= t �,

EH(s, t) w,Ø´�K�, Ï
Ø´ Cayley ã.N´w�, EH(s, t) ∼= EH(t, s). Ïd, �±b½ s 6 t. ê{#�<[99,100] (½
: XJ
1 6 s 6 t, �o κ

(0)
s (EH(s, t)) = λ

(0)
s (EH(s, t)) = s + 1, κ

(1)
s (EH(s, t)) = λ

(1)
s (EH(s, t)) = 2s. ù�(J�í2�������/.½n 2.17 XJ 1 6 s 6 t, �oé?Û h, 0 6 h 6 s,

κ(h)
s (EH(s, t)) = λ(h)

s (EH(s, t)) = 2h(s + 1 − h).ÏǑ EH(n, n) ∼= DC(n), ¤±½n 2.17 �¹
±Ö²�<[96] �(J.íØ 2.18 é?Û h, XJ 0 6 h 6 n, �o
κ(h)

s (DC(n)) = λ(h)
s (DC(n)) = 2h(n + 1 − h).ù
(J�¹35Xiang-Jun Li and Jun-Ming Xu, Generalized measures of fault tolerance in

exchanged hypercubes. Information Processing Letters, 113 (14-16) (2013), 533-537.6�©¥.

§2.6 ©�á��ä- Vn = {x1x2 · · ·xn : xi ∈ {0, 1}, 1 6 i 6 n}. e x = x1x2 · · ·xn ∈ Vn, K x̄ = x̄1x̄2 · · · x̄n ∈ Vn¡Ǒ x �Ö, Ù¥ x̄i = {0, 1} \ {xi}, 1 6 i 6 n. xQn L«: x Ú�á�N Qn �(k��È
{x} × Qn.

97Loh, P. K. K., Hsu, W. J. and Pan, Y., The exchanged hypercube. IEEE Transactions on Parallel and Distributed

Systems, 16 (9) (2005), 866-874.
98Chen, Y.-W., A comment on/the exchanged hypercube0. IEEE Transactions on Parallel and Distributed Systems,

18(4) (2007), 576.
99Ma, M., The connectivity of exchanged hypercubes, Discrete Mathematics Algorithms and Applications 2 (2) (2010)

213õ220.
100Ma, M. and Zhu, L., The super connectivity of exchanged hypercubes. Information Processing Letters, 111 (2011),

360-364.
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n �©�á��ä£hierarchical cube network¤HCNn ´d Ghose Ú Desai [101] JÑ5�, §k:8 Vn × Vn, d 2n ��á�N {xQn : x ∈ Vn} ¿Ue�5K3ü��á�N�m�V\>|¤: xQn ¥: (x, y) ë� yQn ¥: (y, x) XJ x 6= y, ½ö x̄Qn ¥: (x̄, ȳ) XJ x = y.

HCNn ´ 22n �º:� (n + 1) �Kã. ã 16 ¤«�´©�á��ä HCN2.
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01,11 01,10 00,11 00,10
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11,11 11,10 10,11 10,10ã 16 ©�á��ä HCN2

Chiang �<£1996¤[102] Ú Fu �<£2002¤[103] y²
µκ(HCNn) = λ(HCNn) = n + 1.±Ö²�<£2016¤[104] y²
: éu n > 3, κ
(1)
s (HCNn) = 2n, � κ

(2)
s (HCNn) = 4n − 4.
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(b) HHC6ã 17 ©��á�N�ä HHC6½n 2.19£o��, 2016 [105]¤
101Ghose, K. and Desai, K. R., Hierarchical cubic network, IEEE Transactions on Parallel and Distributed Systems, 6

(4) (1995), 427-435.
102W.-K. Chiang, R.-J. Chen, Topological properties of hierarchical cubic networks. Journal of Systems Architecture,

42 (4) (1996) 289-307.
103J.-S. Fu, G.-H. Chen, D.-R. Duh, Node-disjoint paths and related problems on hierarchical cubic networks. Net-

works, 40 (2002), 142-154.
104S. Zhou, S. Song, X. Yang, L. Chen, On conditional fault tolerance and diagnosability of hierarchical cubic networks.

Theoretical Computer Science, 609 (2016), 421-433.
105o��, Generalized measures for fault tolerance in hierarchical cubic networks. 2016
1n3°büW�äN���æ�äï?¬, 2016.7.22-24, �²�Æ.ë�: http://arxiv.org/abs/1709.02013
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κ
(h)
s (HCNn) = 2h(n + 1 − h), 0 6 h 6 n − 1;

λ
(h)
s (HCNn) = 2h(n + 1 − h), 0 6 h 6 n.�©�á��äaq�´ n�©��á�N�ä£hierarchical hypercube networks¤HHCn,§´dMalluhiÚ Bayoumi [106]JÑ5�,Ù¥ n = 2m+m,§´ Q2m Ú QmO�ã Q2m R©Qm. N´�y,d½n 1.17� HHCn´ Cayleyã£�1 §1.4!¤. ã 17¤«�´©��á�N�äHHC6,Ù¥ m = 2 � n = 6. ±Ö²�<[107] (½
 κ

(1)
o (HHCn) = 2m, κ

(2)
o (HHCn) = 3m − 2£m > 2).8
vk'u κ

(h)
s (HHNn) Ú λ

(h)
s (HHNn) �?Û(J. ��'5.

§2.7 O2á�N�ä� 2 rëÏÝ
n�O2á�N (augmented cube)�ä AQn kº:8 V (AQn) = {xn · · ·x1 : xi ∈ {0, 1}, 1 6

i 6 n}, Ueã�ª48�E
¤:

AQ1 = K2, V (K2) = {0, 1}. é n > 2, AQn ´kü�Ø�� (n − 1) �O2á�N AQ0
n−1Ú AQ1

n−1, Ù¥ V (AQ0
n−1) = {0xn−1 . . . x2x1 : xi ∈ {0, 1}, 1 6 i 6 n − 1} Ú V (AQ1

n−1) =

{1xn−1 . . . x2x1 : xi ∈ {0, 1}, 1 6 i 6 n − 1}, AQ0
n−1 ¥�: X = 0xn−1 . . . x2x1 � AQ1

n−1 ¥�:
Y = 1yn−1 . . . y2y1 k>�ë ⇔ ½ö (i) xi = yi, 1 6 i 6 n − 1, ½ö (ii) xi = ȳi, 1 6 i 6 n − 1. ã
18 ¤«�´ AQ1, AQ2 Ú AQ3.
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1000

AQ2
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AQ3ã 18 O2á�N�ä AQ1, AQ2 Ú AQ3O2á�N AQn ´d Choudum Ú Sunitha [108] JÑ5�, §´ (2n − 1) �K (2n − 1) ëÏ� (n > 4), κ(AQ3) = 4, κ(AQ2) = 3, κ(AQ1) = 1, �» d(AQn) = ⌈n
2 ⌉, 
� AQn ´ Cayley ã

C(Z2)n(S), S = {e1, . . . , en, e′2, . . . , e
′
n}, Ù¥ ei (1 6 i 6 n) X£1.1.1¤¤½Â,

e′i = 0 · · · 0
︸ ︷︷ ︸

n−i

1 · · · 1
︸ ︷︷ ︸

i

(1 6 i 6 n). (2.2.9)

Choudum Ú Sunitha [109] �?�Ú(½
 AQn �¤kgÓ�.ê{#�< [110] y²: κ
(1)
o (AQn) = 4n − 8 (n > 6), λ

(1)
o (AQn) = 4n − 4 (n > 2). éu h = 2,·���Xe(J:

106Malluhi, Q.M. and Bayoumi, M.A., The hierarchical hypercube: A new interconnection topology for massively

parallel systems. IEEE Transactions on Parallel and Distributed Systems, 5(1) (1994), 17-30.
107Zhou, S.-M., Lin, L.-M. and Xu, J.-M., Conditional fault diagnosis of hierarchical hypercubes. International Journal

of Computer Mathematics, 89 (16) (2012), 2152-2164.
108Choudum, S. A. and Sunitha, V., Augmented cubes. Networks, 40 (2) (2002), 71-84.
109Choudum, S. A. and Sunitha, V., Automorphisms of augmented cubes. International Journal of Computer Mathe-

matics, 85 (11) (2008), 1621)1627.
110Ma, M., Liu, G. and Xu, J.-M., The super connectivity of augmented cubes. Information Processing Letters, 106 (2)

(2008), 59-63. See a corrigendum: M. Ma, X. Tan, J.-M. Xu, G. Liu, A note on “The super connectivity of augmented

cubes”. Information Processing Letters, 109 (12) (2009), 592-593.
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(2)
o (AQn) = 6n − 17 (n > 9), λ

(2)
o (AQn) = 6n − 9 (n > 4).ù
¤J�¹35Meijie Ma, Yaxing Song and Jun-Ming Xu, Fault-tolerant analysis of aug-

mented cubes. AKCE International Journal of Graphs and Combinatorics, 10 (1) (2013), 37-556�©¥.éu��� h > 3, 8
�vk(½ κ
(h)
o (AQn) Ú λ

(h)
o (AQn). �u κ

(h)
s (AQn) Ú λ

(h)
s (AQn),8
Ǒvk?Û(J.

§2.8 dé�)¤� Cayley ã� Tn ´ Ωn ¥�é�8, S ⊆ Tn. é�ã£transposition graphs¤TS kº:8 In = {1, . . . , n}Ú>8 {ij : (i, j) ∈ S}. 5¿, Cayley ã CΩn
(S) k n ! �º:. ÏǑ��é�UC���Ûó5, ¤±z^>ë���Û��Ú��ó��. Ïd, Cayley ã CΩn

(S) ´ 2 Üã. 
�é?Ûü� S, S′ ⊆ Tn, TS
∼= TS′ ⇔ CΩn

(S) ∼= CΩn
(S′).~X, e S = {(1, i) : 2 6 i 6 n}, K TS ´ K1,n−1, éA� Cayley ã CΩn

(S) ´(ã Sn£��©1 §2.2 !¤. ùÒ´Ǒ�o Akers Ú Krishnamurthy��r Sn ¡Ǒ(ã��Ï.q~X, e S = {(i, i + 1) : 1 6 i 6 n − 1}, K TS ´´ Pn, éA� Cayley ã CΩn
(S) ´��S�ã£bubble-sort graph¤Bn. ù«a.�é�Ò��Gí�ü¤�^��, ½N�´ù��Ï,

Akers Ú Krishnamurthy��r Bn ¡Ǒ��S�ã. ã 19 ¤«�´��S�ã B2, B3 Ú B4.
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ã 19 ��S�ã B2, B3 Ú B4.

Polya£� Berge [111]¤y²
: 8 S ⊆ Tn£|S| = (n − 1)¤)¤ Ωn ⇔ é�ã TS ´ä, ½¡é�ä£transposition tree¤. Ïd, <�a,��´dé�ä TS �Ñ� Cayley ã CΩn
(S), {PǑ Tn. §´ (n − 1) �K (n − 1) ëÏ 2 Ü:�[ã, d·K 1.3 �, λ

(1)
s (Tn) = 2(n − 2).� n > 4 �, 
¥u�<[112] (½


κ
(2)
s (Tn)) = λ

(2)
s (Tn) = g(n − 3), Ù¥ g ´ Tn ���;

κ
(2)
o (Tn) = 3n − 8 � λ

(2)
o (Tn) = 3n − 7.

111Berge, C., Principles of Combinatorics, Academic Press, New York, 1971, p118
112Yang, W.-H., Li, C.-H. and Meng, J.-X., Conditional connectivity of Cayley graphs generated by transposition

trees, Information Processing Letters, 110(23)(2010), 1027-1030.



§2 �ä�pN�5ïÄ 31ùpJ9�eAadé�ã TS Ø´ä�ëÏã
�Ñ� Cayley ã. e Ts
∼= Kn,n−k, =

S = {(i, j) : 1 6 i 6 k, k + 1 6 j 6 n}, K Cayley ã CΩn
(S) ¡Ǒ2Â(£generalized star¤ã

GSn,k. ã 20¤«�ã´ GS4,2. w,, GSn,1 ´(ã Sn. ¤±, GSn,k ´(ã Sn �í2,�¡Ǒ2Â(. 2Â(ã GSn,k ´d Fragopoulou�<[113,114] ÄkJÑ¿ïÄ�.

1432 2314

3241 4123

3214

4132

1423

2341

1234 1324

4231 4321

3412 2413

3142 2143

2134 2431

3124 3421

4312 1342

4213 1243

ã 20 2Â(ã GS4,2,	, e Ts
∼= Cn, = S = {(i, i + 1) : 1 6 i 6 n− 1} ∪ {(n, 1)},K Cayleyã CΩn

(S) ¡Ǒ���S�£modified bubble-sort¤ã MBn; e Ts
∼= Kn, = S = {(i, j) : 1 6 i < j 6 n}, K Cayley ã

CΩn
(S) ¡Ǒ��é�£complete-transposition¤ã CTn.��²Ú�¡z [115] (½
 κ

(2)
o (MBn) = 3n − 5£n > 4¤. �I§Ú�°§ [116] y²


κ
(1)
o (CTn) = n(n − 1) − 2, κ

(2)
o (CTn) = 3n(n−1)

2 − 6 (n > 4);

λ
(1)
o (CTn) = n(n − 1) − 2, λ

(2)
o (CTn) = 3n(n−1)

2 − 4 (n > 3).ùAa Cayley ã�ïÄ¤Jé�, AT��?�ÚïÄ. AO/, � h > 3 �, (½κ
(h)
s (Tn),

λ
(h)
s (Tn), κ

(h)
o (Tn), λ

(h)
o (Tn).

§2.9 48�ä�i\ëÏÝ�5�O�ÅXÚ�äÿÀ, 'X�á�N.�ä HLn, (�ä Sn �, Ñäk48(�, �´Ǒ
�B�ä�*¿, �´*¿���äì�U$1�^3�©�ä¥´d�{½ö�?üÑ.:Ú>u)�æ�U¬�����äØëÏ, �<�F"z��{©|Uäk��5�ä���ÿÀ(�. ?uù«�Ä, 
�(Ú�­= [117] JÑi\ëÏÝ£embedded connectivity¤Vg.

113Fragopoulou, P., Communication and fault tolerance algorithms on a class of interconnection networks. PhD thesis,

Queen University. Kingston, Canada, 1995.
114Fragopoulou, P. and Akl, S. G., Optimal communication primitives on the generalized hypercube network. J.

Parallel Distrib. Comput. 32(2)(1996), 173-187.
115��²,�¡z, Restricted Vertex connectivity of modified bubble sort graphs. #õ�ÆÆ�, 29 (1) (2012), 78-81.
116�I§, �°§, ��é��ä���ëÏÝ.$ÊÆÆ�, 17(3)(2013),57-64.
117Yang, Y.-X. and Wang, S.-Y., Conditional connectivity of star graph networks under embedded restriction. Infor-

mation Sciences, 199 (15) (2012), 187-192.



§2 �ä�pN�5ïÄ 32� Gn ´ n �48�ä, Kéu��ê h£h 6 n − 1¤, �3f�ä Gh ⊂ Gn. - δh = δ(Gh).� F ⊂ V (Gn) (½ö F ⊂ E(Gn)), h ´�ê� 1 6 h 6 n − 1. e Gn − F ØëÏ, 
�z�º:��¹3,�f�ä Gh ¥, K¡ F Ǒ Gn �i\ h :�£½öi\ h >�¤. ã Gn �i\ hëÏÝ ζh(Gn)£½öi\ h >ëÏÝ ηh(Gn)¤½ÂǑ��i\ h :�¥�:ê£½ö��i\
h >�¥�>ê¤.d½Â,XJ F ´ Gn �i\ h :�, �o Gn −F �¹f�ä Gh. u´, δ(Gn −F ) > δh, ù¿�X F ´ Gn �� δh :�. Ïd, κ

(δh)
s (Gn) 6 |F | = ζh(Gn). Ó�/, λ

(δh)
s (Gn) 6 ηh(Gn). ù�{ü�*	Ú£2.2.6¤Jø
 ζh(Gn) Ú ηh(Gn) �e..·K 2.21 éu h 6 n − 1,

(a) e ζh(Gn) �3, K ζh(Gn) > κ
(δh)
s (Gn) > κ

(δh)
o (Gn);

(b) e ηh(Gn) �3, K ηh(Gn) > λ
(δh)
s (Gn) > λ

(δh)
o (Gn).5¿�: é?Û h, e 1 6 h 6 n − 2, K κ

(h)
s (Qn) = 2h(n − h); e 1 6 h 6 n − 1, K

λ
(h)
s (Qn) = 2h(n− h). ÏLL« Qn = Qh ×Qn−h N´ïá ζh(Qn) Ú ηh(Qn)�þ., 2|^·K

2.21 á=��e¡�(J.½n 2.22 é?Û h,

{

ζh(Qn) = 2h(n − h) e 1 6 h 6 n − 2;

ηh(Qn) = 2h(n − h) e 1 6 h 6 n − 1.éu(ã Sn,
�(Ú�­=3JÑù
Vg�Ó�,|^·K 2.21,(½
 ζ2(Sn) = η2(Sn) =

2n− 4 (n > 3), η3(Sn) = 6(n − 3) (n > 4), ¿�é?Û h (1 6 h 6 n − 1), �Ñ ηh(Sn) 6 h ! (n − h).·�¼� ζh(Sn) 6 h ! (n−h). d½n 2.6é?Û�ê h,e 1 6 h 6 n−1,K κ
(h)
s (Sn) = λ

(h)
s (Sn) =

h)! (n − h). |^ù
(JÚ·K 2.21,á=��e¡�(J.½n 2.23 é?Û h, e 1 6 h 6 n − 1, K ζh(Sn) = ηh(Sn) = h ! (n − h).éu��S�ã Bn£��©1 §2.8 !¤, 
�(Ú�­=3JÑù
Vg�Ó�, |^·K
2.21,(½
 ζ2(Bn) = 2n − 4£n > 3¤¿�Ñ ηh(Bn) �þ..·K 2.24 é?Û�ê h£1 6 h 6 n − 1, n > 2¤k ηh(Bn) 6 h ! (n − h).�â®��(JÚ·K 2.24, éN´y² η2(Bn) = 2n − 4£n > 3¤[118].|^é n (> 4) ?1êÆ8B, ·�y²
 η3(Bn) > 6(n − 3). d·K 2.24, l
(½

η3(Bn) = 6(n − 3)[119].½n 2.25 e n > 4, K η3(Bn) = 6(n − 3).ù
(J��¹3Ø©5Xiang-Jun Li, Qi-Qi Dong, Zheng Yan and Jun-Ming Xu, Embedded

connectivity of recursive networks. Theoretical Computer Science, 653 (2016), 79-866¥.é��� h, E,�{(½ ηh(Bn) Ú ηh(Bn). |^·K 2.21 Ú·K 2.24, �I(½ κ
(h)
s (Bn)Ú κ

(h)
s (Bn); ½ö κ

(h)
o (Bn) Ú κ

(h)
o (Bn).

1185: 
�(�<Ǒ�ã
ù�(J,���3y²¥�Ø/b½�� g(Bn) = 6. ¢Sþ,� n > 4�, g(Bn) = 4.
1195: 
�(�<Ǒ�ã
ù�(J.,
, ��3y²¥�Øb½ λ

(2)
s (Bn) = 6(n − 3). ¯¢þ, � n > 4 �,

λ
(2)
s (Bn) = 4(n − 3).
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§2.10 i;�ÈÚ�Èã�ëÏÝ� G1 = (V1, E1) Ú G2 = (V2, E2) ´ü���ã. �Ǒã�$�, G1 Ú G2 �(k��È£cartesian product¤, r�È£strong product¤, i;�È£lexicographic product¤Ú�È£direct

product¤́ ã�­�$�, §��º:8Ñ´ V1 × V2, �O�´>�ë��ª.éu(k��È G1� G2, üº: x1x2 Ú y1y2 �ë ⇔ x1 = y1 � x2y2 ∈ E2 ½ö x2 = y2 �
x1y1 ∈ E1;éur�È G1 ⊠G2,üº: x1x2 Ú y1y2 �ë⇔éz� i = 1, 2,½ö xi = yi ½ö xiyi ∈ Ei;éui;�È G1[G2], üº: x1x2 Ú y1y2 �ë ⇔ x1y1 ∈ E1, ½ö x1 = y1 � x2y2 ∈ E2;éu�È G1 × G2, üº: x1x2 Ú y1y2 �ë ⇔ x1y1 ∈ E1 � x2y2 ∈ E2.ã 21 �«
 K2 Ú P2 ��«�Èã, Ù¥ V (K2) = {a, b}, V (P2) = {x, y, z}. 5¿µ3©z¥, r�ÈǑ¡ Kronecker�È£��©1 §6.1 !¤.

ax ay az

bx by bz

K2� P2

ax ay az

bx by bz

K2 ⊠ P2

ax ay az

bx by bz

K2[P2]

ax ay az

bx by bz

K2 × P2ã 21 K2 Ú P2 � 4 «�Èãéz� i = 1, 2,� Gi ´ Cayley ã CΓi
(Si), ei ´ Γi �ü �. K G1 Ú G2 �ù 4 «�ÈÑ´ Cayley ã CΓ(S), Ù¥ Γ = Γ1 × Γ2, S ´d�È�ØÓ
ØÓ£� [120] ¥�·K 7¤[121]µéu(k��È G1� G2, S = (S1 × {e1}) ∪ ({e2} × S2);éur�È G1 ⊠ G2, S = (S1 × {e1}) ∪ ({e2} × S2) ∪ (S1 × Γ2);éui;�È G1[G2], S = (S1 × Γ2}) ∪ ({e1} × S2);éu�È G1 × G2, S = S1 × S2.k
�ïÄ(½
(k��Èã�ëÏÝ£ë� [ 122,123]¤Úr�Èã�ëÏÝ£ë� [124] ¤:

λ(G1� G2) = min{δ1 + δ2, λ1v2, λ2v1};

κ(G1� G2) = min{κ1v2, κ2v1, δ1 + δ2}.
λ(G1 ⊠ G2) = min{λ1(v2 + 2ε2), λ2(v1 + 2ε1), δ1 + δ2 + δ1δ2};

κ(G1 ⊠ G2) = min{δ1v2, δ2v1, δ1 + δ2 + δ1δ2}.
120Heydemann, M. C. and Ducourthial, B., Cayley graphs and interconnection networks. In: G. Hahn, G. Sabidussi

(Eds.), Graph Symmetry (Montreal, PQ, 1996), NATO Advanced Science Institutes Series C, in: Mathematica and

Physical Sciences, vol. 497, Kluwer Academic Publishers, Dordrecht, 1997, pp. 167-224.
1215µo¸�<3 [Li, F., Wang, W., Xu, Z., Zhao, H., Some results on the lexicographic product of vertex-transitive

graphs. Applied Mathematics Letters, 24 (2011), 1924-1926.] �©�½n 2.4 ¥2g�ã¿y²ù�(Ø: ü�
Cayley ã�i;�ÈE´ Cayley ã. �½n��ãÚy²¥Ñyvk½Â�ÎÒ/Φ20£[Ǒ S2¤. ,	, T©¥½n 2.2 äó: >�[ã�i;�ÈE´>�[�. ¯¢þ, Imrich �<3 [ Edge-transitive lexicographic and

cartesian product. Discussiones Mathematicae Graph Theory, DOI: 10.7151/dmgt.1892, May 2016] ¥�Ñ��{ü��~ K3[P2], ¿?�Úy²: � G1 ´ëÏ���ã, G2 ´?¿ã, K G1[G2] ´>�[� ⇔ G1 ´>�[��
G1 ´�>ã.
122Xu, J.-M. and Yang, C., Connectivity of Cartesian product graphs. Discrete Math., 306(1) (2006), 159-165.
123Xu, J.-M. and Yang, C., Connectivity and super-connectivity of Cartesian product graphs. Ars Combinatoria, 94

(2010), 25-32.
124
�,Md², Connectivity and edge-connectivity of strong product graphs. ¥I�ÆEâ�ÆÆ�, 38 (5) (2008),

449-455.



§2 �ä�pN�5ïÄ 34·�Ǒ¼�i;�Èã>ëÏÝ, Ù:ëÏÝE,vk�(½.½n 2.26 � G1 Ú G2 ´ü��²�ã. e G1 ´ëÏ�, K
λ(G1[G2]) = min{λ1v

2
2 , δ2 + δ1v2}.éu�Èã G1 × G2 �:ëÏÝ, Mamut Ú Vumar [125] ��

κ(Km × Kn) = (m − 1)(n − 1), n > m > 2, n > 3.�5, Guji Ú Vumar [126] y²
: éu 2 Üã G,

κ(G × Kn) = min{nκ(G), (n − 1)δ(G)}, n > 3,¿�ß�ù�(Øé� 2 Üã G Ǒ¤á. � n = 2 �, Wang Ú Wu [127] y²
ù�ß�. WangÚ Xue [128] Ǒ(¡y²
ù�ß�. Wang Ú Yang [129] ��
κ(G × K2) = min{2κ(G), min{|X | + 2|Y |}},Ù¥ X, Y ⊂ V (G) �÷v,
��. ��3,��Ø© [130] ¥(½
��ã G ��� t Üã�È�ëÏÝ. Tang �<[131] (½
��ã��� t Üã�È�ëÏÝ.éu�Èã G1 ×G2 �>ëÏÝ, Cao�<[132] y²
: λ(G×Kn) = min{(n− 1)δ(G), n(n−

1)λ(G)}, Ù¥ n > 3. � n = 2 �, ·�(½
 λ(G × K2). - β(G) ´��>ê, §��í����� 2 Üã. w,, β(G) = 0 ⇔ G ´ 2 Üã. éz� j > λ, - βj(G) = min{β(C) : C ´ G − B¥©|, B ´ G ¥>êǑ j ��}. |^ù
PÒ, ·�(JU��ãXe.½n 2.27 � G ´ λ (> 0) >ëÏã, δ = δ(G), β = β(G) � βj = βj(G), K
λ(G × K2) = min{2λ, 2β,

δ

min
j=λ

{j + 2βj}}. (2.2.10)ù
(JuL35Cao Yang and Jun-Ming Xu, Connectivity of lexicographic product and direct

product of graphs. Ars Combinatoria, 111 (2013), 3-12.6�©¥.¢��´, é��ã� κ(G1 × G2) Ú λ(G1 × G2) �vk�(½.î�²[133] ?Ø
ù 4 «�Èã��ëÏ5.

125Mamut, A. and Vumar, E., Vertex vulnerability parameters of Kronecker product of complete graphs. Inform.

Process. Lett. 106 (2008) 258-262.
126Guji, R. and Vumar, E., A note on the connectivity of Kronecker products of graphs. Appl. Math. Lett. 22 (2009)

1360-1363.
127Wang, Y. and Wu, B., Proof of a conjecture on connectivity of Kronecker product of graphs. Discrete Mathematics

311 (2011) 2563õ2565.
128Wang, W. and Xue, N.-N., Connectivity of direct products of graphs. arXiv:1102.5180, http://arxiv.org/abs/

1102.5180.
129Wang, W. and Yan, Z., Connectivity of Kronecker products by K2. Applied Mathematics Letters, 25 (2012),

172-174.
130Wang, W. and Yan, Z., Connectivity of Kronecker products with complete multipartite graphs. Discrete Applied

Mathematics, 161 (10-11) (2013), 1655-1659.
131Tang, D., Wang, H. and Shan, E., Vertex vulnerability parameters of Kronecker products of complete multipartite

graphs and complete graphs. Operations Research Transactions£$ÊÆÆ�¤, 16 (1) (2012), 31-40.
132Cao, X.-L., Brglez, Š., Špacapan, S. and Vumar, E., On edge connectivity of direct products of graphs. Information

Processing Letters, 111 (2011), 899-902.
133Ou, J.-P., On optimizing edge-connectivity of product graphs. Discrete Mathematics, 311 (6) (2011), 478-492.
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§3 �ä�æ�äïÄ^ã G = (V, E) 5�[O�Å?nXÚpë�ä�ÿÀ(�,Ù¥ V ¥:�L�ä¥�?nì, E ¥>�L?nì�m�ë�. G¥�º:�¡Ǒ�æ:£fault-vertex¤,XJ§éA��ä¥?nìu)�æ. f8 F ⊂ V (G) �¡Ǒ�æ8, XJ F ¥z�º:Ñ´�æ:.3õ?nìO�ÅXÚ¥,?nì��æ´Ø�;��,£O�æ?nìUå��Ǒ´XÚY²�ä. ��Ï±5, <�JÑNõXÚY²g·�ä�., Ù¥�­���ä�.´ PMC �.Ú'��ä�.£ë�nã©Ù [134]¤. �ä�æ�äïÄÚåNõïÄó�ö�ïÄ,�.

§3.1 ��S��ä3 PMC �.e�^�N��äÝ
PMC �.´d Preparata, Metze Ú Chien [135] u 1967 
JÑ�.éuXÚ G, PMC �.�� G ¥¤k���üº: u Ú v ´�p�±ÿÁ�. � u ÿÁ v�, u ´ÿÁ:, 
 v ´�ÿÁ:; ÿÁ(JÑÑ 1£½ö 0¤¿�X v ´�æ:£½ö��æ:¤.

σ(u, v) L« u ÿÁ v �ÑÑ. 
�b½: eÿÁ:´��æ:, KÿÁÑÑ´�(�; ÄKÿÁÑÑ´Ø���. Xd½Â�¤kÿÁÑÑPǑ σ, ¡ǑT�ä���f (syndrome).éu�½���f σ Úf8 F ⊂ V (G), eé?Û uv ∈ E(G), u ∈ F = V (G − F ) þk
σ(u, v) = 1 ⇔ v ∈ F , K¡ F � σ ´���£consistent with σ¤. ù¿�X F �U�¹�æ:. ÏǑd�æ:��ÿÁÑÑ´Ø���,¤±Ó���æ:8 F �U��ØÓ��Ù�����f.,��¡,ØÓ��æ:8Ǒ�U���Ó��Ù�����f. � σF = {σ : σ � F ´���}.� F1, F2 ⊂ V (G) ´ü�ØÓf8. e σF1

∩ σF2
= ∅, K F1 Ú F2 ´�«O�£distinguishable¤;ÄK, F1 Ú F2 ´Ø�«O�£indistinguishable¤.

Preparata�<[135] 3JÑù
Vg�Ó�Ǒ�Ñ F1 Ú F2 ´�«O�¿©7�^�.·K 3.1 � F1 Ú F2 ´ G ¥ü�ØÓ�º:f8. F1 Ú F2 ´�«O� ⇔ �3 u ∈ F1 ∪ F2 Ú
v ∈ F1∆F2 �� uv ∈ E(G), Ù¥ F1∆F2 = (F1 ∪ F2) \ (F1 ∩ F2).eéXÚ G ¥?¿�½���fÑUd���:êØ�L t ��æ:8¤(½, K¡ G 3
PMC �.e´ t ��ä�, t ����¡Ǒ G 3 PMC �.e��äÝ, PǑ t(G), =

t(G) = max{t : G 3 PMC �.e´ t ��ä�}.

Lai �<[136] �Ñ G ´ t ��ä�¿©7�^�.·K 3.2 3 PMC �.e, XÚ G ´ t ��ä� ⇔ é?Ûü�ØÓ� F1, F2 ⊂ V (G), e
max{|F1|, |F2|} 6 t, K F1 Ú F2 ´�«O�.� F ´ G ¥�æ8. eé?Û v ∈ V (G) þk NG(v) * F , K¡ F Ǒ^��æ8.� F1 Ú F2 ´ G ¥?¿ü�ØÓ�^��æ8� max{|F1|, |F2|} 6 t. e F1 Ú F2 ´�«O�, K¡ G ´^� t ��ä�, t ����¡Ǒ G �^��äÝ, PǑ tc(G), =

tc(G) = max{t : G ´^� t ��ä�}.
134Duarte Jr., E. P., Ziwich, R. P. and Albini, L. C. P., A Survey of Comparison-Based System-Level Diagnosis. ACM

Computing Surveys, Vol. 43, No. 3, Article 22, Publication date: April 2011. 1-56.
135Preparata, F. P., Metze, G. and Chien, R. T., On the connection assignment problem of diagnosable systems, IEEE

Transactions on Computers 16(1967) 848-854.
136Lai, P. L., Tan, J. J. M., Chang, C. P. and Hsu, L. H., Conditional diagnosability measures for large multiprocessor

systems, IEEE Transactions on Computers 54 (2) (2005) 165-175.
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��S�ã Bn£� §2.8¤3 PMC �.e�^��äÝ tc(Bn).½n 3.3 3 PMC �.e, � n > 4 �, tc(Bn) =

{

5 XJ n = 4;

4n − 11 XJ n > 5.ù�(J�¹35Shuming Zhou, Jian Wang, Xirong Xu, Jun-Ming Xu, Conditional fault di-

agnosis of bubble sort graphs under the PMC model. Intelligence Computation and Evolutionary

Computation, Advances in Intelligent Systems and Computing Volume 180, 2013, pp 53-59.6�©¥.

§3.2 �ä�æ3'��.e�^��äïÄù�!�Ä'��ä�.£comparison diagnosis model¤,{¡Ǒ'��.£comparison model¤.'��.´d Malek Ú Maeng [137,138] u 1980 
�mJÑ5�.éuXÚ G,�: z x&E�§�ü��: xÚ y �, z Â�5g x Ú y �£�,'�§��£�¿ÑÑ'�(J. XJ£�´Ø���, �o x Ú y ¥����u)
�æ; XJ£�´���, �o x Ú y Ñvku)
�æ. ^ σ((x, y)z) L«'�(J:

σ((x, y)z) =

{

0 XJ x Ú y �£�´���;

1 XJ x Ú y �£�´Ø���.Xd½Â�¼ê σ ¡ǑT�ä���f (syndrome).,
, XJ z ��u)�æ, �o'�(J´Ø���. Ïd, �æ:8�U�)ØÓ���f. � F ⊂ V � σ ´��f, e σ U�� F ¥¤k:Ñ´�æ:, 
 F ¥¤k:Ñ´��æ:,K¡ F � σ ´�N�£compatible¤.eéXÚ G¥?¿�½���f σÑ�3��,:êØ�L t,�� σ´�N�f8 F ⊂ V (G),K¡ G 3'��.e´ t ��ä�, t ����¡Ǒ G 3'��.e��äÝ, PǑ t(G).� σF = {σ : σ� F ´�N� }. V (G)¥ü�ØÓf8 F1Ú F2´�£O�£distinguishable¤
⇔ σF1

∩σF1
= φ,ÄK´Ø�£O�£indistinguishable¤. 3'��.e, �3NõØÓ��{u�XÚ´Ä´ t��ä�. Sengupta Ú Dahbura [139] �Ñ��¿©7�^�±(�XÚ��£O5.·K 3.4 3'��.e, G ¥ü�ØÓ�:f8 F1 Ú F2 ´�£O� ⇔ §����÷ve�^���£�ã 22 ¤«¤:

z

y

x

F1 F2

(1)

z

x y

F1 F2

(2)

z

x y

F1 F2

(3)ã 22 ã«·K 3.4 ¥�^�
137Maeng, J., Malek, M., A comparison connection assignment for self-diagnosis of multiprocessors systems, in: Pro-

ceedings of the 11th International Symposium on Fault-Tolerant Computing, New York, ACM Press, (1981) 173-175.
138Malek, M., A comparison connection assignment for diagnosis of multiprocessors systems, in: Proceedings of the

7th annual symposium on Computer Architecture, New York: ACM Press, (1980) 31-36.
139A. Sengupta, A. Dahbura, On self-diagnosable multiprocessor systems: diagnosis by the comparison approach.

IEEE Transaction on Computers, 41(1992), 1386-1396.
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(a) �3 x, z ∈ F1 ∪ F2 Ú y ∈ F1∆F2 �� xz, yz ∈ E(G);

(b) �3 z ∈ F1 ∪ F2 Ú x, y ∈ F1 \ F2 �� xz, yz ∈ E(G);

(c) �3 z ∈ F1 ∪ F2 Ú x, y ∈ F2 \ F1 �� xz, yz ∈ E(G).

2008
, Lin�<[140]JÑ^��äÝVg. ãG¥��æ8 F �¡Ǒ^��æ8£conditional

fault-set¤XJéz� x ∈ F Ñk NG(x) * F , Ù¥ NG(x) ´: x 3 G ¥��:8, = G − F Ø¹�á:. 8é (F1, F2) �¡Ǒ^��æ8é, XJ F1 Ú F2 Ñ´^��æ8.e G ¥?Ûü�^��æ8 F1 Ú F2 Ñ´�£O�, 
�÷v max{|F1|, |F2|} 6 t, K¡ G3'��.e´^� t ��ä�. �J�ü�^��æ8 F1 Ú F2 ´^� t ��ä�, ob½
max{|F1|, |F2|} 6 t. Sengupta Ú Dahbura �Ñã G ´^� t ��ä�¿©7�^�.·K 3.5 3'��.e, G ´^� t ��ä� ⇔ G ¥?Ûü�^��æ8 F1 Ú F2 ´�£O.

G 3'��.e�^� t ��äÝ (conditional diagnosability) tc(G) ½ÂǑ
tc(G) = max{t : G ´3'��.e^� t ��ä�}.w,, tc(G) > t(G). éu�½�ã G, <�o´F"(½Ñ tc(G). ,
, ù´é(J�.� F ⊂ V (G) ´ G �:�, H ´ G − F �©|. XJ H ´�á:½ö�á>, K¡ H Ǒ�©|; ÄK¡ H Ǒ�©|. Cheng �<[141] �Ñ3,
^�ek tc(G) > t.·K 3.6 �ã G = (V, E) k��Ý ∆ Ú��Ý δ > 3. XJ�3�ê t ��

(a) |V | > (∆ + 1)(t − 1) + 4;

(b) é?Û F ⊂ V (G), |F | 6 t − 1, XJ G − F k�©|�¤k�©|�:êØ�L 2,�o, tc(G) > t.ù�(J´8
<�(½ tc(G) �Ä:.

§3.3 (n, k) ü�ã�^��äÝ1 §2.2!½Â
 (n, k) ü�ã£arrangement graphs¤An,k, 
� An,1
∼= Kn, An,n−1

∼= Sn£(ã¤, An,n−2
∼= AGn£��+ã¤.

Lin �<JÑ^��äÝVg�Ó�, (½
3'��.e(ã Sn �^���äÝ tc(Sn) =

3n−7 (n > 5). ±Ö²Ú�©d [ 142](½
3'��.e��+ã AGn�^���äÝ tc(AGn) =

6n− 19 (n > 6). ·�í2ù
(J����� (n, k) ü�ã An,k, ¼�Xe(J.½n 3.7 � An,k ´ (n, k) Ù�ã, k > 4. K3'��.e,

tc(An,k) =

{

3n − 7 e n = k + 1;

(3k − 2)(n − k) − 3 e n > k + 2.ù�ïÄ¤J�¹3Ø©5Shuming Zhou and Jun-Ming Xu, Fault diagnosability of arrangement

graphs. Information Sciences, 246 (10) (2013), 177-1906¥. ù�©Ù��éq£, Ù¥JÑ�ïÄ�{ǑïÄp�ëÏÝJø
#�ïÄå».
140C. K. Lin, J. J. M. Tan, L. H. Hsu, E. Cheng, and Lipták, Conditional diagnosability of cayley graphs generalized

by transposition tree under the comparison diagnosis model. Journal of Interconnection networks, 9(2008), 83-97.
141Cheng, E., Lipták, L., Qiu, K., Shen, Z., On deriving conditional diagnosability of interconnection networks,

Information Processing Letters, 112(17-18)(2012), 674-677.
142Zhou, S. M. and Xiao, W. J.§Conditional diagnosability of alternating group networks. Information Processing

Letters, 110(10)(2010), 403-409.
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§3.4 ^��äÝ�r 2 ëÏÝ�'XïÄuy,·K 3.6¥�^�£b¤�ã�r 2ëÏÝk��'X.r�æ^��äÝ�r 2ëÏÝ(Üå5ïÄ´��8­�ïÄSN��.�!0��ïÄ¤J´T�8Ì±<3�®�Ï�Æ�¯�, �T�ÏJ_�ÇÚ¨�Æ¬)XOjÜ��¤J, uL35Rong-Xia Hao, Zeng-Xian

Tian and Jun-Ming Xu, Relationship between Conditional Diagnosability and 2-extra Connectivity

of Symmetric Graphs. Theoretical Computer Science, 627 (2016), 36-536�©¥. ù�!Úe�!0�T©�Ì�ïÄ¤JÚA^.£�ã�r 2 ëÏÝ£�1 §2.1 !¤. � G ´ëÏã, S ⊂ V (G). XJ G − S ØëÏ
�z�ëÏ©|��k 3 �:, �o¡ S Ǒ G � R2 :�. éu?¿ã G, Ø�½�3 R2 :�. ~X,�Ǒ 5 �� 5 ÒØ�3 R2 :�. ã G �¡Ǒ R2 ã, XJ§�¹���� R2 :�. éu R2 ã
G, §�r 2 ëÏÝ κ

(2)
o (G) ½ÂǑ�� R2 :�¥:ê. ǑÖ��B, ©OP κ

(2)
o (G) Ǒ κ′′

o(G).©z¥, éu�½�ã G, tc(G) Ú κ′′
o(G) o´©OïÄ�. Þü�~f.éu��+�ä£½Â��©~f 2.1¤ANn, ±Ö²Ú�©d [143] (½
 tc(ANn) = 3n − 9£n > 5¤; ±Ö² [144] (½
 κ′′

o(ANn) = 3n− 9£n > 4¤. Ïd� n > 5 �k, tc(ANn) = 3n− 9 =

κ′′
o(ANn).éu��+ã£½Â��©~f 2.2¤AGn,±Ö²�<[145] (½
 tc(AGn) = 6n−19£n > 6¤£��©1 §3.3 !¤; Lin �<[146] Q(½
(½ κ′′

o(AGn) = 6n− 19£n > 5¤. Ïd, � n > 6 �,k tc(AGn) = 6n − 19 = κ′′
o(AGn).��8ÁãÏé3'��.e^��äÝ tc(G) �r 2 ëÏÝ κ′′

o (G) �m�'X.Ǒ
�ã·��(J, I�,
PÒ. éu X ⊂ V (G), P NG(X) = (∪x∈X NG(x)) \ X Ǒ X��:8. éu G ¥ü�Ø��º: x Ú y, - ℓ(x, y) = |N(x) ∩ N(y)|, � ℓ(G) = max{ℓ(x, y) :

x, y ∈ V (G), xy /∈ E(G)}.Ǒ
BuO�, ùp=�Ä�Kã. � S ´ G ¥�� R2 :�, K G − S ¥��k�©|�¹´ P3 ½ö� C3. u´, ·�uy3,
^�e�Kã G3'��.e�^� t��äÝ tc(G)�r 2 ëÏÝ κ′′
o(G) kXe��'X.½n 3.8 � G ´ n �K R2 ã, t = min{|NG(T )| : T ´ G ¥´ P3 ½ö� C3}. XJ G ÷ve�^�µ

(a) é?Û F ⊂ V (G), |F | 6 t − 1, G − F k���©|Ú�¹�õü�º:��©|;

(b) XJ G Ø¹ C5, �o n > 2ℓ(G) + 2, ÄK n > 3ℓ(G) + 2;

(c) |V (G)| > (n + 1)(t − 1) + 4;�o3'��.e, tc(G) = t = κ′′
o(G).½n 3.8 �y²ØJ, ½n¥^�Ǒ,k:E,, �®²y¢NõÍ¶�pë�äéA�ãÑäkù
��.

143Zhou, S.-M., Xiao, W.-J., Conditional diagnosability of alternating group networks, Information Processing Letters,

110(2010), 403-409.
144Zhou, S.-M., The study of fault tolerance on alternating group networks. In Biomedical Engineering and Informatics,

2009. BMEI ’09. 2nd International Conference on, Issue Date: 17-19 Oct. 2009, DOI: 10.1109/BMEI.2009.5305876.
145Zhou, S.-M. and Xu, J.-M., Fault diagnosability of arrangement graphs. Information Sciences, 246(10)(2013),

177-190.
146Lin, L., Zhou, S., Xu, L., Wang, D., The extra connectivity and conditional diagnosability of alternating group

networks, IEEE Transactions on Parallel and Distributed Systems, 26(8)(2015), 2352-2362.
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§3.5 Ì�(J�A^�Ǒ½n 3.8 �A^, ·�UÚ�NõÍ¶�ä3'��.e�^��äÝ tc �r 2 ëÏÝ
κ′′

o . Ì�(J´�y½n 3.8 ¥�^�£a¤, 3�ù
^�ée¡�9���äÑ®²�y¢.~f 3.9 (ãÚ (n, k) (ã(ã£star graphs¤Sn Ú (n, k)(ã Sn,k �½Â31 §2.2!. ·� [147] (½
 tc(Sn) = 3n−7£n > 4¤,±Ö² [148] �(½
 tc(Sn,k) = n + 2k− 5£n > k + 2, k > 3¤. ,
, κ′′
o(Sn)Ú κ′′

o(Sn,k)Ñ�vk�(½. �Ǒ½n 3.8 �íØ, á=keã(Ø.íØ 3.10 tc(Sn) = 3n − 7 = κ′′
o(Sn), n > 5; tc(Sn,k) = n + 2k − 5 = κ′′

o(Sn,k), n > k + 2, k > 3.ÏǑ Sn,n−2
∼= ANn, díØ 3.10,á=kíØ 3.11 tc(ANn) = 3n − 9 = κ′′

o (ANn), n > 5.~f 3.12 (n, k) ü�ã£arrangement graphs¤
(n, k) ü�ã An,k£� §2.3¤, ½n 3.7 (½
: � n > k + 2 � k > 4 �, tc(An,k) = (3k −

2)(n − k) − 3. ,
, κ′′
o(An,k) �vk�(½. �Ǒ½n 3.8 �íØ, á=keã(Ø.íØ 3.13 � n > k + 2 � k > 8 �, tc(An,k) = (3k − 2)(n − k) − 3 = κ′′

o(An,k).ÏǑ An,n−2
∼= AGn, díØ 3.13,á=��eã(Ø.íØ 3.14 tc(AGn) = 6n− 19 = κ′′

o(AGn)£n > 6¤.~f 3.15 é�ãé�ã£transposition graphs¤�½Â�1 §2.8 !. ^ Tn L«dé�ä)¤� Cayley ã. �
n > 4 �, Lin�<[149] (½
 tc(Tn(S)) = 3n− 8,
¥u�<[150] (½
 κ′′

o (Tn(S)) = 3n− 8. �
n > 7 �, ù
(J�±d½n 3.8 �Ñ.íØ 3.16 tc(Tn(S)) = 3n − 8 = κ′′

o (Tn(S)), n > 7.~f 3.17 k � n á��ä£k-ary n-cube networks¤� k > 2 �, k � n á��ä Qk
n ´ n �� Ck �(k��È Ck × · · · × Ck, d Dally [151]ÄkJÑ. w,, Q2

n = Qn. d·K 1.10, Qk
n ´ 2n �K Cayley ã CΓ(S), Γ = (Zk)n, S =

{e1, . . . , en} ∪ {e(k−1)
1 , . . . , e

(k−1)
n }, Ù¥ ei (1 6 i 6 n) X£1.1.1¤¤½Â, e

(k−1)
i ´ò ei ¥ 1O�¤ (k − 1), =

e
(k−1)
i = 0 · · · 0

︸ ︷︷ ︸

i−1

(k − 1) 0 · · · 0
︸ ︷︷ ︸

n−i

(1 6 i 6 n).

147Zhou, S.-M. and Xu, J.-M., Fault diagnosability of arrangement graphs. Information Sciences, 246(10)(2013),

177-190.
148Zhou, S.-M, The conditional fault diagnosability of (n, k)-star graphs, Applied Mathematics and Computation,

218(2012), 9742-9749.
149Lin, C.-K., Tan, J.J.M., Hsu, L.-H., Cheng, E., Lipták, L., Conditional diagnosability of Cayley graphs generalized

by transposition tree under the comparison model, Journal of Interconnection networks, 9(2008), 83-97.
150Yang, W.-H., Li, C.-H. and Meng, J.-X., Conditional connectivity of Cayley graphs generated by transposition

trees, Information Processing Letters, 110(23)(2010), 1027-1030.
151Dally, W. J., Performance analysis of k-ary n-cube interconnection networks. IEEE Transaction on Computers,

39(6)(1990), 775-785.
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 κ′′
o(Q2

n) = 3n − 5 £n > 4¤. ë���<[153] (½
 κ′′
o(Q3

n) = 6n − 7£n > 3¤. ��
�<[154] (½
 κ′′
o(Qk

n) = 6n − 5 £k > 4, n > 5¤. Hsu �<[155] (½

tc(Q

2
n) = 3n− 5£n > 5¤. ù
(J�±d½n 3.8 �Ñ.íØ 3.18 XJ k = 5, �o n > 8, ÄK n > 6. tc(Qk

n) = t = κ′′
o(Qk

n), Ù¥
t =







6n − 5 if k > 4;

6n − 7 if k = 3;

3n − 5 if k = 2.~f 3.19 éóá��ä£dual-cube networks¤éóá��ä DCn�½Â31 §2.5!. � n > 3�,±Ö²�<©O(½
 κ′′
o(DCn) = 3n−2Ú tc(DCn) = 3n − 2. ù
(J�±d½n 3.8 �Ñ.íØ 3.20 tc(DCn) = 3n − 2 = κ′′

o (DCn), n > 5.~f 3.21 n\ã£pancake graphs¤
1221

(a) PG2

231

321 213

312

132

123

(b) PG3

1432

4132

1342

4312

3412

3142

2314

3214 2134

3124

1324

1234

1243

4213

1423

4123

2143

2413

2431

3421 2341

3241

4231

4321

(c) PG4ã 23 n\ã PG2, PG3 Ú PG4.n\ã PGn ´d AkersÚ Krishnameurthy [156] JÑ5�,§�º:8Ǒ Ωn,üº: pi Ú pjk>�ë ⇔ pi = i1i2 · · · ikik+1 · · · in � pj = ik · · · i2i1ik+1 · · · in, Ù¥ 2 6 k 6 n. ã 23 ¤«�´n\ã PG2, PG3 Ú PG4. n\ã PGn ´ (n − 1) �K (n − 1) ëÏ� Cayley ã CΩn
(S), Ù¥

152Xu, J.-M., Zhu, Q., Hou, X.-M., and Zhou, T., On restricted connectivity and extra connectivity of hypercubes and

folded hypercubes. Journal of Shanghai Jiaotong University (Science), E-10(2)(2005), 208-212.
153ë��, 7wu, 3 � n á��ä� 2 �ëÏ5. O�ÅA^, 33(4)(2013), 1036-1038.
154Hsieh, S.Y. and Chang, Y.-H., Extra connectivity of k-ary n-cube networks, Theoretical Computer Science,

443(2012), 63-69.
155Hsu, G.-H., Chiang, C.-F. Shih, L.-M., Hsu, L.-H. and Tan, Jimmy J.-M., Conditional diagnosability of hypercubes

under the comparison diagnosis model, Journal of Systems Architecture, 55(2009), 140-146.
156Akers, S. B. and Krisnamurthy, B., A group theoretic model for symmetric interconnection networks. IEEE Trans-

actions on Computers, 38(4)(1989), 555-566.
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S = {(i, i− 1, · · · , 1, i + 1, · · · , n) : 2 6 i 6 n}. ±Ö²�<[157] (½
 tc(PGn) = 3n− 7£n > 5¤.,
, κ′′
o(PGn) ��(½. ½n 3.8 U�Ñeã(J.íØ 3.22 tc(PGn) = 3n − 7 = κ′′

o(PGn)£n > 5¤.~f 3.23 ©��á�N�ä£hierarchical hypercube networks¤éu n�©��á�N�ä HHCn£�1 §2.6!¤,±Ö²�<[158] ©O(½
 κ′′
o(HHCn) =

3m− 2 Ú tc(HHCn) = 3m− 2£n = 2m + m, m > 2). � m > 5�,ù
(J�±d½n 3.8�Ñ.íØ 3.24 tc(HHCn) = 3m − 2 = κ′′
o(HHCn)£n = 2m + m, m > 5¤.��±ÞÑ�
~f, Ø���Þ
.

§3.6 3 PMC �.e t/t �äÝ�rëÏÝ�'X
1991 
, Kavianpour and Friedman [159] JÑ3 PMC �.e�Å�äÝ£pessimistic diagnos-

ability¤Vg.�æ:êØ�L t �XÚ G, XJ§�¤k�æ:U��á3��8 S ¥, |S| 6 t 
� S�õ¹����æ:, K¡ G ´ t/t ��ä�. 3 PMC �.e, G ��Å�äÝ£pessimistic

diagnosability¤½ÂǑ
tp(G) = max{t : G ´ t/t ��ä�}.

Tsai Ú Chen [160] �ÑXÚ G ´ t/t ��ä�¿©7�^�.·K 3.25 (Tsai Ú Chen [160]) XÚ G ´ t/t ��ä� ⇔ é?Û S ⊆ (G), |S| = p, 0 6 p 6 t− 1,

G − S k�õ���á:, Ù{©|��k 2(t − p) + 1 �:.éu G ¥ü���º: x Ú y, - ℓ′(x, y) = |N(x) ∩ N(y)|, � ℓ′(G) = max{ℓ′(x, y) : x, y ∈
V (G), xy ∈ E(G)}.½n 3.26 � G ´ k �K k ëÏã(k > 5), ν(G) > 4k− 2, cn(G) 6 2, U ⊂ V (G), F ´ G �:�.

(1) e 2 6 |U | 6 2(2k − 4 − ℓ′), K |NG(U)| > 2k − 2 − ℓ′;

(2) e |F | 6 2k − 3 − ℓ′, K G − F =kü�©|, Ù¥��Ǒ�á:.�o tp(G) = 2k − 2 − ℓ′ = κ′
o(G).�ǑíØ, NõÍ¶�ä��Å�äÝU�(½, 'X: ��+ã, ��+�ä, BC �ä, k �

n á�N, ©�(�ä, d��ä)¤� Cayley ã��.ù
(J��¹3Ø©£Mei-Mei Gu, Rong-Xia Hao, Jun-Ming Xu and Yan-Quan Feng, Equal

relation between the extra connectivity and pessimistic diagnosability for some regular graphs. The-

oretical Computers Science, 690 (2017), 59-72¤¥.

157Zhou, S.-M. and Xu, L., Conditional fault diagnosability of pancake graphs, Journal of Convergence Information

Technology, 8(10)(2013), 668-675.
158Zhou, S.-M., Lin, L.-M. and Xu, J.-M., Conditional fault diagnosis of hierarchical hypercubes. International Journal

of Computer Mathematics, 89 (16) (2012), 2152-2164.
159Kavianpour, A. and Kim, K.H., Diagnosabilities of hypercubes under the pessimistic one-step diagnosis strategy.

IEEE Trans. Comput. 40(2) (1991), 232-237.
160Tsai, C.-H. and Chen, J.-C., Fault isolation and identification in general biswapped networks under the PMC

diagnostic model. Theoret. Comput. Sci. 501 (2013) 62-71.
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§4 �är>N�Ý�yf5ïÄ
§4.1 ã�r>ëÏ�±ÈÝ1 §2.1 !£�
r h >ëÏ�½Â.é���ã G`5, � h > 1 �, λ

(h)
o (G) ¿Ø�½�3.~X, é n > 1, - G∗

h,n = K1 ∨ (nKh). w,, G∗
1,n = K1,n, 
� λ

(h)
o (G∗

h,n) Ø�3.e λ
(h)
o (G)�3,K¡ GǑ λ

(h)
o ëÏã. éu λ

(h)
o ëÏãG,7�3f8X ⊂ V (G), |X | > h+1�� EG(X) ´r h >�
� G[X ] Ú G[X ] Ñ´ëÏ�, Ù¥ EG(X) L« G ¥ X � X �m�>8. - dG(X) = |EG(X)|,

ξh(G) = min{dG(X) : X ⊂ V (G), |X | = h + 1 � G[X ] ´ëÏ�}.w,, ξ0(G) = δ(G) � ξ1(G) = ξ(G). éu λ
(h)
o ã G, Whitney Ø�ª¿�X λ

(0)
o (G) 6 ξ0(G);

EsfahanianÚ Hakimi£�·K 1.1¤y²
 λ
(1)
o (G) 6 ξ1(G);�3��<[161]y²
 λ

(2)
o (G) 6 ξ2(G).éu h > 3, Bonsma�<[162] uyØ�ª λ

(h)
o (G) 6 ξh(G) Ø2¤á. ÜèÚ�A� [163] y²
e¡�(J, §(�
 λ

(h)
o (G) ��35.·K 4.1 � G ´�� 2(δ + 1) º:�ëÏã, Ù¥ δ = δ(G). XJé?Û��ê h, G ≇ G∗

δ,n, �o λ
(h)
o (G) �3, 
�

λ(h)
o (G) 6 ξh(G) é?Û h, 0 6 h 6 δ.� G ´ λ

(h)
o ëÏã. e λ

(h)
o (G) = ξh(G), K¡ G Ǒ λ

(h)
o `�. � G ´ λ

(h)
o `ã, e G �z� λ

(h)
o >� F , G− F �¹����:êǑ h + 1 �©|, K¡ G Ǒ� λ

(h)
o ã. d½Âá=�, �

λ
(h)
o ã7´ λ

(h)
o `�. ��Ø,.·K 4.2 � G ´ λ

(h)
o ëÏã� λ

(h)
o (G) 6 ξh(G). Ké?Û h > 0, G ´� λ

(h)
o ã ⇔ ½ö

λ
(h+1)
o (G) Ø�3, ½ö λ

(h+1)
o (G) > ξh(G).½Â 4.3 � λ

(h)
o ã G �±ÈÝ£persistence¤ρ

(h)
o (G) ½ÂǑ���ê m ��é?Û F ⊂ E(G)£|F | 6 m¤, G − F E,´� λ

(h)
o ã.��äë�u)�æ�, ±ÈÝ ρ

(h)
o (G) ´Ýþ� λ

(h)
o ëÏãyf5�ëê. éu�½��

λ
(h)
o ëÏã G, (½ ρ

(h)
o (G) ��´k¿Â�. ��`5, (½ ρ(h)(G) �°(�´ØN´�. �

ρ(h)(G) �þ.´N´���.·K 4.4 éu?Û� λ
(h)
o ã G, ρ

(h)
o (G) 6 δ(G) − 1.é?Û� λ

(h)
o ã G, ·�Ø��(½ ρ

(h)
o (G) ´Ä´ NP-hard ¯K. ùp��Ä��� h, =

h ∈ {0, 1, 2}. Ǒ�B, ©O^ λ, λ′, λ′′, ρ Ú ρ′ L« λ
(0)
o , λ

(1)
o , λ

(2)
o , ρ

(0)
o Ú ρ

(1)
o .öýr�<[164] y²
: éu� λ ã G, XJ§´ λ′ ëÏ�, �o

ρ(G) > min{λ′(G) − δ(G) − 1, δ(G) − 1}.
161Meng, J.-X. and Ji, Y., On a kind of restricted edge connectivity of graphs. Discrete Appl. Math. 117 (1-3) (2002),

183-193.
162Bonsma, P., Ueffing, N. and Volkmann, L., Edge-cuts leaving components of order at least three. Discrete Math.

256 (1-2) (2002), 431-439.
163Zhang, Z. and Yuan, J., A proof of an inequality concerning k-restricted edge-connectivity. Discrete Math. 304

(2005), 128-134.
164Hong, Y.-M., Meng, J.-X. and Zhang, Z., Edge fault tolerance of graphs with respect to super edge-connectivity.

Discrete Appl. Math. 160 (2012), 579-587.
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^�e, ���(½
 k(> 3) �Kã G �±ÈÝ
ρ(G) =







1 XJ k = 3 � G ´� λ �;

k − 1 XJ k > 4 � G ´� λ′ �;

λ′ − k XJ G ´� λ ��Ø´� λ′ �, 
� κ(G) > λ′ − k + 1.T�8�Ä� λ′′ ëÏã G �±ÈÝ ρ′(G). ùp0��Ì�(J´ö�7�¤, ©OuL3Ø©5Zhen-Mu Hong and Jun-Ming Xu, Vulnerability of super edge-connected graphs. Theoretical

Computer Science, 520 (2014), 75-866Ú5HONG Zhenmu and XU Junming, Edge fault-tolerance of

super restricted edge-connected Cartesian product graphs. ¥I�ÆEâ�ÆÆ�, 44 (12) (2014),

967-9746¥.

§4.2 ��ã±ÈÝ�e.Äk¼�Xe'�(J.Ún 4.5 � G ´ λ′ ëÏã, F ⊂ E(G).

(i) e G ´ λ′ `�
� |F | 6 δ(G) − 1, K G − F ´ λ′ ëÏ�.

(ii) e G − F ´ λ′′ ëÏ�, K G Ǒ´ λ′′ ëÏ�, 
� λ′′(G − F ) > λ′′(G) − |F |.dÚn 4.5 á=¼�e¡(J.½n 4.6 � G ´� λ′ ã. e λ′′(G) Ø�3, K ρ′(G) = δ(G) − 1.d½n 4.6, =I�Ä� λ′ � λ′′ ëÏã G �±ÈÝ ρ′(G).ã G �¡Ǒ>�K�, XJ§�z^>�ÝÑ´ ξ(G). ^ η(G) L« G ¥>ÝǑ ξ(G) �>�ê8. Ǒ�B, P λ′′ = λ′′(G), λ′ = λ′(G), ρ′ = ρ′(G), ξ = ξ(G) Ú δ = δ(G).e¡�½n�Ñ� λ′ � λ′′ ëÏã G �±ÈÝ ρ′(G) �e..½n 4.7 � G ´� λ′ � λ′′ ëÏã. K
(i) ρ′(G) > min{λ′′ − ξ − 1, δ − 1} XJ η(G) > δ, ½ö
(ii) ρ′(G) > min{λ′′ − ξ, δ − 1} XJ G ´>�K�.½n 4.7 ¥^�/η(G) > δ0́ 7��, 
� ρ′(G) �e.´;�.

§4.3 �Kã�±ÈÝǑ
�B$^½n 4.7, (�ã G ´>�K�, �Ä�Kã. l¤±�, ?Û k (> 2) ã7�¹�. ^PÒ g(G) L«ã G ���£�á���Ý¤. N´�y, C4 Ú C5 ´ü�=k� 2 �K�
λ′ ëÏã. w,k ρ′(C4) = ρ′(C5) = 1. Ïd, b½ k > 3. Äk�Ä 3 �Kã, ù��ãkóê�º:. N´y²e¡�·K.·K 4.8 � G ´ 2n � 3 �K� λ′ ëÏã. e n > 4, K�� g(G) > 4, 
� n 6= 4.eã½n��(½
 3 �K� λ′ ëÏã G �±ÈÝ ρ′(G).



§4 �är>N�Ý�yf5ïÄ 44½n 4.9 � G ´ 2n � 3 �K� λ′ ëÏã, K
ρ′(G) =

{

2, e n = 2 ½ö 3;

1, e n > 5.��`5, � k > 4 �, (½ k �K� λ′ ã G �±ÈÝ ρ′(G) ´��(J. d½n 4.6, e
λ′′(G) Ø�3, K ρ′(G) = k − 1. Ïd, =I��Ä k �K λ′′ ëÏã. éuù��ã G, ke¡�î��¹'X

λ′′ ëÏã ⊃ λ′′ `ã ⊃ � λ′′ ëÏã.©Oïá λ′′ `ãÚ� λ′′ ëÏã�±ÈÝ ρ′ �.. Äk¼�eãÚn.Ún 4.10 � G ´ k �K λ′′ `ã, � k > 4. K G ´� λ′ ëÏ� ⇔ g(G) > 4 ½ö k > 5.e¡�½n�Ñ k �K λ′′ `ã G �±ÈÝ ρ′(G) �..½n 4.11 � G ´ k �K λ′′ `ã, � k > 4. e g(G) > 4, K
k − 2 6 ρ′(G) 6 k − 1.e g(G) = 3, k > 5 � G ´ (k − 2) ëÏ�Ø´� λ′′ ëÏ�, K
k − 4 6 ρ′(G) 6 k − 3.ù
.Ñ´�±���. �éu1��(Ø, ^�/G ´ (k − 2) ëÏ0�´^3y²¥, �´Ä7�, 8
�Ø��.éu k �K� λ′′ ã G, ρ′(G) kXe���..½n 4.12 � G ´ k �K� λ′′ ã, K

ρ′(G)







= k − 1 e k > 4 � g(G) > 4;

= 2 e k = 5 � g(G) = 3;

> k − 3 e k > 6.éu k (> 4) �K:�[ã G, �A
Úoz [165] y²
: e g > 5, K G ´ λ′′ `�; 
¥u�<[166] y²
: e GØ¹ C4 �´ λ′′ `�,K G´� λ′′ ëÏ�. (Üù
(JÚ½n 4.12,á=¼�e¡�(J.íØ 4.13 � G ´ k (> 4) �K:�[ã. e g > 5, K ρ′(G) = k − 1.íØ 4.13¥�^�/g > 50́ 7��. ÏǑ 4��á�N Q4 ´ λ′′ `�:�[�ã� g = 4,�Ø´� λ′′ ëÏ�, ±ÈÝ ρ′(Q4) = 2.

165Wang, Y.-Q. and Li, Q., Conditional edge-connectivity properties, reliability comparisons and transitivity of graphs.

Discrete Math. 258 (2002), 205-214.
166Yang, W.-H., Zhang, Z., Qin, C.-F. and Guo, X.-F., On super 2-restricted and 3-restricted edge-connected vertex

transitive graphs. Discrete Math. 311 (2011), 2683-2689.
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§4.4 ��ã�±ÈÝd½n 4.12¥1��(Ø�: XJ G´ k�K� λ′′ ã, k > 4� g(G) > 4,�o ρ′(G) = k−1.ù�!, �Ǒù�(J�A^, 0���ãÚ2Â��ã�±ÈÝ.Äk�Ä��ã G(G0, G1; M),§d ChartrandÚ Harary [167] JÑ5�. - G0 Ú G1 ´ü�kÓ�º:8 {1, 2, . . . , n} �ã. ��ã G(G0, G1; M) kº:8 V (G0) ∪ V (G1) Ú>8 E(G0) ∪
E(G1) ∪ M , Ù¥ M = {iσ(i) : i ∈ V (G0), σ(i) ∈ V (G0), σ ∈ Ωn} ´ G0 Ú G1 º:�m�����. 1 §2.4 !½Â�á�N.�ä´ G(G0, G1; M) �AÏ�/. Ïd, G(G0, G1; M) �¹�á�N Qn, C/ V Qn, Ûá�N TQn, ÛÜÛá�N LTQn, ��á�N CQn−1 Ú Möbius á�N
MQn.2Â��ã G(G0, G1, . . . , Gm−1; M ) ½ÂXe. � G0, G1, . . . , Gm−1 ´ m (> 3) �äk�Óº:�ã. ã G(G0, G1, . . . , Gm−1; M ) kº:8 V (G0) ∪ V (G1) ∪ · · · ∪ V (Gm−1) Ú>8 E(G0) ∪
E(G1)∪ · · · ∪E(Gm−1)∪M ,Ù¥M = ∪m−1

i=0 Mi,i+1(mod m), Mi,i+1(mod m) ´ Gi Ú Gi+1(mod m) º:�m�����. 48Ì�ã£Recursive circulant graphs¤G = G(cdm, d)[168] Ú ����¡�
Cd1

� Cd2
� · · ·� Cdn

[169] ´2Â��ã�A~.� G(n, d) ´��ã, §�º:8 V = {0, 1, . . . , n − 1}, üº: x and y �ë ⇔ |x − y| =

di(mod n) é?Û i ∈ {0, 1, . . . , ⌈logd n⌉ − 1}. w,, G(dm, d) ´Ì�ã, §´ δ �K δ ëÏ�,Ù¥ δ = 2m − 1 XJ d = 2, ½ö δ = 2m XJ d 6= 2. �Ä�3 dm � dm+1 �m�Ì�ã
G(cdm, d), Ù¥ 1 < c < d, δ = 2m + 1 XJ c = 2, ½ö δ = 2m + 2 XJ c > 2. ParkÚ Chwa[170]y²
 G(cdm, d) k48(�, = G(cdm, d) = G(G0, G1, . . . , Gd−1; M ), Ù¥ Gi

∼= G(cdm−1, d),

i = 0, 1, . . . , d − 1. �ÏǑù�Æ�, G(cdm, d) �¡Ǒ48Ì�ã£recursive circulant graph¤, §´ δ �K δ ëÏ�. AO/, G(2m, 4)´ m �K m ëÏ�. G(2m, 4) � Qm k�Ó�� 2m, ��
m > 3 �, G(2m, 4) ≇ Qm ÏǑ G(2m, 4) �¹Û�. 5¿, ÏǑ� c > 3 �, G(cd0, d) ∼= Cc, ¤±�
c = 3 � G(cdm, d) �¹nÆ/.

n ���¡� C(d1, . . . , dn) = Cd1
� Cd2

� · · ·� Cdn
. C(d1, . . . , dn) ´ 2n �K 2n >ëÏ�:�[ã, �� g = min{4, di, 1 6 i 6 n}. Ïd, XJ di > 4£i ∈ {1, 2, . . . , n}, �o C(d1, . . . , dn)´Ø¹nÆ/�. C(d1, . . . , dn) U�L«Ǒ G(G0, G1, . . . , Gd1−1; M ), Ù¥ Gi

∼= Cd2
� · · ·� Cdn

(i ∈ {0, 1, . . . , d1 − 1}).

Chen �<[171,172] Ú Xu �<[173] ïÄ
ùüaã��>ëÏÝ. �­=�<[174] ïÄ
ùüaã� 2 rëÏÝ.ºq�<[175] ïÄ
ùüaã�±ÈÝ ρ. ù�!?�ÚïÄùüaã�±
167Chartrand, G. and Harary, F., Planar permutation graphs. Ann. Inst. H. Poincaré (sect B), 3 (4) (1967), 433-438.
168Lee, J.H., Park, S.M. and Chwa, K.Y., Recursive Circulant: A New Topology for Multicomputer Networks, in:

Proceedings of Internet Symposium Parallel Architectures Algorithms and Networks (ISPAN94) Japan, IEEE Press,

New York, 1994, pp. 73õ80.
169Dally, W.J., Performance analysis of k-ary n-cube interconnection networks. IEEE Trans. Comput. 39 (1990)

775õ785.
170Park, J.H. and Chwa, K.Y., Recursive circulant: a new topology for multicomputer networks. In: Proceedings

International Symposium on Parallel Architectures, Algorithms, and Networks, Kanazawa, Japan, 1994, pp. 73-80.
171Chen, Y.C., Tan, J.J.M., Hsu, L.H. Kao, S.S., Super-connectivity and super-edge-connectivity for some intercon-

nection networks. Appl. Math. Comput. 140 (2003), 245-254.
172Chen, Y.C. and Tan, J.J.M., Restricted connectivity for three families of interconnection networks. Appl. Math.

Comput. 188 (2007), 1848-1855.
173Xu, J.-M. Wang, J.-W. and Wang, W.-W., On super and restricted connectivity of some interconnection networks.
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175Wang, D. and Lu, M., Edge fault tolerance of super edge connectivity for three families of interconnection networks.



§4 �är>N�Ý�yf5ïÄ 46ÈÝ ρ′.½n 4.14 éz� i = 0, 1, � Gi ´ n �Ø¹nÆ/� k �K� λ ã, ¿� λ′
i = λ′(Gi). XJ

min{n, λ′
0 + λ′

1} > 3k − 1, �o��ã G = G(G0, G1; M) ´� λ′′ �� ρ′(G) = k.½n 4.14 ¥^�/min{n, λ′(G0) + λ′(G1)} > 3k − 10́ 7��, §(� G = G(G0, G1; M) ´� λ′′ �. ~X, G0 × K2 Ø´� λ′′ �, Ù¥ G0 ´ n �Ø¹nÆ/� k �K� λ ã, k > 3 �
n > 6.íØ 4.15 � Gn ∈ {Qn, TQn, CQn, MQn, LTQn}. XJ n > 5, �o Gn ´� λ′′ �� λ′ ëÏ�,
� ρ′(Gn) = n − 1.íØ 4.15 ¥^�/n > 50́ 7��. ~X, Q4 ´ λ′′ `��� λ′′ ëÏ�, ρ′(Q4) = 2.y3�Ä2Â��ã G(G0, G1, . . . , Gm−1; M ) �±ÈÝ ρ′. Ǒ
(� G Ø¹nÆ/, b½
m > 4. - Im = {0, 1, . . . , m − 1}.½n 4.16 éz� i ∈ Im,� Gi ´ n� k�K k>ëÏã,�Ø¹nÆ/. XJ k > 3, n > ⌈ 3k+2

2 ⌉� m > 4, �o G = G(G0, . . . , Gm−1; M ) ´� λ′′ ëÏ�, � ρ′(G) = k + 1.�Ǒ½n 4.16 �A^, ·�á=¼�eã(J.íØ 4.17 � c, d, m ´��ê, 1 < c < d, c 6= 3, d > 4, m > 2. K G = G(cdm, d) ´� λ′′ ëÏ�, 
�
ρ′(G) =

{

2m e c = 2;

2m + 1 e c > 4.íØ 4.18 XJ n > 3, di > 4 £1 6 i 6 n¤, �o G = C(d1, . . . , dn) ´� λ′′ ëÏ�, 
�
ρ′(G) = 2n − 1.

§4.5 (k��Èã�±ÈÝ3(k��ÈãëÏÝïÄ¥, î�²[176] �Ñ�Kã�(k��È´� λ′ ëÏ�¿©7�^�.·K 4.19 éz� i = 1, 2, � Gi ´ ki �K ki >ëÏã, ki > 2. K(k��È G1� G2 ´� λ′ëÏ� ⇔ §Ø´��ãÚ��(k��È.öýr�<[177] �Ñ�Kã(k��È�±ÈÝ ρ(G) �e.Úþ.: éz� i = 1, 2, � Gi´ ni � ki �K ki >ëÏã, ki > 2. K
min{k1 + k2 − 1, n1k2 − k1 − k2, n2k1 − k1 − k2} 6 ρ(G1� G2) 6 k1 + k2 − 1.3T�8ïÄ¥, ö�7�Ñ�Kã(k��È�±ÈÝ ρ′(G) �e.Úþ..

Inform. Sci. 188 (2012), 260-268.
176Ou, J.-P., On optimizing edge-connectivity of product graphs. Discrete Mathematics, 311 (6) (2011), 478-492.
177Hong, Y.-M., Meng, J.-X. and Zhang, Z., Edge fault tolerance of graphs with respect to super edge-connectivity.

Discrete Appl. Math. 160 (2012), 579-587.



§4 �är>N�Ý�yf5ïÄ 47½n 4.20 éz� i = 1, 2, � Gi ´ ni � ki �K ki >ëÏã, ki > 4. K
min{k1 + k2 − 1, n1k2 − 2k1 − 2k2 + 1, n2k1 − 2k1 − 2k2 + 1} 6 ρ′(G1� G2) 6 k1 + k2 − 1.T½n�y²Ì�(J3ue.�(½, 
�ù
þ.Úe.ÑU��. XJV\�
¿Ø�Ǒ�^�, �Kã(k��È�±ÈÝ ρ′(G) U�(½.íØ 4.21 éz� i = 1, 2, � Gi ´ ki �K ki >ëÏã, ki > 4. XJeã^����÷vµ
(i) G1 Ú G2 ÑØ´��ã;

(ii) k1 + k2 > 10;

(iii) k1 = 4, k2 = 5 � G2 Ø´��ã,K ρ′(G1� G2) = k1 + k2 − 1.~X, �á�N Qn = Qp� Qn−p. e n > 8 � min{p, n− p} > 4, K ρ′(Qn) = n − 1.ù
ïÄ¤J�¹3Ø©5Edgeqslant fault-tolerance of super restricted edge-connected Carte-

sian product graphs. ¥I�ÆEâ�ÆÆ�, 44 (12) (2014), 967-9746¥.
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§5 �äN�i\ïÄ'u�ä�N�i\ïÄ, C 10A
5�ÉïÄó�ö�'5. nã©Ù[178] Vã
 2009
±
�¤k�'(J. ��8�ÄC.�á�N�ä.

§5.1 C.�á�N�ä�>�[5Ú´�i\
n �C.�á�N£varietal hypercube¤ V Qn 48½ÂXe. V Q1 = K2, º:8Ǒ {0, 1}.b½ V Qn−1 ®�½Â, �b½ V Q0

n £½ö V Q1
n¤´ò V Qn−1 ¥z�º:
V\ 0 £½ö 1¤
���ã. éu n > 1, V Qn = V Q0

n ∪ V Q1
n ¿Uìeã5KV\ë>���ãµV Q0

n ¥:
Xn = 0xn−1xn−2xn−3 · · ·x2x1 � V Q1

n ¥: Yn = 1yn−1yn−2yn−3 · · · y2y1 �ë ⇔
1. xn−1xn−2xn−3 · · ·x2x1 = yn−1yn−2yn−3 · · · y2y1 XJ n 6= 3k, ½ö
2. xn−3 · · ·x2x1 = yn−3 · · · y2y1 � (xn−1xn−2, yn−1yn−2) ∈ I XJ n = 3k,Ù¥ I = {(00, 00), (01, 01), (10, 11), (11, 10)}.ã 24 ¤«�´C.�á�N V Q1, V Q2, V Q3 Ú V Q4.

0

1

V Q1

00

01

10

11

V Q2

000

001

100

101

010

011

110

111

V Q3

0100

0101

0000

0001

0110

0111

0010

0011

1000

1001

1100

1101

1010

1011

1110

1111

V Q4ã 24 C.�á�N V Q1, V Q2, V Q3 Ú V Q4C.�á�N V Qn ´d ChengÚ Chuang [179] JÑ5�. ��á�N Qn ��, V Qn ´ n�K n ëÏ�, �ëÏÝÚ�>ëÏÝÑǑ 2n − 2£��ï��<[180]¤, ¿k`u Qn �5�. ~X, V Qn ��»,²þål,N��»Ú°�»Ñ'�á�N Qn �. 3T�8¥,·�?�ÚïÄ
V Qn �(�5�. 3ù�ïÄL§¥uy� n = 3k �´�(J�.

178Xu, J.-M. and Ma, M, Survey on path and cycle embedding in some networks. Frontiers of Mathematics in China,

4 (2) (2009), 217õ252.
179Cheng S.-Y. and Chuang J.-H. Varietal hypercube - a new interconnection networks topology for large scale multi-

computer. Proceedings of International Conference on Parallel and Distributed Systems, 1994: 703-708.
180�ï�, Md², Reliability analysis of varietal hypercube networks. ¥I�ÆEâ�ÆÆ�, 39 (12) (2009),

1248-1252.



§5 �äN�i\ïÄ 493 V Q4 ¥� 3 �º: X = 0101, Y = 1101 Ú Z = 0001£�ã 24¤, > XZ ��¹3���
C5 ¥, 
> XY %Ø�¹3?Û� C5. ù¿�X V Q4 Ø´>�[�. ,
, V Qn ´:�[�.½n 5.1 é?Û n > 1, V Qn ´:�[�.y²�{´��|^:�[½Â, éu V Qn ¥?¿üº: X Ú Y , �EÑ��gÓ� σ �� σ(X) = Y . y²é�!éE,, Ø�<¿.ù�(J�¹3Ø©5Li Xiao, Jin Cao and Jun-Ming Xu, Transitivity of varietal hypercube

networks. Frontiers of Mathematics in China, 9 (6) (2014), 1401-14106¥.5:- n = 3k+ t, k > 0, 0 6 t 6 2, D4 ´ 8��¡N+: D4 = {a, b : a4 = b2 = 1, b−1ab = a−1}.- Gn = (D4)k × (Z2)t, Sn = {a2, . . . , a2

︸ ︷︷ ︸

k

, b, . . . , b
︸ ︷︷ ︸

k

, ab, . . . , ab
︸ ︷︷ ︸

k

, 1, . . . , 1
︸ ︷︷ ︸

t

}. �C, ±?
 [181] ÏLy²
CGn

(Sn) ∼= V Qn, l
y²
 V Qn ´ Cayley ã, Ïd´:�[�. ±?
y² V Qn ´ Cayley ã��{ǑkØ�<¿�/�, �vk��ǑxÑ+ Γ Ú)¤8 S �� V Qn = CΓ(S). ±?
3Ó��©Ù¥�(½
: e n = 3k + t, k > 3, 0 6 t 6 2, K
κ(h)

o (V Qn) = n(h + 1) − 1

2
h(h + 3) e 0 6 h 6 n − k.'uC.�á�N V Qn �(�5�, ¼�Xe(J.½n 5.2 é n > 2, V Qn ¥z^>��¹3¤k�Ý£l 4 � 2n, Ø
 5¤��¥, = V Qn ´ 6>���£n > 3¤.½n 5.3 � x Ú y ´ V Qn ¥ålǑ d �üº:. XJ n > 3, �o V Qn ¥�3¤k�Ý£l d� 2n − 1, Ø
 2, 4 XJ d = 1¤� xy ´.ù�(J�¹3Ø©5ùÛ, �å, Md², Cycles and paths embedded in varietal hypercubes.¥I�ÆEâ�ÆÆ�. 44 (9) (2014), 732-7376¥.½n 5.2¿�X V Qn �¹ Hamilton�,½n 5.3©O¿�X V Qn ´ HamiltonëÏ�. 3>�æu)�¹e, T�8ïÄ
C.�á�N V Qn �>N� Hamilton 5, ¼�Xe(J.½n 5.4 é n > 3, �� V Qn ¥>�æêØ�L (n − 3), �{�äE,´ Hamilton ëÏ�; �� V Qn ¥>�æêØ�L (n − 2), �{�äE,k Hamilton �.ù
(J�¹3Ø©5�ÿ�, Md², Hamilton paths and cycles in fault-tolerant varietal

hypercubes. ¥I�ÆEâ�ÆÆ�, 46 (6) (2015), 436-4426¥.��, ·�ÏL?�ÚïÄ V Qn �(�5�, uy V Qn äkXã 25 ¤«�48(�.31 §4.4 !¥, ·�Q�ÑC.�á�N V Qn ´��ã V Q0
n−1 ⊕M V Q1

n−1, Ù¥ V Q0
n−1 �

V Q1
n−1 �m����� M d M1 Ú M2 |¤µM1 ´ V Q00

n−2 � V Q10
n−2 �m�����, M2 ´

V Q01
n−2 � V Q11

n−2 �m�����.|^ù«(�, �Äu):>·Ü�æ, U?
½n 5.4 ¥1��(Ø, ¼�Xe(J.

181Zhou, J.-X., On g-extra connectivity of hypercube-like networks. Journal of Computer and System Sciences, 88

(2017), 208-219.
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L = V Q0
n−1 R = V Q1

n−1

V Q00
n−2

V Q01
n−2

V Q10
n−2

V Q11
n−2

(a) n 6= 3k

L = V Q0
n−1 R = V Q1

n−1

V Q00
n−2

V Q01
n−2

V Q10
n−2

V Q11
n−2

(b) n = 3kã 25 V Qn �48(�½n 5.5 � e ´ V Qn ¥?¿�^��æ>, �:>�æêØ�L n − 2£n > 2¤�, V Qn ¥�3�^��æ Hamilton ��¹ e.ù�(J��¹3Ø©5Jian-Guang Zhou and Jun-Ming Xu, Hamilton paths and cycles in

varietal hypercube networks with mixed faults. International Journal of Combinatorics, 2015, Art.

ID 513073, 6 pp.6¥.

§5.2 N��á�N�äØ�´éu�á�N Qn, NõïÄ¤JL²§�¹z��Ý�´Úó�, =�§�¹�æ:½ö>,k'äN(J���nã©Ù [ 182]. XJ Qn vk�æ:½ö>, �oé?Ûüº: x Ú y, d
Menger ½n, Qn ¥�3 n Ø�� xy ´. �ù
´¿Ø�½�¹ Qn ¥¤kº:.5¿� Qn ´ 2 Ü©ã. � x Ú y ´ Qn ¥ØÓy©¥�?Ûüº:, k ´?¿��ê. 2004
, Chang �<[183] y²
: é?Û k£1 6 k 6 n¤, Qn ¥Ñ�3 k ^S:Ø�� xy ´, §��¹ Qn ¥¤kº:. 2007 
, Chang �<[184] ?�Úy²
: é?Û k£1 6 k 6 n − 4¤, Qn ¥Ñ�3 k ^S:Ø�� xy ´, �¹ Qn ¥¤kº:, �?Ûü^´���Ø�L 2.�ä�æ´Ø�;��. b½ Qn k fv ��æ:. 2006 
, Fu [185] y²
: � fv 6 n − 2 �
n > 3 �, é Qn ?Ûü�ålǑ d ���æº: x Ú y, XJ d ´Ûê£½öóê¤, �o Qn ¥�3���Ǒ 2n − 2fv − 1£½ö 2n − 2fv − 2¤���æ xy ´. ÏǑ Qn ´ 2 Üã, XJ¤k�æ:Ñ3Ó��y©¥,�o Qn ¥�Ǒ 2n − 2fv − 1£½ö 2n − 2fv − 2¤�´´�����æ xy´. XJ Qn ¥z���æ:��kü���æ�:, Kueng �<[186] Úê{#�<[187] U? fv�.Ǒ 2n − 5; Fink Ú Gregor [188] U? fv �.Ǒ 2n − 4; � n > 15 �, Dvořák et al. [189] ?�Ú
182Xu, J.-M. and Ma, M.-J. A survey on cycle and path embedding in some networks, Front. Math. China. 4 (2)

(2009) 217-252.
183Chang, C.-H., Lin, C.-K., Huang, H.-M. and Hsu, L.-H., The super laceability of the hypercubes, Inform. Process.

Lett. 92 (2004) 15-21.
184Chang, C.-H.§Sun, C.-M., Huang, H.-M. and Hsu, L.-H., On the equitable k∗-laceability of hypercubes, J. Comb.

Optim. 14 (2007) 349-364.
185Fu, J.-S., Longest fault-free paths in hypercubes with vertex faults, Inf. Sci. 176(7)(2006)759-771.
186Kueng, T.-L., Liang, T., Hsu, L.-H. and Tan, J. J. M., Long paths in hypercubes with conditional node-faults, Inf.

Sci. 179 (2009), 667-681.
187Ma, M.-J., Liu, G.-Z. and Pan, X.-F., Path embedding in faulty hypercubes. Applied Mathematics and Computa-

tion, 192(1) (2007), 233-238.
188Fink, J. and Gregor, P., Long paths and cycles in hypercubes with faulty vertices, Inf. Sci. 179 (2009) 3634-3644.
189Dvořák, T. and Koubek, V., Long paths in hypercubes with a quadratic number of faults, Inf. Sci. 179 (2009)



§5 �äN�i\ïÄ 51U? fv �.Ǒ 1
10n2 + 1

2n + 1.��á�N Qn �¹ fv �æ:Ú fe ^�æ>, k ´�ê£1 6 k 6 n − 1¤, X Ú Y ´3ØÓy©8¥��æ:8� |X | = |Y | = k. XJ fv + fe = 0, �od Menger ½n, Qn ¥�3 k Ø�� ST ´. �ù
´¿Ø�½�¹ Qn ¥¤k��æ:.

2009
, �ÆQ [190] y²
XJ fv + fe 6 n− k − 1, �o Qn ¥�3 k Ø����æ ST ´,§��¹�� 2n − 2fv �º:. =3>�æ��¹e, Gregor�<[191] Ú�ÆQ [192] ¼��
 Qn¥õ:�õ:Ø���æ´�(J. ��8=�Ä:�æ, ¼�Xe(J.½n 5.6 b½ Qn (n > 2) �¹ fv ��æ:, fv 6 2(n− k − 1), 1 6 k 6 n− 1, X Ú Y ´3ØÓy©8¥��æ:8� |X | = |Y | = k. XJz���æ��kü���æ�:, �o Qn ¥�3
k ^Ø���æ ST ´, §��¹�� 2n − 2fv �º:.� k = 1 �, ½n 5.6 í2
 Fink Ú Gregor �(J. Ó�, XJ Qn Ø¹�æ>, �o½n
5.6 U?
�ÆQ�(J.y²½n 5.6´æ^é n ?1êÆ8B{. ÏdI�é Qn ?1y©
�÷v,
��,
�I�3�«�/e�E k ^Ø���æ ST ´, e¡�ü�Ún©O(�y©Úù
Ø�´��35.Ún 5.7 XJ fv 6 2n − 6 � Qn(n > 3) ¥z���æ:��kü���æ�:, �o�3y©
Qn = L ⊙ R, Ù¥ L ∼= R ∼= Qn−1, �� L£½ö R¤¥z���æ:3 L£½ö R¤¥��kü���æ�:.Ún 5.8 � x Ú y ´ Qn (n > 3) ¥��üº:, 1 6 k 6 n − 2, S Ú T ©O´ Qn − {x, y} �ØÓy©¥ k �º:8. K Qn − {x, y} ¥�3 k ^Ø� ST ´, §��¹ Qn − {x, y} ¥¤kº:.½n 5.6 �y²éq", ÝvL§�q", k�ÝL 4 �ØÓ�,�, þ±/éØ�Ü·"v<0�nd
ò£, l©v��¤��Âs¤Ê
õ�m.y²g´.½n 5.6 �y²´é n (> 2) ?1êÆ8B. � k = 1 �, fv 6 2n − 4, d Fink Ú Gregor �(J, ½n¤á. � k = n − 1 �, fv = 0, d�ÆQ�(J, ½n¤á. Ïd, � 2 6 n 6 3 �, ½n¤á. ¤±�I�Ä n > 4 � 2 6 k 6 n − 2.8BÜ©´|^ Qn �48(� Qn = L ⊙ R, Ù¥ L ∼= R ∼= Qn−1, �� L£½ö R¤¥z���æ:3 L£½ö R¤¥��kü���æ�:£Ún 5.7 (�ù«y©��35¤. 3ù��y©¥, S Ú T ¥:±9�æ:ò�U©¤ü�f8. ù
�½n�y²�5(J.Äk3 L Ú R ¥�Eüaõéõ£many-to-many¤Ø�´, ,�Ü¿§�±�� Qn ¥Ø�
ST ´. Ø3�´, 3k
�¹e, L£½ö R¤¥�æê�L8Bb�����½öü�, ù�ÿ·�ØU3 L£½ö R¤¥��^8Bb�. kü��{?nù«�/. �´r�L��æ:6�w���æ:, d8Bb���Ø�´. XJù
´¥�¹�æ:, Ò��{O�K§�������æ´�±��Uõ�:. 1���{´� S ∪ T ¥��½öü�:�Ǒ���æ:,d8Bb
3763-3771.
190Chen, X.-B., Many-to-many disjoint paths in faulty hypercubes, Inf. Sci. 179 (2009) 3110-3115.
191Gregor, P. and Dvořák, T., Path partitions of hypercubes, Inform. Process. Lett. 108 (2008) 402-406.
192Chen, X.-B., Paired many-to-many disjoint path covers of hypercubes with faulty edges, Inf. Process. Lett. 112

(2012) 61-66.



§6 �ä�»�°�»ïÄ 52��� k − 1 ^Ø�´, ,��E�^#���æ´ó� S ∪ T ¥���æ:£Ún 5.8 (�U��ù�:¤, l
�� Qn ¥ k Ø� ST ´.� fv 6 2n− 2k − 2 �, ©Ù���Ñ��'uº:ê��5�{� Qn ¥õéõØ���æ´. ù
(JuL35Xiang-Jun Li, Bin Liu and Meijie Ma and Jun-Ming Xu, Many-to-many disjoint

paths in conditionally faulty hypercubes. Discrete Applied Mathematics, 217 (2) (2017), 229-2426�©¥.

§6 �ä�»�°�»ïÄ
§6.1 Kronecker �Èã��»�ã��
�ê� G1 Ú G2 ´ü���ã£�±k�¤, Kronecker�Èã G1 ×G2 kº:8 V (G1)×V (G2),üº: x1x2 Ú y1y2 �� ⇔ x1y1 ∈ E(G1) � x2y2 ∈ E(G2).�Ǒã�$�, Kronecker �È [193] ´d Weichesel [194] u 1962 
JÑ, ¿y²: XJ G1 Ú
G2 Ñ´ëÏ�, K G1 × G2 ´ëÏ� ⇔ G1 Ú G2 �����¹Û�.

Kronecker �È£©z¥Ǒ¡�È, � §2.10¤´ãÚ�ä�E­��{��, ÏdÚå<��ïÄ,�. Nõ5�ÚãØëê®�ïÄ,'XëÏÝ£�1 §2.10!¤. Leskovec�<[195] ¼�'u Kronecker�Èã�»�Xe(J.·K 6.1 éz� i = 1, 2, � Gi ´�»Ǒ di �z�º:¹k����ëÏã. K Kronecker �Èã G1 × G2 ��» d(G1 × G2) = max{d1, d2}.3ïÄ Kronecker�Èã��»�,·�uy Kronecker�Èã��»�Ïfã��
�êk��'X.

n��K�
A¡Ǒ��� (primitive),XJ�3��ê k�Ak�z���ÑǑ�ê (PǑAk >

0). �Ak > 0¤á��� k¡ǑA����ê (primitive exponent), PǑ r(A).ã G¡Ǒ�
�,XJ§���Ý
 A(G)´�
�; G��
�ê½ÂǑ§���Ý
 A(G)��
�ê. Rosenblatt [196] �Ñk�ãǑ�����¿©7�^�.·K 6.2 k�ãD´���⇔ DǑrëÏ�, 
� D¥¤kØÓk��� ℓ1 , ℓ2, · · · , ℓc ���ú�êǑ 1, =, g.c.d (ℓ1, ℓ2, · · · , ℓc) = 1.� Ai ´ã Gi ���Ý
, A1×A2´ G1×G2 ���Ý
. Ké?Û��ê kk (A1×A2)k =

Ak
1 ×Ak

2 . ÏLã��
�ê, ·�(½
 Kronecker�Èã��». Äk, ·�¼���'�(J.

193±�IêÆ[ Leopold Kronecker£1823-1891¤·¶, ±Vg�é�êÚ�êêØ, AO´ý�¼ênØ�âÑ�z.
194Weichesel, P. M., The Kronecker product of graphs. Proceedings of the American Mathematical Society, 13 (1962),

47-52.
195Leskovec, J., Chakrabarti, D., Kleinberg, J., Faloutsos, C. and Ghahramani, Z., Kronecker graphs: An approach to

modeling networks. Journal of Machine Learning Research, 11 (2010), 985-1042.
196Rosenblatt D. On the graphs and asymptotic forms of finite boolean relation matrices. Naval. Res. Quart. 4(1957),

151-167.



§6 �ä�»�°�»ïÄ 53½n 6.3 éz� i = 1, 2, � Gi ´�»Ǒ di, �
�êǑ ri �ëÏã, G = G1 × G2. XJ G1 �¹Û�, �o G ��» d(G) ÷ve�5�.

(1) d(G) > max{d1, d2}.
(2) XJ G2 �¹Û�, �o

d(G) >

{

r1 e r1 = r2;

min{r1, r2} + 1 e r1 6= r2.

(3) d(G) 6 max{r1, r2}.
(4) d(G) 6 min{max{r1 + 1, d2}, max{r2 + 1, d1}}, 
�e G2 ´ 2 Üã, K�Ò¤á.ÏǑz�º:Ñk��ëÏãGk r(G) = d(G), ½n 6.3 ¥5�£1¤Ú£3¤¿�X·K 6.1.d½n 6.3, ·�(½
 Kronecker�Èã��».½n 6.4 éz� i = 1, 2, � Gi ´�»Ǒ di, �
�êǑ ri �ëÏã. XJ G1 �¹Û�, �o

d(G1 × G2) =







r1 e r1 = r2;

max{r2 + 1, d1} e r1 > r2;

max{r1 + 1, d2} e r1 < r2.|^½n 6.3Ú½n 6.4,·��(½
�
AÏã� Kronecker�Èã��». ù
ïÄ¤J�¹35Fu-Tao Hu and Jun-Ming Xu, On the diameter of the Kronecker product graph. Mathematical

Sciences Letters, 2 (2) (2013), 121-1276¥.

§6.2 �Kã�°�»� G ´ w ëÏã. G¥üº: x Ú y �m�°ål dw(G; x, y) ´����ê ℓ �� G¥�3 w^S:Ø���ÝØ�L ℓ� xy ´. ã G�°�» dw(G) = max{dw(G; x, y) : x, y ∈ V (G)}.°�»Vg´d Hsu [197], Flandrin ÚoÊ [198] ÕáJÑ5�. d°�»½Â´�:

d(G) = d1(G) 6 d2(G) 6 · · · 6 dw−1(G) 6 dw(G).ù¿�X°�»´²;�»Vg�í2. ,��¡, XJ G �ëÏÝ κ(G) > w, �odÍ¶�
Menger ½n� dw(G) �½�3. ù`²°�»Vg´�»ÚëÏÝVg�(Ü, ´Ýþ�äN�5Ú��5�­�ëê. ,
, Hsu ®²y²: éu��� w ëÏã G, (½ dw(G) �¯K´ NP��¯K. Ïd, (½ dw(G) �.w�­�. � w > 3 �, éu n � w ëÏ w �Kã G, Hsu Ú
 Luczak [199] �Ñ;�þ.: dw(G) 6

⌊
n
2

⌋
. ·�¼�e¡�(J.½n 6.5 éu n � w ëÏ w �Kã G Ú��ê m, XJ ⌈ 2w+5

3 ⌉ 6 m 6 w, �o
dm(G) 6

⌊
(n − 2)(w − 2)

(w − m + 1)(3m − w − 4)

⌋

+ 1.d½n 6.5, e w > 5, K dw(G) 6
⌊

n
2

⌋
.ù�(J�¹35oZb, Md², The wide-diameter of regular graphs. ¥�ÆEâ�ÆÆ�,

43 (8) (2013), 603-6066�©¥.

197Hsu, D. F., On container width and length in graphs, groups, and networks. IEICE Trans. Fundam, 1994, E (77A):

668-680.
198Flandrin, E. and Li, H., Mengerian properties, Hamiltonicity and claw-free graphs. Networks, 24(1994), 660-678.
199Hsu, D. F. and  Luczak, T., Note on the k-diameter of k-regular k-connected graphs [J]. Discrete Math., 132(1994),

291-296.
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§6.3 r�á�N�°�»ÚN��»�G ´w ëÏã. G �:N��»£fault-tolerant diameter¤Dw(G) ½ÂǑ
Dw(G) = max{d(G − F ) : F ⊂ V (G), |F | < w}.N´w�, é?Ûw ëÏã G k

d(G) = D1(G) 6 D2(G) 6 · · · 6 Dw−1(G) 6 Dw(G).éu w (> 2) ëÏã G, N��» Dw(G) Ú°�» dw(G) keã'X.

Dw(G) 6 dw(G). (6.6.11)éu 2 6 k 6 n, n �r�á�N£enhanced hypercube¤EQn,k U��El�á�N Qn ¥V\Ö> xy, Ù¥ x = xn · · ·xk+1xkxk−1 · · ·x1 and y = xn · · ·xk+1x̄kx̄k−1 · · · x̄1£5µǑ�Bå�, ùp�Ñ�½Â��½Â�kØÓ, �½Â y = xn · · ·xn−k+1x̄n−kx̄n−k−1 · · · x̄1¤. ã 26 ¥¤«�ã´ EQ3,3 Ú EQ4,3, Ù¥¢�Ǒ�á�N¥>, J�ǑÖ>.

000 010

100

110

001

011

101 111

(a) EQ3,3

0000 0010

0100

0110

0001

0011

0101 0111

1010 1000

1110
1100

1011
1001

1111 1101

(b) EQ4,3ã 26 r�á�N EQ3,3 Ú EQ4,3r�á�N�ä´d Tzeng Ú Wei [200] JÑ5�. w,, � k = n �, EQn,n Ǒ n �òU�á�N£folded hypercube¤FQn, = EQn,n = FQn. Ïd, r�á�N´òU�á�N�í2. -
Sn = {e1, e2, · · · , en}, S′

n = Sn ∪ {e′n},Ù¥ ei X£1.1.1¤¤½Â, e′n X£2.2.9¤¤½Â. d~f 1.11 �, �á�N Qn ´ Cayley ã
C(Z2)n(Sn); ê{#�<[201] y²
òU�á�N FQn Ǒ´ Cayley ã C(Z2)n(S′

n). Ï
, �á�N Qn ÚòU�á�N FQn Ñ´:�[�. |^(k��È, d EQn,k �½Â´�£� Yang �<[203]¤,

EQn,k = Qn−k� FQk, (1 6 k 6 n). (6.6.12)d 2001
Ñ��Í� [202]¥�½n 2.3.5£:�[ã�(k��ÈE´:�[¤ÚL�ª (6.6.12)á=�, EQn,k ´:�[. ,
, 2015 
, Yang �<[203] y²
r�á�N EQn,k ´:�[. �3
200Tzeng, N.-F. and Wei, S., Enhanced hypercubes. IEEE Trans. Comput. 40 (1991) 284-294.
201Ma, M. and Xu, J.-M., Algebraic properties and panconnectivity of folded hypercubes. Ars Combin. 95 (2010),

179-186.
202Md² Topological Structure and Analysis of Interconnection Networks. Kluwer Academic Publishers, October

2001
203Yang, J.-S., Chang, J.-M., Pai, K.-J. and Chan, H.-C., Parallel construction of independent spanning trees on

enhanced hypercubes. IEEE Trans. Parallel Distrib. Syst. 26 (2015), 3090-3098.
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2010 
, 4ù{�< [204] Òy²
 EQn,k ´ Cayley ã. ¯¢þ, �âL�ª (6.6.12) ÚÍ� [ 202]¥�½n 2.3.10, ÏǑ Qn−k Ú FQk Ñ´ Cayley ã, ¤± EQn,k Ǒ´ Cayley ã CΓ(S′′
n), Ù¥

Γ = Zn
2 = (Z2)n−k × (Z2)k, S′′

n = ({e0} × S′
k) ∪ (Sn−k × {e0}), Ù¥ e0 = 00 · · · 00 ´ (Z2)n ¥ü �, =

S′′
n = {0 · · · 0

︸ ︷︷ ︸

n−k

10 · · · 0
︸ ︷︷ ︸

k

, 0 · · · 0
︸ ︷︷ ︸

n−k

01 · · · 0
︸ ︷︷ ︸

k

, . . . , 0 · · · 0
︸ ︷︷ ︸

n−k

0 · · · 01
︸ ︷︷ ︸

k

, 0 · · · 0
︸ ︷︷ ︸

n−k

11 · · ·1
︸ ︷︷ ︸

k

}

∪ {10 · · ·0
︸ ︷︷ ︸

n−k

0 · · · 0
︸ ︷︷ ︸

k

, 01 · · · 0
︸ ︷︷ ︸

n−k

0 · · · 0
︸ ︷︷ ︸

k

, . . . , 0 · · · 01
︸ ︷︷ ︸

n−k

0 · · · 0
︸ ︷︷ ︸

k

}

= Sn ∪ {e′k}.Ï
, EQn,k ´:�[. 5¿� Qn−k Ú FQk Ñ´>�[�,
� k < n �, r�á�N EQn,k Ø´>�[�.

Tzeng Ú Wei [200] 3JÑr�á�N�ä�Ò(½
§��»; ��?[205] (½
§�ëÏÝ.·K 6.6 ã�(k��Èkeã5�£ë�5|Ü�änØ6[19] ¥½n 4.2.2 Ú½n 4.2.3.¤:

(a) é?ÛëÏã Gi, d(G1� G2) = d(G1) + d(G2).

(b) e Gi ´ wi �K wi ëÏã, K κ(G1� G2) = w1 + w2.ÏǑ κ(Qn) = n = d(Qn) � κ(FQn) = n + 1, d(FQn) =
⌈

1
2n
⌉
, dL�ª (6.6.12) Ú·K 6.6�:

κ(EQn,k) = n + 1, d(EQn,k) = (n − k) +

⌈
k

2

⌉

= n −
⌊

k

2

⌋

.Ïd, � w 6 n + 1 �, °�» dw(EQn,k) ÚN��» Dw(EQn,k) Ñ´�3�.

Simó Ú Yebra (1997)[206], Liaw Ú Chang£1999¤[207] ©O(½
 Dw(FQn) Ú dw(FQn):

Dw(FQn) = dw(FQn) =

{

d(FQn) e 1 6 w <
⌈

1
2 n
⌉

;

d(FQn) + 1 e ⌈
1
2 n
⌉

6 w 6 n + 1.

Yang�<[205]?Ø
 dw(EQn,k)ÚDw(EQn,k),�vk(½§��°(�.ÏLïá dw(EQn,k)�þ.Ú Dw(EQn,k) �e., 2|^'Xª (6.6.11), ·�(½
 dw(EQn,k) Ú Dw(EQn,k) �°(�.½n 6.7 � 3 6 n � 2 6 k 6 n �,

Dw(EQn,k) = dw(EQn,k) =







d(EQn,k) e 1 6 w < n − ⌊k
2⌋;

d(EQn,k) + 1 e n − ⌊k
2 ⌋ 6 w 6 n + 1.ê{#, West, Md², The vulnerability of the diameter of enhanced hypercubes. Theoretical

Computers Science, 694 (2017), 60-65.

204C.-Q. Liu and H.-M. Liu£4ù{¤, The Forwarding Indices of Enhanced Hypercube Networks. 2010 International

Conference on Multimedia Information Networking and Security, 2010, pp 116-118.
205D. Wang, Diagnosability of enhanced hypercubes. IEEE Trans. Comput. 43 (1994) 1054-1061.
206Simó, E. and Yebra, J. L. A., The vulnerability of the diameter of folded n-cubes. Discrete Math, 174 (1997),

317-322.
207Liaw, S. C. and Chang, G. J., Generalized diameters and Rabin numbers of networks. Journal of Combinatorial

Optimization, 2 (4) (1999), 371-384
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§7.1 �KãÚ²¡ã��åêïÄ� G´ n (> 2)� k �Kã. � k = n− 1�, G´��ã Kn. Fink�<[208] y²
µ��ã
Kn (n > 2)��åêǑ ⌈n/2⌉. � k = n− 2�, G´�� tÜ©ã Kt(2),Ù¥ t = n/2, n > 4Ǒóê. Fink �<3Ó��©Ù¥y²
µn ��� t Ü©ã Kt(2) ã��åêǑ n− 2. � k = n − 3�, ·�y²
:½n 7.1 � G ´ n � (n − 3) �Kã, �o G ��åê b(G) = n − 3.

208J. F. Fink, M. S. Jacobson, L. F. Kinch, J. Roberts, The bondage number of a graph. Discrete Mathematics, 86

(1990), 47-57]



§7 ��ê��åêïÄ 57ù�¤J�¹35Fu-Tao Hu and Jun-Ming Xu, The bondage number of (n − 3)-regular graph

of order n. Ars Combinatoria, 120£2015), 275-2816�©¥.é?Û²¡ã G, xw=Ú�A� [209] y²
µb(G) 6 min{8, ∆ + 2},Ù¥ ∆´ G���Ý.�5, Carlson Ú Develin [210] JÑ��#�{�Ñù�(J�{üy². ·�|^ù��{y²
xw=Ú�A��(Jé��ê cr(G) �u 4 �ã G Ǒ´¤á�.½n 7.2 éuëÏã G, XJ§÷ve���:

(a) cr(G) 6 3,

(b) cr(G) = 4 � G Ø´ 4 �K�,

(c) cr(G) = 5 � G Ø¹ 4 Ý:,�o b(G) 6 ∆(G) + 2.½n 7.3 � G ´ëÏã� ∆(G) > 6 � cr(G) 6 3. XJ ∆(G) > 7 ½ö ∆(G) = 6, δ(G) 6= 3 ¿�z^> e = xy, dG(x) = 5, dG(y) = 6 ��¹3�õ��nÆ/¥, �o b(G) 6 min{8, ∆(G) + 1}.½n 7.4 � G ´ëÏã� ∆(G) = 5, cr(G) 6 4. XJ?ÛnÆ/ÑØ¹ 2 � 5 Ý:, �o
b(G) 6 6 = ∆(G) + 1.ù
¤J��¹35Yong-Chang Cao, Jia Huang and Jun-Ming Xu, The bondage number of

graphs with crossing number less than four. Ars Combinatoria, 112 (2013), 493-5026�©¥.

§7.2 ��¡�ä����êÚ¤é��êf8 D ⊆ V (G) ¡Ǒ G ����8(total dominating set), XJ G ¥z�:Ñ� D ¥,�:��. �����8¥�:ê¡Ǒ G ����ê, PǑ γt(G).ã G ���8 D �¡Ǒ¤é (paired) ��8, XJ�Ñfã G[D] �¹����. ù�Vg´d HaynesÚ Slater [211]. ã G�¤é��ê (paired domination number) γpai(G) ½ÂǑ��¤é��8¥�:ê. w,,

γ(G) ≤ γt(G) ≤ γpai(G).

Pfaff�<[212] Ú Haynes�<[213] ©Oy²
(½���êÚ¤é��ê¯KÑ´ NP��¯K.^PÒ Gn,m L«��¡�ä, §´ü�� Cn Ú Cm �(k��È Cn� Cm. Klavžar Ú
Seifter [214] (½
 γ(Gn,m), n ≥ 3, m ∈ {3, 4, 5}. T�8¼�Xe(J.

209Kang, L.-Y. and Yuan, J.-J., Bondage number of planar graphs. Discrete Mathematics, 222 (2000), 191-198.
210Carlson, K. and Develin, M., On the bondage number of planar and directed graphs. Discrete Mathematics, 306

(8-9) (2006), 820-826.
211Haynes, T. W. and Slater, P. J., Paired-domination and the paired-domatic number. Congresses Numerantium, 109

(1995), 65-72.
212Pfaff,J., Laskar, R.C. and Hedetniemi, S.T., NP-completeness of total and connected domination and irredundance

for bipartite graphs, Technical Report 428, Clemson University, Dept. Math. Sciences, 1983.
213Haynes, T. W. and Slater, P. J., Paired-domination in graphs. Networks, 32 (1998), 199-206.
214Klavžar, S. and Seifter, N., Dominating cartesian products of cycles. Discrete Applied Mathematics, 59 (1995),

129-136.



§7 ��ê��åêïÄ 58½n 7.5 é?Û�ê n (> 3),

γt(Gn,3) = ⌈ 4n
5 ⌉;

γpai(Gn,3) =

{

⌈ 4n
5 ⌉ if n ≡ 0, 2, 4 (mod 5),

⌈ 4n
5 ⌉ + 1 if n ≡ 1, 3 (mod 5);

γt(Gn,4) = γpai(Gn,4) =







n if n ≡ 0 (mod 4),

n + 1 if n ≡ 1, 3 (mod 4),

n + 2 if n ≡ 2 (mod 4).T�8��Ñ γt(Gn,5) Ú γpai(Gn,5) �þ.. ù
(J�¹35Fu-Tao Hu and Jun-Ming Xu,

Total and paired domination numbers of toroidal meshes. Journal of Combinatorial Optimization, 27

(2) (2014), 369-3786�©¥.

§7.3 �� t Üã� p ��ê� G = (V, E) ´��ã, p ´��ê. f8 D ⊆ V ¡Ǒ G � p ��8, XJ D ¥�z�:3
D ¥��k p ��:. w,§� p = 1 �, p ��8Ò´Ï~¿Âe���8. Ïd, p ��8´²;��8�í2. e¡�·K´w,�.·K 7.6 ã G ¥z� p ��8�½�¹¤kÙÝ�õǑ p − 1 �º:.�� p ��8¡Ǒ γp-8, γp-8¥�:ê¡Ǒ G � p ��ê, PǑ γp(G). ã� p ��ê´d
Fink �<[215] JÑ5� [216].w,, ã� p ��ê¯K´ NP ��¯K. Ïd, (½AÏãa� p ��ê´k¿Â�. 2009
, Shaheen [217] ¼� γ2(Cm� Cn)þe.,¿(½,
�/�°(�.Ød±	,vk?Û(J.��8(½�� t Üã Kn1,n2,··· ,nt

� p ��ê.- {V1, V2, · · · , Vt} ´ Kn1,n2,··· ,nt
� t Üy©, Nt = {1, 2, · · · , t}. é?¿ I ⊆ Nt, -

f(I) =
∑

i∈I

ni.5¿�d·K 7.6, XJ t = 1 ½ö f(Nt) 6 p, �o γp(G) = |V (G)|. Ïd, o�±b½ t > 2� f(Nt) > p. -
Ip = {I ⊂ Nt : |I| 6 t − 2, f(I) < p, ⌈ p−f(I)

t−|I|−1⌉ 6 ni, i ∈ Nt − I}.¿�-
s1 = min{f(I) : I ⊆ Nt, f(I) > p},

s2 =

{

min{⌈ p−f(I)
t−|I|−1⌉ : I ∈ Ip} if Ip 6= ∅;

∞ if Ip = ∅.|^ù
PÒ, ·��(J�±L«Xe:

215Fink, J. F. and Jacobson, M. S., n-Domination in graphs, in: Y.Alavi, A.J.Schwenk (Eds.), Graph Theory with

Applications to Algorithms and Computer Science, Wiley, New York, (1985) 283-300.
2165: ù 5́|Ü�änØ619 $15.2 ¥� (ℓ, w) ��ê�AÏ�¹: ℓ = 1 � w = p.
217Shaheen, R.S., Bounds for the 2-domination number of toroidal grid graphs. International Journal of Computer

Mathematics, 86 (4) (2009) 584-588.



§7 ��ê��åêïÄ 59½n 7.7 � G = Kn1,n2,··· ,nt
´�� t Üã. XJ t > 2 � f(Nt) > p, �oé?Û p > 1,

γp(G) = min{s1, p + s2}.ù�(J��¹35You Lu and Jun-Ming Xu, The p-domination number of complete multipar-

tite graphs. Discrete Mathematics, Algorithms and Applications, 6 (4) (2014) 1450063 (9 pages)6�©¥.

§7.4 Roman ��ê9�åê�ïÄã G þ� Roman ��¼ê´d Cockayne �<218JÑ�, ´�N� f : V (G) → {0, 1, 2} ��z���Ǒ 0 �:�������Ǒ 2 �:��. - Vi = {x ∈ V (G) : f(x) = i}, i = 0, 1, 2. K
(V0, V1, V2)´ V (G)�y©. ´�, V1∪V2 ´ G���8,¡Ǒ Roman��8,PǑ DR = (V1, V2).

f(G) =
∑

x∈V

f(x)¡Ǒ f ��. Roman��ê γR(G)´�¤k Roman��¼ê¥����. Roman��ê γR(G) �²;��ê γ(G) �m�'Xµ
γ(G) 6 γR(G) 6 2γ(G).8
'u Roman ��ê�(J¿Øõ. ·�¼�Xe(J.½n 7.8 � éu�Üã, Roman ��ê¯K´ NP ���.� XJ n > 3, K γR(G) = 3 ��=� ∆ = n − 2.� XJ G ´ n − 3 �K��� n > 4, K γR(G) = 4.ù�(J�¹35Fu-Tao Hu and Jun-Ming Xu, Roman bondage numbers of some graphs.

Australasian Journal of Combinatorics, 58 (1) (2014), 106-1186�©¥.ã G � Roman�åê bR(G) ´d Stewart [219] JÑ5�, ½ÂǑ�� Roman��êO\¤I��K���>ê. 'uã G � Roman �åê, ·���Xe(Jµ½n 7.9 (½?¿ã G � Roman �åê¯K´ NP-hard ¯K, =� G ´ 2 Üã.éuëÏã G, ·�¼� Roman �åê bR(G) �þ..½n 7.10 � G ´ n �ëÏã.� XJ n > 3 � γR(G) = γ(G) + 1, K bR(G) 6 min{b(G), η∆}, Ù¥ η∆ ´ G ¥��ÝǑ ∆�:ê.� � n > 4. XJ γR(G) = 3, �o
bR(G) 6

{

∆(G) = n − 2 XJ γR(G) = 3,

∆(G) + δ(G) − 1 XJ γR(G) = 4.·�(½
,
ã� Roman �åê bR(G) �°(�.

218E.J. Cockayne, P.A. Dreyer Jr., S.M. Hedetniemi, S.T. Hedetniemi, A.A. McRae, Roman domination in graphs.

Discrete Mathematics,278 (1-3) (2004), 11-22.
219Stewart, I., Defend the Roman Empire. Scientific American 281 (1999), 136-139.



§7 ��ê��åêïÄ 60½n 7.11 � XJ G k����� Roman ��¼ê, K bR(G) = 1.� � K3,3,...,3 ´�� t Üã, t ≥ 3. XJ G = K3,3,...,3, �o bR(G) = n−1; XJ G 6= K3,...,3,K bR(G) = n − 2.� XJ n > 2, � bR(P2 × Pn) = 2.� � G = Km1,m2,...,mt
´�� t£> 2¤Üã, Ù¥ m1 = m2 = . . . = mi < mi+1 6 . . . 6 mt,

n =
t∑

j=1

mj � n > 3. �o
bR(G) =







⌈ i
2⌉ if mi = 1 and n > 3;

2 if mi = 2 and i = 1;

i if mi = 2 and i > 2;

n − 1 if mi = 3 and i = t > 3;

n − mt if mi > 3 and mt ≥ 4.ù
(J�¹35A. Bahremandpour, Fu-Tao Hu, S. M. Sheikholeslami and Jun-Ming Xu, On

the Roman bondage number of a graph, Discrete Mathematics, Algorithms and Applications, 5 (1)

(2013), 1350001(15 pages)6�©¥.

§7.5 ÎÒ>��Úê� Hadamard Ý
£��eã¥/ÚVg. � G ´ã, Ω(G) ´ V (G) �y©. XJ Ω(G) ¥z�f8Ñ´ G �Õá8, K¡ Ω(G) ¡Ǒ G �Õá8y©. G �:Úê (chromatic number) χ(G) ´ V (G) �Õá8y© Ω(G) ¥f8���ê8. XJ Ω(G) ¥z�f8Ñ´ G ���8, K¡ Ω(G) ¡Ǒ G ���y©. G ���Úê (domatic number) d(G) ´ V (G) ���y© Ω(G) ¥f8���ê8.
/domatic0́ d
/dominating0Ú
/chromatic0)¤. ã� domaticêVg´d CockayneÚ
Hedetniemi [220] JÑ5�.� Ω′(G) ´ E(G) �y©. XJ Ω′(G) ¥z�f8Ñ´ G ���8, K¡ Ω′(G) ¡Ǒ G ���y©. G �>Úê χ′(G) ´ V (G) ���y© Ω′(G) ¥f8���ê8. XJ Ω′(G) ¥z�f8Ñ´ G �>��8, K¡ Ω′(G) ¡Ǒ G �>��y©. G �>��Úê d′(G) ´ V (G) �>��y© Ω′(G) ¥f8���ê8.� G = (V, e) ´ã, R ´¢ê8, f : V → R ´N�. P f(G) =

∑

x∈V

f(x).ã G��¼ê´N� f : V (G) → {0, 1}�� f 3z�: x�4�:8 NG[x]k f(NG[x]) > 1.N� f ´ G ���8 D �AÆ¼ê, ��ê γ(G) Ò´ min{f(G) : f ∈ F (G)}, Ù¥ F (G) Ǒ G���¼ê8. O� {0, 1} Ǒ {−1, 1} Ò��ÎÒ��¼ê. ÎÒ��ê γs(G) = min{f(G) : f ∈
Fs(G)}, Ù¥ Fs(G) Ǒ G �ÎÒ��¼ê8. ÎÒ��ê´d Dunbar �<[221] JÑ5�.

Volkmann Ú Zelinka [222] ïÄ
ÎÒ��Úê ds(G), ¿�y²
: ds(G) ´Ûê. ·��ÄÎÒ>��Úê d′s(G).ã G �ÎÒ>��¼ê´N� f : E(G) → {−1, 1} �� f(e) 3z�> e �4�>8 NG[e]k f(NG[e]) > 1. ã G �ÎÒ>��Úê d′e(G) ´��ê d �� G � d �ØÓ�ÎÒ>��¼ê {f1, . . . , fd} ÷vé?Û> e k d∑

i=1

fi(e) 6 1. éu��ã G, d′s(G) Ú ds(G) ke�'X:

220Cockayne, E. J. and Hedetniemi, S. T., Towards a theory of domination in graphs. Networks, 7 (1977), 247-261.
221Dunbar, J. E., Hedetniemi, S. T., Henning, M. A. and Slater, P. J., Signed domination in graphs, Graph Theory,

Combinatorics, and Applications, John Wiley & Sons, Inc. 1 (1995), 311-322.
222Volkmann, L. and Zelinka, B., Signed domatic number of a graph. Discrete Applied Mathematics, 150 (2005),

261-267.
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d′s(G) = ds(L(G)) ´Ûê, Ù¥ L(G) ´ G ��ã.·�(½
,
AÏãa�ÎÒ>��Úê, X´!�!(!��ä!��ã�.½n 7.12 éu n > 3,

d′s(Cn) = ds(Cn) =

{

3 n ≡ 0 (mod 3),

1 n ≡ 1, 2 (mod 3).

d′s(K1,n) = ds(Kn) =

{

n n ≡ 1 (mod 2),

⌊n
2 ⌋o n ≡ 0 (mod 2).Ù¥ ⌊n⌋o L«Ø�L n ���Ûê.

d′s(Pn) = 1, n > 2.

d′s(Pn × Pm) = 1, n, m > 2.éu��ã Kn, d′s(Kn) �(½�6u 4k � Hadamard Ý
��35. ¤¢ n � HadamardÝ
 H(n)´Ù���g {−1, 1}��
 H ��HHT = nIn, Ù¥ HT L« H �=�Ý
, In ´ü �
. ~X, H =
(
1 −1
1 1

) ´ 2 � HadamardÝ
, ÏǑ
(

1 −1

1 1

)(

1 1

−1 1

)

=

(

2 0

0 2

)

= 2I2.

Hadamard Ý
���U´ n = 1, 2 ½ö n ≡ 0 (mod 4). 'u Hadamard Ý
 H(4k) k���8��)û�Í¶ß�.ß� 7.13 é?Û�ê k > 1, Hadamard Ý
 H(4k) ´�3�./Ïu HadamardÝ
 H(4k)´�35, ·��Ñ��ã Kn �ÎÒ>��Úê d′s(Kn)�L�ª.½n 7.14 éu��ã Kn, n > 2,

d′s(Kn) =







n − 1 e n ≡ 0 (mod 2);

n e n ≡ 3 (mod 4) � H(n + 1) �3;

n − 2 e n ≡ 1 (mod 4) � H(n − 1) �3.½n 7.14 �y²^�é¡«|�O.� D = {B1, B2, . . . , Bv} ´ v ���8 P þ k �«|8. e P ¥z�����Ñy3 λ �«|¥, K¡ D Ǒ'uëê (v, k, λ) �é¡²ïØ��«|�O, {¡Ǒé¡ (v, k, λ) �O. D �Ö Dc = {P \B1, P \B2, . . . , P \Bv} ´é¡ (v, v − k, v − 2k + λ)�O. HadamardÝ
�é¡�OkXe��'X.Ún 7.15 é?Û�ê k > 1, Hadamard Ý
 H(4k) �3 ⇔ é¡ (4k − 1, 2k − 1, k − 1) �3.



§7 ��ê��åêïÄ 62½n 7.14 `²: XJ n ´Ûê, d′s(Kn) �(½�6u HadamardÝ
 H(4k) ��35. ®²y²: � k 6 166 � H(4k) ´�3�£� D– oković [223]¤. ,��¡, ·�Uy²: XJ d′s(Kn) = n

(Ù¥ n ≡ 3 (mod 4)),�o HadamardÝ
 H(n+1)�3. �é{`, d′s(Kn) = n (n ≡ 3 (mod 4)) ⇔
HadamardÝ
 H(n+1)�3. ù`²� n ≡ 3 (mod 4)�,(½ d′s(Kn)�(J5�(½ HadamardÝ
 H(n + 1) �(J5´�d�. Ïd, ·��(Jïá
ÎÒ>��Úê� Hadamard Ý
�m���éX.ù
(JuL35Xiang-Jun Li and Jun-Ming Xu, Signed edge-domatic number of a graph.

Graphs and Combinatorics, 29 (6) (2013), 1881-18906�©¥. ù�©Ù�uL�Ånò,x
�á,Ì�´k "v<é�ãk�
�£. Ǒd,·�
���ä©Ù5Ø©x�á– �ã8�Á6[224].

§7.6 2Â��ê�ÕáêïÄ£�·�3 §6.2 ½Â�°�»Vg. ã G �°�» dm(G) ´���ê d ��é G ¥?Ûü: x Ú y �3 m ^S:Ø���ÝØ�L d � xy ´. w,, d1(G) Ò´²;��» d(G).éu�½���ê ℓ Ú w, ã G� (ℓ, w) ��ê γℓ,w(G) ´���ê k, G ¥�3:êǑ k �f8 D ��é?ÛØ3 D ¥�: x, �3 w ^S:Ø���ÝØ�L ℓ � xy ´. w,, γ1,1(G)Ò´²;���ê γ(G). Ïd, éu���ã G, (½ γℓ,w(G) ¯K´ NP ���. é?Û w ëÏã G, XJ ℓ > dw(G), �o γℓ,w(G) = 1. Ïd, XJ ℓ < dw(G), �o γℓ,w(G) > 2.ã G � (ℓ, w) Õáê αℓ,w(G) ´���ê k, G ¥�3:êǑ k �f8 D ��é D ¥?Ûü: x Ú y §��°ål dw(G; x, y) > k. w,, α1,1(G) Ò´²;���ê α(G). Ïd, éu���ã G, (½ αℓ,w(G) ¯K´ NP ���. w,, é?Û w ëÏã G, αℓ,w(G) = 1 ⇔ d > dw(G).Ïd, XJ ℓ < dw(G), �o αℓ,w(G) > 2.�!��3�ã� (ℓ, w)��êÚ (ℓ, w)��ê�¡�ïÄ. 2012
[225′226],�(½
V�¡�ä Gm,n = Cm ×Cn � (ℓ, 4)��ê γℓ,4(Gm,n)Ú (ℓ, 4)Õáê αℓ,4(Gm,n). �5,��Ä
Ì�k�ã G(dn; {1, d, · · · , dn−1}) Ú d �á��ä C(d, n), ¼�Xe(J.½n 7.16 � G = G(dn; {1, d, · · · , dn−1}), d > 4, n > 5. e 1 6 w 6 n, dw(G)−(g(d, n)+δw) 6 ℓ 6

dw(G)−1, Ù¥ g(d, n) = min
{
⌊d

2⌋ ⌈n
2 ⌉ − ⌊d

2⌋, (⌊n
2 ⌋ + 1)(⌈d

2⌉ − 1)
}
−2, δw =

{

0 e w 6 n − 1;

1 e w = n,
K

γℓ,w(G) = 2.ù�¤J�¹35�!, Md², On the (ℓ, w)-domination numbers of the circulant network.

Journal of Combinatorial Mathematics and Combinatorial Computing, 91 (2014), 3-186�©¥.½n 7.17 � d, n > 4. e w = n � n(d− 1)− f(n, d) + 1 6 ℓ 6 n(d− 1); ½öe 1 6 w 6 n− 1 �
n(d−1)−f(n, d) 6 ℓ 6 n(d−1)−1,Ù¥ f(d, n) = min

{
⌈d

2⌉(⌊n
2 ⌋ + 1), ⌈n

2 ⌉⌈d
2⌉
}
,Kγℓ,w(C(d, n)) = 2.ù�¤J�¹35�!, Md², On the (ℓ, w)-domination number of the cube network. Ars

Combinatoria, 123 (2015), 185-194.�©¥.

223D– oković, D. Ž., Hadamard matrices of order 764 exist. Combinatorica, 28 (4) (2008), 487-489.
224Md², Ø©x�á– �ã8�Á. http://staff.ustc.edu.cn/~xujm/essay2013b.pdf
225�!, Md², Domination number of undirected toroidal mash. Acta Mathematica Sinica, English Series, 28 (3)

(2012), 453-462
226�!, Md², ����¡�� (d, m) Õáê. XÚ�Æ�êÆ, 32 (3) (2012), 327-333.
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§8 p \rê�ïÄ^ Gc L«ã G �Öã, = V (Gc) = V (G), E(Gc) = {xy : xy /∈ E(G)}. � R ⊆ E(Gc). XJ
γ(G + R) < γ(G), K¡ R Ǒ G �\r8 (reinforcement set). ��\r8¥�>ê¡Ǒ G �\rê (reinforcement number), PǑ r(G). \rêVg´d Kok Ú Mynhardt [227] JÑ. �Z�<[228]ïÄLk�ã�\rê. ��åê��, \rêǑ´Ýþã���yf5�­�Vg.£�3�©� §7.3 ¥ã G � p ��ê γp(G) �½Â. � G = (V, E) ´��ã, p ´��ê.f8 D ⊆ V ¡Ǒ G � p ��8, XJ D ¥�z�:3 D ¥��k p ��:. w,§� p = 1 �,

p��8Ò´Ï~¿Âe���8. Ïd, p ��8´²;��8�í2. âd,·�Ú? p\rê�Vg.� R ⊆ E(Gc). XJ γp(G + R) < γp(G), K¡ R Ǒ G � p \r8 (p-reinforcement set). ��
p \r8¥�>ê¡Ǒ G � p \rê (p-reinforcement number), PǑ rp(G).·�éã� p \rê?1�©ïÄ, ?Ø
§�O�E,5, ¿(½�
AÏãa� p \rê. Ì�ïÄ¤Jdºd¼�.

§8.1 p \rê�E,5y3�Äã G � p \rê¯K. � p = 1 �, G � 1 \rê¯KÒ´²;�\rê¯K.\rê¯K (Reinforcement Problem):¢~: ?¿ã G Ú��ê k.¯K: ´Äk r(G) 6 k?·�3©Ù [229] y²
ù�¯K´ NP-hard�. y²�{´ÏL 3�÷v¯K�?¿¢~éf C 5�E\rê¯K¥¢~ã G ¿� k = 1 �� C ´�÷v� ⇔ r(G) 6 1. ÏǑ� k = 1 ��\rê¯K´��\rê¯K�f¯K, ¤±\rê¯K NP-hard ¯K.ÏǑ\rê¯K´ p \rê¯K�f¯K, ¤± p \rê¯KǑ´ NP-hard ¯K.·��Ä,�aE,5¯K. þ¡?Ø�¯K�9êi k, §´?¿��ê. 3¯K� NP ��5y²¥, <�Ï~�Ä§�f¯K, � k �AÏ�. XJéuù�AÏ k �±y²§´ NP ���,�oT¯KÒ´ NP���,ùprN k �?¿5. �k
¯K,XJ k ´���½�,§ÒØ´ NPC ¯K
. w��~f.

p ��8£p-dominating Set¤̄ K:¢~: ?¿ã G, ��ê p Ú k.¯K: ´Ä�3 p ��8 Dp �� |Dp| 6 k?·�®²��, � p = 1 �, ��8¯K´ NP ���. �XJ k ´���½�~ê, �o§ÒØ´ NPC¯K
,ÏǑ�±ÏLu�¤k:êØ�L k f85Ïé��8. qÏǑ k ´�½~ê, ù
f8�ê8´õ�ª.�, =, XJã�:êǑ n, �o n > k, �:êØ�L k f8��
227Kok, J. and Mynhardt, C. M., Reinforcement in graphs, Congr. Numer. 79 (1990) 225-231.
228Huang, J., Wang J.-W. and Xu, J.-M., Reinforcement numbers of digraphs. Discrete Applied Mathematics, 157(8)

(2009), 1938-1946.
229�Å7, Md², On the complexity of the bondage and reinforcement problems. Journal of Complexity, 28 (2)

(2012), 192-201.



§8 p \rê�ïÄ 64ê�õǑ (
n
1

)
+
(
n
2

)
+ · · ·+

(
n
k

)
, §´ n �õ�ª O(nk+1). Ïd, §´ P ¯K. Ó�/, éu?¿�½� p (> 2)Ú k,ã� p ��8¯KE,´ P¯K (k'ù�¡�ïÄ�ë� DowneyÚ Fellows�ü�©Ù [230,231]).,
,=� p (> 2)�½� k = 1,(½ p\rê¯KE,´ NP-hard¯K.ù�¯K�±LãXe:

p \rê¯K (p-reinforcement Problem):¢~: ?¿ã G Ú�½���ê p (> 2).¯K: ´Äk rp(G) 6 1?½n 8.1 éu�½���ê p (> 2), p \rê¯K´ NP-hard ¯K.y²�Ä�g´´: r 3�÷v¯K (3SAT) 8(Ǒ p \rê¯K.Ǒd,� U = {u1, . . . , un}Ú C = {C1, . . . , Cm} ´ 3SAT �?¿¢~. �E��ã G Xe.

a. éz�Cþ ui ∈ U , ����ã Hi, Ù¥ Hi ´l±º:8Ǒ {ui, ui} ∪ (∪p
j=1{vij

, vij
}) ���ã K2p+2 V\>8 ∪p−1

j=1{uivij
, uivij

} 
���ã;

b. éz�éf Cj ∈ C , ����º: cj ¿�ë� cj � Hi ¥z�º: ui (½ö ui) ��=�©i ui (½ö ui) Ñy3éf Cj ¥ (i ∈ {1, . . . , n});

c. V\����ã T (∼= Kp) ¿�ë�§�¤kº:�z� cj .,�y²µC ´�÷v���=� rp(G) = 1.ù�ïÄ¤JuL35You Lu, Fu-Tao Hu and Jun-Ming Xu, On the p-reinforcement and the

complexity, Journal of Combinatorial Optimization, 29 (2) (2015), 389-4056�©¥.

§8.2 ,
AÏã� p \rê·�(½
´ Pn Ú� Cn � p \rê. � p = 1, Kok Ú Mynhardt [232] (½
 r(Pn) =

r(Cn) = i XJ n = 3k + i > 4,Ù¥ i ∈ {1, 2, 3}. � p > 2 �,·�(½
 rp(Pn) Ú rp(Cn)�°(�.½n 8.2 éu p > 2, XJ γp(Pn) > p �o
rp(Pn) =







2 e p = 2 � n ´Ûê
1 e p = 2 � n ´óê
p − 2 e p ≥ 3;XJ γp(Cn) > p �o

rp(Cn) =







2 e p = 2 � n ´Ûê
4 e p = 2 � n ´óê
p − 2 e p ≥ 3.

230Downey, R. G. and Fellows, M. R., Fixed-parameter tractability and completeness I: Basic results. SIAM J. Comput.

24 (1995), 873-921.
231Downey, R. G. and Fellows, M. R., Fixed-parameter tractability and completeness II: On completeness for W [1].

Theoretical Computer Science, 14 (1995), 109-131.
232Kok, J. and Mynhardt, C. M., Reinforcement in graphs. Congr. Numer. 79 (1990) 225-231.



§9 Caccetta-Häggkvistß�ïÄ 65éu�� t Ü©ã Kn1,··· ,nt
, - X = {ni1, ··· , nir

} ´ {n1, · · · , nt} f8, ½Â
|X | = r � f(X) =

r∑

j=1

nij
,

X = {X : X ⊆ {n1, · · · , nt}� f(X) > γp(G)}.éz� X ∈ X , ½Â
f∗(X) = max{f(Y ) : Y ⊆ X� |Y | = |X | − 1, f(Y ) < p}.½n 8.3 � G ´�� t Ü©ã G = Kn1,··· ,nt

, t ≥ 2. XJ γp(G) > p, �oé?Û p > 1,

rp(G) = min{(p − f∗(X))(f(X) − γp(G) + 1) : X ∈ X }.éu���ã, ·���Xe(Jµ½n 8.4 rp(G) 6 ∆(G) + p; XJ δ(G) < p, �o rp(G) 6 δ(G) + p; XJ γp(G) > p � ∆(G) < p,�o rp(G) = p − ∆(G).íØ 8.5 é?Ûä T Ú p > 2, rp(T ) 6 p + 1.ù
ïÄ¤J�¹3©Ù5You Lu, Fu-Tao Hu and Jun-Ming Xu, On the p-reinforcement and

the complexity. Journal of Combinatorial Optimization, 29 (2) (2015), 389-405.6Ú5You Lu and

Jun-Ming Xu, Trees with maximum p-reinforcement number. Discrete Applied Mathematics, 175 (1)

(2014), 43-546¥.��5¿�´, íØ ?? =é p > 2 ¤á. éu p = 1, Blair �<[233] y²
: r1(T ) 6 n
2 , Ù¥

n ´ä T ��. � p > 3 �, ·�48/�EÑ�� rp(T ) = p + 1 �¤kä T . �·���E�{Ø·u p = 2 ��/. ºd�[234] �Ñä T k r2(T ) = 3 ��¿©7�^�.

§9 Caccetta-Häggkvist ß�ïÄ
1978 
, Caccetta Ú Häggkvist [235] JÑÍ¶ß�: � G ´ n �k�ã. XJ δ+(G) > r, �o G ��� g(G) 6 ⌈n/r⌉. ù�ß��8�)û. ��K|?Ø Caccetta-Häggkvist ß�¿�dß�k'�ü�¯K: k�ã�>��êÚ Seymour 1���ß�¯K. ù�¡�ó�Ì�dùÓ�¤.

§9.1 k�ã�>��ê� G = (V, E) ´k�ã. XJ§Ø¹k��, K¡ G Ǒ�� (acyclic) k�ã. � F ⊆ E(G),XJ G − F ´���, K¡ F Ǒ G ���>8 (acyclic edge set). k�ã G �>��ê β(G) L« G ¥����>8¥>ê.

233Blair, J. R. S., Goddard, W., Hedetniemi, S.T., Horton, S., Jones, P. and Kubicki, G., On domination and rein-

forcement numbers in trees. Discrete Math., 308 (2008), 1165-1175.
234Lu, Y., Song, W. and Yang, H.-L., Trees with 2-reinforcement number three. Bulletin of the Malysian Mathematical

Sciences Society, 39 (2) (2015), 1-18.
235Caccetta, L. and Häggkvist, R., On minimal digraphs with given girth. Proc. 9th S-E Conf. Combinatorics, Graph

Theory and Computing (1978) 181-187.



§9 Caccetta-Häggkvistß�ïÄ 66ù�Vgé��ã G Ǒ´k��, 
� β(G) = ε(G)− υ(G) + ω(G), Ù¥ ε(G), υ(G) Ú ω(G)©OL« G ��, >êÚëÏ©|ê. �ék�ã, Karp£1972¤[236] y²
(½��ê¯K´
NP ���.^ ̺(G) L«k�ã G ¥Ø���:éê8. Chudnovsky �<£2008¤[237] y²
: XJ GØ¹nÆ/, �o β(G) 6 ̺(G), ¿JÑXeß�.ß� 9.1 Ø¹k� 3 ��k�ã G þk β(G) 6 1

2 ̺(G).ù�ß��8ÿ�)û. Dunkum �<£2011¤[238] y²
 β(G) 6 0.88 ̺(G); !ï�<£2009¤[239] ?U§Ǒ β(G) 6 0.8616 ̺(G). 2008 
, Sullivan [240] JÑe¡����ß�.ß� 9.2 XJk�ã G ��� g(G) > m > 3, �o
β(G) 6

2

(m + 1)(m − 2)
̺(G).� m ∈ {4, 5} �, ß� 9.2 ¥þ.©OǑ 1

5 ̺(G) Ú 1
9 ̺(G). ��K|��Xe(J.½n 9.3 XJk�ã G ��� g(G) > 4, �o β(G) 6 3−

√
5

2 ̺(G) ≈ 0.3819 ̺(G).½n 9.4 XJk�ã G ��� g(G) > 5, �o β(G) 6 (2 −
√

3) ̺(G) ≈ 0.2679 ̺(G).ù
(J�¹35Hao Liang and Jun-Ming Xu, On Sullivan’s conjecture on cycles in 4-free and

5-free digraphs. Acta Mathematica Sinica, English Series, 29 (1) (2013), 53-646�©¥.� m ∈ {4, 5} �, Sullivan y²
 β(G) 6 1
m−2 ̺(G). ��K|U?
ù�(J.½n 9.5 XJk�ã G ��� g(G) > m > 4, �o β(G) 6 1

m−2̺(G).ù�(J�¹35Hao Liang and Jun-Ming Xu, Minimal feedback arc set of m-free digraphs.

Information Processing Letters, 113 (8) (2013) 260-2646�©¥.

§9.2 Caccetta-Häggkvist ß�ß� 9.1 �e¡� Caccetta - Häggkvist ß����'.ß� 9.6 � G ´ n �k�ã. XJ δ+(G) > r, �o G ��� g(G) 6 ⌈n/r⌉.� r = 1 �, ß� 9.6 w,¤á. � r = 2 �, Caccetta ÚHäggkvist y²ß�¤á. 1987 
,

Hamildoune [241], Hoáng Ú Reed [242] ©Oy²
� r = 3 Ú r = 4, 5 �ß�¤á. 2000
, !ï�
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§9 Caccetta-Häggkvistß�ïÄ 67<[243] y²
� r <
√

n/2 �ß�¤á. éu:�[ã, Hamidoune£1981¤[244] y²
ù�ß�¤á. éu���ãÚ r, dß��8E��)û. � r = n
3 �, ß� 9.6 �±LãǑ:ß� 9.7 � G ´ n �k�ã. XJ δ+(G) > n

3 , �o G ��� g(G) 6 3.Ǒ
y²ù�ß�, <�Ïé��U��~ê c ��z� n �k�ã G, ��§���ÑÝ
δ+(G) > cn, G 7¹k� 3 �. Caccetta Ú Häggkvist y²
 c 6 0.3819; Bondy£1997¤[245] y²
 c 6 0.3797;!ï£1998¤[246] ?U§� c 6 0.3542; Hamburger�<£2007¤[247] ?U� 0.35312.

2009
, Hladký�<[248] ?�Ú?U§� 0.3465. ù�(JL²: ?Û n �k�ã G,XJ§����ÑÝ δ+(G) > 0.3465 n,�o G 7¹k� 3 �. ��8�Ä r = n
4 , ��: XJk�ã G ���Ý δ+(G) > 0.28866 n, �o G ��� g(G) 6 4. �5, ·�U?
ù�(JXe.½n 9.8 � G ´ n �k�ã. XJ δ+(G) > 0.28724 n, �o G ��� g(G) 6 4.ù
(J�¹35ùÓ, Md², k�ã����Ø�u4 ���¿©^�. 3��ÆÆ�,

51 (2) (2013), 241-2436Ú5ùÓ, Md², 'u Caccetta-Haggkvist ß��5P. êÆÆ�, 56 (4)

(2013), 479-4866¥.

2012 
, ·�3Ø© [249] ¥�Ä r = 1
5 n ��/, ��Xe(J.½n 9.9 � G ´ n �k�ã. XJ δ+(G) > 0.24817 n, �o G ��� g(G) 6 5.

§9.3 Seymour 1���ß�� G ´�é¡>�{ük�ã, x ´ G �º:, d+(x) Ú d++(x) ©OL« x �	�:êÚålǑ 2 �	�:ê. 1990 
, Seymour JÑ1���ß�£Second Neighborhood Conjecture,� [250]¤.ß� 9.10 é?Û�é¡>�{ük�ã G, �3º: x �� d++(x) > d+(x).ß� 9.10¿�X Caccetta-Häggkvistß��AÏ�/µmin{δ+, δ−} > 1
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§9 Caccetta-Häggkvistß�ïÄ 68ß� 9.10 ¥: x �¡Ǒ Seymour :. Fisher£1996¤ [252] |^VÇ�{y²
 Dean ß�.

Havet Ú Thomassé£2000¤[253] |^|Ü�{Ǒy²
 Dean ß�, ù«�{¼�� Seymour :Ø´��, 
´ü�.

Kaneko �<£2001¤[254] y²
��ÑÝ�u7 �k�ãk Seymour :. 2007 
, Fidler Ú
Yuster [255] y²��ÝǑ |V (G)| − 2 �k�ã G, ¿mãí���(½öí���f¿mãk
Seymour:.£5: Ghazal£2015¤[256] �Ñ Fidler Ú Yuster�y²kØ.¤2008
, Hamidoune [257]y²
:�[k�ãk Seymour:. 2013
, Lladó [258] y²pëÏÝ�:�[k�ãk Seymour:. 2016 
, Cohn �<[259] �Ñß� 9.10 �VÇLã¿y²
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, �)7�<[260] �Ñ µ = 0.657298 · · · , §´õ�ª 2x3 + x2 − 1���¢�. ©Ù"�J���U?Uù��� 0.67815 · · · . 2010 
, Ü>��<[261] y²: XJk�ã G Ø¹nÆ/, �o�3 x ∈ V (G) �� d++(x) > µ d+(x), Ù¥ λ = 0.6751 · · · ´õ�ª
x3 + 3x2 − x − 1 3«m (0, 1) ¥���¢�. ·�¼�Xe(J.½n 9.11 é?¿�Ñ� m > 3, e G ´�� g(G) > m �k�ã, K�3 x ∈ V (G) ��
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gm(x) = 2x3 − (m − 3)x2 + (2m − 4)x − (m − 1), x ∈ (0, 1) (9.9.13)���¢�, µm ´'u m �O¼ê, 
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§10 ã� Pebbling êã� Pebblingê´d7ǑI [ 262] JÑ5�. �©¯Kå
u��êÆiZ. b½k 2n ���f£pebbles¤, §���¿/��3 n ��á�N Qn �º:?. iZ�Ìe�5K:5K 10.1 kl��kü��f�º:?£rü��f, ,�òÙ¥���3§�,�:?.XJ Qn �,�º:k��ü��f, 7k��º: x ?vk�f£ÏǑ Qn k 2n �º:��k 2n ��f¤. ¯K´: l?Û����kü��f�º:m©, ´Ä�±Øä$^ù�iZ5K�� x �����f. 7ǑIy²
ù´�±���. ù�iZ��¨JÑã� Pebbling êVg.� G ´ëÏã, x ´ G ¥º:£¡Ǒ8I:¤. ã G � pebbling ê f(G) ½ÂǑ���ê m�� m ��f3 G ¥?Û{�, �E$^5K 10.1 ÑU�8I: x �����f.w,, f(G) > |V (G)|. 7ǑI�(JL² f(Qn) = 2n. éu��ã Kn, ´ Pn Ú� Cn, ®²(½: f(Kn) = n, f(Pn) = 2n−1, f(C2k) = 2k, f(C2k+1) = 2⌊ 1
3 2k+1⌋ + 1.ù�VgéN´í2�ã G� t-pebblingê ft(G), §½ÂǑ���ê m�� m��f3 G¥�?Û{�, �E$^5K 10.1 ÑU�8I:�� t ��f. w,, f1(G) = f(G). 7ǑIǑy²
 f2(Qn) = 2n.ã G ��` t-pebbling ê f ′

t(G) ½ÂǑ���ê m �� m ��f3 G ¥�3,«{�,�E$^5K 10.1 U�?¿º:�� t ��f. f ′(G) = f ′
1(G) ¡Ǒ G ��` pebbling ê. G��` pebbling êVg´d Pachter �<[263] ÄkJÑ5�; d Herscovici �<[264] í2��`

t-pebbling ê.éu?¿�ëÏã G, Milans Ú Clark [265] y²
(½ f ′(G) �¯K´ NP-hard ¯K.�[�ÚÆ¬)g��ïÄ
ã� pebbling ê, ���
ïÄ¤J.

§10.1 ´Ú���` t-pebbling ê'u´ Pn Ú� Cn, ©z [264,266] ®²(½
: f ′(Pn) = f ′(Cn) = ⌈ 2n
3 ⌉; f ′

2(Pn) = n + 1;

f ′
3p+r(P2) = 4p + 2r (r < 2); f ′

3p+2(P2) = 4p + 3. � t > 3 Ú n > 2, ·���(½´ Pn ��`
t-pebbling ê.½n 10.2 é?Û�ê p > 1,

f ′
t(Pn) =







p (n + 2) e t = 3p ;

p (n + 2) + ⌊n
2 ⌋ e t = 3p + 1;

p (n + 2) + (n + 1) e t = 3p + 2.éu� Cn, ©z [264] ¥�ö®(½
 f ′
t(C3) Ú f ′

t(C4). ·�(½
 f ′
t(C5).
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Journal of Combinatorics, 50(2011), 3-24.
265Milans, K. and Clark, B., The complexity of graph pebbling, SIAM J Discrete Math. 20(2006), 769-798.
266Bunde, D.P., Chambers, E. W., Cranston, D., Milans, K. and West, D. B., Pebbling and optimal pebbling in graphs.

Journal of Graph Theory, 57(3)(2008), 215-238.



§10 ã� Pebbling ê 70½n 10.3 é?Û n > 3, f ′
2(Cn) = n, f ′

3(Cn) = n + 2, �é?Û�ê t > 1,

f ′
t(C5) =







4 e t = 1;

2t e 10|t;
2t + 1 Ù§.ù
¤J��¹35g��§�[�§Md²§Optimal t-pebbling on paths and cycles. ¥I��Æ�, 45(3) (2015), 186-1926�©¥.

§10.2 (k��Èã� pebbling ê'uü�ã�(k��È� pebbling ê, GrahamJÑ��ß�£��5©z[262]¤.ß� 10.4 é?Ûü�ëÏã G Ú H, f(G� H) 6 f(G)f(H).NõÆöÁã)ûù�ß�, �Ñvk¤õ, %y²
ù�ß�éNõAÏ�ã´¤á�.ã G �¥mã M(G) ´�3ã G �z^>þ�\��#º:, ¿^#>ë� G ���ü^>¥#º:
���ã. �[,�<[267] (½
 f(M(Cn)) ¿y²µ
f(M(C2n+1)� M(C2m+1)) 6 f(M(C2n+1)) f(M(C2m+1)), (max{n, m} > 5);

f(M(C2n)� M(C2m+1)) 6 f(M(C2n)) f(M(C2m+1)), (n > 6).�uó��ó��(k��È, ·�y²
Xe(J.½n 10.5 e min{n, m} > 6, � |n − m| > 2, K
f(M(C2n)� M(C2m)) 6 f(M(C2n)) f(M(C2m)).�k 2f(G) − r ��f�{�3ã G ¥, Ù¥ r �º:��kÛê��f. e�E$^5K

10.1 U�8I:�� 2 ��f, K¡ G ÷vÛ 2-pebbling 5�.éuó� C2n���ãG�(k��È, Herscovici [268]¼�Xe(J:eG÷vÛ 2-pebbling5�, K f(C2n� G) 6 f(C2n)f(G). �uÛ��Û��(k��È, ·�¼�Xe(J"½n 10.6 e G ÷vÛ 2-pebbling 5�, K f(C2n+1� G) 6 f(C2n+1)f(G).ù�(J�y²düÜ©�¤: f(C4k+1� G) 6 f(C4k+1)f(G)Ú f(C4k+3� G) 6 f(C4k+3)f(G).·�Ǒ�Äó��§��¥mã�(k��È, ¼�Xe(J.½n 10.7 e G ÷vÛ 2-pebbling 5�, K f(M(C2n)� G) 6 f(M(C2n))f(G).ù
¤J��¹35Zheng-Jiang Xia, Yong-Liang Pan, Jun Ming Xu, Pebbling on C4k+3 × G

and M(C2n)×G. The Australasian Journal of Combinatorics, 65(2) (2016), 124-1366Ú5Zheng-Jiang

Xia, Yong-Liang Pan, Jun-Ming Xu and Xi-Meng Cheng, Graham’s pebbling conjecture on cartesian

product of the middle graphs of even cycles. Ars Combinatoria, 132 (2017), 285-294.6ü�©Ù¥.

267�[,, 4Ǒ, +�², ã�¥mã Pebbling êÚ Graham ß�. $ÊÆÆ�, 17 (3) (2013), 35õ44.
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