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Using nuclear magnetic resonance techniques with a solution of cytosine molecules, we show an implementation
of certain quantum logic gates (including NOT gate, square-root of NOT gate and controlled-NOT gate), which
have central importance in quantum computing. In addition, experimental results show that nuclear magnetic
resonance spectroscopy can efficiently measure the result of quantum computing without attendant wave-function

collapse.

PACS: 89.70. +c, 03.65. —w

Quantum computing has a promising future in
solving many difficult problems, such as the simulation
of quantum systems,’ and Shor’s quantum algorithm
of factorization of large numbers. The theory of quan-
tum computing is well understood, but realization
of a quantum computer has remained very difficult.?
Possible methods to implement the quantum com-
puter can be found in systems such as ion traps,®*
quantum dots,® cavity quantum electrodynamics®—8
and nuclear magnetic resonance (NMR).%1° Only two
of these have been successfully used to demonstrate
quantum computing so far: ion traps, and NMR.
All current approaches to design quantum comput-
ers are based on three basic components: quantum
bits (qubits), quantum logic gates and read-out of the
states.

In our NMR approach, we use a liquid consist-
ing of uniformly deuterated cytosine molecules, whose
chemical structure is shown in Fig. 1. The two weakly
coupled spin-1/2 hydrogen nuclei, which are distin-
guished by their different resonance frequencies, i.e.
wa/(27) and wg/(27), can be regarded as the isolated
qubits. The wave function of the two-qubit state can
be generally denoted in the computing basis as

3
¥ =" ci|BA) = [00)+c1[01)+c2[10) +es]11). (1)
=0

Because the energy level differences are small at room
temperature and the scalar coupling is weak, the ini-
tial state in this two-qubit system is a thermal equi-
librium state, which could be approximately denoted
as

Peq = Pt pa = ﬁ-{-nlOO)(OOl —ntll)(lll = IZA+IZ(B),

2
where n &« w4 + wp is the proportionality constant,
P is the identity density matrix which gives no effect
under a unitary operation, and the usual angular mo-
mentum operators in Eq. (2) (such as Iza, Izp) are
the basic product operators in Liouville space.
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Fig.1. (a) Chemical structure of deuterated cytosine
molecule, the two weakly coupled spin 1/2 hydrogen nuclei
denoting the two qubits. (b) Energy level diagram for the
two-spin system. (c) NMR spectra obtained by letting a
hard readout pulse act on the thermal equilibrium state.

The measured quantity in NMR experiments is
the free induction decay (FID) induced in a pick-up
coil in the zy-plane:V (t) oc i VoTr{[e =} #1p(0)e i ] x
[(oz +10y) ® I + 1 ® (0, + icy)]}. For example,
the schematic spectrum shown in Fig.1 correspond-
ing of peq of Eq.(2), is acquired from the thermal
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equilibrium state of the sample by applying a hard
read-pulse. When the sample is placed in a mag-
netic field and the coupling term is considered, the
four energy levels are shown in Fig.1. The single-
quantum transitions allowed by the selection rules of
angular momentum are indicated by two-headed ar-
rows, which connect each pair of states between which
only single spin flips exist (noting the spin order is
BA). A hard readout pulse applied to the equilib-
rium state can cause phase procession and generate a
detectable (macroscopic) rotating magnetic moment.
The real part of the Fourier transform of the result-
ing signal gives an NMR spectrum containing four
peaks at frequencies wg/(27) + J/2, wg/(27) — J/2,
wa/(2m) + J/2, and wya/(27) — J/2. Every pair of
lines on the left hand arises from the qubit B, while
the pairs of lines on the right hand correspond to the
qubit A. The intensity of each pair is proportional
to the total population difference between the corre-
sponding states, which results from the following tran-
sitions: 10)(|0) «» [1)),[1)(]0) + 1)),(|0) < [1))]0),
and (|0) < |1))[1). The absolute phase of an NMR
signal depends on various complicated experimental
details. Therefore, it is difficult to interpret absolute
phases. However, using a reference signal can solve
this problem. The same phase correction is then ap-
plied to the other signal. So from the position, relative
phase, intensity and the readout pulse, we can get the
state of the sample before the readout pulse. Further-
more, in NMR, instead of a random eigenvalue, the
result of a measurement is the expectation value of
an observable of the macroscopic ensemble of quan-
tum spins. This implies that nuclear magnetic reso-
nance spectroscopy can efficiently readout the result of
quantum computing without attendant wave-function
collapse.
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Fig.2. (a) Quantum circuit symbol for NOT gate
(left) and NMR implementation of NOT gate with pulse
R, x(180) (right). (b) Quantum circuit symbol for the
square-root of NOT gate (left) and NMR implementa-
tion of the square-root of NOT gate with pulse R4 x(90)
(right). (c) Quantum circuit symbol for CNOT gate (up)
and NMR implementation of CNOT gate with pulse se-
quences (down), € = 3w /w,e + 46 = 1/2(2J).

It was shown that the two-qubit quantum
controlled-NOT (CNOT) gate in combination with
the set of one-qubit rotations can provide all the quan-
tum logic gates.!!!2 Here are some fundamental quan-
tum logic gates:

|0){0] 4+ |1){1| = identity gate,

|0)(1] + |1)(0] = NOT gate,

%[IOMOI =i (1]) + [1)([0) +i (1])]
=square — root of NOT,

UcnoTt = '0><0| QI+ |1><1| X
=100)(00| + |01)(01| + |10)(11| + |11)(10]
= CNOT gate,

i
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X
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The qubit remains unchanged after the identity gate
acting on it. The square-root of NOT gate V can
produce the superposition states [0) — (1/v/2)(]0) —
i|1)),]1) = (1/v/2)(|0) +i|1)). The NOT gate gives
the rotation |0) — [1),]1} — |0). The CNOT gate
applies a NOT gate to the target-spin A when the
control-spin B is |1) and applies the identity gate to
the target-spin A when the control-spin B is |0).

To implement these quantum logic gates in our
two-qubit system, we define three gates (Uy, Uz, and
Us) and implement them by using pulse sequences
shown in Fig.2. Since the pulses are much shorter
compared to other relevant time scales, other changes
of the system during the pulses are ignored. When ap-
plying these quantum logic gates to the thermal state,
we can calculate the output from p; = Uipequ , that
is

(1) Uy = |00)(01] + 01)(00] + |10)(11] + |11)(10],
i.e. applying X (NOT gate) to qubit A with qubit
B unchanging. U; can be implemented by a selected
R 4x(180) rotation shown in Fig. 2(a).

Peq — p1 =B + n|01)(01] - |10)(10]
= —Iza+IzB, (3)

1
V2
+|01)({00] 4+ 1 (01|} + |11)((10] +i(11})],

(2) Uz = —=[100)({00] — 1(01]) + |10)((10] ~ i (11])

i.e. applying the square-root of NOT gate to qubit
A. U, can be implemented by a selected R4x(90)
rotation shown in Fig. 2(b).

pea - p2 =7+ 2(100)(01] — 01)(00] + [10) (11
— [11){10]) + Z{l00)00j01) 01
— 10)(10] - [11)(11]} = ~Iy 4 + Iz5,
6

(3) Us = [00)(00] + 01)(01] + [10)(11] 4 [11){10].
This is a CNOT gate, implemented by an rf pulse se-
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quence in Fig. 2(c).

U _
pea 22 p =+ 1J00)(00] = n10)(10]
=2Iz4lzp + Iz, (5)

where Zi j=0Cij])(j] is the density operator in Hib-
ert space, and the usual angular momentum operators
(such as Iz,) in Eq. (3)—(5) are the basic product op-
erators in Liouville space. The input and output states
can be read out by letting selective readout pulses
R,4x(90) act on the target spin A, their schematic
NMR spectra are shown in Fig. 3.
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Fig.3. Schematic NMR spectra obtained by letting a
selective readout pulse act on the qubit A: (a) the in-
put thermal equilibrium state peq; (b) the output value
p3 obyained by U acting on peq; (c) the output value po
obtained by U, acting on peq; (d) the output value p3
obtained by Us acting on peq.

All the NMR experiments are conducted at room
temperature and pressure on a Bruker Avance DMX-
500 spectrometer in the Laboratory of Structure Bi-
ology, University of Science and Technology of China.
For the two qubits, we choose the two spin 1/2 hy-
drogen nuclei in the deuterated cytosine molecules.
From a fixed input thermal state, we obtained four
experimental spectra of the target spin-A by a se-
lective readout pulse R4x(90), expressed as output
states peq, p1, P2, and ps appearing in Egs. (2)—(5).
The result is shown in Fig.4. In our experiment, the
frequency difference of the two spins is 765 Hz and the
J coupling constant is 7.17Hz. The transmitter fre-
quency is set in the center of the spectrum, so in the
rotating frame Awp/(27) = —Aw,4/(27) = 382.5 Hz,
and ¢ = 37 /w,e + 48 = 1/(2J). Selective excitation
on target-spin A was achieved by using Gaussian soft
pulses. During a selective pulse the control-spin B
{(unexcited) continues to experience the main Zeeman
interaction, resulting in a rotation around the z-axis,
but the length of the selective pulses can be so chosen
that the net rotation is almost inexperienced by other
spin. It is clear that our implementation of the quan-
tum logic gate leaves the computer in the final result,

as expected in Fig. 3. We can see small but significant
distortions in the final spectra, due to the difficulty of
implementing perfect selective pulses.
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Fig. 4. Experimental NMR spectra obtained by letting
a selective readout pulse act on the qubit A: (a) the in-
put thermal equilibrium state peq, (b) the output value
p1 obtained by U acting on peq, (¢) the output value p2
obtained by Uz acting on peq, (d) the output value ps3
obtained by Us acting on peq.

In conclusion, with the NMR approach, we have
recently demonstrated that the basic quantum logic
gates, as well as the state of the system, can be ef-
ficiently determined from the NMR spectra collected
with suitable read-out pulses. Under the conditions of
current schemes, NMR quantum computers will not be
able to exceed roughly 10 qubits. But the fact itself
can help us study the principles of quantum computa-
tion experimentally. It can also help us find the pos-
sibility of circumventing this limitation so that large-
scale quantum computers can be built,
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