Outline

m Rayleigh Quotient
B Generalized Rayleigh Quotient

m Perturbation of Eigenvalue and Eigenvector



Rayleigh Quotient

m Definition of Rayleigh Quotient
R(x, A) = X" AX

xx

m Properties on the Rayleigh Quotient
R(ax, fA) = PR(X, A)
R(X,A—al)=R(X,A)—«

x L (A=R(x, A)l )x
[(A=R(x, A) X[ < |[(A= 2 )¥|

B Hermitian Matrix A
A (A)<R(X,A) <A (A)

min max




Rayleigh Quotient

m Properties on the Rayleigh Quotient
(A=R(x, A) )X <[[(A=ul)x]

(A=R(x, A1) X[ =min|(A—zl)x|
B Hermitian Matrix A

max X~ AX oL(A)

OX

= AX—AX

t . 1}:>L(/1):XHAX—/IXHX:>
st.  x"x=

A (A< X"AX< A (A)

min max



Numerical Range

m Numerical Range of a Hermitian Matrix A

W(A):{XHAX:x;tO}

X x

m Properties on Numerical Range

W(A+B)cW(A)+W (B)
W(A+ 81 =W(A)+ p



Max-Min Theorem

m Consider Eigenvalues Ranking

W<, <. <A

m Min-Max Theorem

A = mUin{mslx{RA(x)

A = ml?x{mxin{RA(x)

m Min-Max Theorem

XxeU, x=0}

XxeU, x=0}

mmanzk}

mm¢D:n—k+@

A = mxax{RA(x), X = 0}
A = mxin{RA(x), X = 0}



Generalized Rayleigh Quotient

m Definition of Generalized Rayleigh Quotient

X" AX
R(X) =
(x) x" Bx

B is positive-definite matrix

m Properties on the Rayleigh Quotient
-1/2 -1/2
o py X (BT AlB R

XX

m Eigenvalue of BA



Applications on the Rayleigh Quotient

B Recelver-side Beamforming
B Desired signal x,, interference I, noise v
y =X+ i | +V
B |inear receiver "

N
Wy =w'x,+> Wl +w'v
n=1

B SINR

SINR =




Perturbation of Eigenvalues

m Bauer-Fike Theorem

m Consider the eigenvalue decomposition of A
B A=VIV!

B The eigenvalue decomposition of A + AA, p be the
eigenvalues, we have that there exists A(A), such that

AR =<V v IaA



Perturbation of Eigenvalues

B Proof: we have the following
0=|A+AA= pl|=[Z = (- 1) 'V *AAV + |
We have that -1 is an eigenvalue of the following matrix
Then we have the following (Z — 4l )‘1V TAAV

Iz ) laav | 21

which leads to the result
-1
H(z 4l )‘1H - (min A(A) - 1 )

A(A)

= min|A(A) - | <|V 7| [aA] V|

A(A)




Perturbation of Eigenvector

m Discussion: Eigenvectors can be sufficiently
small for sufficiently small perturbation of
matrix?
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