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Models of randomly packed hard molecules of Multi-Center Lennard-Jones (MCLJ) clusters exhibit some
features of anisotropy effects. To investigate the anisotropy effect on the structures of molecular clusters,
four highly symmetrical molecules are modeled: 4-atom tetrahedron (TLJ), 6-atom octahedron (OLJ), 8-
atom cube (CLJ), and 12-atom icosahedron (ILJ). The intermolecular interactions are described using the
MCLJ model. Using the funnel hopping algorithm, we located the putative global minimum structures of
these four MCLJ molecular clusters up to cluster size N = 80. The structural patterns of these MCLJ clusters
are much different to that of Lennard-Jones clusters, and some new rules and structures are found. The
structures of TLJ clusters are most irregular due to the highest anisotropy effect of the tetrahedral mole-
cule. For OLJ clusters, a new structural pattern, rhombic dodecahedron, is viewed. The structures of CLJ
clusters are also interesting, which look like oblique face-centered cubic (fcc) structures. For ILJ clusters,
icosahedral motifs are favored at cluster size N 6 19, and fcc motifs are favored more at N > 19.

� 2016 Published by Elsevier B.V.
1. Introduction

Random packing problems of rigid geometries have been stud-
ied by biologists, materials scientists, engineers, chemists, and
physicists to understand the structure of living cells, liquids, gran-
ular media, glasses, and amorphous solids [1–5]. A variety of
geometries who are packed are paid attention to, for examples
spheres and spherocylinders [6–9]. In the field of chemistry, pack-
ing of polygons, molecule and atom are most favored. Such as
packing of C6H6, C60, Au, ethane and methane [10–14]. Random
packing problems of identical spheres are the largest number of
studies. To study the packing of spheres, some models are used,
such as Lennard-Jones (LJ) model.

LJ clusters represent one such test system. It is often used to
simulate atomic clusters, especially for rare gas atomic clusters
[15–18]. It also plays an important role in studying the nonbonding
pair interactions in many complex molecular systems. Here the LJ
pair potential is

ELJðrÞ ¼ e
r0
rij
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" #

; ð1Þ

where r0 is the equilibrium pair separation between two atoms, e is
the pair equilibrium well depth, e = 1, is used in this work. The LJ
model is obviously simple to implement, and their optimal struc-
tures display a very regular variation [19,20]. Icosahedral motifs
are most favored for LJ clusters, and only at some magic numbers,
decahedral, face-centered cubic (fcc), and tetrahedral motifs can
be global minima. For example, LJ38 is fcc; LJ98 has tetrahedral
symmetry [21].

As a simple model, LJ model is important in the study of multi-
center LJ (MCLJ) molecular clusters. For C60 molecular clusters with
all-atom potential [11], the intermolecular interaction between C60

molecules is nearly the sum of C–C LJ interactions between two
molecules. This kind of C60–C60 interaction is somewhat a MCLJ
model where realistic molecular anisotropy is considered. The
favorite structures are much different from those of the LJ poten-
tial, where decahedral and close-packed motifs are more favored
for C60 molecular clusters [22,23]. Two-center Lennard-Jones
(2CLJ) model is a special MCLJ model. The ratio of the diatomic
bond length to the LJ equilibrium length is varied to increase the
degree of anisotropy [24]. Large ratio means strong anisotropy
effect. With the increase of anisotropy effect, the potential range
increases at optimal orientation, and the global minima change
from icosahedral, to polyicosahedral and to novel irregular
structures.

The research of the packing of highly symmetrical molecules is
of fundamental interests. In this work, four highly symmetrical
molecules, tetrahedron, octahedron, cube, and icosahedron, are
modeled. The intermolecular interactions are described using the
MCLJ model. Given the general importance of the LJ cluster as a
simple model cluster, MCLJ model can provide a straightforward
analysis of the effect of molecular shape on the structures of
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Fig. 1. (a) Plots of the relative energies of the global minima of LJ clusters as a function of cluster size 2 6 N 6 80. E is the energy of the global minima, and Eave is a four-
parameter fit to the global minima energy (Eave = aN + bN2/3 + cN1/3 + d) Downward peaks represent the most stable magic numbers compared to the neighbors. (b) Geometries
of most stable magic numbers.
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Fig. 2. (a) Plots of the relative energies of the global minima of TLJ clusters as a function of cluster size 2 6 N 6 30. (b) Geometries of most stable magic numbers. For each
cluster size, the structures on the left show an overall view of the cluster (each ball means the mass center of each molecule) and those on the right show the real molecular
clusters.
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clusters. The potential energy surfaces of MCLJ clusters are more
rugged than that of LJ cluster, so the highly efficient ‘‘funnel hop-
ping” algorithm [25] is employed to carry out this searching on
the potential energy surfaces.

2. Method

2.1. MCLJ model

MCLJ model is important in physics. In this work, as a model
study and for simplicity, each molecule is treated as a rigid body
and only the LJ interactions are considered. Using the MCLJ model,
the energy between two molecules can be written as:

Eða; bÞ ¼
XN
i¼1

XN
j¼1

ELJðrabij Þ ð2Þ

where N is the number of atoms in a molecule, and rij
ab is the dis-

tance between atom i of molecule a and atom j of molecule b. Tetra-
hedron, octahedron, cube and icosahedron are studied here since
they are highly symmetrical polyhedron models. Clusters of 4-
atom tetrahedral molecules are called tetrahedral Lennard-Jones
(TLJ) clusters; accordingly, clusters of 6-atom octahedral, 8-atom
cubic and 12-atom icosahedral molecules are called octahedral
Lennard-Jones (OLJ), cubic Lennard-Jones (CLJ) and icosahedral
Lennard-Jones (ILJ) clusters, respectively. In this model study, the
bond length in each molecule is set to 0.45r0, which is in agreement
with the ratio of covalent and van der Waals radius of carbon.

2.2. ‘‘Funnel hopping” algorithm

Because of the enormous number of local minimum structures
of atomic and molecular clusters, it is difficult to locate the lowest
energy conformation in the fields of chemistry. The global opti-
mization algorithm [26–32] has been widely used to locate global
minimum structures. In the past years, a variety of methods have
been developed for global structural prediction, such as ‘‘Funnel
hopping” algorithm, simulated annealing algorithm [33,34],
genetic algorithm (GA) [35,36], basin-hopping and its variants
[37,38], particle swarm optimization [39,40], random tunneling
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Fig. 3. (a) Plots of the relative energies of the global minima of OLJ clusters as a function of cluster size 2 6 N 6 80. (b) Geometries of most stable magic numbers.
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algorithm [41–43], potential deformation [44,45], simple linkage
[46,47], and modeling methods [48–50] and so on. ‘‘Funnel hop-
ping” algorithm is used to locate global minimum structures in this
work.

‘‘Funnel hopping” algorithm is an unbiased global optimization
method, it is used to locate the global minimum structures of the
MCLJ clusters. The basic idea of this algorithm is to insert a second
local optimization phase between the first gradient-based local
optimization phase and the global optimization phase. The goal
of the second local optimization phase is to locate the minimum
of the funnel that contains current configuration in the energy
landscape with the least cost. Then the global optimization phase
can focus on the global information of the potential energy surface
over the various funnels. The first local optimization phase is per-
formed with the limited memory quasi-Newton method [51]. The
method is a highly effective method of local optimization. Then,
using cluster surface smoothing method to make the second local
optimization. Cluster surface smoothing method is similar to the
dynamic lattice searching method [52], which can smooth the clus-
ter surface by optimizing the approximate lattice. The global opti-
mization is a simple version of genetic algorithm [53–55]. This
‘‘funnel hopping” algorithm is effective for structure optimization
of atomic and molecular clusters.
3. Results and discussion

For TLJ clusters, it is difficult to optimize the structures, so we
only obtained the global minimum structures up to N = 30. For
other MCLJ clusters, we obtained the putative global minimum
structures up to N = 80. For each cluster size, ten separate runs
are performed, and for each run 5000 hoppings are carried out.

As a comparison, Fig. 1 gives the energy sequences of the global
minima of LJ clusters in a manner that emphasizes particular stable
minima or ‘‘magic numbers”, where data of LJ clusters are from the
Cambridge Cluster Database [56]. E is the energy of the global min-
ima, and Eave is a four-parameter fit to the global minima energy
(Eave = aN + bN2/3 + cN1/3 + d). Downward peaks represent the most
stable magic numbers compared to the neighbors. The magic num-
ber and typical structures are also given in this figure, where icosa-
hedral and polyicosahedral motifs are most favored [15].
3.1. Packing of tetrahedron

When the molecular shape is tetrahedron (Fig. 2), we have only
located the optimal structures up to 30 considering the rugged
potential energy surface. Compared with the energy sequence of
LJ, the energy sequence of tetrahedron molecular cluster are much
different. The magic numbers are N = 4, 19, 24, and 26. As shown in
Fig. 2(b), the structures are irregular. TLJ4 is a parallelogram and
with C2h symmetry. TLJ19 is a particular stable structure with one
molecule in the center and others surrounding it, but the structure
is chaotic in C1 symmetry. TLJ24 and TLJ26 are two molecules in the
center and others surrounding them, both of them are in C3
symmetry.

Methane clusters have been investigated by Takeuchi [57],
which is a system in real work similar to the TLJ model. By compar-
ison, we found that the structural pattern of methane clusters are
similar to that TLJ clusters. For small methane clusters, those with
N = 10, 15, 19, 22, 24 are relatively more stable, where TLJ19 and
TLJ24 are similar to (CH4)19 and (CH4)24, respectively.
3.2. Packing of octahedron

As shown in Fig. 3(a), the energy sequence of OLJ clusters is also
much different from that of LJ clusters. The most stable magic
numbers are N = 15, 22, 24, 28, 32, 36, 40, 46, 50, 56, 65, and 69.
The sequence of magic number seems to contain some rule, espe-
cially from 24 to 40 with an increment of 4.
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Fig. 3(b) plots the magic number and typical structures of OLJ
clusters. Compared with LJ clusters, icosahedral, fcc, and decahe-
dral motifs are not the global minimum structures of OLJ clusters.
Instead, a new structural pattern, rhombic dodecahedron, is
viewed. Rhombic dodecahedron has 14 vertices, 24 equal edges
and 12 identical rhombic surfaces.

OLJ15 is a simple rhombic dodecahedron with a complete shell.
It has one central molecule and 12 rhombic faces. The 14 vertices
can be classified in two groups: 6 vertices at the acute angle of
the rhombic faces and 8 vertices at the obtuse angle of the rhombic
faces. The distances from the center to the two kinds of vertices are
not identical (1:1.15).

Rhombic dodecahedron is a new packing not viewed in other
clusters. OLJ15 and OLJ65 are rhombic dodecahedra with complete
shells. As shown in Fig. 4, the other global minimum structures
of OLJ clusters are also rhombic dodecahedron. OLJ22 and OLJ24
are both formed of two OLJ15 (Fig. 4a and b). The rule of the
sequence of magic numbers from 24 to 40 is illustrated in
Fig. 4c and d. OLJ46 and OLJ56 are formed of several OLJ15, and the
other structures are also formed of several small OLJ clusters.
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Fig. 7. The global minima of CLJ clusters built upon the unit cell. The yellow part is the unit cell. (For interpretation of the references to colour in this figure legend, the reader
is referred to the web version of this article.)
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It is well known that LJ13, LJ55 and LJ147 are magic numbers of
icosahedra: LJ13 is one-layer; LJ55 is two-layer; LJ147 is three-layer
[58]. Interestingly, OLJ15, OLJ65 and OLJ175 follow similar rule of
multiple layers. According to rhombic dodecahedron with com-
plete shells (OLJ15 and OLJ65), we constructed the next magic num-
ber of rhombic dodecahedron, OLJ175. Fig. 5 shows the relationship
between the three structures. OLJ65 is OLJ15 plus a rhombic dodec-
ahedral overlayer, and OLJ175 is OLJ65 plus a bigger rhombic dodec-
ahedral overlayer.
3.3. Packing of cube

As shown in Fig. 6(a), the energy sequence of CLJ clusters is dif-
ferent from that of LJ clusters too. The magic number is N = 8, 15,
19, 25, 29, 34, 36, 38, 41, 44, 52, 58, 66, 70 and 78.

Fig. 6(b) plots the magic number and typical structures of CLJ
clusters. CLJ15 is a particular stable structure in C1 symmetry,
which is a distortion of the global minimum structure of Morse
clusters [59]. Except for CLJ15, other magic numbers are in regular
packing, which is a deformation of fcc. The structures both have a
unit cell of OLJ8, which is a parallelepiped with 6 identical rhombic
surfaces (the acute angle of the rhombic is 69.5�). The unit cell is
oblique, and the structures are a kind of oblique fcc.

Fig. 7 plots these structures and their unit cell. It is found that
each structure can be obtained by translating the unit cells. CLJ8
is one unit cell, which is a parallelepiped in D3d symmetry. When
CLJ8 move along the shorter diagonal line and side of rhombic sur-
faces, other typical structures can be obtained. CLJ19 is a simple
example, which is the union of three CLJ8. Similarly, CLJ25 are gen-
erated by translating unit cell five times, and CLJ29 by seven times.
With cluster size increasing, the structures are more complex, but
it still follow the rule.
3.4. Packing of icosahedron

Fig. 8 plots the energy sequence and most stable magic num-
bers of ILJ clusters. At N 6 19, the global minimum structures of
ILJ clusters are icosahedral packing similar to those of LJ clusters.
ILJ13 and ILJ19 are two most stable magic numbers in icosahedral
packing. However, at N > 19, the global minimum structures are
in fcc packing with magic numbers N = 24, 38, 52, 61, 63, 68, 70
and 78. Among which, ILJ38 is a perfect fcc truncated octahedron,
which is also the global minimum structure of LJ clusters.

The 12-atom icosahedral molecule is the most spherical in the
four model molecules, and it is close to C60 molecule in shape.
The sequences of the global minimum structures of ILJ and C60

clusters are similar at small sizes, where icosahedral motifs are
favored more. At large cluster sizes, icosahedral motifs are too
strained and the fcc, hexagonal close packed (hcp), and decahedral
motifs are favored more for C60 clusters [22,23,60,61]. However,
the hcp and decahedral motifs are not viewed in ILJ clusters and
only the fcc motifs are favored.
3.5. Anisotropy effect of the molecules

For the four highly symmetrical model molecules in this work,
the molecule is anisotropic in shape, and the anisotropy effect
has great influence on the packing of the clusters of molecules.
TLJ molecule is of the highest anisotropy effect, and there is no par-
ticular packing of clusters satisfying the symmetry of molecule, so
the TLJ clusters are in irregular packing. For OLJ and CLJ clusters,
the rhombic dodecahedral and oblique fcc packings match the ori-
entation of molecules, respectively.

It was well studied that, for pair potentials without anisotropy
effect, potential range is the key factor determining the favorite
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packing of clusters. For Morse potential [62] with changeable pair
potential range, disordered and polyicosahedral packings are
favored by clusters with long-ranged pair potentials, icosahedral
packing is favored at the middle-ranged pair potential, and fcc,
hcp, and decahedral packings are favored at the short-ranged
potentials [63–66]. However, the rhombic dodecahedral and obli-
que fcc packings are not viewed in any clusters with isotropic
potentials, which are unique resulting from anisotropy effect of
the molecules.

For the highly spherical C60 molecule, anisotropy effect is
insignificant, and the global minimum cluster structures of aniso-
tropic all-atom MCLJ potential [11] do not differ greatly from those
of isotropic Girifalco [67] and PPR potentials [68], which are similar
to those of short-ranged Morse potentials [65]. The sequences of
global minimum structures of ILJ clusters is similar to those of
C60 clusters, indicating certain isotropic feature of the pair poten-
tial. However, anisotropy effect is also obvious for ILJ clusters, of
which only fcc packing is favored at large cluster size and the most
stable magic numbers of hcp and decahedral packings viewed in
C60 and short-ranged Morse clusters are even not the global mini-
mum ones.
4. Conclusions

In summary, to study the anisotropy effect on the structures of
molecular clusters, we modeled for high-symmetry molecules: 4-
atom tetrahedron (TLJ), 6-atom octahedron (OLJ), 8-atom cube
(CLJ), and 12-atom icosahedron (ILJ). Only the LJ interactions are
concerned for the intermolecular interactions described by the
MCLJ model. The global minimum structures of these four model
molecular clusters up to cluster size N = 80 were located by
funnel-hopping method. The sequences of the global minimum
structures of these four MCLJ clusters differ greatly to that of LJ
clusters due to the anisotropy effect. The TLJ molecule is the most
anisotropic in the four model molecules, and the global minimum
structures are irregular. For OLJ clusters, a new packing, rhombic
dodecahedron, are favored in energy. Similar to icosahedron,
rhombic dodecahedron also has onion-like layered structures with
magic numbers N = 15, 65, and 175. For CLJ clusters, the global
minimum structures are oblique fcc with a CLJ8 unit. For icosahe-
dron molecular clusters, icosahedron and fcc motifs are most
favored. The anisotropy effect of the MCLJ molecules results in
the rhombic dodecahedral and oblique fcc packings, which are
novel and not viewed in clusters with isotropic potentials. The glo-
bal minimum structures of ILJ clusters agree with the ones of C60

and short-ranged Morse clusters at small sizes, where the global
minima are icosahedral. However, only fcc packing is favored at
large cluster size of ILJ clusters, which is different from those of
C60 and short-ranged Morse clusters where hcp and decahedral
packings are also favored. It is well studied that the potential range
is a key factor determining the favorite packing of clusters. Packing
of rigid molecules is of fundamental interests. MCLJ model is rela-
tively simple, and our results clearly present the anisotropy effect
on the structures of MCLJ clusters. These results provide further
information about the anisotropic systems and it is expected to
offer a useful pointer to the anisotropic systems in a real physical
world.
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