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1. Introduction

The condensed-phase properties of (C60)N molecular clusters
have attracted much interest among chemical physics scien-
tists because of their unusual intermolecular potential.[1] It is
well-known that the molecules can rotate freely at high tem-
perature, so they act as large pseudo atoms with extremely
short-range interactions. The theoretical predictions show that
the stable liquid phase of (C60)N molecular clusters only exists
over a very narrow temperature range or not at all.[1–4]

Mass spectroscopy experiments on positively charged (C60)N

clusters indicated that, similar to Lennard-Jones (LJ) clusters,
fullerene clusters favor icosahedral structures.[5] Further experi-
ments on both neutral and charged (C60)N clusters showed sim-
ilar results, but magic numbers with decahedral packing or
close packing are more favored at higher temperature.[6, 7]

However, theoretical calculations using various potentials con-
tradicted the experimental results.[8–12] For example, calcula-
tions using the isotropic Girifalco potential[13] found that icosa-
hedral structures are only lowest in energy up to N = 13.[8, 11]

Above this size, the structures are either decahedral or close-
packed. Similar results are obtained using the all-atom poten-
tial[14] or the Pacheco and Prates-Ramalho (PPR) potential,[15]

where icosahedral structures are lowest in potential energy to
a slightly larger size (N = 15, 16) than that for the Girifalco po-
tential.[9, 10, 12]

To explain the difference between experimental results and
theoretical calculations, some molecular dynamics (MD) simula-
tions with thermal information were carried out to study the
solid–solid transitions in a variety of systems.[10, 16–20] However,
for all these examples, icosahedral structures are more favored
at high temperature. The behavior of these solid–solid transi-
tions is opposite to that found in the experiments. The reason
may be that icosahedra have a larger vibrational entropy.[19]

Furthermore, a study of the growth of (C60)N clusters shows
that there is kinetic trapping for icosahedra.[21] Analysis of the

potential energy surface (PES) topography of those LJ clusters
with nonicosahedral global minima has shown that large
energy barriers exist for interconversion of the icosahedral iso-
mers and the global minima, and the icosahedral funnel is
much wider.[22]

The short range of the potential means that the funnels on
the PES of the (C60)N pair potential are much deeper than
those of the LJ potential, and the local minimization (LM) for
(C60)N is much more time-consuming. This property makes un-
biased global optimization of (C60)N clusters much more diffi-
cult than that of LJ clusters. In recent years, some global opti-
mization methods have been applied to (C60)N clusters,[10–12]

such as genetic algorithm (GA), fast annealing evolutionary al-
gorithm (FAEA),[23] and basin hopping[24, 25] (Monte Carlo plus
minimization[26]). The known global minima can be found in
the Cambridge Cluster Database (CCD)[27] (for Girifalco poten-
tials up to N = 80, and for PPR potentials up to N = 105).

Recently, we proposed a dynamic lattice searching (DLS)
method and applied it to unbiased global optimization of LJ
clusters.[28] All known global minima up to N = 309 are repro-
duced by DLS with a much higher efficiency than that of some
other unbiased global optimization methods, for example,
monotonic sequence basin-hopping (MSBH)[29] and conforma-
tional space-annealing (CSA)[30] methods. DLS can greatly
reduce the number of LMs by searching the adaptively gener-
ated lattice without LM for candidates. Furthermore, DLS starts
from a randomly initialized structure and utilizes a simple
greedy strategy, which leads to a very high convergence
speed, and various configurations may be located. Therefore,

[a] L. Cheng, Prof. W. Cai, Prof. X. Shao
Department of Chemistry, University of Science and Technology of China
Hefei, Anhui 230026 (P. R. China)
Fax: (+ 86) 551-3601592
E-mail : xshao@ustc.edu.cn

A newly developed unbiased global optimization method, named
dynamic lattice searching (DLS), is used to locate putative global
minima for all (C60)N clusters with Girifalco potential up to N =

150. A simple greedy strategy is adopted for the basic frame, so
DLS has a very high convergence speed and may converge at
various configurations. As most structures are packed by basic
tetrahedra, some sequences are defined by both configurations
and the size of the basic tetrahedra. A sequence-based conforma-
tional analysis is carried out with the defined sequences by

counting the hit number over 10 000 independent DLS runs for
all the cases up to N = 150. It was found that the hit rate of a se-
quence is related to the size of the basic tetrahedra. Use of this
method proved that the Leary tetrahedral sequence is dominant
in a certain range of cluster sizes, although the sequence has no
potential energy advantage. The calculation results are also con-
sistent with those of annealing experiments at high temperature,
both in magic numbers and height of the peaks in the mass
spectrum.
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DLS can be utilized for conformational analysis by counting
the hit number of various configurations over a large enough
number of runs.

Herein, we report on a study in which DLS was applied to
the global optimization of (C60)N clusters up to N = 150 using
the Girifalco potential. Also, conformational analysis was car-
ried out based on the results of 10 000 independent runs. In-
terestingly, our calculation results are consistent with data
from annealing experiments at high temperature.[7]

2. Dynamic Lattice Searching

The number of parameters is large and the searching space is
continuous, so most of the best methods (such as basin hop-
ping[24]) for cluster optimization make use of LM, for example,
the limited-memory quasi-Newton method (L-BFGS).[31] There-
fore, the operations of global optimization are based on local
minima, and a problem with continuous searching space is
turned into a combinational problem. However, LMs are very
time-consuming when the cluster size N is large. Most un-
biased global optimization methods are based on random mu-
tations or random moving atoms (molecules) of the outer
layer, and LMs are necessary after those operations. Therefore,
the number of LMs is always very large before convergence.
For example, the number of LMs needed for convergence is
1256 for LJ110 even if a simple greedy strategy is adopted.[29] Of
course, the number will be much larger for population-based
evolutionary strategies. Therefore, the key for reducing compu-
tational time is to reduce the number of LMs.

Firstly, possible locations around an unknown local mini-
mum structure can be predicted, and all these locations are
named the dynamic lattice (DL). Then the molecules with the
highest potential energy are deleted from the cluster and in-
serted into the DL. These selected molecules are active, and
the others are inert ; the number of active molecules is 10–20
in this study. The potential energy of the DL sites can be calcu-
lated in advance. The number of LMs can be greatly reduced
by searching the DL without LM. Based on this strategy, an effi-
cient cluster optimization method, named dynamic lattice
searching (DLS), was proposed.[28]

DLS starts from a randomly generated structure. Then, a
cycle of DL construction, DL searching, and LM is performed.
The DL construction procedure will adaptively generate the DL
around the starting local minimum, the DL searching proce-
dure will get some low-energy candidates, and the LM proce-
dure will obtain the corresponding local minima of these can-
didates. If a better solution is located, it will be taken as the
starting local minimum of the next generation. Otherwise, the
current starting local minimum is taken as the result of this cal-
culation.

DLS is somewhat similar to the seeding or modeling meth-
ods in procedure, but different in the basic theory. The seeds
of DLS are randomly generated with unknown structure. In
contrast to the modeling or lattice methods, the lattices in DLS
are generated adaptively and, for different structures, the latti-
ces are different too. Therefore, DLS is very fast, similar to the
seeding or modeling methods, but it is entirely unbiased. Fur-

thermore, the number of active molecules can be large as a
result of the low cost and high efficiency of the DLS method.
Therefore, DLS has a very high searching ability and can easily
reach funnel bottoms on the PES.

3. Sequences and Global Minima

Similar to polytetrahedral clusters,[32] the Leary tetrahedron[33] is
packed by tetrahedra. The difference is that the molecule
number on one edge of the basic tetrahedron for the Leary
tetrahedron is four. Similarly, the icosahedral and decahedral
clusters can also be thought of as packed by tetrahedra. The
basic tetrahedra can be strained or incomplete. Furthermore,
the face-centered cubic (fcc) cluster is a fragment of a large
tetrahedron. Figure 1 shows some examples of icosahedral (I),

decahedral (D), Leary tetrahedral (T), and fcc (F) clusters, and
the edge size (m) of the basic tetrahedron is also given. We
define I(+ ) as I plus an antilayer (FC in ref. [34]),
D(+ ) as D plus an antilayer (FD in ref. [34]), and F(+ ) as F plus
a small antilayer. The antilayer does not increase the value of
m. Hence, a set of sequences (mI, mI(+ ), mD, mD(+ ), mT, mF,
and mF(+ )) is defined. For example, the 55-molecule Mackay
icosahedron is in the 3I sequence, the 38-molecule fcc cluster
is in the 7F sequence, the 75-molecule Marks decahedron is in
the 5D sequence, and the 98-molecule Leary tetrahedron is in
the 4T sequence (Figure 1). F and T are both close-packed (cp).

To have a sufficient study of (C60)N molecular clusters, DLS
was applied to the clusters up to N = 150 using the Girifalco
potential based on 10 000 independent runs for each case. All
the known global minima given in the CCD (N�80) are repro-
duced, and putative global minima up to N = 150 are also lo-
cated. The calculation was carried out on an HP cluster with

Figure 1. Structures with various packing can be regarded as packed by basic
tetrahedra: a) 55-molecule icosahedron ; b) 75-molecule Marks decahedron ;
c) 98-molecule Leary tetrahedron; d) 38-molecule fcc cluster. The edge size of
the basic tetrahedron is also marked.
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Intel Itanium 2 Madison 1.5-GHz processors. The total time
consumed by the 10 000 DLS runs for all cases by using eight
central processing units (CPUs) is about one week. Although
the amount of time is very large, DLS is actually very fast; for
example, the average CPU time per hit of global minimum of
the (C60)100 cluster is about 5 min. Potential energies and the
sequences of the putative global minima obtained are given in
Table 1 for 13�N�150. Figure 2 shows the structures of some
typical global minima for various sequences. The putative
global minimum of (C60)13 is in the 2I sequence. The putative
global minimum structure of (C60)38 is with perfect fcc packing
and in the 7F sequence, and the global minima of (C60)39–42 are
all in the 7F(+) sequence. The putative global minimum of
(C60)48 is with decahedral packing plus an antilayer and in the
4D(+ ) sequence. The putative global minimum structure of
(C60)59 has a truncated tetrahedron core, and has antilayers on
the four faces of the tetrahedron. It can be thought of as
packed by five incomplete five-molecule edged tetrahedra,
and the packing style is similar to that of the Leary tetrahe-
dron. Therefore, it is defined as in the 5T sequence. Similarly,
the putative global minima of (C60)100 and (C60)116 are in the 6T
and 7T sequences, respectively. They are all unstrained and can
be transformed to fcc by turning the antilayers into fcc layers.

There are also some putative global minima with close packing
(cp), but not in T or F(+ ) sequences (such as (C60)142 and
(C60)149).

Figure 3 shows the energy of the global minima so that par-
ticularly stable clusters will stand out, and the sequences of
the stable clusters are also indicated. The results presented in
Figure 3 are similar to those found in ref. [12] for N�105. Ico-
sahedra are only lowest in energy up to N = 13, and decahedra
are the most dominant configurations. For N�101, most of
the magic numbers in potential energy are 6D. On comparing
Figure 3 with the high-temperature magic numbers observed
experimentally,[7] there is some correspondence for N = 13, 38,
64, 71, and 75. However, there are also some contradictions
when only comparing the energy, for example, for N = 48, 54,
58, 68, and 98. To explain this phenomenon, a sequence-based
conformational analysis is carried out.

4. Sequence and Conformational Analysis

DLS starts from a randomly initialized configuration and ex-
plores better solutions around the starting configuration, thus
the funnel bottom in a wider funnel on the PES will have more
chances to be located. Therefore, the hit number of a configu-

Table 1. Energies and sequences (S) for the putative global minima of (C60)N clusters with the Girifalco potential. cp stands for close-packed [but not for F(+ )
and T]. e is the pair well depth.

N S E/e N S E/e N S E/e N S E/e

13 2I �38.19422 48 4D(+ ) �197.42965 83 cp �372.93606 118 6D �556.19588
14 3D �41.96327 49 4D(+ ) �201.67320 84 cp �377.46702 119 6D �561.45971
15 3D �46.12082 50 cp �207.66680 85 cp �382.74932 120 cp �567.18749
16 3D �50.27908 51 cp �211.93865 86 cp �388.96742 121 6D �572.92263
17 3D �54.43807 52 cp �217.20635 87 cp �393.45342 122 6D �578.30520
18 3D �58.61860 53 cp �221.47836 88 cp �398.51391 123 6D �582.67900
19 3D �62.69319 54 5D �226.78155 89 7T �403.19843 124 11F(+) �588.26419
20 3D �66.76531 55 5D �231.07316 90 7T �408.48626 125 7T �593.87840
21 3D �70.94720 56 5D �236.31745 91 6T �414.78707 126 6D �599.43738
22 3D(+) �75.10984 57 5D �241.56727 92 6T �419.02258 127 6D �603.83666
23 3D(+) �79.94459 58 4T �246.29744 93 cp �424.29729 128 11F(+ ) �609.36823
24 cp �84.15632 59 5T �252.34541 94 cp �429.58114 129 6D �614.36181
25 3D(+) �88.65488 60 5T �256.54382 95 6D �435.25097 130 6D �620.56945
26 cp �93.64506 61 8F �261.61957 96 6D �439.64423 131 6D �625.93052
27 cp �97.79501 62 5T �265.93257 97 6D �445.12137 132 11F �630.46268
28 3D(+) �102.00457 63 5D �271.27774 98 6T �450.80553 133 6D �635.52924
29 4D �106.76009 64 5D �277.44388 99 6D �456.48250 134 7T �641.57421
30 4D �111.01253 65 5D �281.76524 100 6T �462.47150 135 6D �647.06070
31 4D �116.18632 66 5D �286.97355 101 6D �468.14156 136 11F �651.56821
32 4D �120.40840 67 5D �292.19006 102 6D �472.53236 137 cp �657.04688
33 4D �125.64079 68 8F(+ ) �296.74668 103 6D �477.78639 138 cp �661.97084
34 4D �129.85597 69 5D �301.72964 104 6D �483.04604 139 6D �668.19136
35 4D �135.08309 70 5D �307.08892 105 6D �487.43349 140 6D �673.52303
36 4D �139.28793 71 5D �313.26322 106 6D �492.68505 141 cp �678.35133
37 4D �144.50652 72 5D �317.52213 107 6D �497.94228 142 6D �683.76697
38 7F �150.57142 73 5D �322.78073 108 6D �504.11629 143 cp �689.99901
39 7F �154.73966 74 5D �328.21873 109 6D �508.52965 144 6D �694.71108
40 7F �158.90827 75 5D �334.39505 110 6D �513.79794 145 6D �700.01089
41 7F(+ ) �163.30689 76 5D �338.63307 111 6D �519.07223 146 6D �706.32072
42 7F(+) �167.54706 77 5D �343.87696 112 6D �525.25152 147 cp �711.09825
43 cp �172.72057 78 5D �348.11241 113 6D �530.65554 148 6D �715.81139
44 cp �176.98163 79 cp �353.84742 114 6D �535.03806 149 cp �721.28425
45 cp �182.23770 80 cp �358.12173 115 6D �540.28593 150 7D �726.31754
46 cp �186.57956 81 cp �363.39167 116 7T �546.18650
47 cp �191.67458 82 5D �367.95573 117 6D �551.78912
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ration over a large enough number of runs will be consistent
with the width of the funnel containing the configuration.
Here, the hit numbers of various funnel bottoms are recorded.

Figure 4 shows the hit number of the putative global
minima over 10 000 independent DLS runs, and sequence in-
formation is also presented. The dominant sequences are

changed from 2I to 3D(+ ), 4D(+ ), 5D(+ ), and 6D(+ ) with in-
creasing N. Other sequences are lowest in energy at the cross-
over of two D(+ ) sequences or at their magic numbers. It can
be seen that the hit number of the 2I sequence is extremely
large, while the number for F(+ ) sequences is very small ; for
example, for 11F (N = 132, 136), the hit number is only one
over 10 000 runs. Interestingly, there are obvious down steps
of hit number from 2I to 3D(+ ), 4D(+ ), 5D(+ ), and 6D(+ ). It
can be seen from the figure that a smaller m value generally
corresponds to a larger hit number. The reason may be that a
smaller m value corresponds to a larger number of basic tetra-
hedra, which leads to higher entropy. Generally, the relation-
ship of m value for same cluster size is: F(+ )>cp>D(+ )>T> I.
This may be the reason why the I sequence is most favored,
while F(+ ) is much more difficult to locate regardless of the
potential energy. It can also be seen that the hit number of
structures with an antilayer is generally larger, as the antilayer
can decrease the symmetry and increase the entropy. Further-
more, a small m value can make the clusters spherical more
easily, but also more strained. Only at magic numbers can
structures with a larger m value, such as F(+ ) and cp, be suffi-
ciently spherical.

The mD(+ ) sequences were studied to find out the magic
numbers with decahedral packing. Figure 4 shows an overview
of the hit number of mD(+ ) sequences. It can be seen that the
hit number clearly decreases with m value, and does not show
an evident decreasing trend with N within the same m value.
This finding indicates that the search ability of DLS does not
decrease with N for cluster size N�150. The energy of struc-
tures in 3D(+ ), 4D(+ ), 5D(+ ), and 6d(+ ) sequences are plot-
ted in Figure 5. The magic numbers in the figure (N = 31, 33,
35, 37, 39 for 4D, and N = 54, 64, 71, 75 for 5D) correspond
very well to the results from annealing experiments[7] at 585 K.
Comparison with Figure 4 reveals that the magic numbers ob-
served in the experiments may not be magic numbers in

Figure 2. Some typical global minima in various sequences.

Figure 3. Energy of the global minima for (C60)N clusters with the Girifalco po-
tential. The energy zero is taken to be Eave, a four-parameter fit to the energy of
the global minima: Eave =�6.39171N + 7.69125N2/3 + 3.93111N1/3�6.3844.

Figure 4. The hit number of the global minima over 10 000 independent runs
for each case. Sequence information is also shown.
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global minima (such as N = 54) or may even not be global
minima (such as N = 39). This result indicates that sequences
should be studied to find out the correspondence between ex-
periments and theoretical calculations instead of only finding
the global minima. Magic numbers for 6D(+ ) (such as N = 101,
146) can only be observed at higher temperature (610 K) in
the annealing experiments.[7] At the crossover of two D se-
quences, the potential energy is generally high. This may be
the reason why cp structures are dominant at the crossovers
(see Figure 4).

There are still some magic numbers observed in the experi-
ments that cannot be explained. Doye[12] and Branz[7] predicted
that those magic numbers are with Leary tetrahedral packing
(4T in this study), by comparing the magic numbers in the 4T
sequence with those observed in the experiments. Figure 6

shows the energy of the 4T sequence. It can be seen that
some magic numbers in the figure (N = 48, 58, 68, 77, 89, 91,
98) also act as magic numbers in the experiments at high tem-
perature, but the 4T sequence moves away from the global
minima in potential energy quickly for N�50. For example, the
potential energy of the 98-molecule 4T sequence is about 3.5e

higher than that of the relative global minimum using the Giri-
falco potential. Interestingly, evidence for this phenomenon

can be obtained by a sequence-based conformational analysis.
Figure 7 shows the hit number of some selected sequences
(4T, 5D(+ ), 5T, 6D(+ )). It can be seen that 4T is the most domi-
nant sequence in the range 45<N<110. Furthermore, the hit
number of 4T has very small changes for different N values,
while the other sequences often have large jumps in the hit
number. This phenomenon indicates that there may be large
barriers between 4T and other sequences, while there may be
competition within the 5D(+ ), 5T, 6D(+ ), and cp sequences.
Furthermore, the unusual increasing trend for the hit rate of
6D(+ ) may also be caused by the competition, and this may
be the reason why the peak for 101-molecule 6D is much
lower than that for 146-molecule 6D. Comparison of the peak
height in the experiments at high temperature with the hit
rate in the DLS calculation indicates that there is also some
correspondence. For example, magic numbers in the 4T se-
quence generally have a higher peak value in the experiments
at 585 K than those in decahedral and F sequences, and this
phenomenon becomes more evident at higher temperature
(610 K).

The structures of some magic numbers in 4T sequences are
given in Figure 8. We found some crossovers for 4T with other
sequences. The 48-molecule 4T can also be thought of as 48-
molecule 4D(+ ) (see Figure 2), but it does not act as a magic
number in the 4D(+ ) sequence. More interestingly, the 68-mol-
ecule 4T can be regarded as a fragment of the 147-molecule
Mackay icosahedron (4I). Although there are crossovers be-
tween sequences, the m value does not change for a given
configuration, and the crossover may be the bridge for transi-
tions between sequences. The configuration for the 132-mole-
cule 4T (Figure 8) is very interesting, and can be thought of as
a union of two 98-molecule 4T sequences. The 132-molecule
4T acts as a magic number in the 4T sequence, but it does not
act as a magic number in the experiments. The reason may be
that it is too far away from the global minima in potential
energy (about 13e higher), and its hit rate is also much lower
than that for small 4T.

Figure 5. Energy of the decahedral configurations for (C60)N clusters with the
Girifalco potential. The energy zero (Eave) is the fit to global minima.

Figure 6. Energy of the structures in the 4T sequence for (C60)N clusters with the
Girifalco potential. The energy zero is taken to be Eave1, a four-parameter fit to
the energy of the 4T sequence : Eave1 =�4.4849N + 9.28599N2/3 + 51.38782N1/3

�45.03227. (a) is the fit to global minima.

Figure 7. Hit numbers of various sequences over 10 000 independent runs.
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5. Conclusions

A newly proposed unbiased global optimization method,
named dynamic lattice searching (DLS), has been used to
locate putative global minima for the (C60)N clusters with Giri-
falco potential for all clusters up to N = 150. As a simple
greedy strategy is adopted for the basic frame, DLS has a very
high convergence speed. The size of the basic tetrahedron (m)
is a very important parameter, which is related to the entropy
and hit number of a structure. Therefore, a new set of sequen-
ces with different m values and configurations is defined in
this study. A sequence-based conformational analysis is carried
out with the newly defined sequences, by counting the hit
number over 10 000 independent DLS runs for all cases up to
N = 150. The Leary tetrahedral sequence (4T) is proved to be
dominant in a certain range of cluster sizes, although it has no
potential energy advantage. Our calculation results correspond
to data from the annealing experiments at high temperature,
both in magic numbers and height of the peaks in the mass
spectrum. Therefore, DLS may be a good tool for cluster con-
formational analysis.
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Figure 8. Structures of some magic numbers in the 4T sequence.
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