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We designed a novel model potential that unifies the pair interactions including the well known
Morse and Lennard-Jones potentials. Using two parameters, the interactions at the minimum, short
range, and long range of the new model potential can be controlled separately, so the potential is
very flexible to fit various systems. It is found that for potentials with similar range with the
Lennard-Jones potential at the minimum, due to the difference at the short and long ranges, the
favorite structures can be very different, and some previously unknown magic numbers are
located. © 2007 American Institute of Physics. �DOI: 10.1063/1.2777148�

I. INTRODUCTION

The energetic and dynamical properties of clusters1 are
often complicated. The electronic structure determines the
atomic interactions but for most of the complex systems,
quantum mechanics methods are too expensive. Therefore, a
simple model and empirical potentials are largely used to fit
the interatomic potentials for systematic and overall study of
real systems, and the results are generally acceptable in a
certain precision.

Pair interaction is the basis of interatomic potentials. The
Lennard-Jones �LJ� potential is the most famous one with
pair interaction,2

LJ�r� = r−12 − 2r−6, �1�

where r is the pair distance.3 A LJ potential form can well fit
the interactions of rare gas atoms at low temperature and is
taken as the van der Waals part for most of the complex
empirical and semiempirical forces. Moreover, LJ system of-
ten acts as a benchmark problem to check the newly devel-
oped theoretical methods. Another well known pair potential
is the Morse �M� potential,4

M����r� = e2��1−r� − 2e��1−r�, �2�

where � is the parameter of the potential, while r is the
interatomic distance. At the minimum �r=1�, the curvature
of Morse potential is �=2�2. Lower values of � correspond
to a longer potential range. As can be seen from Fig. 1 low
values of � give a long-ranged potential and high values a
short-ranged potential. The potential range is the most im-
portant factor for a pair potential determining the favorite
structures of clusters; e.g., with � increasing, the sequences
of global minima of Morse clusters are disordered, core
shell, icosahedral, decahedral, and close packed.5–7 Morse fit
is also largely adopted as the pair-interaction part in the
many-body potentials.8,9 Although M�6� and LJ potentials
are very different in form, but as shown in Fig. 1, the two

potentials have similar shapes with the same curvature at the
minimum �r=1�. The difference is that M�6� is a little softer
at the short range �r�1� and weaker at the long range �r
�1�.

For Morse potential, with parameter � increasing, the
potential range at the minimum, long range, and short range
decreases at the same time. However, for potentials with
similar ranges at the minimum, the favorite global minimum
structures may also be very different, which is caused by the
difference at the long- and short-range interactions. There is
still no systematic study about how the long- and short-range
interactions affect the global minimum structures. For this
aim, in this work, we try to design a new model pair poten-
tial that can freely control the interactions at the minimum,
long range, and short range to investigate how the pair inter-
action affects the global minimum structures.

II. THEORY

A. The modified Morse model potential

Based on the Morse potential, we designed a modified
�MM� model potential with two parameters,

MM��,���r� = �e2��1−r��/� − 2e��1−r��/� − A�/�1 + A� , �3�

where A=0 at ��0 and A=e2�/�−2e�/� at ��0. The new
parameter � can be used to control the long- and short-range
interactions. Taking �=6.0 as a test case, where M�6� poten-
tial and LJ potential have the same curvature at the mini-
mum, Fig. 2 plots MM potentials with various values of �. It
can be seen that a larger value of � will increase the potential
range at the short range �or softer� and decrease the potential
range at the long range �or weaker�, and smaller value of �
will decrease the potential range at the short range �or
harder� and increase the potential range at the long range �or
stronger�. For ��0, the curvature at the minimum is still
�=2�2, where the potential range at the minimum does not
change with �; i.e., MM potential has the same potential
range at the minimum with the Morse potential. For ��0,
the curvature at the minimum becomes �=2�2 / �1−e�/��2,
where the potential range at the minimum decreases. How-
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ever, as can be seen from Fig. 2, when � is not too negative,
the change of the potential range at the minimum is very
small.

Obviously, MM potential is just the Morse potential at
�=1. Interestingly, by chance, we found that when �=6 and
�→0,

lim
�→0

e�1−r��/� = r−1 ⇒ MM�6,� → 0��r�

= r−12 − 2r−6 = LJ�r� , �4�

where MM potential is the LJ potential. Thus, the MM po-
tential unifies the two famous pair potentials. When ��0,
similar to the Morse potential, at r→0, the value of MM
potential is a positive number �e2�/�−2e�/�� instead of +�.
However, if the value is large enough, the potential is still
reasonable for simulations. The value of MM potential is −1
at r=1 and 0 at r→ +�, so the potential is given in the
standard form.

Using two parameters, MM potential is very flexible in
controlling the potential range at the short range, minimum,
and long range. Figure 2 has shown that potentials with simi-
lar ranges at the minimum but with various short- and long-
range interactions can be modeled by MM potentials. More-
over, as shown in Fig. 3, potentials with similar long-range
interactions and various short-range interactions and poten-
tials with similar short-range interactions and various long-
range interactions can also be well fitted. Therefore, we can
expect that the MM potential is better than �at least not worse

than� the Morse potential in fitting the bonded or nonbonded
interactions for various systems in the many-body empirical
potentials.

B. Global optimization method

To locate the putative global minimum structures of MM
clusters, the dynamic lattice searching �DLS� method is used
for global optimization, which is an unbiased cluster optimi-
zation method that combines the advantages of the lattice
searching method and the stochastic unbiased global optimi-
zation method and has been proven to be very efficient for
cluster systems.10,11

III. RESULTS AND DISCUSSION

A. Global minima of MM†6,−2‡ and MM†6,4‡ clusters

Now, using different MM potentials as examples, we
will illustrate how the long- and short-range interactions af-
fect the global minimum structures of clusters. The LJ
�MM�6,0�� and Morse �MM�� ,1�� clusters have been sys-
tematically studied in literature.12 LJ and M�6� potentials are
both middle ranged, where at small cluster sizes, icosahedral
structures are predominant in potential energy, and only at
some magic numbers, decahedral or face-centered cubic �fcc�
structures can be global minimum. To have easy compari-
sons, we select MM�6,−2�, a potential with stronger long-
range interaction and harder short-range interaction, and
MM�6,4�, a potential with weaker long-range interaction and
softer short-range interaction, as test cases to compare their
favorite structures. Using the DLS method, we located the
putative global minimum structures of MM�6,−2� and
MM�6,4� clusters up to cluster size N=210.13

The energies of the resulting putative global minima of
MM�6,−2� and MM�6,4� clusters are depicted in Fig. 4 in a
manner that emphasizes particular stable minima or “magic
numbers.” The icosahedral magic numbers �N=13, 19, 23,
26, 55, and 147� are plotted in Fig. 5�a�, where 13, 55, and
147 are regular Mackay icosahedra �Ihs�: Ih13, Ih55, and
Ih147, respectively. 19, 23, and 26 are Ih13 plus various
regular anti-Mackay overlayers �Ih�� but can also be taken
as Ih13-based poly-Ihs �pIhs�: line, triangle, and pyramid,
respectively. The icosahedral magic numbers are known as

FIG. 1. �Color online�. Plots of the LJ and the Morse potentials for different
values of � �as labeled�.

FIG. 2. �Color online�. Plots of the modified Morse potentials for �=6 and
different values of � �as labeled�.

FIG. 3. �Color online�. Plots of �a� MM potentials with similar long-range
interactions �r�1� and various short-range interactions �r�1� and �b� MM
potentials with similar short-range interactions and various long-range inter-
actions. For each case, parameter � is given and parameter � is obtained by
fitting the long- and short-range interactions of LJ potential, respectively.
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particularly stable structures of LJ clusters, and as can be
seen from Figs. 4�a� and 4�b�, they also act as particularly
stable structures for MM�6,−2� and MM�6,4� clusters be-
cause the three potentials have similar ranges at the mini-
mum. However, due to the difference at the short and long
ranges of the potentials, there are also some very novel
magic numbers for MM�6,−2� and MM�6,4� clusters com-
pared to LJ or M�6� clusters.

The hardness at the short range makes MM�6,−2� po-
tential disfavor the strain of r�1, and the strong long-range
interaction makes the potential favor more spherical clusters
compared to the number of nearest neighbors �NN�, so the
magic numbers of fcc, close-packed, tetrahedral, and decahe-
dral clusters can act as the particularly stable structures. Fig-
ure 5�b� plots the particularly stable or novel global minima
of MM�6,−2� clusters: 38A is the magic number of fcc clus-
ter, 37A is a close-packed cluster with one �111� surface
layer different from 38A, 116A is a truncated fcc tetrahedron
plus antilayers outside the four �111� surfaces, and 125A is
116A plus a cap; 75A, 101A, and 192A are regular Marks
decahedrons,14 and 71A is 75A minus four patch atoms; 34A,
98A, and 159A, are the Leary tetrahedronlike15 clusters
�based on the three-, four-, and five-atom edged tetrahedrons,
respectively�, 89A is 98A minus a cap, and 168A is 159A
plus a cap; and 83A is one �111� face �six atoms� missed Ih55
plus Mackay overlayers, 86A is one �111� face �three atoms�
missed Ih13 plus three levels of Mackay overlayers, and
135A is the 12-vertices missed Ih147. Interestingly, the
Leary tetrahedral 89A can also be seen as an icosahedral one
similar to 86A but the last layer is an anti-Mackay one, and

92A is 89A plus three atoms to complete the Ih13 core. The
similarity of 86A and 89A may be helpful to learn the rela-
tionship between icosahedral and Leary tetrahedral clusters.
The incompleteness of the icosahedral core will decrease the
number of NN but can also decrease the strain energy. 38A,
75A, and 192A are also the global minima for LJ clusters but
are not particularly stable compared to the neighbors.

Due to the weakness at the long range, MM�6,4� poten-
tial disfavors the strain of r�1 and the number of NN is
much more important than sphericity. Moreover, the softness
at the short range can reduce the strain energy of r�1.
Therefore, besides the icosahedral magic numbers, some
novel pIh magic numbers, which are less spherical but have
more NN and are less strained of r�1, also act as the par-
ticularly stable structures. Figure 5�c� plots the particularly
stable or novel global minima of MM�6,4� clusters: 25B,
29B, and 34B are Ih13-based pIh structures similar to 19, 23,
and 26; 38B is pIh in a sixfold manner,16,17 40B is 38B plus
two atoms in the sixfold tips, and 42B is 38B plus four atoms
to form another Ih13 sharing one edge of 38B; 87B and 110B
are Ih55-based pIh with similar mechanisms to 19 and 23,
respectively; 190B is Ih147-based incomplete pIh; 71B is
Ih55 plus a regular antilayer cap; 116B, 131B, 137B, and
141B are Ih55 plus various incomplete Mackay outer shells;
157B, 163B, and 178B are Ih147 plus various anti-Mackay
caps; and 196B is Ih147 plus regular Mackay overlayers. For
some Ih13-based cases �19, 23, 26, 25B, and 29B�, the pIh
motif can also be thought as Ih plus anti-Mackay overlayers
�Ih��. For the Ih55- or Ih147-based cases, there are also
relationships between Ih� and pIh motifs, e.g., 87B is 71B

FIG. 4. Energy of the global minima of �a�
MM�6,−2� and �b� MM�6,4� clusters relative to Eav, a
fit to the energies of the global minima at size ratio of
10	N	210 using the form a+bN1/3+cN2/3+dN,
which represents the average energy of the global
minima.

FIG. 5. Structures of �a� the icosahedral magic num-
bers, �b� most stable or typical global minima of
MM�6,−2� clusters, and �c� most stable or typical glo-
bal minima of MM�6,4� clusters. For some cases, two
sides of views are given, and the sites are given in
different shades to show the topological structure more
clearly. The dot-line model gives the pattern of pIh.
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plus another 16-atom cap on the anti-Mackay cap and 190B
is 178B plus overlayers on the anti-Mackay cap.

B. Structural phase diagram of MM38

The difference of the global minima of MM�6,−2� and
MM�6,4� clusters shows that the short- and long-range inter-
actions can greatly affect the global minimum structures for
potentials with similar ranges at the minimum. Finally, to
give an overall view of how the global minimum structures
depend on � and �, we locate the global minimum structures
of MM38 cluster as a function of � and � and plot the struc-
tural phase diagram showing the variation of the lowest-
energy structure with � and � in Fig. 6�a�. The shape of the
MM potentials at some selected points is plotted in Fig. 6�b�.

First, at very small value of � �very long ranged�, the
global minimum �D2� is an amorphous structure, which is
most compact and strained, and has the largest number of
NN. Second, with � increasing or � decreasing, Ih13-based
pIh structures �Cs−1, C1, Cs−2, and C2� become global
minima, which are less strained or more spherical. In the four
pIh structures, Cs−1 is the most spherical but has the least
number of NN, so it is more favored at smaller �, where the
interaction at the long range is stronger; however, C2 is not
spherical but is less strained for r�1, so it is more favored at
a larger �. Then, at large �, with � increasing, the strain
energy of r�1 grows more rapidly than that of r�1, so the
sixfold Ih13-based pIh structures �D6h and C2v�, which are
more strained for r�1 but less strained for r�1,18 become
global minima. C2v is different from D6h �38B� by moving
two edge atoms to the sixfold tips, which has more NN and
is more spherical but is more strained for r�1 than D6h, and

so is more dominant at small � and �. Next, with � increas-
ing or � decreasing, the strain energy of r�1 is also too
large for the sixfold pIh structures, so the icosahedral struc-
ture �C5v� that has less NN but is less strained becomes the
global minimum. Lastly, with � increasing or � decreasing,
C5v also becomes too strained, so the strain-free fcc structure
�Oh� that has less NN and is spherical becomes the global
minimum. Oh �38A� is the most spherical, so it is predomi-
nant at small � even for very small �. Th is a slight distortion
of Oh, where the six �100� faces are distorted to �111� faces
to have more NN. C3 is a surprise disordered structure at
such potential range,7 which has a similar packing style of
the recently located chiral global minimum of Au34

− cluster19

that can be seen as a serious distortion of a close-packed
structure.

IV. CONCLUSION

In summary, we designed novel MM model pair poten-
tials that can freely control the interactions at the minimum,
short range, and long range of the potential by using two
parameters � and �. For �=1, MM potential is the Morse
potential, and for �=6 and �→0, MM potential is the LJ
potential, where the two famous pair potentials are unified.
By comparing the global minimum structures of LJ potential,
MM�6,−2� potential, and MM�6,4� potential, where the
three potentials are both middle ranged at the minimum but
are different at the short and long ranges, it is found that the
particularly stable structures can be very different at some
magic numbers. The structural phase diagram of MM38 clus-
ter is also given to have an overall view of how the global
minimum structures depend on � and �. In the test calcula-
tions, some novel structures are located as magic numbers,
which are previously unknown but may be global minimum
structures for certain real systems.

The potential application of MM potential is to fit the
bonded or nonbonded interactions for various systems �e.g.,
liquids, metal clusters, and molecular clusters� in the many-
body empirical potentials. Besides the values of the pair well
depth and the equilibrium pair distance �or bond length�, due
to the large-scale flexibility, MM potential should be better in
fitting the data of some real systems compared to other po-
tential forms. Another potential application of MM potentials
is to act as a model potential to investigate how the pair
potential affects the global minimum structures, phase tran-
sition temperatures, thermodynamic properties, kinetic prop-
erties, etc., which may be helpful to grasp the physical es-
sences out of the complicated behaviors of real systems.
Moreover, MM potentials can be used to investigate how the
short- and long-range interactions affect the potential energy
surface of clusters, adding to the work of Wales, where the
Morse potential was adopted to study the relationship of the
range of the pair interaction and the potential energy surface
using the catastrophe theory.20
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