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Using a two-center Lennard-Jones (2CLJ) model, the simplest anisotropic case, we investigated how
anisotropy affects global minimum structures of clusters and obtained some interesting results. The
anisotropy parameter, R, is defined as the ratio of the bond length of 2CLJ dimer to the LJ equilib-
rium pair separation, where a larger R value means higher anisotropy. For low R values, the structures
resemble those of the Lennard-Jones atomic clusters. However, as the pairwise interaction becomes
more anisotropic, the “magic numbers” change, and several novel cluster patterns emerge as partic-
ularly stable structures, and the global minima change from icosahedral, to polyicosahedral and to
novel irregular structures. Moreover, increasing the anisotropy effectively softens the 2CLJ potential.
Given the general importance of the LJ cluster as a simple model cluster, 2CLJ model can provide
a straightforward and useful analysis of the effect of molecular shape on the structures of clusters.
© 2011 American Institute of Physics. [doi:10.1063/1.3672237]

I. INTRODUCTION

The properties evolving between isolated atoms and con-
densed materials are of increasing interest.1 As a bridge be-
tween isolated atoms/molecules and bulk material, the atomic
or molecular clusters play a very important role in understand-
ing the microstructures of the materials. Some nanoclusters
are expected to be widely employed in innovative technology,
as they range from industrial catalysis to the miniaturization
of electronic devices.2, 3 Because of the cost of computation
for global geometric optimization of large clusters, model,
and empirical potentials are often used to fit the interactions
among particles.

The Lennard-Jones (LJ) potential, as a benchmark sys-
tem, is often used to simulate atomic clusters, especially for
rare gas atomic clusters.4–8 It also plays an important role in
studying the nonbonding pair interactions in many complex
molecular systems. The LJ pair potential6 can be written as

ELJ (r) = ε

[(
r0

rij

)12

− 2

(
r0

rij

)6
]

, (1)

where r0 denotes the equilibrium pair separation between two
atoms, ε is the pair well depth, and the reduced units (r0

= ε = 1) are often used for model study. The LJ model is
obviously simple to implement, and their optimal structures
display a very regular variation. For LJ clusters, icosahedral
motifs are most favored, and only at some magic numbers,
decahedral, face-centered cubic (fcc), and tetrahedral mo-
tifs can be global minima. For example, LJ38 is fcc; LJ75–77

and LJ102–104 are decahedral; and LJ98 is tetrahedral.9 Binary
Lennard-Jones model potential is also used to study hetero-
geneous alloy.10, 11 The magic numbers in binary Lennard-
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Jones clusters12 are polyicosahedral clusters. For C60 molec-
ular clusters with all-atom potential,13 the intermolecular in-
teraction between C60 molecules is nearly the sum of C–C
LJ interactions between two molecules. This kind of C60–C60

interaction is somewhat a multi-center LJ model where real-
istic molecular anisotropy is considered. Their favorite struc-
tures are much different from those of the LJ potential, where
decahedral and close-packed motifs are more favored for C60

molecular clusters.14, 15

Herein, the simplest case of an anisotropy two-center
Lennard-Jones (2CLJ) dimer is modeled, where each dimer
consists of two LJ atoms and only the LJ interactions between
different dimers are considered. Given the general importance
of the LJ cluster as a simple model cluster, 2CLJ model can
provide a straightforward analysis of the effect of molecular
shape on the structures of clusters. The anisotropy parameter
R is defined as the ratio of the bond length of 2CLJ dimer to
the LJ equilibrium pair separation. R is varied to increase the
degree of anisotropy. Large R means strong anisotropy effect.
This model guarantees an anisotropic interaction of clusters as
well as the low computational cost. Different from LJ clusters,
the 2CLJ dimer is anisotropy, so there must be some interest-
ing lowest energy structures with the increase of anisotropy
effect. The global minima of 2CLJ clusters are investigated
for a range of value R from 0.1 to 0.8 (step size is 0.1). Mean-
while, anisotropy effect of the 2CLJ dimer on the potential
range is also discussed. The potential energy surface of 2CLJ
clusters is more rugged than that of LJ clusters, so the highly
efficient “funnel hopping” algorithm16 is employed to carry
out this searching on the potential energy surfaces.

II. METHODS

Two-center Lennard-Jones model is important in
physics.17 In this work, as a model study and for simplicity,
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each molecule is taken as a rigid body and only the LJ inter-
actions are considered. The LJ potential is described in the re-
duced unit. Then, using the 2CLJ model, the energy between
two molecules can be written as

E (α, β) =
2∑

i=1

2∑
j=1

ELJ
(
r

αβ

ij

)
, (2)

where rij
αβ is the distance between atom i of molecule α and

atom j of molecule β. As a result, the structure of 2CLJ2 is de-
termined by the diatomic bond length and the LJ equilibrium
length.

In this work, “funnel hopping” algorithm16, an unbiased
global optimization tool, is used to locate the global mini-
mum structures of the 2CLJ clusters. The basic idea of this
algorithm is to insert a second local optimization (LO)-phase
between the first gradient-based LO-phase and the global op-
timization (GO)-phase. The goal of the second LO-phase is to
locate the minimum of the funnel that contains current config-
uration in the energy landscape with the least cost. Then the
GO-phase can focus on the global information of the potential
energy surface over the various funnels. The first LO-phase
is the limited memory quasi-Newton method,18 the second
LO-phase is a funnel optimizer by cluster surface smooth-
ing (CSS) and the GO-phase is a simple version of genetic
algorithm (GA) (Refs. 19–21). CSS method is similar to the
dynamic lattice searching method,22 which can smooth the
cluster surface by optimizing the approximate lattice. This
“funnel hopping” approach has been proved to be useful for
structure optimization of atomic and molecular clusters.

At a small R, the anisotropy effect of 2CLJ is small, and
the potential energy surface is relatively flat. At R = 0.1 and
0.2, we obtained the putative global minimum structures up
to N = 80. For each cluster size, 10 separate runs are per-
formed, and for each run 1000 hoppings are carried out. In
the 10 separate runs, the same putative global minima are lo-
cated by 8–10 times, which indicates high reliability of our
global optimization results. With R increasing, the anisotropy
effect also increases, so the global optimization becomes dif-
ficult. At R = 0.3, we only optimize the structures up to N
= 61, and the number of hitting the putative global mini-
mum is 3–5 out of 10 runs at large N. At R = 0.4–0.8, it is
increasingly difficult to optimize the structures, so we only
obtained the global minimum structures up to N = 30. For
each cluster size, we carry out 50 separate runs. The proba-
bilities of hitting the global minima are only 3–10/50 in the
50 separate runs for large cluster sizes. With R increasing, the
probabilities of finding the global minima decrease as the po-
tential energy surface becomes more rugged. At N = 30 and
R = 0.8, the putative global minimum is located for only
3 times in the 50 runs, and the other minima are also located
for only 1–3 times. The other minima may be close to the
global minimum one in energy, but their structures are irregu-
lar and very different to each other.

III. RESULTS AND DISCUSSION

We have located the global minima for 2CLJ clusters at
different R. At small R (0.1, 0.2, and 0.3), the structures of
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FIG. 1. Plots of the relative energy of the global minima as a function of
cluster size 2 ≤ N ≤ 80 with the LJ and 2CLJ potential at R = 0.1, 0.2, and
0.3. E is the energy of the global minima, and Eave is a four-parameter fit
to the global minima energy (Eave = aN + bN2/3 + cN1/3 + d). Downward
peaks represent the most stable magic numbers compared to the neighbors.
Data of LJ clusters are from the Cambridge Cluster Database.23

2CLJ clusters are regular and comparable to those of LJ clus-
ters, so they are discussed in Sec. III A. For R = 0.4–0.8, the
structures are very irregular and novel, so they are discussed
in Sec. III B. Anisotropy effect of 2CLJ dimer on the range of
2CLJ pair potential is discussed in Sec. III C.

A. Structures of 2CLJ clusters at R = 0.1, 0.2, and 0.3

Figure 1 plots the energy sequences of the global min-
ima of LJ (Ref. 23) and 2CLJ potentials at R = 0.1, 0.2, and
0.3 in a manner that emphasizes particular stable minima or
“magic numbers.” At R = 0.3, we have only located the op-
timal structures up to 61 due to the rugged potential energy
surface. At R = 0.1 (Fig. 1(b)), the most stable structures are
still icosahedral (N = 13, 19, 23, 39, 55, and 71), which is
the same as those of LJ clusters (Fig. 1(a)). The energy se-
quences of LJ and 2CLJ at R = 0.1 have very similar out-
lines, which demonstrates that they favor similar structures
and the anisotropy effect on structure is very weak at R = 0.1.
In Fig. 1(c), at R = 0.2, some new magic numbers (N = 35,
40, and 78) with polyicosahedral structures are viewed, but
the peak of magic number at N = 39 with icosahedral struc-
ture disappears. The energy sequence at R = 0.3 in Fig. 1(d)
has similar outline with that in Fig. 1(c). The difference is
that in Fig. 1(d), the peaks of the polyicosahedral magic num-
ber (N = 44, 47, and 57) appear, while the icosahedral magic
number (N = 55) disappears. In fact, with R increasing, peaks
of some icosahedral magic numbers gradually disappear, such
as 55, but many polyicosahedral magic numbers emerge.

Figure 2 plots the magic number and typical structures
of 2CLJ clusters (R = 0.1, 0.2, and 0.3), and for compari-
son, the structures of LJ clusters are also given. As shown in
Fig. 2(a), LJ13, LJ39, and LJ55 are regular Mackay icosahedra
(Ih13, Ih39, and Ih55); LJ19 and LJ23 are Ih13 plus various
regular anti-Mackay overlayers; LJ71 is Ih55 plus a cap with
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FIG. 2. Global minima of LJ and 2CLJ molecular clusters at R = 0.1, 0.2, and 0.3. For each cluster size, the structure on the left shows an overall view of the
cluster (each ball means the mass center of each dimer) and that on the right shows the real diatomic orientations in the diatomic molecule.

anti-Mackay overlayers; LJ38 is fcc truncated octahedron; and
LJ75–77 are decahedra.

Figure 2(b) plots the magic number and typical struc-
tures of 2CLJ clusters at R = 0.1. Compared to LJ clusters,
2CLJ13, 2CLJ19, 2CLJ23, 2CLJ39, 2CLJ55, and 2CLJ71 are still
icosahedral magic numbers. However, the fcc and decahe-
dral structures are not global minima any longer, and 2CLJ38

and 2CLJ75–77 become icosahedral too. More interestingly,
2CLJ34 is a distorted Leary tetrahedral motif with T symme-
try, whose packing style is similar to Leary tetrahedral LJ98.24

Figure 2(c) plots the magic number and typical struc-
tures of 2CLJ clusters at R = 0.2. 2CLJ13, 2CLJ19, 2CLJ23,
2CLJ55, and 2CLJ71 are still icosahedral (may be distorted).
However, the anti-Mackay cap of 2CLJ71 is distorted to have
more nearest neighbors, where similar distortion is viewed in
the Morse clusters.25 2CLJ34 is still a Leary tetrahedral struc-
ture. 2CLJ40 is a novel polyicosahedral structure in a six-fold

manner, which is also the global minimum structure of modi-
fied Morse clusters.26 Similarly, 2CLJ35, 2CLJ57, 2CLJ66, and
2CLJ78 are also polyicosahedral structures.

Figure 2(d) plots the magic number and typical struc-
tures of 2CLJ clusters at R = 0.3. 2CLJ8 becomes a novel
structure in a six-fold manner. 2CLJ13, 2CLJ19, and 2CLJ23

are still icosahedral but seriously distorted. 2CLJ34 changes
from Leary tetrahedron to polyicosahedron. 2CLJ35, 2CLJ40,
2CLJ44, 2CLJ47, and 2CLJ57 are polyicosahedral. 2CLJ55 now
changes from icosahedron to polyicosahedron.

To give an overview of the structural transition for 2CLJ
clusters at different R, the distributions of global minimum
structures for LJ and 2CLJ clusters are given in Table I. It
can be seen that, from LJ to 2CLJ with R = 0.1, the deca-
hedral and fcc structures (LJ38, LJ75–77) disappear. The strain
energy and nearest neighbor energy contribute largely to the
total energy of the atomic clusters,27 so does it in the diatomic
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TABLE I. Distributions of the global minimum structures for LJ and 2CLJ
clusters at 13 ≤ N ≤ 80.

Clusters Icosahedral Polyicosahedral Else

LJ 13–37, 39–74,78–80 38, 75–77
2CLJ (R = 0.1) 13–33, 35–80 34
2CLJ (R = 0.2) 13–31, 54–56, 70–72 32, 33, 35–53,

57–69, 73–80
34

2CLJ (R = 0.3) 13–31 32–61

clusters. In atomic clusters, compared to icosahedral motif,
decahedral and fcc motifs have less nearest neighbor num-
bers but are less strained. However, for the 2CLJ model, the
fcc structures are not strain-free any more because of the di-
atomic anisotropy, so the less-strained structures become dis-
favored in energy. The six-fold polyicosahedral motifs are too
strained for LJ clusters. However, for 2CLJ clusters at large
R, all packings (icosahedral, decahedral, and polyicosahedral)
are seriously strained, so the six-fold polyicosahedral packing
is favored due to its large number of nearest neighbors. This
kind of polyicosahedral packing is also favored for binary LJ
clusters12 at certain size rang.

B. Structures of 2CLJ clusters at R = 0.4–0.8

The global minima and magic numbers of 2CLJ clusters
with size N ≤ 30 at R = 0.4–0.8 are located. Compared with
LJ and 2CLJ at R = 0.1–0.3 whose global minimum struc-
tures are regular, with the increase of anisotropy effect, the
structures of 2CLJ clusters are various and novel, some of
which are interesting.

To find out the most stable magic numbers at the different
R, the energy sequences of the global minima at R = 0.4–0.8
are plotted in Fig. 3. It is seen that at R = 0.4, the magic
number is 9, 12, and 23; at R = 0.5, the magic number is 8,
12, and 29; at R = 0.6, the magic number is 8, 11, and 16;
at R = 0.7, the magic number is 8, 11, 15, 18, 27, and 30;
at R = 0.8, the magic number is 8, 11, 13, 16, and 27. With
the cluster size increasing, most of the magic numbers are the
structures with one or two diatomic molecules in the center
and others surrounding them to have more nearest neighbors.

Figure 4 plots the magic number and typical structures
of 2CLJ clusters at R = 0.4–0.8. Figure 4(a) shows the
magic number and some typical structures of global minima at
R = 0.4. At small size, the 2CLJ molecules try to arrange
themselves parallel or perpendicular to each other. As is
shown in Fig. 4(a), two molecules in 2CLJ2 are perpendicular
to each other. Three molecules in 2CLJ3 are parallel to each
other, where the mass centers are in regular triangle. 2CLJ4

is a trigonal pyramid motif. 2CLJ5 and 2CLJ6 are based on
trigonal bipyramid motif. 2CLJ7 is a decahedron where two
molecules at top and bottom are perpendicular to each other.
2CLJ8 and 2CLJ9 are similar, where seven molecules are
paralleled to form a bottom plus a vertex, and 2CLJ9 is a
particular stable structure. 2CLJ11–13 is the structure with one
molecule in the center and the others surrounding them, which
can make the clusters more compact to have more nearest
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FIG. 3. Plots of the relative energy of the global minima as a function of
cluster size (N ≤ 30) at (a) R = 0.4, (b) R = 0.5, (c) R = 0.6, (d) R = 0.7, and
(e) R = 0.8.

neighbors. 2CLJ23 is also a compact structure but with two
molecules in the center.

Figure 4(b) shows the magic number and some typical
global minimum structures at R = 0.5. The structure of 2CLJ8

is similar with that at R = 0.4, but it becomes a magic num-
ber structure now. 2CLJ9 is an interesting structure with C2

symmetry, just like a windmill with three sails at 90o an-
gle, while 2CLJ11 is like a windmill with four sails and with
D2 symmetry. In this windmill structure, one sail is made of
two 2CLJ dimers and the dimers at windmill center are paral-
leled in a shoulder-to-shoulder manner. 2CLJ12, 2CLJ13, and
2CLJ16 are the structures with one molecule in the center and
the others surrounding them, and 2CLJ12 is a particular stable
structure. 2CLJ14 and 2CLJ15 are with C2v and C2 symmetry,
respectively, and their structural motifs are also very novel.
2CLJ29 is also a particular stable structure with one molecule
in the center and others surrounding them.

Figure 4(c) shows the magic number and some typical
global minimum structures at R = 0.6, 2CLJ8 now changes
into a structure with two 2CLJ dimers perpendicular to each
other at center and others surrounding them. 2CLJ9, 2CLJ11,
2CLJ12, and 2CLJ15 remain the same structures as those at
R = 0.5, but 2CLJ11 becomes a particular stable structure.
2CLJ16 is also a particular stable structure and similar to the
windmill structure just like 2CLJ9 and 2CLJ11, but with three
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FIG. 4. Magic number and some typical global minimum structures of 2CLJ clusters at (a) R = 0.4, (b) R = 0.5, (c) R = 0.6, (d) R = 0.7, and (e) R = 0.8. For
each cluster size, the structure on the left shows the real diatomic orientations, and that on the right shows an overall view of the cluster (each ball means the
mass center of each molecule).

molecules per sail. 2CLJ14 and 2CLJ18 are with strange S4 and
S6 symmetry, respectively.

Figure 4(d) shows the magic number and some typical
global minimum structures at R = 0.7. 2CLJ8, 2CLJ9, 2CLJ11,
2CLJ14, 2CLJ16, and 2CLJ18 remain the same as those at
R = 0.6. 2CLJ12 is based on 2CLJ11. 2CLJ15 is just
like a mushroom. 2CLJ27 and 2CLJ30 are particular stable
structures.

Figure 4(e) shows the magic number and some typical
global minimum structures at R = 0.8. 2CLJ8–13 has the
similar windmill structure. Two 2CLJ dimers at center in
2CLJ8 and 2CLJ9 are perpendicular to each other, but in
2CLJ10–13, they are positioned in a head-to-head manner,
which is also different from the windmill structure at other R
values. 2CLJ11 now is a windmill structure with three sails at

60o angle. 2CLJ12 and 2CLJ13 are based on 2CLJ11. 2CLJ15

is the same as it at R = 0.7. 2CLJ16 is with S4 symmetry and
2CLJ18 is based on 2CLJ16. 2CLJ19 and 2CLJ27 are particular
stable structures and 2CLJ19 is with C2 symmetry. It is seen
that with R increasing, this windmill structure becomes
especially stable.

C. Anisotropy effect of 2CLJ dimer on pair
potential range

With R increasing, the packing styles of 2CLJ clusters
change greatly due to the anisotropy effect. For 2CLJ13, its
structure changes from icosahedron to distorted icosahedron
and to irregular motifs (Figs. 2 and 4). In order to clarify
the anisotropy effect on the global minimum structures of
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FIG. 5. The energy of 2CLJ2 potential at the optimal orientation and the
worst orientation (as labeled) at (a) R = 0.1, (b) R = 0.3, (c) R = 0.5, and (d)
R = 0.8. The LJ potential (dashed line) is also plotted for comparison. r is the
distance of the mass center of the two 2CLJ dimer. For R = 0.8, structures of
optimal orientation at r = 0.9, 1.1, 1.4, and 1.9 are labeled.

2CLJ clusters, at different R, we fix the distance between mass
centers of two dimers to optimize the dimer orientation, and
then we get the optimal orientation and the worst orientation.
The potential energy curves of 2CLJ2 at the optimal orien-
tation and at the worst orientation are plotted in Fig. 5 for
R = 0.1, 0.3, 0.5, and 0.8, respectively, in which the LJ
potential is also plotted for comparison. It is seen that at
R = 0.1, the 2CLJ2 potential curve at the optimal orientation
is very close to the LJ potential curve, and their structures
are also similar. For the optimal orientation, with R increas-
ing (increase of anisotropy effect), the short-range interaction
between two diatomic molecules becomes softer and the long-
range interaction becomes stronger, so the potential range
increases. However, at the worst orientation, the potential
range decreases with R increasing. Besides, the energy differ-
ence at the optimal and worst orientation also increases with
R. Therefore, it is seen that increasing the anisotropy effec-
tively softens the potential at optimal orientation, which leads
to the global minima of 2CLJ clusters changing from icosa-
hedral, to polyicosahedral and to novel irregular structures.

This kind of softness resulting from anisotropy effect
for 2CLJ potential is similar to that of Morse potential28

with potential parameters changing. It is seen that as the
potential softens for 2CLJ and Morse clusters,25, 29, 30 the
decahedral and close-packed structures are not favored any
longer for both of them, but icosahedral and disordered struc-
tures are favored. There is also some difference in the mor-
phologies of the 2CLJ and Morse clusters. At small R with
small anisotropy effect, 2CLJ34 is a distorted Leary tetra-
hedral, which is not the optimal structure for Morse poten-
tial, but for modified Morse potential.31, 32 Moreover, due to
the anisotropy effect, all packings (icosahedral, decahedral,
close-packed) are seriously strained for 2CLJ clusters. Hence,
different to Morse clusters, the six-fold polyicosahedral pack-
ing is more favored for 2CLJ clusters due to its large number
of nearest neighbors. As anisotropy effect increases, for 2CLJ
potential at R = 0.4–0.8, some novel and disordered structures
are favored, different from any known packing for Morse and
LJ clusters.

It is noted that the potential energy curves in Fig. 5 show
some small degree of oscillation. The oscillation mainly de-

rives from the change of molecular orientation of 2CLJ2. In
Fig. 5, structures of optimal orientation at r = 0.9, 1.1, 1.4,
and 1.9 are also listed, which reveals that, with distance in-
crease, the optimal orientation of two 2CLJ dimers varies
from cross-shape, shoulder-to-shoulder, T-shape, and head-to-
head geometry.

IV. CONCLUSIONS

The global minimum structures of 2CLJ clusters are
located using the funnel hopping algorithm, in which
anisotropic parameter (the ratio of the diatomic bond length to
the LJ equilibrium length) is varied from 0.1 to 0.8 (step size
is 0.1). Compared to LJ atomic clusters model, the structures
of 2CLJ model are anisotropic. All packings (icosahedral,
decahedral, and polyicosahedral) are seriously strained, so the
six-fold polyicosahedral packing is favored due to its large
number of nearest neighbors at R = 0.1–0.3. With the increase
of anisotropy effect, the potential range increases at optimal
orientation, and the global minima change from icosahedral,
to polyicosahedral and to novel irregular structures. Com-
pared with LJ and 2CLJ at R = 0.1–0.3 whose global min-
imum structures are regular, the most favored motifs of 2CLJ
clusters at R = 0.4–0.8 are irregular and novel, some of which
are interesting, such as windmill-shape or mushroom-shape.
2CLJ model is the simplest, but it can clearly demonstrate the
anisotropy effect on the structures of diatomic clusters. It is
expected to provide a good indicator to those anisotropic sys-
tems in a real physical world.
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