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1nÙ �ÅCþ�êiA�

§3.2 ��!IO�ÚÝ

§3.2.1 ��ÚIO�

y3·�=��Ùm©�ÿJ��,�aêiA�,=�x�ÅCþ3Ù¥% �

NCÑÙ§Ý�êiA�, Ù¥�­��´��. 3¢SA^¥, ��Ø=´&EÝþ

�IO�´ºxÝþ�IO.

½Â 3.2.1. �X ��ÅCþ, ©Ù�F , K¡

V ar(X) = E(X − EX)2 = σ2

�X (½©ÙF )���, Ù²��
√

V ar(X) = σ (���) ¡�X (½©ÙF )�IO�.

w,k

V ar(X) = EX2 − (EX)2.

é�ÅCþ���, ·��±��

½n 3.2.1. �c�~ê. Kk

1. 0 ≤ V ar(X) = EX2 − (EX)2, ÏdV ar(X) ≤ EX2.

2. V ar(cX) = c2V ar(X)

3. V ar(X) = 0��=�P (X = c) = 1, Ù¥c = EX. d�,·�¡Xòz�~êc.

4. é?Û~êck, V ar(X) ≤ E(X − c)2, Ù¥�Ò¤á��=�c = EX.

5. XJ�ÅCþXÚY�pÕá, a, b�~ê. KV ar(aX + bY ) = a2V ar(X) + b2V ar(Y ).

y²þã½n§·�0���Ún"

Ún 3.2.1. XJξ�òzu0��ÅCþ§KkEξ2 = 0¶��§XJ�ÅCþξ�2�Ý

�3
�Eξ2 = 0§Kξ7�òzu0��ÅCþ.
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Proof. XJξ�òzu0��ÅCþ§KkP (ξ = 0) = 1, �kEξ2 = 0"��§XJ�Å

Cþξ²��È§¿�Eξ2 = 0§�´ξØòzu0§KkP (ξ = 0) < 1"@oÒ�3δ > 0

Ú0 < ε < 1§¦�P (|ξ| > δ) > ε§u´Eξ2 > δ2ε"��gñ§¤±ξ7òz�0.

~�©Ù���µ

1. ��©ÙX ∼ B(n, p):

V arX = np(1− p)

2. Poisson ©ÙX ∼ P (λ):

V arX = λ

3. þ!©ÙX ∼ U [a, b]:

V arX =
(b− a)2

12

4. �ê©ÙX ∼ Exp(λ):

V arX = 1/λ2

5. ��©ÙX ∼ N(µ, σ2):

V arX = σ2

dd����©ÙN(µ, σ2) ¥,�ëêσ2 �)º: §Ò´©Ù���, ��©Ù��d

Ùþ�µÚ��σ2û½,��~¡�“þ��µ���σ2���©Ù”.��σ2��,KX

���±���VÇ8¥3Ùþ�µNC.

½Â 3.2.2. ·�¡

X∗ =
X − EX√

V ar(X)

�X�IOz�ÅCþ. ´�EX∗ = 0, V ar(X∗) = 1.

·�Ú\IOz�ÅCþ´�
�ØduOþü �ØÓ
��ÅCþ�5�K

�. ~X, ·��	<��p, @o�,�±±��ü , ��X1, ��±±f��ü

 , ��X2. u´Òk��X2 = 100X1. @où��5, X2�X1 �©ÙÒk¤ØÓ.

ù�,´��ØÜn�y�. �´ÏLIOz, Ò�±�Øüö�m��O, Ï�·�

kX∗
2 = X∗

1 . éu��©Ù, ·�²LIOzY = (X − µ)/σ, Ò�±�Ñþ��0��

�1���©Ù, =IO��©Ù.
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§3.2.2 Ý

e¡·�Ú\Ý�Vg§¿ò��·�c¡¤`�Ï"!��ïáéX.

½Â 3.2.3. �X��ÅCþ, c �~ê, r���ê, KE[(X − c)r] ¡�X 'uc :�r �

Ý.

'�­��kü��¹:

1. c = 0. ù�αk = EXr ¡�X �r ��:Ý.

2. c = EX. ù�µk = E[(X − EX)r] ¡�X �r �¥%Ý.

N´wÑ, ���:ÝÒ´Ï", ��¥%ÝÒ´X���V ar(X).

§3.3 ���Ú�'Xê

y3·�5�Äõ��Å�þ�êiA�, ±����¹�~, �(X, Y ) ����

ÅCþ, X, Y��Ñ´���ÅCþ, @o§��A�þ���, ·�Ñ3þü!¥?

ØL
, ·��k,��êiA�´�N©þ�m'X�@«þ, Ù¥�­��, ´�

!�?Ø����Ú�'Xê.

§3.3.1 ���

½Â 3.3.1. ·�¡

Cov(X, Y ) = E(X − EX)(Y − EY )

�X�Y����, Ù¥Cov´=©ücCovariance� �.

d����½Â, ·�á��±�����äkXe5�:

1. Cov(X, Y ) = Cov(Y, X), Cov(X, X) = V ar(X)

2. Cov(X, Y ) = EXY − EXEY , w,eX!Y �pÕá, KCov(X, Y ) = 0

3. Cov(X1 + X2, Y ) = Cov(X1, Y ) + Cov(X2, Y )
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4. é?Û¢êa1, a2, b1, b2, k

Cov(a1X1 + a2X2, b1Y1 + b2Y2) =
2∑

i=1

2∑
j=1

aibjCov(Xi, Yj)

XJξ1, · · · , ξn´½Â3Ó�VÇ�me��ÅCþ§¿�Ù¥z��ÅCþÑ´²��

È�"¡Ý


Σ = (bij) = (cov(ξi, ξj))

=


D(ξ1) cov(ξ1, ξ2) · · · cov(ξ1, ξn)

cov(ξ2, ξ1) D(ξ2) · · · cov(ξ2, ξn)
...

...
. . .

...

cov(ξn, ξ1) cov(ξn, ξ2) · · · D(ξn)


�ξ1, · · · , ξn����Ý
"w,Σ ≥ 0"

~ 3.3.1. �(X, Y ) ∼ N(a, b, σ2
1, σ

2
2, ρ)§K(X, Y )����Ý
�

Σ =

(
σ2

1 ρσ1σ2

ρσ1σ2 σ2
2

)

§3.3.2 �'Xê

½Â 3.3.2. ��ÅCþX, Y��ÅCþ, ¡

ρX,Y =
Cov(X, Y )√

V arX ·
√

V arY
,

�X�Y��'Xê. �ρX,Y = 0�, K¡X�YØ�'.

d½ÂN´wÑ, e-X∗ = (X − EX)/
√

V arXÚY ∗ = (Y − EY )/
√

V arY ©O

�XÚY�A�IOz�ÅCþ, KρX,Y = Cov(X∗, Y ∗). Ïd, /ªþ�±r�'X

êÀ�“IOºÝe����”, lù��Ýþ`, �'Xê�±�Ð��Nü��ÅC

þm�'X, 
ØÉ§��g¤^Ýþü �K�.

~ 3.3.2. �(X, Y ) ∼ N(a, b, σ2
1, σ

2
2, ρ), KρX,Y = ρ.

�'XêkXe�5�:
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1. eXÚY�pÕá, KρX,Y = 0

2. |ρX,Y | ≤ 1, �Ò¤á��=�X, Y�m�3î���5'X, =

ρX,Y = 1, K�3 a > 0, b ∈ R ¦� X = aY + b (��')

ρX,Y = −1, K�3 a < 0, b ∈ R ¦� X = aY + b (K�')

[5]: ρX,Y �~¡�XÚY�5�'Xê, �U�xXÚYm��5��§Ý, |ρX,Y |��

C1, ÒL«X, Y m��5�'§Ý�p; |ρX,Y | = 0�, �´L«XÚYmØ�3�5�

', ��±�3��5�¼ê'X.

�y²2,·�wXeÚn"

Ún 3.3.1. [Cauchy − Schwarz Inequality] �ξ, ηþ²��È§Kk

[Eξη]2 ≤ Eξ2Eη2

�Ò¤á��=�P (ξ = t0η) = 1§Ù¥t0��~ê"

Proof. ´�, é?Ût ∈ R, Ñk

g(t) := Eη2 · t2 − 2Eξη · t + Eξ2 = E(ξ − tη)2 ≥ 0 ,

¤±�g¼êg(t)��Oª

∆ = 4(Eξη)2 − 4Eξ2 · Eη2 ≤ 0,

��Ø�ª.

XJ�3t0 ∈ R, ¦�P (ξ = t0η) = 1, w,Òk

(Eξη)2 = Eξ2Eη2.

��, XJØ�ª�Ò¤á, @o�§g(t) = 0k���¢�t0, =k

E(ξ − t0η)2 = g(t0) = 0,

u´dÚn3.2.1�ξ − t0η´òzu0��ÅCþ, =kP (ξ = t0η) = 1.

íØ 3.3.1. ��ÅCþξ, η²��È, Kk

cov(ξ, η) ≤
√

Dξ ·
√

Dη,

¿��Ò¤á, ��=��3t0 ∈ R, ¦�P (ξ = t0η) = 1.
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~ 3.3.3. �X ∼ U(−1
2 , 1

2), 
Y = cosX, K

Cov(X, Y ) = EXY =
ˆ 1/2

−1/2
xcosxdx = 0

¤±X, YØ�'. �´X, Y�m�3X��5�¼ê'X.

½n 3.3.1. é?Û�òz��ÅCþξ, η²��È, Xeo�·K�p�d:

(1) ξ�ηØ�'; (2) cov(ξ, η) = 0;

(3) Eξη = EξEη ; (4) D(ξ + η) = Dξ + Dη.

e¡·�5?ØØ�'�Õá5�m�'X.

½n 3.3.2. é�ÅCþX, Y , XJX�Y�pÕá, @o§��½Ø�';�´XJ§�

Ø�'%�7�pÕá.

~ 3.3.4. Áy²e(X, Y )Ñlü �S�þ!©Ù, KX, YØ�'�ØÕá.

): d(X, Y )Ñlü �S�þ!©Ù, K(X, Y ) �éÜ�Ý¼ê

f(x, y) =

{
1
π , x2 + y2 ≤ 1;

0, Ù¦.

dd, ��XÚY�>��Ý¼ê�

fX(x) = fY (x) =
2
π

√
1− x2, −1 ≤ x ≤ 1.

Ïd, EX = EY = 0, q

EXY =
ˆ 1

−1
x.

ˆ √1−x2

−
√

1−x2

y.
1
π

dydx = 0.

¤±, Cov(X, Y ) = 0,l
ρX,Y = 0,=XÚYØ�'.�df(x, y) 6= fX(x).fY (y),�XÚYw

,ØÕá.

~ 3.3.5. ��ÅCþXÚY�©ÙÆ©O�

X ∼

(
−1 0 1
1
4

1
2

1
4

)
, Y ∼

(
0 1
1
2

1
2

)

¿�P (X · Y = 0) = 1. KX�YØÕá, �Ø�'.
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[5]: �3���/e,Ø�'�Õá�d. ·�Þ�����~f5`²,Ø��(X, Y ) ∼

N(a, b, σ2
1, σ

2
2, ρ), KXÚYÕá�duρ = ρX,Y = 0, l
�duXÚYØ�'.

L 3.3.1 ~�©ÙL

©Ù¶¡ ëê VÇ�Ý Ï" �� A�¼ê

òz©Ù c
(

c
1

)
c 0 eict

�:©Ù
p

(0 < p < 1)

(
0 1

q p

)
p pq q + peit

��©Ù

B(n, p)

n ≥ 1

0 < p < 1

(
n
k

)
pkqn−k

k = 0, · · · , n
np npq (q + peit)n

AÛ©Ù
p

(0 < p < 1)
qk−1p, k = 1, 2, · · · 1

p
q
p2

peit

1−qeit

ndk©Ù

r, p

r ∈ N
0 < p < 1

(
k−1
r−1

)
prqk−r,

k = r, r + 1, · · ·
r
p

rq
p2 ( peit

1−qeit )r

Åt©ÙP (λ) λ(λ > 0)
λk

k! e
−λ,

k = 0, 1, · · ·
λ λ eλ(eit−1)

�AÛ©Ù M,N, n ∈ N (M
k )(N−M

n−k )
(N

n)
nM
N

nM
N

(N−M)
N

N−n
N−1

þ!©Ù

U(a, b)
a, b(a < b) 1

b−aIa<x<b
a+b
2

(b−a)2

12
eitb−eita

it(b−a)

��©Ù

N(a, σ2)
a, σ2 1

σ
√

2π
e−

(x−a)2

2σ2 a σ2 eiat− 1
2 σ2t2

�ê©Ù λ(λ > 0) λe−λxIx>0
1
λ

1
λ2 (1− it

λ )−1

χ2©Ù n(n ≥ 1) 1
2n/2Γ(n/2)

xn/2−1e−x/2

x > 0

n 2n (1− 2it)−n/2

§3.4 Ù¦�
êiA���'¼ê

• ²þýé�E|X − EX|

• Ý1¼êEetX , Ù¥t ∈ R.

• A�¼êEeitX , Ù¥t ∈ R, i �Jê.
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½Â 3.4.1. XJlÑ.�ÅCþX�©ÙÆ�P (X = ai) = pi, i ∈ N, @o

EeitX =
∞∑
i=1

eitaipi.

XJëY.�ÅCþX��Ý¼ê�f(x), @o

EeitX =
ˆ ∞
−∞

eitxf(x)dx.
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