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1�Ù ¯��VÇ

§1.5 ^�VÇ

1. ^�VÇ�½Â

��ù, ^�VÇÒ´3��
�½�&Ee¤����Å¯��VÇ. Xü�

ó�AÚB)�Ó�¬ý�>ÀÅ, û|¥T¬ýk�Ú��g¬Ç, 'X0.5%, XJ\

l,�å»��Tû|�ù1>ÀÅ´A�)��, K\ï��>ÀÅ�g¬ÇØ2

´0.5%, 
AT'0.5%��, ù�VÇÒ´^�VÇ, =\3��
ù1>ÀÅ´A�)

��N\^�e�VÇÒ´^�VÇ.

�x¥A^��¹<êk�Ç�´^�VÇ.

½Â 1.5.1. �¯�AÚB´�ÅÁ�Ω ¥�ü�¯�, P (B) > 0 , ¡

P (A|B) =
P (AB)
P (B)

�¯�Bu)^�e¯�Au)�^�VÇ.

5 1.5.1. P (A)ÚP (A|B) ´ØÓ�ü�VÇ. Xã, �Ý/A�¡È�1, KP(A)L«A�

¡È, 
P (A|B)L«3B¥, A¤Ó�'~, =ABù¬¡È3B¥¤Ó�'~.

��±lVÇ�ÚO½Â,=^ªÇ5CqVÇù��Ý5n)^�VÇ.�3ng

ÕáÁ�¥, ¯�Au)
nAg, ¯�Bu)
nBg, ¯�ABu)
nABg, ¯�Bu)

e¯�Au)�ªÇ�
nAB

nB
≈ P (AB)

P (B)

5 1.5.2. ¯¢þ, ·�¤�Ä�VÇÑ´3�½^�eO��, Ï��ÅÁ�Ò´3�

½�^�e?1�, ¤±���m´�é
ó�. XJr3�½^�e��ÅÁ�w¤

Ã^��, K3Ö¿^�e?1��ÅÁ��(J��
ó�éu�k(J��, =�

��mUC
. ¤±¤��Å¯��VÇ��´Ø�Ó�.

1



~ 1.5.1. k10��¬, Sk3�g¬, l¥���/Ä�(Ø�£)u�, ¯1�g��g

¬�1�g2��g¬�VÇ.

): ���mΩ´l10��¬¥kS�Ñ2��¬�ØÓ�{, ù´��ü�¯K, ´

�#Ω = 10×9 = 90,PA ={1�g�Ñ�´g¬}, B ={1�g�Ñ�´g¬}, #(AB) =

6, #A = 3, �

P (B|A) =
P (AB)
P (A)

=
6/90
3/10

= 2/9

5¿, P (B|A) = 2/9 6= P (A) = 3/10.

~ 1.5.2. knÜ�Ó�k¡Ú�ºlf, 1�Ük¡ü¡Ñxk�, 1�Ük¡�¡x

�,�¡x(,1nÜk¡ü¡Ñx(. y3B[rk¡�3l¥~�,,�4\?��

Ü, r§�3Sþ, �\w�k¡þ¡�ãY��, ,�B[�\�Ùe¡�ãY�þ

¡����B[I, Ø��´�\I. �¯ù��ÙÆ´Ä´ú²�?

ù´Í¶êÆ[,&EØ�Mïö��A. Weaver�O�,¦Q350c�5�Æ{I

<6þ0�Lù�~f. ��[���, ék¿g.

~ 1.5.3. �ü��f,*ÿÑy�:ê,©O±xÚyL«1�Ú1���f�Ñ�:ê,

PA = {(x, y) : x + y ≥ 9} , B = {(x, y) : x > y} , ¦P (A|B) ÚP (B|A).

N´�ÑP (A|B) = 2/15 , P (B|A) = 1/3, ù`²ùü�^�VÇØ´�£¯.

2. ¦{½n

dP (A|B) = P (AB)
P (B) ⇒ P (AB) = P (A|B)P (B)

d8B{N´í2�n�¯�Ó�u)�VÇkXeúª:

P (A1A2 · · ·An) = P (A1)P (A2|A1) · · ·P (An|A1 · · ·An−1)

þ¡úª�m>wqæ�, Ù¢3¢S¥éN´�Ñ. 3vk�Ñn�¯��m�

p'X�, ù´O�n�¯�Ó�u)���­�úª.

~ 1.5.4. ,<#
,�A>{Òè�����êi, Ï
�¿ÃÒ, ¯¦ng�SÃÏ

>{�VÇ.

): -Ai={1ig�Ï>{}, i = 1, 2, 3 , K

P (3gSÃÏ>{) = P (A1 ∪A2 ∪A3)
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= 1− P (Ā1Ā2Ā3)

= 1− 9
10

8
9

7
8

= 0.3

~ 1.5.5. òn�á-�2n�àÞ?¿üüë�,Á¦TÐë¤n���VÇ.

):±ΩL«¤kØÓë((J�8Ü,��r2n�àÞü¤�1,,�5½ò12k−

1�àÞ�12k�àÞ�ë�,k = 1, 2, · · · , n.u´z�«ü{éA�«ë((J,l
|Ω| =

(2n)!.±AL«TÐë¤n���¯�.��®òn�á-�
?Ò,±AkL«1kÒá-�

ë¤1���¯�,u´kA =
n⋂

k=1

Ak.

�A1u)�,1Òá-�ë¤1��,ù��uk��k ∈ {1, 2, · · · , n}, ¦�32n�à

Þ�ü�¥,1Òá-�ü�àÞü312k − 1Ú12k� �þ,¤±|A1| = 2n(2n − 2)!.Ï

d

P (A1) =
|A1|
|Ω|

=
1

2n− 1
.

·�5¦P (A2|A1),=�3®�1Òá-�ë¤1����¹e,¦2Òá-��ë¤1�

��VÇ.Q,1Òá-®²g¤1��,·�Ò�±Ø�Ä§,��é�e�n − 1�á-

?ØÙ¥�Þ�Òá-�ë¤1���¯KÒ1
.Ò´`,·���3Cz
�VÇ�

mþUO�Ã^�VÇ�úª5O�^�VÇP (A2|A1)Ò1
.duy3��¹��5

��¹��aq,�ØLo�-êC�n− 1�,�ÏLa',=�

P (A2|A1) =
1

2(n− 1)− 1
=

1
2n− 3

.

Ón��

P (Ak|A1A2 · · ·Ak−1) =
1

2[n− (k − 1)]− 1
=

1
2n− 2k + 1

, k = 3, 4, · · · , n.

u´dVÇ¦{½n¥�(2.3.6)ª��

P (A) = P (
n⋂

k=1

Ak) =
n∏

k=1

1
2n− 2k + 1

=
1

(2n− 1)!!
.

3ù�){¥,¿©Ny
|^Cz
�VÇ�mO�^�VÇ�Ð?.

§1.5.1 �VÇúªÚBayesúª

1. �VÇúª
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½Â 1.5.2. �B1, B2, · · ·Bn ´���mΩ ¥�üüØ�N��|¯�, =BiBj = φ, i 6=

j, �÷v
⋃n

i=1 Bi = Ω, K¡B1, B2, · · ·Bn ´���mΩ ���©�(q¡���¯�

+,=©�partition).

�VÇúª:�{B1, B2, · · ·Bn}´���mΩ���©�, �P (Bi) > 0(i = 1, · · · , n),

A�Ω¥���¯�, K

P (A) =
n∑

i=1

P (A|Bi)P (Bi)

8�: k�ØN´��O�¯�A�VÇ, �´3z�BiþA�^�VÇN´¦Ñ.

5¿: A^¥�­��´�y{B1, B2, · · ·Bn}�¤���m���©�.

~ 1.5.6. �,��¬���"Ü�´dn[þi�ûøÀ�. ®�k��´B1 �Jø

�, B2�ûÚB3 ©OJø25% . ®��ûB1 ÚB2 �g¬ÇÑ´2%, B3 �g¬Ç�4%,

lT��¬¥?����¬, ¯T�¬�ù�"Ü�´g¬�VÇ.

): PA ={�Ñ��¬�g¬}, Bi ={����¬´Bi�)��}, i = 1, 2, 3,´�B1, B2, B3

�¤���m���©�, �P (B1) = 0.5, P (B2) = P (B3) = 0.25, P (A|B1) = P (A|B2) =

0.02, P (A|B3) = 0.04, d�VÇúªêþ��

P (A) = 0.02× 0.5 + 0.02× 0.25 + 0.04× 0.25 = 0.025

~ 1.5.7. òn�á-�2n�àÞ?¿üüë�,¦TÐë¤n���VÇ.

):y325|^�VÇúª�Ñ��)�. ±AnL«n�á-TÐë¤n���¯

�,Ppn = P (An).2±BL«11�á-ë¤1���¯�,^BÚBc��éΩ���©y.u

´d�VÇúª�

pn = P (An) = P (B)P (An|B) + P (Bc)P (An|Bc).

3c¡~f¥®²¦�P (B) = 1
2n−1 ;´�P (An|Bc) = 0;
P (An|B) K´3®�11�á

-ë¤1���^�e,Ù{n − 1�á-ë¤n − 1���VÇ,d�11�á-®²�Ù

{n− 1�á-Ã',¤±P (An|B) = P (An−1) = pn−1,�\þª=���

pn = P (An) =
1

2n− 1
pn−1 , n = 2, 3, · · · .
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�E|^Tª,¿5¿p1 = 1,=�

pn =
1

(2n− 1)!!
, n = 1, 2, · · · .

~ 1.5.8. ( Polya-f�.)-¥�ka�x¥Úb�ç¥,zgl-¥�ÅÄ���¥,¿

ëÓc�ÓÚ¥�å�£-¥,Xd�E?1.Áy²:31ng�¥��Ñx¥�VÇ� a
a+b .

y: ±AkL«31kg�¥��Ñx¥�¯�,u´Ac
kÒ´31kg�¥��Ñç¥

�¯�.·�5én�8B.w,kP (A1) = a
a+b .b�n = k − 1, k ≥ 2�(Ø¤á,�yn =

k�(Ø�¤á.·�±A1ÚAc
1��éΩ���©y.5¿d��òP (Ak|A1)w¤´l�

5�ka + c�x¥Úb �ç¥�-¥U5K�¥,¿�31k − 1g�¥��Ñx¥�V

Ç,Ïdd8Bb��P (Ak|A1) = a+c
a+b+c ,Ón½kP (Ak|Ac

1) = a
a+b+c ,u´d�VÇúª

�

P (Ak) = P (A1)P (Ak|A1) + P (Ac
1)P (Ak|Ac

1)

=
a

a + b

a + b

a + b + c
+

b

a + b + c

a

a + b + c
=

a

a + b
.

Ïd(Øé��n¤á.

3þ¡)�¥�éΩ�©y�À��ª��·�5¿.ùp´r��^Ü´´rAk−1ÚAc
k−1�

�éΩ�©y.3ù«À��e,·�J±|^8Bb��Ñ^�VÇP (Ak|Ak−1)ÚP (Ak|Ac
k−1).Ï

�d�·����-¥ka + b + (k − 1)c�¥,
Ju��Ù¥�x¥Úç¥ê8.��

/,3A1ÚAc
1u)��¹e,-¥�x¥Úç¥ê8K�©�Ù.ù�¯¢2gL²�(

À�©y�ª�­�5.

~ 1.5.9. �-Ska�ç¥Úb�x¥§l¥?¿��¥§XJ´x¥Kò§�£�§X

J´ç¥§Kl,�-S��x¥O�§�£�"3­Engù���{�§¦1n+1g

�Ñ�´x¥�VÇ"

): PA={1ng�Ñ�´x¥}§pn = P (A)§B�¤¦¯�"K

pn+1 = P (B) = P (B|A)P (A) + P (B|Ā)P (Ā)

= pn ∗ pn + (pn +
1

a + b
)(1− pn)
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=
(
1− 1

a + b

)
pn +

1
a + b

(ÜÐ�p1 = a
a+b§��

pn+1 = 1−
(
1− 1

a + b

)n b

a + b
.

2. Bayesúª

�{B1, B2, · · ·Bn}´���m���©�, A�Ω¥���¯�, P (Bi) > 0, i = 1, 2,

· · · , n, P (A) > 0, K

P (Bi|A) =
P (A|Bi)P (Bi)∑n

j=1 P (A|Bj)P (Bj)

�o�¹e^Bayesúª? dúª�, ©1Ò´¯�A�VÇ, 
©fÚ�ª�>�

^�VÇ¥�^��Ð�L5. ¤±·���3ÏJ'Xp��7L^Bayesúª.

~ 1.5.10. �«�ä,Jw�ÁJ, ²�KÁ�kXeP¹: kJw¾<�5�VÇ

�95%, ÃJw¾<Ò5�VÇ�95%. y^ù«ÁJ3,�«?1JwÊ�, �T�«

Jwu¾Ç�0.5%, ¯,<�A��5�T<�Jw�VÇ.

): �A ={�A��5}, C ={��äö�Jw}, dK¿,

P (A|C) = 0.95, P (Ā|C̄) = 0.95, P (C) = 0.005,

y3���´P (C|A) . ù´;.�ÏJ'Xp�, �U^Bayesúª.

P (C|A) =
P (A|C)P (C)

P (A|C)P (C) + P (A|C̄)P (C̄)

=
0.95× 0.005

0.95× 0.005 + 0.05× 0.995
= 0.087 = 8.7%

ù`²^TÁJ?1Ê�, O(5�k8.7%. O�L², XJüg�A��5��

Jw�VÇ��
64%.

§1.5.2 ¯��Õá5

�
O�ü�¯�Ó�u)�VÇ, �±$^¦{½n, P (AB) = P (A|B)P (B). �

o�¹eP (AB) = P (A)P (B)? =ABÓ�u)�VÇ�uü�¯�üÕu)VÇ�¦

È? �d·�kXe�½Â:
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½Â 1.5.3. �A,B´�ÅÁ�¥�ü�¯�,e÷vP (AB) = P (A)P (B) ,K¡¯�AÚB�

pÕá.

'uÕá�Vg, AT´l¢SÑu, XJU
�ä¯�B�u)�Äé¯�A�

u)�ÄØ�)K�, K¯�A,B=�Õá. Xr��M1�üg, *ÿ��¡Ñy�

�¹, A ={1�gÑy�¡}, B ={1�gÑy�¡}, AB ={ügÑÑy�¡}, ���

mΩk4�Ä�¯�, #(AB) = 1,#(A) = 2,#(B) = 2, �

P (AB) = 1/4, P (A)P (B) = 1/2 · 1/2 = 1/4

=¯�A,B�pÕá. ¯¢þ, ·�N´�ä1�g´ÄÑy�¡�1�g´ÄÑ

y�¡vk?ÛK�, =Õá�. �Ã L«¯�Au)ÚØu)��, B̃ L«¯�Bu)

ÚØu)��. dÕá5�½Â�±í�P (ÃB̃) = P (Ã)P (B̃), (ù���4��ª) . Õ

á5�½Â�±í2�n�¯�.

½Â 1.5.4. �A1, A2, · · ·An´�ÅÁ�¥�n�¯�, ±Ãi L«Ai½Āi��. e÷v

P (Ã1Ã2 · · · Ãn) = P (Ã1)P (Ã2) · · ·P (Ãn),

K¡¯��A1, A2, · · ·An �pÕá.

(þ¡k2n��ª)

5¿: þ¡�ª�duéA1, A2, · · ·An¥�?¿k�¯�Ai1 , Ai2 , · · · , Aik , k = 2, · · ·n,

k

P (Ai1Ai2 · · ·Aik) = P (Ai1)P (Ai2) · · ·P (Aik)

eA1, · · · , An¥?¿ü�¯��pÕá,K¡�üüÕá.

5¿: ÕáÚØ�N´ØÓ�ü�Vg.

~ 1.5.11. (üüÕá
Ø�pÕá��~)ko�Ó���¥,©O3Ùþ�þ/10§/20§/30

Ú/1,2,30"Ú?n�¯�: Ai={�Å��¥§¥þkêii}, i = 1, 2, 3.Á?Ø¯�A1, A2, A3´

Ä�pÕá.

):´�P (A1) = P (A2) = P (A3) = 1
2 , P (A1A2) = P (A2A3) = P (A3A1) = 1

4 ,�´%

kP (A1A2A3) = 1
4 6= P (A1)P (A2)P (A3),¤±¯�A1, A2, A3üüÕá,�Ø�pÕá.ù�

~f`²üüÕáØ�½Õá"
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~ 1.5.12. A,B, C n<Õá/»È�è, z<U»È�è�VÇ©O�1/3, 1/4, 1/5. ¯

�èU�»È�VÇkõ�?

): �D={�è�»È}, A,BÚC ©OL«A,BÚCn<U»È�èùn�¯�, dÕ

á5,

P (D) = P (A ∪B ∪ C) = 1− P (ĀB̄C̄)

= 1− P (Ā)P (B̄)P (C̄) = 1− 2
3

3
4

4
5

= 0.6

~ 1.5.13. 3����5ïÄ¥, ·��ÄXeü«>´:

Ù¥1-4L«4�U>ì,§�´ÄmÏ´�pÕá�,�U>ì�Ï�VÇ�p, (0 <

p < 1), ¦ü«>´lL�R�Ï´�VÇ.

): �ã�Gé�¿é, m>�¿é�Gé, PAi ={1i�U>ì�Ï}, K�ãLR�Ï

´�L��A1A2 ∪ A3A4,mãLR�Ï´�L��(A1 ∪ A3) ∩ (A2 ∪ A4), duP (A1A2) =

P (A1)P (A2) = p2 = P (A3A4), �

P (A1A2 ∪A3A4) = p2 + p2 − p4 = p2(2− p2)

Ón,

P ((A1 ∪A3) ∩ (A2 ∪A4)) = (2p− p2)2 = p2(2− p)2,

du2− p2 < (2− p)2, �¿é�Gé�>´'Gé�¿é�>´���5p�:.

~ 1.5.14. n�<Õá�Ó�8I�Â,1i�<·¥8I�VÇ�pi, i = 1, 2, · · · , n,¦�

�k�<·¥8I�VÇ.
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): -Ai ={1i�<·¥8I}, D ={��k�<·¥8I}, K

D =
n⋃

i=1

Ai,

P (D) = 1− P (D̄) = 1− P (Ā1Ā2 · · · Ān)

= 1− (1− p1)(1− p2) · · · (1− pn)

≈ 1− exp{−Σpi}

þ¡��Ò3pi���¤á. ~Xpi = 0.04, n = 100 �, P (D) ≈ 1 − exp{−4} =

0.98168
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