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1�Ù �ÅCþ9Ù©Ù

�Æ8�:

1) Ýº�ÅCþ�Vg"ÝºlÑ.�ÅCþ�VÇ¼ê, ëY.�ÅCþ�VÇ�

Ý, 9?¿��ÅCþ�©Ù¼ê�Vg.

2) Ýº��©Ù!Poisson©Ù§±9�A�VÇO�.

3) Ýº��©Ù§�ê©ÙÚþ!©Ù§¬?1�A�VÇO�.

4) Ýºõ��ÅCþ�Vg"
)n��ÅCþ�éÜ©Ù¼ê�VgÚ5�.

5)Ýº��lÑ.ÚëY.�ÅCþ�>�©Ù�éÜ©Ù�m�'X§¬^ù
'

Xª¦>�©Ù.

§2.1 �ÅCþ�Vg

�ÅCþ´Ù��Å¬
½�Cþ"

~ 2.1.1. ±XL«��g�f���:ê, X´���ÅCþ. §�±�{1, 2, 3, 4, 5, 6}¥

����§��.�@��§���
�fâ��.

~ 2.1.2. �Üø �¥ø7�´���ÅCþ. §����mø±�â��.

~ 2.1.3. 3�1�¬¥�Å/ÄÑ100��¬, Ù¥¤¹�¢¬ê´���ÅCþ. §

����u�
¤kÄÑ��¬�â��.

3,	�~f¥, �ÅÁ��(J�,Ø´��ê, �E�^ê5£ã.

~ 2.1.4. ��qM1Ñy�¡½�¡.

~ 2.1.5. �¬�©��¬½¢¬.
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þ¡ü~¥�(Jþ�^����0,1��ÅCþ5£ã, Ù¥�±1�L�¡½�

¬, ±0�L�¡½¢¬.

¯¢þ, é?¿��¯�A, ½Â

IA(ω) =

{
1 ω ∈ A ,

0 �� ,

K¯�Ad�ÅCþIAL«Ñ5. IA¡�¯�A�«5¼ê.

�ÅCþ´r�ÅÁ��(J§�Ò´���m§��|¢êéXå5. ù��?

n{z
�5�VÇ(�. ~X,Å�N�¬¯é�JY��Ý´|±(1)�´�é(0).

XJ�Å�¯50<§Uì�;V.§¤k�U�(Jk250�.�´XJ·�^XP1��

ê5L«7¤ö�<ê§KX����ÅCþ. §������3{0, 1, · · · , 50}. ¤±�

ÅCþ�Ú?k|u·�é¤ïÄ�¯K?1O(, {ö�£ã. qdu�ÅCþ�¢

�, �ÅCþ�m�$�ÒC�N´
.

éu�ÅCþ�ïÄ§́ VÇØ�¥%SN. Ï�éu���ÅÁ�§·�'%�

Ï~´�¤ïÄ�¯Kk'�,�þ½,
þ. 
ù
þÒ´�ÅCþ.

½Â 2.1.1. -Ω������m. -X´½Â3Ωþ���¢¼ê,K¡X���(��)�

ÅCþ.

~���ÅCþ�±©�ü�a. ��k��½�ê����ÅCþ¡�lÑ.

�ÅCþ¶�ëY����Ý�3��ÅCþ¡�ëY.�ÅCþ. �,, �3Q�l

Ñ.��ëY.��ÅCþ. �§�3¢S¥¿Ø~�, �Ø´·�ùpïÄ�é�.

§2.2 lÑ.�ÅCþ

½Â 2.2.1. �X���ÅCþ. XJX��k��½�ê��§K¡X���(��)l

Ñ.�ÅCþ.

du���ÅCþ��´dÁ�(Jû½�§Ï
´±�½�VÇ��.ù�VÇ

©Ù¡�lÑ.�ÅCþ�VÇ¼ê.

½Â 2.2.2. �X��lÑ.�ÅCþ§Ù�Ü�U��{a1, a2, ...}. K

pi = P (X = ai), i = 1, 2, ... (2.2.1)
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¡�X�VÇ¼ê.

VÇ¼ê{pi, i = 1, 2, ..}7L÷ve�^�µ

pi ≥ 0, i = 1, 2, ....∑
i

pi = 1.

VÇ¼ê(2.2.1) �Ñ
�ÜVÇ1´XÛ3X�¤k�U��m©��. §�±�

L�/ª�Ñµ

�U� a1 a2 ... ai ...

VÇ p1 p2 ... pi ...
(2.2.2)

k��r(2.2.2)¡��ÅCþX�©ÙL.

�Ω�����m. X�½ÂuÙþ���lÑ.�ÅCþ§Ù���x1, x2, ..... -A

�{x1, x2, ...}�?¿��f8. ¯�{X��uA¥}�VÇ��âVÇ��\55O�µ

P (A) =
∑
x∈A

P (X = x).

ù���
lÑ.�ÅCþX�VÇ¼ê§·�ÒU�Ñ'uX�?ÛVÇ¯K�£�.

e¡·��Ñ~��lÑ.©Ù. 3£ãlÑVÇ�.�, BernoulliÁ�´�@�

ïÄ�A^9Ù2��VÇ�..

½Â 2.2.3. ����ÅÁ��kü��U(JAÚĀ, K¡dÁ���BernoulliÁ�.

½Â 2.2.4. �ò���U(J�AÚĀ�BernoulliÁ�Õá/­Eng, ¦�¯�Azg

Ñy�VÇ�Ó, K¡dÁ��n­BernoulliÁ�.

e¡�0-1©ÙÚ��©ÙÑ´±BernoulliÁ��Ä:�.

§2.2.1 0-1©Ù

��ÅCþX��0,1ü�§P (X = 1) = p§P (X = 0) = 1 − p§K¡XÑl0-1©Ù

½Bernoulli©Ù. 0-1©Ù´éõ�;VÇ�.�Ä:.
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§2.2.2 ��©Ù

�,¯�A3�gÁ�¥u)�VÇ�p. yrÁ�Õá/­Eng. ±XPA3ùngÁ

�¥u)�gê§KX��0, 1, ..., n§�k

P (X = k) =
(

n

k

)
pk(1− p)n−k, k = 0, 1, · · · , n. (2.2.3)

¡XÑl��©Ù§P�X ∼ B(n, p).

l
n∑

i=1

(
n

k

)
pk(1− p)n−k = (p + 1− p)n = 1,

·���(2.2.3) (¢´��VÇ¼ê.

�
�	ù�©Ù´XÛ�)�§�Ä¯�{X = i}. �¦ù�¯�u)§7L3

ùngÁ���©P¹

AAĀA...ĀAĀ

¥§ki�A, n− i�Ā, z�AkVÇp
z�Ā kVÇ1− p. qduzgÁ�Õá§¤±

zgÑyA�Ä�Ù§gÁ��(JÕá. ÏddVÇ¦{½n�Ñz�ù���©(

JS�u)�VÇ�pi(1− p)n−i. �´i�AÚn− i�Ā�ü�oê´
(
n
k

)
§¤±ki�A�

VÇ´µ (
n

i

)
pi(1− p)n−i, i = 0, 1, · · · , n.

��CþÑl��©Ùkü�^�µ�´�gÁ��^�´­½�§ù�y
¯

�A�VÇp3�gÁ�¥�±ØC¶�´�gÁ��Õá5. y¢)¹¥kNõy�

ØÓ§Ý/÷vù
^�.~Xó�zU)���¬. b�zF)�n��¬. e�á�

�þ§Åì��§ó<ö�Y²�3�ã�mS�±­½§�z��¬´ÄÜ��Ù§

�¬Ü��Ä¿ÃwÍ5'é§KzF�¢¬êÑl��©Ù.

§2.2.3 Poisson©Ù

��ÅCþX�VÇ©Ù�

P (X = k) =
λk

k!
e−λ, k = 0, 1, 2, · · · , λ > 0, (2.2.4)

K¡XÑlëê�λ�Poisson©Ù§¿PX ∼ P (λ).

du eλ k?êÐmª

eλ = 1 + λ +
λ2

2!
+ ... +

λk

k!
+ ...
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¤±
∞∑

k=0

P (X = k) = 1.

;�Ú�X'�Í�5ÚOÆ�Ø6�Ñ
Poisson©Ù�Xeí�.

b½NÈ�V��N�¹k���ê8N��)Ô.2b½�)Ôvk+Ø��U,

§�U
3�N�?ÛÜ©Ñy§�3NÈ���Ü©Ñy�Å¬�Ó.y3·��N

È�D��þ�N3w�ºe*	§̄ 3ù�þ�N¥òuyx��)Ô�VÇ´�oº

·�b½V���uD. dub½
ù
�)Ô´±���VÇ3�N¥�?ÑÙ§Ï

d?Û���)Ô3D¥Ñy�VÇÑ´D/V . 2dub½
�)Ôvk+Ø��U§

¤±���)Ô3D¥�Ñy§Ø¬K�,���)Ô3D¥�Ñy�Ä. Ïd�)Ô

¥kx�3D¥Ñy�VÇÒ´(
N

x

) (
D

V

)x (
1− D

V

)N−x

. (2.2.5)

3ùp·��b½�)Ô´Xd��, P@�¯K�±�ÑØ�Ä, =N��)Ô¤Ó

â�Ü©éuNÈD5`´�Øv�.

3(2.2.5)¥-VÚNª�uÃ¡, ��)Ô��ÝN/V = d�±~ê. ò(2.2.5)ªU

�¤Xe/ªµ

N(N − 1)(N − 2)...(N − x + 1)
x!Nx

(
ND

V

)x (
1− ND

NV

)N−x

=

(
1− 1

N

) (
1− 2

N ...
) (

1− x−1
N

)
(Dd)x

(
1− Dd

N

)N−x

x!
.

�NC¤Ã��Ù4��

e−Dd(Dd)x/x! (2.2.6)

-Dd = λ§K(2.2.6)Ú(2.2.4)�/ª�Ó.ù�í�L§�y²
λ´x�²þê§Ï�¤

�	��Ü©NÈD¦±����ÝdÒ�Ñ
3D¥¤ýO�²þê8.

�Né�§pé��Npªu��4��§Poisson©Ù´��©Ù���éÐ�Cq.


3N���§Poisson©Ù�w�k^. ·�ke¡�½n.

½n 2.2.1. 3n­BernoulliÁ�¥, ±pn�L¯�A3Á�¥Ñy�VÇ, §�Á�o

ênk'. XJnpn → λ, K�n →∞�,(
n

k

)
pk

n(1− pn)n−k → λk

k!
e−λ. (2.2.7)
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~ 2.2.1. y3I�100�ÎÜ5����.l½|þï�T��k¢¬Ç0.01. �Ä�k

¢¬�3, ·�O�ï100+a���¦�l¥�±]Ñ100�ÎÜ5����.·��¦

3ù100 + a���¥��k100�ÎÜ5�����VÇØ�u0.95. ¯a���õ�?

): -

A = {3100 + a���¥��k100�ÎÜ5����}.

b½���´ÄÜ�´Õá�. ±XP3 100+a���¥�¢¬ê. KXÑl n = 100+a

Ú p = 0.01 ���©Ù, �

P (A) =
a∑

i=1

(
100 + a

i

)
(0.01)i(0.99)100+a−i.

þª¥�VÇéJO�.du 100+a��
 0.01��,� (100+a)(0.01) = 1+0.01a ≈ 1,

·�±λ = 1�Poisson©Ù5CqþãVÇ. Ï


P (A) =
a∑

i=1

e−1/i!.

�a = 0, 1, 2, 3�, þªm>©O� 0.368, 0.736, 0.920 Ú 0.981. �� a = 3 ®

.

~ 2.2.2. b��¬��5Ô�3ü �mSu�Ñ�αâfêξÑlëê�λ�Poisson©

Ù"
z�u�Ñ5�αâf�P¹e5�VÇ´p§Ò´`kq = 1− p�VÇ�Pêì

¦P"XJ�âf´Ä�PêìP¹´�pÕá�§Á¦P¹e5�αâfêη�©Ù"

): ±¯�{ξ = n}, n = 0, 1, 2, · · ·�y©§Kd�VÇúªk

P (η = k) =
∞∑

n=0

P (η = k|ξ = n)P (ξ = n)

=
∞∑

n=k

(
n

k

)
pkqn−k λn

n!
e−λ

=
∞∑

n=k

(λq)n−k

k!(n− k)!
e−λ(λp)k =

(λp)k

k!
e−λp, k = 0, 1, 2, · · · .#

§2.2.4 AÛ©Ù(Geometric distribution)

½Â 2.2.5. 3n­�ãp¢�¥§�Á�gên →∞�§¡���­�ãpÁ�"
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e±XL«3��­�ãpÁ�¥(JAÑy��Á�gê§=e±/¤õ0L«

(JAu)§KXL«Äg¤õ��Á�gê§¤±

P (X = k) = qk−1p, k = 1, 2, · · · . (2.2.8)

¡d©Ù�AÛ©Ù. P�X ∼ G(p).

~ 2.2.3. ��<�m�,¦�knr�²"Ù¥=k�r�±�m�"y�Å/k�£�

l¥À��rm�§̄ ù<31SgÁm¤õ�VÇ"

½n 2.2.2. ±¤k��ê���8Ü��ÅCþξÑlAÛ©ÙG(p), ��=�é?Û

��êmÚn,Ñk

P (ξ > m + n | ξ > m) = P (ξ > n). (2.2.9)

ù�5�¡�AÛ©Ù�ÃPÁ5(memoryless property).

y:��ÅCþξÑlAÛ©ÙG(p),�q = 1− p,@oé?Û�K�êk,Ñk

P (ξ > k) =
∞∑

j=k+1

P (ξ = j) = p
∞∑

j=k+1

qj−1 = qk .

¤±é?Û��êmÚn,Ñk

P (ξ > m + n | ξ > m) =
P (ξ > m + n, ξ > m)

P (ξ > m)

=
P (ξ > m + n)

P (ξ > m)
=

qm+n

qn
= qn = P (ξ > n).

��(2.2.9)ª¤á.

��,�é?Û��êmÚn,Ñk(2.2.9)ª¤á.é�K�êk,·�Ppk = P (ξ > k) .

u´d(2.2.9)ª�,é?Û��êk,Ñkpk > 0,¿�é?Û��êmÚn,Ñkpm+n = pm ·

pn .dd�ªá�,é?Û��êm,Ñkpm = pm
1 .dup1 > 0,
ep1 = 1,K7��é��

��êm, Ñkpm = 1,d�Ø�U,¤±é,��u1��êq,kp1 = q.ddØJ�,é?

Û��êm,Ñk

P (ξ = m) = P (ξ > m− 1)− P (ξ > m) = pm−1 − pm = qm−1 − qm = p qm−1,

Ù¥p = 1− q,¤±ξÑlAÛ©ÙG(p).

·���±y²AÛ©Ù´���äkÃPÁ5���8Ü���ê8�lÑ.

©Ù.
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§2.2.5 Pascal©Ù(K��©Ù)

3��­�ãpÁ�¥§e±XrL«1rg¤õu)��Á�gê§KXr�©ÙÆ

�

P (Xr = k) = P ({ck − 1gTkrg¤õ�1kg¤õ})

= P ({ck − 1gTkrg¤õ})P ({1kg¤õ})

= Cr−1
k−1p

r−1qk−r · p

= Cr−1
k−1p

rqk−r, k = r, r + 1, · · · .

¡dVÇ©Ù�Pascal©Ù"XJP

pk = Cr−1
k−1p

rqk−r, k = r, r + 1, · · · (2.2.10)

@ow,k

∞∑
k=r

pk =
∞∑

k=r

Cr−1
k−1p

rqk−r = p r
∞∑

k=0

Cr−1
r+k−1q

k = p r(1− q)−r = 1 ,

¤±(2.2.10)ª�(´��lÑ.�ÅCþ�©ÙÆ.·�òÙ¡�ëê�pÚr�Pascal©

Ù. qÏ�þªL²,§�±^K��Ðmª¥���L«,¤±q¡�K��©Ù.

~ 2.2.4. ( Banach»�¯K),<��p�küÝ»�,zÝCk»�n�.¦zg�Å

�Ñ�Ý,¿l¥<Ñ��»�¦^.Á¦¦�Ñ�Ý,uy®�,
d�,�Ý¥ÿ{r�

»��VÇ.

):±AL«`Ý®�,
d�¯Ý¥ÿ{r�»��¯�.dé¡5�,¤¦�VÇ�

u2P (A).·�òz�Ñ`Ý�gÀ����g¤õ,±ξL«��1n + 1g¤õ���

Ýgê,KξÑlëê�0.5Ún+1�Pascal©Ù(Ï�zg�Ñ`Ý�VÇ´0.5).´�,¯

�Au),��=�ξ�u2n− r + 1.¤±¤¦�VÇ�u

2P (A) = 2P (ξ = 2n− r + 1) = Cn
2n−r2

r−2n.

~ 2.2.5. 3��­�ãpÁ�¥§¦¯�E ={ng¤õu)3mg�}�c}�VÇ"

): PFk={1ng¤õu)31kgÁ�},K

E =
n+m−1⋃

k=n

Fk
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�ÃFküüp½§�

P (E) =
n+m−1∑

k=n

P (Fk) =
n+m−1∑

k=n

Cn−1
k−1 pnqn−k.

§2.2.6 lÑ�þ!©Ù

��ÅCþX��a1, a2, ..., an, �k

P (X = ak) =
1
n

, k = 1, ..., n. (2.2.11)

K¡XÑllÑ�þ!©Ù.

�±wÑ, lÑ�þ!©Ù�´�;V.�Ä�.
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