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1�Ù �ÅCþ9Ù©Ù

§2.4 õ�©Ù

3¢SA^¥§²~I�é¤�Ä�¯K^õ�Cþ5£ã. ·�rõ��ÅCþ

�3�å|¤�þ§¡�õ��ÅCþ½ö�Å�þ.

~ 2.4.1. l�GÀ�ý¥Äý�, �±^�ý�sÚÚêi5`²ÙA�.

~ 2.4.2. �Ä���q�Á�. 3q¡þ�½�����IX.K·¥� ��dÙ�

I(X, Y )5�y. X,YÑ´�ÅCþ.

½Â 2.4.1. �X = (X1, . . . , Xn). XJz�XiÑ´���ÅCþ§i = 1, · · · , n§K

¡X�n��ÅCþ½ö�Å�þ.

·��±Uìé~^���ÅCþ�©ar~^��Å�þ©�lÑ.ÚëY.

�.

½Â 2.4.2. XJz��XiÑ´��lÑ.�ÅCþ§i = 1, ..., n§K¡X = (X1, . . . , Xn)�

�n�lÑ�ÅCþ. �Xi�¤k�U���{ai1, ai2, · · · }, i = 1, . . . , n, K¡

p(j1, · · · , jn) = P (X1 = a1j1 , . . . , Xn = anjn), j1, ..., jn = 1, 2, ... (2.4.1)

�n��ÅCþX�VÇ¼ê.

N´y²VÇ¼êäke�5�:

(1) p(j1, . . . , jn) ≥ 0, ji = 1, 2, · · · , i = 1, 2, . . . , n;

(2)
∑

j1,··· ,jn

p(j1, . . . , jn) = 1.

~ 2.4.3. �A1, · · · , An�,�¢�e���¯�+§=A1, · · · , Anüüp½�Ú�Ω"Ppk =

P (Ak)(k = 1, . . . , n)§Kpk ≥ 0, p1 + · · ·+pn = 1"yò¢�Õá�­E�Ng§©O^XiL

«¯�AiÑy�gê(i = 1, · · · , n)"KX = (X1, . . . , Xn)��lÑ.�Å�þ§Á¦X�

VÇ¼ê"d©ÙÆ¡�õ�©Ù, P�M(N ; p1, . . . , pn).
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): duÁ�Õá?1,o�(Jê�N§P(JAiÑy�gê�ki§Kk1 + · · ·+kn = N"

Ïd��uõ||Ü§¤±

P (X1 = k1, · · · , Xn = kn) =
N !

k1! · · · kn!
P (A1 · · ·A1 . . . An · · ·An)

=
N !

k1! · · · kn!
pk1
1 · · · pkn

n ,

Ù¥ k1, . . . , kn ��K�ê� k1 + · · ·+ kn = N.

·�5w�eXi�©Ùµd�·�rÁ�(J©�üa, AiÚĀi§Kw,Ò´�

�N­�ãpÁ�§Ïd

P (Xi = ki) =
(

N

ki

)
pki

i (1− pi)N−ki , ki = 1, · · · , N.

aq·���±éÑ(Xi, Xj)(i 6= j)�éÜ©ÙÆ§=�M(N, pi, pj , 1 − pi − pj). ·�ä

N5w�e��lÑ©Ù.���lÑ.�ÅCþ(X, Y )�¤k�U���{(xi, yj) : i =

1, ..., n, j = 1, 2, ...,m}. ·�²~±�éL�/ª5L«��lÑ.�ÅCþ�VÇ©

Ù. P

pij = P (X = xi, Y = yj), i = 1, ..., n, j = 1, ...,m.

K(X, Y )�VÇ¼ê�±eLL«:

H
HHH

HHHH
Y

X
x1 x2 · · · xn 1Ú

y1 p11 p21 · · · pn1 p·1

y2 p12 p22 · · · pn2 p·2
...

...
...

...
...

...

ym p1m p2m
... pnm p·m

�Ú p1· p2· · · · pn· 1

~ 2.4.4. l���¹Ê�ç¥, 8�x¥ÚÔ�ù¥�-fpÄ�o�¥. -X´Ä�

x¥�ê8, Y´Ä�ù¥�ê8. K���ÅCþ(X, Y )�VÇ¼ê�

p(x, y) =

(
6
x

)(
7
y

)(
5

4−x−y

)(
18
4

) , 0 ≤ x + y ≤ 4. (2.4.2)

±�éLL«, =�
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HHH
HHH

HH
Y

X
0 1 2 3 4 1Ú

0 1
612

1
51

5
102

5
153

1
204

11
102

1 7
306

7
51

35
204

7
153

77
204

2 7
102

7
34

7
68

7
17

3 35
612

7
102

77
612

4 7
612

7
612

�Ú 99
612

22
51

11
34

4
51

1
204 1

aqu��ëY.�ÅCþ, ëY.�Å�þ��´d�Ý¼ê5�x�.

½Â 2.4.3. ¡X = (X1, . . . , Xn)�n�ëY.�ÅCþ§XJ�3Rnþ��K¼êf(x1,

. . ., xn)§¦�é?¿�−∞ < a1 ≤ b1 < +∞, ...,−∞ < an ≤ bn < +∞, k

P (a1 ≤ X1 ≤ b1, ..., an ≤ Xn ≤ bn) =
ˆ bn

an

...

ˆ b1

a1

f(x1, . . . , xn)dx1 · · · dxn, (2.4.3)

K¡f�X�VÇ�Ý¼ê.

én��ÅCþ·��k©Ù¼ê�Vg.

½Â 2.4.4. �X = (X1, . . . , Xn)�n��ÅCþ. é?¿�(x1, . . . , xn) ∈ Rn§¡

F (x1, . . . , xn) = P (X1 ≤ x1, . . . , Xn ≤ xn) (2.4.4)

�n��ÅCþX�(éÜ)©Ù¼ê.

�±�y©Ù¼êF (x1, . . . , xn)äkeã5�:

(1) F (x1, · · · , xn)éz�C�üN�ü;

(2) é?¿�1 ≤ j ≤ nk§ lim
xj→−∞

F (x1, · · · , xn) = 0;

(3) lim
x1→∞,··· ,xn→∞

F (x1, · · · , xn) = 1.
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én�ëY.�ÅCþ, l�Ý�½Â·�k,

F (x1, . . . , xn) =
ˆ xn

−∞
...

ˆ x1

−∞
f(x1, ..., xn)dx1...dxn.

ép�lÑ.�ÅCþ, ��·�Ø¦^©Ù¼ê.

~ 2.4.5. �Ä���ÅCþX = (X1, X2)§ÙVÇ�Ý¼ê�

f(x1, x2) =

{
1/[(b− a)(d− c)] � a ≤ x1 ≤ b, c ≤ x2 ≤ d,

0 Ù§.

¡dVÇ�Ý�[a, b]× [c, d]þ�þ!©Ù.

~ 2.4.6. �(X, Y )�VÇ�Ý¼êk/ª

f(x, y) =
1

2πσ1σ2

√
1− ρ2

exp

{
− 1

2(1− ρ2)

[
(x− a)2

σ2
1

− 2ρ
(x− a)(y − b)

σ1σ2
+

(y − b)2

σ2
2

]}
Ù¥−∞ < a, b < ∞, 0 < σ1, σ2 < ∞, −1 ≤ ρ ≤ 1. ¡(X, Y )Ñlëê�a, b, σ1, σ2, ρ���

��©Ù§P�N(a, b, σ2
1, σ

2
2, ρ).

§2.5 >�©Ù

�(X1, ..., Xn)�n��ÅCþ§ÙVÇ©ÙF®�. -Xi1 , ..., Xim�X1, ..., Xn�?�

f8§KXi1 , ..., Xim�©Ù¡�X1, ..., Xn½F���m�>�©Ù.

·�k�ÄlÑ.�Å�þ. ���lÑ�ÅCþ(X, Y )�¤k�U���{(xi, yj) :

i, j = 1, 2, · · · }§K(X, Y )�éÜ©ÙÆ�

P (X = xi, Y = yj) = pij i = 1, ..., n, j = 1, 2, ...,m.

±�éL�/ªL«Ò´

HHH
HHH

HH
Y

X
x1 x2 · · · xn 1Ú

y1 p11 p21 · · · pn1 p·1

y2 p12 p22 · · · pn2 p·2
...

...
...

...
...

...

ym p1m p2m
... pnm p·m

�Ú p1· p2· · · · pn· 1
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lþã�éL·��±O��ÅCþXÚY�©Ù. �½,�xi. Ï�Y3¦�X =

xi�@
��:þ7���y1, ..., ym¥��, �k

pX(xi) = P (X = xi) =
m∑
j

P (X = xi, Y = yj) =
m∑
j

pij = pi·, i = 1, 2, · · ·n. (2.5.1)

¤±þã�éL�1Ú¤L«��´X�©Ù. Ï�ù�©Ù´lXÚY�éÜ©Ùí

�Ñ5�, ·�¡(2.5.1)�X�>�©Ù.

aq�±��Y�>�©ÙÆ

pY (yj) = P (Y = yj) =
n∑
i

pij = p·j , j = 1, 2, · · ·m.

§´þã�éL��Ú. ¤±l�éL¥, ·�Ø=��ü��ÅCþ�éÜ©Ù, Ó

�ÏLòz1Úz��\, ��ü�Cþ�>�©Ù.

aq/, �én (n > 2)���ÅCþ½Â>�©Ù. �X1, ..., Xn�n��ÅCþ§Ù

VÇ©ÙF®�. -Xi1 , ..., Xim�X1, ..., Xn�?�f8§KXi1 , ..., Xim�VÇ¼ê�

pi1...im(ji1 , ..., jim) = P (Xi1 = ai1ji1
, ..., Xim = aimjim

) =
∑

p(j1, ..., jn).

Ù¥Ú´éØXi1 , ..., Xim�	�¤kCþ5¦Ú.

~ 2.5.1. �¥k5Ü	/�Ó�k¡§Ù¥3Ü�þêi”0”§,2Ü�þ”1”"yl�¥

?�üÜk¡§©O±ξ, ηL«1�ÜÚ1�Ük¡þ�êi§Á¦©O3k�£ÚØ

�£ü«�/e(ξ, η)�éÜ©ÙÆ9>S©ÙÆ.

)µ{üO���

η\ξ 0 1 p·j

0 9/25 6/25 3/5

1 6/25 4/25 2/5

pi· 3/5 2/5 1

η\ξ 0 1 p·j

0 6/20 6/20 3/5

1 6/20 2/20 2/5

pi· 3/5 2/5 1

ù�~f`²>S©ÙÆØUû½éÜ©ÙÆ"

y�ÄëY.�Å�þ�>�©Ù. k�Ä����/. �(X, Y )kVÇ�Ý¼

êf(x, y). K

P (x1 ≤ X ≤ x2) = P (x1 ≤ X ≤ x2,−∞ < Y < +∞)

5



=
ˆ +∞

−∞

ˆ x2

x1

f(u, v)dudv

=
ˆ x2

x1

fX(u)du, (2.5.2)

Ù¥

fX(u) =
ˆ +∞

−∞
f(u, v)dv. (2.5.3)

l(2.5.2)·��±wÑ, X�>��Ý¼ê=�(2.5.3). aq/, Y�>��Ý¼ê�

fY (u) =
ˆ +∞

−∞
f(u, v)du. (2.5.4)

�n > 2�, -f(x1, ..., xn)�n�ëY.�ÅCþ(X1, ..., Xn)�VÇ�Ý¼ê. �(i1,

· · · , im) �(1, 2, ..., n)���f8. KÓþ�y, Xi1 , ..., Xim�VÇ�Ý¼ê�

f(xi1 , ..., xim) =
ˆ

...

ˆ
f(x1, ..., xn)dx1...dxn.

Ù¥È©´éØXi1 , ..., Xim�	�¤kCþ5¦È.

~ 2.5.2. �(X1, X2)ÑlN(a, b, σ2
1, σ

2
2, ρ).K�y²X1�>�©Ù�N(a, σ2

1)§X2�>�

©Ù�N(b, σ2
2).

~2.5.2`²
�,n��ÅCþX = (X1, ..., Xn)�©Ù�±��û½Ù¤k�>�

©Ù§�>�©ÙØv±û½X�éÜ©Ù.

~ 2.5.3. �Äü�VÇ�Ý¼ê

p(x, y) = x + y, 0 < x, y < 1

q(x, y) = (x +
1
2
)(y +

1
2
), 0 < x, y < 1

Á¦>SVÇ�Ý"

)µ́ �¤¦>SVÇ�ÝÑ´Xe/ª

f(t) = t +
1
2
, 0 < t < 1.

`²>SVÇ�ÝØUû½éÜVÇ�Ý"
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~ 2.5.4. �(X, Y )�éÜVÇ�Ýk/ª(∀(x, y) ∈ R2)

f(x, y) =
1

2πσ1σ2

√
1− ρ2

exp

{
− 1

2(1− ρ2)

[
(x− a)2

σ2
1

− 2ρ
(x− a)(y − b)

σ1σ2
+

(y − b)2

σ2
2

]}
Ù¥−∞ < a, b < ∞; 0 < σ1, σ2 < ∞;−1 ≤ ρ ≤ 1. K¡(X, Y )Ñlëê�a, b, σ1, σ2, ρ��

���©Ù§P�N(a, b, σ2
1, σ

2
2, ρ). ÁO�XÚY�>SVÇ�Ý"

):

fX(x) =
ˆ ∞
−∞

f(x, y)dy

=
ˆ ∞
−∞

1

2πσ1σ2

√
1− ρ2

exp

{
− 1

2(1− ρ2)

[
(x− a)2

σ2
1

− 2ρ
(x− a)(y − b)

σ1σ2
+

(y − b)2

σ2
2

]}
dy

=
ˆ ∞
−∞

1

2πσ1

√
1− ρ2

exp

{
−u2 − 2ρuv + v2

2(1− ρ2)

}
dv

=
ˆ ∞
−∞

1
2πσ1

exp{−1
2
[(

v − ρu√
1− ρ2

)2 + u2]}dv

=
1√

2πσ1

exp{−(x− a)2

2σ2
1

}

=X ∼ N(a, σ2
1). aq��Y ∼ N(b, σ2

2), Ù>SVÇ�Ý�fY (y) = 1√
2πσ2

exp{− (y−b)2

2σ2
2
}.
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