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1�Ù �ÅCþ9Ù©Ù

§2.6 ^�©ÙÚ�ÅCþ�Õá5

§2.6.1 ^�©Ù

���ÅCþ(½�þ)�^�VÇ©Ù§Ò´3�½(½®�),«^�(,«&E)e

T�ÅCþ(�þ)�VÇ©Ù"

1. lÑ.�ÅCþ�^�©Ù

�(X, Y )���lÑ.�ÅCþ§Ù�Ü��U���{(xi, yj) : i, j = 1, 2, · · · }"P

ÙéÜ©ÙÆ�

pij = P (X = xi, Y = yj), i, j = 1, 2, · · ·

eé�½�¯�{Y = yj}§ÙVÇP (Y = yj) > 0§K¡

P (X = xi|Y = yj) =
P (X = xi, Y = yj)

P (Y = yj)
=

pij

p·j
, i = 1, 2, · · ·

�3�½Y = yj�^�eX�^�©ÙÆ(VÇ¼ê)"aq�§eP (X = xi) > 0§K¡

P (Y = yj |X = xi) =
P (X = xi, Y = yj)

P (X = xi)
=

pij

pi·
, j = 1, 2, · · ·

�3�½^�X = xieY�^�©ÙÆ"

~ 2.6.1. ����Å�þ(X1, X2)�éÜ©ÙÆXe¤«µ

HH
HHH

HHH
X1

X2 −1 0 5 1Úpi·

1 0.17 0.05 0.21 0.43

3 0.04 0.28 0.25 0.57

�Úp·j 0.21 0.33 0.46 1.00

Á¦�X2 = 0�§X1�^�©ÙÆ"

): déÜ©ÙÆk�Ñü�>�©ÙÆpi·�p·j¿W\L¥§dd?�Ú�Ñ^�©Ù

Æ�µ

P{X1 = 1|X2 = 0} =
0.05
0.33

=
5
33

1



 P{X1 = 3|X2 = 0} =
0.28
0.33

=
28
33

.

~ 2.6.2. �X = (X1, X2, · · · , Xn) ∼ M(N ; p1, p2, . . . , pn)§Á¦X13�½X2 = k�^�e

�^�©ÙÆ"

)µdu´�(X1, X2) ∼ M(N ; p1, p2, 1− p1 − p2)§=ÙéÜ©ÙÆ�

P (X1 = i, X2 = j) =
N !

i!j!(N − i− j)!
pi
1p

j
2(1− p1 − p2)N−i−j , 0 ≤ i, j ≤ N & 0 ≤ i + j ≤ N.

¿�X2 ∼ B(N, p2).

Ïd

P (X1 = i|X2 = k) =
P (X1 = i,X2 = k)

P (X2 = k)

=
N !

i!k!(N − i− k)!
pi
1p

k
2(1− p1 − p2)N−i−k

/
Ck

Npk
2(1− p2)N−k

=
(N − k)!

i!(N − k − i)!

(
p1

1− p2

)i (
1− p1

1− p2

)N−k−i

, i = 0, 1, · · · , N − k.

=X13�½X2 = k�^�eÑl��©ÙB(N − k, p1/(1− p2)).

2. ëY.�ÅCþ�^�©Ù

�(X, Y )kVÇ�Ýf(x, y)§·��Ä3�½y ≤ Y ≤ y + ε�^�eX�^�©Ù¼

ê(�P{y ≤ Y ≤ y + ε} > 0)

P (X ≤ x|y ≤ Y ≤ y + ε) =
P (X ≤ x, y ≤ Y ≤ y + ε)

P (y ≤ Y ≤ y + ε)

=
ˆ x

−∞

ˆ y+ε

y
f(u, v)dvdu

/ˆ y+ε

y
fY (y)dy

=
ˆ x

−∞

´ y+ε
y f(u, v)dv´ y+ε
y fY (y)dy

du

éþªüà'ux¦�¿-ε → 0, �¦�X3�½^�Y = ye�^�VÇ�Ý�

fX|Y (x|y) =
f(x, y)
fY (y)

, fY (y) > 0.

P�

X|y ∼ fX|Y (x|y).

aq/kY3�½X = x�^�e�^�VÇ�Ý:

fY |X(y|x) =
f(x, y)
fX(x)

, fX(x) > 0.
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P�

Y |x ∼ fY |X(y|x).

~ 2.6.3. �(X, Y )Ñl����©ÙN(a, b, σ2
1, σ

2
2, ρ)§Á¦X|Y = y�^�VÇ�Ý"

):

fX|Y (x|y) =
f(x, y)
fY (y)

=
1

√
2πσ1

√
1− ρ2

exp{− [x− (a + ρσ1σ
−1
2 (y − b))]2

2σ2
1(1− ρ2)

}

=X|Y = y ∼ N(a + ρσ1σ
−1
2 (y − b), σ2

1(1 − ρ2))"ÓnkµY |X = x ∼ N(b + ρσ−1
1 σ2(x −

a), σ2
2(1− ρ2))"

~ 2.6.4. �X, YÑlü �þ�þ!©Ù§Á¦fX|Y (x|y)ÚfY |X(y|x)"

): dK��(X, Y )�éÜVÇ�Ý�

f(x, y) =

{
1
π , x2 + y2 ≤ 1

0, Ù§

´�

fX(x) =

{
2
π

√
1− x2, −1 ≤ x ≤ 1

0, Ù§

¤±

fX|Y (x|y) =


1

2
√

1−y2
, −

√
1− y2 ≤ x ≤

√
1− y2

0, Ù§

�I�rx, yp�§Ò�±��fY |X(y|x)"

3. ����/

ÃØlÑ.�´ëY.^�©Ù§þã(X, Y )¥�XÚY��í2�p�"~X:

�(X1, X2, · · · , Xn) ∼ f(x1, x2, . . . , xn)§�(X1, · · · , Xk) ∼ g(x1, . . . , xk)§K�½Â3(X1,

· · · , Xk) = (x1, . . . , xk)�^�e§(Xk+1, · · · , Xn)�^��Ý�µ

h(xk+1, . . . , xn|x1, . . . , xk) =
f(x1, . . . , xn)
g(x1, . . . , xk)

, Ù¥ g(x1, . . . , xk) > 0.

5: eP(X1, · · · , Xk) = X§(Xk+1, · · · , Xn) = Y§(x1, . . . , xk) = x§(xk+1, . . . , xn) = y§

Kþª��L«�:

h(y|x) =
f(x,y)
g(x)

, g(x) > 0
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§2.6.2 �ÅCþ�Õá5

e^�©Ù�uÃ^�©Ù§½ö`^�©Ù�“^�”Ã'§~X§�fX|Y (x|y) =

g(x)§K�íÑg(x) = f1(x)§l��µ

f(x, y) = f1(x)f2(y), (x, y) ∈ R2

d�·�¡X�Y´(�p)Õá�"����½ÂXeµ

½Â 2.6.1. ¡lÑ.�ÅCþX1, · · · , Xn�pÕá§e§��éÜ©ÙÆ�u�g�>

�©ÙÆ�¦È§=

P (X1 = x1, . . . , Xn = xn) = P (X1 = x1) · · ·P (Xn = xn),

Ù¥(x1, . . . , xn) �(X1, X2, · · · , Xn) ���¥�?¿�:.

½Â 2.6.2. ¡ëY.�ÅCþX1, · · · , Xn�pÕá§e§��éÜ�Ý�u�g�>�

�Ý�¦È§=

f(x1, . . . , xn) = f1(x1) · · · fn(xn), ∀ (x1, . . . , xn) ∈ Rn

5: ���/, ke¡��½Â:

½Â 2.6.3. �X1, · · · , Xn�n��ÅCþ§XJ§��éÜ©Ù¼ê�u�g>�©Ù

¼ê�¦È§=

F (x1, · · · , xn) = F1(x1) · · ·Fn(xn), ∀ (x1, x2, . . . , xn) ∈ Rn

K¡�ÅCþX1, · · · , Xn�pÕá.

3lÑ.ÚëY.ü«�¹e, �±y²�½Â©O�½Â2.6.1Ú½Â2.6.2�d.

~ 2.6.5. XJ�ÅCþX1, · · · , Xn�pÕá§KN´y²Ù¥?Û�Ü©�ÅCþ��

pÕá. ,��5`, =d,�Ü©Õá%Ã{íÑX1, · · · , Xn�pÕá. X�e~:

~ 2.6.6. eξ, η�pÕá,ÑÑl-1Ú1ùü:þ���U©Ù§ζ = ξη"Kζ, ξ, ηüüÕ

á�Ø�pÕá"
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~ 2.6.7. �(X, Y ) ∼ N(a, b, σ2
1, σ

2
2, ρ)§KX�Y�pÕá�¿�^�´ρ = 0"

~ 2.6.8. �(X, Y )ÑlÝ/D = [a, b]× [c, d]þ�þ!©Ù§KX�Y�pÕá"

~ 2.6.9. �(X, Y )Ñlü �þ�þ!©Ù§KX�YØÕá"

~ 2.6.10. �kn�¯�µA1, A2, · · · , An§éuz�¯�Ai§½ÂµXi = IAi (Ai�«5

¼ê), i = 1, 2, · · · , n§K�y²µA1 ,A2, · · · , An Õá⇐⇒ X1, X2, · · · , Xn Õá"
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