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1�Ù �ÅCþ9Ù©Ù

§2.7 �ÅCþ�¼ê�VÇ©Ù

�{ü��/§´d���ÅCþX�VÇ©Ù�¦Ù��½¼êY = g(X)�©

Ù"�~��§́ d(X1, X2, · · · , Xn)�©Ù�¦Y = g(X1, X2, · · · , Xn)�©Ù"���/§

d(X1, X2, · · · , Xn)�©Ù�¦(Y1, Y2, · · · , Ym)�©Ù§Ù¥Yi = gi(X1, X2, · · · , Xn), i =

1, 2, · · · ,m"

ù�Ü©SN§�ênÚO¥¦ÚOþ�©Ùk���éX"

1. lÑ.�ÅCþ��/

�X�©ÙÆ�

P (X = xi) = pi, i = 1, 2, · · ·

g : R → R§-Y = g(X)§KY�©ÙÆ�

P (Y = yj) = P (g(X) = yj) =
∑

xi:g(xi)=yj

P (X = xi) =
∑

i:g(xi)=yj

pi

~ 2.7.1. �X�VÇ¼ê�

X -1 0 1 2

P 1/4 1/2 1/8 1/8

Á¦Y = X2, Z = X3 + 1�©ÙÆ"

): N´¦�Y�©ÙÆ�:

Y 0 1 4

P 1/2 3/8 1/8

Z�©ÙÆ

Z 0 1 2 9

P 1/4 1/2 1/8 1/8
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þã(Ø�±í2�õ��ÅCþ��/:

��Å�þX�©ÙÆ�P (X = x)§KX�¼êY = g(X)�©ÙÆ�

P (Y = y) = P (g(X) = y) =
∑

x:g(x)=y

P (X = x)

AO�ξ, η´�pÕá��K���ÅCþ§�k©ÙÆ{ak}�{bk}. @oξ + ηk©ÙÆ

P (ξ + η = n) =
n∑

k=0

akbn−k

¡dúª�lÑòÈúª

~ 2.7.2. �X ∼ B(n, p)§Y ∼ B(m, p)�XÚY�pÕá§KX +Y ∼ B(n+m, p)"ù«5

�¡�2)5"�í2�õ�Úµ�Xi ∼ B(ni, p), (i = 1, 2, · · · ,m)§�X1, X2, · · · , XmÕ

á§Kk:
m∑

i=1
Xi ∼ B(

m∑
i=1

ni, p)"AO§eX1, X2, · · · , Xn�ÕáÓ©Ù§�Xi ∼ B(1, p), i =

1, · · · , n. Kk:
n∑

i=1
Xi ∼ B(n, p)"d(Ø�«
��©Ù�0− 1©Ù�m���'X"

~ 2.7.3. �X ∼ P (λ)§Y ∼ P (µ)§�XÚYÕá§KkX + Y ∼ P (λ + µ)"=Poisson©

Ù½äk2)5§��í2"

2. ëY.�ÅCþ��/

½n 2.7.1. [�ÝC�úª]��ÅCþXkVÇ�Ý¼ê f(x), x ∈ (a, b)(a, b�±�∞),


y = g(x)3x ∈ (a, b)þ´î�üN�ëY¼ê§�3����¼êx = h(y), y ∈ (α, β)¿

�h′(y)�3�ëY§@oY = g(X)�´ëY.�ÅCþ�kVÇ�Ý¼ê

p(y) = f(h(y))|h′(y)|, y ∈ (α, β).

~ 2.7.4. ��ÅCþX ∼ U(−π
2 , π

2 ), ¦Y = tgX�VÇ�Ý¼ê"

d�ÝC�úª�Y�VÇ�Ý¼ê�

f(y) =
1
π

arctg′(y) =
1

π(1 + y2)
, −∞ < y < ∞
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d©Ù¡�Cauchy©Ù"�K·���±^����{¦)§=k¦Ñ©Ù¼ê§,�

é©Ù¼ê¦�ê��"

F (y) = P (Y ≤ y) = P (tg(X) ≤ y)

= P (X ≤ arctg(y)) =
ˆ arctg(y)

−π
2

1
π

dy =
1
π

arctg(y) +
1
2
.

¤±Y�VÇ�Ý�

f(y) = F ′(y) =
1

π(1 + y2)
.

ù«�{�äk��5"

5: �gØ´3�«mþüN
´ÅãüN�§�ÝC�úª�e¡�/ª:

��ÅCþξ��Ý¼ê�pξ(x), a < x < b. XJ�±r(a, b)©���
(k��½��

�)pØ­U�f«m�Ú(a, b) =
⋃

j Ij , ¦�¼êu = g(t), t ∈ (a, b)3z�f«mþk

����¼êhj(u), ¿�h
′
j(u)�3ëY, Kη = g(ξ)´ëY.�ÅCþ, Ù�Ý¼ê�:

pη(x) =
∑

j

pξ(hj(x))|h′
j(x)| . (2.7.1)

~ 2.7.5. �X ∼ N(0, 1)§¦Y = X2�VÇ�Ý"

): du¼êy = x23(−∞, 0)Ú[0,∞)þî�üN§Ïddþã½n�Y�VÇ�Ý�

f(y) = φ(−√y)| − √
y′|I{y>0} + φ(

√
y)|√y′|I{y>0}

=
1√
2π

y−
1
2 e−

y
2 I{y>0}

½n 2.7.2. �(ξ1, ξ2)´2�ëY.�Å�þ,äkéÜ�Ý¼êp(x1, x2),�ζj = fj(ξ1, ξ2), j =

1, 2. e(ξ1, ξ2)�(ζ1, ζ2)��éA, _N�ξj = hj(ζ1, ζ2), j = 1, 2.b½z�hj(y1, y2)Ñk�

�ëY �ê. K(ζ1, ζ2)½�ëY.�Å�þ, �ÙéÜVÇ�Ý�

q(y1, y2) =

{
p (h1(y1, y2), hn(y1, y2)) |J |, (y1, y2) ∈ D,

0, (y1, y2) 6∈ D,
(2.7.2)

Ù¥D´�Å�þ(ζ1, ζ2)�¤k�U��8Ü, J´C��Jaccobi1�ª§=

J =

∣∣∣∣∣ ∂h1
∂y1

∂h1
∂y2

∂h2
∂y1

∂h2
∂y2

∣∣∣∣∣
3



3õ��ÅCþ|Ü§���/k

½n 2.7.3. XJ(ξ1, · · · , ξn)´n�ëY.�Å�þ, äkéÜ�Ý¼êp(x1, · · · , xn). b

��3n�n�¼ê

yj = fj(x1, · · · , xn), j = 1, · · · , n,

¦�

ζj = fj(ξ1, · · · , ξn), j = 1, · · · , n,

e(ξ1, · · · , ξn)�(ζ1, · · · , ζn)�m��éA, _N��ξj = hj(ζ1, · · · , ζn), j = 1, · · · , n. Ù¥

z�hj(y1, · · · , yn)Ñk��ëY �ê, @o�Å�þ(ζ1, · · · , ζn)´ëY.�, �äké

Ü�Ý¼ê

q(y1, · · · , yn) =

{
p (h1(y1, · · · , yn), · · · , hn(y1, · · · , yn)) |J |, (y1, · · · , yn) ∈ D,

0, (y1, · · · , yn) 6∈ D,
(2.7.3)

Ù¥D´�Å�þ(ζ1, · · · , ζn)�¤k�U��8Ü, J´C��Jaccobi1�ª§=

J =

∣∣∣∣∣∣∣∣
∂h1
∂y1

· · · ∂h1
∂yn

...
...

...
∂hn
∂y1

· · · ∂hn
∂yn

∣∣∣∣∣∣∣∣
~ 2.7.6. 3���I²¡þ�ÅÀ��:, ©O±�ÅCþξ�ηL«Ùî�IÚp�

I, �±@�ξ�η�pÕá. XJξ�ηÑÑl��©ÙN(0, 1), Á¦Ù4�I(ρ, θ)�©

Ù.

): ´� {
x = r cos t

y = r sin t

´(0,∞)× [0, 2π)�R2(�:Ø	)�m���C�, C��Jaccobi1�ª

J =

∣∣∣∣∣ ∂x
∂r

∂x
∂t

∂y
∂r

∂y
∂t

∣∣∣∣∣ =
∣∣∣∣∣ cos t −r sin t

sin t r cos t

∣∣∣∣∣ = r.

du(ξ, η)�éÜ�Ý�

p(x, y) =
1
2π

exp
{
−x2 + y2

2

}
,
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¤±d(2.7.3)ª��, (ρ, θ)�éÜ�Ý�

q(r, t) =
1
2π

r exp
{
−r2

2

}
= q1(r)q2(t), r > 0, t ∈ [0, 2π). (2.7.4)

Ù¥q1(r) = r exp
{
− r2

2

}
, r > 0; q2(t) = 1

2π , t ∈ [0, 2π).

ù�(JL²: θ�ρ�pÕá,Ù¥θÑl[0, 2π)þ�þ!©Ù;
ρKÑlWeibull©

Ù(ëêλ = 1/2, α = 2).

3O�ü��ÅCþ�Ú�§·��²~^�Xe½n

½n 2.7.4. �X, Y�éÜVÇ�Ý�f(x, y)§KX + Y�VÇ�Ýp(z)�

p(z) =
ˆ ∞

−∞
f(x, z − x)dx =

ˆ ∞

−∞
f(z − y, y)dy

y�: k¦X + Y�©Ù¼êF (z). ·�k

F (z) = P (X + Y ≤ z) =
ˆ ˆ

x+y≤z
f(x, y)dxdy =

ˆ ∞

−∞
dx

ˆ z−x

−∞
f(x, y)dy

=
ˆ ∞

−∞
du

ˆ z

−∞
f(x, t− x)dt =

ˆ z

−∞

{ˆ ∞

−∞
f(x, t− x)dx

}
dt.

ùÒ`²,X + Y�©Ù¼êF (z)´Ù¥�s)l¥�¼ê3«m(−∞, z)þ�È©,¤

±X + Y´ëY.�ÅCþ,Ù�Ý¼êX½n¤ã"

y�: -X = Z1, X + Y = Z2, |^üNN���ÝC�úª(2.7.2)�¦�(Z1, Z2)�é

ÜVÇ�Ý¼ê�g(z1, z2) = f(z1, z2 − z1). 2ég(z1, z2)'uz13RþÈ©, B¦�Z2 =

X + Y ��Ý� ˆ ∞

−∞
g(z1, z2)dz1 =

ˆ ∞

−∞
f(z1, z2 − z1)dz1,

��¤y.

AO§�X�YÕá�§©OPXÚY�VÇ�Ý�f1(x)Úf2(y)§KX + Y�VÇ�

Ý�

p(z) =
ˆ ∞

−∞
f1(x)f2(z − x)dx =

ˆ ∞

−∞
f1(z − y)f2(y)dy , f1 ∗ f2(z) = f2 ∗ f1(z)

¡dúª�òÈúª"

~ 2.7.7. �XÑlÏ"�2��ê©Ù§Y ∼ U(0, 1)§�XÚY�pÕá"¦X − Y�V

Ç�ÝÚP (X ≤ Y )"
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)�: dK��−Y ∼ U(−1, 0)§¿PXÚ−Y��Ý©O�f1Úf2§l
dòÈúªk

fX−Y (z) =
ˆ ∞

−∞
f1(x)f2(z − x)dx

=


e−

z
2 (1− e−

1
2 ), z ≥ 0

1− e−
z+1
2 , −1 < z < 0

0, z ≤ −1

¤±P (X ≤ Y ) = P (X − Y ≤ 0) = 2e−
1
2 − 1"

)�: du

P (X − Y ≤ z) =
ˆ

P (X ≤ z + y|Y = y)f(y)dy

=


´ 1
0 P (X ≤ z + y)dy z ≥ 0´ 1
−z P (X ≤ z + y)dy −1 < z < 0

0 z ≤ −1

=


1− 2e−z/2(1− e−1/2), z ≥ 0

z + 2e−(z+1)/2 − 1, −1 < z < 0

0, z ≤ −1

2é©Ù¼ê¦�ê=�¤¦.

�
ëY.�ÅCþ§�k2)55�"

~ 2.7.8. �X ∼ N(µ1, σ
2
1), Y ∼ N(µ2, σ

2
2)�X�Y�pÕá§K:

X + Y ∼ N(µ1 + µ2, σ
2
1 + σ2

2).

���/, �Xi ∼ N(µi, σ
2
i ), i = 1, · · · , n, X1, · · · , Xn�pÕá. a1, · · · , an, b�?¿n+1�

¢ê,Ù¥a1, · · · , anØ��". -X =
n∑

i=1
aiXi +b,Kk: X ∼ N(µ, σ2),Ù¥µ =

n∑
i=1

aiµi +

b, σ2 =
n∑

i=1
a2

i σ
2
i .

·�räk2)55��©Ùo(�e�

• ��©Ù('uÁ�gêäk2)5)

• Poisson©Ù('uëêλäk2)5)
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• Pascal©Ù('u¤õgêräk2)5)

• ��©Ù('uü�ëêÑäk2)5)

• äk2)5�ëY.©Ù�kχ2©ÙÚΓ©Ù

k�·��¬-�O��ÅCþ�û�VÇ�Ý. ·�k

½n 2.7.5. XJ(ξ, η)´��ëY.�Å�þ,§��éÜ�Ý�f(x, y),K§��ûξ/η´

ëY.�ÅCþ, äk�Ý¼ê

p ξ
η
(x) =

ˆ ∞

−∞
|t|f(xt, t)dt, ∀ x ∈ R.


 p η
ξ
(x) =

ˆ ∞

−∞
|u|f(u, xu)du, ∀ x ∈ R.

(2.7.5)

~ 2.7.9. ��ÅCþξ�η�pÕá,ÓÑlëêλ = 1��ê©Ù, Á¦ξ/η��Ý¼ê.

): ·�|^(2.7.5)ª¦p ξ
η
(x).du(ξ, η) �éÜ�Ý�

p(u, v) = e−u−v, u > 0, v > 0,

¤±�(2.7.5)ª¥��È¼ê|t|p(xt, t) 6= 0, ��=�, t > 0Úxt > 0, l
�k

p ξ
η
(x) =

{ ´∞
0 t e−xt−tdt = 1

(1+x)2
x > 0;

0 x ≤ 0.

´�p η
ξ
(x)Óþ"

~ 2.7.10. �X1 ∼ N(0, 1)§X2 ∼ χ2
n§�X1�X2Õá"·Y = X1√

X2/n
§KµY ∼ tn(gdÝ

�n�t©Ù)"

~ 2.7.11. �X1 ∼ χ2
m§X2 ∼ χ2

n§�X1�X2Õá§KY = X1/m
X2/n ∼ Fm,n(gdÝ�m,n�F©

Ù)"

~ 2.7.12. 4��Ú4���©Ù
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éun��ÅCþξ1, ..., ξn,·��±�	§�����Ú���:

η1 = max{ξ1, ..., ξn},

η2 = min{ξ1, ..., ξn}.

Xd½Â�η1�η2�´�ÅCþ.

�ξ1, ..., ξn�pÕá�, ·�ØJ|^§��©Ù¼êF1(x), ..., Fn(x)¦Ñη1�η2 �

©Ù¼êFη1(x)ÚFη2(x).

¯¢þ,

Fη1(x) = P (η1 ≤ x) = P (max{ξ1, · · · , ξn} ≤ x) = P

(
n⋂

k=1

(ξk ≤ x)

)

=
n∏

k=1

P (ξk ≤ x) =
n∏

k=1

Fk(x); (2.7.6)


|^'Xª

(η2 > x) = (ξ1 > x, ... , ξn > x) =
n⋂

k=1

(ξk > x)

��

Fη2(x) = P (η2 ≤ x) = 1− P (η2 > x) = 1− P

(
n⋂

k=1

(ξk > x)

)

= 1−
n∏

k=1

P (ξk > x) = 1−
n∏

k=1

(1− Fk(x)). (2.7.7)

8c·��>��©Ù�'X�

• n�ÕáÓ©ÙB(1, p)�0-1©Ù�ÅCþ�Ú���©ÙB(n, p);

• k��Õá���ÅCþ(¤õ�VÇ�Ó)�ÚE���©Ù;

• k��Õá�Poisson©Ù�ÅCþ�ÚÑlPoisson©Ù§ëê�\¶

• r�ÕáÓ©ÙAÛ©ÙG(p)��ÅCþ�ÚÑlëê�rÚp�Pascal©Ù¶

• ?¿k��Õá���©Ù�ÅCþ��5|ÜE,Ñl��©Ù;
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