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1nÙ �ÅCþ�êiA�
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1) n)�ÅCþ�êÆÏ"!���Vg, ¿¬$^§��Ä�5�O�äN©Ù�

Ï"!��.

2) Ýº��©Ù!Poisson©Ù!þ!©Ù!�ê©Ù!��©Ù�êÆÏ"Ú��.
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)
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�ÅCþ�VÇ©Ù, ù«©Ù´�ÅCþ�VÇØ5��

����x. �ÅCþ�êiA�´,
d�ÅCþ�©Ù¤û½�~ê, §�x


�ÅCþ½ö`�x
Ù©Ù�,��¡�5�,ù
5�  ´¢SA^¥<�'�

'%�. ~X, ·�3
),�1�ó<�²LG¹�, ·�Äk'%��ù¬´Ù²

þÂ\, ù¬�·���oN�<�, Â\�©ÙG¹, �Ø�½´���, ùÒ´

�xoN²þ��êiA�. ,�a��êiA�, ´^5ïþ�ÅCþ���©Ñ

§Ý. �<·�þ�~f`², XJ·��Äü�1�ó<�²LG¹, ¦��²þÂ

\�N�C,�´��1�Â\©��²þ,=�õê<�Â\Ñ3²þ�þeØ�?,

©Ñ§ÝÒ�; ,��1�K��, ÙÂ\�l²þ�éõ, ©Ñ§ÝÒ�, ùüö�¢

S¿Â�,éØ�Ó. ²þ�Ú©ÑÝ´�x�ÅCþ5��üa���êiA�.

Ø
ùüö�	, éuõ�Cþó, �k�a�x�©þ�m'X�êiA�, ��

~^�´���Ú�'Xê, ù
·�ò3e¡�Ù!�[?Ø. êiA�,���

¿Â3u,�·�Ø���ÅCþ�(�VÇ©Ù,�´�ÙÙêiA���/e,·�

�±�âù
êiA�íäT�ÅCþ���VÇ5�. 'X,�ó�)��1��,

·��
)ù1����þXÛ. ·�Ø��ù1��Æ·�(�VÇ©Ù, �´XJ

·���ù1���²þÆ·, ��ù1��Æ·�©Ñ§Ý, @·�Ò�±��íä

Ñù1����þG¹.
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§3.1 êÆÏ"(þ�)9¥ ê

§3.1.1 êÆÏ"

êÆÏ"�¡þ�, ´�ÅCþ����Ä��êiA�. ·�kwXe���~

f

~ 3.1.1. �`¯ü<ÙE�Ó, �ÑÙ7100�, �½k�nÛö��, ���Ü200�.

y3`�2Û¯�1Û��¹e¥�, ¯Ù�TXÛ©?

): XJUYÙe�Ø¥�, K`k3/4�VÇ��, ¯��VÇ�1/4. ¤±, 3`

�2Û¯�1Û�ù��¹e, `UÏ"“��”�ê8, A�(½�

200× 3
4

+ 0× 1
4

= 150(�),

¯U“Ï"”���ê8, K�

200× 1
4

+ 0× 3
4

= 50(�).

XJÚ?���ÅCþX, X�u3þãÛ¡(`�2�¯1�)�e, UYÙe�`

��ª¤�, KXkü��U��: 200 Ú0, ÙVÇ©O�3/4Ú1/4. `�Ï"¤�,

=X�“Ï"”�, =�u

X��U��ÙVÇ�È�\\

ùÒ´“êÆÏ"”ù�¶¡�d5. ,��¶¡“þ�” /�´Ã, �é~^. e¡·�

Ò�ÑêÆÏ"(þ�)�½Â:

é���lÑ.©Ù, ·�k

½Â 3.1.1. �X��lÑ.�ÅCþ, Ù©ÙÆ�

P (X = xi) = pi, i = 1, 2, · · ·

XJ
∞∑
i=1

|xi|pi < +∞, K¡
∞∑
i=1

xipi

��ÅCþX�êÆÏ"(þ�), ^ÎÒEXL«. e
∞∑
i=1

|xi|pi = +∞, K¡X�êÆÏ

"(þ�)Ø�3.
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éëY.�ÅCþ, ÙêÆÏ"�½ÂXe

½Â 3.1.2. XJëY.�ÅCþXäk�Ý¼êf(x), K�
ˆ ∞
−∞

|x|f(x)dx < ∞

�, ·�òÈ© ˆ ∞
−∞

xf(x)dx

��¡�X�êÆÏ", P�EX. XJ
ˆ ∞
−∞

|x|f(x)dx = ∞,

K¡X�êÆÏ"Ø�3.

e¡¦)A«~�©Ù�êÆÏ".

1. ��©ÙX ∼ B(n, p):

EX =
n∑

k=0

k.
n!

k!(n− k)!
pk(1− p)n−k

= np.

n−1∑
i=0

(n− 1)!
i!(n− 1− i)!

pi(1− p)n−1−i

= np

2. Poisson ©ÙX ∼ P (λ):

EX = λ

3. ��©ÙX ∼ N(µ, σ2):

EX =
ˆ +∞

−∞

x√
2πσ

e−
(x−µ)2

2σ2 dx

=
ˆ +∞

−∞
(σy + µ).

1√
2π

e−y2/2dy

= µ

4. þ!©ÙX ∼ U [a, b]:

EX =
a + b

2

5. �ê©ÙX ∼ Exp(λ):

EX = 1/λ
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~ 3.1.2. �r.v. X�©ÙÆ�

P

(
X = (−1)k 2k

k

)
=

1
2k

, k = 1, 2, · · ·

KX�êÆÏ"Ø�3"

): du
∞∑

k=1

|(−1)k 2k

k
| 1
2k

=
∞∑

k=1

1
k

= +∞

ÏdX�êÆÏ"Ø�3"¦+

∞∑
k=1

(−1)k 2k

k

1
2k

=
∞∑

k=1

(−1)k 1
k

= −ln2.

~ 3.1.3. (Cauchy©Ù)�

p(x) =
1

π(1 + x2)
, x ∈ R,

K: T©Ù�Ï"Ø�3.

):N´wÑ,p(x)�K, ¿�
ˆ ∞
−∞

p(x)dx =
1
π

ˆ ∞
−∞

1
1 + x2

dx =
1
π

arctanx
∣∣∞−∞ = 1,

¤±p(x)´���Ý¼ê(¡�Cauchy©Ù), �´
ˆ ∞
−∞

|x|p(x)dx =
2
π

ˆ ∞
0

x

1 + x2
dx = ∞,

¤±Cauchy©Ù�Ï"Ø�3. #

§3.1.2 êÆÏ"�5�

1. eZ��ÅCþ�5|Ü�Ï", �u�CþÏ"��5|Ü. b�c1, c2, . . . , cn

�~ê, Kk

E(c1X1 + c2X2 + · · ·+ cnXn) = c1EX1 + c2EX2 + · · ·+ cnEXn,

ùpb½�Cþ�Ï"Ñ�3.
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~ 3.1.4. b��ÅCþX ∼ B(n, p), ¦EX.

): -Ii ∼ B(1, p), i = 1, 2, . . . , n, KX =
∑n

i=1 Ii �EIi = p. ¤±§EX =
∑n

i=1 EIi = np.

2. eZ�Õá�ÅCþ�È�Ï", �u�Cþ�Ï"�È, =

E(X1X2 · · ·Xn) = EX1EX2 · · ·EXn,

ùpb½�Cþ�pÕá�Ï"Ñ�3.

3. (�ÅCþ¼ê�Ï") ��ÅCþX �lÑ., k©ÙP (X = ai) = pi, i =

1, 2, . . ., ½ö�ëY., kVÇ�Ý¼êf(x). K

Eg(X) =

{ ∑
i g(ai)pi,

∑
i |g(ai)|pi < ∞;´ +∞

−∞ g(x)f(x)dx,
´ +∞
−∞ |g(x)|f(x)dx < ∞.

~ 3.1.5. b�c�~ê, KEcX = cEX.

~ 3.1.6. ��ÅCþX ∼ N(0, 1), ¦Y = X2 + 1�êÆÏ".

): dX ∼ N(0, 1), ·�k

EX2 =
ˆ +∞

−∞
x2.

1√
2π

e−
x2

2 dx

= 1.

¤±, EY = EX2 + 1 = 2.

~ 3.1.7. �Å|1�ð�þk20 ¦�, lmÅ|��k10��Õ�±e�, e,��

Õvk<e�KT�ÕØÊ�. �¦�3z��Õe���U5��, ±XL«Ê��

gê, ¦EX.

): �

Yi =

{
1, 1 i ��Õk<e�

0, 1 i ��ÕÃ<e�
i = 1, · · · , 20.
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Kw,X =
20∑
i=1

Yi, ¤±

EX =
20∑
i=1

EYi =
20∑
i=1

P (1 i ��Õk<e�)

=
20∑
i=1

[1− 0.920] = 8.784.

§3.1.3 ^�Ï"

·���^�©Ù�´��VÇ©Ù, ÏdaqêÆÏ"�½Â, ·��±�Ñ^

�Ï"�½Â.3�½
�ÅCþX��x�^��e, Y�^�Ï",·�P�E(Y |X =

x), ��{P�E(Y |x).

½Â 3.1.3. �XÚY��ÅCþ,e(X, Y )�lÑ.,�3�½X = x�e, Y k©ÙP (Y =

ai|X = x) = pi, i = 1, 2, . . ., ½ö(X, Y )�ëY., �3�½X = x�e, Y�^��Ý¼

ê�f(y|x). K

E(Y |X = x) =

{ ´ +∞
−∞ yf(y|x)dy, (X, Y ) �ëY.;∑

i aipi, (X, Y ) �lÑ..

Ï"¤äk�5�^�Ï"Ó�÷v.

~ 3.1.8. �(X, Y ) ∼ N(a, b, σ2
1, σ

2
2, ρ), ÁO�E(Y |X = x).

): duY |X = x ∼ N(b+ ρσ2
σ1

(x−a), (1− ρ2)σ2
2),¤±d����©Ù�5��E(Y |X =

x) = b + ρσ2
σ1

(x− a).

[5]: ^�Ï"E(Y |X = x)´x�¼ê, �·�òx��X�, E(Y |X) Ò´���ÅCþ.

·�kXe�úª¤á:

½n 3.1.1. �X, Y�ü��ÅCþ. Kk

EX = E{E[X|Y ]} [�Ï"úª]

6



y: ·�=3ëY.�ÅCþ��/ey²d½n. y: ·�=3ëY.�ÅCþ��

/ey²d½n. �X�p.d.f �f(x), Y�p.d.f �p(y), X|Y = y�p.d.f�q(x|y). K

EX =
ˆ ∞
−∞

xf(x)dx =
ˆ ∞
−∞

x

ˆ ∞
−∞

q(x|y)p(y)dydx

=
ˆ ˆ ∞

−∞
xq(x|y)dxp(y)dy =

ˆ ∞
−∞

E[X|Y = y]p(y)dy

= E{E[X|Y ]}

[í2]: �g(X) ��È�ÅCþ�, kEg(X) = E{E[g(X)|Y ]}.

dd��¦)Ï"�1�«�{: k¦)h(x) = E(Y |X = x), 2¦)Eh(X), =�

¦�EY .

~ 3.1.9. ��M�'3k3���/Op, Ù¥1���Ï�gd. Ñù�r3���B

�±£�/¡; 12��Ï�,��/�, r5���ò�£�/O; 13��Ï����

/�, r7����£�/O. e�MzgÀJ3����U5o�Ó, ¦¦�¼�gd

�r�²þ�m.

): �ù��MI�rX��âU��/¡,¿�Y�L¦zgé3���ÀJ�¹, Y�

±1/3�VÇ��1, 2, 3. K

EX = E[E(X|Y )] =
3∑

i=1

E(X|Y = i)P (Y = i)

5¿�E(X|Y = 1) = 3, E(X|Y = 2) = 5 + EX, E(X|Y = 3) = 7 + EX, ¤±

EX =
1
3
[3 + 5 + EX + 7 + EX]

=��EX = 15.

~ 3.1.10. �(X, Y ) ∼ N(a, b, σ2
1, σ

2
2, ρ), ÁO�EXY .

): k��

E(XY |X = x) = xE(Y |X = x) = x(b + ρ
σ2

σ1
(x− a));

¤±

EXY = E(bX + ρ
σ2

σ1
X2 − ρ

σ2

σ1
aX)
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= ab + ρ
σ2

σ1
(a2 + σ2

1)− ρ
σ2

σ1
a2

= ab + ρσ1σ2.

§3.1.4 ¥ ê

·�®²��,�ÅCþX�êÆÏ"Ò´§�²þ�,Ïdl�½¿Âþ,êÆÏ

"�x
�ÅCþ¤����“¥% �”. �´, ·���±^O�êiA�5�x�

ÅCþ�“¥% �”. ¥ êÒ´ù��«êiA�.

½Â 3.1.4. ¡µ�ëY.�ÅCþX�¥ ê, XJ

P (X ≤ µ) =
1
2
, P (X ≥ µ) =

1
2
.

l½Âþ�±wÑ, mù�:rX �©ÙlVÇþ�©ü�: 3m�>Ó��, mm

>�Ó��, lVÇþ`, m ù�:�ÐØu¥
, ùÒ´“¥ ê” �¶�d5. 3¢

^þ, ¥ ê^�éõ, AOkØ��¬ÚO]�, ~<¥ ê5�z,«þ��L5

ê�, k�§'êÆÏ"�`²¯K, ~X, ,�«S<�Â\�¥ êw�·�: k�

�<�Â\$ud�,,��pud�.·��*þaú�ù��éT�«�Â\�¹,

�(éäk�L5,ÚÏ"��'§���`:´É�OAO�½AO����K�é

�, Ï"KØ,, Þ~ó, eT�«¥k��Â\3z��±þ, KT�«�þ��

Uép, ý�õê<¿ØLü, ù�þ�¿Øék�L5, ¥ êKØ,, §A�ØÉ

�þù«A���K�.

lnØþ`, ¥ ê�þ��'����`:, =§o�3, þ�KØ´é?Û

�ÅCþÑ�3. �K¥ êkù
`:,�3VÇÚO¥,ÃØnØÚA^þ,êÆÏ

"��5Ñ�L¥ ê, Ù�Ïk�eü��¡:

1. þ�kéõ`û�5�, ù
5��¦�3êÆ?nþé�B. ~X, E(X1 + X2) =

EX1 + EX2, X1 + X2 �¥ ê�X1, X2�g�¥ ê�m, Ø�3{ü�éX,

ù¦¥ ê3êÆþ�?néE,�Ø�B;

2. ¥ ê���k�,
":µ¥ ê�±Ø��,�éulÑ.�ÅCþØ´½Â.

~ 3.1.11. ��ÅCþX ∼ B(1, 1
2), ¦X�¥ ê.
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): duX�©Ù¼ê�

F (x) =


0, x ≤ 0
1
2 , 0 < x < 1

1, x ≥ 1

d¥ ê�½Â�«m(0,1)S�z��êÑ´X�¥ ê,¤±d~`²¥ ê�

±Ø��.

¥ ê�½Â´p© ê½Â�A~:

½Â 3.1.5. �0 < p < 1§¡µp´�ÅCþξ�p© ê§XJ

P (ξ ≤ µp) ≥ p, P (ξ ≥ µp) ≥ 1− p.
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