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§ 3.1 VÇ

3.1.1 ���������mmmÚÚÚ���ÅÅÅ¯̄̄���

¢¢¢~~~ 1. ���q�f, *	Ñy�:ê.

K�f/Ñy1:0, /Ñy2:0, ,,/Ñy6:0,/:êØ�
u60, /:ê�óê0�Ñ��Å¯�.

éA¤k¢�(JP�

Ω = {1, 2, 3, 4, 5, 6}.

Ω ¡����m.

Ω �f8 A = {1, 3, 5}, B = {5, 6} ´�Å¯�.

¤ka,���Å¯��¤�8ÜP� F .
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¢¢¢~~~ 2. �ÄëYÝ�ügM1Á�. ¤k¢�(J����m

Ω2 = {��,��,��,��}.

¤k��Å¯�´Xe8Ü

F = {∅, {��}, {��,��,��},Ω2}
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§ 3.1 VÇ

¢¢¢~~~ 2. ëYÝ�ügM1Á�.

ã. ��ä�/
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§ 3.1 VÇ

3.1.2 σ-���êêê

½½½ÂÂÂ 1.1 σ-�ê(¯��)

� Ω �����8Ü, F � Ω �,
f8|¤8Üx. e

(i) Ω ∈ F (7,¯�)

(ii) e A ∈ F , K A = Ω− A ∈ F . £éá¯�¤

(iii) e Ai ∈ F , i = 1, 2, . . . K ∪ni=1Ai ∈ F £��¿¯�¤
¡ F � σ-�ê, (Ω,F) ��ÿ�m.

σ-�êé{$��¿$�÷vµ45.

F ´�� σ-�ê�du÷v (i), (ii) Ú

(iii)’ e Ai ∈ F , i = 1, 2, . . . K ∩∞i=1Ai ∈ F . (���¯�)
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3.1.2 ���ÿÿÿ���mmm���555���

� (Ω,F) ��ÿ�m. K

(iv) ∅ ∈ F£Ø�U¯�¤
(v) e A,B ∈ F ,K A− B ∈ F £�¯�¤
(vi) e Ai ∈ F , i = 1, 2, . . . , n,K

∪ni=1Ai , ∩ni=1Ai ∈ F .

(k�¿§k��)
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¢¢¢~~~2 σ-���

ëYÝ�ügM1Á�. VÇ�m

Ω = {HH,HT ,TH,TT}

A1 = {TT} ügÑ´�¡.

A2 = {TH} 1�g�¡1�g�¡.

A3 = {TH,HT} üg¥Tk����.

A4 = {HH,TT} üg(J�Ó.
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ØÓ�σ-�

w,

F0 ⊂ G ⊂ F∗
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3.1.3VVVÇÇÇ���úúúnnnzzz½½½ÂÂÂ

½½½ÂÂÂ 1.2 � (Ω,F) ���ÿ�m. ¡ P(·) : F → [0, 1] ��VÇ,
e

(i) � A ´�Å¯�, K 0 ≤ P(A) ≤ 1

(ii) � Ω �7,¯�, K P(Ω) = 1

(iii) e¯� A1, A2, . . . �üüØ�N�¯�S�, K

P (∪∞i=1Ai ) =
∞∑
i=1

P(Ai ).

(Ω,F ,P)´��VÇ�m.
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§ 3.1 VÇ�m
VÇ�únz½Â´ÄueãVÇn�|, Ù¥Ω´VÇ�m, �
ÅÁ�¤k�U(J�8Ü, F � Ω �,
f8|¤8Üx,
´888¼¼¼êêêVVVÇÇÇP���“½½½ÂÂÂ���”.

ã. VÇn�|
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�Ä�ÿ�m(Ω,F∗), 3Ùþ·�½Â��VÇ, 40 < p < 1,

P(A) =


(1− p)2 if A = {TT}
p(1− p) if A = {TH} or {HT}
p2 if A = {HH}

�±�y½Â�P3�ÿ�m(Ω,F∗)÷vVÇ�únz½Â.
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3.1.4. VVVÇÇÇ���555���

1. P(∅) = 0

2. (k��\5) e¯� A1, A2, . . . ,An �üüØ�N�¯�,
K

P (∪ni=1Ai ) =
n∑

i=1

P(Ai ).

3. (�~5) e A ⊂ B, K P(B − A) = P(B)− P(A).

4. (üN5) e A ⊂ B, K P(A) ≤ P(B)

5. P(A) = 1− P(A)

Y. Chen 7K�Å©Û
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3.1.4. VVVÇÇÇ���555���
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3.1.4. VVVÇÇÇ���555���

1. P(∅) = 0
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3.1.4. VVVÇÇÇ���555���£££YYY¤¤¤

6. (\{½n) e¯� A1, A2, . . . ,An � n �¯�, K

P (∪ni=1Ai ) =
n∑

i=1

P(Ai )−
∑
i<j

P(AiAj)+· · ·+(−1)n−1P(A1 · · ·An).

7. (g�\5) e¯� A1, A2, . . . ,An � n �¯�, K

P (∪ni=1Ai ) ≤
n∑

i=1

P(Ai ).
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~~~ 3.3 ([0, 1] þþþ���þþþ!!! LebesgueÿÿÿÝÝÝ)

�Äü «m [0, 1] þ�ÅÀ��êþ!/©Ù3 [0, 1].

Ω = [0, 1]

F = B([0, 1]) ´�¹ [0, 1] �¤k48���� σ- �ê.

é?Û� [a, b] ∈ F , a ≤ b,

P([a, b]) = b − a.

(Ω,F ,P)´��VÇ�m.
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~~~ 3.2 (������ n gggMMM111)

ÕáE���M1ng"

Ωn = {ω = (ω1 · · ·ωn) : ωi ∈ {H,T}, i = 1, . . . , n}.
F = {A : A ⊂ Ωn} ´�¹Ω¤kf8� σ- �ê.

é?Û� A ∈ F , ½ÂVÇ

P(A) =
|A|
2n
.

(Ω,F ,P)´��VÇ�m.
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~~~ 3.2 (������ n gggMMM111)

ÕáE���M1ng"

Ωn = {ω = (ω1 · · ·ωn) : ωi ∈ {H,T}, i = 1, . . . , n}.
F = {A : A ⊂ Ωn} ´�¹Ω¤kf8� σ- �ê.

½ÂVÇ

P({ω}) = p#H(ω1···ωn)(1− p)#Tω1···ωn)

é?Û� A ∈ F , ·�k

P(A) =
∑
ω∈A

P({ω}).

(Ω,F ,P)´��VÇ�m.

Y. Chen 7K�Å©Û
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3.2.1���ÅÅÅCCCþþþ

½½½ÂÂÂ 1.3 � (Ω,F ,P)´��VÇ�m. N� X : Ω→ R ÷vé
?¿ x ∈ R,

{ω : X (ω) ≤ x} ∈ F

K¡ X ´ F þ��ÅCþ.

ã. �ÅCþ�½Â
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���ÅÅÅCCCþþþ���~~~fff

��q�f, KΩ = {1, 2, 3, 4, 5, 6},

P(Aj) =
1

6

Ù¥AjL«�Ñj:, 1 ≤ j ≤ 6.

F = {{1, 3, 5}, {2, 4, 6},Ω, }, �X (ω) = ω, ω ∈ Ω, y¯X´
Ä´Fþ��ÅCþº
{ω,X (ω) ≤ 1} = {1} /∈ F , ¤±XØ´Fþ��ÅCþ"
ù�½Â��ÅCþX

X (ω) =

{
1 ω = 1, or 3, or 5
0 ω = 2, or 4, or 6

´�ÅCþ.
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���ÅÅÅCCCþþþ���~~~fff
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6
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���ÅÅÅCCCþþþ���~~~fff

��q�f, KΩ = {1, 2, 3, 4, 5, 6},

P(Aj) =
1

6

Ù¥AjL«�Ñj:, 1 ≤ j ≤ 6.

F = {{1, 3, 5}, {2, 4, 6},Ω, }, �X (ω) = ω, ω ∈ Ω, y¯X´
Ä´Fþ��ÅCþº
{ω,X (ω) ≤ 1} = {1} /∈ F , ¤±XØ´Fþ��ÅCþ"
ù�½Â��ÅCþX

X (ω) =
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1 ω = 1, or 3, or 5
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´�ÅCþ.
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½½½ÂÂÂ 1.4 � X ´ F þ��ÅCþ. é x ∈ R, ¡

F (x) = P({ω : X (ω) ≤ x}) = P(X ≤ x)

��ÅCþ X �©Ù¼ê.

©Ù¼ê�5�

1. limx→−∞ F (x) = 0, �limx→+∞ F (x) = 1. (555���555)

2. XJx < y , KF (x) ≤ F (y). (���üüü555)

3. F´mëY5�. (mmmëëëYYY555)

Y. Chen 7K�Å©Û
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½½½ÂÂÂ 1.5 � X ���ÅCþ§XJ��=�k��½�ê�
�§K¡ X �lÑ.�ÅCþ. PÙ�Ü���{a1, a2, . . .}, K

pi = P(X = ai ), i = 1, 2, . . .

¡� X �VÇ�þ¼ê.

pi ≥ 0, i = 1, 2, . . .¶∑
i≥1 pi = 1.

�U� a1 a2 a3 · · · ai · · ·
VÇ p1 p2 p3 · · · pi · · ·

Table 1: ©ÙL

Y. Chen 7K�Å©Û
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½½½ÂÂÂ 1.6 ��ÅCþ X ¡�ëY.�ÅCþ, XJ�3��¼
ê f , ÷v±e�^�µ

(1) é¤k� −∞ < x <∞, k f (x) ≥ 0;

(2)
∫ +∞
−∞ f (x)dx = 1;

(3) é¤k� −∞ < x <∞, k P(a ≤ X ≤ b) =
∫ b
a f (x)dx .

f ¡� X �VÇ�Ý¼ê.

Y. Chen 7K�Å©Û
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������©©©ÙÙÙ ω = (−∞,∞), �ÅCþX ∈ R, XJ�ÅCþXk�
Ý¼ê f ,

f (x) =
1√
2πσ

e−
(x−µ)2

2σ2

K¡�ÅCþXÑl��©Ù, P�X ∼ N(µ, σ2).

Y. Chen 7K�Å©Û
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~~~ 3.4 (���¦¦¦ddd���) �Ä���¦d��.: � (Ω3,F ,P) �ëY
��ngM1�VÇ�m. ½Â

S0(ω) = 4, ∀ ω ∈ Ω3

S1(ω) =

{
8, ω1 = H

2, ω1 = T

S2(ω) =


16, ω1 = ω2 = H

4, ω1 6= ω2

1, ω1 = ω2 = T .

S3(ω) =


32, ω1 = ω2 = ω3 = H

8, ω1, ω2, ω3Ù¥kü�� H

2, ω1, ω2, ω3Ù¥k��� H

1/2, ω1 = ω2 = ω3 = T .

Y. Chen 7K�Å©Û



USTC

§ 3.2 �ÅCþ

S0 = 4

ã. �¦d����ä�. (3-�ã)
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�ÅCþ�¼ê (÷v�½�5�XëY5) E��ÅCþ.

~~~ 3.5 (ÏÏÏ���ÂÂÂÃÃÃ) 3þã�¦d����ä�.¥, �ÏF� 3
�ã, �1d�� 5 �îªwÞÏ�, Ù3�ã 3 �ÂÃP� V3.
K

V3(ω) = (S3(ω)− 5)+ =


27, ω1 = ω2 = ω3 = H

3, ω1, ω2, ω3Ù¥kü�� H

0, ω1, ω2, ω3Ù¥k��� H

0, ω1 = ω2 = ω3 = T .

P(V3 = 27) = p3,

P(V3 = 3) = 3p2(1− p),

P(V3 = 0) = 1− p2(3− 2p).

Y. Chen 7K�Å©Û
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�ÅCþA�??�d

·�¡�ÅCþXÚYA�??�d, P�X = Y , a.s., XJ

P({ω ∈ Ω : X (ω) 6= Y (ω)}) = 0,

�d/

P({ω ∈ Ω : X (ω) = Y (ω)}) = 1.

~~~fff �Ä(Ω,F ,P) þ��ÅCþX , Ω = [0, 1], F´Ùþ�σ�
ê, P´[0, 1]þ�LesbegueÿÝ, ½ÂX (ω) = ω,

Y (ω) =

{
ω if ω 6= 1

2
2 if ω = 1

2

Kk

P({ω ∈ Ω : X (ω) 6= Y (ω)}) = P({1

2
} = 0.
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�Å¯��Õá5

¡¯�A1Ú¯�A2´ÕÕÕááá���, XJ

P(A1 ∩ A2) = P(A1)P(A2).

¡¯�x{Ai , i ∈ I}���pppÕÕÕááá���, XJ

P(
⋂
i∈J

Ai ) =
∏
i∈J

P(Ai )

é?Ûk�8J ⊂ IÑ¤á"
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