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§33 MEMMEENZL T L

RX(THEMETF) &

(o0, ifwdA
“W){L ifwe A

el (w) H ABY L B3, TR g

(1) Ia(w) AHMEE L BREAC F.
(2) & X h A LEMEE, LA —ZLF)

[e.9]

X(w) =) bila(w), A€F
i=1
(3) * i EMAE EX(4e(2) L), W& AX a2 A

Ewpfiamm)
i=1
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§33 FERMMETEIE T XL

A . 3% (Q, F,P) = ([0,1], B, m), &

— 1
X =2 iloay
i=1

)

e}

EX] =) %]P’([O, 271)) =1/3.

i=1

RX(FRMMEEME) HXIER, X

Amn = {0 5 < X(w W< e mnen

2m




XmEX
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§33 FRAMMEZIZE L

T Xm(w) T H
lim Xn(w) = X(w)

m—00

(1) 42 BE[X] = +oo, 3 EAm, 1 % LE[X] = 400
(2) 42 RE[Xm] < 00,3 B A &gm, = X

n n n+1
E[X] = lim E[X;,] = lim E 3 P(z X(w) < 5 >

n=0
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§33 METEH?

RX(BE) FE—AMMTZ, T

X=Xt—X", Xt=XVv0,X =(=X)Vv0

(1) 42 RE[XH] = E[X ] = o0, & LE[X] = oo.
(2) 4= RE[X T|A=E[X | 7R &k H oo, & X

E[X] = E[X*] — E[X].

(3) 42 ZE[|X[] = E[X*] + E[X ] < oo, W& L

E[X] = /Q XdP(w) = /Q X (w)P(dw)
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§33 &

X 17 & X AmnEE, M (KF) HZ2EXLA
E[X] = / XdP(w)
Q

(1) X ABBAMMNE S, ABMERERHKp =P(X = a)),
i=1,2,... WAL H

E[X]:Za;p;.
i=1
(2R X HEZAEALT E, AREEF LB L, WEHLE R

E[X] = / " F(x)dx.

—00
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§33 M2

FALE Z R F N ZE MR
o FiAM. 4 X(w) < Y(w), Yw e Q, N

E[X] < E[Y].
o KM, HEE
E(aX + bY + ¢) = aE(X) + bE(Y) + c.
o Jense "EX. F R - R Z2—ANFHH, )

E[¢(X)] = ¢(E[X]).
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§33 &

] 3.6 FEH 35 FHAOLE V5, A F p=1/2. &

P(V3 =27) = p°,
P(V3 = 3) = 3p*(1 - p),
P(V3 =0) =1— p*(3 —2p).

7]

E[V3] = 27 x p* 4 3 x 3p*(1 — p) = 4.5.

Y. Chen £ R AT



§3 MMEZhHHHZ

The expectation or expected value of a function g of a r.v. X is
B(6(X) = [ s(X@) @)= [ gldFio)

For discrete r.v. X,

E(g(X)) =) glx)p=>_ gx)fx(x).

For continuous r.v. X,

£ R AT



§3 XTXHD W &%

4R £E(Q F,P), D={Dy,...,D,} AHAEEQH—
ARG, SFAE F, RXAXTRISDO X 4MER4T

P(A|D) = ZIP A|D))I

o D ={Q}, M|
P(AD) = P(AIQ)ln = P(A).

o P(AD)RAMME %, 4nFw € D;, MP(AD) = P(AD;)).
e WwRA Be F,AB=10, N

P(AU B|D) = P(A|D) + P(B|D)
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§3 AT HUEIT E0XHE

ZE(Q,F,P) LHHEMERY,

Y = ZYi/D,-
i=1
EFyi, . yn RRBRME R, BRED = {Dy,...,D,} A¥KAE
B Qag— AR 45 5% L P(D;) > 0. 1
D,‘ = {Y = y,'}.

2 3
o #Dy = {D1,..., D} A EY F k%] 5.
o #P(A|Y) :=P(A|Dy)R % THMEE Y8 & i .
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§3 XTHMMEMTEHFMHHE

#JE(Q, F,P) LM T EX,

X = Zm: XilAi
i=1

HF g, xg AR E AL, BAE{AL .. At WA
Q84 T AR 2R X ),
B MAEFXETRND = (D, ..., Dy} 45 &I 2 LA

E[X|D] = xP(Ai|D)
i—1

o E[aX + bY|D] = aE[X|D] + bE[Y|D]
o E[c|D] = ¢, E[la|D] = P(A|D).
o E[E[X|D]] = E[X]

Y. Chen £ R AT



§3 XTHMMEMTEHFMHHE

#F: 3%(Q, F,P) = ([0, 1], B[0, 1], m),
D ={[0,1/2),[1/2,1]} = {D1, D2}. %

X = o3 + 2l1/3.2/3) + 3l2/3,1)

it ST 4% . .
E[X|Dy] = 3, E[X|Da] = 5
M
EIX|D] = 21p, + SIp,

3 3
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§3 X To-REWFMHHZ

o X E(QFP) LY ELEMERY, EARLATYH &M
MEE[X|Y]?

o FoR#G C F, XA AWEAMNTE, diT2 LE[X|G]?
Z3L: (QF,P) LAk A MM E X £ FoR&G C Fao &2,
WAHE[X|G], Fi#HZ

o E[X|G] € G. (ZFHMHIE RMAEGH h K 9)

o MITAMAE F, A(—HEATFH®E)

/AE[Xg]d]P’:/AXd]P’.

Y. Chen £ R AT



§3 X To-REWFMHHZ

FHMER LB — itk

Let (2, F,P) be a probability space, X a r.v. with E(|X]) < o0, and G
be a sub-o-algebra of F.

Define the conditional expectation of X given G, denoted by E (X | G),
to be any r.v. Y such that

@ VY is G-measurable, ie. Y €,

Q fGYdIP:fGXdIPfor each set G € G.

If arv. Y has the above properties, then Y is a version of the
conditional expectation of X given G, ie. Y = E(X |G) as..

£ R AT



§3 X To-REWFMHHZ

RALE & oy 009 42

Let X and Y be continuous r.v. defined on a probability space (2, F,P)
with conditional density function fxy(x | y).

Let h be a function such that [ (|h(X)|) < oo and set

gly) = /_DO h(x)fxy (x|y) dx.

Then g(Y) is a version of the conditional expectation of h(X) given
a(Y), ie.
(V) = B(h(X)| o(Y) as.

£ R AT



§3 X To-REWFMHHZ

R & o 289 A 0 2 e B
Let G € o(Y). Then Y(G)=AC R and

[ px)dp = [ (X)) 16(e) ()
G

// V)fx y(x,y)dxdy

// ¥)fxy (x]y)fy (v) dx dy

:/R</Rh(x)fxy(x|y) dx> La(y)fy (v) dy

£ R AT



§3 X To-REWFMHHZ

JERA 4

Let G € o(Y). Then Y(G)=ACR and

[ #00d = [ ([ el o) 1atrfet)

g(y)1a(y)fy(y) dy

g(Y(w)) Le(w) dP(w)

T 55— 5

g(Y)dP.
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§3 X To-REWFMHHZ

FUHIE A

Let (Q,F, ]P’) be a probability space, a and b constants, X and Y
integrable r.v., and G and ‘H sub-o-algebras of F.

Q@ E(Y)=E(X)if Y is a version of E(X | G).

Q@ E(X|G) =X if X is G-measurable.

Q@ E(YX|G)=YE(X]|G)if Y is G-measurable.

Q@ E(X|0(G.H)) = E(X|G) if H is independent of o(o(X),G).

Q E(aX+bY|G)=aE(X|G)+bE(Y]|G)
(Linearity Property).

£ R AT



§3 X To-REWFMHHZ

E e RN D W
Q EXI|G>E(Y|GifX>Y
(Monotonicity).

Q@ EEX|G | H)=EX|H)fHCG
(Tower Property).

Q EW(X)|G)>v(E(X|G))if ¢ is a convex function (Jensen's
Inequality).

Q liminf,,oo E(X,|G) > E(liminf, 00 X, | G) if X, >0
(Fatou's Lemma).

Q E(Xn|g)TE(X|g) if Xp >0and X, T X

(Monotone Convergence Theorem).

@ E(X,|G)— E(X]|G)if | X, <Y forall nand X, — X
(Dominated Convergence Theorem).

£ R AT



§3 X To-REWFMHHZ

AR A9 5AE 9
(Linearity) E (aX +bY | G) = aE(X | G)+ bE(Y | G).
Proof. Since

Q 2E(X|G)+bE(Y[G) €,

we need only to verify the condition

0 /aE(X|g)+bE(Y|g) dP’z/aXerYd]P’forGEg.
G G

Y. Chen £ R AT



§3 X To-REWFMHHZ

R AR AR 5 E:
(Linearity) E(aX +bY | G) = aE(X | G)+ bE(Y | G).

Proof. Let Geg.
/aE(X|g)+b]E(Yg) dP
JG
:a/ E(X|g)le’+b/ E(Y |G) dP
o G

:a/XdP+b/Yd]P’
G G

:/aX—i-bYle.
Je

Y. Chen £ R AT



§ 3 % Fo-R&m &2

FHARR AR HIEA:
(Monotonicity) E(X | G) > E(Y | G) as. if X > Y.

Proof. Forany G € G,

'/(;E(X\g) dIP’:'/;Xd]P’Z / Y dP = / E(Y | G) dP,

JG HG
[E(I9)-EX|9) dP<0
JG
Let € > 0. Then
A ={E(Y|9)-E(X|G)>c}eg

and
P(A.) =0.

£ R AT



§3 X To-REWFMHHZ

A HA L AP R R
(Jensen's Inequality) E(x(X) | G) > »(E(X | G)) as. ify:R—Risa

convex function.

Proof. Let £ = {(a, b) € Q| ax + b < (x) V x}. Then

P(x) = sup{ax +b|(ab)e€ 5}.
If ¥(x) > ax+ b,

E(@(X)|G)>aE(X|G)+b

Taking the supremum over (a, b) € L gives

E(@(X)1G) 2 ¢(E(X|9)).

£ R AT



§3 X To-REWFMHHZ

R AR BRI
If Y is a version of E(X | G), then E(Y) = E(X).

Proof. Forany A€ G,

/lAYle’:/Yle’:/Xd[P:/ 1,X dP,
Q A JA J6

E(14Y) = E(14X).

In particular, for A=Q € G,

£ R AT



§3 X To-REWFMHHZ

F ARG R B AR
E(YX|G)=Y E(X|G)as. if Y is G-measurable.

Proof. Since
Q@ YE(X|G)eg,

we need only to verify the condition

e/vE(X|g) le’:/YXle’forGEg.
JG G

£ R AT



§3 X To-REWFMHHZ

AR PR SR A:
E(YX|G)=Y E(X|G)as. if Yis G-measurable.

Proof. Let G € G. Suppose Y = 1g for some B € G.

/IB]E X|19)dP= [ EX|¢)dP= [ xdP
JGNB JGNB

- / 15X dP.
G

If Y >0, let {Y,} be a sequence of simple r.v. that converges to Y, and
use the monotone convergence theorem to show that

/Y]E(X|g) dIP’:/ Y X dP.
G G

£ R AT



§3 X To-REWFMHHZ

FAEIE MM 5IE Y
E(YX|G)=YE(X|G)as. if Yis G-measurable.

Proof.  If Y >0, let {V,} be a sequence of simple r.v. that
converges to Y, and use the monotone convergence theorem to conclude

that
/YIE(X|Q) dIP’:/YXd]P.
JG G

To prove the result in general, split Y into positive and negative parts.

Y. Chen £ R AT



§3 X To-REWFMHHZ

AR A9 R 5AE9A:

(Tower Property) E(E(X | G) | H) = E(X |H)as. if HCG.
Proof. Foranyrv. Y andany Ae H,

E(14E(Y [H)) = E(E(14Y | H)) = E(14Y).
SinceAcH CG,

fus(a19) (i) -0

Y. Chen £ R AT



F Bk B Y n KA T AGEE E ] (Q,, Fn,P) P, K4 2SS, =5
FMHTF, Spp1 B FHIE.

IE’[Sn-i—l‘sn = 5] = usp, + dspy.

A
IE:[Sn4r1|5n] = uSppy + dSppg.

B — i, ZMNE

E[Sn+m|Sh = s] = Z( ) ukd™ kspkpmk.
k=0

m
m m—
E[Sntm|Sn] Z<k> ukd™kpkpmks,.

£ R AT



§3.4 FHHZ

H Bk Pl n KA TR BEE R (Qn, F, P) P, KL AT n ok
WILERGEMHT Sppq 9 FHIZ

IEn[sn—&—l] = Usnpu + dSnPd-

B — i, ZNE
E,[X] =7

Y. Chen £ R AT



§3.4 FHHZ

R AR
o &M, HirE

En(aX + bY + ¢) = aEp(X) + bE,(Y) + c.
o Jense REX. F R - R Z—ANFHH, )
En[¢(X)] = ¢(En[X]).
o MM LIngE. R X RM T AT n RMILER, W
E,[XY] = XE,[Y].
o FHAX. H0<n<m<N,

IEn[Em[X]] = IEn[x]'

Y. Chen £ R AT



§33 FMIZ 5%k

JRURSE H A ., ( )
o Amp= _ _ u—(1+ry
- —1—p=
3 u—d ¢ & u—d
B 9IE o
pu + qd _1
]+‘I‘f B
FTbL, I 2t = n, X TR NEE BT Mwiws . wns 2
1

-

Sn(wiws ... .wy) = PSn+1(wiwa ... wnH) 4+ @Sp+1(wiws .. . w,T)]

T+rs
TER At = nf BRGNS 2t = o+ UREE IR BT 14T L, 7€ X

En[Snt1](@iw2 . ..wn) = BSnt1(wiwz . .. wnH) + §Sn+1(wiwa . ..wnT)
BRI Fllwrws .. wns WA

En [SII+1]

- 147y

PR B[S 1IN %t = nBTEA W5 E, SBSFMAELL = n + LN ZIT 1.

[ AL 4T



§3.4 £MMP 5%

Definition 3.1

A1<n< N, HiEwiwy...w,, WMZInEE. 75 ZnfG 3R RE T
Flwn1wnra. .. wns B2V A ILEH (Wnp1Wnge - . wy ) RIE R T
Iwni1wnro .. wn HILHKEE B, BH#T (Wnp1wnse ... wy ) RBRIE R T
Flwn41wnsa - .. wy HIRTHIEH . € X

En [X](wiws . .. wy)
_ Z IS#H(wnwaz..-wiw)a#T(wn+1wn+2...ww*)X(w

Wn41Wn42...-WN

1ew WnWntl -« -WN)

RE[X] iRt = nit ZIE R, MBENERX M4, Rt

£ R AT



8 T 3T A MR R T 1]

ST

Given a probability space (Q, F,P), a filtration is a nested family
{F: | t € N} of sub-o-algebras of F where

FoCF C---CF.
The probability space with the filtration {F; | t € N} is called a filtered

probability space
(Q.}'. {ft},lP’>.

£ R AT



A process X = {X;} is adapted to the filtration {F;} if X is
Fi-measurable for each t, i.e. X; € F;.

Recall that X; is F;-measurable means

X71(B)={w e Q| X(w) € B} € F: VB € B(R).

£ R AT



§3 ety 3L

Breay 2 L

A process X = {X;} is a martingale relative to a filtered space
(Q,F,{F:}.P) if

Q X is adapted,

Q E(X;|F.)=X as. fort>s.

Y. Chen £ R AT



§ 3 BhayE L H — Ak

Prig 525 5 — AL

For discrete time process X = {X;}, condition 2 for a martingale can be
restated as

Q E(X:|Fi1) =Xi—1 as. fort > 1.

E (X | Fiet) = Xe-1

E(Xt ‘ }}_2) = (E(Xt|ft—1) | fr—2)

E
]E(Xt_l | .7:1-_2) = Xt—2

E(Xt | ]:t—k) = E(E(Xt | ]'-r—k+1) ‘ fr—k)
= E(Xt—k+l ‘ Ft—k) = Xt—k

£ R AT



§ 3 THfe LBray L

LT by L

A process X = {X;} is a supermartingale relative to a filtered space

(QF {F}P) if
Q X is adapted,
Q E(X: | F) <X as fort>s.

And X is a submartingale if condition 2 is replaced with

Q@ E(X;|F)>X as. fort>s.

Y. Chen £ R AT



§ 3 BayPF

By 5] 5

Suppose it is equally likely to get a head or a tail when a coin is toss. Let

1 if the ith toss results in a head,
' —1 if the jth toss results in a tail.

Consider the stochastic process {M,} defined by My =0 and

M, = ZX,-. forn>1.
i=1

© Show that {M,} is a martingale, i.e. E(M,| M,—_1) = M,_1 for
n>1

£ R AT



§ 3 b

Pty T A9

Let ¢ be an integrable r.v. define on a probability space (<, F,P), and
{F:} be a filtration.

Define
M, =E(C|F) forallt.

Show that the stochastic process {M;} is a martingale.

£ R AT



§3.4 £MMP 5%

Theorem 3.2 (543172 89 & K )
NAEEK, XAY ARMT AR EHOMNE R, BEn(l<n<N), U

(i) &b S FHEEHE KM, AE[0X +0Y] =ab,[X]+0E,[Y]
(i) AL I X AR T AIK B, AE,[XY] = XE,[Y]

(iil) HAREA: W RO<n <m <N, WE,[E,[X]] = E,[X]

(iv) Bazh: wRXRARMTAE =n+ 18t = N ®&H&, NE,[X] = E[X]

(v) &t Jensen ¥ AX: mRop(n) X FTREZ089 & RiL, N:

En[p(X)] > o(E,[X])

Y. Chen £ R AT



§3.4 £MMP 5%

TERB PR T

[ S/L+1 o Sn = Slt+1

n = E
1+7’f (1+I“f)” [

Sn = E n <1+7'f)n+l

]

Definition 3.3 (%)

K8 IR PR, My, My, ... My BN AR TS, &
AN M, BRI T B nd KAL) 26 R (Mo /2 H 8 o PRIE B AR 517 31 Dy 7 Ak
LIS FE
(i) WHRM, = E,[My41],n=0,1,...,N — 1, FrULBEHLIT R E
(i) WM, < E,[Mny1).n=0,1,...,N — 1, FRICBEHLTRE N T #t
(iii) WHRM, > E,[M,41],n=0,1,...,N — 1, FrRUCEEHLITRE A b

Y. Chen £ R AT



§3.4 A1HHI 5k

Remark of Definition 3.3

“one-step-ahead” Martingale:

Mpt1 = Eny1[Mp42],0<n< N —2
Taking conditional expectations on both sides based on the information at time n:
En[Myt1] = En[Ent1[Mnpt2]] = En[Mp42],0<n < N —2
“two-step-ahead” Martingale:
My = Ep[Mp42],0<n < N —2
“multi-step-ahead” Martingale:

A[rz = En[]\['m]- 0 S n S m S N

Specially, Mo = E[M,]

LT



§3.4 £MMP 5%

Theorem 3.4 (7 I & #t)

BRI, 0<d<1+ry <u, NP HBEET AR

e o =
— . = 1 — = —
. u—d E - u—d
N ARG HBET, 3 THERZAnARETORIR Fwiw,. .. w,, TR
LA RAN B 5 5
n _ E,” n+1
i

£ R AT



§3.4 A1HHI 5k

Theorem 3.4 IEH(1).

= Sn+1
E,|l—————|(wwsy...w,
[(1+Tf>"’+]'}( 142 )
S H) + S0 i)
= ——— PSpr1lwiws . .. Wy, a1 (Wiwsg ... wy,
(1+7’f)”1+7‘fp +1{Wiw2 (Pn+1\W1W2
1

1 ~
= EEATE [PuSy(wiws . . . wWn) + §dS, (wiws . . . wy,)]

__ (wywp . . .w )M
(L) ey
Sn
= —(WWwy ... Wy
(1+T'f)n(W] 2 )

£ R AT



§3.4 A1HHI 5k

Theorem 3.4 iEHH(2).

= Sn+1 = Sn Sn+1
En = En
Ty = Belg s,
Sr,,, = 1 Sn+1

=Tl s,
(Taking out what is known)
Sn 1 = SIL+]
T )t itr El S ]
Pty S,
(Independence)
S, pu+qd
1+ Tf)" 1+ry
Sh
(I +rp)"

£ R AT



§3.4 FHIME L

Theorem 3.5 (#7ILM 'E £ #k)

FE AN =R KXEMER, Ao, Ar,..., A muzfirubu Ao A XoREH.
A X1, Xo,. .., Xy B G TEMRKZ £, ﬂliz I E N RCE G D S L NER

[P PEAEE T & B,

(l+7- R ) T

|

Theorem 3.5 iEHH

- X +1 7= An S’r +1 Xn - An,sn,
E”[ T‘l. n l]:E”[ -.ln, i =
(7 (@ e (=R G)
~ ApS ~ Xy — AyS
— g ——t [w](Linearity)
(T +rp)ntt (U +rp)"
Sn+1 } + Xn - Ansn
Arrpdl T (Atrpn
S"l X'n/ - A77/S71, _ X?I,

= AnEn[

(Taking out what is known)

n

T =
A+rp)™ A+ (L +rp)m




§3.4 A1HHI 5k

Theorem 3.6 (K& F 2 M2 X)

FEE—ANPH AKX WA, FHO<d<1+r<u, A&
B AP AV (T AR LN I AT )R B T HRELEZHENE S, &
)—/‘5 [%Jﬁ/ri iﬁﬁ#ftﬁ;&’%vN*l 9 VN*Q: C oo ) I/(J:

1

V, = W[WLH(H) + qVn+1(T)]

AR AFAE A0 < n < N, £7TEIER LI ZIn by as b A T RS o H o

BN
Vn - ]Eﬂ[(l + rf)N_n}
F+ B, A7 ILAY AT G A 09 N AS AR K e P PR RN BT b Bk, BP:
‘/n ™ ‘/71-!—1
Ty ey

£ R AT



§3.4 FMIE 5%k

Theorem 3.7 (L& FAE1E)

EE—ANIOZRAXZNER, FHO<d<1+r<u, W&PHEBEEN
B AP, #TEIER M LAHCy, Cy, ..., OCNRENEZF 5], FHC, Rk
Fwiws ... wpo FTEIEREL = niT 2 89N B 40 T A X4

N

~ Ch,
%L:En T 20.1.2,....\[
[}; (1 + ’T‘f)ki""] n it et 21
&IV, n=1,2,....N, #HL
1
Cp="V, [PVii1(H) + V1 (T)]

71+Y‘f

0<n<N-1

£ R AT



§3.4 A1HHI 5k

Theorem 3.7 (L&A AE1E)
Xy =Vo, FHFHMRBEAT HTARKZEX, Xy, ..., XN

Xn+1 = AnSn+1 = (1 I Tf)(Xn - Cn - AnSn)

WAL &AW, ... w,, A

Xn(wi .. wy) =Vp(wr...wp)

Remark

= Ch
V, =E, ' -0,1,2,....,N -1
[,;(Hrf)k—n] "
~ N C
Vi =Cp+Ey k) pn=0,1,2,..., N1
FEL2 T b

£ R AT



§3.4 £MMP 5%

Theorem 3.7 9.
()%n =08, RFZE, AXo=V
2)En+10<n<N-1)

~ Cy,
Ve = En[; (1+r—f)k—n}

1
= Cut [y Bl Z m”

1
= Cn I mEn[VrH»l}

1
Vo =0Ch = I—[WI‘H(H) + Wn+1(T)]
+re
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§3.4 £MMP 5%

Theorem 3.7 1E A (42).

Xn-H (H) AnSn-H (H) =F (1 als rf)(X'n, - Cn - AnSn,)
Vo1 (H) = Vot (T
- e St () = (14 77)8,) + (L4 7 (Vi )
= Va(H) = Vo (T
— LoetlB) =Pl (15, — (14-17)8,) + Vi) + oD
—(1+
= Vs ()~ Vs D v 8 4 ()
- (V71+1(H) - u1+1(T>)6+W1+1(H) A (NH»I(T)
= 7L+1(H)
RETiE: X, 11T =V,.1(T) O
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§ 3 M K45

5 (N EF )
A probability measure ) is absolutely continuous w.r.t. measure P,
denoted by Q < P, if
P(A)=0=Q(A)=0 YAeF
The probability measures P and Q are equivalent measure, denoted by

P, if
Q«Pand P<Q.
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§3 S8 B

F B

Let (Q, F,P) be a probability space, and let Z > 0 a.s. with E¥(Z) = 1.
For A € F, define

Q(A) = [ 26)dP).
Then Q is a probability measure. Furthermore,
E%(X) = EF(2X)
for any integrable r.v. X. If Z >0 a.s., we also have

EP(Y) = EQ<§>

for any integrable r.v. Y.
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§3 S8 B

Let X be an integrable r.v. defined on a probability space (€, F,P), and
Q~P

_pr(x 2@
@ EUX)= EP(X dP).

p(y 42

Q.|
E? <@ Ft>

o EQ(X|-7:t):

Y. Chen £ R AT



§3 S8 B

TEE:

o x00-(x %)

E@(X):/XdQ:/x%dP

o( 90
¥ %)
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§3 S8 B

AR
dQ
) = B B Ep<d]}” 'E)
Let A € F;.

/X—dIP’ /XdQ: / EQ(X|F;) dQ

/]EQ ><|th)‘7’Q

- [E(Eoxin R

:./;‘E@(X|}})Ep<dp

eEP’(

dP

) dP
) JP.

Y. Chen £ R AT



§ 1.4 REZMALE I

BN —4E365 R AEW 28 2B ES BT AS LI R = So, S, ., Saess BR T 4RI
ZIt = 0 BT I% So 2 CANII 2 Ah, Hohut ZI IR i S, £ = 1, .., 365#0 2
BEHLAR 5. AR B R XA R

Siy OS2y Saes
SO ' Sl ’ ’ 5364
BRI R, 7T UAFR A
R S,
1+ 365 = 5
B BRI %
Sass _ Si\S2.  Ssesy 11

Ry
1 = B . =
1 So So)(Sl 53(;4) f];[( +365)

r AR ESE AT RIS &, BN

R Tt/36o n Tt
L+ 355 = Jim (1+ = = 365 MU T 365
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§ 1.4 REZMALE I

BT B R

7":111(1+R):1nﬁ 1+?% %11 1+% %%n
P po}
T HRAE IR TR AT RS TH L, 7@:
r= %(r1+r2+~~+n)
M B B R AR«
L A W #8 2 0SL 7] 73 A
2 MR AR A RS

IS T ] BRI AR AN, R A] AR AR HIBUELS AR O IR e, BEHL
At (S A ) R IEZS 01 i AR 25 51 + R = Szse iR
MO BOIEZS 73 A1

m(%) ~ ¥ (W(T — 1), 0*(T — 1))
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§ 1.4 MEMAZFEHE

X S AN RS A AR A AR e

u, q
Sy

S

da l_q

TIEN: var[ln(%)] = ¢(1 — g)[In(%)]?
I e — OFIR I — THIB Bt B M BLZ I K A LA

HARSLHY, HIAEANTT ZERNA
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§ 1.4 MEMAZFEHE

i — oo, IEHUEHIZH(u, d, q), BRI IR R T3 B 2
Ay I EAEH A AT 220 2 AR ER o KA = RSN BUBCSR A% (K42
AL FLARAINL I, T HL A AR A A2 R 70 Af B, DAL AL 2% (1) 5 2R
WA I R 0 2 s b 11, NIRRT AR TiES:. T
i, O BRSBTS T Bl — ool BEERMES R AR LR
MIEZS AT (AR T X BRS040 o WS Ha, dHIQA:

u = exp{o

-

=exp{—0

1

U
1 1 p T
q—2+2(0) T
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§ 1.4 JRENAIZHGE

27 — ooltf, In(3F) ~ A (T —1),0%(T — 1))

7lgn(u) + (1 - ¢) In(d)]
_T{[ () Tt [T-t 1 1p [T-t Tt
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§ 1.4 MEMAZFEHE

Vi _ = Vat1 = Vn
(Lrpm E”[(l + rf)nﬂ] - ”[(1 + rf)N]
BEHEXATS, MBI e R = v, EEEER] M PR S
HT; B,=R (T~ = £

¢ = —=FE/(cr) = Rf(Tft)E;‘(cT) = efo(Tft)Et*(cT)

R IAE i 3, ARA BRI K2 S, TR H THE 21, B M 1 ] B
BERESud™™" n=0,1,---,7, FHr =T —t. TERNET, BENK
HUE S und™ " HIRE R
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§ 1.4 JRENAIZHGE

* . 7! *\M *\T—n n jgr—n
Et(cT):Zm(ﬂ )1 —7")" " max(Sud"T" — X, 0)
n=0

T

7! *\n *\T—n nJr—n
:Stz_%m(w )1 —7") " " max(u"d” " — X/S,0)

R R — X/ S > 0PN A, HEERiE A
Fj = arg min,, (u"d™" — X/S; > 0), Hu?d™™" — X/S; > OR[ Hl:

In[X/(d"St)]

12 T n(u/d)

FETHE BN RS, n < jHIBTAT AT LA 8 .
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§ 1.4 MEMAZFEHE

T

Ef(cr) = S, Z n!(TTiin)!(”*)n(l — )T T — X/Sy)
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§ 1.4 MEMAZFEHE

Definition 4.1

T

B(i7i9) = Y o (=)

Eyr*/R+d(l—n*)/R=1

O(j; m;un*/R) = Z uw*/R)”[d(l — ) /R]"" (10)
Bimin) =Y m(j—in)!w)”(l — ey (1)

K2 (10)MADNNTFER(9) o, £33
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§ 1.4 MEMAZFEHE

ct = Si®(j;m;ur®/R) — RTTX®(j; 751%)
= S5 ®(j; T;un*/R) — efo(T*t)X<I>(j; T;7") (12)

FE5 (4.1, DU s ) JeB ER AT FLIR A6 OB HLAS B2 Ak T80
MR, =2 oo+ +a), TR, i=1,2,..., 7 AEO0K1, BURIHTR
A, BOFIMER N — %o O(j; ;%) = prob(X, > 7)o o X TCR 404y, M
Mt BRI T AR P KRR TR/, K (12) P It ke T IES 4
i, &N HER, ESE, RAT DS

(S X;T —t) = Sy (2) — Xe 7 TD 4 (2 — /T — 1)

In(S;/Xe s (T=0) 1
= + —ovT —t
: oVT —t 27

Y. Chen £ R AT



§ 3.5 Markovit 4%

Z X (Markov &42) : HE AT F 2 MEAR, &
Xo, X, ..., Xy B B it AZ, 4o BAEA0BIN — 12 18 8 n il A4
AR (X)), BT —AF B g (x)(4RB T nAaf), 15

En[f(Xn+1)] = g(Xn)

MARXy, X1, ..., Xy =B RT Kk (Markov) T4z

o E,[f(Xps1)] —RMAE &, 4RH T ATR AR T 0G25 R
Markov: & BH, AT nok i h 45 F 49 4R & A8 13 X, AR FL o

o tbARRgHANR, RMERXSCHELEE. TEHH T4 E4
o F &gty 7 ik

Y. Chen £ R AT



§ 3.5 Markovit 2

BlF XA AF, 204 1A R 8L i 2 ndd B4 s

_J uSp(wr-rwn) i wppr=H
Sn(wn - wnni1) = { uSn(wr -+ -wn) if wppr =T

TR
En[f(Xpt1)l(wi1 - wn) = pf (uSn(wi - - - wn)) + qf (dSp(wr - - - wn))
% Fwr - wn, TEE A

En[f(Xn+1)] = &(5n)
H ¥ g(x) = pf (ux) + qf (dx).

XA, LEAAFEMEBELARNSPHEMEMNET, REMNKT
A2 4R & Markovil 42

Y. Chen £ R AT



§ 3.5 Markovit 4%

13 (RBCIE) @ FENKEGZIWT 2 NEAR,
nROBINZ I 4. & X1, ... Xg RAAR# T % 1K B nok 09 o5
PitAE, FAME YL .. YL RARE T Hn+ LRE 5 NK A Iuse
fatAg. &F(xL, . XKyt YD) AK - LS, B L

g(Xl,--- ,XK) :E[f(Xl,"' ,XK, Yl,"' ’YL)]
) A
]En[f(Xl,“' ,XK, Y17,.. ’YL)] :g(Xl,... 7)(K)

o BitK=L=1T2%K
g(x) =Ef(x,Y)

L@ KT N
g(X) =E,f(X,Y)

Y. Chen £ R AT



§ 3.5 Markovit 4%
Rwy - wEERZ. Bd AL E LA

5| 3 IEHA :
E, [F(X,Y)](wr- - wn)
- f(X(wl o w”)? Y(wn+1 o 'WN)P#H(W"HMWN)q#T(WnH'“wN)
Wnt1- Wy
g(x) =E[f(x, Y)](w1---wn)
= Z f(X7 Y(wn—i-l cee wN)p#H(wn+l"'wN)q#T(Wn+1"'wN)
Wn+1WN
[l

En[f (X, Y)l(wi -+ wn) = g(X(w1---wn))
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§ 3.5 Markovit 4%

BB AR RARIAZR, B — R PTIRGRE T ERE
R D RAAR M.

Z X (%4%Markov 42) 1 FEZIMTZEMEAR, &
(X1, X2 ... XK\, n=0,1,... N} H—A K4t g it 2, 4o fat
FAOEIN — 12 6 i BAEA B EF(xL, ... xK), B4 55 —Aodh
He(x, .. XY IRBF nAef), £1%:

Enlf(Xap1, - Xatn)] = &(F(Xg, -+, X))

MARIXE, X2, ..., XEK), n=0,1,... N}AH—AKEDRT kX
(Markov) iZ4%.

En[f(X}1, - XK = g(X)
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§ 3.5 Markovit 4%

B F: —ANE B = SRR AL, &8 — i g it AR
{(Sn0, M), n=0,1,..., N}, £ %S, 4 e+%nbdig 244,
M, = maxo<k<n Sk A AL 2 it 69 B & KA. T 2A%k
E{(Sn, Mn), n=0,1,..., N} & —A B RARTA
KEEE: Mpp1 =M,V Spi1 =M,V (S,Y),Y = 55%1

Enlf(Sn+1, Mnt1)] = Eff (Sn Y, My V (5,Y))

1itg(s,m) = Ef(sY,mV(sY)) = pf(us, mV(us))+qf(ds, mV(ds))

Y. Chen £ R AT



