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§ 3.3 {ü�ÅCþÏ"½Â
½½½ÂÂÂ(«««555���ÅÅÅCCCþþþ) �

IA(ω) =

{
0, if ω /∈ A
1, if ω ∈ A

¡IA(ω)�A�«5¼ê, {P�IA"

(1) IA(ω) ��ÅCþ��=�A ∈ F .
(2)� X �{ü�ÅCþ, e(AiØ�½p½¤

X (ω) =
∞∑
i=1

bi IAi
(ω), Ai ∈ F .

(3) é{ü�ÅCþX (X(2)½Â), K½ÂX�Ï"�

E[X ] =
∞∑
i=1

biP(Ai )
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§ 3.3 �K�ÅCþÏ"½Â
~Kµ�(Ω,F ,P) = ([0, 1],B1,m), �

X =
∞∑
i=1

1

2i
I[0,2−i ).

K

E[X ] =
∞∑
i=1

1

2i
P([0, 2−i )) = 1/3.

½½½ÂÂÂ(���KKK���ÅÅÅCCCþþþÏÏÏ""") �X�K§½Â

Amn = {ω :
n

2m
≤ X (ω) <

n + 1

2m
} ∈ F ,m, n ∈ N

-

Xm =
∞∑
n=0

n

2m
IAmn ,
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Xm�X
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§ 3.3 �K�ÅCþÏ"½Â

��Xm(ω) ↑ �
lim

m→∞
Xm(ω) = X (ω)

(1)XJE[Xm] = +∞,é,�m, K½ÂE[X ] = +∞
(2)XJE[Xm] < +∞,é¤k�m, K½Â

E[X ] = lim
m→∞

E[Xm] = lim
m→∞

∞∑
n=0

n

2m
P
( n

2m
≤ X (ω) <

n + 1

2m

)

Y. Chen 7K�Å©Û



USTC

RiemannÈ©

LebesgueÈ©
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§ 3.3 �ÅCþÏ"½Â

½½½ÂÂÂ(ÏÏÏ""") �Ä���ÅCþ, KP

X = X+ − X−, X+ = X ∨ 0,X− = (−X ) ∨ 0

(1) XJE[X+] = E[X−] =∞, ½ÂE[X ] =∞.
(2) XJE[X+]ÚE[X−]ØÑ�∞, ½Â

E[X ] = E[X+]− E[X−].

(3) XJE[|X |] = E[X+] + E[X−] <∞, K½Â

E[X ] =

∫
Ω
XdP(ω) =

∫
Ω
X (ω)P(dω)
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§ 3.3 Ï"

½½½ÂÂÂ 1.7 � X ��ÅCþ, KÙ (êÆ)Ï"½Â�

E[X ] =

∫
Ω
XdP(ω).

(1)� X �lÑ.�ÅCþ, kVÇ�þ¼êpi = P(X = ai ),
i = 1, 2, . . ., KÙÏ"�

E[X ] =
∞∑
i=1

aipi .

(2)� X �ëY.�ÅCþ, kVÇ�Ý¼ê f , KÙÏ"�

E[X ] =

∫ ∞
−∞

xf (x)dx .
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§ 3.3 Ï"

���ÅÅÅCCCþþþ���êêêÆÆÆÏÏÏ"""���555���

üN5. XJ X (ω) ≤ Y (ω), ∀ω ∈ Ω, K

E[X ] ≤ E[Y ].

�55. é?¿

E(aX + bY + c) = aE(X ) + bE(Y ) + c .

Jense Ø�ª. e φ : R→ R ´��à¼ê, K

E[φ(X )] ≥ φ(E[X ]).
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§ 3.3 Ï"

~~~ 3.6 �Ä~ 3.5 ¥Ï�ÂÃ V3, Ù¥ p = 1/2. d

P(V3 = 27) = p3,

P(V3 = 3) = 3p2(1− p),

P(V3 = 0) = 1− p2(3− 2p).

K

E[V3] = 27× p3 + 3× 3p2(1− p) = 4.5.
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§ 3 �ÅCþ¼ê�Ï"
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§ 3 'uy©D �^�VÇ

^̂̂���VVVÇÇÇµ�Ä(Ω,F ,P), D = {D1, . . . ,Dn} ����mΩ��
�y©, éA ∈ F , ½ÂA'uy©D�^�VÇXeµ

P(A|D) =
n∑

i=1

P(A|Di )IDi
.

XJD = {Ω}, K

P(A|D) = P(A|Ω)IΩ = P(A).

P(A|D)´��ÅCþ. XJω ∈ Di , KP(A|D) = P(A|Di ).

XJA,B ∈ F , AB = ∅, K

P(A ∪ B|D) = P(A|D) + P(B|D)
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§ 3 'ulÑ�ÅCþ�^�VÇ

�Ä(Ω,F ,P)þ��ÅCþY ,

Y =
n∑

i=1

yi IDi

Ù¥y1, . . . , yn ´ØÓ�~ê�, b½D = {D1, . . . ,Dn} ����
mΩ���y©¿÷vP(Di ) > 0. K

Di = {Y = yi}.

½½½ÂÂÂµ

¡DY = {D1, . . . ,Dn}�dY�Ñ�y©.

¡P(A|Y ) := P(A|DY )´'u�ÅCþY�^�VÇ.
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§ 3 'ulÑ�ÅCþ�^�Ï"

�Ä(Ω,F ,P)þ��ÅCþX ,

X =
m∑
i=1

xi IAi

Ù¥x1, . . . , xn ´ØÓ�~ê�, b½{A1, . . . ,An} ����
mΩ�Ø���«m.
½½½ÂÂÂµ�ÅCþX'uy©D = {D1, . . . ,Dn}�^�Ï"½Â�

E[X |D] =
m∑
i=1

xiP(Ai |D)

E[aX + bY |D] = aE[X |D] + bE[Y |D]

E[c |D] = c ,E[IA|D] = P(A|D).

E[E[X |D]] = E[X ]
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§ 3 'ulÑ�ÅCþ�^�Ï"

~f: �(Ω,F ,P) = ([0, 1],B[0, 1],m),
D = {[0, 1/2), [1/2, 1]} = {D1,D2}. -

X = I[0,1/3] + 2I(1/3,2/3) + 3I[2/3,1]

O���

E[X |D1] =
4

3
,E[X |D2] =

8

3

l

E[X |D] =
4

3
ID1 +

8

3
ID2
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§ 3 'ulÑ�ÅCþ�^�Ï"

�ÅCþXÚ§�^�Ï"E[X |D].
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§ 3 'uσ-�ê�^�Ï"

�Ä(Ω,F ,P)þ�ëY�ÅCþY , No½Â'uY�^�
Ï"E[X |Y ]?

fσ�êG ⊂ F , X´�K��ÅCþ, XÛ½ÂE[X |G]?

½½½ÂÂÂ: (Ω,F ,P)þ�K�ÅCþX'uσ�êG ⊂ F�^�Ï",
P�E[X |G], e÷v

E[X |G] ∈ G. (T^�Ï"´�âG�Ñ5�)

é¤k�A ∈ F , k(��L«²þpÝ)∫
A
E[X |G]dP =

∫
A
XdP.
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§ 3 'uσ-�ê�^�Ï"

^�Ï"½Â,�«`{:
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§ 3 'uσ-�ê�^�Ï"

�ÅCþ¼ê�^�Ï"
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§ 3 'uσ-�ê�^�Ï"

�ÅCþ¼ê�^�Ï"y²:
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§ 3 'uσ-�ê�^�Ï"

y²Y:
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§ 3 'uσ-�ê�^�Ï"

^�Ï"�5�:
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§ 3 'uσ-�ê�^�Ï"

^�Ï"�5�:
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§ 3 'uσ-�ê�^�Ï"

^�Ï"�5��y²:
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§ 3 'uσ-�ê�^�Ï"

^�Ï"�5��y²:
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§ 3 'uσ-�ê�^�Ï"

^�Ï"�5��y²:
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§ 3 'uσ-�ê�^�Ï"

^�Ï"�5��y²:
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§ 3 'uσ-�ê�^�Ï"

^�Ï"�5��y²:
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§ 3 'uσ-�ê�^�Ï"

^�Ï"�5��y²:
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§ 3 'uσ-�ê�^�Ï"

^�Ï"�5��y²:
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§ 3 'uσ-�ê�^�Ï"

^�Ï"�5��y²:
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§ 3 'uσ-�ê�^�Ï"

^�Ï"�5��y²:
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§ 3 Ï"

^̂̂���ÏÏÏ"""

�ÄëY�� n gM1�VÇ�m (Ωn,Fn,P) ¥, ¦�½Sn = s
^�e, Sn+1 �^�Ï".

E[Sn+1|Sn = s] = uspu + dspd .

�k

E[Sn+1|Sn] = uSnpu + dSnpd .

���/, ·�k

E[Sn+m|Sn = s] =
m∑

k=0

(
m

k

)
ukdm−kspkup

m−k
d .

E[Sn+m|Sn] =
m∑

k=0

(
m

k

)
ukdm−kpkup

m−k
d Sn.
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§ 3.4 ^�Ï"

^̂̂���ÏÏÏ"""

�ÄëY�� n gM1�VÇ�m (Ωn,Fn,P) ¥, ¦�½c n g
��(J�^�e Sn+1 �^�Ï"

En[Sn+1] = uSnpu + dSnpd .

���/, ·�k
En[X ] =?
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§ 3.4 ^�Ï"

^̂̂���ÏÏÏ"""���555���

�55. é?¿

En(aX + bY + c) = aEn(X ) + bEn(Y ) + c.

Jense Ø�ª. e φ : R→ R ´��à¼ê, K

En[φ(X )] ≥ φ(En[X ]).

J�®�þ. XJ X �6uc n g��(J, K

En[XY ] = XEn[Y ].

²wúª. é 0 ≤ n ≤ m ≤ N, K

En[Em[X ]] = En[X ].
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§ 3.3 ^�Ï"��
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§ 3.4 ^�Ï"��
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§ ÈL�VÇ�m

PÒ:
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§ �

PÒ:
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§ 3 ��½Â

��½Â
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§ 3 ��½Â,�«£ã

��12^,�«£ã:
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§ 3 e�Úþ��½Â

þe��½Â
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§ 3 ��~f

��~f:
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§ 3 ���E

��~f�E:
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§ 3.4 ^�Ï"��
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§ 3.4 ^�Ï"��
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§ 3.4 ^�Ï"��
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§ 3.4 ^�Ï"��
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§ 3.4 ^�Ï"��
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§ 3.4 ^�Ï"��
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§ 3.4 ^�Ï"��
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§ 3.4 ^�Ï"��
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§ 3.4 ^�Ï"��
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§ 3.4 ^�Ï"��
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§ 3.4 ^�Ï"��
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§ 3.4 ^�Ï"��
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§ 3 ÿÝ=�

PÒ(ÿÝ�d):
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§ 3 �d�ÿÝ

�d�ÿÝ:
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§ 3 �d�ÿÝ
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§ 3 �d�ÿÝ

y²:
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§ 3 �d�ÿÝ

y²:
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§ 1.4 �¦d�$Ä�5Æ
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§ 1.4 �¦d�$Ä�5Æ
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§ 1.4 �¦d�$Ä�5Æ
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§ 1.4 �¦d�$Ä�5Æ
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§ 1.4 �¦d�$Ä�5Æ
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§ 1.4 �¦d�$Ä�5Æ
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§ 1.4 �¦d�$Ä�5Æ
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§ 1.4 �¦d�$Ä�5Æ
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§ 1.4 �¦d�$Ä�5Æ
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§ 1.4 �¦d�$Ä�5Æ
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§ 3.5 MarkovL§

½½½ÂÂÂ£££Markov LLL§§§¤¤¤µµµ �Ä��ä]�½d�."�
X0,X1, . . . ,XN�·AL§"XJéz�0�N − 1�m�n±9z
�¼êf (x), �3,��¼êg(x)(�6unÚf ), ¦�µ

En[f (Xn+1)] = g(Xn)

K¡X0,X1, . . . ,XN ´��ê��Å£Markov¤L§.

En[f (Xn+1)]´�ÅCþ, �6ucng�M1�(J.
Markov5L²§écng�M1(J��6=ÏLXnNy"

'åg�úª§·��'%§��35"e¡�~f�ÑX
ÛÏég��{
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§ 3.5 MarkovL§

~~~fff 3��ä�.¥§��n + 1��dÏL��n��d�Ñµ

Sn+1(ω1 · · ·ωnωn+1) =

{
uSn(ω1 · · ·ωn) if ωn+1 = H
uSn(ω1 · · ·ωn) if ωn+1 = T

u´

En[f (Xn+1)](ω1 · · ·ωn) = pf (uSn(ω1 · · ·ωn)) + qf (dSn(ω1 · · ·ωn))

Ñ�ω1 · · ·ωn, ���

En[f (Xn+1)] = g(Sn)

Ù¥g(x) = pf (ux) + qf (dx).
ùL²§ÃØ3ý¢VÇ�´ºx¥5VÇÿÝe§�¦d�L

§Ñ´MarkovL§
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§ 3.5 MarkovL§

ÚÚÚnnn£££JJJ���®®®���þþþ¤¤¤µµµ �ÄN�ã���ä]�½d�.,
n´0�N�m�ê. � X 1, . . . ,XK��6u11g�1ng��M
1L§§�ÅCþY 1, . . . ,YL��6u1n + 1g�1Ng��M
1L§. �f (x1, . . . , xK , y1, . . . , yL)�K + L�¼ê, ½Â

g(x1, · · · , xK ) = E[f (x1, · · · , xK ,Y 1, · · · ,Y L)]

Kk:

En[f (X 1, · · · ,XK ,Y 1, · · · ,Y L)] = g(X 1, · · · ,XK )

b�K = L = 1,u´k

g(x) = Ef (x ,Y )

þ¡�ªfC�

g(X ) = Enf (X ,Y )

Y. Chen 7K�Å©Û
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§ 3.5 MarkovL§

ÚÚÚnnnyyy²²²µµµ �ω1 · · ·ωn?¿�½. ÏL^�Ï"�½Âk

En [f (X ,Y )](ω1 · · ·ωn)

=
∑

ωn+1···ωN

f (X (ω1 · · ·ωn),Y (ωn+1 · · ·ωN)p#H(ωn+1···ωN)q#T (ωn+1···ωN)

,

g(x) = E[f (x ,Y )](ω1 · · ·ωn)

=
∑

ωn+1···ωN

f (x ,Y (ωn+1 · · ·ωN)p#H(ωn+1···ωN)q#T (ωn+1···ωN)

w,k

En[f (X ,Y )](ω1 · · ·ωn) = g(X (ω1 · · ·ωn)). �
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§ 3.5 MarkovL§

�����ê��ÅL§´, ÏLO\�
¤¢�G�Cþ5
#¼�ê��Å5�.

½½½ÂÂÂ£££õõõ���Markov LLL§§§¤¤¤µµµ �Ä��ä]�½d�."�
{X 1

n ,X
2
n , . . . ,X

K
n ), n = 0, 1, . . . ,N}���K�·AL§"XJé

z�0�N − 1�m�n±9z�¼êf (x1, . . . , xK ), �3,��¼
êg(x1, . . . , xK )(�6unÚf ), ¦�µ

En[f (X 1
n+1, · · · ,XK

n+1)] = g(f (X 1
n , · · · ,XK

n ))

K¡{X 1
n ,X

2
n , . . . ,X

K
n ), n = 0, 1, . . . ,N}���K�ê��Å

£Markov¤L§.

En[f (X 1
n+1, · · · ,XK

n+1)] = g(X
)
n
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§ 3.5 MarkovL§

~~~fff: 3��N�ã���ä�., �Ä��·AL§
{(Sn,Mn), n = 0, 1, . . . ,N}, Ù¥Sn���n��¦d�,
Mn = max0≤k≤n Sk�����n���d���. �±�
y{(Sn,Mn), n = 0, 1, . . . ,N}´��ê��ÅL§.
'''���:::: Mn+1 = Mn ∨ Sn+1 = Mn ∨ (SnY ),Y = Sn+1

Sn

En[f (Sn+1,Mn+1)] = Enf (SnY ,Mn ∨ (SnY ))

Pg(s,m) = Ef (sY ,m∨(sY )) = pf (us,m∨(us))+qf (ds,m∨(ds))

Y. Chen 7K�Å©Û


