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§ 4.1 {ªÏ���ä½d

£� N-���ããã������äää½½½ddd

�´�m: {0, h, 2h, . . . ,Nh}
T = Nh ´�ÏF, h �mm�.

�½�eüÚþ,'~: d < e(r−δ)h < u

3�� nh, k n + 1 «G��U (states of nature)

{un, un−1d , un−2d2, . . . , udn−1, dn}

3�� nh uG� umdn−m � �¦d�

S(nh, umdn−m) = umdn−mS(0),

0 ≤ m ≤ n ≤ N.
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§ 4.1 {ªÏ���ä½d

♠ {ªÏ�d��l�ÏF��� 0 48/�ò��.

�ÏF, uG� ω �{ªwÞÏ�d��

X (T , ω) = [S(T , ω)− K ]+ .

3�� nh, uG� ω �{ªwÞÏ�d��

X (nh, ω) = max

{
S(nh, ω)− K ,
e−rh [quX ((n + 1)h, ωu) + qdX ((n + 1)h, ωd)]

}

Y. Chen 7K�Å©Û



USTC

§ 4.1 {ªÏ���ä½d

♠ {ªÏ�d��l�ÏF��� 0 48/�ò��.

3�ÏF T , uG� ω �{ªwOÏ�d��

X (T , ω) = [K − S(T , ω)]+

3�� nh, uG� ω �{ªwOÏ�d��

X (nh, ω) = max

{
K − S(nh, ω),
e−rh [quX ((n + 1)h, ωu) + qdX ((n + 1)h, ωd)]

}
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§ 4.1 {ªÏ���ä½d

{ªÏ���ä½d�L§

1 �E�¦� N-�ã��ä.

S(nh, umdn−m) = umdn−mS(0), 0 ≤ m ≤ n ≤ N.

2 (½{ªÏ�3�ÏF¤kG�e�d�.

3 éz���Ï(½ºx¥5ÿÝ

qu =
e(r−δ)h − d

u − d
Ú qd =

u − e(r−δ)h

u − d

4 |^ºx¥5½dúª, �c48/O�

X (Nh)⇒ X ((N − 1)h)⇒ · · · ⇒ X (h)⇒ X (0)

333zzz������!!!:::, \\\III������(((½½½´́́ÄÄÄ111���.
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§ 4.1 {ªÏ���ä½d

îª v.s. {ª

cnÚ�Ó:

1 �E�¦� N-�ã��ä.

2 (½{ªÏ�3�ÏF¤kG�e�d�.

3 éz���Ï(½ºx¥5ÿÝ (�Ó�úª).

���������ÚÚÚØØØ���ÓÓÓ:

îîîªªªÏÏÏ���: |^ºx¥5½dúª��O� X (0).

{{{ªªªÏÏÏ���: �c48/¦ÑX (0). z�!:Iû½´Ä1�.
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§ 4.1 {ªÏ���ä½d
~ 4.1 ({üÏ�½d) � S(0) = K = 40, r = 8%, σ = 30%,
δ = 0, N = 2 Ú T = 0.5. |^������äää O�îªÚ{ªwOÏ�
�d�

): þÞ'~

u = e(r−δ)h+σ
√
h = 1.1853 Ú d = e(r−δ)h−σ

√
h = 0.8781.

�¦d��

S(h, u) = 47.412 Ú S(h, d) = 35.124

S(2h, uu) = 56.197, S(2h, ud) = 41.632 Ú S(2h, dd) = 30.842.

ü�ãºx¥5ÿÝ�

qu =
e(r−δ)h − d

u − d
= 0.4626 Ú qd = 0.5374.
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§ 4.1 {ªÏ���ä½d

dºx¥5½dúª, îªwOÏ��d��

PE (0) = e−0.08/2(q2
d × 9.158) = 2.541.

d48úª, {ªwOÏ��d��

PA(0) = 2.568.
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§ 4.1 {ªÏ���ä½d

~ 4.2 ({üÏ�½d) �Ä��n�ã�²�{ªwOÏ�, z
��mã´�c.

r = 10% Ú δ = 6.5%, S(0) = 300

u = 1.25 Ú d = 0.7

(½wOÏ�d�

))): ü�ã�ºx¥5ÿÝ�

qu =
e0.1−0.065 − 0.7

1.25− 0.7
= 0.61022 Ú qd = 0.38978.

d48�{, 3�� 0, {ªwOÏ��d�´

PA(0) = 39.7263.
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§ 4.2 ÛÉÏ� (Exotic options)

ÛÉÏ�´ÂÃ'{üÏ��E,�Ï�.

ÛÉÏ��ÂÃØ=�6u�ÏF��¦d�, ��6u�
¦d��´».

�
~��ÛÉÏ�(ÂÃØÓ!):

æªÏ� (Asian options)
£"Ï� (Lookback options)
�"Ï� (All-or-nothing options)
æNÏ� (Barrier options)
Gap options
Compound options
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§ 4.2 ÛÉÏ� (Exotic options)

æªÏ� (Asian options)

�â²þd�: A(T ) = 1
N

∑N
n=1 S(nh)

AÛ²þd�: G (T ) =

(
N∏

n=1
S(nh)

)1/N

æææªªªÏÏÏ������ÂÂÂÃÃÃ (± A(T ) �~):

�½1�dwÞÏ�ÂÃ = [A(T )− K ]+
�½1�dwOÏ�ÂÃ = [K − A(T )]+
2Ä1�dwÞÏ�ÂÃ = [S(T )− A(T )]+
2Ä1�dwOÏ�ÂÃ = [A(T )− S(T )]+
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§ 4.2 ÛÉÏ� (Exotic options)

£££"""ÏÏÏ��� (Lookback options)

�½1�dwÞÏ�ÂÃ =

(
max

0≤t≤T
S(t)− K

)
+

�½1�dwOÏ�ÂÃ =

(
K − min

0≤t≤T
S(t)

)
+

2Ä1�dwÞÏ�ÂÃ = S(T )− min
0≤t≤T

S(t)

2Ä1�dwOÏ�ÂÃ = max
0≤t≤T

S(t)− S(T )
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§4.3 ÛÉÏ���ä½d
4.3.1 ÃÜ¿��ä

duÛÉÏ��ÂÃ´´»�6�, ·�I�|^ÃÜ¿��
ä5½dÛÉÏ�.

u�m nh, ÃÜ¿��äk 2n �!: (G�)

e.g., u�m 2h ÃÜ¿��äk 4 �!: (G�):

Ω2h = {uu, ud , du, dd}.
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§4.3 ÛÉÏ���ä½d
4.3.2 ÛÉîªÏ���ä½dL§

1 �E�¦d�� N-�ãÃÜ¿��ä.

S(nh, umdn−m) = umdn−mS(0), 0 ≤ m ≤ n ≤ N.

2 (½ÛÉÏ�3�ÏF¤kG�e�d� X (T ).

3 éz���Ï(½ºx¥5ÿÝ

qu =
e(r−δ)h − d

u − d
Ú qd =

u − e(r−δ)h

u − d

4 ^eªO�îªÏ�d�

X (0) = e−rT
∑
ω∈ΩT

Q{ω}X (T , ω),

Ù¥ ΩT ��ÏF�¤kG�|¤�8Ü(k 2N ���).

Y. Chen 7K�Å©Û



USTC

§4.3 ÛÉÏ���ä½d

4.3.2 ÛÉ{ªÏ���ä½dL§

1 �E�¦d�� N-�ãÃÜ¿��ä.

2 (½ÛÉÏ�3�ÏF¤kG�e�d� X (T ).

3 éz���ÏO�ºx¥5ÿÝ

qu =
e(r−δ)h − d

u − d
Ú qd =

u − e(r−δ)h

u − d

4 |^ºx¥5½dúª

X (nh, ω) = max

{
3�� nh �ÂÃ,
e−rh[quX ((n + 1)h, ωu) + qdX ((n + 1)h, ωd)]

}
�c48/O�

X (Nh)⇒ X ((N − 1)h)⇒ · · · ⇒ X (h)⇒ X (0).
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§4.3 ÛÉÏ���ä½d

ooo(((

îª{üÏ�: Ü¿ä ��O�

{ª{üÏ�: Ü¿ä 48O�

îªÛÉÏ�: ÃÜ¿ä ��O�

{ªÛÉÏ�: ÃÜ¿ä 48O�
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§4.3 ÛÉÏ���ä½d

~~~ 3.1 (ÛÉÏ�½d) b½ S(0) = 100 = K , r = 8%, δ = 0%,
u = 1.2, d = 0.8, T = 2 Ú h = 1. (½îªæªwÞÏ�d�,
Ù3�ÏF��ÂÃ�

CE (2) =

(
S(1) + S(2)

2
− 100

)
+

.

))): ü�ã�ºx¥5ÿÝ�

qu =
e0.08 − 0.8

1.2− 0.8
= 0.7082 Ú qd = 0.2918.

îªæªwÞÏ�d��

CE (0) = e−0.08×2
(
32q2

u + 8quqd
)

= 15.0853.

Y. Chen 7K�Å©Û



USTC

§4.3 ÛÉÏ���ä½d

~~~ 3.1 (ÛÉÏ�½d) � S(0) = 100 = K , r = 8%, δ = 0%,
u = 1.2, d = 0.8, T = 2 Ú h = 1.(½{ªæªwÞÏ�d�, Ù
3�� n ��ÂÃ�

CA(n) =

(
1

n

n∑
m=1

S(m)− 100

)
+

, n = 1, 2.

))): ü�ã�ºx¥5ÿÝ�

qu =
e0.08 − 0.8

1.2− 0.8
= 0.7082 Ú qd = 0.2918

d48úª, {ªæªwÞÏ�d��

CA(0) = 15.0853.

Y. Chen 7K�Å©Û
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Ê�

½½½ÂÂÂ 4.3.1 3N���ä�.¥§Ê�τ´���ÅCþ§��
�0, 1, . . . ,N,∞§÷vXJτ(ω1 · · ·ωnωn+1 · · ·ωN) = n ��
cng�M1�(JFnk'.

½½½nnn 4.3.2 ò���Ê�uÊ����Ê�L§E,´���"
ò��þ�(e�)Ê�uÊ�E´��þ�(e�).

½½½nnn 4.3.3 �Xn, n = 0, 1, . . . ,N���e�, τ ´��Ê�§
KE[Xn∧τ ] ≤ E[Xn]. �Xn, n = 0, 1, . . . ,N���þ�§τ´��
Ê�§KE[Xn∧τ ] ≥ E[Xn].
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§4.4 ��{ªÏ�½dúª

½½½ÂÂÂ 4.4.1 éz��n = 0, 1, . . . ,N, �Gn´�6ucng��M
1(J��ÅCþ"äkS3d�L§Gn�{ªû)y ´�

�Ü�§§�±3��N�c�?Û��£�)N¤�¢�§¿
�XJ3��n�¢�§|G�Gn. ·�ÏL±e{ªºx¥5
½dúª5½dù�Ü��d�L§µ

Vn = max
τ∈ϕn

Ẽn

[
I(τ≤N)

1

(1 + r)τ−n
Gτ
]
.

Ù¥ϕnL«��3{n, n + 1, · · · ,N,∞}¥¤kÊ�τ�8Ü"
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§4.4 ��{ªÏ�½dúª

½½½nnn 4.4.2 d½Â4.4.1�Ñ�{ªû)y d�L§äk±e5
�µ

(1) é¤k�n, Vn ≥ max{Gn, 0};
(2) byL§ 1

(1+r)nVn´�þ�¶

(3) XJ,k��L§Yn, ÷vµYn ≥ max{Gn, 0}
� 1

(1+r)nYn´�þ�, Ké¤k�n, Yn ≥ Vn.

5�£3¤��Lã�µVn´÷v5�£1¤£2¤���L§"
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§4.4 ��{ªÏ�½dúª

½½½nnn 4.4.3 d½Â4.4.1�Ñ�{ªû)y d�L§§·�kX
e�{ª½d�{µ

VN(ω1 · · ·ωN) = max{GN(ω1 · · ·ωN), 0}

Vn(ω1 · · ·ωn) = max{Gn(ω1 · · ·ωn),
1

1 + r
ẼnVn+1},

n = N − 1, . . . , 0.
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§4.4 ��{ªÏ�½dúª
½½½nnn 4.1 (îª) �Ä� N-�ã��ä�., Ù¥d < 1 + r < u,
½ÂéA�ºx¥5ÿÝ qu Ú qd . � VN ´���ÅCþ (,û
)¬3 Nh �|G), Ù�ûucN g��M1(J ω1 · · ·ωN ,d

Vn(ω1 · · ·ωn) =
1

r + 1
[quVn+1(ω1 · · ·ωnH) + qdVn+1(ω1 · · ·ωnT )]

U�m��48½Â�ÅCþ VN−1, . . . ,V1,V0. ¿-

∆n(ω1 · · ·ωn) =
Vn+1(ω1 · · ·ωnH)− Vn+1(ω1 · · ·ωnT )

Sn+1(ω1 · · ·ωnH)− Sn+1(ω1 · · ·ωnT )

Ú

Xn+1 = ∆nSn+1 + (1 + r)(X0 −∆nSn).

Kk

XN(ω1 · · ·ωN) = VN(ω1 · · ·ωN) ∀ ω1 · · ·ωN .

Y. Chen 7K�Å©Û
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§4.3 ÛÉÏ���ä½d
½½½nnn 4.2 ({ª) �Ä N �ã��ä�., Ù¥ d < 1 + r < u, º
x¥5ÿÝ qu Ú qd . � Gn, n = 0, 1, . . . ,N, ,Ï�3�� Nh
1��ÂÃ, Ù�ûuc n g��M1(J ω1 · · ·ωn, Vn ´é

A{ªÏ�3�� n �d�§k

Vn(ω1:n) = max

{
Gn,

1

r + 1
[quVn+1(ω1:nH) + qdVn+1(ω1:nT )]

}
U�m��48½Â�ÅCþ VN−1, . . . ,V1,V0. ¿-

∆n(ω1 · · ·ωn) =
Vn+1(ω1 · · ·ωnH)− Vn+1(ω1 · · ·ωnT )

Sn+1(ω1 · · ·ωnH)− Sn+1(ω1 · · ·ωnT )

Ú

Cn(ω1:n) = Vn(ω1:n)− 1

r + 1
[quVn+1(ω1:nH) + qdVn+1(ω1:nT )] ≥ 0

Xn+1 = ∆nSn+1 + (1 + r)(Xn − Cn −∆nSn).

Kk

Xn(ω1 · · ·ωn) = Vn(ω1 · · ·ωn) ∀ ω1 · · ·ωn.

Y. Chen 7K�Å©Û
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§4.4 ��{ªÏ�½dúª

~~~ 3.1 �Ä� N-�ã�., h = 1, S(0) = 4, u = 2, d = 1/2, {
ü|Ç r = 1/4. ¦e�£"Ï�d�.

V3 = max
0≤n≤3

Sn − S3.

))): d r = 1/4, �ü�ã�ºx¥5ÿÝ�

qu = qd =
1

2
.

K

V0 =

(
4

5

)3

× 1

8

(
8 + 6 + 2 + 2 +

7

2

)
= 1.376.
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