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§ 6.1 '~ ���Åir

XJnt /∈ Z, ·�ÏL�5��½ÂW (n)(t) , i.e.,

W (n)(t) = ([nt] + 1− nt)W (n)(
[nt]

n
) + (nt − [nt])W (n)(

[nt] + 1

n
)
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Mk�k�ê:þk�:
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§ 6.1 '~ ���Åir

W (n)(t)�{K�Øõ, þeaÄ����1/
√
n, aÄ�ªÇC

�1/n, ¥m^���ëå5. eã´W (1)(t): òMkëå5=�
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W (2)(t), þeaÄ����1/
√

2, aÄ�ªÇC�1/2, ¥m��
^��ëå5. eã´W (2)(t):
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½½½ÂÂÂ6.1 �ÅL§ W = {W (t) : t ≥ 0} ¡�ÙK$Ä, XJ

1 W (0) = 0

2 é?¿� ω ∈ Ω, W (t, ω) 'u t ≥ 0 ëY.

3 é t > s ≥ 0, Oþ

W (t)−W (s) ∼ N(0, t − s),

Ù¥ N(0, t − s) Ñlþ�� 0 ��� t − s ���©Ù.

4 é 0 = t0 < t1 < · · · < tm, Oþ

W (t1),W (t2)−W (t1), . . . ,W (tm)−W (tm−1)

�pÕá.
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~~~ 6.1 O��� Var [W (1) + W (2) + W (3)].

))):

Var [W (3) + W (2) + W (1)]

= Var [W (3)−W (2) + 2 (W (2)−W (1)) + 3W (1)]

= Var [W (3)−W (2)] + 4Var [W (2)−W (1)] + 9Var [W (1)]

= 1 + 4 + 9

= 14.
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Definition (½Â 6.2 ^�Ï")

é�ÅL§ X (t), P
Es [X (t)]

� X (t) 3�½��� s ¤k&Ee�^�Ï".

^̂̂���ÏÏÏ"""���555���:

E0[X (t)] = E[X (t)], Et [X (t)] = X (t)

�55: Es [aX (t) + bY (t)] = aEs [X (t)] + bEs [Y (t)].

J�®�þ: XJ Y �½��� s ¤k&E�ÿ´®��,
KEs [X (t)Y ] = YEs [X (t)].

Õá5:XJ Y ��½��� s ¤k&E´Õá�,
KEs [Y ] = E[Y ].

S�{K: E [Es [X ]] = E [X ].
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Proposition (555��� 6.1 �)

ÙK$Ä W (t) ´���, =é?¿� 0 ≤ s ≤ t,

Es [W (t)] = W (s).

AO/,
E [W (t)] = W (0) = 0.

y: é 0 ≤ s ≤ t, ·�k

Es [W (t)] = Es [W (t)−W (s)] + Es [W (s)]

= E [W (t)−W (s)] + W (s)

= 0 + W (s)

= W (s).
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Proposition (555��� 6.2 �gC�)

� W (t) ´ÙK$Ä. é?¿� T ≥ 0, Ù�gC��

[W ,W ](T ) := lim
∆t→0

n∑
j=1

(W (tj)−W (tj−1))2 = T , (1)

Ù¥ 0 = t0 < t1 < · · · < tn = T Ú ∆t = max1≤j≤n(tj − tj−1).

(1) ��©/ª´

dW (t) · dW (t) = dt.
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Proposition (555��� 6.3 �g�C�)

� W (t) �ÙK$Ä� I(t) = t. é?¿� T ≥ 0, �g�C�

[W , I](T ) = lim
∆t→0

n∑
j=1

(W (tj)−W (tj−1)) (tj − tj−1) = 0, (2)

Ù¥ 0 = t0 < t1 < · · · < tn = T , ∆t = max1≤j≤n(tj − tj−1).

(2) ��©/ª´
dW (t) · dt = 0
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Proposition (555��� 6.1,2,3)

o(. ·�kXe�n«�©/ªµ
dW (t) · dW (t) = dt
dW (t) · dt = 0
dt · dt = 0.

����©/ª dt · dt = 0 5g

[I, I](T ) = lim
∆t→0

n∑
j=1

(tj − tj−1)2 ≤ lim
∆t→0

∆t · T = 0,

Ù¥ 0 = t0 < t1 < · · · < tn = T , ∆t = max1≤j≤n(tj − tj−1).
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��´»�1w�Ø1w

�õêÐ�¼êÑ´���§=Ï~Ñ´1w�"�Brown$Ä
´��4à§??Ø��"N�5ïþ��¼ê�1w§Ýºl

¥%4�½n£Donsker½n¤, Brown$ÄëY§§9ÙØ1w
��«§Ã{^)£ãÑ5§´Ï�·��ÃØ�Ug,�Ë�

@«§Ý"@No5£ãù«Ø1w§Ýº

¼êã���Ýµ �Ä[0, 1]þ�ëY¼êµf = f (t), |^Ã¡
�©Û�{§�Ä�?¿y©µ

π : 0 = t0 < t1 < · · · < tn = 1

Uì���á�K§¼êf��Ý¼êL(f )3©��«
m[ti−1, ti )k

L(f )[ti−1, ti ) ≥
√

(ti − ti−1)2 + (f (ti )− f (ti−1))2

3[0, 1]«mþ��Ý�

L(f ) ≥
n∑

i=1

√
(ti − ti−1)2 + (f (ti )− f (ti−1))2.
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¼ê�Ý½Â

3[0, 1]«mþ��Ý½Â�

L(f ) = sup
π

n∑
i=1

√
(ti − ti−1)2 + (f (ti )− f (ti−1))2.

¼ê�ÝÃ�§�±��¼ê���½éØ1w§ �~�<Ø

�UxÑ�^�ÝÃ���5"dØ�ª

n∑
i=1

|f (ti )− f (ti−1)| ≤
n∑

i=1

√
(ti − ti−1)2 + (f (ti )− f (ti−1))2

≤ 1 +
n∑

i=1

|f (ti )− f (ti−1)|

����Ø�ª5guü>�Ú�u1n>"

¤¤¤±±±L(f ) <∞⇔ FV (f ) <∞.
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Definition (½Â6.3 éê��©Ù)

�ÅCþ X ¡�´Ñléê��©Ù, XJ

X = eY Ú Y ∼ N(µ, σ2).

P� X ∼ lnN(µ, σ2), ½�d/, lnX ∼ N(µ, σ2).

XJ X ∼ lnN(µ, σ2), ·�k

E[X ] = eµ+ 1
2
σ2
.
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Definition (½Â6.4 éê���¦d��.)

éê���¦d��., �¡�AÛÙK�. (GBM), ´

S(t) = S(0)e(α−δ− 1
2
σ2)t+σW (t),

Ù¥ α ´�¦�O�/,�'Ç, δ ´�E, σ ´ÅÄÇ.

é�½� t,

S(t) ∼ S(0) lnN

(
(α− δ − 1

2
σ2)t, σ2t

)
é�½� t,

E [S(t)] = S(0)e(α−δ− 1
2
σ2)t+ 1

2
σ2t = S(0)e(α−δ)t .
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AÛÙK$Ä���´»:
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~~~6.2 (GBM�.) ��¦d�Ñléê��©Ù, α = 3%, δ = 0

Úσ = 20%. ¦Var
[
ln
√

S(1)S(2)
]
.

): d S(t) = S(0)e(0.03− 1
2

0.22)t+0.2W (t) = S(0)e0.01t+0.2W (t), k√
S(1)S(2) =

√
S2(0)e0.01+0.2W (1)+0.02+0.2W (2)

= S(0)e0.015+0.1W (1)+0.1W (2),

ù¿�X

ln
√

S(1)S(2) = ln S(0) + 0.015 + 0.1W (1) + 0.1W (2).

Ïd,

Var
[
ln
√
S(1)S(2)

]
= 0.12Var [W (1) + W (2)]

= 0.01Var [2W (1) + W (2)−W (1)]

= 0.01 (4 + 1)

= 0.05
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~~~6.3 (GBM�.) ��¦d� S(t) Ñléê��©
ÙS(0) = 100, α = 10%, δ = 0 Ú σ = 30%. ¦ S(2) 95% ��&
«m.

): Ïé U Ú L ¦�

P {S(2) < U} = P {S(2) > L} = 0.975.

d S(2) = 100e0.11+0.3W (2) ∼ 100 lnN(0.11, 0.18), ·�k

P {S(2) < U} = P
{

ln
S(2)

100
< ln

U

100

}
= P

{
N(0.11, 0.18) < ln

U

100

}
= P

{
N(0, 1) <

ln U
100 − 0.11
√

0.18

}
= 0.975.

d��©ÙL,
ln U

100
−0.11√

0.18
= Φ−1 (0.975) = 1.96, k

U = 256.3972.

aq/, L = 48.5995.
Y. Chen 7K�Å©Û
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