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§ 6.1 AR AT A

Suppose a fair coin toss outcome is w = (wy,wo, w3, ... ). Let
N 1 if w; = Head with probability 3,
i=
—1 if w; = Tail with probability 3.

Define

0 ift=0,
MI‘: 5
S X fort=1,2,3,....

The process M = (M) is a symmetric random walk.

£ R AT



§ 6.1 FEALGA RSB

The process M = (M;) is a martingale.
Q M is adapted.
Q M| <t forall t.
© For0<s<t,

E(Mt‘Fg):E(Mt—MS‘I'MS‘fS)
= E(M; — Ms) + M

Y. Chen £ R AT
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§ 6.1 MAHLIFARIRZIEZETAL

Consider a time partition 1 = {to, ti, ooy tm_t, tm} where
=g <t € i < s ilppg < .

The r.v.
M, — My, Mey — My, ..., My, — My,

are independent.

In addition,

£ R AT



§6.1 MiALHEA KT 2

The quadratic variation of the symmetric random walk M up to time T
is defined to be

(M, M]7 = ZT:(I\/I,- - /\/I,-_1>2 ~T.

i=1 X

£ R AT



Let M= {to, 1, t2,..., tm—1, tm } be a partition of [0, T]. The quadratic
variation of a stochastic process Y up to time T is defined to be

m

Y. Y]y = plim S (Y, - Yi)”.

=02

@ ||N|| = max{t; — ti_1} is the maximum step size of the partition.
1

@ plim X, = X_||mP(|X X|<e) =1

n—oo

£ R AT



§ 6.1 HLiI4E s AR A

Fix n > 0. Define

1
W(n)(t) = ﬁ (atM[nt]+1 + (1 - Ol't)M[nt]>
where oy = nt — [nt].

Note that W(")(t) = ﬁMm = ﬁ S X if nt € Z.

daFnt ¢ 7, HAVEL REHEEZ IWO(t) | e,

[nt]

) 4 (ot~ w122

W (8) = ([nt] +1 = m) W n

)

Y. Chen £ R AT



§ 6.1 HLiI4E s AR A

A

3 ° °

2 o o °

1F o ° °
R R R TS

i °

2F
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§ 6.1 HLiI4E s AR A

W (t)Bikm 2R %, ETHa K HA1//n, SFHEMET
Al /n, FaA—AEERE FRAWD(): M &k KT

£ R AT



§ 6.1 HLiI4E s AR A

WO (t), LFskahad K H1/V2, Bkah e 3nE L A1/2, ¥ 1A —4F
RA%ERER TRIWO(t):

4‘2-1/2 -
3.0
2.9 |k

Pl

o B
2. f
3.0k

Y. Chen £ R AT



§ 6.1 REZIREYREMLIFA

Suppose nt; € Z for all i. Show the following:

Q Therv. W (1) — W (1), WN(t) — W(ty), ...,
W (t,) — W(t,_1) are independent.

Q For0<i<j<m,
E (W"(t) - wO(t)) =0,
Var (W(n)(tj) — W(n)(t,‘)> = tj — ti,

E(W<">(tj)( Fo) = WO (t).

£ R AT



§ 6.1 HLiI4E s AR A

For t > 0 such that nt € Z,

nt

W, W, =3 (Wm (L) — Wi (%)>2

=

£ R AT



§ 6.1 rbip]LE ) a9 REALGF A MR AR

Fix t > 0. As n approaches infinity, the distribution of the scaled random
walk W()(t) evaluated at time t converges to the normal distribution
with mean 0 and variance t, i.e.

W) 2 N(0,8) as n— oo

£ R AT



§ 6.1 MR %7 ik B

Since

lim fo(u) =t lim

n—oo n—oo l
n

the m.g.f. of W("(¢),

£ R AT



§ 6.1 RAMLIFA

» We obtain
S(n)(t) — Soe%ﬁ(log up—log d,,)W(”)(t)—b—%(Iog un+log dp)nt (34)

» We want to construct S(t) via taking n — co. This works if
we have limits

W(")(t) — W(t)
1/n(log u, — log dy) — o
%(Iog up+logd,)n — ¢
for n — oo. In this case we obtain

S(t) _ SOeUW(t)+ct

Now suppose we know that W(™(t) — W(t) for n — oo.
(We can hope that we get convergence since Var[W (" (t)] = t
for all n.)

£ R AT



§ 6.1 JUATIEALIF A

Define
un:1+%+%, d,,:l—%+% (3.5)
with o > 0, a € R. Using log(1 + x) = x — 4x2 + O(x3) we find
1 (log un — log dp) = N O(n*%),
L(log un +logdn) = L (a— 302) + O(n*%).
So from (3.4)
log S (t)
= log So + 2v/n(log up — log dn) W(M(t) + 1(log uy + log d,)nt
= log So + oW D(t) + O(n YW (t) + (o — 10?)t + O(n~ %)
— log So + oW(t) + (o — 202)t.
Hence the random variables S(") with u,, d, in (3.5) converge to
S(t) = Spe” WO +(a30%)t (3.6)

in distr. for n — oo (geometric Brownian motion, see below).

£ R AT



§ 6.1 HutpI4E /]~ 69 A ALAF A VT ik

The scaled random walk W(" has
@ some natural time step;
@ is linear between these time step;

@ and is approximately normal.

Note that W) = lim,_, .o W(" is not differentiable.

Wt + h) = WEN(t) ¢ Z
h ~Vh

— o0 as h—0.

£ R AT



§6.1 7 215

6.1 FhLid A W= {W(t):t>0} #RAHHEH, 4=f
@ W(0)=0
Q MEFW weQ W(t,w) 2T t>0 #4%
Q@ t>s>0 ¥%

W(t) — W(s) ~ N(0,t —s),

HF NO,t—s) IRIAKHEAH O TEHR t —s HESHH.
QO 0=ty<t1 < <ty ¥E

W(t), W(t2) — W(t1),..., W(tm) — W(tm-1)

VR

Y. Chen £ Rk AT
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§6.1 7 215

Let W be a Brownian motion. Suppose s < t. Then

Therefore,

£ R AT



6.1 # BHiZ 5

#] 6.1 57 £ Var [W(1) + W(2) + W(3)].
fi#:

Var [W(3) + W(2) + W(1)]
= Var[W(3) — W(2) +2(W(2) — W(1)) +3W(1)]
= Var[W(3) — W(2)] + 4Var [W(2) — W(1)] 4+ 9Var [W(1)]
— 14449
= 14

Y. Chen £ R AT



B 35 B 69 P R

1, ZHWO)=xFZRGETFMBAZES, EAwW(t), W
W (t)-x=W"(¢)

BRI TORA BB, BibsdEfi BIiEs).

2, EW =0,

Vs <t, cov(W,, ) cov(W W,)+cov (W, W, - W)
ccov(W, W) =E(WW,)=sAt=min(s,t)

Y. Chen £ R AT



i BA 15 ) 64 PR R

3, PBAH: FH{W, , t = 0 RAEIES), W
(Wepq =W, , t=0} (GNEED BWREAIES)

4, REANZYE: 7, , t=0 W WHiEs),

m
{%%Jzo}4c>o)
A B
5, IRIEARIE) U, , 100 ARG 1
_ 1 h
f(x)_\/zme
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B IE F) 69 P R

6, Az — SR R .

£ R AT



ViR Bvt Rl d

WB(t) RAMEAMBIZES), MERM ¢ <t,<<2t,, A
(B(1,),++,B(1,)) mmearaspEmscn
f(xl’xz"“’xn) = f/1 (xl)J[/fr1 (x, _xl)"']r/,,—l,,,l (x, —x,)
Hrp Ax)=
f( ) 2t

HUFTEY  (B(4)..B(1,)) WM o GEE&S.
XRERTEB() =x AT, B(t,) KIZFMFEERECN

1 7()62 ! )2
— 2(1,=1)
fB(zz)\B(zI) (x2 |x1) - e

27 (2, — 1)

=Ji, (x2 _xl)

le

£ R AT



Bp

~ N(x,,t, —1t)

= P(B(t,) < x,|B(t)) = x,) = P(B(t,) — x, < x, —x,|B(#,) = x,)
=P(B(t,)—B(t) <x, —x|B() =x,)
=P(B({t,)—B()=<x,—x,)

— yz
e dy B(2,)~B(¢,)

5B(¢,) BsL

- \/27r(i2 —1)

Bl E[B(1,)|B (%) =x,1=x,
Var(B(6,)|B(4)=x,) =1, —1,
E[B(t2)|8(tl 1= B(4)
var(B(1,)|B(4))=1

2_t1

£ R AT



f(xlaxza""xn)

= fB(tl) (xl)fB(,z )|B(,1)(x2 ’x1)f3(t3 B, ),B(,l)(x3 |x2 X))
Lt 30,0080
= Lo ) S s 30y (2
= le (xl)frz—rl (x, = x;)-- ftn—rn_l (x, =X,

X, s )

) g, oy (s |x2) i, >|B<rn_1>(xn

xn—l)

£ R AT



TEB(t) =x, % T, B(t,+0) MM HERECH

(x=x9)°

1 _
fB(t0+l‘)‘B(l‘0) (x ‘xO ) - e *

2t
Xo} = Iw Syt (31 )

L P{B(t,+1) > x,|B(1,) =
= P{B(1,+1) < x,|B(1,) = x, _1

LXK, SRVBFNB(t) =x, , X TAERRIL>0
» AT BB BHAE t o+t 20 B 7 B i T B T 3046 0 B RIS
HHE . IXAR A R AR AT B2 3 X B

£ R AT



Bs<t, EHEB() =x,IFKMNT, B(s) KFKMHEEREN

S(s).800) (X5 %) _ Jo (%) S (% = X)
fg(;)(xo) Ji (xo)

x? (x‘)_x)z

_ 1 1 1 e‘%‘ 2(1-s)
V27s 27t —s) f,(x,)

fB(s)\B(z) (x %, ) =

5Xg .2
) t(xfTO)

_ 1 1 1 e—% BTSN
J27s \/272'(t—s) S (%)

=y (=202
3

Zs(t s) _ 2s(t s)/t

t 1
_\Eﬂ/zz(z—s) / S(t—s)

T(x—

£ R AT



Brek, fESEB(D =x KT, B(s) (s<) B
HAF AT RIE 53 AT, B

B(S)‘B(t):xo ~ N( p

sx, s(t—s)
=27
14

)

Bk E[B( )|B()_x]—sx°

Var(B(5)[B (1) =x,) =

ELB(5)|B (0= B (1)
Var (5(s)|B (1) ="

£ R AT



B IE F) 69 P R

ER: Hs<t, EHEB(S) =xR%KMHT, B(OK

FEERBCN
T seymes) (x[x) = Lr—s)
= fi (x—x,)
B B(1)] gy, ~ N (X5 (2=5))

E[B(I)‘B(S) =Xx,]=x,

Var (B(l‘)‘B(S) = xo) =(t—5)

Y. Chen £ R AT



§6.1 7 BAE ) A (R 2 55 Th

Let W = (W(t), W(t), ..., W(tm))T. Then WM is a multi-variate
normal r.v. and

b B Ty e B

ti b b ... b
Var (W(n)> = (i) =|| 2 = B B,

h B 3 ... Im

£ R AT



§6.1 A B iZ ) 9 38R 2 3L

Let (Q,f, IP) be a probability space on which a Brownian motion W is
defined.

A filtration for the Brownian motion is a collection of o-field {f(t)}po
satisfying R
@ (Information accumulation) For 0 <'s < t, F(s) C F(t).

Q (Adaptivity) For each t >0, W(t) is F(t)-measurable.

© For 0 <s<t, the increment W(t) — W(s) is independent of F(s).

Y. Chen £ R AT



§6.1 7 B & 3

Definition (£ X 6.2 & H12)

;AL A X(t), T

Es[X(t)]
X(t) B4R BB A s A ETHEARME.

SRR
o Eo[X(t)] = E[X(1)], Ec[X(t)] = X(t)
o Z MM EglaX(t) + bY(t)] = aEs[X(t)] + bEs[Y(t)].

o RMTLIwE: WwR Y bR INH s FIARELHER LI
RIES[X(2)Y] = YEs[X(2)]

o it R Y 542 B Z] s FTAE &R IR LA,
NE[Y] = E[Y].

o %Kik E[E[X]] = E[X].

£ RRRAL AT



§6.1 7 BAiZ 5

Proposition (P 6.1 #&)
HHEF W(t) &— 8k, BistE&490<s<t,

Es [W(t)] = W(s).

JEF A,
E[W(t)] = W(0) = 0.

A 0<s<t BAMF

Es [(W(t)] = Es[W(t) — W(s)] + Es[W(s)]
= E[W(t) — W(s)]+ W(s)
= 0+ W(s)
= W(s).

£ RRRAL AT



FVr(f)= lim Z)ft, ) = f(ti-1)

where [T = {to. tr, ts, ..., tm_1. tm} is a partition of [0, T].

£ R AT



6.1 # BHiZ 5

Proposition (t&/ 6.2 =k % £)
K W(t) ZAFBE SfHEZG T >0, A= XTZR

W, WI(T) = Jim S (W(5) - WGP =T, (1)
j=1

%'750:150<t1<"'<tn: Tﬁ?At:maxlggn(tj—tj,l).

(1) #HHH KA

dW(t) - dW/(t) = dt.

£ R AT



Proposition (/& 6.3 =K 4% £
W W(t) AHBEHAIt) =t SFEEH T >0, ~ANTE

[W,I(T) = I|m Z(W tj) — W(ti-1)) (t — tj-1) =0,

HEFO0=tg<t1<---<t,=T, At =maxi<j<n(tj — tj_1).

(2) #9i# 57 X &2
dW(t)-dt=0

()

Y. Chen £ Rk AL AT




6.1 # BHiZ 5

Proposition (#/ 6.1,2,3)

Btk RAVH e TG = APt T K

dW(t) - dW/(t) = dt
dW(t)-dt =0
dt-dt=0.

wEMHMS A dt-dt =0 %8

. 2 .
— PR < . ’ —
[I,I]( I ) = IItmOJE - (tj t_,,l) lltmOAt = 0,

HF 0= th<ti<---<ty,=T, At = maxlsjg,,(tj — tj_l).

£ Rk AT



AN T 5 AR

K % $omF R AAA TG, Bl AR R 89, 12Browniz #)
A=, RAETRTF, EHREE-ADRMGRBTALZE? K
PO MR 32 (Donsker @ #) |, Browni&s #h:i% 4, © AL RNAR
Bg—A, REREMEE R, RRAKRMNGF LT ARG
AATAZE . NE LA R PRI TR HBALE?

AR KE: FE 1| LEERE: = f(t), ALY
WA Tk, HFE—AEER] S

T:0=t<ti< - -<th=1

BRA K RALRN, B KA S L(F) 8
B [ti_1, ti) A

L(A)lt1, 1) > /(1 — t1)? + (F(8) — £ (1))
[0, 1K 1] LKk & A




%K B = L
£[0,1] K o) B8 K A2 LA
L(F) = sup > /(6 — 612 + (F(85) — F(tr1))2
T =1

BRKEAR, TABEHHAF —RRIAR, EFHAR
TheEh —FKELRGH AR, HAFX

SOt — f(tia)l < Y \/(fi —ti—1)? + (f(t;) — f(ti-1))?
i—1 i=1

< 1+ ) IF(t) = F(tia)l

i=1

RE—NMRFRARATAAZIARTH =2
FrAL(f) < oo & FV(f) < oc.

£ R AT



6.1 A Bizsh
6.2 StHE S A AR A
6.3 Bt

6.4 & KAED> M
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§6.2 AT EA A

Definition (£ X.6.3 3t & E &5 7)
AT Z X ARAZRAITHOES 5, d= R

=e¥ Ao Y ~ N(u,0?).

o itH X ~InN(u,0?), REMH, InX ~ N(u,0?).
o dw® X ~InN(u,o0?), HMH

E[X] = ett27”

£ R AT



§6.3 JUAT A B35 5

Let W be a Brownian motion and S(0) be a positive constant. For
t >0, define

5(¢) = 5(0) A ks,

Let 0< Ty < T and M= {to, tr,tp,..., tm—1, tm} be @ partition of the
interval [Ty, To]. Then

In ( S(F") ) = (u— %02> (t = tia) + o (W(t) - W(ti_1)).

Y. Chen £ R AT



§6.3 JUAT A B35 5

,ZE <'” (5?52)))2

i=1

+ 20 (/l = %02) Z(t:‘ —tio1) (W(t1) — W(ti—1))

+U2Z l', 1))

0*(Ta—T1) as M| = 0.

£ R AT



§6.3 JUAT A B35 5

L . 7 > ('” (sft(,-ml)Dz'

i=1

N y

Realized volatility

£ R AT



§6.2 X F ES ST

Definition (72 6.4 31 A5 AL F M 4442 AL )
3T ROE AR B AR, EARA LT A AR AL (GBM), £

S(t) _ S(O)e(aféf%oz)tJrUW(t)’

EF o RIRFAHE/TELE, 0 RIRE, 0 REFFE.

o MTEEH ¢,
S(t) ~S(0)InN <(a —6— 202)1?, 02t>

o ME T ¢,

E [S(t)] = S(O)e(a—é—%a2)t+%a2t _ S(O)e(o‘_5)t.

Y. Chen £ RRRALY AT
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§6.2 AT IE &

#16.2 (GBMAEA!) XA ZMAIRAIT L EE ST, a=3%, 6 =0
oo = 20%. £ Var [m 5(1)5(2)} .

f: b S(t) — 5(0)e(0.03—%0.22)t+0.2W(t) — 5(0)60'01t+0'2w(t), o
/5(1)S(2) = \/52(0)e0.0l+0.2W(1)+0.02+0.2W(2)

— 5(0)60.015+0.1 W(1)+0.1W(2)

In v/S(1)S(2) = In S(0) + 0.015 + 0.1W/(1) + 0.1W/(2).
B .,
Var [m 5(1)5(2)} = 0.1%Var[W(1) + W(2)]
= 0.01Var 2W(1) + W(2) — W(1)]
= 0.01(4+1)
= 0.05

Y. Chen £ R AT



§6.2 AT IE &

#16.3 (GBM#EA!) &Mk ZMAE S(t) IR E S5
#S(0) = 100, a = 10%, 6 = 0 4= 0 = 30%. K S(2) 95% &4 & 1Z
X ).
i & U F LA
P{S(2) < U} =P{S(2) > L} = 0.975.
# S(2) = 100e%11403W(2) . 1001n N(0.11,0.18), HAH

5(2) U U
P{5(2 =P{In>=2 <In— p =P N(0.11,0.1 In —
{5(2) < U} {n100<n100} {(0 ,0 8)<n100}
In-¥ —0.11
=P{N(0,1) < —200_—"" % — 0.975.
{ (0.1) /0.18
wE A&, "m0 _ 1(0.975) = 1.06, #
_E 77 , \/m — . = 1. ,
U = 256.3972.

K, L = 48.5995.

Y. Chen £ R AT



6.1 A Bizsh
6.2 A ESHSH
6.3 B

6.4 & KAED> M
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§6.3 First passage time

Let W be a Brownian motion and m be a constant. The first passage
time to level m is

Tm=min{t > 0| W(t) = m}.

If W never reaches the level m, set 7, = .

£ R AT



§6.3 First passage time

W)
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§6.3 First passage time

W(tAT,)
Wt

£ R AT



§6.3 First passage time

Let W be a Brownian motion and, for t > 0, define the exponential
process

2(t) = e-doHroMO)

© Show that the process {Z(t)}¢>0 is a martingale.
@ Show that the stopped process {Z(t A 7p)}e>0 is @ martingale.

£ R AT



§6.3 First passage time

@ For 0 < s <t, show that

E(Z(t)| F(s)) = e 17 HoWE E (ef’<W(f>*W<5>>) = Z(s).

Q@ Let 0 < s < t. Consider a partition 1 = {to try ..., n} of [0, t]
such that it contains all those values s A 7, and t/\ Tm can take.
First show that

Z(t N Tm) 5 A Tm Z 15/\T,,,<t,<t/\7,,,( (ti) - Z(ti—1)>

and
{5/\7’m <t < f/\Tm} S ]‘—(t,'_l)

fori= 2 vy

£ R AT



§6.3 First passage time

@ Then show that
E (1a(Z(t ATm) = Z(s ATm)))

= Z E ( 13 Lo enignmg VZLE) — Z(ti1)))

i=1
= z (1adonr, <ti<ens, E(Z(t) — Z(ti—1) | F(ti-1)))
— O./

for any A € F(s).

£ R AT



§6.3 B P BT

The first passage time of Brownian motion to level m € R is finite almost
surely and the Laplace transform of its distribution is

E(e™™)= g ImlV2a

for all a > 0.

£ R AT



§6.3 First passage time

5 JEBR

Let 0 > 0 and m > 0. Consider the martingale
Z{E ) = o~ 30 (tATm)+o W (tATn)
Then
0< Z(t A7) < &7
and

i _152;
[im Z(t A Tm) — 17'm<:>ce 50 .m+om.
t—oo

£ R AT



§6.3 First passage time

AR IER

Since E(Z(t A7) = Z(0) = 1, taking t — oo and applying the
Dominated Convergence Theorem gives

E <1Tm<OO e_%GQTm) =e 7™
Taking ¢ — 0" gives
P(gy <o) =1L
Hence,
E (efé"z”’> = e 77

for c > 0 and m > 0.

£ R AT



§6.3 First passage time

4~ R LiE R 4

For m > 0, setU:\/ﬂtoget
E(e_‘”"’) — g T2a
For m < 0, note that 7,, 2 T|m|, thus
E(e_(”m) =E <e_“7"”‘) — gImiV2a,

For m = 0, the result follows since 7,, = 0. Hence,

E (e_“T’") — oImV2a

for all & > 0.

£ R AT



§6.3 First passage time

7 LE B 42

d\

Although 7, < > a.s.,

if i =~ 0.

£ R AT



§86.3 R At/7 32

BE RAT R HE

For a fixed positive level m and time t, there are two possibilities for
T X I

Q ™ <tand W(t) <w,
Q 7 <tand W(t) > w,
where w < m.

Note that for the first case each (7, <t, W(t) < w) path has a
reflected (W(t) > 2m — w) path.

£ R AT



§86.3 R At/7 32

B RETER:

W)

2m—w
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§6.3 B4R 32

B R ETER:

Wi(r)

£ R AT



86.3 R At /R I A

For m >0 and w < m,
P (rm < £, W(t) < w) = B(W(t) > 2m — w).
For m< 0 and w > m,

P(rm <t,W(t) > w)=P(W(t) <2m—w).

£ R AT



86.3 R At /R I A

For all m # 0, the random variable 7,,, has the distribution function

2 ® 12
Fe (1) = —/ e 2% dz
Vvam, \L\}t\
and the density function
_ml
() = V27t3 °

for all t > 0.
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E R

Suppose m > 0. Then by the reflection formula
P(rm < t, W(t) < m)=P(W(t) > m).

In addition,
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1L

Suppose m < 0. Then by the reflection formula

P(rm < t, W(t) > m) = P(W(t) < m)

In addition,
P (m < t, W(t) < m) = P(W(t) < m)
Therefore,
P(rm < t)=2B(W(t) < m)= 2/7 1 12y,
oo V21
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BrowniZ 3 69 &% kK AT 4%:

The maximum to date for Brownian motion W is

M(t) = max W(s).

0<s<t

Note that M(t) > 0 and M(t) > W(t) for all t > 0.
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Browniz &) i 5 B :

W(t)
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B R 3

For m > 0, we have
Mit)>m < m, <t
The reflection formula for m > 0 and w < m becomes

P(M(t)>m W(t)<w)=P(W(t) >2m—w).

Y. Chen £ R AT
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B AR A

W(t)
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%

Wik

For t > 0, the joint density function of (M(t), W(t)) is

22m—w) _en-w?

ey, wiey (m,w) = N B &

for m> 0 and m > w, and 0 otherwise; and the conditional distribution
of M(t) given W(t) = w is

22m—w) _2nm-w

fuiwe (miw) = ————e""

for m> 0 and m > w, and 0 otherwise.
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1L

Since P(M(t) > m, W(t) < w)=P(W(t) >2m— w),

o 1 22
/ / (x,y)dydx = /2 o e % dz.

Differentiate w.r.t. m,

= 2 _(2m—w)2
/ fM(r)W(r)(m»y)dy:ﬁ—me I
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JE R 4

Therefore,

fmce).wie) (m, w)
fw(e)(w)

fm(e) wiey(mlw) =

22 - m(m—w
_ (mt W)e*”r )
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