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§7.1 Riemann-StieltjesÈ©

Definition (½Â 7.1 Riemann È©)

�f (x)�½Â3[0,1]«mþ�¢�¼ê, �Ä©�

τn : 0 = t0 < t1 < · · · < tn = 1

Ú mesh(τn) = max1≤j≤n(tj − tj−1). �mesh(τn)→ 0 �, XJe
¡�4�é,�
©σn(d÷vti−1 ≤ yi ≤ ti�?¿��yi�Ñ
�)

Sn =
n∑

j=1

f (yj) (tj)− tj−1)) ,

�3, P�S��©�Ú
©σnÑÃ', Ò¡S�f3[0,1]«mþ
�RiemannÈ©. P�

S =

∫ 1

0
f (t)dt.
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Riemann È©5�

RiemannÈ©����Ä��., ��#�È©kaq�5�. e
¡·��Þ5�Xe. é[0,1]þRiemann�È¼êf , f1, f2,

1. RiemannÈ©��55, é?¿�~êc1, c2k∫ 1

0
[c1f1(t) + c2f2(t)]dt = c1

∫ 1

0
f1(t)dt + c2

∫ 1

0
f2(t)dt.

2. RiemannÈ©3��«m��5�\5:∫ 1

0
f (t)dt =

∫ a

0
f (t)dt +

∫ 1

a
f (t)dt, 0 ≤ a ≤ 1.

3. RiemannÈ©Ø½È©½Â�È©þ�¼ê∫ s

0
f (t)dt =

∫ 1

0
f (t)I[0,s](t)dt.
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§7.1 Riemann-StieltjesÈ©

Definition (½Â 7.2 Riemann-StieltjesÈ©)

�f (x)Úg(x)�½Â3[0,1]«mþ�¢�¼ê, �Ä©�

τn : 0 = t0 < t1 < · · · < tn = 1

Ú mesh(τn) = max1≤j≤n(tj − tj−1). �mesh(τn)→ 0 �, XJé
,�
©σn(d÷vti−1 ≤ yi ≤ ti�?¿��yi�Ñ�)

S =: lim
n→∞

Sn = lim
n→∞

n∑
j=1

f (yj) (g(tj)− g(tj−1)) ,

�3, P�S��©�Ú
©σnÑÃ', Ò¡S�f'ug3[0,1]«
mþ�RiemannÈ©. P�

S =

∫ 1

0
f (t)dg(t).
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§7.1 Riemann-StieltjesÈ©�35

·��ÑRiemann-StieltjesÈ©
∫ 1

0 f (t)dg(t)�È5���¿©^
�, �~�C7�5^�.

¼êfÚg3Ó�:ØUÑØëY.

b�f´ëY�, gkk.C�,=

sup
τ

n∑
j=1

|g(tj)− g(tj−1)| <∞,

Ù¥�þ(.´é¤k�©�τ��.

¯¤±�B(t)´Ø�3k��k.C�, @XÛ½ÂÈ

©
∫ 1

0 f (t)dB(t)?
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Riemann-StieltjesÈ©
∫ 1

0 f (t)dg(t) �o�ÿ�3? XJ±eü�

^����3K
∫ 1

0 f (t)dg(t)�3:

Definition (½Â k.pC�)

�3[0,1]«mþ�¢�¼êhé,�p > 0÷v^�,

sup
τ

n∑
j=1

|h(tj)− h(tj−1)|p <∞,

Ù¥�þ(.´é¤k�©�τ��, ¡hkk.pC� p = 1,
hkk.C�
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Riemann-StieltjesÈ©
∫ 1

0 f (t)dg(t) �o�ÿ�3?

Definition

XJ±eü�^�÷v, Riemann-StieltjesÈ©
∫ 1

0 f (t)dg(t) �3

¼êfÚg3Ó�:ØUÑØëY(3«mþØÓk�Ó�Ø
ëY:)

�3~êp > 0Úq > 0÷vp−1 + q−1 > 1, ¦�¼êfkk
.pC�, ¼êgkk.qC�.
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§7.2 {üL§½Â

Definition (½Â 7.2 {üL§�ItoÈ©)

XJ�ÅL§C = {Ct , t ∈ [0,T ]}÷v: �3©�

τn : 0 = t0 < t1 < · · · < tn = T

Ú��·Au{Fti−1 , i = 1, 2, · · · , n}��ÅCþS
�{Zi , 1 ≤ i ≤ n}, é¤k�i , EZ 2

i <∞, ¦�

Ct =

{
Zn, t = T
Zi , ti−1 ≤ t < ti , i = 1, 2, . . . , n

KL§C = {Ct , t ∈ [0,T ]}�{üL§.
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§7.2 Ito’s È©

Definition (½Â 7.2 {üL§�ItoÈ©)

XJ�ÅL§C = {Ct , t ∈ [0,T ]} �{üL§, §�Ito�ÅÈ
©deª�Ñ∫ T

0
CsdBs =

n∑
i=1

Cti−1(Bti − Bti−1) =
n∑

i=1

Zi∆iB.

�tk−1 ≤ t ≤ tk , 3«m[0,T ]þ, {üL§C��ÅÈ©½Â�∫ t

0
CsdBs :=

∫ T

0
Cs I[0,t](s)dBs =

k−1∑
i=1

Zi (Bti−Bti−1)+Zk(Bt−Btk−1
)

P�It(C ) =
∫ t

0 CsdBs .

Ù¢{
∫ tk

0 CsdBs , }´��'uσ�6(Ftk , k = 0, . . . , n)��C�.
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§7.2 {üL§ItoÈ©�5�

It(C ) =
∫ t

0 CsdBs´'uBrown$Ä�g,σ�6 (Ft , t ∈
[0,T ])��.

EIt(C ) = 0.

÷v�å5�:

E
(∫ t

0
CsdBs

)2
=

∫ t

0
EC 2

s ds, t ∈ [0,T ].

È©�55�: é?¿�~êc1, c2Ú[0,T ]þ�{üL
§C1ÚC2k∫ t

0
[c1C1(s)+c2C2(s)]dBs = c1

∫ t

0
C1(s)dBs+c2

∫ t

0
C2(s)dBs .

ItoÈ©3��«m��5�\5: t ∈ [0,T ]∫ T

0
CsdBs =

∫ t

0
CsdBs +

∫ T

t
CsdBs .
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§7.2 ItoÈ©

[It , It ](t) =
∫ t

0 C 2
s dBs

Definition (½Â 7.5 Ito È©)

�·AL§Ct÷v

E

∫ T

0
C 2
s dt <∞,

ÀJ{üL§C 2
n (t)÷v

lim
n→∞

E

∫ T

0
|C (s)− Cn(s)|2dt = 0.

K����ÅL§C (t)�Ito È© ½Â�∫ T

0
C (t)dB(t) = lim

n→∞

∫ T

0
C (t)dB(t),

Ù¥ C (t) : t ∈ [0,T ] ´��·AL§.
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§7.3 Ito’s úª

Definition (½Â 7.5 Ito È©)

� 0 = t0 < t1 < · · · < tn = T Ú ∆t = max1≤j≤n(tj − tj−1). Ito
È© ½Â�∫ T

0
X (t)dW (t) = lim

∆t→0

n∑
j=1

X (tj−1) (W (tj)−W (tj−1)) ,

Ù¥ X (t, ω) : [0,T ]× Ω→ R ´��·AL§.

Proposition (555��� 7.4)

E
[∫ T

0
X (t)dW (t)

]
= 0

Ú

E

[(∫ T

0
X (t)dW (t)

)2
]

=

∫ T

0
E
[
X 2(t)

]
dt.
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§7.3 Ito’s úª

~~~ 7.4 (Ito È©) AO/, ·�k

E
[∫ T

0
W (t)dW (t)

]
= 0

Ú

E

[(∫ T

0
W (t)dW (t)

)2
]

=

∫ T

0
E
[
W 2(t)

]
dt

=

∫ T

0
Var [W (t)]dt

=

∫ T

0
tdt

=
1

2
T 2.
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§7.3 Ito’s úª

Definition (½Â7.5 Ito L§)

�ÅL§ X (t) ¡� Ito L§, XJ

X (t) = X (0) +

∫ t

0
µ(s)ds +

∫ t

0
σ(s)dW (s),

Ù¥ µ(s) Ú σ(s) ´ü�·AL§.

X (t) ��Å�©�§ (SDE) ´

dX (t) = µ(t)dt + σ(t)dW (t).

e.g. �5ÙK$Ä dX (t) = µdt + σdW (t)

e.g. AÛÙK$Ä dX (t) = µX (t)dt + σX (t)dW (t)

e.g. *ÑL§ dX (t) = µ(t,X (t))dt + σ(t,X (t))dW (t)

Y. Chen 7K�Å©Û
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§7.3 Ito’s úª

Theorem (½n 7.1 Ito úª)

�Ä Ito L§ dX (t) = g(t)dt + h(t)dW (t). �¼ê f (t, x) ÷v
ft Ú fxx ´ëY�. ·�k

df (t,X (t))

= ft(t,X (t))dt + fx(t,X (t))dX (t) +
1

2
fxx(t,X (t)) [dX (t)]2

= ft(t,X (t))dt + fx(t,X (t))g(t)dt +
1

2
fxx(t,X (t))h2(t)dt

+fx(t,X (t))h(t)dW (t).
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§7.3 Ito’s úª

Theorem (½n 7.2 Ito úª)

�Ä Ito L§ X (T ) = X (0) +
∫ T

0 g(t)dt +
∫ T

0 h(t)dW (t) Ú¼ê
f (t, x) ÷v ft Ú fxx ´ëY�. K

f (T ,X (T ))− f (0,X (0))

=

∫ T

0
ft(t,X (t))dt +

∫ T

0
fx(t,X (t))dX (t)

+
1

2

∫ T

0
fxx(t,X (t)) [dX (t)]2

=

∫ T

0
ft(t,X (t))dt +

∫ T

0
fx(t,X (t))g(t)dt

+
1

2

∫ T

0
fxx(t,X (t))h2(t)dt +

∫ T

0
fx(t,X (t))h(t)dW (t).
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Ito úª�Ì�^å:

¼��Å�©�§ (SDE)

¦)�Å�©�§ (SDE)
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~~~7.5 (Ito úª) ¦ W 3(t) � SDE.

): -f (x) = x3, d Ito úª,

dW 3(t) = df (W (t))

= fx(W (t))dW (t) +
1

2
fxx(W (t)) [dW (t)]2

= 3W 2(t)dW (t) +
1

2
6W (t)dt

= 3W 2(t)dW (t) + 3W (t)dt.
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§7.3 Ito’s úª

~~~7.6 (Ito úª) �Ä�éê���¦d�

S(t) = S(0)e(µ−σ2/2)t+σW (t).

¦ S(t) � SDE.

): � f (x) = ex Ú X (t) = (µ− 1
2σ

2)t + σW (t).

d Ito úª,

dS(t) = S(0)df (X (t))

= S(0)

(
fx(X (t))dX (t) +

1

2
fxx(X (t)) (dX (t))2

)
= S(0)eX (t)

(
(µ− 1

2
σ2)dt + σdW (t) +

1

2
σ2dt

)
= µS(t)dt + σS(t)dW (t).

Y. Chen 7K�Å©Û



USTC

§7.3 Ito’s úª

~~~ 7.7 (Ito úª) ¦) dS(t) = µS(t)dt + σS(t)dW (t), = S(t)
�wªL�.

): d Ito úª,

d lnS(t) =
1

S(t)
dS(t)− 1

2S2(t)
[dS(t)]2

= µdt + σdW (t)− 1

2S2(t)
σ2S2(t)dt

= (µ− 1

2
σ2)dt + σdW (t)

éü>¦È©��∫ t

0
d lnS(s) =

∫ t

0
(µ− 1

2
σ2)ds +

∫ t

0
σdW (s)

lnS(t)− lnS(0) = (µ− 1

2
σ2)t + σW (t)

Ïd,
S(t) = S(0)e(µ− 1

2
σ2)t+σW (t).
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~~~ 7.8 (Ito úª) ^ X (0) ¦)�©�§
dX (t) = (α− βX (t))dt + σdW (t), Ù¥ α, β, σ ´��~ê.

): d Ito úªÚ f (t, x) = eβtx , ·�k

d
(
eβtX (t)

)
= βeβtX (t)dt + eβtdX (t)

= βeβtX (t)dt + eβt (α− βX (t)) dt + eβtσdW (t)

= αeβtdt + σeβtdW (t).

éü>¦È©��

eβtX (t)− X (0) = α

∫ t

0
eβsds + σ

∫ t

0
eβsdW (s)

=
α

β
(eβt − 1) + σ

∫ t

0
eβsdW (s).

l


X (t) = e−βtX (0) +
α

β
(1− e−βt) + σ

∫ t

0
e−β(t−s)dW (s).
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Definition (½Â StratonovichÈ©)

XJ�ÅL§C = {Ct , t ∈ [0,T ]} ½Â�Ct = f (Bt), Ù¥f´�
g���¼ê§Riemann-StieltjesÈ©Ú�

Sn =
n∑

i=1

f (Byi )(Btj − Btj−1), yi =
tj−1 + tj

2

�mesh(τn)→ 0, þ¦Úªþ�4��3§K¡d4�
�f (B)�StratonovichÈ©"P�∫ T

0
f (Bs) ◦ dBs .
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StratonovichÈ©

�±O� ∫ T

0
Bs ◦ dBs =

1

2
B2
T .
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StratonovichÈ©

w,§S̃
(1)
n �þ�4��ItoÈ©

∫ T
0 f (Bs)dBs , S̃

(2)
n þ�4��

S̃
(2)
n → 1

2

∫ T

0
f
′
(Bs)ds

�¡��þ�4�þ�0. u´ke¡�½n

Theorem (½n)

e
∫ T

0 Ef 2(Bt)dt <∞, �
∫ T

0 E [f
′
(Bt)]2dt <∞∫ T

0
f (Bs) ◦ dBs =

∫ T

0
f (Bs)dBs +

1

2

∫ T

0
f
′
(Bs)ds

Y. Chen 7K�Å©Û
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Theorem (½n)

e
∫ T

0 Ef 2(t,Xt)dt <∞, �Xt ��ItoL§

Xt = X0 +

∫ T

0
a(s,Xs)ds +

∫ T

0
b(s,Xs)dBs .

u´�e�C�úª¤áµ∫ T

0
f (s,Xs) ◦ dBs =

∫ T

0
f (t,Xs)dBs +

1

2

∫ T

0
b(s,Xs)fX (s,Xs)ds.
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Theorem (½n)

eeXt ��ItoL§

Xt = X0 +

∫ T

0
a(s,Xs)ds +

∫ T

0
b(s,Xs)dBs .

u´±e�C�úª¤áµ∫ T

0
f (s,Xs) ◦ dBs =

∫ T

0
f (t,Xs)dBs +

1

2

∫ T

0
b(s,Xs)fX (s,Xs)ds.

�\þª§�f = b, K

XT = X0 +

∫ T

0
ã(s,Xs)ds +

∫ T

0
b(s,Xs) ◦ dBs ,

Ù¥

ã(s,Xs) = a(s,Xs)− 1

2
b(t,Xt)b2(t,Xt).
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