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ýýýGGG���ÏÏÏddd��� PV(ST ) ´ ST 3�� 0 �d�. de¡A«�U
�{µ

ÃÃÃ���EEE:
PV(ST ) = S0.

lllÑÑÑ���EEE:
PV(ST ) = S0 − PV(Div).

ëëëYYY���EEE ('Ç δ):

PV(ST ) = e−δTS0.
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Definition (��©Ù)

XJ���ÅCþ X äkVÇ�Ý¼ê

f (x) =
1√
2πσ

exp
{
− (x − µ)2

2σ2

}
, −∞ < x <∞,

Ù¥ −∞ < µ <∞, σ > 0, K¡ X �����ÅCþ§P�
X ∼ N(µ, σ2).

X ∼ N(µ, σ2), K(X − µ)/σ ∼ N(0, 1);
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Definition (����©Ù)

�����Å�þ X = (X1,X2) ��Ý¼ê�

f (x , y) =
1

2πσ1σ2
√

1− ρ2
×

exp

{
− 1

2(1− ρ2)

[
(x − a)2

σ21
− 2ρ

(x − a)(y − b)

σ1σ2
+

(y − b)2

σ22

]}
Ù¥−∞ < a, b <∞, 0 < σ1, σ2 <∞, −1 ≤ ρ ≤ 1§K
¡(X1,X2) Ñlëê�a, b, σ21, σ

2
2, ρ �����©Ù§P

�X ∼ N(a, b, σ21, σ
2
2, ρ).
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� (X ,Y ) ∼ N(a, b, σ21, σ
2
2, ρ).

Küö��'Xêcorr(X ,Y ) = ρ.(
X−a
σ1
, Y−bσ2

)
∼ N(0, 0, 1, 1, ρ);

[Y |X = x ] ∼ N(µ2 + σ2
σ1

(x − µ1), σ22(1− ρ2))

KX �Y Õá��=�ρ = 0.

��Å�þ X ∼ N(0, 1), Y ∼ N(0, 1), ��pÕá, K X �
ρX + (1− ρ)Y ��'Xê�ρ.
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���...µµµeee:

ÃºxÅ B(t) = ert . �,

dB(t) = rertdt = rB(t)dt.

éê��©Ù�¦d��.

S(t) = S(0)e(α−δ−
1
2
σ2)t+σW (t)

÷v�Å�©�§

dS(t) = (α− δ)S(t)dt + σS(t)dW (t).

888���µ�Ä�îªwÞÏ�, 1�d K , ÂÃ�

C (S(T ),T ) = (S(T )− K )+.

Ù3�� 0 �Ã@|d� C (S(0), 0) ´õ�?
Y. Chen 7K�Å©Û
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Black-Scholes �.�Û�:

Ã�´¤^ (No transaction cost)

�¦ÂÃÇÑl��©Ù

�¦d�ëY

Ãºx|Ç´®�~ê

ÅÄÇ´®�~ê

�EÂÃ´®�~ê

. . .
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gggÊÊÊ]]]777���´́́üüüÑÑÑ

�Ä��´üÑ (x , y)

x(t) �3�� t ±k�¦°�

y(t) �3�� t ±kÃºxÅ °�

3�� t Ý]|Ü (x , y) �d��

V (t) = x(t)S(t) + y(t)B(t).

Definition (½Â 8.1gÊ]7�´üÑ)

�´üÑ (x , y) ¡�´gÊ]7�, XJé?¿� t ∈ (0,T ),

dV (t) = x(t) [dS(t) + δS(t)dt] + y(t)dB(t).
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Definition (½Â 8.2E�Ý]|Ü)

gÊ]7Ý]|Ü V (t) ¡�´wÞÏ� C (S(t), t) �E�Ý]
|Ü, XJ

V (t) = C (S(t), t) é?¿� t,

=

dV (t) = dC (S(t), t) é?¿� t.

gÊ]7Ý]|Üd��Ä�Cz

dV (t) = x(t) [dS(t) + δS(t)dt] + y(t)dB(t).

d Ito úª, Ï�d��Ä�Cz

dC (S(t), t) = Ctdt + CSdS(t) +
1

2
CSS [dS(t)]2 .
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5¿�

dS(t) = (α− δ)S(t)dt + σS(t)dW (t),

dB(t) = rB(t)dt,

·�k

dV (t) = x(t) [dS(t) + δS(t)dt] + y(t)dB(t)

= [αx(t)S(t) + ry(t)B(t)]dt + σS(t)x(t)dW (t),

Ú

dC (S(t), t) = Ctdt + CSdS +
1

2
CSS (dS)2

=

(
Ct + (α− δ)SCS +

1

2
σ2S2CSS

)
dt + σSCSdW (t).

Y. Chen 7K�Å©Û
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- dV = dC (dt Ú dW (t)), ��{
x(t) = CS

y(t) = 1
rB(t)

(
Ct − δSCS + 1

2σ
2S2CSS

)
.

ò (x(t), y(t)) �\ C (t) = x(t)S(t) + y(t)B(t),

Ct +
1

2
σ2S2CSS + (r − δ)SCS − rC = 0,

>.^�� C (S ,T ) = (S − K )+, S > 0.

�ªÕáu α!

Y. Chen 7K�Å©Û
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Theorem (½½½nnn 8.1 îªÏ� Black-Scholes ½dúª)

3 Black-Scholes �., îªwÞÏ�d��

C (S(0), 0) = S(0)e−δTΦ(d1)− Ke−rTΦ(d2),

Ù¥

d1 =
ln(S(0)/K ) + (r − δ + σ2/2)T

σ
√
T

, d2 = d1 − σ
√
T .

Ú Φ(x) IO��©Ù�(\È)©Ù¼ê.
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3ºx¥5ÿÝ Q e, ·�ATk

EQ [S(t)] = ertPV0,t(S(t))

= e(r−δ)tS(0).

¯¢þ, déê��©Ù�þ�

EQ
[
S(0)e(r−δ−σ

2/2)t+σWQ(t)
]

= e(r−δ)tS(0),

Ù¥, WQ 3 Q e�IOÙK$Ä.

Ïd, ·�k

S(0)e(α−δ−σ
2/2)t+σW (t) = S(t) = S(0)e(r−δ−σ

2/2)t+σWQ(t),

ù¿�X

WQ(t) =
α− r

σ
t + W (t).

Y. Chen 7K�Å©Û
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ü�VÇÿÝ P Ú Q �'X�deª��û½

WQ(t) =
α− r

σ
t + W (t).

·�k

S(t) = S(0)e(α−δ−σ
2/2)t+σW (t)

= S(0)e(r−δ−σ
2/2)t+σWQ(t)

½�d/,

dS(t) = (α− δ)S(t)dt + σS(t)dW (t)

= (r − δ)S(t)dt + σS(t)dWQ(t)

Y. Chen 7K�Å©Û
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5¿ S(t) = S(0)e(r−δ−σ
2/2)t+σWQ(t), ·�k

C (0) = e−rTEQ [C (T )]

= e−rTEQ [(S(T )− K )+
]

= e−rTEQ
[(

S(0)e(r−δ−σ
2/2)T+σWQ(T ) − K

)
+

]
= e−rT

∫ ∞
−∞

(
S(0)e(r−δ−σ

2/2)T+σ
√
Tx − K

)
+

1√
2π

e−x
2/2dx

= O�...

= S(0)e−δTΦ(d1)− Ke−rTΦ(d2),

Ù¥, d1 = ln(S(0)/K)+(r−δ+σ2/2)T

σ
√
T

Ú d2 = d1 − σ
√
T .

Y. Chen 7K�Å©Û
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~~~ 8.1 (Black-Scholes úª) � S(0) = 20, σ = 24%, r = 5%,
δ = 3%. 3Black-Scholes �.eO��1d�� 25 �n�Ï�
îªwÞ!wOÏ�d�.

): ·�k

d1 =
ln(20/25) + (0.05− 0.03 + 1

20.242)/4

0.24
√

1/4
= −1.75786

d2 = d1 − σ
√
T = −1.87786.

Ïdd��©ÙL Φ(d1) = 0.03939 Ú Φ(d2) = 0.0302,

C = 20e−0.03/4Φ(d1)− 25e−0.05/4Φ(d2) = 0.03629.

|^wOwÞ²dúª, C − P = S(0)e−δT − Ke−rT , ·�k

P = 0.03629− 20e−0.03/4 + 25e−0.05/4 = 4.87518.
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� W1(t) Ú W2(t) ´ü�ÙK$Ä, ��'Xê�

corr (W1(t),W2(t)) =
Cov (W1(t),W2(t))

sd (W1(t)) sd (W2(t))
= ρ(t) ∈ [−1, 1].

AO/, XJ ρ(t) ≡ ρ ∈ [−1, 1] é?¿� t ≥ 0, K·�k

E [W1(t)W2(t)] = Cov (W1(t),W2(t))

= corr (W1(t),W2(t)) sd (W1(t)) sd (W2(t))

= ρt.

Theorem (½½½nnn 8.2)

é t ≥ 0, XJ corr (W1(t),W2(t)) = ρ, K�g�C��

[W1,W2] (t) = ρt

Ú�A��©/ª�

dW1(t)dW2(t) = ρdt.

Y. Chen 7K�Å©Û
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Theorem (½½½nnn 8.3 Ito ¦¦¦ÈÈÈ{{{KKK)

� X (t) Ú Y (t) �ü� Ito L§, K

d (X (t)Y (t)) = X (t)dY (t) + Y (t)dX (t) + dX (t)dY (t).

Y. Chen 7K�Å©Û
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~~~ 8.2 (Ito ¦¦¦ÈÈÈ) �½ dX (t) = (α− βX (t))dt + σdW (t). ¦
d
(
eβtX (t)

)
� SDE.

): d Ito ¦È{K, ·�k

d
(
eβtX (t)

)
= X (t)deβt + eβtdX (t) + deβtdX (t)

= βeβtX (t)dt + eβt [(α− βX (t))dt + σdW (t)]

= αeβtdt + σeβtdW (t).

Y. Chen 7K�Å©Û
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~~~ 8.3 (Ito ¦¦¦ÈÈÈ) �

dS1(t) = α1S1(t)dt + σ1S1(t)dW1(t),

dS2(t) = α2S2(t)dt + σ2S2(t)dW2(t),

Ù¥ dW1(t)dW2(t) = ρdt. ¦ dS1(t)
S2(t)

� SDE.

): d

d
1

S2(t)
= − 1

S2(t)2
dS2(t) +

1

2

2

S2(t)3
(dS2(t))2

=
(σ22 − α2)

S2(t)
dt − σ2

S2(t)
dW2(t)

d Ito ¦È{K,

d
S1(t)

S2(t)
=

1

S2(t)
dS1(t) + S1(t)d

1

S2(t)
+ dS1(t)d

1

S2(t)

=
S1(t)

S2(t)
[(α1 − α2 + σ22 − σ1σ2ρ)dt + σ1dW1(t)− σ2dW2(t)].

Y. Chen 7K�Å©Û
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Theorem (½½½nnn 8.4 îîîªªª������ÏÏÏ������ B-S ddd���)

�3 Black-Scholes �.e, kü��¦d� S1(t) Ú S2(t), ÅÄ
Ç©O�σ1, σ2, Ú�'Xê� ρ. Ãºx|Ç� r . �Ä3�Ï
F T �^�°� S2 ���°� S1 �îªÏ�, Ùd��

e−rTEQ [(S1(T )− S2(T ))+
]

= PV(S1(T ))Φ(d1)−PV(S2(T ))Φ(d2),

Ù¥,

d1 =
ln (PV(S1(T ))/PV(S2(T ))) + 1

2σ
2T

σ
√
T

d2 = d1 − σ
√
T

σ =
√
σ21 + σ22 − 2ρσ1σ2.

Y. Chen 7K�Å©Û
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Theorem (½½½nnn 8.5 îîîªªª������ÏÏÏ������ B-S úúúªªª©©©))))

�3 Black-Scholes �.e, kü��¦d� S1(t) Ú S2(t), ÅÄ
Ç©O�σ1, σ2, Ú�'Xê� ρ. Ãºx|Ç� r . ·�k

e−rTEQ [S1(T )1{S1(T )>S2(T )}
]

= PV(S1(T ))Φ(d1)

e−rTEQ [S2(T )1{S1(T )>S2(T )}
]

= PV(S2(T ))Φ(d2)

Ù¥,

d1 =
ln (PV(S1(T ))/PV(S2(T ))) + 1

2σ
2T

σ
√
T

,

d2 = d1 − σ
√
T

σ =
√
σ21 + σ22 − 2ρσ1σ2

Y. Chen 7K�Å©Û
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~~~ 8.4 (B-S úªí2) �3 Black-Scholes �.e, kü�Ã�E
��¦d�� S1(t) Ú S2(t). �½ S1(0) = 10, S2(0) = 20,
σ1 = 18%, σ2 = 25%, ρ = −0.4, r = 5%. (½XeîªÏ�d
�, Ù3�ÏF T = 1 �^�°� S2 ��ü°� S1 �îªÏ
�.

): 3�ÏF��Ï��ÂÃ�

C (1) = (2S1(1)− S2(1))+.

d

σ =
√
σ21 + σ22 − 2ρσ1σ2 = 0.361801

d1 =
ln (2S1(0)/S2(0)) + 1

2σ
2T

σ
√
T

= 0.1809, Φ(d1) = 0.57178

d2 = d1 − σ
√
T = −0.1809, Φ(d2) = 0.42822,

��Ï�d��

C (0) = 2S1(0)Φ(d1)− S2(0)Φ(d2) = 2.8712.
Y. Chen 7K�Å©Û
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~~~ 8.5 (B-S úªí2) � S(0) = 40, K = 40, σ = 30%, r = 8%,
δ = 0 Ú T = 0.25. O�XeÏ�d�: (1) XJS(T ) > K KÂ
Ã $1 �Ï�d� $1.
(2) XJS(T ) < K KÂÃ $1 �Ï�d� $1.

): ·�- S1(T ) = S(T ) ´1��]�Ú S2(T ) = K �1�
�]�. d2Â� B-S úª,

C1(0) =
1

K
PV (K ) Φ(d2),

Ù¥, d2 =
ln(40/e−0.08×0.2540)+ 1

2
0.32×0.25

0.3
√
0.25

− 0.3
√

0.25 = 0.0583. K

C1(0) = e−0.08×0.25Φ(0.0583) = 0.5129

Ú

C2(0) = e−0.08×0.25 − C1(0) = 0.4673.
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~~~ 8.6 (B-S úªí2) � S(0) = 40, K = 40, σ = 30%, r = 8%,
δ = 0 Ú T = 0.25. O�XJS(T ) > 40 KÂÃ S(T )− 20 �w
ÞÏ�d� C (0).

): 3�ÏF´Ï�ÂÃ�

S(T )1{S(T )>40} − 20× 1{S(T )>40}

d2Â� B-S úª,

C (0) = PV(S(T ))Φ(d1)−20e−rTΦ(d2) = 40Φ(d1)−20e−0.08×0.25Φ(d2)

Ù¥,

d1 =
ln(40/e−0.08×0.2540) + 1

20.320.25

0.3
√

0.25
= 0.20833

d2 = d1 − 0.3
√

0.25 = 0.05833

K·�k C (0) = 40Φ(d1)− 20e−0.08×0.25Φ(d2) = 13.0427.
Y. Chen 7K�Å©Û


