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Theorem (½n 9.1)

� Z ≥ 0 ´ (Ω,F ,P) þ��ÅCþ� EP [Z ] = 1. ½Â

Q(A) =

∫
A
ZdP é?¿� A ∈ F .

1 Q ´ (Ω,F) þ�VÇÿÝ.

2 é?��ÅCþ X ,

EQ [X ] = EP [XZ ] .

3 XJ Z > 0 a.s., K

EP [X ] = EQ
[
X

Z

]
.

ùp, Z ¡� of Q 'u P � Radon-Nikodym �ê.
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yyy²²²ggg���:

1 Äk, Q{Ω} =
∫

Ω ZdP = EP [Z ] = 1. �	�\5:
Q {∪∞i=1Ai} =

∑∞
i=1 Q {Ai}, Ù¥ {Ai : Ai ∈ F , i ∈ N} Ø�

�.

2 � X = 1A, k

EQ [X ] = EQ [1A] = Q{A} =

∫
A
ZdP

=

∫
Ω

1AZdP =

∫
Ω
XZdP

= EP [XZ ] .

2|^IO�{òÙí2�����ÅCþ X .

3 é Z > 0 a.s., 3 (2) ¥^ X
Z �� X .
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Radon-Nikodym ���êêê

d½Â Q(A) =
∫
A ZdP, ·�k(Øî>)

dQ = ZdP

Ú Radon-Nikodym �ê

Z =
dQ
dP

K·�k

EQ [X ] =

∫
Ω
XdQ =

∫
Ω
XZdP = EP [XZ ]

�XJ Z > 0 a.s.,

EP [Y ] =

∫
Ω
Y dP =

∫
Ω

Y

Z
dQ = EQ

[
Y

Z

]
.
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Definition (�dÿÝ)

� P Ú Q ´(Ω,F) þ�ü�VÇÿÝ. P Ú Q ¡�´�d�, X
J¦�3F �"ÿ8þ´���.

XJ Z = dQ
dP > 0 a.s., K P Ú Q ´�d�.

XJ P{A} = 0 é, A ∈ F , ·�k

Q{A} =

∫
A
ZdP = 0

XJ Q{B} = 0 é, B ∈ F , K 1B
Z = 0 a.s. Q. Ïd

P{B} = EP [1B ] = EQ
[

1B
Z

]
= 0.
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~~~9.1 (ÿÝC�) � X ´ (Ω,F ,P) þ���IO���ÅCþ.
½Â Y := X + θ, Ù¥ θ �,~ê. 3 (Ω,F) þ¦��#�ÿÝ
Q ¦� Y 3 Q eÑlIO��©Ù.

))): ½Â Z = e−θX−
1
2
θ2

. ´�
1) Z > 0 a.s.

2) EP [Z ] =
∫
R e−θx−

1
2
θ2 1√

2π
e−

x2

2 dx =
∫
R

1√
2π
e−

(x+θ)2

2 dx = 1.

·�½Â#�ÿÝ�

Q(A) :=

∫
A
ZdP é?¿� A ∈ F .

K·�k Y 3 Q eÑlIO��©Ù.
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Q(Y ≤ a) =

∫
{Y≤a}

dQ =

∫
{Y≤a}

ZdP

=

∫
{X≤a−θ}

e−θX−
1
2
θ2
dP

= EP
[
e−θX−

1
2
θ2

1{X≤a−θ}

]
=

∫ a−θ

−∞
e−θx−

1
2
θ2 1√

2π
e−

1
2
x2
dx

=

∫ a−θ

−∞

1√
2π

e−
(x+θ)2

2 dx

=

∫ a

−∞

1√
2π

e−
1
2
x2
dx .

Ïd, Y 3 Q eÑlIO��©Ù.
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Definition (Radon-Nikodym �êL§)

� (Ω,F ,P) ´��VÇ�m, {F(t)}0≤t≤T ´���6, = F(t)
´�� σ-�, �

F(s) ⊂ F(t), s < t.

� Z > 0 a.s. � EP [Z ] = 1.

K·�¡

Z (t) = EP [Z |F(t)] , 0 ≤ t ≤ T .

� Radon-Nikodym �êL§.
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Lemma (Ún 9.1 Radon-Nikodym �êL§5�)

Radon-Nikodym �êL§ Z (t) kXe5�, é 0 ≤ s ≤ t ≤ T ,

1) Z (t) ´ P-�.

2) EQ [Y ] = EP [YZ (t)], XJ Y ´ F(t)-�ÿ�.

3) EQ [Y |F(s)] = 1
Z(s)E

P [YZ (t)|F(s)], XJ Y ´ F(t)-�ÿ�.

y²: 1) é 0 ≤ s ≤ t ≤ T ,

EP [Z (t)|F(s)] = EP
[
EP [Z |F(t)] |F(s)

]
= EP [Z |F(s)] = Z (s)

2) é?¿� F(t)-�ÿ��ÅCþ Y ,

EQ [Y ] = EP [YZ ] = EP
[
EP [YZ |F(t)]

]
= EP

[
YEP [Z |F(t)]

]
= EP [YZ (t)] .
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3) é?¿ F(t)-�ÿ� Y , |^^�Ï"�½Âk
1

Z(s)E
P [YZ (t)|F(s)] ´ F(s)-�ÿ�.∫

A
1

Z(s)E
P [YZ (t)|F(s)]dQ =

∫
A Y dQ é?¿� A ∈ F(s).∫

A

1

Z (s)
EP [YZ (t)|F(s)]dQ

= EQ
[

1A
1

Z (s)
EP [YZ (t)|F(s)]

]
= EP

[
1AEP [YZ (t)|F(s)]

]
, by (2)

= EP
[
EP [1AYZ (t)|F(s)]

]
, by A ∈ F(s)

= EP [1AYZ (t)] = EQ [1AY ] , by (2)

=

∫
A
Y dQ.

Y. Chen 7K�Å©Û



USTC

§9.2 ü�ÙK$Ä� Girsanov ½n

Theorem (½n 9.2 ü�ÙK$Ä� Girsanov ½n)

� {W (t)}0≤t≤T ´ (Ω,F ,P) þ�ÙK$Ä� {F(t)}0≤t≤T ´d
ÙK$Ä��6. � {θ(t)}0≤t≤T ´·AL§. ½Â

Z (t) = exp

{
−
∫ t

0
θ(s)dW (s)− 1

2

∫ t

0
θ2(s)ds

}
WQ(t) = W (t) +

∫ t

0
θ(s)ds

¦� EP
[∫ T

0 θ2(s)Z 2(s)ds
]
<∞. K

1 {Z (t)}0≤t≤T ´ P- �.

2 {WQ(t)}0≤t≤T 3 Q ´ÙK$Ä, Ù¥ dQ = Z (T )dP.

Y. Chen 7K�Å©Û
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yyy²²²

d Ito úª,

dZ (t) = Z (t)

(
−θ(t)dW (t)− 1

2
θ2(t)dt +

1

2
θ2(t)dt

)
= −θ(t)Z (t)dW (t).

d EP
[∫ T

0 θ2(s)Z 2(s)dW (s)
]
<∞, ·���

Z (t) = 1−
∫ t

0
θ(s)Z (s)dW (s), 0 ≤ t ≤ T

´�� Ito L§, Ã¤£� (vk dt ù��), �� P-�.

AO/ EP[Z (T )] = EP[Z (0)] = 1.

Y. Chen 7K�Å©Û



USTC

§9.2 ü�ÙK$Ä� Girsanov ½n

£�WQ(t) = W (t) +
∫ t

0 θ(s)ds. ·�|^ Levy’s �x½ny²
Ù´ Q-ÙK$Ä.

1) WQ(0) = 0.

2) WQ(t) këY´»

3) �gC��(
dWQ(t)

)2
= (dW (t) + θ(t)dt)2 = dt

4) ·�I�y²WQ(t) ´ Q-�.

Y. Chen 7K�Å©Û
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Äk,

d
(
WQ(t)Z (t)

)
= Z (t)dWQ(t) + WQ(t)dZ (t) + dWQ(t)dZ (t)

= Z (t) [dW (t) + θ(t)dt]−WQ(t)θ(t)Z (t)dW (t)

− [dW (t) + θ(t)dt] θ(t)Z (t)dW (t)

=
[
1− θ(t)WQ(t)

]
Z (t)dW (t).

�WQ(t)Z (t) ´ P-�.

K, é 0 ≤ s ≤ t ≤ T , dÚn� 3),

EQ
[
WQ(t)|F(s)

]
=

1

Z (s)
EP
[
WQ(t)Z (t)|F(s)

]
=

1

Z (s)
WQ(s)Z (s)

= WQ(s).
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USTC

Outline

1�Ù ºx¥5½d

9.1 ÿÝC�

9.2 ü�ÙK$Ä� Girsanov ½n

9.3 ºx¥5ÿÝ½d

9.4 �L«½n�E�]�|Ü��35

Y. Chen 7K�Å©Û



USTC

§9.3 ºx¥5ÿÝ½d

� {W (t)}0≤t≤T ´ (Ω,F ,P) þ�ÙK$Ä� {F(t)}0≤t≤T �d
ÙK$Ä��6.

��·A�|ÇL§ R(t).

òyL§ D(t) = e−
∫ t

0 R(s)ds ÷v

dD(t) = −R(t)D(t)dt.

�¦d�L§

S(t) = S(0) exp
{∫ t

0

(
α(s)− σ2(s)

2

)
ds +

∫ t
0 σ(s)dW (s)

}
÷v

dS(t) = α(t)S(t)dt + σ(t)S(t)dW (t),

Ù¥ α(t) Ú σ(t) ´·AL§, σ(t) > 0 a.s.
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Definition (½Â 9.2ºx¥5ÿÝ)

Q ¡�´ºx¥5ÿÝXJÙ�du P �òy��¦d�L§
D(t)S(t) ´ Q-�.

XJé� Q ? Girsanov ½n!

d

d (D(t)S(t)) = S(t)dD(t) + D(t)dS(t) + dS(t)dD(t)

= σ(t)D(t)S(t)

[
α(t)− R(t)

σ(t)
dt + dW (t)

]
,

·��I�é� Q ¦�

WQ(t) := W (t) +

∫ t

0

α(s)− R(s)

σ(s)
ds.

´ Q-ÙK$Ä.
Y. Chen 7K�Å©Û
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Definition (½Â 9.2ºx¥5ÿÝ)

Q ¡�´ºx¥5ÿÝXJÙ�du P �òy��¦d�L§
D(t)S(t) ´ Q-�.

XJé� Q ? Girsanov ½n!

d

d (D(t)S(t)) = S(t)dD(t) + D(t)dS(t) + dS(t)dD(t)

= σ(t)D(t)S(t)

[
α(t)− R(t)

σ(t)
dt + dW (t)

]
,

·��I�é� Q ¦�

WQ(t) := W (t) +

∫ t

0

α(s)− R(s)

σ(s)
ds.

´ Q-ÙK$Ä.
Y. Chen 7K�Å©Û
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d Girsanov ½n, θ(t) = α(t)−R(t)
σ(t) , ºx¥5ÿÝ Q d

Radon-Nikodym �ê½Â('u P).

Z = exp

{
−
∫ T

0

α(t)− R(t)

σ(t)
dW (t)− 1

2

∫ T

0

(
α(t)− R(t)

σ(t)

)2

dt

}
,

½�d/,
dQ = ZdP.

d dWQ(t) = dW (t) + α(t)−R(t)
σ(t) dt, ·�k

dS(t) = α(t)S(t)dt + σ(t)S(t)dW (t)

= R(t)S(t)dt + σ(t)S(t)dWQ(t)

Ú

d (D(t)S(t)) = σ(t)D(t)S(t)dWQ(t)

Y. Chen 7K�Å©Û
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Theorem (½n 9.3)

3ºx¥5ÿÝ Q e, òy�gÊ]7]�|Üd�L§
D(t)V (t) ´ Q-�.

y²: � ∆(t) ´3�� t ±k��¦°�. �ÄÝ]|Ü

V (t) = ∆(t)S(t) + (V (t)−∆(t)S(t))R(t).

dgÊ]7�5�, ´�

dV (t) = ∆(t)dS(t) + (V (t)−∆(t)S(t))R(t)dt

= V (t)R(t)dt + ∆(t)S(t)σ(t)dWQ(t)

Ú

d (D(t)V (t)) = V (t)dD(t) + D(t)dV (t) + dD(t)dV (t)

= ∆(t)σ(t)D(t)S(t)dWQ(t)

Y. Chen 7K�Å©Û
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� X (T ) ´ F(T )-�ÿ��ÅCþ, L«,îªû)¬3�
ÏF T �ÂÃ.

·��¦Ñ X (0) (½d) ÚgÊ]7�´üÑ {∆(t)}0≤t≤T
(éÀ) ¦�

X (T ) = V (T ) a.s.

��¦� {∆(t)}0≤t≤T , ·�½ÂX (t) := V (t). d
D(t)V (t) ´ Q-�,

D(t)X (t) = D(t)V (t) = EQ [D(T )V (T )|F(t)]

= EQ [D(T )X (T )|F(t)] .

Ïd, ·���ºx¥5ÿÝ½dúª

X (t) = EQ
[
e−

∫ T
t R(s)dsX (T )

∣∣∣F(t)
]
.

Y. Chen 7K�Å©Û
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�Ä3 Black-Scholes µee.

|Ç r > 0 �~ê�òyL§ D(t) = e−rt ÷v

dD(t) = −rD(t)dt.

�¦d�L§ S(t) = S(0)e(α−σ2/2)t+σW (t) ÷v

dS(t) = αS(t)dt + σS(t)dW (t).

� Q ´ºx¥5ÿÝ÷v

WQ(t) = W (t) +
α− r

σ
t ´ QÙK$Ä.

K S(t) = S(0)e(r−σ2/2)t+σWQ(t) ÷v

dS(t) = rS(t)dt + σS(t)dWQ(t).

Y. Chen 7K�Å©Û
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d S(t) = S(0)e(r−σ2/2)t+σWQ(t), ·�k

S(T )/S(t) = e(r−σ2/2)(T−t)+σWQ(T )−σWQ(t)

:= e(r−σ2/2)τ−σ
√
τY

Ù¥ τ = T − t Ú Y = −WQ(T )−WQ(t)√
T−t .

Y 3 Q eÑl N(0, 1) �ÕáuF(t).

dºx¥5ÿÝ½dúªÚÕá5,

C (t,S(t)) = EQ
[
e−r(T−t) (S(t)S(T )/S(t)− K )+

∣∣∣F(t)
]

= EQ
[
e−r(T−t)

(
S(t)e(r−σ2/2)τ−σ

√
τY − K

)
+

∣∣∣∣F(t)

]
= EQ

[
e−rτ

(
S(t)e(r−σ2/2)τ−σ

√
τY − K

)
+

]
=

1√
2π

∫ ∞
−∞

e−rτ
(
S(t)e(r−σ2/2)τ−σ

√
τy − K

)
+
e−

y2

2 dy .

Y. Chen 7K�Å©Û
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� d± = ln(S/K)+(r±σ2/2)τ
σ
√
τ

. d Se(r−σ2/2)τ−σ
√
τy > K ��=�

y < d−, ·�k

C (t,S(t))

=
1√
2π

∫ d−

−∞
e−y

2/2−rτ
(
S(t)e(r−σ2/2)τ−σ

√
τy − K

)
dy

=
S(t)√

2π

∫ d−

−∞
e−y

2/2−σ
√
τy−σ2τ/2dy − K√

2π
e−rτ

∫ d−

−∞
e−y

2/2dy

=
S(t)√

2π

∫ d−

−∞
e−(y+σ

√
τ)2/2dy − Ke−rτΦ(d−)

=
S(t)√

2π

∫ d−+σ
√
τ

−∞
e−y

2/2dy − Ke−rτΦ(d−)

= S(t)Φ(d+)− Ke−rτΦ(d−).

Y. Chen 7K�Å©Û
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Theorem (½n 9.4 �L«½n)

� {W (t)}0≤t≤T ´ (Ω,F ,P) þ�ÙK$Ä� {F(t)}0≤t≤T ´d
ÙK$Ä��6. � {M(t)}0≤t≤T 'u{F(t)}0≤t≤T ´�. K�
3�·AL§{Γ(t)}0≤t≤T ÷v

M(t) = M(0) +

∫ t

0
Γ(s)dW (s), 0 ≤ t ≤ T .

Y. Chen 7K�Å©Û
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� X (T ) ´ F(T )-�ÿ��ÅCþ, L«,îªû)¬3�
ÏF T �ÂÃ.

�6 {F(t)}0≤t≤T ´ÙK$Ä�g,�6 (Äu�¦d�).

{X (t)}0≤t<T dºx¥5ÿÝ½dúª�Ñµ

X (t) = EQ
[
e−

∫ T
t R(s)dsX (T )

∣∣∣F(t)
]

´Ä�3E�]�|Ü {∆(t)}0≤t≤T ?

Y. Chen 7K�Å©Û
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£� {D(t)X (t)}0≤t≤T ´ Q-�, d�L«½n, �3,·A
L§ {Γ(t)}0≤t≤T ÷v

D(t)X (t) = X (0) +

∫ t

0
Γ(s)dWQ(s), 0 ≤ t ≤ T .

£�òy�E�]�|Ü {D(t)V (t)}0≤t≤T ´ Q-��

D(t)V (t) = V (0) +

∫ t

0
∆(s)σ(s)D(s)S(s)dWQ(s).

�
k X (t) = V (t), t ∈ [0,T ], ·�I�

X (0) = V (0)

Ú

∆(t) =
Γ(t)

σ(t)D(t)S(t)
, 0 ≤ t ≤ T .

o�3gÊ]7E�]�|Ü!
Y. Chen 7K�Å©Û
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�3gÊ]7E�]�|Ü�6u±eü�b�:

ÅÄÇ σ(t) A�7,´��.

�6 {F(t)}0≤t≤T ´ÙK$Ä�g,�6.

i.e., Ø
ÙK$Ä����Å5±	Ø2kO��Å5.

3ùü�b�e, d�L«½n, z� F(T )-�ÿ�îªû)¬
�±�E�. ½|�.¡�´���.

�L«½n=�yÙ�35¿vk�Ñ {∆(t)}0≤t≤T �wªL
�.
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