ALGEBRAIC SURFACE BLENDING USING WU’S METHOD

FALAI CHEN JIANSONG DENG YUYU FENG Department of Mathematics, University of Science and Technology of China, Anhui, Hefei, 230026, People’s Republic of China E-mail: chenfl|dengjs|fengyy@ustc.edu.cn

In this paper, we apply Wu’s method in blending algebraic surfaces with (piecewise) algebraic surfaces— an important problem in geometric design. This new approach can find the lowest degree algebraic blending surfaces in most cases, and it is much more efficient than Gröbner basis method. Examples are provided to illustrate the algorithm.

Keywords Wu’s method, algebraic surfaces, blending.

1 Introduction

Blending is a method to construct a smooth transitional surface between given surfaces, and the study of constructing blending surfaces is one of the important problems in Geometric Modeling. In the past decades, a lot of research literature has focused on this problem, and many methods such as the rolling ball method^9, Liming skill^8 and potential method^5 are proposed to solve the problem. However, these methods generally produce high degree algebraic blending surfaces which are unsatisfactory in subsequent geometric operations. The algebraic surface blending problem can also be tackled by Gröbner basis^6, and generally this method can find the lowest degree algebraic blending surfaces. However Gröbner basis are very expensive to compute. In^{12}, an entirely different approach based on irreducible ascending sets and pseudo division algorithm is put forward to solve the algebraic surface blending problem. This new approach is much more efficient than Gröbner basis method and it can find the lowest degree algebraic blending surfaces in most cases. However, this method has still some drawbacks. First, the idea in that paper is not easy to generalize to the case where the blending surface and the initial surface have a high order contact. Second, the intersection curves at which the blending surface and the initial surfaces meet are required to be irreducible. Third, a single piece of algebraic surface is used to blend given surfaces, which may result in high degree algebraic blending surfaces.

In this paper, we put forward the idea in^{12} one step further. We can get rid of many of the restraints imposed by the method in^{12}. Namely, the order of contact of the blending surface and the initial surfaces can be arbitrarily high; the intersection curves at which the blending surface touches the initial surface can be reducible; and low degree piecewise algebraic surfaces can also be used as the blending surfaces, if necessary. These properties make our method more flexible and useful in constructing blending surfaces.

The paper is organized as follows. In the next section, we recall some basic knowledge about ascending sets and pseudo division algorithm which are the core parts of Wu’s method. In section 3, the main theoretic foundation and the algorithm is developed. In section 4, several examples are given to illustrate the algorithm. Finally, in section 5, we make some discussions and conclude the paper.

2 Preliminaries

We first recall some fundamental knowledge in Wu’s method, and a basic concept about geometric continuity of two algebraic surfaces.

Let K be the basic field of characteristic 0, and x_1, . . . , x_n be independent indeterminate. K[x_1, . . . , x_n] denotes the polynomial ring over K.

Given two polynomials f, g ∈ K[x_1, . . . , x_n], write them in the form:

f = f_{d1} x^{d1}_n + . . . + f_1x_n + f_0

g = g_{d2} x^{d2}_n + . . . + g_1x_n + g_0

where f_i, g_i ∈ K[x_1, . . . , x_{n−1}]. x_n is called the leading variable, and f_{d1} , g_{d2} the initial term of f and g respectively. Using x_n as the main variable, divide g by f results in

f^s_{d1} g = qf + r (1)

where q, r ∈ K[x_1, . . . , x_n], deg_{xn} (r) < deg_{xn} (f) and s is a nonnegative integer. r is called the pseudo remainder of g divided by f, denote it by r = Prem(g, f, x_n). (1) is called the pseudo division formula^{10}. Pseudo division algorithm is a key part of Wu’s method. Another important concept in Wu’s elimination method is ascending set.

Definition 1^{10,11} Let AS = {P_1, . . . , P_m} be a set of polynomials in K[x_1, . . . , x_n], and P_i = I_{ci,0}x^{di}_{ci} + I_{ci ,1}x^{di−1}_{ci} + · · · + I_{ci,di} , i = 1, . . . , m, which satisfy the following conditions:

1. 0 < c_1 < · · · < c_m, 2. I_{ci,j} ∈ K[x_1, . . . , x_{ci−1}],

3. ∀i > j, deg_{xj} (P_i) < deg_{xj} (P_j).

then AS is called an ascending set.

Given a polynomial g ∈ K[x_1, . . . , x_n], g can be divided by AS as follows: I^{sm}_{cm,0}g = q_mP_m + R_{m−1} I^{sm−1}_{cm−1 ,0}R_{m−1} = q_{m−1}P_{m−1} + R_{m−2} . . . . . . I^{s1}_{c1 ,0}R_1 = q_1P_1 + R_0

From above equation, we get

I^{s1}_{c1,0} · · · I^{sm}_{cm,0} · g = Q_1P_1 + · · · + Q_mP_m + R (2)

where s_i are some nonnegative integers, Q_i ∈ K[x_1, . . . , x_{ci} ], i = 1, . . . , m. R ∈ K[x_1, . . . , x_n] is called the pseudo remainder of g divided by AS, and we write it as R = Prem(g/AS). It is easy to know R has the following property: deg_{xci} (R) < deg_{xci} (P_i), i = 1, 2, . . . , m. Given a set of polynomials A = {A_1, . . . , A_k}, we can always transform it into an ascending set by pseudo division algorithm (2). The details can be found in^{10,11}.

Next we review a definition about the geometric continuity of two algebraic surfaces meeting at a common space curve.

An algebraic surface in R^3 is defined as the zero set of a polynomial f ∈ R[x, y, z], whose coefficients are over the real numbers. We often write it as f = 0 or V(f). Given two algebraic surfacesf = 0, g = 0, the intersection of the two algebraic surfaces is an algebraic space curve C = V(f = 0, g = 0). If there exists some (x_0, y_0, z_0) ∈ C such that f = 0, g = 0 have different normals at (x_0, y_0, z_0), then we say f = 0 and g = 0 intersect transversally along curve C.

Definition 2^4 Suppose two algebraic surfaces f(x, y, z) = 0 and g(x, y, z) = 0 intersect transversally along a space curve C. Then f = 0 and g = 0 meet with GC^k continuity along C if and only if there exist two polynomials α(x, y, z) and β(x, y, z) such that 1. α and β are not identically zero on curve C;

2. All derivatives up to order k of αf − βg equal zero at all points along C.

The above definition of geometric continuity coincides with our geometric intuition. For example, GC^1 continuity is the same as tangential continuity.

3 The Problem and the Method

The surface blending problem can be stated as follows.

Problem

Given m initial algebraic surfaces f_i = 0 and another m auxiliary surfaces h_i = 0, where f_i, h_i ∈ R[x, y, z], i = 1, 2, . . . , m. Suppose f_i = 0 and h_i = 0 intersect transversally at curve C_i, i = 1, 2, . . . , m. Find a (piecewise) algebraic surface g = 0 such that g = 0 meets f_i = 0 with GC^k continuity along curve C_i, i = 1, 2, . . . , m.

The main idea of our method to solve the above problem is based on pseudo division algorithm. We describe the algorithm as follows.

Algorithm

Step 1 Express polynomial g in the form: g = ∑ 0⩽λ+μ+ν⩽d g_{λμν} x^λy^μz^ν where g_{λμν} are unknowns, d is the degree of g.

Step 2 Choose an appropriate monomial order of variables x, y, z. Construct ascending sets AS_i from polynomial sets A_i := {f_i, h^{k+1}_i }, i = 1, 2, . . . , m.

Step 3 Divide g by each of the ascending sets AS_i using pseudo division algorithm. Let R_i = Prem(g/AS_i). R_i ∈ R[x, y, z] is a polynomial whose coefficients are linear combinations of g_{λμν}.

Step 4 Set R_i = 0, i = 1, 2, . . . , m, i.e., set all the coefficients of R_i to be zero.

A system of linear equations with g_{λμν} being unknowns is thus obtained.

Step 5 Solve the system of the linear equation. If there is just one trivial solution g_{λμν} = 0, then increase the degree of polynomial g and go to Step 1. Otherwise, select a suitable solution among all the solutions.

We claim the above algorithm produces a solution to the given problem.

Theorem Let g be a solution obtained by the above algorithm. Then algebraic surface g = 0 meets with f_i = 0 with GC^k continuity.

Proof: For any i (1 ⩽ i ⩽ m), let AS_i = {A_{i1}, A_{i2}}, where A_{i1}, A_{i2} ∈ R[x, y, z]. By the algorithm to compute the ascending set of a polynomial set, we know there exist polynomials I_{ij}, α_{ij}, β_{ij} ∈ R[x, y, z], j = 1, 2 such that

I^{si1}_{i1} A_{i1} = α_{i1}f_i + β_{i1}h^{k+1}_i ,

I^{si2}_{i2} A_{i2} = α_{i2}f_i + β_{i2}h^{k+1}_i , (3) where s_{ij} , j = 1, 2 are nonnegative integers. On the other hand, by Prem(g/AS_i) = 0, one has

I^{si}_i g = a_iA_{i1} + b_iA_{i2} (4)

where I_i, a_i, b_i ∈ R[x, y, z]. From (3) and (4), we get

Ig = αf_i + βh^{k+1}_i (5)

from some polynomial I, α, β ∈ R[x, y, z]. From Eq.(5), we immediately have d^l(Ig − αf_i)|_{Ci} = 0, l = 0, 1, . . . , k. If I and α are not identically zero along the intersection curve C_i, then by the definition of geometric continuity, g meets with f_i = 0 with GC^k continuity along C_i. This completes the proof.

4 Examples

In this section, we provide several examples to demonstrate our method in constructing algebraic blending surfaces. In all the examples, f_i = 0’s represent the initial surfaces to blend, h_i = 0’s are the auxiliary surfaces, and g = 0 is the blending surface.

Example 1 Given two circular cylinders whose axes are perpendicular to each other:

f_1 := y^2 + z^2 − 1, f_2 := x^2 + y^2 − 1 = 0,

and two auxiliary planes h_1 := x−2 = 0 and h_2 := z −2 = 0, we are interested in finding a cubic algebraic surface g = 0 which meets f_i with GC^1 continuity along circular sections C_i := V(f_i, h_i), i = 1, 2.

It is easy to check AS_1 := {h^2_1, f_1} and AS_2 := {f_2, h^2} are the ascending sets under ordering x > y > z.

Now let Prem(g/AS_1) = 0 and Prem(g/AS_2) = 0, we obtain 24 homogenous linear equations with 20 unknowns. The system of equations have a unique solution up to a constant factor:

g = 4 + 3x + 3z − 4x^2 − 4y^2 − 4z^2 − 4xz + x^3 + x^2z + xy^2 + xz^2 + y^2z + z^3.

The corresponding figure is shown in Fig.(1).

Figure 1. Blending surfaces between two cylinders

Figure 2. Blending three cylinders.

Example 2 In this example, we use a quartic surface to GC^1 blend three cylinders whose axes are perpendicular to each other: C_1 : f_1 = y^2 + z^2 − 1, h_1 = x − 2, C_2 : f_2 = z^2 + x^2 − 1, h_2 = y − 2, C_3 : f_3 = x^2 + y^2 − 1, h_3 = z − 2.

Obviously, AS_1 = {h^2_1, f_1}, AS_2 = {h^2, f_2} and AS_3 = {h^2_3, f_3} are ascending sets with respect to variable ordering x > y > z, y > z > x and z > x > y respectively. By letting Prem(g/AS_i) = 0, i = 1, 2, 3, we obtain 48 linear equations with 35 unknowns. The system of linear equations has 2 families of solutions. One such solution is:

g =4y − 28 + xz^3 + y^3x + x^3y + x^2yz + 12y^2 − 4xyz + 12x^2 − 4x^3 +12z^2 + yz^3 + y^3z + x^3z − 4xy^2 − 4z^2y − 4x^2y + 3xy + 3xz − 4x^2z +3yz − 4xz^2 − 4y^2z − 4y^3 − 4z^3 + z^2xy + xy^2z + 4z + 4x Fig.2 is the corresponding figure. Example 3 Suppose C_1 : f_1 = y^2 + z^2 − 1, h_1 = x − 2, C_2 : f_2 = y^2 + z^2 − 1, h_2 = x + 2, C_3 : f_3 = x^2 + z^2 − 1, h_3 = y − 2, C_4 : f_4 = x^2 + z^2 − 1, h_4 = y + 2.

Now both AS_1 = {h^2_1, f_1} and AS_2 = {h^2, f_2} are ascending sets with respect to x > y > z, and AS_3 = {h^2_3, f_3} and AS_4 = {h^2_4, f_4} ascending sets with respect to y > z > x. A degree four algebraic surface g = 0 which GC^1 blends f_i = 0 along C_i, i = 1, 2, 3, 4 is given by

g = x^2z^2 + y^2z^2 + x^2y^2 + 47 − 17x^2 − 17y^2 − 14z^2 + 2x^4 + 2y^4 − z^4,

Fig.3 shows the corresponding blending surface.

Figure 3. Blending four cylinders. Figure 4. Blending along reducible curves.

Example 4 Now we consider the case where one of the initial surface is reducible. Let

C_1 : f_1 = (y^2 + (z − 2)^2 − 1)(y^2 + (z + 2)^2 − 1), h_1 = x − 2, C_2 : f_2 = y^2 + z^2 − 2, h_2 = x + 2.

We are going to find a quintic surface g = 0 such that g = 0 blends f_i = 0, i = 1, 2 with GC^1 continuity. For simplicity, we assume g = 0 is symmetric about planes xy and xz. Note that f_1 = 0 is the union of two cylinders and thus in reducible. The intersection curve V(f_1, h_1) is the union of two circles and is also reducible.

Again, AS_1 = {h^2_1, f_1} and AS_2 = {h^2, f_2} are ascending sets with respect to x > y > z. The system of linear equations obtained has six families of solutions.

g = − 88xy^4 − 1604x − 176xy^2z^2 + 7x^2z^2 + 7x^5 + 7x^2 − 420z^2 + 7x^4 − 1124y^2 −88xz^4 − 169x^2y^2 + 484xy^2 + 1188xz^2 − 28x^3y^2 − 28x^3z^2 + 1260

gives one solution. Fig.4 depicts the blending surface.

Example 5 Our last example comes from C. Bajaj^1. Let

C_1 : f_1 = 10yz − 25z^2 + 40z − y^2 + 10xy − 8y − 25x^2 + 40x − 16, h_1 = y − 1, C_2 : f_2 = 4z^2 + 4xz − 12z + 4y^2 + 4xy − 12y + x^2 − 6x + 9, h_2 = x − 1, C_3 : f_3 = (x − 1)^2 + (y − 1)^2 − 1,

h_3 = (z − 1)^2.

where f_1 = 0 and f_2 = 0 are two cones and f_3 = 0 is a cylinder. In^1, Bajaj etal use a quintic algebraic surface to GC^1 blend the three surfaces f_i = 0, and it is shown that the quintic surface has the lowest degree. Here we are going to use a piecewise quartic surface to GC^1 blend f_i = 0, i = 1, 2, 3.

Let p_1 = x − y, p_2 = z − x, p_3 = y − z. We want to construct three quartic algebraic surfaces g_1, g_2 and g_3 such that

1. g_i = 0 meets f_i = 0 along C_i with GC^1 continuity, i = 1, 2, 3, and

2. g_i = 0 meets g_{i+1} = 0 on p_i = 0 with GC^1 continuity, i = 1, 2, 3, where the subscripts are moduled by 3.

By condition 2, we can assume

g_2 = g_1 + α_1p^2_1, g_3 = g_2 + α_2p^2, g_1 = g_3 + α_3p^2_3,

where α_i = b_{0,i} +b_{1,i}x+b_{2,i}y+b_{3,i}z. From these three equations, a consistency condition

α_1p^2_1 + α_2p^2 + α_3p^2_3 = 0. (6)

must be hold^3.

From {f_i, h^2_i }, i = 1, 2, 3, we compute three ascending sets AS_1 = {f_1 + h_1, h_1} under ordering z > y > x, AS_2 = {f_2 − h_2, h_2} under y > x > z, AS_3 = {f_3, h_3} under x > z > y. By combining Prem(g_i/AS_i) = 0, i = 1, 2, 3 and Eqn.(6), we get a system of linear equations with unknowns. The solution of the equations has ten free parameters. A suitable choice of free parameters gives

g1 =2z^2xy + 2x^2y − 580x^2 yz − 6496yz − 4306xy − 4842xz + 645x^2z

+1088xy^2 + 1358xz^2 + 3265y^2 z + 1708z^2y + 1090x^3y + 1425x^3 z + 1068y^3 x

−538y^3 z − 737x^2 y^2 − 1295x^2z^2 + 546y^2 z^2 + 1425xz^3 − 528yz^3

−14146 − 15395x^2 − 4657y^2 − 9319z^2 + 5710x^3 − 2684y^3 + 853z^3

−1295x^4 + 534y^4 + 1471xy^2 z − 4274xyz + 19190x + 14538y + 16924z,

g2 =g1 + 2(606x + 606y − 1212z + 5x^2 − y^2 − 7z^2 + 9xy + 5yz − 11xz)(x − y)^2,

g3 =g1 − 2(606x − 606y + 13x^2 + y^2 − z^2 − 11xy − 3yz + xz)(y − z)^2

Figure 5. Piecewise algebraic blending surfaces.

5 Conclusions

In this paper, we made some attempts to apply Wu’s method in constructing (piecewise) algebraic surfaces to smoothly blend given algebraic surfaces. Unlike previous approaches, Wu’s method can find the lowest degree blending surfaces, and it is much more efficient than Gröbner basis method. Examples suggest this new approach is powerful in constructing algebraic blending surfaces for various situations.

Currently, we are relying on a trial-and-error approach to determine the degree of the blending surface. How to determine the degree of the blending surface in advance is a problem worthy further research. On the other hand, how to choose suitable parameters in the final solutions such that the resulting blending surface is satisfactory in practice needs further study.

Acknowledgments

This work is supported by NKBRSF on Mathematics Mechanics (grant G1998030600), the National Natural Science Foundation of China (grants 69603009 and 19971087), the Research Fund for the Doctoral Program of Higher Education, and a grant for Extinguished Young Teachers from Educational Committee of China. Deng Jiansong is also supported by and Intramural Youth Science Foundation of USTC.

References

1. C. Bajaj, I. Ihm, and J. Warren, Higher-order interpolation and leastsquares approximation using implicit algebraic surfaces, ACM Trans. on Graphics, vol.12, no.4, 327–347, (1993).

2. J. Bloomenthal, Introduction to implicit surfaces, Morgan Kaufmann Publishers, Inc., San Francisco, California, (1997).

3. Falai Chen, Geometric continuity, blending and intersection of algebraic surfaces, Ph.D. thesis, USTC, (1994).

4. T. Garrity and J. Warren, Geometric Continuity, Computer Aided Geometric Design, vol.8, no.1, 51–65, (1991).

5. C. Hoffmann and J. Hopcroft, Quadratic blending surfaces, CAD, vol.18, 301–307, (1986).

6. W. P. Lou, Algebraic surface blending using Gröbner basis, Master thesis, USTC, (2000).

7. J. Menon, An introduction to implicit techniques, in Implicit Surfaces for Geometric Modeling and Computer Graphics—Siggraph’96 Course Notes.

8. A. E. Middleditch and K. H. Sears, Blending surfaces for set theoretic volume modeling system, Computer Graphics, vol.19, 161–170, (1985).

9. J. R. Rossignac and A. G. Requicha, Constant radius blending in solid modeling, Comp. Mech. Engi., vol.3, 65–73, (1984).

10. Wen-tsun Wu, Basic principles of mechanical theorem-proving in geometries, Part I, Elementary geometries(in Chinese), Science Press, Beijing, (1984).

11. Wen-tsun Wu, On zeros of algebraic equations–an application of Ritt principles, Kexue Tongbao, 31, 1–5, (1986).

12. Wen-tsun Wu and D. K. Wang, On the algebraic surface-fitting problem in CAGD (in Chinese), Mathematics in Practice and Theory, no.3, 26–31, (1994).