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Abstract: A simple method in the approximation of ellipsoid by bicubic polynomials is given in this paper, the
error is approximately 273x10°° for ellipse and 545x10 * for ellipsoid.
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As well known. Bézier curves and surfaces play a great role in the representation and design of free form
curves and surfaces. but they could not denote circle. sphere and the like exactiy. Hence n geometiric modeling
applications, the need of approximation of them arises when conic sections or rational curves. respectively, are not
avaitable or are not recommended.

O the other hand, CAD systerns and the Iike always seem to offer some representation of cubic poiynomials,

no matter whether they use B-splines. Bézier or the plain canonical base for curves and surfaces.

Many authors have worked with the approximation of circle by Bézier polynemial' ™" In this paper. we

. L o Lo ‘ . . SRR .
consider the approximartton of ellipsoid by bicubic polynomials, the error is approximately 273107 for ellipse and

545x107° for ellipsoid.
1 The Approximation of Ellipse
An ellipse is defined as

=1i. a.hbe R. (1.1

We intend to use a plecewise cubic polynomial planar curve joining with continuous tangen: directions It
Bézier form to approximate the eliipse.
Pt

In order to approximaic quadrant ellipse. we suppose that polynomial piece curve has the fornu
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with

where

: [3} i
Bit)=| pd-n"
13

is Bernstein basic function and e R will be determined.

Simple calculation from (1.2) and (1.3) show that

; I
x(ty=a(fy()—og, () =a(B, () + B (1) + 3B,

. 1
¥(0) = b (0 + G (1) = b(B3 (1) + B3 (1) + 0B (1),
where f(1), g:(1), i=0,1 are Hermite interpolant basic functions at point 0 and 1, so they are

fo)=Bi+ B ()= -1)> +3r1-1)°,
[ =B +B5(1)=3"(1-n)+1°,
1,3 2
8o(t) =;B1 ) =tl-1)"»

1 2
gl(’):—gB;(l)=—l”(1—t)’
Thus they satisty
L =6;, f.()H=0;
g (H=06,5 g, (=0, i,j=0,1.

(1.3)

(1.4)

(1.5)

(1.6)

Obviously Bézier curve p(r) defined as (1.2) interpolates ellipse at point (¢,0) and (0,b), and also has the same

tangent direction at these two points.
We select & so that
2
2
This means that the point (x(1/2),y(1/2)) corresponding to +=1/2 is on the ellipse. It is easy to get

Ly =Ly =
a b

o=4\2-1).

In order to estimate the error between ellipse (1.1) and Bézier curve (1.2), we introduce auxiliary function,

X0 Y
= = 7 _1
pr) e + .

or

for convenience.

Because € (t) is a polynomial of degree six, we write it in Bézier form:

(1.7)

(1.8)

(1.9)

(1.10)
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6
e()=y (b, =B’ (1) (L.11)

i=0
Using (1.4) and (1.6), it is easy to get by = bg=1, b=bs=1. From (1.5), we know
L) = fyd=1),
&ty =—gy(l-0), (1.12)
£,'@) =g, U-0).
These ensure that
e(ty=¢e(l-1). (1.13)

Hence b-=b, since the symmetry. € (¢) can be rewritten as
e(1)=c,(B2(t)+ BL (1)) +c,BL(1) (1.14)

with ¢,=h>—1 and ¢;=h3—1.
From (1.11), a simple calculation shows that
€7(0) =30(b, —2b, + by) = 30(b, —1).
On the other hand. from (1.4) and (1.14), we also have
€0)=20"+4(c - 3)

where & is defined as in (1.8). Therefore.

(‘,:bl—l=1(0'3+20'76):£(17712s/§). (1.15)
15 15
Because the point (x(1/2). ¥(1/2)) is on the ellipse, we get the relation
3¢, +2¢, =0,
that is
s :——%c,. (1.16)
- 2
From (1.14), (1.15) and (1.16), we get

£ =207 - 124 (1 -1 - 20)°. (1.17)

It is easy to verify that the functionf(t):tz(1\1)2(1—202 on [0.1] at point r=1/2—1/6 /3 obtains maximum, i.e.,

maxe* (=" (1= 207 = £ G~ B) = (1.18)
Finally, we have
Ose(t)sglz(w—12ﬁ)£545x10’“, (1.19)
and
0< p(r)<273%10°, (1.20)

The error € (1) and o (1) are the same with the result in Refs.[2,3] for the circle case (a=b=1).

We use Bézier curve (x(f),%(¢)) defined in (1.2) to approximate a quadrant ellipse perfectly. We depict its
picture in Fig.1(a), and we show the pictures of error functions ¢ (r) and p (r) in Figs.1 (b) and (¢). It is easy to
verify that the combination of (x(t),¥(1)),(x(#),—y(1)),(—x(r).¥(#)) and (—x(r),—y(z)) approximate the whole ellipse

smoothly. see Fig.1(d).
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(d) Smooth combination (e) The true ellipse

Fig.1 The approximation of an ellipse with =3, h=2

2 The Approximation of Ellipsoid

The main purpose of this paper is to generalize the above method to surface case. An ellipsoid is defined as

vl I abcer 2.1)
a b

We define parametric polynomial surface Q(s,f) using also Hermite interpolant as

X(s,t)=ar(s)(f(r)—og (1),
Y(s,0)=br(s)( fi(t)—0g, (1)), (2.2)
Z(s,t) =c(f,(s)—0g,(s)),

where
r(s) = f1(s)+0g,(s), 2.3)

and f. g;, i=0.1 and 6 are defined as before.

We want to use surface Q(s,r) to approximate octant ellipsoid. It is easy to check Q(s.t) interpolates ellipsoid at
points (a.0.0), (0,6.0) and (0,0,c), and has the same tangent plane with ellipsoid at these three points.

Let

p*mg:JX“f”+yw?”+ZTf”-L (2.4)
a- b* c”

and

E*(s.1)= l. (2.5)

X (s,t)  Yi(s,t)  Z(s,
(:S)Jr (:)+ (ft)_

a b~ ¢
Note that from (1.4). (1.10), (2.2) and (2.3), we have
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M + M =r’(s)e® + D), (2.6)
a- b°
and
2
e(s)+1= z (j’t) +ris). 2.7)
C
Hence
£¥(s.0) = rA(s)e(t) + £(s) = 217 = 124/2) - (2.8)

()P A=1)2(1= 20 + 21— 5)2(1 - 25)°)
Note that from (2.3) and (1.5), we know

r(s)=2s1-5)3-0)+c(1-57>0

and
r(s)y<r(l)y=1, (2.9)
therefore
r(s)y<1.

From (2.8), (2.9) and (1.18), we get

£*(s5,H)<109x1075, (2.10)
and

P *(s,1) £545x10°°, (2.11)

We can approximate the whole ellipsoid smoothly by changing the sign of (X(s,1),¥(s,1),Z(s,f)) respectively. For

example, surface piece
Q,(s,1)=(X (s, t) Y(s,6)~Z(s,1)) (2.12)
is continuous and has the same tangent plane with surface Q(s,f) at common boundary curve Q(1.f), and surface
piece
0,(5,1) =(X(s5,0),-Y(s5,1),Z(s,1))

is also continuous and has the same tangent plane with surface piece Q(s,t) at common boundary curve Q(0,7). The
effect of approximation is shown in Fig.2(b). In Fig.2(a), we depict the plot of (X(s,1),Y(s,t),Z(s,t)), and we show the
pictures of error functions in Fig.2(c) and Fig.2(d).

3 Conclusion

In this paper, the approximation of an octant ellipsoid surface by bicubic polynomials is considered and the
whole ellipsoid surface is also approximated by piecewise bicubic polynomial patch with GC' continuity. The
approximation error is about 0.0005. And, the method used in this paper can also be used to approximate an

ellipsoid or a hyperboloid surface patch. We will discuss the more general situation in other paper.
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(a) (X(5.),Y(s.0),Z(s,1)) (b) Smooth combination

(c) €*(s,1) (d) p*(s,0)
Fig.2 The approximation of an ellipsoid as a=3, b=2 and c=2
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