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High Accurate Approximation of Ellipsoid surface patch by
bicubic Bézier Polynomials*
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Abstract
In this paper, the approximation of a Ellipsoid surface patch using bicubic Bézier poly-
nomials is considered. The approximation is sixth order accurate. Furthermore the adjacent
approximation surface patches have the same tangent plane at their common boundary.
Keywords: Approximation, Ellipsoid, Accurate, Patch.

1 Introduction

Bézier curves and surfaces are widely used in the geometric modelling, but they could not denote
circle, sphere and the like exactly. Hence in practice, the requirement of approximation of sphere
and the like arises when conic sections or rational curves are not available or are not recommended.
Many authors have worked with the approximation of circle by Bézier polynomials [1, 2, 3], and
in [4] we give a perfect approximation for a octant of ellipsoid surface. This paper we consider the
approximation of a ellipsoid surface patch by bicubic polynomials. The approximation turns out
to have sixth order accuracy, giving a very small error.
In the following, we introduce the error functions
_ 2t

ei(t) = LEO (1.1)

b2

a?

for the case of ellipse and

ea2(s, 1) 2 5 2 1 (1.2)
for the ellipsoid.
2 The approximation of elliptic arc
An ellipse is defined as
22 g2

Let the elliptic arc to be approximated be given by its angular width 0 < 8 < /2, starting in the
point (2) on the positive y-axis, see Fig.1(a).
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(b)the approximation curve and its control

Fig.1(a)the elliptic arc points

We intend to find a cubic Bézier curve p(t) to approximate this elliptic arc. Here, p(t) is of form

wo= (510 ) =2 rete) 22)

with the control points P; and the Bernstein basic functions B} (t) given by

p= ( i ) B (l) = (’?)t"(l-t)"-f, te(0,1), i=0,1,...,n. (2.3)

Yi )

The Bézier curve p(t) is required that passes through the end points and there has a collinear
tangents with the ellipse arc. We rewrite the ellipse equation in a parametric form as

z(0) asind
8) = = 2.4
0= (50) = Goms) 24
where 6 is the angle starting from positive y-axis as shown in Fig.1(a). Then the control points p;
(see Fig.1(b)) can be computed as follows.

_[(0 _ ( asinp _[0 af)  _ [ ah
PO_(b)’ Ps_(bcosﬂ,)’ Pl—(b)“"@o:o‘( b)’

_ [ asing df _ [ asinf —ahcos
Pz_(bcosﬁ)_h.@ozﬁ_< bcos B + bhsin B )’ (2.5)

where h is a positive constant to be determined later. Then we have:

{ z(t) =a[hB3(t) + (sin B — hcos B)B3(t) + sin BB (t)]
y(t) = b[B3(t) + B} (t) + (cos B + hsin B) B3 (t) + cos 853 (t)]

and the error function &1 (t) is of the form
€1(t) = [RB3(t) + (sin 8 — hcos B) B3 (t) + sin 8B3(t)]?
+ [B3(t) + B3(t) + (cos B+ hsinB) B3 (t) + cos BB3(t)]* — 1
= f2(t,8,h) + f5(¢,8,h) — 1. (2.6)
here,

fi(t, 8, k) = hB3(t) + (sin 8 — hcos B) B3 (t) + sin 3B3(t) (2.7)
f2(t, B, h) = B3(t) + B3(t) + (cos B + hsin 8) B3 (t) + cos B3B3 (t)

Hence, £ (t) defined in (1.1) is a polynomial of degree 6. The error function can be written in the
form

ert) = _biBf(2). (2.8)
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Using the method as same as in [4], the Bézier coefficients in (2.8) can be decided:
bo=by=bs=bg =0, by=by= %[3h2 + 2hsin 8 — 2(1 — cos B)]
= —116[—9h2 cos 3 + 18hsin B — 10(1 — cos B)]. (2.9)
So
e1(t) = baB5(t) + baB5(t) + ba BS(2). (2.10)

In order to determine the free parameter h, for obvious symmetry, we let 51(%) = 0, it requires
2b3 + 3by = 0, thus h can be determined, and

4. B
h= § tan Z
Then we have
£1(t) = 15b, - 12(1 — t)%(2t — 1)? (2.11)
here
15b2 = 9h? + 6hsin B — 6(1 — cos B)
B, 1 8 sin® £
= 16 sin’ —cos =) = 16—+ 2.12
4(cos§ «© 4) coszg (212)
Hence
sinsg 2 2 2
e1(t) =16 t*(1—t)%(2t — 1)°. (2.13)
cos? %
Because of
t2(1-t)2(2t - 1)? =1/1
nax, (1=1)%( ) =1/108,
finally we have:
Theorem 1 The Bézier curve p(t) = ( ) obtained by above control points, when h =
4 B oy asin(f3/2) asinf .
3 tan &, it interpolates the arc at ( > ( bcos(8/2) and bcos B and never enters inside
the ellipse. The error is given by
(1) | v 4 sin® 2
= 1) =——2.
”51( )”00 tIéEEO 1]{ (1 + b2 } 27 C082 2

This result is the same as that in [2] or [3] for the circle case (a =b =1).
At last of this section, we note that from (2.11), (2.12), the approximation is one-sided.

3 The approximation of ellipsoid patch

The main purpose of this paper is to generalize the above method to surface case. An ellipsoid is
defined by

$—+——+3—=1, a,b,ceR. (3.1)
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Let the parametric representation of the ellipsoid surface be

asin @ cos ¢
f(6,9) = bsinfsing |, 0<0<<7 0K @< 2m. (3.2)

ccosf

Initially, we consider a patch as shown in Fig.2(a) on the ellipsoid with 0 < § < 8 < 7/2 and

0<pLagm/2

zZ

Fig.2(a)the ellipsoid patch 0 < # < B < § Fig.2(b)the ellipsoid patch 0 < A< 0K 5

We intend to approximate the ellipsoid surface patch using bicubic Bézier surface with two

parameters. Let

p(s,t) = > PiB}(s) B3 (t). (3:3)

=0 j=0

In order to determine the control points P;j, it is required that P(s,t) interpolates the patch at
points (0,0, ¢)T, (asin 3,0, ccos B)T, (asin Bcos a, bsinBsin a, ccos B)T, and has the same tangent
plane with ellipsoid at these three points, but in the increasing direction of § and ¢, the tangent
at these points may have different length.

By requirements of interpolation, it is easy to compute that

0 asin f asin B cosa
Poo = P01 = P02 = P03 = 0 , P30 = 0 y P33 = bSil’l,BSiIla .
c ccos f3 ccos 3

From a—Fg:—’tZ = 0'1%5’ and -a-%g:—’tl = 0'1%5’ , we have

(8,0)

ah; asin # — ahjcos 8
Py = 0 , Py = 0 .
c ccos 3+ chysinf

Suppose h; = 01/3,hy = 03/3. Due to the assumptions, we also have

I(0,0) (0,0) |(1,0)

AP (s,t) l _ Uza_f dP(s,1) I _ 026_f
at o) dp l(p,0)’ ot la,) 0p l(B,e)
8P(s,1) af dP(s,1) af

Os I(O,l) - 016_0 0,e) Os l(1,1) - 016_0 (8,2)

and the other control points can be decided:

of asin of ahj cosa
P3; = P3o + h2—| = | bhesinfB |, Piz=PFPos+h —‘ = | bhisina |,
Op l(8,0) ccos 06 1(0,a) .

of asin B cos & + ahs sin fsin «
P32=P33—h2—| = bsin Bsina — bhasin fcosa |,
630 (ﬁra) ccosﬂ
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f asin B cos a — ahy cos fcos a
Py3 = P33 — 80 = bsin #sin o — bhy cos fsin o .
(8:e) ccos B+ chysin 8
Now, only middle control points Py1, Pia, Ps1, P22 are left to be determined by using two-order
mixed derivatives. From

02p(s,t)‘ 82 f |
950t 100 7?00 (0,0
and O
Opst)) .
530t (o = 2Pt = Pro= Pout Foo), o‘”%'(o,o) - 8 ’
we get

0 ah1
Py =P+ hho| b | =] bhihs |.
0 c

By the same argument, from

82P(s,t)‘ o f 62P(s,t)| o f l
dsot (o, 1) 7102 060y 1(0,0) dsot 1, o) 7192 56094 060y |(8,0)
9% P(s,t) o*f

0sot |(1,1) = 19 000y 1(8,a)
we have
ahycosa + ahihssina asin 8 — ahy cos
Py = bhisina — bhihycos o Py = | bhysin B —bhihycosf
c ccos 3+ chy sin g3

( asin B cosa — ahy cos B cos a + ahy sin Bsin a — ahyhs cos Bsin o )

Py = bsin Bsin o — bhy cos Bsin o — bhy sin B cos a + bhihg cos 3 cos o

ccos 3+ chysinf3

Xij X(s,1)
Let P,j=| Yi; |, P(s;t)=| Y(s,t) |, then from (3.3), we have

s,)= > Xi;B(s)B3(t) = afu(s, 8, hn) fo(t, @, ha) (34)

i,j=0
here,
f1(s, 8, h1) = h1B3(s) + (sin B — hy cos B) B3 (s) + sin BB3(s),
Fa(t, o, hy) = B3(t) + B3(t) + (cos & + hysin @) B3 (t) + cos aB3(t).
we also have:

Z Y;; B (s) B3 (t) = bfi(s, B, h1) fu(t, o, ha),

,j=0
fi(t,a, ho) = thf'( ) + (sin & — hg cos @) B3 (t) + sin B3 (t),

sz 3(t) = cfa(s, B, b1), (3.5)

1.7—0
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fa(s, B, h1) = B3 (s) + Bi(s) + (cos § + hy sin §) B3 (s) + cos BB3(s).
Substituting above X(s,t),Y(s,t),Z(s,t) into (1.2) gives

X2%(s,t)  YZ2(s,t) Z%(s,t
a(s,t) = iz )+ 152 )+ ‘(:2 )—1 (3.6)

= ff(s’ﬂ’hl)[fg(t’a’hﬂ +f12(taaah2) - 1] + fg(s’ﬂ’hl) + ff(svﬂahl) -

It is easy to find out that f2(t,a, ha) + f2(t,, ho) — 1 and f2(s, B, h1) + fi(s,B,h1) — 1 are
just the error interpolating elliptic arc introduced in (2.6) and (2.7). When hy = 2tan$ and
hy=4% 3 tan %, we have

4 sin® Y 4 sin® E
h .
fl ( ﬂ 1) 27 082 E

Combine the above discussion,we state the followmg main theorem.

Theorem 2 suppose the control points P;; chosen as above and h; = g—tan %, hy = Ftan g,
then, the Bézier surface

3
t)= ) PyB}(s)B](t), st€0,1]
1,j=0
interpolates the ellipsoid surface patch Fig2(a) at points Pyo, P3o, P33 and have the same tangent
plane with ellipsoid at these points. The interpolating error €2(s,t) satisfies

Y?2(s,t) + Z(s,t)* 1]

X?%(s,t
leats, Dlle = max [X08 L0 2,

:,tE[O,l][ a?
4 [sinsg sin®

+

NS

Sz

CcOS 2 % COs 2

R

Proof: If hy, ho are chosen as above, since (2.6) and (2.13), (3.6) is equal to

.6
1651n % 16sin 'Z—

ea(s,t) = fi (s, 8, ) —— 5t (1- 1) (2t = 1)" + s2(1—5)2(2s — 1)2
4

2
cos %
In order to prove theorem, we only need to prove

|f1(3,,8,h1)' $ 1

Because of 4
sin@ — hycosfB =sinf — gtan-'gcosﬂ >0

and 0 < hy < 1, it is obvious that

|f1(s, B, h1)| < B3(s) + B3(s) + B3(s) < 1

The theorem is proved.

Considering another patch(see Fig.2(b)) the algorithm is similar to the previous one. The
calculation shows that the control points are

asin 8 asin asin B cos a + ahs sin fsin o
Py = 0 , Pyy=| bhysinf |, Pyz=| bsinfsina—bhysinfcosa |,
ccosf3 ccos ccos f3
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asin fcos a asin @ + ahy cos 3 asin 8 + ahycos 8
Py = bsinﬂsina , Pio = 0 ,Pi1 = bhgsinﬂ—f-bhlhgcosﬁ s

ccos B3 ccos B — chysinf3 ccos 3 — chysin
(asin B + ahy cos f)(cos a + hgsin @) asin 3cosa + ahy cos Bcos «
Pio= (bsin a — bhg cos a)(sin B + hy cos 3) , Piz= bsin Bsin a + bh; cos fsina ,
ccos 8 — chysin ccos§ —chysinf

a a acosa + ahssin o acosa
Py = 0 , Poy=1 bhy |, Poa= bsina — bhy cos o , Pag= bsina |,
chy chy chy . chy

a a acosa + ahs sin o acos o
Py = 0 |, Psi=| bhy |, Psa= bsina — bhg cos a , Ps3= bsin o .
0 0 0 0

Based on control points, the bicubic Bézier surface can be written as:

X(s,1) aqi(s, B, k1) f2(t, o, h2)
P(s,t)y=| Y(s,t) | = bai(s ﬂ hi)fi(t,a,ha) |.
CQ2(S B, h1)

here, fi andf, are the same functions as in (2.7), but
q1(s, B, h1) = sin BB3(s) + (sin B + hy cos ) B3 (s) + B3 (s) + B3(s)
= fol= 5,5 = B, hu)
g2(s, B, h1) = cos BB (s) + (cos B — hysin B) B} (s) + h1 B3 (s)
= fi(l=s,5 = B,h),

so the interpolating error €3(s,t) is equal to:
e3(s,t) = 1 (f2 +ff —)+¢f+g¢3-1
=fi(1- s, — B, h)[f3(t, @, ha) + f1(t, @, ha) = 1] (3.8)
+ﬁu—ag—ﬂﬁo+ﬁﬂ—&g—ﬂﬁﬁ—
Let hy = $tan(% — £), hy = 4 tan(2), we have the following

Theorem 3 The Bézier surface
aq1(s, B, h1) fa(t, @, h2)
P(Srt) = bql(saﬂ)hl)fl(t (o4 hZ)
cqa(s, B, h1)

based on the above assumptions interpolates the second ellipsoid patch shown in Fig.2(b) at points
Pyo, Pos, P3o, P33, and have the same tangent plane with ellipsoid at these points. And the error
function €5(s,t) satisfies

4 [sin®g sinS(Z - )
”52(375”00\_[ i"‘ ?r | -
27 [cort§ " ey
Proof: From (3.8), (2.6), (2.13), we have

. 16sin® ¢ 16sin®(Z — &
30,0) = 46,8, hn) on 21 (- 4 O )
s
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Then, for the theorem, we only need to prove |¢1| < 1, that is |sin 8 + h; cos 3| < 1. Obviously,

2 cos(X T _Py_—9co?(Z_2
3cos(4 2)<1+cos( 2) 2cos(8 4)
thus there is
4sm(£—@-) T f . T T fB ..t f
gcos(z — 4@) COS(Z - 5) < 2sm(§ - —)cos(g - Z) = sm(z - 5—)
8 1

From theorem2 and theorem3, we know that the sixth order approximation error is obtained.
The following table shows the error e5(s,t) for different a, 3. For simplicity, here take oo = g:

g B=7% B=7% =% B=1s
le2(s, D)lleo | 1.09027-10~3  1.69822- 10~ 2.65296- 10~/ 4.14520- 100

Furthermore, two adjacent approximation surface patches are not only continuous but also have
the same tangent plane at common boundary. The effect of approximation is shown in Fig.3(a),(b),
and we show the pictures for error functions in Fig.3(c),(d).

Fig.3(b)the approximation surface of the
whole ellipsoid using eight pieces
approximation patches.

Fig.3(a)the combination of two
approximation patches

Fig.3(c)the error function Fig.3(d)the error function
e2(s,t),a=p=7% e5(s,t),a=p0=1%
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