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Interval implicitization of rational B-spline surfaces

CHEN Yue-qiang, FENG Yu-yu, DENG Jian-song

(Department of Mathematics, University of Science and Technology of China, Hefei 230026, China)

Abstract: In this paper, we study the interval implicitization of rational B-spline surfaces, that is, finding

an interval implicit B-spline surface which bounds a given rational B-spline surface such that the width of

the interval implicit B-spline surface is as small as possible. This problem is equivalent to finding the two

bounding surfaces of interval implicit B-spline surface. We will establish an optimization model and give

the solution.
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§1 "�*K!A�5?!AC CAGD _Ou`'�!C�?	U�<�kO9#V�r,*K!A/?$℄�`.�+/ML1��℄3O()V	d5?!AK�D+/�`,�VCtJ1��℄3%PCJ�
+�f+�,
Æb;ML,�1��℄OQu`!C�?CCp0<8O��Z,�<k B )`������	k�3`.NLy������OP$5?��I:?P$5?�ni6-EvOu�HS	MLOH
ll?KD}	d���a℄
�rU	2><;=8%Vn��{,n�	:?4S)vVz.OBJ	MLOa0+ZCNOH
�ICw�=}o%*[:F<k������O�|	2>3-w�:5?������Oz� ([1])��:5?������C�<�
_����_��O������	��wF<k�������Q)JQ��
_����_��l��;	J
`013w�T`.*q�Mwy<k������O5?!A�	?*K!AO5?�-Q<w�
#S�p�'dnP)Z�wi1VO℄X5?��b� ([2])	Q�J?Æi1VNO*q*K���3gh<�wS?FK���N}?<k��Oni ([3])�}�2P)Z�w8e?)`�N��<k*K��Oni ([4])�3ghP)Z�w8�:
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5?���N<k��Oni ([5])�3�&P)Z�w8�: Bézier ���N<k��Oni ([6])�k�=P)Z�w<k B )`��O�:5?�Oni ([7, 8])�~q|P)�9wq8�: Bézier���N,����<k*K��Oni ([9])�m"[P)Z�w8SF

?5?��h�N<k*K��Oni ([10])��u*Z�OC8�:5? B )`��hNO�ZO<k B )`*K��Oni
�r~7�*K��	'�J����Dq8,�sn℄��*K��	I|T*�O�:5? B )`��Ou��Jr"Jsn℄Ou+ML�℄`�	q8Q��℄`�Bsn9�	�#�I��uH�,�
U 1 G;*�Iwv\O�R�,�H��U 2 GK5	?�:HSO,�z���:5? B )`��OZ1�U 3 G�9w8�:5? B )`��h�N�ZO<k B )`��Oni�U 4 G�9w1�Sr�U 5 GCa�1G
+Ozf�
§2 ���y|��#� B  ����:CX<��: [a, b] := {x|a 6 x 6 b}�/ a = b	K4 [a, b] q,�e�O�:�u��: [a, b], [c, d] �P	XOC a = c� b = d��: [a, b] O
_Z1q w([a, b]) := b − a	_�Z1q c([a, b]) := (a + b)/2�:T<<J��:m5O,�a05q IR�a?y,�3Z1OFKB�:HS.-�:�K	J Moore OQWfp��:r{ (Interval Analysis[1])�,G_	℄pw	�Z��JQnw�p,�;*O�I��:HSZ1q
[a, b] ◦ [c, d] = {x ◦ y|x ∈ [a, b], y ∈ [c, d]}. (2.1)�_	◦ ∈ {+, −, ×, /}�W℄TM	.q

[a, b]+[c, d] = [a + c, b + d],

[a, b]−[c, d] = [a − d, b − c],

[a, b]×[c, d] = [min(ac, ad, bc, bd), max(ac, ad, bc, bd)] , (2.2)

[a, b]/ [c, d] =

[

min

(

a

c
,

a

d
,

b

c
,

b

d

)

, max

(

a

c
,

a

d
,

b

c
,

b

d

)]

, 0 /∈ [c, d].Qn	J 0 ∈ [c, d] ;	:iHSCrZ1O�%ÆJ<�68_	+`.C:iHSOH
Z1qu�r"$8LT�xx�O�:��:5? B )`��OZ1q
[f ] (x, y, z) :=

mx
∑

i=0

my
∑

j=0

mz
∑

k=0

[fijk]N
nx

i (x)N
ny

j (y)Nnz

k (z) = [0]. (2.3)�_ Nnx

i (x)	N
ny

j (y)	Nnz

k (z) q'�K	[0] !A� 0 �:	x ∈ [x, x]	y ∈ [y, y]	z ∈ [z, z]	[fijk] :=

[f
ijk

, f ijk]�K (2.3) ?Z1O�:��O1�d�C,�OV,�






(x, y, z)

∣

∣

∣

∣

∣

mx
∑

i=0

my
∑

j=0

mz
∑

k=0

fijkN
nx

i (x)N
ny

j (y)Nnz

k
(z) = 0∀ fijk ∈ [fijk]







. (2.4)
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�k'T	�:5?�� (2.3) Ou��JZ1q
l f(x, y, z) :=

mx
∑

i=0

my
∑

j=0

mz
∑

k=0

f
ijk

Nnx

i (x)N
ny

j (y)Nnz

k
(z) = 0,

u f(x, y, z) :=

mx
∑

i=0

my
∑

j=0

mz
∑

k=0

f ijkN
nx

i (x)N
ny

j (y)Nnz

k (z) = 0.

(2.5)�:5? B )`��O��_�Z1q
w
(

[f ]
)

:=
1

(mx + 1)(my + 1)(mz + 1)

mx
∑

i=0

my
∑

j=0

mz
∑

k=0

w
(

[fijk]
)

. (2.6)

§3 $� B  ���x��#�}Q,Gw��9<k B)`��O�:5?�O,�Z1-�Si��Z,� nu×nv ?<k B)`*K��
P(u, v) =

(

x(u, v), y(u, v), z(u, v), w(u, v)
)

=

mu
∑

i=0

mv
∑

j=0

wij(Pij, 1)N
nu

i (u)Nnv

j (v), (u, v) ∈ Ω := [u, u] × [v, v].
(3.1)�_ Pij = (xij , yij, zij)	ωij q!*K	Nnu

i (u)	Nnv

j (v) q B )`'�K�P(u, v) Z1O<k B )`��J*K (u, v) ;a6OVq
P =

(

x(u, v)

w(u, v)
,

y(u, v)

w(u, v)
,

z(u, v)

w(u, v)

)

=











mu
∑

i=0

mv
∑

j=0

xijwijN
nu

i (u)Nnv

j (v)

mu
∑

i=0

mv
∑

j=0

wijN
nu

i (u)Nnv

j (v)

,

mu
∑

i=0

mv
∑

j=0

yijwijN
nu

i (u)Nnv

j (v)

mu
∑

i=0

mv
∑

j=0

wijN
nu

i (u)Nnv

j (v)

,

mu
∑

i=0

mv
∑

j=0

zijwijN
nu

i (u)Nnv

j (v)

mu
∑

i=0

mv
∑

j=0

wijN
nu

i (u)Nnv

j (v)











.

(3.2)

a?�ZO, (3.2) ?TAO<k B )`*K��O�:5?�CX��x
�
2/M: BID*C�;P(u, v)	FE<P+K1?5LB BID�; [f ](x, y, z)	A, P(u, v) ⊆ [f ](x, y, z)	4 l f
(

P(u, v)
)

6 0 6 u f
(

P(u, v)
)	J4

[f ]

(

x(u, v)

w(u, v)
,
y(u, v)

w(u, v)
,

z(u, v)

w(u, v)

)

= [0], ∀ (u, v) ∈ Ω = [u, u] × [v, v]. (3.3)=>,-?5LB B ID�;-�30�89<.G	);HQNO*C�;89<.67�J�I��<k B )`��O�:5? B )`��;	��`�Cn�;kO G	,�OI\ni,�
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• E�:?<k B )`��J%b�DO!C?%b	Q)J4S;T��
GVr~�DL���`�O;k�d:?T*�O�:5? B )`��JZ1DO
GVr~O%bb3!C?+%b	2>T��Æ*K�D
GVr~�O�b�DIL�r~	=Mr~�O�b�D3O*K B )`����J�:5? B )`��OZ1DO
�b_��, Ωij C*K�D ΩO,�
GVr~OU�b	,
*K�� P(u, v) �℄J Ωij 3O'r%g"��?�:5?��O
�
GVr~O�sn�D3	T��Æ*K�D Ωij r~5���*K�D (Ωij)kl	=MJ�� (Ωij)kl 3*K��g"��?
��:5?��
GVr~O�sn�D�Q�C�De�O�p	d�.=k�3ÆMLP$Or~	:?4S)vVz.OBJ	<63+C%V`ÆoLO�
• �?	,

O3Ir~�DOnio
Æ*K!C?F-5?!C?Ou��J	r"�qLv* Bernstein '�?	I|T<�Kr"E?z%P�?z	ML�:5? B )`����*K��O,�7r`��dQ�7r`�O�	�E�.=Ca?*K����:5?��OGV�?K^%}O�d��Q)EO�I�	MLOI+%`ÆC�i$OI�=?.3k:	w�(8*K��Oa℄k�7�	'�a'?a℄kO���b ,��sn�D��a6O*K���	8T<Q��sn�DF^*K��ML�:5?����*K��O7r`��Q)	�IO�	T \?w�Æa℄k�7�O6_	�*K��O?K.-GVKx	�.�CQ�SiO	�&e
s��'�����y

1. ÆZ1, (3.1) O*K��OZ1DJGV;rb	=MJ��1n��D Ωij ⊆ Ω 3 P(u, v) <H,O!C?�.%Cr��?O!C?��
2. Æ Ωij 3O*K���qLv* Bernstein '�?#�9�a℄k��
3. Æ Ωij �rq
��1n��D (Ωij)kl	J�� (Ωij)kl 3�9JQ��D3Z1O*K���O Bernstein '�?�
4. J3,&_O����℄`�9�a℄k�	�d`.ML��y��On�sn℄ (Cij)kl�
5. | l f

(

(Cij)kl

)

6 0	u f
(

(Cij)kl

)

> 0	�oT<O i, j, k, l .`ML�:5? B )`��<k B )`��O,�7r`��5 [f ](x, y, z) Ou��J��O�KxÆvr"q Fl � Fu�qw=�MO�:5? B )`���<k B )`��O."O`ÆT�	̂ �+��.�1�v
1. ��#� B  ��� [f ](x, y, z) %t��� P(u, v) xw���

Ll(F) :=

∫ u

u

∫ v

v
l f

(

x(u, v)

w(u, v)
,
y(u, v)

w(u, v)
,

z(u, v)

w(u, v)

)2

dudv := F
′

l ∗ LFl ∗ Fl,

Lu(F) :=

∫ u

u

∫ v

v

u f

(

x(u, v)

w(u, v)
,
y(u, v)

w(u, v)
,

z(u, v)

w(u, v)

)2

dudv := F
′

u ∗ LFu ∗ Fu.

(3.4):?u��J��O'�K�b	(3.4) _O LFl � LFu <63C�bO	5q LF�Q�vO3-C�k'O	2qw�*�*K��O�:NO5?�	J'}o*K����:5?��V:OXiO`ÆT��
2. ��#� B  ��� [f ](x, y, z) %t��� P(u, v) xy�u�
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qa℄�:5?��O!��h	=M�OvEN*K��	3-iÆ.
Ml(F) :=

∫ u

u

∫ v

v

(

∇ l f
(

P(u, v)
)

−−→n (u, v)

)2

dudv := F
′

l ∗ MFl ∗ Fl,

Mu(F) :=

∫ u

u

∫ v

v

(

∇ u f
(

P(u, v)
)

−−→n (u, v)

)2

dudv := F
′

u ∗ MFu ∗ Fu.

(3.5)�_ −→n (u, v) q*K��J u, v ;OiÆvW	MFl = MFu := MF�
3. �
q<4�:5?��9�
rUO`Æ�	̂ �,�OÆv

Tl(F) :=

∫ x

x

∫ y

y

∫ z

z

(

l fxx
2 + l fyy

2 + l fzz
2 + 2(l fxy

2 + l fyz
2 + l fxz

2)
)

dxdydz := F
′

l ∗ TFl ∗Fl,

Tu(F) :=

∫ x

x

∫ y

y

∫ z

z

(

u fxx
2 + u fyy

2 + u fzz
2 + 2(u fxy

2 + u fyz
2 + u fxz

2)
)

dxdydz := F
′

u ∗ TFu ∗Fu.

(3.6)b)T	w�< TFl = TFu := TF�<w.3Oi��p	w��J`.Bs�I	��E�3-1�5�
F2 := [Fl; Fr]�.u�xÆv3��t�	LF2 :=

(

LF 0

0 LF

)	MF2 :=

(

MF 0

0 MF

)

, TF2 :=

(

TF 0

0 TF

)���Æ�

minF

′

2 ∗ H ∗F2 := F
′

2 ∗ (LF2 + w1 ∗ MF2 + w2 ∗ TF2) ∗F2,

s.t























l f
(

P(u, v)
)

6 0 6 u f
(

P(u, v)
)

, (a)

f ijk − f
ijk

> 0, ∀ i, j, k, (b)
∑

i,j,k

(

f
2

ijk + f2

ijk

)

= 1. (c)

(3.7)�I	�_O�℄`� (c) Cqw�l��9OH
	oY/9" 0 I�
§4 ~z	(	 1: Le?*K��OGVq pu = pv = [0, 0, 0, 1/2, 1, 1, 1]	a℄YVq

q =

























(

0, 0, 0,
1

2

) (

1

3
,

1

6
, 1,

7

10

) (

2

3
,

1

6
, 0,

3

5

) (

1, 0, 1,
5

6

)

(

1

6
,

1

3
, 0,

4

5

) (

1

3
,

1

3
, 1,

6

7

) (

2

3
,

1

3
, 0,

4

5

) (

5

6
,

1

3
, 1,

2

5

)

(

1

6
,

2

3
, 0,

3

5

) (

1

3
,

2

3
, 1,

4

5

) (

2

3
,

2

3
, 0,

1

2

) (

5

6
,

2

3
, 1,

5

6

)

(

0, 1, 0,
3

5

) (

1

3
,

5

6
, 1,

4

5

) (

2

3
,

5

6
, 0,

4

7

) (

1, 1, 1,
2

3

)

























,

^�GVq
px = [0, 0, 0, 1/2, 1, 1, 1],

py = [0, 0, 0, 1, 1, 1],

pz = [0, 0, 0, 1, 1, 1].
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O 2× 2× 2 ?O�:5? B )`��	J�I	�_ DJO!
,H
	>d 1	(b) _OuL��C�:5?��O�J���J*K��3 100× 100 �,h�VF-�:5?��Ou��J��4SFKXi#r{H
,�	��J
n�Wq − 1.0994 × 10−4	�℄Wq − 6.6435 × 10−5	nEWq − 1.3112 × 10−5�3�J
n�Wq1.8697 × 10−6	�℄Wq4.6097 × 10−5	nEWq9.2745 × 10−5�	 2: Le?*K��OGVq pu = pv = [0, 0, 0, 1/3, 2/3, 1, 1, 1]	a℄YVq
q =

































(

1

6
, 0, 0,

3

5

) (

1

4
, 0,

1

3
,

7

10

) (

1

2
, 0, 0,

7

10

) (

3

4
, 0,

1

3
,

4

5

) (

5

6
, 0, 0, 1

)

(

0,
1

4
, 0,

3

10

) (

1

4
,

1

4
,

1

2
,

3

10

) (

1

2
,

1

4
, 0,

1

2

) (

3

4
,

1

4
,

1

2
, 1

) (

1,
1

4
, 0,

3

10

)

(

0,
1

2
,

1

6
,

3

10

) (

1

4
,

1

2
, 1,

4

5

) (

1

2
,

1

2
, 0,

2

5

) (

3

4
,

1

2
, 1, 1

) (

1,
1

2
,

1

6
,

3

10

)

(

0,
3

4
, 0,

3

10

) (

1

4
,

3

4
,

1

2
,

3

5

) (

1

2
,

3

4
, 0,

7

10

) (

3

4
,

3

4
,

1

2
,

9

10

) (

1,
3

4
, 0,

4

5

)

(

1

6
, 1, 0,

1

2

) (

1

4
, 1,

1

3
,

2

5

) (

1

2
, 1, 0,

3

5

) (

3

4
, 1,

1

3
,

2

5

) (

5

6
, 1, 0,

7

10

)

































,

^�GVq
px = [0, 0, 0, 1/3, 2/3, 1, 1, 1],

py = [0, 0, 0, 1/3, 2/3, 1, 1, 1],

pz = [0, 0, 0, 1/2, 1, 1, 1].O 2× 2× 2 ?O�:5? B )`��	J�I	�_ DJO!
,H
	>d 2	(b) _OuL��C�:5?��O�J���J*K��3 100× 100 �,h�VF-�:5?��Ou��J��4SFKXi#r{H
,�	��J
n�Wq − 1.1615 × 10−4	�℄Wq − 5.9243 × 10−5	nEWq − 6.5400 × 10−6�3�J
n�Wq9.6785 × 10−8	�℄Wq5.0134 × 10−5	nEWq8.5685 × 10−5�

0

0.5

1

0

0.5

1
0

0.2

0.4

0.6

0.8

1

x
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y

z

(a) *K�� (b) �:��
 1: )J����9��
Fig.1 Parametric surface and interval surface
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 2: )J����9��
Fig.2 Parametric surface and interval surface

§5 ��8�u[9OniÆ�D�T�M���Z<k B )`��O�:5? B )`��	3,GOu�rj�MOH
^D��ICQ�+BJ,�v\	E�	J<6�IÆ6_	�I	�_OÆv�iÆaH
7��E	T.,�k℄XS�DO!*K=MMLOH
O`ÆT�C�WML,&#SOv\�{,�v\CJs��'�����yOU0&_�r*K�D Ωij ;	,
�rÆ�	KMLO�℄`�V
K\�I�	VE	I,
�rVA	KMLOsn℄+�DE	�MO�:5? B )`O�
_�#�DE	2>,��DO�r*K�D+C�6yL,&^�Ov\�'?�uni!BJO,�#�	,�IO,�XS!*KOv\	J<64S_	�VQ%8&`.�`!*KOKv/�E\lp	'�J6�H�_<;�`���KOW	Ia!*KJ�ZOlp
(℄	`.MLL,&9�O���KW�a?�IOUe�v\	`.^�kD6�r	.J*K���aD�YO�D(8DAO�r	dJ�����DYyOTn	(8��r	Q)T`.8%CV�O�rML�
_��D�OH
�,
a?L;^���DYyO��	
Oa0O
iMLO�r#�D�	>;`.^�Æ�,�7�%C�EO�℄`�	=MMLO�℄`��	%[?VE�Æ�9Dk
OH
�J'	Q�C��O,�k�r{	<6H
<GL,&#S� t���
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