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Abstract—Box splines are considered as a natural general-
ization of univariate uniform B-splines. Box splines have local
support and are positive in the interior of its support. The
translates of box splines form a partition of unity. In this
paper we extend the hierarchical paradigm of tensor product B-
splines to box splines, which are called hierarchical box splines.
We take the application of quartic smooth hierarchical box-
splines in surface fitting as an example to demonstrate the
adaptivity and flexibility of hierarchical box splines.
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I. INTRODUCTION

In CAD/CAM industry, free-form surfaces are usually

represented by tensor product polynomials or rational maps,

such as tensor-product B-splines and NURBS. For these

standard tensor-product representations, local adaptive re-

finement is naturally supported by the hierarchical spline

model, where different levels of details are identified by

means of a hierarchy of tensor-product splines [1]. Based

on such hierarchical model, complex surfaces can be created

from simple NURBS surfaces with hierarchical editing.

Box splines [2] are considered as a natural generalization

of the univariate uniform B-spline to multivariate splines.

Unlike tensor-product splines – the control points must lie

on a rectangular grid topologically, box splines have more

flexibility and the control points can lie on many kinds

of regular partitions. Furthermore, box splines have some

good properties such as non-negativity, partition of unity

and high smoothness. However, box splines do not have

local refinement property which is very important in adaptive

function approximation and level of detailed representation

of geometric models.

In this paper we extend the hierarchical paradigm of

tensor-product B-splines to box splines, which are called

hierarchical box splines. The idea is to define a set of

basis functions by certain rules from a sequence of nested

box spline spaces defined on a sequence of nested regular

partitions. The refinement domain can be any type which

is convenient to capture local details. A smooth hierarchical

box splines – hierarchical quartic C2 continuous box splines

are applied in surface fitting.

II. RELATED WORK

Box splines were introduced in [3] and studied extensively

in [4], [5]. A very comprehensive treatment of box splines

and their general theory is given in the monograph [2].

In general a box spline is a locally supported piecewise

polynomial. Besides tensor-product univariate B-splines on

uniform partitions, many of the basis functions used in

finite element calculations on uniform triangles are special

instances of box splines. The space spanned by the translates

of a box spline have some useful properties, such as non-

negativity, partition of unity and linear independence under

certain conditions.

Local refinement of tensor-product splines have been

studied extensively in recent years. Several locally refinable

splines were proposed, such as T-splines [6], [7], PHT-

splines [8], AST-splines [9], THB-splines [10], LR-splines

[11] and Modified T-splines [12] etc.. An attractive alterna-

tive of tensor-product representation is to define piecewise

polynomials on triangular partitions, since a triangulation

has more flexibility to be adapted to arbitrary shapes. For

splines defined over triangular partitions, local refinement

was explored in a hierarchical setting. In [13], hierarchical

triangular splines were introduced for geometric modeling.

In [14], [15], Speleers et. al constructed hierarchical Powell-

Sabin splines for iso-geometric analysis applications. Hi-

erarchical bivariate splines on regular (type-I and type-II)

triangular partitions were introduced by the present authors

in [16]. Jüttler et al. generalize the construction in [10] to

hierarchies of spaces that are spanned by generating systems

that potentially possess linear dependencies in [17].

Local refinement of box splines is not automatically

supported. Recently, a hierarchical approach was explored

for several kinds of box splines. For example, in [17], hier-

archical quadratic box splines (ZP elements) were studied.

In [18], the approximation power of hierarchical quartic

C2 continuous box splines defined over type-I triangular

partitions was discussed. This paper is a follow-up study

of an earlier work [16], where local refinement of splines

defined over type-I and type-II triangular partitions was

discussed. Box splines are more flexible than the splines

discussed in [16]. And the properties of the spaces spanned

by the translates of a box spline are easier to be explored.
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The remainder of the current paper is organized as fol-

lows. In section III, we review some preliminary knowl-

edge about box splines. In Section IV, the construction

of hierarchical box splines is described. Some properties

of hierarchical box splines are discussed. In section V,

applications of hierarchical box splines in surface fitting

are demonstrated. Section VI concludes the paper with a

summary and future work.

III. BOX SPLINES

In this section, we recall some preliminary knowledge

about box splines which were thoroughly discussed in [2].

The box spline MA associated with a s × n matrix

A = [v1, ...,vn] with columns vi ∈ • s\0 is defined as

a functional on C∞0 (• s):
∀ϕ ∈ C∞0 (• s),

MA : C(• s)→ • : ϕ �→< MA, ϕ >:=

∫
�
ϕ(At)dt, (1)

where � := [0..1)n is a n dimensional half-open unit n-

cube. A is called the direction matrix of MA, and may have

multiple columns.

We decomposed the integral in (1) as follows:

< MA, ϕ >=

∫
y⊥kerA

∫
z∈kerA

χ�(y+z)ϕ(A(y+z))dzdy,

where χ� is the characteristic function of � and kerA is

the kernel of A. Let ranA = span{ξ : ξ ∈ A} and d :=
dim ranA, the integral is simplified as

< MA, ϕ >=

∫
y⊥kerA

ϕ(Ay) voln−d((y+ kerA)∩�) dy,

Now set x := Ay. Then dx = |detA|dy, with |detA| =√
det(AAT ). Consequently

< MA, ϕ >=
1

|detA|
∫
ranA

ϕ(x) voln−d(A
−1x ∩�) dx,

where A−1{x} is the preimage of x. Hence

MA(x) =
voln−d(A

−1x ∩�)

|detA| , x ∈ ranA.

If n ≥ s and A has full rank (s = d or ranA = • s), then

MA is a function on • s. In the following discussion, we

restrict ourself to this case.

MA is a piecewise polynomial on ranA with degree p =
n − s and smoothness μ := min{#Z : Z ∈ S(A)} − 2,

where S(A) := {Z ⊆ A : A \ Z does not span • s}. The

support of MA is [v1...vn][0, 1)
n, which is a parallelepiped

in • s. MA is central symmetry with the support center.

We use an example to explain the above definition.

Suppose A = [1 1], then s = 1, n = 2. According to (1),

we have∫
•
MA(x)ϕ(x)dx =

∫ 1

0

∫ 1

0

ϕ(t1 + t2)dt1dt2.

Let t1 + t2 = u, t1 − t2 = v, then the integral equals∫ 1

0

∫ u

−u

1

2
ϕ(u)dvdu+

∫ 2

1

∫ 2−u

u−2

1

2
ϕ(u)dvdu,

that is

M[1 1](x) =

⎧⎨
⎩

x, if 0 ≤ x ≤ 1;
2− x, if 1 ≤ x ≤ 2;
0, otherwise.

The properties of integer translates of box splines are

included in Theorem 1.

Theorem 1. The translates of MA form a partition of
unity, that is

∑
j∈• s MA(· − j) ≡ 1; The global linear

independence of the translates of MA is equivalent to the
local linear independence, and is also equivalent to the
condition that the determinant of the basis in A is ±1.

Proof: The proof can be found in [2].

IV. HIERARCHICAL BOX SPLINES

In this section, we are going to construct hierarchical box

splines. Some properties of such hierarchical box splines are

also presented.

A. Notations

In practice, we are interested in the translates of a box-

spline on the partition of a finite domain Ω in R2. Given

a box spline MA, the partition of Ω is determined by the

direction matrix A. For example, if A have the following

form:

A = [e1 · · · e1︸ ︷︷ ︸
m1

, e2 · · · e2︸ ︷︷ ︸
m2

, e3 · · · e3︸ ︷︷ ︸
m3

],

then the partition is called a three-directional partition; if

A = [e1 · · · e1︸ ︷︷ ︸
m1

, e2 · · · e2︸ ︷︷ ︸
m2

, e3 · · · e3︸ ︷︷ ︸
m3

, e4 · · · e4︸ ︷︷ ︸
m4

],

then the partition is called a four-directional partition.

Here e1 =
(
1
0

)
, e2 =

(
0
1

)
, e3 =

(
1
1

)
, e4 =

(
1
−1

)
and

m1,m2,m3,m4 > 0 are the multiplicity of e1, e2, e3, e4.

Fig. 1 shows a three-directional partition and a four-

directional partition of a rectangle.

Figure 1. (a) three-directional partition; (b) four-directional partition.

The box splines space S defined over a partition Δ of a

domain Ω is spanned by the translates of a box spline MA,

which do not vanish on Ω. For example, suppose the parti-

tion Δ in Fig. 1(a) has the traversing lines: x = i/m, y =

74



(a)

(b) (c)

Figure 2. (a) nested triangular partition: Δ0 ⊆ Δ1 ⊆ Δ2. (b) nested domains: Ω0 ⊇ Ω1 ⊇ Ω2, together with the hierarchical mesh. (c) hierarchical
triangular partition D2, while D0 = Δ0 and D1 = Δ1.

j/n, ny−mx = h, where i = 1, ...,m− 1, j = 1, ..., n− 1,

and h = −n + 1, ...,m − 1, then the box splines space S
defined over Δ is denoted as

S := span{MA(mx− i, ny − j) �= 0 on Ω , (i, j) ∈ Z2}.
A nested sequence of partitions of a domain Ω is denoted

as

Δ0 ⊆ Δ1 ⊆ · · · ⊆ ΔN . (2)

Here the notation Δk−1 ⊆ Δk means Δk is a refinement of

Δk−1, that is, Δk is obtained by subdividing each cell of

Δk−1.

Let S0, S1, · · · , SN be the box splines space defined over

the nested sequence (2) of partitions of a domain Ω, then

S0 ⊆ S1 ⊆ · · · ⊆ SN , (3)

is a nested sequence of box splines spaces defined on the

domain Ω. In addition, let

Ω = Ω0 ⊇ Ω1 · · · ⊇ ΩN ,ΩN+1 = ∅ (4)

be a sequence of nested domains. Ωk ∈ R2, k = 0, ..., N
represents the region selected to be refined at level k and its

boundary ∂Ωk is aligned with the edges of Δk−1.

The union of all the grid line segments of Δk that lie in

Ωk, k = 0, 1, ..., N is referred to as a hierarchical partition,

denoted by DN . Obviously,

D0 ⊆ D1 ⊆ . . . ⊆ DN

with D0 = Δ0. Our goal is to define hierarchical box spline

spaces over DN .

Fig. 2(a) shows a nested sequence of three-directional

partitions of domain Ω0: Δ0 ⊆ Δ1 ⊆ Δ2, over which

a nested sequence of box spline spaces is defined: S0 ⊆
S1 ⊆ S2. Fig. 2(b) shows a nested sequence of domains

Ω0 ⊇ Ω1 ⊇ Ω2, together with the corresponding hierarchial

mesh, where Ω0 = Ω1 is the red/blue rectangular domain,

Ω2 is the interior of the polygon marked with green line

segments. The corresponding hierarchical partition D2 is

illustrated in Fig. 2(c) (while D0 = Δ0, D1 = Δ1).

Finally, the support of a function f is defined as

supp f = {x : f(x) �= 0 ∧ x ∈ Ω0}.
B. Hierarchical box splines

Now we are ready to define the hierarchical box splines

on a hierarchical partition.

Definition 1. For a box spline MA, let Sk,Ωk, k =
0, · · · , N be the nested box splines spaces and domains as
defined in (3) and (4). The hierarchical box splines H is
recursively constructed as follows.

1) Initialization: H0 = {β ∈ S0 : supp β �= ∅}.
2) Recursive case: H l+1 = H l+1

A ∪ H l+1
B , for l =

0, ..., N − 1, where

H l+1
A = {β ∈ H l : supp β � Ωl+1},

and

H l+1
B = {β ∈ Sl+1 : supp β ⊆ Ωl+1}.

3) H = HN .

As an illustration, we will explain how to construct hi-

erarchical quartic C2 continuous box splines space H(D2),
where D2 is the hierarchical triangular partition defined in

Fig. 2(c). For convenience, a quartic C2 continuous box

spline (see Fig. 4) is represented by the central vertex of its
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support. Because Ω0 = Ω1, so H1 = S1, thus H = H2

are composed of two parts: β ∈ S1, supp β � Ω2 and

β ∈ S2, supp β ⊆ Ω2. The first part and second part are

represented by yellow solid circles in Fig. 3(a) and Fig. 3(b)

respectively. Notice that all the basis functions in S1 are

included in the first part. Here we do not show the basis

functions when the central vertex of its support is outside

of Ω0.

(a) First part (b) Second part

Figure 3. Basis of hierarchical box spline space H(D2).

A hierarchical box splines surface is defined as:

S(x, y) =
∑
β∈H

Pββ(x, y), (x, y) ∈ Ω0 (5)

where Pβ ∈ R3 are the coefficients and Ω0 is a 2D

rectangular parametric domain.

C. Properties

Now we discuss some properties of the hierarchical box

splines constructed in Definition 1.

Theorem 2. The hierarchical box splines H constructed in
Definition 1 have the following properties:

1. Nonnegativity: β ≥ 0,∀β ∈ H .
2. Compact support: β ∈ H has compact support.
4. Linear independency: the functions in H are linearly

independent if the determinant of the basis in the
direction matrix A is ±1.

5. Nested property: spanHk ⊂ spanHk+1, k =
0, 1, ..., N − 1.

Proof: The first two properties are obvious. The linear

independency and nested property are proved in Lemma 3

and Lemma 4.

Lemma 3. The functions in H are linearly independent if
the determinant of the basis in the direction matrix A is ±1.

Proof: First of all, according to Theorem 1, for each k,

if the determinant of the basis in A is ±1, then the functions

in Sk have local linear independence, that is the box splines

in Sk are linearly independent on any domain.

We have to prove that∑
β∈H

cββ = 0 =⇒ cβ = 0, for all β. (6)

The sum
∑

β∈H cββ = 0 can be rearranged as∑
β∈H∩S0

cββ +
∑

β∈H∩S1

cββ + · · ·
∑

β∈H∩SN

cββ = 0.

Since the functions in H ∩ S0 are a subset of S0, they are

linearly independent on any domain. Only these functions

are non-zero on Ω0\Ω1, hence, in view of their local linear

independence, we conclude that cβ = 0 for β ∈ H ∩ S0.

Analogously, when we consider the remaining sums in the

sequence, firstly we know that the functions in H ∩ Sk are

linearly independent since H ∩ Sk ⊆ Sk,k = 1, ...N . Then,

except for the functions already considered in the previous

sums, namely β ∈ H ∩ S0, ..., β ∈ H ∩ Sk−1, only the

functions in H∩Sk are non-zero on Ωk\Ωk+1. This implies

that cβ = 0 for β ∈ H ∩ Sk with k = 1, ...N . The lemma

is thus proved.

Lemma 4. We have

span Hk ⊂ span Hk+1, k = 0, 1, ..., N − 1.

Proof:
Any f ∈ span Hk can be expressed as

f =
∑

β∈Hk

dβ(f)β

=
∑
β∈Hk

supp β�Ωk+1

dβ(f)β +
∑
β∈Hk

supp β⊆Ωk+1

dβ(f)β. (7)

The first sum in the right-hand side of the above relation

(7) collects all basis functions in Hk+1
A . In view of the nested

nature of the underlying spaces Sk, k = 0, ..., N , we can

express each basis function β ∈ Hk as linear combination

of basis functions which belong to Sk+1, so we have

f =
∑

β∈Hk+1
A

dβ(f)β

+
∑
β∈Hk

supp β⊆Ωk+1

dβ(f)(
∑

α∈Sk+1

supp α⊆Ωk+1

ck+1
α α)

=
∑

β∈Hk+1
A

dβ(f)β

+
∑

α∈Sk+1

supp α⊆Ωk+1

(
∑
β∈Hk

supp β⊆Ωk+1

ck+1
α dβ(f))α

=
∑

β∈Hk+1
A

dβ(f)β +
∑

α∈Hk+1
B

dα(f)α.

Hence, f ∈ span Hk+1.

Remark 1. The proof of Lemma 3 is due to the local linear
independence of box splines. For box splines, local linear
independence is determined by the direction matrix. If the
determinant of the basis in the direction matrix A is not
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equal to ±1, for example A = [1 0 1 1; 0 1 1 − 1], then
the linear independence of hierarchical box splines can not
be guaranteed. By the way, we have to point out the proof
in [16] is not right. Since quadratic C1 continuous splines
defined over type-II triangular partitions do not have local
linear independence.

V. SURFACE FITTING

In this section, we consider a much smoother kind of

splines – quartic C2 continuous box splines over three-

directional partition in surface fitting. The hierarchial quartic

C2 continuous box splines is denoted as H2
4,box. Compar-

isons are made with hierarchical tensor-product counterparts

– hierarchical biquartic C2 continuous splines H2,2
4,4 and

hierarchical cubic C1 continuous bivariate spline space H1
3

defined on hierarchical type-I partition respectively, see the

definition in [16].

A. Hierarchical box splines H2
4,box

Suppose MA is a quartic C2 continuous box-spline with

the following directional matrix:

A =

[
1 1 0 0 1 1
0 0 1 1 1 1

]
.

The support of MA is a 2D hexagon. Fig. 4(a) shows the

support of MA, where the Bézier ordinates of MA on some

cells are shown. The Bézier ordinates on other cells can be

obtained by the symmetry of box-splines. Fig. 4(b) shows

the shape of MA.

Without loss of generality, we assume that the initial

domain Ω = [0, 1] ⊗ [0, 1] is a rectangle domain. The

corresponding three-directional partition of Ω is denoted by

Δ, with traversing lines x = i/m, y = j/n, ny −mx = h,

where i = 1, ...,m − 1, j = 1, ..., n − 1, and h = −n +
1, ...,m − 1. The box spline space S defined over Δ is

spanned by the basis in B which is defined as follows

B =
{
MΞ(mx− i, ny − j) : (i, j) ∈ Q

}
, (8)

Q ={(i, j) �= (m− 1,−3), (−3, n− 1)|
i = −3, · · · ,m− 1; j = −3, · · · , n− 1}. (9)

Obviously the basis number in B is (m + 3)(n + 3) − 2.

According to Theorem 1, the box-splines in B are linearly

independent and form a partition of unity.

Remark 2. A three-directional partition is also a type-I tri-
angular partition. Comparing to the quartic C2 continuous
splines space defined over Δ – S2

4(Δ) with the dimension
(m+5)(n+5)−18, we know that S = span{B} �= S2

4(Δ),
that is S do not span the quartic C2 continuous splines
space over the partition Δ.

B. Surface fitting

Suppose we are given an open mesh model with vertices

Pi, i = 1, 2, ..., N in 3D space, and their corresponding

parameter values (si, ti), i = 1, 2, ..., N obtained from some

parametrization of the mesh (we use the parameterization

method in [19] in the current paper). The parameter domain

is assumed to be Ω0 = [0, 1]× [0, 1]. We are going to find a

hierarchical spline surface S(s, t) to approximate the mesh

model.

The surface fitting scheme repeats the following step 2

and 3 until the approximation error is satisfied with respect

to a given tolerance ε.

1. Construct a uniform partition T0 of Ω0. T0 is the initial

mesh. Set k = 0.

2. Compute a least-squares approximation S(s, t) by min-

imizing:
N∑
i=1

(S(si, ti)−Pi)
2

according to current hierarchical spline space Hk. The

underlying hierarchical mesh is denoted by Tk.

3. Search for the violated cells in Tk. Then split these

cells into four sub-cells to obtain a new mesh Tk+1.

A violated cell is the cell over which the fitting error

is greater than ε. The fitting error over a cell θ is

calculated as the maximum of ‖ Pi − S(si, ti) ‖2 for

the points (si, ti) ∈ θ. Set k := k + 1.

We demonstrate three examples to illustrate the above

algorithm. The approximate error of a model is defined as

the maximum of ‖ Pi − S(si, ti) ‖2,i = 1, ..., N .

Example 1. Consider a piecewise cubic C2 conituous
function

f(x, y) =

{
(x− y)3, x ≤ y
−(x− y)3, x > y

We approximate f(x, y) by a hierarchical box spline

function from H2
4,box, and a tensor product hierarchical

spline function from H2,2
4,4 .

By sampling data points of f(x, y) on a 51× 51 uniform

grid defined on the domain [0, 1] × [0, 1] and setting the

fitting tolerance ε = 1.0e− 5, we obtain two approximated

functions g1(x, y) ∈ H2
4,box and g2(x, y) ∈ H2,2

4,4 , which are

shown in Fig. 5. For H2,2
4,4 , the initial partition is a 2×2 tensor

product mesh; for H2
4,box, the initial partition is a three-

directional triangular uniform mesh with m = 2, n = 2.

g1(x, y) has 23 degrees of freedom (DOF for short) with

an approximation error 2.9× 10−8, while g2(x, y) has 919
DOF with an approximation error 2.3 × 10−6. From the

fitting results, hierarchical box splines H2
4,box has a much

smaller fitting error with a much less degree of freedom

than H2,2
4,4 . The reason why H2

4,box approximates better

in this example is that, g1(x, y) can naturally capture the
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(a) Bézier ordinates
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2
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0.2

0.3

0.4

0.5

(b) shape of a box-spline

Figure 4. Bézier ordinates and the shape of a quartic C2 continuous box-spline MA

third order derivative discontinuity of f(x, y) along the

diagonal line y = x. From this example, it can be seen

that hierarchical box-splines have the similar approximation

property as hierarchical bivariate splines space.

(a) g1(x, y) ∈ H2
4,box

(b) g2(x, y) ∈ H2,2
4,4

Figure 5. The approximation result of Example 1. The curves on the right
surfaces are the images of the left underlying meshes.

Example 2. We consider the fitting of a 3D mesh model–a
hand model with 4693 points and 9296 faces.

For this mesh model, we use hierarchical bivariate spline

space H1
3 and hierarchical box splines H2

4,box to fit it.

Both H1
3 and H2

4,box are hierarchical splines defined on a

hierarchical three-directional triangular partition, but with

different smoothness. We start from a uniform three di-

rection triangular partition (type-I triangular partition) with

m = 2, n = 2. The approximation from H2
4,box and H1

3

are shown in Fig. 6(a) and Fig. 6(b) respectively. Table I

listed the fitting error and the corresponding degree of

freedom approximated by the two hierarchical spaces. From

the fitting result, at the same level, although the fitting error

of H2
4,box is bigger than the fitting error of H1

3 , but H2
4,box

needs only about 1/3 of DOF compared with H1
3 .

Table I
THE STATISTIC DATA OF HAND MODEL

H2
4,box H1

3

Levels DOF max error DOF max error
0 23 1.1726 27 1.0856
1 47 0.5883 67 0.4495
2 119 0.4412 195 0.3829
3 208 0.3799 585 0.3419
4 316 0.3336 897 0.2909
5 469 0.3048 1317 0.2388
6 670 0.2159 1889 0.2095
7 841 0.1760 2401 0.1460
8 999 0.1309 2982 0.0976
9 1116 0.0903 3438 0.0677
10 1227 0.0826 3869 0.0451
11 1308 0.0373 4187 0.0322
12 1371 0.0267 4430 0.0322

Table II
THE STATISTIC DATA OF LAURANSANA MODEL

H2
4,box H1

3

Levels DOF max error DOF max error
0 119 0.347059 195 0.358897
1 313 0.440944 628 0.34233
2 361 0.287046 776 0.311991
3 394 0.129630 838 0.148043
4 439 0.048327 926 0.0623309
5 514 0.028025 1066 0.0374738
6 576 0.027986

Example 3. In this example, we fit Lauransana model with
surfaces from H2

4,box and H1
3 . The model has 6301 points

and 12487 faces.

The initial partitions used for H2
4,box and H1

3 are a uniform

three direction triangular partition with m = 8, n = 8.

The surfaces approximated by spline spaces H2
4,box and H1

3

are shown in Fig. 7(a) and Fig. 7(b) respectively. Table II

summarizes the fitting results. From the statistic data, the

fitting error of H2
4,box becomes smaller as the level increases,

and at the same level, not only the fitting error of H2
4,box is

smaller than H1
3 , also with a smaller number of DOFs.
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(a) approximation by H2
4,box

(b) approximation by H1
3

Figure 6. Fitting hand model in Example 2 with H2
4,box and H1

3 .

(a) approximation by H2
4,box

(b) approximation by H1
3

Figure 7. Fitting Lauransana model in Example 3 with H2
4,box and H1

3 .
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VI. CONCLUSION

In this paper, we extend the hierarchical paradigm of

tensor product splines to box-splines, which are called

hierarchical box splines. With hierarchical box splines, local

refinement of box splines is supported in a hierarchal setting.

As a illustration, we apply hierarchical quartic C2 contin-

uous box-splines in surface fitting. From the comparison

to hierarchical tensor product splines, hierarchical box-

splines defined on a three-directional partition is much more

flexible; From the comparison to hierarchical C1 continuous

splines on a three-directional partition, the splines with

higher smoothness use less degree of freedom in surface

fitting. These results show the potential of hierarchical box-

splines in geometric modeling.
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