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a b s t r a c t
Multivariate splines have a wide range of applications in function approximation, ﬁnite
element analysis and geometric modeling. They have been extensively studied in the last
several decades, and specially the theory on bivariate B-splines over regular triangular partition is well developed. However, the above mentioned splines do not have local reﬁnement property – a property that is very important in adaptive function approximation
and level of detailed representation of geometric models. In this paper, we introduce the
concept of hierarchial bivariate splines over regular triangular partitions and construct
basis functions of such spline space that satisfy some nice properties. We provide some
examples of hierarchical splines over triangular partitions in surface ﬁtting and in solving
numerical PDEs, and the results turn out to be promising.
Ó 2014 Elsevier Inc. All rights reserved.

1. Introduction
In CAD/CAM industry, free form surfaces are usually
represented by tensor product polynomials or rational
maps, such as tensor-product B-splines and NURBS. For
these standard tensor-product representations, local adaptive reﬁnement is naturally supported by the hierarchical
spline model, where different levels of details are identiﬁed by means of a hierarchy of tensor-product splines
[1]. Based on such hierarchical model, complex surfaces
can be created from simple NURBS surfaces with hierarchical editing.
Compared to tensor-product representations, splines on
triangular partition have the advantage of ﬂexibility and
lower degree with the same continuity. The theory on multivariate splines over triangular partitions has been widely
studied in the past several decades, see [2] for a detailed
survey. However, for arbitrary triangular partition, the
spline space depends on not only the topology but also
the geometry of the partition, leading to high cost on
computation and difﬁculties in controlling the spline functions. Thus, instead of working with splines over arbitrary
⇑ Corresponding author.
E-mail address: chenﬂ@ustc.edu.cn (F. Chen).
http://dx.doi.org/10.1016/j.gmod.2014.03.002
1524-0703/Ó 2014 Elsevier Inc. All rights reserved.

triangulation, we focus our attention on bivariate splines
over two regular triangular partitions, called type-I triangular partition and type-II triangular partition respectively.
The theory of bivariate splines deﬁned on type-I and typeII triangular partition has been well developed by Renhong
Wang et al. [2]. Unfortunately, such kind of splines does
not have local reﬁnement property, which limits its applications in Computer Aided Design (CAD) and ﬁnite element
analysis.
In this paper, we extend the hierarchical representations from tensor-product splines to splines deﬁned on
regular triangular partitions. The idea is to deﬁne a set of
basis functions by certain rules from a sequence of nested
bivariate spline spaces deﬁned on a nested regular triangular partition. The reﬁnement domain can be any type
which is convenient to capture local details. We call such
hierarchial model on regular triangular partition as
hierarchical bivariate splines. The functions in such spline
space have some nice properties which are useful in ﬁnite
element analysis and CAD.
2. Related work
To address the problem of local reﬁnement of splines on
rectangular domain, the concept of hierarchical B-splines
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(HB-splines for short) was ﬁrstly introduced by Forsey and
Bartels as an accumulation of B-splines with nested knot
vectors [1]. HB-splines can be locally reﬁned using overlays. Later researches mainly focus on how to construct
bases of hierarchical B-spline spaces. The ﬁrst speciﬁc basis
selection mechanism was proposed by Kraft in [3], and extended by Vuong et al. in [4]. The basis functions of the
hierarchical spline space constructed in [4] are non-negative, linearly independent and locally supported. Shortly
after, Jüttler et al. normalized the hierarchical B-splines
proposed in [4] by reducing the support of basis functions
deﬁned on coarse grids, according to ﬁner levels in the
hierarchy of splines [5]. They call such hierarchical
B-splines as truncated hierarchical B-splines (THB-splines),
which are non-negative, locally supported, linearly
independent and form a partition of unity, and allow an
effective local control of reﬁnement.
There are also several other kinds of local reﬁnement
splines developed in the past decade besides HB-splines.
T-splines were introduced by Sederberg et al. as a generalization of NURBS surfaces [6,7]. The control meshes of
T-splines permit T-junctions, which allows T-splines
locally reﬁnable without propagating entire columns or
rows. This property makes T-splines an ideal modeling tool
for complicated geometry. However, T-splines blending
functions are not always linearly independent, which limits its applications in analysis. A solution to this problem is
the so called analysis-suitable T-splines [8] which are a
subset of T-splines deﬁned over a restricted T-mesh whose
T-junction extensions do not intersect. The blending
functions of AST splines are always linearly independent
and thus is suitable for ﬁnite element analysis. Other types
of local reﬁnement splines proposed in recent years
include PHT-splines [9] and LR-splines [10], etc. They also
have good properties which are ideal in CAD and
iso-geometric analysis, for more details we the reader refer
to [9,10].
An attractive alternative of tensor-product representation is to deﬁne piecewise polynomials on triangular partitions, since a triangulation has more ﬂexibility to be
adapted to arbitrary shapes. Traditional ﬁnite element
spaces are deﬁned on conforming triangulation, and local
reﬁnement must guarantee the conformability of the triangulation. Furthermore, to construct smooth (at least C 1
continuous) ﬁnite elements, generally high degree polynomials are required (for example, Argyris element consists
of quintic polynomials with C 1 continuity globally) or each
triangle is further subdivided into many sub-triangles (e.g.,
for Powell–Sabin elements, each macro-triangle is subdivided into 6 sub-triangles [11]). Recently, Speleers et al.
constructed hierarchical Powell–Sabin splines for iso-geometric analysis applications [12,13]. Another related work
is hierarchical triangular splines (HTS) introduced in [14].
A HTS spline surface is a piecewise quintic Bézier surface
and is overall tangent plane continuous. The local reﬁnement can be done by splitting each of the reﬁned triangles
into four sub-triangles regularly, which is referred to as a
macro-patch. The Bézier ordinates on a macro-patch are
constrained by G1 continuity. HTS mainly focuses on modeling instead of analysis.

In this paper, we extend HB-splines paradigm to bivariate splines deﬁned on regular triangulation. Starting from
a spline space over a regular triangulation, we construct a
nested spline space sequences according to the successive
reﬁnements of the regular triangulation by taking a similar
approach as in [4]. This construction can be easily generalized to the spline spaces deﬁned on other triangulation if
local support basis functions of the space can be constructed. In this paper, we will focus our attention on
1
spline spaces S13 ðDð1Þ
continuous cubic splines over
mn Þ  C
1
type-I triangulations, and S12 ðDð2Þ
continuous
mn Þ  C
quadratic splines over type-II triangulations which will
be deﬁned in details in Section 3.2.
The remainder of the current paper is organized as follows. In Section 3, we review some preliminary knowledge
about bivariate splines deﬁned on type-I or type-II triangular partition. In Section 4, the construction of hierarchical
bivariate splines is described. Some properties of hierarchical bivariate spline basis functions are discussed. In Sections 5 and 6, applications of hierarchical bivariate
splines in surface ﬁtting and ﬁnite element analysis are
demonstrated. Section 7 concludes the paper with a summary and future work.
3. Bivariate splines space deﬁned on type-I and type-II
triangular partitions
In this section, we recall some preliminary knowledge
about bivariate splines deﬁned on type-I and type-II partitions which have been thoroughly discussed in [2]. Without of generality, we assume that the initial domain
D ¼ ½0; m  ½0; n is a rectangle domain, here m; n are positive integers. L-type domain can be segmented into several
rectangles. We should note that any linear transformation
of the domain does not inﬂuence the results in this section,
so D can be any parallelogram.
3.1. Splines space deﬁned on type-I triangular partition
Type-I triangular partition, denoted by Dð1Þ
is
mn ,
constructed by connecting the diagonal line segment with
positive slope of every rectangular cell of a uniform rectangular partition, see Fig. 1(a):

Dð1Þ
mn : x ¼ i; y ¼ j; x  y ¼ h;
where i ¼ 1; . . . ; m  1; j ¼ 1; . . . ; n  1, and h ¼ nþ 1; . . . ;
m  1.

Fig. 1. (a) Type-I triangular partition. (b) Type-II triangular partition.
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1
2
S13 ðDð1Þ
mn Þ ¼ spanfBij jði; jÞ 2 Q 1 g [ fBij jði; jÞ 2 Q 2 g;

where Bpij ¼ Bp ðx  i; y  jÞ, Q p :¼ fði; jÞj9ðx; yÞ 2 D, s:t: Bpij ðx; yÞ – 0g,
p ¼ 1; 2.

For effective computation, we express B1 ðx; yÞ and
B ðx; yÞ in the form of Bézier ordinates. Fig. 2 shows the
supports together with the Bézier ordinates of B1 ðx; yÞ
and B2 ðx; yÞ respectively. Their shapes are depicted in
Fig. 3.
1
Since #ðQ 1 [ Q 2 Þ ¼ 2ðm þ 2Þðn þ 2Þ  2 and dimS3 ðDð1Þ
mn Þ
1
e
¼ 2ðm þ 2Þðn þ 2Þ  5, the functions in set B ¼ fB jði; jÞ
2

Fig. 2. Bézier expressions of B1 ðx; yÞ and B2 ðx; yÞ in S13 ðDð1Þ
mn Þ. The numbers
in every triangle are the Bézier ordinates.

The spline space deﬁned on a type-I triangular partition
l
is denoted by Sk ðDð1Þ
mn Þ, where k and l are the degree and
order of smoothness of the splines respectively.
Proposition 1 [2]. The dimension of the spline space
l ð1Þ
Sk ðDmn Þ is given by
l

dimSk ðDð1Þ
mn Þ ¼



kþ2
2




þ ð2m þ 2n  3Þ

klþ1
2

ij

2 Q 1 g [ fB2ij jði; jÞ 2 Q 2 g are linearly dependent. Fortunately,
e a set of linearly indepenby removing three functions in B,
dent basis functions B can be obtained which spans
S13 ðDð1Þ
mn Þ. B is deﬁned as follows

B ¼ fB1ij ; B2ij jði; jÞ 2 Q 1 ðm; n þ 1Þ;

ð2Þ

ðs; tÞ 2 Q 2 ðm þ 1; n; m þ 1; n  1Þg;

where Q p ði1 ; j1 ; . . . ; iq ; jq Þ ¼ Q pnfði1 ; j1 Þ; . . . ; ðiq ; jq Þg; p ¼ 1; 2.
The basis functions in B are non-negative, locally sup-



ported and P1  S13 ðDð1Þ
mn Þ. More precisely, polynomials
1; x; y 2 P1 can be represented by linear combinations of
basis functions in B [2].

þ ðm  1Þðn  1Þðk  l
½ðl þ 1Þ=2Þþ  ðk  2l þ ½ðl þ 1Þ=2Þ:
ð1Þ
k and

l must satisfy the following inequality

k > ð3l þ 1Þ=2;
l

if Sk ðDð1Þ
mn Þ has basis functions with local support. For a given order of smoothness l, generally it is expected that
the degree of the spline function is as low as possible.
S13 ðDð1Þ
mn Þ

For example,
is the spline space with lowest degree
for the given order of smoothness l ¼ 1.
Now we review the construction of basis functions with
1
ð1Þ
local support of spline space S13 ðDð1Þ
mn Þ. S3 ðDmn Þ is spanned by
the translation of two kinds of locally supported functions

B1 ðx; yÞ and B2 ðx; yÞ, where B2 ðx; yÞ ¼ B1 ðx; yÞ. That is

3.2. Splines space deﬁned on type-II triangular partition
Type-II triangular partition is constructed by connecting the two diagonal line segments of every rectangular
cell of a uniform tensor-product partition, that is, type-II
triangular partition Dð2Þ
mn is composed of the following lines:

x ¼ i;

y ¼ j;

y  x ¼ h1 ;

x þ y ¼ h2 ;

where i ¼ 1; . . . ; m  1; j ¼ 1; . . . ; n  1; h1 ¼ 1  n; . . . ; m
1; h2 ¼ 1; . . . ; m þ n  1. See Fig. 1(b) for a reference.
A spline space deﬁned on a type-II triangular partition is
denoted by Slk ðDð2Þ
mn Þ.
l

ð2Þ

Proposition 2 [2]. The dimension of Sk ðDmn Þ is given by

Fig. 3. The left ﬁgure is a type-I triangular partition, where the interior of red polygon (blue polygon) is the support of B1 ðx; yÞ(B2 ðx; yÞ). The right two ﬁgures
are the shapes of B1 ðx; yÞ and B2 ðx; yÞ respectively. (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web version
of this article.)
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l

dimSk ðDð2Þ
mn Þ ¼






kþ2
klþ1
þ ð3m þ 3n  4Þ
2
2


k  2l
l
þ ðm  1Þðn  1Þdk ð4Þ;
þ mn
2

4. Construction of hierarchical bivariate splines

ð3Þ
l

where
dk ð4Þ ¼ 12 ðk  l  ½ðl þ 1Þ=3Þþ  ð3k  5l þ 3½ðlþ
1Þ=3 þ 1Þ.
k and l should satisfy the following inequality:

In this section, we are going to construction hierarchical
bivariate splines over triangular partitions of type-I and
type-II. The properties of such hierarchical splines are also
presented. For convenience, we use D to denote a type-I or
type-II triangular partition, and S can be any of spline
spaces deﬁned on D discussed in the last section. H denotes
the corresponding hierarchical spline space deﬁned on a
hierarchical triangular partition as explained below.
4.1. Notations

k > ð4l þ 1Þ=3;

Let
in order to get basis functions with local support. Typical
2
ð2Þ
spline spaces interested include S12 ðDð2Þ
mn Þ and S4 ðDmn Þ.
Now we review the construction of locally supported
basis functions of spline space S12 ðDð2Þ
mn Þ.
A basic B-spline basis function Cðx; yÞ in S12 ðDð2Þ
mn Þ is
deﬁned as in Fig. 4(a), where the equilateral octagon Q is
the support of Cðx; yÞ and the numbers in a triangle are
the Bézier ordinates of Cðx; yÞ. Notice that the Bézier ordinates in some triangles are not shown, this is because
Cðx; yÞ is x-axial and y-axial symmetry, and also symmetric
to the origin, and the Bézier ordinates of Cðx; yÞ on these
triangles can be deduced by symmetry. The octagon Q is
centered at ð12 ; 12Þ. Fig. 4(b) illustrates the shape of Cðx; yÞ.
The dimension of S12 ðDð2Þ
mn Þ is ðm þ 2Þðn þ 2Þ  1, and a set
of linearly independent basis functions for S12 ðDð2Þ
mn Þ can be
constructed as

B ¼ fC ij ðx; yÞ : ði; jÞ 2 E;

ði; jÞ – ði0 ; j0 Þg;

ð4Þ

where C ij ðx; yÞ ¼ Cðx  i; y  jÞ, E ¼ fði; jÞ : 1 6 i 6 m; 1
6 j 6 ng and ði0 ; j0 Þ can be any speciﬁed index in E.
A nice property of spline space S12 ðDð2Þ
mn Þ is polynomial
completeness – it contains quadratic polynomial space P2 .
Another spline space with locally supported basis over
S24 ðDð2Þ
mn Þ.

type-II partition is
We omit the detailed construction and refer the reader to [2] for a reference. We should
point out that this spline space contains cubic polynomial
space P3 .

S0  S 1      SN ;
be a nested sequence of bivariate spline spaces deﬁned on
a nested sequence of regular triangular partitions of a rectangular domain X0 :

D0 # D1 #    # DN :
Here the notation Dk1 # Dk means Dk is a reﬁnement of
Dk1 , that is, Dk is obtained by subdividing each cell of
Dk1 into four sub-triangles such that the resulting partition has the same type (type-I or type-II) as Dk1 . In addition, let

X0  X1     XN ; XNþ1 ¼ ;;
be a sequence of nested domains. Except X0 has to be a
rectangle, the remaining Xk 2 R2 ; k ¼ 1; . . . ; N represents
the region selected to be reﬁned at level k and its boundary
@ Xk is aligned with the edges of Dk1 . The union of all the
grid line segments of Dk that lie in Xk ; k ¼ 0; 1; . . . ; N is
referred to as a hierarchical triangular mesh. A hierarchical
triangular mesh divides the domain X0 into a hierarchical
triangular partition, denoted by DN . Obviously,

D0 # D1 #    # DN ;
with D0 ¼ D0 . Our goal is to deﬁne hierarchical spline
spaces over DN .
Fig. 5(a) shows a nested sequence of type-II triangular
partitions of domain X0 : D0  D1  D2 , over which a nested
sequence of spline spaces is deﬁned: S0  S1  S2 . Fig. 5(b)
shows a nested sequence of domains X0 ¼ X1  X2 ,
together with the corresponding type-II hierarchial mesh,
where X0 ¼ X1 is the red rectangular domain and X2 is
the interior of the polygon marked with blue line
segments. The corresponding hierarchical type-II
triangular partition D2 is illustrated in Fig. 5(c) (while
D0 ¼ D0 ; D1 ¼ D1 ).
Finally, the support of a function f is deﬁned as

supp f ¼ fx : f ðxÞ – 0 ^ x 2 X0 g:
4.2. Hierarchical bivariate splines
Fig. 4. (a) The Bézier ordinates of Cðx; yÞ 2 S12 ðDð2Þ
mn Þ. The Bézier ordinates
in other triangles can be deduced by symmetry. (b) The shape of function
Cðx; yÞ.

Now we can deﬁne the hierarchical spline basis functions on a hierarchical triangular partition.
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partition deﬁned in Fig. 5. For convenience, we mark the
central vertex of the support of a basis function in
S12 ðDð2Þ
mn Þ with a sold circle to represent the basis function
as shown in Fig. 6(a) and (b) illustrates all the linearly
independent basis functions in B1 deﬁned by Eq. (4) which
spans spline space S12 ðD1 Þ, where D1 ¼ Dð2Þ
mn with m ¼ n ¼ 4.
Because X0 ¼ X1 , so H1 ¼ B1 , thus H ¼ H2 are composed
of
two
parts:
b 2 B1 ; supp b  X2
and
2
b 2 B ; supp b  X2 . The ﬁrst part and second part are represented by yellow solid circles in Fig. 7(a) and (b) respectively. Notice that there are 9 basis functions in B1 which
are not included in the ﬁrst part. On the other hand, the
11 yellow circles outside of the domain X0 in Fig. 7(b)
should be included in the second part, which are easy to
be neglected.
Fig. 5. (a) nested type-II triangular partition: D0  D1  D2 . (b) Nested
domains: X0  X1  X2 , together with the hierarchical mesh. (c) Hierarchical type-II triangular partition D2 , while D0 ¼ D0 and D1 ¼ D1 .

Deﬁnition 1. Let Bk be a basis of the spline space Sk
deﬁned on a regular triangular partition Dk of domain
X0 ; k ¼ 0; 1 . . . ; N, with D0  D1      DN . The hierarchical
bivariate spline basis H is recursively constructed as
follows.
1. Initialization: H0 ¼ fb 2 B0 : suppb – ;g.
lþ1
2. Recursive
case:
Hlþ1 ¼ Hlþ1
A [ HB ,
l ¼ 0; . . . ; N  1, where

for

Hlþ1
¼ fb 2 Hl : supp b  Xlþ1 g;
A
and

Hlþ1
¼ fb 2 Blþ1 : supp b  Xlþ1 g:
B
3. H ¼ HN .

As an illustration, we explain how to construct hierarchical bivariate spline basis H for hierarchical spline space
H12 ðD2 Þ, where D2 is the hierarchical type-II triangular

4.3. Properties
Now we discuss some properties of the bivariate hierarchical splines constructed in the above subsection.
Theorem 3. The bivariate hierarchical spline basis H constructed in Section 4.2 have the following properties:
1. Nonnegativity: b P 0; 8b 2 H.
2. Compact support: b 2 H has compact support.
3. Polynomial completeness: P2  H12 ðDÞ for hierarchical type-II triangular partition D, and P1  H13 ðDÞ
for hierarchical type-I triangular partition D.
4. Linear independency: the functions in H are linearly
independent.
5. Nested property: spanHk  spanHkþ1 ;k ¼ 0;1; .. .;
N  1.
Proof. The ﬁrst three properties are obvious. The linear
independency and nested property are proved in Lemmas
4 and 5. h
Lemma 4. The functions in H are linearly independent.
Proof. We have to prove that

X
cb b ¼ 0 ) cb ¼ 0;

for all b:

b2H

Fig. 6. (a) The center of the support of a basis function in S12 ðDð2Þ
mn Þ is
marked with a yellow circle. (b) The basis functions of S12 ðDð2Þ
mn Þ deﬁned by
Eq. (4) are represented by circles. (For interpretation of the references to
color in this ﬁgure legend, the reader is referred to the web version of this
article.)

Fig. 7. Basis of hierarchical spline space H12 ðD2 Þ.

ð5Þ
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The sum

X

b2H c b b

X

cb b þ

b2H\B0

P

¼ 0 can be rearranged as

cb b þ   

X

5. Surface ﬁtting

cb b ¼ 0:

b2H\BN

b2H\B1

Since the functions in H \ B0 are a subset of B0 , they are
linearly independent. Only these functions are non-zero on
X0 n X1 , hence, in view of their local linear independence,
we conclude that cb ¼ 0 for b 2 H \ B0 .
Analogously, when we consider the remaining sums in
the sequence, ﬁrstly we know that the functions in H \ Bk
are linearly independent since H \ Bk  Bk ; k ¼ 1; . . . N.
Then, except for the functions already considered in the
previous sums, namely b 2 H \ B0 ; . . . ; b 2 H \ Bk1 , only
the functions in H \ Bk are non-zero on Xk n Xkþ1 . This
implies that cb ¼ 0 for b 2 H \ Bk with k ¼ 1; . . . N. The
lemma is thus proved. h

Lemma 5. We have

spanHk  spanHkþ1 ; k ¼ 0; 1; . . . ; N  1:
Proof. Any f 2 spanHk can be expressed as

f ¼

X

X

db ðf Þb ¼

b2Hk

X

db ðf Þb þ

b2Hk
suppb  Xkþ1

db ðf Þb:

ð6Þ

b2Hk
suppb  Xkþ1

The ﬁrst sum in the right-hand side of the above relation Eq. (6) collects all basis functions in HAkþ1 . In view of
the nested nature of the underlying spaces Bk ; k ¼ 0; . . . ; N,
we can express each basis function b 2 Hk as linear combination of basis functions which belong to Bkþ1 , so we have

f ¼

¼

X

db ðf Þb þ

X

db ðf Þ

b2Hkþ1
A

b2Hk
suppb  Xkþ1

X

X

X

a2Bkþ1
suppa  Xkþ1

b2Hk
suppb  Xkþ1

db ðf Þb þ

b2Hkþ1
A

¼

X

X

db ðf Þb þ

b2Hkþ1
A

X

a2Bkþ1
suppa  Xkþ1

In this section, we show applications of hierarchical
splines on regular triangular partitions in surface ﬁtting.
The hierarchial spline spaces H12 and H13 are chosen for
illustration. Here H12 is deﬁned on hierarchical type-II triangular partitions, and H13 is deﬁned on hierarchical type-I
triangular partitions. Comparisons are made with hierar1;1
chical tensor product counterparts – H1;1
2;2 and H3;3 respec1
tively. Here H1;1
stands
for
C
continuous
biquadratic
2;2
hierarchical spline space which is constructed from C 1 continuous uniform biquadratic splines S1;1
2;2 . Similarly, hierarchical bicubic spline space H1;1
3;3 is constructed from
uniform bicubic spline space S1;1
3;3 . The reader is referred
to [4] for details.
Suppose we are given an open mesh model with vertices Pi , i ¼ 1; 2; . . . ; N in 3D space, and their corresponding
parameter values ðsi ; t i Þ; i ¼ 1; 2; . . . ; N obtained from some
parametrization of the mesh (we use the parameterization
method in [15] in the current paper). The parameter
domain is assumed to be X0 ¼ ½0; 1  ½0; 1. We are going
to ﬁnd a hierarchical spline surface Sðs; tÞ to approximate
the mesh model.
The surface ﬁtting scheme repeats the following step 2
and 3 until the approximation error is satisﬁed with
respect to a given tolerance e.

!
ckþ1
a a
!

kþ1

ca db ðf Þ a

da ðf Þa:

1. Construct a uniform (triangular or rectangular) partition T 0 of X0 . T 0 is the initial mesh. Set k ¼ 0.
2. Compute a least-squares approximation Sðs; tÞ by
minimizing:
N
X
ðSðsi ; ti Þ  Pi Þ2
i¼1

according to current hierarchical spline space Hk . The
underlying hierarchical mesh is denoted by T k .
3. Search for the violated cells in T k . Then split these cells
into four sub-cells to obtain a new mesh T kþ1 . A violated
cell is the cell over which the ﬁtting error is greater than
e. The ﬁtting error over a cell h is calculated as the maximum of kPi  Sðsi ; t i Þk2 for the points ðsi ; ti Þ 2 h. Set
k :¼ k þ 1.
We demonstrate three examples to illustrate the above
algorithm. The approximate error of a model is deﬁned as
the maximum of kPi  Sðsi ; t i Þk2 ; i ¼ 1; . . . ; N.

a2Hkþ1
B

Hence, f 2 spanHkþ1 . h
Remark 1. The hierarchical B-spline space Hlk ðDÞ has global continuity l for any hierarchical triangular partition
D, so it does not lose continuity order at hanging nodes
of D.
After deﬁning a basis for a hierarchical spline space, one
can deﬁne a hierarchical spline surface as

Example 1. Consider a piecewise quadratic function

(
f ðx; yÞ ¼

ðx  yÞ2 ;

x6y

ðx  yÞ2 ;

else

ð7Þ

We approximate f ðx; yÞ by a hierarchical spline function
from H12 , and a tensor product hierarchical spline function
from H1;1
2;2 .

where Pb 2 R3 are the control points, and bðx; yÞ; b 2 H are
basis functions. X0 is a 2D rectangular parametric domain.

By sampling data points of f ðx; yÞ on a 51  51 uniform
grid deﬁned on the domain ½0; 1  ½0; 1, we obtain two

Sðx; yÞ ¼

X
Pb bðx; yÞ;

ðx; yÞ 2 X0 ;

b2H

295

H. Kang et al. / Graphical Models 76 (2014) 289–300

approximated functions g 1 ðx; yÞ and g 2 ðx; yÞ respectively
from H12 and H1;1
2;2 , as shown in Fig. 8.
g 1 ðx; yÞ 2

H12

has 15 degrees of freedom (DOF for short)

with an approximation error 3:0  108 , while g 2 ðx; yÞ has

Table 1
Statistic
data
for
ﬁtting
#Points ¼ 19; 231; #Faces ¼ 38; 388.
Levels

5

638 DOF with an approximation error 9:7  10 . The reason why H12 approximates better in this example is that,
g 1 ðx; yÞ can naturally capture the second order derivative
discontinuity of f ðx; yÞ along the diagonal line y ¼ x.
Example 2. We consider the ﬁtting of a 3D mesh model – a
female head with 19,231 points and 38,388 faces.
ð2Þ
We start from a uniform type-II triangular partition D88
(for H12 ) or a uniform 8  8 tensor product partition (for
H1;1
2;2 ). The surfaces at various levels approximated by spline
spaces H12 and H1;1
2;2 are shown in Fig. 15(a) and (b) respectively. Table 1 summarizes the ﬁtting results. From the statistic data, the approximation surfaces by two spline
spaces H12 and H1;1
2;2 have about the same approximation error at the same level, but H12 needs only about half of DOF
compared with H1;1
2;2 .

0
1
2
3
4
5
6
7
8
9
10

Female

H12

Head

model

with

H1;1
2;2

DOF

Max error

DOF

Max error

99
208
321
505
769
1070
1459
1877
2161
2336
2403

0.597346
0.403546
0.37169
0.33654
0.32103
0.26588
0.204522
0.132439
0.0581819
0.048414
0.0333915

100
310
537
796
1198
1699
2397
3165
3804
4195
44,443

0.730179
0.40666
0.375345
0.340688
0.322405
0.264722
0.205273
0.143232
0.0666729
0.0489152
0.03445

Example 3. In this example, we ﬁt Lauransana model with
surfaces from H13 and H1;1
3;3 . The model has 6301 points and
12,487 faces.
The initial partition used for H13 (H1;1
3;3 ) is a uniform type-I
ð1Þ
triangular partition D88 (uniform 8  8 tensor product partition). The surfaces approximated by spline spaces H13 and
H1;1
3;3 are shown in Fig. 9(a) and (b) respectively. Table 2
summarizes the ﬁtting results. From the statistic data,
the approximation error by H13 is a little larger than that
by H1;1
3;3 , but with a smaller number of DOFs.
6. Solving elliptic PDEs
In this section, we discuss how to use hierarchical
bivariate B-splines deﬁned in Section 4.2 to solve elliptic
PDEs with Dirichlet boundary constraint. Due to the

Fig. 9. Fitting Lauransana model in Example 3 with hierarchical spline
spaces H13 and H1;1
3;3 . The left column is the original surfaces and the right
columns are approximation surfaces with hierarchical mesh.

Table 2
Statistic
data
for
ﬁtting
#Points ¼ 6301; #Faces ¼ 12; 487.
Levels

0
1
2
3
4
5

H13

Lauransana

model

with

H1;1
3;3

DOF

Max error

DOF

Max error

195
628
776
838
926
1066

0.358897
0.34233
0.311991
0.148043
0.0623309
0.0374738

324
788
1028
1120
1200
1332

0.40361
0.411683
0.314497
0.127306
0.0422704
0.0269059

boundary constraint, the spline space S12 ðDð2Þ
mn Þ cannot be
Fig. 8. Two approximated functions of Example 1. The curves on the right
surfaces are the images of the left underlying meshes.

ð2Þ
used directly, so we ﬁrstly introduce a subspace S1;0
2 ðDmn Þ
which satisﬁes the boundary constraint. The hierarchical
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1;0
ð2Þ
spline space H1;0
2 can be constructed from S2 ðDmn Þ by the
process in Section 4.2. We compare our results with ﬁnite

element function space – C 1 continuous hierarchical tensor

8
e ðx; yÞ ¼ B1;1 ðx; yÞ  B0;1 ðx;yÞ  B1;0 ðx;yÞ þ B0;0 ðx;yÞ;
B
>
>
> 1;1
>
>
>
>
e m;1 ðx;yÞ ¼ Bm;1 ðx; yÞ  Bmþ1;1 ðx; yÞ  Bm;0 ðx; yÞ þ Bmþ1;0 ðx;yÞ;
<B

biquadratic spline space S1;1
2;2 . From the numerical results,

>
e 1;n ðx; yÞ ¼ B1;n ðx; yÞ  B0;n ðx; yÞ  B1;nþ1 ðx; yÞ þ B0;nþ1 ðx; yÞ;
>
>
B
>
>
>
>
:e
B m;n ðx;yÞ ¼ Bm;n ðx; yÞ  Bm;nþ1 ðx; yÞ  Bmþ1;n ðx; yÞ þ Bmþ1;nþ1 ðx; yÞ;

and
it suggests that the hierarchical spline spaces H1;0
2

ð13Þ

1
product spline space H1;1
2;2 constructed from C continuous

H1;1
2;2

have similar convergence rate, and they are superior

1;1
ð2Þ
to uniform spline spaces S1;0
2 ðDmn Þ and S2;2 .

6.1. Model problem
The elliptic model problem we considered is a Poisson’s
equation deﬁned on a two-dimensional rectangle domain
X ¼ ½0; 1  ½0; 1 with Dirichlet boundary C, which is deﬁned as follows:

>
e 1;j ðx; yÞ ¼ B1;j ðx; yÞ  B0;j ðx; yÞ; j ¼ 2; 3; . . . ; n  1;
>
B
>
>
>
>
>
:e
B m;j ðx; yÞ ¼ Bm;j ðx; yÞ  Bmþ1;j ðx; yÞ; j ¼ 2; 3; . . . ; n  1;
ð14Þ
e i;j ðx; yÞ ¼ Bi;j ðx; yÞ i ¼ 2; 3; . . . ; m  1;
B

 Du ¼ f on X

j ¼ 2; 3; . . . ; n  1:

ð8Þ

u ¼ 0 on C

where f 2 L2 ðXÞ.
The weak form solution of problem Eq. (8) is to seek
u 2 V such that

aðu; v Þ ¼ Fðv Þ;

8
e i;1 ðx; yÞ ¼ Bi;1 ðx; yÞ  Bi;0 ðx; yÞ; i ¼ 2; 3; . . . ; m  1;
>
B
>
>
>
>
>
>
e i;n ðx; yÞ ¼ Bi;n ðx; yÞ  Bi;nþ1 ðx; yÞ; i ¼ 2; 3; . . . ; m  1;
<B

8v 2 V;

ð9Þ

ð15Þ

The basis functions deﬁned by formula Eqs. (13)–(15)
are called corner spline, edge spline and interior spline of
ð2Þ
S1;0
2 ðDmn Þ respectively. The supports of these three kinds
of splines are shown in Fig. 10. One can show that the
ð2Þ
dimension of space S1;0
2 ðDmn Þ is
1;0

where a is the bilinear form and F is the linear functional
deﬁned by

Z

aðu; v Þ ¼
ru  rv dX;
Z X
f v dX:
Fðv Þ ¼

ð10Þ

X

where ði0 ; j0 Þ is a speciﬁed index, i0 2 ½1; m; j0 2 ½1; n.
The hierarchical spline space H1;0
corresponding to
2
ð2Þ
S1;0
2 ðDmn Þ is deﬁned as in Deﬁnition 1. Similarly, one can
deﬁne its tensor product counterpart H1;1
2;2 .
6.3. Finite element discretization

V ¼ fv 2 H1 ðXÞ : v ¼ 0 on Cg:
The energy norm associated with the bilinear form is
deﬁned by

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
aðv ; v Þ:

ð2Þ
The following set of functions forms a basis of S1;0
2 ðDmn Þ:

e i;j : 1 6 i 6 m; 1 6 j 6 n; ði; jÞ – ði0 ; j Þg;
e ¼ fB
B
0

The trial and test space V is the usual Sobolev space
H1 ðXÞ vanishing at the boundary C, that is

kv kE ¼

dimS2 ðDð2Þ
mn Þ ¼ mn  1:

ð11Þ

Now we are ready to use hierarchical spline space H1;0
2
and H1;1
2;2 to solve elliptic problem Eq. (9). For simplicity,
1;1
we simply use H to stand for H1;0
2 or H2;2 . The ﬁnite element
approximation of problem Eq. (9) with H means to ﬁnd a
function uh 2 H such that

6.2. Hierarchical spline space H1;0
2

aðuh ; v Þ ¼ Fðv Þ

Let Bðx; yÞ be the basis function deﬁned in Fig. 4(a) and
Bij be the translation of Bðx; yÞ:

for all test functions v h 2 H  V.
P
Suppose H ¼ fbi gni¼1 ; uh ¼ ni¼1 ci bi , then problem Eq.
(16) is turned into solving the following linear equation

Bij ðx; yÞ ¼ Bðmx  i þ 1=2; nx  j þ 1=2Þ;

LC ¼ B;

ð16Þ

then the set

B ¼ fBij ðx; yÞji ¼ 0; . . . ; m þ 1; j ¼ 0; . . . ; n þ 1g
spans the spline space S12 ðDð2Þ
mn Þ.
ð2Þ
The spline space S1;0
ð
D
mn Þ is deﬁned as follows [16]:
2
1
ð2Þ
ð2Þ
S1;0
2 ðDmn Þ ¼ fs 2 S2 ðDmn Þ : sð0; Þ ¼ 0;

sð1; Þ ¼ 0; sð; 0Þ ¼ 0; sð; 1Þ ¼ 0g:

ð12Þ

ð2Þ
The basis functions of S1;0
2 ðDmn Þ can be constructed by
e i;j ðx; yÞ 2
linear combination of Bij . Speciﬁcally, let B
ð2Þ
S1;0
2 ðDmn Þ, then we have

Fig. 10. From left to right: the supports of corner spline, edge spline and
ð2Þ
interior spline of S1;0
2 ðDmn Þ.

297

H. Kang et al. / Graphical Models 76 (2014) 289–300
Table 3
Computational results by H1;0
for Example 4 under uniform global
2
reﬁnement.
DOF

ku  uh kL2

CR

ku  uh kE

CR

3
15
63
255
1023
4095

2.14789e3
1.89944e4
2.08673e5
2.51227e6
3.10966e7
3.87764e8

3.0141
3.0779
3.0283
3.0078
3.0019

2.54794e2
5.46014e3
1.30255e3
3.21580e4
8.01381e5
2.00185e5

1.9142
1.9973
2.0010
2.0004
2.0001

where L is a n  n matrix with the element
Lði; jÞ ¼ aðbi ; bj Þ; B is a n  1 vector with element
BðiÞ ¼ Fðbi Þ and C ¼ ðc1 ; . . . ; cn ÞT .
All the numerical experiments are tested over a domain
X ¼ ½0; 1  ½0; 1. The reﬁnement at each level is achieved

(a) DOF = 15

by performing the marking strategy used in [17] with a
parameter h, which is used to control the reﬁnement process [18]. The reﬁnement strategy is based on an error estimate on a cell. Here we use the residual-based posteriori
error estimate gK on a cell K of mesh, deﬁned by

g2K ¼ h2k kDu þ f k2L2 ðKÞ ;
where hK is the diameter of cell K. The posterior error on
mesh T is the sum of gK on each cell, that is

gT ¼

X

!1=2
2
K

g

:

K2T

The convergence rate CR with respect to the norm k  k
at the reﬁnement level k is roughly computed by

(b) DOF = 255

Fig. 11. Discrete solutions uh by H1;0
2 of Example 4.

(a) DOF = 35

(b) DOF = 143

(c) DOF = 279

(d) DOF = 545

Fig. 12. Discrete solutions uh of Example 5 solved with H1;0
2 . The green curves on the surfaces are the images of the hierarchical meshes. (For interpretation
of the references to color in this ﬁgure legend, the reader is referred to the web version of this article.)
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2logðkeh;k1 k=keh;k kÞ
;
logðnk =nk1 Þ

where nk is the degree of freedom at level k and eh;k denotes the error (energy-norm error ku  uh kE or L2 -norm
error ku  uh kL2 ) at level k. For convenience, we use DOF
as the abbreviation for degree of freedom (=number of basis functions).
In the following, we provide several numerical examples to illustrate the numerical property of hierarchical

Example 4. In this experiment, the global uniform reﬁnement
is
performed.
The
exact
solution
is
uðx; yÞ ¼ exð1xÞyð1yÞ  1 and f is determined by Eq. (8).
The computational results for spline space H1;0
2 under 6
different resolutions, i.e. Dð2Þ
with
m
¼
n
¼
2; 4; 8; 16;
mn
32; 64, are shown in Table 3. From the results, the convergence rate CR with respect to L2 -norm (energy-norm) is
about three (two), which is consistent with the theory of
ﬁnite element. Fig. 11 depicts two numerical solutions.

spline space H1;0
2 , together with comparisons with that of
Example 5. In this example, the exact solution is

1;0
1;1
spline spaces H1;1
2;2 , S2 and S2;2 .

(a) DOF = 36

(b) DOF = 112

(c) DOF = 218

(d) DOF = 460

Fig. 13. Discrete solutions uh of Example 5 solved by H1;1
2;2 . The green curves on the surfaces are the images of the hierarchical meshes. (For interpretation of
the references to color in this ﬁgure legend, the reader is referred to the web version of this article.)

1

−3

0

−4
−5

−2

log (|u−u h||E)

h E

log (||u−u || )

−1

−3
−4
solved

−5

solved

−6

solved

−7

solved

−8
3

4

uniformly by S1,1
2,2
adaptively by H1,1
2,2
uniformly by S1,0
2
1,0
adaptively by H2

5

6

−6
−7
−8

solved adaptively by H
solved adaptively by

−10

7

8

9

10

−11
1

1,1
2,2
1,1
2,2
1,0
H
2

solved uniformly by S

−9

2

3

4

5

6

log (DOF)

log (DOF)

(a) Example 5
Fig. 14. Convergence plot for Examples 5 and 6.

(b) Example 6

7

8

9
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uðx; yÞ ¼

2:0
3:0expðð20x  13Þ2 þ ð20y  13Þ2 Þ
2:0
;
þ
3:0expðð20x  7Þ2 þ ð20y  7Þ2 Þ

and f is determined by Eq. (8).
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The exact solution uðx; yÞ has two peaks and it decays
very fast away from the two peaks. For the two hierarchical
spline spaces H1;0
and H1;1
2
2;2 , Figs. 12 and 13 depict
respectively the numerical solutions (right) and the
corresponding reﬁned meshes (left) at the ﬁrst four levels.
It is worth noting that the numerical solutions quickly

Fig. 15. Fitting Female Head model in Example 2 with hierarchical spline spaces H12 and H1;1
2;2 . The left column is the original surfaces and the right columns
are approximation surfaces with hierarchical meshes.

Fig. 16. The reﬁned meshes (left) and the contours of the corresponding discrete solutions (right) for Example 6; (a) is solved by H1;0
2 and (d) and (e) are
solved by H1;1
2;2 .
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capture the two peaks as the reﬁnement proceeds. The
energy-norm errors with respect to DOF are plotted in
Fig. 14(a). From the numerical results, both H1;0
and H1;1
2
2;2
have about the same convergence rate, which is faster than
the uniform reﬁnement splines.
Example 6. In the ﬁnal example, the exact solution is


uðx; yÞ ¼

ðx  yÞðx  yÞð1  xÞy;

x>y

ðx  yÞðx  yÞð1  yÞx; x 6 y

and f is determined by Eq. (8).
For this example, the initial mesh is Dð2Þ
mn with m ¼ n ¼ 2
when it is solved by H1;0
2 . Fig. 16(a) shows the reﬁned mesh
and the contour of the corresponding solution at the third
level. The corresponding discrete solution uh is shown in
Fig. 16(b). The contour of exact solution uðx; yÞ is shown
in Fig. 16(c).
Fig. 16(d) shows the results at the third level solved by
H1;1
2;2 . From the contour plot, it can be seen that the solution
1;0
by H1;1
2;2 is much less accurate than that by H 2 at the same
level. Fig. 16(e) depicts the results at the level ﬁve solved
by H1;1
2;2 , where the energy-error has the same magnitude
as the one in Fig. 16(a), while the DOF is much larger than
the one used by H1;0
at the level three. Furthermore, H1;0
2
2
has a much faster convergence rate than H1;1
2;2 , as shown
in Fig. 14(b). The reason why H12 approximates better in
this example is similar to the analysis in Example 1,
namely H12 can naturally capture the second order derivative discontinuity of uðx; yÞ along the diagonal line y ¼ x.
Remark 2. Notice that here we do not consider the
ð1Þ
boundary element basis for the spline space S13 ðDmn Þ, since
there should be at least one so-called ‘global’ spline
function which is not easy to be constructed (see the
theory in Section 2.6 of [2]).

7. Conclusion
In this paper, we extend the hierarchical paradigm of
tensor-product B-splines to bivariate splines deﬁned on
regular triangular partitions and propose a method to construct basis functions of such a hierarchical spline space.
The basis functions constructed have nice properties such
as, nonnegativity, compact support, linear independence
and nested property. The spline space spanned by these
basis functions supports local reﬁnement, which is important in adaptive geometric modeling and adaptive ﬁnite
element. We illustrate applications of such splines in
geometric modeling and solving numerical PDEs, and the
results suggest that hierarchical B-splines deﬁned on regular triangular partitions seem promising in applications.
There are a few problems worthy of further
l
investigation. First, there is a natural spline space Sk ðDÞ

which consists of all the piecewise polynomials of degree
k with the order of smoothness l deﬁned over a hierarchical triangular partition D. Obviously, our hierarchical
l
spline space Hk ðDÞ deﬁned in this paper is a subset of
l
Sk ðDÞ. The question is what is the relationship between
these two spline spaces? What is the dimension of the
spline space Slk ðDÞ for a hierarchical triangular partition?
Second, how to extend our hierarchical splines to spline
spaces deﬁned on other types of triangular partitions? Finally, we will investigate further applications of these hierarchical splines in iso-geometric analysis and geometric
modeling.
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