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Abstract Spline spaces over rectangular T-meshes have been discussed in many
papers. In this paper, we consider spline spaces over non-rectangular T-meshes. The
dimension formulae of spline spaces over special simply connected T-meshes have
been obtained. For T-meshes with holes, we discover a new type of dimension insta-
bility. We construct a relationship between the dimension of the spline space over a
T-mesh T with holes and the dimension of the spline space over a simply connected
T-mesh associated with T .
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1 Introduction

Spline spaces over T-meshes are introduced in [4]. In this paper, the dimensions
of spline spaces with low-order smoothness (the smoothness order is less than half
of the degree of the polynomials in the spline space) are analyzed using the B-net
method. Other published papers [13, 16] also discuss the dimension problem. Bases
are constructed in [5, 9, 17].
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For spline spaces with high-order smoothness, the situation becomes more com-
plex. Li et al. discover that the dimensions of spline spaces are dependent on the
geometry information of a T-mesh in [18], which is a similar phenomenon as the
Morgan-Scott triangulation [7, 21]. Additional examples are given in [1]. The dimen-
sions of spline spaces over some special T-meshes have been discussed in [6, 19, 22,
28, 32].

Previous papers primarily focus on T-meshes whose domains are rectangles with-
out holes. However, we will treat some complex domains that are not rectangles in
surface modeling [10, 15, 23] and the finite-element method. We are also confronted
with domains with holes [2, 8, 11] in geometry modelling. In isogeometric analysis
[14], a central problem is the computation of a reasonable parametric representation
for the domain, which is referred to as parameterization; it significantly influences
the numerical accuracy and efficiency of the numerical solutions [3]. The traditional
computational domain is a rectangle without holes [30]. For the problem of station-
ary heat conduction in the L-shaped domain shown in Fig. 1 in Section 2 of [31],
the authors show that the quality of the parameterization is very low if a single rect-
angular computational domain is selected. It is because two singular points exist on
the boundary when we parameterize the L-shaped domain onto a single rectangular
domain. The method in [31] decomposes the L-shaped domain into two subdomains.
A non-rectangular (Definition 2.1) computational domain may be another reasonable
choice.

The dimensions of spline spaces over T-meshes on arbitrary domains for low-order
smoothness have been discussed in [12, 27]. Schumaker et al. discuss spline spaces
defined on TR-meshes, which consist of both triangles and rectangles in [26].

In this paper, we discuss the dimensions of spline spaces with high-order smooth-
ness. We present the following results:

1. We provide the dimension formulae of spline spaces over special simply
connected T-meshes.

2. We discover a new type of instability of the dimensions.

Fig. 1 L-shaped domain
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3. We construct a relationship between the spline space over a T-mesh T with holes
and the spline space over a simply connected T-mesh associated with T .

The paper is organized as follows. In Section 2, we define terms that are employed
in the following sections. We review the B-net method and the smoothing cofactor
method in Section 3. In Section 4, we discuss the dimensions of spline spaces over
simply connected T-meshes. In Section 5, the dimensions of spline spaces over T-
meshes with holes are discussed. Section 6 provides the conclusions and discusses
future studies.

2 Basic definitions

2.1 T-meshes

Definition 2.1 [27] Let T := {Ci}Ni=1 be a collection of axis-aligned rectangles such
that the domain �(T ) := ⋃

Ci is connected. In addition, assume that any pair of
distinct rectangles Ci, Cj can only intersect at points on their edges. Then, we call
T a T-mesh and Ci a cell of T . For a subset I of {1, 2, . . . , N}, if T ′ := {Ci}i∈I is
also a T-mesh, we call T ′ a submesh of T .

If �(T ) is a rectangle and simply connected (without holes), we call T a
rectangular T-mesh; otherwise, we call it a non-rectangular T-mesh.

A vertex of a cell is called a vertex of T , and a line segment that connects two
adjacent vertices is called an edge of T . If a vertex is on the boundary of �(T ),
it is called a boundary vertex; otherwise, it is called an interior vertex. Similarly,
we have two types of edges: boundary edges and interior edges. If a cell has a
vertex that is a boundary vertex, it is called a boundary cell; otherwise, it is called
an interior cell. T-meshes are allowed to have T-junctions, or T-nodes, which are
the interior vertices of valence three. For two cells C1, C2 with a common edge, we
say that they are adjacent. If a rectangular T-mesh has no T-nodes, it is called a
tensor-product mesh (TP mesh).

In Fig. 2, T1 is a rectangular T-mesh, and T2 and T3 are non-rectangular
T-meshes.

Fig. 2 Three T-meshes
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Fig. 3 Three nonregular T-meshes

Definition 2.2 [27] We say that a vertex v is a regular vertex provided that the
union of all rectangles that contain v has a connected interior. Otherwise, v is a non-
regular vertex. If a nonregular vertex is on the boundary of a hole, the hole is called
a nonregular hole.

We say that a T-mesh T is regular provided that every vertex of T is regular.
Otherwise, T is nonregular.

The T-meshes in Fig. 2 are regular. The T-meshes in Fig. 3 are nonregular. The
three vertices v1, v2 and v3 in Fig. 3 are nonregular vertices. The three holes in T ′

2
and T ′

3 are nonregular holes.
Given a T-mesh T , the region �(T ) is bounded by the edges of some polygons.

We show the regions in Fig. 4 for some T-meshes in Figs. 2 and 3. We see that the
region �(T ) is bounded by the edges of only simple polygons for a regular T-mesh
T , whereas these polygons must include self-intersecting polygons that self-intersect
at nonregular vertices for a nonregular T-mesh.

A large edge (L-edge) is a line segment that consists of several edges (boundary
or interior). It is the longest possible line segment, the interior edges of which are
connected and the two end points are T-junctions or boundary vertices. If an L-edge
only consists of interior edges, it is called an interior L-edge; otherwise, it is called
a boundary L-edge. A composite edge (c-edge) is a line segment that consists of
several interior edges. It is the longest possible line segment, the interior edges of
which are connected and the two end points are T-junctions or boundary vertices.
Three types of c-edges exist. If both end points of a c-edge are T-junctions, the c-
edge is called a T c-edge. If both end points of a c-edge are boundary vertices, the
c-edge is called a cross-cut. If one end point is a boundary vertex and the other end
point is a T-junction, the c-edge is called a ray.

We classify boundary vertices and c-edges more specifically for a simply con-
nected regular T-mesh T . The region �(T ) is a polygon whose interior angles

Fig. 4 The regions occupied by the T-meshes
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Fig. 5 A simply connected regular T-mesh T

are 90◦ or 270◦. We call the boundary vertices corresponding to 90◦ interior angles
and 270◦ interior angles convex vertices and concave vertices, respectively. The
remaining boundary vertices are called flat vertices. For the T-mesh in Fig. 5,
v1, v4, v16, v21, v20, v19, v17, v11 are convex vertices, v15, v14, v13, v12 are concave
vertices, and v2, v3, v10, v18 are flat vertices. Assume l is a cross-cut. The end points
of l may be flat vertices or concave vertices. If both end points of l are flat vertices,
we call l a flat cross-cut; if both end points of l are concave vertices, we call l a con-
cave cross-cut; if one end point of l is a concave vertex and the other end point is a
flat vertex, we call l a concave-flat cross-cut. For the T-mesh in Fig. 5, the cross-cut
between v2 and v18 is the only flat cross-cut, the cross-cut between v3 and v14 is the
only concave-flat cross-cut, and the cross-cut between v14 and v15 and the cross-cut
between v12 and v13 are concave cross-cuts. Assume l′ is a ray. One end point of l′
is a T-junction and the other end point can be a flat vertex or a concave vertex. If one
end point of l′ is a flat vertex, l′ is called a flat ray; if one end point of l′ is a concave
vertex, l′ is called a concave ray. For the T-mesh in Fig. 5, the ray between v8 and
v13 and the ray between v9 and v15 are concave rays, and the ray between v7 and v10
is the only flat ray.

Definition 2.3 If a simply connected regular T-mesh T has no T c-edges in T , we
call T a quasi-cross-cut T-mesh.

Now, we introduce some notations for a T-mesh in Table 1.

Lemma 2.4 Given a simply connected regular T-mesh T with the notations in
Table 1, it follows that

1. Ei = Gf + Rf + T ;

2. V b
f = 2Gf + Gaf + Rf ;

3. V b
e + V b

a = Eb + Ga;

4. if T is a quasi-cross-cut T-mesh, then V b = E + G.
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Table 1 Notations for a T-mesh
V number of vertices

V b number of boundary vertices

V i number of interior vertices

V b
e number of convex vertices

V b
a number of concave vertices

V b
f number of flat vertices

E number of L-edges

Eb number of boundary L-edges

Ei number of interior L-edges

G number of cross-cuts

Gf number of flat cross-cuts

Ga number of concave cross-cuts

Gaf number of concave-flat cross-cuts

R number of rays

Rf number of flat rays

Ra number of concave rays

T number of T c-edges

Proof

1. An interior L-edge can be a flat cross-cut, a flat ray, or a T c-edge. Therefore,
this conclusion is correct.

2. Every flat vertex is an end point of a ray or a cross-cut. By the definitions of
these c-edges, the conclusion can be easily obtained.

3. After deleting all flat cross-cuts, concave-flat cross-cuts, rays and T c-edges, we
obtain the submesh T ′ of T . For the T-mesh T in Fig. 5, the mesh T ′ in Fig. 6
is the obtained submesh. After deleting all concave cross-cuts of T ′, we obtain
the submesh T ′′ which only has one cell. The mesh T ′′ in Fig. 6 is the obtained
submesh. To express the distinction, we employ V b(T ′), V b(T ′′), etc to denote
the number of boundary vertices of T ′, the number of boundary vertices of T ′′,
etc. We have

V b
e + V b

a = V b(T ′) = V b(T ′′), Eb = Eb(T ′), Ga = Ga(T
′).

Fig. 6 Two submeshes of T in Fig. 5
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Because T is regular, the boundary edges of �(T ′′) are not self-intersecting.
Therefore, we obtain Eb(T ′′) = V b(T ′′).

We claim that Eb(T ′) + Ga(T
′) = Eb(T ′′). Two situations exist in what

the boundary L-edges of T ′ may become in T ′′. The first situation is that a
boundary L-edge of T ′ remains a boundary L-edge in T ′′. For the mesh T ′ in
Fig. 6, the boundary L-edge between v1 and v4, the boundary L-edge between v4
and v16, the boundary L-edge between v20 and v21, etc become e1, e2, e5, etc in
T ′′. In the second situation, if k concave cross-cuts exist on a boundary L-edge
of T ′, this boundary L-edge will become k + 1 boundary L-edges in T ′′. For
example, the boundary L-edge between v11 and v16 becomes e11, e7, e3 in T ′′.
Therefore, this claim is correct.
Combining these relationships, we complete the proof.

4. If T is a quasi-cross-cut T-mesh, then T = 0. By the last three relationships, it
follows that

V b = V b
f + V b

e + V b
a

= 2Gf + Gaf + Rf + Eb + Ga

= (Gf + Rf ) + Eb + (Gf + Gaf + Ga)

= Ei + Eb + G

= E + G.

Definition 2.5 Suppose T is a TP mesh. After deleting some cells of T , we obtain
a submesh of T . We call this mesh a quasi-TP mesh.

Figure 7 shows two examples of quasi-TP meshes.

2.2 Spline spaces over T-meshes

Given a T-mesh T = {Ci}Ni=1, in [6], the following two spline spaces are defined as:

S(m, n, α, β, T ) := {f (x, y) ∈ Cα,β(�(T )) : f (x, y)|Ci
∈ Pmn for any Ci ∈ T },

S(m, n, α, β, T ) := {f (x, y) ∈ Cα,β(R2) : f (x, y)|Ci
∈ Pmn for any Ci ∈ T and f |R2\�(T ) ≡ 0},

Fig. 7 Two quasi-TP meshes
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where Pmn = {p(x, y) : p(x, y) = ∑m
i=0

∑n
j=0 cij x

iyj , cij ∈ R} and Cα,β is
the space consisting of all bivariate functions continuous with order α along x-
direction and with order β along y-direction. The space S(m, n, α, β, T ) is called
a spline space over T , while S(m, n, α, β, T ) is called a spline space over T with
homogeneous boundary conditions.

Both S(m, n, α, β, T ) and S(m, n, α, β, T ) are linear spaces. In this paper, we
only discuss S(d, d, d−1, d−1, T ) and S(d, d, d−1, d−1, T ), which are denoted
as Sd(T ) and Sd(T ) for convenience.

Remark 2.6 The definition of spline spaces over T-meshes in [27] is a little different,

where that f ∈ Cα,β(�(T )) means the mixed derivatives ∂i+j f

∂xi∂yj are continuous for
all 0 � i � α and 0 � j � β. The definition that we adopt in this paper is more
popular in the literature.

3 The B-net method and the smoothing cofactor method

In this section, we review the B-net method and the smoothing cofactor method for
computing the dimensions of spline spaces.

3.1 The B-net method

The B-net method is based on the Bernstein-Bézier representation of polynomials.
Refer to [4, 27] for details.

For two adjacent cells C1 : [x0, x1] × [y0, y1] and C2 : [x1, x2] × [y2, y3] (refer
to Fig. 8, the left cell is C1), f1, f2, respectively, are two polynomials defined on the
two cells. The Bernstein-Bézier forms of the two polynomials are:

f1 =
d∑

i,j=0

ci,jBd
i (

x − x0

x1 − x0
)Bd

j (
y − y0

y1 − y0
),

f2 =
d∑

i,j=0

c′
i,jB

d
i (

x − x1

x2 − x1
)Bd

j (
y − y1

y2 − y1
),

where Bd
i (t) and Bd

j (t) are the Bernstein polynomials, and ci,j and c′
i,j are the B-

coefficients of the two polynomials.
The B-coefficient ci,j corresponds to the point (

(d−i)x0+ix1
d

,
(d−j)y0+jy1

d
), which

is called a domain point associated with C1. The domain points of C1 and C2 are
denoted by “•” and “◦”, respectively, for the case d = 3 in Fig. 8.

When ci,j , 1 � i � d, 0 � j � d are given, the smoothness conditions indicate
that c′

i,j , 0 � i � d − 1, 0 � j � d are determined. As shown in Fig. 8, when
the B-coefficients corresponding to the domain points in the last three columns of
C1 are given, the B-coefficients corresponding to the domain points in the first three
columns of C2 are determined.
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Fig. 8 The B-net method

If the common edge that belongs to the two adjacent cells is a horizontal edge, the
conclusions are similar. For a spline space Sd(T ), D is the set of all domain points
of T . For a subset P ⊆ D and a function f ∈ Sd(T ), suppose C(P, f ) is the
set of the B-coefficients of f , which corresponds to all elements of P . The set P is
called a determining set of Sd(T ) if for any function f ∈ Sd(T ),

c = 0, ∀c ∈ C(P, f ) ⇒ f = 0.

If any nontrivial subset of P is not a determining set, we call P a minimal
determining set of Sd(T ). We have

dimSd(T ) = #P,

where #P is the number of elements of P .

3.2 The smoothing cofactor method

The smoothing cofactor method was first introduced in [24] and [29]. This method
has been discussed in more detail in [16, 19, 28].

Suppose Sd(T ) is a spline space defined on T and f ∈ Sd(T ). For two adjacent
cells C1 and C2, assume that f |C1 = f1, f |C2 = f2 and the common edge of C1 and
C2 is on the line x = x0. There exists a polynomial a(y) ∈ Pd [y], such that

f1 − f2 = a(y)(x − x0)
d .

Similarly, if the common edge of C1 and C2 is on the line y = y0. There exists a
polynomial b(x) ∈ Pd [x], such that

f1 − f2 = b(x)(y − y0)
d .

The polynomial a(y) or b(x) is called the edge cofactor of the common edge.
Suppose E is the set of all interior edges of T . For an interior edge e, we use c(e)

to denote the edge cofactor of e. Then we obtain a linear space

C(E ) := {(c(e1), c(e2), . . . , c(eN)) : ei ∈ E },
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where N is the number of elements in E . If T is a regular T-mesh, then

dimSd(T ) = (d + 1)2 + dim C(E ). (1)

3.2.1 Local conformality condition of edge cofactors

For an interior vertex, we have the following conformality condition.
Referring to Fig. 9, let fj (x, y), j = 1, 2, 3, 4 be the bivariate polynomials sur-

rounding the interior vertex vi(xi, yi) (if the vertex vi is a T-junction, some of
the polynomials are identical). Then there exist four polynomials a1(y), a2(y) ∈
Pd [y], b1(x), b2(x) ∈ Pd [x], such that

f1(x, y) − f2(x, y) = b1(x)(y − yi)
d ,

f2(x, y) − f3(x, y) = a1(y)(x − xi)
d ,

f3(x, y) − f4(x, y) = b2(x)(y − yi)
d ,

f4(x, y) − f1(x, y) = a2(y)(x − xi)
d ,

where a1(y), a2(y), b1(x), b2(x) are the edge cofactors associated with the corre-
sponding edges. Adding these four equations, we obtain

(b1(x) + b2(x))(y − yi)
d + (a1(y) + a2(y))(x − xi)

d = 0.

Because a1(y), a2(y) ∈ Pd [y], b1(x), b2(x) ∈ Pd [x], there exist a constant γi ∈ R,
such that

(b1(x) + b2(x)) = γi(x − xi)
d , (a1(y) + a2(y)) = −γi(y − yi)

d ,

and γi is the vertex cofactor associated with the vertex vi .
For a regular hole in a T-mesh, we have another conformality condition. Refer to

Fig. 10 for a simple example.

Fig. 9 Smoothing conditions
around an interior vertex
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Fig. 10 Smoothing conditions
around a regular hole

Suppose the two horizontal lines are y = y0 and y = y1, and the two vertical lines
are x = x0 and x = x1. We have

f1 − f2 = h1(x)(y − y0)
d ,

f2 − f3 = h2(x)(y − y1)
d ,

...

f8 − f1 = v4(y)(x − x0)
d ,

where h1(x), . . . , h4(x) are the edge cofactors corresponding to the four horizontal
edges in counter-clockwise direction, and v1(x), . . . , v4(x) are the edge cofactors
corresponding to the four vertical edges in counter-clockwise direction. Adding these
equations, we obtain

(h1(x) + h4(x))(y − y0)
d + (h2(x) + h3(x))(y − y1)

d +
(v1(y) + v4(y))(x − x0)

d + (v2(y) + v3(y))(x − x1)
d = 0. (2)

This condition is similar to the condition in Theorem 9.3 of [25]. However, the four
lines do not insect at a vertex. Therefore, the conclusion in [25] does not apply here.
Analyzing Equation (2) is not a trivial task. We seek alternate methods to analyze the
dimension when T has holes.

3.3 Regular T-meshes and nonregular T-meshes

Lemma 3.1 Given a regular T-mesh T , it follows that

Sd(T ) ⊆ Cd−1(�(T ))

Proof We prove this lemma for S3(T ); other situations can be proved similarly.
We only need to prove that, for any vertex v, if v belongs to more than one cell,

any function f ∈ S3(T ) is C2 continuous at v. Because T is regular, v must belong
to two adjacent cells C1, C2. Without losing generality, we assume that the common
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edge of C1, C2 is on the line x = 0 and the coordinate of v is (0, y0). To prove that

f is C2 continuous at v, we should prove that ∂2f

∂x2 ,
∂2f

∂y2 ,
∂2f
∂x∂y

are continuous at v.

Because f ∈ C2,2(�(T )), ∂2f

∂x2 ,
∂2f

∂y2 are both continuous. Now, we prove that ∂2f
∂x∂y

is also continuous.
Suppose f1 = f |C1, f2 = f |C2 . We need to prove that ∂2f1

∂x∂y
(0, y0) = ∂2f2

∂x∂y
(0, y0).

We have

∂2f1

∂x∂y
(0, y0) = lim

h→0

∂f1
∂x

(0, y0 + h) − ∂f1
∂x

(0, y0)

h
,

∂2f2

∂x∂y
(0, y0) = lim

h→0

∂f2
∂x

(0, y0 + h) − ∂f2
∂x

(0, y0)

h
.

Because f ∈ C2,2(�(T )), ∂f1
∂x

(0, y0 + h) = ∂f2
∂x

(0, y0 + h) and ∂f1
∂x

(0, y0) =
∂f2
∂x

(0, y0). Therefore, ∂2f1
∂x∂y

(0, y0) = ∂2f2
∂x∂y

(0, y0), which proves this lemma.

If T is nonregular, the continuity of ∂2f
∂x∂y

can not be guaranteed for nonregular

vertices, which indicates that S3(T ) � C2(�(T )). To explain the difference, we
construct another spline space:

Sd(T ) := {f (x, y) ∈ Cd−1(�(T )) : f (x, y)|Ci
∈ Pdd for all i = 1, 2, . . . , N},

where C1, C2, . . . , CN are all cells of T .
Restricted to d = 3, for the T-mesh T ′

1 in Fig. 3, we can easily obtain the minimal

determining set of S3(T
′

1 ), which is shown in Fig. 11. For S3(T
′

1 ), ∂2f
∂x∂y

should be
continuous at v1. By Lemma 3.3 of [27], the number of elements of the minimal
determining set of S3(T

′
1 ) is one less than that of S3(T

′
1 ), which is shown in Fig. 11.

We obtain dimS3(T
′

1 ) = 27 and dimS3(T
′

1 ) = 26.

4 Simply connected regular T-meshes

4.1 Conformality vector space

For each interior edge in a simply connected mesh T , at least one end point is an
interior vertex. Suppose V is the set of all interior vertices of T . For an interior vertex
v, we use c(v) to denote the vertex cofactor of v. Then, we obtain a linear space

C(V ) := {(c(v1), c(v2), . . . , c(vM)) : vi ∈ V },

Fig. 11 Minimal determining
sets (labelled by “•”) of the two
spline spaces
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where M is the number of elements in V . We know that

dim C(E ) = (d + 1)G + dim C(V ), (3)

where G is the number of cross-cuts of T .
The conformality condition of vertex cofactors is based on T c-edges. The detailed

derivation is provided in [16, 19, 28]. Here we only list the conclusions.
Given a horizontal T c-edge lj with r vertices vj1 , vj2 , . . . , vjr , let the x-coordinate

of vji
be xji

, and the vertex cofactor of vji
be γji

. Then
r∑

i=1

γji
(x − xji

)d = 0.

This equation is equivalent to the linear system denoted by Slj = 0:
⎧
⎪⎪⎨

⎪⎪⎩

∑r
i=1 γji

= 0,∑r
i=1 γji

xji
= 0,

· · · ,∑r
i=1 γji

xd
ji

= 0.

(4)

Similarly, we can derive a linear system for a vertical T c-edge.
As shown in [28], we can define the conformality vector space for a set of T

c-edges as follows.

Definition 4.1 Suppose L is a set of T c-edges: L = {l1, l2, . . . , ln :
li is a T c-edge,1 � i � n}, v1, v2, . . . , vm are all vertices on l1, l2, . . . , ln, and γj is
the vertex cofactor of vj . Then the conformality vector space W [L] of L is defined
by

W [L] := {γ = (γ1, γ2, . . . , γm)T : Sli = 0, 0 � i � n},
where Sli = 0 is the linear system as Eq. (4) associated with the T c-edge li . For
some predefined ordering of the vertex cofactors and the T c-edges, the coefficient
matrix for the homogeneous system of W [L] is called the conformality matrix of L.

Combining Equation (1) and Equation (3), we obtain the following lemma, which
is also elaborated in [16].

Lemma 4.2 Given a simply connected T-mesh T with G cross-cuts and V i interior
vertices, let M be the conformality matrix of all of the T c-edges. Then,

dimSd(T ) = (d + 1)2 + (d + 1)G + V i − rank M.

Remark 4.3 For a given T-mesh T , we use C (T ) to denote the set of all T c-edges
in T . Then, Lemma 4.2 states that

dimSd(T ) = dim W [C (T )] + dimSd(T \C (T )). (5)

Here, T \C (T ) is the mesh obtained by deleting C (T ) from T .

If the spline space is Sd(T ), then for any L-edge l of T , the vertex cofactors of
all vertices on l satisfy the linear system Sl = 0 as Equation (4). Therefore, we can
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define the conformality vector space W [L (T )], which is similar to Definition 4.1,
where L (T ) denotes the set of all L-edges of T . We have the following lemma:

Lemma 4.4 ([28])
Sd(T ) ∼= W [L (T )].

4.2 Dimensions of spline spaces over simply connected T-meshes

Lemma 4.5 Given a quasi-cross-cut T-mesh T , it follows that

dimSd(T ) = V + dV b − (d + 1)E + (d + 1)2,

where V, V b, E are defined in Table 1.

Proof By Lemma 4.2 and Lemma 2.4, we have

dimSd(T ) = (d + 1)2 + (d + 1)G + V i

= (d + 1)2 + (d + 1)(V b − E) + V − V b

= V + dV b − (d + 1)E + (d + 1)2.

If T contains T c-edges, the dimension problem becomes very difficult. Some
discussions are provided in [19, 22, 32]. We list the following definition and lemma
which will be presented in the following sections.

Definition 4.6 Given a T-mesh T , let L = {l1, l2, . . . , ln} be a set of T c-edges. If
there is an ordering of all T c-edges of L, such as l1, l2, . . . , ln, such that nli � d +1,
where nli is the number of vertices on li but not on lj , j = 1, 2, . . . , i − 1, then we
say L has a reasonable ordering.

Lemma 4.7 ([32]) Suppose L = {l1, l2, . . . , ln} is a set of T c-edges which has a
reasonable ordering. Then

dim W [L] = VL − (d + 1)n,

where VL is the number of vertices on all T c-edges of L.

If the spline space is Sd(T ), Definition 4.6 and Lemma 4.7 should be revised for
L-edges instead of T c-edges, as discussed in Section 4.1.

Combining Equation (5), Lemma 4.5 and Lemma 4.7, we obtain the following
theorem.

Theorem 4.8 Given a simply connected T-mesh T , if C (T ) has a reasonable
ordering, then

dimSd(T ) = V + dV b − (d + 1)E + (d + 1)2,

where V, V b, E are defined in Table 1.
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If the set C (T ) does not have a reasonable ordering, the dimension may be unsta-
ble. In Fig. 12, we can check that dimS3(T ) = 48 or 49 for the same conditions for
the four T c-edges in [18].

5 T-meshes with holes

First, we give a T-mesh with a hole, over which the dimension of the spline space is
unstable.

See the non-rectangular T-mesh T in Fig. 13, where x1 and x2 are the x-
coordinates of the two vertical edges. In Section 3.2.1, we have discussed the
local conformality condition of the edge cofactors around the holes. We can
express the conformality equations as Equation (2) for the two situations in which
x1 = x2 and x1 �= x2. We do not list the equations to save space. With the
help of Maple, we determine that if x1 = x2, dimS3(T ) = 42; otherwise,
dimS3(T ) = 40.

We have mentioned that the analysis of the conformality equation expressed as
Equation (2) is not a trivial task. Therefore, directly computing the dimension by
the smoothing cofactor method is not a wise choice. A more reasonable idea is
to construct the relationship between a T-mesh with holes and a T-mesh without
holes.

Suppose there are H holes in T . We use �1, �2, . . . , �H and C0
1 , C0

2 , . . . , C0
H to

denote the regions occupied by these holes and the polygons bounded by the bound-
aries of �1, �2, . . . , �H . The edges of C0

i are axis-aligned lines and C0
i may be not a

rectangle. We use �0 and T s to denote
⋃H

i=1 �i and the mesh T ∪{C0
i }Hi=1, respec-

tively. The mesh T s is called the simply connected mesh corresponding to T . See
Fig. 14 for an example. If C0

1 , C0
2 , . . . , C0

H are all rectangles, T s is also a T-mesh.
Similarly, we can define Sd(T s) and Sd(T s).

Fig. 12 Simply connected
nonrectangle T-mesh T
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Fig. 13 A T-mesh T with a
hole

Lemma 5.1 Suppose C is a simple polygon whose edges are axis-aligned lines and
C = {C} is a mesh that only has one cell C. Then

dimSd(C ) = 0.

Proof The cell C has at least two horizontal edges which are located on the lines
y = y1, y = y2 (y1 �= y2) and two vertical edges which are located on the lines x =
x1, x = x2 (x1 �= x2). By the discussion in Section 3.2.1, for any f (x, y) ∈ Sd(C ),
there exist a1(y), a2(y) ∈ Pd [y], b1(x) ∈ Pd [x], such that

f (x, y) = a1(y)(x−x1)
d , f (x, y) = a2(y)(x−x2)

d , f (x, y) = b2(x)(y−y1)
d .

Therefore, b2(x)(y − y1)
d = a1(y)(x − x1)

d , b2(x)(y − y1)
d = a2(y)(x − x2)

d .
There exist k1, k2 ∈ R, such that b2(x) = k1(x−x1)

d = k2(x−x2)
d . Since (x−x1)

d

and (x − x2)
d are prime to each other, we obtain k1 = k2 = 0, which indicates that

f (x, y) = 0.

Fig. 14 T-meshes with holes
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Lemma 5.2
dimSd(T ) � dimSd(T s).

Proof We construct the mapping

π : Sd(T s) −→ Sd(T )

f 
−→ f |�(T ).

For any f ∈ Ker π , f |�(T ) = 0. By Lemma 5.1, f |�i
= 0. Therefore, f |�(T s ) =

0, that is, Ker π = 0 and π is injective. Therefore, dimSd(T s) � dimSd(T ).

From Lemma 5.2, we know that the dimension problem is solved if the mapping
π is surjective. If the mapping π is surjective, for any function f ∈ Sd(T ), we can
find a function f ′ ∈ Sd(T s), such that f ′|�(T ) = f , that is, f can be extended to
�0. We call f ′ the extension of f on �(T s). If π is surjective, Sd(T s) is called the
extension space of Sd(T ). Therefore, the dimension problem becomes an extension
problem.

Lemma 5.3 For the T-meshes T and T 0 in Fig. 15, any function f ∈ Sd(T ) can
be extended to �(T 0).

Proof For the mapping

π : Sd(T 0) −→ Sd(T )

f 
−→ f |�(T ),

we prove that π is surjective.
By Lemma 4.5, we obtain that dimSd(T ) = d2 + 4d + 3, dimSd(T 0) =

d2 + 4d + 4. For any function f ∈ Ker π , by the B-net method, f has only one B-
coefficient (corresponding to the top-right domain point of the top-right cell of T 0)
that is nonzero. Therefore, dim Ker π = 1.

We obtain dim Sd(T 0) = dim Ker π + dimSd(T ), which indicates that π is
surjective.

For the nonregular T-mesh T1 in Fig. 16, the extension of all functions in S3(T1) to
�(T 0

1 ) is impossible. From the previous discussion, we know that dimS3(T1) = 27
and dimS3(T

0
1 ) = 24. Therefore, the mapping π for these two spaces can not be

surjective, which is another difference between a regular T-mesh and a nonregular
T-mesh.

Fig. 15 Figures for Lemma 5.3
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Fig. 16 Extend functions of
spline space over nonregular
T-mesh

Theorem 5.4 For a regular T-mesh T , suppose the holes of T are all rectangles.
Using the previously introduced symbols, for T s , if no T-junctions exist on the edges
of the cell C0

i (1 � i � H) (refer to T1 in Figure 14 for an example), then

dimSd(T ) = dimSd(T s)

Proof We prove this lemma for H = 1. The proof confirms that the number of holes
does not affect the conclusion.

We should prove that the mapping π in Lemma 5.2 is surjective. For any f ∈
Sd(T ), if f ′ is its extension on �(T s), then the B-coefficients of f ′ corresponding
to the domain points of T are the same as that of f . To verify whether f ′ exists, we
verify whether we can obtain a sequence of B-coefficients defined on C0

1 that satisfy
the smoothness conditions.

By the B-net method, only the functions defined on the four cells adjacent to C0
1

will affect the B-coefficients corresponding to the domain points of C0
1 . Because

T is regular, we can prove this theorem based on Fig. 17, which pertains to the
special case d = 3. The (d + 1)2 B-coefficients are determined by the Cd−1 contin-
uous condition and every B-coefficient is determined more than once. We verify that
the B-coefficients corresponding to the same domain point determined by different
functions are equivalent.

Suppose the (d + 1)2 B-coefficients are ci,j , 0 � i � d, 0 � j � d , which
are ordered as in Section 3.1. The common B-coefficients that are determined by

Fig. 17 Figure for Theorem
5.4. (d = 3)
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f1 and f2 are ci,j , 0 � i � d − 1, 0 � j � d − 1. By Lemma 5.3, we know
that the d2 B-coefficients determined by f1 are the same as that determined by f2
correspondingly. Similarly, we obtain the same conclusions on f2 and f3, f3 and f4,
and f4 and f1. For f2 and f4, the common B-coefficients determined by the two
functions are ci,j , 0 � i � d, j = 1, 2, . . . , d − 1. The B-coefficients ci,j , 0 �
i � d − 1, j = 1, 2, . . . , d − 1 determined by f2 and f4 are both the same as that
determined by f1, and ci,j , 1 � i � d, j = 1, 2, . . . , d − 1 determined by f2 and
f4 are both the same as that determined by f3. Therefore, the (d + 1)(d − 1) B-
coefficients determined by f2 are the same as that determined by f4 correspondingly.
We have the same conclusions on f1 and f3.

Therefore, the mapping π is surjective. Combining with the conclusion that π is
injective in Lemma 5.2, we prove this theorem.

However, if T-junctions exist on the edges of C0
1 , this conclusion is not usually

accurate. For example, for the T-mesh T in Fig. 13, dimS3(T
s) = 38, regardless

of x1 = x2, which is not equal to dimS3(T ). From the viewpoint of the B-net
method, the extension of a spline function is to determine the B-coefficients of a
piecewise function defined on �1 (the region occupied by the cell C0

1 ) under the Cd−1

continuous condition. If the region �1 is divided into additional cells, additional
B-coefficients will exist, which indicates greater possibilities for extending spline
spaces. Therefore, T s is too coarse for the extension of Sd(T ).

5.1 Surjective meshes

Definition 5.5 Given a simply connected quasi-TP mesh T , let a TP mesh T1 be
a submesh of T . If there does not exist a TP mesh T ′

1 , which is a submesh of T ,
such that T1 is a nontrivial submesh of T ′

1 , then T1 is called a maximal TP mesh
contained in T . If an L-edge of T1 is on an L-edge l of T , we say l crosses T1.

For two maximal TP meshes T1 and T2, if there is at least a pair of adjacent cells
c1 and c2 in T1 and T2, respectively, then we say T1 and T2 are adjacent.

In Fig. 18, the mesh T has four maximal TP meshes: T1, T2, T3 and T4. Each
pair of T1, T2, T3 and T4 are adjacent. Four vertical L-edges cross T1: the L-edge
between v1 and v3, the L-edge between v4 and v5, the L-edge between v15 and v16,
and the L-edge between v6 and v7.

Fig. 18 Maximal TP meshes
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For a quasi-TP mesh T , the maximal TP meshes contained in T are
T1, T2, . . . , Tn. If there is a subset {i1, i2, . . . , ik} of {1, 2, . . . , n}, such that

k⋃

j=1

�(Tij ) = �(T ), (6)

and for any nontrivial subset of {i1, i2, . . . , ik}, Equation (6) does not hold. Then,
we say T can be divided into Ti1 , . . . , Tik , which is denoted by T = ⊎k

j=1 Tij .
Without considering the ordering, the division of a quasi-TP mesh is unique. For the
quasi-TP mesh T in Fig. 18, T = T1 � T4.

Definition 5.6 Suppose T is a simply connected quasi-TP mesh and T = T1 �
T2 � · · · � Tm. If Tk (1 � k � m) has at least d + 1 vertical L-edges and d + 1
horizontal L-edges, and there are at least d + 1 horizontal L-edges or d + 1 vertical
L-edges that cross both Ti and Tj when Ti and Tj are adjacent, then T is called a
surjective mesh.

For the three quasi-TP meshes in Fig. 19, if d = 2, then the three meshes are
surjective meshes; if d = 3, then T1 and T3 are surjective meshes, and T2 is not a
surjective mesh.

If T is a surjective mesh, we want to compute dimSd(T ). By Lemma 4.4, we
should only compute dim W [L (T )]. First we provide a lemma that is similar to
Lemma 8.3 in [20].

Lemma 5.7 Given a T-mesh T , suppose there are d + 1 horizontal L-edges
lh0 , lh1 , . . . , lhd which are on d + 1 different lines. Let L = {lh0 , lh1 , . . . , lhd }, L (T ) be
the set of all L-edges of T and L (T )\L be the complementary set of L in L (T ).
Then,

dim W [L (T )] = dim W [L (T )\L].

Proof Suppose all vertical L-edges are lv0 , lv1 , lv2 , . . . , lvM , the x-coordinates of which
are x0, x1, x2, . . . , xM , respectively, and all horizontal L-edges are lh0 , lh1 , lh2 , . . . , lhN ,
the y-coordinates of which are y0, y1, y2, . . . , yN , respectively. Since lh0 , lh1 , . . . , lhd
are on d + 1 different lines, we have yi �= yj when i �= j, 0 � i, j � d . We only

Fig. 19 Three quasi-TP meshes
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need to prove that when Slhj
= 0 for j = d + 1, d + 2, . . . , N and Slvj

= 0 for

j = 0, 1, . . . ,M , we have Slhj
= 0 for j = 0, 1, . . . , d.

For a vertical L-edge lvi , we use v ∈ lvi to denote that v is a vertex on lvi . We have
∑

v∈lvi
c(v)(y − y(v))d = 0, where c(v) is the vertex cofactor of v and y(v) is the y-

coordinate of v. Multiplying (x −xi)
d , we have (

∑
v∈lvi

c(v)(y −y(v))d)(x −xi)
d =

0. Therefore,

0 =
M∑

i=0

(
∑

v∈lvi

c(v)(y − y(v))d)(x − xi)
d

=
N∑

j=0

(
∑

v∈lhj

c(v)(x − x(v))d)(y − yj )
d

=
d∑

j=0

(
∑

v∈lhj

c(v)(x − x(v))d)(y − yj )
d

The last equation holds because Slhj
= 0 for j = d + 1, d + 2, . . . , N . Because

(y − yj )
d, j = 0, 1, . . . , d form a basis of Pd [y], we obtain Slhj

= 0 for j =
0, 1, . . . , d, which proves the lemma.

Lemma 5.8 Given a surjective mesh T with V vertices and E L-edges, it follows
that

dimSd(T ) = V − (d + 1)E + (d + 1)2.

Proof Suppose T = T1 � T2 � · · · � Tm. The submesh T1 has at least d + 1
horizontal L-edges. We assume that d + 1 of these L-edges are on d + 1 L-edges
l0, l1, . . . , ld of T . We use L (T ) and L to denote the set of all L-edges of T and
the set {l0, l1, . . . , ld}, respectively. By Lemma 5.7, we have

dimSd(T ) = dim W [L (T )] = dim W [L (T )\L].
We prove that L (T )\L has a reasonable ordering. First, assume that m = 2.

Because T is a surjective mesh, without losing generality, we assume that there
are at least d + 1 vertical L-edges that cross both T1 and T2. Suppose the L-edges
of T that cross T2 but not cross T1 are lh2,1, . . . , l

h
2,r , l

v
2,1, . . . , l

v
2,s , where lh2,i and

lv2,j are horizontal L-edges and vertical L-edges, respectively. For example, for the

T-mesh T3 in Fig. 19, r = 2, s = 1 and lh2,1, l
h
2,2, l

v
2,1 are the L-edges between

v1 and v4, v2 and v3, v3 and v5, respectively. Because T2 has at least d + 1 verti-
cal L-edges and d + 1 horizontal L-edges and at least d + 1 vertical L-edges cross
both T1 and T2, lv2,1, . . . , l

v
2,s , l

h
2,1, . . . , l

h
2,r is a reasonable ordering. Suppose the L-

edges not including the elements in L that cross T1 are lh1,1, . . . , l
h
1,r ′, lv1,1, . . . , l

v
1,s′ .

Because T1 has at least d + 1 vertical L-edges and d + 1 horizontal L-edges,
lv2,1, . . . , l

v
2,s , l

h
2,1, . . . , l

h
2,r , l

h
1,1, . . . , l

h
1,r ′ , lv1,1, . . . , l

v
1,s′ is a reasonable ordering of
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Fig. 20 Generate a filled mesh. (d = 3)

L (T )\L. By induction, we know that L (T )\L has a reasonable ordering for any
m. Therefore,

dim W [L (T )\L] = V − (d + 1)(E − (d + 1)) = V − (d + 1)E + (d + 1)2,

which completes the proof.

5.2 Filled meshes

Definition 5.9 Suppose T is a T-mesh with H holes. The regions occupied by these
holes are �1, �2, . . . , �H . If there are H surjective meshes T F,h

1 , T F,h
2 , . . . , T F,h

H ,

such that �(T F,h
i ) = �i , and the T-junctions on the boundary of �i in T s become

crossing-vertices (the interior vertices of valence four) in the simply connected T-
mesh T F := T ∪ T F,h

1 ∪ T F,h
2 · · · ∪ T F,h

H , where i = 1, 2, . . . , H , then T F is
called a filled mesh of T .

For a T-mesh T with holes, the simply connected mesh T s corresponding to it
may be not a T-mesh. There is a new type of vertex in T s - L-vertex, which is the
end points of two c-edges. For the T-mesh T in Fig. 20, v1 and v2 are L-vertices. We
generate a filled mesh T F in the following manner: For the edges with an end point,
which is a T-junction or an L-vertex on the boundary of �1, we extend the edges to
reach the boundary of �1. The resulting mesh is T f ; the mesh defined on �1 is T h

1 ;
and the red line segments are the added edges. Then, we add some line segments to
change T h

1 into a surjective mesh. The resulting mesh is T F ; the surjective mesh

defined on �1 is T F,h
1 ; and the red line segments are the added edges.

For a surjective mesh T , we use D(T ) to denote the outermost d layers of the
domain points. In Fig. 21, D(T1) and D(T3) are denoted by “•” for the two meshes
in Fig. 19. Because a surjective mesh is a quasi-TP mesh, we label the outermost
domain points of a cell on the edges for convenience.

Fig. 21 The outermost d layers
of domain points
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For a T-mesh T with H holes, a corresponding filled mesh is T F . We know that
the B-coefficients corresponding to D(T F,h

1 ), D(T F,h
2 ), . . . , D(T F,h

H ) are deter-
mined by the functions around the holes. By the construction manner of the filled
mesh and Lemma 5.3, we know that the B-coefficients corresponding to the same
domain point determined by different functions are equivalent.

Lemma 5.10 For a T-mesh T with H holes, a corresponding filled mesh is T F .
For any function g ∈ Sd(T ), we can obtain a series of B-coefficients corresponding
to D(T F,h

i ), which is determined by g, where 1 � i � H . Then, the B-coefficients

corresponding to D(T F,h
i ) satisfy Cd−1 continuous conditions among themselves. If

we use Bi to denote the space of the B-coefficients corresponding to D(T F,h
i ), we

have
dim Bi � dV b

i , (7)

where V b
i is the number of boundary vertices of T F,h

i .

Proof That the B-coefficients corresponding to D(T F,h
i ) satisfy Cd−1 continu-

ous conditions among themselves is guaranteed by the Cd−1 continuity of g. The
verification is not very difficult. We omit the process here.

To prove Inequality (7), we need to prove that the number of elements of the
determining set of D(T F,h

i ) is not more than dV b
i . We prove this conclusion for

D(T3) in Fig. 22. Since T3 is a surjective mesh, we can select the top-left cell (the
cell in red) as the beginning cell and traverse all boundary cells in counter-clockwise
direction. We denote the top-left vertex of the beginning cell as O1. We construct a
set of domain points D with some elements of D(T3). For the beginning cell, the d2

domain points labelled by “�” are selected. For each vertex of the boundary vertices
beginning at A and ending at B in counter-clockwise direction, the d domain points
labelled by “•” are selected. Here A is the left-bottom vertex of the beginning cell
and B is the d + 1th vertex of the top L-edge from the left, which indicates that d

vertices are not considered. In Fig. 22, the d vertices are O1, O2, O3. The resulting

Fig. 22 The determining set of
D(T3). (d = 3)
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set D consists of the domain points labelled by “�” and “•”. We claim that D is the
determining set of D(T3).

Suppose the B-coefficients corresponding to D are zeroes. By the Cd−1 contin-
uous condition, we can verify that the B-coefficients corresponding to the domain
points labelled by “◦” are zeroes. For the domain points labelled by “�”, we consider
a univariate spline function h(t) with degree d and Cd−1 continuous defined on d +1
knots. See Fig. 23. The d +1 knots are t0, t1, t2, . . . , td . When the B-coefficients cor-
responding to the domain points labelled by “�” and “•” are zeros, the function h(t)

is zero when t < t0 or t > td . Since the support of a nonzero spline function with
degree d should have at least d + 2 breakpoints, we obtain h(t) ≡ 0, which indi-
cates that the B-coefficients corresponding to the domain points labelled by “�” are
zeroes. For the d(d(d − 2) + 1) domain points labelled by “�” in Fig. 22, using the
conclusion for a univariate spline function d times, we obtain that the B-coefficients
corresponding to them are zeroes. Therefore,

dim Bi � #D = d2 + d(V b − d) = dV b,

where #D is the number of elements of D and V b is the number of boundary vertices
of T3.

All surjective meshes have a similar structure. The conclusions can be similarly
obtained.

For a T-mesh T with holes, T F is its filled mesh. Consider the following
mapping:

π : Sd(T F ) −→ Sd(T ) (8)

f 
−→ f |�(T ).

With the symbols in Lemma 5.10, for a hole �1, that the mapping π is surjec-
tive indicates that, for any series of B-coefficients in Bi , we can obtain a series of
B-coefficients corresponding to the domain points of Sd(T F,h

1 ) except the domain

points in D(T F,h
1 ). That is, the projection mapping

π ′ : B(Sd(T F,h
1 )) −→ B1 (9)

is surjective, where B(Sd(T F,h
1 )) is the space of the B-coefficients corresponding to

all domain points of Sd(T F,h
1 ).

Lemma 5.11 For a T-mesh T with H holes, T F is its filled mesh. If
dimSd(T F,h

i ) = Vi − (d + 1)Ei + (d + 1)2, where 1 � i � H and Vi, Ei are

the numbers of vertices and L-edges of T F,h
i , respectively, then the mapping π in

Equation (8) is surjective.

Fig. 23 The determining set for a univariate spline function
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Proof We only need to prove that the mapping π ′ in Equation (9) is surjective. By
Lemma 4.5, we have dim B(Sd(T F,h

1 )) = dimSd(T F,h
1 ) = V1 +dV b

1 −(d+1)E1 +
(d + 1)2, where V b

1 is the number of boundary vertices of T F,h
1 . It is apparent that

Ker π ′ = B(Sd(T F,h
1 )). Therefore, dim Ker π ′ = dimSd(T F,h

1 ) = V1−(d+1)E1+
(d + 1)2. By Inequality (7), it follows that

V1 + dV b
1 − (d + 1)E1 + (d + 1)2 = dim B(Sd (T F,h

1 )) = dim Ker π ′ + dim Im π ′

� dim Ker π ′ + dim B1

� V1 + dV b
1 − (d + 1)E1 + (d + 1)2.

Therefore, dim Im π ′ = dim B1, which indicates that the mapping π is surjective. We
complete the proof.

Theorem 5.12 For a regular T-mesh T with H holes, T F is its filled mesh and
T F,h

1 , T F,h
2 , . . . , T F,h

H are the H surjective meshes defined on �1, �2, . . . , �H .
Then

dimSd(T ) = dimSd(T F ) −
H∑

i=1

dimSd(T F,h
i ).

Proof We construct the mapping

π : Sd(T F ) −→ Sd(T )

f 
−→ f |�(T ).

By Lemma 5.11 and Lemma 5.8, we know that π is surjective.
For any function f ∈ Ker π , f is zero out of �1, �2, . . . , �H . Since T is reg-

ular, the domain �i does not intersect �j , i �= j . Therefore, Ker π = Sd(T F,h
1 ) ⊕

Sd(T F,h
2 ) ⊕ · · ·Sd(T F,h

H ), which indicates dim Ker π = ∑H
i=1 dimSd(T F,h

i ).
Because dimSd(T F ) = dim Im π + dim Ker π = dimSd(T ) + dim Ker π , the

conclusion is correct.

Combining Lemma 4.2, Lemma 5.8 and Theorem 5.12, we obtain the following
corollary.

Fig. 24 Figures for Example 5.14
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Fig. 25 Figures for Example 5.16

Corollary 5.13 For a regular T-mesh T with H holes, T F is its filled mesh and
T F,h

i is the surjective mesh defined on �i, 1 � i � H . Suppose T F has GF cross-
cuts, V i

F interior vertices, MF is the conformality matrix of all of the T c-edges of

T F , and suppose T F,h
i has Vi vertices, Ei L-edges. Then

dimSd(T ) = V i
F +(d+1)GF −rank MF −

H∑

i=1

Vi +(d+1)

H∑

i=1

Ei −(H −1)(d+1)2.

Example 5.14 We consider the mesh in Fig. 13. The two situations are illustrated in
Fig. 24. When x1 = x2, the mesh is T1; otherwise, the mesh is T2.

By Corollary 5.13, we obtain dimS3(T1) = 42, dimS3(T2) = 40.

Example 5.15 We consider the mesh in Fig. 20. By Corollary 5.13, we obtain
dimS3(T ) = 54.

Sometimes, although the simply connected mesh T s corresponding to T is not
very complex, computing dimSd(T F ) is not very easy, and dimSd(T F,h

i ) may be
nonzero. We consider two examples.

Example 5.16 We consider the two meshes in Fig. 25.
By Lemma 5.8, dimS3(T

F,h
1,1 ) = 0, dimS2(T

F,h
2,1 ) = 1. By Lemma 4.2, we obtain

dimS2(T
F

2 ) = 37. To compute dimS3(T
F

1 ), we should compute dim W [C (T1)],
where C (T1) is the set of all T c-edges of T1 (represented by red line seg-
ments). This problem has been discussed in Lemma 6.12 in [32]; the conclusion is
dim W [C (T1)] = 2. By Equation (5), we obtain dimS3(T

F
2 ) = 48 + 2 = 50.

Therefore, we have dimS3(T1) = 50 and dimS2(T2) = 37 − 1 = 36.

6 Conclusions and future studies

We mainly explore the dimensions of spline spaces over non-rectangular T-meshes in
this paper. The dimension formulae of the spline spaces over simply connected hier-
archical T-meshes have been obtained. To explore the dimension problem of spline
spaces over T-meshes with holes, we discover a new type of instability of the dimen-
sions. We construct the relationship between the dimension of the spline space over
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a T-mesh with holes and the dimension of the spline space over over a simply con-
nected mesh, which is suitable for the extension of spline functions. We provide
several examples for the dimension computation.

The construction a basis for the spline space over a non-rectangular T-mesh is a
considerable problem for future research.
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