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Abstract Spline spaces over rectangular T-meshes have been discussed in many
papers. In this paper, we consider spline spaces over non-rectangular T-meshes. The
dimension formulae of spline spaces over special simply connected T-meshes have
been obtained. For T-meshes with holes, we discover a new type of dimension insta-
bility. We construct a relationship between the dimension of the spline space over a
T-mesh 7 with holes and the dimension of the spline space over a simply connected
T-mesh associated with 7.
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1 Introduction

Spline spaces over T-meshes are introduced in [4]. In this paper, the dimensions
of spline spaces with low-order smoothness (the smoothness order is less than half
of the degree of the polynomials in the spline space) are analyzed using the B-net
method. Other published papers [13, 16] also discuss the dimension problem. Bases
are constructed in [5, 9, 17].
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For spline spaces with high-order smoothness, the situation becomes more com-
plex. Li et al. discover that the dimensions of spline spaces are dependent on the
geometry information of a T-mesh in [18], which is a similar phenomenon as the
Morgan-Scott triangulation [7, 21]. Additional examples are given in [1]. The dimen-
sions of spline spaces over some special T-meshes have been discussed in [6, 19, 22,
28, 32].

Previous papers primarily focus on T-meshes whose domains are rectangles with-
out holes. However, we will treat some complex domains that are not rectangles in
surface modeling [10, 15, 23] and the finite-element method. We are also confronted
with domains with holes [2, 8, 11] in geometry modelling. In isogeometric analysis
[14], a central problem is the computation of a reasonable parametric representation
for the domain, which is referred to as parameterization; it significantly influences
the numerical accuracy and efficiency of the numerical solutions [3]. The traditional
computational domain is a rectangle without holes [30]. For the problem of station-
ary heat conduction in the L-shaped domain shown in Fig. 1 in Section 2 of [31],
the authors show that the quality of the parameterization is very low if a single rect-
angular computational domain is selected. It is because two singular points exist on
the boundary when we parameterize the L-shaped domain onto a single rectangular
domain. The method in [31] decomposes the L-shaped domain into two subdomains.
A non-rectangular (Definition 2.1) computational domain may be another reasonable
choice.

The dimensions of spline spaces over T-meshes on arbitrary domains for low-order
smoothness have been discussed in [12, 27]. Schumaker et al. discuss spline spaces
defined on TR-meshes, which consist of both triangles and rectangles in [26].

In this paper, we discuss the dimensions of spline spaces with high-order smooth-
ness. We present the following results:

1. We provide the dimension formulae of spline spaces over special simply
connected T-meshes.
2.  We discover a new type of instability of the dimensions.

Fig. 1 L-shaped domain
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Dimensions of spline spaces over non-rectangular T-meshes

3. We construct a relationship between the spline space over a T-mesh .7 with holes
and the spline space over a simply connected T-mesh associated with 7.

The paper is organized as follows. In Section 2, we define terms that are employed
in the following sections. We review the B-net method and the smoothing cofactor
method in Section 3. In Section 4, we discuss the dimensions of spline spaces over
simply connected T-meshes. In Section 5, the dimensions of spline spaces over T-
meshes with holes are discussed. Section 6 provides the conclusions and discusses
future studies.

2 Basic definitions
2.1 T-meshes

Definition 2.1 [27] Let 7 := {C; }lN: | be a collection of axis-aligned rectangles such
that the domain () := |J C; is connected. In addition, assume that any pair of
distinct rectangles C;, C; can only intersect at points on their edges. Then, we call
Z aT-mesh and C; acell of 7. Forasubset I of {1,2,..., N},if 7/ :={C;}ics is
also a T-mesh, we call .7/ a submesh of .7.

If Q(7) is a rectangle and simply connected (without holes), we call J a
rectangular T-mesh; otherwise, we call it a non-rectangular T-mesh.

A vertex of a cell is called a vertex of .7, and a line segment that connects two
adjacent vertices is called an edge of .7. If a vertex is on the boundary of Q(7),
it is called a boundary vertex; otherwise, it is called an interior vertex. Similarly,
we have two types of edges: boundary edges and interior edges. If a cell has a
vertex that is a boundary vertex, it is called a boundary cell; otherwise, it is called
an interior cell. T-meshes are allowed to have T-junctions, or T-nodes, which are
the interior vertices of valence three. For two cells Cy, C, with a common edge, we
say that they are adjacent. If a rectangular T-mesh has no T-nodes, it is called a
tensor-product mesh (TP mesh).

In Fig. 2, 2] is a rectangular T-mesh, and % and Z3 are non-rectangular
T-meshes.

[ ]
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Fig. 2 Three T-meshes
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Fig. 3 Three nonregular T-meshes

Definition 2.2 [27] We say that a vertex v is a regular vertex provided that the
union of all rectangles that contain v has a connected interior. Otherwise, v is a non-
regular vertex. If a nonregular vertex is on the boundary of a hole, the hole is called
a nonregular hole.

We say that a T-mesh .7 is regular provided that every vertex of .7 is regular.
Otherwise, .7 is nonregular.

The T-meshes in Fig. 2 are regular. The T-meshes in Fig. 3 are nonregular. The
three vertices vy, v2 and vs in Fig. 3 are nonregular vertices. The three holes in 92’
and .7} are nonregular holes.

Given a T-mesh .7, the region Q(.7) is bounded by the edges of some polygons.
We show the regions in Fig. 4 for some T-meshes in Figs. 2 and 3. We see that the
region (7)) is bounded by the edges of only simple polygons for a regular T-mesh
7, whereas these polygons must include self-intersecting polygons that self-intersect
at nonregular vertices for a nonregular T-mesh.

A large edge (L-edge) is a line segment that consists of several edges (boundary
or interior). It is the longest possible line segment, the interior edges of which are
connected and the two end points are T-junctions or boundary vertices. If an L-edge
only consists of interior edges, it is called an interior L-edge; otherwise, it is called
a boundary L-edge. A composite edge (c-edge) is a line segment that consists of
several interior edges. It is the longest possible line segment, the interior edges of
which are connected and the two end points are T-junctions or boundary vertices.
Three types of c-edges exist. If both end points of a c-edge are T-junctions, the c-
edge is called a T c-edge. If both end points of a c-edge are boundary vertices, the
c-edge is called a cross-cut. If one end point is a boundary vertex and the other end
point is a T-junction, the c-edge is called a ray.

We classify boundary vertices and c-edges more specifically for a simply con-
nected regular T-mesh 7. The region Q(.7) is a polygon whose interior angles

Vo

1

2(7) (%) () (%)

Fig. 4 The regions occupied by the T-meshes
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Fig. 5 A simply connected regular T-mesh .7

are 90° or 270°. We call the boundary vertices corresponding to 90° interior angles
and 270° interior angles convex vertices and concave vertices, respectively. The
remaining boundary vertices are called flat vertices. For the T-mesh in Fig. 5,
vi, V4, V16, V21, V20, V19, V17, V1] are convex VCI‘tiCCS, V15, V14, V13, V12 are concave
vertices, and v2, v3, v1g, v1g are flat vertices. Assume / is a cross-cut. The end points
of I may be flat vertices or concave vertices. If both end points of / are flat vertices,
we call / a flat cross-cut; if both end points of / are concave vertices, we call / a con-
cave cross-cut; if one end point of / is a concave vertex and the other end point is a
flat vertex, we call / a concave-flat cross-cut. For the T-mesh in Fig. 5, the cross-cut
between v, and vig is the only flat cross-cut, the cross-cut between vz and vi4 is the
only concave-flat cross-cut, and the cross-cut between vi4 and vy5 and the cross-cut
between vy, and vy3 are concave cross-cuts. Assume /” is a ray. One end point of /'
is a T-junction and the other end point can be a flat vertex or a concave vertex. If one
end point of [’ is a flat vertex, I’ is called a flat ray; if one end point of I’ is a concave
vertex, I’ is called a concave ray. For the T-mesh in Fig. 5, the ray between vg and
v13 and the ray between vg and v15 are concave rays, and the ray between v7 and vjg
is the only flat ray.

Definition 2.3 If a simply connected regular T-mesh .7 has no T c-edges in .7, we
call 7 a quasi-cross-cut T-mesh.

Now, we introduce some notations for a T-mesh in Table 1.

Lemma 2.4 Given a simply connected regular T-mesh 7 with the notations in
Table 1, it follows that

1. Et =Gr+Rs+T,;
2. VP =2G;+Gyu + Ry
3. VP4 vl =El+ Gy

4. if T is a quasi-cross-cut T-mesh, then V® = E + G.
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Table 1 Notations for a T-mesh

Vv number of vertices

v number of boundary vertices
Vi number of interior vertices
144 number of convex vertices

144 number of concave vertices
Vf'? number of flat vertices

E number of L-edges

Eb number of boundary L-edges
E! number of interior L-edges

G number of cross-cuts

Gy number of flat cross-cuts

Gy number of concave cross-cuts
Gaf number of concave-flat cross-cuts
R number of rays

Ry number of flat rays

R, number of concave rays

T number of T c-edges

Proof

1. An interior L-edge can be a flat cross-cut, a flat ray, or a T c-edge. Therefore,
this conclusion is correct.

2. Every flat vertex is an end point of a ray or a cross-cut. By the definitions of
these c-edges, the conclusion can be easily obtained.

3. After deleting all flat cross-cuts, concave-flat cross-cuts, rays and T c-edges, we
obtain the submesh .7 of .7. For the T-mesh .7 in Fig. 5, the mesh .7 in Fig. 6
is the obtained submesh. After deleting all concave cross-cuts of .7, we obtain
the submesh .7 which only has one cell. The mesh .7 in Fig. 6 is the obtained
submesh. To express the distinction, we employ V?(.77), V2(.7"), etc to denote
the number of boundary vertices of .7, the number of boundary vertices of .7,
etc. We have

Vb vb=vb(g) =vb(T"), E' = E'(T"), Gu = Gu(T").

v17 V19 V20 v21 v17 €9 Vg V20 €5 V21
£10 es €6 eq
11 V12 V13) V14 15 V16 V11 V12 v13) V14f 15 V16
e11 er e3
€12 €2
U1 Va4 v el V4
9/ y//

Fig. 6 Two submeshes of .7 in Fig. 5
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Because .7 is regular, the boundary edges of Q(.7") are not self-intersecting.
Therefore, we obtain E?(F") = V2(F").

We claim that E?(.7") + G.(7') = E?(.7”). Two situations exist in what
the boundary L-edges of 7/ may become in 7”. The first situation is that a
boundary L-edge of 7’ remains a boundary L-edge in .. For the mesh .7 in
Fig. 6, the boundary L-edge between v and v4, the boundary L-edge between v4
and v1¢, the boundary L-edge between vy and vy, etc become ey, €3, es, etc in
7" In the second situation, if k concave cross-cuts exist on a boundary L-edge
of ', this boundary L-edge will become k + 1 boundary L-edges in 7. For
example, the boundary L-edge between vy and vi6 becomes e, e7, e3 in 7.
Therefore, this claim is correct.

Combining these relationships, we complete the proof.
4. 1If 7 is a quasi-cross-cut T-mesh, then 7" = 0. By the last three relationships, it
follows that

VP =vi4viv)
=2G;+Gar + Ry + E" + G,
= (Gr+Rp)+E"+(Gy+Gas + Ga)
=E+E"+G
= E+G.
O

Definition 2.5 Suppose .7 is a TP mesh. After deleting some cells of .77, we obtain
a submesh of .7. We call this mesh a quasi-TP mesh.

Figure 7 shows two examples of quasi-TP meshes.
2.2 Spline spaces over T-meshes

Given a T-mesh J = {C,-}lN: 1» in [6], the following two spline spaces are defined as:

S(m,n,a, B, 7) := {f(x,y) € C*P(Q(T)) : f(x,¥)|c;, € Py for any C; € T},
Stm.n,a. B, 7) = {f(x,y) € C*PR?) : f(x,y)lc; € Py forany C; € 7 and flg2\ ) = 0},

Fig. 7 Two quasi-TP meshes
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where P, = {p(x,y) 1 p(x,y) = YitgYj_gcijx'y/,cij € R} and C*F is
the space consisting of all bivariate functions continuous with order o along x-
direction and with order 8 along y-direction. The space S(m, n, a, 8, 7) is called
a spline space over .7, while S(m,n,a, B, 7) is called a spline space over .7 with
homogeneous boundary conditions.

Both S(m, n, «, B, ) and S(m, n, a, B, ) are linear spaces. In this paper, we
only discuss S(d,d,d—1,d—1, ) andS(d,d,d—1,d—1, 7), which are denoted
as S¢(.7) and Sy (.7) for convenience.

Remark 2.6 The definition of spline spaces over T-meshes in [27] is a little different,

where that f € C%#((.7)) means the mixed derivatives i = 3{ ~ are continuous for
all0 < i < aand 0 < j < B. The definition that we adopt in this paper is more

popular in the literature.

3 The B-net method and the smoothing cofactor method

In this section, we review the B-net method and the smoothing cofactor method for
computing the dimensions of spline spaces.

3.1 The B-net method

The B-net method is based on the Bernstein-Bézier representation of polynomials.
Refer to [4, 27] for details.

For two adjacent cells Cy : [xg, x1] X [yo, ¥y1] and C> : [x1, x2] X [y2, y3] (refer
to Fig. 8, the left cell is C1), f1, f2, respectively, are two polynomials defined on the
two cells. The Bernstein-Bézier forms of the two polynomials are:

Y=Y
fi= Z cl,Bd( 0 )B4 ).
i j=0 1 — X0 Y1 — Yo
- X — X1 y—n
fr=Y ¢ B )BY( ),
20 xXo =X 7y =1

where B;j (t) and B? (¢) are the Bernstein polynomials, and ¢;, ; and cl’.’ j are the B-
coefficients of the two polynomials.

The B-coefficient c; ; corresponds to the point ((d
is called a domain point associated with C{. The domain points of C; and C, are
denoted by “e” and “o”, respectively, for the case d = 3 in Fig. 8.

When¢; j,1 <i <d,0 < j < d are given, the smoothness conditions indicate
that ¢; .,0 < i < d—1,0 < j < d are determined. As shown in Fig. 8, when
the B- coeff1c1ents correspondlng to the domain points in the last three columns of
C are given, the B-coefficients corresponding to the domain points in the first three
columns of C, are determined.

—Dxo+ix;  (d—j)yo+ijyi :
i , v ), which
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Fig. 8 The B-net method

If the common edge that belongs to the two adjacent cells is a horizontal edge, the
conclusions are similar. For a spline space S;(7), Z is the set of all domain points
of 7. For a subset & C & and a function f € S;(.7), suppose C(Z, f) is the
set of the B-coefficients of f, which corresponds to all elements of 2. The set & is
called a determining set of S;(.7) if for any function f € S;(.7),

c=0, YeeC(P, f)= f=0.

If any nontrivial subset of &2 is not a determining set, we call & a minimal
determining set of S;(.7"). We have

dimSy(7) = #2,

where #2 is the number of elements of Z.
3.2 The smoothing cofactor method

The smoothing cofactor method was first introduced in [24] and [29]. This method
has been discussed in more detail in [16, 19, 28].

Suppose S;(7) is a spline space defined on .7 and f € S;(). For two adjacent
cells Cy and C», assume that f|c, = f1, flc, = f> and the common edge of C| and
C» is on the line x = x¢. There exists a polynomial a(y) € Py4[y], such that

fi — o =a)x —x0)".

Similarly, if the common edge of C; and C3 is on the line y = yg. There exists a
polynomial b(x) € Py[x], such that

fi— fr=bx)( - yo).

The polynomial a(y) or b(x) is called the edge cofactor of the common edge.
Suppose & is the set of all interior edges of .7. For an interior edge e, we use c(e)
to denote the edge cofactor of e. Then we obtain a linear space

C(&) = {(c(e1), clez), ..., clen)) : e; € &},

@ Springer
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where N is the number of elements in &. If .7 is a regular T-mesh, then
dimSy(7) = (d + 1)?> + dim C(&). (1)
3.2.1 Local conformality condition of edge cofactors

For an interior vertex, we have the following conformality condition.

Referring to Fig. 9, let f;(x,y), j = 1,2, 3,4 be the bivariate polynomials sur-
rounding the interior vertex v;(x;, y;) (if the vertex v; is a T-junction, some of
the polynomials are identical). Then there exist four polynomials a;(y), ax(y) €
Pylyl, b1(x), ba(x) € P4[x], such that

filx,y) = Hx,y) = b))y — y)?,
Lo y) = 6,y = a0« —x),
[ y) = fale,y) = b))y — i),
[, y) = il y) = a(0)(x —x),

where aj(y), a2(y), b1(x), ba(x) are the edge cofactors associated with the corre-
sponding edges. Adding these four equations, we obtain

(b1(x) + b2 (y — ) + (@1 () + a2 ()(x — x)? = 0.

Because a|(y), a2(y) € Pylyl, b1(x), b2(x) € Py[x], there exist a constant y; € R,
such that

(b1(x) +b2(x) = yi(x —x)?, (a1 (y) + a2(y) = =y (v — y)?,

and y; is the vertex cofactor associated with the vertex v;.
For a regular hole in a T-mesh, we have another conformality condition. Refer to
Fig. 10 for a simple example.

Fig. 9 Smoothing conditions
around an interior vertex

fi fa

Uy (l‘z 3 yz)
P VE!
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Fig. 10 Smoothing conditions
around a regular hole

Ji | fs | f7

Yo
J2 6

Y1
fs | Ja | Js

X0 L1

Suppose the two horizontal lines are y = yg and y = y1, and the two vertical lines
are x = xg and x = x;. We have

fi—fr=mn@o -y,
=3 = h@G-n),

fs— fi = v (x — x0)?,

where hy(x), ..., ha(x) are the edge cofactors corresponding to the four horizontal
edges in counter-clockwise direction, and vy (x), ..., v4(x) are the edge cofactors
corresponding to the four vertical edges in counter-clockwise direction. Adding these
equations, we obtain

(h1(x) + ha()) (= yo) 4 (ha(x) + h3 () (y — y) +
1) + (M) (x = x0)¢ + (2(y) + v3()(x —x? = 0. 2)

This condition is similar to the condition in Theorem 9.3 of [25]. However, the four
lines do not insect at a vertex. Therefore, the conclusion in [25] does not apply here.
Analyzing Equation (2) is not a trivial task. We seek alternate methods to analyze the
dimension when 7 has holes.

3.3 Regular T-meshes and nonregular T-meshes
Lemma 3.1 Given a regular T-mesh .7, it follows that

S4(7) € Ci7H ()

Proof We prove this lemma for S3(.7); other situations can be proved similarly.

We only need to prove that, for any vertex v, if v belongs to more than one cell,
any function f € S3(.7) is C? continuous at v. Because .7 is regular, v must belong
to two adjacent cells C1, C2. Without losing generality, we assume that the common
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edge of C1, C3 is on the line x = 0 and the coordinate of v is (0, yp). To prove that

3 2f S
9x2’ 9y2’ 9xdy

f is C? continuous at v, we should prove that are continuous at v.

2
Because f € c% 2(SZ(?)), 0 2, ‘Zf are both continuous. Now, we prove that axaf>

is also continuous.

Suppose f1 = flc,, f> = flc,. We need to prove that axay(o o) = 3xa} (O ¥0).
We have

3 fi Ao,y +m) - M0,y 92p 30, yo+ ) — 220, )
(0, yo) = lim , (0, yo) = lim
dxady h—0 h dxady h—0 h

Because f € C“(Q(%), 810, y0+h) = %2(0,y0 + h) and Z2(0, yo) =

%(O, yo). Therefore, L0, yo) = 32?‘ 2 (0, yo), which proves this lemma. O]

dxdy

6x<3

If 7 is nonregular, the continuity of 7 afy can not be guaranteed for nonregular

vertices, which indicates that S3(.7) g C3(Q(7)). To explain the difference, we
construct another spline space:

Sa(T) == 1{f(x,y) € CTHQUT)) : fx, yle, € Pag foralli = 1,2,..., N},
where Cy, Ca, ..., Cy are all cells of .7.
Restricted to d = 3, for the T-mesh .7} in Fig. 3, we can easily obtain the minimal

determining set of S3(.7}'), which is shown in Fig. 11. For S3(.7}), éx BN should be
continuous at vi. By Lemma 3.3 of [27], the number of elements of the minimal
determining set of S3(.7}) is one less than that of S3(.7}), which is shown in Fig. 11.
We obtain dim 83(.7") = 27 and dim S3(.7}") = 26.

4 Simply connected regular T-meshes
4.1 Conformality vector space
For each interior edge in a simply connected mesh .7, at least one end point is an

interior vertex. Suppose ¥ is the set of all interior vertices of .7 . For an interior vertex
v, we use c(v) to denote the vertex cofactor of v. Then, we obtain a linear space

C) == {(c(v1), c(v2), ..., clom) : vi € V},

Fig. 11 Minimal determining e e 9 e 9
sets (labelled by “e”) of the two o e o b e o o
spline spaces v [P N EECR
©_eo o o ®_eo o o
Ss(71) S3(7/)
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where M is the number of elements in ¥". We know that
dimC(&)=(d+ 1)G +dimC(¥), 3)

where G is the number of cross-cuts of .7.

The conformality condition of vertex cofactors is based on T c-edges. The detailed
derivation is provided in [16, 19, 28]. Here we only list the conclusions.

Given a horizontal T c-edge /; with r vertices v, vj,, ..., vj,, let the x-coordinate
of vj; be xj;, and the vertex cofactor of v, be y;,. Then

-
Z V)i (x — xji)d =0.
i=1

This equation is equivalent to the linear system denoted by .7, = 0:

Zgzl Vi =0,

" yix; =0,
Z.l—l ViiXji (4)
2t Vjix]a},- =0.

Similarly, we can derive a linear system for a vertical T c-edge.
As shown in [28], we can define the conformality vector space for a set of T
c-edges as follows.

Definition 4.1 Suppose L is a set of T c-edges: L = {l1,l,...,1,
liisaTc-edge,l <i < n},vy,v2,..., v, are all verticesonly, [y, ..., I,, and y; is
the vertex cofactor of v;. Then the conformality vector space W[L] of L is defined
by
WILI:={y = 1,72, -, vm)| 174, =0, 0 <i <},

where .7, = 0 is the linear system as Eq. (4) associated with the T c-edge /;. For
some predefined ordering of the vertex cofactors and the T c-edges, the coefficient
matrix for the homogeneous system of W[L] is called the conformality matrix of L.

Combining Equation (1) and Equation (3), we obtain the following lemma, which
is also elaborated in [16].

Lemma 4.2 Given a simply connected T-mesh 7 with G cross-cuts and V' interior
vertices, let M be the conformality matrix of all of the T c-edges. Then,

dimS,(7) = (d+ 1)+ (d + 1)G + V' —rank M.
Remark 4.3 For a given T-mesh .7, we use € (7)) to denote the set of all T c-edges
in .7. Then, Lemma 4.2 states that

dimS;(7) = dim W[ (F)] + dim Sz (T\EC (T)). 5)
Here, 7\% (.7) is the mesh obtained by deleting % (.7") from .7.

If the spline space is §d(9 ), then for any L-edge | of 7, the vertex cofactors of
all vertices on [ satisfy the linear system .7 = 0 as Equation (4). Therefore, we can
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define the conformality vector space W[.Z(.7)], which is similar to Definition 4.1,
where .Z(.77) denotes the set of all L-edges of .7. We have the following lemma:

Lemma 4.4 ([28]) B
Si(T) =EW[L (D).

4.2 Dimensions of spline spaces over simply connected T-meshes

Lemma 4.5 Given a quasi-cross-cut T-mesh 7, it follows that
dimSy(7) =V 4+dVP —d + DE + (d + 1)?,
where V, Vb, E are defined in Table 1.

Proof By Lemma 4.2 and Lemma 2.4, we have
dimSy(7) = d+1D*+d+ DG+ V!
= d+D*+d+ DV —E)+V-VP
=V4+dVl —(d+1DE+d+ 1>
O

If 7 contains T c-edges, the dimension problem becomes very difficult. Some
discussions are provided in [19, 22, 32]. We list the following definition and lemma
which will be presented in the following sections.

Definition 4.6 Given a T-mesh .7, let L = {l,[5,...,1,} be a set of T c-edges. If
there is an ordering of all T c-edges of L, such as [y,l5,...,l,,suchthatn; > d+1,
where ny; is the number of vertices on /; butnoton/;, j = 1,2,...,i — 1, then we
say L has a reasonable ordering.

Lemma 4.7 ([32]) Suppose L = {l1,12,...,1,} is a set of T c-edges which has a
reasonable ordering. Then
dim W[L] = VL — (d + D)n,
where Vi is the number of vertices on all T c-edges of L.
If the spline space is S4(7), Definition 4.6 and Lemma 4.7 should be revised for
L-edges instead of T c-edges, as discussed in Section 4.1.

Combining Equation (5), Lemma 4.5 and Lemma 4.7, we obtain the following
theorem.

Theorem 4.8 Given a simply connected T-mesh 7, if €(7) has a reasonable
ordering, then

dimSy(7) =V +dV? — (d + )E + (d + 1)%,
where V, VY, E are defined in Table 1.
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If the set €' (7) does not have a reasonable ordering, the dimension may be unsta-
ble. In Fig. 12, we can check that dim S3(.7") = 48 or 49 for the same conditions for
the four T c-edges in [18].

5 T-meshes with holes

First, we give a T-mesh with a hole, over which the dimension of the spline space is
unstable.

See the non-rectangular T-mesh & in Fig. 13, where x; and x, are the x-
coordinates of the two vertical edges. In Section 3.2.1, we have discussed the
local conformality condition of the edge cofactors around the holes. We can
express the conformality equations as Equation (2) for the two situations in which
x1 = xp and x; # x2. We do not list the equations to save space. With the
help of Maple, we determine that if x; = x;, dimS3(J) = 42; otherwise,
dim S3(7) = 40.

We have mentioned that the analysis of the conformality equation expressed as
Equation (2) is not a trivial task. Therefore, directly computing the dimension by
the smoothing cofactor method is not a wise choice. A more reasonable idea is
to construct the relationship between a T-mesh with holes and a T-mesh without
holes.

Suppose there are H holes in .7. We use Q1, €3, ..., Qg and C(l), C(Z), R C?, to
denote the regions occupied by these holes and the polygons bounded by the bound-
aries of 21, 27, ..., Qpy. The edges of C? are axis-aligned lines and C? may be not a
rectangle. We use Q¥ and .7° to denote U1H=1 §; and the mesh .7 U {C? }1 |, respec-
tively. The mesh .7°¢ is called the simply connected mesh corresponding to .7 . See
Fig. 14 for an example. If CO, CS, R C?{ are all rectangles, 7 is also a T-mesh.
Similarly, we can define S;(.7°) and S4(.7*).

Fig. 12 Simply connected
nonrectangle T-mesh .7
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Fig. 13 A T-mesh .7 with a aj2
hole

X1

Lemma 5.1 Suppose C is a simple polygon whose edges are axis-aligned lines and
% = {C} is a mesh that only has one cell C. Then

dim S, (%) = 0.

Proof The cell C has at least two horizontal edges which are located on the lines
y =y1,y = y2 (y1 # y2) and two vertical edges which are located on the lines x =
X1, X = x2 (x1 # x2). By the discussion in Section 3.2.1, for any f(x,y) € S4(%),
there exist a1 (y), ax(y) € Py[y], b1(x) € Py[x], such that

fay) =aiME—x)?  fy) =a(E—x)9  f,y) =bx) -y

Therefore, by (x)(y — y1)? = a1(y)(x — x4, b2(x)(y — y)? = a2 (y)(x — x2).
There exist k1, k» € R, such that by (x) = k; (x —x1)¢ = ka(x —x2)<. Since (x —x1)¢
and (x — xz)d are prime to each other, we obtain k1 = k» = 0, which indicates that
fx,y)=0. O

Fig. 14 T-meshes with holes
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Lemma 5.2
dim Sy (7)) > dim Sy (7).

Proof We construct the mapping
7 Si(T%) — Su(T)
f— flaw)

Forany f € Kerm, f|g(s) =0.ByLemma5.1, f|q, = 0. Therefore, f|q7s) =
0, that is, Ker 7 = 0 and 7 is injective. Therefore, dimS;(.7°) < dim Sy (7). O

From Lemma 5.2, we know that the dimension problem is solved if the mapping
7 is surjective. If the mapping 7 is surjective, for any function f € S;(.7), we can
find a function f" € S4(.7*), such that f'|q(7) = f, thatis, f can be extended to
Q0. We call f’ the extension of f on Q(.7%). If 7 is surjective, S7(.7*) is called the
extension space of S;(.7). Therefore, the dimension problem becomes an extension
problem.

Lemma 5.3 For the T-meshes 7 and 7° in Fig. 15, any function f € Sq(7) can
be extended to Q(TY).

Proof For the mapping
m: ST — S4(7)
f— flaw

we prove that 7 is surjective.

By Lemma 4.5, we obtain that dimSy(.7) = d? + 4d + 3,dimS;(7°) =
d? + 4d + 4. For any function f € Ker, by the B-net method, f has only one B-
coefficient (corresponding to the top-right domain point of the top-right cell of .7)
that is nonzero. Therefore, dim Kerw = 1.

We obtain dimSy(7%) = dimKern + dimS;(.7), which indicates that 7 is
surjective. O

For the nonregular T-mesh .77 in Fig. 16, the extension of all functions in S3(.9]) to
Q (910) is impossible. From the previous discussion, we know that dim S3(.77) = 27
and dim Sg(ﬂlo) = 24. Therefore, the mapping 7 for these two spaces can not be
surjective, which is another difference between a regular T-mesh and a nonregular
T-mesh.

Fig. 15 Figures for Lemma 5.3

g 0
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Fig. 16 Extend functions of
spline space over nonregular
T-mesh

T 7

Theorem 5.4 For a regular T-mesh 7, suppose the holes of 7 are all rectangles.
Using the previously introduced symbols, for 7°, if no T-junctions exist on the edges
of the cell CIQ (1 < i < H) (refer to 91 in Figure 14 for an example), then

dim Sy (7) = dim Sy (7°)

Proof We prove this lemma for H = 1. The proof confirms that the number of holes
does not affect the conclusion.

We should prove that the mapping 7 in Lemma 5.2 is surjective. For any f €
S4(7),if f'is its extension on §2(7%), then the B-coefficients of f’ corresponding
to the domain points of .7 are the same as that of f. To verify whether f’ exists, we
verify whether we can obtain a sequence of B-coefficients defined on C ? that satisfy
the smoothness conditions.

By the B-net method, only the functions defined on the four cells adjacent to C ?
will affect the B-coefficients corresponding to the domain points of C?. Because
T is regular, we can prove this theorem based on Fig. 17, which pertains to the
special case d = 3. The (d + 1)? B-coefficients are determined by the C?~! contin-
uous condition and every B-coefficient is determined more than once. We verify that
the B-coefficients corresponding to the same domain point determined by different
functions are equivalent.

Suppose the (d + 1)? B-coefficients are ¢,j,0 <i <d,0< j < d, which
are ordered as in Section 3.1. The common B-coefficients that are determined by

Fig. 17 Figure for Theorem
54.(d=3)

fa

fi f3

f2
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fiand frarec¢ ;,0 <i <d-1,0< j < d-— 1 ByLemma 5.3, we know
that the d> B-coefficients determined by f| are the same as that determined by f>
correspondingly. Similarly, we obtain the same conclusions on f> and f3, f3 and f4,
and f4 and fi. For f> and f4, the common B-coefficients determined by the two
functions are ¢; ;,0 < i < d,j =1,2,...,d — 1. The B-coefficients ¢; j, 0 <
i<d-1,j=1,2,...,d — 1 determined by f> and f4 are both the same as that
determined by fi,and ¢; j,1 <i <d,j =1,2,...,d — 1 determined by f, and
fa are both the same as that determined by f3. Therefore, the (d + 1)(d — 1) B-
coefficients determined by f> are the same as that determined by f4 correspondingly.
We have the same conclusions on f] and f3.

Therefore, the mapping = is surjective. Combining with the conclusion that 7 is
injective in Lemma 5.2, we prove this theorem. O

However, if T-junctions exist on the edges of C?, this conclusion is not usually
accurate. For example, for the T-mesh .7 in Fig. 13, dim S3(.7*) = 38, regardless
of x; = xp, which is not equal to dimS3(7). From the viewpoint of the B-net
method, the extension of a spline function is to determine the B-coefficients of a
piecewise function defined on €21 (the region occupied by the cell C ?) under the C7~!
continuous condition. If the region 2 is divided into additional cells, additional
B-coefficients will exist, which indicates greater possibilities for extending spline
spaces. Therefore, 7 is too coarse for the extension of S;(.7).

5.1 Surjective meshes

Definition 5.5 Given a simply connected quasi-TP mesh 7, let a TP mesh 7] be
a submesh of .7. If there does not exist a TP mesh .7}, which is a submesh of .7,
such that .77 is a nontrivial submesh of ‘71/’ then 7] is called a maximal TP mesh
contained in .7. If an L-edge of 7] is on an L-edge [ of .7, we say [ crosses .7].

For two maximal TP meshes .7 and .%, if there is at least a pair of adjacent cells
c1 and ¢ in 9] and 23, respectively, then we say .77 and .75 are adjacent.

In Fig. 18, the mesh .7 has four maximal TP meshes: .77, %, .3 and ;. Each
pair of 71, %, 93 and I are adjacent. Four vertical L-edges cross J7: the L-edge
between v| and v3, the L-edge between v4 and vs, the L-edge between v5 and vy,
and the L-edge between vg and v7.

V3 vs V16 vy v3 V7 U5 U7
v 10 v 10 10
V11 V11
V13 V14
v12 ) V12 v
U1 9 V1 U1 9
V4 wis ve g v4 ve V4 vg

Fig. 18 Maximal TP meshes
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For a quasi-TP mesh .7, the maximal TP meshes contained in 7 are
N, D, ..., I If there is a subset {iy, ip, ..., ix} of {1, 2, ..., n}, such that

k
Ue@) =@ ©®)

j=1
and for any nontrivial subset of {i1, i, ..., ix}, Equation (6) does not hold. Then,
we say 7 can be divided into .7, ..., .7, which is denoted by 7 = Lﬂl;zl ﬂij.

Without considering the ordering, the division of a quasi-TP mesh is unique. For the
quasi-TP mesh 7 in Fig. 18, 7 = A1 W 9.

Definition 5.6 Suppose 7 is a simply connected quasi-TP mesh and J = 7 W
R0 Ty If B (1 < k < m)has at least d + 1 vertical L-edges and d + 1
horizontal L-edges, and there are at least d + 1 horizontal L-edges or d + 1 vertical
L-edges that cross both .7; and .7; when 7; and .7; are adjacent, then 7 is called a
surjective mesh.

For the three quasi-TP meshes in Fig. 19, if d = 2, then the three meshes are
surjective meshes; if d = 3, then 7] and Z3 are surjective meshes, and 7 is not a
surjective mesh.

If 7 is a surjective mesh, we want to compute dim §d(,7 ). By Lemma 4.4, we
should only compute dim W[.Z(Z)]. First we provide a lemma that is similar to
Lemma 8.3 in [20].

Lemma 5.7 Given a T-mesh 7, suppose there are d + 1 horizontal L-edges
10, ... 1% which are on d + 1 different lines. Let L = {I}, 11, ... 1"}, L(T) be
the set of all L-edges of 7 and £ (< )\L be the complementary set of L in £ (7).
Then,

dim W[Z(9)] = dim W[.Z(I)\L].

Proof Suppose all vertical L-edges are lg N f, lé’ , ..., Ly, the x-coordinates of which
are xo, X1, X2, . . . , X)1, respectively, and all horizontal L-edges are lh, l{’, lé’, el lf{,,
the y-coordinates of which are yo, y1, ¥2, ..., YN, respectively. Since lé’, li’, e, lZ

are on d + 1 different lines, we have y; # y; wheni # j, 0 < i, j < d. We only

Us
V1 V4
V2 U3

T T T3

Fig. 19 Three quasi-TP meshes
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need to prove that when ,5”;. =0forj=d+1,d+2,...,N and%}g = 0 for
j=0,1,.. Mwehavejﬁh_Oforj_Ol ,d.

For a vertical L-edge I/, we use v € [{ to denote that v is a vertex on /. We have
Zvelp c(w)(y — y(v))d = 0, where c(v) is the vertex cofactor of v and y(v) is the y-
coordlinate of v. Multiplying (x — x,-)d, we have (Zvell}) c(w)(y— y(v))d)(x — xl»)d =
0. Therefore,

M
0= cwy—y)Hx —x)*

i=0 vel}
N

= > O cw)x —xNDy — y)*
Jj=0 veli.‘
d

=Y O cw)x —x@ND(y - yp)*
Jj=0 vel?

The last equation holds because 5”1;; =0forj =d+1,d+2,...,N. Because
J
vy — yj)d, j = 0,1,...,d form a basis of P;[y], we obtain 5’1;_, = 0for j =
J
0,1, ...,d, which proves the lemma. O

Lemma 5.8 Given a surjective mesh 7 with V vertices and E L-edges, it follows
that

dimSy;(Z)=V —(d+ DE + (d + ).

Proof Suppose T = 4 W % W .- ., The submesh 7] has at least d + 1
horizontal L-edges. We assume that d + 1 of these L-edges are on d + 1 L-edges
lo,l1,...,1g of 7. Weuse £(7) and L to denote the set of all L-edges of .7 and
the set {lp, /1, ..., 4}, respectively. By Lemma 5.7, we have

dimSy(.7) = dim W[.Z(2)] = dim W[.L(F)\L].

We prove that Z(7)\L has a reasonable ordering. First, assume that m = 2.
Because .7 is a surjective mesh, without losing generality, we assume that there
are at least d + 1 vertical L-edges that cross both 7] and .%;. Suppose the L-edges
of 7 that cross 5 but not cross 7] are 12 e lé’r, lé’ 1r - 12 4» Where lg and
/ ”’ . are horizontal L-edges and vertical L- edges respectlvely For example, for the
T-mesh 73 in Fig. 19, r = 2,5 = 1 and lé’l,lé’z,l"’l are the L-edges between
v; and vy, vo and v3, v3 and vs, respectively. Because % has at least d + 1 verti-
cal L-edges and d + 1 horizontal L-edges and at least d + 1 vertical L-edges cross
both 7] and %, g r lé’x, l/21 s lé‘r is a reasonable ordering. Suppose the L-
edges not including the elements in L that cross 7] are l1 b li’ o l}”l, R lf’s,
Because 7] has at least d + 1 vertical L-edges and d + 1 horlzontal L-edges,

lé’l,.. 1537131’“ lé’r,l{'l,.. li"r/,lfl,...,li’x/ is a reasonable ordering of
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U1

T T g1 TF g

Fig. 20 Generate a filled mesh. (d = 3)

Z(I)\L. By induction, we know that £ (7)\L has a reasonable ordering for any
m. Therefore,

dmW[L(ITNLI =V —d+1)E—-@d+1)=V—(@d+DE+d+ 12

which completes the proof. O
5.2 Filled meshes

Definition 5.9 Suppose .7 is a T-mesh with H holes. The regions occupied by these
holes are 1, 22, ..., Qg. If there are H surjective meshes QF’h, %F’h, el ﬂ;’h,

such that Q(ZF’}’) = ©;, and the T-junctions on the boundary of ; in .7* become
crossing-vertices (the interior vertices of valence four) in the simply connected T-
mesh 7F = ﬂu%F’hU%F’h~-~U9;’h,wherei =1,2,..., H, then 7F is
called a filled mesh of 7.

For a T-mesh .7~ with holes, the simply connected mesh .7* corresponding to it
may be not a T-mesh. There is a new type of vertex in 7% - L-vertex, which is the
end points of two c-edges. For the T-mesh .7 in Fig. 20, v; and v are L-vertices. We
generate a filled mesh .7 ¥ in the following manner: For the edges with an end point,
which is a T-junction or an L-vertex on the boundary of 21, we extend the edges to
reach the boundary of 1. The resulting mesh is .7 ! ; the mesh defined on Q1 is .7 h;
and the red line segments are the added edges. Then, we add some line segments to
change ﬂlh into a surjective mesh. The resulting mesh is .7 '; the surjective mesh

defined on 2 is ﬂlF’h; and the red line segments are the added edges.

For a surjective mesh .7, we use D() to denote the outermost d layers of the
domain points. In Fig. 21, D(77) and D(.3) are denoted by “e” for the two meshes
in Fig. 19. Because a surjective mesh is a quasi-TP mesh, we label the outermost
domain points of a cell on the edges for convenience.

Fig. 21 The outermost d layers
of domain points . . .

D(F) (d =2) D(7) (d=3)
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For a T-mesh .7 with H holes, a corresponding filled mesh is .7 F'. We know that
the B-coefficients corresponding to D(ﬂlF’h), D(%F’h), e, D(ﬂHF’h) are deter-
mined by the functions around the holes. By the construction manner of the filled
mesh and Lemma 5.3, we know that the B-coefficients corresponding to the same
domain point determined by different functions are equivalent.

Lemma 5.10 For a T-mesh 7 with H holes, a corresponding filled mesh is 7.
For any function g € S4(.7), we can obtain a series of B-coefficients corresponding
to D(ﬂip‘h), which is determined by g, where 1 < i < H. Then, the B-coefficients

corresponding to D(.7; F’h) satisfy C4=1 continuous conditions among themselves. If

we use B; to denote the space of the B-coefficients corresponding to D(7; F’h), we
have
dim B; < dV}, 7

b . s F.h
where V is the number of boundary vertices of 7;"".

Proof That the B-coefficients corresponding to D(@F’h) satisfy C?~! continu-
ous conditions among themselves is guaranteed by the C¢~! continuity of g. The
verification is not very difficult. We omit the process here.

To prove Inequality (7), we need to prove that the number of elements of the
determining set of D(ZF ’h) is not more than d Vl.b . We prove this conclusion for
D(Z3) in Fig. 22. Since 73 is a surjective mesh, we can select the top-left cell (the
cell in red) as the beginning cell and traverse all boundary cells in counter-clockwise
direction. We denote the top-left vertex of the beginning cell as O;. We construct a
set of domain points D with some elements of D(.73). For the beginning cell, the d>
domain points labelled by “A” are selected. For each vertex of the boundary vertices
beginning at A and ending at B in counter-clockwise direction, the d domain points
labelled by “e” are selected. Here A is the left-bottom vertex of the beginning cell
and B is the d + 1th vertex of the top L-edge from the left, which indicates that d
vertices are not considered. In Fig. 22, the d vertices are O, Oz, O3. The resulting

Fig. 22 The determining set of
D(%5). (d = 3) O, O O3 B

O O @ O O O O @& O O
O O @ O O O O @& O O
O o—o

@ Springer



C. Zeng et al.

set D consists of the domain points labelled by “A” and “e”. We claim that D is the
determining set of D(.93).

Suppose the B-coefficients corresponding to D are zeroes. By the C?~! contin-
uous condition, we can verify that the B-coefficients corresponding to the domain
points labelled by “o” are zeroes. For the domain points labelled by “c”, we consider
a univariate spline function 4 (¢) with degree d and C¢~! continuous defined on d + 1
knots. See Fig. 23. The d + 1 knots are 19, t1, 2, . . . , 5. When the B-coefficients cor-
responding to the domain points labelled by “A” and “e” are zeros, the function A (t)
is zero when t < fg or t > t4. Since the support of a nonzero spline function with
degree d should have at least d + 2 breakpoints, we obtain 4(¢) = 0, which indi-
cates that the B-coefficients corresponding to the domain points labelled by “o” are
zeroes. For the d(d(d — 2) + 1) domain points labelled by “0” in Fig. 22, using the
conclusion for a univariate spline function d times, we obtain that the B-coefficients

corresponding to them are zeroes. Therefore,
dimB; <#D=d*+d(VP —d)=dVv?,

where #D is the number of elements of D and V? is the number of boundary vertices
of 7.

All surjective meshes have a similar structure. The conclusions can be similarly
obtained. O

For a T-mesh 7 with holes, ZF is its filled mesh. Consider the following
mapping:
m: Sa(T") — S4(F) (®)
f— flaw)-

With the symbols in Lemma 5.10, for a hole €21, that the mapping 7 is surjec-
tive indicates that, for any series of B-coefficients in B;, we can obtain a series of

B-coefficients corresponding to the domain points of Sd(ﬂlF ’h) except the domain
points in D(ﬂlF 1) That is, the projection mapping

7' BS«(F"") — B ©)
is surjective, where B(Sy (ﬂlF’h)) is the space of the B-coefficients corresponding to

all domain points of Sd(ﬂlF’h).

Lemma 5.11 For a T-mesh 7 with H holes, T is its filled mesh. If
dimS,(Z"") = Vi — (d + DE; + (d + 1)% where 1 < i < H and V;, E; are
the numbers of vertices and L-edges of ﬂl.F’h, respectively, then the mapping 1 in
Equation (8) is surjective.

to 1 to tg—1 td

Fig. 23 The determining set for a univariate spline function
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Proof We only need to prove that the mapping 7’ in Equation (9) is surjective. By
Lemma 4.5, we have dim B(S4(Z,"")) = dimS4(7,"") = Vi +d VP —(d+ 1) E; +
(d + 1), where Vlb is the number of boundary vertices of ,ZF ! Ttis apparent that
Kern' = B(Sa(Z"")). Therefore, dim Ker 7’ = dimS,(7,"") = Vi —(d+ 1) E1 +
d+ 1) By Inequality (7), it follows that

Vi +dVE —(d+ 1DEi + (d + 1)* = dim B(S.(Z,"")) = dimKer ' + dimIm 7’
dimKer 7z’ + dim B;

<
< Vi+dVP —(@d+ DE; +(d + 12

Therefore, dim Im 7w’ = dim B;, which indicates that the mapping 7 is surjective. We

complete the proof. O
Theorem 5.12 For a regular T-mesh 7 with H holes, T is its filled mesh and
%F’h, %F’h, e 9;’h are the H surjective meshes defined on Q1, Q, ..., Qpy.
Then

H
dimS,(7) = dimS4(7F) =Y " dimS, (7M.

i=1
Proof We construct the mapping

m: Sq(TF) — S4(7)
f— flaw-
By Lemma 5.11 and Lemma 5.8, we know that 7 is surjective.

For any function f € Kerm, f is zero out of Q1, Q», ..., Qpy. Since 7 is reg-
ular, the domain €2; does not intersect 2, i # j. Therefore, Kerm = §d(§1F’h) &)
§d(32F’h) @ -- -§d(9;’h), which indicates dim Ker 7 = leil dimgd(yiF’h).

Because dimS;z(.Z7F) = dimIm 7 + dimKern = dimS;(.7) + dimKerx, the
conclusion is correct. O

Combining Lemma 4.2, Lemma 5.8 and Theorem 5.12, we obtain the following
corollary.

7 F 7 7

Fig. 24 Figures for Example 5.14
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Fig. 25 Figures for Example 5.16

Corollary 5.13 For a regular T-mesh .7 with H holes, 7F is its filled mesh and
TEM s the surjective mesh defined on i, 1 < i < H. Suppose T has G cross-

L
cuts, Vy, interior vertices, M is the conformality matrix of all of the T c-edges of

TF, and suppose T Eh has Vi vertices, E; L-edges. Then

H H
dimS,(.7) = Vi+4(d41)G p —rank MF—Z Vi4+(d+1) Z Ei—(H=1)(d+1)%.

i=l1 i=1

Example 5.14 We consider the mesh in Fig. 13. The two situations are illustrated in
Fig. 24. When x| = x;, the mesh is .77; otherwise, the mesh is 3.
By Corollary 5.13, we obtain dim S3(.77) = 42, dim S3(.%3) = 40.

Example 5.15 We consider the mesh in Fig. 20. By Corollary 5.13, we obtain
dim S3(7) = 54.

Sometimes, although the simply connected mesh .7* corresponding to .7 is not
very complex, computing dim Sy (.7 ) is not very easy, and dimgd(ﬂi F’h) may be
nonzero. We consider two examples.

Example 5.16 We consider the two meshes in Fig. 25.

By Lemma 5.8, dim S3(7,;") = 0. dim $,(.7,"}") = 1. By Lemma 4.2, we obtain
dim Sz(sz) = 37. To compute dim Sg(ﬂf), we should compute dim W[4 (91)],
where €' (97) is the set of all T c-edges of 7] (represented by red line seg-
ments). This problem has been discussed in Lemma 6.12 in [32]; the conclusion is
dim W[%'(Z1)] = 2. By Equation (5), we obtain dimS3(§2F) = 48 + 2 = 50.
Therefore, we have dim S3(.77) = 50 and dim S;(%) = 37 — 1 = 36.

6 Conclusions and future studies

We mainly explore the dimensions of spline spaces over non-rectangular T-meshes in
this paper. The dimension formulae of the spline spaces over simply connected hier-
archical T-meshes have been obtained. To explore the dimension problem of spline
spaces over T-meshes with holes, we discover a new type of instability of the dimen-
sions. We construct the relationship between the dimension of the spline space over
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a T-mesh with holes and the dimension of the spline space over over a simply con-
nected mesh, which is suitable for the extension of spline functions. We provide
several examples for the dimension computation.

The construction a basis for the spline space over a non-rectangular T-mesh is a
considerable problem for future research.
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