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Abstract

ABSTRACT

In recent years, with the vigorous development of the Internet, the digital and net-
worked world has gradually arrived. The resulting massive data has increased the de-
mand for big data storage and information transmission security, especially software
such as social networks, self-media, short videos, and video calls, which require real-
time storage, access, transmission, and security protection of large amounts of data.
On the one hand, in order to ensure data security, improve the data reliability of the
storage system and the efficiency of accessing and updating data, and avoid network
congestion, it is of great significance to study the reliability technology of storage sys-
tems and access data balance for constructing large-scale storage systems. On the other
hand, in order to ensure information security and prevent information leakage, it is of
great value to study how to transform it so that it will not be stolen or attacked during
the information transmission process. Therefore, this dissertation mainly carries out an
investigation starts from the point of view of coding theory in three aspects: computa-
tional load balancing and update problems in classic storage systems, error-correcting
codes for correcting tandem-duplication errors in DNA storage systems, and (general-
ized) twisted Reed-Solomon codes that can be applied to McEliece cryptosystems. In
particular, the first two points are mainly aimed at the research on the reliability of in-
formation during storage, and the latter point is the research on the defense measures
required to consider the security of information during transmission. The main research
work and contributions of this dissertation are listed as follows.

1. For the problems of updating and load balance on data computation, we study the
sparse and balanced MDS codes. In order to be effectively applied to practical
systems, we consider constructing sparse and balanced MDS codes over small fi-
nite fields. There are many studies on the existence of sparse and balanced [n, k],
MDS codes, but the size of g needs to be at least n + [@] In this disserta-
tion, we improve it to ¢ = n — 1. Firstly, given a finite field I, which satisfies
q = n, a sufficient condition for the existence of a sparse [n, k] q MDS code over
[, characterized by the zero pattern of the generator matrix is provided. This suf-
ficient condition transforms the algebraic problem of constructing an MDS code
into a combinatorial problem (that is, constructing a set system that satisfies the
conditions (P;) — (P3), see Section 2.4.1 for the specific definition). Based on this

condition, we find the binary matrices corresponding to the required set system
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Abstract

by designing several algorithms with complexity running in polynomial time in
n and k. And then using these matrices, we construct all sparse and balanced
[n, k] q MDS codes provided that n < 2k. Further, by extending the coordinates,
the demand for field size can be relaxed to ¢ > n — 1. For the case of n > 2k,
we give some constructions for ¢ = n = p*® and k = p°m based on sumsets, when
e<s—2andm<p—1,ore=s—landm<g.

. In the DNA-based storage system, data stored in this medium are subject to er-
rors such as tandem duplication arising from various mutations, which need to
be corrected to maintain data integrity. In order to restore the original informa-
tion, we study the error-correcting codes for errors caused by tandem duplica-
tions. Constructing this type of error-correcting codes are equivalent to building
a set of constant weight codes with £ metric over non-negative integers Z, or
1 g = {0, 1,---,q—1}. However, there are few results on the constant weight code
problem under £ metric, especially for the optimal code over Z,, the upper and
lower bounds for its optimal code size are relatively rough. Thus we have consid-
ered them in this dissertation. More specifically, given a constant weight code,
we establish a universal necessary condition (the so called UNC condition) and a
distance formula for the collection of supports of all codewords, which reveals a
connection between packing set systems and £; metric codes. Therefore, by us-
ing group divisible designs and packings in combinatorial design theory, we give
constructions of optimal codes over non-negative integers and I3 with £; weight
w < 4 for all possible distances. In general, we also derive the size of the largest
ternary code with constant weight w and distance 2w — 2 for sufficiently large
length n satistyingn = 1, w, —w + 2, 2w + 3 (mod w(w — 1)).

. For the problem of (generalized) twisted RS code , we study the properties of (gen-
eralized) twisted RS code C”’k’”(a; t; h;n) and give some constructions. There
are many results for twisted RS codes, but most of them concentrate on one twist,
that is £ = 1, and only a fraction of them are related to their structural proper-
ties. In this dissertation, we focus on it, especially when all its evaluation points
form the root set of a polynomial, and then prove that the code crkv (a;t; h;m)is
closed under duality if the polynomial coefficients have certain distribution, and
the corresponding parity check matrix is given. Using this result, we construct
the corresponding self-dual code. Especially when # = 1, the resulting self-dual
codes are either MDS codes or near MDS codes. And when # = 3, the minimum

distance of the dual code is betweenn —k —2andn — k + 1.
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BEE TLHPIRY PR & R 515 BEORRITIZ M A, M2, Ber b A B Reft
ARG, AREHELRMZEEAFL (CNNIC) 2022 4 2 AZMH 5
49 RHEEERNZE & IR AL TR S ) 3RFH [1], #2021 £ 12 A, FEMER
FIBEIR 10224, H 20-49 SRR G &I 55.6%, 1M 50 2 &AL ME & b
ikt 2020 SEBEFTIGMN, BERMIEZRD AR DMEARRETE, B2k, &35
BRI R PR 2R ASES, 8 CNNIC Geit, BIRNES. B, Mg
YDA R 5 B R R, H B A 325 =00k 80% DAL, Wl 1L1FR, X
SR RV RN, ZESR B EEIEET LN G, ViR, (Rt 2R,
HI, XM ESE i 2 RP, 2IFE EEMEER,
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_ 87335 88.3% 93415 90.5% 7.0%
_ 85434 86.4% 90363 87.6% 5.8%
_ 78241 79.1% 84210 81.6% 7.6%
_ 76977 77.8% 82884 80.3% 7.7%
_ 65825 66.6% 72946 70.7% 10.8%
_ 61685 62.4% 70337 68.2% 14.0%
_ 51793 52.4% 55354 53.6% 6.9%
_ 46013 46.5% 50159 48.6% 9.0%
_ 41883 42.3% 54416 52.7% 29.9%
_ 36528 36.9% 45261 43.9% 23.9%
_ 34560 34.9% 46884 45.4% 35.7%
_ 34244 34.6% 39710 38.5% 16.0%
_ 21480 21.7% 29788 28.9% 38.7%
_ 16988 17.2% 19427 18.8% 14.4%
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FAEE RIS, WA HE H A EE s i s, B EENME,

W RIS & XML 2 RIRRRIEL 1

PTAERIME
P4 ERR
BEBHESHAD
K-S E B A

61.7%

U EEER 62.0%
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seE: CNNIC tEEEREG SRR ISHEE 2021.12
Bl 1.2 P24l Lt

EF BRI, ASCRMEAIDIAT AT BdariEinEmidiE. £480E
EEERE, ST RRERRER, N TR IEBEREK, TEEFERA
FSIATUR, MRS TR BRI R 5, ELMpFEERST, R LA
B BRI INTURIYTT IR ZBIAR RN, AR AR S H 2T, mamd2
— R RIS INTUARRIZERES, AN T2 BRI S, HERI 2 MR
HITURT, BEWSSCIE MRy Al 5att, BIFREOTaMRN U, Rt A EEZEE
Kot RN T FERSE, B, RAZM (55) HHEg, Hob—m, EEdEE
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1.1.1 ZHEERE T VLR REEMBR T &

LM EER ST, Do mNEERS 0, EEIEE B MEE R/
RIS R, FRENERR, N TIRESFEERG A ENE, BEE SN ERIR
H—ERYSREE, UNIN—5 HAHSRRY TR, TREFR 2 Iguih, (5 BRI
P SRR EHER, FROXEEERAY T RSMR R E T A, T, 6
EFTEBIELN NS E RN e I— DN RE n, 4509 k ML
Mg ¢ v, BATE A EREERE X,

X 11 FHENDIERE > k, AREF, E— KN n, 45O kB
LN ¢ BRI n gEFIESR F) BI—D k g2 H, MEE xy e F), EXA
Hx = (X, 5%, Y= (Vs 05 ¥,) ZIAHIINHHEE S (Hamming distance) 4

dy(x,y)={i €[n] : x; # y;}|.

Ml ¢ 98 NIRBEE A d = ming,ec dyg(x,9), B8 C 0 n, k. d], Zebifd, T —
AN kxn WYENE G, BHATHRE C f—415, MR G 2 ¢ —/MERUER, 7
T (n— k) x n WYAEHE H, 62

C={xeF : Hx" =0},

AR H 2 ¢ B— Mg E R,

W2, FEEERAER, FPREERERMEON IR, HeRERXIDN kD
[ E A NHE R, KR — k KEIEE ¢ = (cp, -+, ¢p), BT C X HIE TSI,
P — k DEGREE, REI—D 0 REVFAIE m = (my, -, m,) FHREX n DR
IR n MERET R L. 18 G = (g1, . 8,), HFE—1 g 21k KHV
[l O /NI SR N DL TS O (T

cG = (cy, . cp)(gy, &) = (my, -, m,) =m. (1.1)

BHEM, FH Cc #1T79wmE, HEMHHEN nk 5. TN T n—k+1 BIARSE
&, TEEITRIADEEN n— k WIERTS, EEEFEIn—k+ 165 KT n/k
). HILAIEN, HNTZEIARERNS, EHEFENTTRT, dMBHIEET
/N, Rpldh, 175 BRGmRgsRIgT, HEdwmiia, REERERAZ, B, ¢ 2
HASERAE m B — k KT rE, IR C 2— 13RS,

HE N [n, k, d], ZERY C, Singleton F45H T H R/ NYIHEEEHY L5, HI:
d<n—k+1oHd=n—k+1H, FRCE—ZXFEH T % # (Maximum Distance
Separable code (MDS #3)), H/E M A]PAFH, MDS BBIELERIEAE T, Hig
FIEMEEEIRE T RA, WHAHERE I WHEN AT R A, FRILEASN, MDS #E#H)
ARFERE G ERER k MM RAIER, XELREE =T, BEERA
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%, BRELE, TERLETPIE SR AR DB T L IASEE TCIAIREUN, X
TR A SRS n - kA, BLRTDUEIS (R & S0 R AU
TX LTy AR BRI E 2K, T (Generalized) Reed-Solomon #3 ((G) RS
F) {FR—FREFRRI0 MDS B3, RESEE S, 5TFSH, HAAMORLE
IR, 91T IR,

e R — MRIERD (o — R ARSI, SRR, BRs LIRAR BT
PR, ARIDE AR, ASREN 2SN, FLARDMIE tR — MASH IS,
REBIE S A K R SUR T B 0B, GIaes  (E LRt 15 w3,
TESLSRIRF AR R, BINSURERIRS, o T IREGDRRE, A o] LA
R AL HHDIT AL, AR TUA MDS 3, AEREFHIRUBHX LM RE , DA
DI, 47— DRRBEH [, k, ], MDS B ¢, HAERIEREN G, ¢ K
R {5002 6 NS —TEERONIETITE, Ma—k+1 1, T “FHE"
BRMERFAITARRT RN MR EAE A, Bk - |20 e - | 2|
Mo HRARHIBIREHFTRE, DX (1) W, REFEEHFEE ,, @
TR BRI SRR (ny, - m,), TEMRIE ¢ WAH IS (51
B, TEM(TRIBN, o 15 6 ME—(TLRMTIEHE, SE— (TR
TN N R EE R M, Y ¢ BRI, ¢ ETHRERE
JREIR/, B n—k+ 1, B QAR AT IEB T RATERE L n—k+1
A my BIAT, (R, € BORRBRIELRIE 7 B4 28 NG, BIRTEHE 1R,
H—FH, WX QD) ATEH, SMEEienl, B m =cg. HIt, EmMLN,
ERRE | MEEBINET IS g, M RRIELL, 4 ¢ B—/NTMIRN, BT G f
GAFIRERJLPHR, SXEIE T RS MR R RBUER. B, ¢ 1
SRR T RANE RGN BT, BIETE0E Y SBOST, R T
LG HRSEAOER, (1S BRI T 2 SR Y AT REPERE (S,

ASCHFGHEET /NS F, ERBITAGH MDS B, HF ¢ 25/, BIREtT
AR EIEEADEMR NS T, (S ESIRRARGASE, IR,

1.1.2 DNA FERS T RIS LUK EREX S FlJ 21 3585

EZHNTFHERGT, BIRFHEE —LESN R, Flas, SSD, INfF
%, XEAFHET B SEASEMRS, FUE%EEFRZHERE, AE
(RN, BEE, NmMSBEUERIASRER, FHERME, &I,
K F DNA 2> FPERTEEN TRIIFE R GE SR (2] PR . WMIERETR, A
HEATAE DNA HITZBZ) 100 JKF I EHRRI AL, EEIBIR SR &
(IARPA) FRIE T XX —UHAI>4ER 3],

S5EsN B, PUS{R DNA 73 FIEAEMEN REE T RIF 20, W
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STORAGE LIMITS

Estimates based on bacterial genetics suggest that digital DNA
could one day rival or exceed today’s storage technology.

ﬁ
Hard Flash JBacteriaI
disk memory DNA
Read-write speed ~3,000- _
(s per bit) 2 5,000 100 =100
Data retention S ~10 ~10 ~100
(years)

Power usage _ _ ~ ~
e > 0.04 0.01-0.04 <1010
Data density S ~10m ~101 ~101

(bits per cm?3)
Bl 1.3 fEGefEiEsT RS DNA TG IR S (3]

E1.30R. AILAE H, DNA 7> -8R s, iGN RA R P EHEREHAE, I
FK, FEREE DNA GRS AR RIRER, (1500 DNA ANEEN IR SE, H
BEFHEE AR, MR 7 AN iZR0E,

BEEE
g?fﬁjéﬁ i
=& DNA%S
DNA& X

1.4 3L DNA 152 SR AIHE ] [4]

El1.425H 75T DNA fFHERGIHVEARGIE, /£ DNA FHERGTH, BN
ZHREE (BURER) TN, RKHEM ASCH siERELT TR TS,
IXHAR AT RE S HEAT 4, (A5 H AT DATEPU T 7 RS BRI Ef . IXPUTT
BEEEA] DN B TA A DNA 0209 A, T, C. G DI EZEIR, HR, K&
FAT ER IR E DNA FLNH DA— 2 RIS IR INTURIE TS, S AHHMHY DNA
W, X EEINTUARRY T IR DA A — A (ki T, FEREN T %R DNA
DFESHREREREF L AERRZ, HIG1EBEEKEH] (tandem duplication) FH R,



FIE % it
RZAE, A MBRE, FRFTE DNA 2 FE6IT 78, IFFEHEER, mgmE
BUEHIZEFIER) DNA AT R OISR RIS R CEI MR — e D5 10F
B FFAIRERE A E A/ E#), NTRER, LR EZEX DNA 7013707 M
MHE AN ERIT R,

N T PRIECATE(R DNA NEBENPRIFE RS 5EME, F BRI EIARAE
HIRAVASER U N E S, SAMMEN A= AR, XEIFAHE &K BRI
B, WCEREHMEE, EEMNEERGS, BT EENRNSRIAMEESEE
BREEIR, BUBAWRSEIRAVAE, W, & E—/NHiier2amisg. AR TIEE
KIDAZ BHERE HIFE R, XMRZIEHZRK —1 DNA i REHZE D — I EA
FFe BRI, #lW, ST —"PF5 AGCTCT, CTCT & CT EKEN 2
[ 2-FREXE HIFNR, MARTFRTER AGCTCT I AGCT K4 2 X 2-BELE filsh
RGE], BERERIFEIRA S ANLERAR 3% [5], HATRESH —LEBmI 4,
Blan g A EtE (chromosome fragility) . 47 5K%5% (expansion diseases) . Z&[Al
IR (silencing genes) [6] FIHIETE 2R (rapid morphological variation) [7] &,
K, ZEReMB A EXMEREE HITE RS, MET DNA FENRSM S
2 HER B

EX 12 [EFHE S HHFETERE Cc 2 HilE |C| = M, 15X
EENNMAFRIFAE x,y € C A,

Di(x) N D (y) = @,

TARES ¢ B— DRI ILE ¢ IR k-BRERE IR RAVIHEER, 1ICHN (n, M3 1), 1, IXE
Di(x)={y:y AlH x R&E iR k-EBEXERIFRGE]},  MEBIRNBE, 208
BRE & il RN

2017 4, Jain SN [8] $2H T —MET 7, BE METEEE LRI E EiD RIS
77 ZH IR BB E HFH 1R, R, MIZE 7 —DNENSRMA: ¢ B2
NHYAE SRR R R AUH B T AR IE S R SR B E Mt 1, IX R 3k
MIEWTFON MR H BRI SFIIE, 558, £ DNA 2 7R ERBCERIN, 0
RIRFIEHIRE 1 < g - 1 HUTE, 2B E o BEN 1, =(0,1,,9-1} EHE
MEME R AR R, XERNE I, £, BFHNENMERZN q-1, 18I
5t ——XR, Fealtth, 2 q7e0 RN, XM RIEBTRT DA E AR T
EHEESE, BT, ASCE=80800 TURIERER 1, bE EEATER
PANAR B IS



FBIE % i
1.1.3 #H Reed-Solomon 3

il (Twisted) Reed-Solomon (TRS) #4372 Beelen, Puchinger 1 Rosenkilde né
Nielsen[9] 7E 2017 FFH (XIR LY, T2 RS BRI —FPHE, 32232541 Gabidulin
& [10] RS %, RS #3H1 TRS 15#RZ 2T, RIHE A& MEFE AT LG N —
NN, EERHY, SEFREE, EH— (kRS ¢, HEXATT,

Cr ={(f(ap, . (f(ay) : f(x) € F[x],deg(f(x)) <k},

HA ay, a0, B F, b n DMEAHEBINITE, REN C; BIE1E L (evaluation
point) o WHALEW ¢, AILAERUE F, EATAEAEE k — 1 WZIAES, 1
—/ [n,k] TRS #5 C, AIAEEZ ¢, H2IRYEM, 5 RS BARKE, ©
HITE R R F IR ECR T k — 1 2T, BEEEM, 4% ¢, P— 12K
100 = by + byx + - + by x*71, AIME—XI R —A ¢, FEY— DI

k-1

f2() = by + byx + - + by x4 by

XE 0 NDETERERE, WREOSh<k-11<t1<n—k, neF, IR
2, b, B2 fi(x) PHIE A IRIRE, S b, =0H, f(x) = folx), BIC, #
C, PRI FEEE ST, Fealih, AR A N4 (hook), t F9dnsE (twist).
Lk, fE BRI b, RIDAE I, B 2 > 1A (b, 1, n)),
Htie[/1HO<Sh <k-1,1<1t; <n—kn € Fy, NWFRXARMNZ N DA
HEERIRS T S TRS (TGRS) #5 [11],

RS FH T H RIFHIARENER, AT DAY A9 IE B T 43 B0 1 %5 77 25,
F—DETT Y RS B 77 Z H Niederreiter [12] T 1986 £ HY, H#E
SCHR [13] FIRHBIRE RIRE TIRER RS 1, IR T ISR T AL
2, ERENJIFER, BREFZENXDHTRHITTRE [14-15], HEHEA]
DUBE SR SRR [16] FHAVERXS RS BRI T, HREZ, FX LRk R 77 ZBEh
fiser= 4 [17), T TGRS HS{EA RS BB —FfE, EEEEA —L£5 RS L
FIEFEIMER, BlanfEmEibth, SiEmr (FESESRMET, NMEBMATHE) &,
X HAA—L RS I RE&IRHE, Hlannn@dal ¢, ¢ KIEH| FLRFE ST %E,
X —FE i, BIEESCHR [11] F7, TGRS IR IAMEN Goppa BRI T E,
I FHT McEliece SRSt [18], MM ATRER/ D EH AR/ McEliece RS Z
— R AR RS, NATHEPREREZEE — NSRS EE, TGRS iBE
IFRERSTI R IX — R, TEEA SRR EIEWFER, XREMBHIHTE Y RS 2RAUREH)
Wik, W, AR SIENTF TGRS BRSNS, R HA 1S — S dm
HE A R B EE A B AR,



BlE 4 B

1.2 ERIMAFTIK

TR, NREEIREZ 2, KT RmETSORN H T EdaF e EmidiE, 6
REZWFF TAE, BATTFEFMG A MDS 14, ¢, B & T AR IE =i U
RS W ="177 R TAERIEII9 5 R 45,

(1) g it MDS /9

PR - MDS 13, FRZERETE 1 A RS LI AR IR T 5 R
DU B EE N S B D A T R 2 A, RS9 2 MERUE R [19-21], 24k
Mk [22-23], TGRS [24] ST HBAERBIN A, FZ2 72
IR, AI7ER NN A BRI EAE R G- ) MDS 15, 2 RS HAS DI ]
W, XA ERAIETE [24] HEEH, WITDESHERTTIEIER TEEM AN
q> (I7)) BUARREL L, BURAFE— MREFEH MDS 3, 1632k [25-26] 1,
FALAMEEE g = n+ | AUEAIEEREE K HE 1 < k <n, MATEE T —DRBFE
BHITEIR [n, k1, RS B4 B2, MATTHITTTECOER T g=n+1, Mig>n—170
g # n+ 1 BIEREABE, Song F1 Cai [27] H—S¥ B TIX—4E, AHT/L
MNEE, FIFHZLT Schwartz-Zippel FEEERY /775, UERA T XL IEREE n # &,
AT q > n+ | HER |, R 1< k<, HEELE [n, k], X RS 8, HIZRGRRH
T, (BR k> 30, BRI AN o REEIEN, BT g <n+ ||
R INELE, FRERFETEY [n, k1,MDS FBEUFFEMEES R,

(2) 7, R PR HY

HELZmGHICHIESHITI TN R, By, EhacEE N, #EF
MR ER, Fplex TIXHERE NEEN, HEARGTH(EE (bandwidth-
efficient channels) _EHY%RAS [28] 1 DNA HEHPFEZHFLF4] (oligonucleotide
sequence) HYIRIT [29-30] FUUEAG 2N, MMSE T¥EENINKERE
BT, MH BRI RAZOR- —, BRECITS5H SR HICIETIR
&, MIMHHE B RN CUSAR N BB, 2 ULSCHR [31-40], RUETEmiLHE
e, EHEMCEZE TMARER FIEE-, (HIEIRIIFA, R T IXEHR
BZhh, HAEE MIERIFAZ,

MKT ¢, EE TR, BRERENSFHRIIEBE HRIMEE I, EIENFF
IRV 77 % (rank modulation scheme) 4TI [41-46] WAL ZHIN ., 2R,
REMITNFEEE BN 2 HE Y . 2018 4, Kovadevic 1 Tan [47] Bf
FT % E%£# (multiset codes), EANTEHTEMZAE RS Al REEREEHE
NFIMBRFERIEE, EL b, MR EREAR EE2—D 7 BEE T
TR EEEN, HEEN w=0®m), 1E8) Sidon MM (lattice)



F1E 2 it
EFTH, G M T RS ER/DNERNEN T, BKEAANE, Z2EHEEN
PRI — R AR T R AT NMEAIENE R, RalEN T/ e & /ME K
I, IXEEFRINE AR, (B2, MR 772N A TR KA E & r] ELAY I,
LWNEZEEE, SIeER RIS IEZSE], Jinushi 1 Sakaniwa [48] $2H T —
FET ) X Hadamard FE[E [49] TR ¢, BE NAEEERIAIE, MAIEHR
1B #bx {4236 & (absolute summation distance), FKATAAEARFZE ¢, 5258,
b, XT ¢, EE MESHRENED, Wik, BEATREFRSE,
A BAERAASRI, (EERNTE—PERR,

(3) 41l Reed-Solomon 7% ALKz H XHBRS

il (Twisted) Reed-Solomon (TRS) #4372 Beelen, Puchinger 1 Rosenkilde né
Nielsen[9] 7E 2017 S B (AR Y, IR AE TN FEE NS, Y= 1 N, %
FHIER/DNEE M ERET T Singleton 5, [F, fifi1%5H T TRS fiZikE] Singleton
5%, BI/E MDS #SIFE 224510, FIFIX—4&4F, MITUERR T B TRS A3 50
£E5H, FEKXKEANFMT (GRS B, H—H, fECmk (1] #, iR
TRS FHE 2|7 TGRS 3, H4H THIN TGRS AEAMBE AR, EEXH A,
fiise s 735 A1 F HASIE B AHMBEY MDS B FIL i EAMHE (LCD) 1, HAZH
B, HIXFTEMGEHSRIVED, A]AMSE|—LER5 RS fBEMIIIGSE, B EAM,
1E[50] H, TEEHGH T~ h=k—1Mr=1KW TGRS #3, REMEHENIH
& T L B MDS 8¢ E AHE NMDS #, £ [51]1 5, I18H T (h,1) = (0, 1)
AR (h,t) = (k—1,1) INfHY TGRS 3, I XL RAIE LCD 15, RN, 7£ [52]
o, EERAARNRNRETTE, EH T —5% (h,1) = (0,1) NH TGRS 15, Ffitt
— 3 X LR 438 T MDS 8% NMDS LCD fi3, X LCD fS#H 2 & TR LES
AR, TE [53]1 1, TEEET Beelen A [9] 4 HIHY TGRS 13, #4i& T AENT
RS #SHINLETS LCD MDS #%#1 Hermitian LCD MDS 5, F&2, £ Lt
o, HFRESR R — ML TGRS £, B/ = 1, MixTZNMI45M TGRS
B, MEXRNERIENZ, GRS,

1.3 AXHIEBHRAEFMTIE

A FEZENBIRFERE RIS AT, R HoRN FHA, DARELHER
ettt EEYIS T LU =AM (35 1,

1.3.1  EF/ NI _ERTERFEAR MDS 55

T2 (1) F, FRATALE, W TFEAESS F kK, DU g > 0t [LD),
R 1< k< n, BEERECTAGRY [n, k], MDS i, X5 MDS EHHH ¢ 5 n 1Y

9



1 % i

AR HIRARSOEZE, Ft, N TFEEEE MDS 15, Bl HENERRIE g B9
RFIBOEEN T g > n— 1, EEMAEH, BATE—DRNHE g > n— 1 AR,
b, BE3<k<n <2k N, W T —DREFEL [n, k], MDS 14, H5L L,
EIXAERIRG, SN T FHRENERER ¢, BfEF, BRI —MEARGFEE
BRI kexn BVERE G, T2 G FTE kI TNIEE, X B ¢ IR X E X
N=PNEIES = {S),--. 8}, HF S, ={j<n:G; =0} c{1,2,-,n}o TATE
FEH—DHEER S = (S, -, S} ZENHHRAERENR ¢ FENRTRE, =
DERE 2.4, BT [54] FRUEE LS, AREBNTEHAT REY n < 2k I, i
JEEHE 2.4 RSV IRE S A BN, a5, BATES L DNEIEUER T
HE n < 2k, MNT S I ZICEMERFLE, Bl ST G 7 1E. FELRWT,

EPR 1.1 AEMIEEREE k> 3, # k 2B, WL n < 2k, # k2w E, N
L n<2k— 1o WLEEMAHE q > n— 1 WARERE, £, #EFEE—EAERG
PG REFERY [n, k1, MDS .

X, BATESLRTE ¢ > n BN TIUERATER 1.1, X2t /Lh
GIREERT k Fl n BZ RN MH0E R RAY, XL R — Mg
TR —oTRERE, ESTHEER 2.4 FER S —— XN, e A TR RS
T EEl g=n-1,

N T FEAR n < 2k BIBRT, AT f= £HIE T 58K n = g = p* A MDS
W, BRI, FANFEE Z) 19 k-5 AW (k- 1)-T5 B, HEENHH
RA+B={a+b:acAbeB)E, Z, NETILREELFHIMITREILF
MEE, PABRCRASHIRREGRPER e, BA TSRS LN EH,

EBL 12 WTAETERBEGHE n=g=p k=pPmEF 1 <m<p-1H
0L<e<s—1FRT e= %1 EIXFEN T m =1 7 H s WAUREE, FERERF
58 [n, k1, MDS 15,

HEE, AEH 12, Ye<s-2Me=s-1Hm< 2/, Hn>2, It
N FIREGERAEETETH 1.1

1.32 EF ¢/ EETHRMEED

1£ DNA fZERA T, N T REEZIE DNA 7 FE fld R & A /T BB E
Hix, BAHF T RERS A TG BRI E I ERSR E ERS, Bl ¢, EE NENRE
LA 1, = {0, 1,2} ERYERALHE B,

AR, BAEL ERHEFTERR (packing) FIR]22Hi% 1T (group divisible
design (GDD)) K#iid 7, & T, EEEE w fEE d FEEW, JHHE 7
FEE w4, BEEH 8K OB TR, HYw=182

@ FFIEARD Rz UL https://github.com/ttchenday/Sparse_and_Balanced_MDS_Codes_over_Small_Fields,
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F1E % B
INF, AR B PLA . FRATTAY DTN
1. BEEE w e (3,4} IR EFEER, EacEER/NEE 4 155
Ko, BAIZEEWE 7 HEREF M A, d, w), FH2aHHEMN RIS
Fyig, FTEHAZINTREZXAKR/NA 3 B 2-8H5E [55], FIXHKR/NN 4
HIBRAIL 3-3H 7, FRenlltth, M LTk [(47] R HBVRFIAZSECT A(n, d, w) BY
EFRE S AnA3SE, LS AnA 4 S, DR A 6.4) S 0,
M TEMERNEC A4,3) ~ 2 A(n 4,4) ~ = DU An,6,4) ~ =,
2. BEES {0,1,2) LFEN, RI=JcHEN, & Steiner =JTR [56] LA
M ERARIRERESE, TANTEED TIEER w = 3 FIRINE RN,
M= w =4I, MHGDD, FREDVEUNMIKAIESN, Fflad 7THRATE
ZEEACRAE, TEANXEE/ NS RATES, AR THEMAY BN R
3. ¥ d = 2w -2 W=JCeHEM, BAIEH Alon F ANLESHK [57] 4
A EHFAL R, B2 7 — D —iE, BIEK n 520 KIFHE n =
Lw,—w+2,-2w+3 (mod ww — 1)) I, T THEAEF M
AN, N EE N g TR EM, FATHEBTCEZIE S 7 —MEH
MBS (FRHDY UNC &), BRI T ¢, BE NS HFEER 2 AR R.
IXFERER IS ¢, EE THEEER w NRIUEEERME T —%ER,

1.3.3 1A Reed-Solomon i1 E 3H{EH3

X (77X RS BRI, FATHHR T () H RS i C™ ¥ (ast; h;n) 1Y
PER DA A A& R, 7€ [11] HF, Beelen & AIERA T, 40R TGRS ME(L{E
REGR—DF BFRIETRE, T TGRS FTEXNE T REE AN, FAIHIERMEE
TIXNEME, I TN, ARZEEMAMGHEARE DN ZTRES
BIAT, R ZZ ARG, BAIZIEH T ™M (a; t; by n) SHEE AR
oS, A TN, BT X R, BATEE TR B S
e FERlEY 2 =1 i, FE B XERS/E MDS 8L MDS 3, i ¢ =3 i, Fr
13 EMER R/ NEEAE n—k—2Fn—k+1 Z[f,

1.4 ZARXHVLALRLEN

A HHR R DA A E T 2 A ER R W ENL.5 PR,

BRI, NATAXNIHRYE ], HRIVKUNARNE, 987 7T A
R BIFT

BRI TN EIRESCEEI MDS 1S, AR T REEER MDS £5

Vf(n) ~ gm) FEHIR im, ., f(n)g(n) = 1, T f(n) S g(n) $EAE liminf,_ , g()/f () > 1o

11



BlE 4 B

Bl
AT
TN ARURARS
7

| | ARG T | DNAHE R 5T | ¥ .
| |/ : : |
% |
I SIS e N v | sirecc oo ||,
I N ! o, Reed-Solomon g I
| i DS R0 BERT Kl i B I pei i |
I |
L I L)
__________________________ JL Z S |

#52

BEERY

B 1.5 AFe G

FEHIR TR —ENA, SHTHEER/NMIF, (g2 n-1, XE 2 NEK)
RIS,

BRI o) R PRI RN, AR VAR ERAETEEE,
HEE w <4, 2RIGHE TR EDN I; = {0,1,2) ERTEZETRIE
UHE EMAIMIE; TN —MRAVER w MEE 2w -2, FAEZ#EITE, A
IR EIVA== )/ T T: P15 I Gt As SN

FHPUFEH] Reed-Solomon F5HT EM B, AT H T H#BA BE AT Reed-
Solomon RIS, FHHIFIZAHIEH T MR e A LA E Y B (S,

BLEBES R, ARG T 2 EEITR TIEMECR, HRH 1 rlqE
PR 7 RIANEE— 25 RIBF T AR,

12



F2E AT/ ERIRGTHRY MDS 14

£28 EF/NIENHHRFEER MDS 3

ARESHEME ¢ > n— 1 FIERELL, WEMETTFER) (n, k], MDS i3, Hi
KRN TIREFER G A M, EEMRM, FE2 7 Eah T a5 i
SHHIMGFEIS, PAIEEEEERR, 2.0, FAIELNA TR
FEERSRIRF E m AR, DARARETIEA, fEER2.27 Y, A& RS HVER
IWSHIEN, AEIEH23THAH T q > n i, HRAEESCER TR AL RIS
HJ [n, k], MDS BB{FAERIFE D 451 Fe 2 n < 2k I, THE T80 25 FHO-F i A5 Y
S 24T HaH, FEHBINTERETHENR FNTRERRE, 7
25T, Hq=n=p HkHIHEREN pm i, BAHGE T FETFHEE) (0, k],
MDS #, X—FEFRME TH D n > 2k BRIRGEE D, RIGTES2.6TTHNAE
HAT TRV RS,

21 N4A

MREn-~FH 0 MDS f3RIRE, HAR LZ2IHN—MEBELRAERMERER MDS
PRI, IX B SRAE IR AR AR B B SR B AR 1Y, XM AR R W12 TE [24]
FRETERY, H AR SRR R A AT DU 1S T B B AN B T AR N, 2
/DIEMETT AL [25, 58] ENTRMFEERGH, FEMF-FHER MDS FE RIS,
— /T, HTHESMIFERS RN A5 4B Y R IR T2 E K
[ELE, MRAEA BSERER AT, B MRS BT RN RS ER, KitknT
DABRIR T BB, 55— 5T, HASFRIMGE, AT DACRIE 33T st MY R
SHSEEHBRATN n—k+ 1 NMEET A, BIFrREHNEIEE R/,

HE b, BEARAEREMERN MDS #3A)#, 5102, #E MDS iEZE G F1E
—MNEE AT SRR A R R, 1X A - E 270 BITESCHR [54, 59-60] HHEH
X BT IHE B MDS ISR [61-62] AR EEREE  (Gabidulin %)
MDS WBHHT TR, % G A= [n, k], MDS B3H kxn B AERFERE, Hrbk <,
EREBEANEE S = (S, -, S} TAFHIXNERTEZIE H ) — D SRR
MDS 44k NFAEMEAESFE T C {1,2,-,k), B I +]nie; S;| < ko Dau s
NTESCHR [59] SRR M g > n+k— 1, WER MDS &4F6807, HABEBATE
T BERE R MDS B2 ETER), X MERBHARN GM-MDS %4, FFIKk5]
TIRZZHEWKTE, SUSTHR [63-65] &I GM-MDS J54853 513X Lovett [66]
Yildiz PAN Hassibi [60] 37 IERAE (EFARY, AT HERT T,

SERE 2.1 ([59-60, 66]SMMDSERY 5 ¢ = (5 ..., 5, } B—EKE, H

13



F2E AT/ ERIRGTHRY MDS 14

S, C{L2,.n},1<i<ko ML g2n+k-1H, FE-TF, LK [nk],
MDS 3, #RHAREN G eSS je S, NE G, ; =0z, HHE S
JE MDS &4,

TEXCHR [54] H, Greaves 1 Syatriadi #—2% (& T HA L R A RFEFH MDS
A TEEIRIR, HAE B R R ST SRR b MDS 55, (B8 FRISCR/INAT DA
FAEI g > nS g > n+ 1, B2, ML REE RIS -1 MDS 3, &
Bk, fMzath 7 — SRR B [n, k], RS BBAFFG NS, HAERSER S
RIE R, Az AR ¢ > n BIARERF, £, WRERGEFERF
B S = (S, -, S} T2 MDS Z&F, HAER 1 <i <k, W |n_ S| = k—i,
IBLTFAE—A [n. k], RS BB TEBE], Y i=k- 1IN, A |0l s =1, XEkH
HERERE G A DE SIS k=10, FTUUEY [HED] 5 -1, Bl =k
5 k+ 18, G ABAIRETA, 144 HAIEE — MEE R ELFIHRE ¢ > n+ 1 1
AREE, B, MRNTAE =1, k, A8 <i—1, ALFLE— [n k], RS
M, FRYi<k-—1H, HI|S|<k-2, HIEEESRNEBIER G NERT
), R, 27 ERTR, BANFEEFZIEER S = (S, -, S, ), FHEHATER
— MR- MDS 75,

ZE| PRI E K, AEEBEMRAE L/ NA PRI A IS MR- Y
MDS BRI, EEN TAREE, #E g > n I, SH—DhAdREETHX
ZIEIFRGRRY [n, k], MDS BBETERIFE 3 551, IX—F 0551, #EIT Greaves
F1 Syatriadi FI&55R, FA1E MDS FiX —REURIEUEL LR T — MaE R E Bk
S = {8y, S WAHBMB, EFXNEE, BATELET LA 20 FE
2, BB TR R R M TR, MRS TR R n < 2k Y
G MG TR [n, k], MDS 18, BE—5H, @I RN, Tl TR R o
Fg>n—1, MK n > 2k B, MEEFEE e,s,m, i e<s-2Hm<p-1,
B#H e=s—1Hm<Z FARAFENE A+ B, B (Al = k DA |Bl = k-1,
I T AR [n = q = p°, k = p°m], MDS 18,

2.2 &R

A, BATENH—ELNZRICS. BN, F4H TR A O R
H—LEHR AR,

NFEENINEE a < b, 2 [a,b] TRBEEES {(a,a+ 1, -, b}, BATH—
W1, b1 465 N [blo 2 amodt n FRME—MIEEE r € [n], 1S n R a—r,
i [a, bl mod® n TRES (x modt n : x € [a, b]}o

T EATREE ¢, BATH F, RFRBH ¢ DNITRIVE R BATE (1, k., d],

14



F2E ET/NMIENRGFERY MDS B
N F, LR ne 4EBON k AR/ INXIHEE RSN d IZMERS ¢ 5 ¢ J2 MDS 4
N, Bld=n—k+1, BNZEW d TMEHK [,k

2.2.1 FHRIEFEB MDS 13

B c —"NMERERE G 7 NE RS

(1) Mgkt EE, e HNE—1THESTRRTFEn-—k+171;

@ VHRME: G FINERELR (Lt syp | Mokl
WIFRKERE G AT Y, E A BT 9 42 SRR R R MIDS 5, IR D # 1
[ MDS i EA A, AT ISR B PG HY RS BB IE I — T, — [n, k], RS
2 —FPRFIREY MDS 1, €SN {(f(ay), -, (f(ay,)) : f(x) € F[x],deg(f) < k},
Hir gy, -, a, B F, En PEAMHRANITR, HEAMER.

L PN FIx] H k DENER 1 - 1 2K (), fo(x), -, fr(x) FIERE,
N P BIRBIERE, 128 C(P) 8L C(f1, for o> f1)y, =T kxt [iFERE, HAZE
(i, j) ™MIE FRITTERN £ X TR, B X V1f. R P HEE—-12
WK £, BATH C(f) FrRNIEE f B RETR R,

BE—NEIES = (5,55, .5}, EFNTENEEREE e k], .S, C[n]
HISI<k=1, Zay, -, a,2F, BEBEEN n MARRTTER NTHH i € [k],
E X Py (x) = [Mjes,(x—ap = PioxX N+ p xRt g € F,[x]o TEAREER]
HyHlon, B15—H P RRZWEFI Py, Pg,, -, Ps,, MXHER i € [k] M
JE,k=11, B CP) = ixke X G =(g;)) /& F, LB kxnBFERE, HAR
Tielklfjelnl, g,=Ps@). WA

k=1 k-1 k-1
pl,O pl,l cee pl,k—] al a2 cee an
k=2 k-2 k=2
G |P20 P21 Pt ||dr T 4 n
0 0 0
Pro Pkl Pikk—1 a a, = 4y
=CP)-V,

He v 2H ap,-,a, EXH k x n i Vandermonde EFf, 77 % lE#
P, Pg,, -, Pg TEF, EZAMETER, M de(C(P)) # 0, Ik G LR & FIEZ LM
TR, PPRRERTDAE(ER A [n, k1, RS BHIAERERE, HASERN a), . a,0
BANEW, ERIE 1 [n, k], MDS #5, T FHE—NERKE S = {51, .5,, -, S, ),
(15 S & XK 2K Py, Ps,, -, Ps, 1E F, LREMTERM,

15



$08  EF/NI R MDS 7
222 L iEIEME

BT E—/NFRHIICS, © Mg = (m, ) B—" kxn W —JCHER, Hrh
m; =04HXY je S, TRAm, =04HMNY g, =0, KIHLHENIF Mg
NG WX IE4EE, 47E— [n, k], MDS FBHIZERRIERE G, FATTAT DARE B Y
MR, REEE—NERES = (5,5, .8 ), HEFNFEN ek, B
S;={j€lnl:g,;=0}Cn, BHB/NEENd=n-k+18]H, 875 HK
INRZN k-1, W G 2GR, WS IS =k - 1.

2.3 IRy MDS BBEFEMRIXERLIRFMH

AAH, BATEIERH R AR EERERE S = (S, S, .S}, STEHE
q > n FAREF, BAER k MEMETERIZI, ICHMARE 2 TR P,
Rl det(C(P)) # 0o WL, MRAEE—T, B P& XA G AI{EN— [0, k], RS
FE A A B RE R

2.3.1 WHIEEINEZEANERERHY

HEANTH, Znzk>1, S = {5, ,S) 7 n LB k-1)-—
HINEER, BNTENielk]l, HI1S|=k—-1, WRFE € [k-1], #F
1S, NSNS =k—i PAK[S;, . nSipan-nS,| =i, LIRS TEik T,
i BB E . MR NS =0, NIKS 2R,

BLE—DAKZH (k- D)-—BWERE S = (5,5,, -+, ), EEFRNMTER
lielk-11807, BEZEA=SnSn-nS,, HXNHk-i, FELE
B=S,,,nS,nnS,, HRNFIi, BEARLZHERAR, AnB=g, NT
TEjelil, 25/ =5\4, ANTEEjeli+ 1.k, 25 =5;\Bo T
A={S], .S} B={S], ..} &S HEDRRI| i LRI DH 4 ko T
BEL ARG —BH, BE k—i-D)-—B Y i=18i=k-1H, A
5 BRIBN (@) @ Py NH ATENMZIAIRE Py, Py, -, Psy , Py NH B
EXZIARS Py o, Poro TEXE, WIRKS §' =@, ML Po(x) = 1. 4
FEW RPN ZIE: fo(0) = [Teax—a,) Tl go(x) = [Tep(x—a,)o &G, © QN
ZIARES (X fo, X2 fos 5 fo), O HEIAES (X gg, x*2g0, -+, g0 )0
FEE 9,19, HFENZIHRMERERZ N k-1, TEXLEFS T, FKMGAH A
N5IH 2.2-2.3, AR, KO [M,; M,] R HEESIEEIR R M,
1 M, HEEHE,

5IB2.2 W (k—1)-—FBWERS = (S5,,5,, -, ) BAKWAE € [k—1]
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o <C(P1) 0 ) <c<91)) |
0 C(Py)) \C(L)
W SMEEjelil, © PSJ((x) = ersj,(x —ay) = Cj,oxi_l + Cj’lxi_z 4o
Cji-10 |

Pg, = fo- Ps/ = cioX o+ e X o+ e+ ¢l fo
FILAE Py 1, MR e € [0,k — 1], x* TREN [xI1Ps, = T;ly¢;r X
xXI fo)e BT C(Psy, -, P) B (o k — @) DMILE ERITTEN [x°1Pg,,

C(PS17 Tt PS)

1

Clo €yl S (G 7S BT P [C U 9

_leo e (| O A
co - )V XS X0
C(Ps, ., Ps) = CP)CQy) FILLHARLUITIEGE, EEE cP) =
[C (PSI,---,PSi>;C(PSHI,---,PSk)], HOERH 5 AL N

1B 2.3 FERE [C(Q)); C(Qy)] HIATHIFAESE, FiAlHE, det[C(Q,); C(Q,)] =
[Licaven(@ —ayo

W 2 A= {u, -, u_} 1B = (v, 0} WEE s e [k—iltelil,
B f(x) = (x = a, ) (x—a, )= CooX T e ey AR g(x) = (x —
ay, ) (x—a,)=d x4t d, o TERE £ R g, FTRASTHNESMIER fo A0
go — LM R 155, A, NTE sek—ilftelil, ¢,g=d,o=1, If
Hfici=g=1o

L My =[C(Q)): C(Q)] = [C(x'™! fo); =+ C(fp); C(x* gy -+ ; Cgp)]o T
(TR @S BT RIS T A sk AR R M, BIATHIR. T My B —1TEX R —
M2, BAEAZTRIERRRITEH, N T HEEN, NEE £ e i,
¢ elk—il, Bl RO, TTFATCGOfy), PR Ry FoadT C(f ~Lgy)e R
K, FATEH BT DL TR R,

B, ¥R BN ¢ gRe_; + -+ e pmim Ry = (d gR + - +dy ;1 R,
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F2FE B/ RS MDS 1
FERE] ¢, = 1o BUIIX—{T 0 RIAZ TRA A T

k—i—1

i—1
k—ie1—j i—1-j
2 X T e = Y di X gy
=

=0
=f180 = fo&1 = (x —a, ) f181 — (x —a, ) 18

:(aul - al)l)flgl'

FIHTSEI R,_, SREOBITITHAE, BURKBE, MFEEIN (a, — a, Ndyo R +
vt dy; oRY), HEETEE]

f180 — fog1 — (a,, —a, ) fo&2
=(au] - aul)(x - avz)flgz - (au] - aul)(x - au])f1g2

:(aul - al)l )(aul - avz)fng'

HEERT R, HEATRAUTAS, RSS2

i—1

f180 = fog1 = ), (H(aul - >> fogr1 = N1 [ [ (@, —as).
s=1 t=1

=1

I, BT O gg) ZHH C(f [Tey(a,, — a,), BATHIRAFLE, 45
EFET I (0, — a,) REHRIFBEHATE C(f). MEFHTEA ) =
0,1,,i =1, A x/fo+a, fi = X(x—a,)fi +Xa, fi = ' f1. REHK
{ITA] A — R BIRIATHRAE: NER £ = 1,,i— 1, K, x R, MNEI R', K
g, % RY ME RO, ZOIXIE (IR, ATDVSE|— MERERE M, = [T_,(a,, -
a,) [Cx' f)s -+ s () C* 2 gg); -+ 5 Clg)] o

F 2P, ERFEN M WERSHIEHER My K00, SEATTR E#H
TRSMT: MEE ¢ e li+10, ¢ € lk—i—11, RIVA R, FRAT
C& fo), BAR Rpr FRAT O g BETIXERILE T, ALK Ry,
WATROLT R — D T 22, mEEFERE My = [lejen(@, -
a,) [COFL f); w05 C(f2); CORTgg); 5 Clgg)] o TRTPHFAESE r P AR BEIX
2

o< k-i %o WHRIEHEE M = Temer-n @ -
a, ) [ COM 2 fo )i s C(fo ) CO* T gg); 1 Clgp) 1o BHTIE ST : MERE
celitr-11, ¢ € [k—i-r+1], BMA R, TFRIT 1), M
K R, FTmAT C(x" g BIE R0, BT C(xXFirgy), & SefiftiT it
CroRicizpr1 o +Cppcip Ry =(dy g R+ +dy R BE £,g0— fo_181, RIEXHE
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B Ry j_pyy AREIEATATAE IR Zi;}(ngl(aur —a, Ny gR™ +-+dpyy ;- RY,

153

[=1 S:l l=1

i—1 t i
frgO - fr—lgl - 2 <H(a“r - ays)> fr—lgt+1 = fr H (aur - av,) :

FIFA AT C(x*"~go) EHTN C(f, [1)=1(a, —a,,)) BABCERIRFEREATHI,
WMEBNTEHDN MR O <i+r=2, WA =X f +a,Xf0 RJa
FATAT DA — BRIVATIRE: WER £ =1, i+r =2, K a, X R,y MIF
R' UK a, x R* INE| R L3058 r ARG, BATRILLRES r— 1 HHREIRERE
M,_, BRI HrAERE

[T (@, —a) [CO™ " s COf)s COM T g 5 Clgy)] -

relil.jelr]
2 (k — i) BEEE, BATRAIEGRERE M, ERrvin ME:

(ay, = a,) [CGHFH OO 0D
telil,jelk—i]

T _EIRPERARIFTE TR A SR THIR,  SOER e, ]

2.3.2 REFXZ&ERZIE
TEEE2.3. VNI, 5[ 22 1 230K, 4 S BAKK AR, FATH

det(C(P)) = det(C(P,)) det(C(P,)) H (a, — ay).
ueA,veB

N TR det(C(P)) # 0, FMFTFE det(C(P))) F det(C(P,)) Hh2IEEM, IXEfH
FATEIES LR N S Bk, &N X, C8RIES ={S,S,, S} AR
TR WR S NEALZNER 78, MHFELL, &0, 2 S M MRERER A
BN SWEAT T R. REEE AM B, LA R, R ARBARLZMIEAT5)
K, 8(& A= {o}, WHFEiE, &R, FATA] DAUE BRI M RERERT R Ao
UREEHTIXFERVIRE, BEEINRERY B, RN =R, HEraH-F15
REE (o), MABNFRER— D R24Fey X, TEEF], B S SR =
AlRERZME—, R s 2On DA — B XMH, RS 2 RiFado

21 %S, =(56,78).5,={1,6,7,8},8; = {1,2,7,8},8, = {1,2,3,4}
DI Ss = {2,3,4,5), WS ={5,,95,.55, 8,5} 2 4-—HMEK, RIEL
RESN, S AIDMEEH — R RIFRI X, # S 2 RIFH,

HE b, S BARHHAE i =377, XZ2EN |1SnS,nS;3] = [{7,8} =2 A
M |1S,nSs| = [{2,3,4}] =3, HILFATE S EDFIRERET| 3 WP N FIRERE A =
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28 AT/NE ERREEETR MDS 15
{81,855, 85} M1 B={S,,8}, HAS ={56},8,={1,6},5; ={1,2},5, = {1}
LUK 87 = {5} BT S|nS) = {6}, IR A BALZHIHA] 73,2 S] = {5}, 8) = {1}
FC={S],8)}o A2 BH CEZVFNIAZHAI IR, & EE, SH]
DA R — DN E 2.1 sy X0, AT DAE 22 — XRRIFrE M1 582 (o),
WO RIFAY,

Bl 2.1 B2 s A — SR

T EANE R EE S AR RIF X IIZEM, BATM L2 Z
Bl =X, HEEE—BH, TRUEARNTANERGTH REEA6E
FMAZIAFI M EET R HEHF5 R B RS R TFY], RBRRREN
XA, HAREENSEERS IS SR, FlanE 2. 148 = XRA DUH— 17
H1(3;2,4, 1) FR, HF3ESHEFR-BEBNTEES, 24 252F 2+ 4
MBI ERL, 1 2FE=EFHE—EHF7 R c NAEERSL EES, ¥T
FORFIREHENENIEMT5 5, B0 B, FAVEARIE s & LHEE
HEI4MRAZHABSNTERS 1,

E1 NT—DPREFW (k- 1)-—BWEES = (S, .S}, BHEERKY
RUFI XM, FlTE L FEL,

1. ZXWHIEEE IR, MM FT RN T S H—PMRE,

2. FERSIFINEEENTEERT i € k- 1] TRHF—IR,

3. 6 S MM T E R, 7] DAMEE]— M RIS RN SER R,

e, tR—NERRE MR, AETE, W (o), IBLZEBRAE
NT—"NEHEZmA, Fit, HENPRBERFZE—N 1 x 1 ERFEESTERN
1, Blcqo) =), HATHHN 1,

2.3.3 TRERY MDS BEEMNZIE

ZEE 51 2.2802.3, AN RIHIFTA 2 Al A, SRR S = (S, -+, S} &
RAFHI, AR F, AERIER n DAREITTER 0y, -, a, € F, KEX P, M
AR — MM REIENE c(P), REREI—NER G, ¢ FIEAN— [n,k], RS
MHRVERRFERE, HHHAZIR RS BASHEIEM N Moo BATERXNERELE N
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PATE B,

24 %S =S, .S ) 2 [n EWEGFH (k- 1)-—8&EKE, BT
EMIHE q > n WERELF, &, SHFE—MRBRT (1, k], RS 5, HARER G,
WE G, =04HMNY jes, Bl Mg 2 G HSHEAR,

T2 1ESCHR [54] FUEHE LS H, fEEHRAH T g > n i, [n, k], MDS 5
FAERFE &1, BINER 1 <i <k, BEABFEENZHENL S = (S, -, S, )
RN _ Sl =k—io HEREE], 3 S2 (k- D-—BWREN, X105 2RI,
KA E AT AAE A — A RAFHY X (k — 15k — 25 -+ 5 1) BCER 2.4 ATAEEE
Bk [54] BUEF L5 N —BIE Y R,

BTk, TR N EaE TRk g 3 2.2802.3, PAKERE 2.4,

Bl 22 &S =1{S,5,55S,Ss) ZH 2. 1HEENERE, WS E—I[8]
FRIFH) 4-—BEEE, HEXNMN— R BIFHN_XHR 3;2,4; 1), UWE 2.1, FfTRF
R EME—D5x8WEME G, HGHITRMEG; =0 HHMNH jeSo &
P N Flx] FHIZ XA P, -, Ps,, HHf

Pg (x) = (x — a5)(x — ag)(x — a7)(x — ag),

Pg (x) = (x —ap)(x — ag)(x — a7)(x — ag),

Pg, (x) = (x — a))(x — ay)(x — a7)(x — ag),

Pg,(x) = (x —a)(x — ax)(x — az)(x — ay),

Py (x) = (x — a)(x — a3)(x — a)(x — as).
5 2.2 #1 2,304, FEFE C(P) BIATHIR N

det(C(P)) = [ I - av)] X [ I (as- aU,)] X (a; — as) X (as — ay).

ue{7,8},ve{2,3,4} v'e{1,2}
W ay, -, ag & Fg LEAERIR 8 TR, M delCc(P)) 1E Fy LEE, 2 ¢ =2
Fo (—MAREFIE, HE G +¢+1=0, % a; =0 EXHIR i €[2.8], a,=¢2
NI det(C(P)) =1#0, HAITFEI—1F LK 5 x 8 BAErE G,

¢ 0 0 000
0 ¢t 1 ¢ ¢ 0 0 0
G=|0 0 ¢ ¢ ¢ 0 o0
0 0 0 052€SC4C6
¢ 0 0 0 0o 1 ¢ ¢
HER 247/, G 2—1 Fy LT [8, 5] RS BBIFRERA BEME, HASEH,

G 2y,
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HL b, EERE 24 £ RIR (k — D-—8E&EE S BV NFER, H
an, MMERielkl, £ S, =li,i+k—-2lmod"n, M S={S,,8) 2" E
GFHERIE A AT AR — R BRI =X (152 sk — 1), HAFEHFSEDE
Rl 1, 2, -, k=147 7M. Fit, NTAEA g > n, #FEE—DHGRE
[n, k], RS 8o AT, —RUEHR, MG ARG R — PRI RS 1. N
TRE|I—MEE BT RS 75, BATFRERE—D RN (k- 1)-—8&E S,
1SR Mg BHIRERE LA, AT EREN, WREM ¢ 2ot B V-
(9, BATHFR G Frx MERIR S siAERE Mo B fhE HoFHE, R s 2 B,
NIFR M g 2 REFH,

2.4 BEK n <2k THEFEEAY MDS f3p9441&

AT, BANEHFELER, BEHE 1.1, BFEH T, EEEHE q=>n-1
HUNECF, b, $9FAEMBUTHTH MDS 18, &5%, FRATIEM q > n (BN, RE
25 NT qg=n—1001E0, FTUMER 2.5FMSEINER S H, BIEERIM
BR—MMEHBRAR, REHEMHEHKE o 53], WMEsER 1.1,

ERL 2.5 AMEMIERE k> 3, # k205, WL n< 2k, H kmady, N
L n <2k — 1o ALEETIHE g > n FIEREE, £, #EFEE—DEEMRGT-H
7L BFERER [n, k1, MDS 5,

241 MF (¢ > n) EFREBTER MDS BBFEMERNFNLIE

AN, ATIEER 2.5, BAIFE@ELEMH 2.4 HE— N RIFHF
) (k= 1D)-—BERIE So #a)E0, BATRZEMEE— N DU & x n B
“ICHEME M = (m; ) = Mg:

(P) WFig&ft: M S —(TEETE k- 11 0;

(Py PHIFAE: M 0 SIS SR | LD | Ao, Bidn—o sty | LD |
™o, HH 02 k(k—1)mod* n;

(Py) RIFHM: NERi e k], B&S, ={j : m,; =0} C[n], MEES =
{8y, -, S} = RIEFH,

FEARBERRISY, BAOTRXSY S Mg, E2E], WIEielk), £S5 =
li,i + k — 2] mod" n, MK S = (S,,-,S,} ATUAH—NEKHZE (P) F
(Py) HIHERE Moo THADE—DRINTHE () f1 (Py) MR A B 2RI, i
—/N B LR =S REREIEANET B, FRATTE SEUERR, N T (P)-(Py),
TEFE 2.5 T n, k PIBRHE DR,

5B 2.6 ZHEMNNEREE 0k HHE n> k>3, WREFE—MRG. BT
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28 ET/MEERIRE-F#ER MDS 5
HAFETHT ke xon Bt ZJ0HRERE, M n < 2ko MEON, QAR n =2k, M| k DAIURIREL

MR % S = (S, -, S} Fl Mg BFER, RIFH R, BRI RFIX—1%

P, S TEREMDPERSIEA T, BIFEEielk-1], #7|S,nSn-nS|=

k—i AR S, N Sipn N Skl =i, MRAEFEAMRIA, @ F Kk — i N
o] < [252] [ < 222] <[]

k—i>k—[kT_1]+1=k—1—[k—_1]+2

2
=2 [ ]+
B k- i< [S] MPE, FE k- < [SD] R R ARG, R
P=k—i=b = M|k MR B, BT S {81 = & RATSHY, A M
PEDE kA, ENEHIESEE A0, IXT@.%ﬁﬁﬁk>4En—2k+l,2k+2,
PAN k=4 Hn=2k+3HER, FRANTXEER, 0=%kk-1)mod" n ™
INT ko BEERHE,
a) Fin=2k+1, Yk>4M, H0=kk—1)mod" n=k(k+3)— % +2k+1
(mod n) =2 +1 < k;
by Bn=2k+2, Yk>4, H0=k(k-1) mod"n=k(k+1)—2k+2k+2
(mod n) =2 < k;
o) Fin=2k+3 Hk=4H8, Bln=11 K 6 = k(k = 1)modt n =
12modt 11 =1 <4,
T, ATDURE & = | D] MRS HTA T, >4 Han=2k 4, B
FHr=3Hk>e6, NAF

kk=D] _ [ktk=D] _ [k _@+2k] _ __1
n T 2k+t | |2 dk+2t| T2 7
Kt F &,
R AT, B2 n =2k H k ZEE, B4 n< 2k N

5B 2.6AH1, PERMAFTEZE n < 2k, & n=2k Hk E{%iﬁzaﬁlﬁ
o RNFE—MER, TG 0 =k, MR, M PIRTE LY, HEE
0, TFR kA, ﬁui@@é\ 5 — 100 IXFEM k x n [ HERE AT DU IS G ERM]
LR shhE (0,+,0,1, ., 1) il (1 ), .0, 1) % = RASE|, ERMAIEEE

1 Tk k=1
H2.43/NEH, WIS 2.13,

242 —MRIBKAIBETER MDS iBRIH915

FEANTH, B n <2k, FATRIE S LN IERRIERG-F-# MDS 14
e, BAREIRRE, BRGE —MIERERN Mg, ZMEFEHREMER (P) F
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(Py), BN (Py), BMZIEMEZM H RFRY, (B, RIiGteiRsERN|
BT Mg, HEREFE IR FERRER A RIS (HE TS A5
RE ARG B N0 A, BRI HTTHETERE Mg S22 FHN 1k, X B E HUU
S1H# 2,745 H,

FHEE2.4. UNTTRIHT AT AN, XY n = 2k B, A DUBEIS G ERFNREE Y A 8ok
FIE Mgo (H2Y n < 2k I, IXFHFIERIRES RN, 2R N Tk Mg i
5, EIHEREERIEARZE, Bl k-1, B2 n EARBIER/N, WK SFEH
XFRIETT 5, KBEEE Mg PREYIFEEHNERNE,

HE b, ZIuAEMRREEEERE S RIE, BN R, WEE —H
KEH n BNEN n— k+ 1 WJrEAERBIEAER, © 8RR E RIFS
fr, HFERNBERGEN, (B2, —MEN NG, 8 k, &
ITUERH, N5 Mg B ITIEIREERE, ABAFATAT MES—1TH RSN E, =
FEETENEEARLD, FEENEN Mg DARRRIER BaE, (ER6E
FEREAELL, IS, BRI 0] 2.3,

23 Bk=6UNKn=10, & M¢ 2@t KARE (0,0,0,0,0,1,1,1,1,1)
TERGERENIAFEIN 6 x 10 Bt Z eI ERE, EEE, S = {S),,Se} AIRAAE
AR RO XM (3;1,5:2,4)0 2 i =3, WFAR, TADELESE (- 1) F%E
G+ DAT, AREE (i— 1) R i+ k- 1) FIRL, ¥ Mg LML, EER], i=3
BRI ERS, B S TEi=340%,

00(0 0 0 @® 1 1[11

10/00 0 0 (@ 1[11

1 1/0 0 0 0 O 1|11
Ms=

I 111 0 0 0 O Of1 1

I 171 @ 0 0 0 00 1

I 1411 @ 0 0 0/0 O

=]
IR

C-

K, BAITE ARG ER —1THT, WER, £ ELAafGE A
0 Al LS BN EATHRIENM 1 2He, BEEFH 1 BRSN S0, ENTRIgES
AEERAT. NTMEHM O, RFEFEMAS), XMZIRAZEIA S B RIFE,
HG2IR RGNS s EAMFR =X, HIanFRATR] DU Mg B30 N R
Mg, FHIERIE S" = {S], -, S, } R BAFHY, ROWE R DA SO R RO — A
(3;1,5;2,4),
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1 0/00O0T1T1TT1T|1O0

1 1/0 0001 1,01

1 1{0 00 00 1|11
Ms/:

1 1{1. 00 0O0Of1 1

O 1|1 1.000O0O0f1 1

1 0{]0O1 1 0O0O(f1 1

BE S —REHFHI R 7, BATRKED TR A SXHMAZE A X
B, W 2.3 VN HSKEHRYIC S, BAMEEIP] 2.3y M ERE S #1187 MY
AR RN A =SB, T BN T A B9 ARM—715 5, B SRR L Bilan, X 56—
BR513,5n8,nS; = §/nS)NS; = {3,4,5},5,nS5nSs = S;nS:NS, = {6,7,8},
HL b, (BRI EZEAT, BEEENEN S A RS S H
AR RIF — XA FE R, BT X —XEE, AR 2.3 #7285 — AT S o
518 2.7 CCHRIE) AEEER n> kM aenle S=1{S),,S) 2
Nk - D-—BHREFEER, HAERNRE “XWIE - TMrERGIE p MME
Bjelpl, &S, =la+j-lLa+j+k-3]1mod* n, MXERse[p—-1], AJfE
modt n BN FE XU NES:
() NMERrels], S =, a+k+t=-3JUX,, HF X, C ]\ [[},a+k+1-2]

HlXt|=F2;
Q) MERte s+ 1,4, S/ =la+t—1,I5]uX,, HF X, Cn]\[a+1-2,T}]
E_|Xt|=F4;

XH, Hse2,p-210, N=a+s-1,L=s—t,[3=a+k+s—-2PK
I=t—s—1; &N, IN=a+s,Lh=s—t+1,=a+k+s-3HTI,=t-s
NS ZIRTHTERIE S' = {S], -, S}, Spars -+, S} MARREFH, HAlAS S 4
i — AR R A R4 — X,

TEUERAS 3 2.7 2/, FATEZMIL DT HER DR R ERE Y, N T
FHERI, ¥ S =Sy, -, 85) LK S" = (S], -, Sp)e HITHERE Mg 22— M
WAERE, HHE 1R, A a= 1.

() EFI1H 277, FAURE Ms BIEA, BHRNER S FREEGHTTHE
o MRHREST Spyy, -, S, WHEAGIALGA, N5 2.7 o] DARI M H
T S\S. Wa=1,p=3, HEHE 23505 H5RYMERER DUSE 52 2.71%
2, H MgH Mg\ g &8RN, HAMAH, FIUIEREH Mg I, A7
s =2

(i) HTRANTAFEZEEE S R, BATRE Mg & 0 I EEAER 2.2 (1)
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o, HA o EABE, Mg NEB—TRE-TERE S, Hbiefl, X
HBEATATREEEN, BZk+p-2<n, EXFERT, £iESFHED
RENRKITTERRZ N no

(i) 51¥ 2.7 (1)-Q3) BRI FE—FTre[s—11U[s+ 2,81, HEBEFH 0 AR
2%, I BLA B =AEHI 0 7] LS R B2 S M E—1 T IR
1 ERH, XHE, Yre[s— 11N, JE25RRMNE a+k+1-2, MY
tes+2, 10, K&K a+r-2, BIREMBEHEAM CEMD) HANIE, R
A, Hs=1,— 11K, HEFE Mg (@+s— 1) FILAKEE (a+k+5-2)
HIIFR ) 22T 28 AT AR BT

Bl2.2 B @) 2y Mg PEAME, mE ) 2508 2. 70 A7 130,

SIBE 2. 7I0UERN ARSI EIRGATERIRT S, EEEIA = S{n--nS) =
[a+p—1,a+k=2]=Sn--nSy, HRKNHNk-p, B=Ss1n--nS,, HRNH
B, M S" BAKWELE p AL 7, BRI ATAINEERES X € S I Y € '\ S,
BHEX#Y, SUX=Y2>WAUBMWKNEDNk-p+p=k, Tl ©A
A 2BIRH S 1S AEKE S F1 S BIRIRER, BEMEnTH, A 2B
By, HFErAERK B ZXMAE—, B, MEEse(2,8-2], A RTRIAERK
—RRXB (551, - 1;2,=2;+), MHs=18 1K, ARNNERX
BB =1;=2;; )8 (1;2;; 8= 1), 10 ALK XHN T, HMAEEIF
BH, NEEse[p-11, A AIDANNAERS A HFRRZWETR], & 2.2/ ZIHEH
T sel2,p-21ER. Hit, HEWHTNEHMNA:

(a) I A FRENES O AHERE; sSEFHM, £E S PR IMEENE
ZNEI

(b) NT XM 7 FHENEH 17 R, HPON AN TEIE A T A K
Wi EAERIAY,

BHEM () BROLH, XBEDINTEE S FREMMNNMES, S2R]
DHFIEESE M RETEAES T HII—TEEFHILR, Hll, Hi<s B
i<j<pH, TR a+k+i-2HERE S HAE S H, BS] # 5
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EE (b)o BABMBEXW 7 ATAH A’ £/, REHE 7T WENE
M5 RN YRR SR, AT DARIE R A IX SRR R AR S A AR AT — SR 7 X6 7 7 A
HIZZ AR, XEBMTEBAFR, FL L, MNE 220 L T RS [T
(5;1,p—1;2,8—2;--) AT DAEH, XEBATE s € [2,6 - 2], Bla0, FEiX5kK
B FEIEE, XBEBENE—ITARR—1TEE, £ 7 NE—RE L, &
B¥E, & EEN—TEES THTEFN, IBRERKE - TMEES T
HEG T, B TNHNEGRERFFAL, ]

SIE2.7WAHT, SAE DRI, BMEIIERIGEHERE Mg, FATATLA
FERE G B R RAIE RIS, 32085 BE A R SR, IS — N I
A AERE, X B IR, MELT OGN Mg, FHEHMHERE, HAT
B Z BB EZ ZEELT 08 1, £ FRI/NTH, BATPEEGER
BIEHZ RN A 27, B — MR, RO ESFEEN ZTEE IR, 1%
RERER] AR — RS FBAE SRR B S R B

Ln=2k—t, Ht ekl NH, BARWEIEMRE. REFEFEH kxn b
IR, AT RN, BRIZ K BEE. k NEEINAE T A SRR, R
BN TEHENRE SR [67) FRo AT ¢ = 1,2 RERERE, BATEES2.4.3/N 5
28 BARRIAIE, EHAEA/NTH, BATEE € [3, k] EE, B AL
27, BH=AEE, EHEER S ERER,

Dot M| g | MED | IE R EIIEASE o 10, BLE
BboN0, FEEI—T, HIREEFEZE a MONE 0 2 k(k— 1) mod™ n %, 4
te Bk, ©t=dam+u, EFu=0,1,2,3, WEH

k(k—1) k=5 +(G - Dk ko, 0=k _k 1=2 -2
2k —t 2(/{_%) 2 4(k—%) 2 4 8k — 4t
YRS << MV R gl £ < L RS o = [MED] 2 ke
b= [k(kn—“J = 2 H  IMETER 2.1 A
£21 r{EF.
u=0|u=1|u=2|u=

DYte

2

s[5

PITERAIIB ¢ B — MR 3 < ¢ < SV pioe I D0 = 1 Bk
BRI, HARE RN, R T, 1 = dmt1 Hom < YL

27



F2E HT/NME AR MDS /5
a= k+22m,b= k+22m_2 PAKZ 0 = 3Tk+4m2—3m— 1<ne
LLENIEHERE Mg = [M; M,], HA M, #1 M, &2 §><n M BINEERE, M, Y
FATNNES [k—1],M, FE TN NES [k—3m+1,2k—3m—1] mod* n = [k—
3m+1,n]u[m], B 2.3ZIHE T Mg # 0 I E, HA 0 #ESLEE XN B2 F
ty M g BB RAF, BT DVE AR — AR X (53 5—1, 541552, 242 s 1L k=),
B, AN S 2.7 RSB IRERIEEE Mg H 0,1 I E,
A — DR E R, BRMEERETL 214, BER 240N BRI TIE 2T
17 7R,
ikl 28RN ri=4m+1, H k2B M, IS,
Input: [E&¥%& k.om, HE1<m< % H k ZHE;
Output: — MiFE, RIFHFHEI) TR M.
Ut =dm+ 1n =2k — 1o MEYIEIERE Mg = (m ) WF: Hie31H
jElLi+tk=21H, m;=0; Hie[S+1,kl,j€lm—1+i-21U[k—3m+i—3,n]
N, m,; =0; HRIEW, m, =1,
2 BT 0 BN E,
3Hiels-m+2,5Lj€li-G-m+ D] UK
JEF-2mT 2m+i-G-m+ I, Lm;=0, m;, =1
s Hiel;-2m+2, 5 —mlj €5 -3m3 =3m+i—(5—-2m+2)] IR
JelF-2-G-G-2m+2), 3 -2, &m;=1, m;, =0,
s Yie [g—m+1,§],j€[37k—4m2+m—1,37"—2m—1] AR
JEF -1 +4m =3m— 111, L m;=1, m; =0,
6 Hiels-—m+2,5])j€lk+2m—1,3 —d4m’ +m =21 LA j' €[5 +4m” = 3m,n]
i, @m,=1, m, =0,
7HielS+ L +m—1ljel,s+m— 11K €[5 —4m+(i-35), 3 —3m—1]
i, ©m,;=0, m, =1
s Hie[3+2,5+mljelk—3m+1,k=3m+(—5—1] UK
JEF —dm T —dm—14G-3-DIF, ©&m;=0, m; =1
o MERMF j,j' 2 j €[5 +m k—3m LA j' € [k—2m+1,3 —4m— 1], it
—fT ik LR m, = 1 D m,, =0, FEXFMIE LR 0,1 R, D
mi!j = O L\J\& mi,j’ = 10
w BEF L, BEEMALE [§ +mk—3mlU[k—2m+1, 37" —4m — 1] FHIF—FI1E
&R 22 A0,
11 Return Mg;

N, IHHE 240 E, FRATRIFEEIAEE 2 10900 EE, TEVIGREE
e Mg H, [A, Bl FINE—FIELIGTE a 1 0, FEREIE 2. 1HUTRE3-67 /5, Fi
B1E [BlU [J,0] FRFIESE A a 10, MLE [0+ 1,n] FFISEE b D0, 1E
BHE [0+ 1,n]| = g —4m® —m =n—-0, BOXLBEE b0 WTEY, #F
REMAFEERIRATEIIEES o ™0 BIF], Hit, XFH 5, Eb AT
[E+2,F] 5 [F+1,G - 115 [G,H], 5 [H+ 1,J - 1], FATFZEMNZSF 551 H]
BRj—(k=2m),2m—1,m,m—1"70, MANTEH E+1) 5, WAFZEREE FH
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A B C J

P23 WIHERKE Moo P B FIDRIN PRI T : A = m, B =2,C = S+m—1,D = k—-3m+1,
F=k-1, J=3-3m, N=3-2, WA, PIMRIRBREEbMIE 1, AN, Rt

PR 2Nt

J

B 2.4 B2 1PETIEFRER, b, Beaon R BAD R, R, N T hRA IR
B, eradoniz b raiikeh o MAE, mdaIioRizbBesE o MAE,
flan, fER2 AL, AT 3 MALERKIEAT 0 BSPERE 8T 3 WX
e R BFITR B R: A=m, B=12, C=2+m—1,D=k-3m+1, E=k-2m—1,
F=k-1,G=k+2m—1,H=Z—dm*+m-2,1= T —dm+1,J=3-3m K=T-2m—1,
L=3-m-2, N=3-2, 0= +4m>-3m— 1,
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EEEH a0, M7 M 8T H—H[MAT B+ 1,CJUD,EJu[l-1,J-1]F
HIZFIEE 0 EEISE a.

AR 3-8 AR, BIZGH T 0, 1 ARSI SRR LINL S, ATk 2.1
SHORN05 B NHHE EIRAE, 0, 1 BN EFH NIE—, WELE], £ [C+1,D-1] Y
B—HHFEE m >0 BN, TN TIE [E+2,F1 8 [F+1,G-1] 8¢ [G, H], PAK
H+1,1-2] FHE—H, 1285 j A, 2alFEERE j—(k-2m),2m—1,m,m—1
N0, FIMARYE EARFERERIIE T, FMTAFRZREXERAN 0 W ERZGSRE
HEY 0 BUEEAER, BIRTUBERHEEORI10 RURIA T, HEEEIFREBR AR 0 M2

E—dm+ D =Em—an® + m, TITRERH 0 HOERE

m(2m—1)+(2m—1)(2m—1)+(§—4m2—m)m+(4m2—4m+l—m)(m—1) = %m—4m2+m.

RIS 2. 170 HYSE OFI 108 2 FIATHY, &l — DB R — oo, i
FHIREERE Mg 2 BRI, FHEE 2. 1R RIFTE 5 AR I 5 138 2,709 S a4
1, FFDBARHITAERE M (AR — PRI =S (ki k-1 b1k, by
2551, k— 1),

BEFR, BT ¢ > SR S o p TR RS 1 M .
HL b, RWMEIRERR 2.1 i, BEP—MARZREHEER, REZ
60 1 a BIHERRETCIEAE

5] i

FEIXAPIEN T, G051 < §+2, Ma—1 < §+a—t+2, M a—1 > §+a—t+2o
HYr=k—Vk B—PEEN, Ba=t UK 0=n HERENT, a-t>1, &
EVIRFERE Mg = [M; M), WIE 25005, Hrb My, M, #72 5 xn HFERE, &
AR, AR, BATEER 2.5 FHRFS, 5 M, BN—DE TN
THE [k — 1] IERERES, KIZAERENEE K FITFEHE M XK 0 E2 2
FEREM B /BTG 2R, FERE M, B—DMEIAERE, HERKH, MR 6> 5, N
HE-THNTES [g +a—t+2, % +at] mod* n = [D,n]U[A+1]; WIHR 6 < 3,
MR BT (5 +a—1+ 1.2 +ar— 1] mod* n=[D - 1L,n] U[A], X, K25
BER 0> 2 DU < & 2 1L

AT, BATRBE 0 > 5 BTEN, HREIEEEL B2 RIEYIERERE Mg
ERRGLE RAFE, HF B AT DVER— R (55 5= 1 54 15222, 2425 s L k= 1),
2L, 11, IV, VI, VI FRRE 25N H 0 HH K EXER, 210V RRE
1 H R X8, @ — 205, BATRIETEVIGREERE Mg, B+ 1L,EJU[K,n]
ME—5E&RZHE b0, M [BIUE+ 1,J] FRIE—FZEDE a 10, BEE2.2
B EAFAIE 2210 0 XS IL, T PAKZRTREM TV BB IXIR T (56 325), HMIX

)Y te
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O ——— — — ——— =

B25 SR 0 > 5 PR s < 5+ 2 INIRNAEHERE, b 407, BB e, up', 5 SPHIRR
ARSI 0 I iKY 0 R, B ARSI T: A=a-2 -1, B=2

C=a-1,D=2+a-1+2, E=2a—1, F=k, G=k+a—1, H=k+a—1+1, J=2k—a—iz
K=2k—-a,
BVL, VI Z 20 0 BRI V(EESH) , MITHEHTS 2R MER S, 1
BE|, $3PREMA TSI 27 p=% s = | WREH (S), -, 5,) 0, T s
BB s =k — 1 RFERHN {Sgyq, -, S} Bo FIR 227005 6 B8P 2E 6 < 5 1
(2

R FR2.27, AWM FEEEBIGHE, B2, EIERE3 PN, Al
RESHEL BlU K, n] FIIE—FIESEE a sk b 10, {H[H J] FIE—LHEZ
%0%%&;ﬁ%%%%oﬁ%ﬁ%@ﬂ%@@Hﬁﬁﬁﬁ%@ﬁﬁ@ﬂ,ém
é@%ﬁmuKm$%W§ﬁ%%%0;#EEM&K%%@%@%+LHW
AATHHUEAEAY], SN AT RES BN R AY R, ROy E R E g
I3 2.7, H—HMIGHE [A]U[F,J] P2 0 B9EE FTREAN & DAAMETE [K, n]
XL HAHRDEY 0, isiyZ2, AT DAEHXMAMER AR R4, KA
%22 FE3- 4P AT, HEPITREZ GBREREST,

I 2.8 HiE 22 BAITH, HREARIERGHmTER,

W BATAHIE 0 > 5 BN, M & —2a+1-3 >0, HRMBIELL
52D BANGAEERE Mg, FTDAEH, NSRS 340 AT DUEREE R, AL st
Al DA Ik, R A R AR SR 34 2 n] DUEREE AT, FEE, 1E58 344,
BAFREBEXE IV, ORI 2P 0 BEXE I,

MR8 B bR R R DL WG REFE Mg IR RIRD, TEAEE RIFIEATRE T,
Mg AT OB AER —1TAE% 0,1 OALE, 531 PERERE, Idh ML, E1E
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k22 SEOhce [ MO k- V||, B ORMEIORRE M RS,

Input: FHAC k1, /2 1 e [[20T) |- V|| Bk ma
Output: — MHEE. BT B -8 TR M.

B a=2%k—1t, a= [%],b= [% . DU 62 k(k — 1) mod* ne

2 AEIASERE Mg = (m ) WIF: H o212, MHiclk—a+11Hjelii+k-2]
N, fm,;=0, Hielk-a+2,51Hj€li-(k—a+DIU[i,2k—a—-1]1H, &
m;=0, Hicls+1Lkl,jela=s—1+i-3Ulf+a—t+1+i-Snl, &
m, =0, HRWEH, m, =1; EHROGIE, #2535, Ho <2, WY
i€lk—a+21 Hjelii+k-21N, Am;=0, Hielk-a+331H
jeli—(k—a+DU[i,2k—al N, A m,;=0, 4
i€+ 1,kl,j€la-s-2+4i-SlUlS+a—t+i—5n I, Hm;=0, HRHE
o, m;=1; TRANGLIE, BES 6D,

3 NTERWI ), j, WL j, € la— 5 - 11U[k,2k —a— 1] BAR j, € [2k —a,n], 15Ef%
RATRERRY j, , 76 (2.4 P87 i e m,, = 0FIm,, =1, A
j €la— § =11, Wizk-a+1+j, HXWMELKO,1 5, Bl:om; =1
AR m, ;= 0o

s HEFIWEIWELANSRE: £ [g] Ulk+a—t+1,n] FIIFTEYIEE a 58 b
N0; XEFNFEE o Do BIEURATRER, BB 0; 8B4 [k k+a—1] FHY
FTEGIEREDE b 05 BE (51U lkn] FEE b 0 FECNER n - 0,

s HTERE S+ Lk+a— ] BFIRIRE [5 + 1k BT, RBTERIXLENERF 0 K
EHEIEMEFEYIES a8l b D0, REHEEFHEIW,

o MTHERMI ), j, WL j, € [k, 2k —al 1 j, € [ —21U[2k —a+1,n], EFRATHE
K jy, TE 12, 51 HHRE—1T i Wi m, =0 FIm,, =1, HA j,e(5-2], W
iz j,+2, BEXWNMIE L0, 1 HH, Bl om; =1Hm,,; =0,

7 BESEHEHIKEL TG EE (k+a—1,n] FHFTEYEE a5l b N 0; &
[k,k+a—1t— 1] THIFIEREDAE b1 0; BE [k,n] PHE b1 0 BIFIEUIA]RE
BN n—6 - %o

s MTHEE S+ Lk+a—1— 11 HFFIES [5 + 1,k 81T, RETJARIXLEISH 0
PN E BRI HEEFFTEYIEE a 800 D0, REEHERFHEW,

9 Return M;

[A+1,B] (E—FITEEH a D0, TEREF ML IHAME—, FOYEIKLESSH
a ™0 ZRENLAY, BT SHEME ML HER, FIEN Mg S-SR ZH (R) 0
IR, 1t Mg FEE [A]L[E+ 1,F — 11, [F,G] Al [H,J] FIIF1 RS2 H 0 B9EL
B8N e, u', 6 DA u, TES B+ 1,E] 1 [K, n] FREYFEFEELR 0 FIEE D
AR A, 4, IXEE O I EARAT L 2.5, BT RARTERERE M, ANifE—, X
Y6 e ', 8, u AN A A RVBEWAME—, HEB e+pu' +6+u= 21+ 18370, A,
W B R BAEERA o 5 b A 0 BUMERA, FTRUSE e,6, 4,47, u’ KT u 1Y
B, R, EAMAH, Dl N, AR ML TERE [F,G] FRIFIIEH b
(& a) 0, NAFRIENE 6 B LR (TR,

O<e<a—§—1,

w; =k-2a+t-D@—t+1)<s<(k-2a+t—D@a—t+1) :=w,,
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:(a—g—1)(a—t+l)</l<(a—§)(a—t+l) 1= X,

=<a—§—1)<a—r><ﬁ'<(a—§)(a—t+1) S

(k=2a+t-2)k—2a+1t—-1) . (k=2a+t—-1)(k—-2a+1)
gﬂ,//l < :=Zz.
2 2
Wis 2.9 u<io

WiS2.90EH  SOEE, RiZ u> A, He+p' +6+pu=A+A0]H, A' > u's
W, u> AEKE 2z, > x, WE

Z1 =

(k—=2a+t-2)k—2a+1t—-1)
2

MW <y-z=(a-Sa-t+1)-
=x1—2z,+a—-t+1+k—-2a+1-1

a-t+k-2a+t—-1=(@—-t+1)+(k—-2a+1t-2).

FHa=1t, WHO=n XEWRE M, THESEE a D0, FIEz =u=
W <A =i=xy=y,, Flh. Wali&astt, MNHa—1t+1>2 k—2a+1-2>1
PR S+pu—Azw +1=@—t+1)k=2a+t-2)+1, &E 2 —u LR
Ny =e+64+pu—A, Al k=2a+t-2 = I EXFHER T H e =0, —p’ = a—t+2,
S=a—t+1 AN u—-A=1, XEKE 1 =y,u =z, M:zz,xleo BT
i, FATAI LR Mg ST = — DFRIRMET P HEERE My, EESEE B+1,G]1H
FE—FIEE b0, BRILDAIN, RS (Gl NE—FIFEE o 1> 0; HHAMELE

A M) FREEE a0, HEREIEE b0, M, AL ML E#N ML,
MPXAF AT S g = Ao |

Wi 2.10 5+y+a—§—1>/10

WS 21000 o = ¢ BRI R T W S 2. 9 IER S H P S, [RILER
MAEE a#to RIEE Bo+u+a-5-1<4, Ml s+pu+e—d=A—u
u&fga—g—lﬂiﬂ, /1/<Mlo .JH: Z2 1+1 Elj

zZ1+k—-2a+t—-1=2z,2y; + 1.
AlES]

5+,u+a—§—1>wl+zl+a—§—l

>w1+y1+1—(k—2a+t—1)+a—§—1

:(k—2a+t—2)(a—t+1)—(k—2a+t—2)+(a—§—1)(a—t+1)
=x,+(k—2a+t—2@a—t+1)—(k—2a+t-2)—(@—1+1).
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Xo+(k=2a+t-2)a—-t+1)—(k—2a+t-2)—(a—t+1)

<5+M+a—§—1<i<xT

Mk—-2a+t-3=0, MNEé=a—t+1, 4 =z, =y, +L,u=z,,A =y, A=x,
DA 6+ pu+a-— g —1=x,— 1o RILFANTATE Mg T2 — Do R # R
MY, BTEESE [F,n) PEE—FIEE b 10, BRILDSL, TEHEE [A+1,B]U[F,n]
HHRE—FIEH a ™ 0; HAEES AJUB+ LF-1]FREHER a D
0, HRIIIEH b D0, M, 7R ML BNy MY, NWIXAIER] DS H
6+u+a—§—lzﬁo |

Wis 211 63— 45 BalfTH,

WrE 2 ERH B2, RIEMTS2.9H1 u < 4, AT DRI 1T A E
Z ) 0 BEIXE L, DMERS [H,J] 7RIS —FE 2 e (B, BEH a=b
™0)o BT u A WFUMERETH @RS RN, XRIE T EXER )
ZJg, BANEEFEE o Do WFIECREY 0,

BT, AMMETREZE, EEMERT, EE o N ERNFR, #RZ
WIRFEFEH LIRS HAF, &F o 1 0 FIEA S 0,

WERS+u> 4, ArFE—TH, PRI I F 20 0 Bah2 1+, 15
R G [H, n] FHIPMEYRE, M IV 8850 0, HFBrEEE
& [F,G] 9%, fER%SE, #2/0H b0, Eid WX I a2 1/ 0
%R, &4 [F,n] FEE b D 0 FIEAT URE G HIRRHI VAN BT n - 0,

WIS 6+ < 4, BAHBTZE21081 6+ pu+a—5 —1> 40 SIS, DI IIFI T
2 Y 0 A8 DIAMEX IR T SR D) 0, BERTTFREMM IV HESH € 1 0 F XI5
L {FEE, HTXE IV FREIETFEE o T 0, BANIFREZREMN—FIFFH
10, IR, Bi%HE3-4 5 A01T, BIERNTRE 1> 0 MXE TV B8h3EI 1 2
&, A [AJU[F, n] FEAFE n— 0 FIRHFEE b D0, HES [K, n] HHIFL
TR, Bl 6+ u+e < 4, B A < p/o H—2000H], £E [B+1,F-1]H
IR B PIRGENE a M0, BB AV =y, =x, My’ =z;6 ATl z; > y, = x,,

Bl u> A, X5WS2.9MHF)E, N
H T35 B mEs), R348 0] DIEA R Z00ER G52, MOIERE5E
%o N

3)%1te”k-x/§],k]
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2w HEHT/NE RS MDS
TEXMIEIT a = 1, TAVAH—DHE R 25 BRGNS, T 23, 4
Vi BRI, I £ = k — \/k FIIESEETE 2) . B, EANERISE
55, FAMENZ Vi REEEL, %1 = k B, 5FE Mg 0] DUBCARIAERE, 2 u=k—1,
W 1 <u<|Vi|BRn=k+u thT

k(k—1)=k_k(u+1)=k_u_1+u(u+l)
k+u k+u k+u

Bl a=k—u, b=k—-u—-1UNO=uu+1), SRIEHNEEARE, HE23
HIFIEEHRERE 2 — MBI k x n FERE, HE TR [AE 0, ++,0,1,-+,1) 4

u= 1K, FHEREMEA ST et B u> 2.

k—1
Bik23 B8N [k- \/E] <t <k— 1 HPEERE M, bYE

Input: TERHC ko, W22 <u<| V|, B Vi RRERG
Output: —MiFi., RIFH T e M.

1 B8 n=k+ua=k—-ub=k—-u—-10Kkv= ”(”2_])0

2 MEWIIRRENE Mg = (m )W Hie [kl Hjelii+k-21mod" ni, m,; =0;
HREM, m,; =1,

3 BRI s, 5, IE s, € [v] PAK s, € [k,n—2], TEESE [3,v+2] FIREI—17 4,
15 i FEERFTRERHME 5, <i—2, Wlom,, =1Fim =0, ¥XPML
B0, 1 B, Bl:om =0l m, =1,

4 BEEIFHEFNES VIUkn -2 TITEVIIBEFEE a D 0,

5 AMEREMA s, 5, W s, € [v+1,2v] AR s, € [a+ 1, k= 1], TEEE [v+3, k] F1K
Bl—1Ti, W s, 2i—u, DARem,, =1HIm, =0, ¥XMMIE LA 0,1 Bk,
BI: m, =0 m, =1,

6 EEHSHEBEEFESTIEE a5 b1 0,

7 Return M;
IRl 212 HiE2.3 IREl—REFHIFERE Mg,

R Bk 23 B ES uu - DIUla,n— 1 FHIFETEESE a DO
FIERNNEATHY, XEATHY, BN 0 =u@+1) = u@w—1)+n—a, MHAEARE
M Mg B—MEERE, F—1TNMNES k- 1], B DAER—RRIFHN =X
M wv+2v+Lv+3v,v+4;.), Hfty= @ EREE 23 EITHEN, W
THERE Mg FIAN, XY j 2 AERS [a— 11, [a. k- 1] ARESR [k, n] B, Mg BI%E
JNAANER b, j AR 2k—j— 110, FEE], A [a+1,k— 1] FIFIHELE
BvihzHo, €8 [k n-2] FFHZMITE,

FEHI-65H, TMEES [a+ 1,n-2] FHFIZHP 0 BEES [2v] FY
Ao ERE, B—HRZAUHERBH— 0, HT 2v<a, FHAPHE P RETE
v ROERIETER. HFI 270 H], BmEERIHHERE Mg 7980 LR —R R
R X v+ 2;v+ Lv+35v,v+4; ) n

FERIR2.1-23, BN M BEMER Hil e Baratt, Hg—0
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F2E AT/ ERIRGTHRY MDS 14

BETERE S 1B 2.7, RIMEREF, FANTAFEREIMD BRI IR Fr 1589 i
MM RS B, HARIES ([ 2.8F02.12891ERH, AR E R 1047, AT AEH
HIE 2.1 23 2R T kMl n 22K R Y ETE,

2.4.3 A KAHE TR MDS (3R9191E

£ E—/NTh, BATEEREE n =2k —t H e 2 ¢ € [3,k] UATER, %
H TG RERE M FIMENATISE, AN, BA1FE =0,1,2 (BN, RIE
F2A VNI ATH], X0 =2k I, Mg nlEISIEIRNNMREE A 2R AR,
BRI,

FI3 213 IMEE n=2k H k > 4 B2—MEE, WEEKRS = (S, .S}
W Y51, @8 =lhitk-2; Hiel+LMN, 8 =5+i3+
i —2] mod* n,

il 2.14 LA HBEE2. 3R EINERE S, WM Mg 2o, R
Y,

WEH AZEHER S 2 (- D)-—80, B2 j e [5-11Uulk, 3 - 11U {2k)
N, Mg HIEE jHIREH % —17~0, MATERERIIF, HEE g ™0, A, Mg
e Y,

HTVH S BRIFH, EEEA=SnSnnSy=05k-1], MK
B =S NSynyn N0 S, = 2.2k - 1), B ABIKNINE s 2R
ZTHIEAE % Kerlsy, ERIMANRERKIEAAIN A =(S] =S;\A:j€ [%]} i
B={S;=S,\B:jelt+1Lk} BAKESMFEHERS], AIH AR B
SAVERPIR RIFBI X (152; 5 = Dy G+ L5420k 1), HebEAH
BT R FHE - DN B RS 2R, GaXWm N, flx s 2
RAFH, EFTNRAERE XN G LA+ 12,5 + 25 = Lk = 1), ]

KR, FIRIE LRTT7E, SHENEEN n =2k — 1,2k — 2 RIS,

B 215 H@n=2k-1, 0 =2—1Dka="% TMi2n=2k-2MH,
Ho=nblla="5 MXMHELRL, BEEKS = (S, .5 WTF: Hielf)
N, 28, =[i+k=2]; HicE+ Lk, 25 =[E+i-1,%+i-3]mod" n,

AHWIEME2IS B0 S B RN AR X & 15 + 152, 4
25 & 1 k- 1), TR 14, i, BOTEUTHEL

il 2.16 AT — DHE2ISFEINER S, WM Mg 25, RiFH
Y,

i, FAMDEE TTE n < 2k FHIMBTEE H RFH —JoERE, HHE
B2 4RTH], Y g > n i, MHMNARFREEE RS 87, RIEE 2.5780,
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Fo8 TR RRE A MDS 9
2.4.4 HEEVINMH (9> n—1) EB MDS 3

AN, BATEETFLE ¢ = n— 1 KB 2 ap, -, a,_ & F, 0
EARMRAMTER. FE—TF, o« = 20 f1p = | D] 2 H im0
0 FURUIL, S22 AR, RITHERS [n— 1] BRI —ER
S = {81, Sy, Si), HEEAEE a8 MRNN k-2 RS, HRMAINY
k-1, RES, AILAEN—THZI Py, P, -, Ps, HRIIFH P, A5

SRR G WR,

k k k-1
Pio P11 o Pri-1 |4 a, a, - 1
k=2 k-2 k-2
_ a a a 0
G = |P20 P21 Poi-1 || % 2 n—1 2.1)
0 0 0
Pko Pri  Pik—1)\ @ a - a,, 0
ACcmP) -V =[C(P)A w], (2.2)

HAJERE A HRERE v/ B9RT 0 — 1 FIERR, w = (b1 g, prgs s Pro) o BIE, Tl
IEA G BB, B G E—1T8AE k—110, X4 |S,| = k-1 B, 25174
R k=11 0o T[S, =k—2H0HF, 2K Py BURECN k-2, K po=0,
XEKE G N i THE k-1 0, BOERsEE, HiR, BAIFEE G 2,
Bl G ME—FIEA a 8 b 1 0, XN TRE—F w BRBEALW, FN P H{zE
1E a B b DEN k-2 MZ A, BN FHERIER c(P)A FHERIR], si&F
OHl, kxn BAERE Mg V. &g, 8T G RTBAMEN— [n, k], MDS #4HI4
RCEERE, B G B k FIRRERMETEOE, K00t RFTMHEFE c(p) RIFRIA],

ZZ LR, BRMFBEEES (n-1] EERE—NERS = (5,5, .5}, &
JFEAEFEE S b DMRNT k-2 EE, EREKNIN k-1, HHE Mg 2
IR C(P) BRTH, TS b, XFENERE S, AT DUEd N — D REF HF
MHIES (] b (k- D-—FBWEE S = {S], -, 5, TMER—MEERTREK
B8], MXFEEERTEN/NTHESEMENIEE, BEARREREDT, XERK
T BEIERA,

W3 () BENEFES =(S.S,,,S,}, HEE—-PES S, IR/
N k-1, BATE S THBE NI WMT: HHEE—Di e [k - 1],
BN ERBE AR u, WIS, NnSnnS|=k—-i—-1>1DMK
1S;s1 NS N NSyl =i—p>1, MFRS f£i 4T, HNE S ETER
51 i AR RIR R AT DLE RRTE K, BETIXEE N, 513 227
SRERSL, B 0e {4, u}, WEIFE23tHES7, HIATHIZAEZE +1 6%, 251
H, AIDAMEST NXRAOE X, EEIE A ST ANEREARALE, Al
H), H0e {Au} B, ARPUEE BN DMRIREBRRT BT TR KM
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F2E AT/ ERIRGTHRY MDS 14

HEM 2480057, #HEN 2.1) FH—RBIFHERE HRFERE 6, A]RAE
=Y RBH [n, k],_, RS FHHYAEACFEFE,
(2) N, ARG ERN—MEERS [n] EH (k- D-—H BIFHIE
%S, EREMERIITE i RIS AIAER— MR XMR 7, 1E4
I3 2 78RR EIRY, T BT AR B RRY S — R R R, ITT
RiHEROT: B, tRiBTE5E _ETARKIANEDT 2 UL
b BERR, AN T 895 —FFRER, WS i IR A
R, MNZTH RN T A BIEM S B NEEMIER i, F4]
Al DAEEI—DNMFER S, BRI ER—NS T Eia5E MR = X,
MR, FATVDEA DANETE 2,123 BRIMEBRFIEE TR i =n, HE
BT 3(2), KRIEH 1.1 588

Bl 2.4 (RIZERE S ZH 2.1-2.2H 4 HIUFR G- T8 %R, I, BUTER i = 8,
KEM S HER, BE—PMHNERE S = {S,,Ss}, HF S5, = {5,6,7},
S, ={1,6,7}, Sy ={1,2,7}, S, ={1,2,3,4}, S5 ={2,3,4,5}, WH a,,,a; &
F, EEAERE 7 CR, W dewC(P) £ F EIEF, XEP = (P, -, Ps,},
H

P, (x) = (x — a5)(x — ag)(x — ay),

Py, (x) = (x = a))(x — ag)(x — ay),

Pg,(x) = (x — a))(x — a)(x — ay),
P, (x) = (x — a))(x — @)(x — a3)(x — ay),
Py (x) = (x = ap)(x — a3)(x — ag)(x — as).

Ba, =0 BXHMER i €(2,7], a;=i—1. ME de(C(P)) =6 #0, HAFEI—1
F, /Y5 x 8 BidErE G,

6 3410000
06 341000
G=|00634100
000O03131
30000311

MERE| G 2 F, PR RE, HRERN— [8,5]; MDS FEHYAE AlRE [,

25 BTFNERREHETE MDS 83115

EH2.4TH, BAHE n < 2k BHZIEH T FEEHFEH [0, k], MDS #, X4
SRR T —HE, A REL. RiFHFE0 B R R, B
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F2E AT/ ERIRGTHRY MDS 14

n > 2k I, HSIH 2.6R]K], XENHEMEIFAEE, EATH, FMGH TH
g=n=p" Hn>2k R NE—EEE HPpBRK ZWEEERETLIRSIH,

518 2.17 ([681° %) 2 p(x) € F[x] B— NETRECH L BERN k- 11
2R, NERi,j €[k, x,y; €F,, Wdeti;apCx; +y)) &1 kxkkiFE
FERIATAIES, HEE G, ) AE ERITTERE p(x; + ). WA

%t@u+%»—qu< > I @i=xpo; -
Isi.jsk 1<i<j<k

FEAREE, WE q=n=ps BREBNE-DPRNN L HTEHE AN~
PRINN k-1 HIFE B, 15 F, NENTRAEENIHIRESE A+ B FRIEHN
[@}j‘zl"“‘n“J WENTE a e A, ENESE S, = (—(a+b) : be Bl
NS =1{S,:ae A} ZF, LHFH (k- 1)-—BHEK 2 Px) = [Ipeplx+b),
HXTEMNae A, EX Py = Px+a)e ®P =(Ps :ac A}, FHFEE
MG =CP)-Viay,.a,), T V(. a,) RHF, 78 n NMEAHERNITE
ay, - ,a, EXH) kxn Vandermonde #[%, #IL S HIFEME, FAIHIE G EF
B B, SUOARRIE G BE— k B 708608 0 Binf, AK—MetE, FxAT
WEH G BIET & YTERRE T3, WEs3#E 217015

det(C(P) - Vay, = ap) = det (P(a+ay)

k—1
-T <"f 1) [T @-a)xa-a.
i1 V) igs<i<koata’ €A
I, & p+ TS (). 0 G ME— k B TSI K 0, # G AIE(ER— MDS
R B P A R P

SIBE218 18 kB NERRE, p BEHCI p 4 [T () 4 EALY & = pom,
Hfmelp-11

WM MR B WA, TN T2, R k< p WERAZER, #CR
HBRNTEE k> p+1, D hk—1=mp +m_p" 4 dmp+my, Efs>1, X
FRrel0,s—11HO<m<p-1, AR 1<m;<p—1, WRFE 1 €[0,5-1],
{515 m, < p—2, M Lucas M [69] FIH], 2 i=(p-1p <k, H (<) =0
(mod p), FJ&., KL, ¥ FFEtel0,s—1], Em=p—1, Bfim,<p-2,
WE k=(m,+1)p*; BEm=p—1, Mk=p*t, BHIFHTENR, N

N, TSR R LRI F, 7% AT B, HIF, FRIENITRIE A+B
¢mgﬁﬁ[wlﬂﬁ[W1q,tﬁ@,%@%M%@%M%ﬁﬁﬁm&ﬁ
z, i) s MENER, B 73,
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828 BTN ERIREEER MDS 15

Wi 2.19 AT IR s, e, T [S] <e<so @n=p’k=p'm Hf
me [p— 1o WMzZ5 W—DKRNN p* FZR U, URERFNZR U, B U
RU+U =2z, HHK/NR p~¢ 1E U FIEER m NEAHENITE x|, -
£ U FIER p*Sm DNEAMFEBTER y; = 0,5, Yppe-syo WAL E*ﬂiﬁ
A= U@ + U) B B = U jepesm @ + 0D\ {0}

FEREE2.190, |Al=k H|Bl=k—-1, HT m<p<p™, W p*m< p,
B p* S m NEAMFER U FTER y) = 0,1y, -+, Yype-sy 17 1L MH

A+B= U +y+0+0)-

i€[m),jE[p*~Sm]

— S

= |J i+y+z)-4
i€[m],j€[p?*~Sm]

= pze_stZZ — A.

F, z5\ A HENICRE A+ B HEEY p*m?, T A HETRELN
pm? — 1o Sk, M 219 HIEM T k = n, TEXAMEN FEL A = Z) UK
B= A\ {0} BIF],

i 220 HEEEE s.e, WEO<e< 2] —10 D n=p"k=pm Hf
mée [p— 11 WMz N—PKRANR pH WFEE U, DRERIHZERETU, HAN
HptTel BU — AN pf ITER W, DIRELE U RRRzE W, Bl
WIREW +W =U. £ W FIER m NEARHERNITE x; =0, -, x,,0 WHER
FEHR AU U BEA— DRI pom BIFEE, B = Ui + W)\ {0}

TEMIE2. 207, [Al =k H|Bl=k—1 T 0<e<3 -1, p'm<p™', U
HREE— T KINN pPm ITE, Bl A #1E, T B c U, WONMER a) # a, € A,
H S, NS, =0, WA A+ BC 2z, HZ, "E1ILRME A+ B FEZHI
—W, FXE, BRERIUE, Y s BAEHA k= pC~ V2K, #iE2.201637,

SEEMIE2.19812.20, RIFIEM 1.268537, N TR, FRATERAT,

M EF1.2) NFEAERBEGHEEn=qg=p°, k=pm51<m<p-1
Mo<e<s—1RT e= %1 EIXFER T m = 1 H H s WARTE, FER
B PG [n, k], MDS 5,

EEH 121, He<s—2Me=s5-1Hm< 2, B n> 2k KILEH 1.2%4
H TIRZARREH EHE 2518 BB FA 1 (1, k] MDS e HEK n=q=p' X
BRI/ NBREIRETZI, B me2,p—1], s Eﬁéﬁz k= pS=D2m i, EiRFEAD
FIE )RR
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2.6 ZIKEIL.\—I:I

FEARTEN, FATEIHN g > n, gH—DHESGER TR Z E G
[n, k], MDS B3{FAERIFE D 51F, B TIX MM, EEIRIETRE ¢ > n I, AT
EH TR n < 2k BIRRERT-HTHY [n k], MDS 4, FEZZETIRI LT
k A n 522 T R R SRR SE AT ﬂf)z'iﬁ, P AR T A R
R/NHIRR, BURTEE g > n— 1 BIR], N 73R n < 2k BORRHI, FRAHRH 77—
SEECTERISE A+ B HIRIE, H (Al =k DU |B| = k — 1, XFTIERT DASS
tHER > n > 2k ARG MDS 15, 52 2R n > 2k Hﬂ‘ RS R B A
PRblE, AT HBEERRITI
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FI3E HT o BEMHIRIUEED

E3E BF/ EBRTHSREED

FEATER, BATMNBIEFEE DNA 0 FHRMERE LR, U5 T ¢ 8
PR ER, E£%3.17H, WMNERNNAT ¢ B8 NEEBIRE R, I
AT T, £583.27, IMNEH TRBZEIE X, i85, HERIHHIE
HURHSREER, DA ¢) & FRIMMEFER RV R, £583.3 T, a1
IR E B RN 3 M 4 ROUE EMAIMIE, %34 T, INIFBE T =TH
B, Foplsat TEEN 3 M4 RIUEERNHEHIE, £583.57F, A
i EEEX TR, a7 —REE w R/NEE 2w -2 =Tt EE—
Legi iR, BIGTESE3. 7N ATERAT T A HRATE L,

N T UERAE BZ /RIS IA DNA Ry ATEME, RefB 4 (B4 H T DNA
DFEHIE PR S A EIE ] (tandem duplication), MEZEAR, HH AFIMIER
EHRAVMEERERE < NI T FEAll @A T BEE xR, &ir, —&%
B T ERERE HIZIENS, S WOk (8, 70-73], HREXE, X2 — 1 DNA
FERVEIATR AR R AR BRI, Hlan, ST %1 AGCTCT, CTCT
B CT _EKE 2 19 2-BEREHIEIR, Jain FFA [8] 21 T —HPZmbd 75 2k Bt
FEIREHIEIR, TR eE TN LR ¢ BEE NHE EEFEE ISR,
AR FHSCHER (8] FMIE B ATH], AE— ¢, BE T, KE N a, ¢
HEN w MR/ BEN 20+ 1) NEEBES, HATEEE mk,
I<n<m-—k+1MO0<w< LmTkJ, AT AR X B AE — M E A m, B
REFBAIE 1 (X k-EBERE MRV SERS, K, A SN EE R EEEN
KERNRM ¢, EEHEW, KalUSE|— D IERRE FIEER R,

ARE, FATFEXDE ¢, FEE NIRRT EEAERE, £ [34-35] 3,
VEZ R 4089 (group divisible code) X—5HE R HISH R A]HIL T
(group divisible designs (GDD)) [74] XU T E, R TINHEE Nt =JtH
ERERE, EMITERR S, FATESEHES (packing) 1 GDD
KAgiE ¢, EET, EEEE wMERd WEEN, THETEEZ w<4 T,
R d K o FRABT ML AT —RAT w, FIFEEZEHEIG, 4]
BRI TAER w BN 2w - 2 N =Teh s 7 R/ N 45 3R
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FI3E HT o BEMHIRIUEED

3.2 FA&EAIA

AT, BABMNBESGH—ERERNILS, R, BESNH 7, EE2 TN
WER, DIk —EEaE AR, IFEIHE &R — S A4S SR A E R
KM, DMET SIS ERIUE, RinlH, FATTRA RS 3 S %1 B B NS
Z AR AT, HIEEATDIED ¢, B8 THESEARRE L BKER, NET
KM F AU L FHSE A,

L Zyo TR BEINERES, NEBE g > 2, 7, T ¢ BEIR, XTRHA
£E5 AN B, EXEMB 4 £ NTE A B HFHIAECENREFHTTEES,
N AAB,

321 ¢, EETHEER

MEMRE g 22, 21, :=(0,1,,q—1} C Zypo EX I} A1, L
FTE n KIABNES, —PRENn§ ¢ Tl ¢ ZEE 17 FR—AHAE, C
HTEEMR AT, (ERAEMMEFE u = (u,-,u,),v = (v),,v,) € C, &
N ou % &N suppu) = {x € [n] | u, # 0}, u Ml v ZHEBZ, & ENN
dp (W, V) = ¥ i 10y — vy | OXERHTEETREEIA L), w7, €262 u il
FRIBZFN ¢ BE, Blwt, ) =3 o, 0.l BN A0E, BT
C FHEREMHT u, &8 wt, () =w, NI C BE$ €% w; HXTH CFHY
ERMNAABET u,v, A d, (wv)>d, WHHECBER ¢ EH d; HEM
ST R, WFRES c 2—1 ¢, EE NR/NEE N d % 4, HUR C 2
q 7tHY, MREN (n,d, w), 15, WFR ¢ BT ERET, MWIEA (n,d, w) 15,
NFAERL, NTERETRI €lqg- 1], H—MEF uNIAEZTHIRITEE ¢ 1™ i,
AR w B 2R 191292 .. (g — 1)%-1,

TESCHR [8] Y, Jain 22 AAEREMSLY I EREXE HIHYAEETEH ¢, &2 THIE E
Z BN TR, MI13RBA, B — S ERE A IE « 1 k-BEXEHIFR, 4 H
YA k- HPERSFHY z- 8R4 (zero signatures) , A] IR —1> 7, &
= MR ERR/NEEDY 26 + 1) FIEER (5 SRR [8] FUERE 20), FHE
ZHE, HSCER [8] BIAEIE B AIAN, ARENEMKEEE &I 4, EE T
WEN, KT RME R BREHIMEL, BAERKE n, nEREMEE
=M 1IEHE] n BEIFEEN, AN, MRBANEREE D HEE S BRIESL T
PR ECANEE g — 1 Ik, WK FIRERIRE B Ty ¢ E& T q TTHE
H, FralEY g 729 RI, IXSERE R B AT DAE 9 7P AR 0 B8 R B Y
=%,

SZREMKRNE R, AEF, BATBEE ¢, B2 NVEEBENREKETF AN
[, HTRIMNEABRTHREE 7, B2, BITEER TR ¢, 8KIE ¢, EE,
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FI3E BT ERETHRIUEED

BRAEAE A, — (n,d, w), BEEEBIR BT D EAICH A, (n, d, w), IEEIK
EIROH (n,d, w), BN R MG, KO, XTAERBE 7,0 LRI, A
H An, d, w) KRR KRBT

EARERRIRE D, AN EEE T, B ERIE ERITE A, (n,d, w)
M A(n,d, w) BE, THE, FATRE—LH PR,

ERL3L (@) A,(n,26-1,w) = A (1,26, w); A(n,26—1,w) = A(n,26, w)o
(b) Hw<s, WAM2,w)=An25w) =1l

(©) A (n,2w,w) = [[L]J ; A(n, 2w, w) = ne
q-1

@ % w< g1, M AM2w = An2.w0) = (") Fw>q-1, 0
Agn2,0) = Z)_o(=1Y () (TS, Sete = |4

w—jq q

W ST (), XRENTAF MERSRT > 01 ¢, EEER S
. (b) ISR R T 5 A,

WF (), HIESCATHI, EHTAPAMLUEN w 9T, T K 2w,
U OSBRI ER R, T TFEE 1, 2, LOmE, SIISEA
INGYRIZE DAy [qﬂl] 1, AL,

T (d), TTRABH, An, 2, w) EZE TR KRN o WEH w R &
B, BT8R x4+ x, = w BAETSEUREO N, RS (") A 1T
q TCHD, TATES N RSN EE, 118 w < g— 1, MBFHENE -1
TEBEN w, KGR IR, 5 Ayn,2,w) = A, 2,0) = ("),
MR w>q-1, NBFHOEGEMIBE LHTERZN g— 1. 2 a, BKEN 0,
N j R g TR, B a, W x, + - + x, = j FIIESCEEGRINA
B, HF0<x, <q- 1o BBLRFHI a; B4 REEN

kn
(I4+ x4 +x7 = ajxj.
Jj=0
# ERERETT, A1 A(n2,0) = a,, = X[ o(=1/ () ("7, 2009), Hefr =

HE '
HEM 31 H], N EAEEN w WEER, BIMNAFEZEHET 4
2w -2 Z AR/ IMEEE,
3.22 HAEKIT

RE— N _Jt8H S =(X,B), HEF X B2—1NERLE, BE L X T4
B£E BHITTEMRANR A, WK S Z2— DN | X|. XN |B| B E5%,
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F3E HT 7 EETTHRILEER
—NE GE—NEWK (V,E), HP ERTEXHEZ VY 2-7&, VI E

N dg(v)e % 8(G) T G ME/NAEE, MR—DPEF, FRTUREE —%
WiER, WIRZENz2~BSER, BE V] =n, WA K, RR. HE—TH
m DN EAE TSR FEY] (0, 0y, 0,), WRETFHEiem-1], §
{v;,0;41} € E M {v,, v} € E, MFRIZFHZ—DKEN mHIE,

LK B—HIERENES, BE— TN n WEIE (X, B), HNEMXA
B e B, #iF |B| € K, H X WE— -FEERZEET BI—1PMXAH, N
FREE (X, B) 2— 1 t-(n, K, 1)-HEFE, 4 K = {k} I, BMTAE k MiAZE (k}o
— t-(n, k, D-EFEFTRER R B KX H MR N 73k, 188 D(n, k,1)o G0R
|B| = D(n, k,t), WIHF t-(n, k, D-EFE (X, B) BRag, H—HH R x T
— - FERIBHFHIE—NXAF, WFRE -, k, 1- %3+, SRR 171 4
t =2 H k=3, XFH2-1ZTH XHIULE n RTS8 =T 4, 184 STS(n).
t-(n, k, D-EEFEHI#) 2B (leave graph) 2 —MEIE (X, E), HF E H X BIFTER
HIME XA - FEESR, T r=2MUN k=34, Sr=3DUN k=4,
N HEFEER O A5 eifE, WKk [55], HAMAYFRIEREBE S 2, FHAE
FHEAIHENTABESEH

BIML3.2([55]) AHERIFESn, Hnz5 (mod 6), 8 D(n,3,2) = [g [;IJJ ;

2

=5 (mod 6), B D(n3,2) = [g [”2;1“ — 1, BN A R R A R

NKEEN 4 FIFEFT n — 4 DIIST S H R,
1B 3.3 ([55]) MEBEEE n, FHne {8,9,10,11,17,19}, N

n | n—1 —
[z {T“ ~1, n=7,10 (mod 12),

S [
41 3 ’ -

£in=28,910,11,17,19, HHMIHEFTE Dn,4,2) 7514 2,3,5,6,20,25,
518 3.4 ([75]) SMEEFEXR N &

D(n,4,3) = { H [nT_l I{n;zszH ) ﬁn Z0 (mod 6),

B[] -0)] #m=o oo
#E— M=t (X,G.B), HH (X,B) B K n WEE, ¢& X K—
LTRINES, HRETRBTER X —MRI2, ¢ PRTRm, #
(X.C.B) RN =5%M () MENXH B e B, #F |Bl € K; ()X Y
BNREET ¢ AN, —ERFEIE—-MXHS; 3) X PSS
TR RO —EANHBHEE XA, LM =TTH (X, G, B) Z—PHh n
E@ﬂﬁ?ﬂ&ﬁ (K'GDD)O QD%XM}_% i=1,2,--,s, G EP‘II/_:]\;Z,YF% a, /I\j(lj\yg ¢
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FI3E BT ERETHRIUEED
fRI2H, MICIZ GDD WIALA g)'gy” -+ gy'o FR—PHN 1" HFi2A n i) K-GDD
AT ik it, 188 (n, K)-PBD. H5E E, — K-GDD 2 —1 2-(n, K, 1)-3H
7&, M—" (n, K)-PBD 2—MN#i/E X HIMERE—DEOaEF HIE—PMX A
1 2-(n, K, 1)-1&1t,

IR 3.5 ([74]) AE—EEE uw >3, — MDY 3% /Y 3-GDD fFAERI T3 4%
FEM R u=1 (mod 2),

I8 3.6 ((76) HEEREE u >4 m > 0, NE—DEBEH ¢ € {2,
6, 7, 9, 12, 15, 24, 27, 36}, FRZE (g,u.m) = (2,6,5), PAMKAIRER) =JT4H
(g,u,m) € {(2,33,23), (2,33,29), (2,39,35), (6,13,27), (6,13,33), (6,17,39),
(6,19,45), (6,19,51), (6,23,63)} F124 g € {6, 12, 24, 36} N m > 04p, — I
7 g“m! B 4-GDD fEEY HAVY m < glu— 1)/2,gu=0 (mod 3),gu— 1) +m=0
(mod 3) PALZ (g”;m) - u(‘g) - (';) =0 (mod 6),

NTHELUEMEA, BRTAEN 74, 9% 9%, 274 F1 39%! [ 4-GDD 4b, ixLE
CHOERREAE, WSCHR [74], FATEIXNJLZEEIRR) GDD, HR4ES [ 3.6 HE
ITEERN T L ERATT,

#Hie 3.7 NTEIRNES um, A

D) Bu>6u=0mod3) UMk m=2 mod3) H2 <m<u-1HK, BRE
(u,m) = (6,5) PANATRER (u, m) € {(33,23),(33,29),(39,35)} IXLELIFHAN,
X E R R AR u,m, TFAE— DR 24m! 1 4-GDD,

2) — MR 124m' 19 4-GDD FEYANYE LA u=3Hm=12, B2 u>4
AN m=0 (mod3) HO<m<6(u—1)

(3) —/MNEH 15*m' 1Y 4-GDD FAEY AN YZE 24 u = 0 (mod4) Hm = 0
(mod 3), 0<m< (15u—18)/2; B2 u=1 (mod 4) Hm=0 (mod 6), 0<
m< (15u—=15)2; B2 u=3 (mod 4) Hm =3 (mod 6),0 < m < (15u—15)/2,

@) MEE u >4, — PN 244m' (1) 4-GDD Z1EY HAVY m = 0 (mod 3) H.
0<m<12u—1),

(5) WMER u>4, — PN 36"m! 1 4-GDD FEH HAY m = 0 (mod 3) H
0<m<18u—1),

©6) ER 67, 61, 6'130', 6!230', 74, 7'210', 9%, 9%!, 93, 96!, 27%, 2749l
27° F139%! 1] 4-GDD 17 1E,

TEABENGEE T, REARAIE, NFTE# &EIR 4-GDD 5] 24
FEHEIL3.7 FRERE,

46



H38 BT/ ERFRRREERD
3.23 EREKRS ¢, EETEEBHER

BATE B R IuErIER, B he—4HRE, 1) FRFTERE u M [n]
HIFTE 5 supp(u) Z [RFAE B AR —— X R R &, BIt—P=Jth ¢ c 1) B
XERLT—DNEE (X, {supp(u) : w € C}),IXH X = [n] MEZ], X THEEMNNAFE
R u,v € I, ENZERIEEEDN |suppu) A supp(v)|o R C 22— (n,21, w),
i A2 HEEWR MY T u,v, B d, v) > 2t, Bl [suppu) A supp(v)| > 2t, X
FRIHCMIXERZR R NREZN w -1, LR, X BEM (w -1+ D)-FHRERK
ZHITE {suppu) : u e C} F—PNXEH, HI (X, {suppm) : ueC)) 22—
(w—t+ 1)-(n,w, 1)-E7,

T, BATENA ¢ RSB ER BT RS HAEZ AN R, EEE, £
B ¢ TTHE u Ml v Z BIRVEE & Al AR

d(u,v) = 2w — 2 X Z min{u,, v, }. (3.1)
xEsupp(@)Nsupp(v)
MELF, Y g =20, FXHTIBMAN |suppu) & supp(v)|o 5 TehHIE ISP,
FORFIMEREREEE 2¢, W] supp(a) T supp(v) BIRZERK/INABEREIL w—1, FTRA,
ITE—NEIEN RS, BRI FHFR 28 UNC &4,
UNC: 4=k C & —A (n,2t,w), FE#&, N &k (X, {suppw) : u €

A

Calsupp(u)l = T}) 7%"/1\ T_(n’{waw - 1"”’1}’ 1)_—"’75\‘}?47 '-?H\’_‘:F' T=w—-t+1,

FERE, MMARNET, EIINSCENARTREMER, N, JRAEUMNER
KNEINT w—t+ 1 INASEZAEXMIEN, mXEEEASESEER,
WEE w=3, BENI=2HMNMEF: 0,1,2,0),0,2,1,0), ENESN
(2,3}, Whr=1, Mw-r+1=3,

Ak, ARHE (3.1) AIH], NSRRI/ [supp(u) N supp(v)| BT w -1,
W u, v, FAEZTCH, &/NTTERARER K, A, NRRER/NELF 2 w-1,
AR (3.1) BUSRFNTRAH Y B e/ IMBEFR AN 1, QNSRG4 S5 — Rl B o, BP
TERIMUN 1, WEAMERTPUZ A w — 1 A ERAEAME, XHERITESEH
HAERE BB EE TR L E LR, JEE RN —R. AT XAHBFEAR
FAE ERIEEIE, AT ¢ THEET a 5—1F% ¢@) = {(x,i) : x €
supp()Hu, = i} € X x [qg— 1] MR, X8 X =[n], NTHELFS, FA]
WHE pu) I (x, i) B x;0 FE L, B EBEES 2B —LE—8R 0, MM
13 (X x[g— 1], {¢(u) : u € C}) B (n,21,w), HZAEH KRR, KNEF
ANA g t B w BB AIRES SFBARFE AR E R, N TRORTIE, ENERIRE
BT, BATENARX 7 afl ¢pu), FENHERZERIN SR, flan, Fi]
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H3F AT BEETNNRINEED

H—1(6,6,4); HEM C c I, HPEZEMHT 210100, 021010, 002101 F
100012, i, FATAT LS EAHEIRN {15,241}, (25.31,51), {32,4,.6,)
{6,,5,,1,}, BEATZ [6] x [2] T8, MEANHIEEE 7, WRTEMIES (n],
FATERNIERIZ X 2—DAN W WEFES, Bl z, %,

TEARBERIRI D, FEADEHLERDN, B @ E 2F LR D AL FRIE
H, MmAERFTERT, FUA—RENT, BAOTRERINER z, RERGTEL
W, MARZHIES (0], HHS z, BTER-TEARRIN T, flan, FA16—
™ @,4,3), 55 ¢ c1f, EPAIE MBS 1200, 0120, 0012 F1 2001, =&,
FATE— 4,433 5 Cczyx(2], HFEFHN (0,1}, {1,2,}, {2,3,}
{(3,,0,}0 FH L, CAIFRIRNC={{(0+i),(1+i),) :i€z,}, Bl C Al DUBELEE
Z, AT {0y, 1,} IS8R 1R E], FATFROXAERIIES {0, 1,} AT (K
AR, ZIXMIFRIELR, SBATREHREFEMBE, FBATRFELE—1
ERINEREET (B—HEET), st DUBE B ERSEIFTEET, X
EHE I PR WA — gt B REEV N7, SRR
F/NMBIREREY, N T HEZA, ERIEEE, BATREIHATE SR R 1
FER, MARIIHFERET., RS, FEAEEERTHETFRISE, [ERK
Ant ML E _EAEETT,

3.3 IENEHMIEMEED

AT, BATEIRIE Z,) LEEN w <4 19, FENR/NEEHE 4 < d =
2t < 2w—-2 LA w = 3,4 I, HHIE An, d, w) BITRDME, 55 1, TATA POESFE—1
EEBUNEE R g > w+1, BB A 7y ERVEEN w R EEEA] IEIEZ 1 g7t
1o IEGNFRATITESE 3.2.3/ N HOER B, 8- (X, {supp(u) @ u € C, |supp(u)| > 7})
BN (X {w,w— 1,7}, DIEFE, HEWNMEF, BENKENRZERNE
BT w—1, WeEMESMARACE LRI N EZ TR B &/ MEARER KR,

3.3.1 w=3EEL LAMEREE

NFEEN 3BT, FAEMER: 3 112! DIk3, T w=3, &
HEEEER/NEE d =4 B, =2 =2, NEHAEEETE
X PR IR A2,

5138 3 CCZ,xZsy B (n,4,3) BEDY HICY NENHN KM
IDAYAS

(1) XF cHArETDN 1P g 12! 97, X BE SR — 2-(n, {2,3), 1)-1H
Fo



FI3E BT ERETHRIUEED
(2) XTF ¢ FEEFM DT u,v, %5 i € supp(u) N supp(v), N min{u;,v;} = L,

WEHH AEA, (1) FTH UNC 2415320, ) iR 3.1) FRVEE ARG H,

otE. B () TR EERIMMEE, BIIXERZR—PMIeE, HEA]
TEAZHIE, WEHEEE RN 6; #HRZMIE, B G.1) M%E ) rTH, F AR
B 1, WMEEEN 4, N

5P 38R HEH A(n,4,3) B EFL, BRAHEMN 2-(n, 3, )-EHFERI AT 1524
MRS, BT,

EM39 A, 4,3)=Dn,3,2) + no

W 2 x, y 1 z 2 BIFRRE 13, 1120 #1130 BR8N ek, H5 3 3.8195%
(1) AT,

x < D, 3,2),

ORRNELA 13 IR FR R —A 2-(n, 3, 1)-EF8, B35 [3E 3.8MI4&HF (2) A4, A
FAEM ST w, v, EENE—DMIE i, w22 My, > 2 AN, K, @
HEAEES TR 2 13 HERRE, mIE

y+z<n

W AM,4,3)=x+y+2z<D1,3,2)+n, H—FH, FNAJMIE— (n,4,3) F
EHiY C AR MN— DAL 2-(n, 3, D-EFERIFTER N 13 ST, BHE NE
AR 3 I, BEIIE |C| = D(n,3,2) + no N

3.3.2 w=4MEERELAMKMEE
STEEN 3 LT, FELMEA: 14 122! 1131, 22Ff14', A1k
ZEd=4WHEY, HKNr=2DKr=3, KLUT5IHE3S8, HCcz,xZ,%
— (n,4,4) BEEY BACY T HEH =KL
() XF c AR 14 8122 BT, HR B E SR —1 3-(n, (3,4}, 1)-HH
Fto
(i) AT Cc HMEENMEF u,v, £ i € supp(u) N supp(v), N min{u,,v;} <2
(i) AF ¢ FEEMMEF u,v, & {i,i'}) C supp(u)nsupp(v), N min{u,,v,} =
min{w;,,v; } = 1o
FRo RIS 5 (B 3.8 R UERH, TN T2, (i) PTHI UNC £fh4aH, (i) 1 (i)
A 3. 58], EEAR, # |supp() nsuppv)| = 1, MER/MEEZ 2, HE,
G0 |supp(u) N supp(v)| = 2, NBXFRML B _EH)E/IMEEB AR 1, B3R 3.1) A
H, NTHEEMMET, BAINRERNRZ N 2, A1 ().
RAE IR FE D LSRR, BATRILAFZE (n, 4,4) F BB R L
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FI3E AT BEETHRIMNEEN

EPE3.10 A(n,4,4) = D(n,4,3) + n(nz—l) .

W 2 x,y,z,a f b HIFOREN 14, 1221 22, 113" F0 4 ARS =N
& (1) FA (i) B4,

x < D(n,4,3), AMa+b < n.
HZ&MF (i) F1, T E—Fuec, FrAHZE v, > 1 M u, > 2 EFX (i)
HAKER], X T, RIS
2y+2z+a<n(n—1).
ghe PIRRER, BAE

nn—1)

A, 4,4)=x+y+z+a+b< Dn4,3)+ >

+ n.

FERE, S0 4 822 T, 5REEAR 172 URZ 113 Wi TEEE
D4, ZRERIET A () +n Do BENTATDHE 1 (n,4,4) HEI C 1
T MN—DERAR 3-(n, 4, DEFERIFTEER N 14 ST, BHERATERLE 22 F1 41
RS, BHRIE |C| = D(n,4,3) + U 4 n, ]
YR d=6H, =3P =2, H UNC Z&MHM 3.1) FHIEEE A AT
H, B CCZ,xZs BN (n,6,4) BELY BACY FEIFHNEARL:
(a) AT c mATERDY 14, 122!, 1130 1 22 Wy, HELEEM—1 2-
(n,{2,3,4}, -7,
(b) NT Cc FEEMMEF u,v, % i€ supp(u) N supp(v), MW min{u;,v,} = 1,
T 3.1 A(n,6,4) = D(n,4,2) + n,

WER YERERER 310 XHIFFS, IRIESME (@) F1 (b), BATE
x < D(n,4,2), UANy+2z+a+b<n.
RS
An,6,4)=x+y+z+a+b< Dn4,2)+n.

AT A IE— (n,6,4) HER ¢ R MN—NRAM 2-(n, 4, 1)-EFTE RN
AR 14 s, BB a DN 4 S, BSRIE |C| = D(n,4,2) +n, R

EABNRIRE D, BB E=TTHEN, FEEEMENARIMEE RN
SR,
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FI3E AT BEETHRIMNEEN

3.4 =EEDE

EATH, BB EER w =34 NR=JoHEW, HFMEMAER M7
BRI Hw=3N, AFHEJ=4WEF, RMGEHTHMREIHKE
B, Hw=4N, R/NEREJ=4806, Hrfd =4 BESIEIRES LA
B T d =6, FARMMA R A2 TN &I HIAIE,

3.4.1 BFEREEN w=3 NBRMA=TTEEBMNE

AN BATHERERN 3 W =IJrHEN, HWNEFERAEE: 15
121, Mg =48, Hrt=2LUN7r=2, R UNC &M 3.1) FRIEEE AT
A, B Ccz,x[2]1 B (n,4,3); HWEMLY B Y NEH DS

(1) NT c HATEET, HXEEEME—1 2-(n, {2,3}, D-EHFR,
Q" NTF ¢ FEEMMEF u,v, i€ supp(a) N supp(v), W min{u;,v;} = 1,

BIBE312 Ay(n,4.3) < [”?”JO

WEHH 2 x Ty 2 RIFREDN 13 0 112! iRg M, B ) 1@ AT
M,

3x+y< (;), ANy < n.

A N RS RGN E T8, BIFTA XA SO EORE Y (D). &
—AREREHFITE 2 HIIUEL L A30n,4.3) = x +p < | T2, .

6
MBI 3,12 (RAEAHAT AR, % y=n 80— 1 1, BFHARERE LR
EERINBAIE T 08— 1 MR 112! BRRAN Q) T, TLRITA
FIRE D AIEN 2(n. 3, D-BOE, MAEEIELY 1° (9655, @350 1) 1%
o WESEA 2-0n,3, D-HGERIANE |22 | = ol |22 | — g1, BRI
S 3. 1270 A,
TR 313 Ay(n,4,3) = [”2+3”JO

6

WERH B STHSEE 3120 K, FEBMAFTEEH —MEE] LRI
RIAl, BHWIUE, = n <30, BARGZ; AT n >4, FATRAEE —MIXE] L
B (n,4,3); HER C 4R,

M n=1,5 (mod 6) N, FE—TK/NH "2_?++2 1 2-(n, 3, 1)-EFE (X, B), B
FIFIRE H— MY n—1 BRI — N RHRK [77], © X = Z,_,U{o}, H1Z
BN (0,1,2,,n—2) BXLC BIFREN Z, U {oo}, W C FTHAT NREFAR: X
H—NX4H {a,b,c} € B, ETH 13 WESF {a), by, ¢, ); BN n—1 U, H3i
(n—=1) MDY 12 BT {01, 15}, {11525}, {(1=3)1, (1 =2)5}, {(n = 2)1, 0, )
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FI3E AT BEETHRIMNEEN

¥ n = 2,4 (mod 6) i, TF{E—DAR/NN =D gy 0 (n — 1,3, 1)- &1
(Z,_,,B), FXLL, W5 3200H, (Z,_,.B) 21 STS(n — 1), B C {y%
WREN Z,_; U {o}, W ¢ ATHWITFHEFHR: N8 —1PX4H {a,b,c) € B,
F3ERN 13 RS {ay, by e ); HIRL {0}, MXE (n — 1) NN 112! Bpg 7
{0y, 001}, {15,001}, -, {(n—=3)y,001}, {(n—2),,00;}o

24 n =3 (mod 6) i, Colbourn #1 Rosa[77] (PAAZ Colbourn #1 Ling[78]) UERA T
TFAE— NI 220 19 2-(n,3, DT (2, B), HRIREHFTERE i) =21
(mod n) IXAERIX FHI N, HY C HYAEFREEDy Z,, W ¢ ATEHAN RPN NE—
MNXA (a,b,c} € B, MERA 13 BIBF {a), by, c}; HEERE, #43En NN
12V IR {01,150, {11, 2, {(n =2)1, (n = 1)}, {(n = 1)1, 05}

% n=0 (mod 6) I, H5[HH 3. 201K, FF1E— N A/NA % i) 2-(n—1,3,1)-
3 (2, B), EFRIREE—DNEERN 4 BB o -5 DML R. A%
[EH (0,1,2,3)0 B C HIAFREN Z,_ U {0}, M| C AIEHANTNEEFHM: MNE—
NXA {a,b,c) € B, TERH 13 FBF {a), by, ¢ }; HA {0}, HE—NELR
13 BIRSF {1,,2,,00,} Al (n=5) DNE 112! IEEF: {45, 00,1}, {55, 00}, {(n—
3)y,001}, {(n = 2),,00,}; HHEN 4 (I, EALNER 112! BIBEF: {0,,00,},
{0, 1,}, 125,31}, {04,3,} Al {3}, 00,}0

THEHATRRIERS ¢ A/NEEHEZREIA], XERNEE, MmN TFEE,
HIET R HFRENER, A2 RIE, ]

N T EREE 3 3IERH R S E AN EW, AT R n, AR
REIBF

3.1 Yn=6RK, A4;6,4,3) =9, MIFEE—TIREN 2z HR/NH 2 W
2-(5,3, )-3H7E, HXHALEEN 024,134, FERE—1 4 KOE: 0,1,2,3), H
AR Z5 U (oo}, MIRTTSEIAE R SACAEANT :

{01,21,4¢} {11,314} {1},2),00;}
{02,001} {01,12} {22,31}
{01’32} {319002} {42’001}'

Hn=THK, A37,4,3) = 11, W—PREN Zg U {0} HR/NN 51 2-
(7,3, -7, HXHALEEN 1400,2500,0300, 135,024, FIREE— 6 KAIE:
(0,1,2,3,4,5) BUEFIRA Zg U {00}, NIRTISEIREN BRSO :

{11,41,001} {21951,001} {01931,001} {11,31,51}
{01,21,4,} {04, 1,} {11,2,} {21,3,}
{31.4,) {41,5,) {51,0,}.
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Hn=8M, A;8,4,3) =14, W—1rREN z;, HR/NATH STS(7), HIX
LHEE SN 124,235, 346,045, 156,026,013, BULGFAFRA Z,, NIATISEIMERN &M
AR

{1,214} {21.31,5:) {31,41,61) {04,41.5}
{11,51,61} {01,21,64} {01, 11,31} {05,004}
{15,001} {25,001} {33,001} {4,001}
{52,001} {6;,00;}.
Y n=9K, A509,4,3) =18, WM—1REN Zy HK/NT9 #2-9,3,1)-H
78, HXAEAGHEXH 035 B 2o (FHAERK, FIRERN—1MKR 9 WE,
HRS 28010 Zy, WIRTASEIRE N SRS T

{0,31,5;} {11,41,60} {21,51,71} {31.64.8;}
{4,700 {51,811} {64,01,2} {71,1,34}
{81.21,411 {0y, 1,} {11,2,} {21,3,}
{31.4,} {41.5,} {51.6,} {61,7,}
(7,8} {8,,0,}.
4 %n=3 (mod 6) N, TG S —FRIAEAIMIEN o u=n/3 >3
e NS, W3 3.5R]H, FE— 1D 3% /Y 3-GDD, 129 (X, G, B).
MNFE—DCHIIAE G = {a, b, ¢}, FATATLUFRI =B 112! (IREF: {a), b, ),
{by, ey} Fl {cy,ap}, WOXMBZFEE n D, BRI, FrAXERSy 1121 1) n M
¥, BEAMN BIENETERDS 1P T, ME— MR (n,4,3); FERM.
H b, BREREIRELN 34 3 3-GDD g — MK/ 2% [ 2-(n, 3, 1)-1H
7, ENFEIRER o« NMREDN 3 @ (a,b,c) I, HAF {a,b,c) & ¢ FH—D
H, FHiNEEE 31352 n=3 (mod 6) FEAHE 2-(n, 3, 1)-3EFE, BASE TH
RNV, ABFIRERRIB AR RAGETS, Bl Ta] U E AR — RS &
(R
FEZF|, GDD HUFIRER —EAHRRBIE, N2 IRTTEY,
KN FATR] IFE B HE] A — DAL, TASBINMNEFRE BRI, F
an, fE bmEeiEE, JAOMES DN RN 3 A B T — P&t (3,4,3); #
B, X—RIBIRERCHA, FUTEsIH 3.6 AT TFER GDD FIEMES
R, FTHARATELEG DA LB —DNRICAEERIAT, FATRAE T —/N e
%7715, 1813 4-GDD RAGIEEAL (n,6,4); HEM,

342 ETFAHAHIIRITH w=4 NRA=TTEELIIE

AN, BAHEER 4 =T ER, HINETE =R 14, 122!
2%, BT w=4, BAFHEJ=4H61IEL,
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FI3E BT ERETHRIUEED
Md =48, EEHN4WEELE Z,, M I ENE-X51Z, GEEEH
113 A4l RS, R EEE 310IERFR R IR EAE, BRATEW REEE,
EH 314 A3(n,4,4) = D(n,4,3) + "=,
Hd=6K, Ht=3LAKr=2, RH#E UNC HF 3.1) HFIIEEE AFKA]
F, 5 C 2 (n,6,4); HEMY HACY RHEH DAL
(@) AT CcHTERE, EXEEEGWH—1 2-(n, {2,3,4}, 1)-EFR,
") MTF c FEERMEFE u, v, & i€ supp(u)n supp(v), N min{w;,v;} = 1,
HIXPRN S5, BATATDAZEH A5(n, 6,4) B L5,

Bl 315 Ay(n,6,4) < [@J = Un)o

WEH 2 x,y, z 2PAIFRREDN 14, 1220 F1 22 RSN, BHERHE (o)) DA
2-(n,{2,3,4), D-HFEHE X ATH], XAFESHROSEAGERD (), A

6x+3y+z< <;>
M () FTHH, TEEM—DIRLE, TTE 2 &2 REHIE—METH, Hit
y+2z<n

SR BRI A301,6,4) = x +y+2 < 2(3) +3n - ) < |12, '

W5 #H Ay(n,6,4) =Un), WX z, BIADY 22 (RS MCEW FIER: 4
n=0347modI2)N, Hz=0; ¥n=25modl2)f, Hz<1; Y4
n=1,6,9,10 (mod 12) i, B z<3; UKH n=8,11 (mod 12) I, H z <4

B E, B9 3 SHYIERR, FxATAT GRS BR

-2

12

% n=1,6,9,10 (mod 12) i, FATH Um) =220 35253, Mx+y+z<
Umn)—1, P&, FIt% n=1,6,9,10 (mod 12) i, A z <3, HEMHERBA]
KIS,

TEA/N TR ERE Ty, BAPEE TSRS S 3 3159 LAWY (n,6,4); &%
i, MRIEE 425 VAR, FATERIH ERTFELER 4-GDD , Hia A RIS E|
TN, GDD & —4RIIEKEN n RIS, #, FEKEBBEF MO Um)
MEEEREIFEEERN, Fit, BTELEERIEL,

1) ARSI iE

BAHEH A5(1,6,4) = 0 = U(l), A4;2,6,4) =1=UQR), A;3,6,4) =1 =
UB)— 1K A5(4,6,4)=2=U@) -1, Hn=>5N, BEFEERH, ~FE
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H3F AT BEETNNRINEED
BEFENECH 4 1 (5,6,4); WER, {H21100, 10012, 02020 X =M5F A F L —
N (5,6,4); 1, T A5(5,6,4)=3=UB)—1, Hnel6 111K, A;(n6,4) =Un),
RN Y S UASAIE AN T o
518316 XEEne(6,11], B A3(n,6,4) = Un)o

WERH XHMER n e [6, 111, MERME C AR,

Mn=6N, A56,6,4) =5, HE—DREN 7, 1 STS(7), HXHEEH
124,235,346, 450,561,602,013, Mtk 7, FflZ5i 6 ARFTEE S A 6 XA,
AT RPN XA, BILREITE 2 2alETE {0,1,2,5) XYM AEAR E, BIA]
BRIYNESY 122! IS, BAIAE AN (3,4), AIBREI—MDR 22 (T, 28
k, ARG C AT,

{00, 11,31 {12,21,41} {25,31,5¢}
{41,5,01} {32.4,}.

Bn=TK, A57,6,4) =7, ZE_LIAHEHHEN =TTR STS(7), FEE,
Z=IJCRAIH— PN EXH 013wt z, BHERSEIFTE X4, Muiihd ¢ Rl
B {0,, 14,3, ) 18 7, fEHZE FRBEASEE

Yn=8MW, A58,6,4) =8, I C AlHETF {0,,1,,3,) B z, EH
X FRIEE SR,

Yon=9M, A509,6,4) = 10, RIFES DA SEAE (b)) ATAN, AR 22 (IS
MR Z R 3, HtE 2 fER— MR LR 2 HEEHIIE — NS 7, @l
B 22 RSN, BATAISRARES ¢ 4R,

{01,1,,21,3;} {0.,4.,5,6;} {7,.8.0,} {3,,6.,7,}
{51,71,2,} {41,711} {11,81,60} {31.81,5,}
{21,41,8,} {32.4,}.

Y n=10H, A310,6,4) =12, LNRIE C FTH— (10,{3,4})-PBD &
HEESEICE 2 FMNEBERE, W,

{00,11,21,31} {31:51.9) {21,618} {21,42,9;}
{01,41,51,61} {11,65,9:} {12,4,71} {25,5,,7,}
{01,71,81,91) {32.41,81} {11,5,,8;} {31,64,7,}.

=111, A3(11,6,4) = 14, WN&RIE c FliESHHEVEREGEE], 0
I

{31,61,81,101} {11,9,101} {01,31,5,}  {05,81,9;}
{21,31,71,91}  {2,,51,107} {4,,71,10,} {4,,51,9;}
{01,21,41,61}  {11,5,65} {0,11,7,}  {51,71,8,}
{1.2,,8;} {11,32,4}.
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Yon= 128, HEUEMOCERE LR ua2), BAROT,
518 3.17 A3(12,6,4)=U(12) -1 = 16,

WERH Xn = 121, Um) = 17, &AL (12,6,4); FEIEN C, RIESI
HE 3 ASHIERE PARE SATE, #5 |Cl = U12) = 17, MMM z=0, x =5, y =12,
AN ¢ HFERS 14 F1 122! ;g HEM—1 2-(12, (3,4), D-EFE
(X = Z,, B HTEMNEN 14 F 122 T, EXER55EE 6 fl 4 N A
A, MSx6+12x3=66= (), B Z,, GRS REFEE T8,
HIZEFTFERE VB, RIUEE, B |ICl=U12) =17, MERE i€ Z,, °
x; ToREN 14, BEEARR i ERTRIEFIE T ML R, 8NN E,
HXEBHEET =186 i AN, HEM (@) H, AR RN B AME
[, HTEE i WANEE 114, BATE X, < [%J =3, BELITEFELRN 14
) 5 MEFHAEZ TN, FIE

x0+x1 + "'+X11 = 20.

BT ¢ ATEREY, HXERKEMM—PRERE =B 2-(12, {3,4), D-
WS, WA i BRE1L = 3x, + 2y, XE y, f5H2ADy 122!, BAEAbR b
FITCRAERIL T N IR, x, WFUVAEL, BN 1803, BLj=1.3, &
d; AR x; = j B i gL, WA

dy + 3d; = 20,
{ dy +d; = 12.
Ktk dy = 8, dy = 4o RE—R/NE, AT x = 3, B C FEE=EF {04,1,,2,,31),
{0,4,,5,,6,} PAX {0,,7,,8,,9,}c HT d, = 8 dy =4, WM—ERE TR
i €[9], 15 x;, =3, W—HM, R x, =3, H—TES (10, 11,} HTFEH
BRI EE 1, XIS T, BATEEFRE— DAY 14 (R a0t
C /1, 15 x, =3, FJE, KA ¢ FEFET {1,,4,,7,,10,},{1,,5,,8;,11; }o
N THIR x5 B, BAMFHR—DMEHN 1Y ST, Wkl c FE4E 51
RN IRSFE T, T, W A5(12,6,4) < 16,
N, A E—DNARINA 16 IR Co
(31,7,8,,11;} {4,,11,,0,} {1,,5,,7,} {7,,10;,4,}
{21,61,81,101} {11,2, 115} {01,51,65} {31,51,2,}
{1.,3,4,6,}  {61,11,,9,} {5,,9..8,} {1,,9;,10,}
{01,21,71,9;}  {0,,10.,3,} {0.,8;,1,} {10,,11,5,}.
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F3E HT 7 EETTHRILEER
2) 3LTF 4-GDD Wi &

BTk, ZENF4NE L, FATEFIH 4-GDD FIRFE B LR S kA8 &/
FAEIREN U(n) IEAL (n,6,4); HEE, FENEBROT: A2— 1M n 6
4-GDD, HTHENXHARHSEN 478, THEEERENMITIE,
W MIZ GDD B NX A%, #AEEI— MR 14 BKE 2 ST, X+ GDD
N, BRIZHEKNA g, MBATATE — N EARE A IZANTT R RIL (g,6,4),
1, REELINESEAERIANR, MWIREY RAKES n 196; HILA
IXFERE A AR S B E RS, fEIXRTTER, @i &0 @) &1, RIDLVE—7
(n,6,4); FBER—" 2-(n, {2,3,4}, D) 7, REHZEMH @) H, FHTE2 7
YRR, RS MIEB LREE - MEFEEITE 2

RE LIRS BB ERBERE R, EERIERAERABIA/NEE FR
Un), HHWEK n BHTEIEERE, AR S, N T mAX—~, JATTIEE
RREE EBUAT AN 4-GDD AR RIS K R U RS AEE, BARZER
T FEEMAHSCEE, A MEH 3.18-3.20,

(1) R4 4-GDD, 47E IEEEEL g FAETEEE  m, S0 LA (ERE R u, Y
N g“m' 1 4-GDD YI1F1E, SRR IR (g,6,4); F1 (m, 6,4); FERSIITFAE
PE, BORATRERT DAMFIE, 3N n = gu+m WRILASHIELEN, BifEie3.78]
A1, ¥ g=0 (mod 12) M m=0 (mod 3) N, FFEE KM 4-GDD f74E,
R ERFTEAR, WalDASEIFTERBE n 2 n=0 (mod 3) BIEAI,

(2) BRIEAMYXE ., 24 g =0 (mod 12) fl m =0 (mod 3) i, RETH g“m' By
4-GDD /2 R&FH, HILN RIS HIEE n #E n = 0 (mod 3) A%, N
T RENEE FHARRIIY 4-GDD #41& B S AT A KB RIS, FRI1T7ER A
PO R BRI — e NN s BIERATTRR ZE1E 4-GDD FY s FR IR ¢
NN, HP =182, §154-GDD MENMEILEX r PN, HIAIX
BELH AR N AN — DN EIER (g +1,6,4); B (m + 1,6, 4); 5, MG EES
KANn=gu+m+t=t (mod 3) M,

(3) RUFRRERS, 47E LR 1 > 0, BTNV HIEE IEEHIERE (¢ +1,6,4),
e, FAEY > o, RATKATENE, SN 58SMNENITE
%, BXEHMAEST —HNTIN QRERIE) AR ¢ DR
I, B8, =120, BEA®) AT, HBAREEEFIELIRERN
REESHEITE 2, HR, HEM @) AIH, Hr=28, NVIEFEERX
A, RNRECLEHBINE D SR R, BfE, X REFRITR E R 1%
Bl BRT =2, HINFERERZR—MNAE—SFREM NN RS
FINSZ SR ), &N, BEE u AR, RZEE2ME, HEREHFES
TEPRECEID, ARYES 3 31SHERERIH], HEFA/NEIZ/ N T Un),

57




F3E HT 7 EETTHRILEER

HEF LA ESHT, BATE DR =GR EERME: Bl = 0,1,2, XN
n=0,1,2 (mod 3), EBIFMEREARA T BIFRER A E B ARIEM IS AN,
M2 ZAEREE, BATHERZIR, B i EiR,

a)Yr=0

EIXFIEN R, BA T AN g“m! 7 4-GDD NFFE nifiE n =0 (mod 3),
MIERAL (n,6,4) 15, BREMDHIE n FEE/ N,

EM 318 BEE BN ¢“m! ) 4-GDD, HA g =0,3,4,7 (mod 12), Ul
R A(g.6,4) =U(g) H A3(m, 6,4) = U(m), W A3(gu+m,6,4) = U(gu+ m),

W 2 n=gu+mo BE N g“m!' 19 4-GDD (X, G, B), HA |X| =n,
BANGIE—1 (n,6,4); B C ¢ X x 2] WFe NEPMH G € ¢, HIE—HEIL
(|G|, 6,4); 18 C; € G x [2], HRIZATHIXMERIRS 2R, EER], BT
Co BRUE X x [21 I—NFE, B, EBZELAHRIAIR, MMEEY &
R (n,6,4); 1. 2 Cy NH B FIENXHAFAERNEN 14 WATELFE
&, B cy={{a;.by,c;.d} : {a,b,c,d} € B}o WAEBRIE C = Cy U(UgecCos) &
= (n,6,4); W ME—Hl, HT% g =0,3,4,7 (mod 12) i, &) F /M
¥, AIEH c AN,

|ICl = |B|+u-U(g)+U(m)
(g — 1)+ m)gu + gum g(g+5) [m(m + 5)|
= +u- +
12 12 12
_ gu(gu+2m+Y5) 4 m(m + 5)
B 12 12
_ [(gu+m)(gu+m+5)

2 J=U(gu+m).

HMOERASERY ]

FERE, ETH318H, WNRILHE (g,6,4); A/NERH, FLE, M4
g=0,3,4,7 (mod 12) 5, HHIESAIH], —DNK/NEE| LR Ug) B9 (g,6,4); BBH,
AFAERN 22 RS, R, XARSH ¢ MR 12!, FlUug) -—g MR
14 BIRS TR [R I8 IS AT B AT BRI A0, SRS T B A SE FE R R T R IR 2 —
MK, NEAGITFESE T —MXMRE RS,

Bl3.2 —NKINK UB6) IR (36,6,4); BERTH DA R EAS 7, B EHT
L6 5 36 £, HAEREUE IR DURIR 2R,
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FI3E AT BEETHRIMNEEN

{2,,11,,20,,29,} {19,,22,,26,,27,} {0,,19,,23,,29,}
{1,,10,,19,,28,} {3,,10,,13,,33,} {8,,15,,16,,30,)
{0,,9,,18,,27,} {6,.16,,18,,22,}  {9,,14,,20,,31,}
{4,,15,17,,19,} {2,.4,,23..35;}  {2,,7,,22,,30,}
(2,,16,,17,,28,} {2,.5,.6,.21,}  {1,,2,,12,,14,}

(61,7,,9,23,)  (21,,24,.8,) (24,,29,,18,)
(31,35.,27,)  {1,,31,,23,} {9,,35,,28,)
{01,314, 75}

RIEHEIL 3.7, Hu>4fm=0 (mod 3) AR 0 < m < 18u— 1) B, 1FHER
H 36“m! 1] 4-GDD, HX g = 36, PAKMI3.2 HIERAL (36,6, 4); §5, WNRIFERM
(m, 6,4); ARG, NMATEH 3.18, BIRSEHCEN n = 36u +m FERHE, I,
% m 7 0,3,6,--,33 (mod 36) FIFTERKITH, n=36u+ m HFEINEF 7L
FRFE n=0 (mod 3) FIEEEEL, FATH AT AMSRITE KER/E n =0 (mod 3)
ERAEEE, BRT MBI TY u < 4 B, BR 36“m! 1 4-GDD RNEEM SEHI/N
EEKITIERE &,

b) =1

FEIXFEN R, BATEFIF 4-GDD, @it 44 H S EFIIN— MM &, &
RENSNMHIEHEZEXN A, RWERIE, B RFEEIERA, FIFE—
MR (A) FIERAL (n,6,4); 15 Co IXEMERT (A) F8RYZ: |IC|=Um), HCH
16U E n—1 NS 122 RS T, RSN 22 IR, HARmFIELSh 14, 5
FE, AE%n=1,6,9,10 (mod 12) B, 5 c A EBG MR (A) HEXNIEFTH
FIREANZE, A TUEARX—R, REEEEY THXNELBOLN, n iRE
IERIZEERIAT: (U) — (= 1)x6+(n—1)x3=(}), MATEETHEENN
MEBN (). EREE], 513 3.16HEAHE (10,6,4); HEAER (A). T/
[EEER, TFEIEIFH, ST H—DNEAMR (A) 1 (13,6,4); HE,

3.3 EEMER (A) WL (13,6,4); BAED I EIERER], 21300,

(9,10, 11,,12,} {61,7,80,12,) {21,31,8;,11,)
{31541951’121} {11’51’71991} {01’41’61’101}
{01,14,24, 124} {5;,11;,6,} {04,11,,7,}

{7,,10,,3,} {1,411} {24,5,10,}
(31,61, 15} {1,108} {21,61,9,}
{01,8,5,) {41,7,,2,} {31,91,0,}
{81,9,4, ).
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FI3E BT ERETHRIUEED

N, BATEEHERRMEEAT, 20 BEEE RS 4-GDD MRS IR
M—DEIMNIR, FEBHEPRMA— AR (A) NRLER. #it 3.715HH
T, Yu>4. m=0 (mod 3) LA 0 < m<6®—1) K, BN 124m' 1B 4-GDD
AR, B g =12, DARBBIFEEMR (A) USRI (13,6,4); 15, WRELE
Bl (m+ 1,6,4); FRE, NMAEHE 3.19, BIASEIFTEE N n=12u+m+ 11
B, AN, M m+ 118 1,4,7,10 (mod 12) ATERFEICH, BRENH A JE
w/ANEGL, BAMERTDASEIFFEKERE n= 1 (mod 3) &I,

T 319 REFEE—N ¢“m! )4-GDD, HFF g=0,5,8,9 (mod 12),
REE—TEBEMER (A) ERIE (g+1,6,4); i3 H A;(m+1,6,4) = U(m + 1), N
Ay(gu+m+1,6,4)=U(gu+m+ 1),

W £ (X', ¢, B) BN g'm! B 4-GDD, HFF X = X' U{oo}, FAIT
FE—NEN gu+m+ 1 FREES C ¢ X x[2]1 80 R, NN g H G e G,
FE—DNEB MR (A) IR (g4 1,6,4); 18 C; € (G U {o0}) x [2], 15 C;
g MR 122! WIS EH IR 2 WS AELIRE G L, MIAER (o) L NE
MAMBPH G e G, £ Csc(GU{c}))x[2] BRI (m+1,6,4); fi5; X
B G e ¢, FTEARK C; B X x 2] I—1NT58; £ C, Nl BHE
XA RIS 1 FERTFES. W C = C)UUgecCs) C X X [2] 2
— N (gu+m+1,6,4); i, HK/NH

IC|=|B|+u-U(g+1)+U(m+1)
:(g(u—1)+m)gu+gum+u.(g+1)(g+6)—6

12 12
(m+ 1)(m+ 6)

o[
_gu(gu+2m+7) 4 (m+ 1)(m+ 6)
B 12 12
| (gu+m+1)(gu+m+6)
B 12
=U(gu+m+1).

Hh® - ANER ATHU(g+1) = % B3] iXH ¢=0,5,8,9 (mod 12), N

o)Yr=2

TEXFIBOUR, FATEAIAH 4-GDD, J@d 48 H AU B IR DI A, F
RENSMHEHERIX— 50N, RERIE, MO0, FATFE— e R
(B) FIBA (n,6,4); 153 Co IXEMERT (B) $5/Y2: |C|=Um), H C TIRITFHE n-2
ANEDR 1220 RS, —NEDR 22 (RS T, HARETRIEIE N 14, R (A) 26

60



H3F AT BEETNNRINEED
L, R n=2,5 (mod 12) i, 14 ¢ A BEGMR (B) HEXNMIEFTHIFIRED
ZZE, KA 22 M E, MIERRRE ARG SE — &L, NHMFITH,
T — 1 EBAMR (B) BY (26,6,4); HEH,

Bl 3.4 BEan NEET, U—PEEMHER (B) &L (26,6,4); 15, ATHE
[EF5 (06 12 18)(1 7 13 19)(2 8 14 20)(3 9 15 21)(4 10 16 22)(5 11 17 23)(24 25) 1EH
EIX SR8 FARN, HAPEEYUEFT BT AR TR, RS, /£1%68
o BAE NN 22 (RS (245,25, )0

(3,,9,15,21,} {4;,10,,16,,22,} {1,,7,,13.,19,}
(0,,6,12,,18,) (5., 115,17,,23;) {2,.8;,14;,20,)
(4,,12,,19,,25,} {0,,10,,19,,20,) {9,,12,,16,17,)
{81,171,181,25;} {41,61,8,,9;} {3141, 17,244}
(7,,9,,20,24,} {21,519, 18} {21,7,,10;,21,)

{1,,21,,12,} {20,,22,,17,}  {1,,5,.22,}
(5,7, 145} {5,,19,,3,} {0,,17,, 15}
[24,,25,}.

MRAEHEIL3. 77 R0, AMEREEEE u, JETEE I m, /2 u >4, m =0 (mod 3)
DA 0 < m < 12(u—1), HFELERLN 244m! 1) B4 4-GDD, N5 & 3.1925(0, F&
(TTRTIEE IR NS RO IE B RS, BRI, B g = 24, DANGBIB AR ER
TERR (B) BISRAL (26, 6,4)5 15, ANRAETEERAL (m +2,6,4); HHHYIE, M AER 3.20,
RIRSZITE KN n = 24u + m + 2 BUSRAAS, AN, = m+2 35 2,5,8, - ,23
(mod 24) FFTAERFEICH, BRENH » IEH/NIEN, FRAER ERIE K E
W n=2 (mod 3) &AL,

T 3.20 RELE—DEN ¢“m' B9 4-GDD, HA g =0,3 (mod 12), WHE
FIE— N EBEWR B) ERM (g +2,6,4); i3H Ay(m +2,6,4) = U(m +2), N
Ay(gu+m+2,6,4)=U(gu+m+2),

I 2 (X', 6, B) 22— ¢'m! 14-GDD, H G, € 62— K
INImBIH, X =X"u{ny}, Hije X'o BIMMEE—TDNKEN gu+m+2 1
RALAS C ¢ X x[21 WTR, RNENEHN ¢ WH G e ¢, WE—NEBER (B) K&
t (g+2.6,4); H8 C.. C (GU {1, ;) x[2], 15 C/ ' g MR 172! RS ITER 2
IS AR AAREE G b, TR 22 BIEEFN {1y.),}, RIGE Cq = CL\ {{1a.12} o
W Gy, 2 Cg, C (GyU {1} X [2] B— DA (m +2,6,4); 1. KF, HED
‘HGecg, HhiEc, BRIBRE X x 2] W—1T5%8, &5, BC, Nl BHH
BAXHAMAERREL 1* FATEBTFEE, M C = Cyu (UgeeCe) C X X [2] 2
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F3E HT 7 EETTHRILEER
— N (gu+m+2,6,4); 1, HA/NN

IC| =|B|+u-(U(g+2)—1)+U(m+?2)
:(g(u - 1)+ m)gu+ gum

12
<(g+2)(g+7)—2 > {(m+2)(m+7)|
u- -1+
12 12
_gu(gu+2m+9) + (m+2)m+17)
B 12 12
| (gut+tm+2)(gu+m+7)
B 12
=U(gu+m+2).
FHoANFEEAH Ug +2) = D2 155 Hib g =0,3 (mod 12), n
3) 153 FALBIRAS

E72 3.1 H1, A TR —L REFRY 4-GDD A& RS, FEdt i A
TEHR 3.18-3.20 RAGIEEAL (n, 6,4); BB —MAESR, EEZF], Y g H/ENR, m Y
BB TATER ¢ (R3RTT. NTFBEN m+ 1 BI/NS, BRTHER 54 160, &
ITHESR 3.2 454N, HARHEAT DAES [ 3.16 FIF k&, BT KE 4% 4-GDD
T E >4 BBT m+1 = 41,60 (BN, HNERE L >5), XSHE
L8/ NSRS TEIEAKH T 4-GDD £4418E, X EESE RS RRENER 3.1 B i,
BAHER 3.2 WS4, I T XEEIEE, H——OH, B AR
(RARD 2 B A e B 3.18-3.20 FI3R 3.2 BYEE =4I| HhAI i H B %UAYT 4-GDD 14
WY, A TFHRLE DK BoRARS £, AN R AERT SR Bhea H, BRILDASR,
IHY 22 MK, EATNREE NS ARRE, E L TRER 33 LT, XE,
3.3 AT AT HEIE A4 FRI51HE AL 1RE]

£ 3.1 BIMATEIE 3.18-3.20 FiEH A 4-GDD UK RMITIERMERN (n,6,4), i3
H—RRIEZR, XTI m+ B, BRTEEKN 54 # 60, EN1TER 3.248H45, HRE
BILATES |3 3.16 FIMIR PR, T m+1 =41 58 60 BF, BIEILI.7H, WM « BEEH
E uz5e

n t 4-GDD HY%I R E m+ 1 KR
n=0(mod3) | r=0]36"m", u>410,6,9,15,21,27, 30, 33,39, 48, 54, | EFE 3.18
60
n=1(mod3) |t=1] 12m",u>411,7,10,16 TH3.19
n=2 (mod3) | t = 24°m", u>4 | 8,11, 20, 23, 26, 29, 38, 41 T 3.20
BATEARTH EELEREEEWT,
EM 321 S M ={14, 17, 18, 24, 35, 42, 44, 47, 56, 59, 68, 71, 72,
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FI3E AT BEETHRIMNEEN

£32 RI1HPBEFu<3, HE m+1r=41,60 BF u < 4 B9 4-GDD RFE, SEH—LRN
HBBKRERES, XERKEFIRETEES, Ed, Bk » ARMEHBIEEINEE
¥ 3.18-3.20 M TEE =5IHFIHE 4-GDD 1iER, MxFLUEEERABK, HNBF
EMIRPAMLH, BRI, RITH 22 MBEK, EMNNRERBDMRERBE, EETHR

723 3.3 Péa i,

n ANEITES 4-GDD [T Fyi&
n=0 (mod 3) | 18, 24, 42, 45, 51, 54, | 15°9", 15% 15%', | EF 3.18
57, 60, 63, 66, 69, 72, | 15*9', 15>, 15*21',
75,78, 81, 84, 87,90, | 15°30', 27¢, 1579,
93, 96, 99, 102, 105, | 27*9', 15%, 15%',
108, 111, 114, 117, | 15%9', 15727', 15°,
120, 123, 126, 129, | 15733", 158211,
132, 135, 138, 141, | 15%27', 15%36', 39%6!,
147, 156, 162, 168, | 15848, 15'139!
204
n=1 (mod 3) | 19, 22, 25, 28, 31, 34, | 7%, 9% 9%, 9°.9°¢6' T 319 (XH
37,40, 43, 46, 52 n = 28 N H E
FH 3.18)
n=2 (mod 3) | 14, 17, 32, 35, 44, 47, | 27*,27° T 320 (BEEMR
50, 53, 56, 59, 62, 65, (B) HUEAL (29,6,4),
68, 71, 74, 77, 80, 83, TOAER A3FRZAH)
86, 89,92, 95, 98, 101,
110,113, 137
*®3.3 BKnBME, Ayn64) HETH
n 14171824 3542444756759 | 68
NE [ 21 [ 30 | 33 | 55 [ 114 [ 161 | 176 | 200 | 280 | 310 | 409
FEB [ 22 [ 31 | 34 | 58 [ 116|164 | 179 | 203 | 284 | 314 | 413
n | 71 [ 7277878 [ 8 [8 [90] 9295 9 [102
NHL [ 445 | 461 | 538 | 562 | 603 | 616 | 705 | 738 | 786 | 803 | 901
5449 [ 462|539 | 566 | 608 | 623 | 712 | 743 | 791 | 808 | 909

78, 80, 83, 84, 90, 92, 95, 96, 102}, WX EZEFES n, H

As(n, 6,4) = {

Yne M, Ayn,6,4) I ERARER 33 HH

Umn) —1, Hn=3,4,5,12,
U(n), £ing MU{3,4,5,12}.

35 BB Jd=2w-2H=TEED

FEARTIH, BATFENERN w MEE 2w -2 W=JoHER, X8 w HE
BIEEEE, IR n BB HIG R RE RN, B TEMRX—TA, FAIHE T
Az(n, 2w —2,w) BME, M E—TAE, 5 w=34 2@, FITES
Y Ay(n, 2w — 2, w) BER, KE TR, EE—RZZ, REY w HN,
R EEMREZ N, EIRANTREBESMEH, HAMAHREZERAD
1 F1 10221,

y=—24

.
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$3@ AT BERTFHRMEERD
3.5.1 (n2w-2,w), BEBLR

N, BATKE H— S E RIS, HRIAX—TH, A Ay, 2w-2,w)
5,

2B —MEEMLARE H, ged(H) Fn H FATE TR ER R K AL
N—"1E G, HFEE—DMERE 4, #5157 gcd(G) FT AL d R, NIFRE G 2d-=T
ety G PARFEIEEM—DIUR, BNER 4 R, WHRE G 2d-RTrHh
Wo WP =1{G,,,G,} BE G WHEELAZNTERIES, HHEPENTEHEIF
T H, MFRP B GH—1TH-37%, HE—TH, HG=G,u---uG,, NIFPZ
G W—"H-5ft. B GWH- %, f6H2E ¢ 1 H-EHFNRKREL, 18/
P(H,G), R, R H =K, H G=K,, Bl HflG#E5E22ER, PH,G)
FIEE 3.2.2 /INTT A HIEHTTEL D(n, k,2) A, EES0IMEEH, FKAMEZEAZ
FTHZ Alon 5 ALESCHA [57] H4a VA SR,

T 3.22 ([57) HE—NE H, ©F h&i8, 2 gcd(H) = e MIAETELEL
N = N(H), fMe=¢e(H), FENMEE e-n[FRIEE e-NAIRNE G = (V, E),
WE |V]=n>NH) AN 6(G)> (1 —e(H)n, A,

ZUEV auJ

P(H,G) = l h

224 G 2 e-FIBRAYEL O < |E| (mod h) < &, UL

ZueV avJ _1

2h

XE, MERveV, £ dgw) =ae+b, HHa b HIEABEHEOSb<e, N

a, = ae, B a, F5HZTA v FYEEA NEE EIR AR e HIMEEL
HIE—AERY w METHER C c 13, M—@FER ye o, |2]] f

R x, TR x + 2y = w, #1§ ¢ PAUE—EFHIELY 1727, fR4E UNC 5%

R 3. FRVBEEE AXATH, 15 C 2—D 02w — 2, w); HWEEYHCY T

THT Y S S R AL

(") KT ¢ i, HEREAm— 200 [£], [£] 41, w), D5
Fro

Q") NTF c FEEWNMEF u,v, £ i € suppu) N supp(v), M min{u,,v;} =1,
318 3.23 @m@w—zwslm”*”WW”J+m

w(w-1)

HHﬁﬁ{

HEW] XHEE— p = 0,1, [ £], @ p, TREN 152 RGFAEL AT
(") il 2") AT,

<§>my+(w;1>ﬁy+”_+<w_J%J>ﬂ%J<(g) (3.2)



FI3E AT BEETHRIMNEEN

F

By +2py + - + {%J Pap < 3.3)

ERE () +taw -1 = (5) + (5)o WH (3.2)+w - 1)3.3) Alf4,

n(n—l—(w—l)(w—Z))J o

w(w —1)

Po + by +"'+ﬂ[§J < l
HOERA 72 A u
Yw=3M4K, /H3.23FHHN ERSEHEIATRRIER, 77 EEN,

T

B(n) := l ww—1)
FATRER A EHE 3.22 UEAA, N THEREH n, L& B(n)+n 2R DUKER, H
BE ERAIRG ¢ R IRERERIARET: 19 R 1v22), BEISEN z, 5%
2B K,o M TEMEF ue C, APRKEMNTREN supp(u) HI5ERE, WEZ
K, —"7PTE, BELE, XM Z— 88, BB IAREIE S suppu)
FRITERZ 1102 2, HEMA A7) AIFl, FrE X B AR IR,
PN T K, —MER, TETENEMEES TR 2 (EF, HEMH 27
F, XL 2 BUABFRN IZ B AER, £ T~ —/NTH, BATED — i H & 451
Golomb L [79], EFHIXFEAIIEF,

nin—1—-(w- 1)(w—2))|

3.5.2 ETERMEN (2w -2,w), EEBE

AN FATIEED) Golomb RUX—H AL, HENA N 197221 BIRLF,
N BEAAHER 3.22, WIEH BnE, BaIEH, FATE SRS —EFEEK
I A w — 1 NE2TFE, NGRS, MK, FRXEFEZE, 28T
HEY G, BANE G HEI— M &KR K, HAR A, XMEAFHEE D
IR N — DDy 1% ST, H£F P(K,,.G') T %&b, &EERBTIMNECN
n' + P(K,,G". THEERGENSE ', AIf#HS ' + P(K,,G') = B(n) + n.

—N (n,w) ¥ n Golomb R_ (modular Golomb ruler) f&§HJZ—TH w N
B RHIEE (ar.ap, . a,), BEREMMZENE (¢, —a; | 1 <i#j <
w} R n RN TEZHEAMER, B&BHRIME =1 (,w - 1) B n BHRAMR
{ay,ay,,a,_}, APREBR—DEGT, WHHEATAR 2 DM 197220 1955
FA(ay+i)y, (@y+i) s -+ 5 (@ +i)y Ly i € Z,0 NERIE, IX n MR 2 [A] AV BE 25
0N 2w-2, BRI IR, BEINNAFRB SR, BN ZEHER, FHF &,
KX n MEFERn N E2E K,_, B—PNMNRE {a+i,ay+i, -, a,_ +i},
i € Z,, JAIEA T2 K, B B, XEI K, NTREN 7,2 S = nK,_,,
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FI3E AT BEETHRIMNEEN

SRR, N (w— D(w—-2)o 18 G =K, \ So FATEN T 3.22 %] G 1
— K,,-E7, MMERIERN 1Y R,

324 2w >3 B NAEMNIERE, WIHEEFT S KIEERES n, &
WE n =1 (mod w—1), M Ay(n,2w — 2,w) > Bn) +n— 1, H—SH, 7
n=1,w,-w+2,-2w+3 (mod ww — 1)), M A;(n,2w —2,w) = B(n) + no

WEW SRk (79 &1, AHERE n = Q?), TE—D (n,w — 1) 1 n EHETR
Ro Fit, BB LEEIHT, BATTDUFE o MDY 197220 RSE, F—IE
WE G = (V,E), HFTEEYV =2, BENd=n—1-w-Dw-2) %
K, HER 322 F H, We = gedH) = w— 1M =20 HF n 75
K, AIHld > (1 —e)n, XH e = &(K,,) TEEH 3.22 HeEH, H—DH, n=1
(mod w—1) AJ#EH d =0 (mod w—1), Bl G 2 (w-D-AIREY, EXTEE veV,
ay=d=n-1-w-1)w-2) MAEH322, FANIRILEE G —N&EK
K, -E7E, HAMHEMNAEFTEGHE

P(K,,G) 2 {

ZveVaU‘ -1
2(3)
_ [n(n—l—(w—l)(w—Z))J 1

w(w —1)

= B(n) - 1.

ZIEA RGN K, #ATABRIER— NN 1% WREF, KL, F&RIEE]
TED B(n)— 1 MEF. G560 8BHOAE RAEKW o M 19722 FSF, K
THSE T —MEFRNEDH B(n) +n— 18 (n,2w — 2, w); HEM,

M= w,-2w+3 (mod w(w—1) I, BZRIE | E| = nd/2 = 0 (mod “L=1),
3 b, AT DUEBRME 52 |E| (mod W=Dy @ (1, W) qymi MR,
B 3.22 AJHl, I P(K,,, G) = B(n), T As(n,2w —2,w) = B(n) + no

Xn=1,—w+2 (mod ww— 1) B, AN K, BONEIRREE, MiE
5 —Mrs ERREE, 2S5 2 PNSENZ, . ER (w-DHw-2)
FUENE, BT S” .S KL Z2lH—1D 0 -1,w-1) B n -1 BHeMHRAERL
n—17MFE K, WHE, EaTENR, S aTERK -1 MDY 19722 R E,
LG =K, \S =W E), HIEEV =27, |U{cw}o TR, MERETS
VEZ, 1, dc) =n—1—(w—-1)(w=-2), Mdg(eo) =n—1, KItE ¢ & (w-1)-7]
BRIF, HE—5H, FERIE
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|E'| = (n—l)(n—1—(w;1)(w—2))+n—1

=0 (mod X1y

HEH 3.22, BRI
P(K,.G') = {ZL::%‘
2(3)
nin—1-w-Dw-2)+w - D(w-2)

- ww — 1)

= B(n) + 1.
&E— N ERXBLBRAEZMERT, Bn) = "("_1_(w_bj()ff:f))_2(w_“o (R,
Hn=1,-w+2 (mod ww-1) N, BATE A3(n,2w-2,w) =n—-1+P(K,,G') =
B(n) + n, [ |

EFL324 KA, Y n RO KEWEn=1,w,—w+2,-2w+3 (mod w(w - 1))
I, Ay(n, 2w—2, w) = B(n)+no FEAIML, 4 w=4 Hn=1 (mod 3) i, A;(n,6,4) =
B(m)+n=U(m); MY w=3Hn=1 (mod 2) i, A3(n,4,3) = B(n)+n = [Q%J
XFH, Mw<4n=1 (mod w—1) B d=2w—-2K, A/NELHHLERESH
M —8, BEAKRT, EES—L, XERVHEIRMER TREDHE w =14
B n8bh, As(n,2w —2,w) = B(n) +n NAE n AN w < 4 PIRGL,

3.6 (n2w-2,w); BEEHH—TMRNK

TESZHR [80] Y, FAT#H—FHIEE TAEN w MIEEE N 2w -2 B =JtH&E
W, FHHE T, MEEFT KR n, B A3(n,4,3) = B(n) + n {30, EFETTTER,
KRBED w—1PMARZE, Bln=s (mod w-1), EHFs=0,1,-,w-2, 4
n=0,1 (mod w— 1)K, MIEHTESE 3.5.2/NEEM, EIEFEE S Rz, H
TSN Z,, Tin=n+k X8 kiT/NF n, FIGFEEH 3.24 ZHNE-D
MiEF, k=1, MY n=s (mod w—-1), HEFs£0, 18, FMFEZKRST—
DMEREIRIER T A3(n,4,3) = B(n) + n {03, HIS—1RRYZ, KEEZET
—PMEERE n=s (mod w— 1) WERMHIZITH, XHE [F1<s<w—2 X
FHRSTE w = 4 I, RTDARRAGIEEE 3.4.2 /NTHR, 3% 3.2 IR EIATHRD,
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FI3E HT o BEMHIRIUEED

3.7 XAERL

EAER, FATE T ¢, B2 MEIFNEBEHEES 1, = {0,1,2) B, P
HEE w < 4 NEEBRIBTERN N T—R8AY w, FATERME TED w
PRGN 2w — 2 B =JCHERIMIE, HY n 780 KN, FHn=1 (mod w-1), A5
TRV Bm)+n—1, F—PHFE n=1,w, —w+2,-2w+3 (mod w(w-1)),
BATHE T A3(n,4,3) = Bn) +no WA, FAETEE L, 8RS T, (>4 Lk
AN —MEHYE & w SRS — N E AR R, (E15H— D H R,
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% 4Z 11 Reed-Solomon iE3#1E 3{Bi5

ARERATFE L5 Reed-Solomon ABHIMIEMERIRE, XKW FEEHERS
HREEBEZNH, £ 4.1 T, FAIFERANNE TH RS BRI BB
WRE R, DANAEDTE, £ 4.2 1, FA14H T TRS #3. TGRS 5. MDS
i, NMDS 5 PAK B MBS — L0 HE X, FHR A T X TIX g iia iy —LE
GER, E5 43, BATN EE MBS AR TGRS BT TXIE, 5 4.4
A, AL H T B MEE MR TGRS B —Lei)iE, HEBEIImE 7 —
LE BB, BTTESE 4.5 TTHONAEMT T HBARL,

41 NE

il (Twisted) Reed-Solomon (TRS) #4372 Beelen, Puchinger 1 Rosenkilde né
Nielsen[9] 7£ 2017 5 I HY, B /& RS RGN —Affe T, 222 FH Gabidulin
4 [10] HIfE %o RS A0 TRS WAL 2 RS, AN, FIREF, EF—F
[n, k] RS AT AE(ER F, EHIFTEEZEZ N k- 1 2SS, 5 RS HAH
HZ, — [n, k] TRS 15, CHENZTAF R EHI— MK T k-1 B8
T a1 Hf h e [0,k —11,t > 0 B MNATHIEL, q, BIZZTM A
RIREREL, R h e, « ilgs, ek (1] 9, R — 40 T TRS MK —
RIS, MWIISIN— TG 2 ¢ > 1 DMHSS, K, @B E X RS (GRS)
AR INAFSS, PTDASEIT X TRS (TGRS) #5, JEFIE YA MEEA, A
{if TGRS f3iAZ] Singleton 5, BIEEECH MDS 3, H—f&IEM T, TGRS &
AN—7ESE MDS 5,

TGRS fB1EH RS HH—FE, BEEEA —L£5 RS WL LI RIFIER, FI
WIS BRI, S 7EW (ERERMT, NEBtaIme) %, XEF—%
RS FREEHRHE, Flannli@id i ¢ 2 RISBNIFLEIEE G, XHEEEA]
DA F T — LRk =, HA & a0, AT LUK E R A T McEliece RS &
7 (18], XE—FAHEEARS, WA THAHEFERLS — & EEE
%o TESCHA [9] FUEFE 18 H, fEEUIAH T K24 TGRS 155 RS B AN (R
EZEHEIEAAIR, [B1E (53] RS IHE 2.7 FR4AH T IEMIRIARA) . #H—S i, fb
IHE F, EAES T RMAEN T RS 158 TGRS MDS 4, XH ¢ > 11, HiEK n
R n > 1o XPIRRN TGRS F AT McEliece HB RS, FIAEANTAMUER R
ARSI, T HIERESHE— 254 (GRS 28415 [11] FAE LS [13], R
EAESCHR (811 Y, 1EEIRH T X McEliece %13 R4t A # F ) TGRS ZE ARSI A

69
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MOESAKE Mg, RSPt [11] FEETIBE, [k, #ENENT RS 3
) TGRS MDS #5, HEEWIRHIER A (G)RS Z8AURL DL K —LE TGRS ZE (AR )%
EAEE A LR,

BT HAES M, TGRS 3R] DL RIS dmiE e ih H W bR B 2R RS,
FEEZE], —[n, k] TGRS i3, EHBR/NEEAELE n—k+1, HWE =1, K
e 2 AN EEERZ N k, AR/ NEEE DN n—k, FIIXFIEAI) TGRS
BE2ZE/LT (almost) MDS (AMDS) #3, ZLZ/Z MDS .

T GRS WEEME N Z2ER, Bl—1 GRS A HAS{) 2 GRS 5,
ITAEX11E TGRS WG EAMEFENMER. 1 [11] H, Beelen F AIEHA T, W
R TGRS WHIEERESZE D F; BISRET#E, W TGRS WEXHH T2 E A/,
AEH BATERNEE TIXNEMA, REHEAEEBEMIHRZ TR
GRIA], e THM IR IR AERE, BRAX—ER, M5 7 —LaxEE, M
XNAERE, Beelen FARERT, AILLRHEARESERNZZT X' —a B
RES, Kit, #idE H 48 MDS 20 NMDS 5] # 1k S LR k2 I, (ES
—IRIE, SR [50, 521 HATRRY T, AR 25 R

4.2 INEFIR
AT, L LB LA TGRS RS — LA 5, BATID ) =
F,\ {0}

421 #i Reed-Solomon 5

EX 41 HEAREF, UREBE nkt, &t = (,.1).h =
(hy,--,hy) € Zio, IERG FEAY N YA

o ty, . t, AAERIEMER ie[£], B1<t, <n—k;

© hy,- hy BEAHRBEMMER i € [£], H0< h; <ko
L=, .m0 € FDN o M @ h,p)-HEZTEESE T

k-1 ¢
n.k ‘ k—1+1,
pt,h,n:{zfixl_'_znjfh,x / |fie[Fq}'
i=0

j=1

AAEH Pt’f’,:fn C F,[x] 2 F, B k gELtE=s A, HAm—HED (x" +
nx* i e [ U €01, k= 13\ {hy, e by e TATTFR Ay by
N, 1y, -1, LA,

Loap, e, N E, o DPEAMRNITER, MENEESE, BN a =

70



H 45 H Reed-Solomon FEA0 H X {H15
(@, a,) —NMEERY a B, h,g)-48 RS % (TRS 18) EXAF:

C (@t him) = (f(ay), -~ f(@,))  f € Py
—ME(ERSHN a B SC TRS 75 (TGRS 1) 1512
C" V(a;t; i) = {(vy f(a)), v, f (@) : f € Pt'f’,fn},

H, v=(v,-,v,) BXMER i € [n], W2 v, €eF5

NT T ERE, RMNAENAX DEF (fa) -, fla,) B
(1 f(@)), v, f(a,) FIZIARX £, BTN A BT 7 Bl45 A8 2 F—
Ro FEhik, He=08, C(o;0;0;m) B [n, kRSB, C"(a;0;0;m) 2
— N[, kIGRS %, HYE v=(1,1,-, 1), C" a;t;h;n) = C"*(a;t; hyy), 1K
FEARBERIRE D, FKATER L E TGRS 1 C" Y (ast; h;n)o

FEEE, 1 (st hyn) BEXAEZTAES P;f;ffn L, HZEAH—
HE, AIDAEARSG D CMY(ast; by ) RIAERFERE, 8 G = [I|L]-V - diag(v),
Hep 1 B2— DM, BEAEARME, BEBRYNNE. miER L e

L e Gh=ay .
H 0, HT.

V 2 1H a X kxn i Vandermonde 55/, AREFIFRI T, FATHRESE
XRS5,

4.2.2 MDS =ik MDS 5 X{B15

BE— [n, k,d] B/ €, DAREWIRMER [n,n - k,dt], B8 ct, AE
W GNSONRR IR RIS, XHEIEFERY R E TR LRGN T, BF—T, 4
d=n—k+1I, CHBFNMDS ; Hd=n-kN, CHIHNILF MDS #
(AMDS ) ; M d+dt=nht, FRC Nt MDS # (NMDS %), =L E, H
Singleton HATHl, ¥ d+dt=nlt, Hd=n-k DA d*t =k, HFit—" NMDS
BHZE— AMDS 3, 413 c =ct, N C =2 {18,

5% — TGRS B C™ (a;t;h;m), TERE, ¥ ¢ =1 H+t = 1,
C" (a1, by ) FEANZWRNERZH ke & C™F(a; 1 b n) RFIFE—DE
BEZ N n— k-1 T, AN, ENMAZIREF, E20F k+ 11
R, FE., Wik, C™(a;1;hn) WEB/NEEEn—kMn—k+1ZE, B, B
Ty E— N MDS i3, BLJE— AMDS i, FpRIH, W cP(a; 1; by ) SHE
HARIE, WIETHEA) “AMDS” 7] DI, “NMDS”,

NTIEEEER, FHEHiEN %X T BXEE TGRS BLER,
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% 4% I Reed-Solomon FEF1 E A BT
SIPE 4.1 (501724 AFEEE S, = (X, o @ AMEET c (A1 = k),
JUES]
« C"RV(a; 13k —1;n) B— N MDS B4 HANY —n~! ¢ S0
« C"*P(a; 15k — 1;0) 2—> NMDS 32 HALY —n~! € S0
SEPH 4.2 (S0 25) 445 —NEREE ko, & n =2k, G=[I|L]-V -diagw)
B Cm R (@ 1k — 1) B— DR, W C¥(a; 15k - 1;9) B— B XS
54 B N HE BRI RRAL:
D) FE—NMEZRTR A e |, BENER i€, B ol = iP@)™!, X&
Piey) = er[n (0 =)o
2) =g, Hfby =T o #0 URon # b7

1+n

4.3 # Reed-Solomon BBV

TEARTH, BT EAMES AR TGRS B8, ARATER], (T X) RS BTEAH
NEE MR, BEEMEETARE 30 RS #H Mi—M&IEOL R, TGRS AIEE
T EAIR

431 {HEREREERN Reed-Solomon 3

TESCHA [11] BERE 2 /7, U458 WR—1 TGRS 18, CRIFTA {H1E A
e —DaiERE, WIEH B HIAZE— TGRS i, =K £, AN, 3R]
RAERH, AIRSRIEREX DA B D IRTERE IS S, fEIERTIZEE 1L 2, &
TELARSIH, e [82] F— Al it

1843 B PEREE, 2T X" -d", KA a # 0, IR (n,q) = 1,
Hoay, -, a, ZHFIERIR, WE

1 a ! 1 1 1

1 ay - (xg_l 1 al_l az_l !

SRR ) P
_ —(n—1 —(n—1 —(n—1

I o7 gD L gD |

RS BT =% 1 h

X 5, B TR .
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% 4% 1 Reed-Solomon F&F[ H X {HAY
L ay, -, a, RIS R F, N TR o BSREFREAIRE S, HEES
BNa, BIXERE i, Ao =d NHFHE4L3, &

1 oa - ot 1 1 1
1 a - ot 1 a a a
2 2 —2y.| 2 " |- diag(a/a™),
n : :
1 @, - a7l _a;’_l ag’_] et

He, J2—PMRNAZL ETES2N 1. HEMAMNE FRTEN OB nxn i
M, (EARES, JEARNEE T, BAIEYWINE. 0, FIFESCER [11]
EH 2 T, NS 4.3, BIR{S0 R EE,

M A4 L ap, 0, RESE F, X TR0 n BTRE TR0
&£, C"Ma;t;h;n) BN TRS B, HE a = (af, -, a,) N, C™ (a;t; h;n) B
B E— TGRS B C"*(a; k — hyn —k —t,—n), XE, v= (v, ,0,) BT
Eielnl, v eF NEDEETR,

FEEHE 449, C™™a;t;h;n) BANE MBS G = (IIL] -V, A
BAERE i € [n], B o = d"s WLBGWIUE, C"™ (a;t; h;m) B — DRI FERE
H=[I|-JL"J] -V -diag(a/na™), B1G-HT =0, FATEAER—/NT7, 1H400E
RIX— Ro

432 HEREZIMIIEESHIHH Reed-Solomon 5

AN, BATREH 4 4FREER, BT B E AR — DRI 2
R Z A RIRE &

HELE, Hoay, e, MR DREER, EHREZIE X" - o IRES, X
HIUR o RS E, T, 2P, FREREIE LSRG 0 251,
HARITH 0o IXEFEBRMNEHZE—NE-BNZ TG, EIREE HATE (G (ES
R, HERE&ESIMIE BRI 0 258, HARIARBULFHD 0,

MER i € [n, & P& = [lgumux — @) ZIEEME E =
(E; Juxns P = diag(P(@)), HHE;; = (-1)"e, ;({ay, . a,} \ {o;}) H P(a) =
(Py(@)), -, Py(@,))o JXE e (x) RAVFMFRE L, HIt, Ffi1E P=E -V, UK
v'=PE, i,
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I I 1[G Eyy Pa)T E, e Pya) Ty,
vyl @ a, || PA@) By Po(a) T Eyy o Po(ay) 'y,
—a’f_l a;_l aZ—l_ _Pn(an)_lEn,l Pn(an)_lEn,2 Pn(an)_lEn,n_
“4.1)
=I, 4.2)

TERE—SH RS, BT REAX @) NEE—5.

m(x) = H(x—a)—x +Zm x.
i€[n]

WAE me) =0 = a + Y- Omja , HE—DAMG o = _27;(1) mj“,j DU o =

j+k
_Zj=0mj“{ o EX

{ Y0 Pyt ken-1],
bk

0, kK < 1.

FIFATE

[ 1 1 1 [P@)™ Paplay - Pa) e
V- P—l . VT — @) @® U @y Pz(az)—l P2(a2)_la2 o PZ(aZ) : n !

_041—1 ag—l a}’:—l_ _Pn(an)_l Pn(an)_lan P(O[) 1 n 1_

[0 0 1|

0 b,

B 0 0 1 b, b,
0 1 bn—4 bn—3 bn—2
_1 bl bn—3 bn—2 bn—l

(4.3)
TR, MEEie(nl, #E E, =1, HX @) WRE—, AF

n n n—1
by = Z Pa) o) = - Z Pa)”! Z m;al
n

——ZmJZP(a) a =—m,_

j=0 i=1
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B — i,

bk+1 — ZP(a) 1 n+k

- Zm 3 o

=—{m,_j_1+m,_ k(ZP(a) 1an)+ m,_ 1(2P(“) 1 n+k 1)}
i=1 i=1

=—(my__y +m,_y by +my,_y by + - +my,_1by).

MEEH LIRS, BATEW LR,

L 45 Emx) = [l — @) = x"+ X' —ome o MR m,_  =m, , =
ce=my,_ =052, WH b =by==bp =00

He fEEME 447, A[% m(x) = x" —d"s HELASEAIA, by=by = =
by = 0o M (4.3) FERSG—DERER I, BlVvPvT = J, WA SRS
Crk(ast; hym) B— MEREERE H = (1| - JLTJ)-V - P~', BE{KHb,

—L
G-HT=[I|L]-V-P‘1-VTJ[ ]J:O.
T

R, XaH TR 44095 —MIER R, BELE, PO = [1epux—a) =
Zﬁ? x4 Y- S o =y P(a)z nat~l, P! = diag(a/na").

EZTR m(x) = X"+ Xhmxd o, WREE—A T € (111, (513 m, #0,
I, P EREESNE—DEE, N, ATREREFEERLD b, #£0, MK @3)
M fE— MR, FE—EEF T AMEE RN AL e NHEAER S IREA,
HEAEEW m, NEIRZ, LRI H RS20,

TR 4.6 AE— TRS 1 C" a;t;h;y), HAEREMN G = [I|IL]-V
BHIERER Ho 2 m(x) = [Tigu(x — @) = x" + X'gm;x) B P = diag(P(a)),
v=P) =(Pla)”", -, Pla,) Do ME

() He2 1N, @ri=max{k+1,-1:pelf)}o WRm,_ =m, ==

m, =0, WH=[I-JLTJ]-V.P', K C" (a;t; h; ) HIXHBEE
—N TGRS #4 C"*(a;k — hyn — k — t; —n),

Q) He=1W, @h=nh,t=1, L& n=no EXO :=max{k+t—h-
2, {argmax;yiepqli—h 22} = 1o WRm,_  =m, 5= =m,_4=0,
JUIES]

() WR1+nbyy,py 70, WH=[I-JATJ]- V- P!, Hrf %EFF A
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n Lo
A =4 Hnbeyn’ (i,j)=(h+ 1,0,
T o .
W C™ (e t; ) BIRHETE R C™* (o k — hin — k — 1 o,
:
(if) QIR+ by =0, W H =[1'| = JB"J]-V - P!, HeAkilE B

e
g, G,j)=(h+11),
B;; =
0, &0,

XH, p2F, PEE—NEEI. BE T e

b 0, 7.

, { I, i=j#n—k—t+1,

W FER, sETFEEN N, HEWEH=[I-JM"J]- V. P}
HAREME M AIREN L, A 58 B PRI —1, NHE R FEEH

[T
G-H' =[y-v-pt.v? =0.
—TMJ

AL D = v - P VT DA [ JL | st gt
HAX@IEER, & E = 1|11, WF N 0, 4 RO #57 0 (05 | /TR,

WX FER u e (2], %M E B (b, + 1) 1TH

E —
R(hﬂ-l-l) _(0’”'70, 1’ 07'“,0 ?rl/,poa'“90)'
h, ket —h,~2

M= i # h, + 18, M ERNE 1T

E
RE =(0,-,0,1,0,-,0).

i—1

(1) TEXFEWT, IRIEHEIL4.57TH b, = by = -+ = b, = 0, HT LR u € [£],
k+ty—1<1, UES]

D —
R(k+zM) =(0,--,0,1,by, -, bk+tﬂ—hﬂ—1’ s bk+t”—1)
n—k—t,

= (0, ot ,09 1’0, o ,O)'

-
n—k—m
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2)

X FHERE ED 8958 (h, + D AT,

ED
R(hﬂ_’_l) = (07 °ec a09 11,4’0’ °cc 90’ 1’ b] + rllubk+t”—h#7 R th + n”bk-kt#—])

n—k—ZM

= (O’ R ’O’ nl,{’o’ A ’O’ 130’ e ’O)'
n—k—tﬂ h

Hi#th,+1H, BTi<k<e, &TH

RIED = (0’ ’0’ lvbl’ ot abi—l) = (Oa ot ’O’ 150’ o ’O)

——

n—i n—i
FEE
-, .,.:k—h, _k_z‘ +1,
(~ILT),, = My () =( uo D
’ 0, &L
(Al

I
G-H'=E-D- = 0.
—JLJ

S =10, BeorE AR, EM EDRIATETT, A MER

REP = (0,+,0,1,by, -+, by_p) = (0, +++,0,1,0, -, 0),

n—i n—i
BRES (h+ 1) 1746, 1L
RGD ) =0, 00,1y byyr s L+ Mbjeyy—po1 b1+ Mbjy
n—k—t

by +nby;1)

=(0,-++,0,1,0,---,0, 1+ nbyy;_p_1,by +nbyyy_p, -+ by +1bjy ).
n—k—t

FERE, RO >k+t—h-2, Wb, =0, HIE6WEXATE, *F
FEicelklHi#h+1, WRi—-h<2, Mn-—i+1>n-—h, HTY
M = A B, %M M AHRENE (h+ 1,0 ERTRIEER, XBEWRERE

[‘i[ J;l J] I | AT LRTERITR 0, BRIAEE G - BT 1955 i (T

B, NE, RERIIEYi=h+18i-hz20, G-HT EHEi1TEENO0
Biel, NFE—FfEN, BT n—i+1>2n—k+1Hn—i+1#n—-h, &
RN 0,

L1 +nbyyypy #O0W, FTEF

N h—hn—k—tt1
(_JAJ)IJ — Vbt (l, ]) ( ,hn + )’
©oLo. .
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1 \ .
R [ ] M5 (n—k—1+ D B, ERAEMPIEEIC L, ——1—),
_JAJ Hbjer1—p-1
DANTFE n—k—t+ D) (n—h)1T. BBRIEG-HT W (h+ 1) 1TH
0o BRI () 5EMe 2 1+ nbyy, oy =0, Blp=—by, , ,, MK

Rgﬁl) =(0,-+,0,1,0,-+,0,0,by +nbyyy_p, -+, bp +1byys_y),

n—k—t

I . -
HEErE [ JBJ] BE m—k—t+ DR E-PEZIT -4, NTE m-h)
7, 2 Gi) 52K
N
H7 () FEAGIEHAMEZLEM, ETWERX 4.3) vRE—1THEEIE
EIW D AIE N,
b) EEH 46, H=1HAAFE FHEi-h>2, N A=k-1H

0=k+t—h—2o E&ﬁbl =b2= oo =bk+l—h—2=0 u&
R(Ef:l_?_l) = (07 Tt 07 n, 07 Tt 07 1 + ’7b9+1a b] + ﬂbk+1_h, Tt bh + ”]bk+[_l).
n—k—t

RKeplith, Hr=1,0=0H,

R = (0,-,0,n, 1+ by, by + nby, -+, by + nby),
n—k—1

HAFTIT A = T’;b] X by =—m,_; = Y a0 B, ATHEHISCER [50]
FREERE 2.2,

(c) £ (i), pANEEN 0, BIIAIE, H BIFRE/INT n - ko

(d) FLE, Heo> 10, WEERM Q) PRBER, RS mx) R
WS, BIRIREATRES n— ¢ NRECN 0, [HEXERTEKW t,h
B3R, Feplth, X4 ¢ b FPEE AT o AR R, A RS AT T 4]
HHEAZZIE, BAAE T, EEXMERRE T,

4.4 BXBH TGRS 5
AT, BATE LA H—LE TGRS 15 C™ Y (a;t; h;n) IS, BIEBITE XM
B EXERS, FRAlH, % 2= 1B, M H SRR Z B XHE MDS s NMDS fiZ,
4.41 ¢ =1H# Reed-Solomon BEXI{&H

AN AT TE TGRS 12 C™FY(a; 15 k—1;n), Bl ¢ =t =1 DA h = k—1,
MNFENMEEM S, —MEREHTET, B AT DAE RN HART AR
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B, #, QISR C™ Y (a; 1; by ) B — BB, HBAT —EXEE A, MY 2 =1
I, XHMEETAIRY TGRS 79, HARIAEMEE T 4.6 A ANZIE, FHL L, R
Y B 4.6, BMATBELEE, B, B n MEASHANS af, -, a,, FEENTZ
FEANZI mex) WETER, Blmx) = (x—a)) - (x—a,), H m(x) WREGHE—
s R ETA], ERE, B h) =1,k-1), 0 =0, BRI m(x) FIERE
ANHER il

EM 4.7 BE—-DERE 0, FEEHRE -1 =1+ 1), EF, ¢2—
PERYR, 1 B DEBE. S HEZ2 PN a+ 1 9 F, WFRETR. U F
A BERDEF, =HUupHU-~UB_ | H, HHE1+8 + - +p_; # 0
R MESHs < 1, B on BB 4 meo = Lot XA
ay, -, o, ST m(x) ﬁﬁﬁﬁ%ﬁo Bn=-2b"c BXMER i € [sn], F1E v, € Fp,
8™ 152 — L) B Fp LAY ERHE TGRS 1.

WEBH WS 1+, =0, WRIMFEE g H F, BRI TCE p HESE
o, 15 1+ p #0807, B p EiNp, BB =p. EEX—E B
AIEREIFRE By, - By, TEIS 1+ B + - + ﬂ, | # 0 Oz, HUEHRRYSE —HB )
MERHSE R AR m(x) = x*" + Zsfol mjx o Xy &H HW—"1ERTT, T
my, | =— Y Y1 Biy) = =by # 0

n+1_ gn+1 e
MR 1 =0,1,,5—1, 2 f(0) = . [EHE
xn+l _ﬁ{1+1
i) = ——7—
1 _ﬂl

BT (B x = 1)

- p—

= II_ (x = fir)).

B m(x) = fo(0) f1(x) -+ fo_y(x) = T2 1H" (= Biy)), WA o B,
flx) = M Bom' ()= fif1 o foortotfofi o feafl_ o B0IR fi(a) =0,
MIKHERE j # 1, A f](@) = Sk £ 0 F f(@) #0, DU

m'(a) = folag) = fii (@) f (@) fipr (@) -+ fo—1 (o)
= fi,(ak)Hj;é[fj(ak)

Hegt e F B Fp =PI 70 2 vp = g, WA v =g = (n+ Dm' (@)™ =
(n+ DP(a)~ o AL, EE 42/ 2 1) A 2) ik E. IERASERR, |
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HEL b, Y s =1 H o AEEES, 47708 [50] HHYEE 3.8,
ERE, fURSIE41EH, WRNER Il A =5, -n"# Y @,
M ™2 (@ 132 — Loy BN MDS #; [z, T NMDS i,

442 ¢>1 B Reed-Solomon B {EHE

AN, BATEE ¢ = 3 A TGRS 15, HEERH, Bt = (1,2,3),h =
(k=3,k=2,k—1) AN n=(ny,m»n3), EVEE C™ (e t; hym)o LEHS, BERAERUHE
FEANR,

Uy Uy Uy
U1aq %105 Upay
G = vlalf_4 Uza§_4 v,ak*

k-3 k
Ul(al + ’71“1)

k+1
1
k+2

k=2
Ul(oc1 + o

k-3 k
UZ((XZ + m az )

k=2 k+1
) Uy "+ ma,

k+2

)

k-3 k
v,(a, " +may,)

k-2 k+1
Un(an + mhay, )

k+2)

-1 -1 -
_Ul(af + ma; ) v2(a§ + 130, ) un(a,'f 1+713ocn

FEER, 5t by FREE—N20X, HERZH L+2, WE
HIR/NEEEn—k—-2fMn—k+ 12, £ n=2k, HEC™ (a;t;h;n) 22—
PMENEBYEMNY G-GT =0, R, BAITELLF5IHE,

518 4.8 MR o7 = AP(a)™', H i e F;, HA b = by = by = bs =
0,2, + n3bs = 0 B my + 3 + mymsbs = 0, W C™*¥(a;t; by ) B2 —1 F, LHH
POE=TEN

WER 12 G = (805 833 8ken: 8ko1), HT g, BFEFE G BUSE i + L TR,
XHERAMIZSEE TH23. UM H0 < m <221, F vfa]'+- +0v5a; = 0
ﬁ%%% Gk—3 . G/I—'j = 0, ;H\:EF[ Gk—3 = (go, ;gk_4)o ﬁﬁﬂzjl 0 <Jj< k—4 HTJ‘, ﬁ
{REE]

n
838 = D vi(a) +mal), WERK -3 <s <2k -7 ARk <t <2k -4,
i=1

n
828 = ) vXaf +mal), FHERk -2 < s <2k — 6 DUtk +1 <t <2k =3,
i=1

gi18) = ) viaf +mal), AHERk — 1 <5 <2k = 5SPARZk +2 <1 <2k - 2.

i=1
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B o 15 LRGSR, KRR REE 262, FtY i € (k-3,k-1] 1,
BATE g;- Gy =0, TH, RAFWIEMER i,jelk-3,k-1], Ag-g =0
RG]

n

n
T 2¢.2k—6 2k-3 2 2k 2.2 2k 2
8k—3 83 = Z vi(a; + 2na; +ny0) = Z vinya;” = Anyby =0,
i=1 i=1
n n

T 2, 2k—4 2k—1 2 _2k+2 2 2k—1 2 _2k+2
8k 8,_»= Z vi (a; + 2mya; + 15 ; ) = 2 v; Cmya; +n50; )
i=1 i=1

= A2ny +13b3) = 0,

n n
T 2, 2k-2 okl , 2 dk+d 2 2+l |, 2 2k+d
Ek-1"8k—1 = Zvi (07" 4 2m30; " o) = 2”1‘ Qn3a; " + o)
i=1 i=1
= A2n3by + n3bs) =0,
n n

T 20 2k-5 2k—2 2k—2 2k+1 2 2k+1
8k-3" 8= Z U; (ai + ma; + na; + mny«; ) = Z U;immnmo;

i=1 i=1

= A”]lf’]2b2 = O,
n
T 2, 2k—4 2k—1 2k—1 2k+2
8k-3 81 = Z v e e e )
i=1
n
_ — 2k+2
= Z Ul.z(r/laizk Ly 113011.2" Ly mnsQ; +2)
i=1
= Al +n3 +mnzbs3) =0,
n
T 20 2k-3 2k 2k 2k+3
8i—2 81~ Z V(o] e + e + e )

i=1

n
2, 2k 2% 2k+3
= ) 0ima* + nyal® + mynza )
i=1

= /l(?’]zbl + 1’]3b1 + 1’]27’]3174) = O

Fit, #16G6-GT =0, B, C"*(a;t;h;m) Z—AF, LRVEXSED, o

EFA DL N 5| 48R IEBH, B E T — 1M iE B N {EAY TGRS 1
C"fV(at ) HIEEERS: BB —DNZ2TR mx) = x" + Z;.':Omjxj, B
n MREDHN ay, -, a,, FEFER m'(a,) BLEZFEH I, BLENEFES
TCo AN, by =by=b,=bs=0EKE m,_, =m,_ , =m,_4=m, s=0, Kk
FAlTA AU EH,

49 2 p>3Z—NETEE n B—DNEMEE m(x) = x"+m, ;x" >+
my, HH mo,m, 5 € F), CFy, F, 7 m(x) f£ Fy BRI, p 2HKHE, B
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m(x) B n MR ap, -, U0 W p | n, HL—FEFE A, n,>Mm-n3 € F, \ {0}, f&#
BXER i € [n], F1E v, € Ff IR o} = AP(a)™", H 2n +mby = 0 DA
m +n3+nmby =0, N C™*2 (e t; n 2 F, R EXHMERS,

M ARIEE ATHL, by = —m,_5, AL, WEEAFW 0y, 0, 0y 17 1E. BT
m'(x) = nx""! + m,_s(n— 3)x"* = —3mn_3x”_4, (m(x),m' (x)) =1, AJfl ay, -, ,
HAME, A, Ple)™ =m' (@)™ = (=3m,_30" e B A= -3m, 5 UK
b=t BT p>3, FTHIA£0. HHESIEE 4 TTHEH, CPRv(ast: hyn) B
F, LA B, |

e R, 0 ABHELp | n, B 2p | mo HOATEE n 1 [SO1E7 31 —HE, (HR
INFEES d ATREAR—RE, KR C™*¥ (as t; by m) IR/ INBE B I 2 n—k—2 < d < n—k+1,
Bl C"*%(a; t; h; ;) FTRERE 2 MDS HRE NMDS 73, REFIF ¢ > 1IN TGRS
ISH3E B8RS, HATEREAFE BXHE MDS 2 NMDS i3RI, EF(1H
(&, BFFIERLEIRA, SEXTHEH,

45 RNRERZL

EARZER, BATEE T TGRS I C™* ¥ (ast; hyn), FHlE M HATE HE A
R Z IR S RV, ZlE T HARRFERERIEEH, B, TGRS BBIEAE
ST, BAEEFR, MARX—ER, TS THENE BN EE, Kl
¢ =1, FiSHEMEE MDS 8 NMDS 3, M ¢ =3K, A5 E B
B/NEBEEn—k—-2FMn—k+1 2B, fEELETIE, BATKEEKH 2> 11
SHEES AR TGRS £3 C™%Y(a; t; h; ) #4935 B X MDS 5 NMDS £5,
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BT HES5ESE

B8 BES5RE
AR, AN RSOITEG, SR TR R 24, Ht—%

BIF5 73 T e 2 S

AR EERR
A EZNBAAF ERE RN T, KRR EORR I E A, DARFEERER

ek, BAMH, FATMWEEIAELR, DAl EEERT MR
IR, DNA 1 RGEH BB E HIlZUBE 1S LUK AT . FH - McEliece # 15 R GEHY
(78 L RS =77 EHEAT TWT5. ASCHYEZNIFE TAEFASCRIAIR T,

1. B ECE T S B DS BT IR, FRAT TR T /N AR Y [, K],
MDS ., EVHHIZERER q > n+ S0 |, TRAIE n < 2k Y, #HEK
HENT g >n— 1, HEAKH FRATEHIE MDS ABIX—RERE A —
MBI, BTG E SN —BCE SRR, £q>n Hn <2k,
% T MY [0, k], MDS 15, #t—2, @Y RA, BIRFENE
WEBMNFEER, FROTENSERBIZERSGER T ¢ > n -1, HEK
n> 2k I, FATRATIE MDS WM NIIE FEHIE A+ B, HF |A| =k
PAK | B| = k =1, 52| T MHFHEE (0= q = p’,k = p°m], MDS 15, JXH
e<s-2Hm<gp-1, ﬁ%e=s—lﬂm<§o

. B DNA f#B RS, BUREFER BT DNA 27865 i) e
FlIfER, SEEUEERSIERAE, N TERGAER, BRIFEART
REMSZY (F BREXE ISRV EE R, HL b, IXRAEIE AT DAH 7, B& N
R F R E ERLE g T EEElL, BT, RIMBET ¢, EETR
DN I, = {0,1,2) ERVEER, HARALTZEZIEH T —N%
TEM (BN UNC 4445), BRET ¢, EE NS ET SR BT
FRo IRYE UNC &M, BATEMISEEF AN RS — S ENET S
HEIA, HT2EER w RS, FA12B0EX Z, M 1 X R,
HiE TER w < 4 WITEHEEREETAN mdF—KE w, FIE
PR TN w FIEEESN 2w — 2 I = e E LS T A/ NI 45 51

BN () RS WA, BATTHSR T TGRS B3 C™*(a; t; h; ) HIIEBFA
i, FERIE S EH RS AAHMEE A AE, EENHREREEHE
R — TR BATNEIHET TIX—/, HATE M ERERBE 20
ARE SRR, FATDBIER ¢ = 1570 2 > 1, ZIEH 7 HRK R4S
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FsE REgE5EYE
), MRIEERIGEEE ] AR, BEMNEE AR, FIHX—EE, i1
& TN EHER, 5582 2 = 1 K, A5 8 XHE-Z MDS 5, NMDS
. MY ¢ =3, MSENEENRNESEn—k-2Mn—k+1 Z[F,

52 EAXAESHRRE

ARSCEL T T WS AnAR] B A 9 4% 28 TR AR B9 B AR A7 B A AL SIX R D 2R FR Al
M mA RO, T2 ERT R AR PRI s s i, B FATIM T
REWF, BEEFENEZAL, DIRAE N AT A7 = TR TR HAT A
R, EHSE—-PHEMML,

5.2.1 T

AEHEEN, TEBETAGREME ¢ > n -1 BEK n < 2k NIIRG
FHETHY [n, k], MDS W, M5 n > 2k B, BATRGE]THE g = n BIERHZER,
Kit, BB 0> 2k BIHE—DGE/N g KIRVN, TSRS MDS 3 23F 5
AREXH, EE—EIZ, BOEE REFERD RN, 2564 SRS
1Y, TR e PRI MRE ATt ER I — D5 R, FL L, FIHSTR [66] RIS
%, ATDAESATIELE S g = Q) Y, EEZAEM DN E MDS SFrY It R,
FAE—D MDS i3, {15 & A B R R 96 R e () ST RE R 70 7 N IX IR — T
M, X458, 5 MDS BREELL, BATHEIRH— A fEA /N B
B, BAMGF 8 H L ROE MEANRR RE PR HY MDS 4,

H—7iH, EEFERETARANAMEE 2Rt PR R ARG
PSR AR E AR Y, BN, ESCHR (58] B, (EETSE T FREn-F-#HY Tamo-
Barg i, RIINTZERES K E —EHR 7 EME 2 ERAM E, S21HE
N HRRE i, S b, (EFEMET-T-HA) NMDS 14, A DOR A EE2.5
HUFNSETT iR, 1SEIEE D 4E R,

522 ¢, EETHEED

1E75 B [E AR FIFRIRAVZBERDIN, STk (8] SaH: ¢, & MRS b
FY R B AT DA SRA IS B B I B IR A B D, TATFES TR — AU A R E RS,
TEBET w<4RE0, ME—RE w, MIEXRNE B AEX R EER R AE,
EfFHE— 5. 56, HqFen R, T 1, EREEE A DUARENSE,
Replldh, FEASCH, $ANX 1800, BAE w NEREEE EREE, A4 H 175
TPEEREN 2w - 2 BRALHE BN, (BAESCHR [80] HF, FRATZEEEHILG H TIX—24L
RACIERAE, FEMASRTEZH SR AR DA B CEE R
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FS5E HBES5EE
M4 4 < d < 2w — 4 I, WEXMRTHRRE—PI5R,

FL b, FERATER/NEE N, WFEEENKA—PDEMEREN, XML
N, {EAIE BRI F R RS I thRE 4 TARORHUES B, #E5CHK (471, 1F
FHWFFE T IXAMERAE E, (X T RIS FAERE, (hKEEeR, E
SE—PRIT,

5.2.3 MW_ERZRES

EENEZERF, —PNEA n MRS TR (TRD BIFRSH (labeled tree) F5H)
B n— 1 KB RHNERBE, 2 —RE T EURY DU AR AU G |72 B
FI—ApE, Flan, fEES40# (signal processing) W, EI#HRF RN ,; T4
FRIESH, RIEEWRAIEERAEIRES THIRRS, F%E, FAXUTwEHES
BHEATITE, EHREMGENZEEE, WAl IFFRAELSE S N [83],
XS 7 A] DU R [E 10 #2RR (edge erasures) 1%, HEE N AR, &
BRI, TEEARGA, W —M 268 A SR B R8RS A
[84], IXFEHIMEIBLEAY, KEREFMEMET R, LAY RZ RIBAENEA]
Z [EHHEE, YARMA —EBIRS =R E EAEEL LAY A L, flll)s
ZXM (suffix trees)o AT RAVAAITI A, gL AT DALY IE— 2R DLECRYEE
FHER, NEE YR K0 (FEEE LAVEER) 18RI, ] DUSES MR AgH1T
E, MMEREIFEEZIL EREER,

1 Cayley A3 [85] Hl, n MRS TS _EMFTE REFRSHIEE R n"~2, ¥
XPMEEICHNEZE T, XD B SRR T, T, Z RIS

dr(T\,T,) =n—1-|E| N E,|,

H E,, E, 7518 T, T, WA,

EX 51 B ER—NE Cp, 188 T-(n, M, d), 16HIZTEEN (1] B M 1R
B/NEBN d = dp(Cr) = ming 41 1 pec, (dr (T Ty)) FIREISES. ¢ THE
RRRFR R — RS

AL A(n, d) A—" T-(n, M, d) BBFTREIREIH R KT A€ — B n
DIAIFR SR, FTDOVE BRE SN RER () s ied &, AR
PREEHFTA RTRERY () SRR, HAERMAIE B0 12 BACH X R AATEIXAR
e, HARAIED 0, BRI, RGN Z BRI B A] DAEEZ T RHER
BZRAIXBHEEES I — . WL, — T-(n, M, d) B2 ((}),2d,n— 1), 7T
WEN, XENEEENAER, K, BIIE—1ER0N R,

TS WMEE x> 1AM 1<d <n, BATE A, d) = O™ %),

B/ L, FUFAAEE S, BAIDHEAEHEHR2=E T, MelR THhaEE
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BT HES5ESE

Fn—1, REA () WZJTH&E, £aKIN (52) > "2, FERE], —BRE]
DAME—XS B —MRHIEA &, RZNARR, Kk, ERM LS ERER, a0
] FH ) B R A IR — AR A 254, AT/ D25 BV, (15 AT DA BRI — T
ER A — L 75 RS TR _E ARG, (EISE— 0T,

FESCHR [83] 7, (BB A 7 BRIEFE /59, B0tk 7 2 3 5. 7R 1 B3R B A(n, d) =
O 1) M F R R MAIA H T — D E RIS IIRIE 135 A(n, d) = Q")
Kbk, WfEIZE An, d) —NMEMME, TEE—DIFR, Yd=n—1,n-2H,
A(n, d) BIFRYIECHERE, T4 d <n—3 W, HRMER, B, Ya>9 H
d=n-30, A(n,n-3)<n?, FRIX— RN, HiMBETRYS A,
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Bk A 3R3.1-3.2FF YRS

i A 23.1-3.200H9ES

AEM, FATKEI HEAER, 45 HAR3.UM3.242 21918 V34 3E o Fr
= E R ECOR W AT A IE 77 R B &S, X T AERRMA R, FHEH
B AR 2 DUAR BoRe 0 7 75 B3R IE X A H Y855, FRATAE GitHub
Wk B R IR 7 ARAS, DAE A &R AY 12 AT DUR & IR R, RS B 4 AL
https://github.com/lIxu2020/verification.

A1 /NEREKHE n = 0(mod 3) BNRE=E

MEMEE 0 e {15, 21, 27, 30, 33, 39, 45, 48, 51, 57, 63, 87, 93,
99, 111, 123}, HAMENHECHEAEEFIERAIYIL, BAREXN N AR BIEE
o ¥ n=21, 33F145 K, FKRIERAEFRMEN 048 - n—5)(159 - n—4)(2
610 --n—=3)3711-n=2m-1); ¥ n=30K, FAREANEREN 048
2 20)(159 -+ 21)(2 6 10 -+ 22)(3 7 11 -+ 23)(24 25 26 --- 29); M4 n = 57 A1 93
i, FSRIEFARBERMEN 024 -n-3)135-n-2)nm-1); NFTEITH, R
T n=48 K, FACKYRIEEEAS TSRS BN 6 15 48 A AkSh, HRAVTN
H 3 (mod n) A A%,

A2 INBEEHERE n = 1(mod 3) FYREF

MK e {16, 19, 22, 25, 31, 34, 40}, HAANRIUEEHIERE T
RAGH, HANFREN M AFEEH. 2 n=16F140 K, FREHARE R
HO48-n—4H159--n-3)2610--n=2)3711--n—-1); Hn=19F 31
I, FREFBIEREAN 012 n—1); 4 n=227% 34K, FREMANE RS
HN@O36--n—4)147-n=3) 258 n-2)(n—1); AKH n=25K, FAREH
FIEFIFIN (06 12 18)(1 7 13 19)(2 8 14 20)(3 9 15 21)(4 10 16 22)(5 11 17 23)(24).

A3 NMBREEKHEE n = 2(mod 3) BYREF

Xﬂ‘/Nﬂﬁne{zo, 23, 26, 29, 32, 38, 41, 50, 53, 62, 65, 74, 77,
86, 89, 98, 101, 113}, HAHENRIEAIEMTFERAIZIL, HA FJE%XTF‘ 5
[l B éu n =20 %123 W, FXRMEREREN OS2 20 22 4+
D) (-1 22 1 n-9)(n—-8n—6n—4)(n—Tn- 5n 3)(n 2)(n—1)

érn_szﬂj‘ %EE{’EH%IE’JQH?FWJ(O% S21)(147 ---22)(258 --- 23)(24 26 28
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BRSR A $R3.1-3.27H9AS
3025272931); 24 n =38, 50, 62, 74, 86 DALz 98 i, HRAEFAHIBIFMIN (024
cen—=4)(135-n=3)n-2n-1); M=% n=29, 41, 53, 65, 77. 89, 101 LLrZ 113
N, FREFABERMN 036--n-5)147 - n—-4)258 - n-3)(n-2)n—-1),

A4 RI.IFFILAY 22 MFHER n JINEY A5(n,6,4) I ETR

SIBlALl BT DIEEEES M = {14, 17, 18, 24, 35, 42, 44, 47, 56,
59, 68, 71, 72, 78, 80, 83, 84, 90, 92, 95, 96, 102}, M ne M I, A;(n,6,4)
1 R FANER3.3F R,

WERH  EFLRTHIS[EE3AS5%G H, KHFRMAFZZE TR, &%, ZEn=0
(mod 3) Y& 4 n= 18 F1 24 I, mIE HEAIERA A5(n, 6,4) > 33 #1 55,
X0 = 42,72,78,84,90,102 I, MR IR AT BB E N 67, 15%12!, 15%18!,
127, 69, 6!230! {1 4-GDD FITF & Z R ITIEAETE, 2 n =96 B, %
BRI AN 712101 19 4-GDD fl—NEE MR (B) 19 (9,6,4); 15, BTN HAE
H13.201521,

R, BTEE =2 (mod 3) B, A5(17,6,4) > 30 i@ I EAER
55, Y4 n=14,35,44,47,56,59,68,71,80,83,92,95 I, AHMN ARS AT 7351 1E LAY
%27’ 212111’ 222’ 218111, 22481, 224111’ 224201, 224231, 227261, 230231, 233261,

27329' {7 4-GDD FIfF & ZE R R FIBIEFE, |
A5 &g
KA BBEKERE n=0 (mod 3) BI/NMBEFSF,
n T
15 {0155]’8]99]} {1]74]98]’14]} {0151]922} {0173]9102}
{11a71’32}
{7,,9,,14,,19,} {3,,4,,6,,7,} {5,,14,,17,,18,} {0,,7,,12,,13,}
21 1{0,,5,,9,,11,} {8,,18,,4,} {4,,20,,1,} {10,,20,,19,}
{81a141762}
27 {3,,7,,19,,21,} {2,,14,,18,,21,} {5,,8,,16,,22,} {1,,2,,23,,25,}
{2,.3,,15,,20,} {12,,19,,18,} {7,.15,,25,} {1,.6,.8,}

{16,,23,,28,,29,]  {0,.6,,12,.18,] (17,.18,,27,,29,} {1,.11,,12,,21,}
{6,,10,,15,,17,}  {4,,12,,14,,29,}  {1,,7,,13,,19,} {1,.3,,10,,26,}

0 1(5,8,13,25)  {1,6,8,22,}  {2,3,23,27,}  {16,,25,17,}
{12,,23,,15,} {15,,20,,0,} {3,,25,,14,} (24,,27,)
{2,10,,18,,26,} _ {7,,15,,23,,31,] _ 19,,27,,30,,31,] _ {0,,12,,26,,31,]

33 [116,17,,18,27) {1,9,,17,,25,)  {0,,10,,23,,30,}  {1,,4,,10,,31,}
{0,,8,,16,,24,}  {5,,10,,20,,24,}  {0,,3,,9,,15,} {0,,5,,7,,25,}
{14,,32,.31,} {5,,18,, 1,} {18,,25,,22,} {21,,32,,0,}

{23,,27,,30,,34,}  {15,,28,.30,,36,} {13,.14,,23,.31,} {0,,22,,26,,38,}
39 1{10,,24,,33,.35,} {8,.11,,13,.33,}  {0,,5,.23,.29,}  {18,,19,,30,,38,}
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KA1 BEKHRE n=0 (mod 3) BNEEIDE,
n =
{10,,19,,7,} (19,,34,,24,} {7,,13,,20,}
{16,,21,,22,,33,} {8,,19,,37,.43,}  {10,,34,,35,.37,} {15,.23,,28,,37,}
{9,,20,,22,,34,}  {6,.34,,39,,40,}  {5,,15,,25,,41,}  {7,,22,.30,,37,}
45 ({2,,4,,19,,25,} {0,,16,,20,,23,}  {0,,25,,27,,34,}  {0,.8,,26,,30,}
(3,,31,,34,,43,}  {17,,44,,22,} (16,,44,,35,} {25,,28,,21,}
{36,,37,,24,}
(5,,17,,29,,41,}  {0,,12,,24,,36,}  {1,,13,,25,,37,}  {2,,14,,26,,38,}
(3,,15,,27,.39,}  {4,.16,.28,,40,}  (13,,17,,23,,42,} {10,,14,,19,,28,}
(26,,28,,30,,35,}  {10,,20,,27,,47,}  {19,,27,,35,.45,}  {0,,15,,22,,28,}
4g [1191:25,.42,,44,)  ({13,,15,.44,,47,)  {4,,15,,25..26,}  {10,,11,,29,.42,)
(11,,12,,15,,38,}  {1,,14,,29,,34,}  {8,,16,,19,,24,}  {0,,6,,13,,20,}
0,,27,,30,,41,}  {6,,15,,16,,43,}  {1,.23,.31,,45,}  {6,.7,.10,,39,}
(8,,18,,26,,39,}  {9,,14,,15,} (10,,41,,43,} (15,,17,,40,}
(34,,39,,0,} {11,,26,,20,} {10,,26,,23,}

{23,.27,,48,,50,} {32,,34,,44,.47,} {6,.39,.44,,50,}  {26,.27,.36,,42,}
sy [091.26,,31,.48,)  {4,,7,,25,,27,} (2,,25,,34,,39,}  {7,,15,,39,,47,}
{0,,1,,7,,48,} {0,,16,,20,,40,}  {8,,22,,29,,37,}  {20,,46,,11,}

(5,,23,,22,} {4,,16,,42,}

(39,.40,,46,,48,}  {0,.22,,23,,53,}  {0,,14,,28,.42,}  {1,,15,.29,,43,}
57 1{20,,24,,39,,49,} {5,.10,,13,,28,}  {0,,17,,21,,37,}  {9,.22,.31,,33,}
{10,,20,,50,,55,}  {4,.16,,36,,43,}  {7,,25,.13,} {17,,56,,4,}

(14,,22,,48,,59,} {8,.19,.27,.59,}  {1,.13,.44,,60,}  {26,.47,.61,,62,}
(18,,37,,42,,44,}  {11,,12,,18,,33,}  {18,,45,,52,,58,} {4,.8,,46,,62,}
63 |{8,,37,.47,,57,}  {1,.16,,54,,55,}  {21,,26,,43,,56,} {12,,24,,32,,57,}
{0,,9,,59,,61,} {6,,9,,37,,55,} {10,,29,,32,} (52,,55,,19,}

{26,,32,,9,}

{50,.69,,76,,82,} {31,,49,,73,.74,} {(41,,43,,74,.83,} {15,.38,,44,,65,}

{10,,15,,56,,67,}  {29,,30,,46,,69,}  {19,,55,,58,,66,} {17,,35,,69,,74,}
g7 [(71:291.36,. 79} {6,.10,,14,,38,}  (44,,47,,52,,59,}  {23,,43,,59,.84,)

{0,,38,,51,,73,}  {19,,40,,53,,57,} {2,,12,,31,,40,}  {9,,15,,36,,80,}

{3,,4,,14,,81,} {6,,8,,31,,81,} {0,,15,,33,,57,}  {4,.58,,60,,77,}

{40,,66,,13,} {27,,30,,86,} {40,,52,,72,}

{0,,23,,46,,69,]  {2,,38,,51,,78,}  {21,,33,,49,,58,} {20,,25,,28,,35,}
(8,,12,,14,,26,}  {41,,54,,55,,88,} {1,.49,,64,,85,}  {7,,13,,67,,74,}
93 [{27,,62,,79,.84,} {7,,.29,,58,,88,}  {8,,40,,59,,90,}  {20,,48,,57,,74,}
{4,,7,,31,,57,} {0,,20,,44,,91,}  {3,,7,,37,,56,} {13,,85,,11,}

{19,,92,,30,}
(36,.60,,68,,98,} {31,.41,,77,.89,} (14,,15,,25,.46,} {14,.28,.73,,92,}
(56,,66,,79,,96,}  {14,,47,,69,,90,}  {11,,30,,39,,45,}  {19,,20,,23,,94,}
(27,,79,.81,,82,}  {9,.38,,42,,90,}  {12,.23,.54,.79,} {5,.29,.73,,78,}
99 [{49,,62,,79,,88,} {40,,47,,56,,74,} {10,,30,,52,,93,} {3,,38,,63,,67,}
{20,,25,,36,,77,}  {0,,49,,72,,86,}  {72,.75,.77,,92,}  {19,.33,,52,,70,}
(3,,31,,37,,90,}  {0,,53,,61,,73,}  {10,,32,,39,,82,}  {68,,74,,29,}
{58,,73,,66,} {51,7,,43,}
{12,,55,,57,,93,} {46,,67,,97,,104,} {55,,70,,86,,103,} {2,,16,,91,,108,}
(5,,78,,99,,107,}  {33,,72,,75,,100,} {17,,20,,63,,79,} {53,,71,,78,,102,}
{11,,48,,95,,99,}  {42,,79,,90,,99,} {42,,76,,82,,95,} {34,,62,,68,,101,}
11111231.59,,61. 711} {14,,33,,48,,55,}  {2,,13,.18,.31,}  {1,,27,,85,.88,)
{29,,34,,42,,69,}  {0,,11,,32,,82,}  {9,.53,.98,,108,} {11,,68,,96,,98,}
{4,,16,,58,,59,}  {6,,7,,16,,39,} {0,,35,,50,,70,}  {0,,6,,20,,52,}
{9,,13,,27,.58,}  {5,.28,.74,,75,}  {10,,95,,35,} {41,,88,,49,}

{97,,101,,42,}.
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Bk A 3R3.1-3.2FF YRS

KA1 BEKHRE n=0 (mod 3) BNEEIDE,
n =

{32,.34,,115,,118,} {40,,60,,85,,111,} {12,,40,.61,,117,} {0,,68,,119,,122,}

(56,,81,,116,,121,} {25,,55,,104,,119,} {52,,59,,111,,115,} {17,,26,,93,,107,}

{30,,32,,80,,111,} {23,,30,,87,,119,} {22,,97,,102,,114,} {9,,43,,105,,116,}

103|1371.56,.84,,103,}  {13,,22,,46,,56,}  {10,,16,,28,,41,}  {50,,80,,86,,99;}

{13,,17,,54,,119,} {70,,72,,78,.85,}  {36,,56,,74,,109,} {3,,20,,32,,58,}

{31,,59,,82,,83,}  {6,,42,,90,,100,}  {20,,28,,66,,82,} {17,,57,,62,,94,}

{29,,70,,86,,97,}  {4,,15,,36,,39,}  {3,.33,.56,,66,}  {6,,14,,28,,115,}

{9,,10,,54,,63,}  {21,,47,,6,} (41,,84,,61,} (21,,83,,122,}

RA2 BEKHE =1 (mod 3) B/NEEE,

n g
{2,.6,,10,,14,}  {3,,7,,11,,15;}  {0,,4,,8,,12,}  {1,,5,,9,,13;}

16({0,,7,,10,,13;}  {0,,9,, 14,15} {2,,7,,12,} {1,,10,,3,}
{0,,3,,5,} {0,,1,,2,}

19[{0,.2,,5,,15,}  {0,,1,,8,}

o[ 1135,91, 100} {30,5,,6, 14y} {1, 11,18, 21, {1,,2,,4,,17,}

{04, 16,,10,} {1,,5,8,} {3,.81,12,}

(4,,10,,16,,22,} {5,,11,,17,,23,} {0,,6,,12,,18,} {(1,,7,,13,,19,}

(2,.8,,14,,20,}  {3,,9,,15,.21,} {1,.8,,10,,23,} {0,,8,,15,,16,}
25({7,,10,,15,,17,} {3,,13,,17,,18,} {5,,9,,20,,24,} {0,,4,,7,.24,}

(8,,9,,12,,22,} {6,,8,,11,,19,}  {0,,17,,22,} {2,,23,,12,}

(3,.8,,7,} {4,,21,,5,} (12,,13,,15,}  {10,,19,,14,}

31/{0,,2,,8,,20,}  {0,.5,,14,,21,} {0,,1,,4,}

(19,,24,,27,,31,} {4,.22,,24,.29,} {2,.17,,27,.29,} {1,.14,,18,,33,}
341{2,,3,,15,,21,}  {0,,1,,10,,11,}  {1,,5,,7,,29,}  {5,,12,,21,}

{6,,28,,25,} {11,,28,,14,}

{4,,12,,15,,27,} 1{22,.25,.33,,37,} {3,.11,,12,,17,} {4,,16,,17,,30,}

40/ (01:101.20,,30,}  {1,.11,,21;,31,} {4,.20,,38,,39,} {2,,6,.18,.39}
{0,,6,,29,,38,}  {1,,2,,15,,19,}  {8,,15,,17,,33,} {13,,19,,32,,34,}
{20,,37,,2,} {6,,35,,11,} (26,,35,,33,}  {9,,16,,12,}

KA3 BKHEn=2 (mod 3) B/NEEEE,
n o
0,,6,,12,,18,}  {1,,7,,13,,19,} (2,.8,,14,,20,}  {13,,18,,22,,30,}
5o [161:111,29,.30,}  {2,.5,,10,.29,} {12,,13,,25,,28,} {5,.16,,20,,28,}

(2,,3,,16,,19,}  {0,,2,,9,,28,} 0,,3,,10,,11,}  {5,,24,,15,}

{27,,29,,13,} {0,,22,,20,} (24,,25,} (30,,31,}

{10,,13,,20,,21,} {6,.11,,12,,18,}  {15,,17,,19,,21,} {6,.9,,10,,19,}

(3,,14,,18,,19,}  {1,,9,,15,,18,} (3,,9,,20,,22,}  {0,,7,,18,,20,}

23 1{1,,3,,8,,10,} {51,71,10,,15,} {2,7,,13,, 14} {2,41,6,,21,}

(15,,22,,2,} {3,,15,,6,} (10,,14,,4,} {1,,22,,0,}

{7,,19,.8,} {15,,16,} {21,,22,}

{3,,9,.15,,21,}  {4,.10,,16,,22,}  {5,,11,,17,.23,} {0,.6,,12,,18,}

(1,,7,,13,,19,}  {2,.8,,14,,20,} {4,,12,,19,,25,}  {0,,10,,19,,20,}

0 [(912120,16, 17} {8,,17,.18,.25,}  {4,.6,.8,.9,} (3,,4,,17,,24,}

{(7,,9,,20,,24,}  {2,,5,,9,,18,} (2,,7,,10,,21,}  {1,,21,,12,}

{0,,17,,1,} {1,.5,,22,} {51,7,,14,} {51:19,3,}

(20,,22,,17,} (24,,25,}

(6,,14,,16,,28,} {2,.8,,17,,24,} (3,.16,,19,.25,7  {2,.3,.6,.7,}
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Bk A 3R3.1-3.2FF YRS

RA3 BBKHRE =2 (mod 3) B NBEILE,

n T
{0,.2,.19,.27,}  {1,.13,,14,,17,}  {12,,18,,0,} {1,.21,.8,}
{9,.26,,7,} {27,.28,)

{0,.6,,12,,18,]  {1,,7,.13,,19,} (2,.8,,14,,20,]  {13,,18,.22,,30,}
3o |161:111,29,,30,)  {2,,5,,10,,29,) {12,,13,,25,,28,} {5,.16,,20,,28,}
{2,,3,,16,,19,}  {0,,2,,9,.28,} {0,,3,,10,,11,}  {5,,24,.15,}
{27,,29,,13,} {0,,22,,20,} (24,,25,) {30,,31,}
{12,,15,,16,,28,} {10,,16,,17,,24,} {7,.12,,22,.27,} {5,,9,.17,,19,}
38 [{0,.2,,13,.19,}  {0,,9,.18,,27,} {5,.37,,16,} {32,.36,,29,}

{36,.37,)

{6,,25,,29,,39,} {11,,15,,20,,25,} {10,,17,,36,.40,} {17,,32,,34,,35,}
4 10028,9)  {10,19,,27,38,)  {2,,14,,24,,27,}  {0,,4,,6,,27,})

{4,,10,,15,,22,}  {7,,21,.6,} {10,,13,,23,} {20,,28,,4,}

{39,,40,)

{0,,12,,24,,36,] (1,.13,,25,.37,}  {14,,20,,25,,36,] (2,.17,.31,.47,}
50 [{28,.35,,37,.45,} {17,,24,.37,,43,} {23,.27,.36,.44,} {0,.2,,20,,23,}
{5,,6,,10,,20,}  {23,,48,,22,} {26,,49,,3,} {48,,49,)
{16,,23,,24,,50,} {(28,,42,,43,,46,} {12,,15,,31,.50,} {5,,11,.25,,41,}
sy [101:12,,22,46,)  (12,,30,,39,.44,}  {7,,9,,32,,50,}  {18,,20,,43,,49,)
{0,,28,,29,,51,}  {0,,6,.17,,21,} {0,.8,,13,,52,}  {5,,7,.16,,46,}
{43,.47,,3,} {12,,32,,19,} {2,.44,,5,} {51,,52,}
(3,.15,,28,.37,] {0,,16,,48,,50,}  {13,.31,.33,,52,] {0,.15,,30,.45,}
6 |1231,30,31,,55,) {0,,18,,29,,40,}  {5,,9,,52,,55,} {01, 4,31,,37,}
{9,,10,,46,,53,}  {0,,5,.8,.14,} {32,,60,,51,} {33,.60,,38,}

{60,,61,}
{16,,21,,22,,62,} {18,,24,,28,,39,} {11,.25,,27,.64,} {16,,39,.47,,63,}
{12,,36,,49,,61,} {10,,27,,43,,47,}  {9,.26,,31,.41,} {12,,17,,21,,55,}
65 [{7,.20,,59,.62,} {1,.9,.16,,23,} {2,,11,,12,,31,}  {28,,37,.55,,56,}
{0,,11,,23,,36,}  {20,,26,,54,,56,} {0,,18,,44,,51,}  {7,,31,,28,)
{6,.37,.9,) (13,,29,.11,) {63,.64,)
{1,,19,,37,.55,) {12,,14,.15,,26,} {4,.15,,37,.61,} {29,,43,.66,,71,}
74 |1301:38,,67,,68,) (0,,18,,36,,54,)  {44),57,,61,,69,} {6,,26,,47,,57,}
{4,.8,,31,,48,}  {4,,23,,28,,43,}  {0,.6,,16,,69,}  {3,,16,.59,,66,}
{10,,17,,55,,57,} {36,,73,.62,} {9,.72,,15,} {72,.73,}
(33,,51,,53,,72,} {23,,35,,62,,72,} {18,.24,,28,.43,} {25,,30,,65,,76,}
{23,,30,,46,,57,} {20,,24,,48,,70,} {12,,62,,67,.75,} {31,,32,.33,,65,}
7 [161:18,,19,,67,)  {1),14,,38,,68,)  {1,,47,,50,,65,}  {1,,11,,31,,43,}
{10,,19,,42,,57,} {3,,10,,14,,45,}  {6,,29,.35,.51,}  {5,.7,.58,.64,}
{1,,4,,32,,45,}  {8,,66,,69,,74,}  {37,.54,,45,} {43,,64,,50,}
{50,,67,,31,} {75,.76,)
{42,,53,.73,,75,] (0,.21,,42,,63,}  {0,,4,,49,,73,}  (6,.22,.31,.81,}
{21,,59,,69,,77,} {20,.23,.56,,75,} {0,.52,.53,.57,} {24,.36,.44,,71,}
86 |{1,.6,,13,,20,}  {5,.28,.50,,52,}  {4,.32,,38,.78,} {49,,50,,65,,79,}
{0,,13,,54,,71,}  {6,,29,.32,,73,}  {20,.84,,2,} {49,.85,,55,}
(84,,85,)
{55,,62,,64,,81,} (27,,32,.37,,88,} {37,.51,,65,.87,} {17,,40,,55,,86,}
{31,,58,,70,,76,} {19,,20,,49,,85,} {37,.42,,61,.84,} {30,,54,,60,,76,}
{30,,63,,64,,67,} {16,,49,,51,,86,} {20,.34,,53,.59,} {4,,12,.38,,48,}
89 |{16,,26,,72,,75,} {12,,27,,56,,86,} {12,.35,,44,,79,} {14,,65,.77,,85,}
{8,,29,,30,,55,}  {5,,9,.36,,84,} {14,,39,,46,,59,} {5,,21,,32,,39,}
{0,,2,,13,,17,}  {6,,56,.53,} {18,,27,,76,} {3,.79,,24,}
(87,.88,)
{13,,71,,72,,75,} 1{28,,80,.85,,95,} {20,.42,,46,,73,} {0,,24,.48,,72,}
98
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Bk A 3R3.1-3.2FF YRS

RA3 BBKHRE =2 (mod 3) B NBEILE,

n B

{1,.25,,49,,73,] (22,.41,,71,,90,} {6,,24,.82,.89,} (5,.21,.26,.62,}
{3,,17,,53,,59,}  {26,,40,,72,,82,} {28,.45,,62,,63,} {35,,46,,67,,87,}
{4,,6,,12,,75,}  {0,,9,,80,,93,} {1,,9,,24,,54,}  {8,,67,,69,,95,}
{1,,52,,64,,75,}  {37,,96,.8,} (68,,97,,61,} {96,,97,)

{24,.38,,43,,50,] {26,,.50,.72,.84,} {32,.49,,93,,100,} {51,,64,,75,,84,}
{31,,44,,53,,93,} {22,,59,,77,,78,} {17,.52,,64,.73,} {14,,25,,55,,84,}
{31,,33,,34,.48,) ({34,,35,,72,,80,} {29,.36,,42,,72,} {22,,58,.63,,83,}
101({0,,21,,72,,89,}  {15,,17,,43,,47,}  {10,,42,,60,,64,} {54,,59,,65,,79,}
{20,,43,,59,,92,} {0,,16,,73,,83,}  {6,.13,,41,,66,}  {8,,37,.56,,84,}
{1,,16,,40,,67,}  {5,.7,.13,,47,} {3,.6,,37,,60,}  {2,,6,,70,,99,}
{44,,47,,0,} {29,,44,.8,} {76,.84,,94,} {99,,100,}

{58,.91,,95,,101,} {10,,29,.45,,100,} {12,.34,.81,.87,} {(57,,72,.101,,109,}
{60,,64,,71,,106,} {22,,49,,107,,109,} {18,,42,,65,,101,} {0,,62,,94,,112,}
{32,.46,,52,,77,} {59,,60,,74,,105,} {26,,43,,81,,111,} {2,,41,,83,,104,}
{13,,27,,47,,94,} {27,,60,,65,,77,} {28,.30,,48,,60,} {11,,22,,38,,45,}
{27,.43,,48,.61,) (38,,67,.82,,95,} {12,,22,,31,,94,} {16,,19,,27,,87,}
{7,,29,,62,,87,}  {9,,35,,58,,94,}  {17,,60,,68,.87,} {5,,10,,55,,67,}
{17,,27,,30,.55,} {3,,12,.66,,73,}  {5,.8,,45,.84,}  {17,,110,,21,}
{93,,94,,95,} {47,,71,,1,} {111,,112,}
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