
©aÒµ O157.2 ü �èµ 10335

Æ Òµ 11335032

Æ¬Æ Ø©

¥¥¥©©©ØØØ©©©KKK888: ppp���ÝÝÝêêêâââ���;;;���111nnnÏÏÏ&&&¥¥¥

���'''èèèaaa���ïïïÄÄÄ

===©©©ØØØ©©©KKK888: Several codes related to high-density data

storage and optical fiber communication

��<6¶µ ¶�&

����µ ¾7 AïÄ


µ;�¶¡µ A^êÆ

ïÄ��µ |ÜêÆ�?ènØ

¤3Æ�µ êÆ�ÆÆ�

ØØØ©©©JJJ���FFFÏÏÏ 2018ccc 3��� 20FFF





ppp���ÝÝÝêêêâââ���;;;���111nnnÏÏÏ&&&¥¥¥

���'''èèèaaa���ïïïÄÄÄ

ØØØ©©©���ööö\\\¶¶¶µµµ

 

"""

������������\\\¶¶¶µµµ

 

"""

Ø©µ�<1µ

µ�<2µ

µ�<3µ

µ�<4µ

µ�<5µ

�F�
¬ÌRµ ù°7 �Ç H®���Æ

�
1µ ù°7 �Ç H®���Æ

�
2µ Ç?u �Ç 2Ü���Æ

�
3µ Ç�� �Ç úô�Æ

�
4µ ��c �Ç úô�Æ

�
5µ ¾7 AïÄ
 úô�Æ

�FFÏµ 2018c 4� 29F





Several codes related to high-density data

storage and optical fiber communication

Author’s signature:

 

Supervisor’s signature:

 

External Reviewers:

Examining Committee Chairperson:

Prof. Haitao Cao, Nanjing Normal University

Examining Committee Members:

Prof. Haitao Cao, Nanjing Normal University

Prof. Dianhua Wu, Guangxi Normal University

Prof. Zhixiang Wu, Zhejiang University

Prof. Gennian Ge, Zhejiang University

Prof. Tao Feng, Zhejiang University

Date of oral defence: April 29th, 2018





úô�ÆïÄ)Æ Ø©ÕM5(²

�<(²¤¥��Æ Ø©´�<3����e?1�ïÄó�9���ïÄ¤J"

Ø
©¥AO\±I5Ú���/�	§Ø©¥Ø�¹Ù¦<®²uL½>�L�ïÄ¤

J§�Ø�¹�¼�úúúôôô���ÆÆÆ ½Ù¦��Å��Æ ½yÖ¦^L�á�"�·�

Óó��Ó�é�ïÄ¤��?Û�zþ®3Ø©¥�
²(�`²¿L«�¿"

Æ Ø©�ö\¶µ

 

\iFÏµ c � F

Æ Ø©��¦^Ç�Ö

�Æ Ø©�ö��
)úúúôôô���ÆÆÆ k��3¿�I[k'Ü�½Å�x��Ø©

�E<�Ú^�§#NØ©���Ú/�"�<Ç�úô�Æ�±òÆ Ø©��Ü½Ü

©SN?\k'êâ¥?1u¢ÚDÂ§�±æ^K<! <½×£�E�Ãã��!®

?Æ Ø©"

£���Æ Ø©3)��·^�Ç�Ö¤

Æ Ø©�ö\¶µ

 

��\¶µ

 

\iFÏµ c � F \iFÏµ c � F





��� ���

kkê1§=úm·�Æ¬)ã=ò(å§£�L��Êc§Ïmk�õ�<Ú¯�

�~g"3ùAc�ÆS)ã¥§·aÉ�
Nõû�Ãl����yÚ'~§3d·�

L�·�ª��a�"

Äk·�a���c�ÇÚ¾7ïÄ
§3Êc�Æ¬)ãp§¦�ü 3ÆSÚ)

¹þ��
·é���Ï"�P�î>¢�Æâ�º§�Æ��£±92,�À�é·

k#���Ï"¾7P�´� û�Ãl§¦¹��g�Úé�Æâ�@ý�Ý�é·�

)
é��K�"a�¦�ü ��±5é·�'%Ú��§�,vU��ü P��Ï

N§�8�·¬UYãå"Ó�§��a�Ù¦��L·�P�§U
Ú\��6?Ø´

·�J3"

a�Ú·�åÆS�� Ó�µ�ðW!�g�!oÐ1!Ü�è!�ù!þ(À!

Üë!Jerod Michel!��#!êµÆ!a��!��ú!ÒáÅ!���!Mf�!¸È

d!�¢�!=è�!��!{©d!o�h!Û�©!>,�§3ùãÆS�)¹��

1p§·�3e
éõ{Ð�£Á§a�Ã �73éu·�G%��Úì�"

a�·�O�I1![<ÚÓÆ§AOa�I1��±5é·�'~§a�±�Ó

Æéu·�=üÚ�y§a��[�'%"

du�öY²k�§\��mÚ�Ì¤�§©¥J�k¸ØÚØ��?§¹�� ;

[ÆöØ�1µ���

I





ÁÁÁ ���

�Æ Ø©Ì�ïÄ
p�Ýêâ�;Ú1nÏ&¥��'èa§|^k�AÛ§ý

��§~Ì�è§kn¼ê±9 r-{üÝ
ù
óä�E
�`�iÎ(éè§b-iÎ

è±9ìC�`�1��\¶è"

31 2Ù¥§·�ïÄiÎ(éè"iÎ(éè�±-|iÎ(é&�¥�(é�

Ø§iÎ(é&�zgÑÑÑ¤é�iÎ"ïÄ@
kX4���(éål�è´�~

��§Ï�ù��èkX�Ð�Å�(é�Ø�Uå§ù��è�¡����ål�

©£MDS¤iÎ(éè"�ÙÌ��Ek�� Fq þ��5 MDSiÎ(éè"Äk§·

�y²��(éål� 5 � MDS iÎ(éè�3��=�Ù�Ý 5 ≤ n ≤ q2 + q + 1"

éu��(éål� 6 ��/§K�±|^��8�E¤k�Ý q + 2 ≤ n ≤ q2 �

MDS iÎ(éè"��§|^ý��·��E
éu��(éål d + 2§�Ý

7 ≤ d+ 2 ≤ n ≤ q + b2√qc+ δ(q)− 3�MDSiÎ(éè§Ù¥ δ(q) = 0½ 1"

31 3 Ù¥§·��Ä b-iÎÖ�&�§ù�&�zgÖ�ëY� b > 2 �iÎ"

3�Ù¥§·�ïá
éA� Singleton ."��ù�.�è·�¡����ål�©

£MDS¤b-iÎè§§�´�`�Ï�§�kX4��� b-ål"ÏL��Äuk�AÛ

��{§·��E
A� MDS b-iÎè�Ã¡a"¤��èkX�~´L�ëê§¿�

3,
ëêe§·�®²��û½
�5MDS b-iÎè��35"

31 4 Ù¥§Äuk��þ�kn¼êÚõ�ª§·��Ñ
oa1��\¶è

£OOSPC¤����E"|^ r-{üÝ
§·�K�±48/�E OOSPC"ù
�EÑ�

±�ÑìC�` OOSPC�Ã¡a"

31 5Ù¥§·�{�/0��e,��'uA��O�ó�§±9ÿ3ïÄ�Ù§

�K"

'�cµiÎ(éè§b-iÎè§1��\¶è§k�AÛ§~Ì�è§ý��§kn

¼ê§r-{üÝ


III





Abstract

This thesis involves several codes related to high-density data storage and optical fiber com-

munication. We use powerful tools including projective geometry, elliptic curves, constacyclic

codes, rational functions and r-simple matrices to construct optimal symbol-pair codes, optimal

b-symbol codes and asymptotically optimal OOSPCs.

In Chapter 2, we study symbol-pair codes which can protect against pair-errors in symbol-

pair channels, whose outputs are overlapping pairs of symbols. The research of symbol-pair codes

with the largest minimum pair-distance is interesting since such codes have the best possible error-

correcting capability. A symbol-pair code attaining the maximal minimum pair-distance is called

a maximum distance separable (MDS) symbol-pair code. In this chapter, we focus on constructing

linear MDS symbol-pair codes over the finite field Fq. We show that a linear MDS symbol-pair

code over Fq with pair-distance 5 exists if and only if the length n ranges from 5 to q2+q+1. As for

codes with pair-distance 6, length ranging from q + 2 to q2, we construct linear MDS symbol-pair

codes by using a configuration called ovoid in projective geometry. With the help of elliptic curves,

we present a construction of linear MDS symbol-pair codes for any pair-distance d+ 2 with length

n satisfying 7 ≤ d+ 2 ≤ n ≤ q + b2√qc+ δ(q)− 3, where δ(q) = 0 or 1.

In Chapter 3, we consider b-symbol read channels, where the read operation is performed as

a sequence of b > 2 consecutive symbols. In this chapter, we establish a Singleton-type bound for

b-symbol codes. Codes meeting the Singleton-type bound are called maximum distance separable

(MDS) codes, and they are optimal in the sense they attain the maximal minimum b-distance.

We introduce a construction method using projective geometry, and then construct several infinite

families of linear MDS b-symbol codes over finite fields. The lengths of these codes have a large

range. And in some sense, we completely determine the existence of linear MDS b-symbol codes

over finite fields for certain parameters.

In Chapter 4, we give four direct constructions for OOSPCs based on polynomials and rational

functions over finite fields. We also use r-simple matrices to present a recursive construction for

V



úô�ÆÆ¬Æ Ø©

OOSPCs. These constructions yield new families of asymptotically optimal OOSPCs.

In Chapter 5, we briefly introduce another work, namely adesign, and some other topics that

are still under investigation.

Keywords: symbol-pair codes, b-symbol codes, optical orthogonal signature pattern codes, finite

geometry, constacyclic codes, elliptic curves, rational functions, r-simple matrices
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1.1 iiiÎÎÎ(((éééèèè��� b-iiiÎÎÎèèè

y���¬´��p�uÐ��¬§�ÆEâ%ÇuÐ§<��m��6�5��

�§&E�6Ï��cB|§·���?3��/�êâ0���"3ù���êiz�

��§&EEâ�)�é��a.ÚêþFÃOõ§¡éù
°þ�!pO�ÇÚõ�z

�&E§ÊÏ��;Ãã®²�5�J·A"

3p�Ý�;��µe§¦+·��?è�ªvkUC§�´iÎ�Ö�ö�%®u

)Cz"éu���þ x = (x0, x1, · · · , xn−1)§�·�liÎ(é&�¥Ö�����Ö

��þ�

π(x) = ((x0, x1), (x1, x2), · · · , (xn−1, x0)).

�Ò´`§·�Ñ´l&�¥¤é/Ö�iÎ§3ù�L§¥u)��ØKLy�ü�

iÎ½öõ�iÎ��ØÖ�"CassutoÚ Blaum [8] ÄgïÄ
-|ù���Ø�è§·

�¡��iÎ(éè"Chee� [10] Kïá
iÎ(éè� Singleton.§�� Singleton.

�è´�`�§Ï�§�±-|��ê8�(é�Ø§�Eù��è´���~��k

��¯K"�©1 2Ù|^�5�ê�{§��8±9ý��è�E
na�`�iÎ

(éè§ùÜ©�ó�uL35Designs, Codes and Cryptography6"

�C§Yaakobi� [55] òiÎ(éÖ�&��µeí2� b > 2�iÎëYÖ��µe

¥§3ù��&�¥§z�ÚÖ�ö�ÑÖ�ëY� b�iÎ"�Ò´`§�·�l&�

¥Ö��þ x = (x0, x1, · · · , xn−1)�§·����´

πb(x) = ((x0, · · · , xb−1), (x1, · · · , xb), · · · , (xn−1, x0, · · · , xb−2)).

�©1 3ÙïÄ
ù��&�¥�è�5�§Ó��E
Aa�`�è§ùÜ©�ó�u

L35Finite Fields and Their Applications6"
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1.2 111������\\\¶¶¶èèè

1è©õ�£optical code-division multiple access¤´ò CDMAEâ�1nÏ&Eâ�

(Ü��«#Eâ§(Üü«Ï&�ª�A:§äkér�Eâ`³Ú2,�A^cµ"

OCDMAEâÄk¬�z�^r©���/�è£*ªS�¤§I�Xù�^r��°§

ØÓ�^rkØÓ�/�è§�§��p��½O��§XdÒ�±òØÓ�^r�\�

�Ó�ª�Ú�Yþ§?�±¢yõ�^r��Ó��1n&�§k�JpXÚoN

þ§1��è£optical orthogonal code¤Ò´ù���PkûÐ�'5��/�è"X

J·�ò OCDMA*Ð������mþ§@oz��� ²¡Ñ�±^���� (0, 1)

Ý
5?è§ù��Ý
·�¡����1��\¶£optical orthogonal signature pattern¤"

OOSP��E´�m� OCDMA¥�'��¯K§·�F"z�1��\¶3��²¡

£Ä��g�Ñ´�«©�§Ó�ü�ØÓ�1��\¶3£Ä��ATÓ�´�«©

�"÷vA½�¦���1��\¶�8Ü¡��1��\¶è£OOSPC¤§éuÙèi

ê8 Θ(m,n,w, λ)·�kXe Johnson.µ

Θ(m,n,w, λ) ≤ J(m,n,w, λ)

=
⌊
1
w

⌊
mn−1
w−1

⌊
mn−2
w−2

⌊
· · ·
⌊
mn−λ
w−λ

⌋
· · ·
⌋⌋⌋⌋

.
(1-1)

Äuk��þ�kn¼ê§õ�ª�{±9 r-{üÝ
§�©1 4 Ù�Ñ
ìC�`

OOSPC����EÚ48�E§ùÜ©�SNuL35IEEE Transactions on Information

Theory6"
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2.1 000���

iÎ(éè�ïÄup�Ýêâ�;Eâ�p�uÐ§3ù��µe§¦+?èL

§E,Óu ~§�´iÎ´¤é/Ö��"XJ��&��ÑÑ�ªLy�¤éiÎ�

Ö�§@o·�Ò¡ù��&��iÎ(é&�"��(é�ØK´3�g(éÖ�¥§

Ù¥��½õ�iÎ��ØÖ�"�O�A�è5-|�½êþ�(é�Ø´�'�

�"

CassutoÚ Blaum3©z [8] ¥ÄgïÄ
-|(é�Ø�è§�)è�Å�^�§è

��E�)è§±9è����þe."3@��§CassutoÚ Litsyn [9] �Ñ
iÎ(é

è��ê�E±9èÇ�ìC." Yaakobi� [54,55] KJÑ
Ì�iÎ(éè�k�)è

�{"

2013c§Chee� [10]ïá
iÎ(éè� Singleton.¿�E
��.�Ã¡èa§ù

��è�¡���ål�©iÎ(éè§½{P�MDSiÎ(éè"MDSiÎ(éè�

�E´���~¢^Úk��¯K§Ï�éu�½��ÝÚ�ê§ù��èkX�Ð�Å

�(é�Ø�Uå"©z [10] ¥��ö|^���E|§�'�ãØóä±9|Ü(��

�E
MDSiÎ(éè"Kai� [31] K|^Ì�èÚ~Ì�è�E
MDSiÎ(éè"

DÚ¿Âe� MDSèÓ��´ MDSiÎ(éè [10]§Ù§®��èaÑ�3L 2-1

¥"3�Ù¥§·��E
k�� Fq þ��5MDSiÎ(éè§Ì�k±enaµ

1. �5MDS (n, 5)q iÎ(éè�3��=� 5 ≤ n ≤ q2 + q + 1¶

2. é?¿ q ≥ 3§max{6, q + 2} ≤ n ≤ q2§Ñ�3�5MDS (n, 6)q iÎ(éè"

3. éu��� n, d ÷v 7 ≤ d + 2 ≤ n ≤ q + b2√qc + δ(q) − 3§Ñ�3�5� MDS

(n, d+ 2)q iÎ(éè§Ù¥

δ(q) =

 0, XJ q = pa, a ≥ 3, a´Ûê� p | b2√qc;

1, Ù§�¹.

3
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L 2-1 ®��MDSiÎ(éè

��(éål q n ë�©z

2, 3 q ≥ 2 n ≥ 2 [10]

4 q ≥ 2 n ≥ 2 [10]

ó�ê� n ≤ q + 2 [10]

Û�ê 5 ≤ n ≤ 2q + 3 [10]

5 �ê� n|q2 − 1, n > q + 1 [31]

�ê� n = q2 + q + 1 [31]

�ê�, q ≡ 1 (mod 3) n = q2+q+1
3

[31]

6
�ê� n = q2 + 1 [31]

Û�ê� n = q2+1
2

[31]

7 Û�ê n = 8 [10]

ò·��(Ø�®��(J�'��±wÑ§·��E�Ã¡akX�\´L�ë

ê"·��E�èa��ÝH{���«m¥�¤k�ê§éA��c�(J¥��Ý

�´Ù¥���«m§½ö�´Ù¥�,
:"

2.2 OOO���óóó���

b� Σ´¹k q����i1L§Ù¥z���·�¡����iÎ"éu Σn ¥�

���þ x = (x0, x1, · · · , xn−1)§·�½Â§�iÎ(éÖ��þ�

π(x) = ((x0, x1), (x1, x2), · · · , (xn−1, x0)).

3�Ù¥§·�- q ��ê�§Fq ��¹ q ����k��"·�Ì��Ä Fq þ�

�þ§�- Σ = Fq"

w,/§Fnq ¥�z��þ xÑk���iÎ(éÖ��þ π(x) ∈ (Fq × Fq)n"é Fnq
¥�ü��þ x, yó§·�½Â§��m�(éål�:

Dp(x,y) := |{0 ≤ i ≤ n− 1 : (xi, xi+1) 6= (yi, yi+1)}|,

Ù¥eIÑ´3� n�¿Âe��"éu Fnq ¥�?¿�þ x§·�½ÂÙ(éþ�µ

wtp(x) = |{0 ≤ i ≤ n− 1 : (xi, xi+1) 6= (0, 0)}|,

4
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Ù¥eIÑ´3� n�¿Âe��"

©z [8] ¥ïá
(éålÚ Hammingål�m�XeéX"

·K 2.2.1 � x Ú y � Fnq ¥ü�÷v 0 < dH(x,y) < n ��þ§Ù¥ dH L«�´

Hammingål§@o·�k

dH(x,y) + 1 ≤ Dp(x,y) ≤ 2dH(x,y).

Ó�§(éålÚ(éþ�kXe'X¤á"

·K 2.2.2 é¤k x,y ∈ Fnq§·�k Dp(x,y) = wtp(x− y).

Fqþ�Ý� n�è C ´ Fnq �����f8§C �z���¡��èi"C ���(

éål½Â�µ

Dp(C) = min{Dp(x,y) : x,y ∈ C,x 6= y},

Ó�§C ���½Â�Ù¤�¹�èi�ê8"Ï~�¹e§Fq þ�Ý� n§���M§

��(éål� d�èP�� (n,M, d)q iÎ(éè"XJ C �´ Fnq ���f�m§@o

·�Ò` C ´���5iÎ(éè"� C ´���5è�§§���(éålÒ´ C ¥�

"èi���(éþ"·�Ì��Ä�´ Fq þ��5iÎ(éè"

��(éål d´����ëê§§û½
è�Å�Uå"Ïd§éu�½�Ý

n§�EiÎ(éè¦�Ù(éål d¦�U�´kX�¿Â�"©z [10]y²
Xe

Singleton."

½n 2.2.3 £Singleton.¤� q ≥ 2§2 ≤ d ≤ n§XJ C ´�� (n,M, d)q iÎ(éè§@

oM ≤ qn−d+2"

�� Singleton.�iÎ(éè�¡����ål�© (MDS)iÎ(éè"��MDS

(n,M, d)q iÎ(éè·�{P� MDS (n, d)q iÎ(éè"©z
[31] ��ö��Ñ
Xe

½n§éu·���Eék�Ï"

½n 2.2.4 - C� Fqþ��ëê� [n, n−dH , dH ]��5è"XJ��(éål d ≥ dH+2§

@o C ´�� MDS (n, dH + 2)q iÎ(éè"

5
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y3·�®²�Ð
¿©�O�§·��±�ÑXe'u�5MDSiÎ(éè�3

5�¿©^�"

½n 2.2.5 XJ�3�� Fq þ dH 1§n ≥ dH + 2 ≥ 4��Ý
 H = [H0, H1, · · · ,Hn−1]§

Ù¥ Hi (0 ≤ i ≤ n− 1)L«�´ H �1 i�§÷vµ

1. ?¿ dH − 1��5Ã'¶

2. ?¿Ì�ëY� dH ��5Ã'§=é¤k 0 ≤ i ≤ n − 1§ Hi, Hi+1, · · · , Hi+dH−1�

5Ã'§Ù¥eIÑ´3� n�¿Âe��¶

@oÒ�3�� MDS (n, dH + 2)q iÎ(éè"

y² - C ´± H ���Ý
��5è"1��^�K`² C ´���Ý� n§���

qn−dH§�� Hammingål�u�u dH ��5è"éu C ¥ Hammingþ� dH �èi

c£XJ�3�{¤§1��^��y
 dH ��"�Ø3Ì�ëY��Iþ"Ïd§l·

K 2.2.1Ú 2.2.2�� wtp(c) ≥ dH + 2"éuÙ§ Hammingþ�u dH + 1�èi c′§w

,k wtp(c
′) ≥ dH + 2"nþ§·�k��(éål d ≥ dH + 2§C´��MDS (n, dH + 2)q

iÎ(éè"

2.3 ������(((éééååålll��� 5���MDSiiiÎÎÎ(((éééèèè

Äk·�5wMDS (n, 5)q iÎ(éè��3^�"

Ún 2.3.1 é?¿�ê� q§�5 MDS (n, 5)q iÎ(éè�k��Ý n ÷v 5 ≤ n ≤

q2 + q + 1�âk�U�3"

y² ���5MDS (n, 5)q iÎ(éè���Ý
 H �1ê� 3"l·K 2.2.1·���

(éål� d = 5�iÎ(éè��� Hammingål dH ≥ 3"Ïd§H�?¿ü��5

Ã'§ Fq þ�Ý� 3�üü�5Ã'��þ8Ü������ q2 + q + 1"

3�!¥·�Ì�`²é¤k 5 ≤ n ≤ q2 + q + 1§MDS (n, 5)q iÎ(éè��35"

�â½n 2.2.5§·����Ò´�E�� Fq þ 3 1§n ��Ý
 H§¦Ù÷v±e^

�µ
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2 iÎ(éè

1. ?¿ü��5Ã'¶

2. ?¿Ì�ëY�n��5Ã'"

Äk§·��ÄNo�E����� 3 × (q2 + q + 1)�Ý
 H(q)§,�·�2�ÄNo

rÝ
H(q)?1·��N!§l����Ü·���� 3× n§5 ≤ n ≤ q2 + q + 1�Ý


 H(q;n)"·�l8Ü {(0, 0, 1)T, (1, a, b)T, (0, 1, c)T : a, b, c ∈ Fq}¥ÀJ�þ�� H(q)�

��þ§·�¤���Ò´òù
�þüS¦�?¿Ì�ëY�n��5Ã'"

Äk·��Ä q´Ûê��¹§P Fq¥���� {x0, x1, . . . , xq−1}"·�Äkò q2�

/� {(1, a, b)T : a, b ∈ Fq}��þy©� q�Ø���8ÜµBi = {(1, a, a2+xi)
T : a ∈ Fq}§

0 ≤ i < q"·�ò Bi¥��þü�Xe§Ù¥eIÑ´3� q�¿Âe��§

Bi =


1 1 1 · · · 1

xi xi+1 xi+2 · · · xi+q−1

x2i + xi x2i+1 + xi x2i+2 + xi · · · x2i+q−1 + xi

 .
@oy3·�Ò�±U±eÚ½�EÝ
 H(q)µò¤k� Bi ü�� Bq−1, Bq−2, . . . ,

B1, B0§3ü�Ì�ëY�8Ü�m�\ (0, 1, 2xi)
T"��5¿�´§ B0 Ú Bq−1 �´I

��Ä�§·�3§��m�\ (0, 1, 2xq−1)
T ¿-ù��þ�� H(q)�1��"��§

�þ (0, 0, 1)T �±�3?Û/�§ùp·�Òò§�3����§�Ò´`§·��E


XeÝ
§

H(q) =


0 0 0 . . . 0 · · · 0 0

1 Bq−1 1 Bq−2 1 Bq−3 . . . Bi+1 1 Bi · · · B1 1 B0 0

2xq−1 2xq−2 2xq−3 . . . 2xi · · · 2x0 1

 .

·K 2.3.2 � q´Ûê�§þãÝ
 H(q)¥?¿Ì�ëY�n��5Ã'"

y² ÏLO�?¿Ì�ëYn��1�ª·��±��y²ù�:"

�e5§·�Ì��Ä q ´óê� q 6= 2, 4 ��¹"- ω � Fq ����§P Fq
¥���� {x0, x1, . . . , xq−1}§Ù¥� x0 = 0§x1 = 1§x2 = ω§x3 = ω2§x4 = ω + 1§

x5 = ω2+ω"Äk§·�E,XÓ�c��½ÂBi¿ò§�ü��Bq−1, Bq−2, . . . , B1, B0"

y3·����Ò´û½�o���þ (0, 1, y)T �±�\�ü�8Ü Bj+1 Ú Bj �

m"·��¦�´ (0, 1, y)T§(1, xj, x
2
j + xj)

T§(1, xj+1, x
2
j+1 + xj)

T �5Ã'� (0, 1, y)T§

(1, xj, x
2
j +xj+1)

T§(1, xj−1, x
2
j−1+xj+1)

T�5Ã'"w,/§ y�±� xj+xj−1Ú xj+xj+1

�	�?Û�"
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�E���Üã§�º:8éAX Fq§mº:8¥�:� {Lj : 0 ≤ j < q}§Ù¥Î

Ò Lj L«�´8Ü Bj+1Ú Bj �m� �"y ∈ Fq � Lj ë>��=��þ (0, 1, y)T�±

��\� � Lj§= y 6= xj + xj−1 � y 6= xj + xj+1"ù��Üã����{��KéA

X��Ü·��\�Y"

dþã?Ø��§mº:8�z�:�Ý� q − 2§qÏ�·�ýk�½ x0 = 0§

x1 = 1§x2 = ω§x3 = ω2§x4 = ω + 1§x5 = ω2 + ω§¤±·�kµ

• L1�?¿ y ∈ Fq ë>§Ø
 1Ú ω + 1¶

• L2�?¿ y ∈ Fq ë>§Ø
 ω + 1Ú ω2 + ω¶

• L3�?¿ y ∈ Fq ë>§Ø
 ω2 + ωÚ ω2 + ω + 1¶

• L4�?¿ y ∈ Fq ë>§Ø
 ω2 + ω + 1Ú ω2 + 1"

=¦�´3ù�o�º:¥§·�k?¿ y ∈ Fq ���§�¥�ü�ë>§�·�

�±�Ñµ

•Ï�mº:8�z�º:Ý� q − 2§¤±mº:8¥?¿ ∆ ≤ q − 2�º:��Ø

ê8��� q − 2 ≥ ∆¶

•mº:8¥?¿ q − 1½ q�º:��Øê8� q"

nþ§Í¶� Hall½n [27] �y
þã�Üã�{����35§ù�ÒéAX��

Ü·��\�Y"

,§3 q = 4�·�Ã{|^þãµe§¤±ù��¹�üÕ�Ñ"�´§3²L

�q�L§Ú·��N��·��,�±����Ü·��Y"Ï�)ºL§Lu�¡§

·����Ñ H(4)Ø�\)º"

H(4) =


0 1 1 1 1 0 1 1 1 1 0 1 1 1 1 0 1 1 1 1 0

1 0 1 ω ω + 1 1 ω + 1 ω 1 0 1 0 ω + 1 ω 1 1 1 ω ω + 1 0 0

0 0 1 ω + 1 ω ω + 1 ω + 1 ω 0 1 ω ω 0 1 ω + 1 1 ω 0 1 ω + 1 1

 .

8c��§é¤k��ê� q ≥ 3§·��E
�A�Ý
 H(q)"�e5§·�?Ø

XÛÏL·��N�§l H(q)������� 3× n�Ý
 H(q;n)§5 ≤ n ≤ q2 + q + 1"

P n = α(q + 1) + β§Ù¥ 0 ≤ β ≤ q"�[�½kéõ�{��Ó��8�§·��ÑÙ

¥��üÑXe"

•XJ β 6= 2§ÀJ H(q)�c n− 1�§,�2�\�þ (0, 0, 1)T"

•XJ β = 2§ÀJ H(q)�c n− 1�§,�2�\�þ (0, 0, 1)T��#�1n�"

β = 2��¹�üÕ�Ñ´Ï�·�E,��Å1��^�§ {(0, 1, x)T§(0, 0, 1)T§

(0, 1, y)T}w,Ø´�5Ã'�"

8
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þã�E��(5§�±d·K 2.3.2Úé�
�¹ (0, 0, 1)T �n�|§±9n�|

{(0, 1, a)T§(0, 1, b)T§(1, c, d)T}£β = 2�¤�u�5(½"

·��Þ q = 5����~f§Ì��Þ
Ý
 H(5)§N!��Ý
 H(5; 13)£éA

X β 6= 2¤Ú H(5; 14)£éAX β = 2¤"

H(5) =


0 1 1 1 1 1 0 1 1 1 1 1 0 1 1 1 1 1 0 1 1 1 1 1 0 1 1 1 1 1 0

1 4 0 1 2 3 1 3 4 0 1 2 1 2 3 4 0 1 1 1 2 3 4 0 1 0 1 2 3 4 0

3 0 4 0 3 3 1 2 4 3 4 2 4 1 1 3 2 3 2 2 0 0 2 1 0 0 1 4 4 1 1

 ,

H(5; 13) =


0 1 1 1 1 1 0 1 1 1 1 1 0

1 4 0 1 2 3 1 3 4 0 1 2 0

3 0 4 0 3 3 1 2 4 3 4 2 1

 ,

H(5; 14) =


0 1 0 1 1 1 1 0 1 1 1 1 1 0

1 4 0 0 1 2 3 1 3 4 0 1 2 1

3 0 1 4 0 3 3 1 2 4 3 4 2 4

 .

��§éu q = 2��¹§·��ÑÝ
 H(2)§H(2; 5)Ú H(2; 6)"

H(2) =


1 0 0 1 0 1 1

0 1 0 1 1 1 0

0 0 1 0 1 1 1

 , H(2; 5) =


1 0 0 1 1

0 1 0 1 0

0 0 1 1 1

 , H(2; 6) =


1 0 0 1 0 1

0 1 0 1 1 0

0 0 1 1 1 1

 .

·�®²�¤
MDS (n, 5)q iÎ(éè��E§Ù¥ q ≥ 2�?¿�ê�§5 ≤ n ≤

q2 + q + 1"(ÜÚn 2.3.1Úþã�E·��±�ÑXe½n"

½n 2.3.3 é?¿�ê� q§�5MDS (n, 5)qiÎ(éè�3��=� 5 ≤ n ≤ q2+q+1"

2.4 |||^̂̂kkk���AAAÛÛÛ���EEEMDSiiiÎÎÎ(((éééèèè

P V (r + 1, q)´k�� Fq þ r + 1���þ�m" Fq þ r��K�m§·�P��

PG(r, q)§´�aAÛé�§§�:§�§¡§,,§�²¡©O´ V (r + 1, q)¥� 1§2§

3§,,§r�f�m§�K�m��êo´'�þ�m��ê��"�õ'uk�AÛ�

�£�ë�©z [43]"

�K�m PG(r, q)¥�:·�P�� 〈(a0, a1, · · · , ar)〉§L«�´d�"�þ (a0, a1,

· · · , ar)Ü¤�f�m§Ù¥ ai ∈ Fq§0 ≤ i ≤ r"·�r a0, a1, · · · , ar ¡��àg�I§

9
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Ï�ù
�I3¦±��Üþ λ ∈ Fq�¿Âe´�d�§�Ò´` 〈(λa0, λa1, · · · , λar)〉 =

〈(a0, a1, · · · , ar)〉"w,/§·��±��§�K�m PG(r, q)¥:�ê8� qr+1−1
q−1 "

é���ê r ≥ 2§XJ·�ÀJ PG(r, q)¥� n ≥ r + 3�:§¿�r§���Ý


H ���þ§@od½n 2.2.5·��±g,/�Ñeã½n"

½n 2.4.1 XJ�3 PG(r, q)¥ n ≥ r + 3 ≥ 5�:�8Ü§÷vµ

1. ?¿ r�:Ü¤���²¡¶

2. �3��Ü·�üS P0,P1, · · · ,Pn−1§¦�?¿Ì�ëY� r + 1�:Øá3��

�²¡þ§= Pi,Pi+1, · · · ,Pi+r Øá3���²¡þ§0 ≤ i ≤ n− 1§Ù¥eIÑ´

3� n�¿Âe��¶

@oÒ�3���5 MDS (n, r + 3)q iÎ(éè"

·��Ä r = 3��/§ù�·�Ò�±|^ PG(3, q)¥���(�§����8

£ovoid¤"Äk·��Ñ§�½Â"

½Â 2.4.2 [43] PG(3, q)¥���:8 O�¡������8§XJ÷vµ

1. z^�� O¥��õü�:��¶

2. O¥�z�:T|á3 q + 1^��þ£� OT|�u�:��¤§�ù q + 1^�

��¡"

��8®²�2�ïÄ§'u§�5�·�Ú^eã�ü�Ún [43]"

Ún 2.4.3 z���8�¹ q2 + 1�:"

Ún 2.4.4 z�¡���8 Ou��½ q + 1�:"

w,/§·��±�ÑXeÚn"

Ún 2.4.5 é PG(3, q)¥�����8 O§�3 q + 1�¡§z�¡�¹ q + 1� O ¥�

:§¿�ù
¡��u O¥��^�§Ó�ù
¡CX
 O¥�¤k:"
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2 iÎ(éè

y² �½?¿ü�: A,B ∈ O§l O \ {A,B}¥ÀJ��: P"dÚn 2.4.4��§¡

ABP � O u q + 1�:"�X§·�ÀJ��Øá3¡ ABP þ�: Q ∈ O"@o§Ó

�/§·�q��
��¡ ABQ� Ou q + 1�:"XJ·���ù��§Ò�±��

q + 1�¡§z��¹ q + 1� O¥�:"ù
¡�uÓ�^�§ù^�� Ou A,Bü

:"

� q ≥ 5����ê�"b� AÚ B ���8 O¥�ü�:§¡ π0, π1, · · · , πq �u

� AB �CX
 O¥�¤k:"P:8 πi \ {A,B}� αi§0 ≤ i ≤ q"w,§z�8Ük

q − 1�:"��8�(�Xã 2-1¤«"

qq

qq
qq

p p p
qq

qq
qq

p p p
qq

qq
qq
p p p

qq

qq
qq
p p p

qq

qq
qq
p p p

α0 α1 α2 α3 α4 αq−1 αq

q q q

q qA B

qq

qq
qq
p p p

qq

qq
qq

p p p
'

&

$

%

'

&

$

%

'

&

$

%

'

&

$

%

'

&

$

%

'

&

$

%

'

&

$

%

P1

P2

Pq−4

Pq−3

Pq−2

Pq−1

Q1

Q2

Qq−4

Qq−3

Qq−2

Qq−1

R1

R2

Rq−4

Rq−3

Rq−2

Rq−1

S1

S2

Sq−4

Sq−3

Sq−2

Sq−1

T1

T2

Tq−4

Tq−3

Tq−2

Tq−1

U1

U2

Uq−4

Uq−3

Uq−2

Uq−1

V1

V2

Vq−4

Vq−3

Vq−2

Vq−1

ã 2-1 �K�m PG(3, q)¥���8.

5¿� PG(3, q)¥�¡Ú�²¡´Ó��AÛé�§��8 O ¥�:g,/÷v½

n 2.4.1¥�1��^�"Ïd§���E MDSiÎ(éè§·���ò O ¥�:üS

¿¦�?¿Ì�ëY�o�:Ø�¡"3�!�e�Ü©§·�Ì�?Ø O ¥:�üS

¯K"�[�½kéõ«�{�±��ù�8�§·�Ð«Ù¥��üÑXe"

·�©ªÀJ: A, B ±9?¿� P1 ∈ α0, Q1 ∈ α1��co�:"w,§ùo�:Ø

�¡"d	§·�IP��n�:� X , Y , Z"éuo�kS: P , Q, R, S§·�` S ´

��Ü·�:§XJ S Øá3¡ PQRþ"�ó�§XJ S �üSTÐ3§�c�n�:

Ø�¡§@o§Ò´��Ü·��:"·�� O ¥�:üS§Äk�y?¿ëYo�:

Ø�¡§,�·�2(� X , Y , Z, AØ�¡§Y , Z, A, BØ�¡±9 Z, A, B, P1Ø�¡"

e¡�A��(Ø¬3·��y²¥�E¦^"

1. ü�¡�u��§�^�� Ou�õü�:§¤±ü�¡�õ�Ó�¹ O¥�ü�

:"

2. b�·�kn�kS: P , Q, R§Ù¥ P ∈ αi, Q ∈ αj , R ∈ αk§i, j, k¥�õü��
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�§@o PQR� αi u�õü�:£Ù¥��´ P¤"XJd� αi ¥E,����

ü�:�üS§@o·�©ª�±ÀJ��Ü·�: P ′ ∈ αi"Ó��(Øé αj Ú

αk �¤á"

3. ·�©ª�±lü�8Ü αi Ú αj§½öln�8Ü αi, αj Ú αk ¥Ó6/ÀJÜ·

�:��z�8Ü¥��e��:"

4. XJn�: X , Y , Z ¥T|kü�:áuÓ��8Ü αi§@oùü�:Ú AÜ¤


¡ πi§�Ø�¹�e�@�:§� X , Y , Z, AØ�¡"

5. XJ Y ∈ αi, Z ∈ αj, i 6= j§@o Y , A, B Ü¤¡ πi§Z, A, B Ü¤¡ πj§� Y , Z, A,

B Ø�¡"

6. XJ Z Ø38Ü α0¥§@o A, B, P1Ü¤��¡§A, B, Z Ü¤,��¡§= Z, A,

B, P1Ø�¡"

y3·�®²�Ð
¿©�O�5� O ¥� n�:üS¦�?¿Ì�ëY�o�:

Ø�¡§?��MDS (n, 6)q iÎ(éè"Ï�MDS (n, 6)q iÎ(éè3 n ≤ q + 1 [10]

Ú n = q2 + 1 [31]�®²��E§¤±·��� q+ 2 ≤ n ≤ q2"·�©eãü«�/?Ø"

2.4.1 q ´́́ÛÛÛêêê

éu q + 2 ≤ n ≤ 2q§2q < n ≤ q2 − qÚ q2 − q < n ≤ q2 ùn«�/·�©O�Ñn

«ØÓ�üÑ"

Ún 2.4.6 éÛ�ê� q ≥ 5§·��±� n�:üS¦�?¿Ì�ëY�o�:Ø�¡§

q + 2 ≤ n ≤ 2q"

y² 3À� A, B, P1, Q1ùo�:�§·�À���Ü·� R1 ∈ α2��1Ê�:§,�

ÀJ��Ü·�: S1 ∈ α3 ��18�"l α2 Ú α3 ¥Ó6/ÀJÜ·�:��·�®²

ü�
 n�:§q + 2 ≤ n ≤ 2q"

8c��§·�®²ü�
 n�:¦�?¿ëYo�:Ø�¡"éu��n�: X ,

Y , Z§·�k X , Z 3Ó��8Ü αi¥§Y , Z 3ØÓ�8Ü¥§Z Ø3 α0¥"nþ��§

?¿Ì�ëY�o�:Ø�¡"
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2 iÎ(éè

Ún 2.4.7 éÛ�ê� q ≥ 5§·��±� n�:üS¦�?¿Ì�ëY�o�:Ø�¡§

2q < n ≤ q2 − q"

y² 3À� A, B, P1, Q1ùo�:�·�Ó6/l α0Ú α1¥ÀJÜ·�:��z�8Ü

��e��:"b�·�®²ò:ü�� A,B, P1, Q1, P2, Q2, · · · , Pq−2, Qq−2"é8Ü α2

Ú α3§α4Ú α5�EþãÚ½"ù��8Ü�ê8� q+ 1§´�óê"¤±§·��±

��ùo���·�®²ü�
 n�:§2q < n ≤ q2 − q"

8c��§·�®²ü�
 n�:¦�?¿ëYo�:Ø�¡"éu��n�: X ,

Y , Z§·�k Y , Z Ø3Ó��8Ü αi¥§Z Ø3 α0¥"¤±§·��I�(@X , Y , Z,

AØ�¡"��I��Ä�AÏ�¹´ùn�:á3ØÓ�8Ü αi, αi+1, αi+2 ¥"~X§

·�®²r:ü�� A,B, P1, · · · , Sq−3, Rq−2, Sq−2, T1§Rq−2, Sq−2, T1´��n�:"3ù

«�¹e§XJ Rq−2, Sq−2, T1, A�¡§@o·�3 α4¥é��Øá3¡ Rq−2Sq−3Sq−2Ú

Rq−2Sq−2Aþ�:��#����:"Ï� Rq−2Sq−3Sq−2� α4u�õü�:§Rq−2Sq−2A

� α4 u T1§α4 ¥o�k q − 1 ≥ 4�:§¤±·�ù��o´U¤õ�"nþ��§?

¿Ì�ëY�o�:Ø�¡"

� q2−q < n ≤ q2�§·�I�ü��õ�:"é�é8Üαi, αi+1§i = 0, 2, 4, · · · , q−

3§·�ÄkÓ6/À�Ü·�:��z�8Ü¥�en�:",�·��½�A�üÑ

5ü��e5�ù
:§·�Eù�L§��·�ò α0, α1, · · · , αq−2¥�¤k:üS�

¤"3@��§·�l αq−1 Ú αq ¥Ó6/�:��·�®²ü�
v
�:"3e¡�

Ún¥§·�Äk�� q2 − q < n < q2,�·�2üÕ?Ø n = q2��/"

Ún 2.4.8 éÛ�ê� q ≥ 5§·��±� n�:üS¦�?¿Ì�ëY�o�:Ø�¡§

q2 − q < n ≤ q2"

y² 3À� A, B, P1, Q1ùo�:�·�Ó6/l α0Ú α1¥ÀJÜ·�:��z�8Ü

��en�:"b�·�®²ò:ü�� A,B, P1, Q1, P2, Q2, · · · , Pq−5, Qq−5, Pq−4, Qq−4"

,�·�À�Ü·� Pq−3 ∈ α0 ��e��:§�XÀJ α0 ¥�e5�ü�:

Pq−2, Pq−1 Ú?¿� Qq−3 ∈ α1"2ÀJÜ·� Qq−2 ∈ α1§,�´���e5�:

Qq−1 ∈ α1"�Ò´`·��üS´ A,B, · · · , Pq−4, Qq−4, Pq−3, Pq−2, Pq−1, Qq−3,Qq−2, Qq−1"

Ï� Pq−4, Pq−3, Pq−2 Ü¤¡ π0  Qq−4 3 π1 þ§� Pq−4, Qq−4, Pq−3, Pq−2 Ø�¡"Ó�

/§Qq−4, Pq−3, Pq−2, Pq−1Ø�¡§Pq−3, Pq−2, Pq−1, Qq−3Ø�¡§Pq−1, Qq−3, Qq−2, Qq−1�

Ø�¡"·�®²ü�
 α0Ú α1¥¤k�:¦�?¿ëYo�:Ø�¡"e�Ú·�Ó
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6/l α2Ú α3¥À�Ü·�:§,�EÓ��Ú½"·��±��Eù��L§�

�·�ò α0, α1, · · · , αq−2¥�¤k:üS�¤"��§·�Ó6/l αq−1Ú αq ¥À�Ü

·�:§��·�®²ü�
 n�:§q2 − q < n ≤ q2 − 1"

8c��§·�®²ü�
 n�:¦�?¿ëYo�Ø�¡"α0, α1, · · · , αq−2¥o�

k q2 − 2q + 1�:§n > q2 − q§q ≥ 5"Ïdéu��n�: X, Y, Z§·�k X,Z 3�

Ó�8Ü αi¥§i = q − 1½ö q§ Y, Z 3ØÓ�8Ü¥§±9 Z Ø3 α0¥"¤±§?¿

Ì�ëYo�:Ø�¡"

�n = q2−1�§b�·�®²ò:ü��A,B, P1, Q1, · · · , Uq−4, Vq−4, Uq−3, Vq−3,Uq−2,

Vq−2"ù`² Uq−4, Vq−4, Uq−3, Vq−3Ø�¡§Uq−3, Vq−3, Uq−2, Vq−2 �Ø�¡"� n = q2 �§

·�#O��: Vq−1 ¿-^S� Uq−4, Vq−4, Uq−3, Vq−3, Vq−2, Uq−2, Vq−1"w,§Vq−4, Uq−3,

Vq−3, Vq−2 Ø�¡§Vq−3, Vq−2, Uq−2, Vq−1 �Ø�¡"ÏL�q�?Ø§·��±��?¿

Ì�ëY�o�:Ø�¡"

·�®²ü�
 O¥� n�:¦�?¿Ì�ëYo�:Ø�¡§q ≥ 5§q + 2 ≤ n ≤

q2"Ïd·���
 MDS (n, 6)q iÎ(éè§q + 2 ≤ n ≤ q2"·�üØ
 q = 3��/

Ï�z�¡ πiþ�:L�§3e�~f¥·����Ñ q = 3��MDSiÎ(éè"

~ 2.4.9 é n ∈ {6, 7, 8, 9, 10}Ñ�3�5 MDS (n, 6)3iÎ(éè§Ù¤éA���Ý
d

eãÝ
�c n�|¤ 
0 1 1 1 1 1 1 1 1 1

1 0 1 2 1 2 2 1 2 1

0 0 1 0 2 0 2 2 1 1

0 0 1 1 2 2 1 0 2 0

 .

2.4.2 q ´́́óóóêêê

q´óê� q´Ûê�ØÓ�?3u¡ π0, π1, · · · , πq �ê8´�Ûê"� q + 2 ≤ n <

q2 − q + 2�§·��±� q´Ûê��/��§ü� q�¡ π0, π1, · · · , πq−1þ� n�:"

� q2 − q + 2 ≤ n ≤ q2�§·�Äkü�cn�8Ü α0, α1, α2þ�:§,�·��±� q

´Ûê���ö�§Ï�d��e�8Ü�ê8´óê"

Ún 2.4.10 éóê� q ≥ 8§·��±� n�:üS¦�?¿Ì�ëY�o�:Ø�¡§

q + 2 ≤ n ≤ q2"

14



2 iÎ(éè

y² � q + 2 ≤ n < q2 − q + 2�§·�ü� q�¡ π0, π1, · · · , πq−1þ� n�:§ÒXÓ q

´Ûê�@�"� q2 − q + 2 ≤ n ≤ q2�§'�Ú½Ò´�8Ü α0, α1, α2¥�:üS"

�Ü·� R1 ∈ α2 ��1Ê�:§,�l8Ü α0, α1, α2 ¥Ó6/ÀJÜ·�:�

�z�8Ü��n�:"b�·�®²ò:ü�� A,B, P1, Q1, R1, · · · , Pq−4, Qq−4, Rq−4"

�X§ÀJÜ·�: Pq−3 ∈ α0§Pq−2 ∈ α0"3@��À� α0 ¥�����: Pq−1§

?¿� Qq−3 ∈ α1§Ü·� Qq−2 ∈ α1§±9 α1 ¥����: Qq−1"��À�?¿�

Rq−3 ∈ α2§Ü·� Rq−2 ∈ α2§±9 α2 ¥�����: Rq−1"8c��·�®²ò:

ü�� Pq−4, Qq−4, Rq−4, Pq−3, Pq−2, Pq−1, Qq−3, Qq−2, Qq−1,Rq−3, Rq−2,Rq−1"w,§·�k

Rq−4, Pq−3, Pq−2, Pq−1¶Pq−3, Pq−2, Pq−1, Qq−3¶Pq−1, Qq−3, Qq−2, Qq−1¶Qq−3, Qq−2, Qq−1, Rq−3

±9 Qq−1,Rq−3, Rq−2,Rq−1ÑØ�¡"

·�®²ò α0, α1 Ú α2 ¥�¤k:üS�¤§¦�?¿ëYo�:Ø�¡§�e5

�¡�ê8´óê"·�kl α3 Ú α4 ¥Ó6/À�Ü·�:§,��Ún 2.4.8��ü

S"

e¡�~f¥·��Ñ q = 4��MDSiÎ(éè"

~ 2.4.11 P F4 ����� w§é n ∈ {6, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17}Ñ�3�5 MDS

(n, 6)4iÎ(éè§Ù¤éA���Ý
deãÝ
�c n�|¤
0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

1 0 1 w 1 + w 1 w 1 + w w w 1 + w 1 w 1 1 + w 1 + w 1

0 0 1 0 w 0 1 + w 0 1 1 w w w + 1 w 1 + w 1 + w 1

0 0 0 1 0 w 0 1 + w 1 w 1 w w 1 + w 1 + w 1 1 + w

 .

�5 MDS (7, 6)4iÎ(éè���Ý
�µ
0 1 1 1 1 1 1

1 0 1 w 1 + w 1 w

0 0 1 0 w 0 1

0 0 0 1 0 w w

 .

nþ¤ã§·��±o(�ÑXe½n"

½n 2.4.12 é?¿�ê� q§q ≥ 3§max{6, q + 2} ≤ n ≤ q2§Ñ�3�5 MDS (n, 6)q i

Î(éè"
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2.5 |||^̂̂ýýý���������EEEMDSiiiÎÎÎ(((éééèèè

cü!�E
(éål� 5Ú 6�MDSiÎ(éè"3�!¥§·�|^ý��

è�E(éål (≥ 7)� MDSiÎ(éè"Äk·�{�Qã�
'uý��è�Ä

�¯¢"

- E/Fq ´ Fq þéA¼ê�� Fq(E)�ý��"- E(Fq)´ E þ¤k Fq-kn:

�8Ü"b� D = {P1, P2, · · · , Pn}´ E(Fq)�ýf8§G´Ý� k �Øf(0 < k < n)§

Supp(G)∩D = ∅§3Ø¬E¤Ø)��¹e§·����D = P1 +P2 + · · ·+Pn"ÌØf

div(f) > −G�¤kkn¼ê f ∈ Fq(E)±9"¼ê�¤� Fq-�þ�m·�P��L (G)

£ë� [50]¤"

�êAÛè CL (D,G)½Â�eãD�N���µ

ev : L (G)→ Fnq ; f 7→ (f(P1), f(P2), · · · , f(Pn)).

·��� CL (D,G)´��ëê� [n, k, dH ]��5è§�� Hammingål dH kXe

ü�ÀJ:

dH = n− k, ½ö dH = n− k + 1.

�� [n, k, dH ]�5è�¡��MDSè§XJ dH = n− k + 1¶�¡��A�MDSè§X

J dH = n− k"

b� O ´ E þ��� Fq-kn:"kn:�8Ü E(Fq) /¤
����+§"�

�� O £���m�\{·�ë� [49]¤§�Ó�u Picard+ divo(E)/Prin(Fq(E))§Ù¥

Prin(Fq(E))´�¹¤kÌØf�f+§©OP ⊕Ú 	� E(Fq)¥�\{Ú~{"

éØÙGþãÄ��ó�Ööó§ Fq þ�ý�� E Ù¢Ò´ÏL���ÛÉ

Weierstrass�§

E : y2 + a1xy + a3y = x3 + a2x
2 + a4x+ a6, a1, a2, a3, a4, a6 ∈ Fq,

ÚÃ¡�?���: O 5½Â�"E þ Fq-kn:�8Ü E(Fq) ´Ã¡�: O Ú

Weierstrass�§3 Fq þ�)£k�:¤�8Ü§=

E(Fq) = {(x, y) ∈ F2
q : y2 + a1xy + a3y = x3 + a2x

2 + a4x+ a6} ∪ {O}.

w,§¡ F2
q þ��Ú Fq þ�ng� y2 + a1xy + a3y = x3 + a2x

2 + a4x+ a6�õ�un

:"@o§E(Fq)þ�+(�Ò�±�Xe½Â"

16



2 iÎ(éè

• Ã¡�: O´"��"�Ò´`§é¤k P ∈ E(Fq)§- P ⊕O = P"

• ?¿k�: P ∈ E(Fq)���: 	P ½Â�k�: Q§¦�� PQ��ý�� E

u P Ú Qü:"XJ P,Qü:Ü§@o PQÒ�w�� P :?���"d	§

O���:´§��"

• é?¿k�: P,Q ∈ E(Fq)§§��Ú P ⊕Q½Â�: 	R ∈ E(Fq)§Ù¥ R´ PQ

� E �1n��:"

�
{Bå�§·��Øf G = mO§ùp mO�´ m� O�/ªÚ§Ø´·�½Â�

\{ ⊕"

·K 2.5.1 [13,59]-E´ Fqþ�¹ Fq-kn:O�ý��§D = {P1, P2, · · · , Pn}´E(Fq)

�f8� O /∈ D§G = kO (0 < k < n)"D� E(Fq)��"��� O�+(�§P

N(k,O,D) = |{S ⊂ D : |S| = k, ⊕P∈SP = O}|.

@o�êAÛè CL (D,G)��� Hammingål dH = n− k + 1���=�

N(k,O,D) = 0.

dH = n− k���=�

N(k,O,D) > 0.

y² ·�®²�� CL (D,G) ��� Hamming ålkü�ÀJµn − k, n − k + 1"

dH = n − k ��=��3��¼ê f ∈ L (G)¦�D� ev(f)�þ� n − k"ù�du

`§ f 3 D¥k k�":§P� Pi1 , · · · , Pik"�Ò´`§

div(f) ≥ −kO + (Pi1 + · · ·+ Pik),

�du

div(f) = −kO + (Pi1 + · · ·+ Pik).

ù�� f ��35�du`

Pi1 ⊕ · · · ⊕ Pik = O,

=N(k,O,D) > 0"Ïd§�êAÛè CL (D,G)k�� Hammingål n− k+ 1��=�

N(k,O,D) = 0"

17
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·�Ì��Ä n > q + 1��/§Ï� n ≤ q + 1�§�Ý� n�MDSiÎ(éè�

±d Reed-Solomonè�E"3ù«�/e§ý��è��� Hammingål dH �MDS

è�ß�k'§ù�ß�éý��èó®²�y¢
 [36,39]"

·K 2.5.2 [36,39] - CL (D,G)´·K 2.5.1¥�E��Ý n > q + 1�ý��è§@of

8Ú¯Ko´k)§=

N(k,O,D) > 0.

Ïd§�Ý n > q + 1�ý��èk(½��� Hammingål dH = n− k"

�Ò´`§�Ý n > q + 1�ý��èÑ´A�MDSè"�
¦A�MDSèk4

����(éål§·��¦4�èi¥�"¦�U©Ñ"Ïd§�
lý���E

MDSiÎ(éè§·���`²4�èi¥vk k�Ì�ëY�""

Ún 2.5.3 - CL (D,G)´·K 2.5.1¥�E��Ý n > q + 1�ý��§XJ3?¿èi

¥Ñvk k�Ì�ëY�"§@o CL (D,G)��4���(éål n− k + 2"

�
lý������èi§·�I�±eü�'uý���(J"

Ún 2.5.4 £Hasse-Weil. [49]¤- E´ Fqþ�ý��§@o Eþ Fq-kn:�ê8÷v

|E(Fq)| ≤ q + b2√qc+ 1.

Ún 2.5.5 £Hasse-Deuring [22]¤ E þ Fq-kn:���ê8 N(Fq)÷v

N(Fq) =

 q + b2√qc, XJ q = pa, a ≥ 3, a´Ûê� p|b2√qc;

q + b2√qc+ 1, Ù§�¹,

Ù¥§E �H Fq þ�¤ký��"

P

δ(q) =

 0, XJ q = pa, a ≥ 3, a´Ûê� p | b2√qc;

1, Ù§�¹.

dk����� Hammingål�²;Å�è�EMDSiÎ(éè§'�:3u�I�ü

S"é���èó§ùq�´���~(J�L§"3�e5�Ü©§·�Ì�?ný

��è��/"
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2 iÎ(éè

½n 2.5.6 - N(Fq) = q + b2√qc+ δ(q)§é?¿ 7 ≤ d+ 2 ≤ n ≤ N(Fq)− 3§Ñ�3�5

MDS (n, d+ 2)q iÎ(éè"

y² ÷v d+ 2 = n�MDSiÎ(éè��35� [10]"e¡·���Ä 7 ≤ d+ 2 < n ≤

N(Fq)− 3��/"dÚn 2.5.5§·�� E� Fq þ�¹ Fq-kn: O���ý��§=

|E(Fq)| = N(Fq).

3ý��è��E¥�Øf G = kO"

�/ (I): N = N(Fq)´Ûê§@o E(Fq)¥vk����"b�

E(Fq) = {P1, P2, · · · , PN−2, PN−1, O},

Ù¥

P1 ⊕ P2 = P3 ⊕ P4 = · · · = PN−2 ⊕ PN−1 = O. (2-1)

1. éÛê dÚóê n : 7 ≤ d+ 2 < n ≤ N − 1§ù«�¹e k = N − 1− d´Ûê"�

D = {P1, P2, · · · , PN−2, PN−1}.

@ol�ª (2-1)·���Ø�3Ì�ëY� k �:�Ú� O"@o§dÚn 2.5.3

��§CL (D,G)´��ëê� (N − 1, d+ 2)q �MDSiÎ(éè"ÏLíØ¤é�

: (P1, P2)§(P3, P4)�§·��±��ëê� (n, d + 2)q �MDSiÎ(éè§Ù¥

n÷v 7 ≤ d+ 2 < n ≤ N − 1�´óê"

2. éóê dÚÛê n : 7 ≤ d+ 2 < n ≤ N − 2§ù«�¹e k = N − 2− d´Ûê"�

D = {P1, P2, · · · , PN−2}.

@ol�ª (2-1)·���Ø�3Ì�ëY� k �:�Ú� O"@o§dÚn 2.5.3

��§CL (D,G)´��ëê� (N − 2, d+ 2)q �MDSiÎ(éè"ÏLíØ¤é�

: (P1, P2)§(P3, P4)�§·��±��ëê� (n, d + 2)q �MDSiÎ(éè§Ù¥

n÷v d+ 2 < n ≤ N − 2�´Ûê"

3. éóê dÚóê n : 7 ≤ d + 2 < n ≤ N − 3§ù«�¹e k = N − 3− d´óê"P

N − 3 = (k + 1)s+ r§s ≥ 1§0 ≤ r ≤ k"�ýD�8

D0 = {P1, P2, · · · , PN−5, PN−4, PN−2}
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¿|^eã�{üSµ

Ú½ 1. é8Ü {P1, P2, · · · , Psk+r−2, Psk+r−1} ó§·�r PN−i−4 �\� Pik−1 Ú

Pik �m§1 ≤ i ≤ s− 1§r PN−4 �\� Psk−1 Ú Psk �m§r PN−2 �\�Psk+r−1

��"�ó�§·�üSXe

D1 = {P1, · · · , Pk−1, PN−5, Pk, · · · , P(s−1)k−1, PN−3−s, P(s−1)k,

· · · , Psk−1, PN−4, Psk, Psk+1, · · · , Psk+r−1, PN−2}.

3ùÚ��§S�

P1, · · · , Pk−1, PN−5, Pk, · · · , P(s−1)k−1, PN−3−s, P(s−1)k, · · · , Psk−1, PN−4, Psk, · · · , Psk+r−1

¥Ø�3 k�ëY�:�Ú� O"·��±ÏLõ«�{`²ù:§'X P1 + · · ·+

Pk−1 +PN−5 = Pk−1 +PN−5 6= OÏ� Pk−1 +Pk = O� Pk 6= PN−5"Pk +Pk+1 + · · ·+

P2k−1 = Pk + P2k−1 6= OÏ� P2k−1 + P2k = O� Pk 6= P2k"�´§3S���Ü

P(s−1)k+r+1, · · · , Psk−1, PN−4, Psk, Psk+1, · · · , Psk+r−1, PN−2, P1, · · · , Pk−r−1

¥�U�3 k�Ì�ëY�:¦�§��Ú� O"'X§k = 6§N = 19�§dÚ½

1§·���

D1 = P1, · · · , P5, P14, P6, · · · , P11, P15, P12, P13, P17.

3S�

P1, · · · , P5, P14, P6, · · · , P11, P15, P12, P13

¥Ø�3 6�ëY�:¦�§��Ú� O"�´§3S���Ü

P10, P11, P15, P12, P13, P17, P1, P2

¥�U�3 6�Ì�ëY�:¦�§��Ú� O"

Ú½ 2. 3 r´óê��¹e§·���eãü��ª�õ��¤áµ

P(s−1)k+r+2 ⊕ · · · ⊕ PN−4 ⊕ · · · ⊕ PN−2 = P(s−1)k+r+2 ⊕ PN−4 ⊕ Psk+r−1 ⊕ PN−2 = O,

Ú

P(s−1)k+r+3 ⊕ · · · ⊕ PN−4 ⊕ · · · ⊕ PN−2 ⊕ P1 = PN−4 ⊕ Psk+r−1 ⊕ PN−2 ⊕ P1 = O.

XJ1���ª¤á§@o�� P(s−1)k+r+1 Ú P(s−1)k+r+2¶XJ1��¤á§@o

�� P1Ú P2¶XJü�ÑØ¤á§@·��oÑØI��"
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2 iÎ(éè

é?¿i = 1, · · · , k−r−2
2
§Ó�/§eãü��ª�õ��¤áµ

P(s−1)k+r+2i+2 ⊕ · · · ⊕ PN−4 ⊕ · · · ⊕ PN−2 ⊕ P1 ⊕ · · · ⊕ P2i = P(s−1)k+r+2i+2 ⊕ PN−4 ⊕ Psk+r−1 ⊕ PN−2 = O,

Ú

P(s−1)k+r+2i+1 ⊕ · · · ⊕ PN−4 ⊕ · · · ⊕ PN−2 ⊕ P1 ⊕ · · · ⊕ P2i−1 = PN−4 ⊕ Psk+r−1 ⊕ PN−2 ⊕ P2i+1 = O.

XJ1���ª¤á§@o�� P(s−1)k+r+2i+1 Ú P(s−1)k+r+2i+2¶XJ1��¤á§

@o�� P2i+1 Ú P2i+2¶XJü�ÑØ¤á§@·��oÑØI��"� r ´Ûê

�§éA��{Úóê��¹aq§u� k �Ì�ëY�:�Ú§,���A��

�ö�"

·�UY�c�~f§XJ

P10 ⊕ P11 ⊕ P15 ⊕ P12 ⊕ P13 ⊕ P17 = P10 ⊕ P15 ⊕ P13 ⊕ P17 = O,

@o�� P9Ú P10"ù«�¹e§·�á��±��

P11 ⊕ P15 ⊕ P12 ⊕ P13 ⊕ P17 ⊕ P1 = P15 ⊕ P13 ⊕ P17 ⊕ P1 6= O,

¤±·�ØI�#ü� P1Ú P2�"

ÏLþã��{§·��±����#üSL�D�8D§Ù¥Ø�3 k�Ì

�ëY�:�Ú� O"Ïd§dÚn 2.5.3��§ý��è CL (D,G)´��MDS

iÎ(éè§ëê� (N − 3, d+ 2)q"Ó�/§ÏLlýD�8¥¤é/í:§·�

�±�� MDSiÎ(éè§ëê� (n, d + 2)q§n÷v d + 2 < n ≤ N − 3�´ó

ê"

4. éÛê dÚÛê n : 7 ≤ d + 2 < n ≤ N − 2§ù«�¹e k = N − 2− d´óê§P

N − 2 = (k + 1)s+ r§s ≥ 1§0 ≤ r ≤ k"�ýD�8�

D0 = {P1, P2, · · · , PN−3, PN−2}

¿#üS�

D = {P1, · · · , Pk−1, PN−3, Pk, · · · , P(s−1)k−1, PN−1−s,

P(s−1)k, · · · , Psk−1, PN−2, Psk, Psk+1, · · · , Psk+r}.

XJ r´óê§� r = k§@o^ PN−1O� Psk+r¶ÄK§�±ØC"w,§Ø�3

k�Ì�ëY�:�Ú� O"XJ r´Ûê§@oÓ�/§� dÚ n´óê�§3S
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���Ü�U�3 k �Ì�ëY�:�Ú� O"3ù«�¹e§·���Ú�¹ 3

¥Ó�/ö�§����#üS�D�8 D¦�Ø�3 k�Ì�ëY�:�Ú�

O"

Ïd§dÚn 2.5.3 ��§CL (D,G) ´�� MDS iÎ(éè§ëê� (N −

2, d + 2)q"Ó�/ÏLlýD�8¥¤é/í:§·��±�� MDSiÎ(éè§

ëê� (n, d+ 2)q§ n÷v 7 ≤ d+ 2 < n ≤ N − 2�´Ûê"

nþ§� N = N(Fq)´Ûê�§é?¿ 7 ≤ d + 2 ≤ n ≤ N(Fq) − 3§Ñ�3 MDS

(n, d+ 2)q iÎ(éè"

�/ (II): N = N(Fq)´óê"y²L§´�q�§I�5¿�´+ E(Fq)¥�3��

½ön����"�§3)¤ýD�8��±|^ù
��§�e�Ü©Ñ´�q�§ù

p·��Ñ[!"

5) 1 lþãy²¥·���§3,
�¹¥�E� MDSiÎ(éè��Ý�±��

N(Fq)− 2½ö N(Fq)− 1"�
Jø��{'�y²§·��Ñ
ù
[!"Ó�/§�

k|^Ù§��EA� MDSè�ó� [2]"|^ý���`³3u·��±òý�

�èþ�|Ü¯K=z�AÛé�þ�¯K§¦�ù�¯KU
�\N´/?n"No|

^Ù§A� MDSè�E MDSiÎ(éèK´��'�(J�¯K"

·���ÏL���~f5Ö¿)ºþã��{�5)"

~ 2.5.7 - E ´k�� F13þd�ª

y2 = x3 + 9

½Â�ý��"ÏL^� MAGMA ½öÏL��O���§E k N = 21 � F13-kn

:"§�� P1 = (0, 3), P2 = (0, 10), P3 = (1, 6), P4 = (1, 7), P5 = (2, 2), P6 = (2, 11), P7 =

(3, 6), P8 = (3, 7), P9 = (5, 2), P10 = (5, 11), P11 = (6, 2), P12 = (6, 11), P13 = (7, 1), P14 =

(7, 12), P15 = (8, 1), P16 = (8, 12), P17 = (9, 6), P18 = (9, 7), P19 = (11, 1), P20 = (11, 12)±9

Ã¡�: P21 = O"¤±§§��
 Hasse-Weil."

1. MDS (20, 18)13iÎ(éè��E

3ù��¹e§n = 20, d = 16, k = 4Ñ´óê§¤±§áu d, nÑ´óê��/"
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2 iÎ(éè

üS��D�8

D1 = {P1, P2, P3, P19, P4, P5, P6, P7, P18, P8, P9, P10, P11, P17, P12, P13, P14, P15, P20, P16}

÷v?¿Ì�ëY 4�:ÚØ�""dÚn 2.5.3��§CL (D1, 4O)´�� MDSi

Î(éè§ëê� (20, 18)13"

2. MDS (19, 17)13iÎ(éè��E

3ù��¹e§n = 19, d = 15´Ûê§k = 4´óê§¤±§áu d, nÑ´Ûê�

�/"D�8 DXe

{P1, P2, P3, P18, P4, P5, P6, P7, P17, P8, P9, P10, P11, P19, P12, P13, P14, P15, P16}.

Ï� r = k§¤±·�r P16O�¤ P20§=��#�D�8

D′ = {P1, P2, P3, P18, P4, P5, P6, P7, P17, P8, P9, P10, P11, P19, P12, P13, P14, P15, P20}

÷v?¿Ì�ëY 4�:ÚØ�""dÚn 2.5.3��§CL (D′, 4O)´�� MDSi

Î(éè§ëê� (19, 17)13"

2.6 ooo(((

3�Ù¥§·��Ñ
MDSiÎ(éè�35���¿©^�§dd·�|^�5

�ê�{§k�AÛ¥���8±9ý��è�E
na�`è"��c®k�(J�

'�§·��è�ëê�\´L"3e�Ù¥§·�¬�ÄiÎ(éè�í2/ªµb-i

Îè"
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3 b-iiiÎÎÎèèè

3.1 000���

Yaakobi� [55] òiÎ(éÖ�&��µeí2�
 b > 2�iÎëYÖ��µe¥§

3ù��&�¥§z�ÚÖ�ö�ÑÖ�ëY� b�iÎ"Ó�§¦��òiÎ(éè¥

®��Ü©(Jí2�
 b-iÎÖ�&�þ"3�Ù¥§·�UY b-iÎè�ïÄ"·�

ïá
 b-iÎè� Singleton.§��.�è�¡���ål�© b-iÎè§{P�MDS

b-iÎè"Ó�/§MDS b-iÎè´�`�§Ï�§�kX4���� b-ål§Ïk�

Ð�-|�Ø�Uå"·�òMDS b-iÎè��E¯K=z���Ü·�Ý
��E¯

K§?|^k�AÛ��£§·�qò¯K=z��K�m¥:�üS¯K"dd§·

��E
Xe�Aak��þ��5MDS b-iÎè"

(1) é?¿�ê� q§7 ≤ n ≤ q3+q2+q+1§Ñ�3MDS (n, 7)q 3-iÎè£½n 3.3.8¤"

(2) é?¿�ê� q ≥ 3§9 ≤ n ≤ q4 + q3 + q2 + q + 1§Ñ�3MDS (n, 9)q 4-iÎè£½

n 3.3.10¤"

(3) é?¿�ê� q§q ≥ b ≥ 5§2b+ 1 ≤ n ≤ qb− bqb−1 + b2+3b
2
§Ñ�3MDS (n, 2b+ 1)q

b-iÎè£½n 3.3.11¤"

(4) é?¿�ê� q ≥ b − 1§b ≥ 3 ½öé q = 2, b = 4§Ñ�3�Ý n ≥ 2b � MDS

(n, 2b)q b-iÎè£½n 3.3.13¤"

(5) é?¿�ê� q ≥ 3§n ≥ 10§Ñ�3MDS (n, 10)q 5-iÎè£½n 3.3.14¤"

(6) é?¿�ê� q§b ≥ 4§Ñ�3MDS ( q
b+1−1
q−1 , 2b+ 1)q b-iÎè£½n 3.4.2¤"

Ó�§31 3.5!¥§·��JÑXeü�ß�"

• é?¿�ê� q§b > 2§2b + 1 ≤ n ≤ qb+1−1
q−1 §Ñ�3�5 MDS (n, 2b + 1)q b-iÎ

è"
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• é?¿�ê� q§b > 2§n ≥ 2b§Ñ�3�5MDS (n, 2b)q b-iÎè"

coaè´·�Ì��(J"Fq þ�5 MDS (n, 2b + 1)q b-iÎè�k� 2b + 1 ≤

n ≤ qb+1−1
q−1 �âk�U�3£Ún 3.3.3¤§1 (4) aèK`²éu b = 3, d3 = 6 ½ö

b = 4, d4 = 8§k�� Fq þ�5MDS b-iÎèé?¿�Ý n ≥ 2bÑ�3"Ïd§é,


ëêó§þã�AaèÙ¢��û½
�A�MDS b-iÎè��35"

1 (5)Ú1 (6)aèÌ�´�
| ·��ß�"(5)`²31 (4)aè¥���^�

q ≥ b − 1Ø´7��§(6)Ky²
�Ý� qb+1−1
q−1 �è��35"d	§·��y²
?

¿MDS (n, db)q b-iÎè§db < n§Ó��´MDS (n, db + 1)q (b+ 1)-iÎè£½n3.2.5¤"

Ïd§dþ¡�z�aè·�Ñ�±�Ñ#�MDS b-iÎè"

3.2 OOO���óóó���

b� Σ´¹k q����i1L§Ù¥z���·�¡����iÎ"- b´���

u�u 1��ê§éu Σn¥����þ x = (x0, x1, · · · , xn−1)§·�½Â§� b-iÎÖ�

�þ�

πb(x) = ((x0, · · · , xb−1), (x1, · · · , xb), · · · , (xn−1, x0, · · · , xb−2)) ∈ (Σb)n.

3�Ù¥§·�©ª- q ��ê�§ Fq ��¹ q ����k��"·�Ì�?Øk

�� Fq þ��þ§�- Σ = Fq"éu Fnq ¥�ü��þ x, y§·�k

πb(x + y) = πb(x) + πb(y),

xÚ y�m� b-ål½Â�

Db(x,y) := |{0 ≤ i ≤ n− 1 : (xi, · · · , xi+b−1) 6= (yi, · · · , yi+b−1)}|,

Ù¥§eIÑ´3� n�¿Âe��"Ó�/§ x ∈ Fnq � b-þ½Â�

wtb(x) := |{0 ≤ i ≤ n− 1 : (xi, · · · , xi+b−1) 6= 0}|,

Ù¥§eIÑ´3� n�¿Âe��§ 0L«�"�þ"ü��þ xÚ y�m� Hamming

ål��� dH(x,y)§�þ x� Hammingþ��� wtH(x)"w,/§·��±��±

e b-ålÚ b-þ�m�éX"

·K 3.2.1 éu Fnq¥�¤k�þ x, y§Db(x,y) = wtb(x− y)"
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3 b-iÎè

y² éu Fnq ¥�?¿ü��þ x, y§·�kDb(x,y) = dH(πb(x), πb(y)) = wtH(πb(x) −

πb(y)) = wtH(πb(x− y)) = wtb(x− y)"

éui1L {0, 1}þ��þó§©z [55]¥®²�Ñ
 HammingþÚ b-þ�m

�éX"�u©z [55]�y²éuk�� Fqþ��þÓ�·^§·����Ñ±e·K"

·K 3.2.2 b� x ∈ Fnq ´��÷v^� 0 < wtH(x) ≤ n− (b− 1)��þ"@o§

wtH(x) + b− 1 ≤ wtb(x) ≤ b · wtH(x).

XJ·��Ä Fnq ¥����"�þ� b-þÚ (b + 1)-þ§@oke��·K¤

á"

·K 3.2.3 éu Fnq ¥�?¿�"�þ x = (x0, x1, · · · , xn−1)§XJ wtb(x) < n§@o

wtb+1(x) ≥ wtb(x) + 1"

y² XJ (xi, · · · , xi+b−1) 6= 0§@o (xi, · · · , xi+b−1, xi+b) 6= 0§Ù¥eIÑ´3� n�¿

Âe��§0 ≤ i ≤ n− 1"¤±§·�©ªk wtb+1(x) ≥ wtb(x)"qÏ� wtb(x) < n§·

��±é�,
 j§0 ≤ j ≤ n− 1§¦� (xj, · · · , xj+b−1) = 0§xj+b 6= 0¤á"dd��§

(xj, · · · , xj+b−1, xj+b) 6= 0§wtb+1(x) ≥ wtb(x) + 1"

±o��þ v1 = 1110000, v2 = 1100001, v3 = 1101000, v4 = 1010100��~f`²"

§�� HammingþÑ´ 3§§�� 3-þ©O� 5,5,6,7§4-þ©O� 6,6,7,7"ÏL

ù���{ü�*	§·�uy§���þ� b-þ�Ù�"��©Ùk'"oNª³

�§�"��;�§�þ� b-þ��"éu�½ Hammingþ��þ§�§��"�

?uÌ�ëY� ��§§� b-þ��"

k�� Fq þ�Ý� n�è C ´ Fnq ¥�����f8§C ¥����¡��èi"è

C ��� b-ål½Â�

db = min{Db(x,y) | x,y ∈ C,x 6= y},

è C ¥èi�ê8¡�è C ���"Ï~ó§k�� Fq þ�Ý� n§���M§��

b-ål� db�èP�� (n,M, db)q b-iÎè"

b = 1�§b-iÎèéA�´�2�ïÄ�DÚ¿Âþ�è¶ b = 2�§KéAXi

Î(éè"XJè C ´ Fnq ���f�m§@oè C Ò¡���5 b-iÎè"3�Ù¥§

·�Ì�ïÄk�� Fq þ��5 b-iÎè§b > 2"
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½n 3.2.4 £Singleton.¤- q ≥ 2§b ≤ db ≤ n§XJè C ´�� (n,M, db)q b-iÎè§@

o·�kM ≤ qn−db+b"

y² b� C´�� (n,M, db)q b-iÎè§Ù¥ q ≥ 2§b ≤ db ≤ n"éu C¥èi§?¿ë

Y db − b éu b-ål��z�õ� db − 1"qÏ� C ��� b-ål� db§ò C ¥¤kè

i��� db − b íØ�§·�����Ý� n− db + b��þE,pØ�Ó"k��

Fq þ§�Ý� n− db + b��þ���ê8� qn−db+b"

����� M = qn−db+b � (n,M, db)q b-iÎè C �¡����ål�©£MDS¤

(n, db)q b-iÎè"

½n 3.2.5 XJ���5 MDS (n, db)q b-iÎè C ÷v db < n§@o§�´�� MDS

(n, db + 1)q (b+ 1)-iÎè"

y² l·K 3.2.1Ú 3.2.3·��±�� db+1 ≥ db + 1§@o |C| = qn−db+b ≥ qn−db+1+b+1§

dd�y"

ù�½n�,é{ü§�´%�~¢^"·��±l�Ù�za MDS b-iÎè§½

ö©z [8–11,23,31,37,54,55] ¥�zaMDSiÎ(éè�Ñ#�MDSè"

y3§·�®²�±�ÑMDS b-iÎè��35���¿©^�"

½n 3.2.6 XJk�� Fqþ�3�� d + b − 21§ n ≥ d + 2b − 2 ≥ 2b��Ý
§P�

H = [H0, H1, · · · , Hn−1]§Ù¥ Hi (0 ≤ i ≤ n− 1)L«�´ H �1 i�§÷ve¡ü�^

�µ

1. H �?¿ d− 1��5Ã'¶

2. ?¿Ì�ëY� d+b−2��5Ã'§=é¤k 0 ≤ i ≤ n−1§Hi, Hi+1, · · · , Hi+d+b−3

�5Ã'§Ù¥eIÑ´3� n�¿Âe��"

@o§Ò�3���5 MDS (n, d+ 2b− 2)q b-iÎè"

y² b� C ´± H ���Ý
��5è"@o1��^�`²
 C ´��ëê

� [n, n − d − b + 2,≥ d]q ��5è§§���� qn−d−b+2"éu C ¥����"è

i c = (c0, c1, · · · , cn−1)§XJ�3 j ¦� cj = cj+1 = · · · = cj+b−2 = 0 � cj+b−1 6=
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3 b-iÎè

0§Ù¥eIÑ´3� n �¿Âe��§@o·��Äò c Ì�£ ���þ v =

(cj+b−1, · · · , cn−1, c0, · · · , cj+b−2)§£ L§Ì�´òëY�"£�
�þ�"�§�Ò´

`§·��±ò�þ vU�¤ v = (v0, v1, · · · , vt, 0, · · · , 0)§Ù¥ t ≤ n−b§v0, vt 6= 0"Ï�

?¿Ì�ëY� d+b−2��5Ã'§¤±·�k t ≥ d+b−2"qÏ�8Ü {v0, v1, · · · , vt}

¥��k d��"�§¤±·�éN´Ò�±�Ñ wtb(c) = wtb(v) ≥ d + 2b − 2"XJØ

�3ù�� j ¦� cj = cj+1 = · · · = cj+b−2 = 0, cj+b−1 6= 0§@ow, wtb(c) = n"nþ�

�§ db ≥ d+ 2b− 2"

3.3 |||^̂̂kkk���AAAÛÛÛ���EEEMDS b-iiiÎÎÎèèè

Ún 3.3.1 �K�m PG(r, q)¥�3 q + 1��²¡§§��¹
�K�m¥�¤k:��

�u�� (r − 2)��K�m"

y² 3�K�m PG(r, q)¥�½�� (r − 2)�f�m U"ÀJ PG(r, q) \ U ¥?¿��

: P0 §@o P0 Ú U Ü¤
���²¡ V0"�X§·�2l PG(r, q) \ V0 ¥À���:

P1§Ó�/§ P1Ú U Ü¤
,���²¡ V1"Eù�Ú½��¤k�:Ñ�CX§d

d·���
 q + 1��²¡ V0, · · · , Vq§§���u U"

3½n 3.2.6¥§XJ·��½ d = 3§l�K�m PG(b, q)£b ≥ 2¤¥À� n�:¿

�r§���Ý
 H ���þ§@o·�Ò�±��e¡ù�Ún"

Ún 3.3.2 XJ�K�m PG(b, q)¥�3 n ≥ 2b + 1�:�kSü�§¦�?¿Ì�ëY

� b + 1�:ÑØá3�� (b − 1)��K�m¥§@oÒ�3���5 MDS (n, 2b + 1)q

b-iÎè"

dþãÚn��§���EMDS b-iÎè§·��Ì�?ÖÒ´��K�m PG(b, q)

¥�:üS§¦�?¿Ì�ëY� b + 1�:ÑØá3�� (b − 1)��K�m¥"Ïd§

è��E¯KÒ=z¤
�m¥:�üS¯K"

,��¡§Ï�èi¥�?¿���"�é b-þ��z�õ� b§¤±���

� b-ål� 2b + 1 � b-iÎè� Hamming ål��� 3"�ó�§?¿�5� MDS

(n, 2b+ 1)q b-iÎè���Ý
¥�½Ø�¹�5�'�ü�§¤±�k� n ≤ qb+1−1
q−1 �§

�5�MDS (n, 2b+ 1)q b-iÎèâk�U�3"

29



úô�ÆÆ¬Æ Ø©

Ún 3.3.3 k�� Fq þ�5MDS (n, 2b+ 1)q b-iÎè�k� 2b+ 1 ≤ n ≤ qb+1−1
q−1 �âk�

U�3"

3.3.1 b = 2

�K²¡ PG(2, q)´��:Ú��'é(�§÷vµ

• L?¿ü�ØÓ�:k�=k�^�¶

• ?¿ü^ØÓ����=�u�:¶

• �3o�:¦�?¿n:Ø��"

lÚn 3.3.1·���§ PG(2, q)¥�¤k:©Ù3 q + 1^�þ§ù
��u�:§Xã

3-1¤«"

q q q q qq q q q qq q q q qq q q q qq q q q q
p p p p pp p p p pp p p p pppp p p p

O

Q1 R1 S1 T1 U1

Q2 R2 S2 T2 U2

Q3 R3 S3 T3 U3

Qq−1Rq−1 Sq−1 Tq−1 Uq−1

Qq Rq Sq Tq Uq

l m s t u

ã 3-1 �K²¡ PG(2, q)�(�.

Ún 3.3.4 é?¿�ê� q ≥ 3§3 ≤ n ≤ q2 + q+ 1§�3 PG(2, q)¥� n�:�kSü�

¦�?¿Ì�ëY�n�:Ø��"

y² ·�æ^ã 3-1¥�ÎÒ§kéõ«�{�±��ù�8�§ùp·��ÑÙ¥�

�üÑ"

• q´Ûê

3ù«�¹e§L O :kóê^�"·�À� O :��1��:§,�·�l� l

Ú mþÓ6/ÀJ:"b�·�®²ò:ü¤ O,Q1, R1, Q2, R2, · · · , Qq, Rq"e�Ú·�

ÀJ��Øá3� QqRq þ: S1��e��:§,�2ÀJ��Øá3� RqS1þ�: T1

��2e��"�X§·�Òl� sÚ� tþÓ6À:"·��±��ùo���·�®

²ü
 n (3 ≤ n ≤ q2 + q + 1)�:"
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3 b-iÎè

5¿�·�ù��ü{�±��¦�?¿n�ëY�:Ø��§I�5¿��´@


“Ì�ëY”�Ü©"XJP·�ü����n�:� Pn−3, Pn−2Ú Pn−1§@o·���

�Ò´�(� Pn−2, Pn−1, O ùn�:Ø��§¿�Pn−1, O, Q1 ùn�:�Ø��"Ï�

Pn−1 [�Ø¬á3� OPn−2 þ§¤± Pn−2, Pn−1, OØ��´w,�"�: Pn−1 á3� l

þ§�Ò´`� 4 ≤ n ≤ 2q� n´óê�§Pn−1, O, Q1ùn�:´k�U���"XJù

«�¹u)
§·��±,	ÀJ��Øá3� l,mÚ Pn−3Pn−2 þ�:5O� Pn−1§

�ù�´�½�±���"

• q´óê

ù«�¹�þ�«�¹�«O3u§L: O kÛê^�"� n ≤ q2 + 1 �§·

��±ÀJóê^�§,��þ�«�¹@�ü:"� n > q2 + 1 �§·�ÄkÀ

Jn^� l,m, s Ñ5§·�kòùn^�þ�:ü�Ð§,��e�óê^�þ�

:Ò�±��c��ü�"Ó�/§·�ÀJ O :��·��1��:§,�·

�Ó6/ln^� l,m, s þÀJ:§�y?¿ëYn�:Ø��"Ï�ü^���

=�u�:§·��±��ù����z^�þ��e
��:"b�·�®²ò

:ü�¤ O,Q1, R1, S1, Q2, · · · , Qq−1, Rq−1, Sq−1§ÀJ Rq, Sq ��eü�:§,�ÀJ

Øá3� RqSq Ú QqSq þ���: T1§4 Qq ¤�e��:§;�XÀJØá3�

QqT1 þ���: U1§Øá3� QqU1 þ���: T2"8c��§·�®²ò:ü�¤

O,Q1, R1, S1, · · · , Qq−1, Rq−1, Sq−1Rq, Sq, T1, Qq, U1, T2 ¿�?¿ëYn�Ø��§�e5

�óê^�þ�:�±Úþ�«�¹Ó�ü�"

3þ¡�Ún¥§·�üØ
 q = 2��¹§ù«�¹e:�ê8Øõ§·�r§�

�Xe��~f"

~ 3.3.5 ·��±ò PG(2, 2)¥� 3 ≤ n ≤ 7�:kSü�¦�?¿Ì�ëY�n�:Ø

��§XL3-1¤«§Ù¥ H ���þ�L�´:"

5) 2 �âþã?Ø§·�Ù¢��±�� MDS (n, 5)q iÎ(éè§5 ≤ n ≤ q2 + q + 1§

Ó��è3þ�Ù¥·�®²ÏL�5�ê�{�E�"d?�?Ø§Ø
Jø,�«

y²g´§�Öö���\�*�aÉ�	§�Ul,«§Ýþ`²·��{�`�5§

Ï����c®k�(Jó§ùp���è�ëê�~´L"d	§ùp�?Ø3��

Ún 3.3.9�y²¥�´Ø�½"�"
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L 3-1 �K²¡ PG(2, 2)¥:�kSü�

n H

3


0 1 1

1 1 0

0 0 1



4


0 1 1 0

1 1 0 0

0 0 1 1



5


0 1 1 1 0

1 1 0 0 1

0 0 1 0 1



6


0 1 1 1 1 0

1 1 0 0 1 0

0 0 1 0 1 1



7


0 1 1 1 0 0 1

1 1 0 0 1 0 1

0 0 1 0 1 1 1


3.3.2 b = 3, d3 = 7

Äk§·�Qã 3��K�m¥�A�ún§Ì��Ñ
é�£:!�!¡¤�m�

'X"

• ?¿ü�ØÓ�:���^��'é¶

• ?¿ü�ØÓ�¡��=�u�^�¶

• �½?¿��¡ π±9 π	�?¿�^� l§k�=k��:�§�Ñ�'é¶

• �½�^� l§�§�'é£���¹�þ�ü:¤�z�¡þ�¹ lþ�¤k:¶

• ü^ØÓ���u�:��=�§��¡¶

• �3Ê�:�8Ü¦�?¿o�ÑØ�¡"

lÚn 3.3.1·���§PG(3, q)¥�¤k:á3 q + 1�¡þ§ù
¡�u�^�§Xã

3-2¤«"~X§� l, l1, · · · , lq �¤��¡§� l,m1, · · · ,mq �¤,��¡§ùü�¡�

�u� l"

Ún 3.3.6 é?¿�ê� q ≥ 3§4 ≤ n ≤ q3 + q2 + q+ 1§�3 PG(3, q)¥ n�:�kSü

�§¦�?¿Ì�ëY�o�:Ø�¡"
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3 b-iÎè

q q q qq q q qq q
q qq qq qq q

q qq q
O1 O2 O3 O4 l

Q1 T1 W1 X1

Q2 T2 W2 X2

Q3 T3

Qq Tq

Qq−1 Tq−1

R1 U1

R2 U2

Sq Vq

Sq−1 Vq−1

l1 l2 lq m1 m2 mq s1 s2 sq t1 t2 tq

ppp pppp p p p p p p p p p p p p p pppp ppp ppp pppppp ppp

ã 3-2 �K�m PG(3, q)�(�

y² �½�^� l§PL l� q + 1�¡©O� π0, · · · , πq"3ã 3-2¥·�Ð«
Ù¥o

�§P� l, l1, l2, · · · , lq �¤�¡� π0§;�X�n�¡� π1, π2, π3"·��ÑÙ¥�«

üS�üÑ"

• q´Ûê

ù«�¹eL lkóê�¡§©OP�� π0, · · · , πq"ÀJ O1, O2 ��cü�:§,

�l� l1Úm1þÓ6À:"b�·�®²ò:ü�� O1, O2, Q1, T1, Q2, · · · , Tq−1, Qq, Tq§

w,/§O1, O2, Q1, T1 Ø�¡§O2, Q1, T1, Q2 �Ø�¡"éuÙ§�?¿ëYo�:§·

�kÙ¥ü�:á3 l1 þ§,	ü�á3 m1 þ"XJùo�:�¡§K l1 Ú m1 �u�

:"b�§��u: O′§@o: O′á3¡ π0Ú π1þ§Ïd O′�á3 lþ§gñ"nþ§

·�k?¿ëYo�:Ø�¡"

�X·�ÀJn�: R1, U1, R2 ¦�§�©OØá3¡ QqTq−1Tq, QqTqR1, TqR1U1

þ",�·�Ó6/l� l2 Ú m2 þÀ:§·��±��ùo���·�ü��
�

l1, · · · , lq,m1, · · · ,mq þ�¤k:"

b�·�®²ò:ü�� O1, O2, Q1, T1, · · · , Sq−1, Vq−1, Sq, Vq"·�ÀJ�e5�8

�:� O3, O4,W1, X1,W2, X2§Ù¥W1, W2´ s1þ�?¿ü�:§X1, X2´ t1þ�?¿

ü�:",�§·��±Ó�/� π2 Ú π3 ¥�:üS"·��±Eù��L§��·

�ü��
¤�¦� n�:§4 ≤ n ≤ q3 + q2 + q + 1"

3�c�Ú½p§·�ü�
 n�:¦�?¿ëYo�Ø�¡"@o�
��Ì�

ëY��¦§·�I��Äù�kSü��"�Ü©"P���o�:� Pn−4, Pn−3, Pn−2

Ú Pn−1§�Ò´`·��(�±eA:µ

(1) Pn−1, O1, O2, Q1Ø�¡

ù�:�k� Pn−1 á3 π0 þ�â¬Ø÷v§=� 5 ≤ n ≤ 2q2 + 1� n´Ûê�"

3ù«�¹e§·�ÀJ��Øá3 π0, π1, Pn−4Pn−3Pn−2 Ú Pn−3Pn−2O1 þ�:�

�#�����:§ù´�½�±���"
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(2) Pn−2, Pn−1, O1, O2Ø�¡

3·��üÑp§ù�:´�±�y�§Ï� Pn−2, Pn−1 ´lØÓ�¡ πi þÀ�

�"

(3) Pn−3, Pn−2, Pn−1, O1Ø�¡

XJ Pn−3, Pn−1 á3� li þ§1 ≤ i ≤ q§@o·��±Ú�¹ (1)��?n"ÄK§

�k� Pn−3, Pn−2, Pn−1 5gn^ØÓ���§§�â�U�: O1�¡"'X§ Tq,

R1, U1 ©O�g m1, l2, m2"3ù«�¹e§Ï��e5�:v
õ§·�©ª�±

é���#�Ü·�:5�O"

• q´óê

ù«�¹� q´Ûê��¹�ØÓ�?3u·��Ä�¡�ê8�Ûê"� n ≤ q3+q

�§·�À�óê�¡§,�� q ´Ûê��¹��ö�"� n > q3 + q �§·�Ä

kò� l1, · · · , lq,m1, · · · ,mq, s1, · · · , sq þ�:üS§,��e5�óê�¡ÒÚ�c�

�ö�"5¿�·�k 3q ^�§´��óê§¤±·�E,�±¤é/�ÄØÓ²¡

πi ¥��§i = 0, 1, 2§üS�{Úþ�«�¹aq"Ó�/§·��±� n �:üS§

4 ≤ n ≤ q3 + q2 + q + 1§¦�?¿Ì�ëY�o�:Ø�¡"

~ 3.3.7 ·��±� PG(3, 2)¥� 4 ≤ n ≤ 15�:üS§¦�?¿Ì�ëY�o�:Ø�

¡§XL 3-2¤«§Ù¥ H �c n�L«�´ü�Ð� n�:"

(ÜÚn 3.3.2§3.3.6Ú~f 3.3.7§·��±�Ñ±e½n"

½n 3.3.8 é?¿�ê� q§7 ≤ n ≤ q3 + q2 + q + 1§o´�3�5� MDS (n, 7)q 3-iÎ

è"

3.3.3 b = 4, d4 = 9

lÚn 3.3.1·���§4��K�m PG(4, q)¥�¤k:� (q+1)� 3��Kf�m

¤CX§ù
f�m��u��²¡§ÒXã 3-3¤«"� l0, l1, · · · , lq�u�:O��¤

��¡ π"Ó�/§{l0,m11,m12, · · · ,m1q}, {l0,m21,m22, · · · ,m2q},· · · ,{l0,mq1,mq2, · · · ,mqq}

©O�¤¡ π01, π02, · · · , π0q"¡ π, π01, · · · , π0q ��u l0 ��Ó�¤
 3��m V0"oN

þ§·�k q + 1�ù��f�m§P�� V0, V1, · · · , Vq§§���u¡ π ��Ó�¤


PG(4, q)"
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3 b-iÎè

L 3-2 �K�m PG(3, 2)¥:�kSü�

n H

5


1 1 0 1 1

0 0 0 1 1

1 0 1 0 0

0 0 1 1 0



7


0 0 0 1 0 1 1

1 0 0 0 1 0 0

0 1 0 0 0 1 0

0 0 1 1 1 1 0



8


1 1 1 0 1 0 0 0

0 1 0 0 1 1 0 1

1 0 1 1 0 1 0 0

1 1 0 0 0 1 1 0



10


1 0 1 1 0 0 1 1 1 0

0 1 1 1 1 0 0 1 0 1

0 1 0 0 0 1 1 1 1 1

1 0 1 0 0 1 0 1 1 1



13


1 1 0 1 0 0 1 0 1 1 0 0 0

1 0 0 0 1 1 0 1 1 1 1 0 0

1 1 0 0 0 1 1 0 0 1 1 1 1

0 0 1 1 0 1 1 1 1 1 0 1 0



4, 6, 9, 11, 12, 14, 15


0 0 0 1 0 1 0 0 1 0 1 1 1 1 1

1 0 0 0 1 0 1 1 0 0 1 1 0 1 1

0 1 0 0 0 1 1 1 0 1 1 1 1 0 0

0 0 1 1 1 1 0 1 0 1 0 1 0 1 0



3�K²¡ PG(2, q)¥§·��:üS¦�?¿Ì�ëY�n�:Ø��"�
��

ù�8�§·��O/lØÓ���:"3��§3 PG(3, q)¥§·��:üS¦�?¿

Ì�ëY�o�:Ø�¡§�d·�lØ����þÓ6/�:"� PG(4, q)¥�:üS

¦�?¿Ì�ëY�Ê�:Ø�¹3�� 3��K�m¥´���\E,Ú�¡�¯K§

,�N�g´´éaq�§Ïd·��£ã������{§äN�[!¿ØÅ�?

Ø"

Ún 3.3.9 é?¿�ê� q ≥ 3§5 ≤ n ≤ q4 + q3 + q2 + q+ 1§Ñ�3 PG(4, q)¥ n�:�

kSü�§¦�?¿Ì�ëY�Ê�:Ø�¹3�� 3��K�m¥"

y² ·�÷^ã 3-3¥�PÒ"5¿�3z� 3��m Vi¥§0 ≤ i ≤ q§o�k q + 1�

¡£�) π¤��u�^�"Ø
¡ π·�P Vi¥�e� q�¡©O� πi1, · · · , πiq"À�

O��1��:"5¿�éÓ��¡ πij ¥�ü^�ó§Ò'X m11 Ú m12§XJ·�

òm11¥�z�:� O�ë§@o·�Ò��
 q + 1^�§z^��m12��=�u�

:"�ó�§·��±ïáÓ��¡ πij þ?¿ü^�þ�:���éA"�Ä πij \ li ¥
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p p p p p p p p pp p p

p p p p p p p p pp p p

p p p p p p p p pp p p

qqqlq

l1

l0

Vq

V1

V0

s11 s12 s1q s21 s22 s2q sq1 sq2 sqq

n11 n12 n1q n21 n22 n2q nq1 nq2 nqq

m11m12 m1q m21m22 m2q mq1mq2 mqq

O

Oq1 Oq2 Oqq

O21 O22 O2q

O11 O12 O1q

ã 3-3 �K�m PG(4, q)�(�.

�:§'X m11, · · · ,m1q þ�:"��Ún 3.3.4¥��{§·��±é�´/�ù
:

üS¦�?¿ëYn�:Ø��"d	§·��V\,	���¦§F"?¿ëY�ü�

:� OØ��§²Lþã�?Ø§ù�:�´�±���"

À�ü�¡ πij Ú πst (i 6= s)§b�·�®²òü�¡þ�:ü�� P0, · · · , Pq2 Ú

Q0, · · · , Qq2"3dÄ:þ§·�lü�S�¥Ó6/À:§ü�� P0, Q0, P1, Q1, · · · , Pq2 ,

Qq2"XJ·�?¿ÀJëY�Ê�:§@o��Ù¥n�/¤��¡ πij ½ö πst§,	

ü�/¤�^ØL O��"Ï�3 3��K�m¥§XJ¡Ú��'é§@o¡7½�¹

�^�¶¡	��^�´7½�¡��u�:�"¤±§·���?¿ëY�Ê�:ÑØ

�¹3�� 3��m¥"πij ù��¡�ê8´ q(q + 1)§´��óê"Ïd§·��±�

�¤é/�Ä5gØÓ�m Vi �¡"�Ún 3.3.4Ú 3.3.6aq§·��±Eù�L§§

��·�®²ò n�:üS§5 ≤ n ≤ q4 + q3 + q2 + q + 1§¦�?¿Ì�ëY�Ê�:Ø

á3�� 3��m¥"

(ÜÚn 3.3.2ÚÚn 3.3.9§·�Ò�±��Xe(Ø"

½n 3.3.10 é?¿�ê� q ≥ 3§9 ≤ n ≤ q4 + q3 + q2 + q+ 1§o´�3�5�MDS (n, 9)q

4-iÎè"
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3 b-iÎè

3.3.4 ���õõõ������EEE

Äkéu��� b ≥ 5·�`²MDS b-iÎè��35§ù�(J� q��u b�L

yéÐ"

½n 3.3.11 é?¿�ê� q§q ≥ b ≥ 5§2b+ 1 ≤ n ≤ qb − bqb−1 + b2+3b
2
§o´�3�5�

MDS (n, 2b+ 1)q b-iÎè"

y² �âÚn 3.3.2§·��Ì�?Ö´� PG(b, q)¥� n�:üS§¦�?¿Ì�ë

Y� b + 1�:Ø�¹3�� (b − 1)��m¥"Äk3 PG(b, q)¥§·�w,�±é�

b+ 1�:Ü¤���m"b�·�®²üS
 k�:§b+ 1 ≤ k < qb − bqb−1 + 2b§P�

P1, P2, · · · , Pk§¦�?¿Ì�ëY� b+ 1�:Øá3�� (b− 1)��m¥"

�Ä {Pk−b+1, Pk−b+2, · · · , Pk}, {Pk−b+2, Pk−b+3, · · · , Pk, P1}, · · · , {P1, P2, · · · , Pb} Ü¤

� b + 1 � (b − 1) ��m§©OP�� V0, V1, · · · , Vb"XJ�e5�:§= PG(b, q) \

{P1, P2, · · · , Pk}¥�:vk� V0, V1, · · · , Vb ��CX§@o·�©ª�±é���#�

: Pk+1"

�e5§·�Ò5�Äþã� b + 1 ��m¤UCX��e�:���ê8"Ï

� PG(b, q) ¥�ü� (b − 1) �f�m7,�u�� (b − 2) ��m§¤± V0 CX


qb−1
q−1 �:§Ù§ Vi �õCX

qb−1
q−1 −

qb−1−1
q−1 �#�:"Ó�§�·�O�:�ê8

��I�üØ Pk−b+1, Pk−b+2, · · · , Pk, P1, · · · , Pb ù
:"'X§3O� V0 ¥:�ê8

�§·�I�üØ Pk−b+1, Pk−b+2, · · · , Pk ù
:"�·�O� V1 ¥:�ê8�§·

��I�üØ: P1§Ï� Pk−b+2, · · · , Pk ù
:á3 V0 Ú V1 ��¥"� k < 2b �§

Pk−b+1, Pk−b+2, · · · , Pk, P1, · · · , Pb ù 2b�:�UkÜ��¹§Ïd� k = b + 1�§·

�¤ATüØ�:�ê8���� 2b"¤± b + 1 ��K�m V0, V1, · · · , Vb �õCX

PG(b, q) \ {P1, P2, · · · , Pk}¥� (b+ 1) q
b−1
q−1 − b

qb−1−1
q−1 − 2b�:"¤±� k < qb − bqb−1 + 2b

�§·�©ª�±uy��#�Ü·�: Pk+1"

Ï� q ≥ b§¤±dþã?Ø§·�©ª�±kSü� 2b�:§¦�?¿Ì�ëY�

b + 1�:Ø�¹u�� (b − 1)��m¥"b�·�®²ü�
�� 2b�:§= k ≥ 2b"

d�§Pk−b+1, Pk−b+2, · · · , Pk, P1, · · · , Pb¥�:´Ø¬Ü�§b+ 1� (b− 1)��m�õ

CX (b+ 1) q
b−1
q−1 − b

qb−1−1
q−1 −

b2+3b
2
� PG(b, q) \ {P1, P2, · · · , Pk}¥�:"dd�y"

�â½n 3.2.6§XJ·�- d = 2��Ä�þ�m V (b, q)¥��þ�� H ���þ§

@o·��±��XeÚn"
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Ún 3.3.12 XJ�3�þ�m V (b, q)¥ n ≥ 2b��þ�kSü�¦�?¿Ì�ëY�

b��þ�5Ã'§@oÒ�3���5� MDS (n, 2b)q b-iÎè"

aqu½n 3.3.11§·��±�ÑXe�½n"

½n 3.3.13 é?¿�ê� q ≥ b− 1, b ≥ 3½ö q = 2, b = 4§o´�3�Ý n ≥ 2b� MDS

(n, 2b)q b-iÎè"

y² 3�� b��þ�m V (b, q)¥§w,·��±é� b��þÜ¤���m"b�·

�®²k k ≥ b��þ�kSü�§P� v1, v2, · · · , vk§¦�?¿Ì�ëY� b��þ�

5Ã'"

Äk§·��Ä {vk−b+2, vk−b+3, · · · , vk}, {vk−b+3, vk−b+4, · · · , vk, v1}, · · · , {v1, v2, · · · ,vb−1}

Ü¤� (b − 1) �f�m§©OP�� V1, V2, · · · , Vb"ü� (b − 1) ��m7½�u��

(b − 2) ��þ�m"�X·��Äþã�m¤UCX��þ���ê8"V1 CX


qb−1 − 1 ��"�þ§Ù§� Vi CX�õ qb−1 − qb−2 �#��"�þ§2 ≤ i ≤ b"

Ó�§�·�Oê�ATüØ vk−b+2, · · · , vk, · · · , v1, vb−1 ù
:"Ïd§§�o��

±CX bqb−1 − (b − 1)qb−2 − 2(b − 1) − 1 ��"�þ"Ø�¤k��"�þÑ�þã

� b ��þ�mCX§ÄK·�©ª�±é���#�Ü·�: vk+1"�ó�§XJ

qb − bqb−1 + (b − 1)qb−2 + 2(b − 1) ≥ 1§·�©ª�±é���#�Ü·�:§�Ò´`

q ≥ b− 1½ö q = 2, b = 4"

5) 3 ©z [55]¥��öÏL�O�E|��E
 db = 2b� b-iÎè"�´¦��E�è

i��Ý7L´ b��ê§·��¿vkù���"

3þã�L§¥§éu b = 2, 3, 4§2b + 1 ≤ n ≤ qb+1−1
q−1 §·��Ñ
 PG(b, q)¥ n�

:�kSü�§¦�?¿Ì�ëY� b + 1�:�5Ã'"e¡ù�(JKL²XJ·

�ü�:�v
c[§½n 3.3.13¥ q ≥ b− 1ù�^�¿Ø´7��"

½n 3.3.14 éu?¿�ê� q ≥ 3§n ≥ 10§o´�3�5� MDS (n, 10)q 5-iÎè"

y² éu n ≥ 10§·�o´�±é��ê n1, n2, · · · , nt ¦� n = n1 + n2 + · · · + nt§Ù

¥ t ≥ 2§5 ≤ ni ≤ q5−1
q−1"d�c�?Ø��§·��±é� PG(4, q)¥� t�kSü�§
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3 b-iÎè

P� S1, S2, · · · , St§z�S�©Ok ni�:�?¿Ì�ëY� 5�:�5Ã'"-ù
S

��c 4�:Ñ�Ó§ù´éN´���§,�òù
S�Ä�Géå5Ò��·�I�

� n��S�"

3.4 |||^̂̂~~~ÌÌÌ���èèè���EEEMDS b-iiiÎÎÎèèè

�� q ��Ý� n��5è C �¡�� η-~Ì��§η ∈ F∗q§XJ§3Xe� Fnq þ

� η-~Ì�£Ä�´ØC�µ

(c0, c1, · · · , cn−1)→ (ηcn−1, c0, · · · , cn−2).

XJ·�rz�èi c = (c0, c1, · · · , cn−1) ��õ�ªL«/ª c(x) = c0 + c1x + · · · +

cn−1x
n−1§@o�� η-~Ì�èÒ�±w�û� Fq[x]/〈xn − η〉 �n�§xc(x) KéAX

c(x)� η-~Ì�£Ä"d	§Fq[x]/〈xn − η〉´��Ìn��§C ´d xn − η �Ä�Ïf

g(x))¤"·�¡ g(x)� C �)¤õ�ª§P� C = 〈g(x)〉"

- η ∈ Fq � rg��ü �"Ï� gcd(n, q) = 1§�3 Fq �*�¥�3�� rng�

�ü � ω§¦� ωn = η"dd��§

xn − η =
n−1∏
i=0

(x− ω1+ir).

- Ω = {1 + ir|0 ≤ i ≤ n− 1}"é?¿ j ∈ Ω§� Cj ��¹ j �� rn� q-©��8"

- C �k�� Fq þ g(x))¤��Ý� n� η-~Ì�è"@o8Ü Z = {j ∈ Ω|g(ωj) = 0}

¡�� C �½Â8"·��� C �½Â8´�
� rn � q-©��8�¿§�÷v

dim(C) = n− |Z|"

�Ì�èaq§éu~Ì�è�kXe BCH."

½n 3.4.1 £~Ì�è� BCH . [31]¤ C �k�� Fq þ�Ý� n � η-~Ì�è§Ù¥

η ∈ Fq � rg��ü �"- ω� Fq �*�¥��� rng��ü �¦� ωn = η"b�

C �)¤õ�ª���¹±e8Ü {ω1+ri|i1 ≤ i ≤ i1 + d− 2}§@o C ��� Hammingå

l� d"

�Ù�Ù§�EJø
��´L�ëê§�§�ØÓ�´§·��e5�ù��E�

'5 n = qb+1−1
q−1 ��/"·�ùo�Ì�´��·���JÑ�ü�ß�Jøv
�|

 "
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½n 3.4.2 é?¿�ê� q§b ≥ 4§o´�3�5� MDS ( q
b+1−1
q−1 , 2b+ 1)q b-iÎè"

y² � n = qb+1−1
q−1 §ω � Fq ����§δ ´ Fqb+1 ����¦� δn = ω"5¿� g(x) =

(x − δ)(x − δq) · · · (x − δqb) ∈ Fq[x]�Ø xn − ω"- C � 〈g(x)〉 ⊆ Fq[x]/(xn − ω)§@o C

´��ëê� [n, n− b− 1, d]q ��5è§Ù¥ 3 ≤ d ≤ b+ 2"

XJ d = b+ 2§@ow, db ≥ 2b+ 1"

XJ 3 ≤ d ≤ b + 1§- c(x) =
∑n−1

i=0 cix
i � C ¥���"èi"XJ�3 j ¦�

cj = cj+1 = · · · = cj+b−2 = 0§cj+b−1 6= 0§Ù¥eIÑ´3� n �¿Âe��§@oé

u,
 ai ∈ Fq, t ≤ n − b, a0, at 6= 0, xn−j−b+1c(x) =
∑t

i=0 aix
i ∈ C"Ï� g(x)|c(x)§�

3 ≤ d ≤ b + 1, t ≥ b + 1§Ïd·�k wtb(x
n−j−b+1c(x)) = wtb(c(x)) ≥ 2b + 1"XJØ�

3 j ¦�cj = cj+1 = · · · = cj+b−2 = 0, cj+b−1 6= 0§@ow, wtb(c(x)) = n"nþ¤ã§

db ≥ 2b+ 1"

3.5 ooo(((

3�Ù¥§·�ïá
 b-iÎè� Singleton .§¿�·�`²
���5� MDS

b-iÎèXJÓ�÷v db < n§@o§�´�� MDS (b + 1)-iÎè"·��Ñ
 MDS

b-iÎè�35���¿©^�§��·�é���Ü·�Ý
§@o�A/·�Ò�±

�E�� MDS b-iÎè"3A½^�e§ù�¿©^�=z¤� PG(b, q)¥�:�üS

¯K§·��¦ò:kSü�¦�?¿Ì�ëY� b+ 1�:Øá3�� (b− 1)��K�

m¥"3dÄ:þ§·��E
Aa MDS b-iÎè§éuA½�ëê§·���û½


MDS b-iÎè��35"

·�3�Eè�L§¥¤^��{´ék��§�é��?�Ú�ïÄ"�Ä·��

âÚn 3.3.1¤ïá�(�§·��Ì�8I´� PG(b, q)¥�:kSü�§¦�?¿Ì

�ëY� b + 1�:Øá3�� (b − 1)���K�m¥"·��Ì�g´�NXe§�

b´óê�§3 PG(b, q)¥?¿ü�5gØÓ (b − 1)��Kf�m¥� b
2
��Kf�m

��u�:"~X§� b = 2�§?¿ü^��u�:¶� b = 4�§πij Ú πst �u: O

(i 6= s)"éu�é b
2
��K�m§·�ÄküÕòz��m¥�:üS¦�?¿ëY b

2
+ 1

�:Ü¤éA��m§,�·�2lùü�kSS�¥�O/À:§Ò�·�3Ún 3.3.4

ÚÚn 3.3.9¥��@�"� b´Ûê�§PG(b, q)¥?¿ü�5gØÓ (b − 1)��Kf

�m� b−1
2
��Kf�mvk�8"~X§� b = 3�§3Ún 3.3.1ïá�(�¥§ØÓ

¡þ���mvk�8"Ó�/§éu�é b−1
2
��Kf�m§·�ÄküÕòz��m
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3 b-iÎè

¥�:üS¦�?¿ëY b−1
2

+ 1�:Ü¤éA��m§,�·�2lùü�kSS�¥

�O/�:§ÒÐ'·�3Ún 3.3.6¥��@�"

ÏLþã�?Ø§·�wq�±�½��üÑ½ö`���{§é?¿ bÑ�±�

PG(b, q)¥�:üS¦Ù��·���¦§?é?¿ b§2b+ 1 ≤ n ≤ qb+1−1
q−1 �E�5�

MDS (n, 2b+ 1)q b-iÎè",§Ò·�8c�}Á5w§·��&ù����î�y²

¬´éE,Ú�¡�§·���¿òù��ß��/ª§±Ï�±é����\{'²


�y²"

ß� 1 é?¿�ê� q§b > 2§2b + 1 ≤ n ≤ qb+1−1
q−1 §o´�3�5� MDS (n, 2b + 1)q

b-iÎè"

�ì�c�! 3.3.4¥�?Ø·��k±e�ß�"

ß� 2 é?¿�ê� q§b > 2§n ≥ 2b§o´�3�5� MDS (n, 2b)q b-iÎè"
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4 111������\\\¶¶¶èèè

4.1 000���

1è©õ�£OCDMA¤Eâ¦^äkûÐ�'5��*ªS�5£Oz�^r§ò

ØÓ�^r�\��Ó�ª�Ú�Yþ§?�±#Nõ�^r��Ó��1n&�§k

�JpXÚoNþ [21] [45] [46] [53]"1��è£OOC¤Ò´ù��a�±A^� OCDMAXÚ

¥�äkûÐ�'5��*ªS�"�m� OCDMA´ò OCDMA*Ð������m

^±DÑã��õ´�¯§�'�Ä:�£ÚA^�±ë� [33] [44] [58]"KitayamaÚ¦�Ó

¯ [32] [34] ü«y²
�����
�?è�å»��{"ù���ã�õ´DÑEâ�±

A^u�Æã��DÑ�Nõ¢S¯K¥ [44] [58]"3�m� OCDMA¥§z������

 ²¡Ñ�±^�� (0, 1)Ý
5?è§ù��Ý
·�¡����1��\¶£OOSP¤§

�õ�[!�ë� [28] [32]"

©z [32] ¥�Ñ§�m� OCDMA���'�:3u��1��\¶��E"OOSP

��E� OCDMA¥è��E�aq§ÑkX�'5Úèiê8��¦"z� OOSP3�

���²¡þ£Ä��§��ÑAT´�«©�£g�'5¤§?¿ü�ØÓ� OOSP3

£Ä��ATÓ�´�«©�£p�'5¤ [28] [32]"ù
��^��¦�'5AT' OOSP

�þ£1�ê8¤�éõ"y3·�Äk50�1��\¶è�½Â"

���ê m,n,w, λ÷v mn > w ≥ λ"(m,n,w, λ)-1��\¶è£OOSPC¤C ´�

x m × n���Ý
£èi¤�8Ü§¤kèi� Hammingþ£1�ê8¤þ� w�

÷veãü��'55�µ

(1)£g�'5¤
m−1∑
i=0

n−1∑
j=0

ai,jai⊕mδ,j⊕nτ ≤ λ

é¤k A = (ai,j) ∈ C (0 ≤ i ≤ m − 1, 0 ≤ j ≤ n − 1)§¤k�ê δ Ú τ§0 ≤ δ < m§

0 ≤ τ < n§(δ, τ) 6= (0, 0)¤á¶
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(2)£p�'5¤
m−1∑
i=0

n−1∑
j=0

ai,jbi⊕mδ,j⊕nτ ≤ λ

é?¿ü�ØÓ�Ý
 A = (ai,j)§B = (bi,j) ∈ C (0 ≤ i ≤ m− 1, 0 ≤ j ≤ n− 1)§¤k�

ê δ Ú τ§0 ≤ δ < m§0 ≤ τ < n¤á§Ù¥ ⊕m£½ö ⊕n¤L«�´� m£½ö� n¤

�\{§�þã?¿��Ø�ª���3�«�¹¦��Ò¤á"

^
∑m−1

i=0

∑n−1
j=0 ai,jai,j⊕nτ ≤ λ (0 < τ < n)O�g�'5�§^

∑m−1
i=0

∑n−1
j=0 ai,jbi,j⊕nτ ≤

λ (0 ≤ τ < n)O�p�'5��§éA�´��1��è£2-D (m × n,w, λ)-OOC¤"w

,§Ì�£Ä����� b � (m,n,w, λ)-OOSPC �1��·�Ò�±�������

mb� 2-D (m × n,w, λ)-OOC"���¹e§·�´ØUl��1��è��1��\

¶è�"'u�` 2-D (m × n,w, λ)-OOC ��Eë� [1] [3] [6] [7] [25] [29] [40] [52] [57]"� m = 1,

n = v �§�� 2-D (m,n,w, λ)-OOSPC¢SþÒ´���� (v, w, λ)1��è£{P�

1-D (v, w, λ)-OOC¤"�õ'u 1-D OOC�(Ø§�ë�©z [5] [4] [15] [20] [26] [38] [47] [51]"

é?¿��Ý
 A = (aij) ∈ C§Ù¥1^ Zm§�^ Zn ��¢Ú§·�½Â8Ü

XA = {(i, j) ∈ Zm × Zn : aij = 1}"@o§F = {XA : A ∈ C}Ù¢Ò´ (m,n,w, λ)-OOSPC

���8ÜØL«"¤±�� (m,n,w, λ)-OOSPCÒ�±w� Zm × Zn ¥ w-f8�8Ü§

��'55�Xeµ

(1
′
)£g�'5¤

|X ∩ (X + (δ, τ))| ≤ λ

é¤k X ∈ F Ú (δ, τ) ∈ Zm × Zn \ {(0, 0)}¤á¶

(2
′
)£p�'5¤

|X ∩ (Y + (δ, τ))| ≤ λ

éØÓ� X, Y ∈ F Ú?¿(δ, τ) ∈ Zm × Zn¤á"

OOSPC¥èi�ê8¡�§���"éu�½� m,n,w, λ§- Θ(m,n,w, λ)L«¤

k (m,n,w, λ)-OOSPC�U������"�����Θ(m,n,w, λ)� (m,n,w, λ)-OOSPC

�¡�´�`�"Äu~è� Johnson. [30]·��±�ÑXe'u Θ(m,n,w, λ)�.µ

Θ(m,n,w, λ) ≤ J(m,n,w, λ)

=
⌊
1
w

⌊
mn−1
w−1

⌊
mn−2
w−2

⌊
· · ·
⌊
mn−λ
w−λ

⌋
· · ·
⌋⌋⌋⌋

.
(4-1)

©z [48] ¥�Ñ§����� u� (m,n,w, λ)-OOSPC�du��Ä«|ê8� u�î�

Zm × Zn-ØC� (λ+ 1)-(mn,w, 1)W¿�O"�mÚ np��§(m,n,w, λ)-OOSPC¢S

þ´�� 1-D (mn,w, λ)-OOC [56]",�mÚ nØp��§�E�` (m,n,w, λ)-OOSPC

44



4 1��\¶è

L 4-1 ìC�`�1��\¶è

ëê ^� �� Ñ?

(m,n, 4, 2) Ã�� ©z [48]

(p, p, p+ 1, 2) p ≥ 3���ê p− 1£�`¤ ©z [12]

(p, p, p, λ) p ≥ 3���ê§2 ≤ λ < p pλ−1 − 1 ½n 4.2.2

(q − 1, n, n− λ, λ) q´�ê�§ 1
n

λ∑
e1=0

∑
d|n
qb

λ−e1
d cµ(d) ½n 4.2.6

q − 1 ≡ 0 (mod n), n > 2λ

(q − 1, q21 − 1, q1 − 1, 2) q, q1´�ê�§q ≥ q21 q2q1 ~ 4.2.10

(q + 1, n, n, 2λ) q´�ê�§ |F̃λ|
n(q+1)

½n 4.3.3

q − 1 ≡ 0 (mod n), n > 2λ

(pm, pn, p, λ) p ≥ 3´�ê§2 ≤ λ < p (pλ−1 − 1)pmλ+nλ−2λ íØ 4.4.9

m,n´��ê

(pm, pn, p+ 1, 2) p´�ê§m,n´��ê (p− 1)p2m+2n−4 íØ 4.4.10

(m′pm, n′pn, p, λ) p´�ê§2 ≤ λ < p§m,m′, n, n′´ (pλ−1 − 1)pmλ+nλ−2λ íØ 4.4.11

��ê§m′n′����ÏfØ�u p ·(m′n′)λ

BC�éJ§ù�´·��,�¤3"Ò8có§Nõ|Ü�{Ñ�^5�E�`

OOSPC§X�W¿ [41] [42] [56]§Steinero�X [48] ±9 G-�O [12]�"

ÓnuìC�`� 1-D OOC [17] [18]§�EìC�`� OOSPC�´��k��{K"�

� (m,n,w, λ)-OOSPC C �¡��ìC�`�XJ§÷vµ

lim
m,n→∞

|C|
J(m,n,w, λ)

= 1.

Ò·�¤�§���aìC�`�OOSPC´d Sawa [48]ÏLìC�`� 1-D (m, 4, 2)-OOC

�Ñ�"

Omrani [40]�|^k��þ�õ�ªÚkn¼ê�E
AaìC�`� 2-D OOC"Chu

Ú Golomb [14] |^ r-{üÝ
�E
AaìC�`� OOC"3�Ù¥§·�|^õ�ª

�{§kn¼ê±9 r-{üÝ
5���EÚ48�E OOSPC§¤��è�®k�|Ü

�EØÓ�kX��z�þëê"l§·���
Aa#�ìC�`� OOSPC§X

L 4-1¥¤«"
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4.2 ÄÄÄuuuõõõ���ªªª¼¼¼êêê���ìììCCC���`̀̀���EEE

3�!¥§·�|^õ�ª¼ê��naìC�`� OOSPC"

4.2.1 (p, p, p, λ)-OOSPC

��ê p ≥ 3§é Zpþ�?¿õ�ª f(x)§½ÂÙ'éÝ
�

C(i, j) = 1 ��=� f(j) = i, (4-2)

Ù¥ (i, j) ∈ Zp × Zp"

�E 4.2.1 ��ê p ≥ 3§�ê λ÷v 2 ≤ λ < p"- Gλ�Zpþ¤k÷v 2 ≤ deg(f(x)) ≤ λ

��"õ�ª f(x)�8Ü"Gλ¥ü�õ�ª f(x)Ú g(x)´�d���=� f(x+k)+ l =

g(x)é,
 k, l ∈ Zp ¤á"- GC ´lz��da¥���õ�ª�|¤�8Ü§C ´ GC
¥¤kõ�ª�'éÝ
�8Ü"

XJ f(x) ∈ Gλ§@o f(x + k) + l ∈ Gλ é?¿ k, l ∈ Zp ¤á"w,§�E 4.2.1¥½

Â�´���d'X"éu?¿ f(x) ∈ Gλ§é'Xê�·�uy f(x+ k) + l = f(x)��

=� k = l = 0§= f(x + k) + l 6= f(x)é?¿(l, k) ∈ Zp × Zp \ {(0, 0)}¤á"¤± Gλ ¥

z�õ�ª��daTÐ�¹ p2���§|GC| = |Gλ|
p2
"

½n 4.2.2 �E 4.2.1¥½Â�è C ´����� pλ−1 − 1� (p, p, p, λ)-OOSPC§�éu

Johnson.ó§´ìC�`�£pª�uÃ¡�¤"

y² Äk·�y² C´�� (p, p, p, λ)-OOSPC"b�g�'5^�Ø÷v§@o·��±

é���éAX f(x) ∈ GC�Ý
Cf ±9 (δ, τ) ∈ Zp×Zp\{(0, 0)}÷v
p−1∑
i=0

p−1∑
j=0

Cf (i, j)Cf (i+

δ, j+τ) > λ"Ï�Cf (i, j)Cf (i+δ, j+τ) = 1��=� f(j) = i§f(j+τ) = i+δ§¤±õ�

ª f(x+τ)−f(x)−δ¬k�L λ�":§Ïd f(x+τ)−δ = f(x)£XJ f(x+τ)−f(x)−δ

´��"õ�ª§§�gêØ�u λ§�ÒØ¬k�L λ�":§gñ¤"�c·��Ñ§

f(x+ k) + l 6= f(x)é¤k (l, k) ∈ Zp × Zp \ {(0, 0)}¤á§¤±ùp·�ÒíÑ
gñ"

b�p�'5^�Ø÷v§@o·��±é�ü�ØÓ�Ý
 Cf Ú Cg§©OéAX

õ�ª f(x), g(x) ∈ GC§Ú (δ, τ) ∈ Zp×Zp¦�
p−1∑
i=0

p−1∑
j=0

Cf (i, j)Cg(i+ δ, j+ τ) > λ"��¡§

Ï� f(x)Ú g(x)5gØÓ��da§¤± g(x+τ)−f(x)−δ´��gêØ�L λ��"õ
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�ª§Ïd g(x+τ)−f(x)−δk�õ λ�":",��¡§Ï� Cf (i, j)Cg(i+δ, j+τ) = 1

��=� f(j) = i, g(j + τ) = i+ δ�¤á§¤±õ�ª g(x+ τ)− f(x)− δ¬k�L λ�

":§gñ"

nþ§C ´�� (p, p, p, λ)-OOSPC.

��§·�5(½ C ���§¿y²§´ìC�`�"w,§Gλ���� pλ+1 − p2"

Ï�z��da�¹ p2���§¤± GC ���� pλ−1 − 1"Ïd§C ���� pλ−1 − 1"

d Johnson.·�k

J(p, p, p, λ) =
⌊
1
p

⌊
p2−1
p−1

⌊
p2−2
p−2

⌊
· · ·
⌊
p2−λ
p−λ

⌋
· · ·
⌋⌋⌋⌋

≤
(

1
p
× p2−1

p−1 ×
p2−2
p−2 × · · · ×

p2−λ
p−λ

)
.

� pª�uÃ¡�§·�k

lim
p→∞

pλ−1 − 1

J(p, p, p, λ)
= 1.

Ïd§�E� OOSPC´ìC�`�"

·�ÏLe¡�~f5�º�E 4.2.1"

~ 4.2.3 é?¿�ê p ≥ 3§�3��� p− 1� (p, p, p, 2)-OOSPC"

y² 3�E 4.2.1 ¥� λ = 2"é��gê� 2 �õ�ª ax2 + bx + c§w,k {a(x +

k)2 + b(x + k) + c + l : k, l ∈ Zp} = {ax2 + b′x + c′ : a′, b′ ∈ Zp}"Ïd§G2 ¥��da�

{ax2 + b′x + c′ : a′, b′ ∈ Zp}, a ∈ Z∗p"@o§{{(ai2, i) : i ∈ Zp} : a ∈ Z∗p} Ò´·����

(p, p, p, 2)-OOSPC�8ÜØL«"

4.2.2 (q − 1, n, n− λ, λ)-OOSPC

3ù��!§·�ÏLk�� Fq þ�õ�ª�E�aìC�`� OOSPC§ù��{

�©z [40] ¥�aq"

- q´���ê�§n, λ´÷v n|q − 1§n > 2λ��ê"� α�k�� Fq ����§

β = α
q−1
n "3¦{+ F∗q = Fq \ {0}¥d β)¤�f+·�P�� 〈β〉"é Fq þgêØ�L

λ��"õ�ª f(x)§·�½Â§�'éÝ
 Cf �

C(i, j) = 1��=� f(βj) = αi, (4-3)

Ù¥§(i, j) ∈ Zq−1 × Zn"Ï� f(x)�gêØ�L λ§f(x)k�õ λ�":§¤±'éÝ


 Cf �þ��� n− λ"�
�y~�5�§éu@
þ�u n− λ�'éÝ
·
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��Å/íØ·þ� 1±�y~þ n − λ"éu Fq þgêØ�L λ�ü�ØÓ��"

õ�ª f(x)Ú g(x)§õ�ª f(x)− g(x)k�õ λ�":"Ï� n− λ > λ§¤± f(x)Ú

g(x)Ø¬3¤k� n− λ� �Ü§� Cf Ú Cg ´pÉ�"

�E 4.2.4 ��ê� q§��ê n, λ÷v n|q− 1, n > 2λ"- Pλ´�¹ Fq þ¤kgêØ�

L λ�÷v αlf(βkx) 6= f(x)é¤k (l, k) ∈ Zq−1 × Zn \ {(0, 0)}¤á��"õ�ª f(x)�

8Ü" Pλ ¥�ü�õ�ª f(x)§g(x)´�d���=� f(βkx) = αlg(x)é,
 k ∈ Zn§

l ∈ Zq−1¤á"- PC ´lz��da¥]À��õ�ª�|¤�8Ü"- C ´ PC ¥õ�

ª'éÝ
�8Ü"

w,§�E 4.2.4¥½Â�´���d'X"XJ f(x) ∈ Pλ§@o αlf(βkx) ∈ Pλ"

αlf(βkx) = f(x)¤á��=� l = 0, k = 0"Ïd§ Pλ ¥z�õ�ª��daTÐ�¹

n(q − 1)���§|PC| = |Pλ|
n(q−1)"|Pλ|�O��éó'�P�Úy�§·�ùp��Ñ(

ØØ\±y²"

Ún 4.2.5 X�E 4.2.4¥½Â Pλ§@o

|Pλ| =
λ∑

e1=0

∑
d|n

(q − 1)qb
λ−e1
d cµ(d),

Ù¥ µ : Z→ {0,−1, 1}L«�´ Möbius¼ê

µ(y) =


1, y = 1,

(−1)t, y´� t�ØÓ�ê�¦È,

0, Ù§�¹.

½n 4.2.6 �E 4.2.4¥½Â�è C ´�����

1

n

λ∑
e1=0

∑
d|n

qb
λ−e1
d cµ(d),

� (q − 1, n, n− λ, λ)-OOSPC§� qÚ nª�uÃ¡�§§´ìC�`�"

y² Äk·�y² C ´�� (q − 1, n, n− λ, λ)-OOSPC"b�§Ø÷v�'55�§@o

·��±é�ü�'éÝ
Cf ÚCg±9 (δ, τ) ∈ Zq−1×Zn¦�
q−2∑
i=0

n−1∑
j=0

Cf (i, j)Cg(i+δ, j+

τ) > λ"ùpXJ f = g§@o (δ, τ) 6= (0, 0)"dPλÚPC�½Â��§g(βτx)−αδf(x)´
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��gêØ�L λ��"õ�ª§Ï g(βτx)−αδf(x)k�õ λ�":",��¡§Ï�

Cf (i, j)Cg(i + δ, j + τ) = 1��=� f(βj) = αi§g(βj+τ ) = αi+δ§õ�ª g(βτx)− αδf(x)

3 〈β〉¥¬k�L λ�":§gñ"

dÚn 4.2.5§·�k

|PC| =
|Pλ|

n(q − 1)
=

1

n

λ∑
e1=0

∑
d|n

qb
λ−e1
d cµ(d).

��·�y²�E� OOSPC ´ìC�`�"�Ä |PC| ¥�����§= d = 1,

e1 = 0���§qÏ� w = n− λ§d Johnson.·�k

J(q − 1, n, w, λ)

=
⌊

1
n−λ

⌊
n(q−1)−1
n−λ−1

⌊
n(q−1)−2
n−λ−2

⌊
· · ·
⌊
n(q−1)−λ
n−λ−λ

⌋
· · ·
⌋⌋⌋⌋

≤
(

1
n−λ ×

n(q−1)−1
n−λ−1 ×

n(q−1)−2
n−λ−2 × · · · ×

n(q−1)−λ
n−λ−λ

)
.

¤±� qÚ nª�uÃ¡�§·�k

lim
q,n→∞

|C|
J(q − 1, n, n− λ, λ)

= 1.

Ïd§�E¤�� OOSPC´ìC�`�"

·�ÏLe¡�~f�º`²�E 4.2.4.

~ 4.2.7 �3��� 28� (12, 6, 4, 2)-OOSPC"

y² � Z13¥���� 2¿- β = 4"- Z�13Ú Z6�13©OL«� 13��g�{Ú��g�

{"d P2�½Â·�k§

P2 = {bx+ c : b, x ∈ Z∗13} ∪ {ax2 + bx+ c : a, b ∈ Z∗13, c ∈ Z13}.

d�d'X�½Â·��±ò P2y©¤ 28��daµ

{bcx+ c : b ∈ Z�13, c ∈ Z∗13},

{2bcx+ c : b ∈ Z�13, c ∈ Z∗13},

{bcx2 + cx : b ∈ Z�13, c ∈ Z∗13},

{2bcx2 + cx : b ∈ Z�13, c ∈ Z∗13},

{ab2cx2 + bcx+ c : b ∈ Z�13, c ∈ Z∗13}, a ∈ Z∗13,

{ab2cx2 + 2bcx+ c : b ∈ Z�13, c ∈ Z∗13}, a ∈ Z∗13.
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��da��L��8Ü�µ

PC = {x+ 1, 2x+ 1, x2 + 1, 2x2 + 1}

∪{ax2 + bx+ 1: a ∈ Z∗13, b ∈ {1, 2}}.

é?¿� f(x) ∈ PC§·��±���A�'éÝ
 Cf§·��Þ
§��8ÜØL«µ

Cx+1 = {(1, 0), (9, 1), (2, 2), (10, 4), (7, 5)}

C2x+1 = {(4, 0), (8, 1), (11, 2), (6, 3), (5, 4), (3, 5)}

Cx2+x = {(1, 0), (11, 1), (6, 2), (6, 4), (5, 5)}

C2x2+x = {(4, 0), (10, 1), (3, 2), (0, 3), (1, 4), (1, 5)}

Cx2+x+1 = {(4, 0), (3, 1), (0, 3), (11, 5)}

C2x2+x+1 = {(2, 0), (7, 1), (8, 2), (1, 3), (4, 4), (4, 5)}

C3x2+x+1 = {(9, 0), (0, 1), (9, 2), (4, 3), (5, 4), (6, 5)}

C4x2+x+1 = {(5, 0), (2, 1), (0, 2), (2, 3), (8, 4), (3, 5)}

C5x2+x+1 = {(11, 0), (11, 1), (10, 2), (9, 3), (6, 4), (2, 5)}

C6x2+x+1 = {(3, 0), (10, 1), (5, 2), (5, 3), (1, 4)}

C7x2+x+1 = {(8, 0), (1, 2), (11, 3), (9, 4), (8, 5)}

C8x2+x+1 = {(10, 0), (4, 1), (7, 2), (3, 3), (3, 4), (9, 5)}

C9x2+x+1 = {(7, 0), (5, 1), (11, 2), (8, 3), (7, 4), (0, 5)}

C10x2+x+1 = {(6, 0), (8, 1), (4, 2), (10, 3), (0, 4), (10, 5)}

C11x2+x+1 = {(6, 1), (6, 2), (7, 3), (2, 4), (5, 5)}

C12x2+x+1 = {(0, 0), (1, 1), (3, 2), (6, 3), (11, 4), (1, 5)}

Cx2+2x+1 = {(2, 0), (6, 1), (4, 2), (8, 4), (2, 5)}

C2x2+2x+1 = {(9, 0), (1, 1), (6, 2), (0, 3), (6, 4)}

C3x2+2x+1 = {(5, 0), (9, 1), (3, 2), (1, 3), (1, 4), (8, 5)}

C4x2+2x+1 = {(11, 0), (3, 1), (2, 2), (4, 3), (9, 4), (9, 5)}

C5x2+2x+1 = {(3, 0), (7, 1), (2, 3), (3, 4), (0, 5)}

C6x2+2x+1 = {(8, 0), (0, 1), (8, 2), (9, 3), (7, 4), (10, 5)}

C7x2+2x+1 = {(10, 0), (2, 1), (9, 2), (5, 3), (0, 4), (5, 5)}

C8x2+2x+1 = {(7, 0), (11, 1), (0, 2), (11, 3), (2, 4), (1, 5)}

C9x2+2x+1 = {(6, 0), (10, 1), (10, 2), (3, 3), (11, 4), (7, 5)}

C10x2+2x+1 = {(5, 2), (8, 3), (10, 4), (11, 5)}

C11x2+2x+1 = {(0, 0), (4, 1), (1, 2), (10, 3), (4, 5)}

C12x2+2x+1 = {(1, 0), (5, 1), (7, 2), (7, 3), (4, 4), (6, 5)}
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�
�y~�5�§·�3þ�u 4�Ý
¥íØ·þ� 1§dd·���
���

28� (12, 6, 4, 2)-OOSPC"

4.2.3 (q − 1, n, w − λ, λ)-OOSPC

- q´���ê�§n´����ê÷v n ≤ q − 1"- α´k�� Fq ����"P

Pλ = {f0(x), f1(x), . . . , fs−1(x)}� Fq þ¤kgêØ�u λ§÷v fi(x) 6= αkfj(x)é¤k

i, j, k, 0 ≤ i < j < s, 0 ≤ k < q − 1¤á��"õ�ª�8Ü"w,§s = |Pλ| = qλ+1−1
q−1 "

b� O = {O0, O1, . . . , Ot−1} ´���`���� t = J(1, n, w, λ) � 1-D (n,w, λ)-

OOC (w > 2λ)"é?¿ 0 ≤ k < t, 0 ≤ l < s, Ok Ú fl(x)�'éÝ
 Ck
l ½Â�

C(i, j) = 1��=� j ∈ Ok, fl(α
j) = αi, (4-4)

Ù¥§ (i, j) ∈ Zq−1 × Zn"Ï� fl(x)�gêØ�L λ§fl(x)k�õ λ�":§Ïd Ok Ú

fl �'éÝ
�þ��� w − λ"�
�y~�5�§3@
þ�u w − λ�Ý


¥§·��Å/íØ·þ� 1"éü�ØÓ�gêØ�L λ��"õ�ª fl(x), fl′(x)§�

"õ�ª fl(x)− fl′(x)�õk λ�":"Ï� w − λ > λ§¤±ùü�õ�ª fl(x), fl′(x)

Ø¬3¤k w− λ� ���§Ïd fl(x), fl′(x)éA�'éÝ
o´ØÓ�£Ø+§�´

ÄéAXÓ�� Ok¤"

�E 4.2.8 - q´���ê�§n´����ê§÷v n ≤ q−1"- Pλ = {f0(x), f1(x), . . . ,

fs−1(x)}´k�� Fq þ¤kgêØ�L λ§�÷v fi(x) 6= αkfj(x)é¤k i, j, k, 0 ≤ i <

j < s, 0 ≤ k < q − 1¤á��"õ�ª�8Ü"� O = {O0, O1, . . . , Ot−1}����` 1-D

(n,w, λ)-OOC (w > 2λ)§��� t = J(1, n, w, λ)"- C ´ OÚ Pλ'éÝ
�8Ü"

½n 4.2.9 �E 4.2.8 ¥¤��è C ´�� (q − 1, n, w − λ, λ)-OOSPC§§����
qλ+1−1
q−1 J(1, n, w, λ)"

y² - Ck
l Ú Ck′

l′ ´©OéAX fl(x), Ok Ú fl′(x), Ok′ �'éÝ
§b��3 (δ, τ) ∈

Zq−1 × Zn¦�
q−2∑
i=0

n−1∑
j=0

Ck
l (i, j)Ck′

l′ (i+ δ, j + τ) > λ. (4-5)

w,§Ck
l (i, j)Ck′

l′ (i+δ, j+τ) = 1��=� j ∈ Ok, j+τ ∈ Ok′ , fl(αj) = αi, fl′(αj+τ ) = αi+δ"

l 1-D OOC�g�'Úp�'5§·��� τ = 0, k = k′§Ïd fl′(α
j) = αδfl(α

j)"�
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l 6= l′£½ö l = l′, δ 6= 0¤�§fl′(x)− αδfl(x)´��gêØ�L λ��"õ�ª§�õk

λ�":"Ï§Ø�ª (4-5)��=� k = k′, l = l′, δ = 0Ú τ = 0�¤á"

C ����

qλ+1 − 1

q − 1

⌊
1

w

⌊
n− 1

w − 1

⌊
n− 2

w − 2

⌊
· · ·
⌊
n− λ
w − λ

⌋
· · ·
⌋⌋⌋⌋

. (4-6)

d Johnson.·���

J(q − 1, n, w − λ, λ)

=

⌊
1

w−λ

⌊
(q−1)n−1
w−λ−1

⌊
(q−1)n−2
w−λ−2

⌊
· · ·
⌊

(q−1)n−λ
w−2λ

⌋
· · ·
⌋⌋⌋⌋

.
(4-7)

3e~¥§·�`²þã�E� OOSPC3A½�/e´ìC�`�"

~ 4.2.10 ©z [16]�E
�a�` 1-D (q21 − 1, q1 + 1, 2)-OOC§��� J(1, q21 − 1, q1 + 1, 2)§

Ù¥ q1´���ê�"d·���E�� (q − 1, q21 − 1, q1 − 1, 2) OOSPC§Ù¥ q ≥ q21 ´

���ê�"3ù���¹e§(4-6)¥����� q2q1"� q, q1ª�uÃ¡�§·�k

lim
q,q1→∞

|C|
J(q − 1, q21 − 1, q1 − 1, 2)

= 1. (4-8)

Ïd§¤�� OOSPC´ìC�`�"

5) 4 3,
�¹e§|^�E 4.2.8§·���±|^ìC�`� 1-D OOC�EìC�

`� OOSPC"

4.3 ÄÄÄuuukkknnn¼¼¼êêê���ìììCCC���`̀̀������EEE

3�!¥§·�|^ Fq þ�kn¼ê5�E�aìC�`� OOSPC"

- q´���ê�§·�0��K��þ q + 1�:���Ì�üS [40]"·��Ä F2
q

¥Ø
 [0, 0]T �Ù§¤k��"ü��� [a, b]T Ú [c, d]T ´�d���=��3 θ ∈ F∗q ¦

� [a, b]T = θ[c, d]T"w,§·�ùp½Â�´���d'X"ù��d'Xò F2
q y©�

(q + 1)��da§z��da�¹
 (q − 1)���"lz��da¥À�����Ò�

¤
�K��§·�P� P1(Fq)"d	§·�^ [a, b]Teq L«�¹ [a, b]T ��da"
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- h(x) = x2 + h1x+ h0´ Fq þ���õ�ª"�

H =

 0 −h0
1 −h1


�Ù'é��Ý
"@od [40] ¥�½n 5��

H i

 1

0


eq

∣∣∣∣ 0 ≤ i ≤ q

 = P1(Fq).

- f(x)Ú g(x)´ Fq þü�p���"õ�ª"½ÂN� φ�

φ(t) =

 f(t)

g(t)


eq

, t ∈ Fq.

� g(t) 6= 0�§·�k

φ(t) =

 f(t)
g(t)

1


eq

.

Ï§·�r φw�´��kn¼êN�"

- λ´����ê§β ∈ Fq ´��¦{�� n���§Ù¥ n|q − 1, n > 2λ"- F̃λ
´k�� Fq þ�akn¼ê�8Ü§Ù¥ f(x)Ú g(x)÷vµ

(P1) f(x)Ú g(x)Ñ´�"õ�ª�gê≤ λ;

(P2)é?¿ k ∈ Zn \ {0}, θ ∈ F∗q , f(βkx)

g(βkx)

 6= θ

 f(x)

g(x)

 ; (4-9)

(P3) f(x)´Ä��;

(P4) f(x)Ú g(x)´p��"

é

[
f(x)

g(x)

]
∈ F̃λ§

 f(x)

g(x)

�'éÝ
 C �

C(i, j) = 1��=�

 f(βj)

g(βj)


eq

=

H i

 1

0


eq

, (4-10)

Ù¥ (i, j) ∈ Zq+1 × Zn"Pù�l F̃λ �'éÝ
�N�� ϕ"d [40] ��§ù´�ü�"

Ï� (f, g) = 1§f(x)Ú g(x)vk�Ó":§¤±'éÝ
�þ� n"
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½Âü�kn¼ê

 fa(x)

ga(x)

 ,
 fb(x)

gb(x)

 ∈ F̃λ�d��=�

H l

 fa(β
kx)

ga(β
kx)

 = θ

 fb(x)

gb(x)

 (4-11)

é�
 (l, k) ∈ Zq+1 × Zn, θ ∈ F∗q ¤á"w,§ù´���d'X"XJ

 f(x)

g(x)

 ∈ F̃λ§
@o u−1l,kH

l

 f(βkx)

g(βkx)

 ∈ F̃λ§Ù¥ ul,k ´ H l

 f(βkx)

g(βkx)

1���I���gê��X
ê"3 H l

 f(βkx)

g(βkx)

 = θ

 f(x)

g(x)

¥- x = 0"Ï� H H{
 P1(Fq)¥�¤k:���

q + 1§·�k l = 0§? H l

 f(βkx)

g(βkx)

 = θ

 f(x)

g(x)

¤á��=� l = 0, k = 0"Ïd

F̃λ ¥�z�kn¼ê��daTÐ�¹ n(q + 1)���"lz��da¥ÀJ��kn

¼ê��¤�8Ü·�P� FC§w,§|FC| = |F̃λ|
n(q+1)

"

Ún 4.3.1 - F̃λ½ÂXþ"@o§

|F̃λ| = 1
q−1

∑
m(x)

(qλ−deg(m(x))+1 − 1)2µ̂(m(x))

+
∑

u(x)∈B

λ−deg(u(x))∑
e1=0

∑
d|n,d 6=1

q

⌊
λ−deg(u(x))−e1

d

⌋

×(qb
λ−deg(u(x))+d−εe1,d

d
c − 1)µ(d)µ̂B(u(x)),

(4-12)

Ù¥§1��¦Ú´3 Fq þ¤kÄ��gêØ�L λ�õ�ªm(x)þ?1" µ̂L«�´

Xel Fq[x]� {0,−1, 1}�¼ê

µ̂(m(x)) =


1, m(x) = 1,

(−1)t, m(x)´ Fq þ t�ØÓ�Ä�Ø��õ�ª�¦È,

0, Ù§�¹.

- B ´gêØ�u λ �Ä�õ�ª f(x) =
r∑
i=1

fix
ei ∈ Fq[x] �8Ü§Ù¥ r = 1§½ö

r > 1� gcd(e2 − e1, . . . , er − e1, n) = d§é,
 d > 1¤á"@o§µ̂B L«�´Xel B
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� {0,−1, 1}�N�

µ̂B(u(x)) =


1, u(x) = 1,

(−1)t, u(x)´ t�ØÓ�Ä���éu BØ�©�õ�ª�¦È,

0, Ù§�¹.

(4-13)

�E 4.3.2 - q ´���ê�§n, λ´÷vn|q − 1, n > 2λ���ê"- FC ½ÂXþ§C

� FC ¥kn¼ê'éÝ
�8Ü"

½n 4.3.3 �E 4.3.2¥½Â�è C´����� |F̃λ|
n(q+1)

� (q+ 1, n, n, 2λ)-OOSPC§� qÚ

nª�uÃ¡�§ C ´ìC�`�"

y² ·�Äky² C ´�� (q + 1, n, n, 2λ)-OOSPC"

b� C Ø÷v�'55�"- Ca Ú Cb ©O´

 fa(x)

ga(x)

 ,
 fb(x)

gb(x)

 ∈ FC �'éÝ

§b�·��±é� (δ, τ) ∈ Zq+1 × Zn ¦�

q∑
i=0

n−1∑
j=0

Ca(i, j)Cb(i + δ, j + τ) > 2λ"XJ

Ca = Cb§@o (δ, τ) 6= (0, 0)"Ï� Ca(i, j)Cb(i+ δ, j + τ) = 1��=� fa(β
j)

ga(β
j)


eq

=

H i

 1

0


eq

,

 fb(β
j+τ )

gb(β
j+τ )


eq

=

H i+δ

 1

0


eq

,

¤±¬�3�L 2λ��� j ∈ Zn¦� fb(β
j+τ )

gb(β
j+τ )


eq

=

Hδ

 fa(β
j)

ga(β
j)


eq

.

- Hδ =

 a11 a12

a21 a22

§þã�ª�du
 fb(β

j+τ ) = θj(a11fa(β
j) + a12ga(β

j))

gb(β
j+τ ) = θj(a21fa(β

j) + a22ga(β
j))

é,
 θj ∈ F∗q ¤á"Ïd§

fb(β
j+τ )(a21fa(β

j) + a22ga(β
j))− gb(βj+τ )(a11fa(βj) + a12ga(β

j)) = 0.
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@oõ�ª fb(β
τx)(a21fa(x) + a22ga(x)) − gb(β

τx)(a11fa(x) + a12ga(x)) 7L�u"Ï�

§3 〈β〉 ¥k�L 2λ �":§ fa(x), ga(x), fb(x),gb(x) �gêÑØ�L λ"qÏ�

gcd(fa(x), ga(x)) = 1, gcd(fb(x), gb(x)) = 1§H´Ø�_�§·�k gcd(fb(β
τx), gb(β

τx)) =

1, gcd(a11fa(x) + a12ga(x), a21fa(x) + a22ga(x)) = 1"d fb(β
τx)(a21fa(x) + a22ga(x)) =

gb(β
τx)(a11fa(x) + a12ga(x))�� fb(β

τx) = θτ (a11fa(x) + a12ga(x))

gb(β
τx) = θτ (a21fa(x) + a22ga(x))

é,
 θτ ∈ F∗q ¤á§=  fb(β
τx)

gb(β
τx)

 = θτ

Hδ

 fa(x)

ga(x)

 .
XJ Ca = Cb§- x = 0� δ = 0§ù´Ï� H H{
 P1(Fq)¥�:��� q + 1"Ïd§ fa(β

τx)

ga(β
τx)

 = θτ

 fa(x)

ga(x)

§gñ"XJ Ca 6= Cb§Ï�

 fa(x)

ga(x)

Ú
 fb(x)

gb(x)

5g F̃λ
¥ØÓ��da§·��,�±íÑgñ"

Ï� F̃λ¥�z��da¥k n(q+ 1)���§@o C���� |F̃λ|
n(q+1)

"ÏL{ü�O

���§� qÚ nª�uÃ¡�·�k

lim
q,n→∞

|C|
J(q + 1, n, n, 2λ)

= 1.

nþ§�E¤�� OOSPC´ìC�`�"

·�|^e¡�~f5�º`²�E 4.3.2"

~ 4.3.4 �3��� 5� (6, 4, 4, 2)-OOSPC"

y² - q = 5, n = q− 1, λ = 1§� Z5þ���õ�ª h(x) = x2 + x+ 2§±9 Z5���

� β = 2"d F̃1�½Â·�k

F̃1 =


 1

ax+ b

 : a ∈ Z∗5, b ∈ Z5


⋃

 x+ c

ax+ b

 : a, b, c ∈ Z5, b 6= ac

 .
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d�d'X (4-11) ��§·��±y© F̃1 �Ê��da§�L��

 1

x+ b

,

b ∈ Z5"w,§H =

 0 3

1 4

,

H0

 1

0


eq

=

 1

0


eq

,

H
 1

0


eq

=

 0

1


eq

,

H2

 1

0


eq

=

 1

3


eq

H3

 1

0


eq

=

 1

2


eq

,

H4

 1

0


eq

=

 1

4


eq

,

H5

 1

0


eq

=

 1

1


eq

.

 1

x+ b

 (b ∈ Z5)�'éÝ
�8ÜØL«�µ

C 1

x


= {(5, 0), (3, 1), (4, 2), (2, 3)},

C 1

x+ 1


= {(3, 0), (2, 1), (0, 2), (4, 3)},

C 1

x+ 2


= {(2, 0), (4, 1), (5, 2), (0, 3)},

C 1

x+ 3


= {(4, 0), (0, 1), (3, 2), (5, 3)},

C 1

x+ 4


= {(0, 0), (5, 1), (2, 2), (3, 3)}.

ùÊ�Ý
�¤
�� (6, 4, 4, 2)-OOSPC"

4.4 ÄÄÄuuu r-{{{üüüÝÝÝ


���444888���EEE

©z [14] 0�
 r-{üÝ
�Vg¿^Ì�+þ� r-{üÝ
�Ñ
 1-D OOC�48

�E"3�!¥·�U?
 r-{üÝ
��35(J§¿|^ Zm × Znþ� r-{üÝ
4

8�E
 OOSPC"
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4.4.1 r-{{{üüüÝÝÝ




- G´�� n���+§ r´����ê"Gþ�� s × t�Ý
 A = (ai,j)�¡�

r-{ü�§XJ A�?¿ü���þ���¹ G¥����õ r − 1g"©z [14] y²


é?¿�ê p§?¿�ê r§2 ≤ r ≤ p§Ñ�3�� Zp þ� p× pr−1 r-{üÝ
"·�í

2
ù�(J"

Ún 4.4.1 - q ´���ê�§α´ Fq ����§r´���ê÷v 3 ≤ r ≤ q§� Fq þ

�� r − 1gÄ�Ø��õ�ª h(x)"- D�¹±e¤k��þµ

Df =

[
f(0)

h(0)
,
f(1)

h(1)
,
f(α)

h(α)
,
f(α2)

h(α2)
, . . . ,

f(αq−2)

h(αq−2)
, [xr−1]f(x)

]T
,

Ù¥§f(x) ∈ Fq[x]÷v f(x) = 0§½ö deg(f(x)) < r � f(0) = 0§[xr−1]f(x)L«�´

xr−13 f(x)¥�Xê"@o§D´ Fq þ��� (q + 1)× qr−1� r-{üÝ
"

y² d�E��§f(x) ´/X
r−1∑
i=1

aix
i, ai ∈ Fq, 1 ≤ i < r �õ�ª"Ïd§D k

qr−1 �"P Df Ú Dg ´ D ¥©O'épÉõ�ª f(x) Ú g(x) �ü�ØÓ���

þ"� [xr−1]f(x) = [xr−1]g(x) �§f(x) − g(x) ´��gê�u r − 1 ��"õ�ª§

f(x)−g(x)
h(x)

k�õ r − 2 �":§Ïd Df − Dg �¹ 0 �õ r − 1 g"é?¿ τ ∈ F∗q§Ï

� f(x) − g(x) − τh(x) ´��gê� r − 1 ��"õ�ª§§�õk r − 1 �":"¤

±§ f(x)−g(x)
h(x)

− τ �õk r − 1 �":§Df − Dg �¹ τ �õ r − 1 g"� [xr−1]f(x) 6=

[xr−1]g(x)�§f(x) − g(x) − ([xr−1]f(x) − [xr−1]g(x))h(x)´��gê�u r − 1��"õ

�ª§f(x) − g(x) − ([xr−1]f(x) − [xr−1]g(x))h(x)�õk r − 2�":§� Df −Dg �¹

([xr−1]f(x) − [xr−1]g(x)) �õ r − 1 g"é?¿ τ ∈ Fq \ {[xr−1]f(x) − [xr−1]g(x)}§Ï�

f(x) − g(x) − τh(x)´��gê� r − 1��"õ�ª§¤±§�õk r − 1�":§�

f(x)−g(x)
h(x)

− τ �õk r − 1�":"

nþ§Df −Dg �¹z��� τ ∈ Fq �õ r − 1g"

dÚn 4.4.1��§�3 Zpþ� (p+ 1)× pr−1 r-{üÝ
§r ≥ 3§' [14]¥� p× pr−1

r-{üÝ
õ�1"Ï� Fp2 � Zp × ZpÓ�§·���XeíØ"

íØ 4.4.2 é?¿�ê p ≥ 3§?¿�ê r§3 ≤ r ≤ p2§�3��Zp×Zpþ� (p2+1)×p2r−2

� r-{üÝ
"
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Ún 4.4.3 - A =
[
(ai,j, a

′
i,j)
]
´ Zm × Znþ�� s× t� r-{üÝ
§ai,j ∈ Zm, a′i,j ∈ Zn§

B =
[
(bi,k, b

′
i,k)
]
´ Zm′ × Zn′ þ�� s× t′� r-{üÝ
§b′i,j ∈ Zn′"é 1 ≤ j ≤ t§-

Hj =


(a1,j +mb1,1, a

′
1,j + nb′1,1) (a1,j +mb1,2, a

′
1,j + nb′1,2) · · · (a1,j +mb1,t′ , a

′
1,j + nb′1,t′)

(a2,j +mb2,1, a
′
2,j + nb′2,1) (a2,j +mb2,2, a

′
2,j + nb′2,2) · · · (a2,j +mb2,t′ , a

′
2,j + nb′2,t′)

...
...

. . .
...

(as,j +mbs,1, a
′
s,j + nb′s,1) (as,j +mbs,2, a

′
s,j + nb′s,2) · · · (as,j +mbs,t′ , a

′
s,j + nb′s,t′)

 .

@oÝ


H = [H1, H2, . . . , Ht]

´ Zmm′ × Znn′ þ�� s× tt′� r-{üÝ
"

y² é 1 ≤ j ≤ t§Ï� B´ Zm′ ×Zn′ þ��� s× t′� r-{üÝ
§Ý

[
(mbi,k, nb

′
i,k)
]

�´mZm′ × nZn′ þ� s× t′� r-{üÝ
§ù�y
 Hj � r-{ü5"

·�©OlHj ÚHj′ ¥�ü�§j 6= j′"§����þ£mod m,mod n¤�u A�1

jÚ j′����þ"A� r-{ü5�y
3��þ¥�õk r− 1�E��§�y"

|^Ún 4.4.3±9Ún 4.4.1¥®�� r-{üÝ
§·���XeíØ"

íØ 4.4.4 - m,n, r ´��ê§¦� mn ����Ïf p Ø�u r§r ≥ 3"�3��

Zm × Znþ� (p+ 1)×mr−1nr−1� r-{üÝ
"

y3·��Ð
v
�O�5�Ñ·��48�E"

½n 4.4.5 £Ä��E¤b�·�®������ u� (m,n,w, λ)-OOSPC§XJ�3��

Zm′ ×Zn′ þ� w×N � (λ+ 1)-{üÝ
§@oK�3�����Nu� (mm′, nn′, w, λ)-

OOSPC"

íØ 4.4.6 - C ´�� (m,n,w, λ)-OOSPC§Ù¥ w > λ"���ê m′ Ú n′ ¦� m′n′ �

���êÏfØ�u w − 1§@o�3�� (mm′, nn′, w, λ)-OOSPC§��� (m′n′)λ|C|"

y² dÚn 4.4.4��§�3�� w× (m′n′)λ (λ+ 1)-{üÝ
§,�2A^½n 4.4.5=

�"
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� [14] ¥�íØ 1aq§3,
�¹e·��±3#�è¥\\�õ�èi§?¼

�'þã�E�Ð�è"

íØ 4.4.7 Ø
Ä��E¥�^�§XJ��3����� t� (m′, n′, w, λ)-OOSPC§@

oÒ�3�� (mm′, nn′, w, λ)-OOSPC§èiê8'Ä��E¥�õ t"

y² - H = {Hi : 1 ≤ i ≤ |H|} � (m′, n′, w, λ)-OOSPC �8ÜØL«"é?¿ Hi =

{(hi1, h′i1), (hi2, h′i2), . . . , (hiw, h′iw)}§�E��#�f8

H ′i = {(mhi1, nh′i1), (mhi2, nh′i2), . . . , (mhiw, nh′iw)}(mod m,mod n).

òù t�#�f8\\�#�è¥=�§�'55��,÷v"

4.4.2 AAA^̂̂

½n 4.4.8 - C ´��ìC�`� (m,n,w, λ)-OOSPC£� mÚ nª�uÃ¡�¤"��

�ê m′ Ú n′ ¦� m′n′ ����êÏfØ�u w − 1§@o�3����� (m′n′)λ|C|�

ìC�`� (mm′, nn′, w, λ)-OOSPC£�mÚ nª�uÃ¡�¤"

y² - |C| = M§db�·�k lim
m,n→∞

M
J(m,n,w,λ)

= 1"�âíØ 4.4.6 ��§�3��

(mm′, nn′, w, λ)-OOSPC§���M(m′n′)λ"d	§·�k

lim
m,n→∞
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= lim
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= lim
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J(mm′,nn′,w,λ)

lim
m,n→∞

M
J(m,n,w,λ)

= 1,

nþ§�y"

íØ 4.4.9 - p��ê§λ��ê§÷v 2 ≤ λ ≤ p"@oé?¿��êm,n§�3���

�� (pλ−1 − 1)pmλ+nλ−2λ� (pm, pn, p, λ)-OOSPC§3 pª�uÃ¡�§´ìC�`�"
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=��y"

60



4 1��\¶è
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