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Abstract

Algebraic combinatorics is an area of mathematics that employs methods of abstrac-

t algebra in various combinatorial contexts and, conversely, applies combinatorial tech-

niques to problems in algebra. Coding theory is the study of the properties of codes and

their fitness for a specific application. They both study discrete configurations. In this dis-

sertation, we will use algebraic methods to investigate several combinatorial objects in

design theory and coding theory, such as whist tournaments, difference sets, association

schemes and cyclic codes.

In the first part, we will use algebraic methods to study two problems in design theory.

In Chapter 2, we focus on the whist tournaments. The whist tournament problem was in-

troduced by Moore in 1896. Its existence attracted a lot of design theorists such as Wilson,

Baker, Hartman et al. We will propose a general recursive construction, i.e., a frame con-

struction, for Z-cyclic patterned starter whist tournaments. As a consequence, we are able

to unify many known constructions for Z-cyclic patterned starter whist tournaments. The

known existence results of such designs are then extended. Weil’s theorem on character

sums is used to get our main result.

In combinatorics, a (v, k, λ) difference set is a subset D of size k of a group G of

order v such that every nonidentity element of G can be expressed as a product d1d
−1
2 of

elements of D in exactly λ ways. The known families of difference sets can be subdivided

into three classes: difference sets with Singer parameters, cyclotomic difference sets, and

difference sets with gcd(v, n) > 1. It is remarkable that all the known difference sets with

gcd(v, n) > 1 have the so-called character divisibility property. In 1997, Jungnickel and

Schmidt posed the problem of constructing difference sets with gcd(v, n) > 1 that do not

satisfy this property. In an attempt to attack this problem, we use difference sets with three

nontrivial character values as candidates, and get some necessary conditions in Chapter 3.

The second part consists of Chapters 4-6, in which the interaction of combinatorics

IV
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and coding theory is particularly strong. In Chapter 4, we construct an infinite series of

9-class association schemes from a refinement of the partition of Delsarte-Goethals codes

by their Lee weights. The explicit expressions of the dual schemes are determined through

direct manipulations of complicated exponential sums. As a byproduct, the other three

infinite families of association schemes are also obtained as fusion schemes and quotient

schemes.

Planar functions in odd characteristic were introduced by Dembowski and Ostrom in

order to construct finite projective planes in 1968. They were also used in the construc-

tions of DES-like iterated ciphers, error-correcting codes, and signal sets. Recently, a new

notion of pseudo-planar functions in even characteristic was proposed by Zhou. These

new pseudo-planar functions, as an analogue of planar functions in odd characteristic, also

bring about finite projective planes. There are three known infinite families of pseudo-

planar monomial functions constructed by Schmidt and Zhou, and Scherr and Zieve. In

Chapter 5, three new classes of pseudo-planar binomials are provided. Moreover, we find

that each pseudo-planar function gives an association scheme which is defined on a Galois

ring.

The determination of weight distribution of cyclic codes involves the evaluation of

Gauss sums and exponential sums. Despite of some cases where a neat expression is avail-

able, the computation is generally rather complicated. In Chapter 6, we determine the

weight distribution of a class of reducible cyclic codes whose dual codes may have ar-

bitrarily many zeros. This goal is achieved by building an unexpected connection between

the corresponding exponential sums and the spectra of Hermitian forms graphs.

Keywords: Association scheme, cyclic code, difference set, quaternary code, whist

tournament
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1 XØ

1.1 �ê|Ü��ê?è

1.1.1 �ê|ÜÆ

�ê|ÜÆ£Algebraic Combinatorics¤´|ÜêÆ����©|§§ïÄ

äkpÝé¡5Ú`{(��|Üé�. 'u�ê|ÜÆ�ïÄm©uþV

Ô�c�§ØL'u§�,
ïÄ;,�±��þVn��8�c�+Ø

Æ[ Schur!Wielandt Ú Higman �<'uk���+�ó�±9ÚOÆ[ Bose

Ú Ray-Chaudhuri�<'uÁ��O�¡�ó�. 1973c§Delsarte3§�Í¶�

Æ¬Ø©¥�ÑµÃXè��O�|Ü(��±ÏL(Ü�Y5�ÑÚ��?

n. 1984c§Bannai� ItoÑ�
XÚØã�ê|ÜÆ�1��;Í [10].3;Í¥§

¦�r�ê|ÜÆ¡�/|Üé��L«nØ0½/vk+�+Ø0. 1989c§

Brouwer!CohenÚ NeumaierÑ�
'uål�Kã�;Í [18]. 1993c§GodsilÑ

�
±/�ê|ÜÆ0·¶�;Í. 1992c§�·A�ê|ÜÆïÄ%ÇuÐ�I

�§5�ê|ÜÆ6£Journal of Algebraic Combinatorics¤,�Mr.

(Ü�Y´�ê|ÜÆ�Ø%Vg§'u§�ïÄ´�ê|ÜÆïÄ�:.

'uù�¡¤J�XÚØã�±ë�;Í [10,18].

1.1.2 �ê?è

3|^kD(�&�DÑ&E�L§¥§&E�?èÓâ
Ø%�/ .�Ä

DÑ���Ý� k� 0− 1iÎG§ÊH�3�&�D(�U¦iÎG�,
 �

u)UC.3�Âà��� 0 − 1iÎGo´ÉD(�Z63Ü© �u)
�

Ø.Ïd§�
��/DÑ&E§7L�é&E?1?è§�y3�Âà��U±

é�VÇuy¿�Å�ù
�Ø.Å�è�Ø%g�Ò´é&E��\\P{§±

é|DÑL§¥u)��Ø.~X§��Å�è�±w���N�§r�L&E�

1
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k�iÎGN��� n��iÎG§Ù¥ n > k.õÑ5 n− k�iÎÒ´\\�P

{§^5&ÿ¿Å�DÑL§¥u)��þ�Ø.

Ì�è´�«äkûÐ��ê(���5è.duÌ�èä�¯��Èè�{§

§3Ï&Úêâ�;¥Ñk��A^.�c§Ì�è�ïÄ9:8¥3§�þ

©Ù�¡.Ì�è�þ©Ù�Ñ
Ì�è�'�&E§�±^5O�Èè�{Ñ

��VÇ.,§þ©Ù�O�´�~(J�¯K§<�����êAaÌ�è

�þ©Ù.AO/§·�¡éóèk��":�Ì�è�Ø��Ì�è.=¦3Ø

��Ì�èù«�{ü��/§þ©Ù�O���þE,´(J�. McEliece�

Ñ§Ø��Ì�è�þ©Ù�±L«��X�pdÚ��5|Ü.dupdÚ�

O���´�~(J�¯K§Ï�3AaAO��¹eU
�ÑØ��Ì�è�

þ©Ù.'uþ�êØ�L 2�Ø��Ì�è�©a§SchmittÚWhiteJÑ


����ß�.�Ì�è�éóèkü�":�§�¹��E,.g20V¥�±

5§��X&E����5§?ènØ3êÆÚA^¥�/ �5��.��)

Ä�~f´{I�ÊÛ3&ÿ��X1(�YÃOy£Mariner Program¤¥§|^

�5èDÑ<E&ÿìû��»(L¡ã¡£Mariner 7§1969¤.ïÄö�3�E

Ð�?è�L§¥§�«Ñ?è�|Ü�O!��5¼ê!��©��Y�êÆé

��m�éX.Ø
¢�¥A^�	§?è������Õá�êÆé�Ú��

êÆóä§7òu��5����^.é?ènØ���\�ïÄ§äk��n

ØÚ¢S¿Â.

1.2 Whistm§�O

'u v ¶ÀÃ� whistm§�O (tournament)´�aAÏ�ëê� (v, 4, 3)�

£[¤�©)²ïØ��«|�O (RBIBD). Whistm§�O��35¯K�@´d

Moore [75] u1896cJÑ§��BáÚ
Wilson!Baker!Hartman�¯õ|Ü�O

Æö�5¿.g1970c±5§<�®²��� v ≡ 0, 1 (mod 4)�Wh(v)ð�3.k

' whistm§�O��õ0�§Öö�±ë� Anderson�©Ù [4].

� v ´k��� 4 { 1 ��ê�È�§Watson [92] 31954cB�Ñ
 ZCPS-

Wh(v)��«�E�{. �� BoseÚ Cameron [14] u1965cÚ Baker [7] u1975cq

2
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©OÕá/é v ´� 4 { 1 ��ê��/�Ñ
 ZCPS-Wh(v) #�ü«�E�

{. 3L����5cp§éõÆöÑïÄL ZCPS-Whs��35¯K§Ì��

©zk Finizio [37]§FinizioÚ Leonard [38]§Leonard [56]§LeonardÚ Jones [57]§Abel!

AndersonÚ Finizio [3].e¡·�{�£��e§�ïÄ{¤.

31994c§Finizio [37] ÇkJÑ
 Z-Ì�� patterned starter whist m§�O�

Vg§¿�é¤k� 5 ≤ v ≤ 41§v ≡ 1 (mod 4) ��
����35(J. �

� Leonard [56] �Ñ
 ZCPS-Wh(q2) ��«�E�{§Ù¥ q ´� 4{ 3 ��ê.

Leonard [56]!LeonardÚ Jones [57]K?�Ú|^ù��{é¤k� 7 ≤ q ≤ 5000�E


 ZCPS-Wh(q2)§Ù¥ q´� 4{ 3��ê.Ø
þã~f�	§Abel!AndersonÚ

Finizio [3]�E
=k�ü�ëê��� ZCPS-Wh(v)§Ù¥ v ≡ 1 (mod 4).é v ≡ 0

(mod 4)��/§<�8c���� v ∈ {4, 28, 40, 76, 112, 148}� ZCPS-Wh(v)�

3§äN�~f�ë�©z [3,38,75].

Frames3�©)�O��E¥åX���^ [39,60,86]. 31 2Ù¥§·�Ú

\
 ZCPS-Wh frames�Vg§¿�|^§Ú�
�c�Nõ'u ZCPS-Wh��

E.·��|^§�E
Nõ#ëê� ZCPS-Whs§dd��/í?
ù�¡��

35(J.�ÙSN®²uL3,�5Discrete Applied Mathematics6Ú5Journal of

Combinatorial Designs6þ.

1.3 �8

�8´�a�©��|Ü(�§éÙïÄ®�©�\§k'�8�ïÄ(

Jë� [12,78].¤k®���8�±�y©¤±e�naµSingerëê��8!©�

�8Ú÷v gcd(v, n) > 1��8.Ù¥÷v gcd(v, n) > 1��8q�±�y©¤±

e�ÊaµHadamard�8!McFarland�8!Spence�8!DavisÚ Jedwab [24] �

E��a� Spence�8�q��8!Chen [22] �E�í2� Hadamard�8.�½

���8 D.eéz�� G��²�A� χþ¤á
√
n |χ(D)§K¡�8 D äk

character divisibility5�.5¿�8c¤k®��÷v gcd(v, n) > 1��8Ñäkù

«5�.u´ JungnickelÚ Schmidt3¦��nã©Ù [54]¥JÑ
e¡�¯Kµ

¯Kµ�E÷v gcd(v, n) > 1�Øäk character divisibility5���8.

3
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31 3Ù¥§·�ò}Á�)ûù�¯K.éu���8 D§P D�¤k�²

��A���8Ü�

X = X(D) = {χ(D) | χ ∈ Ĝ, χ 6= χ0}.

·�òÌ��Ä÷v |X| = 3��8¿ddí�Ñ�X��7�^�.ÏLO�Å

|¢§·�é�
�
÷v¤kù
7�^���Uëê.,	·��é�
�


A�÷v¤k7�^��ëê.ù
ëê3�½§ÝþL²´k�U�3÷v

gcd(v, n) > 1�Øäk character divisibility5���8.�ÙSN®²uL3,�

5Designs, Codes and Cryptography6þ.

1.4 |Ü�?è���A^

1.4.1 Delsarte-Goethalsèþ�(Ü�Y

g Kerdock!Preparata!Goethals!Delsarte-Goethals�è� Z4-�55��uy

±5 [44]§Æö�®²A^ Z4-�5è�E
éõ�|Ü(�µ~X t-�OÚ(Ü�

Y.�â Solè [85] �£ã§Z4-�55��uyl LieblerÚMena [58] |^A�� 4�

Galois��E(Ü�Y¥É�
éu.k'l Z4-�5è�E t-�O�ïÄ�@d

Harada [45]JÑ.�� Helleseth�< [83]3ù�¡�
Nõ�ó�.

(Ü�Y´�ê|ÜïÄ¥�Ø%Vg§¿�®²3NõêÆÆ�¥u�


���^§~X?ènØ�ãØ. Henry Cohn�< [8] ß���3 R14 ¥ 64�:

þ½Â� 3a�(Ü�Y´���Û�`(�£universally optimal configuration¤

.�� Abdukhalikov!BannaiÚ Suda [2] |^��Úo�� Kerdock!Preparataè9

MUB���8í2
ù�(Ü�Y.

äN�5`§¦��â Leeþé á Kerdockè?1
y©§l��
�

x 3a�(Ü�Y.§�éó�YT½Â3�á Preparataèþ.ùéu·��ïÄ

,	�a��o�èµDelsarte-Goethals (DG)è.31 4Ù¥§·�3 DG è'

u Leeþy©�Ä:þ�E
�x 9a(Ü�Y§¿�·�|^E,��êÚO

�wª/û½Ñ
ù�(Ü�Y�éó�Y�y©.�Ù¥�SN®²�5Journal

of Algebraic Combinatorics6,��Â.
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1.4.2 óA���²¡��ª¼ê

�½Û�ê pÚ��ê n.- q = pn.�½¼ê f : Fq → Fq.eé?� ε ∈ F∗q§

N�

x→ f(x+ ε)− f(x) (1.1)

Ñ´ Fq þ���§K¡ f ´��²¡¼ê£planar function¤.�
�EÛA�k

��þ��K²¡§DembowskiÚ Ostrom [28] Ú?
²¡¼ê�Vg.3�èÆ¥§

²¡¼ê��¡�����5¼ê£perfect nonlinear functions¤ [72].ÄuÙé�©

ôÂ��`-|5§<�ò§�^u�Eaq DES�S��èXÚ. Carlet!Ding

Ú Yuan [21,29,95] �ïÄöK|^²¡¼ê�EÅ�è§,�òÙ^u�O��©�

�Y.²¡¼ê��^u�E�yè [30]!~EÜè [34] Ú&Ò8 [33].§���^u

�E�
|Ü(�§'X� Hadamard�8Ú Paley.�Ü©�8 [93].

éu p = 2��/§Ø�3k�� F2n þ�²¡¼êµÏ�e x÷v f(x+ ε)−

f(x) = d§K x + ε½÷v.d�·�¡��¼ê f : F2n → F2n ´A�����

5�£almost perfect nonlinear¤§eé?� ε ∈ F∗2n N� (1.1)Ñ´ 2-�-1�.¢Ã�

´§A�����5¼êÚk��K²¡vkõ����éX.���C§Zhou [97]

3óA��k��þJÑ
��#�/�²¡¼ê0�½Â§d§·��±��k

��K²¡.

31 5Ù¥·�ò�Ena#��²¡��ª¼ê§Ù¥�üa´Ã¡a.,

	·�uy?��²¡¼êÑò�Ñ��½Â3 Galois�þ� 5a(Ü�Y.·�

�(J�±w�´ LieblerÚMena [58] 9 BonnecazeÚ Duursma [13] �<(J�í2.

Abdukhalikov!BannaiÚ Suda [2]9 LeCompte!MartinÚ Owens [55]��ELaq�

4a(Ü�Y.�Ù¥�SN®²�5Designs, Codes and Cryptography6,��Â.

1.4.3 Ì�è�þ©Ù

�½�ê p Úk�� Fp þ�� l �Ì�è C. - Ai L« C ¥Ç²þ

£Hamming weight¤�u i �èiê8. 'uþ©Ù {A0, A1, . . . , Al} �ïÄ´

?ènØ¥�~���K. - h(x) � C ���õ�ª. ·�¡ C ´Ø���

£���¤e h(x) 3 Fp þ´Ø���£���¤. � h(x) �±L«¤ h(x) =

5
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h0(x)h1(x) · · ·hs−1(x)§Ù¥ hi(x)� Fp þØ��õ�ª§Kè C ´��äk s�

":�Ì�è�éóè.

McEliece [68] y²
Ø���Ì�è�þ©Ù�±d GaussÚL«Ñ5.Ïd

·��±|^êØ¥�E|5û½Ì�è�þ©Ù [40,68,69,87,94].¢Ã�´§Ï~�

¹eO� GaussÚ´�~(J�.éu�äk�«�"þ�Ø��Ì�è§Ding

� [33,88,89] ®²�Ñ
éÐ��x.�äkü«�"þ�Ø��Ì�è�®²�

<�¤2�ïÄ. Schmidt�White [81] �Ñ
��Ø��Ì�èäk�õü«�"

þ�¿�^�§¿�¦�?�Úßÿ¤k��äkü«�"þ�Ø��Ì�è

´dü�Ã¡aÚ,	 11�Ñ3�~f|¤.�õ�&E�±3©z [33]¥é�.

éu���Ì�è§§�þ©Ù�O�KV���êÚ�O�.¦+3�


©z¥ [31,38,50,61–65,71,96] �±��{'�O�(J§�´Ï~�¹eùÑ´�~E,

�.3®��ý�Ü©©z¥§ùaÌ�è�éóèÑäkü�½n�":.

31 6Ù¥§·�û½
�a��Ì�è�þ©Ù.AO/§§�éóè�

±äk?¿õ�":.·��Ì�ó�´ïá
�'��êÚ� Hermitian.ã�Ì

�m�éA'X.�Ù¥SN®²uL35IEEE Transactions on Information Theory6

,�þ.
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Whistm§�O

2 Whistm§�O

2.1 Úó

'u v ¶ÀÃ� whistm§�O (tournament)´�aAÏ�ëê� (v, 4, 3)�

£[¤�©)²ïØ��«|�O (RBIBD). §�z��«| (a, b, c, d) �L�Û

whist'm§�3ùÛ'm¥ (a, c)��é| (b, d)��.�� whistm§�OWh(v)

I�÷v±e�/whist0^�µ?Û�¶ÀÃ�Ù¦�z�¶ÀÃÑTÐ��L

�g¿�TÐé|Lüg.§�z��£Ü©¤²1a�L
ù�m§�O��Ó

'm. Whistm§�O��35¯K�@´d Moore [75] u1896cJÑ§��BáÚ


Wilson!Baker!Hartman�¯õ|Ü�OÆö�5¿.g1970c±5§<�®²

��� v ≡ 0, 1 (mod 4)�Wh(v)ð�3.k' whistm§�O��õ0�§Öö�

±ë� Anderson�©Ù [4].

e¡-8Ü X = Zm ∪A§Ù¥� v ≡ 1 (mod 4)�§m = v§A = ∅¶� v ≡ 0

(mod 4)�§m = v − 1§A = {∞}.�
�B§·�ò�� whistm§�O�¤k

v ¶ÀÃ�gIP�8Ü X ¥���§Ó�ò§�¤k£Ü©¤²1a�gIP

� R1§R2§· · ·§Rm.XJ§�z��²1a Rj+1þ´d Rj ¥z���?1$�

+1 (mod m)����§@o·�Ò¡ù� whistm§�O´ Z-Ì��.ùp�8

Ü X �¹��∞�§·�5½∞ + 1 ≡ ∞ (mod m).N´wÑ Z-Ì�� whistm

§�Od§�?�²1a��(½§l·��±�½,��²1a5�Lù��

O.AO/·�¡��Ð©²1a§¿�5½� v ≡ 1 (mod 4)�§�� 0ØUÑ

y3Ð©²1a¥.é¡� [5] ò¬´·�^5�½�|«|´Ä�¤�� Z-Ì��

whistm§�O�Ð©²1a��óä.

� G ´��k���+§¿�§�� |G| ≡ 1 (mod 2). 8Ü {(x,−x) : x ∈

G\{eG}}£Ù¥ eG ´+ G�ü �¤��´+ G� patterned starter.aq/¡8

Ü {(x,−x) : x ∈ G\{eG}} ∪ {(∞, eG)}� X = G ∪∞� patterned starter.?�Ú�

G = Zm§Ù¥ mXþ�ã¥¤½Â.e�� Z-Ì��Wh(v)�Ð©²1a¥¤k

7
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���¤��éT´ X � patterned starter§K¡§´�� Z-Ì�� patterned starter

whistm§�O§{P� ZCPS-Wh(v).

� v ´k��� 4 { 1 ��ê�È�§Watson [92] 31954cB�Ñ
 ZCPS-

Wh(v)��«�E�{.�� BoseÚ Cameron [14]u1965cÚ Baker [7]u1975cq©

OÕá/é v´� 4{ 1��ê��/�Ñ
 ZCPS-Wh(v)#�ü«�E�{.

½n 2.1µ [7,14,92]� v´k��� 4{ 1��ê�È�§ZCPS-Wh(v)ð�3.

3L����5cp§éõÆöÑïÄL ZCPS-Whs��35¯K§Ì��

©zk Finizio [37]§FinizioÚ Leonard [38]§Leonard [56]§LeonardÚ Jones [57]§Abel!

AndersonÚ Finizio [3].e¡·�{�£��e§�ïÄ{¤.

31994c§Finizio [37] ÇkJÑ
 Z-Ì�� patterned starter whist m§�O�

Vg§¿�é¤k� 5 ≤ v ≤ 41§v ≡ 1 (mod 4) ��
����35(J. �

� Leonard [56] �Ñ
 ZCPS-Wh(q2) ��«�E�{§Ù¥ q ´� 4 { 3 ��ê.

Leonard [56]!LeonardÚ Jones [57] K?�Ú|^ù��{é¤k� 7 ≤ q ≤ 5000�

E
 ZCPS-Wh(q2)§Ù¥ q´� 4{ 3��ê.

Ø
þã~f�	§Abel!AndersonÚ Finizio [3] �E
=k�ü�ëê��

� ZCPS-Wh(v)§Ù¥ v ≡ 1 (mod 4).é v ≡ 0 (mod 4)��/§<�8c���

� v ∈ {4, 28, 40, 76, 112, 148}� ZCPS-Wh(v)�3§äN�~f�ë�©z [3,38,75].

�C Abel!AndersonÚ Finizio [3]y²
±e�7�^�.

½n 2.2µ [3] � v ≡ 9 (mod 12)�§ZCPS-Wh(v)�3 v ≡ 81 (mod 108)��/e

âk�U�3.

2.2 Ø�35(J

½n 2.3µ�½?��K�ê k.e v = 12k + 9§K ZCPS-Wh(v)Ø�3.

y². - h = 3k + 2§u´ v = 4h + 1.e¡·�ò^�y{y².Äkb��3�

� ZCPS-Wh(4h+ 1).Ø�P§�Ð©²1a�

{ai, bi,−ai,−bi}, 1 ≤ i ≤ h.

8
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�â½Â§·�k

{±ai,±bi |1 ≤ i ≤ h} = {±(ai + bi),±(ai − bi)|1 ≤ i ≤ h} = Zv \ {0}.

u´

2
h∑
i=1

(a2
i + b2

i ) ≡ 4
h∑
i=1

(a2
i + b2

i ) ≡ S (mod v),

Ù¥ S =
∑v−1

i=0 i
2.l

S = 2S − S

≡ 2

(
2

h∑
i=1

(a2
i + b2

i )

)
−

(
4

h∑
i=1

(a2
i + b2

i )

)
≡ 0 (mod v).

�n��

S =
v−1∑
i=0

i2 =
(v − 1)v(2v − 1)

6
≡ 0 (mod v),

�Ò´`

(v − 1)(2v − 1) ≡ 0 (mod 6).

dd�� v ≡ 1, 5 (mod 12)§�Òy²
 ZCPS-Wh(12k + 9)Ø�3.

½n 2.4µ�½?��K�ê k.e v÷veã^���µ

(i) v = 12k� v − 1Ã²�Ïf§

(ii) v = 12k + 8� v − 1Ã²�Ïf§

K ZCPS-Wh(v)Ø�3.

y². � v = 4h.e¡·�^�y{y².Äkb��3�� ZCPS-Wh(4h).Ø�P

§�Ð©²1a�

{∞, α, 0,−α}, {ai, bi,−ai,−bi}, 1 ≤ i ≤ h− 1.

�â½Â��

{±α} ∪ {±ai,±bi|1 ≤ i ≤ h− 1} = Zv−1 \ {0},

{±α} ∪ {±(ai + bi),±(ai − bi)|1 ≤ i ≤ h− 1} = Zv−1 \ {0}.

9
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lk

2α2 + 2
h−1∑
i=1

(a2
i + b2

i ) ≡ 2α2 + 4
h−1∑
i=1

(a2
i + b2

i ) ≡ S (mod v − 1),

Ù¥ S =
∑v−2

i=0 i
2.dd��

2α2 = 4α2 − 2α2

= 2

(
2α2 + 2

h−1∑
i=1

(a2
i + b2

i )

)
−

(
2α2 + 4

h−1∑
i=1

(a2
i + b2

i )

)
≡ 2S − S

≡ S (mod v − 1). (2.1)

e v = 12k§K

S =
(v − 2)(v − 1)(2v − 3)

6
= (v − 1)(6k − 1)(8k − 1) ≡ 0 (mod v − 1).

u´

2α2 ≡ S ≡ 0 (mod v − 1).

qÏ� v − 1�Ûê§¤±

α2 ≡ 0 (mod v − 1).

y3?�Úb� v − 1Ã²�Ïf§@oÒk α = 0§ù�b�^� α 6= 0gñ.

Ïd�Òy²
� v = 12k� v − 1Ã²�Ïf� ZCPS-Wh(v)Ø�3.

Ó��©Û�±y²(Ø (ii).

½n 2.5µ�½?��K�ê k.� v = 12k + 4.e ZCPS-Wh(v)�3� v−1
3
Ã²�

Ïf§K«| {∞, α, 0,−α}§Ù¥ α = v−1
3
½ α = 2(v−1)

3
§7½Ñy3Ð©²1a

¥.

y². �â½n 2.4�y²��

S =
(v − 2)(v − 1)(2v − 3)

6

=
v − 1

3
(6k + 1)(24k + 5)

≡ 0 (mod
v − 1

3
).

10
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2(Ü�ª (2.1)§·���

2α2 ≡ S ≡ 0 (mod
v − 1

3
).

qÏ� v−1
3

= 4k + 1�Ûê§¤±

α2 ≡ 0 (mod
v − 1

3
).

�â^� v−1
3
Ã²�Ïf�� v−1

3
7�Ø α§dd·��� α = v−1

3
½ α =

2(v−1)
3

.

½n 2.6µ�½����ê v.� v ≡ 4 (mod 12)§v − 1 = 3a0pa11 p
a2
2 · · · pass §Ù¥ pi

�pØ�Ó��ê�þØ�u 3§a0 ≥ 1§ai´pØ�Ó��K�ê.K

(i) � a0�óê�§ZCPS-Wh(v)Ø�3.

(ii) � a0�Ûê�§e ZCPS-Wh(v)�3§K pa11 p
a2
2 · · · pass ≡ 1 (mod 12).

y². P v = 12k + 4 §r = (v − 4)/4. e¡·�^�y{y². b��3��

ZCPS-Wh(v).Ø�P§�Ð©²1a�

{∞, α, 0,−α},

{ai, bi,−ai,−bi} (1 ≤ i ≤ r).

�â½Â��

{±α} ∪ {±ai,±bi | 1 ≤ i ≤ r} = Zv−1 \ {0};

{±α} ∪ {±(ai + bi),±(ai − bi) | 1 ≤ i ≤ r} = Zv−1 \ {0}.

O�ü>�²�Ú§��

2α2 + 2
r∑
i=1

(a2
i + b2

i ) ≡ 2α2 + 4
r∑
i=1

(a2
i + b2

i )

≡
v−2∑
j=0

j2 (mod v − 1).

11
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lk

2α2 = 2

[
2α2 + 2

r∑
i=1

(a2
i + b2

i )

]
−

[
2α2 + 4

r∑
i=1

(a2
i + b2

i )

]

≡ 2
v−2∑
j=0

j2 −
v−2∑
j=0

j2

≡
v−2∑
j=0

j2 (mod v − 1). (2.2)

,	·�O�

v−2∑
j=0

j2 =
(v − 2)(v − 1)(2v − 3)

6

=
v − 2

2
· v − 1

3
· (2v − 3).

Ïd

2α2 ≡
v−2∑
j=0

j2 ≡ 0 (mod
v − 1

3
).

qÏ� (v − 1)/3 = 4k + 1�Ûê§¤±

α2 ≡ 0 (mod
v − 1

3
).

·�-

α2 = m · v − 1

3
,

¿r§�\�ª (2.2)§��

2m · v − 1

3
≡ v − 2

2
· v − 1

3
· (2v − 3)

≡ (−1) · v − 2

2
· v − 1

3
(mod v − 1).

�n��

(2m+
v − 2

2
) · v − 1

3
≡ 0 (mod v − 1),

�Ò´`

2m+
v − 2

2
= 2m+ 6k + 1 ≡ 0 (mod 3).

¤±

m ≡ 1 (mod 3).

12
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e¡·�©ü«�/5?1?Øµ(i) a0�óê§(ii) a0�Ûê.

(i) a0�óêµ

�â

α2 = m · v − 1

3
= 3a0−1 · (mpa11 p

a2
2 · · · pass ),

a0 − 1�Ûê§gcd(mpa11 p
a2
2 · · · pass , 3) = 1§���ªü>Ïf 3Ñy�gêØ�U

��§dd��gñ§�Òy²
d� ZCPS-Wh(v)Ø�3.

(ii) a0�Ûêµ

P a0 = 2c+ 1.�â

α2 = m · v − 1

3
= 32c · (mpa11 p

a2
2 · · · pass ),

��mpa11 p
a2
2 · · · pass 7�²�ê§¤±

mpa11 p
a2
2 · · · pass ≡ 1 (mod 3).

l

pa11 p
a2
2 · · · pass ≡ 1 (mod 3). (2.3)

,	l a0�Ûê��

3a0 ≡ 3 (mod 12).

�âþªÚ

v − 1 = 3a0pa11 p
a2
2 · · · pass ≡ 3 (mod 12),

·�k

pa11 p
a2
2 · · · pass ≡ 1 (mod 4). (2.4)

2(Ü (2.3)Ú (2.4),·�íÑ

pa11 p
a2
2 · · · pass ≡ 1 (mod 12).

íØ 2.1 ( [3])µ�½?��K�ê v.� v ≡ 4 (mod 12).e ZCPS-Wh(v)�3§K

v ≡ 4 (mod 36)½ v ≡ 28 (mod 108).

13
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y². ·�ÄküØ v ≡ 16 (mod 36)��/µ� v = 36k + 16§u´

v − 1 = 36k + 15 = 3× (12k + 5).

�â½n 2.6 (ii)��d� ZCPS-Wh(v)Ø�3.Ïd3 v ≡ 4 (mod 12)�^�e§

ZCPS-Wh(v)�3 v ≡ 4 (mod 36)½ v ≡ 28 (mod 36)�â�U�3.AO/§XJ

v ≡ 28 (mod 36)§Ø�P v = 36k + 28§u´

v − 1 = 36k + 27 = 32 × (4k + 3).

�â½n 2.6 (i)§37,�Ø 4k + 3§�Ò´` v ≡ 28 (mod 108).

2.3 ZCPS-Whs� frame�E

g1986c Stinson [86] ÄkÚ?
 frame�Vg��§frameÒ3�©)²ïØ

��«|�O£RBIBD¤�ïÄ¥u�
���^ [39]. Lu Ú Zhu [60] ?�ÚJ

Ñ
 triplewhist tournament frame�Vg§¿|^§�A���/)û
 triplewhist

tournament designs��35¯K.�� GeÚ Zhu [42] ½Â¿|^ Z-cyclic triplewhist

tournament frames5�E Z-cyclic triplewhist tournaments [41].

- S ´ v�ëmÀÃ�8Ü£|S| = v¤§ H = {S1, S2, · · · , Sn}´8Ü S �

��y©.b� |Si| = si¿�éu?¿� i§1 ≤ i ≤ n§Ñ¤á v − si ≡ 0 (mod 4).

e8Ü S\Si ¥?���3�|«|¥TÐÑy�g§�Ò´`ù|«|TÐ/¤


8Ü S\Si���y©§K·�¡ù|«|´���/É0 Si�Ü©²1a.

e¡·�Ò5½Â whist tournament frame. e�|«|�8Ü÷v±e�^

�µ

(i) ¤k�«|�±�©¤�
�É�Ü©²1a§¿�Ù¥Tk si��É Si�

Ü©²1a£´�z�Ü©²1a�¹ (v − si)/4�«|¤¶

(ii) Ø
 si ��É Si �Ü©²1a�	§8Ü S\Si ¥?���3Ù{z��É

Ü©²1a¥TÑy�g¶

(iii) �g©O5gü�ØÓÉ���T���g¶

14
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(iv) �g©O5gü�ØÓÉ���Té|üg¶

K¡ù|«|���.� (s1, s2, · · · , sn) � whist tournament frame£{P� Wh-

frame¤.

·�ò^±e�/�ê0ÎÒ5IP�� frame�.µ. tu11 ... t
um
m L«3õ

8 {s1, s2, · · · , sn}¥�� ti Ñy�gê� ui§1 ≤ i ≤ m.e s1 = · · · = sn = s,K

¡ù��Wh-frame´.���£uniform type¤§{P�Wh-frame(sn).AO/§�

v ≡ 1 (mod 4)�§��.� 1v �Wh-frameÒ´��Wh(v).

� X = Zv, v = hn§�+ H ´ Zv ����� h�f+.e��Wh-frame(hn)

¥�3���É H �²1a§¿�Ù{��É²1aÑ�±ÏLé�É H ²1a

¥z���?1$� +1 (mod v)���§K·�¡§´ Z-Ì��.AO/§¡�

É H �²1a�Ð©²1a.

aq/§� G ´��k���+§¿�§�� |G| ≡ 1 (mod 2). � H �

G ���f+. 8Ü {(x,−x) : x ∈ G\H} ��´ G\H � patterned starter. �

G = Zv, v = hn§�+H´ Zv����� h�f+.e�� Z-Ì��Wh-frame(hn)

�Ð©²1a¥¤k���¤��éT´ Zv\H � patterned starter§K¡§´��

Z-Ì�� patterned starter whist tournament frame§{P� ZCPS-Wh-frame(hn).

~ 2.1µ±e� 9�«|�¤
�� ZCPS-Wh-frame(313)�Ð©²1aµ

(5, 24, 34, 15), (4, 27, 35, 12), (7, 11, 32, 28), (2, 36, 37, 3),
(1, 29, 38, 10), (14, 31, 25, 8), (6, 18, 33, 21), (9, 16, 30, 23),
(17, 19, 22, 20).

Ún 2.1µe ZCPS-Wh-frame(h(v/h)) Ú ZCPS-Wh-frame(t(h/t)) Ñ�3§K ZCPS-

Wh-frame(t(v/t))�3.

y². P R1 Ú R2 ©O�cü� ZCPS-Wh-frames�Ð©²1a. ò R2 ¥�z�

��� x O�¤ ( v
h
)x ¿ò���«|8ÜP� R∗2. N´�y R1 ∪ R∗2 Ò�¤


ZCPS-Wh-frame(t(v/t))���Ð©²1a.

- t = 1§·�kµ

Ún 2.2µ�½�K�ê h ≡ 1 (mod 4).e ZCPS-Wh-frame(hn)Ú ZCPS-Wh(h)Ñ

�3§K ZCPS-Wh(hn)�3.

15
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aq�§·�kµ

Ún 2.3µ�½�K�ê h ≡ 3 (mod 4).e ZCPS-Wh-frame(hn)Ú ZCPS-Wh(h+ 1)

Ñ�3§K ZCPS-Wh(hn+ 1)�3.

y². P R1Ú R2©O� ZCPS-Wh-frameÚ ZCPS-Wh�Ð©²1a.ò R2¥�z

���� xO�¤ nx£��∞�±ØC¤¿ò���«|8ÜP� R∗2.N´�y

R1 ∪R∗2 Ò�¤
 ZCPS-Wh(hn+ 1)���Ð©²1a.

½n 2.7µe ZCPS-Wh-frame(hn)�3§Këê h, n7,÷v

(i) e h ≡ 1, 5 (mod 6)§K n ≡ 1, 5 (mod 12)§

(ii) e h ≡ 3 (mod 6)§K n ≡ 1 (mod 12).

y². �â½Â��

h(n− 1) ≡ 0 (mod 4).

l

n ≡ 1 (mod 4),

�Ò´`

n ≡ 1, 5½ 9 (mod 12).

- r = h(n− 1)/4�±e� r�«|

{ai, bi,−ai,−bi}, 1 ≤ i ≤ r,

� ZCPS-Wh-frame(hn)���Ð©²1a.Ó�/§�â½Â��

{±ai,±bi |1 ≤ i ≤ r} = {±(ai + bi),±(ai − bi)|1 ≤ i ≤ r}

= Zhn \ {0, n, 2n, · · · , (h− 1)n}.

Ïd

2
r∑
i=1

(a2
i + b2

i ) ≡ 4
r∑
i=1

(a2
i + b2

i ) ≡
hn−1∑
j=0

j2 −
h−1∑
k=0

k2n2 (mod hn).
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l
hn−1∑
j=0

j2 −
h−1∑
k=0

k2n2 = 2

[
hn−1∑
j=0

j2 −
h−1∑
k=0

k2n2

]
−

[
hn−1∑
j=0

j2 −
h−1∑
k=0

k2n2

]

≡ 2

[
2

h∑
i=1

(a2
i + b2

i )

]
−

[
4

h∑
i=1

(a2
i + b2

i )

]
≡ 0 (mod hn).

¤±

hn−1∑
j=0

j2 −
h−1∑
k=0

k2n2 =
(hn− 1)hn(2hn− 1)

6
− (h− 1)h(2h− 1)

6
n2

=
(hn− 1)(2hn− 1)− (h− 1)(2h− 1)n

6
hn

≡ 0 (mod hn),

�Ò´`

(hn− 1)(2hn− 1)− (h− 1)(2h− 1)n ≡ 0 (mod 6). (2.5)

XJ h ≡ 1 (mod 6),@o�ª (2.5)Òz�

(n− 1)(2n− 1) ≡ 0 (mod 6).

dd·��±�� n ≡ 1, 5 (mod 12).

XJ h ≡ 5 (mod 6),@o�ª (2.5)Òz�

(5n− 1)(4n− 1) ≡ 0 (mod 6).

Ó�/§·����
 n ≡ 1, 5 (mod 12).

��XJ h ≡ 3 (mod 6),@o�ª (2.5)Òz�

n− 1 ≡ 0 (mod 6).

N´wÑd� n ≡ 1 (mod 12).

2.4 ZCPS-Wh-frame(3p)��E

3ù�!¥§·�ò�E ZCPS-Wh-frame(3n)���Ã¡a§¿|^§�5�

�÷v v ≡ 0 (mod 4)^�� ZCPS-Wh(v).�âÚn 2.3Ú©z [3] ¥½n 3.2§·

�k±e�7�^�.

17
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Ún 2.4µe ZCPS-Wh-frame(3n)�3§K n 6≡ 5 (mod 12).

'uA�Ú�Weil½nò´·�ù�!¥y²�Ì�óä.

½n 2.8 ( [59])µ� ψ�� GF (q)���m > 1�¦{A�.- f ∈ GF (q)[x]´��

Ä 1�gêõ�ª¿�ØUL«¤��õ�ª�mg�.P d� f 3 GF (q)�©�

�¥pÉ��ê8.Ké?¿� a ∈ GF (q)§·�k∣∣∣∣∣∣
∑

c∈GF (q)

ψ(af(c))

∣∣∣∣∣∣ ≤ (d− 1)
√
q.

�½���ê p ≡ 1 (mod m)Ú+ Zp������ ω§·�^ Cm
0 5L« Zp

�¦{f+ {ωim | 0 ≤ i < (p−1)/m}§^ Cm
j 5L« Cm

0 ��8§= Cm
j = ωj ·Cm

0 .

2.4.1 p ≡ 13 (mod 24)��/

l gcd(p, 3) = 1�� Zp × Z3 Ó�u Z3p.·�Äk�½±e 9�Äu\{+

Zp × Z3þ�«|µ

B1 = {(1, 0), (x, 0)}, B2 = {(y2, 0), (y, 1)}, B3 = {(y3, 0), (y2, 1)},

B4 = {(y4, 0), (y3, 1)}, B5 = {(y5, 0), (y6, 1)}, B6 = {(x4, 1), (x5, 1)},

B7 = {(z7, 1), (z8, 1)}, B8 = {(z9, 1), (z10, 1)}, B9 = {(z11, 1), (z12, 1)}.

I�`²�´µ3ùp·�^��«|�c¡ü���5L«��«|.'X8Ü

B2 = {(y2, 0), (y, 1)}�L
«| ( (y2, 0), (y, 1), (−y2, 0), (−y, 2) ).

�½��«| B = {a, b}.·�P±B = {a, b,−a,−b}§∆B = {±(a+ b),±(a−

b)}.ØJ�y

⋃9

i=1
±Bi =

⋃2

j=0
Aj × {j} ,⋃9

i=1
∆Bi =

⋃2

j=0
Bj × {j} ,

18
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Ù¥

A0 = {±1,±x,±y2,±y3,±y4,±y5},

A1 = {y, y2, y3, x4, x5, y6, z7, z8, z9, z10, z11, z12},

A2 = {−a | a ∈ A1},

B0 = {±(x+ 1),±(x− 1),±x4(x− 1),±z7(z − 1),±z9(z − 1),±z11(z − 1)},

B1 = {y(y + 1), y2(y + 1), y3(y + 1), y5(y + 1)}

∪{−y(y − 1),−y2(y − 1),−y3(y − 1), y5(y − 1)}

∪{−x4(x+ 1),−z7(z + 1),−z9(z + 1),−z11(z + 1)},

B2 = {−a | a ∈ B1}.

XJ Ai§Bi§0 ≤ i ≤ 2¥�?�8ÜÑ´ Z∗p/C12
0 ������LX§@o«

|8Ü

F = {Bi · (s, 1) | 1 ≤ i ≤ 9, s ∈ C12
0 }

Ò�¤
 ZCPS-Wh-frame(3p)���Ð©²1a.

Ún 2.5µ�½?��ê p ≡ 13 (mod 24).e p > 9150625§K ZCPS-Wh-frame(3p)

�3.

y². N´�yXJ�� x, y, z ∈ Zp÷v±e�^�µ

(a) x ∈ C12
1 , x+ 1 ∈ C12

k , x− 1 ∈ C12
k−2,

(b) y ∈ C12
1 , y + 1 ∈ C12

k−2, y − 1 ∈ C12
k ,

(c) z ∈ C12
1 , z + 1 ∈ C12

k+1, z − 1 ∈
⋃

i∈{0,2,4,6,8,10}

C12
k+i,

Ù¥�ê k÷v 0 ≤ k ≤ 11£d? C12�e�I?1� 12�$�¤§@o Ai,§Bi§

0 ≤ i ≤ 2¥?�8Üþ´ Z∗p/C12
0 ������LX.�âc¡�?Ø��«|8

Ü F �¤
 ZCPS-Wh-frame(3p)���Ð©²1a.

y3·�Ò5y²�3÷vc¡¤�^���� x, y, z ∈ Zp.�½ Zp����

�� ω.P f1(x) = ω11x§f2(x) = ω12−k(x+ 1)§f3(x) = ω14−k(x− 1).^� (a)�d
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ué 1 ≤ j ≤ 3§fj(x) ∈ C12
0 .- χ����� 12�¦{A�§�Ò´`é x ∈ C12

i §

k χ(x) = θi,Ù¥ θ´�� 12g��ü �.P Bi = χ(fi(x)), 1 ≤ i ≤ 3.K

1 +Bi +B2
i + · · ·+B11

i =

 12, if fi(x) ∈ C12
0 ,

0, if fi(x) /∈ C12
0 ∪ {0},

1, if fi(x) = 0.

-Úª

S =
∑
x∈Zp

3∏
i=1

(1 +Bi +B2
i + · · ·+B11

i ). (2.6)

K S = 123n+d§Ù¥ n´ Zp¥÷v^� (a)��� x��ê§d´� f1(x)!f2(x)!

f3(x)¥,���u 0�þªm>��z�.e f1(x) = 0§K x = 0§f2(0) = w12−k§

f3(0) = −w14−k.�â^� p ≡ 13 (mod 24)�� −1 ∈ C12
6 .u´·K f2(0) ∈ C12

0 Ú

f3(0) ∈ C12
0 Ã{Ó�¤á.Ïd§éÚª S ��z�� 0.e f2(x) = 0§K x = −1§

f1(x) = −ω11 /∈ C12
0 ∪ {0}§u´§éÚª S ��z�½� 0. e f3(x) = 0§K

x = 1§f1(x) = ω11 /∈ C12
0 ∪ {0}§u´§éÚª S ��z�½� 0.nþ¤ã§��

do´�u 0.u´XJ·�U
y² |S| > 0§�Òá=�±íÑ�3÷v^� (a)

��� x ∈ Zp.Ðm�ª (2.6)�m>§

S =
∑
x∈Zp

1 +
3∑
r=1

∑
1≤i1<···<ir≤3

∑
1≤j1,··· ,jr≤11

∑
x∈Zp

Bj1
i1
· · ·Bjr

ir
. (2.7)

y3·�^Weil½n5�Où�Úª.5¿ Bj1
i1
· · ·Bjr

ir
= χ(

∏r
l=1(fil(x))jl)� χ�

�� 12.e�3 p(x) ∈ Zp[x]¦�
∏r

l=1(fil(x))jl = [p(x)]12§qÏ� fjl(x)´üüp

��§K7,¤á j1 ≡ j2 ≡ · · · ≡ jr ≡ 0 (mod 12).y3·��±A^½n 2.8.é

?¿� r, 1 ≤ r ≤ 3§·�k∣∣∣∣∣∣
∑
x∈Zp

Bj1
i1
· · ·Bjr

ir

∣∣∣∣∣∣ ≤ (r − 1)
√
p. (2.8)

�â�ª (2.6)-(2.8)§

|S| ≥ p−
3∑
r=1

(
3

r

)
11r(r − 1)

√
p = p− 3025

√
p. (2.9)

l� p > 9150625� |S| > 0.aq/§·��±é�÷v¤I^���� y �

z.
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Ún 2.6µ�½?��ê p ≡ 13 (mod 24).e 1213 ≤ p ≤ 9150625§K ZCPS-Wh-

frame(3p)�3.

y². éu?¿��ê p ≡ 13 (mod 24)� 1213 ≤ p ≤ 9150625§·�ÏLO�Å

§Sé�
©O÷v^� (a)!(b)!(c)��� x!y!z.�u�Ì·��3L 2.1¥

�Ñ�A�êé (p,R)§Ù¥ 1213 ≤ p ≤ 6037§R = (ω, x, y, z, k).

2.4.2 p ≡ 1 (mod 24)��/

N´�y −1 ∈ C6
0.�â gcd(p, 3) = 1§�� Zp × Z3Ó�u Z3p.Äk·��½

±e 9�½Â3+ Zp × Z3þ�«|:

B1 = {(1, 0), (a, 0)},
B2 = {(b, 0), (e, 1)},
B3 = {(c, 0), (−b− c− e, 1)},
B4 = {(d, 0), (b+ 2c− d+ e, 1)},
B5 = {(b+ c− d, 0), (−c+ d− e, 1)},
B6 = {(−f, 1), (−e, 1)},
B7 = {(c− d+ e, 1), (b+ c+ e, 1)},
B8 = {(f, 1), (−b− 2c+ d− 2e− f, 1)},
B9 = {(b+ 2c− d+ 2e+ f, 1), (−b− 2c+ d− e, 1)}.

u´·�k ⋃9

i=1
±Bi =

⋃2

j=0
±Aj × {j},⋃9

i=1
∆Bi =

⋃2

j=0
±Bj × {j},

Ù¥

A0 = {1, a, b, c, d, b+ c− d} ,

A1 = A2 = {e, f, b+ c+ e, c− d+ e, b+ 2c− d+ e, b+ 2c− d+ 2e+ f} ,

B0 = {a+ 1, a− 1, b+ 2c− d+ 2e+ 2f, 2b+ 4c− 2d+ 3e+ f, e− f, b+ d} ,

B1 = B2 = {b+ e,−b+ e, b+ 2c+ e, b+ 2c− 2d+ e, b+ 2c− d+ 2e, e+ f} .

y3� S � C6
0/{±1}������LX.e Ai§Bi§0 ≤ i ≤ 2¥�?�8ÜÑ´

Z∗p/C6
0������LX§K«|8Ü

F = {Bi · (s, 1) | 1 ≤ i ≤ 9, s ∈ S}
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L 2.1 (p,R): p ≡ 13 (mod 24), 1237 ≤ p ≤ 6037

p (ω, x, y, z, k) p (ω, x, y, z, k) p (ω, x, y, z, k)

1237 (2,1167,306,155,2) 1381 (2,77,159,150,5) 1429 (6,312,656,38,7)

1453 (2,557,462,249,6) 1549 (2,1358,745,270,2) 1597 (11,954,33,83,3)

1621 (2,1316,1035,221,2) 1669 (2,557,1541,93,2) 1693 (2,991,649,70,5)

1741 (2,265,872,113,5) 1789 (6,194,683,91,3) 1861 (2,436,290,248,2)

1933 (5,681,487,57,3) 2029 (2,1797,22,334,3) 2053 (2,1707,1096,288,3)

2221 (2,6,1352,156,2) 2269 (2,1244,136,120,4) 2293 (2,83,173,52,2)

2341 (7,112,758,109,2) 2389 (2,817,2383,18,2) 2437 (2,43,1133,33,5)

2557 (2,943,2,2,6) 2677 (2,1274,822,301,2) 2749 (6,382,2070,6,2)

2797 (2,1860,696,145,2) 2917 (5,970,728,381,2) 3037 (2,752,77,623,2)

3061 (6,1373,462,197,2) 3109 (6,2312,6,487,2) 3181 (7,938,1380,55,3)

3229 (6,521,1269,126,2) 3253 (2,2832,1657,486,2) 3301 (6,776,1351,312,3)

3373 (5,1055,164,5,2) 3469 (2,3326,288,29,2) 3517 (2,7,1545,132,3)

3541 (7,3042,376,296,2) 3613 (2,2039,200,457,2) 3637 (2,312,353,1461,2)

3709 (2,3042,1270,114,3) 3733 (2,2620,3188,357,2) 3853 (2,622,2901,293,2)

3877 (2,2842,82,327,2) 4021 (2,982,2084,418,2) 4093 (2,498,435,811,2)

4261 (2,506,291,430,2) 4357 (2,4316,478,251,2) 4549 (6,1418,181,293,2)

4597 (5,433,1148,661,2) 4621 (2,901,916,193,2) 4789 (2,3658,1017,119,2)

4813 (2,1195,780,179,2) 4861 (11,2037,1749,62,2) 4909 (6,3027,4697,215,2)

4933 (2,280,2504,336,2) 4957 (2,4330,1018,433,2) 5077 (2,1081,83,139,2)

5101 (6,1066,624,229,2) 5197 (7,1456,84,53,2) 5413 (5,261,605,94,2)

5437 (5,2961,3320,791,2) 5557 (2,182,849,303,3) 5581 (6,3347,92,206,2)

5653 (5,731,255,245,2) 5701 (2,389,244,606,2) 5749 (2,1816,1884,96,2)

5821 (6,1475,26,70,2) 5869 (2,3338,3866,241,2) 6037 (5,362,1039,18,2)
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B�¤
 ZCPS-Wh-frame(3p)���Ð©²1a.

�½�ê e ≥ 2, t ≥ 1Ú n ≥ 0.P

Q(e, t, n) =
1

4

(
U +

√
U2 + 4et−1(t+ en)

)2

, Ù¥ U =
t∑

h=1

(
t

h

)
(e− 1)h(h− 1).

AO/§·�ò Q(e, t, 0){P� Q(e, t).´�y� t < t′�§Q(e, t, n) < Q(e, t′, n).

e¡�(Ø´Weil½n�����íØ.

½n 2.9 (½n 2.2 [20])µ� q ≡ 1 (mod e)����ê�§B = {b1, · · · , bt}� GF (q)

�?� t-f8§(β1, · · · , βt) �8Ü Zte ¥?���. P8Ü X = {x ∈ GF (q) :

x− bi ∈ Ce
βi
, i = 1, · · · , t}.K

|X| ≥
q − U√q − et−1t

et
.

le q > Q(e, t, n)§K |X| > n.AO/§� q > Q(e, t)�8Ü X ��.

Ún 2.7µ�½?��ê p ≡ 1 (mod 24).e p > 1.9× 1012§K ZCPS-Wh-frame(3p)

�3.

y². N´�yXJ�� a!b!c!d!e!f ÷v±e�^�£Ù¥ C6�e�I?

1� 6$�¤µ

a ∈ C6
1, a+ 1 ∈ C6

0, a− 1 ∈ C6
1;

b ∈ C6
2;

e ∈ C6
0, e+ b ∈ C6

0, e− b ∈ C6
1;

c ∈ C6
3, c+ b+ e ∈ C6

2, 2c+ b+ e ∈ C6
2;

d ∈ C6
4, d− b− 2c− 2e ∈ C6

4, d− c− e ∈ C6
3,

d+ b ∈ C6
5, d− b− 2c− e ∈ C6

4, 2d− b− 2c− e ∈ C6
3,

d− b− c ∈ C6
5;

f ∈ C6
1, f + b+ 2c− d+ 2e ∈ C6

5, 2f + b+ 2c− d+ 2e ∈ C6
2,

f − e ∈ C6
4, f + e ∈ C6

5, f + 2b+ 4c− 2d+ 3e ∈ C6
3;

K Ai§Bi§0 ≤ i ≤ 2¥?�8Üþ´ Z∗p/C6
0������LX.

Ø�� 1
2
∈ C6

r .e¡·�A^½n 2.9y²� p > 1.9× 1012 > Q(6, 7)��3÷

vþã^���� a!b!c!d!e!f .

Äk·�3½n 2.9¥�½ e = 6, t = 3, B = {0,−1, 1}Ú (β1, β2 β3) = (1, 0, 1).

�â^� p > Q(6, 7) > Q(6, 3)§��8Ü X1 := {x ∈ Zp | x ∈ C6
1, x + 1 ∈

C6
0, x− 1 ∈ C6

1}��.dd�½���� a ∈ X1.
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3½n 2.9 ¥�½ e = 6, t = 1, B = {0} Ú β1 = 2. �â^� p > Q(6, 7) >

Q(6, 1)§��8Ü X2 := {x ∈ Zp | x ∈ C6
2}��.�½���� b ∈ X2.

3½n 2.9¥�½ e = 6, t = 3, B = {0,−b, b}Ú (β1, β2, β3) = (0, 0, 1).�â^

� p > Q(6, 7) > Q(6, 3)§��8Ü X3 := {x ∈ Zp | x ∈ C6
0, x+ b ∈ C6

0, x− b ∈ C6
1}

��.�½���� e ∈ X3.

3½n 2.9 ¥�½ e = 6, t = 3, B = {0,−b − e,−1
2
(b + e)} Ú (β1, β2, β3) =

(3, 2, 2 + r). �â^� p > Q(6, 7) > Q(6, 3)§��8Ü X4 := {x ∈ Zp | x ∈

C6
3, x+ b+ e ∈ C6

2, x+ 1
2
b+ 1

2
e ∈ C6

2+r}��.�½���� c ∈ X4.

3½n 2.9¥�½ e = 6, t = 7, B = {0, b+2c+2e, c+e,−b, b+2c+e, 1
2
b+c+ 1

2
e, b+

c}Ú (β1, β2, β3, β4, β5, β6, β7) = (4, 4, 3, 5, 4, 3+r, 5).�â^� p > Q(6, 7) > Q(6, 3)§

��8Ü X5 := {x ∈ Zp | x ∈ C6
4, x − b − 2c − 2e ∈ C6

4, x − c − e ∈ C6
3, x + b ∈

C6
5, x− b− 2c− e ∈ C6

4, x− 1
2
b− c− 1

2
e ∈ C6

3+r, x− b− c ∈ C6
5}��.�½����

d ∈ X5.

3½n 2.9 ¥�½ e = 6, t = 6, B = {0,−b − 2c + d − 2e,−1
2
b − c + 1

2
d −

e, e,−e,−2b − 4c + 2d − 3e}, (β1, β2, β3, β4, β5, β6) = (1, 5, 2 + r, 4, 5, 3). �â^�

p > Q(6, 7) > Q(6, 6)§��8Ü X6 := {x ∈ Zp | x ∈ C6
1, x + b + 2c − d + 2e ∈

C6
5, x + 1

2
b + c− 1

2
d + e ∈ C6

2+r, x− e ∈ C6
4, x + e ∈ C6

5, x + 2b + 4c− 2d + 3e ∈ C6
3}

��.�½���� f ∈ X5.

nþ¤ã§·�®²é�
÷v¤I^���� a!b!c!d!e!f .���â

c¡�?Ø§��«|8Ü F �¤
�� ZCPS-Wh-frame(3p)�Ð©²1a.

Ún 2.8µ�½?��ê p ≡ 1 (mod 12).e 13 ≤ p ≤ 1213§K ZCPS-Wh-frame(3p)

�3.

y². ~ 2.1�Ñ
�� ZCPS-Wh-frame(313).ÏLO�Å§S§·�é�ê p ≡ 1

(mod 12)� 37 ≤ p ≤ 1213��/é�
�A� ZCPS-Wh-frame(3p)���Ð©

²1a.�u�Ì·��3L 2.2¥�Ñ 37 ≤ p ≤ 349����� ω Ú 9�Ä«

|.

nþ¤ã§·�kµ
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L 2.2 �ê p ≡ 1 (mod 12)� 37 ≤ p ≤ 1213�éA�Ä«|

p ω Ä«|
37 2 {(12,1),(18,1)}; {(35,0),(25,1)}; {(24,0),(22,1)};

{(29,1),(3,1)}; {(9,0),(19,1)}; {(11,0),(33,0)};
{(10,1),(34,1)}; {(6,0),(8,1)}; {(15,1),(27,1)}.

61 2 {(12,1),(58,1)}; {(8,0),(13,1)}; {(25,0),(48,1)};
{(55,0),(32,1)}; {(41,0),(29,1)}; {(3,1),(2,1)};
{(38,1),(49,1)}; {(35,0),(5,0)}; {(23,1),(59,1)}.

73 5 {(47,0),(34,1)}; {(24,0),(41,1)}; {(32,1),(28,1)};
{(39,1),(46,1)}; {(27,1),(21,1)}; {(7,0),(19,1)};
{(48,0),(14,0)}; {(4,0),(52,1)}; {(45,1),(54,1)}.

97 5 {(76,1),(28,1)}; {(91,0),(13,1)}; {(69,1),(1,1)};
{(32,1),(96,1)}; {(17,0),(95,1)}; {(2,0),(84,1)};
{(29,0),(2,1)}; {(34,0),(89,0)}; {(21,1),(65,1)}.

109 6 {(46,0),(85,1)}; {(39,0),(17,1)}; {(24,1),(22,1)};
{(92,1),(93,1)}; {(28,0),(25,0)}; {(17,0),(87,1)};
{(85,0),(29,1)}; {(16,1),(47,1)}; {(62,1),(80,1)}.

157 5 {(31,0),(4,1)}; {(57,1),(135,1)}; {(26,0),(135,0)};
{(134,0),(50,1)}; {(107,1),(129,1)}; {(82,0),(100,1)};
{(22,1),(153,1)}; {(76,0),(3,1)}; {(28,1),(154,1)}.

181 2 {(78,0),(154,1)}; {(170,1),(66,1)}; {(173,0),(97,1)};
{(116,0),(27,1)}; {(46,0),(84,1)}; {(115,1),(71,1)};
{(110,1),(16,1)}; {(52,0),(17,0)}; {(11,1),(165,1)}.

193 5 {(22,0),(135,1)}; {(46,0),(28,1)}; {(132,0),(58,1)};
{(71,0),(69,0)}; {(7,1),(50,1)}; {(29,1),(146,1)};
{(85,0),(165,1)}; {(47,1),(143,1)}; {(164,1),(186,1)}.

229 6 {(38,0),(17,1)}; {(118,1),(51,1)}; {(57,0),(212,1)};
{(84,0),(105,1)}; {(50,0),(124,1)}; {(123,1),(166,1)};
{(111,1),(106,1)}; {(82,0),(37,0)}; {(63,1),(178,1)}.

241 7 {(204,0),(51,1)}; {(35,1),(220,1)}; {(131,0),(61,0)};
{(73,0),(226,1)}; {(206,1),(61,1)}; {(180,1),(119,1)};
{(164,0),(190,1)}; {(113,0),(15,1)}; {(21,1),(122,1)}.

277 5 {(243,0),(112,1)}; {(32,0),(119,0)}; {(172,0),(94,1)};
{(213,1),(39,1)}; {(154,0),(165,1)}; {(125,1),(238,1)};
{(52,0),(183,1)}; {(64,1),(127,1)}; {(150,1),(152,1)}.

313 10 {(90,0),(83,1)}; {(111,0),(230,1)}; {(190,0),(96,0)};
{(27,0),(167,1)}; {(139,0),(146,1)}; {(290,1),(81,1)};
{(23,1),(79,1)}; {(21,1),(234,1)}; {(232,1),(292,1)}.

337 10 {(91,0),(47,0)}; {(303,1),(177,1)}; {(160,1),(74,1)};
{(163,0),(268,1)}; {(196,0),(47,1)}; {(223,0),(263,1)};
{(136,0),(96,1)}; {(34,1),(69,1)}; {(241,1),(290,1)}.

349 2 {(60,0),(205,1)}; {(177,0),(78,0)}; {(294,0),(259,1)};
{(249,1),(328,1)}; {(109,0),(144,1)}; {(105,1),(16,1)};
{(100,1),(244,1)}; {(6,0),(90,1)}; {(21,1),(333,1)}.
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Ún 2.9µe�ê p÷v±e^���µ

(i) p ≡ 13 (mod 24)§½

(ii) p ≡ 1 (mod 24)� p�u�u 1213½ö�u 1.9× 1012,

K ZCPS-Wh-frame(3p)�3.

y². �âÚn 2.5§Ún 2.6ÚÚn 2.8´y�/ (i).�âÚn 2.7ÚÚn 2.8´y

�/ (ii).

3Ún 2.3¥�½ h = 3¿(ÜÚn 2.9§·�kµ

½n 2.10µe�ê p÷v±e^���µ

(i) p ≡ 13 (mod 24)§½

(ii) p ≡ 1 (mod 24)� p�u�u 1213½ö�u 1.9× 1012,

K ZCPS-Wh(3p+ 1)�3.

2.5 ZCPS-Wh-frame(27p)��E

�â gcd(p, 27) = 1 �� Zp × Z27 Ó�u Z27p. N´�y�� 19 3¦{+

(Z27, ·)¥�� 3£192 ≡ 10 (mod 27), 193 ≡ 1 (mod 27)¤.·�3+ Z27 �Ä¦±

�� 19ù�+�^.N´�yù�+�^�;���Ý�k 1Ú 3ü«µ

(i) 0, 3, 6, 9, 12, 15, 18, 21, 24´¤k�ØÄ:§

(ii) {1, 19, 10}, {8, 17, 26}, {2, 11, 20}, {7, 25, 16}, {4, 22, 13}, {5, 14, 23}´¤k�Ý

�u 3�;�.
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- ω� Zp������.�½±e 27�½Â3+ Zp × Z27þ�Ä«|:

B1 = {(1, 1), (x1, 0)}, B2 = {(x7
1, 2), (x6

1, 0)},

B3 = {(x4
2, 2), (x5

2, 3)}, B4 = {(x8, 1), (x2
8, 3)},

B5 = {(x2
1, 2), (x3

1, 3)}, B6 = {(x3
1, 2), (x4

1, 3)},

B7 = {(x3, 12), (x2
3, 6)}, B8 = {(x5

6, 2), (x4
6, 6)},

B9 = {(x2
5, 12), (x3

5, 6)}, B10 = {(x2
7, 1), (x7, 6)},

B11 = {(x6
1, 2), (x5

1, 9)}, B12 = {(x3
2, 9), (x2

2, 9)},

B13 = {(x3
1, 1), (x4

1, 9)}, B14 = {(x4
4, 1), (x3

4, 12)},

B15 = {(x5
4, 1), (x4

4, 12)}, B16 = {(x6
5, 1), (x7

5, 4)},

B17 = {(x8
1, 4), (x9

1, 4)}, B18 = {(x10
4 , 22), (x11

4 , 4)},

B19 = {(x9
10, 1), (x10

10, 4)}, B20 = {(x10
1 , 2), (x9

1, 22)},

B21 = {(x11
1 , 1), (x12

1 , 4)}, B22 = {(1, 11), (x2, 4)},

B23 = {(x2, 11), (x2
2, 4)}, B24 = {(x3

2, 11), (x4
2, 4)},

B25 = {(x10
1 · ω4, 19), (x11

1 · ω4, 4)}, B26 = {(x8
9 · ω4, 19), (x9

9 · ω4, 2)},

B27 = {(x7
3 · ω4, 19), (x8

3 · ω4, 2)}.

�þ�!��µ3ùp·�^��«|�c¡ü���5L«��«|.'X8Ü

B1 = {(1, 1), (x1, 0)}ÒL««| ((1, 1), (x1, 0), (p− 1, 26), (p−x1, 0)).�e5·��

��Ò´é�¤I��� xi ∈ Zp¦�«|8Ü

F = {Bi · (w4, 19)j | 1 ≤ i ≤ 27, 0 ≤ j <
p− 1

4
}

�¤ ZCPS-Wh-frame(27p)���Ð©²1a.Äk·�ò«|8Ü F ¥¤käk
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�Ó1��I����1��I�Ñ5�3�å��

A0 = {x1, x
6
1} · C2

0;

A3 = {x2
8, x

3
1, x

4
1, x

5
2} · C4

0;

A6 = {x7, x
2
3, x

3
5, x

4
6} · C4

0;

A9 = {x2
2, x

3
2, x

4
1, x

5
1} · C4

0;

A12 = {x3, x
2
5, x

3
4, x

4
4} · C4

0;

A1 = {1, x8, x
2
7, x

3
1, x

4
4, x

5
4, x

6
5, x

7
3, x

8
9, x

9
10, x

10
1 , x

11
1 } · C12

0 ;

A2 = {x8
3ω

4, x9
9ω

4, x2
1, x

3
1, x

4
2, x

5
6, x

6
1, x

7
1, ω

8, x2ω
8, x10

1 , x
3
2ω

8} · C12
0 ;

A4 = {x12
1 , x2, x

2
2, x

11
1 ω

4, x4
2, x

9
1ω

8, x10
4 ω

8, x7
5, x

8
1, x

9
1, x

10
10, x

11
4 } · C12

0 .

ùp8ÜA�e�IL«1��I��§'XA0 = {a | (a, 0) ∈ F}.�X·�ò«

|8Ü F ¥¤käk�Ó1��I���1��I�Ñ5�3�å��

B0 = {x2
2(x2 − 1), x8

1(1− x1)} · C2
0;

B3 = {x6
5(x5 − 1), x9

10(x10 − 1), x11
1 (x1 − 1),−x9

1(x1 + 1)} · C4
0;

B6 = {x3(1− x3), x2
5(1− x5),−x7

3(1 + x3)ω4,−x8
9(1 + x9)ω4} · C4

0;

B9 = {−x3(1 + x3), x10
4 (x4 − 1),−x2

5(1 + x5),−x2
2(x2 + 1)} · C4

0;

B12 = {−(1 + x2),−x2(1 + x2),−x3
2(1 + x2), x10

1 (x1 − 1)ω4} · C4
0;

B1 = {1 + x1, 1− x1, x
4
2(x2 − 1), x3

1(x1 − 1), x4
6(x6 + 1)ω14}

∪{x3
1(1 + x1)ω4, x3

1(1− x1)ω8, x7
3(1− x3)ω14, x8

9(1− x9)ω14}

∪{x10
4 (1 + x4)ω6, x8

1(1 + x1)ω14, x2
1(x1 − 1)} · C12

0 ;

B2 = {x6
1(x1 + 1), x6

1(x1 − 1), x8(x8 − 1), x7(x7 + 1)ω10, (1− x2)ω10}

∪{x2(1− x2)ω10, x3
2(1− x2)ω10, x9

1(x1 − 1)ω10, x5
1(x1 + 1)ω8}

∪{x5
1(x1 − 1)ω4, x3

4(x4 − 1)ω14, x4
4(x4 − 1)ω14} · C12

0 ;

B4 = {−x4
2(1 + x2)ω8, x8(1 + x8), x2

1(1 + x1)ω2, x3
1(1 + x1)ω2, x4

6(1− x6)}

∪{x7(1− x7)ω2, x6
5(1 + x5)ω2, x9

10(1 + x10)ω2, x11
1 (1 + x1)ω2}

∪{−x10
1 (1 + x1)ω4, x3

4(x4 + 1)ω4, x4
4(x4 + 1)ω4} · C12

0 .
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N´�yee¡�^�Ñ¤áµ

(i) 8Ü A0�8Ü B0©OÑ´ Z∗p/C2
0������LX§

(ii) A3,A6,A9,A12,B3,B6,B9,B12¥?�8ÜÑ´ Z∗p/C4
0������LX§

(iii) A1,A2,A4,B1,B2,B4¥?�8ÜÑ´ Z∗p/C12
0 ������LX,

K«|8Ü F �¤
 ZCPS-Wh-frame(27p)���Ð©²1a.

Ún 2.10µ�½?��ê p ≡ 13 (mod 24).e p > 9150625§KZCPS-Wh-frame(27p)

�3.

y². N´�ye�3�� xi ∈ Zp¦�±e�^�¤áµ
x1 ∈ C12

1 , x1 + 1 ∈ C12
0 , x1 − 1 ∈ C12

3 ;
x2 ∈ C12

1 , x2 + 1 ∈ C12
9 , x2 − 1 ∈ C12

0 ;
x3 ∈ C12

1 , x3 + 1 ∈ C12
1 , x3 − 1 ∈ C12

10;
x4 ∈ C12

1 , x4 + 1 ∈ C12
11, x4 − 1 ∈ C12

9 ;
x5 ∈ C12

1 , x5 + 1 ∈ C12
6 , x5 − 1 ∈ C12

3 ;
x6 ∈ C12

1 , x6 + 1 ∈ C12
5 , x6 − 1 ∈ C12

11;
x7 ∈ C12

1 , x7 + 1 ∈ C12
0 , x7 − 1 ∈ C12

2 ;
x8 ∈ C12

1 , x8 + 1 ∈ C12
9 , x8 − 1 ∈ C12

7 ;
x9 ∈ C12

1 , x9 + 1 ∈ C12
2 , x9 − 1 ∈ C12

10;
x10 ∈ C12

1 , x10 + 1 ∈ C12
1 , x10 − 1 ∈ C12

11;

K8ÜA0�8ÜB0©OÑ´Z∗p/C2
0������LX¶A3,A6,A9,A12,B3,B6,B9,B12

¥?�8ÜÑ´ Z∗p/C4
0 ������LX¶A1,A2,A4,B1,B2,B4 ¥?�8ÜÑ´

Z∗p/C12
0 ������LX.2�âc¡�?Ø��«|8Ü F �¤
 ZCPS-Wh-

frame(27p)���Ð©²1a.

�½+ Zp������ ω.P

f1(x) = ω11x, f2(x) = x+ 1, f3(x) = ω9(x− 1).

N´wÑ^�

x ∈ C12
1 , x+ 1 ∈ C12

0 , x− 1 ∈ C12
3

�du

fj(x) ∈ C12
0 , 1 ≤ j ≤ 3.
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- χ����� 12�¦{A�.P Bi = χ(fi(x)), 1 ≤ i ≤ 3.K

1 +Bi +B2
i + · · ·+B11

i =

 12, if fi(x) ∈ C12
0 ,

0, if fi(x) /∈ C12
0 ∪ {0},

1, if fi(x) = 0.

PÚª

S =
∑
x∈Zp

3∏
i=1

(1 +Bi +B2
i + · · ·+B11

i ). (2.10)

K S = 123n+ d§Ù¥ n´ Zp¥÷veã^�µ

x ∈ C12
1 , x+ 1 ∈ C12

0 , x− 1 ∈ C12
3

��� x�ê8§d´�,� fi(x) = 0�þãÚªm>��z�. e f1(x) = 0§

K x = 0, f2(0) = 1, f3(0) = −ω9. qÏ� p ≡ 13 (mod 24)§�� −1 ∈ C12
6 .

l f3(0) /∈ C12
0 ∪ {0}§�§éÚªm>��z�� 0. e f2(x) = 0§K x =

−1, f1(−1) = −ω11 /∈ C12
0 ∪ {0}§¤±§éÚª��z�½� 0.e f3(x) = 0§K

x = 1, f1(1) = ω11 /∈ C12
0 ∪ {0}§�§éÚª��z�½� 0. nþ¤ã§�� d

o´�u". u´XJ·�U
y² |S| > 0§�Òá=�±íÑ�3÷v^�

x ∈ C12
1 , x+ 1 ∈ C12

0 , x− 1 ∈ C12
3 ��� x.Ðm�ª (2.10)�m>§

S =
∑
x∈Zp

1 +
3∑
r=1

∑
1≤i1<···<ir≤3

∑
1≤j1,··· ,jr≤11

∑
x∈Zp

Bj1
i1
· · ·Bjr

ir
. (2.11)

y3·�^Weil½n5�Où�Úª.5¿ Bj1
i1
· · ·Bjr

ir
= χ(

∏r
l=1(fil(x))jl)� χ

��� 12.e�3 p(x) ∈ Zp[x]¦�
∏r

l=1(fil(x))jl = [p(x)]12§qÏ� fjl(x)´üü

p��§K7,¤á j1 ≡ j2 ≡ · · · ≡ jr ≡ 0 (mod 12).y3·��±A^½n 2.8.

é?¿� r, 1 ≤ r ≤ 3§·�k∣∣∣∣∣∣
∑
x∈Zp

Bj1
i1
· · ·Bjr

ir

∣∣∣∣∣∣ ≤ (r − 1)
√
p. (2.12)

�â�ª (2.10)-(2.12)§

|S| ≥ p−
3∑
r=1

(
3

r

)
11r(r − 1)

√
p = p− 3025

√
p. (2.13)

l� p > 9150625� |S| > 0.aq/§·��±é�÷v¤I^��Ù{��

xi, 2 ≤ i ≤ 11.
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Ún 2.11µ�½?��ê p ≡ 13 (mod 24).e 8221 ≤ p ≤ 9150625§K ZCPS-Wh-

frame(27p)�3.

y². éu?¿��ê p ≡ 13 (mod 24)� 8221 ≤ p ≤ 9150625§·�ÏLO�Å

§Sé�
©O÷v¤I^���� xi.�u�Ì·��3L 2.3¥�Ñ�A�ê

é (p, xi)§Ù¥ 8221 ≤ p ≤ 11317.

Ún 2.12µ�½�ê p ≡ 13 (mod 24).e 37 ≤ p < 8221§K ZCPS-Wh-frame(27p)

�3.

y². ÏLO�Å§S§·�éz��ê p ≡ 13 (mod 24)� 37 ≤ p < 8221é�


�A� ZCPS-Wh-frame(27p)��Ð©²1a.�u�Ì·�3L 2.4¥�é«m

37 ≤ p ≤ 349�ÑéA�¦f γ£�� γ 3ü + U(Z27p)¥�� (p− 1)/4¤Ú 27

�Ä«|.L¥�z��«| (a, b,−a,−b)�§�cü��� (a, b)¤L«.ÏLé

ù 27�«|¦±8Ü {γi | 0 ≤ i < (p− 1)/4}¥�¤k��§·�Ò��
��Ð

©²1a.

(ÜÚn 2.10–2.12§·���
�!�Ì�(J.

Ún 2.13µ�½?��ê p ≡ 13 (mod 24).e p ≥ 37§K ZCPS-Wh-frame(27p)�

3.

3Ún 2.3¥�½ h = 27.2(ÜÚn 2.13§·�ke¡�(J.

½n 2.11µ�½?��ê p ≡ 13 (mod 24).e p ≥ 37§K ZCPS-Wh(27p+ 1)�3.

2.6 |^�Ý
��E�{

3ù�!¥§·�|^�aAÏ�£Ì�¤�Ý
5�E ZCPS-Whs.�õ�

?n�{�ë�©z [23].

�½�� v �� Abel+ G§Ù$��\{.� A = [aij]� Gþ��� k × v

Ý
. eé?¿�½� r, s ∈ {1, 2, · · · , k}, r 6= s§G¥z���ÑTk 1gL¤

a = arj − asj§1 ≤ j ≤ v�/ª§K¡ A� Gþ��� (v, k; 1)-�Ý
£difference
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L 2.3 (p, xi): p ≡ 13 (mod 24), 8221 ≤ p ≤ 11317

p ω x1 x2 x3 x4 x5 x6 x7 x8 x9 x10
8221 2 3106 2612 2571 1649 1812 1371 250 3111 235 22
8269 2 2292 50 395 1750 1451 7174 297 5447 2881 1773
8293 2 1950 5978 1377 1304 7667 1275 836 3229 1082 6446
8317 6 447 354 423 434 6 2656 997 3698 638 1620
8389 6 113 2126 4992 429 1593 915 1092 3191 1580 2714
8461 6 578 114 1522 1026 1873 4694 1288 1817 200 2497
8581 6 726 301 2709 847 3184 356 4394 2306 116 1831
8629 6 274 6 515 3750 3240 229 1216 2295 2708 333
8677 2 123 1898 4381 2204 1977 187 5534 410 540 744
8821 2 5936 262 1057 2549 201 1585 1644 3201 2966 470
8893 5 3071 839 2505 3918 519 1479 80 700 271 1255
8941 6 2022 6176 925 5658 497 1314 1293 619 3240 2682
9013 5 2370 212 341 1731 2530 3589 26 1358 2620 478
9109 10 2190 1988 4062 1014 3097 88 1478 546 646 4635
9133 6 340 96 707 337 949 719 15 262 813 1613
9157 6 4050 3053 942 499 1624 2886 1316 3492 2983 3750
9181 2 1001 2097 265 1529 2385 658 467 493 1621 5132
9277 5 3554 17 1926 1660 2458 2442 1824 910 587 583
9349 2 224 3011 265 671 3176 73 170 6216 1238 350
9397 2 336 426 2592 4684 8980 645 1209 346 4116 118
9421 2 2571 58 897 105 457 1080 349 385 2547 3353
9613 2 2818 348 3283 850 2122 236 2897 1894 1488 4297
9661 2 3243 3283 6765 157 780 2636 250 2530 4688 1026
9733 2 1066 161 7945 3651 2205 3935 3942 417 1169 1218
9781 6 1604 667 640 897 705 1101 1090 689 814 1498
9829 10 2328 3252 376 1087 2573 909 1048 1248 742 3039
9901 2 2244 198 1042 1537 3445 3184 2103 2619 204 1894
9949 2 390 713 5032 87 3705 4281 1299 1475 1437 707
9973 11 99 106 2440 1809 1702 4687 4095 2223 1174 775
10069 2 47 1342 391 2933 3067 923 2548 1228 488 3987
10093 2 2105 1765 548 4789 63 1164 722 2154 3658 3270
10141 2 2244 1336 3177 2300 3608 3649 69 680 2361 827
10333 5 346 2722 636 772 2007 1351 9199 187 2173 3012
10357 2 5751 733 1778 1762 1672 1725 820 2112 74 1916
10429 7 2167 2169 1037 2754 1274 1582 133 1117 1792 1595
10453 5 306 302 1252 406 1078 408 131 5347 264 760
10477 2 4921 1542 1994 3840 387 1176 2843 1602 3082 1111
10501 2 988 725 1114 4056 120 786 421 138 1496 1953
10597 5 5888 228 170 1182 584 2542 80 1014 7196 4558
10789 2 5710 806 40 1070 323 153 436 2312 800 594
10837 2 1273 85 439 2734 9215 3716 1364 307 4951 14
10861 2 2393 1621 2131 92 527 3054 1848 878 701 2375
10909 2 5176 318 457 1686 1680 387 4221 927 1734 955
10957 5 563 349 1828 572 2332 1779 6840 2280 1656 5648
11149 10 1556 10 5154 1538 646 1363 3771 1965 281 159
11173 5 1668 2455 138 1694 1637 1263 4490 4062 279 4296
11197 2 295 6437 2609 1017 1971 1985 9088 298 3221 694
11317 2 689 198 1980 1125 4070 382 223 413 1966 1172
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L 2.4 �ê p ≡ 13 (mod 24)� 37 ≤ p ≤ 349�éA�Ä«|

p γ Ä«|
37 7 (10, 329); (15, 157); (25, 946); (54, 398); (3, 674); (22, 535);

(13, 522); (1, 751); (23, 348); (16, 65); (33, 780); (5, 844);
(12, 129); (31, 869); (6, 810); (48, 488); (2, 712); (50, 867);
(8, 104); (9, 727); (4, 276); (29, 805); (19, 504); (24, 331);
(18, 116); (71, 379); (88, 487).

61 73 (43, 1143); (46, 459); (48, 476); (9, 252); (59, 617); (1, 1408);
(29, 262); (3, 691); (5, 1453); (10, 768); (7, 1463); (6, 12);
(8, 1497); (2, 613); (19, 1615); (20, 950); (11, 1626); (27, 1591);
(28, 753); (31, 910); (24, 407); (35, 1598); (52, 1245); (26, 765);
(16, 779); (13, 340); (60, 177).

109 7 (75, 1719); (46, 2816); (16, 598); (19, 1878); (13, 2597); (1, 1573);
(3, 1916); (26, 1220); (10, 227); (4, 2430); (6, 122); (74, 826);
(2, 1380); (8, 514); (17, 348); (36, 2699); (23, 748); (5, 974);
(30, 890); (25, 138); (27, 2452); (24, 2817); (34, 186); (32, 473);
(48, 617); (51, 855); (52, 1001).

157 19 (77, 1222); (1, 430); (3, 517); (4, 620); (5, 996); (7, 4225);
(9, 342); (10, 1942); (12, 4216); (15, 651); (16, 4207); (25, 48);
(27, 71); (28, 60); (31, 72); (33, 66); (36, 85); (40, 80);
(41, 101); (43, 120); (54, 325); (56, 142); (62, 424); (67, 349);
(6, 730); (20, 908); (30, 710).

181 13 (75, 796); (1, 554); (3, 302); (4, 953); (6, 566); (7, 1369);
(5, 991); (10, 4868); (12, 977); (16, 297); (18, 1839); (20, 4849);
(21, 4847); (24, 51); (25, 47); (35, 89); (36, 74); (42, 84);
(54, 134); (56, 93); (59, 315); (62, 128); (73, 886); (9, 100);
(2, 143); (22, 534); (37, 551).

229 19 (77, 2048); (1, 862); (3, 1355); (4, 2735); (6, 407); (9, 18);
(10, 20); (12, 23); (14, 27); (15, 33); (17, 39); (24, 53);
(28, 56); (30, 66); (34, 68); (35, 82); (36, 85); (40, 54);
(47, 107); (51, 106); (59, 110); (60, 368); (70, 355); (71, 511);
(72, 484); (7, 757); (13, 3084).

277 10 (58, 6743); (3, 5); (29, 425); (9, 420); (7, 14); (26, 7426);
(21, 2420); (20, 1323); (55, 1073); (73, 2924); (18, 41); (12, 7454);
(6, 1694); (19, 806); (16, 3050); (118, 5136); (49, 418); (23, 1525);
(38, 276); (1, 1886); (24, 927); (52, 6102); (51, 957); (104, 1806);
(17, 2961); (106, 6711); (59, 1898).

349 19 (10, 2798); (3, 5); (4, 8); (72, 1270); (27, 1559); (9, 25);
(6, 555); (13, 23); (17, 30); (1, 1084); (20, 40); (91, 2283);
(60, 696); (54, 284); (28, 1087); (24, 2220); (16, 3997); (47, 167);
(7, 151); (18, 3079); (59, 89); (36, 1048); (39, 5981); (78, 547);
(50, 727); (26, 3913); (15, 3940).
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matrix¤§{P� (v, k; 1)-DM.AO/� G = Zv �§·�¡ Gþ��Ý
´Ì��

(cyclic)§{P� (v, k; 1)-CDM.e�Ý
�z�1T´ Zv��N��§K·�¡§

´��àg�£homogeneous¤(v, k; 1)-CDM.N´�yXJ�� (v, k; 1)-CDM�¹

���� 0�1§@o�e�1K�¤��àg� (v, k − 1; 1)-CDM§��½,.

e��àg� (v, 4; 1)-CDM A = [aij] �÷v5� a1j = −a3j, a2j = −a4j§

1 ≤ j ≤ v§K¡ A���é¡àg£symmetric homogeneous¤�Ì��Ý
§{

P� (v, 4; 1)-SHCDM.e¡·��Ñ (v, 4; 1)-SHCDM�3�¿©7�^�.

Ún 2.14µ(v, 4; 1)-SHCDM�3��=� gcd(v, 6) = 1.

y². Äk§·�b� gcd(v, 6) = 1.-

A =


1 2 ... i ... v − 1 0
2 4 ... 2i ... 2(v − 1) 0
−1 −2 ... −i ... −(v − 1) 0
−2 −4 ... −2i ... −2(v − 1) 0

 .
���y�� A´�� (v, 4; 1)-SHCDM.

�e5§·�b� A = [aij]§1 ≤ i ≤ 4§1 ≤ j ≤ v§´�� (v, 4; 1)-SHCDM.

�â½Â�� a1j = −a3j , a2j = −a4j , 1 ≤ j ≤ v,¿�

{a1j | 1 ≤ j ≤ v} = {a1j − a3j = 2 a1j | 1 ≤ j ≤ v} = Zv, (2.14)

{a2j | 1 ≤ j ≤ v} = {a1j − a2j | 1 ≤ j ≤ v} = {a1j + a2j | 1 ≤ j ≤ v} = Zv. (2.15)

l�ª (2.14)��

v∑
j=1

a1j ≡
v∑
j=1

2 a1j ≡
v−1∑
j=0

j ≡ (v − 1)v

2
(mod v).

Ïd

(v − 1)v

2
≡

v∑
j=1

a1j ≡
v∑
j=1

2 a1j −
v∑
j=1

a1j ≡ 0 (mod v).

�n�� v ≡ 1 (mod 2).(Ü�ª (2.14)Ú (2.15)§��

v∑
j=1

a2
1j ≡

v∑
j=1

a2
2j ≡

v∑
j=1

(a1j + a2j)
2 ≡

v∑
j=1

(a1j − a2j)
2 ≡ S (mod v),
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Ù¥ S =
∑v−1

i=0 i
2.u´

2S = 2S + 2S − 2S

≡ 2
v∑
j=1

a2
1j + 2

v∑
j=1

a2
2j −

(
v∑
j=1

(a1j + a2j)
2 +

v∑
j=1

(a1j − a2j)
2

)

≡ 2
v∑
j=1

a2
1j + 2

v∑
j=1

a2
2j − 2

(
v∑
j=1

a2
1j +

v∑
j=1

a2
2j

)
≡ 0 (mod v).

qÏ� v ≡ 1 (mod 2)§¤±

S =
v−1∑
i=0

i2 =
(v − 1)v(2v − 1)

6
≡ 0 (mod v),

l¥�±íÑ v ≡ 1, 5 (mod 6)§�n� gcd(v, 6) = 1.

e¡·�|^ (v, 4; 1)-SHCDM5�E ZCPS-Wh-frames.

Ún 2.15µeZCPS-Wh-frame(hn)Ú (v, 4; 1)-SHCDMÑ�3§KZCPS-Wh-frame((vh)n)

�3.

y². - A = (aij)��� (v, 4; 1)-SHCDM. é ZCPS-Wh-frame(hn)Ð©²1a¥

z��«| (a, b,−a,−b)§Ñ��«| (a + ga1j, b + ga2j,−a − ga1j,−b − ga2j)§

g = hn§1 ≤ j ≤ v§ùp���Ñ?1� vhn�$�.N´�y¤k�ù
«|�

¤
 ZCPS-Wh-frame((vh)n)���Ð©²1a.

Ó�/§·��±l�� ZCPS-Wh(v)�E�� (v, 4; 1)-SHCDM.

Ún 2.16µ�½?��K�ê v.e v ≡ 1 (mod 4)�ZCPS-Wh(v)�3§K (v, 4; 1)-

SHCDM�3.

y². � v = 4h+ 1§ZCPS-Wh(v)Ð©²1a¥«|� (ai, bi,−ai,−bi), 1 ≤ i ≤ h.

-

A =


a1 ... ah b1 ... bh −a1 ... −ah −b1 ... −bh 0
b1 ... bh −a1 ... −ah −b1 ... −bh a1 ... ah 0
−a1 ... −ah −b1 ... −bh a1 ... ah b1 ... bh 0
−b1 ... −bh a1 ... ah b1 ... bh −a1 ... −ah 0

 .
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N´�y AT´�� (v, 4; 1)-SHCDM.

�âÚn 2.2§Ún 2.15£� h = 1¤§Ún 2.16§·��±��y²e¡�¦

È�E.ù��E�k´d Anderson�< [6]¥JÑ.

½n 2.12µ� u, vÑ�� 4{ 1���ê.e ZCPS-Wh(u)Ú ZCPS-Wh(v)þ�3§

K ZCPS-Wh(uv)�3.

Ó�/§�âÚn 2.3ÚÚn 2.15§·�ke¡�(Ø"

½n 2.13µ�½��ê v ≡ 1 (mod 4)Ú q ≡ 3 (mod 4).e ZCPS-Wh(v)§ZCPS-

Wh(q + 1)Ú (q, 4; 1)-SHCDMÑ�3§K ZCPS-Wh(qv + 1)�3.

2.7 �ëê� ZCPS-Wh(v)��35(J

3ù�!¥§·��n
�ëê� ZCPS-Wh(v)��35(J.Äk§·��

Ñ�
#� ZCPS-Whs.

~ 2.2µ�3�� ZCPS-Wh(161)§ÙÐ©²1aXeµ

(46, 118, 115, 43); (90, 84, 71, 77); (27, 38, 134, 123); (52, 147, 109, 14);
(159, 151, 2, 10); (143, 79, 18, 82); (51, 73, 110, 88); (50, 3, 111, 158);
(108, 92, 53, 69); (97, 39, 64, 122); (56, 86, 105, 75); (54, 152, 107, 9);
(133, 85, 28, 76); (94, 138, 67, 23); (102, 66, 59, 95); (1, 25, 160, 136);
(49, 34, 112, 127); (37, 65, 124, 96); (62, 7, 99, 154); (61, 141, 100, 20);
(30, 98, 131, 63); (125, 31, 36, 130); (101, 87, 60, 74); (120, 21, 41, 140);
(47, 135, 114, 26); (17, 126, 144, 35); (139, 13, 22, 148); (145, 33, 16, 128);
(156, 45, 5, 116); (113, 155, 48, 6); (81, 157, 80, 4); (129, 42, 32, 119);
(70, 68, 91, 93); (8, 83, 153, 78); (121, 11, 40, 150); (89, 29, 72, 132);
(117, 12, 44, 149); (58, 57, 103, 104); (15, 19, 146, 142); (24, 55, 137, 106).

~ 2.3µ�3�� ZCPS-Wh(209)§ÙÐ©²1aXeµ
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(61, 68, 148, 141); (153, 129, 56, 80); (44, 26, 165, 183); (208, 127, 1, 82);
(119, 152, 90, 57); (71, 50, 138, 159); (59, 151, 150, 58); (185, 5, 24, 204);
(47, 27, 162, 182); (126, 72, 83, 137); (172, 75, 37, 134); (139, 93, 70, 116);
(15, 99, 194, 110); (16, 12, 193, 197); (198, 28, 11, 181); (147, 113, 62, 96);
(19, 3, 190, 206); (91, 144, 118, 65); (32, 34, 177, 175); (156, 171, 53, 38);
(78, 73, 131, 136); (145, 95, 64, 114); (160, 85, 49, 124); (140, 8, 69, 201);
(117, 35, 92, 174); (170, 200, 39, 9); (21, 81, 188, 128); (121, 166, 88, 43);
(173, 101, 36, 108); (187, 111, 22, 98); (48, 186, 161, 23); (106, 7, 103, 202);
(130, 122, 79, 87); (115, 52, 94, 157); (18, 104, 191, 105); (66, 207, 143, 2);
(40, 84, 169, 125); (133, 29, 76, 180); (189, 192, 20, 17); (112, 4, 97, 205);
(203, 109, 6, 100); (135, 86, 74, 123); (45, 55, 164, 154); (60, 51, 149, 158);
(168, 195, 41, 14); (184, 178, 25, 31); (196, 155, 13, 54); (176, 163, 33, 46);
(132, 63, 77, 146); (10, 42, 199, 167); (30, 89, 179, 120); (67, 102, 142, 107).

~ 2.4µ�3�� ZCPS-Wh(217)§ÙÐ©²1a�±ÏLé±e�z�«|¥z�

��¦± 1, 25, 191 (mod 217)Ðm��µ

(20, 191, 197, 26); (10, 74, 207, 143); (5, 82, 212, 135); (14, 64, 203, 153);
(16, 116, 201, 101); (11, 118, 206, 99); (4, 28, 213, 189); (2, 171, 215, 46);
(12, 45, 205, 172); (21, 180, 196, 37); (6, 32, 211, 185); (7, 102, 210, 115);
(19, 108, 198, 109); (3, 59, 214, 158); (8, 27, 209, 190); (23, 89, 194, 128);
(31, 107, 186, 110); (47, 56, 170, 161).

~ 2.5µ�3�� ZCPS-Wh(253)§ÙÐ©²1aXeµ

(133, 197, 120, 56); (55, 148, 198, 105); (51, 122, 202, 131); (14, 48, 239, 205);
(153, 92, 100, 161); (91, 187, 162, 66); (242, 177, 11, 76); (213, 19, 40, 234);
(140, 167, 113, 86); (3, 241, 250, 12); (118, 1, 135, 252); (246, 208, 7, 45);
(20, 245, 233, 8); (176, 71, 77, 182); (28, 27, 225, 226); (227, 178, 26, 75);
(125, 46, 128, 207); (41, 110, 212, 143); (204, 174, 49, 79); (16, 106, 237, 147);
(107, 190, 146, 63); (83, 32, 170, 221); (194, 90, 59, 163); (62, 4, 191, 249);
(98, 85, 155, 168); (29, 6, 224, 247); (180, 25, 73, 228); (240, 152, 13, 101);
(65, 67, 188, 186); (119, 129, 134, 124); (33, 53, 220, 200); (181, 145, 72, 108);
(195, 103, 58, 150); (102, 165, 151, 88); (149, 171, 104, 82); (164, 57, 89, 196);
(130, 141, 123, 112); (64, 111, 189, 142); (132, 37, 121, 216); (206, 209, 47, 44);
(68, 31, 185, 222); (17, 127, 236, 126); (175, 35, 78, 218); (5, 24, 248, 229);
(93, 52, 160, 201); (22, 215, 231, 38); (54, 87, 199, 166); (251, 70, 2, 183);
(116, 10, 137, 243); (23, 223, 230, 30); (184, 109, 69, 144); (158, 21, 95, 232);
(219, 60, 34, 193); (159, 9, 94, 244); (203, 179, 50, 74); (211, 81, 42, 172);
(136, 36, 117, 217); (157, 214, 96, 39); (115, 18, 138, 235); (154, 210, 99, 43);
(169, 80, 84, 173); (15, 61, 238, 192); (97, 114, 156, 139).

2.7.1 v ≡ 1 (mod 4)� v ≤ 300

�â½n 2.3��� v ≡ 9 (mod 12)�Ø�3 ZCPS-Wh(v).¤±·��I�Ä

v ≡ 1, 5 (mod 12).þ�!¥'u¦È�E�½n 2.12ò´·��Ì�y²óä.

Ún 2.17µ�½����ê v.� v ≡ 1 (mod 4)� v ≤ 300.K
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L 2.5 ZCPS-Wh(v): v ≡ 1 (mod 4)� v ≤ 300

5 prime 13 prime 17 prime
25 5× 5 29 prime 37 prime
41 prime 49 72 53 prime
61 prime 65 5×13 73 prime
77 ~1.4 [3] 85 5×17 89 prime
97 prime 101 prime 109 prime
113 prime 121 112 125 5× 5× 5
133 ~1.6 [3] 137 prime 145 5× 29
149 prime 157 prime 161 ~ 2.2
169 13× 13 173 prime 181 prime
185 5× 37 193 prime 197 prime
205 5× 41 209 ~ 2.3 217 ~ 2.4
221 13× 17 229 prime 233 prime
241 prime 245 5× 72 253 ~ 2.5
257 prime 265 5× 53 269 prime
277 prime 281 prime 289 17× 17
293 prime

(i) e v ≡ 9 (mod 12)§K ZCPS-Wh(v)Ø�3.

(ii) e v ≡ 1, 5 (mod 12)§K ZCPS-Wh(v)Ñ�3.

y². Finizio [37]é 5 ≤ v ≤ 41 �E
�A� ZCPS-Wh(v). � v ��ê�§·�

�±ÏL ½n 2.1 �E�A� ZCPS-Wh-(v). é v = q2§Ù¥ q ≡ 3 (mod 4) �

7 ≤ q ≤ 11§�A� ZCPS-Wh(v)®²d Leonard�< [56,57]�EÑ5.e v�±L«

¤ v = a1 × a2 × · · · × as§Ù¥ ai ≡ 1 (mod 4)§¿� ZCPS-Wh(ai)þ�3§K�

â½n 2.12�� ZCPS-Wh(v)�3.�[�&E�ë�L 2.5.

2.7.2 v ≡ 0 (mod 4)� v ≤ 300

~ 2.6µ�3�� ZCPS-Wh(176)§ÙÐ©²1aXeµ
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(∞, 35, 0, 140); (3, 174, 172, 1); (38, 166, 137, 9); (11, 152, 164, 23);
(10, 121, 165, 54); (25, 28, 150, 147); (40, 41, 135, 134); (151, 6, 24, 169);
(22, 93, 153, 82); (48, 154, 127, 21); (143, 75, 32, 100); (15, 120, 160, 55);
(13, 149, 162, 26); (159, 126, 16, 49); (12, 115, 163, 60); (141, 109, 34, 66);
(52, 74, 123, 101); (170, 129, 5, 46); (44, 86, 131, 89); (161, 106, 14, 69);
(145, 37, 30, 138); (50, 67, 125, 108); (80, 7, 95, 168); (103, 51, 72, 124);
(90, 8, 85, 167); (68, 91, 107, 84); (29, 57, 146, 118); (61, 122, 114, 53);
(128, 104, 47, 71); (62, 87, 113, 88); (173, 17, 2, 158); (139, 133, 36, 42);
(102, 111, 73, 64); (18, 98, 157, 77); (94, 144, 81, 31); (19, 65, 156, 110);
(76, 155, 99, 20); (142, 132, 33, 43); (92, 78, 83, 97); (79, 116, 96, 59);
(70, 39, 105, 136); (4, 58, 171, 117); (45, 56, 130, 119); (148, 112, 27, 63).

Ún 2.18µé v ∈ A = {4, 28, 40, 76, 112, 148, 184, 220, 292}§ZCPS-Wh(v)þ�3.

y². é v ∈ {4, 28, 40, 76, 112, 148}§�ë�©z [3,38,75].é v ∈ {184, 220, 292}§·

�3Ún 2.3¥- h = 3, n = 61, 73, 97.éA� ZCPS-Wh-frames��35ë�Ún

2.9.

Ún 2.19µ�½����ê v. e v ÷v v ≡ 4 (mod 12)§v ≤ 300§v /∈ A ∪

{244, 256}§K ZCPS-Wh(v)Ø�3.

y². é v = 136§Ï� v−1 = 135 = 33×5§¤±�â½n 2.6��ZCPS-Wh(136)

Ø�3.éu�e��§�±A^íØ 2.1?1y².

Ún 2.20µ�½����ê v. e v ÷v v ≡ 0, 8 (mod 12)§v ≤ 300§v /∈

{176, 276}§K ZCPS-Wh(v)Ø�3.

y². �â½n 2.4N´�y.

��·�o(�e�!¥���(Jµ

Ún 2.21µ� v ≡ 0 (mod 4)§v ≤ 300� v /∈ {244, 256, 276}.K

(i) e v ∈ A ∪ {176}§K ZCPS-Wh(v)�3§

(ii) e v /∈ A ∪ {176}§K ZCPS-Wh(v)Ø�3.

2.7.3 ZCPS-Wh-frame(3q2)

~ 2.7µ�3�� ZCPS-Wh-frame(352
)§ÙÐ©²1a�µ
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(2, 40, 73, 35); (6, 51, 69, 24); (7, 28, 68, 47); (12, 48, 63, 27);
(20, 32, 55, 43); (15, 49, 60, 26); (1, 3, 74, 72); (5, 64, 70, 11);
(21, 53, 54, 22); (8, 57, 67, 18); (19, 36, 56, 39); (4, 66, 71, 9);
(13, 59, 62, 16); (14, 33, 61, 42); (10, 34, 65, 41); (17, 31, 58, 44);
(23, 30, 52, 45); (29, 37, 46, 38).

~ 2.8µ�3�� ZCPS-Wh-frame(372
)§ÙÐ©²1a�µ

(2, 127, 145, 20); (3, 121, 144, 26); (6, 99, 141, 48); (7, 27, 140, 120);
(11, 73, 136, 74); (12, 13, 135, 134); (16, 146, 131, 1); (17, 22, 130, 125);
(24, 50, 123, 97); (25, 62, 122, 85); (28, 110, 119, 37); (4, 36, 143, 111);
(5, 40, 142, 107); (18, 113, 129, 34); (29, 90, 118, 57); (31, 58, 116, 89);
(35, 68, 112, 79); (8, 108, 139, 39); (10, 60, 137, 87); (14, 69, 133, 78);
(15, 61, 132, 86); (30, 38, 117, 109); (41, 47, 106, 100); (45, 126, 102, 21);
(9, 66, 138, 81); (19, 72, 128, 75); (23, 44, 124, 103); (32, 46, 115, 101);
(33, 71, 114, 76); (42, 54, 105, 93); (43, 56, 104, 91); (51, 55, 96, 92);
(52, 59, 95, 88); (53, 64, 94, 83); (63, 65, 84, 82); (67, 70, 80, 77).

·K 2.1µ�½?��ê q. e q ≡ 11 (mod 12) � 11 ≤ q ≤ 359§K ZCPS-Wh-

frame(3q2)�3.

y². ØJwÑ Z3q2 Ó�u Zq2 × Z3.·���EòÄu+ Zq2 × Z3.�½ Zq2 ��

���� ω.P C2q
0 �ü + U(Zq2)�¦{f+

{ωi2q : 0 ≤ i < (q − 1)/2},

C2q
j � C2q

0 3ü + U(Zq2)¥�8§=

C2q
j = ωj · C2q

0 .

,	 C2q
0 3 Zq2 ¥�kü��8:

q · C2q
0 Ú (−q) · C2q

0 .

·�òr§�©OP� C(∞)Ú C(−∞).ØJ�y C2q
0 3 Zq2 ¥�k 2(q + 1)��

8µ

C2q
j (0 ≤ j ≤ 2q − 1), C(∞), C(−∞).

�
�E ZCPS-Wh-frame(3q2)�Ð©²1a§·�òÏé÷veã^��d

3(q + 1)/2�«|�¤�8Ü B:

(i) q+1
6
�«| {(ai, 0), (bi, 0)}, 1 ≤ i ≤ q+1

6
;
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(ii) 2(q+1)
3
�«| {(ai, 0), (bi, 1)}, q+1

6
+ 1 ≤ i ≤ 5(q+1)

6
;

(iii) 2(q+1)
3
�«| {(ai, 1), (bi, 1)}, 5(q+1)

6
+ 1 ≤ i ≤ 3(q+1)

2
.

�c¡��§ùpz�«|d§�cü���L«.?�Ú§ee¡�?�8

Ü

(i) {±ai | 1 ≤ i ≤ 5(q+1)
6
} ∪ {±bi | 1 ≤ i ≤ q+1

6
},

(ii) {ai | 5(q+1)
6

+ 1 ≤ i ≤ 3(q+1)
2
} ∪ {bi | (q+1)

6
+ 1 ≤ i ≤ 3(q+1)

2
},

(iii) {±(ai ± bi) | 1 ≤ i ≤ q+1
6
} ∪ {±(ai − bi) | 5(q+1)

6
+ 1 ≤ i ≤ 3(q+1)

2
},

(iv) {ai + bi, bi − ai | q+1
6

+ 1 ≤ i ≤ 5(q+1)
6
} ∪ {−(ai + bi) | 5(q+1)

6
+ 1 ≤ i ≤ 3(q+1)

2
},

Ñ�¤ C2q
0 3 Zq2 ¥����LX§K«|8Ü

F = {B · (s, 1)|s ∈ C2q
0 }

Ò´ ZCPS-Wh-frame(3q2)���Ð©²1a.ÏLO�Å|¢§·�®²éz��

ê q ≡ 11 (mod 12)� 11 ≤ q ≤ 359é�
�A�Ð©²1a.�u�Ì§·��

3L 2.6¥�Ñ q = 11, 23, 47�ê�.

2.8 o(

Frames3�©)�O��E¥åX���^ [39,60,86].3�Ù¥§·�Ú\


ZCPS-Wh frames�Vg§¿�|^§Ú�
�c�Nõ'u ZCPS-Wh��E.·

��|^§�E
Nõ#ëê� ZCPS-Whs§dd��/í?
ù�¡��35(

J.·��& frame�E�{ò¬UY3 ZCPS-Whs��E¥u����^.
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L 2.6 ZCPS-Wh-frame(3q2): q = 11, 23, 47

q ω Ä«|
11 2 (17,1),(55,1); (57,0),(61,1); (76,0),(64,1); (46,0),(106,1);

(104,1),(15,1); (3,1),(22,1); (7,0),(37,1); (95,1),(47,1);
(55,0),(49,1); (54,1),(90,1); (35,1),(100,1); (80,1),(36,1);
(62,0),(83,1); (37,0),(85,1); (81,0),(82,0); (48,0),(29,1);
(54,0),(26,0); (16,1),(40,1).

23 118 (461,0),(331,1); (471,0),(259,1); (133,1),(520,1); (196,0),(137,0);
(282,0),(141,1); (43,1),(129,1); (170,0),(340,0); (413,1),(332,1);
(270,1),(155,1); (370,1),(61,1); (48,0),(24,1); (91,0),(62,1);
(163,1),(212,1); (460,0),(8,1); (511,1),(199,1); (387,0),(58,1);
(505,0),(6,1); (13,0),(2,1); (171,0),(179,0); (166,0),(121,0);
(505,1),(276,1); (47,1),(127,1); (140,1),(70,1); (433,0),(37,1);
(119,1),(387,1); (204,0),(419,1); (365,0),(466,1); (489,0),(14,1);
(440,1),(136,1); (449,0),(48,1); (74,0),(263,1); (437,1),(514,1);
(324,1),(7,1); (452,1),(169,1); (202,0),(109,1); (11,1),(527,1).

47 53 (1482,1),(1218,1); (132,1),(1110,1); (732,0),(534,0); (1855,1),(2148,1);
(2069,0),(1438,1); (1080,1),(1426,1); (1068,0),(1382,1); (786,0),(2122,1);
(1317,1),(1176,1); (1783,0),(1410,1); (1192,0),(2106,1); (258,1),(1738,1);
(1279,1),(1602,1); (161,0),(1842,1); (638,1),(841,1); (1030,0),(265,0);
(1310,1),(1198,1); (1957,0),(1726,1); (1867,1),(1,1); (994,0),(497,0);
(1854,1),(583,1); (1046,1),(1293,1); (84,0),(1584,1); (1616,0),(1561,1);
(1922,1),(1941,1); (1601,0),(791,1); (925,0),(351,0); (1394,1),(29,1);
(1024,0),(1972,1); (1840,1),(1334,1); (958,0),(479,0); (878,0),(2072,0);
(1724,0),(2202,1); (1957,1),(263,1); (1096,0),(571,1); (1328,1),(440,1);
(1173,0),(2018,0); (1565,1),(141,1); (1072,0),(16,1); (2036,0),(1112,1);
(1097,0),(1499,0); (1784,0),(697,1); (481,1),(1008,1); (1537,0),(2098,1);
(1442,0),(1067,1); (1506,1),(849,1); (1625,1),(2197,1); (1612,0),(453,1);
(891,1),(347,1); (1581,1),(297,1); (733,1),(348,1); (1559,0),(411,1);
(1254,0),(398,1); (1354,0),(2169,1); (796,0),(229,1); (865,1),(1891,1);
(1549,0),(650,1); (1158,1),(977,1); (1492,0),(1155,1); (1815,1),(2123,1);
(1797,1),(655,1); (1412,0),(368,1); (1122,0),(1106,1); (1280,1),(166,1);
(2074,0),(925,1); (1716,1),(758,1); (1716,0),(305,1); (1880,0),(371,1);
(1313,0),(762,1); (1779,0),(1892,1); (1484,1),(2163,1); (2,1),(25,1).
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3 äk�êA����8

3.1 Úó

�½�� v �k� Abel+ G§Ù$��¦{§ü �� 1G§� exp(G) = m.

� D� G��� k�f8.�½����ê λ.eé?¿� g ∈ G, g 6= 1G§ÑTk

λ�d D¥��|¤�Sé (d1, d2)¦� g = d1d
−1
2 §K¡ D� Gþ� (v, k, λ)-�

8£difference set¤.·�¡ n = k − λ��8 D��.éu+ G���f8 A§P

A(−1) = {g−1 | g ∈ A}.PÒ AÓ���L+� Z[G]¥���
∑

g∈A g.N´�y D

´+ Gþ��� (v, k, λ)-�8��=�±e�+��ª¤áµ

DD(−1) = n+ λG.

+�A�nØ´Ø+��	ïÄ�8�q��óä.�½��k� Abel+

G§- ĜL«§�A�+§χ0L«²�A�.3ù�!¥§·�ò²~A^e¡�

Fourier�üúª.

Ún 3.1µ� G� v�k� Abel+.e A =
∑

g∈G agg ∈ Z[G].Ké?¿ h ∈ G§

ah =
1

v

∑
χ∈Ĝ

χ(A)χ(h−1),

Ù¥ χ(A) =
∑

g∈A agχ(g).

d Fourier�üúªØJwÑµ� AÚ B´+� Z[G]¥ü���.K A = B�

�=�é?�+ G�A� χþk χ(A) = χ(B).e¡·�|^A��Ñ�8���

�d�x.

·K 3.1µ�½�� v �k� Abel+ GÚA� χ ∈ Ĝ.- k Ú λ���ê�÷v

k(k − 1) = λ(v − 1).K G¥� k-f8 D´�� (v, k, λ)�8��=�

χ(D)χ(D) =

{
n, e χ 6= χ0,
k2, e χ = χ0.
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k'�8��õ�£§Öö�±ë� Beth�<�;Í [12,78].

¤k®���8�±�y©¤±e�naµSingerëê��8!©��8Ú

÷v gcd(v, n) > 1��8.Ù¥÷v gcd(v, n) > 1��8q�±�y©¤±e�Ê

aµHadamard�8!McFarland�8!Spence�8!DavisÚ Jedwab [24] �E��

a� Spence�8�q��8!Chen [22] �E�í2� Hadamard�8.�½���

8 D.eéz�� G��²�A� χþ¤á
√
n |χ(D)§K¡�8 Däk character

divisibility5�.5¿�8c¤k®��÷v gcd(v, n) > 1��8Ñäkù«5�.

u´ JungnickelÚ Schmidt3¦��nã©Ù [54]¥JÑ
e¡�¯Kµ

¯Kµ�E÷v gcd(v, n) > 1�Øäk character divisibility5���8.

3ù�Ù¥§·�ò}Á�)ûù�¯K.éu���8 D§P D�¤k�²

��A���8Ü�

X = X(D) = {χ(D) | χ ∈ Ĝ, χ 6= χ0}.

·�òÌ��Ä÷v |X| = 3��8¿ddí�Ñ�X��7�^�.ÏLO�Å

|¢§·�é�
�
÷v¤kù
7�^���Uëê.,	·��é�
�


A�÷v¤k7�^��ëê.ù
ëê3�½§Ý
L²´k�U�3÷v

gcd(v, n) > 1�Øäk character divisibility5���8.

3ãØ+�¥�k�
��!aq�ïÄ(J. BridgesÚMena [15–17] �	
�

aäk 3�A���ãµmultiplicative design. Ma [66] KïÄ
��+¥äk�êA

�A��� polynomial addition8.¤kù
ó�Ñ´äk�êA�A���ã [19]

�AÏ�/.

ù�Ù�(�SüXeµ31 3.2!¥§·�í�Ñ�
'uäk 3��²

�A���8�3�7�^�.,��âÚn 3.2§·�ò©¤n«�/©O31

3.3-3.5!¥?1?Ø.��·�31 3.6!¥?n�	�n«AÏ�/.

3.2 7�^�

3�!¥·�o´b½µ�+ G�A� χH{¤k��²�A��§χ(D)o

���n��²��A�� a!bÚ c.
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Äk·�5½�
PÒ. P Z∗m � Zm �¦{ü +. é?¿ t ∈ Z∗m§ÏL

σt(ξm) = ξtm 5½Â Galois+ Gal(Q(ξm)/Q)¥��� σt§¿� Gal(Q(ξm)/Q)¥z

���Ñ�±L«¤ù«/ª.é?¿� χ ∈ ĜÚ x ∈ G§½Â χt(x) = σt(χ(x))¶

ØJwÑ§�´+G���A�.éuA�+ Ĝ�f8U§½ÂU (t) = {χt |χ ∈ U}.

éz� z ∈ {a, b, c}§5½

Uz = {χ ∈ Ĝ \{χ0} |χ(D) = z}.

K8Ü Ua!Ub Ú Uc �¤
 G¥¤k�²�A����y©.éu G�?�A�

χ§N´wÑ χ−1�´ G���A�§¿� χ−1(D) = σ−1(χ(D)).Ïd

{σ−1(a), σ−1(b), σ−1(c)} = {a, b, c}.

u´ σ−1 ���½8Ü {a, b, c} ¥����. Ø�� c = σ−1(c)§= c �¢ê. K

b = σ−1(a) = ā§U
(−1)
a = Ub.

- χ ´8Ü Uc ¥��A�§= χ(D) = c. (Ü χ(D)χ(D) = n§·�k

c = ±
√
n. Ø�� c =

√
n¶XeØ,§K^ G \ D �O D. w, a� āþØ�u

±
√
n.Ï� Gal(Q(ξm)/Q)���§¤±é?¿ t ∈ Z∗m§

σ−1(χt(D)) = σtσ−1(χ(D)) = χt(D).

dd��é?� t ∈ Z∗m Ñk σt(
√
n) = χt(D) =

√
n.l

√
n´���ê�é?¿

t ∈ Z∗m¤á U
(t)
c = Uc.

aq/§N´�yf+ T := {t ∈ Z∗m|σt(a) = a}3+ Z∗m¥��ê£index¤�

u 2§¿�é?¿� t ∈ T ¤á U
(t)
a = Ua§U

(t)
b = Ub.dd��é?¿� χ ∈ ĜÚ

t ∈ T§Ñk χ(D) = χt(D) = χ(D(t))¤á.�â�üúª§��D� T ¤�½§=

é?¿� t ∈ T þ¤á D(t) = D.,	d GaloisnØ�Ä�½n�� Q(a)´ Q(ξm)

��gf�.¤±�3,�Ã²�Ïf��ê d¦� Q(a) = Q(
√
d).e¡·��Ñ

�
'u�g�Ú©���(J.Öö�±ë� Ireland�<��á [53].

� Z[1, β]´ Q(
√
d)��ê�ê�§Ù¥

β =

{ √
d, e d ≡ 2, 3 (mod 4),

(−1 +
√
d)/2, e d ≡ 1 (mod 4).
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�êê� Q(
√
d)��Oª£discriminant¤�

∆d =

{
4d, e d ≡ 2, 3 (mod 4),
d, e d ≡ 1 (mod 4).

�êê� Q(ξm)��Oª�u

(−1)φ(m)/2 mφ(m)∏
p|m p

φ(m)/(p−1)
.

§�mäk�Ó��Ïf¶Ø
�m ≡ 2 (mod 4)�§�mäk�Ó�Û��Ï

f.·����ê p3���êê�¥©���=� p�Øù�ê���Oª.¤±

∆d�z���Ïf�Ñ´m�Ïf.ddíÑ d|mÚ� 4|m� ∆d�óê.

�½�Ø m����ê p.P G� Sylow p-f+� Gp.� G = Gp ×W§Ù¥

W ´���� w�f+� w� pp�.q� |Gp| = ps.e¡·��Ñ��'u�g

� Q(a)��Oª���(J.

Ún 3.2µ�g� Q(a)��Oª ∆d ��Uk���Ïf.e¡´§¤k�U��

��¹µ

∆d =

 −p, e d = −p, Ù¥ p��ê� p ≡ 3 (mod 4),
−8, e d = −2,
−4, e d = −1.

y². �½ ∆d �?��Ïf p§�� ps||v.éu?�3 Gp þ��^´²��+ G

�A� χ§A�� χ(D)áuê� Q(ξord(χ)).ê� Q(ξord(χ))��Oª� pp�.Ï

d χ(D) =
√
n.|^�üúª§�� D3 Ḡ = G/Gp¥Ó�e���

D̄ =
√
n+

k −
√
n

w
Ḡ, (3.1)

Ù¥ w = v/ps.u´

w|(k −
√
n),

�du` v|ps(k −
√
n). e q � ∆d �,��Ïf§K v|qr(k −

√
n)� qr||v. �â

gcd(ps, qr) = 1�±íÑ v|(k−
√
n)§ù�Ø�U�.¤±∆d�k���Ïf.u

´∆d = ±p§Ù¥ p���Û�ê§½ö∆d = ±2rÙ¥ r��u�u 2��ê.¤

±·�k

(i) d = p∗ = (−1
p

)p§½
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(ii) d ∈ {−1,−2, 2}.

3�/ (i)¥§�â σ−1(
√
p∗) = (−1

p
)
√
p∗ = −

√
p∗ �� p ≡ 3 (mod 4).3�/ (ii)

¥§�â
√

2 = ξ8 + ξ7
8 � σ−1 �½�� d = 2Ø�UÑy.ù�·�Òy²
��

(Ø.

5µ� p = 2�§·��±U?þãÚny²¥�(Ø v|2s(k −
√
n).- N ���

�� 2s−t �f+¿�¦� Ḡ = G/N � Sylow 2-f+´Ð����.- rk2(G)�L

¤k�U� t¥����ê.KÏLaq�í�·��±�� D̄ =
√
n+ k−

√
n

v/2s−rk2(G) Ḡ.

u´ v|(2s−rk2(G)(k −
√
n)).

� a´��XJê�§·�ke¡�(J.

Ún 3.3µe a+ ā = 0§K d = −1.

y². �â a + ā = 0 Ú aā = n �� a = ±i
√
n. l Q(a) = Q(

√
−1)§¤±

d = −1.

�
�B§·�Ú\±e�A�ÎÒµ∆ = 2
√
n − a − ā§Ω = (v(

√
n −

a))/((a− ā)∆)Ú R = (k−
√
n)/∆.PD =

∑
g∈G dggÚD(−1) =

∑
g∈G d

′
gg§Ù¥z

�Xê dg, d
′
g þ� 0½ 1.�â�üúª§é?¿� g ∈ G·�k

vdg = ag−1(Ua) + āg−1(Ub) +
√
ng−1(Uc) + k;

vd′g = āg−1(Ua) + ag−1(Ub) +
√
ng−1(Uc) + k;

vδg = g−1(Ua) + g−1(Ub) + g−1(Uc) + 1,

Ù¥ g−1(Uz) =
∑

χ∈Uz
χ(g−1)(z = a, b, c)¶δg = 1e g = 1G§ÄK�u 0.u´·�

kµ

g−1(Ua) =
(vdg − k + ā)(

√
n− a)− (vd′g − k + a)(

√
n− ā)−

√
nāvδg +

√
navδg

(a− ā)∆
;

g−1(Ub) = g−1(Ua);

g−1(Uc) =
v(dg + d′g)− (a+ ā)(vδg − 1)− 2k

∆
.
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L 3.1 A�L

dg d′g g−1(Ua) g−1(Ub) g−1(Uc)

1 1 − v
∆

+R − v
∆

+R 2v
∆
− 1− 2R

1 0 Ω +R Ω̄ +R v
∆
− 1− 2R

0 1 Ω̄ +R Ω +R v
∆
− 1− 2R

0 0 R R −1− 2R

AO/§� g = 1G�þã�ª�Ñµ

|Ua| = |Ub| =
v(
√
n− d1)

∆
+R,

|Uc| =
v(2d1 − a− ā)

∆
− 1− 2R.

� g 6= 1G§·��â dg Ú d′g ����¹3L 3.1òÙ©�o«�/.

N´�y |D ∩D(−1)|Ò´ D2¥ 1G�Xê.�â�üúª§��

v|D ∩D(−1)| = |Ua|(a2 + ā2) + |Uc|n+ k2.

ddíÑ

|D ∩D(−1)| =
|Ua|(a2 + ā2) + |Uc|n+ k2

v

=
1

v

[
|Ua|(−2n+ a2 + ā2) + (2|Ua|+ |Uc|)n+ k2

]
=

1

v

[
−(v(

√
n− d1) + k −

√
n)(2
√
n+ a+ ā) + (v − 1)n+ k2

]
= k − (

√
n− d1 +

k −
√
n

v
)(2
√
n+ a+ ā) < k

�e5§·�½Â±e� 4�8ÜµE1 = D∩D(−1)\{1G}, E2 = D\D(−1), E3 =

D(−1) \DÚ E4 = G \ (D∪D(−1) ∪{1G}).N´wÑù 4�8Ü�¤
G \ {1G}��

�y©.N´y²8Ü E2Ú E3þ��8µXeØ,§dD = D(−1) = D∩D(−1)í

Ñ χ(D) = χ(D(−1)) = χ(D)§ùé χ ∈ UaØ¤á.aq/§·�k8Ü E1Ú E4

¥����´���µXeØ,§K D +D(−1) = G− 1 + 2d1§l� χH{¤k

��²�A��� χ(D)���ü��²��A��nþ¤ã§8Ü Ei, 1 ≤ i ≤ 4

¥��kn�´���.
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��5¿�´µ� E1 ´�8 E4 ����ÿ§·�3 Ĝ þU���� 3

a�(Ü�Y.� Ĝ��N�Ýa� {C0, C1, . . . , Cd}§Ù¥ C0 = {χ0}.·�½Â

(x, y) ∈ Ri��=� yx−1 ∈ Ci.·�®²��X = (Ĝ, {Ri}0≤i≤d)�¤
�� d-a

�(Ü�Y [10]. P Ci =
∑

x∈Ci
x§0 ≤ i ≤ d. K {C0, C1, . . . , Cd} �¤�� Schur

� [67].�â Bannai-Muzychuk�O{K [9,76] ÚL 3.1¥�&E§·��±Xe�a

ê� 3�X � fusion�Y.ùp·��Ñ§�1�A�
µ

P =



χ0 Ua Ub Uc

1 1 v(n−d1)
∆

+R v(n−d1)
∆

+R v(2d1−a−ā)
∆

− 1− 2R

E2 1 Ω +R Ω̄ +R v
∆
− 1− 2R

E3 1 Ω̄ +R Ω +R v
∆
− 1− 2R

E4 1 R R −1− 2R


,

Ù¥

detP =
v3

(a− ā)∆
.

�e5§·�ò�âþ¡�?Øí�Ñ�
7�^�.·�P p� ∆d ���

�Ïf.qP
√
n = pxu§Ù¥ x�,��K�ê�÷v gcd(p, u) = 1§= px||

√
n.

(1) ∆|v, ∆|(k −
√
n), (a− ā)∆|v(

√
n− a), (a− ā)|v.

�âL 3.1¥�êÑ´�ê�ê!E2Ú E3Ñ��8Ú E1!E4¥����Ø

´�8§·�N´�yþ¡�(Ø.l Ω − Ω̄ = v/(a− ā)N´íÑ����

(Ø.

(2) v |(k −
√
n)(2
√
n+ a+ ā).

ù´Ï� |D ∩D(−1)|´���ê.
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(3) w|(k −
√
n),
√
n+ k−

√
n

w
≤ ps.

ù�(Ø�±lÚn 3.2�y²L§¥��íÑ.e p = 2§¯¢þ·��±

?�Ú�� v|2s−rk2(G)(k −
√
n)Ú

√
n+ k−

√
n

2rk2(G)w
≤ 2s−rk2(G).

(4) p |(2
√
n+ a+ ā).

XeØ,§l (2)¥·�íÑ ps|(k −
√
n).qÏ� w|(k −

√
n)§¤±·�k

v|(k −
√
n)§ù´Ø�U�.

(5) 1 ≤ 2d1 − a− ā.

ù´Ï� g−1(Uc)´��Ø�u |Uc|��ê.

e¡·��Ñü�k' |G|Ù§�Ïf5��(Ø.

·K 3.2µe q� v���Ø�u p��Ïf§K q|(a− ā).

y². � q - (a− ā).K q - (
√
n− a)µXeØ,§K q | (

√
n− ā)§üö���Ñ

q | (a− ā)§ù´Ø�U�.-

Ḡ = Gp × 〈α : αq = 1〉

� G���û+§¿�½Â D̄� D3 Ḡ¥��.

� d = −p Ù¥ p ���Û�ê�§·�k σt(
√
d) = σt(

√
p∗) = ( t

p
)
√
p∗. Ï

d T = {t ∈ Z∗m|( tp) = 1}. � d = −1 �§·�k p = 2 Ú 4|m. �â
√
−1 = ξ4

�� T = {t ∈ Z∗m|t ≡ 1 (mod 4)}. � d = −2 �§·�k p = 2 Ú 8|m. �â
√
−2 = ξ8 + ξ3

8 �� T = {t ∈ Z∗m|t ≡ 1, 3 (mod 8)}.u´ØØ d = −p!−1½ −2§

·�þ�±ÏL¥I�{½né?¿� i, 1 ≤ i ≤ q − 1é����ê t ∈ T ÷v

t ≡ 1 (mod ps)Ú t ≡ i (mod q).

du D� T ¤�½§·�k

D̄ = D0 +D1(〈α〉 − 1)
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Ù¥ D0, D1 ∈ Z[Gp].ò+ 〈α : αq = 1〉{P� Gq§¿� χ1 × χ2� Gp ×Gq ���

A�.e χ23 Gq þ´²��§K

χ1(D0) + (q − 1)χ1(D1) = c1, (3.2)

��§

χ1(D0)− χ1(D1) = c2. (3.3)

e χ1 3 Gp þ´�²��§K c1, c2 ∈ {a, ā,
√
n}¶�� c1 = k, c2 =

√
n. � χ1

´�²��A��§ÏLéc¡ü��ª��§·�k qχ1(D1) = c1 − c2. 2

�âb�^�§·�k c1 = c2 Ú χ1(D1) = 0. � χ1 ´²��A��§·�k

χ1(D1) = (k −
√
n)/q.u´

D1 =
k −
√
n

qps
Gp.

ddíÑ ps|(k−
√
n).2(Ü w|(k−

√
n)§·��� v|(k−

√
n)§ù´Ø�U�.

¤±·�k q|(a− ā).

e¡�(Ø´'u D�¦f�.

·K 3.3µ� q����ê.e q�Ø n� q� vp�§K D(q) = D.

y². � Q� Z[ξv]��n�§Q|q§K q|n.e Q|a§Q|ā§K Q|∆ = 2
√
n − a − ā.

�â ∆|v �� Q|v.ù�^� q Ú v ´p��gñ.�â n = aā§·�k QT�

Ø a, ā¥�,��ê. qÏ� σq(Q) = Q§{σq(a), σq(ā)} = {a, ā}§� σq(a) = a§

σq(ā) = ā. �â χ(D(q)) = σq(χ(D))Ú χ(D)��U�� k,
√
n, a, ā§·��±�

�� χH{¤k�A��ð¤á χ(D(q)) = χ(D).u´l�üúª·���íÑ

D(q) = D.

5µ (i) �½��÷v·K 3.3¥^���ê q.�â σq(a) = a§= σq(
√
d) =

√
d§

·���µ( q
p
) = 1e d = −pÙ¥ p�Û�ê¶q ≡ 1, 3 (mod 8)e d = −2¶

q ≡ 1 (mod 4)e d = −1.

(ii) �½��Ø�u p ��ê q. e q Ó��Ø n Ú v§K�â·K 3.2 ·�k

q|(a − ā).qÏ� 4n = (a + ā)2 − (a − ā)2§¤± q|(a + ā).u´e q ´��Û

ê§K q|a§q|ā.
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3.3 d = −p��/

3ù�!¥§·�ò�Ä d = −p ��/§Ù¥ p �Û�ê. e¡·��

d = −p§Ù¥ p���Û�ê� p ≡ 3 (mod 4).

�âÚn 3.3�� a+ ā 6= 0.e¡·�5í�Ñ�
#�7�^�.é?��ê

l§P����ê z¦� pz �Ø l� ordp(l).

(6’) px||(a+ ā), px|(a− ā), px|k, s ≥ x+ 1.

�â d = −p ≡ 1 (mod 4)§a� Q(
√
−p)¥����ê�ê§���3�ê

e, f ¦� a = e + f −1+
√
−p

2
.u´ a − ā = f

√
−p§¤± ordp((a − ā)2)�Ûê.

q�â 4n = (a+ ā)2− (a− ā)2§ordp((a− ā)2)�Ûê§�� px||(a+ ā).l

·�k px|(a− ā)§px|∆ = 2
√
n− a− ā.l ∆|(k −

√
n)�� px|(k −

√
n)§u

´ px|k.l w|(k −
√
n)�� v|(k −

√
n)ps−x§u´ s ≥ x+ 1.

(7’) x ≥ 1.

�½��A� χ ∈ Ua.- χ′�G�,�A��§3W þ��^� χ�Ó3

Gpþ��^´²��.Kχ(D) = a§χ′(D) =
√
n.�â (1−ξps)|(χ(D)−χ′(D))

�� (1 − ξps)|(a −
√
n).aq�§·��±�� (1 − ξps)|(ā −

√
n).·�®²

�� p|(2
√
n+ a+ ā)§¤± (1− ξps)|4

√
n.u´ p|4

√
n§dd�±�� x ≥ 1.

(8’) px||k, px||(k −
√
n), ps||(k +

√
n), ∆|pxw.

�â k(k − 1) = λ(v − 1) Ú (1)§�� ordp(λ) = ordp(k) ≥ x. q�â

k2 = n + λv Ú ordp(n) = 2x < x + s ≤ ordp(λv)§·�k ordp(k) = x§

= px||k.l (k +
√
n)− (k −

√
n) = 2

√
n�±�� ordp(k +

√
n), ordp(k −

√
n)

¥����ê�u x. u´�â k2 − n = (k +
√
n)(k −

√
n) = λv ��

{ordp(k+
√
n), ordp(k−

√
n)} = {s, x}.e ordp(k−

√
n) = s§Kl w|(k−

√
n)

·�k v|(k−
√
n)§ù´Ø�U�.Ïd ordp(k+

√
n) = s§ordp(k−

√
n) = x.

����(J ∆|pxw�±l ∆|v,∆|(k −
√
n), gcd(v, (k −

√
n)) = pxw¥íÑ.
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e¡·�P

γ =
k −
√
n

pxw
.

�â w|(k −
√
n)Ú px||(k −

√
n)§�� γ ���� pp���ê.l

(k +
√
n)(k −

√
n) = k2 − n = λv

��

γ(λ+ n+
√
n) = ps−xλ.

u´

λ =
(n+

√
n)γ

ps−x − γ
=

(pxu+ 1)u

ps−x − γ
pxγ,

k = n+ λ =
ps−xn+

√
nγ

ps−x − γ
=

(psu+ γ)u

ps−x − γ
px, and

w =
k −
√
n

pxγ
=

(n−
√
n)ps−x + 2

√
nγ

γpx(ps−x − γ)
=

(pxu− 1)u

γ
+

(pxu+ 1)u

ps−x − γ
.

P

a+ ā = −pxα,

a− ā = ηpx
√
−p

Ù¥ α, η ∈ Z§gcd(p, α) = 1. Ï� 1 ≤ 2d1 − a − ā§a + ā 6= 0§¤±·�7L

k α ≥ 1. l 4n = (a + ā)2 − (a − ā)2 �� 4u2 = α2 + pη2. ql·K 3.2 ��

π(w) = π(η) \ {p}§Ù¥ π(w)�L w �¤k�Ïf�8Ü.�â
√
n + k−

√
n

w
≤ ps

·��� u+ γ ≤ ps−x.²L�n§·��±òþ¡¤���7�^�{z�µ

γ|(pxu− 1)u, (ps−x − γ)|(pxu+ 1)u, 2u+ α|w, ps−x|px(2u− α),
η|ps−xw, u+ γ ≤ ps−x, π(w) = π(η) \ {p}, 4u2 = α2 + pη2,

s ≥ x+ 1, x ≥ 1, α ≥ 1.

5µ (i) �â w�L�ª§·��±�� v ≥ 4n§Ù¥ γ ���3«m (0, ps−x)

¥��Cþ§�� γ = ps−x

2
������.ùp·�vk|^?Û'u a, ā�

�Ø5^�.�â (2u+α)|wÚ 2u+α ≥ 3�� w > 1§=GØU��� p-+.

(ii) l |Uc| ≥ 0�±�� v ≥ 2k−2d1
2d1+pxα

+ 1.
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(iii) - Ũc = {χ ∈ Uc | χ3 Gpþ�^Ø´²��}.K |Ũc| = |Uc| − (|W | − 1).·

�½Â+ Z∗ps 3 Ũc þ�Xe�^µ(t, χ) → χt§Ù¥ t ∈ Z∗ps , χ ∈ Ũc.ØJ�

yXd½Â�+�^e�;���Ýþ� p − 1¤�Ø.Ïd (p − 1)
∣∣(w(d1 −

√
n)− (k −

√
n)).

(iv) - T1 = {t ∈ Z∗ps|( tp) = 1}.·��±� (3)¥��aq/½Â T1 3 Ua þ�+

�^.Ó�/§·��±�� p−1
2

∣∣(w√n− d1 + (k −
√
n)).

·�®²ÏLO�Å§Sé±eëê«m p ∈ {3, 5, 7, 11, 13, 17, 19}, 1 ≤ x, s ≤

10, 1 ≤ α, η ≤ 104?1
|¢§¢Ã�´·�vké�÷vþã¤k7�^��ë

ê.e¡·��Ñü�A�÷v¤k^��~f.

~ 3.1µ- p = 7§α = 8§η = 24§u = 32§γ = 4§v = 23 · 35 · 73§k = 54656§

n = 210 · 72.u´ 3|w§3|(k −
√
n)§d1 = 0§�ù�!¥¤k�7�^�þ�÷v

Ø
 (
√
n− d1 + k−

√
n

v
)(2
√
n+ a+ ā) ≤ k .

~ 3.2µ- p = 11§α = 30§η = 48§u = 81§γ = 980§v = 210 · 3 · 115§k =

364287561§n = 38 · 114. u´ w ≡ 2 (mod 5)§
√
n ≡ 1 (mod 5)§5|(k −

√
n)§

d1 = 1§�ù�!¥¤k�7�^�þ�÷vØ
 p−1
2
|(w
√
n− d1 + (k −

√
n)).

3.4 d = −2��/

�e5§·�5�Ä d = −2,∆d = −8��/.�â1 3.2!¥(Ø·�®²�

� 4|m.½Â

l = min{|N |
∣∣G/N ��ê� 4î��Ø}.

Ïd·��±À� G����� l�f+ N ¦� exp(G/N)� 4î��Ø.�Ún

3.2¥y²aq§·��	 D3 G/N ¥�Ó��.N´wÑ

√
n+

k −
√
n

v/l
≤ l.

ØJ�y l ´ 2��g�� l ≤ 2s−2.�â
√
−2áu Q(ξ8)�Øáu Q(ξ4)§��

8|exp(G).¤± l ≥ 2.P k =
√
n + γ∆§Ù¥ γ �,���ê§a = u1 + u2

√
−2§

Ù¥ u1, u2 �÷v u2
1 + 2u2

2 = n��ê.·�®²ÏLO�Å§Sé±eëê«m
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−104 ≤ u1 ≤ 1, 1 ≤ u2, γ ≤ 104 ?1
|¢§¿�é�
÷v1 3.2!¥¤k7�

^��ëê.e¡·��Ñü�~f.

~ 3.3µé a = 96(−1 + 2
√
−2)t§γ = 216t§n = 210 · 34 · t2§v = 4n§Ù¥

t ∈ {2i, 12 · 2i, 20 · 2i | i��K�ê}§1 3.2!¥¤k7�^�þ�÷v.e t = 1§

K l ≥ 1

(1− k−
√
n

v
)

√
n = 2

√
n = 26 · 32.Ïd l ≥ 210.l G� Sylow 2-f+7L´Ì�

�§, Turyn [78]®²y²ù���8´Ø�U�3�.

~ 3.4µé a = 192(−7+4
√
−2)t§γ = 972t§n = 212 ·36 · t2§v = 4n§k = 2n+

√
n§

Ù¥ t = 2i§i �,��K�ê§1 3.2 !¥¤k7�^�þ�÷v. e t = 1,

l ≥ 2
√
n = 27 · 33§K l ≥ 212.�þ¡�~f��§ù���8Ø�U�3.

3.5 d = −1��/

é d = −1,∆d = −4�/�©Û�þ¡� d = −2��/´�q�.Äk½Â

l = min{|N |
∣∣G/N��ê� 2î��Ø}.

�þ�!aq§·�k
√
n+

k −
√
n

v/l
≤ l, (3.4)

Ù¥ l ´ 2 ��g�� 2 ≤ l ≤ 2s−1. � k =
√
n + γ∆ Ù¥ γ �,���ê§

a = u1 + u2

√
−1§Ù¥ u1, u2�÷v u2

1 + u2
2 = n��ê.Ó�/·�|^O�Åé

ëê«m −104 ≤ u1 ≤ 1, 1 ≤ u2, γ ≤ 104 ?1
|¢§ddé�
Nõ÷v1 3.2

!¥¤k7�^��ëê.e¡·��Ñ��~f.

~ 3.5µé a = 160(−3+4
√
−1)t§γ = 500t§n = 210 ·54 · t2§v = 4n§k = 2n+

√
n§

Ù¥ t = 2i, i�,��K�ê§1 3.2!¥¤k7�^�þ�÷v.

3.6 �
AÏ��/

3ù�!¥§·�ò�Ä±en«AÏ��/µ

(i) D��� Hadamard�8�÷v a+ ā = 0¶
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(ii) G��� p-+¶

(iii) Uc ∪ {χ0}� Ĝ���f+.

3.6.1 D��� Hadamard�8�÷v a+ ā = 0

�½�� Hadamard�8 D.� D�k 3��²��A��
√
n, a, ā.�â^�

a + ā = 0ÚÚn 3.3§�� d = −1§a = ±i
√
n.,��¡§1 ≤ 2d1 − a− ā§¤±

·��±íÑ d1 = 1§= 1G ∈ D.e¡·�ò�â D�ëê©¤ü«�¹5?1

?Ø.

e D �ëê� (v, k, λ) = (4n, 2n +
√
n, n +

√
n)§K§÷v¤k�7�^�§

Ø
 (3.4). 3·��b�e§^� (4) z� l ≥ 2
√
n. �â1 3.2 !¥(J§��

∆ = 2
√
n,R =

√
n§Ω = −

√
n− i

√
n§|D ∩D(−1)| = 2

√
n.P H = D + D(−1) −G.

N´�y+��� H ¥k 2
√
n(= |D ∩D(−1)|)����Xê� 1§Ù{���X

ê� 0½ −1.,��¡§H ¥¤k���XêÚ�u 2
√
n(= 2k − v).dd�� H

� G���f8.-M = Uc ∪ {χ0}.K

χ(H) = χ(D) + χ(D(−1))− χ(G) =

{
2
√
n, e χ ∈M ;

0, e χ ∈ Ĝ \M.

|^�üúª��H2 = 2
√
nH§H = H(−1)§=H�G����� 2

√
n�f+.e

¡·�¡G���A� χ"z£annihilates¤§���f+He χ(h) = 1é¤k�

h ∈ H Ñ¤á.+ G�¤k"zH �A�|¤�8Ü��´H 3 Ĝ¥�"zf+§

{P� H⊥.ØJ�yM = H⊥§|M | = |H⊥| = |G/H| = 2
√
n.�Ún 3.2�y²a

q§·�k G⊥2 ≤ M§|G⊥2 | = |G/G2| = w.dd�Ñ w |2
√
n§¤± w2 |4n.,��

¡§·�k v = 4n = 2sw§ùp gcd(w, 2) = 1.lw2 |2sw§u´w = 1§=G´�

� 2-+.�n�� n = 2s−2§ùp s7���óê§Ï�
√
n����ê.� s = 2m§

m�,��K�ê.K D�ëê� (v, k, λ) = (22m, 22m−1 + 2m−1, 22m−2 + 2m−1).y

3·��±òL 3.1{z�L 3.2.

e¡·��D�ëê� (v, k, λ) = (4n, 2n−
√
n, n−

√
n).·�5y²ù«�¹

´Ø�Uu)�.Äk´� |D∩D(−1)| = 1§|Uc| = 1+2
√
n.PH = G+1−D−D(−1).

56



äk�êA����8

L 3.2 Hadamard�8�A�L

dg d′g g−1(Ua) g−1(Ub) g−1(Uc)

1 1 −
√
n −

√
n 2

√
n− 1

1 0 −i
√
n i

√
n −1

0 1 i
√
n −i

√
n −1

ØJ�y H ´ G������ 1 + 2
√
n�f8.���y§��

χ(H) =


1 + 2

√
n, e χ = χ0,

1− 2
√
n, e χ ∈ Uc,

1, e χ ∈ Ĝ \M,

Ú

g−1(Uc) =

 1 + 2
√
n, e g = 1G,

1− 2
√
n, e g ∈ H,

1, e g ∈ G\H, g 6= 1G.

�â�üúª§·�k

H2 = (2
√
n− 1) + (2− 2

√
n)H + 2G,

Ú

U2
c = (2

√
n− 1) + (2− 2

√
n)Uc + 2Ĝ.

Ï� H2 �XêÑ´�K�§¤± 2 − 2
√
n + 2 ≥ 0§u´

√
n ≤ 2.e n = 1§K

D = {1G}§Ï� |D| = k = 1� D¥�¹ü �.,ù� χ(D)kn��²��

A��gñ.e n = 4§K v = 16§U2
c = 3 + 2(Ĝ − Uc).¤±é Uc ¥�z���§

§3 U2
c ¥�Xê�".���â Turyn [78] �(Ø§�� GØ�U´Ì�+§¤±

§7,Ó�u Z8

⊕
Z2 ½ Z4

⊕
Z4.,��¡§du Ĝ ∼= G§¤±3 Ĝ¥Tk 3�

�� 2���§¿�Ñáu Uc.Ïdùn��� 2���¥��k��÷v§3 U2
c

¥�Xê´��.ù�c¡�(Øgñ.

nþ¤ã§·�ke¡�(Ø.

Ún 3.4µ�½���� v� Abel+G.�D�Gþ��� (v, k, λ)-Hadamard�8

� DTkn��²��A��
√
n, a, ā.e a + ā = 0§K D�ëê7� (v, k, λ) =
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(22m, 22m−1 +2m−1, 22m−2 +2m−1)§Ù¥m�,��K�ê.AO/§G��� 2-+.

-H = D+D(−1) −G.KH � G���f+§�H⊥ = χ0 ∪ {χ ∈ G|χ(D) =
√
n}.

3.6.2 G��� p-+

c¡·�®²y²e p�Û�ê§K w > 1.¤±·�k p = 2.�âMenon [74]

���(Ø§D�ëê�±L«¤ (v, k, λ) = (4n, 2n±
√
n, n±

√
n).P v = 4n = 2s§

Ù¥ s�,��K�ê.Ï�∆|v§¤±·�Ø��∆ = 2
√
n− a− ā = 2u§u�,

��K�ê.�â∆ = 2
√
n−a− ā < 4

√
n§−a− ā ≥ 1−2d1 ≥ −1§�� 2s/2−1 ≤

2u < 2s/2+1.u´ 2u = 2s/2 = 2
√
n§líÑ a + ā = 0.¤± D÷vÚn 3.4¥�

^�.Ïd D�ëê7,�±L«¤ (v, k, λ) = (22m, 22m−1 + 2m−1, 22m−2 + 2m−1)§

Ù¥m�,��K�ê.- H = D +D(−1) −G.ØJ�y H � G���f+§¿

� H⊥ = {χ0} ∪ {χ ∈ Ĝ|χ(D) =
√
n}.

e¡·�?�Úb� exp(G) = 4.�â

√
n+

k −
√
n

2rk2(G)
≤ 2s−rk2(G),

�� m ≥ rk2(G). d rk2(G) �½ÂØJ�y m = rk2(G)§G ∼= Zm4 . ,	§a =

±i
√
n§¤±z�� χ ∈ Ua∪U (−1)

a ��þ� 4.5¿� Ĝ ∼= Zm4 ¥k 2m−1 = 2
√
n−1

��� 2���§� |Uc| = 2
√
n − 1.u´ Uc ��¹¤k��� 2�A�.�Ò´

`§H⊥ = {χ0} ∪ {χ ∈ Ĝ|χ(D) =
√
n}´ Ĝ¥���4�Ð� Abelf+. DavisÚ

Polhill [25]®²�EÑ
ù���8.

3.6.3 Uc ∪ {χ0}� Ĝ���f+

- M = Uc ∪ {χ0}. du M ´��f+§¤±é Ĝ ¥?¿�²�A� ψ§

ψ(M)��U�ü�A�� 0� |M |.,��¡§dL 3.1��

ψ(M) ∈
{
− 2R,

v

∆
− 2R,

2v

∆
− 2R

}
.

u´

v

∆
− 2R = 0,

2v

∆
− 2R = |M |,
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Ï� −2R < 0§ v
∆
− 2R < 2v

∆
− 2R.�â®�(Ø R = k−

√
n

∆
�� v = 2(k −

√
n)§

|M | = v
∆

.,	§·�k k2 = n+ (k−n)v.u´ v = 4n§k = 2n+
√
n§λ = n+

√
n§

= D�ëê� (v, k, λ) = (4n, 2n+
√
n, n+

√
n).- H = D +D(−1) −G.K

χ(H) =

{
2
√
n, e χ ∈M ;

a+ ā, e χ ∈ Ĝ \M.

�â�üúª�� H = a+ ā+M⊥.'��ªü> 1G�Xê§��

a+ ā =

{
0, e d1 = 1;
−2, e d1 = 0.

e a+ ā = −2§K∆ = 2
√
n− a− ā = 2

√
n+ 2.du∆|(k−

√
n)§¤± (

√
n+ 1)|n§

ù´Ø�U�.� a+ ā = 0.Ïd D÷vÚn 3.4�^�.

y3·��±w�3þ¡�ùü«AÏ�/¥§Dþ÷vÚn 3.4�^�.y

3·�5o(�e�!¥·�¤���(Ø.

½n 3.1µ�½���� v � Abel + G.� D � Gþ��� (v, k, λ)-Hadamard�

8� DTkn��²��A��
√
n, a, ā.-M = {χ0} ∪ {χ ∈ Ĝ |χ(D) =

√
n}.e

eã^���¤áµ

(i) D��� Hadamard�8�÷v a+ ā = 0§

(ii) G��� p-+§

(iii) M � Ĝ���f+§

K D äkëê (v, k, λ) = (22m, 22m−1 + 2m−1, 22m−2 + 2m−1)§Ù¥ m�,��K

�ê.AO/§G��� 2-+.- H = D + D(−1) − G.K H ´ G���f+§�

H⊥ = M.

3.7 o(

3ù�Ù¥§·�}Á��EØäk character divisibility5���8.·�ò

�äkn��²�A����8��·���	é�§¿dd��
�X��7�

^�.·�uy§��A��Ñáuê� Q(
√
−d)§Ù¥ d = 1§d = 2§½ d´�

�� 3{ 4�Û�ê.|^O�Å|¢§·�é�
�
�U�ëê.éu d = 1½
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2��¹§·�é�
A�÷v¤k�Ù¥���7�^��ëê§�~ 3.3-3.5.

u´·�ØB�¯ù��ëê8Ü´Äý��3.XJ�3�{§·�Ò�Òé�


Øäk character divisibility5���8.
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4 Delsarte-Goethalsèþ�(Ü�Y

4.1 Úó

g Kerdock!Preparata!Goethals!Delsarte-Goethals�è� Z4-�55��uy

±5 [44]§Æö�®²A^ Z4-�5è�E
éõ�|Ü(�µ~X t-�OÚ(Ü�

Y.�â Solè [85] �£ã§Z4-�55��uyl LieblerÚMena [58] |^A�� 4�

Galois��E(Ü�Y¥É�
éu.k'l Z4-�5è�E t-�O�ïÄ�@d

Harada [45]JÑ.�� Helleseth�< [83]3ù�¡�
Nõ�ó�.

(Ü�Y´�ê|ÜïÄ¥�Ø%Vg§¿�®²3NõêÆÆ�¥u�


���^§~X?ènØ�ãØ. Henry Cohn�< [8] ß���3 R14 ¥ 64�:

þ½Â� 3a�(Ü�Y´���Û�`(�£universally optimal configuration¤

.�� Abdukhalikov!BannaiÚ Suda [2] |^��Úo�� Kerdock!Preparataè9

MUB���8í2
ù�(Ü�Y.

äN�5`§¦��â Leeþé á Kerdockè?1
y©§l��
�

x 3-a�(Ü�Y.§�éó�YT½Â3�á Preparataèþ.ùéu·��ïÄ

,	�a��o�èµDelsarte-Goethals (DG)è.

DG èäk 6«ØÓ� Leeþ.� KerdockèØÓ�´§�â Leeþé DG

�y©¿ØU����(Ü�Y.·�I��°[�y©±Ï���� 9a�(Ü

�Y.ÏLE,�A�ÚO�§·���û½
§�éó�Y�A�
.

� m = 3�§DG è3 GrayN�e��´�5�§¿�d��5� 9a�(

Ü�Y��Ó��´��(Ü�Y§ØLkXØÓ�ëê.� m > 3�§DG è3

GrayN�e��Ø2´�5�.·�8c�Ø�Ù´ÄU3Ð��� 2+¥é��

·��E�(Ü�Yäk�Óëê�(Ü�Y.

�Ù�(�SüXeµ31 4.2¥§·�0��
�(Ü�Y!Galois�Úo

�è�'�ý��£.31 4.3¥§·��[/�Ñ
XÛl DG è� Leeþ©
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Ù5�E 9a(Ü�Y§¿�O�
§�éó�Y9ÙA�
.äN�A�
�±

3�ÙN¹ A¥é�.Ì�(J�y²ò�Sü31 4.4!¥.

4.2 ý��£

4.2.1 (Ü�Y

�½�����k�8 X . -é¡�'X R0, R1, · · · , Rd � X × X ���

y©� R0 = {(x, x)|x ∈ X}. é?� i§P Ai � Ri ���Ý
µAi(x, y) = 1e

(x, y) ∈ Ri¶���u 0.e�3�K�ê pki,j ¦�

AiAj =
d∑

k=0

pki,jAk,

K¡ (X, {Ri}di=0)��� d-a(Ü�Y(association scheme).ê pki,j ��´ù��Y

���ê£intersection numbers¤. Ý
8Ü A0, A1, · · · , Ad 3 C þ��5*Ü/

¤
�� d + 1-���ü�ê§¡�´ Bose-Mesner�ê. �âÝ
 Ai �éuÄ

A0, A1, · · · , Ad�¦{�^§·�P

Ai(A0, A1, · · · , Ad) = (A0, A1, · · · , Ad)Bi, 0 ≤ i ≤ d.

duz�� Ai Ñ´é¡�§¤±ù��ê´���. u´�34��"�

£minimal idempotents¤E0, E1, · · · , Ed§�§���¤ù��ê��|Ä.Xe½Â

� (d+ 1)× (d+ 1)Ý
 P :

(A0, A1, · · · , Ad) = (E0, E1, · · · , Ed)P

��´ù�(Ü�Y� 1�A�
£first eigenmatrix¤. éA/§Xe½Â�

(d+ 1)× (d+ 1)Ý
 Q:

(E0, E1, · · · , Ed) =
1

|X|
(A0, A1, · · · , Ad)Q

��´ù�(Ü�Y�1�A�
£second eigenmatrix¤.ØJwÑ PQ = |X|I .

�½��k� Abel + X§Ù$��\{. e�3§���y© S0 =

{0}, S1, · · · , Sd¦�

Ri = {(x, x+ y)|x ∈ X, y ∈ Si},
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K¡(Ü�Y (X, {Ri}di=0)´�� translation(Ü�Y½ Schur�.�
{B§·�

��Ò��` (X, {Si}di=0)´��(Ü�Y.

� (X, {Si}di=0)´�� Schur�.Xe3 X �A�+ X̂ þ½Â���d'Xµ

é?� 0 ≤ i ≤ d§χ ∼ χ′ ��=� χ(Si) = χ′(Si).ùp χ(S) =
∑

g∈S χ(g)§Ù¥

χ ∈ X̂§S ⊆ X .ò¤k��daP� D0, D1, · · · , Dd§Ù¥ D0 ��¹²��A�.

K (X̂, {Di}di=0)�¤
�� Schur�§¡�´ (X, {Si}di=0)�éó�Y.ØJ�yé

ó�Y�1�A�
�u�k�Y�1�A�
.k'ù�¡��õ�£§�ë�

©z [10,18].

e¡·�QãÍ¶� Bannai-Muzychuk �O{K [9,76]µ�½��(Ü�Y

(X, {Ri}0≤i≤d).- P �§�1�A�
§Λ0 := {0},Λ1, . . . ,Λd′ � {0, 1, . . . , d}��

�y©.K (X, {RΛi
}0≤i≤d′)�¤��(Ü�Y��=��3 {0, 1, 2, . . . , d}���

y© {∆i}0≤i≤d′(∆0 = {0})¦� P �?� (∆i,Λj)-«¬Ñäk�Ó�1Ú.AO/§

(∆i,Λj)-«¬�1ÚÒ´ fusion�Y�1�A�
 (i, j)-?��.

4.2.2 Galois�

- µ : Z4 → Z2 �L� 2�N�. ·�ò µ�½Âg,/í2� Z4[x]þ. Ä

1õ�ª g(x) ∈ Z4[x]��´Ä�Ø��£basic irreducible¤�e µ(g(x))´ Z2[x]

¥Ä 1Ø��õ�ª.�½����ê m.A�� 4�äk 4m ���� Galois�

R = GR(4,m)�±ÏLû� Z4[x]/(f(x))5½Â§Ù¥ f(x)´��gê�m�Ä

1Ä�Ø��õ�ª.¤k R¥�Ø�_�/¤
���4�n� 2R§u´ R´

��ÛÜ�.ØJwÑ§N� µ�±g,/�í2� R[x]þ§� µ(R) = R/2R�

��� q = 2m�k�� Fq Ó�.

Galois� R�ü + R∗�¹���� 2m − 1�Ì�f+§·�ò§���)

¤�P� β.5½ T = {0, 1, β, . . . , β2m−2}.?� R¥��� zþ�±��L«�

z = A+ 2B, A,B ∈ T . (4.1)

P µ(β) = α.K α� Fq ¥������§� µ(T ) = Fq.

Galois� Räk����m�Ì� Galois+§§´de¡� FrobeniusN� σ
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)¤�µ

σ(z) = σ(A+ 2B) = A2 + 2B2.

�� z�l R� Z4þ�,£trace¤T(z)½Â�

T(z) =
m−1∑
i=0

σi(z),

 tr(x)�LÊÏ�l Fq � Z2�,¼ê.

éu?¿� x ∈ R§P
√
x = x2n−1 .e·�3 T þXe½Â\{$�µ

x⊕ y = x+ y + 2
√
xy,

K (T ,⊕, ·) �¤
����� 2n �k��. éu?¿� a ∈ R§Xe½ÂN�

χa : R→ C:

χa(x) = iT(ax), ∀x ∈ R.

ØJ�yA�+ R̂ = {χa | a ∈ R}.k' Galois���õ&E§�ë�©z [44,58,90].

4.2.3 o�è

Goethalsè G ´�a�Ý� q = 2m � Z4 �5è§§���
£parity-check

matrix¤½ÂXeµ

HG =

 1 1 1 1 · · · 1
0 1 β β2 · · · β2m−2

0 2 2β3 2β6 · · · 2β3(2m−2)

 .
�â½n 25 [44] ��µ� m�Ûê�§Goethalsè G �4� Leeþ�u 8.·�

r G 3 Z4 þ�éóè�� Delsarte-Goethalsè§{P� DG.u´§�)¤Ý
�

Ò´ HG .

,��¡§Delsarte-Goethals èkeã�,£ã. �½ Zq4 ¥����þ

c(u, a, b)§Ù¥ u ∈ Z4, a ∈ R, b ∈ T§¿�§��Id T ¥��IP§�3

x ∈ T ?��½Â� c(u, a, b)x = u+ T(ax+ 2bx3).K

DG = {c(u, a, b) | u ∈ Z4, a ∈ R, b ∈ T }.

ØJ�yèi c(u, a, b)� Leeþ�±L«¤

wL(c(u, a, b)) = q −<

(
iu
∑
x∈T

iT(ax+2bx3)

)
, (4.2)
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Ù¥ <�L��Eê�¢êÜ©.

Ún 4.1 (½n 1 [47])µ�½Ûê m ≥ 3§q = 2m.K Delsarte-Goethalsè DG � Lee

þ©Ù�

Bj =


1, e j = 0½ 2q;
(q − 1)q(2q − 1)/6, e j = q ±

√
2q;

(q − 1)2q(q + 4)/3, e j = q ±
√
q/2;

(2q − 1)(q2 − q + 2), e j = q.

�Ý� q = 2m�o� Kerdockè K´ DG ��fè§§�)¤Ý
�

HK =

[
1 1 1 1 · · · 1
0 1 β β2 · · · β2m−2

]
.

¤±

K = {c(u, a, 0) | u ∈ Z4, a ∈ R}.

o� Preparataè P ���Ý
� HK.em�Ûê§K§�4� Leeþ�u 6.

Ún 4.2 (Ún 1 [47])µ�½Ûêm ≥ 3§q = 2m.K Kerdockè K� Leeþ©Ù�

Bj =


1, e j = 0½ 2q;

2q(q − 1), e j = q ±
√
q/2;

4q − 2, e j = q.

±e3 Kerdockè Kþ½Â�'X�Ñ
����� 4a(Ü�Yµ

(x, y) ∈


R0, e wL(x− y) = 0;

R1, e wL(x− y) = q −
√
q/2;

R2, e wL(x− y) = q;

R3, e wL(x− y) = q +
√
q/2;

R4, e wL(x− y) = 2q.

(4.3)

½n 4.1µ�½Ûêm ≥ 3§q = 2m.K (4.3)¥�Ñ�'X3o� Kerdockèþ�¤

����� 4a�(Ü�Y.

þ¡�(Ü�YT´·K 6 [13]¥�E�(Ü�Y�éó�Y.

4.3 è DG þ�(Ü�Y

·�ég,�¯'X (4.3)3 Delsarte-Goethalsè DG þ�g,í2¬Ä�Ñ�

�(Ü�Yº�Y´Ä½�.�
U
�¤��(Ü�Y§·�I�é'X�\U
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Äµ

(x, y) ∈



S0, e wL(x− y) = 0;
S1, e wL(x− y) = q −

√
2q;

S2, e wL(x− y) = q −
√
q/2;

S3, e wL(x− y) = q� x− y ∈ K;
S4, e wL(x− y) = q� x− y /∈ K;

S5, e wL(x− y) = q +
√
q/2;

S6, e wL(x− y) = q +
√

2q;
S7, e wL(x− y) = 2q.

(4.4)

½n 4.2µ�½Ûê m ≥ 3§q = 2m.3o� Delsarte-Goethalsèþ½Â�'X (4.4)

�¤�� 7a���(Ü�Y A.·�3N¹ A¥�Ñ
§�1�A�
�1�A

�
.

¯¢þ§·��±é'X (4.4)2�[©§l���� 9a���(Ü�

Yµ

(x, y) ∈



S0, e wL(x− y) = 0;
S1, e wL(x− y) = q −

√
2q;

S21, e wL(x− y) = q −
√
q/2 � x− y ∈ K;

S22, e wL(x− y) = q −
√
q/2 � x− y /∈ K;

S3, e wL(x− y) = q � x− y ∈ K;
S4, e wL(x− y) = q � x− y /∈ K;

S51, e wL(x− y) = q +
√
q/2 � x− y /∈ K;

S52, e wL(x− y) = q +
√
q/2 � x− y ∈ K;

S6, e wL(x− y) = q +
√

2q;
S7, e wL(x− y) = 2q.

(4.5)

½n 4.3µ�½Ûê m ≥ 3§q = 2m.3o� Delsarte-Goethalsèþ½Â�'X (4.5)

�¤�� 9a���(Ü�YB.·�3N¹ A¥�Ñ
§�1�A�
�1�A

�
.

·�òrþ¡ü�½n�y²3��!���. §�Ñ´½n 4.4���í

Ø.�â Delsarte-Goethalsè DG �,£ã§���3Xe� DG �¤kèi�8

Ü Z4 × R × T �m���éAµ(u, a, b)←→ c(u, a, b).Ï� µ(T ) = Fq§¤±�3

G = Z4×R×Fq�DG�m�+Ó�.é (u, a, b) ∈ G§·�Ú?��#��êÚµ

S(u, a, b) =
∑
X∈T

iu+T(aX+2bX3) +
∑
X∈T

i−u−T(aX+2bX3),

ùp·�ò�� b ∈ Fq �§��� µ−1(b) ∈ T �Óå5.u´�ª (4.2)z�

wL(c(u, a, b)) = q − S(u, a, b)/2. (4.6)
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l Delsarte-Goethalsè�þ©Ù��

S(u, a, b) ∈ {±2q,±2
√

2q,±
√

2q, 0}.

��·��â S(u, a, b)����Ñ G�Xey©µ

R0 = {(u, a, b) ∈ G | S(u, a, b) = 2q} = {(0, 0, 0)},
R1 = {(u, a, b) ∈ G | S(u, a, b) = 2

√
2q},

R2 = {(u, a, b) ∈ G | S(u, a, b) =
√

2q, b = 0},
R3 = {(u, a, b) ∈ G | S(u, a, b) =

√
2q, b 6= 0},

R4 = {(u, a, b) ∈ G | S(u, a, b) = 0, b = 0},
R5 = {(u, a, b) ∈ G | S(u, a, b) = 0, b 6= 0},
R6 = {(u, a, b) ∈ G | S(u, a, b) = −

√
2q, b 6= 0},

R7 = {(u, a, b) ∈ G | S(u, a, b) = −
√

2q, b = 0},
R8 = {(u, a, b) ∈ G | S(u, a, b) = −2

√
2q},

R9 = {(u, a, b) ∈ G | S(u, a, b) = −2q} = {(2, 0, 0)}.

du+ G´��+§¤±§�A�+ Ĝ ∼= G.u´·��±ò�� g = (v, c, d) ∈ G

ÚA� χg ∈ Ĝw¤´���§ùp χg((u, a, b)) = iuv+T(ac+2bd), (u, a, b) ∈ G.�
£

ãéó�(Ü�Y§·�Äk�Ñ+ Ĝ = G���y©.�
�B§·�^��i

1 X, Y 5�L T ¥���§éA���i1K�Lù���� 2�3 Fq ¥��.

- fa(x) = x3 + x+ a ∈ Fq[x].½Â

Mi =
{
a ∈ Fq, a 6= 0 | fa(x) = 03 Fq ¥Tk i��

}
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Ù¥ i = 0, 1, 3.e¡·��Ñéó�y©µ

E0 = {(0, 0, 0)} ,

E1 =
{

(0, 0, r) | r ∈ F∗q
}
,

E2 =
{

(1, X, x3) | X ∈ T
}
∪
{

(3,−X, x3) | X ∈ T
}
,

E3 = ({(1, X, r) | X ∈ T , r ∈ Fq} ∪ {(3,−X, r) | X ∈ T , r ∈ Fq})\E2,

E4 = {(0,−X + Y, x3 + y3) | X, Y ∈ T , X 6= Y }

∪ {(2, X + Y, x3 + y3) | X, Y ∈ T }

∪ {(2,−X − Y, x3 + y3) | X, Y ∈ T },

E5 = ({(0, S, r) | S ∈ R\2R, r ∈ Fq} ∪ {(2, S, r) | S ∈ R, r ∈ Fq})\E4,

E6 = {(1, X + 2Y, x3 + y3e) | X, Y ∈ T , Y 6= 0, e ∈ Fq\M0}

∪ {(3,−X + 2Y, x3 + y3e) | X, Y ∈ T , Y 6= 0, e ∈ Fq\M0},

E7 = {(1, X + 2Y, x3 + y3e) | X, Y ∈ T , Y 6= 0, e ∈M0}

∪ {(3,−X + 2Y, x3 + y3e) | X, Y ∈ T , Y 6= 0, e ∈M0},

E8 = {(0, 2X,
4∑
i=1

y3
i )|X ∈ T ∗, Yi ∈ T , 2X =

4∑
i=1

Yi or 2X = Y1 + Y2 − Y3 − Y4},

E9 = {(0, 2X, r) | X ∈ T ∗, r ∈ Fq}\E8.

·�ò3Ún 4.3¥y²8Ü E0, E1, . . . , E9�¤+ G���y©.

½n 4.4µ�½Ûê m ≥ 3 Ú q = 2m. - G = Z4 × R × Fq§�½Â��'X

8 Ri = {(g, h) | g − h ∈ Ri}, i = 0, . . . , 9. K B′ = (G;Ri, 0 ≤ i ≤ 9) ´��

9 a�(Ü�Y. §�1��1�A�
 P Ú Q XN¹ A ¥¤«. ��'X8

R′i = {(g, h) | g − h ∈ Ei}, i = 0, . . . , 9K½Â
B′�éó�Y§u´§�1�Ú1

�A�
�µP ′ = Q,Q′ = P.

y². P s =
√

2q.+� CG¥���þ�L«¤
∑

(u,a,b)∈G c(u, a, b)[(u, a, b)]�/
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ª§Ù¥ c(u, a, b) ∈ C.-

N2i =
∑

(u,a,b)∈G

S(u, a, b)i[(u, a, b)],

N2i+1 =
∑

(u,a,b)∈G
b=0

S(u, a, b)i[(u, a, b)],

Ù¥ i = 0, 1, . . . , 4.u´þ¡�C��±�¤Xe�Ý
/ªµ

(N0,N1, . . . ,N9) = (R0,R1, . . . ,R9)T,

ùp

T =



1 1 s2 s2 s4 s4 s6 s6 s8 s8

1 0 2 s 0 4 s2 0 8 s3 0 16 s4 0

1 1 s s s2 s2 s3 s3 s4 s4

1 0 s 0 s2 0 s3 0 s4 0

1 1 0 0 0 0 0 0 0 0

1 0 0 0 0 0 0 0 0 0

1 0 −s 0 s2 0 −s3 0 s4 0

1 1 −s −s s2 s2 −s3 −s3 s4 s4

1 0 −2 s 0 4 s2 0 −8 s3 0 16 s4 0

1 1 −s2 −s2 s4 s4 −s6 −s6 s8 s8



.

ÏLMapleO��� det(T ) = −1152 s23 (s− 1)2 (s+ 1)2 ,¤± T ´�_�.3·�
�y²¥§�'��´��/O�e¡�A�L T:



N0 N1 N2 N3 N4 N5 N6 N7 N8 N9

E0 4 q3 4 q2 0 0 8 q4 8 q3 0 0 16 q4 (3 q − 1) 16 q3 (3 q − 1)

E1 0 4 q2 0 0 0 8 q3 0 0 0 16 q3 (3 q − 1)

E2 0 0 4 q3 4 q2 0 0 8 q3 (3 q − 1) 8 q2 (3 q − 1) 0 0

E3 0 0 0 4 q2 0 0 0 8 q2 (3 q − 1) 0 0

E4 0 0 0 0 8 q3 8 q2 0 0 32 q3 (3 q − 2) 32 q4

E5 0 0 0 0 0 8 q2 0 0 32 q3 (q − 2) 32 q4

E6 0 0 0 0 0 0 24 q3 8 q2 (2 q − 1) 0 0

E7 0 0 0 0 0 0 0 8 q2 (2 q − 1) 0 0

E8 0 0 0 0 0 0 0 0 48 q4 16 q3 (2 q − 1)

E9 0 0 0 0 0 0 0 0 0 16 q3 (2 q − 1)


.

e�!ò;�^5O�ù�L.·�l� N6¥�±ÖÑ

g(N6) =

 8 q3 (3 q − 1) , e g ∈ E2;
24 q3, e g ∈ E6;
0, Ù¦�/.

¤±A�L P �±ÏLéA�L T�¦Ý
 T−1��.��l Bannai-Muzychuk�

O{á=��B′ = (G;Ri, 0 ≤ i ≤ 9)�¤�� 9a�(Ü�Y.
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½n 4.2-4.3�y².lù�!mÞ�Qã§·��±��½n 4.3.½n 4.2

�±l(Ü�YB�A�
Ú Bannai-Muzychuk�O{���Ñ.(Ü�Y Aù´

�YB� fusion�Y.

íØ 4.1µ3û+ G/〈(2, 0, 0)〉þ�3�� 5a�(Ü�Y C§¿��3 C ��� 4

a� fusion�Y.·�3N¹ A¥�Ñ
§��1�Ú1�A�
.

y². ÏL(Ü�Y B′�A�
Ú Bannai-Muzychuk�O{���y.

4.4 A�L T�O�

4.4.1 � N0,N1,N2,N3

A�L T�co��±ÏL��O���.ùp·��O��N2§�e�Ù§

��±aq/��.

é g = (v, c, d) ∈ G§·�k

g(N2) =
∑

(u,a,b)∈G

S(u, a, b)iuv+T(ac+2bd)

=
∑

(u,a,b)∈G

∑
X∈T

iu(v+1)+T(a(c+X))+2T(b(d+X3)) +

∑
(u,a,b)∈G

∑
X∈T

iu(v−1)+T(a(c−X))+2T(b(d−X3))

=
∑
X∈T

∑
u∈Z4

iu(v+1)
∑
a∈R

iT(a(c+X))
∑
b∈T

i2T(b(d+X3)) +∑
X∈T

∑
u∈Z4

iu(v−1)
∑
a∈R

iT(a(c−X))
∑
b∈T

i2T(b(d−X3))

=

{
4 q3, e g ∈ E2;
0, Ù¦�¹.

70



Delsarte-Goethalsèþ�(Ü�Y

4.4.2 � N4,N5,N6,N7,N9

Äk��O���

g(N4) =
∑

(u,a,b)∈G

S(u, a, b)2iuv+T(ac+2bd)

=
∑
u∈Z4

iu(v+2)
∑

X,Y ∈T

∑
a∈R

iT(a(c+X+Y ))
∑
b∈Fq

iT(2b(d+X3+Y 3)) +

∑
u∈Z4

iu(v−2)
∑

X,Y ∈T

∑
a∈R

iT(a(c−X−Y ))
∑
b∈Fq

iT(2b(d−X3−Y 3)) +

2
∑
u∈Z4

iuv
∑

X,Y ∈T

∑
a∈R

iT(a(c+X−Y ))
∑
b∈Fq

iT(2b(d+X3−Y 3))

ùp g = (v, c, d) ∈ G.

� v = 0§c = −Z + W Ù¥ Z,W ∈ T , Z 6= W .u´þ¡�Úª¥�k��

��âk�UØ�u 0.|^Ún 4.4¥�(Ø (b)§���������u 8q3 e

d = z3 + w3§XeØ,K�u 0.���O���µ

g(N4) =

 8 q4, e g ∈ E0;
8 q3, e g ∈ E4;
0, Ù¦�¹,

l·��Ò��
� N4.

� N5�±aq/��.

e¡·�5O�� N6:

g(N6) =
∑

(u,a,b)∈G

S(u, a, b)3iuv+T(ac+2bd)

=
∑
u∈Z4

iu(v+3))
∑

X,Y,Z∈T

∑
a∈R

iT(a(c+X+Y+Z))
∑
b∈Fq

iT(2b(d+X3+Y 3+Z3)) +

∑
u∈Z4

iu(v−3))
∑

X,Y,Z∈T

∑
a∈R

iT(a(c−X−Y−Z))
∑
b∈Fq

iT(2b(d−X3−Y 3−Z3)) +

3
∑
u∈Z4

iu(v+1)
∑

X,Y,Z∈T

∑
a∈R

iT(a(c+X+Y−Z))
∑
b∈Fq

iT(2b(d+X3+Y 3−Z3)) +

3
∑
u∈Z4

iu(v−1)
∑

X,Y,Z∈T

∑
a∈R

iT(a(c−X−Y+Z))
∑
b∈Fq

iT(2b(d−X3−Y 3+Z3))
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ùp g = (v, c, d) ∈ G.

l8Ü E0, E1, . . . , E9�½Â�±wÑ g(N6)�u 0e g /∈ E2 ∪E6.¤±·��I

?n� g ∈ E2∪E6��/.Äk§� g = (v, c, d) = (1,W,w3) ∈ E2Ù¥W ∈ T .u´

þ¡�Úª¥�kÄ�Ú����k�UØ�u 0.�âÚn 4.4¥(Ø (d)��Ä

��u 4 q3e d = w3§XeØ,K� 0.aq/�âÚn 4.4¥(Ø (c)�����

��u 12 q3(2q − 1)e d = w3§XeØ,K�u 0.é g = (3,−W,w3) ∈ E2�/�

©Û´aq/.¤±é g ∈ E2 ·�k g(N6) = 8q3(3q − 1).y3� g = (v, c, d) ∈ E6.

|^Ún 4.9-4.10�±aq/y²(Ø.

e¡·�5?n� N7:

g(N7) =
∑

(u,a,b)∈G
b=0

S(u, a, b)3iuv+T(ac+2bd)

=
∑
u∈Z4

iu(v+3))
∑

X,Y,Z∈T

∑
a∈R

iT(a(c+X+Y+Z)) +∑
u∈Z4

iu(v−3))
∑

X,Y,Z∈T

∑
a∈R

iT(a(c−X−Y−Z)) +

3
∑
u∈Z4

iu(v+1)
∑

X,Y,Z∈T

∑
a∈R

iT(a(c+X+Y−Z)) +

3
∑
u∈Z4

iu(v−1)
∑

X,Y,Z∈T

∑
a∈R

iT(a(c−X−Y+Z))

Ù¥ g = (v, c, d) ∈ G.|^Ún 4.5�±aq/y²(Ø.
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��·�5?n� N9:

g(N9) =
∑

(u,a,b)∈G
b=0

S(u, a, b)4iuv+T(ac+2bd)

=
∑
u∈Z4

iuv
∑

X,Y,Z,W∈T

∑
a∈R

iT(a(c+X+Y+Z+W )) +∑
u∈Z4

iuv
∑

X,Y,Z,W∈T

∑
a∈R

iT(a(c−X−Y−Z−W )) +

4
∑
u∈Z4

iu(v+2)
∑

X,Y,Z,W∈T

∑
a∈R

iT(a(c+X+Y+Z−W )) +

4
∑
u∈Z4

iu(v−2)
∑

X,Y,Z,W∈T

∑
a∈R

iT(a(c−X−Y−Z+W )) +

3
∑
u∈Z4

iuv
∑

X,Y,Z,W∈T

∑
a∈R

iT(a(c+X+Y−Z−W )) +

3
∑
u∈Z4

iuv
∑

X,Y,Z,W∈T

∑
a∈R

iT(a(c−X−Y+Z+W ))

Ù¥ g = (v, c, d) ∈ G.|^íØ 4.2�±aq/y².

4.4.3 � N8

� N8 �O�´�(J�. é g = (0, 0, 0)§·��±���y�ª g(N8) =

16q4(3q − 1). � g ∈ E8 �§|^íØ 4.4-4.5 �±y² g(N8) = 48q4. -A�Ú

ξ(a, b) =
∑

X∈T i
T(aX+2bX3).§�A�Ú S(u, a, b)kX;��éX.·��I�Ú?

,	ü�A�Úµ

E(c, d) :=
∑
a∈R

∑
b∈Fq

(
ξ4(a, b) + ξ4(a, b) + 6 ξ2(a, b)ξ2(a, b)

)
iT(ac+2bd)

�

F(c, d) :=
∑
a∈R

∑
b∈Fq

(
ξ3(a, b)ξ(a, b) + ξ(a, b)ξ3(a, b)

)
iuv+T(ac+2bd).

K

g(N8) =
∑

(u,a,b)∈G

S(u, a, b)4iuv+T(ac+2bd) =
∑
u∈Z4

iuvE(c, d) + 4
∑
u∈Z4

iu(v+2)F(c, d).

¤±·��I��û½A�Ú E(c, d)� F(c, d)�(��©Ù.�uO��L§L

u�¡§·�r�A�O�Sü3
N¹ B¥.�âÚn 4.12-4.14§·��±��
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�y

g(N8) =

{
23m+6(3 · 2m−1 − 1), e g ∈ E4;
23m+6(2m−1 − 1), e g ∈ E5.

4.5 o(

3�Ù¥§·�3 DG è'u Leeþy©�Ä:þ�E
�x 9a(Ü�

Y§¿�·�|^E,��êÚO�wª/û½Ñ
ù�(Ü�Y�éó�Y�

y©.·��k�(Ü�Y�y©´Äu DG è� Leeþ§,·�8c�Ã{

�§�éó�Y�y©��Ün�)º.XJ·�U
á�Ùù�éóy©�N


DG è��oA5§@ò¬´�~k¿g�.

4.6 N¹ A

�½Ûêm ≥ 3Ú q = 2m.- s =
√

2q.

(Ü�Y A�1�Ú1�A�
©O�:

P =



R0 R1 R2∪R3 R4

E0 1 1/24 s6 − 1/8 s4 + 1/12 s2 1/2 s4 − 4/3 s2 + 1/12 s6 −2 + 2 s2

E1∪E9 1 −1/12 s4 + 1/12 s2 1/3 s4 − 4/3 s2 −2 + 2 s2

E2 1 1/12 s5 − 1/4 s3 + 1/6 s 1/2 s3 − 4/3 s+ 1/12 s5 0
E3∪E7 1 −1/6 s3 + 1/6 s 1/3 s3 − 4/3 s 0
E4 1 1/8 s4 − 1/4 s2 0 −2
E5 1 −1/4 s2 0 −2
E6 1 1/12 s3 + 1/6 s −4/3 s− 1/6 s3 0
E8 1 1/24 s4 + 1/12 s2 −4/3 s2 − 1/6 s4 −2 + 2 s2

R5 R6∪R7 R8 R9

1/4 s6 − 3/4 s4 + 1/2 s2 1/2 s4 − 4/3 s2 + 1/12 s6 1/24 s6 − 1/8 s4 + 1/12 s2 1
−1/2 s4 + 1/2 s2 1/3 s4 − 4/3 s2 −1/12 s4 + 1/12 s2 1

0 −1/12 s5 + 4/3 s− 1/2 s3 −1/12 s5 + 1/4 s3 − 1/6 s −1
0 −1/3 s3 + 4/3 s 1/6 s3 − 1/6 s −1

−1/4 s4 + 1/2 s2 0 1/8 s4 − 1/4 s2 1
1/2 s2 0 −1/4 s2 1

0 1/6 s3 + 4/3 s −1/12 s3 − 1/6 s −1
1/4 s4 + 1/2 s2 −4/3 s2 − 1/6 s4 1/24 s4 + 1/12 s2 1


,

Q =



1 1/2 s2 − 1 s2 1/2
(
s2 − 2

)
s2 1/2 s2

(
s2 − 1

)
1 −1 2 s −2 s 3/2 s2

1 1/2 s2 − 1 s 1/2
(
s2 − 2

)
s 0

1 −1 s −s 0

1 1/2 s2 − 1 0 0 −1/2 s2

1 −1 0 0 −1/2 s2

1 −1 −s s 0

1 1/2 s2 − 1 −s −1/2
(
s2 − 2

)
s 0
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1/4 s2
(
s4 − 3 s2 + 2

)
1/6 s2

(
s4 − 3 s2 + 2

)
1/6 s4 − 1/2 s2 + 1/3

−3/2 s2 1/3 s
(
s2 + 2

)
1/6 s2 + 1/3

0 −1/3 s
(
s2 − 1

)
1/3− 1/3 s2

−1/4
(
s2 − 2

)
s2 0 1/6 s4 − 1/2 s2 + 1/3

1/2 s2 0 1/6 s2 + 1/3

0 1/3 s
(
s2 − 1

)
1/3− 1/3 s2

−3/2 s2 −1/3 s
(
s2 + 2

)
1/6 s2 + 1/3

1/4 s2
(
s4 − 3 s2 + 2

)
−1/6 s2

(
s4 − 3 s2 + 2

)
1/6 s4 − 1/2 s2 + 1/3



.

(Ü�YB�1�Ú1�A�
©O�:

P =



R0 R1 R2 R3 R4

E0 1 1/24 s6 − 1/8 s4 + 1/12 s2 1/2 s4 − s2 1/12 s6 − 1/3 s2 −2 + 2 s2

E1 1 −1/12 s4 + 1/12 s2 1/2 s4 − s2 −1/6 s4 − 1/3 s2 −2 + 2 s2

E2 1 1/12 s5 − 1/4 s3 + 1/6 s 1/2 s3 − s 1/12 s5 − 1/3 s 0
E3 1 −1/6 s3 + 1/6 s 1/2 s3 − s −1/6 s3 − 1/3 s 0
E4 1 1/8 s4 − 1/4 s2 0 0 −2
E5 1 −1/4 s2 0 0 −2
E6 1 1/12 s3 + 1/6 s −s −1/6 s3 − 1/3 s 0
E7 1 −1/6 s3 + 1/6 s −s −1/3 s+ 1/3 s3 0
E8 1 1/24 s4 + 1/12 s2 −s2 −1/6 s4 − 1/3 s2 −2 + 2 s2

E9 1 −1/12 s4 + 1/12 s2 −s2 −1/3 s2 + 1/3 s4 −2 + 2 s2

R5 R6 R7 R8 R9

1/4 s6 − 3/4 s4 + 1/2 s2 1/12 s6 − 1/3 s2 1/2 s4 − s2 1/24 s6 − 1/8 s4 + 1/12 s2 1
−1/2 s4 + 1/2 s2 −1/6 s4 − 1/3 s2 1/2 s4 − s2 −1/12 s4 + 1/12 s2 1

0 −1/12 s5 + 1/3 s −1/2 s3 + s −1/12 s5 + 1/4 s3 − 1/6 s −1
0 1/6 s3 + 1/3 s −1/2 s3 + s 1/6 s3 − 1/6 s −1

−1/4 s4 + 1/2 s2 0 0 1/8 s4 − 1/4 s2 1
1/2 s2 0 0 −1/4 s2 1

0 1/6 s3 + 1/3 s s −1/12 s3 − 1/6 s −1
0 1/3 s− 1/3 s3 s 1/6 s3 − 1/6 s −1

1/4 s4 + 1/2 s2 −1/6 s4 − 1/3 s2 −s2 1/24 s4 + 1/12 s2 1
−1/2 s4 + 1/2 s2 −1/3 s2 + 1/3 s4 −s2 −1/12 s4 + 1/12 s2 1


,

Q =



1 1/2 s2 − 1 s2 1/2
(
s2 − 2

)
s2 1/2 s2

(
s2 − 1

)
1/4 s2

(
s4 − 3 s2 + 2

)
1 −1 2 s −2 s 3/2 s2 −3/2 s2

1 1/2 s2 − 1 s 1/2
(
s2 − 2

)
s 0 0

1 −1 s −s 0 0

1 1/2 s2 − 1 0 0 −1/2 s2 −1/4
(
s2 − 2

)
s2

1 −1 0 0 −1/2 s2 1/2 s2

1 −1 −s s 0 0

1 1/2 s2 − 1 −s −1/2
(
s2 − 2

)
s 0 0

1 −1 −2 s 2 s 3/2 s2 −3/2 s2

1 1/2 s2 − 1 −s2 −1/2
(
s2 − 2

)
s2 1/2 s2

(
s2 − 1

)
1/4 s2

(
s4 − 3 s2 + 2

)
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1/6 s2
(
s4 − 3 s2 + 2

)
1/12 s2

(
s4 − 4

)
1/6 s4 − 1/2 s2 + 1/3 1/12 s4 − 1/3

1/3 s
(
s2 + 2

)
−1/3 s

(
s2 + 2

)
1/6 s2 + 1/3 −1/6 s2 − 1/3

−1/3 s
(
s2 − 1

)
−1/6 s

(
s2 + 2

)
1/3− 1/3 s2 −1/6 s2 − 1/3

−1/3 s
(
s2 − 1

)
1/3 s

(
s2 − 1

)
1/3− 1/3 s2 −1/3 + 1/3 s2

0 0 1/6 s4 − 1/2 s2 + 1/3 1/12 s4 − 1/3

0 0 1/6 s2 + 1/3 −1/6 s2 − 1/3

1/3 s
(
s2 − 1

)
−1/3 s

(
s2 − 1

)
1/3− 1/3 s2 −1/3 + 1/3 s2

1/3 s
(
s2 − 1

)
1/6 s

(
s2 + 2

)
1/3− 1/3 s2 −1/6 s2 − 1/3

−1/3 s
(
s2 + 2

)
1/3 s

(
s2 + 2

)
1/6 s2 + 1/3 −1/6 s2 − 1/3

−1/6 s2
(
s4 − 3 s2 + 2

)
−1/12 s2

(
s4 − 4

)
1/6 s4 − 1/2 s2 + 1/3 1/12 s4 − 1/3



.

(Ü�Y C �1�Ú1�A�
©O�:

P =



1 1/24 s6 − 1/8 s4 + 1/12 s2 1/2 s4 − s2 1/12 s6 − 1/3 s2 s2 − 1 1/8 s6 − 3/8 s4 + 1/4 s2

1 −1/12 s4 + 1/12 s2 1/2 s4 − s2 −1/6 s4 − 1/3 s2 s2 − 1 −1/4 s4 + 1/4 s2

1 1/8 s4 − 1/4 s2 0 0 −1 −1/8 s4 + 1/4 s2

1 −1/4 s2 0 0 −1 1/4 s2

1 1/24 s4 + 1/12 s2 −s2 −1/6 s4 − 1/3 s2 s2 − 1 1/8 s4 + 1/4 s2

1 −1/12 s4 + 1/12 s2 −s2 −1/3 s2 + 1/3 s4 s2 − 1 −1/4 s4 + 1/4 s2


,

Q =



1 1/2 s2 − 1 1/2 s2
(
s2 − 1

)
1/4 s2

(
s4 − 3 s2 + 2

)
1/6 s4 − 1/2 s2 + 1/3 1/12 s4 − 1/3

1 −1 3/2 s2 −3/2 s2 1/6 s2 + 1/3 −1/6 s2 − 1/3

1 1/2 s2 − 1 0 0 1/3− 1/3 s2 −1/6 s2 − 1/3

1 −1 0 0 1/3− 1/3 s2 −1/3 + 1/3 s2

1 1/2 s2 − 1 −1/2 s2 −1/4
(
s2 − 2

)
s2 1/6 s4 − 1/2 s2 + 1/3 1/12 s4 − 1/3

1 −1 −1/2 s2 1/2 s2 1/6 s2 + 1/3 −1/6 s2 − 1/3


.

(Ü�Y D�1�Ú1�A�
©O�:

P =



1 1/24 s6 − 1/8 s4 + 1/12 s2 1/2 s4 − 4/3 s2 + 1/12 s6 s2 − 1 1/8 s6 − 3/8 s4 + 1/4 s2

1 −1/12 s4 + 1/12 s2 1/3 s4 − 4/3 s2 s2 − 1 −1/4 s4 + 1/4 s2

1 1/8 s4 − 1/4 s2 0 −1 −1/8 s4 + 1/4 s2

1 −1/4 s2 0 −1 1/4 s2

1 1/24 s4 + 1/12 s2 −4/3 s2 − 1/6 s4 s2 − 1 1/8 s4 + 1/4 s2


,

Q =



1 1/2 s2 − 4/3 + 1/12 s4 1/2 s2
(
s2 − 1

)
1/4 s2

(
s4 − 3 s2 + 2

)
1/6 s4 − 1/2 s2 + 1/3

1 −4/3− 1/6 s2 3/2 s2 −3/2 s2 1/6 s2 + 1/3

1 1/3 s2 − 4/3 0 0 1/3− 1/3 s2

1 1/2 s2 − 4/3 + 1/12 s4 −1/2 s2 −1/4
(
s2 − 2

)
s2 1/6 s4 − 1/2 s2 + 1/3

1 −4/3− 1/6 s2 −1/2 s2 1/2 s2 1/6 s2 + 1/3


.

4.7 N¹ B

�½8Ü T þ�?�S'X <.

Ún 4.3µ [46]- e = (eX)X∈T Ú Ej = {X | eX = j}Ù¥ j = 0, 1, 2, 3.K�§∑
X∈T

eXX = A+ 2B, A,B ∈ T , eX ∈ Z4
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�du±e�ü��§

a =
∑

X∈E1∪E3

x

Ú

b2 =
∑

X∈E2∪E3

x2 +
∑

X,Y ∈E1∪E3
X<Y

xy.

P 2R = {2x | x ∈ R}Ú −T = {−X | X ∈ T }.

Ún 4.4µ [13]- R = GR(4,m),m > 0§8Ü T �§� Teichmuller8.

(a) õ8 T + 2T = {X + 2Y | X, Y ∈ T }T�¹ R¥z����g.

(b) õ8 T − T = {X − Y | X, Y ∈ T }�¹�� 0�gê� 2m g§Ø�¹ 2R

¥�?���§T�¹ R\2R¥z����g.

(c) õ8 T + T = {X + Y | X, Y ∈ T }T�¹ 2R¥z����g§�¹ R\2R

¥�����Tüg.

(d) �m�óê�§õ8 T + T Ú −(T + T )��.�m�Ûê�§§���8

�u 2R.AO/§�k�m�óê�§−T ¥���â¬Ñy3 T + T ¥.

e¡ü�(J´Ún 4.4�g,í2.

Ún 4.5µ�½Ûêm > 0Ú R = GR(4,m).P T �§� Teichmuller8.K

(a) õ8 T + T + T = {X + Y + Z | X, Y, Z ∈ T }T�¹8Ü −T ¥z����

g§T�¹�e�z��� 2m + 1g¶

(b) õ8 T + T − T = {X + Y − Z | X, Y, Z ∈ T }T�¹8Ü T ¥z���

2m+1 − 1g§T�¹�e�z��� 2m − 1g.

y². e¡·���Ñ(Ø (a)�y²"(Ø (b)�y²´��aq�.·�I��

	�§

X + Y + Z = C,
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3 X, Y, Z ∈ T§C ∈ R ^�e)��ê. ùp�� C �±��/L«¤ C =

A+ 2B§Ù¥ A,B ∈ T .

Äk� C ∈ −T§= A = B.KX + Y +Z +A = 0.ddíÑX = Y = Z = A.

�Ò´`õ8 T + T + T T�¹8Ü −T ¥?����g.

�X� C /∈ −T§= A 6= B.·�©±eü«�/µA = 0Ú A 6= 05?1?

Ø.

� A = 0�§ÏLCþO�§·��I�Ä�§

X + Y + Z = 2. (4.7)

�âÚn 4.3§�du {
x + y + z = 0,
xy + xz + yz = 1,

(4.8)

N´wÑ

x2 + y2 + xy + 1 = 0.

e x = 0§K�§�k��)

(x, y, z) = (0, 1, 1).

e x 6= 0§K� y = tx§Ù¥ t ∈ F2m .u´

(t2 + t+ 1)x2 + 1 = 0.

�n��

(x, y, z) =

(
1√

t2 + t+ 1
,

t√
t2 + t+ 1

,
t+ 1√
t2 + t+ 1

)
.

ØJ�yd��§ (4.7)�k 2m + 1�).

� A 6= 0�§·��I�Ä�§

X + Y + Z = 1 + 2B, (4.9)

Ù¥ B ∈ T§B 6= 1.�âÚn 4.3§�§ (4.9)�du{
x + y + z = 1,
xy + xz + yz = b2.

(4.10)
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N´wÑ

x2 + xy + y2 + x+ y + b2 = 0. (4.11)

- x = (1 + b)u+ b§y = (1 + b)v + b.Kþã�§z�

u2 + uv + v2 + u+ v = 0.

Ø���5§�±3�§ (4.11)¥� b = 0.

e x = 0§K��ü�) (x, y, z) = (0, 0, 1)� (x, y, z) = (0, 1, 0).

e x 6= 0§K� y = tx§Ù¥ t ∈ F2m .u´

(t2 + t+ 1)x2 + (t+ 1)x = 0.

�n��

(x, y, z) =

(
t+ 1

t2 + t+ 1
,

t2 + t

t2 + t+ 1
,

t

t2 + t+ 1

)
.

e t = 1§K�k��) (x, y, z) = (0, 0, 1).ØJ�y�§ (4.11)��k 2m + 1�

).

dþ¡�Ún·�k±e���íØ.

íØ 4.2µ�½ÛêmÚ R = GR(4,m).P T �§� Teichmuller8.

(a) õ8 T + T + T + T = {X + Y + Z + W : X, Y, Z,W ∈ T }�¹�� 0�g

ê� 2mg§T�¹8Ü 2R\{0}¥z��� 2m(2m + 1)g§�¹�e�z��

� 22mg.

(b) õ8 T + T − T − T = {X + Y − Z −W : X, Y, Z,W ∈ T }�¹�� 0�g

ê� (2m+1 − 1)2mg§T�¹8Ü 2R\{0}¥z��� (2m − 1)2mg§�¹�

e�z��� 22mg.

(c) õ8 T + T + T − T = {X + Y +Z −W : X, Y, Z,W ∈ T }T�¹8Ü 2R¥

z��� 22m g§T�¹8Ü (T + T )\2R¥z��� (2m + 1)2m g§�¹�

e�z��� (2m − 1)2mg.

£Á�e·�31 4.3!¥�Ñ�8Ü E0, . . . , E9�½Â.
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íØ 4.3µ�½Ûê m ≥ 3.- q = 2m§G = Z4 × R × Fq.K8Ü E0, . . . , E9 �¤ G

���y©.

y². |^Ún 4.4¥(Ø (b)§·�ØJ�y8Ü E0, E1, E4, E5, E8, E9¥¤k1��

I�u 0���T�¤ {0} × R × Fq ���y©.|^Ún 4.4¥(Ø (c)§·��

±�y1��I�u 2��/.�e���1��I�u 1½ 3��/�±|^Ú

n 4.4¥(Ø (a)5�y.

- tr(x)L«l F2m � F2�,¼ê.e¡�(Ø´·�¤Ù�� [73].

Ún 4.6µ�½��êm.��g�§ fa(x) = x2 + x + a = 0, a ∈ F2m .e tr(a) = 0§

K§3 F2m ¥kü�)¶e tr(a) = 1§K§3 F2m ¥Ã).

- fa(x) = x3 + x+ a.P

Mi =
{
a ∈ F2m , a 6= 0 | fa(x) = 03 F2m ¥Tk i�)

}
Ù¥ i = 0, 1, 3.§���� |M0|, |M1|, |M3|�±3©z [52]�N¹¥é�µ

|M0| =
q + 1

3
,

|M1| =
q

2
− 1,

|M3| =
q − 2

6
.

Ún 4.7µ�½��êmÚng�§ fa(x) = x3 + x+ a, a ∈ F2m .

(a) e a = 0§K fa(x)3 F2m ¥kü�� x = 0, 1.

(b) e a = b+ b−1é,� b ∈ F2m\{0, 1}¤á§K fa(x)3 F2m k�=k���.

(c) e a = b−1 + b−3é,� b ∈ F2m\{0, 1}¤á� tr(b) = 1§K fa(x)3 F2m ¥kn

�ØÓ��.

(d) e aØ÷vþã?�^�§K fa(x)3 F2m þØ��.
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y². (Ø (a)�±���y.©z [11]£p.169¤¥®²y² fa(x) = 03 F2m ¥Tk

�����=� tr(1/a) = 0¤á.e a = b+ b−1é,� b ∈ F2m\{0, 1}¤á§K

tr
(

1

b+ b−1

)
= tr

(
b

b2 + 1

)
= tr

(
b

b+ 1
+

(
b

b+ 1

)2
)

= 0.

N´�y8Ü {b + b−1 | b ∈ F2m\{0, 1}}���� |M1|��.u´·�y²
(Ø

(b).

e a = b−1 + b−3é,� b ∈ F2m\{0, 1}� tr(b) = 1¤á§K

tr
(

1

b−1 + b−3

)
= tr

(
b+

b

b2 + 1

)
= tr(b) = 1.

Ï� b−1 ®²´ fa(x) ����§¤± fa(x) 3 F2m ¥7kn�ØÓ��. e

¡·�5�y8Ü {b−1 + b−3 | b ∈ F2m\{0, 1}, tr(b) = 1} ����u |M3|. �

b−1 + b−3 = c−1 + c−3§Ù¥ b ∈ F2m\{0, 1}� tr(b) = 1§c ∈ F2m\{0, 1}.u´

b−1 + b−3 = c−1 + c−3

⇐⇒ (b+ c)(b2c2 + b2 + bc+ c2) = 0

⇐⇒ c = b or c2 + (b/(b2 + 1))c+ b2/(b2 + 1) = 0.

du

tr
(
b2/(b2 + 1)

b2/(b2 + 1)2

)
= tr(b2 + 1) = 0,

�âÚn 4.6���§ c2 + (b/(b2 + 1))c + b2/(b2 + 1) = 03 F2m ¥kü�ØÓ�

�.l�§ b2c2 + b2 + bc + c2 = 0�é¡5�� tr(c)7�u 1.dd�±wÑ8Ü

{b−1 + b−3 | b ∈ F2m\{0, 1}, tr(b) = 1}���Ò´ (q − 2)/6 = |M3|§u´·��Ò

y²
(Ø (c).,��±á=íÑ(Ø (d).

e¡·�o´b� q = 2m§Ù¥m ≥ 3�Ûê.

Ún 4.8µ�½W ∈ T .K�§|{
X + Y − Z = W + 2;
x3 + y3 + z3 = w3 + e,

�)��ê� (a) 1§e e = 0¶(b) 2§e e ∈M1¶(c) 0§e e ∈M0 ∪M3.
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y². �â X + Y = (
√
X +

√
Y )2 + 2

√
XY ��1���§ X + Y = 2 + Z + W

�du F2m þ��§|µ

x+ y = z + w, xy = zw + 1.

u´

e = x3 + y3 + z3 + w3

= (x+ y)3 + xy(x+ y) + z3 + w3

= (z + w)3 + (zw + 1)(z + w) + z3 + w3

= z + w.

�n� z = e+w, y = e+x.ò§��\ xy = zw+1§·�k (x+z)2+e(x+z)+1 = 0.

e e = 0§K x = 1 + z = e + w + 1§ù��§|�k 1 �). e e 6= 0§K

(x+ z)2/e2 + (x+ z)/e+ 1/e2 = 0.ù��§k 0½ 2�)©OéAu tr(1/e) = 1¤

á½Ø¤á.

Ún 4.9µ�½ A,B ∈ T � B 6= 0.K�§|{
X + Y − Z = A + 2B;
x3 + y3 + z3 = a3 + b3e,

)��ê� (a) 1§e e = 0¶(b) 2§e e ∈M1¶(c) 0§e e ∈M0 ∪M3.

aq/§·�ke¡�A�(Ø.

Ún 4.10µ�½ A,B ∈ T � B 6= 0.K�§|{
X + Y + Z = −A + 2B,
x3 + y3 + z3 = a3 + b3e,

)��ê� (a) 3§e e = 0¶(b) 0§e e ∈M0 ∪M1¶(c) 6§e e ∈M3.

íØ 4.4µ�½ 0 6= B ∈ T .K�§|{
X + Y − Z −W = 2B;
x3 + y3 + z3+ w3 = b3e,

)��ê�(a) 2m§e e = 0¶(b) 2m+1§e e ∈M1¶(c) 0§e e ∈M0 ∪M3.
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íØ 4.5µ�½ 0 6= B ∈ T .K�§|{
X + Y + Z + W = 2B;
x3 + y3 + z3 + w3 = b3e,

)��ê� (a) 3 · 2m§e e = 0¶(b) 0§e e ∈M0 ∪M1¶(c) 6 · 2m§e e ∈M3.

4.8 N¹ C

3ù�!¥§·�o´b½ q = 2m Ù¥ m ≥ 3�Ûê.é (a, b) ∈ G× Fq§�

êÚ ξ(a, b)äke¡�5�µ

(a) e b 6= 0§K ξ(a, b) = ξ(aB−1/3, 1)¶

(b) e U, V ∈ T ,W ∈ T ∗§K ξ(U + 2V, b) = ξ(UW + 2VW, bw3).

·�I�Ú?�
PÒ.�½ R¥�� aÚ c.K§��±L«¤ a = U + 2V

Ú c = S + 2T§Ù¥ U, V, S, T ∈ T .�
�B§P ηa = ξ(a, 1).- u� a� 2�3

Fq ¥�ÝK.P

fu(z) = z2 + u2z +
√
z + u

Ú Fu� fu(z)3 Fq ¥�":.qP

hu(z) = fu(z)− u = z2 + u2z +
√
z

Ú Hu� hu(z)3 Fq ¥�":.ØJ�y u2 ∈ Fu§

Fu = {x+ u2 | x ∈ Hu}.

¤± |Fu| = |Hu|.é?� x ∈ Hu§Ñk tr(ux) = tr(u2x2) = tr(x3 + x3/2) = 0.u´

tr(uy) = tr(u3)é?� y ∈ Fuþ¤á.é X, Y ∈ T§·�k

X + Y = (
√
X +

√
Y )2 + 2

√
XY .

·�òr�� (
√
X +

√
Y )2 ∈ T P� X ⊕ Y .

Ún 4.11µ�½ a ∈ R�- u� a� 2�3 Fq¥��.K�êÚ ηaäkeã5�µ

η2
a = 2m

∑
Z∈T

fu(z)=0

iT(aZ+2Z3), ηaηa = 2m
∑
Z∈T

hu(z)=0

iT(aZ+2Z3),

η4
a = 2m(−1)tr(u3)|Fu|ηaηa, (ηaηa)

2 = 2m|Fu|ηaηa, η3
aηa = 2m|Fu|η2

a.
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y². ·�ÄkO�

η2
a =

∑
X∈T

∑
Y ∈T

iT(a(X+Y )+2(X3+Y 3)) =
∑
Y ∈T

∑
Z∈T

iT(a(Y⊕Z+Y )+2((Y⊕Z)3+Y 3))

=
∑
Y ∈T

∑
Z∈T

iT (aZ+2Z3+2(aY+a
√
Y Z+Y 2Z+Z2Y+Z3))

=
∑
Z∈T

iT(aZ+2Z3)
∑
y∈Fq

(−1)tr(y(z2+u2z+
√
z+u))

= 2m
∑
Z∈T

fu(z)=0

iT(aZ+2Z3).

aq�O��±��

ηaηa = 2m
∑
Z∈T

hu(z)=0

iT(aZ+2Z3).

u´

η4
a = 22m

∑
Z∈T

fu(z)=0

∑
W∈T

fu(w)=0

iT(a(Z+W )+2(Z3+W 3))

= 22m
∑
Z∈T

fu(z)=0

∑
W∈T

hu(w)=0

iT(a(Z+Z⊕W )+2(Z3+(Z⊕W )3))

= 22m
∑
W∈T

hu(w)=0

iT(aW+2W 3)
∑
Z∈T

fu(z)=0

(−1)tr(uz+w(z2+u2z+
√
z))

= 22m
∑
W∈T

hu(w)=0

iT(aW+2W 3)
∑
Z∈T

fu(z)=0

(−1)tr(u(z+w))

= 2m(−1)tr(u3)|Fu|ηaηa.

aq/§·��±y²{e�(Ø.

Ún 4.12µ�½ c ∈ R\2R Ú d ∈ Fq. K c �±��/L«¤ c = F − G§Ù¥

F,G ∈ T .·�k

E(c, d) =

{
23m+4(3 · 2m−1 − 1), e d = f 3 + g3;
23m+4(2m−1 − 1), e d 6= f 3 + g3,

Ù¥ f, g� F,G� 2�3 Fq ¥��.

y². ÏL���y��

st2 + s−1t4 + s3 = f 3 + g3
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Ú

tr(s−3(f 3 + g3)) = 1.

- X ∈ T Ú B ∈ T ∗.O�

U := iT(Xc)
∑
Y ∈T

η(X+2Y )B−1/3η(X+2Y )B−1/3(−1)tr(ys)

= 2miT(Xc)
∑
Y ∈T

∑
Z∈T

hx′ (z)=0

iT((X+2Y )B−1/3)Z+2Z3)(−1)tr(ys)

= 2miT(Xc)
∑
Z∈T

hx′ (z)=0

iT(XB−1/3Z+2Z3)
∑
Y ∈T

(−1)tr(y(b−1/3z+s))

=

{
22m(−1)tr(b(f3+g3)), e X = B

1
2S

1
2 ⊕B 1

4S−
1
4 ;

0, Ù¦�¹,

Ù¥ x′ = xb−1/3.5¿�µe b = s−3§K B
1
2S

1
2 ⊕B 1

4S−
1
4 = 0.

� x, s ∈ F∗q Ú b ∈ F∗q\{s−3}.·�5��8Ü Hx.w, 0� hx(z)����.�

§ hx(z) = 0�du

(hx(z))2 = z(z3 + x4z + 1) = 0.

^ x2w5O� z§K�§ z3 + x4z + 1 = 0z� w3 + w + x−6 = 0.

e

x = (bs)1/2 + (bs−1)1/4,

K

x6 = b1/2s3/2 + bs3 + b−1/2s−3/2 + 1

�

x−6 = (1 + b−1/2s−3/2)−1 + (1 + b−1/2s−3/2)−3.

|^Ún 4.7§��e

tr(1 + b−1/2s−3/2) = 0,

K

tr(x6) = tr(1 + b−1s−3) = 0,

Ï

|F
b
1
6 s

1
2 +b−

1
12 s−

1
4
| = |H

b
1
6 s

1
2 +b−

1
12 s−

1
4
| = 2;
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XeØ,§K·�k

|F
b
1
6 s

1
2 +b−

1
12 s−

1
4
| = |H

b
1
6 s

1
2 +b−

1
12 s−

1
4
| = 4.

¤±ªf

(2(−1)tr(1+b−1s−3) + 6)|F
b
1
6 s

1
2 +b−

1
12 s−

1
4
|

o´�u 16.

�êÚ E(c, d)ò¬�©¤o�Ü©5?1O�"·�A^�Ì�óä´Ú

n 4.11.Äk·�O�

E(c, d)1 =
∑
a∈R∗

∑
b∈F∗q

(
ξ4(a, b) + ξ4(a, b) + 6 ξ2(a, b)ξ2(a, b)

)
iT(ac+2bd)

=
∑
X∈T ∗

∑
Y ∈T

∑
b∈F∗q

(
ξ4(X + 2Y, b) + ξ4(X + 2Y, b)

+6ξ2(X + 2Y, b)ξ2(X + 2Y, b)
)
iT((X+2Y )c+2bd)

=
∑
X∈T ∗

∑
Y ∈T

∑
b∈F∗q

(
η4

(X+2Y )B−
1
3

+ η4

(X+2Y )B−
1
3

+6η2

(X+2Y )B−
1
3
η2

(X+2Y )B−
1
3

)
iT((X+2Y )c+2bd)

= 2m
∑
X∈T ∗

∑
b∈F∗q

(−1)tr(bd)
(

2(−1)tr(x3b−1) + 6
)
|F
xb−

1
3
| U

= 23m
∑

b∈F∗q\{s−3}

[(
2(−1)tr(1+b−1s−3) + 6

)
|F
b
1
6 s

1
2 +b−

1
12 s−

1
4
|
]

(−1)tr(b(f3+g3+d))

= 23m+4
∑

b∈F∗q\{s−3}

(−1)tr(b(f3+g3+d)).

,�§

E(c, d)2 =
∑
X∈T ∗

∑
Y ∈T

(
ξ4(X + 2Y, 0) + ξ4(X + 2Y, 0)

+6ξ2(X + 2Y, 0)ξ2(X + 2Y, 0)
)
iT((X+2Y )c)

=
∑
X∈T ∗

∑
Y ∈T

(
22miT(2) + 22mi−T(2) + 6 · 22m

)
iT((X+2Y )c)

= 22m+2
∑
X∈T ∗

iT(Xc)
∑
Y ∈T

(−1)tr(ys)

= 0.
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�X´

E(c, d)3 =
∑
Y ∈T

∑
b∈F∗q

(
ξ4(2Y, b) + ξ4(2Y, b) + 6ξ2(2Y, b)ξ2(2Y, b)

)
iT(2Y c+2bd)

=
∑
Y ∈T

∑
b∈F∗q

(
22m+4(1 + (−1)tr(yb−1/3+1)

)
(−1)tr(ys+bd)

= 22m+4
∑
b∈F∗q

(−1)tr(bd+1)
∑
Y ∈T

(−1)tr(y(b−1/3+s))

= 23m+4(−1)tr(s−3d+1).

��·�O�

E(c, d)4 = ξ4(0, 0) + ξ4(0, 0) + 6ξ2(0, 0)ξ2(0, 0) = 24m+3.

òªf E(c, d)1,E(c, d)2,E(c, d)3Ú E(c, d)4\å5By²
·��(Ø.

Ún 4.13µ�½ c ∈ R\2RÚ d ∈ Fq.�3 F,G ∈ T ¦� c = F +G,F 6= G.·�k

F(c, d) =

{
23m+2(3 · 2m−1 − 1), e d = f 3 + g3;
23m+2(2m−1 − 1), e d 6= f 3 + g3,

Ù¥ f, g©O´ F,G� 2�3 Fq ¥����.

y². ØJ�y

st2 + s3 = f 3 + g3.

- X ∈ T Ú B ∈ T ∗.·�k

V := iT(X)
∑
Y ∈T

(
η3

(X+2Y )B−1/3η(X+2Y )B−1/3

+η(X+2Y )B−1/3η3
(X+2Y )B−1/3)

)
(−1)tr(y)

= 22m|Kxb−1/3|iT(X)
∑
Z∈T

fx′ (z)=0

(
iT(XB−1/3Z+2Z3)

+i−T(XB−1/3Z+2Z3)
)∑
Y ∈T

(−1)tr(v(b−1/3z+1))

=

 23m|Kb1/6|(1 + (−1)tr(b)), e U = B1/2;
23m|Kb1/6+b−1/3|(−1 + (−1)tr(b)), e U = 1⊕B1/2;
0, Ù¦�¹,

Ù¥ x′ = xb−1/3.

87



úô�ÆÆ¬Æ Ø©

Äk·�O�

F(c, d)1 =
∑
X∈T ∗

∑
Y ∈T

∑
b∈F∗q

(
ξ3(X + 2Y, b)ξ(X + 2Y, b)

+ξ(X + 2Y, b)ξ3(X + 2Y, b)
)
iT((X+2Y )c+2bd)

=
∑
X∈T ∗

∑
Y ∈T

∑
b∈F∗q

(
ξ3((X + 2Y )S, bs3)ξ((X + 2Y )S, bs3)

+ξ((X + 2Y )S, bs3)ξ3((X + 2Y )S, bs3)
)
iT((X+2Y )S(1+2S−1T )+2bd)

=
∑
X∈T ∗

∑
Y ∈T

∑
b∈F∗q

(
ξ3(X + 2Y, b)ξ(X + 2Y, b)

+ξ(X + 2Y, b)ξ3(X + 2Y, b)
)
iT((X+2Y )(1+2S−1T )+2bs−3d)

=
∑
X∈T ∗

∑
b∈F∗q

iT(2XS−1T+2bs−3d) V

= 23m
∑
b∈F∗q

|Kb1/6|(−1)tr(b1/2s−1t+bs−3d)(1 + (−1)tr(b))

+23m
∑

b∈Fq\{0,1}

|Kb1/6+b−1/3|(−1)tr(b1/2s−1t+s−1t+bs−3d)(−1 + (−1)tr(b))

= 23m+2

∑
b∈F∗q

tr(b)=0

(−1)tr(b(s−2t2+s−3d)) +
∑

b∈Fq\{0,1}
tr(b)=1

(−1)tr(s−1t+b(s−2t2+s−3d))


= 23m+2(1 + (−1)tr(s−3d+1))

∑
b∈F∗q

tr(b)=0

(−1)tr(b(s−2t2+s−3d))

=

{
23m+3(2m−1 − 1), e d = f 3 + g3;

−23m+2(1 + (−1)tr(s−3d+1)), Ù¦�¹.

,�

F(c, d)2 =
∑
X∈T ∗

∑
Y ∈T

(
ξ3(X + 2Y, 0)ξ(X + 2Y, 0)

+ξ(X + 2Y, 0)ξ3(X + 2Y, 0)
)
iT((X+2Y )c)

= 22m
∑
X∈T ∗

∑
Y ∈T

(
iT(1+2X−1Y+(X+2Y )c) + iT(−1−2X−1Y+(X+2Y )c)

)
= 22m

(∑
X∈T ∗

iT(1+Xc) +
∑
X∈T ∗

iT(−1+Xc)

)∑
Y ∈T

(−1)tr(y(x−1+s))

= 23m
(
iT(2+2s−1t) + iT(2s−1t)

)
= 0.
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�X´

F(c, d)3 =
∑
Y ∈T

∑
b∈F∗q

(ξ3(2Y, b)ξ(2Y, b) + ξ(2Y, b)ξ3(2Y, b))iT(2Y c+2bd)

= 22m+2
∑
Y ∈T

∑
b∈F∗q

(1 + (−1)tr(yb−1/3+1))(−1)tr(ys+bd)

= 22m+2
∑
b∈F∗q

(−1)tr(bd+1)
∑
Y ∈T

(−1)tr(y(b−1/3+s))

= 23m+2(−1)tr(s−3d+1)

��·�O�

F(c, d)4 = ξ3(0, 0)ξ(0, 0) + ξ(0, 0)ξ3(0, 0) = 24m+1.

òªf F(c, d)1,F(c, d)2,F(c, d)3Ú F(c, d)4\å5y²
·��(Ø.

aq/§·��±y²e¡�(J.

Ún 4.14µ- c ∈ 2RÚ d ∈ Fq.·�k

F(c, d) =

{
23m+2(3 · 2m−1 − 1), e d = 0;
23m+2(2m−1 − 1), e d 6= 0.
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5 óA���²¡��ª¼ê9Ù�'�(Ü�Y

5.1 Úó

�½Û�ê pÚ��ê n.- q = pn.�½¼ê f : Fq → Fq.eé?� ε ∈ F∗q§

N�

x→ f(x+ ε)− f(x) (5.1)

Ñ´ Fq þ���§K¡ f ´��²¡¼ê£planar function¤.�
�EÛA�k

��þ��K²¡§DembowskiÚ Ostrom [28] Ú?
²¡¼ê�Vg.3�èÆ¥§

²¡¼ê��¡�����5¼ê£perfect nonlinear functions¤ [72].ÄuÙé�©

ôÂ��`-|5§<�ò§�^u�Eaq DES�S��èXÚ. Carlet!Ding

Ú Yuan [21,29,95] �ïÄöK|^²¡¼ê�EÅ�è§,�òÙ^u�O��©�

�Y.²¡¼ê��^u�E�yè [30]!~EÜè [34] Ú&Ò8 [33].§���^u

�E�
|Ü(�§'X� Hadamard�8Ú Paley.�Ü©�8 [93].

éu p = 2��/§Ø�3k�� F2n þ�²¡¼êµÏ�e x÷v f(x+ ε)−

f(x) = d§K x + ε½÷v.d�·�¡��¼ê f : F2n → F2n ´A�����5

�£almost perfect nonlinear¤§eé?� ε ∈ F∗2n N� (5.1)Ñ´ 2-�-1�.¢Ã�´§

A�����5¼êÚk��K²¡vkõ����éX.���C§Zhou [97]3ó

A��k��þJÑ
��#�/²¡¼ê0�½Â§d§·��±��k��K

²¡.ly3m©§·�ò¡��¼ê f : F2n → F2n ´�²¡�£pseudo-planar¤§

eé?� ε ∈ F∗2n§

x→ f(x+ ε) + f(x) + εx

þ� F2n þ���.I�5¿�´§Zhou [97]åk¡ù��¼ê�/²¡¼ê0§/�

²¡¼ê0ù��{�@´ Abdukhalikov [1]JÑ�§±«�ÛA��²¡¼êk¤

«O.

SchmidtÚ Zhou [80] 9 ScherrÚ Zieve [79] ®²�	L�²¡ü�ª¼ê.·�ò

¦����(J�3L 5.1¥§ùp Tn/2 L«l F2n/2 � F2 �,¼ê.3ù�Ù¥
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L 5.1 ®�� F2n þ��²¡¼ê

¼ê ^� Ñ?

ax2k a ∈ F∗2n ²��

ax2k+1 n = 2k, a ∈ F∗
2n/2 ,Tn/2(a) = 0 ½n 6 [80]

ax4k(4k+1)
n = 6k, a ∈ F∗2n , a´ (4k − 1)g�

½n 1.1 [79]
�Ø´ 3(4k − 1)g�

·�ò�Ena#��²¡��ª¼ê§Ù¥�üa´Ã¡a.,	·�uy?�

�²¡¼êÑò�Ñ��½Â3 Galois�þ� 5-a(Ü�Y.·��(J�±w�

´ LieblerÚ Mena [58] 9 BonnecazeÚ Duursma [13] �<(J�í2. Abdukhalikov!

BannaiÚ Suda [2]9 LeCompte!MartinÚ Owens [55]��ELaq� 4a(Ü�Y.

�Ù�(�SüXeµ31 5.2¥·�0��'�ý��£.31 5.3!¥·�

ò�Ena#��²¡��ª¼ê.31 5.4¥·�5�	��²¡¼ê�'�(

Ü�Y.31 5.5!¥���o(.

5.2 ý��£

�½��k� Abel + G Ú§�f+ N . �� G �f8 D ¡�´ G ¥�é

u N � (|G|/|N |, |N |, |D|, λ) �é�8§XJz��� g ∈ G\N ÑU
L«¤

g1g
−1
2 , (g1, g2 ∈ D, g1 6= g2)�/ªTÐ λg.|^+���ó��µ D´ G¥�é

uf8 N ��8��=�

DD(−1) = |D|1G + λ(G−N),

Ù¥ 1G´ G�ü �.

éu+� Z[G]¥�?��� A =
∑
dgg§3ù�Ù¥·�ò^ [A]0 5�L

d1G .e¡·�2£��e·�31 3Ù¥�Ñ��üúª.

Ún 5.1µ�½��k� Abel+ G.e A =
∑

g∈G dgg ∈ Z[G]§K

dh =
1

|G|
∑
χ∈Ĝ

χ(A)χ(h−1),
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Ù¥ h ∈ G.AO/§·�k

[A]0 =
1

|G|
∑
χ∈Ĝ

χ(A).

k' Galois���'�£§�ë\1 4.2.2!¥�SN.

5.3 �²¡��ª¼ê

ØJ�yz�l F2n �g��¼êÑ�±��/L«¤��gê�õ�

2n − 1�õ�ª¼ê. ü�ª¼ê x 7→ cxt (c ∈ F2n , t ∈ Z)K´�{ü��²�

õ�ª¼ê. e�3 c ∈ F∗2n ¦�¼ê x 7→ cxt 3 F2n þ´�²¡�§K¡�ê

t(1 ≤ t ≤ 2n− 1)´���²¡�ê (pseudo-planar exponent). SchmidtÚ Zhou [80]ß

�¤k��²¡�êÒ�´L 5.1¥¤��@na.

Ø%�²¡ü�ª¼ê�	§1�{ü�¼êÒ´�²¡��ª¼ê.�e5§

·�ò3 F23m þ�Ena�²¡��ª¼ê.e¡�(Øò´·��Ì��y²ó

ä.

Ún 5.2 (p. 362 [59])µ�½�ê� q.- Fqr � Fq �*�.K�5õ�ª

L(x) =
r−1∑
i=0

cix
qi ∈ Fqr [x]

´ Fqr þ�����=�

det


c0 cqr−1 cq

2

r−2 · · · cq
r−1

1

c1 cq0 cq
2

r−1 · · · cq
r−1

2

c2 cq1 cq
2

0 · · · cq
r−1

3
...

...
...

...
cr−1 cqr−2 cq

2

r−3 · · · cq
r−1

0

 6= 0.

�½?���êm.·�Pl F23m � F2m ��é,£�ê¤� T3£N3¤.

·K 5.1µ�½?�óêm > 0.K¼ê

f(x) = a22m+1x22m+1 + a−(2m+1)x2m+1
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3 F23m þ´�²¡���=�

T3((a22m+2m + a−22m−2m−2)(a2m+1 + ε2
m−1)ε2

m+2 + a2m−22mε3 + ε) 6= 0

é?� ε ∈ F∗23m Ñ¤á.

y². - t = 2m.é?� ε ∈ F∗23m§·�k

f(x+ ε) + f(x) + εx =at
2+1εxt

2

+ a−(t+1)εxt + (at
2+1εt

2

+ a−(t+1)εt + ε)x+ (aε)t
2+1 + (a−1ε)t+1.

u´·��Iy²µé?� ε ∈ F∗23m§

Gε(x) := at
2+1εxt

2

+ a−(t+1)εxt + (at
2+1εt

2

+ a−(t+1)εt + ε)x

Ñ´ F23m þ���.�âÚn 5.2§�� Gε(x)´������=�

det

 at
2+1εt

2
+ a−(t+1)εt + ε at+1εt a−(t2+1)εt

2

a−(t+1)ε at+1ε+ a−(t2+t)εt
2

+ εt at
2+tεt

2

at
2+1ε a−(t2+t)εt at

2+tεt + a−(t2+1)ε+ εt
2


=T3((at

2+t + a−t
2−t−2)(at+1 + εt−1)εt+2 + at−t

2

ε3 + ε)

=T3((a22m+2m + a−22m−2m−2)(a2m+1 + ε2
m−1)ε2

m+2 + a2m−22mε3 + ε)

6=0.

dd·�y²
(Ø.

5µ·�8c�ØU{z·K 5.1¥�¿�^�.·��Ã{�äù��E´Ä¬

�ÑÃ¡õ��²¡��ª¼ê.

e¡·�Þü�~f.é?� a ∈ F∗2n§P ord (a)��� a�¦{�.

~ 5.1µ-m = 2.ÏLO�Å�y��

f(x) = a17x17 + a−5x5

3 F23m þ´�²¡���=� ord (a) ∈ {9, 63}.

~ 5.2µ-m = 4.ÏLO�Å�y��

f(x) = a257x257 + a−17x17

3 F23m þ´�²¡���=� ord (a) ∈ {9, 63, 117, 819}.
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�e5§·�ò�Eü�Ã¡a��²¡��ª¼ê.

�½?���êm.� ε ∈ F∗23m\F2m �§3 F2m þ�4�õ�ª�

Cε(x) = x3 +B1x
2 +B2x+B3 ∈ F2m [x] (B3 6= 0).

P Cε(x)�n��� x1(= ε)!x2(= ε2
m

)Ú x3(= ε2
2m

).u´

B1 =x1 + x2 + x3 = T3(ε),

B2 =x1x2 + x1x3 + x2x3,

B3 =x1x2x3 = N3(ε).

��O�

T3(ε3) =x3
1 + x3

2 + x3
3

=(x1 + x2 + x3)3 + x1x2x3 + (x1 + x2 + x3)(x1x2 + x1x3 + x2x3)

=B3
1 +B3 +B1B2,

T3(ε1+2m+1

) =T3(x1x
2
2) = x1x

2
2 + x2x

2
3 + x3x

2
1.

P u1 = T3(x1x
2
3)Ú u2 = T3(x1x

2
2).K·�k

u1 + u2 =B3 +B1B2, (5.2)

u1u2 =B3
1B3 +B3

2 +B2
3 . (5.3)

·K 5.2µ�½?���êm.�m 6≡ 2 (mod 3).K

f(x) = x2m+1 + x22m+2m

3 F23m þ´�²¡�.

y². �·K 5.1 ¥�©Ûaq§·�ØJ�y f ´�²¡���=�é?�

ε ∈ F∗23m§Ñ¤á

N3(ε) + T3(ε3 + ε1+2m+1

) 6= 0.

�
�B§·�PMε = N3(ε) + T3(ε3 + ε1+2m+1
).
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Äk� ε ∈ F∗2m .u´Mε = N3(ε) + T3(ε3 + ε3) = N3(ε) 6= 0.

y3� ε ∈ F∗23m\F2m .N´�y

Mε = B3
1 +B1B2 + u2.

e¡·�ò�â B1´Ä�u 0©¤ü«�/5?1?Ø.

� B1 = 0.KMε = u2.eMε = 0§K�â (5.3)�� B3 = B
3/2
2 .Ïd B2 6= 0§

XeØ,K B1 = B2 = B3 = 0§ù´Ø�U�.òªf B3 = B
3/2
2 �\ Cε(x)¥§

·��� (
ε

B
1/2
2

)3

+
ε

B
1/2
2

+ 1 = 0.

ddíÑ

ε

B
1/2
2

∈ F23 .

�Ò´` ε = bβ§Ù¥ β := B
1/2
2 ∈ F∗2m§b := ε/B

1/2
2 ∈ F∗23 . e m ≡ 0 (mod 3)§

K b ∈ F∗23 ⊆ F2m§� ε ∈ F2m§ù´Ø�U�. e m ≡ 1 (mod 3)§K 2m ≡ 2

(mod 7)§2m+1 ≡ 22m ≡ 4 (mod 7).u´

T3(ε3) =T3((bβ)3) = β3T3(b3),

T3(ε1+2m+1

) =T3(b1+2m+1

β1+2m+1

) = β3T3(b5) = β3T3(b3).

¤±

Mε =N3(ε) + T3((bβ)3 + (bβ)1+2m+1

) = N3(ε) 6= 0

ù�·��b�gñ.

y3� B1 6= 0. Ø���5§- B1 = 1. b� Mε = 1 + B2 + u2 = 0§K

u2 = B2 + 1.òÙ�\ (5.2)Ú (5.3)¥�� u1 = B3 + 1Ú

B3
2 +B2

3 +B2B3 +B2 + 1 = 0. (5.4)

e B2 = 0§K B3 = 1§

ε3 + ε2 + 1 = 0.
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�c¡aq§·��±�� Mε = N3(ε) 6= 0§ù��·��b� Mε = 0

gñ. e B2 6= 0§·�P w = (B3 + 1)/B2. K (5.4) z� B2 = w2 + w. ¤±

B3 = B2w + 1 = w3 + w2 + 1.d� Cε(x)�±�¤

x3 + x2 + (w2 + w)x+ (w3 + w2 + 1) = 0. (5.5)

Põ�ª x3 + x+ 13 F2m ¥�n��©O� τ1!τ2(= τ 2
1 )!τ3(= τ 4

1 ).��O�

(τ2 + τ1w + 1)3 + (τ2 + τ1w + 1)2 +B2(τ2 + τ1w + 1) +B3

=(τ 3
1 + τ1 + 1)w3 + (τ2τ

2
1 + τ2 + τ1)w2 + (τ 2

2 τ1 + τ2 + τ1 + 1)w + τ 3
2 + τ2 + 1

=0.

Ïd�� τ2 + τ1w + 1´ Cε(x)����.e m ≡ 0 (mod 3)§K τi (1 ≤ i ≤ 3) ∈

F23 ⊆ F2m .l τ2 + τ1w + 1 ∈ F2m .ù� Cε(x)3 F2m þØ��gñ.e m ≡ 1

(mod 3)§K

T3(ε3) =T3((τ2 + τ1w + 1)3)

=(τ2 + τ1w + 1)3 + (τ2 + τ1w + 1)3·2m + (τ2 + τ1w + 1)3·22m

=(τ2 + τ1w + 1)3 + (τ3 + τ2w + 1)3 + (τ1 + τ3w + 1)3

=(τ 3
1 + τ 3

2 + τ 3
3 )w3 + (τ 2

1 τ2 + τ 2
2 τ3 + τ 2

3 τ1 + τ 2
1 + τ 2

2 + τ 2
3 )w2

+ (τ1τ
2
2 + τ2τ

2
3 + τ 2

3 τ
2
1 + τ1 + τ2 + τ3)w

+ (τ 3
1 + τ 3

2 + τ 3
3 + τ 2

1 + τ 2
2 + τ 2

3 + τ1 + τ2 + τ3 + 1)

=w3 + w2,

T3(ε1+2m+1

) =T3((τ2 + τ1w + 1)1+2m+1

)

=T3((τ2 + τ1w + 1)(τ1 + τ3w
2 + 1))

=(τ1τ2 + τ2τ3 + τ3τ1)w3 + (τ1τ2 + τ2τ3 + τ3τ1 + τ1 + τ2 + τ3)w2

+ (τ 2
1 + τ 2

2 + τ 2
3 + τ1 + τ2 + τ3)w + (τ1τ2 + τ2τ3 + τ3τ1 + 1)

=w3 + w2.

¤±

Mε = N3(ε) + T3(ε3 + ε1+2m+1

) = N3(ε) 6= 0,

96



óA���²¡��ª¼ê9Ù�'�(Ü�Y

ù��·��b�gñ.dd·�y²
Mεo´Ø�u 0.

5µ3·K 5.2¥- m ≡ 2 (mod 3).� ε ∈ F23m �÷v ε3 + ε2 + 1 = 0.��O�

Mε = N3(ε) + T3(ε3 + ε1+2m+1
) =

∑6
i=0 ε

i = 0.¤± f(x) = x2m+1 + x22m+2m 3 F23m

þØ´�²¡�.

·K 5.3µ�½?���êm.�m 6≡ 1 (mod 3).K

f(x) = x22m+1 + x22m+2m

3 F23m þ´�²¡�.

y². ÏL�·K 5.1aq�©Û�� f ´�²¡���=�

N3(ε) + T3(ε3 + ε2+2m) 6= 0

é?� ε ∈ F∗23m Ñ¤á.�e�?ØK�·K 5.2��.

5.4 5a(Ü�Y��E

- R = GR(4, n)��� Galois�.é?� R¥8Ü A£A�±´õ8¤§·

�òr A�+���
∑

g∈A dgg ∈ Z[R]�Óå5§Ù¥ dg ´ g ∈ A�ê.¯¤±

�§TeichmüllerX T ´ R¥�éu Z ��� (2n, 2n, 2n, 1)-RDS§Ù¥

Z = {2x | x ∈ R}.

BonnecazeÚ Duursma [13] y²
 T ò�Ñ��(Ü�Y.äN5`§� n ≥ 3�§

·�ko�Ø���8Ü

Ω0 = {0}, Ω1 = T ∗, Ω2 = {−x | x ∈ Ω1}, Ω3 = Z \ {0},

Ù¥ T ∗ := T \ {0}. R¥��{��ò�©¤ü�8Ü.- Ω4 �¹@
3õ8

T 2 ¥Ñy��{��§ Ω5 K�¹@
Ø3õ8 T 2 ¥Ñy��{��.Ky

© {Ωi | 0 ≤ i ≤ 5}/¤ Rþ��� Schur�§l�Ò�Ñ�� 5a(Ü�Y.é

?��²¡¼ê f§8Ü

Df = {x+ 2
√
f(x) | x ∈ T }
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Ó��´�� R¥�éu Z � (2n, 2n, 2n, 1)-RDS [80].¤±·�g,�¯´ÄUl

Df ¥��aq�(Ü�Y.3ù�!¥§·�òy²?�l�²¡¼ê f ¥�Ñ�

�é�8 Df Ñ¬�Ñ��(Ü�Y.¯¢þ§·��±�� R�aqy©.Äk·

�ko�pØ���8Ü

S0 = {0}, S1 = Df \ {0}, S2 = {−x | x ∈ S1} = S(−1)
1 , S3 = Z \ {0}.

,�- S4@
�¹3õ8 D2
f ¥Ñy��{�� S5�¹@
ØÑy��{�

�.

|^Ún 4.4·��±���y {Si | 0 ≤ i ≤ 5}(¢�¤ R���y©.�e

5·��Ä {Si | 0 ≤ i ≤ 5}3A�+ R̂þ�éóy©.�â½n 3 [80]§e f ´�²

¡�§K� χH{ R̂¥¤kA��§χ(Df )T�8��.äN5`µ

� n�Ûê�§

χa(Df ) =


2n e a = 0 ,

0 e a ∈ Z \ {0},

±2(n−1)/2 ± 2(n−1)/2i e a ∈ R \ Z¶

� n�óê�§

χa(Df ) =


2n e a = 0 ,

0 e a ∈ Z \ {0},

±2n/2½ ±2n/2i e a ∈ R \ Z.

½Â 5.1µ·�¡õ8

{χ(Df ) | χ ∈ R̂}.

��²¡¼ê f � FourierÌ£Fourier spectrum¤.

��e¡�½n 5.1 �����íØ§·��±wÑ¤k��²¡¼ê�

FourierÌÑ´�Ó�.

´� χ(S1) = χ(Df )− 1.e¡·��Ñ3A�+ R̂þ�y©µ
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� n�Ûê�§

E0 = {χ0},
E1 = {χ ∈ R̂ | χ(S1) = −1} = {χa | a ∈ Z \ {0}},
E2 = {χ ∈ R̂ | χ(S1) = −1 + 2(n−1)/2 + 2(n−1)/2i},
E3 = {χ ∈ R̂ | χ(S1) = −1 + 2(n−1)/2 − 2(n−1)/2i},
E4 = {χ ∈ R̂ | χ(S1) = −1− 2(n−1)/2 + 2(n−1)/2i},
E5 = {χ ∈ R̂ | χ(S1) = −1− 2(n−1)/2 − 2(n−1)/2i};

(5.6)

� n�óê�§

E0 = {χ0},
E1 = {χ ∈ R̂ | χ(S1) = −1} = {χa | a ∈ Z \ {0}},
E2 = {χ ∈ R̂ | χ(S1) = −1 + 2n/2},
E3 = {χ ∈ R̂ | χ(S1) = −1− 2n/2},
E4 = {χ ∈ R̂ | χ(S1) = −1 + 2n/2i},
E5 = {χ ∈ R̂ | χ(S1) = −1− 2n/2i}.

(5.7)

e¡·�y² (R, {Si}5
i=0)´�� Schur�§�§�éó´ (R̂, {Ei}5

i=0).Äk·

�ò|^Ún 5.3ÚÚn 5.4y² S4 �±L«¤ S2
1 ,S2,S3 ��5|Ü.u´ χ(S4)

� χ(S5)����¹�±���(½.��(Ü Bannai-Muzychuk�O�{§·�

�±��(Ø.

Ún 5.3µ�½ R = GR(4, n)Ú F2n þ��²¡¼ê f§¿òÙw�´l T � T �

¼ê.- Df = {x+ 2
√
f(x) | x ∈ T }§S1 = Df \ {0}.K

(i) õ8 S1S(−1)
1 �¹�� 0�gê� 2n − 1g§�¹8Ü S4 ∪ S5 ¥���T

�g§�Ø�¹Ù¦���¶

(ii) õ8 S2
1 �¹ S3¥��T 1g§�¹Ù¦����gê� 0g½ 2g.

y². (i) l f ´�²¡�§��8ÜDf ��� RDSµDfD
(−1)
f = 2nS0 +(R−Z).

ØJ�y S1S(−1)
1 = (2n − 1)S0 + (R− Z − S1 − S2) = (2n − 1)S0 + S4 + S5.

(ii) �½?¿� x, y, z ∈ T ∗.� x + 2
√
f(x) + y + 2

√
f(y) = 2z.K x + 2

√
f(x) =

y + 2(
√
f(y)⊕ z ⊕ y).�âL«���5 (4.1)§�� x = y = z.¤± S2

1 �¹

S3 ¥���gê� 1g.� S2
1 = S3 + 2Uf§Ù¥ Uf =

∑
g∈R\S3 dgg.·��I

y² dg = 0½ 1.du S2
1 = S3 + 2Uf§éù�ªfA^²��A���∑
g∈R\S3

dg = (2n − 1)(2n−1 − 1). (5.8)
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e¡·��	�� 03S2
1 (S(−1)

1 )2¥�Xê.��¡§S2
1 (S(−1)

1 )2 = (S1S(−1)
1 )2 =

((2n − 1)S0 + S4 + S5)2 = (2n − 1)2S0 + 2(2n − 1)(S4 + S5) + (S4 + S5)2. Ï

� S4 + S5 = S(−1)
4 + S(−1)

5 § |S4 ∪ S5| = (2n − 1)(2n − 2)§·�k [(S4 +

S5)2]0 = (2n − 1)(2n − 2). Ïd [S2
1 (S(−1)

1 )2]0 = (2n − 1)(2n+1 − 3). ,��¡§

S2
1 (S(−1)

1 )2 = (S3 + 2Uf )(S3 + 2U
(−1)
f ) = S2

3 + 2S3Uf + 2S3U
(−1)
f + 4UfU

(−1)
f .Ø

J�y [S2
1 (S(−1)

1 )2]0 = 2n − 1 + 4
∑

g∈R\S3 d
2
g.u´k∑

g∈R\S3

d2
g = (2n − 1)(2n−1 − 1). (5.9)

�â (5.8)-(5.9)§·�k ∑
g∈R\S3

dg =
∑

g∈R\S3

d2
g,

�ÒíÑ dg = 0½ 1.

y3·�5û½Ún 5.3¥� Uf .

Ún 5.4µ�½ R = GR(4, n)Ú F2n þ��²¡¼ê f .- Si, 0 ≤ i ≤ 5Xþ¤½Â.

K

(i) � n�Ûê�§S2
1 = S3 + 2S4¶

(ii) � n�óê�§S2
1 = S3 + 2S2 + 2S4.

y². ·�ò��Ñ(Ø (ii) �y²§Ï�aq��{Ó�·^u(Ø (i). d�

�y© {Ei | 0 ≤ i ≤ 5} d (5.7) ¥¤½Â. P mi = |Ei|§0 ≤ i ≤ 5. K m0 = 1§

m1 = 2n − 1.·�Äk5�	 m2,m3,m4,m5 �m�'X.ÏL��O��±wÑ∑
a∈R χa(Df ) = 22n.,��¡§∑

a∈R

χa(Df ) = m0 · 2n +m1 · 0 +m2 · 2n/2 +m3 · (−2n/2) +m4 · 2n/2i+m5 · (−2n/2i)

= 2n + 2n/2(m2 −m3) + 2n/2(m4 −m5)i.

�n��

m2 −m3 = 23n/2 − 2n/2,

m4 −m5 = 0.
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�âÚn 5.3§��S2
1 = S3+2Uf .é?� x, y ∈ T§e x+2

√
f(x)+y+2

√
f(y) = 0§

K x = y + 2(
√
f(x)⊕

√
f(y)⊕ y).ddíÑ x = y = 0.¤±�� 0ØÑy3 S2

1 ¥§

= Uf ∩S0 = ∅.�â½Â�±wÑ S4 ⊂ Uf§S5 ∩Uf = ∅.��·�5�	 S1,S2, Uf

�m�'X.

k5�	 S1.ÏL�üúª��

[D2
fD

(−1)
f ]0 =

1

|R|
∑
a∈R

χa(D
2
fD

(−1)
f )

=
1

|R|
∑
a∈R

|χa(Df )|2χa(Df )

=
1

|R|
(23n + 23n/2(m2 −m3) + 23n/2(m4 −m5)i)

= 2n+1 − 1.

5¿�

D2
fD

(−1)
f = S2

1S
(−1)
1 + 2S1S(−1)

1 + S2
1 + 2S1 + S2 + S0,

[S1S(−1)
1 ]0 = 2n − 1§[S0]0 = 1.ddíÑ [S2

1S
(−1)
1 ]0 = 0.¤± S2

1 Ø�¹ S1¥?��

�§= S1 ∩ Uf = ∅.

25�	 S2.�â�üúª��

[D3
f ]0 =

1

|R|
∑
a∈R

χa(Df )
3

=
1

|R|
(23n + 23n/2(m2 −m3)− 23n/2(m4 −m5)i)

= 2n+1 − 1.

�â

D3
f = (S0 + S1)3 = S0 + 3S1 + 3S2

1 + S3
1 ,

[S0]0 = 1§[S1]0 = [S2
1 ]0 = 0§�� [S2

1S
(−1)
2 ]0 = [S3

1 ]0 = 2n+1 − 2. A^Ún 5.3

íÑ S2
1 �¹ S2 ¥?����gê�õ�üg. ,��¡§[S2

1S
(−1)
2 ]0 = 2|S2|.

¤± S2 ¥?���ÑT3 S2
1 ¥Ñyüg. �Òy²
µ� n �óê�§S2

1 =

S3 + 2S2 + 2S4.

�Rþ�y© {Si | 0 ≤ i ≤ 5}g,/p�
R×Rþ�y© {Ri | 0 ≤ i ≤ 5}µ

Ri = {(x, y) ∈ R×R | x− y ∈ Si} (0 ≤ i ≤ 5).
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y3·�5y² (R, {Ri}5
i=0)(¢�¤
��(Ü�Y.

½n 5.1µ�½ R = GR(4, n)Ú Si, 0 ≤ i ≤ 5Xþ¤½Â.K (R, {Si}5
i=0)´��

Schur�§�§�éó´ (R̂, {Ei}5
i=0).e n ≥ 3§K (R, {Ri}5

i=0)�¤�� 5a(Ü

�Y.e¡·��Ñ§�1�A�
µ� n´Ûê�§P b = 2(n−1)/2§K

P =



1 2 b2 − 1 2 b2 − 1 2 b2 − 1 2 b4 − 3 b2 + 1 2 b4 − 3 b2 + 1

1 −1 −1 2 b2 − 1 −b2 + 1 −b2 + 1

1 −1 + b+ bi −1 + b− bi −1 (1− b) (1− bi) (1− b) (1 + bi)

1 −1 + b− bi −1 + b+ bi −1 (1− b) (1 + bi) (1− b) (1− bi)
1 −1− b+ bi −1− b− bi −1 (1 + b) (1− bi) (1 + b) (1 + bi)

1 −1− b− bi −1− b+ bi −1 (1 + b) (1 + bi) (1 + b) (1− bi)


.

(5.10)

� n´óê�§P b = 2(n−2)/2§K

P =



1 4 b2 − 1 4 b2 − 1 4 b2 − 1 8 b4 − 10 b2 + 2 8 b4 − 2 b2

1 −1 −1 4 b2 − 1 −2 b2 + 2 −2 b2

1 2 b− 1 2 b− 1 −1 2 b2 − 4 b+ 2 −2 b2

1 −2 b− 1 −2 b− 1 −1 2 b2 + 4 b+ 2 −2 b2

1 −1 + 2 bi −1− 2 bi −1 −2 b2 + 2 2 b2

1 −1− 2 bi −1 + 2 bi −1 −2 b2 + 2 2 b2


. (5.11)

1�A�
�±3N¹ 5.6¥é�.

y². �â Bannai-Muzychuk�O{§�Iy²é?¿� χj ∈ Ej§χj(Si)Ñ�u~

ê§Ù¥ 0 ≤ i, j ≤ 5.N´���y 0 ≤ j ≤ 5, 0 ≤ i ≤ 3��/.2�âÚn 5.4§

·��±é 0 ≤ j ≤ 5O�Ñ χj(S4)��.u´�Ò��
 χj(S5)��§l�¤


y².

5µ (i) � n = 1 �§S4 = S5 = ∅. d� (R, {Ri}5
i=0) ´�� 3 a(Ü�Y. �

n = 2�§·�k S4 = ∅.d� (R, {Ri}5
i=0)´�� 4a(Ü�Y.

(ii) BonnecazeÚ Duursma [13] ��� 5a(Ü�Y�±w�´·���E�AÏ

�¹§Ù¥� f = 0.

íØ 5.1µ�½ F2n þ����²¡¼ê f .K§� FourierÌ {χ(Df ) | χ ∈ R̂}XL

5.2ÚL 5.3¥¤«.
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L 5.2 FourierÌ§n�Ûê§b = 2(n−1)/2

� ê
2b2 1
0 2b2 − 1

b+ bi b(2b3+2b2−b−1)
2

b− bi b(2b3+2b2−b−1)
2

−b+ bi b(2b3−2b2−b+1)
2

−b− bi b(2b3−2b2−b+1)
2

L 5.3 FourierÌ§n�óê§b = 2(n−2)/2

� ê
4b2 1
0 4b2 − 1
2b b(4b3 + 4b2 − b− 1)
−2b b(4b3 − 4b2 − b+ 1)
2bi b2(4b2 − 1)
−2bi b2(4b2 − 1)

y². �âN¹ 5.6¥�1�A�
�±��wÑ.

5.5 o(

3�Ù¥§·��E
na#��²¡��ª¼ê.,	§·��Ñ
��l

�²¡��ª¼ê�E 5a(Ü�Y��{.·���E�{í2
 BonnecazeÚ

Duursma [13] ��E.

e¡´�
·�vk)û�¯K.

(i) �Ù¥·��E��²¡¼êÑäk/ª

f(x) = ax2i+2j + bx2k+2l ,

Ù¥ i 6= j, k 6= l� {i, j} 6= {k, l}.éu n ≤ 9§ÏLO�Å¡Þ|¢§·�u

yù«a.��²¡��ª¼ê��U3� F2n = F23m þ�3.Ïd·���

�´Äù«a.��²¡��ª¼ê��U3÷v 3|n�� F2n þ�3.
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(ii) {z·K 5.1¥�¿�^�.

5.6 N¹

� n´Ûê�§(Ü�Y�1�A�
�µ

Q =



1 2 b2 − 1 b
2

(
2 b3 + 2 b2 − b− 1

)
b
2

(
2 b3 + 2 b2 − b− 1

)
b
2

(
2 b3 − 2 b2 − b+ 1

)
b
2

(
2 b3 − 2 b2 − b+ 1

)
1 −1 b

2

(
b2 − 1− (b2 + b)i

)
b
2

(
b2 − 1 + (b2 + b)i

)
b
2

(
1− b2 − (b2 − b)i

)
b
2

(
1− b2 + (b2 − b)i

)
1 −1 b

2

(
b2 − 1 + (b2 + b)i

)
b
2

(
b2 − 1− (b2 + b)i

)
b
2

(
1− b2 + (b2 − b)i

)
b
2

(
1− b2 − (b2 − b)i

)
1 2 b2 − 1 − b

2
(1 + b) − b

2
(1 + b) b

2
(1− b) b

2
(1− b)

1 −1 − b
2
(1 + bi) b

2
(−1 + bi) b

2
(1 + bi) b

2
(1− bi)

1 −1 b
2
(−1 + bi) − b

2
(1 + bi) b

2
(1− bi)

b(b2+1)
2(1−bi)



.

� n´óê�§(Ü�Y�1�A�
�µ

Q =



1 4 b2 − 1 b
(
4 b3 − b+ 4 b2 − 1

)
b
(
4 b3 − 4 b2 − b+ 1

)
b2
(
4 b2 − 1

)
b2
(
4 b2 − 1

)
1 −1 b

(
b+ 2 b2 − 1

)
−
(
2 b2 − b− 1

)
b −b2 (1 + 2 bi) b2 (−1 + 2 bi)

1 −1 b
(
b+ 2 b2 − 1

)
−
(
2 b2 − b− 1

)
b b2 (−1 + 2 bi) −b2 (1 + 2 bi)

1 4 b2 − 1 −b (1 + b) −b (−1 + b) −b2 −b2

1 −1 b (−1 + b) b (1 + b) −b2 −b2

1 −1 −b (1 + b) −b (−1 + b) b2 b2


.
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6 �al Hermitian.ã¥�Ñ�Ì�è�þ©Ù

6.1 Úó

�½�ê p Úk�� Fp þ�� l �Ì�è C. - Ai L« C ¥Ç²þ

£Hamming weight¤�u i �èiê8. 'uþ©Ù {A0, A1, . . . , Al} �ïÄ´

?ènØ¥�~���K. - h(x) � C ���õ�ª. ·�¡ C ´Ø���

£���¤e h(x) 3 Fp þ´Ø���£���¤. � h(x) �±L«¤ h(x) =

h0(x)h1(x) · · ·hs−1(x)§Ù¥ hi(x)� Fp þØ��õ�ª§Kè C ´��äk s�

":�Ì�è�éóè.

McEliece [68] y²
Ø���Ì�è�þ©Ù�±d GaussÚL«Ñ5.Ïd

·��±|^êØ¥�E|5û½Ì�è�þ©Ù [40,68,69,87,94].¢Ã�´§Ï~�

¹eO� GaussÚ´�~(J�.éu�äk�«�"þ�Ø��Ì�è§Ding

� [32,88,89] ®²�Ñ
éÐ��x.�äkü«�"þ�Ø��Ì�è�®²�

<�¤2�ïÄ. Schmidt�White [81] �Ñ
��Ø��Ì�èäk�õü��"

þ�¿�^�§¿�¦�?�Úßÿ¤k��äkü«�"þ�Ø��Ì�è

´dü�Ã¡aÚ,	 11�Ñ3�~f|¤.�õ�&E�±3©z [32]¥é�.

éu���Ì�è§§�þ©Ù�O�KV���êÚ�O�.¦+3�


©z¥ [31,35,50,61–65,71,96] �±��{'�O�(J§�´Ï~�¹eùÑ´�~E,

�.3®��ý�Ü©©z¥§ùaÌ�è�éóèÑäkü�½n�":.

3�Ù¥§·�û½
�a��Ì�è�þ©Ù.AO/§§�éóè�±

äk?¿õ�":.·��Ì�ó�´ïá
�'��êÚ� Hermitian.ã�Ì�

m�éA'X.�Ù�(�SüXeµ31 6.2!¥·��[/£ã
·�ò��

	�Ì�è.31 6.3!¥§·�0��
� CayleyãÚ Hermitian.ã�'�ý�

�£.31 6.4¥·�òïáå�êÚ� Hermitian.ã�Ì�m�éA'X.dd

·��±����þ©Ù.3���!¥§·�{�/o(
·��ó�.
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6.2 Ì�è C(p,m)

�½�ê pÚÛêm > 0.- n = 2m9 q = pn.P t = (m− 1)/2.P π� Fq �

�����.- h0(x)� π−(pm+1) 3 Fp þ�4�õ�ª.ØJwÑ deg h0(x) = m.

2- hi(x), 1 ≤ i ≤ t � π−(p2i−1+1) 3 Fp þ�4�õ�ª. é?��ê l > 1 �

l|2m§·�k π−(p2i−1+1)(p2m/l−1) 6= 1, 1 ≤ i ≤ t.u´ deg hi(x) = n, 1 ≤ i ≤ t.du

1 ≤ i < j ≤ t§¤±Ø�3��ê k¦�

pk(p2i−1 + 1) ≡ p2j−1 + 1 (mod q − 1),

�Ò´`�� π−(p2i−1+1) Ú π−(p2j−1+1) 3 Fp þ�4�õ�ª´pØ�Ó�§=õ

�ª hi(x), 0 ≤ i ≤ tpØ�Ó.

- C(p,m) � Fp þ��õ�ª� h0(x)h1(x) · · ·ht(x)�Ì�è.u´è C(p,m) ´

��äk t + 1�":�Ì�è�éóè§¿� dimFpC(p,m) = m2.P Tji �l Fpj �

Fpi �,N�.è C(p,m)¥�?�èiþ�±L«¤
[27]

c[α0,α1,...,αt] = (c0, c1, . . . , cq−2) (α0 ∈ Fpm , α1, . . . , αt ∈ Fq)

Ù¥

ci = Tm1 (α0π
i(pm+1)) +

t∑
j=1

Tn1 (αjπ
i(p2j−1+1)) (0 ≤ i ≤ q − 2).

u´èi c[α0,α1,...,αt]�Ç²þ�u

wH(c) = pn−1(p− 1)− 1

p

∑
a∈F∗p

T (aα0, aα1, . . . , aαt),

Ù¥

T (α0, α1, . . . , αt) =
∑
x∈Fq

ζ
Tm
1 (α0xp

m+1)+
∑t

j=1 Tn
1 (αjx

p2j−1+1)
p .

Ï~�¹e§��� T (α0, α1, . . . , αt), α0 ∈ Fpm , α1, . . . , αt ∈ Fq ��©Ù´

�~(J�§AO´� t �����ÿ. 3�e5�ù�!¥§·�ò�Ñõ

8 {T (α0, α1, . . . , αt) | α0 ∈ Fpm , α1, . . . , αt ∈ Fq} Ú Hermitian .ã£Hermitian

forms graphs¤�A���m���-<¿	�éX§dd·��±��/{z

T (α0, α1, . . . , αt)�O�.
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6.3 Cayleyã� Hermitian.ã

Äk·�0��
'u CayleyãÚ Hermitian.ã�(Ø.

6.3.1 Cayleyã

�½��k�+ GÚ§���f8 D.3 Gþ'uëÏ8£connection set¤D

� Cayleyã Cay(G,D)Ò´º:8� G§>8� {(g, h) | g, h ∈ G, hg−1 ∈ D}�

k�ã.

½Â D(−1) = {d−1 | d ∈ D}.e D = D(−1)§K Cay(G,D)´Ã��.AO/§

Cay(G,D)´ k-�K�£k-regular¤§ùp k = |D|.e G´��k� Abel+§·�

N´O� Cay(G,D)�A�Ì.é?� G�A� χ§½Â χ(D) =
∑

d∈D χ(d).P+

G�A�+� Ĝ.u´ |Ĝ| = |G|.

Ún 6.1µ� Γ = Cay(G,D)�k�+Gþ'uëÏ8D� Cayleyã.P A = A(Γ)

�ã Γ���Ý
.K G�z�A� χþ�Ñ A���äkA�� χ(D)�A��

þ.AO/§ã Γ�ÌÒ´õ8 {χ(D) | χ ∈ Ĝ}.

y². � χ� G���A�.- eχL«��þ (χ(g))g∈G.é?� h ∈ G§·�k

(Aeχ)h =
∑
g∼h

χ(g) =

(∑
d∈D

χ(d)

)
χ(h) = χ(D)χ(h).

¤± eχ ´ A���äkA�� χ(D)�A��þ.A�+ Ĝ¥¤k�A�ò�Ñ

|G|��5Õá�A��þ§Ïd·��Ò��
 Cayleyã Γ�A�Ì.

6.3.2 Hermitian.ã

�½�ê� r Ú�þ�m V = Fdr2 . é?� x ∈ Fr2§§��Ý�£conjugate

element¤x½Â� x = xr.�� Fr2 þ�Ý
 H �� HermitianÝ
e H = H
∗
¤

á§ùp H
∗
´ H �=��ÝÝ
.- H�Ld¤k� d × d HermitianÝ
3Ý


\{$�e�¤� Abel+. ØJwÑ |H| = rd
2 . �þ�m V þ� Hermitian.

ã£Hermitian forms graph¤�º:8� H ¥��§¿�: H1, H2 ∈ H ´���

��=� rank(H1 − H2) = 1.�d/`§Hermitian.ãÒ´'u D = {H ∈ H |
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rank(H) = 1}� Cayleyã Cay(H,D).�� d × d��� 1� HermitianÝ
 H �

±L«¤ H = aTa§Ù¥ a = (a1, . . . , ad) ∈ V§a = (a1, a2, . . . , ad).Ï�éu?¿

� a,b ∈ V§aTa = bTb¤á��=� a = γb§Ù¥ γ �,� (r + 1)-gü �§

¤±·�k |D| = (r2d − 1)/(r + 1).

<�®²�� V þ� Hermitian .ã´�aäk²;ëê (d, b, α, β) =

(d,−r,−r − 1,−(−r)d − 1) �ål�Kã£L 6.1 [18]¤. Stanton [84] 1��O�


Hermitian.ã�A��.ùp·�òA^d Brower� [18] {z
�O�úª.é?

¿��ê j ≥ i ≥ 0, b 6= 0, 1§± b�Ä� Gaussian��ªXê½Â�[
j

i

]
b

=

{ ∏i−1
l=0

bj−bl
bi−bl e i ≥ 1,

1 e i = 0.

Ún 6.2 (íØ 8.4.4 [18])µ�½�ê� r �-�þ�m V = Fdr2 . K V þ½Â�

Hermitian.ã�A���

θ0 =
r2d − 1

r + 1
, θj =

r2d − 1

r + 1
+ (−r)2d−j

[
j

1

]
(−r)

, 1 ≤ j ≤ d.

éA�A���ê�

f0 = 1, fj =

[
d

j

]
(−r)

j−1∏
l=0

[(−1)d+1rd + (−1)l+1rl], 1 ≤ j ≤ d.

6.4 è C(p,m)�þ©Ù

3ù�!¥§ÎÒ p, q, n,m, tX1 6.2¥¤½Â.·�5�	 Abel+

G = Fpm × Fq × Fq × · · · × Fq︸ ︷︷ ︸
t

,

9§�f8

S =
{

(xp
m+1, xp+1, xp

3+1, . . . , xp
m−2+1) | x ∈ F∗q

}
.

ØJwÑ |S| = (q − 1)/(p+ 1).-W = Fmp2§H�d Fp2 þ¤k�m×m Hermitian

Ý
¤|¤� Abel+.- D = {H ∈ H | rank(H) = 1}.KW þ� Hermitian.ã

Ò´ Cayleyã Cay(H,D).e¡�Ún�Ñ Cayleyã Cay(G,S)� Cay(H,D)äk

�Ó�Ì.
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Ún 6.3µ�½Ûê m.K W = Fmp2 þ� Hermitian.ã Γ1 Ó�u Cayleyã Γ2 =

Cay(G,S).AO/§Γ1Ú Γ2äk�Ó�Ì.

y². du Γ1Ò´ Cayleyã Cay(H,D)§¤±·��Iy²�3��lH� G �

+Ó� ϕ¦� ϕ(D) = S.

� e1, . . . , em � Fq 3 Fp2 þ��|Ä§�P e = (e1, e2, . . . , em). éu?¿�

H ∈ HÚ x,y ∈ Fmq §½Â fH(x,y) = xHyT§Ù¥ yT � y�=�.y3·�5�

E��lH� G �N� ϕ§Ùò H ∈ HN�

ϕ(H) = (fH(e, ep
m

), fH(e, ep), fH(e, ep
3

), . . . , fH(e, ep
m−2

)).

ùp·�5½é?¿��ê s§es := (es1, e
s
2, . . . , e

s
m).���y�� ϕ(H) ∈ G � ϕ

´��+Ó�.

e¡5y² ϕ ¯¢þ´��+Ó�. k5y² ϕ ´��ü�. éu?�Ý


 H = (hij) Ú�ê s§P Hs = (hsij). � ϕ(H) = (0, 0, . . . , 0)§= eH(ep
m

)T =

fH(e, ep
m

) = 0§eH(ep
2i−1

)T = fH(e, ep
2i−1

) = 0§1 ≤ i ≤ t.ò eH(ep
2i−1

)T ¥¤k

��ÑJ,�§� p2m−2i+1g�§·�k

ep
2m−2i+1

H
p2m−2i+1

eT = ep
2m−2i+1

H
p

eT = 0.

u´

eH(ep
2m−2i+1

)T = 0.

Ïd eHΨ = (0, 0, . . . , 0)§Ù¥

Ψ = ((ep)T , (ep
3

)T , · · · , (epm)T , · · · , (ep2m−3

)T , (ep
2m−1

)T ).

l e�½Â��Ψ´���ÛÉ�Ý
£�íØ 2.38 [59]¤.¤± eH = (0, 0, . . . , 0)§

l H ´"Ý
.�Ò´` ϕ´ü�.,��¡§���y�� |H| = |G| = pm
2 .¤

± ϕ´��+Ó�.

éu?¿� H ∈ D§·�k H = aTap é,� a = (a1, a2, . . . , am) ∈ W ¤á§
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Ù¥ ap = (ap1, a
p
2, . . . , a

p
m).Ïd

ϕ(H) = (eH(ep
m

)T , eH(ep)T , . . . , eH(ep
m−2

)T )

= (eaTap(ep
m

)T , eaTap(ep)T , . . . , eaTap(ep
m−2

)T )

= (xp
m+1, xp+1, . . . , xp

m−2+1),

Ù¥ x = eaT ∈ F∗q .u´ ϕ(D) ⊂ S.qÏ�

|D| = (p2m − 1)/(p+ 1) = (q − 1)/(p+ 1) = |S|,

¤± ϕ(D) = S.�Òy²
 ϕ´��l H� G �+Ó�¿�òëÏ8 D N� S.

¤± Γ1Ó�u Γ2§läk�Ó�Ì.

lÚn 6.3ÚÚn 6.2�±�� Γ2 A��9Ùê.,��¡§Γ2 �A���

±A^Ún 6.1��.

5¿�

Ĝ = {χ(α0,α1,...,αt) | α0 ∈ Fpm , α1, . . . , αt ∈ Fq},

Ù¥

χ(α0,α1,...,αt)(u) = ζ
Tm
1 (α0u0)+

∑t
j=1 Tn

1 (αjuj)
p , u = (u0, u1, . . . , ut) ∈ G.

�âÚn 6.1��ã Γ2�A���

χ(α0,α1,...,αt)(S)

=
∑
u∈S

ζ
Tm
1 (α0u0)+

∑t
j=1 Tn

1 (αjuj)
p

=
1

p+ 1

∑
x∈F∗q

ζ
Tm
1 (α0xp

m+1)+
∑t

j=1 Tn
1 (αjx

p2j−1+1)
p

=
1

p+ 1

(
T (α0, α1, . . . , αt)− 1

)
,

Ù¥ α0 ∈ Fpm , α1, . . . , αt ∈ Fq.u´·�k

T (α0, α1, . . . , αt) = (p+ 1)χ(α0,α1,...,αt)(S) + 1.
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2�âÚn 6.2�� Γ2 �A��Ñ´knê.¤± T (α0, α1, . . . , αt) ∈ Q.éu?¿

� a ∈ F∗p§Ñ�3��gÓ� σa ∈ Gal(Q(ζp)/Q)÷v σa(ζp) = ζap .u´∑
a∈F∗p

T (aα0, aα1, . . . , aαt) =
∑
a∈F∗p

σa
(
T (α0, α1, . . . , αt)

)
= (p− 1)T (α0, α1, . . . , αt).

Ïd c[α0,α1,...,αt]�Ç²þ�u

wH(c) = pn−1(p− 1)− 1

p

∑
a∈F∗q

T (aα0, aα1, . . . , aαt)

= pn−1(p− 1)− p− 1

p
T (α0, α1, . . . , αt)

= pn−1(p− 1)− p− 1

p

(
1 + (p+ 1)χ(α0,α1,...,αt)(S)

)
. (6.1)

y3·��â (6.1)ÚÚn 6.2��O�Ñè C(p,m) �þ©Ù.3e¡�½n¥§

·�^PÒ [l, k, d]è5L«�� k-��4�ål�u d��5è.

½n 6.1µ�½?�Ûêm > 0.è C(p,m)�þ©Ù�µ

Ai =

 1 e i = 0,
fj e i = wj,
0 Ù¦�¹,

Ù¥

wj = (p2m − p2m−1)

(
1− 1

(−p)j

)
,

9

fj =

[
m

j

]
(−p)

j−1∏
l=0

(
pm − (−p)l

)
,

1 ≤ j ≤ m.AO/§è C(p,m)´�� [p2m − 1,m2, (p2m − p2m−1)(1− p−2)]Ì�è.

éu?�þ©Ù� {A0, A1, . . . , Al}�è C§½Â§�þOêf£weight

enumerator¤�
l∑

i=0

Aix
i.

~ 6.1µ�½ p = 3Ú m = 3.è C(3,3) ´ GF(3)þ� [728, 9, 432]è§�§�þO

êf�

1 + 5460x432 + 14040x504 + 182x648.
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~ 6.2µ�½ p = 2Ú m = 5.è C(2,5) ´ GF(2)þ� [1023, 25, 384]è§�§�þ

Oêf�

1 + 57970x384 + 12985280x480 + 18887680x528 + 1623160x576 + 341x768.

6.5 o(

3Ì�è�ïÄó�¥§Æö�®²ïá
Nõ§�þ©Ù�Ù¦êÆ(�

�m�éXµ~X GaussÚ [36,70]§�ê� [82,87,91]§�g. [35,61,62] ��.3�Ù¥§

·�é�
�aÌ�è�þ©ÙÚ�aål�Kã�Ì�m�éA'X§¿�d

d¤õ/O�Ñ
ùaè�þ©Ù.ùaè�AO�?3u§�éóè�±äk

?¿õ�":§�c<��(JÑ8¥3ü�½n�":��¹.
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