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Abstract

This thesis concerns various theoretical problems in the area of algebraic coding the-

ory, combinatorial design theory and algebraic combinatorics. Meanwhile, it concerns some

fundamental problems arising from many practical applications such as digital communica-

tion, signal processing and data storage. The substance is to investigate these problems by

employing various mathematical tools, including algebraic number theory, character theory,

exponential sums and the theory of algebraic function fields.

In Chapter 2, we consider the deterministic constructions of compressed sensing ma-

trices. Initiated by Candès, Donoho and Tao, the theory of compressed sensing has seen

the most significant progress in the area of signal processing in the last decade. A central

problem in compressed sensing is the construction of sensing matrices. Noticing that ma-

trices with small coherence values give rise to favorable sensing matrices, we succeed in

constructing many infinite families of deterministic sensing matrices, from the viewpoints

of coding theory, combinatorial design theory and other combinatorial configurations. These

works present many optimal or near optimal coherence-based constructions of sensing ma-

trices.

In the area of algebraic coding theory and sequence design, many problems can be re-

duced to the computation of certain exponential sums and their value distributions. Although

these computations are very difficult in general, in Chapter 3, we make some progress by in-

troducing fresh ideas to deal with exponential sums. More specifically, we obtain the weight

distribution of a class of cyclic codes with Niho exponent. We compute the cross-correlation

distribution of an m-sequence and its certain decimated sequence. We obtain the weight

hierarchy of a class of cyclic codes with arbitrarily many nonzeroes.

In Chapter 4, we consider the construction of some combinatorial designs. Partitioned

difference families are the underlying structures of many optimal configurations. We present

a combinatorial recursive construction to unify several algebraic constructions that employ

generalized cyclotomy. Our new construction provides much flexibility for generalizing the
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existing constructions and for producing new series of partitioned difference families. Group

divisible designs are a fundamental building block in combinatorial design theory. The con-

struction of nonuniform group divisible designs is a very challenging problem since no

proper algebraic or geometric structures are available. We present a new construction to

generate several new classes of nonuniform group divisible designs.

In Chapter 5, we consider the theory of cyclic codes and its applications. As widely-

used cyclic codes in practical applications, the Bose-Chaudhuri-Hocquenghem (BCH) codes

are one of the most important error-correcting codes. While classical results mainly concern

the primitive BCH codes, we start the first systematic study of non-primitive BCH codes.

We determine the fundamental parameters for several classes of non-primitive BCH codes.

Quantum codes, which are a foundation of quantum information processing, can be derived

from classical error-correcting codes. We use pseudo-cyclic codes to construct quantum max-

imum distance separable codes, which unifies many previous constructions and produces

new classes of such codes. The symbol-pair code is a new coding framework which is pro-

posed to correct errors in the symbol-pair read channel. Employing cyclic and constacyclic

codes, we construct three new classes of maximum distance separable symbol-pair codes

with minimum pair-distance five or six. Moreover, we propose an algorithm which produces

many maximum distance separable symbol-pair codes with minimum pair-distance seven.

The appendix involves one problem in the area of algebraic coding theory and two prob-

lems in the area of algebraic combinatorics. Remarkably, we obtain the weight distributions

of a class of cyclic codes with arbitrarily many nonzeroes, even though direct computation

seems hopeless. We achieve this by establishing an unexpected and beautiful connection

between the exponential sums concerned and the spectra of graphs. In addition, we make

progress in a classical problem related to difference sets and an emerging problem concern-

ing pseudo-planar functions. The former problem studies difference sets that do not possess

the character divisibility property, as proposed by Jungnickel and Schmidt in 1997. We pro-

vide some necessary conditions for the possible candidates lacking the character divisibility

property. The latter problem concerns a new concept related to finite projective planes. This

work enriches the known constructions of pseudo-planar functions and builds a connection

between pseudo-planar functions and association schemes.
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1 XØ

1.1 (½5DaÝ
��E

�½��&Ò x ∈ Rn Ú��DaÝ
 A ∈ Rm×n, æ��L§=´�¦È

y = Ax,Ù¥ y ∈ Rm´ÿþ���þ.&Ò?n¥����5�¯K´l y¥��/

¡E x,¿�F"ÿþgê m¦�U�.��&Ò x�¡�´DÕ�XJ x�¹k�

þ�"©þ.Ø Da�nØ�y,��DaÝ
 A÷v���å5�,?ÛDÕ&Ò

x�±���Úp�/¡EÑ5,=¦m��u n [41,99].Ïd,�E÷v���å5�

�DaÝ
¤�Ø Da���¥%¯K.

��Ý
 Ak� a1, a2, . . . , an,§��'�½Â�

µ(A) = max
1≤i<j≤n

|〈ai, aj〉|
||ai||2 · ||aj||2

,

Ù¥ 〈·, ·〉´Ï~�SÈ� || · ||2 ´2-�ê.ý�õê(½5�EXúu)¤�'��

��Ý
,l÷v���å5�.

3Äu�'��DaÝ
��E�¡,·���z3uïá
DaÝ
ÚÙ§

Nõ�.�éX.Äk,5¿� DeVore [76] ��E��þ|^
 Reed-Solomonè,

Reed-Solomonè´�«AÏ��êAÛè.Äuù�éX,·�|^�����êA

Ûè)¤
DaÝ
�Ã¡a,·����Ý
`uDeVore�Ý
.ùÜ©ó�®²

uL35IEEE Transactions on Information Theory6.

Ùg, ·�5¿� Steiner X�'éÝ
´d3�DaÝ
. AO/, ¤I��

SteinerX�dk�AÛ�Ñ.ÏLïák�AÛÚDaÝ
�éX,·���
�X

�#�DaÝ
.ùÜ©ó�®²uL35IEEE Transactions on Signal Processing6.

��,5¿�$�'��¢Ý
ÚEÝ
¯¢þ3�)S��OÚþf&E?n

�õ�+�ÑkLïÄ.Nõ��½Cq��Í¶�Welch.½ Levenstein.��E

®²��.ù
Ý
´�`½Cq�`�Äu�'��DaÝ
.·��Ñ
���

¡�não(
ù
®���E¿rN
§�3Ø Da¥��5.ùÜ©ó�®

²uL35IEEE Transactions on Information Theory6.
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1.2 �êÚ9Ù�©Ù3�ê?è¥�A^

�êÚ9Ù�©Ù�O�´Nõu?ènØÚS��O�¯K���Ø%ê

Æ¯K.ù�¯Ko�5ù´�~(J�,�UÏ�3,
AÏ��/e��(��

�Ú�©Ù.

Ì�è´�aäkûÐ�ê5���5è.Ì�èPkp��?è�Èè�{,

®�2�A^uÏ&�êâ�;+�.þ©Ù´?ènØ¥����ïÄ�K.

·��Ä
 Niho�êÌ�è�þ©Ù.Äu Delsarte½n,(½þ©Ù�±=z

�(½,
�êÚ��©Ù.Ó�, Niho�ê¦�·��±ÏL Niho½nïáù
�

êÚ�,
�§�.��ê�m��{©�éX.Ïd,·��±ÏL©Û,
�§

5(½�êÚ��.·���
üa���nÚoÌ�èÚ�a����oÌ

�è.ÏL�
~f,·�`²
ùnaè¥�¹
�`�½äk®��Ðëê�è.

ùÜ©ó�®²uL35IEEE Transactions on Information Theory6.

3è©õ�XÚ¥,��61�*ª�{´|^S�.|^$g�'Ú$p�'

�S�,�±ü$Ï&L§¥ØÓ^r�m�Z6.Ï,$�'S�¤�
���

É'5�ïÄ�K [134].du�� m-S�Pkn��ü�g�',NõïÄö�Ä


�é m-S��p�'�©Ù.·��Ä±Ï� 33r − 1�n� m-S�Ú§� d-æ�

�p�',Ù¥ d = 3r + 2½ d = 32r + 2,� (r, 3) = 1./� Dobbertin [96] Ú Feng�

< [106] �g�,·���û½
p�'©Ù.d	,é±Ï� 22lm − 1���m-S�Ú

æ� d = 22lm−1
2m+1

+ 2s,Ù¥ l ≥ 2�óê� 0 ≤ s ≤ 2m− 1,·�y²
éù�æ�p

�'����o��.�,(½p�'©Ùwå5�~(J,·��y
d Sarwate�

< [240] Ú Helleseth [130] JÑ�ü�Í¶ß���(5.ùÜ©ó�®²uL35IEEE

Transactions on Information Theory6.

2ÂÇ²þ´�5è�Ä�ëê.2ÂÇ²þ�¹
�5è�(�&E¿

3éõA^¥�x
�5è�Ly.,,�5è�2ÂÇ²þ�O���ó´

(J�.3�C���k��©Ù¥ [297],�ö|^êØ�¡�#�{ïÄ
Ø��

Ì�è�2ÂÇ²þ�3,
�¹e��
þ©�. Édéu, ·��	
©

z [295] ¥Ú\��x��Ì�è�2ÂÇ²þ.ùaÌ�èk?¿õ��":,�

¹Nõ�c©z¥ïÄL�Ì�è��Ù¥�fa.AO/,§�¹©z [297] ïÄ�

Ø��Ì�è.ÏLò©z [297] ¥�g�ÿÐ�p�¿|^�
|Ü�E|,·�3

2
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�
�¹e(½
ùaÌ�è�þ©�.ùÜ©ó�®Ýv�5IEEE Transactions

on Information Theory6.

Delsarte½n [72] �Ñ
Ì�è���,L«.ïÄÌ�è�þ©Ù,  lù

�,L«Ñu,|^�êÚ�óä\±©Û.,,�Ì�èk�õ��":�,§�

,L«C��~E,,±þ�{Ò��
.Ïd,'uäkõ��":�Ì�è�þ

©Ù�(J4ÙD�.�
¦�kõ��":�Ì�è�þ©Ù,7L�Ú\#�

g�Ú�{.ÏLïá�aäk?¿õ��":�Ì�è�þ©Ù,Ú Hermitian.

ã�Ì�m¿	�éX§·�¦Ñ
ùaÌ�è�þ©Ù.ù�Ñ<¿��â»Ð

y
Ì�è�þ©Ù�ã�ÌnØ,±(Ü�Y�Ø%��ê|ÜnØ�m{©�

éX.ùÜ©ó�®²uL35IEEE Transactions on Information Theory6.

1.3 |Ü�O��E

y©ª�x3©z [85] ¥�²(Ú\, ^±�E�`�~EÜè. §3õ

«lÑ�.��E¥u�
��^, �)�`~è [278,309], �`~EÜ

è [33,80,84,303,309], �`aªS� [82,86,117,278] Ú�`8Ü�X [33,81,84,279,303,309]. �C, y©

ª�x3"�²ï¼ê (zero-difference balanced functions)�¶ÂeÉ�
8¥�ï

Ä [33,80,83,84,278,303,309].·�l|Ü��Ý�	
y©ª�x��E.·�Ú\��y©

ª�é�x�Vg,��·��E�Ø%.·�JÑ
y©ª�x�ü����48

�E.ù
�E��cl©��Ñ
A�Ã¡aJø
��{ü�)º.d	,·��

�
eZa#�y©ª�x.ù
y©ª�x�±�Ñ�`�~EÜè.ùÜ©ó

�®�5Designs, Codes and Cryptography6¹^.

glWilsonÄ��E{JÑ±5 [284],�©|�O3Ù§|Ü�.��E¥å�


���^.d	,�©|�O3?è+��kéõ��A^.Ïd,�©|�O

��E´|Ü�O+����¥%¯K.AO/,du"yÜ·��êÚAÛ(�,

.Ø���©|�O��E´���~äk]Ô5�¯K.·�JÑ���E.X

gkm1� {k}-�©|�O�#�{,Ù¥2Â�8,���äE|Ú����{å�


'��^.|^ù����E,�Ñ
.Ø����©|�O�eZ#�Ã¡aÚN

õ#~f.ùÜ©ó�®�5Journal of Combinatorial Designs6¹^.
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1.4 Ì�è9ÙA^

��¢S¥2�¦^�Ì�è, BCHè´���Å�è��.®��'u BCH

è�(JA�Ñ�Ä����Ý n = qm − 1.â·�¤�,©z¥�ké��©Ù�

Ä
����Ý� BCHè.ù´Ï�?n����Ý� BCHè�\(J.·�mé


é�� n = (qm − 1)/(q − 1)�dÂ�K BCHè�ïÄ,(½
�
��êdÂ�

K BCHè�ëê,(½
�
n���êdÂ�K BCHè�ëêÚþ©Ù,(½


k,
AÏ�Oål�dÂ�K BCHè�ëê.XNõ~f¤«,dÂ�K BCH

è�¹
éõ�`��5è.ù�·�Jø
r��Äå�?�ÚïÄdÂ�K BCH

è.ùÜ©ó�®Ýv�5IEEE Transactions on Information Theory6.

þfÅ�è3þfO�ÚþfÏ&¥k��^.þf4�ål�©è´�a

�`�þfè,§��E3Cc5É�
é��'5.�E#�þf4�ål�©è

����~k���{´|^[Ì�è.��[Ì�è�g,í2,�Ì�è®3©

z [228]� 8.10!¥�ïÄL.·�|^�Ì�èÚ�
�c�Nõ|^[Ì�è�

�E¿��
#�þf4�ål�©è. �'�e, �Ì�è��EJø
�õ�

(¹5§¦�·�éù
#��Ek
�Ð�n).ùÜ©ó�®²uL35IEEE

Transactions on Information Theory6.

Ép�Ý�;�A^¤éu,���¡�iÎ(éè�#�?èµe�JÑ [43,44],

^5Å�iÎéÖ�&�¥u)��Ø./�©z [166] ¥�g�,·�|^Ì�Ú[

Ì�í�E
4�(éål dp ∈ {5, 6}�4�ål�©iÎ(éè�eZÃ¡a.·

���Eí2
©z [166] ¥�(J.d	,·���
�y�aÌ�è¤�4�ål

�©iÎ(éè�¿�^�.ù�^�Ú�aAÏ�©ª�5C��5�k'.·�

c[ïÄ
ù�aAÏ�©ª�5C�,JÑ
é±þ¿�^�����°(��x.

dù��x��
�� dp = 7�4�ål�©iÎ(éè��E�{.ùÜ©ó�®

Ýv�5Designs, Codes and Cryptography6.

1.5 �ê|Ü

�½+ G ¥��� (v, k, λ) �8 D, D ��½Â� n = k − λ. ·�¡ D ÷v

A��Ø5� (character divisibility property),XJé G�?¿���²�A� χ,þ

4
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k
√
n | χ(D).5¿�¤k÷v gcd(v, n) > 1��8Ñäkù�5�, JungnickelÚ

Schmidt3 1997cJÑ
±e�úm¯K [163]:

¯Kµ�E gcd(v, n) > 1�ØäkA��Ø5���8.

C��c5,'uù�¯K�?Ð�~�ú.·�±kn��²�A����8

�ÿÀ,�Ñ
ùa�8ØäkA��Ø5���
7�^�,�í?ù�¯K�Ñ


ÐÚ�&¢.ùÜ©ó�®²uL35Designs, Codes and Cryptography6.

²¡¼ê´Ñy3NõØÓêÆ©|�ØÓé����°õ�L«.§��8,

��Úk�AÛÑkX���éX.d	,²¡¼ê3?èÚ�è+��NõA^®

�u÷Ñ5.AO/,ÛA��k��þ�²¡¼ê�^5�E�K²¡.3óA

��k��þ,¿Ø�3²¡¼ê.�
�Ñù�¯K, Zhou3óA��k��þJ

Ñ
�²¡¼ê (pseudo-planar function)�Vg [306],¿|^�²¡¼ê�E
�K²

¡.ù�-<,¯�uyr¦·��Ä�²¡¼ê��E.·��E
na#��²

¡��ª¼ê.Ó�,·�y²
?¿���²¡¼êÑ�±�Ñ�� 5-a�(Ü�

Y,ùí2
 BonnecazeÚ Duursma���(J [23].ùÜ©ó�®²uL35Designs,

Codes and Cryptography6.
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2 (½5DaÝ
��E

2.1 Ø Da��µ

Ø Da (Compressed sensing)´�«|^&Ò�DÕ5½�Ø 5��«#�

êâæ�nØ.§�Ñ
��DÕ�½�Ø �&Ò�±ÏL�DÚæ�nØ�'�

�õ�æ�gê¡EÑ5 [39,99].·��òØ DaÀ���ü�ã��Y.Äk,��

DÕ½CqDÕ�&Ò�ÏL�·½��5Ý�\±æ�.ù�L§8Ü
æ�ÚØ

 �L§.Ùg,&Ò�ÏL¦)��`z¯K¡EÑ5.

�Ä���mlÑ�&Ò x ∈ Rn,·�3æ�L§¥¦^mgÿþ.^Ý
�Î

Ò,

y = Φx+ e,

Ù¥ Φ´��m× n�DaÝ
 (Sensing matrix)÷vm < n� e´�����D(

�.�m < n,ù�¯KÏ~´vk¿Â�.,, Donoho [99] Ú Candès�< [39] mM5

�ó�¿©|^
&Ò�DÕ5,¦���DÕ&Ò�ÏL�~��ÿþgê¡EÑ

5.ù�¯K�£ã�¦)�5�§ y = Φx�DÕ�):

min
x∈Rn
‖x‖0 ÷vΦx = y. (2.1)

ù� `0-`z´��|Ü`z¯K,o�5`´ NP-J� [214].,,Ø DaJÑ
�

�rkå��{,3ÿþgêm� n��¹e,E,�±ÏLk���{¡EDÕ&

Ò.

��&Ò x�¡� k-DÕ (k-sparse)XJ xk�õ k��"©þ.ÀJ��m×n

�ÅpdÝ
 (Gaussian matrix) Φ,§���Ñl�pÕá�pd©Ù,��DaÝ
.

�Ä (2.1)���àtµ.XJ m ≥ Ck log(n/m),Ù¥ C ´��~ê,·��±ÏL

`1-`z:

min
x∈Rn
‖x‖1 ÷vΦx = y (2.2)

6
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±ép�VÇ°(�¡E x [41].¯¢þ,� x´DÕ½CqDÕ�,Ø DanØL²,

|^��Ü·�DaÝ
 Φ, y¢�þ�¹
v
�&E�¡E x,=¦m� n.

�
(½�o��Ý
´Ü·�,·�I��
OK.���å5� (Restricted

isometry property)´��Ù��OK [40].��Ý
 Φ÷v k ����å5�,XJ�

3��~ê 0 ≤ δk < 1,¦�

(1− δk)‖x‖2
2 ≤ ‖Φx‖

2
2 ≤ (1 + δk)‖x‖2

2 (2.3)

é?¿ k-DÕ&Ò x¤á.���¦� (2.3)éz� k-DÕ&Ò¤á�~ê δk �¡�

k����å~ê (Restricted isometry constant).���å5�´���yDÕ½Cq

DÕ�&Ò�d `1-`z¡E�¿©^� [38].XJ��DaÝ
÷v���å5��

§����å~êv
�,~XS�K� (Iterative Thresholding) [22,108],����Jl

(Orthogonal Matching Pursuit) [199,260] Ú§��«U?�{ [70,215,216] �(�¡EDÕ½

CqDÕ�&Ò.o�,À�Ü·�DaÝ
,·��òDÕ½CqDÕ�&Ò�¡E

8(��3k��{�`z¯K.

DaÝ
��E´Ø Da���¥%¯K.b��� k-DÕ&Ò x ∈ Rn �±

½/lmgÿþ¥¡E.DÕÝ���þ.´

k ≤ Cm/ log(n/k),

Ù¥ C ´��~ê [62].��ù�þ.��ÅÝ
®�ïÄL [41],�yU±é�VÇ¡

EDÕ&Ò.¯¢þ,XJ���ÅÝ
���þÑl,
VÇ©Ù,@où�Ý
±

ép�VÇ÷v k����å5�,Ù¥ k ≤ Cm/ log(n/k)é,�~ê C [12].¦+�

ÅÝ
´éÐ�ÿÀ,k�
nd¦�·���à(½5�DaÝ
.Äk,ÿÃk�

��{ÿÁ���ÅÝ
÷v���å5�,=¦§(¢±ép�VÇ÷v.Ùg,�

&Ò�Ýé��,�ÅÝ
�¦éõ��;�m.��ÅÝ
�',(½5Ý
�±�

Ñù
"�.(½5Ý
����å5�d§���E¤�y.|^(½5Ý
�(

�,�±^�\!��m��ª�;Ý
.d	,(½5Ý
�(�k|u�O¯��

¡E�{,ù3¢��A^¥�'�.Ïd,·�;5u(½5DaÝ
��E.

7
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é��Ý
 A,§��� a1, a2, . . . , an, A��'� (coherence)½Â�

µ(A) = max
i 6=j

|〈ai, aj〉|
‖ai‖2 · ‖aj‖2

, é1 ≤ i, j ≤ n.

�'�3(½5�E¥å�
Ø%��^,Ï�$�'Ý
÷v���å5�.

Ún 2.1 (·K 1 [27])µΦ´���'�� µ�Ý
.@o Φ÷v k����å5�,Ù

¥ δk ≤ µ(k − 1),XJ k < 1/µ+ 1.

Ún 2.1`²$�'Ý
´DaÝ
�g,ÿÀ.,��¡,é�� m × nÝ


Φ,·�kÍ¶�Welch. [283]:

µ(Φ) ≥
√

n−m
m(n− 1)

. (2.4)

ù�.%¹
Äu�'��(½5�E�U��÷v k����å5��DaÝ
,

Ù¥ k = O(m
1
2 ).

Cc5,|^���å5���OK�eZ(½5�E®�JÑ.¦�¥ý�Ü

©Äu�'�. DeVore|^k�� Fp þ�õ�ª�E
 p2 × pr+1 ��DaÝ
,Ù

¥ p´���ê� [76].ù
Ý
��'�� r/p�÷v�� k < p/r+1����å5

�.ké��4�ål� Bose-Chaudhuri-Hocquenghem (BCH)è�^��E�'��

µ ≤ (2l−j − 1)/(2l− 1)�÷v�� k ≤ 2j + 1����å5�� (2l− 1)× 2O(2
(l−j) ln jj )

Ý
 [4].|^ p-� BCHè,ù��E�í2��EEê�þ�Ý
 [5],�Ñ
�'��

µ ≤ p(pl−r− 1)/(2(p− 1)(pl− 1))� (pl− 1)× pO(p(l−r)
logp r
r )EÝ
.\{|Ü��{�

Ñ
m× nÝ
÷v�� k ≥ m
1
2

+ε����å5�,Ù¥ ε > 0� n1−ε ≤ m ≤ n [27].

���J�´,ù��E�Ñ
Äu�'���E� k = O(m
1
2 )�´¶.

,��¡,�
ØÄu���å5��(½5�E��JÑ. chirpS��^�

�EEDaÝ
���¯�¡E�{�JÑ [6].5¿�Ø DaÚ?ènØ�éX,

¢DaÝ
d�� Reed-MullerèÚ§�fè�EÑ5 [147]. Calderbank�< [35] o(


ùü��E,y²ù
DaÝ
÷vÚO���å5� (statistical RIP).ÚO��

�å5�'���å5��f,�yØ
4��~	,U¡E¤k�DÕ&Ò.��

�å5�����¡����å5�-1 (RIP-1) �C/�JÑ [16]. �²ï�*Ðã

(unbalanced expanders),��kÐ�*Ð5���Üã,)¤÷v���å5�-1�Ý

8
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.3©z [152] ¥, hash¼êÚJ�ã (extractor graphs)�^5�E��DaÝ
.�

�|^ hashx�48�E®�JÑ [66].

2.2 |^�ê��E(½5Ø DaÝ


2.2.1 Úó

3�!¥,·�|^k��þ��ê��E(½5Ø DaÝ
.ù��E´

DeVore�E [76] ���í2.·�/�
d Goppa [125] JÑ�^k��þ��ê�

�E�5è�g�.ù�g�®�¿©/í2,d�ê��E�è�¡��êAÛ

è (Algebraic geometry code) [21,261,293].'u�ê�Ú§��¼ê���£ [220,252] �

DaÝ
��EJø
é��(¹5.ÏLÀ�Ü·��,·���
`u DeVore

Ý
���DaÝ
.

2.2.2 �µ�£

2.2.2.1 �ê���µ�£

'u�ê��Ä�ÎÒ,·��Ì©z [293]¥�.~.- Fq � q��k��,Ù

¥ q ´���ê�. Fq þ��ýéØ��� X �P� X/Fq. X/Fq �º��P�

g = g(X ). X/Fq þ�� Fqr-kn: P ´��: P ∈ X ,§���þá3 Fqr ¥.Ï~,

�� Fq-kn:�¡� X/Fq ���kn: (rational point).

X ���Øf (divisor) D´��/ªÚ

D =
∑
P∈X

nPP,

Ù¥éz� P ∈ X ,Xê nP ´���ê��kk�õ��".XJz� nP ´�K�,

·�¡ D ���k� (effective)Øf¿P D ≥ 0. D ���| 8 (support set)´�

�: P �8Ü÷v nP �",¿P� supp(D). D�gê (degree)½Â�

deg(D) =
∑
P∈X

nP deg(P ).

5¿� deg(P ) = 1éz�kn: P ∈ X .

9
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^ Fq(X ) P X �¼ê�. Fq(X ) ����¡�¼ê (function). é��¼ê

x ∈ Fq(X ), x�ÌØf (principle divisor)´

div(x) =
∑
P∈X

νP (x)P,

Ù¥ νP éAu: P ��5lÑD�.�±y²éz�¼ê x�kk�õ� νP (x)�

".D� νP (x) ≥ 0%¹
 x(P ) ∈ Fq,Ù¥ Fq ´ Fq ��ê4�.d	,XJ P ´��

kn:, x(P ) ∈ Fq.

�½ X/Fq ���Øf G, Riemann-Roch �m (Riemann-Roch space) L(G) ½Â

�:

L(G) = {x ∈ Fq(X )\{0} | div(x) +G ≥ 0} ∪ {0}.

L(G)´ Fq þk���þ�m�§��êP� `(G).d Riemann-Roch½n,

`(G) ≥ deg(G)− 1 + g

��ª¤áXJ deg(G) ≥ 2g − 1.

2.2.2.2 �êAÛè

·�£��c©z¥é�êAÛè�£ã [252].- {α1, α2, . . . , αn}� Fq ���f

8.- Pk � Fq þ�� k-��5�m,�¹
 Fq þgêØ�L k − 1�õ�ª:

Pk = {f ∈ Fq[x] | deg f ≤ k − 1}.

½Â��D�N� φ : Pk → Fnq �

φ(f) = (f(α1), f(α2), . . . , f(αn)) ∈ Fnq .

φ��´���Ý� n,�ê� k� [n, k]�5è:

Ck = {(f(α1), f(α2), . . . , f(αn)) | f ∈ Pk}

10
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�¡��� RSè (Reed-Solomon code).du f ∈ Pk �õk k − 1�":,4�ål

d ≥ n+ 1− k.,��¡,d Singleton.k d ≤ n+ 1− k.Ï RSè´ Fq þ�4�å

l�©è,÷v d = n+ 1− k.

�êAÛè´ RSè���g,í2.é±þ�E�Ñ�
���UÄ=���

�êAÛè.�(�/,k��p����O���^�ê�þ�kn:,�þ�m

Pk �O�� Riemann-Roch�m L(G),Ù¥ G´��Øf.

�Ä�^º�� g��ê� X/Fq,- P1, P2, . . . , Pn�X � n�ØÓ�kn:.

b�G´��Øf÷vgê g ≤ deg(G) < n�| 8 supp(G)∩{P1, P2, . . . , Pn} = ∅.

Ï νPi(f) ≥ 0é?¿ f ∈ L(G)Ú 1 ≤ i ≤ n.Ïd, f(Pi) ∈ Fq é?¿ f ∈ L(G)�

1 ≤ i ≤ n.½Â��D�N� ψ : L(G)→ Fnq �

ψ(f) = (f(P1), f(P2), . . . , f(Pn)) ∈ Fnq .

ψ ���P� C(P1, P2, . . . , Pn;G),�¡����êAÛè (Algebraic geometry code).

±e�½n�Ñ
§�ëê.

½n 2.1 (½n 3.1.1 [261])µC(P1, P2, . . . , Pn;G)´ Fq þ�� [n, k, d]�5è,÷v

k ≥ deg(G)− g + 1, d ≥ n− deg(G).

d	,�ê k�u deg(G)− g + 1XJ deg(G) ≥ 2g − 1.

2.2.3 Ì�(J

2.2.3.1 DeVore�E�£�

3©z [76] ¥, DeVore|^k��þ�õ�ª�Ñ
DaÝ
���(½5�E.

�
�B,·�=�Ä�ê��k��.- Fp���k��,Ù¥ p´���ê.- Pr

� FpþgêØ�L r�õ�ª�8Ü. Pr �¹ pr+1�õ�ª.

ò Fp × Fp ���Uìi;Sü� (0, 0), (0, 1), . . . , (p− 1, p− 1).é?¿ f ∈ Pr,

½Â����þ vf ,§�1d Fp × Fp���IP.���þ vf /X

(f0,0, . . . , f0,p−1, f1,0, . . . , f1,p−1, . . . , fp−1,0, . . . , fp−1,p−1)T ,

11
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Ù¥

fi,j =


1, XJ f(i) = j

0, Ù§

é 0 ≤ i ≤ p − 1Ú 0 ≤ j ≤ p − 1.Ïd,é?¿ f ∈ Pr, vf ´��T�¹ p� 1��

��þ.¯¢þ, f ��À���l Fp� Fp�N�. vf ±���þ�/ªP¹
N�

f ��.��þ {vf | f ∈ Pr}|¤
�� p2 × pr+1Ý
 Φ0.

½n 2.2 (½n 3.1 [76])µb� Φ = 1√
p
Φ0,@o Φ´��DaÝ
,�'� µ(Φ) ≤ r/p.

5¿�ù��{��A^u?Ûk�� Fq,Ù¥ q´���ê�.3ù��E¥,

z�õ�ª�ÑDaÝ
���.£�z�õ�ª�Ñ RSè���èi.ù�aqV

«
DaÝ
��«#��E,Ï� RSè®�í2��êAÛè.±e,·��Ñ|

^k��þ�ê���E.

2.2.3.2 Ì��E

b� q´���ê�� X ´ Fq þ�^�ê�.- P � X/Fq þ�kn:|¤

�8Ü.À�X ���ØfG÷v deg(G) < |P|�supp(G)∩P = ∅. Riemann-Roch�

m L(G)´ Fq þ���5�m,�ê� `(G).du supp(G)∩P = ∅,·�k f(P ) ∈ Fq

é?¿ P ∈ P Ú f ∈ L(G).¼ê f �^������þ vf L«,§�©þd P × Fq

¥���IP.b�d (P, a) ∈ P × Fq IP�©þP� fP,a,@·��

fP,a =


1, XJ f(P ) = a

0, Ù§.

5¿�éz� f ∈ L(G),TÐk |P|� 13 vf ¥.

-m = |P| × q� n = q`(G).��þ {vf | f ∈ L(G)}/¤��m× nÝ
 Φ0.·

�k±e�½n.

½n 2.3µb� Φ = 1√
|P|

Φ0,@o Φ´��DaÝ
,�'� µ(Φ) ≤ deg(G)/ |P|.

y². é L(G)¥?¿ü�ØÓ�¼ê f Ú g, 1√
|P|
vf Ú

1√
|P|
vg ´ Φ�ü�ØÓ�.

12
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b� z´ vf Ú vg �SÈ.5¿�

z = |{P ∈ P : f(P ) = g(P )}| = |{P ∈ P : (f − g)(P ) = 0}|

.é¼ê f − g,b�§3 P ¥� z�ØÓ":� Pi1 , Pi2 , . . . , Piz .·�k

0 6= f − g ∈ L(G− Pi1 − · · · − Piz),

ù%¹


0 ≤ deg(G− Pi1 − · · · − Piz) = deg(G)− z.

Ïd,
1√
|P|

vf ·
1√
|P|

vg =
z

|P|
≤ deg(G)

|P|
.

¤±,�'� µ(Φ) ≤ deg(G)/ |P|.

5µù�½n��À� DeVore�E�í2.XJ�ê� X À� Fq þ��K��,

�A�¼ê� Fq(X )Ó�ukn¼ê� Fq(x). X �¹ q + 1�kn:,Ù¥k��Ã

¡�:∞Ú q ���:.�3��l X ���kn:�k�� Fq ������N

�.À�Øf G = r∞, Riemann-Roch�m L(G) = L(r∞)=´�þ�m Pr.3ù«

�¹e,·���
 DeVoreÝ
.du�'��þ.´ deg(G)/ |P|,� deg(G)�½

�,·�F" |P|���Ð.ÏdÀ�kn:�ê�õ���,�±Ï��Ñdu

DeVore�E�Ý
.

·���EI��&E�)�^�ê�þ�kn:Ú,�Øf� Riemann-

Roch�m.é�ê�þ�kn:,�) MagmaÚ Sage3S�^�Jø
S�¼ê

�O�§�.Ó�,éu Riemann-Roch�m�O�,��{ük���{®�JÑ [142].

o�,�E¤I�&EØJ��,�E�¢y�´{ü�.

2.2.4 ~f

2.2.4.1 ý��

k��þ�ý��2�<�,�Ï��´Äuý��þ�kn:�`{�

13
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�èXÚ [182].é�^ý�� X/Fq,P X þ Fqr-kn:��ê� Nr.d Schoof�

{ [243], N1�±�k��O�Ñ5.d	, Nr �d±eÚnN´�O�Ñ5.

Ún 2.2 (½n 4.12 [280])µ- N1 = q + 1− a.P X2 − aX + q = (X − α)(X − β).@o

Nr = qr + 1− (αr + βr).

·��^ X þ� Fqr-kn:�EDaÝ
.~X,�½ F2þ�^ý�� X :

y2 + y = x3 + x, (2.5)

º� g = g(X ) = 1. F2r-kn:��ê Nr ®�O�Ñ
[252]:

Nr =



2r + 1, � r ≡ 2, 6 (mod 8)

2r + 1 + 2 · 2r/2, � r ≡ 4 (mod 8)

2r + 1− 2 · 2r/2, � r ≡ 0 (mod 8)

2r + 1 + 2(r+1)/2, � r ≡ 1, 7 (mod 8)

2r + 1− 2(r+1)/2, � r ≡ 3, 5 (mod 8).

-∞�Ã¡�?�kn:� P � X þ{e�kn:�8Ü,÷v |P| = Nr − 1.é�

ê s÷v 1 = 2g − 1 ≤ s < Nr − 1,- G = s∞.d½n 2.3,·�k��m0 × n0 Da

Ý
 Φ0÷v

m0 = 2r · (Nr − 1), n0 = 2r`(G) = 2rs, µ(Φ0) ≤ s/(Nr − 1).

Φ0÷v� k0 < (Nr − 1)/s+ 1����å5�.

AO/,XJ r ≡ 4 (mod 8),·�k��m× nDaÝ
 Φ÷v

m = 2r(2r + 2
r
2

+1), n = 2rs, µ(Φ) ≤ s/(2r + 2
r
2

+1),

Ù¥ 1 ≤ s < 2r + 2
r
2

+1. Φ ÷v� k < (2r + 2
r
2

+1)/s + 1 ����å5�. 5¿�

14
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log2m = 3r
2

+ log2(2
r
2 + 2) ≈ 2r� log2 n = rs, Φ�^5¡EDÕÝ

k ≤ (
√
m+ 2 4

√
m) logm

2 log n

�&Ò.£� DeVore�E [76]�Ñ�Ý
�¡EDÕÝ

k ≤
√
m logm

2 log(n/m)

�&Ò.�½ÿþgê m,� n¿©��,·���EÑ�Ó`.d	,ÏLN� rÚ s

��,·�����1ØÓ�DaÝ
.

y3·�ÏLê�¢�'�dý�����DaÝ
Ú�ÅpdÝ
.é��

&Ò x,·�|^����Jl¦) `0-`z (2.1)¿ò)P� x∗.½Â x�¡E&D'

(signal-to-noise ratio) [215] �

SNR(x) = 10 · log10

( ‖x‖2

‖x− x∗‖2

)
dB.

XJ SNR(x)Ø$u 100 dB,·�¡ x�¡E´�{�.

òý�� (2.5)���K/ª:

y2z + yz2 = x3 + xz2. (2.6)

- r = 2, (2.6)�¤k F4-kn:�

{[0, 0, 1], [0, 1, 1], [1, 0, 1], [1, 1, 1]}

�Ã¡ F4-kn:∞� [0, 1, 0].b� s = 3, L(3∞)´ F4 þ��n��þ�m,k�

|Ä {1, x, y}.d½n 2.3,·�����dý�� (2.5)�Ñ� 16× 64DaÝ
.ã

2.1Ðy
ù�Ý
Ú�� 16 × 64�ÅpdÝ
��{¡Ez©'(perfect recovery

percentage).éz�DÕÝ k,Ñ\
 5000�&ÒÿÁ�{¡Ez©'.dý��

(2.5)�¤�Ý
`updÝ
.

aq/,- r = 3� s = 3,·����� 32× 512DaÝ
.ã 2.2Ðy
ù�Ý
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ã 2.2 dý�� y2 + y = x3 + x�Ñ�Ý
Ú 32× 512�ÅpdÝ
��{¡E
z©'


Ú�� 32× 512�ÅpdÝ
��{¡Ez©'.3ù�~f¥,dý�� (2.5)

�¤�Ý
�pdÝ
Ly��.�Ä�(½5�E�`:,ý���¤�Ý
3

¢SA^¥'�ÅpdÝ
�É�H.

2.2.4.2 Hermitian�

d½n 2.3,·����'� µ ≤ deg(G)/|P|�Ý
,Ù¥ P ´� X þ�
k

n:�8Ü.�
4ù��'��þ.¦�U�,·�éäkéõkn:��a,

�.���,�^�þkn:��êk±e�..

½n 2.4 (Hasse-Weil½n)µ- X � Fq þ�^�ê�,º�� g. X þkn:�ê

16
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N(X )÷v

|N(X )− q − 1| ≤ 2g
√
q.

�x��±þ�.��´ Hermitian�.- q ����ê��²�. Fq þ�

Hermitian� Hq d±e���§½Â

y
√
q + y = x

√
q+1.

��º� g = g(Hq) = (q − q1/2)/2� Hq þkn:��ê N(Hq) = q3/2 + 1 [252].5

¿� N(Hq)�� Hasse-Weil½n¥�þ..

- Q� Hq ¥Ú Fq(x)¥�Ã¡�:�'�kn:.- P � Hq þ�{kn:�

8Ü,÷v |P| = N(Hq)− 1 = q3/2.é���ê s÷v q− q1/2− 1 = 2g− 1 ≤ s < q3/2,

·�- G = sQ.d½n 2.3,·�k��m× nDaÝ
Φ÷v

m = q5/2, n = qs+1−(q−q1/2)/2, µ(Φ) ≤ s/q3/2,

Ù¥ q − q1/2 − 1 ≤ s < q3/2. Φ÷v� k < q3/2/s+ 1����å5�.Ïd, Φ��^

5¡EDÕÝ

k ≤ m3/5

logq n+ 1
2
(m2/5 −m1/5)

�&Ò.

±e·�'�d Hermitian����Ý
Ú DeVoreÝ
.b� q = p4,Ù¥ p

´���ê�.d Hermitian� Hq ·�����mH × nH Ý
 ΦH ÷v

mH = p10,

nH = p4(s+1−g),

µH = s/p6,

Ù¥ p4 − p2 − 1 ≤ s < p6, g = (p4 − p2)/2��'� µ(ΦH) ≤ µH .d DeVore�E,·

17
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�k��mD × nD Ý
 ΦD ÷v

mD = p10,

nD = p5(t+1),

µD = t/p5,

Ù¥ 1 ≤ t < p5��'� µ(ΦD) ≤ µD.�

4(s+ 1− g) = 5(t+ 1),

ΦH Ú ΦD kÓ��5�.·�'������'��þ.,= µH Ú µD.

µH
µD

=
1

p
· s
t

=


Θ(p3−η), XJ t = Θ(pη), 0 ≤ η < 3

1
2c
, XJ t = Θ(p3) = cp3 + o(p3), c 6= 0

Θ(p−ε), XJ t = Θ(p3+ε), 0 < ε ≤ 2.

l�'��5w,� t = Θ(p3+ε),·��Ý
3ìC¿Âþ��`u DeVoreÝ
.¯

¢þ,é��Ý
,� t = o(p2.5), DeVore�E´ìC�`� [4].·���E�Ñ
�

t > p3/2�ìC¿Âe`u DeVore�E�Ý
.

2.2.5 o(

3�!¥,·�|^k��þ��ê��E
��DaÝ
.·���E�À

� DeVore|^k��þõ�ª��E�g,í2.ÏLÀ�Ü·��,·���


`u DeVoreÝ
�DaÝ
.

�ê�Ú§��¼ê��´L]�DaÝ
��EJø
é��(¹5.©

z [41]^Ø Da�nØµe�Ñ��\��Y,Ù¥��DaÝ
����\��

�.·���E�DaÝ
Jø
�õ�ÀJ,½=�\��Y¥���Jø
�õ

�ÀJ,Ï�ØÓ���ÑØÓ�Ý
.ùéDaÝ
3�èÆ+��d3A^k

ép�d�.
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{¤þ, Goppa��{éu
'u�êAÛè�ïÄ,�Ñ
éõäkÐ�ëê

��5è.·��&·���EE,ké��då.���,��DaÝ
3Ø Da

¥Ø´Ð�ÿÀÝ
,Ï�¤k�Ý
��Ñ´�K�.|^ p-� BCHè,���D

aÝ
��E��
�
?Ð [5].Ïd,|^�ê��E���DaÝ
´��k

��¯K.

2.3 |^k�AÛ�E(½5DÕDaÝ


2.3.1 Úó

8c,'u�Å�DÕDaÝ
®²k
éõ�ïÄ,��nã©z [113].3�!

¥,·��Ä(½5DÕDaÝ
��E.

3�!¥,·�|^W¿�O�'éÝ
�)¤$�'���Ý
.AO/,·�

é�a�¡� SteinerX�AÏ�W¿�Oa,�.�X� SteinerX�lk�AÛ�

�.|^ù
 SteinerX,·��E
oaÄu�'����DÕDaÝ
.�(�/,

·���
m× n(½5��DÕÝ
÷vDÕÝ k = Θ(m1/2)½ k = Θ(m1/3).

·�Ó�|^©z [5] ¥JÑ�i\ö�ò·����Ý
� Hadamard Ý


(Hadamard matrices)½lÑFá�C�Ý
 (Discrete Fourier Transform)KÜ.ù�ö

��Ñ
U?�DaÝ
.§*Ð
Ð©��Ý
��ê��±�'�ØC.5¿�

��Ý
�¹k�K��� 0Ú 1,i\ö��DaÝ
V\
éõÙ§��,¦�z

�gÿþ�¹
'�c�õ�&E.Ïd,i\ö�Jp
DaÝ
�¡E�J.d	,

i\ö�����U?Ý
�3
�Ý
DÕ�5�.

êâ¢�L²·����ÚU?Ý
äkéÐ�¡E�J.�pdÝ
, Devore

Ý
 [76],d�ê����Ý
 [188] Úd BCHè���Ý
�' [4,5],·��Ý
3

ê�¢�¥Ly�Ð.d	,·�Ý
�DÕ5�k|u á|^����Jl��

{¡E&Ò�¤s¤��m.

2.3.2 W¿�OÚ SteinerX��µ�£

W¿�O (packing design)3|Ü�O+�´���Ï�ïÄ�K.,
W¿�O

�'éÝ
g,/�Ñ$�'���Ý
.·�Äk�ÑW¿�OÚ§�'éÝ
�

½Â.
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½Â 2.1µ- m ≥ s ≥ t. �� t-(m, s, λ) W¿�O´��é (X,B), Ù¥ X ´��

m-�8Ü,8Ü��¡�: (points)� B´�� X � s-f8|¤�8Ü,8Ü��¡

�«| (blocks),¦�z�:� t-�f8�õÑy3 λ� B¥�«|¥. λ�¡�W¿

�O (X,B)��ê.

½Â 2.2µ- (X,B) ���W¿�O, Ù¥ X = {x1, . . . , xm} � B = {B1, . . . , Bn}.

(X,B)�'éÝ
´��m× n��Ý
M ÷v

Mi,j =


1 XJ xi ∈ Bj,

0 XJ xi 6∈ Bj.

�õ'uW¿�O��µ,�ë�©z [206].d�,·�=�Ä�ê λ = 1�W¿

�O.±e½nL²W¿�O�±�Ñ$�'�Ý
.

½n 2.5µ- (X,B)��� t-(m, s, 1)W¿�O,k n�«|.b� Φ´'éÝ
,@

o Φ´��m× nÝ
,�'� µ(Φ) ≤ t−1
s

.

y². b� Φd n� φ1, φ2, . . . , φn,@o ‖φi‖2 =
√
sé 1 ≤ i ≤ n.du (X,B)´�

� t-(m, s, 1)W¿�O,é X �?¿ t�:,�3�õ��«|áu B �¹ù
:.

Ïd,zü� B ¥�«|dØ�L t − 1�ú�:. �d/,SÈ 〈φi, φj〉 ≤ t − 1é

1 ≤ i, j ≤ n, i 6= j.Ïd,·�k

µ(Φ) = max
i 6=j

|〈φi, φj〉|
‖φi‖2 · ‖φj‖2

≤ t− 1

s
.

SteinerX (Steiner systems)�ïÄ�J���ÊV¥�,´|Ü�OnØ¥�

��¥%¯K. SteinerX´�«AÏ�W¿�O.

½Â 2.3µ- m ≥ s ≥ t ≥ 2.�� SteinerX S(t, s,m)´�� t-(m, s, 1)W¿�O,¦

�z�:� t-f8TÐÑy3��«|¥.

é�� SteinerX S(t, s,m),«|�ê n =
(
m
t

)
/
(
s
t

)
.Ïd,·�k±e�íØ.
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íØ 2.1µ- (X,B)��� SteinerX S(t, s,m).b� Φ´��'éÝ
,@o Φ´�

�m× nÝ
,�'� µ(Φ) ≤ t−1
s

,Ù¥ n =
(
m
t

)
/
(
s
t

)
.

'u SteinerX��35(J,�ë�nã [67].±e,·��Ädk�AÛ�Ñ�

SteinerX,�Ñ·���DaÝ
��E.

2.3.3 dk�AÛ�Ñ���Ý


d½n 2.5,·���$�'Ý
�däk��«|���W¿�O�Ñ.�X�

«|��é�� SteinerX�lk�AÛ�Ñ.

½Â 2.4µ��k�'é(�,½k�AÛ,´��n�| (P ,L, I),Ù¥ P ´��:

�k�8, L´��k�8� I ´§��m���'é'X.

±e,·��Þoalk�AÛ�Ñ���DaÝ
.

2.3.3.1 �K�m

½Â 2.5µ��k��K�m (projective space)´��k�'é(�÷v:

1. ?ü�:TÐ3�^��þ.

2. - A,B,C,D �o�ØÓ�:�?n�Ø��.XJ AB Ú CD ��,K AD Ú

BC ���.

3. ?¿���kn�:.

b� d ≥ 2 ´���ê� q ´���ê�. ²;� d-��K�m PG(d, q) =

(P ,L, I)�±Xe�E.- V � Fq þ�� d+ 1-��5�m.é?¿ (a0, a1, . . . , ad) ∈

V \ {(0, 0, . . . , 0)},��: (a0 : a1 : · · · : ad)½Â�

{(λa0, λa1, . . . , λad) | λ ∈ Fq \ {0}}.

½=, P ���:´ V ¥�� 1-�f�mØ��:. Ïd, (a0 : a1 : · · · : ad) Ú

(λa0 : λa1 : . . . : λad) é?¿ λ ∈ Fq \ {0} ´�Ó�. ·�k |P| = qd+1−1
q−1

. é?¿

(b0, b1, . . . , bd) ∈ V \ {(0, 0, . . . , 0)}, L��^�´ V ¥�� 2-�f�mØ��:.½

=, L��^�´ P ¥�
:�8Ü,ù
:��I´±e d − 1��5àg�§�
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�"ú�) 
c00x0 + c01x1+ · · · +c0dxd = 0
c10x0 + c11x1+ · · · +c1dxd = 0

· · ·
cd−2,0x0 + cd−2,1x1+ · · · +cd−2,dxd = 0,

Ù¥ cij ∈ Fq �Ý
 C = (cij)��� d− 1.,��£ã�^� L�{ü�{´§�

ëêL«.²L (a0 : a1 : · · · : ad)Ú (b0 : b1 : · · · : bd)��´±e:�8Ü

{(b0 : b1 : · · · : bd)} ∪ {(a0 + λb0 : a1 + λb1 : · · · : ad + λbd)},

Ù¥ λ ∈ Fq. duzü�:(½�^���z^��¹ q + 1 �:, |L| =( qd+1−1
q−1

2

)
/
(
q+1

2

)
= (qd+1−1)(qd−1)

(q+1)(q−1)2
. é?¿ p ∈ P Ú l ∈ L, p Ú l ´�'é���=

� p�¹3 l¥.

�K�m PG(d, q)�Ñ�� SteinerX S(2, q+ 1, q
d+1−1
q−1

) [256].AO/,��DaÝ


�l 3-��K�m PG(3, q) = (P1,L1, I1)¥�Ñ.3ù«�¹e,:8´

P1 = {(a0 : a1 : a2 : a3) | (a0, a1, a2, a3) ∈ F4
q \ {(0, 0, 0, 0)}}.

��8Ü L1d±e��|¤{
(x0 : x1 : x2 : x3)

∣∣∣∣{ c00x0 + c01x1 + c02x2 + c03x3 = 0
c10x0 + c11x1 + c12x2 + c13x3 = 0

}
,

Ù¥

C =

(
c00 c01 c02 c03

c10 c11 c12 c13

)
�H F4

q ¥¤k� 2-��5�m�Ý
L«.±e,·�¡���K�m�'éÝ
�

�KÝ
 (projective matrix).

�E 2.1µ- q����ê�.�3��d�K�m PG(3, q)�Ñ� SteinerX S(2, q+

1, q3 +q2 +q+1).b�Φ´'éÝ
.@oΦ´�� (q3 +q2 +q+1)×(q2 +1)(q2 +q+1)

�KÝ
,�'� µ(Φ) ≤ 1
q+1

.
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2.3.3.2 ���m

½Â 2.6µ��k����m (affine space)´��k�'é(�÷v:

1. ?ü�:TÐ3�^��þ.

2. ü^�� lÚ l′´²1�XJ l = l′½ l� l′Ø��.é?¿: AÚ?¿� l,T

Ð�3�^²L A�� l′²1u l.

3. XJ A, B, C ´n�Ø���:� A′, B′´ü��É�:¦� A′B′²1u AB,

@o²L A′� AC ²1����²L B′� BC ²1����u,�: C ′.

4. �3n�Ø���:.

b� d ≥ 2 ´���ê� q ´���ê�. ²;� d-����m AG(d, q) =

(P ,L, I) �±Xe�E. - V � Fq þ�� d-��5�m. :8 P ´ V ¥�:�

|P| = qd.��8Ü L´ V ¥ 1-�f�m��8�¤�8Ü.½=, L´ P ¥:�8

Ü,ù
:��I´±e d− 1��5�§�ú�)
c11x1 + c12x2+ · · · +c1dxd = f1

c21x1 + c22x2+ · · · +c2dxd = f2

· · ·
cd−1,1x1 + cd−1,2x2+ · · · +cd−1,dxd = fd−1,

Ù¥ cij, fi ∈ Fq �Ý


C =


c11 c12 · · · c1d

c21 c22 · · · c2d

· · ·
cd−1,1 cd−1,2 · · · cd−1,d


Ú 

c11 c12 · · · c1d f1

c21 c22 · · · c2d f2

· · ·
cd−1,1 cd−1,2 · · · cd−1,d fd−1


��� d−1.,��£ãL¥�^��{ü�{´§�ëêL«.²L (a1, a2, · · · , ad)

Ú (b1, b2, · · · , bd)��^�´±e:�8Ü:

{λ(a1, a2, · · · , ad) + (1− λ)(b1, b2, · · · , bd) | λ ∈ Fq}.
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du?¿ü�:(½�^���z^���¹ q �:, |L| =
(
qd

2

)
/
(
q
2

)
= qd−1(qd−1)

q−1
.é

?¿ p ∈ P Ú l ∈ L, pÚ l�'é��=� p�¹3 l¥.

���m AG(d, q)�Ñ�� SteinerX S(2, q, qd) [256].AO/,��DaÝ
�d

3-����m AG(3, q) = (P1,L1, I1)�Ñ.3ù«�¹e,:8´

P1 = {(a1, a2, a3) ∈ F3
q}.

��8Ü L1�¹� {
(x1, x2, x3)

∣∣∣∣{ c11x1 + c12x2 + c13x3 = f1

c21x1 + c22x2 + c23x3 = f2

}
,

Ù¥

C =

(
c11 c12 c13

c21 c22 c23

)
�H F3

q ¥ 2-�f�m�Ý
L«� (f1, f2)�H F2
q ,¦�Ý


(
c11 c12 c13 f1

c21 c22 c23 f2

)

��� 2.±e,·�¡�����m�'éÝ
�����Ý
 (affine matrix).

�E 2.2µ- q ����ê�. �3��d���m AG(3, q) )¤� Steiner X

S(2, q, q3).b� Φ´'éÝ
.@o Φ´�� q3 × q2(q2 + q + 1)��Ý
,�'�

µ(Φ) ≤ 1
q
.

2.3.3.3 Unital

½Â 2.7µ�� unital´��k�'é(�÷v:

1. �¹ n3 + 1�:.

2. z^�k n+ 1�:.

3. ?¿ü��É�:T3�^��þ.

b� q ´���ê�.- (P1,L1, I1)��� q � Hermitian unital,�Xe�E.ù
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� unitaláu�� 2-��K�m PG(2, q2) = (P ,L, I).:8´

P1 = {(a0 : a1 : a2) ∈ P | aq+1
0 + aq+1

1 + aq+1
2 = 0}.

½=, Hermitian unital�:´ PG(2, q2)¥á3� C : xq+1 + yq+1 + zq+1 = 0þ�:.

´� |P1| = q3 + 1.b� l ∈ L��� C ��uü�: (a0 : a1 : a2)Ú (b0 : b1 : b2).@

o l´:�8Ü

{(b0 : b1 : b2)} ∪ {(a0 + λb0 : a1 + λb1 : a2 + λb2)},

Ù¥ λ ∈ Fq2 .- TrPl Fq2 � Fq �,¼ê,Ù¥ Tr(x) = 1 + xq é?¿ x ∈ Fq2 .,¼

ê�Ø {x ∈ Fq2 | xq = −1}�¹ q���.du

(a0 + λb0)q+1 + (a1 + λb1)q+1 + (a2 + λb2)q+1

= λaq0b0 + λa0b
q
0 + λaq1b1 + λa1b

q
1 + λaq2b2 + λa2b

q
2

+(aq+1
0 + aq+1

1 + aq+1
2 ) + λq+1(bq+1

0 + bq+1
1 + bq+1

2 )

= Tr(λ(aq0b0 + aq1b1 + aq2b2)),

TÐ�3 q� λ ∈ Fq2 ¦� (a0 + λb0)q+1 + (a1 + λb1)q+1 + (a2 + λb2)q+1 = 0.Ïd,X

J�^� l ∈ L�� C �uü�:,@§7L� C �u q + 1�:.¯¢þ, L�z

^�� C u 1�½ q + 1�: [256]. L1 ´¤k� C �u q + 1�:���|¤�8Ü,

½=,

L1 = {l ∩ C | l ∈ L, |l ∩ C| = q + 1}.

é?¿ p ∈ P1Ú l ∈ L1, pÚ l�'é��=� p�¹3 l¥.

d½Â 2.7,�� q� Hermitian unital�Ñ�� SteinerX S(2, q + 1, q3 + 1).Ïd,

·�����DaÝ
.±e,·�¡�� unital�'éÝ
��� unitalÝ
 (unital

matrix).

�E 2.3µ- q ����ê�. �3��l q � Hermitian unital �Ñ� Steiner X

S(2, q + 1, q3 + 1).b� Φ´'éÝ
.@o Φ´�� (q3 + 1) × q2(q2 − q + 1) unital

Ý
,�'� µ(Φ) ≤ 1
q+1

.
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2.3.3.4 _²¡

½Â 2.8µ��_²¡ (inversive plane)´��÷v±e^��k�'é(�.5¿�

��_²¡¥���¡���� (circle).

1. ?¿n�ØÓ�:T3���þ.

2. XJ A, B ´ü�:� C ´���¹ A�Ø�¹ B ��,@oT�3��� C ′

�¹ B ¦� C ∩ C ′ = {A}.

3. �3o�:Ø3Ó���þ.

b� q ´���ê�.��_²¡ (P ,L, I)�Xe�E.:8´ P = Fq2 ∪ {∞},

Ù¥∞�L��Ã��.é a ∈ Fq2 , a 6= 0,·�½Â∞ = a
0
.b� α, β, γ, δ ∈ Fq2 ,-

G���+�¹¤kXe/ª�©ª�5C�

tαβγδ : a→ αa+ β

γa+ δ
, ∀ a ∈ Fq2 , αδ − βγ 6= 0,

Ù¥ tαβγδ(∞) = αγ−1 � tαβγδ(−δγ−1) = ∞.Ï, G´�^3 P þ�����+�

´î� 3-D4� (SK 2.8.4 [95]).¯¢þ,+ GÓ�u�K���5+ PGL(2,Fq2) (S

K 2.8.7 [95]).- S = Fq ∪ {∞}� P ���f8,��8Ü Ld S 3 G��^e�;

�)¤.é?¿ p ∈ P Ú l ∈ L, pÚ l´�'é���=� p�¹3 l¥.d G�î�

3-D45�, (P ,L, I)´�� SteinerX S(3, q + 1, q2 + 1) (~f 4.30 [177]).Ïd,·��

�
��DaÝ
.±e,·�ò_²¡�'éÝ
¡���_Ý
 (inversive matrix).

�E 2.4µ- q ����ê�.�3��d_²¡�Ñ� SteinerX S(3, q + 1, q2 + 1).

b� Φ´'éÝ
.@o Φ´�� (q2 + 1)× q(q2 + 1)_Ý
,�'� µ(Φ) ≤ 2
q+1

.

é±þk�AÛ�XÚ?n,�ë�©z [73,273].���J�´¤kù
k�AÛ

þ�dMagma [25]�S�¼ê)¤.Ïd,��DaÝ
��E´N´�.

2.3.4 i\ö�

·�£�©z [5] ¥JÑ�i\ö�.i\ö�ò��Ý
�Ù§$�'Ý
KÜ

å5.
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½Â 2.9µb� A´�� m × n1 ��Ý
,§��� u1, u2, . . . , un1 �z���Ú�

~ê w.- B��� w× n2Ý
,§��� v1, v2, . . . , vn2 . cij ´��ò ui¥ w� 1O

�� vj ¥�A� w���������þ.½Â A� B ��� m× n1n2 Ý
,§�

�� cij ,Ù¥ 1 ≤ i ≤ n1� 1 ≤ j ≤ n2.

±eÚn`², A�B ��'�d AÚ B ��'�û½.

Ún 2.3 (Ún 2 [5])µb� C = A�B,@o µ(C) = max{µ(A), µ(B)}.

o�,XJ·�k��Ü·���Ý
 AÚÝ
 B,ü�Ý
Ñäk$�'�,@

oi\ö�)¤��$�'Ý
 A� B.i\ö�´�~k^�.��¡,�½���

�DaÝ
,i\ö�)¤
��k�õ��U?Ý
.duU?Ý
�)Ø
 0Ú 1

�	�Ù§��,zgÿþ�¹
'�c�õ�&E.Ïd,U?Ý
�¡E�J`u

���Ý
.,��¡,�½��È��DaÝ
,i\ö�ò§���K\����

Ý
,)¤
��äk�õ��DÕ�DaÝ
.DÕÝ
k|u!��;�mÚ\

¯¡E?§,Ï�É�H.

±e,ÏLò HadamardÝ
½lÑFá�C�Ý
i\·����Ý
,��

�X�U?Ý
.���/,Nõ$�'Ý
,~X¬ÆÝ
 (conference matrices) [153],

\¶8 (signature sets) [169], Grassmannianµe (Grassmannian frames) [257]Ú�pÃ Ä

(mutually unbiased bases) [289],®3ØÓ��µÚA^¥��
ïÄ.i\ö����

^uù
Ý
.ù�$�'Ý
��EJø
4��(¹5.3ù�¿Âe,·���

�Ý
��E3i\ö�¥å�
��Ä:(����^.

2.3.5 ê�¢�

��!ò·����Ý
,U?Ý
�Ù§A«;.�Ý
?1
'�.Ù¥,p

d (Gaussian)ÚE�pd (complex-valued Gaussian)Ý
´2�A^��ÅÈ�Ý
.

d BCHè [4]Ú p-� BCHè [5]���Ý
´(½5�È�Ý
.�ök�éuWelch

.��C�`��'�. DeVoreÝ
 [76] Úd�ê����Ý
 [188] ´���DÕ

Ý
.ê�¢�L²·��Ý
`uù
Ý
.é·��DÕÝ
,ý�õê�Ý
�

�´".ÏLíØ'u"���$�,&Ò¡EL§�O�E,Ý��ü$.�È�Ý


�',·��DÕÝ
�¦����;�mÚ¡E�m.

3ê�¢�¥,·�|^ k-DÕ�þ��ÿÁ&Ò,Ù¥ k ��"©þÑlIO
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ã 2.3 kD(&Ò�¡E&D'. BCHÝ
5�� 63 × 512. DeVoreÝ
Úd�ê
��Ñ�Ý
5�� 64× 512.Ù§Ý
5�� 65× 512.

�pd©Ù.XJDaÝ
´E��,·�|^ k-DÕ�E��þ��DÕ&Ò,Ù¥

z��"©þ�¢Ü�JÜÑlIO�pd©Ù.ékD(�¡E,��&Ò x�\


\5�pdD( e,Ù¥&D'´ 30 dB.Ï,�½��DaÝ
 Φ,·�kÿþ�

þ y = Φ(x + e).éz�DÕÝ (sparsity) k,·�^����Jl��¡E�{ÿÁ

1000� k-DÕ&Ò.é��&Ò x,b� x∗´d����Jl¡EÑ�&Ò. x�¡E

&D' (reconstruction SNR)½Â�

SNR(x) = 20 · log10

( ‖x‖2

‖x− x∗‖2

)
dB.

ã 2.3Ðy
kD(� k-DÕ 512 × 1&Ò�¡E&D',Ù¥ 15 ≤ k ≤ 30.d

�ê��E�DaÝ
´dk�� F8 þ�ý�� y2 + y = x3 �Ñ�.d?¦^

�_Ý
´l 65× 520_Ý
¥�ÅÀ� 512��¤�._Ý
�¡E�J`uÙ§

Ý
.

ã 2.4Ðy
kD(� k-DÕ 775× 1&Ò�¡E&D',Ù¥ 20 ≤ k ≤ 55.d?

�BCHÝ
´l 127× 16384 BCHÝ
¥À�c 775��¤�.��Ý
�¡E�J

`updÝ
�� BCHÝ
��.k�«*:@�ù�'�é BCHÝ
Øú²,Ï

�§��O��æ��Ý���õ�&Ò.,,(½5�Eo´�Ñ�X�k�½

5��Ý
.��/,éJ4·��E�Ý
�Ù§�{�E�Ý
äk�C�5�.
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ã 2.4 kD(&Ò�¡E&D'. BCH Ý
5�� 127 × 775. Ù§Ý
5��
125× 775.

d	,3¢SA^¥,��(½5Ý
�,
�o´�í�,±·A&Ò��Ý.Ïd,

·�@�¢�¥¦^l�Ý
¥]À�
��¤ BCHÝ
´��Ün�ò©.±e,

�aq�¹u)�,·�Ñò²((².

é��&Ò x,XJ§�¡E&D'Ø$u 100 dB,·�¡ x�¡E´�{�.ã

2.5Ðy
ÃD( k-DÕ 250× 1&Ò��{¡Ez©' (perfect recovery percentage),

Ù¥ 1 ≤ k ≤ 15.b� H ´�� 4 × 4 HadamardÝ
. H ′ ´��d H V\�1��

� 5 × 4Ý
.ù�1�z���±�VÇ�� 1½ −1.ò H i\ 28 × 63 unitalÝ


,·����� 28 × 252Ý
.3ã¥,·�^ ‘Unital + Hada’�LU?� unitalÝ


,§´lù� 28 × 252Ý
¥�ÅÀ� 250��¤.U?� DeVoreÝ
´dò H ′

�cü�i\ 25× 125 DeVoreÝ
�Ñ.i\ö��B·�æ��Ý���&Ò.U

?� unitalÝ
�¡E�J`uÙ§Ý
.

ã 2.6Ðy
ÃD( k-DÕ 1458 × 1&Ò��{¡Ez©',Ù¥ 10 ≤ k ≤ 40.

b� w ´k�� F9 ������. ���� 81 × 729 Ý
�dk�� F9 þ�ý

�� y2 = x3 + wx + 1)¤. d�ê��Ñ�Ý
�U?Ý
�dò 9 × 9 l

ÑFá�C�Ý
i\�ù���Ý
¥)¤. aq/, U?� DeVore Ý
�l

81× 729 DeVoreÝ
��.ò 5× 5lÑFá�C�Ý
i\��KÝ
,·����

� 85× 1785Ý
.U?��KÝ
dlù� 85× 1785Ý
¥�ÅÀ� 1458�)¤.
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ã 2.6 ÃD(&Ò��{¡Ez©'. 3-� BCH Ý
�5�� 80 × 1458. U?�
DeVore Ý
ÚU?�d�ê����Ý
5�� 81 × 1458. Ù§Ý
5��
85× 1458.
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ã 2.7 ÃD(&Ò��{¡Ez©'. 3-� BCH Ý
�5�� 80 × 6561. U?�
DeVore Ý
ÚU?�d�ê����Ý
5�� 81 × 6561. Ù§Ý
5��
82× 6561.

d?^�� 3-� BCHÝ
d 80× 14348907 3-� BCHÝ
¥À�c 1458�)¤.U

?��KÝ
¡E�JÑguE�pdÝ
,`uÙ§Ý
.

ã 2.7Ðy
ÃD( k-DÕ 6561 × 1&Ò��{¡Ez©',Ù¥ 10 ≤ k ≤ 36.

�� DeVoreÝ
Úd�ê��Ñ���Ý
�ã 2.6��Ó.ò 9 × 9lÑFá

�C�Ý
i\Ù¥,·���U?� 81× 6561Ý
.ò 10× 10lÑFá�C�Ý


i\�_Ý
¥,·����� 82 × 7380Ý
.U?�_Ý
dlù� 82 × 7380

Ý
¥�ÅÀ� 6561�)¤.d?^�� 3-�BCHÝ
l�� 80 × 14348907 3-�

BCHÝ
À�c 6561�)¤.U?�_Ý
�¡E�J`uÙ§Ý
.

·����ÚU?�Ý
Ñ�~DÕ,ý�Ü©�Ý
��Ñ´".ÏLí�Ú

"���'�$�,·�Ý
�DÕ5�kÏu\¯¡EL§.DaÝ
¥�"��

¿Ø�¹&E,Ïd3O�L§¥��Ñ.Ïd,·�Ý
�DÕ5�éü$O�E

,Ýk���¿Â.ã 2.8Ðy
ÃD( k-DÕ 3648× 1&Ò��{¡Ez©'Ú¡

E�m,Ù¥ 80 ≤ k ≤ 210.Äu©z [5] ��öJø�MATLAB�è,·��±�E

�� 255× 4096 BCHÝ
nØþ�y¡E 8-DÕ&Ò,½�� 1023× 32768 BCHÝ


nØþ�y¡E 9-DÕ&Ò.��O�,d?¦^� BCHÝ
l�� 511× 262144

BCHÝ
¥À�
c 3648�.d?,éõ��í�
.�:3u,� 255gÿþ��
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ã 2.8 ÃD(&Ò�¡E&D'Ú¡E�m. BCHÝ
5�� 511× 3648.Ù§Ý
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ã 2.9 ÃD(&Ò�¡E&D'Ú¡E�m. BCHÝ
5�� 342 × 13718.U?�
DeVore Ý
ÚU?�d�ê����Ý
5�� 361 × 13718. Ù§Ý
5��
362× 13718.

1023ÿþ�õ�,·�� unitalÝ
Jø
,	�ÀJ. unitalÝ
�Ø=¡E�J`

uÙ§Ý
,�s¤
���¡E�m.

ã 2.9Ðy
kD( k-DÕ 13718 × 1&Ò��{¡Ez©'Ú¡E�m,Ù¥

40 ≤ k ≤ 140.���� 361 × 6859dk�� F19 þ�ý�� y2 = x3 + x + 8�

Ñ.d�ê��Ñ�Ý
�U?Ý
�dò�� 19 × 19lÑFá�C�Ý
�c

ü�i\�ù���Ý
¥)¤.aq/,U?� DeVoreÝ
�d 361× 6859 DeVore

Ý
�Ñ.ò 20 × 20lÑFá�Ý
�cü�i\���_Ý
¥,·�����

362× 13756Ý
.U?�_Ý
�lù� 362× 13756Ý
¥�ÅÀ� 13718�)¤.

d?^�� 7-� BCHÝ
l�� 342 × 823543 7-� BCHÝ
¥À�c 13718�)
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           Original            
15% DCT coefficients

Affine + DFT   
PSNR = 47.83 dB

Unital + DFT   
PSNR = 47.04 dB

    13−ary BCH     
PSNR = 43.19 dB

 Complex Gaussian
   PSNR = 46.26 dB  

ã 2.10 ¡E�� 80× 80�ã¡,Ù¥=k��� 15%�lÑFá�C�Xê��
3e5. 13-� BCHÝ
5�� 2196× 6400,U?���Ý
�5�� 2197× 6400.Ù
§�Ý
5�� 2198× 6400.

¤.U?�_Ý
�¡E�J�E�pdÝ
��,`uÙ§Ý
.U?�_Ý
�¡

E�m��uÈ��Ý
.

3ã 2.10¥,·�¡E�� 80× 80�ã¡.ÏL�3ã¡�lÑFá�C��c

15%���Xê¿rÙ§Xê��",�©ã¡�DÕz.|^U?���Ý
ÚU

?� unitalÝ
,·����¡Eã¡k�p�¸&D' (Peak Signal to Noise Ratios).

U?�Ý
�¡E�J`u 13-�BCHÝ
ÚE�pdÝ
.

2.3.6 o(

3�!¥, ·�Ú\
(½5DÕDaÝ
��«#�E. ÏL�	�X�d

k�AÛ�Ñ� Steiner X, ·��E
oa��DÕÝ
. ©z [4] �Ñ1��è

(Optical Orthogonal Codes) �Ñ
��DaÝ
. ¯¢þ, �X�1��èlk�A

Û¥�EÑ5 [2,20,207].3ù�¿Âe,·��ó�J��
1��è���Þ,±

SteinerX�xù,ïá
DaÝ
Úk�AÛ�m�éX.du3k�AÛ+�kN

õME5��E,·�F"ù�#*:�±e-?�Ú�ïÄ��ÑDaÝ
�#�

�E.

·��|^i\ö�U?·����Ý
.��¡,i\ö�O\
�ê,J,


¡E�J.,��¡,�½��$�'�È�Ý
,i\ö��Ñ��DÕÝ
.DÕ

5�k|uü$�;Kú,\¯¡EL§.3ù«¿Âe,·����Ý
�i\ö�
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Jø
Ä:e�.i\ö�´���~���µe,Ï�?ÛÄu�'���E�±

^i\ö�?1U?.

2.4 dCq��X���(½5DaÝ


2.4.1 Úó

du��Ý
k"�'�, ·�¡äk$�'��Ý
�Cq��X (near

orthogonal system).lØÓ��µÚÄÅÑu,Cq��X��þ±NõØÓ�¶iØ

uNõØÓ|µ�Ø% �.3�!¥,·�éguØÓ|µ�Cq��XJø�

�nã.ù
Cq��X��E¯¢þÒ´(½5�$�'Ý
��E.�äN/,·

���
Aa(½5�m× nÝ
÷vDÕÝ k = Θ(m
1
2 )½ k = O

(
( m

logm
)
1
2

)
.

Nõê�¢�L²·��Ý
äkÐ�¡E�J.�pdÝ
 (Gaussian matri-

ces),�ÅlÑFá�C�Ý
 (random Discrete Fourier Transform matrices),Ëã|Ý


 (Bernoulli matrices)Úd BCHè�¤�Ý
 [4,5] �',·��Ý
3Nõê�¢�

¥`uù
Ý
.

2.4.2 dMWBES�8�Ñ�DaÝ


�� MWBE S�8 (Maximum Welch-Bound-Equality sequence set) ��À��

��'��� Welch e. (2.4) �Ý
. Ï, ·�ò�� (N,K) MWBE S�8

À��� K × N Ý
, �'��
√

N−K
K(N−1)

. MWBE S�8���¡���;µ

e (equiangular tight frames) [258] ½�`� Grassmannian µe (optimal Grassmannian

frames) [257]. MWBES�83Ï&Ú?ènØ¥�A^�� [257].du�é MWBE�

�35kér��� [258],§��E´é(J� [239].Cc5,#�MWBES�8l�

8 [78,79,290] Ú SteinerX¥�EÑ5 [107].±e,·��Ädù
#� MWBES��Ñ

�Cq��X.dMWBES�8��DaÝ
�(½5�E´Äu�'���`�

E,Ï�§���
Welch. (2.4).

2.4.2.1 d�8���MWBES�8

�
��zØÓ&Ò�Ø�Z5, è� (codebook) �A^uè©õ�XÚ¥.

3©z [78,79,290]¥�è�¯¢þÒ´d�8�Ñ� MWBES�8.±e,·�£�©

z [79]¥��E.
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b� G´���� v�k���+.����� k� G�f8 D�¡�´��

(v, k, λ)�8XJ G�z��"���L� d1 − d2, d1, d2 ∈ DTÐ λg.k'�8�

��nã,�ë�©z [162] .

+ G���A� χ´��l+ G���� 1�Eê|¤�+ U ���+Ó�.

±e'u+A��¯¢´Ù��:

1. χ(0) = 1;

2. χ(g)´��ü �;

3. χ(g−1) = χ(g)−1 = χ(g),Ù¥þy��LEê��Ý.

G�¤kA�/¤��+,�¡� G�A�+�P� Ĝ.

é?¿�k���+G,§�A�+�Xe½Â.�½����ê n,- ζn� n-g

ü � e
2πi
n .éÌ�+ Zn,·�k Ẑn = {χi | 0 ≤ i ≤ n− 1},Ù¥

χj(a) = ζjan , ∀a ∈ Zn.

5¿�?¿k���+´Ì�+��È,½=, G = Zn1

⊕
Zn2

⊕
· · ·
⊕

Znt .@o,A

�+ Ĝ = {χj1,j2,...,jt | ji ∈ Zni , 1 ≤ i ≤ t},Ù¥

χj1,j2,...,jt((a1, a2, . . . , at)) =
t∏
i=1

ζjiaini
, ∀(a1, a2, . . . , at) ∈ G.

Ï,·�k |Ĝ| = |G|.

-G�����N���+� Ĝ = {χ0, χ1, . . . , χN−1}.b�D = {d1, d2, . . . , dK}

´ G��� K �f8.·�½Â�� K ×N Ý
 Φ := Φ(G,D)Ù¥1 i��

φi = (χi−1(d1), χi−1(d2), . . . , χi−1(dK))T .

Φ´��MWBES�8,XJ D´ G¥����8.

·K 2.1 (½n 3 [79])µΦ ´�� (N,K) MWBE S�8��=� D ´ G ¥��

(N,K, λ)�8,Ù¥ K > 1.

�������(J,(½5DaÝ
�d�8��.
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½n 2.6µ�½�� n ���+¥� (n,m, λ) �8, �3�� m × n Ý
 Φ ÷v

µ(Φ) =
√

n−m
m(n−1)

.

Ï,À½Ü·��8,Ò�±���A�DaÝ
.1���E|^
 Singer�

8 [162].

�E 2.5 (SingerÝ
)µb� q ´���ê�� d´���ê÷v d ≥ 3.- α� F∗
qd

�������

trqd/q(x) =
d−1∑
i=0

xq
i

� Fqd � Fq �,¼ê.@o8Ü {i | 0 ≤ i < (qd − 1)/(q − 1), trqd/q(α
i) = 0}´+ Zv

¥��� (v, k, λ) Singer�8,Ù¥

v =
qd − 1

q − 1
,

k =
qd−1 − 1

q − 1
,

λ =
qd−2 − 1

q − 1
.

d½n 2.6,·�����m× nDaÝ
 Φ÷v

m =
qd−1 − 1

q − 1
,

n =
qd − 1

q − 1
,

µ(Φ) =
q
d−2
2 (q − 1)

qd−1 − 1
.

·�¡±þÝ
��� SingerÝ
.|^McFarland�8 [204],·�k±eaq�

�E.

�E 2.6 (McFarlandÝ
)µb� q´���ê�� d´����ê.- G�����

v = qd+1(qd+· · ·+q2 +q+2)�+�¹���� qd+1�Ä���f+E3§�¥%¥.

òEÀ� Fd+1
q �\{f+,�� Fqþ�� (d+1)-�f�m.- s = (qd+1−1)/(q−1).

TÐ�3 E � s� d-�f�m,P� H1, H2, . . . , Hs.XJ g0, . . . , gs ´ E 3 G¥Ø

Ó��8�L�, @o D = (g1 + H1) ∪ (g2 + H2) ∪ · · · ∪ (gs + Hs) ´�� (v, k, λ)
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McFarland�8÷v

v = qd+1

(
qd+1 − 1

q − 1
+ 1

)
,

k = qd
(
qd+1 − 1

q − 1

)
,

λ = qd
(
qd − 1

q − 1

)
.

AO/, ·�À�����ê d ÷v qd+1−1
q−1

+ 1 ´���ê�. ��/, (½ (q, d)

´Ä÷v qd+1−1
q−1

+ 1 ´���ê�´(J�. ê�¢�L²8Ü {(q, d) | 2 ≤ q ≤

100, q�ê�, 1 ≤ d ≤ 10}¥,�k 350� (q, d)é,Ù¥�3 41�Ü·� (q, d)é.y

3,·�b� qd+1−1
q−1

+ 1 = rl,Ù¥ r´���ê÷v gcd(r, q) = 1� l´����ê.

½Â (G1,+) = (Fd+1
q ,+)� (G2,+) = (Flr,+).@o (G,+) = (G1 × G2,+)´���

� v ���+� E = G1 × {0}´���� qd+1 �Ð���f+.d½n 2.6,·��

���m× nDaÝ
 Φ÷v

m = qd
(
qd+1 − 1

q − 1

)
,

n = qd+1

(
qd+1 − 1

q − 1
+ 1

)
,

µ(Φ) =
q − 1

qd+1 − 1
.

·�¡±þÝ
���McFarlandÝ
.

2.4.2.2 Steiner MWBES�8

Steiner X´|Ü�O+����Ì��ïÄ�K [67]. 3©z [107] ¥, A�#�

MWBES�8�Ã¡ad SteinerX�EÑ5.±e·�£�ù�E.

�� (2, k, v) SteinerX (Steiner system)´��é (X,B),Ù¥X �� v���(�

¡�:)�8Ü, B ´�� X � k-f8(�¡�«|)�8Ü,¦�z�:� 2-f8T

ÐÑy3 B���«|¥.
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- (X,B)��� (2, k, v) SteinerX,Ù¥ X = {x1, . . . , xv}Ú B = {B1, . . . , Bb}.

´� b = v(v−1)
k(k−1)

. (X,B)�'éÝ
´�� v × b��Ý
M ½Â�

Mi,j =


1 XJ xi ∈ Bj,

0 XJ xi 6∈ Bj.

·K 2.2 (½n 1 [107])µz� (2, k, v) Steiner X)¤�� (N,K) MWBE S�8÷v

N = v(1 + v−1
k−1

)Ú K = v(v−1)
k(k−1)

.

AO/, K ×N Ý
 Φ�±Xe�E:

1. - A�� (2, k, v) SteinerX�'éÝ
�=�,5�� v(v−1)
k(k−1)

× v.

2. éz� j = 1, . . . , v,- Hj �?¿ (1 + v−1
k−1

)× (1 + v−1
k−1

)Ý
k���1Úü 

���,~X��E� HadamardÝ
.

3. éz� j = 1, . . . , v,- Φj �
v(v−1)
k(k−1)

× (1 + v−1
k−1

)Ý
,ÏLò A�1 j ���"

�O�� Hj �ØÓ1,ò"�O��"1.5¿� A¥z��3 v−1
k−1
� 1,Ïd

Hj ¥=k
v−1
k−1
1�ÀÑ�|¤ Φj .

4. ò Φj Ü¿å5)¤ Φ = (k−1
v−1

)
1
2 [Φ1 · · ·Φv].

5µ±þ�E��À�©z [4,5] ¥i\ö����AÏ�¹,�d��Ý
)¤��

��DaÝ
.

/Ï SteinerX,·�k±e½n.

½n 2.7µ�½�� (2, k, v) Steiner X, �3�� v(v−1)
k(k−1)

× v(1 + v−1
k−1

) Ý
 Φ ÷v

µ(Φ) = k−1
v−1

.

Ïd,ÏLÀJÜ·� SteinerX,��ÑDaÝ
. AO/,·��Ä±eoa

SteinerX.
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�E 2.7 (��Ý
 (Affine matrix))µ- q ����ê�.é d ≥ 2,�3��l���

m��� (2, q, qd) SteinerX [67].d½n 2.7,·�����m× nDaÝ
 Φ÷v

m = qd−1

(
qd − 1

q − 1

)
,

n = qd
(
qd − 1

q − 1
+ 1

)
,

µ(Φ) =
q − 1

qd − 1
.

·�¡±þÝ
�����Ý
.

�E 2.8 (�KÝ
 (Projective matrix))µ- q����ê�.é d ≥ 2,�3��l�K

�m��� (2, q + 1, q
d+1−1
q−1

) SteinerX [67].d½n 2.7,·����� m × nDaÝ


Φ÷v

m =
(qd − 1)(qd+1 − 1)

(q + 1)(q − 1)2
,

n =
qd+1 − 1

q − 1

(
qd − 1

q − 1
+ 1

)
,

µ(Φ) =
q − 1

qd − 1
.

·�¡±þÝ
����KÝ
.

�E 2.9 (unital Ý
)µ- q ����ê�. é d ≥ 2, �3��l unital ���

(2, q + 1, q3 + 1) SteinerX [67].d½n 2.7,·�����m× nDaÝ
 Φ÷v

m =
q2(q3 + 1)

q + 1
,

n = (q2 + 1)(q3 + 1),

µ(Φ) =
1

q2
.

·�¡±þÝ
��� unitalÝ
.
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�E 2.10 (Denniston Ý
)µé?¿ 2 ≤ r < s, �3��l Denniston �O���

(2, 2r, 2r+s + 2r − 2s) SteinerX [67].d½n 2.7,·�����m× nDaÝ
 Φ÷v

m =
(2s + 1)(2r+s + 2r − 2s)

2r
,

n = (2s + 2)(2r+s + 2r − 2s),

µ(Φ) =
1

2s + 1
.

·�¡±þÝ
��� DennistonÝ
.

2.4.3 d&Ò8�Ñ�Cq��X

é��m× nÝ
 Φ,� n���, Welch. (2.4)´Ø;�.�(�/,e Φ´¢

Ý
, (2.4)¥�ª=� n ≤ m(m+1)
2
�¤á,e Φ´EÝ
, (2.4)¥�ª=� n ≤ m2

�¤á [257].� n���,±ed Levenstein [184] JÑ�.`uWelch..

XJ Φ´��¢Ý
÷v n > m(m+1)
2

,@o

µ(Φ) ≥

√
3n−m2 − 2m

(m+ 2)(n−m)
. (2.7)

XJ Φ´��EÝ
÷v n > m2,@o

µ(Φ) ≥

√
2n−m2 −m

(m+ 1)(n−m)
. (2.8)

�� (N,K)&Ò8 (signal set)��À��� K ×N Ý
.3ÓÚè©õ�A^

¥, ��&Ò8�^5«©ØÓ^r�&Ò. �d, Ý
��'�A¦�U�. ��

(½Cq��) Levenstein.�&Ò8�¡��`� (½Cq�`)�&Ò8.3©z [91]

¥, �`½Cq�`�&Ò8dAÏ�²¡¼ê (planar functions) ÚA� bent ¼ê

(almost bent functions)�Ñ.·�±e£�ù��E.

b� q = pt,Ù¥ p´���ê� t´����ê.·�^ x0, x1, . . . , xq−1 P Fq

�¤k��.é?¿���ê l,- ζl � l-gEü � e
2πi
l .- trq/p � Fq � Fp �,¼

ê.é?¿ x ∈ Fq,½Â

ψ(x) = ζ
trq/p(x)
p .
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@o ψ´�� Fq �\{A�.

- e
(q)
i � q-�F�ËA�m¥1 i�� 1,Ù§�� 0��þ.½Â E(q) = {e(q)

i |

1 ≤ i ≤ q},=dù
�þ|¤�IO��Ä.

- f ���l Fq � Fq �¼ê.éz�é (a, b) ∈ F2
q ,·�½Âü �ê�þ

Cf (a, b) =
1
√
q

(ψ(af(x0) + bx0), . . . , ψ(af(xq−1) + bxq−1)).

@o,·�½Â&Ò8

Cf = {Cf (a, b) | (a, b) ∈ F2
q} ∪ E(q).

&Ò8 Cf �éu Levenstein.´�`½Cq�`�XJ f ´²¡�½A� bent

�.·�ò3±e0�ù
Vg.

2.4.3.1 d²¡¼ê�Ñ��`&Ò8

b� q = pt,Ù¥ p´��Û�ê� t´����ê.b� f ´��l��+ A

���+ B �¼ê. f ���5Ý�Ýþ½ÂXe

Pf = max
06=a∈A

max
b∈B

|{x ∈ A | f(x+ a)− f(x) = b}|
|A|

.

w,, Pf ≥ 1
|B| . ��¼ê f : A → B k�{��5Ý (perfect nonlinearity) XJ

Pf = 1
|B| .l��k���+�,��Ó��k���+��{��5¼ê�¡��

�²¡¼ê (planar function).²¡¼êd DembowskiÚ OstromÚ\,^u�E��²

¡ [74].'up��5Ý¼ê���nã,�ë� [42].

±e,·��Ñ�
®��l Fpt � Fpt �²¡¼ê.

1. f(x) = x2;

2. f(x) = xp
k+1,Ù¥ t/ gcd(t, k)�Ûê [74];

3. f(x) = x(3k+1)/2,Ù¥ p = 3, k�Ûê� gcd(t, k) = 1 [68];

4. f(x) = x10 − ux6 − u2x2,Ù¥ p = 3, t´Ûê� u ∈ F3t
[68,92].
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'u²¡¼ê��������Þ,�ë� [231].·��±²¡¼ê�Ñ�`&Ò

8.

·K 2.3 (½n 4 [91])µ- f ���l Fq � Fq ²¡¼ê.@o, Cf ´�� (q2 + q, q)�

`&Ò8.

-m = q, n = q2 + q, Levenstein. (2.8)´

√
2n−m2 −m

(m+ 1)(n−m)
=

1
√
q
.

Ïd,·�k±e½n.

½n 2.8µ�½��l Fq � Fq �²¡¼ê, �3�� q × (q2 + q) Ý
 Φ ÷v

µ(Φ) = 1√
q
.

Ïd,À�Ü·�²¡¼ê=���DaÝ
.

�E 2.11 (d�`&Ò8�Ñ�Ý
)µ- q = ptÙ¥ p´��Û�ê� t´����

ê. f1(x) = x2´��l Fq � Fq �²¡¼ê.d½n 2.8,·�����m× nDaÝ


 Φ÷v

m = q,

n = q2 + q,

µ(Φ) =
1
√
q
.

b� k´����ê÷v t/ gcd(t, k)�Ûê.@o f2(x) = xp
k+1�´��l Fq � Fq

�²¡¼ê.·��±aq�����Óëê�DaÝ
.

�E 2.12 (d�`&Ò8�Ñ�Ý
)µ- q = 3t Ù¥ t´����ê.b� k´��

Ûê� gcd(t, k) = 1.@o f3(x) = x(3k+1)/2´��l Fq � Fq �²¡¼ê.d½n 2.8,

·�����m× nDaÝ
 Φ÷v

m = 3t,

n = 32t + 3t,
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µ(Φ) =
1√
3t
.

XJ t´Ûê,é?¿ u ∈ Fq, f4(x) = x10 − ux6 − u2x2�´��l Fq � Fq �²¡¼

ê.·��±aq�����Óëê�DaÝ
.

5¿�d�`&Ò8�Ñ�DaÝ
´Äu�'���`�Ý
,Ï�§���


 Levenstein. (2.8).

2.4.3.2 dA� bent¼ê�Ñ�Cq�`&Ò8

b� q = 2t,Ù¥ t´����ê.d�,Ø�3l Fq � Fq �²¡¼ê.é��l

Fq � Fq �¼ê f ,·�½Â

λf (a, b) =
∑
x∈Fq

(−1)tr2t/2(af(x)+bx),

Ù¥ (a, b) ∈ F2
q � tr2t/2´l F2t � F2�,¼ê. f �¡�A� bent (almost bent)XJ

λf (a, b) = 0½ ±2(t+1)/2éz� (a, b)÷v a 6= 0.

- t�Ûê.±e,·��Þ�
®��l F2t � F2t �A� bent¼ê.

1. Gold¼ê: f(x) = x2i+1,Ù¥ gcd(i, t) = 1 [122,223];

2. Kasami¼ê: f(x) = x22i−2i+1,Ù¥ gcd(i, t) = 1 [170];

3. Welch¼ê: f(x) = x2(t−1)/2+3 [34];

4. Niho¼ê:b� t = 2l+ 1. f(x) = x2l+2l/2−1,XJ l�óê; f(x) = x2l+2(3l+1)/2−1,

XJ l�Ûê [145].

·��±dA� bent¼ê��Cq�`&Ò8.

·K 2.4 (½n 4 [91])µ- f ���l F2t � F2t �A� bent ¼ê. @o, Cf ´��

(22t + 2t, 2t)&Ò8,�'�� 1
2(t−1)/2 .

�m = 2t, n = 22t + 2t, Levenstein. (2.7)�

√
3n−m2 − 2m

(m+ 2)(n−m)
=

√
2t+1 + 1

2t(2t + 2)
≈ 1

2(t−1)/2
.
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Ïd,dA� bent¼ê�E�&Ò8´Cq�`�.Ïd,·�k±e½n.

½n 2.9µ�½��l F2t � F2t �A� bent¼ê,�3�� 2t × (22t + 2t)Ý
 Φ÷

v µ(Φ) = 1
2(t−1)/2 .

Ïd,À�Ü·�A� bent¼ê���DaÝ
.

�E 2.13 (dCq�`&Ò8�Ñ�Ý
)µ- q = 2tÙ¥ t´Ûê. f1(x) = x2(t−1)/2+3

´��l F2t � F2t �A� bent¼ê.d½n 2.9,·�����m× nDaÝ
 Φ÷

v

m = 2t,

n = 22t + 2t,

µ(Φ) =
1

2(t−1)/2
.

XJ gcd(i, k) = 1, @o f2(x) = x2i+1 Ú f3(x) = x22i−2i+1 ´l F2t � F2t �A

� bent ¼ê. ·��±aq�����Óëê�DaÝ
. b� t = 2l + 1. �

f4(x) = x2l+2l/2−1XJ l´óê,� f5(x) = x2l+2(3l+1)/2−1XJ l´Ûê.·��±aq

�����Óëê�DaÝ
.

2.4.4 d�pÃ ÄÚCq�pÃ Ä�Ñ�Cq��X

�pÃ Ä (mutually unbiased bases)gu Schwinger�ó� [244].�þ�m Cd

�ü|��Ä BÚ B′�¡��pÃ � (mutually unbiased)��=�

|〈b|b′〉|2 =
1

d
(2.9)

é?¿ b ∈ BÚ b′ ∈ B′¤á,Ù¥ 〈·|·〉´F�ËA�m Cd¥Ï~�SÈ.é��'u

Ä B′�þfXÚ,�·�^Ä B�ÿþ§�,ØU�Ñ?Û�&E.Ïd,�pÃ Ä

3þf&EØÚþf�è¥å�
���^ [14,15,30].

Cd �?Û�x�pÃ Ä���Ø�L d + 1 [289].- N(d)P Cd ��x�pÃ

 Ä����ê.®� N(d) = d+ 1� d´���ê��¤á [289].� dØ´���ê

�,(½ N(d)´��úm¯K.��@�ù«�¹e d + 1|�pÃ ÄØ�3 [248].
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Ïd,ÏLò (2.9)�t�

|〈b|b′〉|2 =
1 + o(1)

d

½

|〈b|b′〉|2 =
1 + o(log d)

d
,

Cq�pÃ Ä (approximately mutually unbiased bases)�Vg�JÑ [179].é?¿�

�ê���ê d, d+ 1|Cq�pÃ Ä®��� [179,248].

�A/,�pÃ ÄÚCq�pÃ Ä��E�ÑCq��X.·�3±e£�

ù
�E.

2.4.4.1 �ê��F�ËA�m¥��pÃ Ä

- Fq � q ����k��,kÛA� p.- trq/p � Fq � Fp �ýé,¼ê.±e

·K�E
 Cq ¥ q + 1|�pÃ Ä,Ù¥ q����ê�.

·K 2.5 (½n 2 [178])µ- Ba = {va,b | b ∈ Fq}����þ�8Ü,Ù¥

va,b = q−1/2
(
ζ
trq/p(ax2+bx)
p

)
x∈Fq

.

IOÄÚ Ba,Ù¥ a ∈ Fq,/¤ Cq � q + 1|�pÃ Ä.

5µ±þ���Cq��X´|^�`&Ò8��E�AÏ�¹.�(�/,&Ò8

Cf Ù¥ f(x) = x2´l Fq � Fq �²¡¼ê,�Ñ�Ó�Cq��X.

� q ´��ó�ê�,=, q = 2t é,���ê t, q + 1|�pÃ Ä��E|

^
 Galois� (Galois rings).·�{�0� Galois�,�õ[!�ë� [274].- Z4 �

�ê�� 4�û�.^ 〈2〉P Z4[x]¥d 2)¤�n�.��Ä�õ�ª h(x) ∈ Z4[x]

�¡�Ä:��� (basic primitive) ��=�;�N�e§3 Z4[x]/〈2〉 ∼= Z2[x]

¥��´ Z2[x] ¥���õ�ª. - h(x) ��� t g�Ä�Ä:��õ�ª. �

GR(4, t) = Z4[x]/〈h(x)〉�¡� Z4þ tg Galois�.

GR(4, t)��E�y
§k 4t ���.�� ξ = x + 〈h(x)〉��� 2t − 1.½Â

TeichmüllerX (Teichmüller system) Tt = {0, 1, ξ, . . . , ξ2t−2}.?¿�� r ∈ GR(4, t)�

������ r = a+ 2b,Ù¥ a, b ∈ Tt.
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�gÓ� σ : GR(4, t) → GR(4, t)½Â� σ(a + 2b) = a2 + 2b2,�¡� Frobenius

gÓ� (Frobenius automorphism).ù�N��½�� Z4 ¥���. GR(4, t)�¤kg

Ó�/X σk,Ù¥ k ≥ 0.,¼ê Tr : GR(4, t)→ Z4½Â� Tr(x) =
∑t−1

k=0 σ
k(x).

·K 2.6 (½n 3 [178])µ- GR(4, t)��� Galois�,k TeichmüllerX Tt.é a ∈ Tt,P

Ma = {va,b | b ∈ Tt}Ù¥

va,b = 2−t/2
(
iTr((a+2b)x)

)
x∈Tt

,

Ù¥ i =
√
−1.IOÄÚMa,Ù¥a ∈ Tt,/¤ C2t ¥ 2t + 1|�pÃ Ä.

Ïd,·�k±e��E.

�E 2.14 (d�pÃ Ä�Ñ�Ý
)µ- q ����ê�.- Φ�·K 2.5½·K

2.6¥� q + 1��pÃ ÄÜ¿�¤�Ý
.@o Φ´��m× nDaÝ
÷v

m = q,

n = q2 + q,

µ(Φ) =
1
√
q
.

5µ� q ´���ê��,�E 2.11|^²¡¼ê f1(x) = x2 �E
äk�Óëê

�DaÝ
.ù��EÓ��)
 q´��ó�ê���¹.

5µ±þ�E´ chirpÝ
��E [35]���í2.¯¢þ,é��Û�ê p,�� chirp

Ý
´·K 2.5¥Ø�IOÄ� p|�pÃ ÄÜ¿�¤�Ý
.

2.4.4.2 ��ê��F�ËA�m¥�Cq�pÃ Ä

3F�ËA�m Cl ¥,Ù¥ l´����ê�, l + 1|Cq�pÃ Ä®��E

Ñ [248],���ê��¥��pÃ Ä���aq.

- p�����ê÷v p ≥ l.éz� a = 1, . . . , l,·��ÄÄBa = {ua,1, . . . , ua,l},

Ù¥

ua,b =
1√
l

(
ζax

2

p ζbxl

)l
x=1
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é b = 1, . . . , l.

·K 2.7 (½n 1 [248])µIOÄ B0 = {u0,1, . . . , u0,l}Ú l|Ä Ba é a = 1, . . . , l´��

��÷v

|〈ua,i | ub,j〉| ≤
(

2π−
1
2 +O

( 1

log l

))( log l

l

) 1
2
,

Ù¥ a, b = 0, . . . , l, a 6= b� 1 ≤ i, j ≤ l.

Ïd,·�k±e��E.

�E 2.15 (dCq�pÃ Ä�Ñ�Ý
)µ- l�����ê�.- Φ�·K 2.7¥

l + 1|Cq�pÃ ÄÜ¿¤�Ý
.@o Φ´��m× nDaÝ
 Φ÷v

m = l,

n = l2 + l,

µ(Φ) = O
(( log l

l

) 1
2
)
.

5¿�XJ l´���ê�,ù��E��E 2.14�Ó.d�pÃ Ä)¤�D

aÝ
�ÿþgê�½´���ê�,��,dCq�pÃ Ä)¤�DaÝ
KÃ

d��.

2.4.5 ê�¢�

3��!¥,dCq��X�Ñ�DaÝ
�Ù§Aa;.�DaÝ
?1


'�.Ù¥�),pd (Gaussian)ÚE�pd (complex-valued Gaussian)Ý
.�½��

n× nlÑFá�C� (Discrete Fourier Transform)Ý
,�� m× n�ÅlÑFá�

C� (random Discrete Fourier Transform)Ý
dl��lÑFá�C�Ý
¥�ÅÄ

� m1�¤,Ù¥ m < n.Ëã| (Bernoulli)Ý
´���ÅÝ
Ù¥z���±�

VÇ� 1½ −1.d BCHè [4] Ú p-� BCHè�Ñ�Ý
 [5] ´(½5�DaÝ
.·

��Ý
3éõê�¢�¥`uù
Ý
.

3¢�¥,·�^ k-DÕ�þ��ÿÁ&Ò,Ù¥ k ��"�÷vIO�pd©

Ù.XJDaÝ
´E��,·�|^ k-DÕ�E��þ��DÕ&Ò,Ù¥z��

"©þ�¢Ü�JÜÑlIO�pd©Ù. ékD(�¡E, ��&Ò x �\
\

48



(½5DaÝ
��E

170 190 210 230 250 270 290 310 330340
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Sparsity  k

R
ec

ov
er

y 
P

er
ce

nt
ag

e

 

 

Singer
29−ary BCH
RDFT
Complex Gaussian

ã 2.11 ÃD( 7381×1&Ò��{¡Ez©'. 29-� BCHÝ
�5�� 840×7381
�Ù§Ý
�5�� 820× 7381.

5�pdD( e,Ù¥&D'´ 30 dB.Ï,�½��DaÝ
 Φ,·�kÿþ�þ

y = Φ(x+ e).éz�DÕÝ (sparsity) k,·�^����Jl��¡E�{ÿÁ 1000

� k-DÕ&Ò.é��&Ò x,b� x∗´d����Jl¡EÑ�&Ò. x�¡E&D

' (reconstruction SNR)½Â�

SNR(x) = 20 · log10

( ‖x‖2

‖x− x∗‖2

)
dB.

Äk, ·��Äd MWBE S�)�Ñ�DaÝ
. é��&Ò x, XJ SNR(x)

Ø�u 100 dB, ·�¡ x �¡E´�{�. ã 2.11 ÃD( k-DÕ 7381 × 1 &Ò�

�{¡Ez©',Ù¥ 170 ≤ k ≤ 340.d�E 2.5,�� 820 × 7381 SingerÝ
�d

(7381, 820, 91) Singer�8�Ñ. BCHÝ
d�� 29-� 840× 24389 BCHÝ
À�c

7381��¤. SingerÝ
`uE�pdÚ BCHÝ
,Ú�ÅlÑFá�C�Ý
�

�.k�«*:@�ù�'�é BCHÝ
Øú²,Ï�§��O��æ��Ý���

õ�&Ò.,,(½5�Eo´�Ñ�X�k�½5��Ý
.��/,éJ4·�

�E�Ý
�Ù§�{�E�Ý
äk�C�5�.d	,3¢SA^¥,��(½5

Ý
�,
�o´�í�,±·A&Ò��Ý.Ïd,·�@�¢�¥¦^l�Ý
¥

]À�
��¤ BCHÝ
´��Ün�ò©.±e,�aq�¹u)�,·�Ñò²

((².
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MacFarland
5−ary BCH
RDFT
Complex Gaussian

ã 2.12 ÃD( 1573× 1&Ò��{¡Ez©'. 5-� BCHÝ
�5�� 124× 1573
�Ù§Ý
�5�� 132× 1573.

aq/,d�E 2.6,�� 132×1573 McFarlandÝ
�d (1573, 132, 11) McFarland

�8�Ñ.d?¦^� BCHÝ
d�� 5-� 124 × 78125 BCHÝ
À�c 1573�

�Ñ. ã 2.12 ÃD( k-DÕ 1573 × 1 &Ò��{¡Ez©', Ù¥ 24 ≤ k ≤ 70.

McFarlandÝ
`uÙ§Ý
.

ã 2.13Ðy
kD( k-DÕ 1870× 1&Ò�¡E&D',Ù¥ 100 ≤ k ≤ 220.d

�E 2.8,�� 357 × 1870�KÝ
�d (2, 5, 85) SteinerX�Ñ.d?¦^� BCHÝ


d�� 19-� 360 × 6859 BCHÝ
À�c 1870��Ñ.�KÝ
`uE�pdÚ

BCHÝ
,��ÅlÑFá�C�Ý
��.

ã 2.14Ðy
ÃD( k-DÕ 3276×1&Ò��{¡Ez©',Ù¥ 110 ≤ k ≤ 250.

d�E 2.9,�� 525 × 3276 unitalÝ
�d (2, 6, 126) SteinerX��. BCHÝ
d�

� 23-� 528× 12167 BCHÝ
À�c 3276���. unitalÝ
`uÙ§Ý
.

Ùg,·��Äd&Ò8���DaÝ
.d�E 2.12,�� 729× 532170DaÝ


�dl F36 � F36 �²¡¼ê f1(x) = x(35+1)/2 �Ñ.·�)¤c 6561��¤Da

Ý
. BCHÝ
d�� 3-� 728 × 19873 BCHÝ
À�c 6561���.ã 2.15Ðy


ÃD( k-DÕ 6561 × 1&Ò��{¡Ez©',Ù¥ 130 ≤ k ≤ 310.d�`&Ò

8)¤�DaÝ
`uE�pdÚ BCHÝ
,��ÅlÑFá�C�Ý
��.a

q/,�� 243 × 59292DaÝ
�dl F35 � F35 �²¡¼ê f2(x) = x10 − x6 − x2

�Ñ.·�)¤c 2187��¤DaÝ
. BCHÝ
d�� 3-� 242× 59049 BCHÝ
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Projective
19−ary BCH
RDFT
Complex Gaussian

ã 2.13 kD( 1870× 1&Ò�¡E&D'. 19-� BCHÝ
�5�� 360× 1870�
Ù§Ý
�5�� 357× 1870.
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Unital
23−ary BCH
RDFT
Complex Gaussian

ã 2.14 ÃD( 3276×1&Ò��{¡Ez©'. 23-� BCHÝ
�5�� 528×3276
�Ù§Ý
�5�� 525× 3276.
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Signal Set
3−ary BCH
RDFT
Complex Gaussian

ã 2.15 ÃD( 6561× 1&Ò��{¡Ez©'. 3-� BCHÝ
�5�� 728× 6561
�Ù§Ý
�5�� 729× 6561.
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Signal Set
3−ary BCH
RDFT
Complex Gaussian

ã 2.16 kD( 2187 × 1&Ò�¡E&D'. 3-� BCHÝ
�5�� 242 × 2187�
Ù§Ý
�5�� 243× 2187.
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Signal Set
BCH
Bernoulli
Gaussian

ã 2.17 kD( 1536 × 1&Ò�¡E&D'. BCHÝ
�5�� 127 × 1536�Ù§
Ý
�5�� 128× 1536.

À�c 2187���.ã 2.16Ðy
kD( k-DÕ 2187 × 1&Ò�¡E&D',Ù¥

50 ≤ k ≤ 140.d�`&Ò8)¤�DaÝ
`uE�pdÚ BCHÝ
,��ÅlÑ

Fá�C�Ý
��.

d�E 2.12,�� 128 × 16512DaÝ
�dl F27 � F27 � Gold¼ê f3(x) =

x23+1 �Ñ.·�)¤c 1536��¤DaÝ
. BCHÝ
d�� 127 × 16384 BCHÝ


À�c 1536 ���. ã 2.17 Ðy
kD( k-DÕ 1536 × 1 &Ò�¡E&D',

Ù¥ 10 ≤ k ≤ 60. dCq�`&Ò8)¤�DaÝ
`uÙ§Ý
. aq/, ��

512 × 262656DaÝ
�dl F29 � F29 �Welch¼ê f4(x) = x2(9−1)/2+3 �Ñ.·�

)¤c 5120��¤DaÝ
. BCHÝ
d�� 511 × 262144 BCHÝ
À�c 5120

���.ã 2.18Ðy
ÃD( k-DÕ 5120× 1&Ò�¡E&D',Ù¥ 80 ≤ k ≤ 170.

dCq�`&Ò8)¤�DaÝ
`uÙ§Ý
.

��,·��Äd�pÃ ÄÚCq�pÃ Ä�Ñ�DaÝ
.d�E 2.14,�

� 169× 28730DaÝ
�d C169¥ 170��pÃ Ä�¤.·�)¤c 2197��¤

DaÝ
.d?¦^� BCHÝ
´�� 13-� 168× 2197 BCHÝ
.ã 2.19Ðy
Ã

D( k-DÕ 2197× 1&Ò��{¡Ez©',Ù¥ 35 ≤ k ≤ 85.d�pÃ Ä)¤�

DaÝ
`uE�pdÚ�ÅFá�C�Ý
Ý
,� BCHÝ
��.

d�E 2.15,�� 324 × 105300DaÝ
�d C324 ¥ 325�Cq�pÃ Ä�

¤.·�)¤c 2916��¤DaÝ
.d?¦^� BCHÝ
´d 7-� 342 × 823543
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Signal Set
BCH
Bernoulli
Gaussian

ã 2.18 ÃD( 5120 × 1&Ò��{¡Ez©'. BCHÝ
�5�� 511 × 5120�
Ù§Ý
�5�� 512× 5120.
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MUBs
13−ary BCH
RDFT
Complex Gaussian

ã 2.19 ÃD( 2197×1&Ò��{¡Ez©'. 13-� BCHÝ
�5�� 168×2197
�Ù§Ý
�5�� 169× 2197.
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AMUBs
7−ary BCH
RDFT
Complex Gaussian

ã 2.20 kD( 2916 × 1&Ò�¡E&D'. 7-� BCHÝ
�5�� 342 × 2916�
Ù§Ý
�5�� 324× 2916.

BCHÝ
À�c 2916�)¤.ã 2.20Ðy
kD( k-DÕ 2916× 1&Ò�¡E&D

',Ù¥ 100 ≤ k ≤ 190.d�pÃ Ä)¤�DaÝ
`uE�pdÝ
,Ú�ÅF

á�C�Ý
��.Ó�,§Ñgu BCHÝ
.,,du|^Cq�pÃ Ä��E

)¤
ÿþgêØ´�ê��DaÝ
,§3¢S¥E´k^�.

2.4.6 o(

DaÝ
�(½5�E´Ø Da¥��'�5�¯K.3�!¥,·�Ú?


Cq��X�Vg,ù�Vg¯¢þ uNõA^¥�Ø% �.·�òCq��X

A^uØ Da,��
Nõa#�(½5DaÝ
.AO/,l MWBES�8Ú�

`&Ò8�Ñ��E��
Äu�'���Ð�(½5DaÝ
,Ï�¦���


Welch.½ Levenstein..

�X�ê�¢�y¢
·��E�Ý
äkûÐ�¡E5U.3Nõ¢�¥,·

��Ý
`uÙ§Aa;.�DaÝ
.��(½5DaÝ
���`:,A½�¯

�`z�{�±��O5¡E&Ò.3ù�¿Âe,�·��Ý
�O'��Ï^�

{�k��¡E�{´���5�ïÄ�K.
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3 �êÚ9Ù�©Ù3�ê?è¥�A^

3.1 Niho�êÌ�è�þ©Ù

3.1.1 Úó

Ì�è´�aäkûÐ�ê5���5è.Ì�èPkBu¢SA^�p��?

è�Èè�{.Ì�è®�2�A^uÏ&�êâ�;+�.d	,Ì�è�^5�E

þfè [259] ,aªS� [90]�Ù§k��lÑ�..

ék�� Fp þ�� l�Ì�è C,z�èi c = (c0, . . . , cl−1)���Óu��õ

�ª
∑l−1

i=0 cix
i ∈ Fp[x].¯¢þ, C ´Ìn��� Fp[x]/(xl − 1)¥���n�.Ïd,§

�±�P� C = (g(x)),Ù¥ g(x) ∈ Fp[x]÷v g(x) | xl − 1�¡� C �)¤õ�ª

(generator polynomial).��Ì�è C �¡�k i�": (zeros)XJ§�)¤õ�ª

��©)� Fp þ i�Ø��õ�ª.XJ§�éóè C⊥ k i�":,·�¡ C ��

�k i��": (nonzeros)�Ì�è.��Ì�è C ´Ø���XJ§k���":,

eØ,,K¡�����.

- Ai� C ¥Ç²þ� i�èi�ê,Ù¥ 0 ≤ i ≤ l.þ©Ù {A0, A1, . . . , Al}

´?ènØ¥����ïÄ�K.éØ���Ì�è, McEliece [203] �Ñ§��þ

�dpdÚLÑ.'uØ��Ì�è�þ©Ù®k�þ©z,�ë����¡�n

ã [89]ÚÙ¥J��©z.

3©z [87,88,105,106,144,185,192,193,195,196,208,271,272,275,288,292,301,302,308]¥,k�ê�":��

�Ì�è�þ©Ù®���8/ïÄ.��/,þ©ÙÚ�
�êÚ��©Ù�

��',o�5`´éJO��.Ï,Cc5,'uþ©Ù�ïÄe-
O��ê

Ú��©Ù�°©E|�uÐ.~X, LuoÚ Feng [192,193] JÑ
��|^�g.O�

�©Ù��{.¦��g�éu
�X��Y�ïÄó� [87,195,301,302,308].©z [88,196] ò

Ì�è�þdpd±ÏLÑ.ù�*	ÚÑ
�X���YïÄ [105,271,272,275,292].o

�,Éù
g��éu,þ©Ù�O�3�C��
4��?Ð.

3�!¥,·��Äk,
kü��":�Ì�è�þ©Ù.·��½ n = 2m,

Ù¥ m´����ê.- p����ê� q = pn ����ê�.·�^ Fq P q ��
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k����½ θ� Fq ������.·�^ Cq,d1,d2 P�Ý� q − 1�kü�": θd1

Ú θd2 �Ì�è.½=, Cq,d1,d2 �)¤õ�ª� gd1(x)gd2(x),Ù¥ gi(x)� θi3 Fpþ�

4�õ�ª.d Plesså�ª [229] (Pless power moment identities),(½ Cq,d1,d2 �þ©

Ù�du(½§�éóè C⊥q,d1,d2 �þ©Ù,Ù¥ C⊥q,d1,d2 ´dü��":���Ì

�è.Ï~,éóè C⊥q,d1,d2 �BuïÄ,Ï�§k��{ü�,L« [72].

�½���ê p, ����ê d ´ Niho �ê (Niho exponent) XJ d ≡ pi

(mod pm − 1) é,��ê i ¤á. Ø���5, ·��b� d ≡ 1 (mod pm − 1).

éuü� Niho�ê d = s(pm − 1) + 1Ú d′ = s′(pm − 1) + 1,¡§�´�d� (equiv-

alent)XJ d′ ≡ pid (mod pn − 1)é,��ê i¤á.d	, d′ ≡ pmd (mod pn − 1)�

�=� s + s′ ≡ 1 (mod pm + 1).¤±,·��±�� s3 1 ≤ s ≤ pm−1 + 1¥.é�

� Niho�ê d = s(pm − 1) + 1÷v (d, pn − 1) = 1,§�_ d−1 = s′(pm − 1) + 1�´

�� Niho�ê,Ù¥ s′ ≡ s
2s−1

(mod pm + 1)� 1
2s−1
�L 2s− 1� pm + 1�_. Niho

�ê�¶¡gu Nihoé m-S�Ú§�æ�S��p�'��ïÄ [221].- ζp � p

gEü �.XJ (d1, q − 1) = (d2, q − 1) = 1, C⊥q,d1,d2 �þ©Ù�l±e�êÚ�

�©Ù��, ∑
x∈Fq

ζTrn(ax+xd
−1
1 d2 )

p , a ∈ Fq.

ù�du��m-S�Ú§�æ�� Niho�ê d−1
1 d2�æ�S��p�'�©Ù.

��5¿�´, k�
©z�Ä
äk Niho �ê�Ì�è. Charpin [49] �Ä


C⊥2n,d1,1 �þ©Ù,Ù¥ (d1, 2
n − 1) = 1.ù�è��ko��"þ. Li�< [185] �

Ä
�aäkn� Niho�ê�":�Ì�è,¿�Ñ
þ©Ù.

�!�ÄÌ�è C⊥q,d1,d2 �þ©Ù,Ù¥ d1Ú d2þ� Niho�ê.·��Ñ Niho

�ê d1 Ú d2 ¿Ø�½� q − 1p�.ÏLé d1 Ú d2 JÑäN�^�,·���
ü

a��èÚ�a���è�þ©Ù.þ©ÙÏLO�±e�êÚ��©Ù��µ

S(a, b) =
∑
x∈F2n

(−1)Trm(ax2
m+1)+Trn(bxd2 )

Ú

T (a, b) =
∑
x∈Fq

ζTrn(axd1+bxd2 )
p ,
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Ù¥ Trm (½ Trn)´l Fpm (½ Fq)� Fp �ýé,¼ê.d	,·��Þ
eZ�~f

`²·�����
��è´�`�½äk®��Ð�ëê.

3.1.2 ý��£

��!¥�)
�
ý��£.31�Ü©,·�5½
�
ÎÒ.31�Ü©,

·�0�
 DelsarteÚ Niho½n.Äu Delsarte½n,(½þ©Ù�±=z�(½

,
�êÚ��©Ù.Ó�, Niho½nïá
ù
�êÚ�,
�§�.��ê�m

��{©�éX.Ïd,·��±ÏL©Û,
�§5(½�êÚ��.31nÜ©,

·�0��
å�ª.ù
å�ª^5(½ù
��gê.

3.1.2.1 �
ÎÒ

3�f!¥, ·�(½�
�!¥Ï�¦^�ÎÒ. - m �����ê�

n = 2m.- p����ê� q = pn.- Fq � q��k��� θ� Fq ������.½

Â Fq ¥��"²�� (½�²��)�8Ü� Q (½ NQ).� p´��Û�ê,éz�

x ∈ Q, F∗q �3TÐü���,§��²��u x.Pùü���� ±x 1
2 .

½Â S = {x ∈ Fq|xx̄ = 1},Ù¥ x̄ = xp
m .Ïd, S ´���� pm + 1�Ì�+.

d	,é?¿���ê l,·�- Sl = {xl | x ∈ S}.

�½����ê d,·�^ cl(d)P������ê k¦� 2kd ≡ d (mod 2n − 1).

·�^ Trn (½ Trm)Pl Fq (½ Fpm)� Fp �ýé,¼ê.- ζp P pgEü �.

·��Ä±e��êÚ:

S(a, b) =
∑
x∈F2n

(−1)Trm(ax2
m+1)+Trn(bxd2 )

Ú

T (a, b) =
∑
x∈Fq

ζTrn(axd1+bxd2 )
p .

�
�Ùå�,·�P

T1(a, b) =
∑
x∈F2n

(−1)Trn(axd1+bxd2 )

Ú

T2(a, b) =
∑
x∈Fq

ζTrn(axd1+bxd2 )
p ,

58



�êÚ9Ù�©Ù3�ê?è¥�A^

Ù¥ T2(a, b)¥ p´��Û�ê.

3.1.2.2 Delsarte½nÚ Niho½n

é��Ì�è C⊥q,d1,d2 , §�èik��éÐ�,L«. �(�/, d Delsarte ½

n [72],·�k

C⊥q,d1,d2 = {c(a, b) = (Trn(aθid1 + bθid2))q−2
i=0 | a, b ∈ Fq}.

��èi c(a, b)�Ç²þ�L�

wH(c(a, b)) = (q − 1)− 1

p

∑
x∈F∗q

∑
λ∈Fp

ζλTrn(axd1+bxd2 )
p

= (q − 1)(1− 1

p
)− 1

p

∑
λ∈F∗p

∑
x∈F∗q

ζTrn(λaxd1+λbxd2 )
p .

Ï,þ©Ù�d±e�êÚ��©Ù��

∑
x∈F∗q

ζTrn(axd1+bxd2 )
p , a, b ∈ Fq.

e¡,·�òw�� d1 Ú d2 ´ Niho�ê,ù��êÚ�U���d,
�§�)�

�ê(½.

±eÚn¢�þd Niho3 p = 2��/eJÑ [221].§��À�Ún 2 [186] ��

�AÏ�/.d?,·��Ñ��{á�y².

Ún 3.1µ- p����ê� q = pn.

1) é p = 2,XJ d2 = s2(2m− 1) + 1,·�k S(a, b) = (U(a, b)− 1)2m,Ù¥ U(a, b)

´ z ∈ S ��ê÷v

b̄z2(2s2−1) + a
1
2 z2s2−1 + b = 0.

2) é p = 2, XJ d1 = s1(2m − 1) + 1 � d2 = s2(2m − 1) + 1, ·�k T1(a, b) =

(V (a, b)− 1)2m,Ù¥ V (a, b)´z ∈ S ��ê÷v

b̄z2s2−1 + āzs1+s2−1 + azs2−s1 + b = 0.
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3) - p����ê.b� d1 = s1(pm − 1) + 1� d2 = s2(pm − 1) + 1.@oé?¿

λ ∈ F∗p,·�k T2(λa, λb) = (W (a, b)− 1)pm,Ù¥W (a, b)´ z ∈ S ��ê÷v

b̄z2s2−1 + āzs1+s2−1 + azs2−s1 + b = 0.

y². ùn��¹�±Ú�y².½Â Ω = {θi|0 ≤ i ≤ pm}.z� x ∈ F∗pn ,�±��L

� x = yω,Ù¥ y ∈ F∗pm � ω ∈ Ω.Ï,é?¿� λ ∈ F∗p,·�k

∑
x∈Fq

ζTrn(λaxd1+λbxd2 )
p

= 1 +
∑
y∈F∗pm

∑
ω∈Ω

ζTrn(λ(ayωd1+byωd2 ))
p

= 1− |Ω|+
∑
ω∈Ω

∑
y∈Fpm

ζTrm((aωd1+āω̄d1+bωd2+b̄ω̄d2 )λy)
p

= (N(a, b)− 1)pm,

Ù¥

N(a, b) = |{ω ∈ Ω|aωd1 + āω̄d1 + bωd2 + b̄ω̄d2 = 0}|.

5¿� ωdi−1 = ω(pm−1)si Ú ω̄di/ω = ω(pm−1)(1−si).- z = ωp
m−1,·�k

N(a, b) = |{z ∈ S|azs1 + āz1−s1 + bzs2 + b̄z1−s2 = 0}|.

Ïd,��{ü�O���Ñ(J.

3.1.2.3 �
å�ª

·�^ N2(q, d1, d2)±e�§|)��ê

{
xd1 + yd1 = 0
xd2 + yd2 = 0

, x, y ∈ Fq. (3.1)

aq/,^ N3(q, d1, d2)P±e�§|�)��ê

{
xd1 + yd1 + zd1 = 0
xd2 + yd2 + zd2 = 0

, x, y, z ∈ Fq. (3.2)
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e¡�å�ª3(½þ©Ù¥å����^.

Ún 3.2µ- p���Û�ê� q = pn.@o·�k

1)
∑

a∈F2m

∑
b∈F2n

S(a, b) = 23m.

2)
∑

a∈F2m

∑
b∈F2n

S(a, b)2 = 23mN2(2n, 2m + 1, d2).

3)
∑

a,b∈F2n
T1(a, b) = 22n.

4)
∑

a,b∈F2n
T1(a, b)2 = 22nN2(2n, d1, d2).

5)
∑

a,b∈F2n
T1(a, b)3 = 22nN3(2n, d1, d2).

6)
∑

a,b∈Fq T2(a, b) = p2n.

7)
∑

a,b∈Fq T2(a, b)2 = p2nN2(q, d1, d2).

8)
∑

a,b∈Fq T2(a, b)3 = p2nN3(q, d1, d2).

y². y²´~5�,aquÚn 4 [195].·�3dÑ�.

Ïd,XJ·�UO�,
�§|�.��ê,Ò�±��ù
å�ª�°(&

E.

3.1.3 �� Niho�ê�Ì�è

�Ä�� Niho�ê d = s(2m − 1) + 1,N´�y

cl(d) =


m XJ s ≡ 1

2
(mod 2m + 1),

n Ù§,

Ù¥ 1
2
�L 2� 2m + 1�_.

��!�Ä�� Niho�ê�Ì�è�þ©Ù.1�Ü©ïÄ C⊥2n,d1,d2 �þ©

Ù,Ù¥ cl(d1) = m� cl(d2) = n.�d,·�O� S(a, b)��©Ù.1�Ü©,·��

Ä C⊥2n,d1,d2 �þ©Ù,Ù¥ cl(d1) = cl(d2) = n.ÏLé d1 Ú d2 JÑ^�,·���

T1(a, b)��©Ù.Ï,�A�Ì�è�þ©Ùá=��.
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3.1.3.1 S(a, b)��©ÙÚ�'�Ì�è

�f!¥,·��Ä S(a, b)��©Ù,Ù¥ d2 = s2(2m − 1) + 1.�
�y 2m + 1

Ú d2Ø�d,·�k s2 6≡ 1
2

(mod 2m + 1).��O�,·�k±e�Ún.

Ún 3.3µb� q = 2nÚ l = (2s2 − 1, 2m + 1).@o N2(q, 2m + 1, d2) = (2n − 1)l + 1.

y². d½Â, N2(q, 2m + 1, d2)±e�§|�)��ê

{
x2m+1 + y2m+1 = 0
xd2 + yd2 = 0

, x, y ∈ Fq. (3.3)

� y = 0,·�k��) (x, y) = (0, 0).� y ∈ F∗2n ,- z = x
y
,·��I�Ä�§|

{
z2m+1 = 1
zd2 = 1

, z ∈ Fq. (3.4)

(3.4)�z�)éAu (3.3)� 2n−1�).du l = (2s2−1, 2m+1) = (d2, 2
m+1), (3.4)

�du zl = 1,3 Fq¥TÐk l�).Ï·��ÑN2(q, 2m+1, d2) = (2n−1)l+1.

·�y3û½±e�êÚ��©Ù

S(a, b) =
∑
x∈F2n

(−1)Trm(ax2
m+1)+Trn(bxd2 ).

½n 3.1µb� n = 2m,Ù¥m ≥ 1.½Â d2 = s2(2m−1)+1,Ù¥ s2 6≡ 1
2

(mod 2m+1).

- q = 2nÚ l = (2s2 − 1, 2m + 1).@o S(a, b)��©Ù�3L 3.1.

y². dÚn 3.1� 1),·�k S(a, b) = (U(a, b)− 1)2m,Ù¥ U(a, b)´ z ∈ S ��ê

÷v

b̄z2(2s2−1) + a
1
2 z2s2−1 + b = 0.

� (a, b) = (0, 0), ´� U(a, b) = 2m + 1 � S(a, b) �²��� 22m. ±e·��Ä

(a, b) 6= (0, 0)��/.- u = z2s2−1,�ªC�

b̄u2 + a
1
2u+ b = 0,
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L 3.1 ½n 3.1��©Ù

� gê

22m 1

(2l − 1)2m (22m−1)(2m−l+1)
2l2

(l − 1)2m (22m−1)((2m+2)l−2m−1)
l2

−2m 23m − 1 + (22m−1)(2m+1−(2m+1+3)l)
2l2

L 3.2 ½n 3.2�þ©Ù

þ gê

0 1

22m−1 − (2l − 1)2m−1 (22m−1)(2m−l+1)
2l2

22m−1 − (l − 1)2m−1 (22m−1)((2m+2)l−2m−1)
l2

22m−1 + 2m−1 23m − 1 + (22m−1)(2m+1−(2m+1+3)l)
2l2

§k 0, 1½ 2��3Sl¥.du l = (2s2−1, 2m+1),é?¿ u ∈ Sl,�§ z2s2−1 = uTk

l�)3 S ¥.Ï,·�k U(a, b) ∈ {0, l, 2l}� (a, b) 6= (0, 0).¤±,� (a, b) 6= (0, 0),

S(a, b)�n�ØÓ�� {−2m, (l − 1)2m, (2l − 1)2m}.ù
��gê�dÚn 3.2ÚÚ

n 3.3��.

��½n 3.1���(J,·����a��Ì�è�þ©Ù.

½n 3.2µb� n = 2m Ù¥ m ≥ 1. ½Â d1 = 2m + 1 Ú d2 = s2(2m − 1) + 1 ÷

v s2 6≡ 1
2

(mod 2m + 1). - q = 2n � l = (2s2 − 1, 2m + 1). @o C⊥q,d1,d2 ´��

[2n − 1, 3m, 22m−1 − (2l − 1)2m−1]��è.§�þ©Ù�3L 3.2.

�½ m,þã�èd��ëê s2 (½.·�¡d Grassl [119] �o��5è�L�

èL.·��Ñ�
~fÐ«þã�½n.�âèL,Ù¥k�
è´�`��5è.

~ 3.1µ�m = 2,·�k s2 ∈ {1, 2}.@o l = (2s2 − 1, 2m + 1) = 1é s2�ü�ÀJ
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Ñ¤á.�A�ü�Ì�è� [15, 6, 6]��è,kþ©Ù:

1 + 30x6 + 15x8 + 18x10.

�âèL [119],ù
Ì�è´�`�.

~ 3.2µ�m = 3,·�k s2 ∈ {1, 2, 3, 4}.?�Ú,·�k l = (2s2 − 1, 2m + 1) = 1é

s2 ∈ {1, 3, 4}.�A�n�Ì�è� [63, 9, 28]��è,kþ©Ù:

1 + 252x28 + 63x32 + 196x36.

�âèL [119],ù
Ì�è´�`�.

3.1.3.2 T1(a, b)��©ÙÚ�'�Ì�è

·�3��AÏ�/eO� T1(a, b) ��©Ù. 3�f!¥, ·��½ d1 =

s1(2m − 1) + 1 Ú d2 = s2(2m − 1) + 1 Ù¥ s1 = 2k−1t − t−1
2

, s2 = 2k−1t + t+1
2
é,

���ê k Ú,�Ûê t ≥ 1. �
(� d1, d2 Ø�d� cl(d1) = cl(d2) = n, ·�

k (2k − 1)t, (2k + 1)t 6≡ 0 (mod 2m + 1). ·�¡üé Niho �ê (d1, d2) Ú (d′1, d
′
2)

�d (equivalent)XJ (d1, d
′
1)Ú (d2, d

′
2)©O�d½ (d1, d

′
2)Ú (d2, d

′
1)©O�d.-

s1 = 2k−1t − t−1
2

, s2 = 2k−1t + t+1
2

, s′1 = 2k+m−1t − t−1
2
� s′2 = 2k+m−1t + t+1

2
. ´�

s1 + s′2 ≡ 1 (mod 2m + 1)� s′1 + s2 ≡ 1 (mod 2m + 1).½=, kÚ k + m�Ñüé�

d� Niho�ê.Ï,·��ò k��3�� 1 ≤ k ≤ m¥.ÏLaq�©Û,·��

±Ø���5/b� 1 ≤ t ≤ 2m + 1.±e,·�òb��õ�^�±(½ T1(a, b)�

�©Ù.

����O�,·�k±e�Ún.

Ún 3.4µb� q = 2n� l = (t, 2m + 1).@o

1) N2(q, d1, d2) = (2n − 1)l + 1.

2) N3(q, d1, d2) = (2m − 2)(2n − 1)l2 + 3(2n − 1)l + 1.

y². 1)5¿�

(d1, 2
n − 1) = ((2k − 1)t, 2m + 1)
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Ú

(d2, 2
n − 1) = ((2k + 1)t, 2m + 1).

@o, l�Ø (d1, 2
n−1)Ú (d2, 2

n−1).?�Ú,·�k (d1, 2
n−1) = l½ (d2, 2

n−1) = l.

Ïd,�§| {
ud1 = 1
ud2 = 1

Tk l�).^Ún 3.3�y²¥��{,{e�y²´~5�.

2)d½Â, N3(q, d1, d2)±e�§|�)��ê

{
xd1 + yd1 + zd1 = 0
xd2 + yd2 + zd2 = 0

, x, y, z ∈ Fq. (3.5)

� z = 0,k N2(q, d1, d2) = (2n − 1)l + 1�).

� z 6= 0,�¹�\E,.- u = x
z
Ú v = y

z
,·��I�Ä�§|

{
ud1 + vd1 = 1
ud2 + vd2 = 1

, u, v ∈ Fq. (3.6)

(3.6) �z�)éAu (3.5) � 2n − 1 �). XJ u = 0 ½ v = 0, d 1) �y², (3.6)

Tk l �).XJ uv 6= 0,d4L«, uÚ v �����L� u = αδ Ú v = βγ,Ù¥

α, β ∈ F∗2m � δ, γ ∈ S.¤± (3.6)�du

{
αδ−t(2

k−1) + βγ−t(2
k−1) = 1

αδ−t(2
k+1) + βγ−t(2

k+1) = 1
. (3.7)

5¿�

∆ =

∣∣∣∣δ−t(2k−1) γ−t(2
k−1)

δ−t(2
k+1) γ−t(2

k+1)

∣∣∣∣
= δ−t(2

k−1)γ−t(2
k+1) − δ−t(2k+1)γ−t(2

k−1).

±e,·�ò©ü«�¹?Ø.

XJ ∆ = 0, ·�k δt = γt. � (3.7) '�, ·�k δt = γt = 1 � (3.7) òz�

α + β = 1.5¿�k l2�é (δ, γ)÷v δt = γt = 1.?,éz�é (δ, γ),�3 2m − 2

�é (α, β),÷v α + β = 1� αβ 6= 0.Ïd,ù��¹k (2m − 2)l2�).
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XJ ∆ 6= 0,½=, δt 6= γt,) (3.7)�

α =
1 + γ2t

δ−t(2k−1)(1 + δ−2tγ2t)
,

β =
1 + δ2t

γ−t(2k−1)(1 + δ2tγ−2t)
.

·�ò�y²ù«�¹vk).du α ∈ F∗2m ,·�k α = ᾱ,ù�Ñ
 δt = 1.aq/,

du β ∈ F∗2m ,·��� γt = 1.Ïd,·�k δt = γt = 1,ùÚ ∆ 6= 0gñ.Ïd,�

∆ 6= 0�vk).

o(�e,·�íÑ
 N3(q, d1, d2) = (2n − 1)l + 1 + (2n − 1)((2m − 2)l2 + 2l) =

(2m − 2)(2n − 1)l2 + 3(2n − 1)l + 1.

±ed Dobbertin�< [97]JÑ�Ún£ã
,
�§�U�)��ê.

Ún 3.5 (Ún 22 [97])µé a, b, c ∈ F2n ,�§

x2r+1 + ax2r + bx+ c = 0

k 0, 1, 2½ 2r0 + 1�)3 F2n ¥,Ù¥ r0 = (r, n).

é?¿ z ∈ S Ú a, b ∈ Fq ÷v aā + bb̄ 6= 0, ·�½Â S þ�©ª�5C�

(fractional linear transformation)

Φa,b(z) =
az + b

b̄z + ā
.

N´�y©ª�5C�´û½��3 S þp�
����.AO/,ü�©ª�5C

��EÜE,´��©ª�5C�.�(�/,·�k

Φa3,b3 = Φa1,b1Φa2,b2 ,

Ù¥ (
a3 b3

b̄3 ā3

)
=

(
a1 b1

b̄1 ā1

)(
a2 b2

b̄2 ā2

)
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�

a3ā3 + b3b̄3 = (a1ā1 + b1b̄1)(a2ā2 + b2b̄2) 6= 0.

y3·��Ä±e�êÚ��©Ù

T1(a, b) =
∑
x∈F2n

(−1)Trn(axd1+bxd2 ).

½n 3.3µ- p = 2, q = 2n � n = 2m÷v m ≥ 2.�½����ê 1 ≤ k ≤ m,-

s1 = 2k−1t− t−1
2
Ú s2 = 2k−1t+ t+1

2
Ù¥ 1 ≤ t ≤ 2m+1�Ûê.½Â d1 = s1(2m−1)+1

Ú d2 = s2(2m − 1) + 1.b� (2k − 1)t, (2k + 1)t 6≡ 0 (mod 2m + 1)� l = (t, 2m + 1).

XJ±e^���¤á:

i) m ≡ −1 (mod k),

ii) (k, 2m) = 1,

@o T1(a, b)��©Ù�3L 3.3.

y². dÚn 3.1� 2),·�k T1(a, b) = (V (a, b) − 1)2m,Ù¥ V (a, b)´ z ∈ S ��

ê÷v

b̄z(2k+1)t + āz2kt + azt + b = 0. (3.8)

XJ (a, b) = (0, 0),´� V (a, b) = 2m+1� T1(a, b)�²�� 22m.·�òy² T1(a, b)

��õo��,XJ i)½ ii)¤á.

- w = zt, (3.8)¤�

b̄w2k+1 + āw2k + aw + b = 0. (3.9)

du l = (t, 2m + 1), w ∈ Sl ¥ (3.9)�z�)éAu (3.8)� l�).±e,·�;5u

(3.9)¿ïÄ§3 Sl¥�)��ê.

Äk,b� i)¤á.XJ a 6= 0� b = 0,·�k āw2k−1 + a = 0,%¹
 w2k−1 =
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a
ā
∈ S.5¿�m ≡ −1 (mod k),N´�y

(2k − 1, 2m + 1) =


1 XJ k´Ûê,

3 XJ k´óê.

Ïd, (3.9)kØ�L 3�)3 Sl ¥.aq/�`² (3.9)kØ�L 3�)3 Sl ¥,�

a = 0� b 6= 0.XJ ab 6= 0,·�ò|^·K 1 [96]¥�E|?1©Û.b� aā+ bb̄ = 0,

·�k (b̄w2k + a)(w + b
a
) = 0,§kØ�L 2�)3 Sl ¥.� aā+ bb̄ 6= 0,·��Ä±

e�©ª�5C�:

Φa,b(w) =
aw + b

b̄w + ā
.

d (3.9),·�k

w2k =
aw + b

b̄w + ā
= Φa,b(w).

du m ≡ −1 (mod k),�3���ê i¦� ki = m + 1.3þªü>�^C� Φa,b

i− 1g,·���

w2ki = Φa′,b′(w),

Ù¥ (
a′ b′

b̄′ ā′

)
=

(
a b
b̄ ā

)i
.

é w ∈ S,·�k w2ki = w2m+1
= w−2.Ïd

a′w3 + b′w2 + b̄′w + ā′ = 0.

¤±, (3.9)kØ�L 3�)3 Sl ¥.o(�e,� (a, b) 6= (0, 0), (3.9)k 0, 1, 2½ 3�

)3 Sl¥.ù%¹
 V (a, b) ∈ {0, l, 2l, 3l}� (a, b) 6= (0, 0).

Ùg,b� ii)¤á.XJ b = 0, (3.9)¤� āw2k−1 +a = 0.du (k, 2m) = 1,´�§

kØ�L 1�)3 Sl ¥.XJ b 6= 0,dÚn 3.5, (3.9)k 0, 1, 2½ 3�)3 Sl ¥.o(

�e,� (a, b) 6= (0, 0), (3.9)k 0, 1, 2½ 3�)3 Sl¥.ù%¹
 V (a, b) ∈ {0, l, 2l, 3l}

� (a, b) 6= (0, 0).
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L 3.3 ½n 3.3��©Ù

� gê

22m 1

(3l − 1)2m (22m−1)(2m+1−2l)(2m+1−l)
6l3

(2l − 1)2m (22m−1)((2m+3)l−2m−1)(2m+1−l)
2l3

(l − 1)2m (22m−1)((22m+1+2m+2+6)l2−(22m+1+7·2m+5)l+(2m+1)2)
2l3

−2m (22m−1)(6(22m+1)l3−(6·22m+9·2m+11)l2+(3·22m+9·2m+6)l−(2m+1)2)
6l3

Ïd,·�y²
 T1(a, b)��õo��²��� {−2m, (l−1)2m, (2l−1)2m, (3l−

1)2m}XJ i)½ ii)¤á.ù
��gêdÚn 3.2ÚÚn 3.4´�.

5µ� k�Ûê,z�÷v i)�é (k,m)o÷v ii).

±e½n´½n 3.3���(J.

½n 3.4µ- p = 2, q = 2n � n = 2m ÷v m ≥ 2. �½����ê 1 ≤ k ≤ m,

- s1 = 2k−1t − t−1
2
� s2 = 2k−1t + t+1

2
, Ù¥ 1 ≤ t ≤ 2m + 1, t �Ûê. ½Â

d1 = s1(2m − 1) + 1Ú d2 = s2(2m − 1) + 1.b� (2k − 1)t, (2k + 1)t 6≡ 0 (mod 2m + 1)

� l = (t, 2m + 1).b�±e^�k��¤á:

i) m ≡ −1 (mod k),

ii) (k, 2m) = 1.

@o C⊥q,d1,d2 ´�� [2n−1, 4m, 22m−1− (3l−1)2m−1]��è.§�þ©Ù�3L 3.4.

�½ m,þãèd k Ú tû½.±e,·��Ñ�
~f`²½n¥�þ©Ù.

�âèL,Ù¥k�
èk®��Ð�ëê.

~ 3.3µ� m = 3, �â (d1, d2) ��d5, ÷v½n 3.4 ¥^����é (k, t) á

u {(1, 1), (1, 5), (1, 7)}. é¤kùn�é, l = (t, 2m + 1) = 1. Ïùn�Ì�è´

[63, 12, 24]��è,äk�Ó�þ©Ù:

1 + 588x24 + 504x28 + 1827x32 + 1176x36.
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L 3.4 ½n 3.4�þ©Ù

þ gê

0 1

22m−1 − (3l − 1)2m−1 (22m−1)(2m+1−2l)(2m+1−l)
6l3

22m−1 − (2l − 1)2m−1 (22m−1)((2m+3)l−2m−1)(2m+1−l)
2l3

22m−1 − (l − 1)2m−1 (22m−1)((22m+1+2m+2+6)l2−(22m+1+7·2m+5)l+(2m+1)2)
2l3

22m−1 + 2m−1 (22m−1)(6(22m+1)l3−(6·22m+9·2m+11)l2+(3·22m+9·2m+6)l−(2m+1)2)
6l3

�âèL [119],®��`��Ý� 63,�ê� 12����5èk4�ål 24.Ï,·

��Ì�èk®��Ð�ëê�3A^¥`u���5è.

~ 3.4µ� m = 4, d (d1, d2) ��d5, ÷v½n 3.4 ¥^����é (k, t) áu

{(1, 1), (1, 3), (1, 5), (1, 7), (1, 9), (1, 11), (1, 13), (1, 15)}. é¤kùl�é, l = (t, 2m +

1) = 1.Ïùl�Ì�è´ [255, 16, 112]��è,äk�Ó�þ©Ù:

1 + 10200x112 + 4080x120 + 30855x128 + 20400x136.

�âèL [119],®��`��Ý� 255,�ê� 16����5èk4�ål 112.Ï,

·��Ì�èk®��Ð�ëê�3A^¥`u���5è.

3.1.4 ��� Niho�êÌ�è

��!O�,
��� Niho�êÌ�è�þ©Ù.�A/,·�ò�Ä T2(a, b)

��©Ù. ��!¥, ·��½ d1 = s1(pm − 1) + 1 � d2 = s2(pm − 1) + 1 Ù¥

s1 = t+2
4
� s2 = 3t+2

4
é,� t ≡ 2 (mod 4).�
(� d1 Ú d2 Ø�d,·�k t 6≡ 0

(mod pm+1).���/,- s1 = t+2
4

, s2 = 3t+2
4

, s′1 = t′+2
4
� s′2 = 3t′+2

4
.b� s1 +s′1 ≡ 1

(mod pm + 1)� s2 + s′2 ≡ 1 (mod pm + 1).@o·�k t+ t′ ≡ 0 (mod 4(pm + 1)).½

=,XJ t + t′ ≡ 0 (mod 4(pm + 1)),·���üé�d� Niho�ê.Ïd,·��±

ò t��3�� 1 ≤ t ≤ 4(pm + 1)¥.±e,·�ò(½ T2(a, b)��©Ù.

��O�,·�k±eÚn.
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Ún 3.6µ- p���Û�ê� q = pn.XJ l = (t, pm + 1),@o

1) N2(q, d1, d2) = (pn−1)
2

l + 1.

2) N3(q, d1, d2) = (pm−2)(pn−1)
4

l2 + 3(pn−1)
2

l + 1.

y². 1)y²aquÚn 3.4� 1)�y²,3dÑ�.

2)d½Â, N3(q, d1, d2)´±e�§|�)��ê

{
xd1 + yd1 + zd1 = 0
xd2 + yd2 + zd2 = 0

, x, y, z ∈ Fq. (3.10)

� z = 0,Tk N2(q, d1, d2) = (pn−1)
2

l + 1�).

� z 6= 0,�/�\E,.- u = −x
z
� v = −y

z
,·��I�Ä�§|

{
ud1 + vd1 = 1
ud2 + vd2 = 1

, u, v ∈ Fq. (3.11)

(3.11)�z�)éAu (3.10)� pn − 1�).XJ u = 0½ v = 0,´� (3.11)Tk l
2

�).

XJ uv 6= 0,·�©±eo«�¹?Ø:

i) u ∈ Q�v ∈ Q,

ii) u ∈ Q�v ∈ NQ,

iii) u ∈ NQ�v ∈ Q,

iv) u ∈ NQ�v ∈ NQ.

5¿�z� x ∈ Q (½ x ∈ NQ)��L� x = yzÚ x = (−y)(−z) (½ x = θyzÚ

x = θ(−y)(−z))� y�H F∗pm , z �H S.d	, F∗pm ∩ S = {±1}.·�ò©O?nùo

«�/.

é�/ i),·�P u = αδÚ v = βγ,Ù¥ α, β ∈ F∗pm � δ, γ ∈ S.Ï (3.11)��

�� {
αδ−

t
2 + βγ−

t
2 = 1

αδ−
3t
2 + βγ−

3t
2 = 1

. (3.12)
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5¿�

∆ =

∣∣∣∣δ− t2 γ−
t
2

δ−
3t
2 γ−

3t
2

∣∣∣∣ = δ−
t
2γ−

3t
2 − δ−

3t
2 γ−

t
2 .

XJ∆ = 0,·�k δt = γt,½=, γ
t
2 = ±δ t2 .� γ

t
2 = δ

t
2 ,� (3.12)�'�,·�k

α+ β = δ
t
2 .5¿� F∗pm ∩ S = {±1},·�k α+ β = δ

t
2 = ±1.�3 l2

4
� (δ, γ)é¦�

δ
t
2 = γ

t
2 = 1½ δ

t
2 = γ

t
2 = −1.d	,éz� (δ, γ)é,�3 pm − 2� (α, β)é,¦�

α + β = 1� αβ 6= 0.Ïd,� γ
t
2 = δ

t
2 ,�3 (pm−2)

2
l2 � (α, β, δ, γ)o�|÷v (3.12).

aq/�y²�3 (pm−2)
2

l2 � (α, β, δ, γ)o�|÷v (3.12)� γ
t
2 = −δ t2 .du uÚ v

�LÑ
üg,� ∆ = 0,�3 1
4
( (pm−2)

2
l2 + (pm−2)

2
l2) = (pm−2)

4
l2� (3.11)�).

XJ ∆ 6= 0,½=, δt 6= γt,) (3.7)�

α =
1− γt

δ−
t
2 (1− δ−tγt)

,

β =
1− δt

γ−
t
2 (1− δtγ−t)

.

·�ò�y²d�vk)�3.du α, β ∈ F∗pm ,d α = ᾱÚ β = β̄,·�k δ2t = 1�

γ2t = 1.du δt 6= γt,·�k δt = 1, γt = −1½ δt = −1, γt = 1.,, δt = 1%¹


β = 0� γt = 1%¹
 α = 0.Ïd,vk)�3� ∆ 6= 0.3�¹ i),�3 (pm−2)
4

l2 �

(3.11)�).

é�¹ ii),·�P u = αδ � v = θβγ,Ù¥ α, β ∈ F∗pm � δ, γ ∈ S.Ï (3.11)�

�� {
αδ−

t
2 + θd1βγ−

t
2 = 1

αδ−
3t
2 + θd2βγ−

3t
2 = 1

. (3.13)

5¿�

∆ =

∣∣∣∣δ− t2 θd1γ−
t
2

δ−
3t
2 θd2γ−

3t
2

∣∣∣∣ = θd2δ−
t
2γ−

3t
2 − θd1δ−

3t
2 γ−

t
2 .

XJ ∆ = 0,·�íÑ δtθ
t
2

(pm−1) = γt.- η = θp
m−1,@o η ´ S ���)¤�.

·�k η
t
2 = (γ

δ
)t = ηjt é,��ê j.ù�du jt ≡ t

2
(mod pm + 1).du t ≡ 2

(mod 4),�ö´Ø�U�.

XJ ∆ 6= 0,) (3.13)�

α =
δ
t
2 (1− θ− t2 (pm−1)γt)

1− θ− t2 (pm−1)δ−tγt
,
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β =
γ
t
2 (1− δt)

θd1(1− θ t2 (pm−1)δtγ−t)
.

dα = ᾱÚ β = β̄,·�íÑ δtγt = 1Ú γ2t = θt(p
m−1).Ïd·�kα = δ

t
2 (1−θ−

t
2 (pm−1)δ−t)

1−θ−
t
2 (pm−1)δ−2t

.

d α = ᾱ,·�k δt = ±1.Ï, γt = ±1.,,ù� γ2t = θt(p
m−1) gñ,Ïd t 6≡ 0

(mod pm + 1).¤±, (3.11)3�¹ ii)Ã).

é�/ iii),��/ ii)aq, (3.11)Ã).

é�/ iv),·�P u = θαδ � v = θβγ,Ù¥ α, β ∈ F∗pm � δ, γ ∈ S.@o (3.11)

���� {
αδ−

t
2 + βγ−

t
2 = θ−d1

αδ−
3t
2 + βγ−

3t
2 = θ−d2

.

5¿�

∆ =

∣∣∣∣δ− t2 γ−
t
2

δ−
3t
2 γ−

3t
2

∣∣∣∣ = δ−
t
2γ−

3t
2 − δ−

3t
2 γ−

t
2 .

XJ ∆ = 0,aq�/ ii)�y²vk)�3.XJ ∆ 6= 0,aq�/ i)�y²vk

)�3.Ïd, (3.11)3�/ iv)vk).

nÜ±þo«�/,·�íÑN3(q, d1, d2) = (pn−2)
2

l + 1 + (pn − 1)( (pm−2)
4

l2 + l) =

(pm−2)(pn−1)
4

l2 + 3(pn−1)
2

l + 1.

y3·�û½±e�êÚ��©Ù

T2(a, b) =
∑
x∈Fq

ζTrn(axd1+bxd2 )
p ,

Ù¥ p´��Û�ê.

½n 3.5µb� n = 2mÙ¥ m ≥ 1.- p���Û�ê� q = pn ����ê�.�½

����ê t÷v t ≡ 2 (mod 4)� t 6≡ 0 (mod pm + 1),- s1 = t+2
4
� s2 = 3t+2

4
.½

Âd1 = s1(pm − 1) + 1, d2 = s2(pm − 1) + 1� l = (t, pm + 1).@o T2(a, b)��©Ù�

3L 3.5.

y². dÚn 3.1� 3),·�k T2(a, b) = (W (a, b)− 1)pm,Ù¥W (a, b)´ z ∈ S ��

ê÷v

b̄z
3t
2 + āzt + az

t
2 + b = 0.
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L 3.5 ½n 3.5��©Ù

� gê

p2m 1

(3l
2
− 1)pm 2(p2m−1)(l−pm−1)(l−2pm−2)

3l3

(l − 1)pm (p2m−1)(2pm+2−(pm+3)l)(l−2pm−2)
l3

( l
2
− 1)pm 2(p2m−1)((p2m+2pm+3)l2−(2p2m+7pm+5)l+2(pm+1)2)

l3

−pm (p2m−1)(3(p2m+1)l3−(6p2m+9pm+11)l2+6(p2m+3pm+2)l−4(pm+1)2)
3l3

L 3.6 ½n 3.6�þ©Ù

þ gê

0 1

(pm − pm−1)(pm + 1− 3l
2

) 2(p2m−1)(l−pm−1)(l−2pm−2)
3l3

(pm − pm−1)(pm + 1− l) (p2m−1)(2pm+2−(pm+3)l)(l−2pm−2)
l3

(pm − pm−1)(pm + 1− l
2
) 2(p2m−1)((p2m+2pm+3)l2−(2p2m+7pm+5)l+2(pm+1)2)

l3

(pm − pm−1)(pm + 1) (p2m−1)(3(p2m+1)l3−(6p2m+9pm+11)l2+6(p2m+3pm+2)l−4(pm+1)2)
3l3

XJ(a, b) = (0, 0), ·�k W (a, b) = pm + 1 � T2(a, b) �²�� p2m. XJ (a, b) 6=

(0, 0), du ( t
2
, pm + 1) = l

2
, ±þ�§k 0, l

2
, l ½ 3l

2
�)3 S ¥. ½=, W (a, b) ∈

{0, l
2
, l, 3l

2
}. Ïd T2(a, b) �o��²�� {−pm, ( l

2
− 1)pm, (l − 1)pm, (3l

2
− 1)pm} �

(a, b) 6= (0, 0).ù
��gê�dÚn 3.2ÚÚn 3.6��.

dÚn 3.1� 3), T2(λa, λb) = T2(a, b)é?¿ λ ∈ F∗p.Ïd,·�N´íÑ±e�

½n.

½n 3.6µb� n = 2mÙ¥ m ≥ 1.- p���Û�ê� q = pn ����ê�.�

½����ê t÷v t ≡ 2 (mod 4)� t 6≡ 0 (mod pm + 1),- s1 = t+2
4
� s2 = 3t+2

4
.

½Â d1 = s1(pm − 1) + 1, d2 = s2(pm − 1) + 1� l = (t, pm + 1).@o C⊥q,d1,d2 ´��

[pn − 1, 4m, (pm − pm−1)(pm + 1− 3l
2

)] p�è.?�Ú, C⊥q,d1,d2 �þ©Ù�3L3.6.
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�½ pÚ m,þãèd��ëê t(½.±e,·��ÑA�'u±þ½n�þ

©Ù�~f.

~ 3.5µ- p = 3, m = 3 � t = 14, ·�k q = 729, d1 = 105, d2 = 287 � l =

(t, pm + 1) = 14.�A/Ì�è C⊥q,d1,d2 ´�� [728, 12, 126]n�è,þ©Ù�:

1 + 104x126 + 4056x252 + 70304x378 + 456976x504.

~ 3.6µé p = 5, m = 2� 2 ≤ t ≤ 50÷v t ≡ 2 (mod 4)� t 6= 26,·������

Ì�è÷v q = 625� l = (t, pm + 1) = 2.¤kù
è´ [624, 8, 460]Ê�è,þ©

Ù�:

1 + 62400x460 + 15600x480 + 187824x500 + 124800x520.

3.1.5 o(

3�!¥,·��Ä
 Niho�êÌ�è�þ©Ù.Ù�/,þ©Ù�(½�

�þ�6ué,
�êÚ�O�.AO/,·���(½
 S(a, b)��©Ù¿3,


�/e��
 T1(a, b)Ú T2(a, b)�©Ù.Ï,·���
�
��Ú���Ì�è

��©Ù.�äN/,·���
üa���nÚoÌ�èÚ�a����o

Ì�è.ÏL�
~f,·�`²
ùnaè¥�¹
�`�½äk®��Ðëê�

è.

3.2 m-S�p�'��
#(J

3.2.1 Úó

L�A�c¥,$�'S�3�è,X�ÚÃ�Ï&XÚ¥��
2��A^ [123].

3è©õ�XÚ¥,��61�*ª�{´|^S�.|^$g�'Ú$p�'�S

�,�±ü$Ï&L§¥ØÓ^r�m�Z6.Ï,$�'S�¤�
���É'5

�ïÄ�K [134].

- p����ê.- {at}Ú {bt}�ü�±Ï� N �k�� GF(p)þ�S�. {at}

75



úô�ÆÆ¬Æ Ø©

Ú {bt}3²£ τ ?�p�'�½Â�

Ca,b(τ) =
N−1∑
t=0

ωat+τ−bt ,

Ù¥ 0 ≤ τ < N � ω´��E p-gü �.

�8, 'u4��Ý�5S� (m-S�) ®²k
éõ�ïÄ. du�� m-S

�Pkn��ü�g�', NõïÄö�Ä
�é m-S��p�'�©Ù(�©

z [34,49,69,97,98,130,145,175] 9Ù¥�ë�©z).

£Ád E = GF(pn)�§�f� F = GF(pr)þ�,¼ê½Â�

Trnr (x) = x+ xp
r

+ xp
2r

+ ...+ xp
n−r
.

� r = 1,·������ GF (p)þ�ýé,¼ê,P� Trn½ Tr.��±Ï� pn − 1

� p-�m-S� {at}��L�

at = Tr(βαt), 0 ≤ t ≤ pn − 2,

Ù¥ β ∈ GF(pn)∗� α´ GF(pn)������.

b� (d, pn−1) = 1. {at}� d-æ�,P� {adt},´��k�Ó±Ï�m-S�.5¿

�XJ d ∈ {1, p, . . . , pn−1}, {adt}�´ {at}�Ì�£ .d�, {at}Ú {adt}�p�'

=�ü�(�½n 3.1 [130]).±e,·�o�Ä�òz�æ� d÷v d 6∈ {1, p, . . . , pn−1}.

��±Ï� pn − 1�m-S�Ú§� d-æ��p�'��L�

Cd(τ) =

pn−2∑
t=0

ωat+τ−adt

= −1 +
∑

x∈GF(pn)

χ(ατx− xd),

Ù¥ χ(x) = wTr(x) é?¿ x ∈ GF(pn)� 0 ≤ τ ≤ pn − 2.O�p�'��duO�
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WeilÚ

Cd(z) =
∑

x∈GF(pn)∗

χ(zx− xd),

Ù¥ z ∈ GF(pn)∗.Ïd,O�p�'©Ù=´(½õ8

{Cd(z) | z ∈ GF(pn)}.

5¿�p�'©Ù3Ù§Nõ|µ¥±ØÓ�¶iÑy,�ë�©z [175]�N¹.

é�� m-S�Ú§� d-æ��p�'¼ê, ®�(J�nã�� [60,97,130]. d

	, k�
�?�Ú�ó�ïÄ
�� m-S�Ú§� d-æ��p�'¼ê, Ù¥

gcd(d, pn − 1) > 1 (ë�©z [133,217–219,245,291]).� p = 2� (d, 2n − 1) = 1,®��'u

�� m-S�Ú§�æ��p�'©Ù�(J�3L 3.7,Ù¥ v2(k)´����Ø k

� 2��g.Ó�,L 3.8o(
 p�Û�ê�p�'©Ù�(J.

3�!¥,·��Ä±Ï� 33r − 1�n� m-S�Ú§� d-æ��p�',Ù¥

d = 3r +2½ d = 32r +2,� (r, 3) = 1./� Dobbertin [96]Ú Feng�< [106]�g�,·�

��û½
p�'©Ù.d	,é±Ï� 22lm−1���m-S�Úæ� d = 22lm−1
2m+1

+2s,

Ù¥ l ≥ 2�óê� 0 ≤ s ≤ 2m− 1,·���
�
p�'��(J.� l�Ûê�,

æ� d´ Niho�ê,®��
2��ïÄ [49,97,98,135,145,221].£�?Û�òz�æ��

Ñ��n�p�'�(�½n 4.1 [130]).·�?�Úy²
éù�æ�,p�'����

o��.�,(½p�'©Ùwå5�~(J,·��y
±eü� Sarwate�< [240]

Ú Helleseth [130] JÑ�Í¶ß���(5.±e,·�½Â Sd(z) = Cd(z) + 1.

ß� (©z [240])µ- n = 2tÚ p = 2,@o maxz∈GF(2n) |Sd(z)| ≥ 2t+1.

ß� (ß� 5.1 [130])µXJ pn > 2 Ú d ≡ 1 (mod p − 1), @o Sd(z) = 0 é,�

z ∈ GF(pn)∗.

3.2.2 n�m-S��p�'©Ù

3��!¥,é±Ï� 33r−1�n�m-S�,·�éæ� d = 3r+2½ d = 32r+2,

Ù¥ (r, 3) = 1,(½
p�'©Ù.

·�ÄkÚ\�
Vg. �½���ê� q = ps, ·�kk�� GF(q). - ω
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L 3.7 ±Ï� 2n − 1���m-S�Ú§� d-æ��p�'©Ù, (d, 2n − 1) = 1

©z d
p�'

��ê

Gold [122] d = 2k + 1, n
(n,k)
�Ûê 3

Kasami [170] d = 22k − 2k + 1, n
(n,k)
�Ûê 3

Welch [34] d = 2k + 3, n = 2k + 1 3

HollmannÚ Xiang [145]
d = 22k + 2k − 1, k = n−1

4
XJ n ≡ 1 (mod 4)

3
k = 3n−1

4
XJ n ≡ 3 (mod 4)

CusickÚ Dobbertin [69] d = 2k + 2
k+1
2 + 1, n = 2k, k�Ûê 3

CusickÚ Dobbertin [69] d = 2k+1 + 3, n = 2k, k�Ûê 3

Niho [221] d = 22k+1 − 1, n = 4k 4

Niho [221] d = (22k + 1)(2k − 1) + 2, n = 4k 4

Dobbertin [96] ∑2k
i=0 2im, n = 4k, 0 < m < n, gcd(m,n) = 1 4

HellesethÚ Rosendahl [135] d = (22k + 2s+1 − 2k+1 − 1)/(2s − 1), n = 2k, 2s|k 4

Dobbertin� [97]
d = (2k − 1)s+ 1, s ≡ 2r(2r ± 1)−1 (mod 2k + 1),

4
v2(r) < v2(k)

Helleseth [130] d = 2k + 3, n = 2k 5

Dobbertin [96] d = 22k + 2k + 1, n = 4k, k�Ûê 5

JohansenÚ Helleseth [160] d = 5
3
, n�Ûê 5

Johansen� [161] d = 17
5

, n�Ûê 5

BostonÚMcGuire [26] d = 11, n�Ûê 5

Helleseth [131] d = 22k − 2k + 1, n = 4k, k�óê 6

Helleseth [130]
d = 1

3
(2n − 1) + 2s, n�óê,

6
s < n� 1

3
2−s(2n − 1) 6= 2 (mod 3)

Dobbertin� [97] d = 3 · 2k−1 − 1, n = 2k, k�Ûê 6

Feng� [106] d = 2t+1 + 3, n = 2t, t ≡ 2 (mod 4)�t ≥ 6 7
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L 3.8 ±Ï� pn − 1����m-S�Ú§� d-æ��p�'©, (d, pn − 1) ≥ 1

©z p n d
p�'

��ê

Helleseth [130] Û�ê ?¿
d = p2k − pk + 1

3
n

(n,k)
�Ûê

Helleseth [130] Û�ê ?¿
d = 1

2
(p2k + 1)

3
n

(n,k)
�Ûê

Dobbertin� [98] 3 Ûê d = 2 · 3n−1
2 + 1 3

Helleseth [130]
p
n
2 6≡ 2

óê d = 2p
n
2 − 1 4

(mod 3)

Helleseth [130]
pn ≡ 1

?¿ d = 1
2
(pn − 1) + pi 5

(mod 4) 0 ≤ i < n

Helleseth [130] óê

d = 1
3
(pn − 1) + pi

6
p ≡ 2 0 ≤ i < n

(mod 3) 1
2
p−i(pn − 1) 6≡ 2

(mod 3)

Helleseth [132]
pm 6≡ 2

4 | n
d = p2m − pm + 1

6

(mod 3) n = 4m

LuoÚ Feng [192] Û�ê ?¿
d = pk+1

2
, k/eÛ

�C

e = gcd(n, k)

Seo� [245] Û�ê 4 | n d = (p
m+1
2

)2, n = 2m 4

Choi� [59] 4 | p+ 1 Ûê d = pn+1
pk+1

+ pn−1
2

, k|n 9
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� p-gü �. GF(q) ��gA�P� η. GF(q) �;��\{A�P� χ, Ù¥

χ(x) = ωTr(x),∀x ∈ GF(q).'u ηÚ χ�pdÚ G(η, χ)½Â�

G(η, χ) =
∑

x∈GF(q)∗

η(x)χ(x).

±e´ü�Ún.

Ún 3.7 (½n 5.15 [190])µb� q = ps,Ù¥ p´��Û�ê� s´����ê.@o

G(η, χ) =


(−1)s−1q

1
2 XJ p ≡ 1 (mod 4),

(−1)s−1isq
1
2 XJ p ≡ 3 (mod 4).

Ún 3.8 (½n 5.33 [190])µ- q ���Û�ê�� f(x) = a2x
2 + a1x + a0 ∈ GF (q)[x]

÷v a2 6= 0.@o

∑
c∈GF (q)

χ(f(c)) = χ(a0 − a2
1(4a2)−1)η(a2)G(η, χ).

±eÙ���ª�ë�©z [130].

Ún 3.9µ·�k ∑
z∈GF (pn)

Sd(z) = pn,

∑
z∈GF (pn)

Sd(z)2 = p2n,

∑
z∈GF (pn)

Sd(z)3 = p2nb3,

Ù¥ b3�±e�§|�)��ê

x+ y + 1 = 0,

xd + yd + 1 = 0,

Ù¥ x, y ∈ GF (pn).
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��O�,·�k±e�Ún.

Ún 3.10µ�½���ê r÷v gcd(r, 3) = 1.b� n = 3r, d = 3r + 2½ d = 32r + 2.

@oé x, y ∈ GF (3n),

x+ y + 1 = 0,

Ú

xd + yd + 1 = 0,

�ú�)��ê´ 3r.

y². ·��Ä d = 3r + 2��/.� d = 32r + 2,y²´aq�.±þ�ª�du

(x+ 1)d − xd − 1 = 0.

Ïd,

(x+ 1)3r(x+ 1)2 − x3r+2 − 1 = 0,

ù��Ñ

(x− 1)(x3r − x) = 0.

¤±,·�íÑ x ∈ GF (3r),%¹
k 3r �ú�).

y3·�QãÌ��½n.

½n 3.7µ�½���ê r ≥ 2÷v gcd(r, 3) = 1.- n = 3r, d = 3r + 2½ d = 32r + 2.

é±Ï� 3n − 1�n� m-S�,�§� d-æ��p�'©ÙXe¤«.� r ´óê,

p�'©Ù�

−1 � 33r+32r

2
− 3r g

32r − 1 � 3r g

3
3r
2 − 1 � 33r−1−32r−1

2
g

−3
3r
2 − 1 � 33r−1−32r−1

2
g

2 · 3 3r
2 − 1 � 33r−1−32r−1

4
g

−2 · 3 3r
2 − 1 � 33r−1−32r−1

4
g

� r�Ûê,p�'©Ù�
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−1 � 2 · 33r−1 + 32r−1 − 3r g
32r − 1 � 3r g

3
3r+1

2 − 1 � 33r−1−32r−1

2
g

−3
3r+1

2 − 1 � 33r−1−32r−1

2
g

y². ±e,·�=y² d = 3r + 2��/. d = 32r + 2��/´aq�.·��½

d = 3r + 2, E = GF (3n), F = GF (3r)� n = 3r.N´�y gcd(d, 3n − 1) = 1.

- a� GF (27)������÷v

a3 + 2a+ 1 = 0.

du gcd(r, 3) = 1,·�k E = F (a).é?¿ x ∈ E,��L«�

x = x0 + x1a+ x2a
2,

Ù¥ x0, x1, x2 ∈ F .

du gcd(r, 3) = 1,·�Äk�Ä r ≡ 2 (mod 3)��/,Ù¥ a3r = a9.1�Ú´

ò Trn(xd)L� x0, x1Ú x2���¼ê.5¿� Trnr (1) = Trnr (a) = 0� Trnr (a2) = 2.

²O��

Trn(xd) = Trr(x1x
2
2 + x0x

2
2 + 2x2

1x2 + 2x1).

�e5,·�O� Cd(z)é,��½� z ∈ E.-

z = z0 + z1a+ z2a
2

Ù¥ z0, z1, z2 ∈ F ,·���

Trn(xz) = Trr(2x2z2 + 2x0z2 + 2x1z1 + 2x2z0).
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½Â F �\{A�� χF ,Ù¥ χF (x) = ωTrr(x),∀x ∈ F .Ïd,

Sd(z) =
∑

x0,x1,x2∈F

χF (2x1x
2
2 + 2x0x

2
2 + x2

1x2 + x1 + 2x2z2 + 2x0z2 + 2x1z1 + 2x2z0)

=
∑

x0,x1,x2∈F

χF (x0(2x2
2 + 2z2) + 2x1x

2
2 + x2

1x2 + x1 + 2x2z2 + 2x1z1 + 2x2z0)

= 3r
∑

x1∈F,x2∈M

χF (2x1x
2
2 + x2

1x2 + x1 + 2x2z2 + 2x1z1 + 2x2z0)

(3.14)

Ù¥

M = {x2 ∈ F |x2
2 = −z2}.

XJ z2 = 0,@oM = {0}.·�k

Sd(z) = 3r
∑
x1∈F

χF (x1(1 + 2z1))

=


0 XJ z1 6= 1,

32r XJ z1 = 1.

XJ −z2´ F ¥���²��,@oM = ∅� Sd(z) = 0.

XJ −z2´ F ¥���"²��,- z2 = −b2,@oM = {±b}.Ïd,

Sd(z) = 3r
∑
x1∈F

χF (bx2
1 + (2b2 + 2z1 + 1)x1 + 2b3 + 2bz0)

+ 3r
∑
x1∈F

χF (2bx2
1 + (2b2 + 2z1 + 1)x1 + b3 + bz0).

dÚn 3.7ÚÚn 3.8,·�k

Sd(z) = (−1)r−1 · ir · 3
3r
2 (η(b)χF (c) + η(2b)χF (−c)),

Ù¥

c = 2b3 + 2bz0 − (2b2 + 2z1 + 1)2b−1.
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5¿�

η(2) =


1 XJ r�óê,

−1 XJ r�Ûê.

b� A = η(b)χF (c) + η(2b)χF (−c).du χF (c) = χF (−c),·�k

A =


±1,±2 XJ r�óê,

0,±
√
−3 XJ r�óê.

� r´óê, Sd(z)�8��0, 32r, 3
3r
2 , −3

3r
2 , 2 · 3 3r

2 Ú −2 · 3 3r
2 .é 1 ≤ i ≤ 6,^ Ni

Pù
�Ñy�gê.dÚn 3.9,Ún 3.10Ú±þ?Ø,·�k

N1 =
33r

2
+

32r

2
− 3r,

N2 = 3r,

N1 +N2 +N3 +N4 +N5 +N6 = 33r,

32rN2 + 3
3r
2 (N3 −N4) + 2 · 3

3r
2 (N5 −N6) = 33r,

34rN2 + 33r(N3 +N4) + 4 · 33r(N5 +N6) = 36r,

36rN2 + 3
9r
2 (N3 −N4) + 8 · 3

9r
2 (N5 −N6) = 37r.

Ïd� r ≡ 2 (mod 6)�(Ø¤á.

� r´Ûê, Sd(z)�o�� 0, 32r, 3
3r+1

2 Ú −3
3r+1

2 .é 1 ≤ i ≤ 4,^ Ni Pù
�

Ñy�gê.^ NiPù
�Ñy�gê.

N2 = 3r,

N1 +N2 +N3 +N4 = 33r,

32rN2 + 3
3r+1

2 (N3 −N4) = 33r,

34rN2 + 33r+1(N3 +N4) = 36r.
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Ïd� r ≡ 5 (mod 6)�(Ø¤á.

é{e��/ r ≡ 1 (mod 3),aq�?Ø��

Trn(xd) = Trr(2x2 + x0x
2
2 + 2x2

1x2 + 2x1x
2
2 + x1).

p�'©Ù�±aq/�Ñ.

5µ� r = 3, êâL²±Ï� 39 − 1 �n� m-S�Úæ� d = 33 + 2 = 29 ½

d = 36 + 2 = 731�p�'©Ù�

−1 Ñy 13338 g
728 Ñy 27 g
242 Ñy 3159 g
−244 Ñy 3159 g

ù�(J�½n 3.7��.Ïd,� (r, 3) = 3,·�ß�p�'©Ù�½n 3.7��.

3.2.3 ��m-S�p�'���
(J

3��!¥,·��Ä±Ï� 22lm−1���m-S�Ú d-æ�S��p�'�,Ù

¥ d = 22lm−1
2m+1

+2s, 0 ≤ s ≤ 2m−1� (2s−1− l, 2m+1) = 1.5¿� (2s−1− l, 2m+1) = 1

�du (d, 22lm − 1) = 1.ù�/ª��
AÏ�/dc®�ïÄL.~X,� m = 1,

æ� d = 22l−1
3

+ 2s�p�'©Ù®�(½ [130].XJ l = 2� s = 0,æ� d = 24m−1
2m+1

+ 1

®�ïÄL [131].¯¢þ,� l�Ûê�,´� d´ Niho�ê.d©z [49],é Nhio�ê

�æ�,p�'���o��.Ï,·��Ä� l�óê��Ó��¹´Äu).ù«

�¹e, d�UØ´ Niho�ê.·�òy² Cd(z)���o��.d	,·�éù«/

ª�æ��y
ß� 3.2.1Úß� 3.2.1.

3��!¥,·�©ªb� d = 22lm−1
2m+1

+2s,Ù¥ 0 ≤ s ≤ 2m−1, (2s−1−l, 2m+1) =

1� l�óê.- α� GF(22lm)������.·�½Â

C∞ = {0},

C0 = {αj(2m+1) | 0 ≤ j ≤ 22lm − 1

2m + 1
− 1},

C1 = GF(22lm) \ (C0 ∪ C∞).

±eÚn´Ún 3.5 [130] ���AÏ�/.
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Ún 3.11µ

∑
x∈GF(22lm)

χ(ax2m+1) =


22lm XJ a ∈ C∞,

−2(l+1)m XJ a ∈ C0,

2lm XJ a ∈ C1.

·�k±e�½n.

½n 3.8µb� d = 22lm−1
2m+1

+ 2s,Ù¥ 0 ≤ s ≤ 2m− 1, (2s−1 − l, 2m + 1) = 1� l�ó

ê.@o

(i) Sd(z) = 0é,� z ∈ GF(22lm)∗;

(ii) Cd(z)���o��;

(iii) �3�� z ∈ GF(22lm)¦� Sd(z) ≥ 2lm+1.

y². d½n 3.8 [130],·�k

Cd(z) = −1 +
1

2m + 1

2m∑
j=0

∑
x∈GF(22lm)

χ(x2m+1(zαj + αdj2
−s

)),

Ù¥ 2−s´ 2s� 22lm − 1�_.

é?¿ z ∈ GF(22lm),½Â

ni(z) = |{j | 0 ≤ j ≤ 2m, zαj + αdj2
−s ∈ Ci}|,

Ù¥ i = 0, 1,∞.Ïd,

Cd(z) = −1 +
1

2m + 1
(22lmn∞(z)− 2(l+1)mn0(z) + 2lmn1(z)). (3.15)

�d/, Sd(z) = 2lm

2m+1
(2lmn∞(z) − 2mn0(z) + n1(z))� 2lm | Sd(z).��A^Ún 3 [49]

�� (i)�y².

- A = {αj | 0 ≤ j ≤ 2m}.d ni(z)�½Â��

n∞(z) = |{x ∈ A | zx+ xd2−s = 0}|,
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n0(z) = |{x ∈ A | (zx+ xd2−s)
22lm−1
2m+1 = 1}|,

n∞(z) + n0(z) + n1(z) = 2m + 1.

?�Ú,du (d2−s − 1, 22lm − 1) = 22lm−1
2m+1

,TÐ�3 2m + 1� z ∈ GF(22lm)�ÀJ¦

� n∞(z) = 1.

±e,·�òy² (ii)Ú (iii).du Sd(z)� 0������K� (Ún 1 [49]),�I

`² Sd(z)��ü�ØÓ���.±e,·�©O?Ø l > 2Ú l = 2ùü��/.

�/ 1: l > 2

5¿� n∞(z) + n0(z) + n1(z) = 2m + 1.� n∞(z) = 1,d (3.15),·�k Sd(z) ≥
1

2m+1
22lm − 2(l+2)m = 2(l+2)m(2(l−2)m−1)

2m+1
> 2lm+1.

±e, ·�y² Cd(z) ���o��. eØ,, b� Sd(z) �n�� {u, v, 0}, Ù

¥ u > 2lm+1 � v < 0.XJ n∞(z) = 0,d (3.15),·�k Sd(z) ≤ 2lm.Ïd, Sd(z)�

ØÓ��� n∞(z) = 0Ú n∞(z) = 1.Ïd,�½ z ∈ GF(22lm), Sd(z) = u��=�

n∞(z) = 1.·�½Â

Nu = |{z ∈ GF(22lm) | Sd(z) = u}|,

Nv = |{z ∈ GF(22lm) | Sd(z) = v}|,

N0 = |{z ∈ GF(22lm) | Sd(z) = 0}|.

5¿�TÐk 2m + 1� z �ÀJ¦� n∞(z) = 1.·��� Nu = 2m + 1.,��¡,

dÚn 3.9�cü�ªf,·�k

uNu + vNv = 22lm,

u2Nu + v2Nv = 24lm.

���O�`² Nu = 22lm(v−22lm)
uv−v2 .^ v2(k)P�Ø k ���� 2�g.du v2(v) <

2lm,·�k v2(22lm(v − 22lm)) = v2(v) + 2lm� v2(uv − v2) = v2(v) + v2(u− v).

±e,·�y² v2(u− v) < 2lm.b� z1 ∈ Nu.@o n∞(z1) = 1, n0(z1) +n1(z1) =
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2m�

u = Sd(z1) =
2lm

2m + 1
(2lm − 2mn0(z1) + n1(z1))

=
2lm

2m + 1
(2lm + 2m(1− n0(z1))− n0(z1)).

b� z2 ∈ Nv.@o n∞(z2) = 0, n0(z2) + n1(z2) = 2m + 1�

v = Sd(z2) =
2lm

2m + 1
(−2mn0(z2) + n1(z2))

=
2lm

2m + 1
(2m(1− n0(z2))− n0(z2) + 1).

Ïd,

u− v =
2lm

2m + 1
(2lm + 2m(n0(z2)− n0(z1)) + n0(z2)− n0(z1)− 1).

XJ n0(z2)−n0(z1)−1 = 0,@o u−v = 2lm

2m+1
(2lm+2m)� v2(u−v) = (l+1)m < 2lm.

XJ n0(z2) − n0(z1) − 1 6= 0,du 0 ≤ n0(z1) ≤ 2m � 0 ≤ n0(z2) ≤ 2m + 1,·�k

v2(n0(z2)−n0(z1)) ≤ m� v2(n0(z2)−n0(z1)−1) ≤ m.N´�y 2m(n0(z2)−n0(z1))+

n0(z2) − n0(z1) − 1 6= 0� v2(2m(n0(z2) − n0(z1)) + n0(z2) − n0(z1) − 1) ≤ 2m.Ïd,

v2(u− v) ≤ (l + 2)m < 2lm.

¤±,·�k v2(22lm(v−22lm)) > v2(uv−v2),%¹
Nu´óê.ù�Nu = 2m+1

gñ.

�/ 2: l = 2

3d�/, d = 24m−1
2m+1

+ 2s.- D0 = {αj
24m−1
2m+1 | 0 ≤ j ≤ 2m}.b� a = α2m+1 �

b = α
24m−1
2m+1 .@o C0 = 〈a〉Ú D0 = 〈b〉.du (24m−1

2m+1
, 2m + 1) = (2, 2m + 1) = 1,?¿

x ∈ GF(22m)∗����L� aibk,é,� 0 ≤ i ≤ 24m−1
2m+1

− 1Ú 0 ≤ k ≤ 2m.du

zx+ xd2−s = zaibk + (aibk)d2−s = ai(zbk + bkd2−s),

zx + xd2−s áu C∞ (½ C0, C1) ��=� zbk + bkd2−s áu C∞ (½ C0, C1). d	, �

½ü��É� x1, x2 ∈ A ÷v x1 = ai1bk1 � x2 = ai2bk2 , ·�k k1 6= k2. eØ,,
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x1x
−1
2 ∈ C0,d A�½Âù´Ø�U�.@o,é i = 0, 1,∞,

ni(z) = |{x ∈ A | zx+ xd2−s ∈ Ci}|

= |{0 ≤ k ≤ 2m | zbk + bkd2−s ∈ Ci}|

= |{x ∈ D0 | zx+ xd2−s ∈ Ci}|.

du (d2−s − 1, 24m − 1) = 24m−1
2m+1

,´� n∞(z) = 1��=� z ∈ D0.d	,·�k

n0(z) = |{x ∈ D0 | (zx+ xd2−s)
24m−1
2m+1 = 1}|.

d�,·�ò xÚ zÀ� D0���.£� x ∈ D0��=� x2m+1 = 1,�§

(zx+ xd2−s)
24m−1
2m+1 = 1 (3.16)

�du {
zx+ xd2−s 6= 0,
1 + 1

zxd2−s+1
= 0.

(3.17)

- u = (d2−s + 1, 2m + 1), 1 + 1

zxd2−s+1
= 0Tk u�)3 D0¥.

XJ u < 2m + 1,du u´ 2m + 1���Ïf, u ≤ 2m+1
3

.´� zx + xd2−s = 0Ú

1 + 1

zxd2−s+1
= 0kú�)��=� z = 1.Ïd,·�k

n∞(1) = 1, n0(1) = u− 1, n1(1) = 2m − u+ 1,

�Ñ


Sd(1) =
1

2m + 1
(24m − 23m(u− 1) + 22m(2m − u+ 1))

= 23m +
23m

2m + 1
− 22mu

≥ 23m +
23m

2m + 1
− 22m · 2m + 1

3

≥ 22m+1.
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aq/,XJ z 6= 1,·�k

n∞(z) = 1, n0(z) = u, n1(z) = 2m − u,

%¹


Sd(z) =
1

2m + 1
(24m − 23mu+ 22m(2m − u))

= 23m − 22mu

> 0.

Ïd,� u < 2m + 1, Sd(z)���ü����Ù¥��Ø�u 22m+1.

XJ u = 2m + 1,aq��

n∞(1) = 1, n0(1) = 2m, n1(1) = 0,

%¹
 Sd(1) = 0.Ó�,é z 6= 1,·�k

n∞(z) = 1, n0(z) = 0, n1(z) = 2m,

%¹
 Sd(z) = 23m ≥ 22m+1.´� Sd(z) = 23m��=� z ∈ D0 \ {1}.b� Sd(z)�n

��.@o 23m´ Sd(z)�������.b� Sd(z) ∈ {23m, v, 0}Ù¥ v < 0.Ï,

∑
z∈F24m

Sd(z) = 23m · 2m + vNv < 24m,

�Ún 3.9�1���ªgñ.

5µ� l = 2� s = 1, d = (22m + 1)(2m− 1) + 2´ Niho�ê.ù�æ�3©z [221]¥

�ïÄL,Ù¥ Cd(z)TÐ�o��.

3.2.4 o(

3�!¥, ·���
�� m-S�Ú§�æ�S��p�'���
#(J.
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·���zk±eü:. 1�´(½
±Ï� 33r − 1 �n� m-S�Ú d = 3r + 2

½d = 32r + 2,Ù¥ (r, 3) = 1�æ�S��p�'©Ù.1�´é±Ï� 22lm − 1�

�� m-S�Ú d = 22lm−1
2m+1

+ 2s,Ù¥ l ≥ 2�óê� 0 ≤ s ≤ 2m − 1�æ�S��

p�'���
ÐÚ�(J.·�y²
p�'����o��.d	,·��y


Sarwate�<Ú HellesethJÑ�ü�Í¶�ß�3ù��¹e¤á.ép�'�©Ù,

ê�¢�L²p�'��U�l½Ê��.Ïd,(½p�'�©Ù´���~(J

�¯K.

3.3 �a��Ì�è�þ©�

3.3.1 Úó

- C � q �k�� Fq þ��� [n, k]�5è,½=, C ⊂ Fnq ´ Fq þ�� k-��

5�m.é?¿fè D ⊂ C, D�|8 (support)½Â�

supp(D) = {i : 0 ≤ i ≤ n− 1, ci 6= 0é,�(c0, c1, . . . , cn−1) ∈ D}.

é 1 ≤ r ≤ k, C � r-�2ÂÇ²þ (generalized Hamming weight)�

dr(C) = min
{
|supp(D)| : D ⊂ C � dimFq(D) = r

}
.

d? |supp(D)|�8Ü supp(D)���.8Ü {dr(C) : 1 ≤ r ≤ k}�¡� C �þ©�

(weight hierarchy).5¿� d1(C)=´ C �4�ål.

2ÂÇ²þ�Vgd Helleseth, Kløve Ú Mykkeltveit JÑ [138,180] ¿Äk�

Wei [281] ¦^3�èÆ¥����x���5è^u II. wire-tap&� [224] ¥½��

�� t-resilient¼ê��Ly.2ÂÇ²þ�±^5�x,
Äu�5è����

��Y�Ly [183].�C,2ÂÇ²þ�Vg�í2��5�ä?è¥ [222],�^5�

x wire-tap�ä¥���5�ä?è�Ly [237].Ø
ù
�èÆ�¡�A^,2ÂÇ

²þJø
�5è�[�(�&E,�±^5

1). O��5è�G�Ú©|E,ÝÌ (state and branch complexity profiles) [109,174];

2). �Ñk�� áè��ª [140];
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3). �Ñ'u�5è�CX�»��©�þ. [155];

4). (½�5è�íØLÈèUå(erasure list-decodability) [128];

5). �,
è�LÈè�JøL���þ. [124].

o�,�5è�2ÂÇ²þJø
3éõA^¥å��^�Ä:&E.

3L���c¥, 2ÂÇ²þ�ïÄÚå
2��'5, 3©z¥®�

�
éõ(J. ~X, 2ÂÇ²þ���þe.��Ñ [7,63,137,139,281], ��k

��O�Ì�è�2ÂÇ²þ��{�JÑ [154], é�)Ç²è [281], Reed-

Muller è [129,281], �� Kasami è [140], Melas Úéó Melas è [263], BCH èÚ§�é

ó [57,61,100,103,209,246,264,266,267,270], ,è [58,127,253,265,268], ¦Èè [136,202,225,241,242,282], �êAÛ

è [13,28,71,143,146,212,213,296] 3S�Nõa�5è�2ÂÇ²þ®�(½½��
�O.

,,��ó,O��5è�2ÂÇ²þ´(J�,����þ©��3�ê�

¹e®� (�©z [13,140,141,143,225,269,281,282,296,297]).^AÛ�{?n2ÂÇ²þ���

nã�ë� [262].

3�C���k��©Ù¥ [297],�ö|^êØ�¡�#�{ïÄ
Ø��Ì�

è�2ÂÇ²þ�3,
�¹e��
þ©�.¦��ó�*Ð
±c��
(

J [141,269].Édéu,3�!·�ïÄ©z [295] ¥Ú\��x��Ì�è�2ÂÇ²

þ.ùaÌ�èk?¿õ��":,�¹Nõ�c©z¥ïÄL�Ì�è��Ù¥�

fa.AO/,§�¹©z [297] ïÄ�Ø��Ì�è.ÏLò©z [297] ¥�g�ÿÐ�

p�¿|^�
|Ü�E|,·�3�
�¹e(½
ùaÌ�è�þ©�.

3.3.2 Ì�(J

- q = ps, Q = qmÙ¥ p´���ê, s,m´��ê.- γ �k�� FQ����

��.·�k±en�b�:

i) e | (Q− 1), a 6≡ 0 (mod Q− 1), e ≥ t ≥ 1;

ii) é 1 ≤ i ≤ t, ai ≡ a + Q−1
e

∆i (mod Q − 1). � t ≥ 2 �, ∆i 6≡ ∆j (mod e) é

1 ≤ i, j ≤ t, i 6= j � gcd(∆2 −∆1, . . . ,∆t −∆1, e) = 1;

iii) deg hai(x) = mé 1 ≤ i ≤ t� hai(x) 6= haj(x)é i 6= j.d? ha(x)� γ−a 3 Fq

þ�4�õ�ª.
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½Â

δ = gcd(Q− 1, a1, a2, . . . , at),

n =
Q− 1

δ
, N = gcd

(
Q− 1

q − 1
, ae

)
.

´� δ | Q−1
e
�

eδ | N(q − 1). (3.18)

3±þn�b�e,·�½Â C � Fq þ�� n,��õ�ª�
∏t

i=1 hai(x)�Ì�è,

Ù¥ aidb�¤�Ñ.�� C ´��k t��":� [n, tm]Ì�è.

·��ÑùaÌ�èÄk3©z [295]¥JÑ,¿3A«�¹e�Ñ
§�þ©

Ù.duëê e, t,∆i�(¹5,ù�a�¹
Nõ�Ì�è.·��Ñùp�a�¹N

õk��è.~X,� q = 2, a = −3, e = Q−1
2

, t = 2� ∆i = ié i = 1, 2,·���V

�Å�� BCHè�éóè.� q´Ûê, a = −1, e = Q−1
2

, t = 2� ∆i = ié i = 1, 2,

·��� q-� Melasè�éóè.d	,�â Grassl�o�èL [119],ù�aÌ�è�

¹
�
äk®��`ëê�Ì�è (�L 3.9).

L 3.9 áu¤�Ä�Ì�èa�äk®��`ëê�Ì�è

[n, k, d] q m e t a ∆i N
[63,12,24] 2 6 7 2 1 {0, 1} 7
[85,16,32] 2 8 5 2 3 {0, 1} 15

[255,16,112] 2 8 15 2 1 {0, 1} 15
[255,24,100] 2 8 15 3 9 {0, 1, 14} 15

[80,8,48] 3 4 16 2 2 {0, 1} 8
[80,12,42] 3 4 16 3 4 {0, 1, 7} 8

[242,10,153] 3 5 22 2 1 {0, 1} 11
[242,15,138] 3 5 22 3 2 {0, 1, 15} 11

3�!¥, ·��Äùaè¥�A�fa, Ù¥ N ∈ {1, 2}. �©¥¤Ú\�

êØ��{éïÄ��� N ��/½k�Ï. 3Ún 6 [295] ¥J�b� iii) ¤á�

N ≤
√
Q,ùé N = 1, 2o´¤á�.·�k±e�Ì�(J:

½n 3.9µ- C �±þ½Â�Ì�è÷v e = t ≥ 1.- dr := dr(C)� C � r-�2ÂÇ

²þ.
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(i). XJ N = 1,·�k

dr =
qm − 1

δ

(
1− s

t

)
− q(t−s)m−r − 1

tδ
, XJ (t− s− 1)m < r ≤ (t− s)m,

Ù¥0 ≤ s ≤ t− 1.

(ii). XJ N = 2,·�k

dr =


qm−1
δ

(1− s
t
)− 1

tδ
(q(t−s− 1

2
)m−r + 1)(q

m
2 − 1) XJ (t− s− 1)m < r ≤

(
t− s− 1

2

)
m,

qm−1
δ

(
1− s

t

)
− 2

tδ
(q(t−s)m−r − 1) XJ

(
t− s− 1

2

)
m < r ≤ (t− s)m,

Ù¥ 0 ≤ s ≤ t− 1.

½n 3.10µ- C ���±þ½Â�Ì�è÷v e > t ≥ 1 � N = 1. b�

{∆1 (mod e), . . . ,∆t (mod e)} ´����ê�. - dr := dr(C) � C � r-�2Â

Ç²þ.@o

dr =


qm−1
δ

(1− t−1
e

)− e−t+1
eδ

(qm−r − 1) XJ 1 ≤ r ≤ m,

qm−1
δ

(1− s
e
)− q(t−s)m−r−1

eδ
XJ (t− s− 1)m < r ≤ (t− s)m,

Ù¥ 0 ≤ s ≤ t− 2.

·��Ñ� t = 1, ½n 3.9 Ú 3.10 ©Oòz�íØ 3.2 [297] Ú½n 4.1 [297]. �

t ≥ 2,ù
(J´#�.

�e5,�
Ð«½n 3.9Ú 3.10�(5,·��Ñ�
ê�¢��~f.

~ 3.7µé q = 3, m = 3, e = t = 2Ú a = 1,ù´�� F3 þ� [26, 6, 9]Ì�è÷v

N = 1.|^Magma·���

d1 = 9, d2 = 12, d6 = 26,

�½n 3.9� (i)��.5¿�O� d3, d4Ú d5¬s¤�õ�m.Ïd,3ù«�¹e·

��U��Ü©�þ©�.
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~ 3.8µé q = 5, m = 2, e = t = 2Ú a = 2,ù´�� F5 þ� [12, 4, 4]Ì�è÷v

N = 2.|^Magma·���

d1 = 4, d2 = 6, d3 = 10, d4 = 12,

�½n 3.9� (ii)��.

~ 3.9µé q = 4, m = 2, e = 3, t = 2, a = 1, ∆1 = 0 Ú ∆2 = 1, ù´�� F4 þ�

[15, 4, 8]Ì�è÷v N = 1.|^Magma·���

d1 = 8, d2 = 10, d3 = 14, d4 = 15,

�½n 3.10��.

3.3.3 �µ�£

3��!¥,·�0��
�µ�£.

3.3.3.1 Ì�è

- C � Fq þ�� [n, k] �5è. b� (n, q) = 1. C �¡�´Ì��, XJ

(cn−1, c0, . . . , cn−2) ∈ C� (c0, c1, . . . , cn−1) ∈ C.éÌ�è C,z�èi c = (c0, . . . , cn−1)

��Ìn��� Rn := Fq[x]/(xn − 1) ¥��õ�ª
∑n−1

i=0 cix
i �éX. âd, C �

��Óu Rn ¥���n�. @o, �3�����Ä�õ�ª g(x) ∈ Fq[x] ÷v

g(x) | xn − 1, C = (g(x))Rn � g(x) 3 C ���¥k���gê. ù� g(x) �¡�

C �)¤õ�ª (generator polynomial). h(x) = xn−1
g(x)
´ C ���õ�ª (parity check

polynomial).� Rn�½�,��Ì�è�d)¤õ�ª½��õ�ª��(½. C k i

�": (zeroes)XJ§�)¤õ�ª��©)� Fq þ i�Ø��õ�ª�¦È.�é

óè C⊥ k i�":�,·�¡ C k i��": (nonzeroes).Ïd,�! 3.3.2¥½Â�

Ì�èk?¿õ��":.

3.3.3.2 +A�,pdÚ9pd±Ï

- q = ps Ù¥ p´���ê. Fq �;�\{A� (canonical additive character) ψq
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½Â�

ψq : Fq −→ C

x 7→ ζTrqp(x)
p ,

Ù¥ ζp = exp
(
2π
√
−1/p

)
´�� p-gEü �,� Trqp ´l Fq � Fp �,¼ê.XJ

Q´ q����g,d,¼ê�D45·�k ψQ = ψq ◦ TrQq .

- χ : F∗q = Fq \ {0} → C ���¦{A�, ½=, χ(xy) = χ(x)χ(y) é?¿

x, y ∈ F∗q .- χ(0) = 0,·�ò χ�½Âòÿ� Fq.�A�pdÚ (Gauss sum) G(χ)½

Â�

G(χ) =
∑
x∈Fq

χ(x)ψq(x),

Ù¥ ψq ´ Fq þ;��\{A�.XJ χ��� 2, χ�¡� Fq ��gA���A�

pdÚ��gpdÚ.�gpdÚ��´®��.

Ún 3.12 (½n 5.15 [190])µ- q = ps� χ� Fq ��gA� (Ïd p´Ûê).@o

G(χ) =


(−1)s−1√q XJ p ≡ 1 mod 4,

(−1)s−1
(√
−1
)s√

q XJ p ≡ 3 mod 4.

- γ � FQ ������.é N | (Q − 1),P 〈γN〉� γN )¤�Ì�+.é?¿

0 ≤ i ≤ N − 1, C(N,Q)
i = γi〈γN〉�¡� FQ� i-g©�a.é?¿ a ∈ FQ,½Âpd±

Ï (Gauss period) η(N,Q)
a �

η(N,Q)
a =

∑
x∈C(N,Q)

0

ψQ(ax).

3.3.4 2ÂÇ²þ���L�ª

- C ��! 3.3.2¥½Â�Ì�è.d Delsarte½n [72], C �������L¤

c(x) = (ci(x))ni=1Ù¥ x = (x1, x2, . . . , xt)�H8Ü FtQ�

ci(x) = TrQq

(
t∑

j=1

xjγ
aji

)
, 1 ≤ i ≤ n.
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�ó�,N�

Ψ : FtQ −→ C,

x 7→ c(x)

´ü� Fq-�þ�m FtQ Ú C �Ó�,Ïp�
 FtQ � r-� Fq-f�mÚ C � r-�f

è�m��� 1-1 N�, Ù¥ 1 ≤ r ≤ tm. é?¿ Fq-�þ�m M , P
[
M
r

]
� M �

r-� Fq-f�m|¤�8Ü.

é?¿ Hr ∈
[
FtQ
r

]
,½Â

N(Hr) = |{i : 1 ≤ i ≤ n, ci(b) = 0,∀b ∈ Hr}|,

�é?¿ 1 ≤ r ≤ tm,½Â

Nr = max

{
N(Hr) | Hr ∈

[
FtQ
r

]}
.

du Ψ´��Ó�,d½Â, C � r-�2ÂÇ²þ�L�

dr := dr(C) = n−Nr.

- ε1, . . . , εr � Hr ��� Fq-Ä.@o,

ci(b) = 0,∀b ∈ Hr ⇐⇒ ci(εj) = 0,∀1 ≤ j ≤ r.

·�^ ψQ (½ ψq)P FQ (½ Fq)�;�\{A�.d ψq ���5·�k

N(Hr) =
n∑
i=1

1

q

∑
x1∈Fq

ψq(x1ci(ε1))

 · · ·
1

q

∑
xr∈Fq

ψq(xrci(εr))


=

1

qr

n∑
i=1

∑
x1,...,xr∈Fq

ψq(ci(x1ε1 + · · ·+ xrεr))

=
1

qr

n∑
i=1

∑
b∈Hr

ψq(ci(b)) =
n

qr
+

1

qr

n∑
i=1

∑
b∈H∗r

ψq(ci(b)),
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Ù¥ H∗r = Hr \ {0}.£� γaj = γa+Q−1
e

∆j .- βj = γ
Q−1
e

∆j ,·�k γaj = γaβj .@o,

(q − 1)N(Hr) =
n(q − 1)

qr
+

1

qr

n∑
i=1

∑
b∈H∗r

∑
x∈F∗q

ψq(ci(xb))

=
n(q − 1)

qr
+

1

qr

n∑
i=1

∑
b∈H∗r

∑
x∈F∗q

ψq

(
xTrQq

(
t∑

j=1

bjγ
aji

))

=
n(q − 1)

qr
+

1

qr

∑
b∈H∗r

n∑
i=1

∑
x∈F∗q

ψQ

(
xγai

t∑
j=1

bjβ
i
j

)
.

5¿� e | Q−1
δ

= n, ?¿ 1 ≤ i ≤ n ��L� i = ej + h Ù¥ 0 ≤ j ≤ n
e
− 1 �

1 ≤ h ≤ e.@o,m>1�����

1

qr

∑
b∈H∗r

n
e
−1∑
j=0

e∑
h=1

∑
x∈F∗q

ψQ

(
xγaejγah

t∑
j=1

bjβ
h
j

)
.

5¿� F∗q =
〈
γ
Q−1
q−1

〉
� N = gcd

(
Q−1
q−1

, ae
)

,N´�y

{
xγaej | x ∈ F∗q, 0 ≤ j ≤ n

e
− 1
}

=
(q − 1)N

eδ
∗ C(N,Q)

0 ,

Ù¥·�^ l ∗ AP�� A�z���Ñy lg�õ8.Ï,·�k

1

qr

∑
b∈H∗r

n
e
−1∑
j=0

e∑
h=1

∑
x∈F∗q

ψQ

(
xγaejγah

t∑
j=1

bjβ
h
j

)

=
(q − 1)N

eδqr

∑
b∈H∗r

e∑
h=1

∑
y∈C(N,Q)

0

ψQ

(
yγah

t∑
j=1

bjβ
h
j

)
.

- g = γa,·�k

(q − 1)N(Hr) =
(q − 1)n

qr
+

(q − 1)N

eδqr

∑
b∈H∗r

e∑
h=1

∑
y∈C(N,Q)

0

ψQ

(
ygh

t∑
j=1

bjβ
h
j

)
.

½=,

N(Hr) =
N

eδqr

∑
b∈Hr

e∑
h=1

η
(N,Q)

gh
∑t
j=1 bjβ

h
j

. (3.19)
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Ïd,�
O� C �2ÂÇ²þ,�Ié¤k Hr ∈
[
FtQ
r

]
(½±þpd±Ï�

Ú����.ù�¯K��ó´(J�.,,�Úª¥�pd±Ï��êA��,

kF"��(½2ÂÇ²þ.Ï, N ��´O�¥���'�:.±e·�ò�Ä

�{ü��/ N ∈ {1, 2}.·�Äk?n e = t��¹.

3.3.5 ½n 3.9 (i)�y²

£� βj = γ
Q−1
t

∆j é 1 ≤ j ≤ t � g = γa. ½Â β = γ
Q−1
t . du βtj = 1 é?

¿ 1 ≤ j ≤ t � βj pØ�Ó, ·��±Ø���5b� βj = βj , 1 ≤ j ≤ t. ò

b = (b1, . . . , bt) 7→ y = (y1, . . . , yt)O�� yi = gi
∑t

j=1 bjβ
ij, 1 ≤ i ≤ t.ù�Ñ
��

Fq-Ó� φ : FtQ −→ FtQ.Ïd (3.19)�±��

N(Hr) =
N

tδqr

∑
y∈φ(Hr)

t∑
h=1

η(N,Q)
yh

.

½Â

Ñ(Hr) =
N

tδqr

∑
y∈Hr

t∑
h=1

η(N,Q)
yh

.

w,,

max

{
N(Hr) | Hr ∈

[
FtQ
r

]}
= max

{
Ñ(Hr) | Hr ∈

[
FtQ
r

]}
.

Ïd,·�;5u�Ä

Nr = max

{
Ñ(Hr) | Hr ∈

[
FtQ
r

]}
=

N

tδqr
max

{
F (Hr) | Hr ∈

[
FtQ
r

]}
, (3.20)

Ù¥

F (Hr) =
∑
y∈Hr

t∑
h=1

η(N,Q)
yh

. (3.21)

·�y3y²½n 3.9� (i).
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y². du N = 1,d (3.18),·�k eδ | (q − 1)� e = t ≤ q − 1.£�

η(1,Q)
a =


Q− 1 XJ a = 0,

−1 XJ a 6= 0.

é?¿ Hr ∈
[
FtQ
r

]
�?¿ 1 ≤ h ≤ t,½Â

Vh = FQ × · · · × FQ︸ ︷︷ ︸
h−1

×{0}
h

× FQ
h+1

× . . .× FQ
t

Ú

vh := vh(Hr) = dimFq(Hr ∩ Vh).

@o,d (3.21),

F (Hr) =
t∑

h=1

(|Hr ∩ Vh|(Q− 1)− (qr − |Hr ∩ Vh|))

=
t∑

h=1

(qvh(Q− 1)− (qr − qvh))

= Q
t∑

h=1

qvh − tqr.

Ïd,é?¿ r-�f�m Hr, (v1(Hr), . . . , vt(Hr))��û½
 F (Hr).

�
é� max
{
F (Hr) : Hr ∈

[
FtQ
r

]}
,·�b� v1 ≥ v2 ≥ · · · ≥ vt,Ï� vh �^

SØ�)K�.·�æ^Xeö�:ÄkÀ�Hr ��z v1 = v1(Hr);�� v1, . . . , vié

i ≥ 1�(½,3ù
Hr ¥·�À���z vi+1�.du t ≤ q− 1,´�ù�ö�ò¬

�Ñ��z F (Hr)� Hr.

b� (t− s− 1)m < r ≤ (t− s)mé,� sáu 0 ≤ s ≤ t− 1.5¿�

dimFq

(
s⋂
i=1

Vi

)
= (t− s)m, dimFq

(
s+1⋂
i=1

Vi

)
= (t− s− 1)m,

·�� v1 = . . . = vs = r,ù��{w,´���.ù¿�XHr ⊂
⋂s
i=1 Vi.�
4 vs+1

��,·�A�
⋂s+1
i=1 Vi ⊂ Hr ⊂

⋂s
i=1 Vi,÷v vs+1 = (t − s − 1)m.3ù��^�e,

100



�êÚ9Ù�©Ù3�ê?è¥�A^

Hr /X

Hr = {0} × · · · × {0}︸ ︷︷ ︸
s

×H
s+1
× FQ

s+2

× . . .× FQ
t

,

Ù¥ H ⊂ FQ´?¿� r − (t− s− 1)m-� Fq-�5�m,·���

vh = vh(Hr) =

 r 1 ≤ h ≤ s,
(t− s− 1)m h = s+ 1,

r −m s+ 2 ≤ h ≤ t.

Ïd·�k

max

{
F (Hr) | Hr ∈

[
FtQ
r

]}
= Q

(
sqr + q(t−s−1)m + (t− s− 1)qr−m

)
− tqr,

�

dr = n− 1

tδqr
max

{
F (Hr) | Hr ∈

[
FtQ
r

]}
=
qm − 1

δ
(1− s

t
)− q(t−s)m−r − 1

tδ
.

3.3.6 ½n 3.9 (ii)�y²

é t = e ≥ 1 � N = 2, �¹�\E,. É©z [297] éu, ·�æ���·^u

N ≥ 2�#üÑ.

3.3.6.1 ��#üÑ

- 〈·, ·〉 : FtQ × FtQ → Fq ��òzV�5.

〈x, y〉 = TrQq

(
t∑
i=1

xiyi

)
, ∀x = (x1, . . . , xt), y = (y1, . . . , yt) ∈ FtQ.

é FtQ�?¿ Fq-f�m H ,½Â

H⊥ = {y ∈ FtQ | 〈x, y〉 = 0,∀x ∈ H}.
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·�k±eÚn.

Ún 3.13µb� H ∈
[
FtQ
r

]
.@o dimFq H

⊥ = tm− r�

1

qtm−r

∑
y∈H⊥

ψq
(
〈x, y〉

)
=


1 XJ x ∈ H,

0 XJ x 6∈ H.

y². - A = 1
qtm−r

∑
y∈H⊥ ψq(〈x, y〉). XJ x ∈ H , @o 〈x, y〉 = 0, ∀y ∈ H⊥. Ïd,

A = 1. XJ x 6∈ H , @o�3 y ∈ H⊥ ¦� 〈x, y〉 6= 0. AO/, �3 y0 ∈ H⊥, ¦�

ψq(〈x, y0〉) 6= 1.@o,

A · ψq(〈x, y0〉) =
1

qtm−r

∑
y∈H⊥

ψq(〈x, y〉+ 〈x, y0〉)

=
1

qtm−r

∑
y∈H⊥

ψq(〈x, y + y0〉) = A.

Ïd A = 0.

d±þÚn,·��±O� (3.21)¥� F (Hr).

F (Hr) =
∑
y∈Hr

t∑
h=1

η(N,Q)
yh

=
t∑

h=1

∑
y∈FtQ

η(N,Q)
yh

1

qtm−r

∑
x∈H⊥r

ψq(〈x, y〉)

=
1

qtm−r

t∑
h=1

∑
x∈H⊥r

∑
z∈C(N,Q)

0

∑
y∈FtQ

ψQ(zyh)ψq

(
TrQq

(
t∑
i=1

xiyi

))

=
1

qtm−r

t∑
h=1

∑
x∈H⊥r

∑
z∈C(N,Q)

0

∑
y1,...,yt∈FQ

ψQ

(
zyh +

t∑
i=1

xiyi

)

= qr
t∑

h=1

∑
x∈H⊥r

∑
z∈C(N,Q)

0
z+xh=0
xi=0,∀ i 6=h

1.

é?¿ Hr ∈
[
FtQ
r

]
� 1 ≤ h ≤ t,½Â

Wh := Wh(N) = {0} × · · · × {0}︸ ︷︷ ︸
h−1

×(−C(N,Q)
0
h

)× {0}
h+1

× · · · {0}
t
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�

Uh := Uh(Hr) = H⊥r
⋂(
{0} × · · · × {0}︸ ︷︷ ︸

h−1

×FQ
h

× {0}
h+1

× · · · {0}
t

)
.

·�k

F (Hr) = qr
t∑

h=1

|H⊥r ∩Wh| = qr
t∑

h=1

|Uh ∩Wh|. (3.22)

Ïdé t = e ≥ 1Ú N ≥ 2,�
O�2ÂÇ²þ,�I(½
∑t

h=1 |Uh ∩Wh|�

���é¤k Hr ∈
[
FtQ
r

]
.

·��Ñdu H⊥r =
⊕t

h=1 Uh, �m H⊥r Ú Hr �d(U1, . . . , Ut) ��¡EÑ5,

Ù¥ Uh ´ {0} × · · · × {0}︸ ︷︷ ︸
h−1

×FQ
h

× {0}
h+1

× · · · {0}
t

���f�m. - r′ = tm − r �-

uh = dimFq(Uh), uh ÷v
∑t

h=1 uh = r′.�
é�
∑t

h=1 |Uh ∩Wh|����,·��Ä

±eüÚ:

1). éz�Ün� (u1, . . . , uh),(½�ê� uh�f�m Uh¦� |Uh ∩Wh|éz� h

´���;

2). �Ä¤kÜn� (u1, . . . , uh)¿éÑ���.

y3·�;5u N = 2��/.

3.3.7 ��Ún

du N = 2, q´Ûê�m´óê.5¿� Q = qm.·�I�±e�Ún.

Ún 3.14µ- 0 ≤ l ≤ m� H ⊂ FQ��� l-� Fq-f�m.- γ � FQ������.

½Â¼ê

f(l) :=


ql − 1 XJ 0 ≤ l ≤ m

2
,

ql−1
2

+ q
m
2 −ql−

m
2

2
XJ m

2
≤ l ≤ m.

@o,é 0 ≤ l ≤ m,

max
{∣∣∣H ∩ C(2,Q)

i

∣∣∣ : H ⊂ FQ, dimFq(H) = l
}

= f(l),

Ù¥ i ∈ {0, 1}.?�Ú,������f�m H ⊂ FQ�±XeÀ�:
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1) XJ 0 ≤ l ≤ m
2

,@o·��±À�?¿� H ⊂ γiF
q
m
2

;

2) XJ m
2
≤ l ≤ m,b� G(χ) = (−1)jq

m
2 é,� j ∈ {0, 1},Ù¥ χ´ FQ ��g

A�.@o·��±À� H ÷v H⊥ ⊂ C
(2,Q)
i+j ∪ {0},Ù¥ H⊥ ´ H 'u�òz

V�5.〈·, ·〉 : FQ × FQ → Fq

〈x, y〉 = TrQq (xy) ,∀x, y ∈ FQ,

���Ö.

y². ·�=y² i = 0��¹. i = 1��¹´aq�.

XJ 0 ≤ l ≤ m
2

,@o F∗
q
m
2
⊂ C

(2,Q)
0 .5¿� dimFq

(
F
q
m
2

)
= m

2
.é?¿ H ⊂ F

q
m
2

,

·�k |H ∩ C(2,Q)
0 | = ql − 1,w,´���.

XJ m
2
≤ l ≤ m,@o

|H ∩ C(2,Q)
0 | =

∑
a∈H\{0}

1

2
(1 + χ(a)) =

ql − 1

2
+

1

2

∑
a∈H

χ(a).

5¿�

∑
a∈H

χ(a) =
∑
a∈FQ

χ(a)

qm−l

∑
b∈H⊥

ψq(〈a, b〉)

=
1

qm−l

∑
b∈H⊥

χ(b)
∑
a∈FQ

χ(ab)ψq(〈a, b〉)

=
G(χ)

qm−l

∑
b∈H⊥

χ(b).

du dimFq(H
⊥) = m− l ≤ m

2
,·��ÀJ H⊥ ÷v H⊥ ⊂ C

(2,Q)
j ∪ {0}.Ïd,·�k

χ(b) = (−1)j , ∀b ∈ H⊥ \ {0}.¤±,

∑
a∈H

χ(a) =
q
m
2

qm−l

∑
b∈H⊥\{0}

1 = q
m
2 − ql−

m
2 .
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ùw,´
∑

a∈H χ(a)����.Ïd,

∣∣∣H ∩ C(2,Q)
0

∣∣∣ =
ql − 1

2
+
q
m
2 − ql−m2

2
= f(l)

´���� m
2
≤ l ≤ m.

3.3.8 y²

·�y3Qã½n 3.9� (ii)�y².£� Hr �d (U1, . . . , Ut)¡E,Ù¥ Uh ´

uh-�f�m÷v
∑t

h=1 uh = r′ = tm− r.é?¿Ün� (u1, . . . , ut),Ún 3.14`²


N�À� (U1, . . . , Ut)¦� |Uh ∩Wh|éz� 1 ≤ h ≤ t����� f(uh) .Ï�I

û½U�Ñ���
∑t

h=1 f(uh)� (u1, . . . , ut),Ù¥ (u1, . . . , ut)÷v 0 ≤ uh ≤ m,∀h

Ú
∑t

h=1 uh = r′.Ø���5,b� u1 ≥ · · · ≥ ut.

±eÚn^uû½���
∑t

h=1 f(uh). ½Âk�8 L = {(l1, . . . , lt) | 0 ≤

l1, . . . , lt ≤ m, l1 ≥ l2 ≥ · · · ≥ lt}�éz� 0 ≤ s ≤ tm��f8 Ls = {(l1, . . . , lt) ∈

L |
∑t

i=1 li = s}.·�3Lsþ½Â±e� S:é?¿ l = (l1, . . . , lt), l
′ = (l′1, . . . , l

′
t) ∈

Ls,·�` l � l′XJ�3���ê i, 1 ≤ i ≤ t,¦� lj = l′j , ∀1 ≤ j ≤ i− 1� li > l′i.

´� ��Ñ Lsþ���S.

Ún 3.15µé?¿ l, l′ ∈ Ls,XJ l � l′,@o
∑t

h=1 f(lh) ≥
∑t

h=1 f(l′h).

y². é?¿ l = (l1, . . . , lt) ∈ Ls,½Â f(l) =
∑t

h=1 f(lh).�
{B½Â l0 := m.b

� li < li−1 � lj ≥ 1é,
 i, j ÷v 1 ≤ i < j ≤ t.·��±½Â'u l���ö�

Si,j Xe:

Si,j(l) = (l1, . . . , li−1, li + 1, li+1, . . . , lj−1, lj − 1, lj+1, . . . , lt).

w, Si,j(l) ∈ Ls� Si,j(l) � l.·�(² f (Si,j(l)) ≥ f(l).

¯¢þ,�Iy²

f(li + 1)− f(li) ≥ f(lj)− f(lj − 1), li ≥ lj ≥ 1. (3.23)
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é 1 ≤ l ≤ m,½Â��¼ê g(l) = f(l)− f(l − 1).���O�`² g´��O¼ê.

Ïd, (3.23)¤á.

��,5¿�é?¿ l � l′, l �±d l′ ²L�
�Ü·�ö� Si,j �Ñ,Ún�

y.

dÚn 3.15,·��±Xey²½n 3.9� (ii):b� (t− s− 1)m < r ≤ (t− s)m

é,
 0 ≤ s ≤ t− 1,@o sm ≤ r′ = tm− r < (s+ 1)m.·��ÀJ�� Hr ∈
[
FtQ
r

]
,

¦�

H⊥r = FQ × · · · × FQ︸ ︷︷ ︸
s

× T
s+1
× {0}

s+2

× · · · × {0}
t

,

Ù¥ T ´�� FQ� (r′ − sm)-� Fq-f�m.é 1 ≤ h ≤ t,

Uh = H⊥r ∩ ({0} × · · · × {0}︸ ︷︷ ︸
h−1

×FQ
h

× {0}
h+1

× · · · {0}
t

)

/X

Uh = {0} × · · · × {0}︸ ︷︷ ︸
h−1

×Yh
h
× {0}

h+1

× · · · {0}
t

,

Ù¥Yh´FQ���Fq-f�m.·��±?�Ú�¦éz� 1 ≤ h ≤ t,
∣∣∣Yh ∩ (−C(2,Q)

0 )
∣∣∣

��Ún 3.14¥¤ã����.Ïd,d (3.22), F (Hr) =
∑t

h=1 f(uh),Ù¥ u1 = · · · =

us = m, us+1 = r′−sm = (t−s)m−r� us+2 = · · · = ut = 0.w, u = (u1, . . . , ut) ∈ Lr′

3�S ��¿Âe´���.dÚn 3.15, F (Hr)´���,½=,é¤k Hr ∈
[
FtQ
r

]
,

ù� Hr ´¦� F (Hr)����� r-�f�m.d (3.20)ÚÚn 3.14,��

Nr =
2

tδ

[
s(qm − 1)

2
+ f((t− s)m− r)

]
.

ù�¤
½n 3.9� (ii)�y².

3.3.9 ½n 3.10�y²

3��!¥,·��Ä e > t� N = 1��/.XJ t = 1, C ´©z [297] ¥�ÄL

�Ø��Ì�è.¤±·�b� e > t ≥ 2.£�é 1 ≤ r ≤ tmÚ Hr ∈
[
FtQ
r

]
,d (3.19)
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·�k

N(Hr) =
1

eδqr

∑
b∈Hr

e∑
h=1

η
(1,Q)

gh
∑t
j=1 bjβ

h
j

,

Ù¥ g = γa, β = γ
Q−1
e � βj = β∆j é 1 ≤ j ≤ t.é 1 ≤ h ≤ e,½Â

Wh :=

{
b = (b1, . . . , bt) ∈ FtQ :

t∑
j=1

bjβ
h
j = 0

}
.

z�Wh´�� (t− 1)m-� Fq-�5�m.-

wh := dimFq(Hr ∩Wh).

du η
(1,Q)
0 = Q− 1� η

(1,Q)
y = −1XJ y ∈ F∗Q,·�k

N(Hr) =
1

eδqr

e∑
h=1

((Q− 1)qwh − (qr − qwh))

=
1

eδqr

(
Q

e∑
h=1

qwh − eqr
)

=
Q

eδqr

e∑
h=1

qwh − 1

δ
. (3.24)

�
é� max
{
N(Hr) : Hr ∈

[
FtQ
r

]}
,Ø���5b� w1 ≥ w2 ≥ . . . ≥ we.?1Cþ

O� b = (b1, . . . , bt) 7→ y = (y1, . . . , yt),Ù¥ yh = gh
∑t

j=1 bjβ
h
j , 1 ≤ h ≤ t.ù½Â


�� Fq-Ó� φ : FtQ → FtQ.é t + 1 ≤ h ≤ e,½Â yh := gh
∑t

j=1 bjβ
h
j .du φ´��

Ó�,�3 λh,1, . . . , λh,t ∈ FQ÷v

yh =
t∑
i=1

λh,i yi, t+ 1 ≤ h ≤ e.

du {∆1 (mod e), . . . ,∆t (mod e)}´����ê�,�� λh,i 6= 0,∀h, iÙ¥ t+ 1 ≤

h ≤ e, 1 ≤ i ≤ t (�©z [295]).

Ïd (3.24)�±��

N(Hr) =
Q

eδqr

e∑
h=1

qw̃h − 1

δ
,
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Ù¥

w̃h := dimFq

(
H̃r ∩ W̃h

)
Úw̃1 ≥ w̃2 ≥ . . . ≥ w̃e.

d? H̃r = φ(Hr)Ú W̃h = φ(Wh)/X

W̃h = FQ × · · ·FQ︸ ︷︷ ︸
h−1

×{0}
h

× FQ
h+1

× · · · × FQ
t

, 1 ≤ h ≤ t,

Ú

W̃h =

{
(y1, · · · , yt) ∈ FtQ : yh =

t∑
i=1

λh,iyi = 0

}
, t+ 1 ≤ h ≤ e.

du e ≤ q − 1,�
é���z N(Hr)� Hr,aqu e = t� N = 1��¹,Äk´

4 w̃1¦�U��,d	,·�2- w̃2¦�U��,��,�ª·�- w̃e¦�U��.

b� (t− s− 1)m < r ≤ (t− s)mé,
 0 ≤ s ≤ t− 1.du dimFq

(⋂s
h=1 W̃h

)
=

(t−s)m,aqu e = t�N = 1��/,éHr ∈
[
FtQ
r

]
÷v

⋂s+1
h=1 W̃h ⊂ H̃r ⊂

⋂s
h=1 W̃h,

N(Hr)�����.Ïd, H̃r /X

H̃r =


{0} × · · · × {0}︸ ︷︷ ︸

s

× T
s+1
× FQ

s+2

× · · · × FQ
t

XJ 0 ≤ s ≤ t− 2,

{0} × · · · × {0}︸ ︷︷ ︸
s

× T
s+1

XJ s = t− 1.

Ù¥ T ´ FQ��� r − (t− s− 1)m-� Fq-f�m.

XJ 0 ≤ s ≤ t − 2, N´�y w̃1 = · · · = w̃s = r, w̃s+1 = (t − s − 1)m �

w̃s+2 = · · · = w̃t = r −m.é t+ 1 ≤ h ≤ e, w̃h´÷v

λh,s+1ys+1 + λh,s+2ys+2 + · · ·+ λh,tyt = 0

�f�m (ys+1, . . . , yt) � Fq-�ê, Ù¥ ys+1 ∈ T � ys+2, . . . , yt ∈ FQ. du ∀h, i,

λh,i 6= 0,´� w̃h = r −mé t+ 1 ≤ h ≤ e.Ïdù� Hr ��z
∑e

h=1 q
w̃h ,����

e∑
h=1

qw̃h = sqr + q(t−s−1)m + (e− s− 1)qr−m.

XJ s = t−1,·��� w̃1 = · · · = w̃s = r� w̃s+1 = 0.Ïdé?¿ s+2 ≤ h ≤ e,
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dØ�ª 0 ≤ w̃h ≤ w̃s+1, ·�k w̃h = 0 é s + 2 ≤ h ≤ e. ½=, ù� Hr ��

z
∑e

h=1 q
w̃h ,����

e∑
h=1

qw̃h = sqr + e− s.

���O���¤y².

3.3.10 o(

2ÂÇ²þ´�5è�Ä�ëê.2ÂÇ²þ�¹
�5è�(�&E¿3

éõA^¥�x
�5è�Ly.,,�5è�2ÂÇ²þ�O���ó´(

J�.3�!¥,·�ïÄ
©z [295] JÑ��a��Ì�è�2ÂÇ²þ¿3,


�¹e�Ñ
þ©�.ù�ÏLò©z [297] �g�ÿÐ�p�¿|^�
|Ü�

E|¢y.��5¿�´ù
Ì�èk?¿õ��":.

�!¥�Ä�è´pÝ(�z�,ù¦�þ©��O�¤��U.·�ïÄ


N ∈ {1, 2}��/�d?æ^��{éïÄ��� N ½k�Ï.·��Ñ� N = 1,

Nõèkü��"þ�éóè�4�ål���n.·�¯¢þ±©z [36] JÑ�

�ª�E
éõr�Kã.
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4 |Ü�O��E

4.1 y©ª�x���Ú��|Ü�E

4.1.1 Úó

- (G,+)��� v ����+.- F = {Di | 0 ≤ i ≤ l − 1}� G��xf8,

∆Di ���õ8 {a − b|a, b ∈ Di, a 6= b}. F �¡�´���x (difference family),

XJ+ G �z��"�3õ8�¿
⋃l−1
i=0 ∆Di ¥TÐÑy λ g. - K �õ8

{|Di| | 0 ≤ i ≤ l − 1}. ·�¡ F ´�� (G,K, λ)-DF. ?�Ú, XJ G ´�� v �

�Ì�+, ·�P F ��� (v,K, λ)-DF. - F ��� (G,K, λ)-DF, XJ F ���

/¤ G ���y©, @o F �¡���y©ª�x (partitioned difference family),

¿P��� (G,K, λ)-PDF. ±e, ·�|^��“�êª”ÎÒ£ãõ8 K: ��

(G, [ku11 k
u2
2 . . . kuss ], λ)-DF´���x,Ù¥k ui���� ki�f8Ü, 1 ≤ i ≤ s.

y©ª�x3©z [85] ¥�²(Ú\,^±�E�`�~EÜè.§3õ«|

Ü��E¥u�
��^,�)�`~è [278,309],�`~EÜè [33,80,84,303,309],�

`aªS� [82,86,117,278] Ú�`8Ü�X [33,81,84,279,303,309].¯¢þ,y©ª�x®²Û¹

3ïÄ�x�©z¥ [287].�C,y©ª�x3"�²ï¼ê (zero-difference balanced

functions)�¶ÂeÉ�
8¥�ïÄ [33,80,83,84,278,303,309].- f �l����+ (G,+)

�,����+ (H,+)�¼ê,Ù¥ |G| = n, |f(G)| = l. f ´�� (n, l, λ)"�²ï

¼ê,XJé?¿� a ∈ G \ {0},·�k

|{x ∈ G|f(x+ a)− f(x) = 0}| = λ

é,�~ê λ¤á.±e½n`²y©ª�xÚ"�²ï¼ê´�d�.

½n 4.1 (½n 1 [309])µ- (G,+)Ú (H,+)�ü���+,Ù¥ |G| = n.- f ���

l G� H �¼ê÷v f(G) = {h0, h1, . . . , hl−1}.é 0 ≤ i ≤ l − 1,P Di = {x ∈ G |

f(x) = hi}.@o f ´�� (n, l, λ)"�²ï¼ê��=� F = {Di | 0 ≤ i ≤ l− 1}´

�� (G,K, λ)-PDF,Ù¥ K ´õ8 {|Di| | 0 ≤ i ≤ l − 1}.
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8c®²kéõ�{�Ey©ª�x.1�«´Äu©���{.|^k��þ

�²;©�,y©ª�x3Wilson [287] �ó�¥®��EÑ5.ù´�X��YïÄ

�Þ [46,279,298]. Yin�< [298] JÑ
��|©��{?U
Wilson��E¿��


#�y©ª�x.ù�g�3 [279] ¥�í2,¿�Ñ
y©ª�x�ü�48�E.�

C,A�ÄuÌ�+ [33,84,303] Úk����Ú [84] þ�2Â©���E�JÑ.1��

�{Äuk��þ�,¼ê.ù��{3©z [80] ¥JÑ,?�Ú�*ÐÚ?U�)3

©z [83,117,278,309] ¥.d	,�
AÛ�EÛ¹3©z [110,116] ¥.�aAÏ�y©ª�x

3©z [111] ¥±Ø��x���8 (complete sets of disjoint difference families)�¶Â

��ïÄ.3©z [81] ¥,y©ª�xdp��5Ý¼êÚäkn�g�'�n�S�

��.3©z [32] y²
÷v K = [km(k − 1)1]�y©ª�x�±d 1-^=�©Ø�

�«|�O (1-rotational resolvable balanced incomplete block designs)�x,¿��
�

X�ù��y©ª�x.���9î�Ø��x (strictly disjoint difference family)��

E��JÑ.��y©ª�x9ÙA^���nã,�ë�©z [83].

·�ò�Äl|Ü��Ý�E�y©�x. ·�Ú\��y©ª�é�x

(partitioned relative difference family) �Vg, ��·��E�Ø%. Äud, ·��

�
y©ª�x������48�E. ��¡, ù��E�Äu©���X��

E [33,84,303] Jø
��Ú��)º.,��¡,ù��E�Ñ
Nõ#�y©ª�x.

d	,ù��E�±À�©z [32] ½n 6.2Ú©z [279] �E 5.2���í2.�?�Ú,

ÏL*Ðy©ª�é�x�Vg,·�JÑ
������48�E,��
y©ª

�x��#�Ã¡a.

4.1.2 �
®��E�£�

3��!¥, ·�ò£��
®��y©ª�x��E. ù
�Eò3�e5

�48�E¥u��^.·�ÄkÚ\�
PÒ.- q ����ê�.·�^ F+
q P

k�� Fq �\{+. � n ��ê��P� Zn. �ê a1, a2, . . . , al ���úÏf�

P� gcd(a1, a2, . . . , al).éü���ê bÚ n, ordn(b)´�����ê c¦� bc ≡ 1

(mod n).�!¥,z�8Ü�¿�À�õ8�¿.��õ8 A� µ�E��¿�

P� Aµ.
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4.1.2.1 Wilson�E

·�£ã|^k���©��Wilson�EÚ§3�ê��Ì�+þ���aq

�E.

·K 4.1 (©z [287])µ- q����ê�� q−1 = ef .ék�� Fq,- Ci, 0 ≤ i ≤ e−1

� e��©��8.@o F = {{0}, C0, C1, . . . , Ce−1}´�� (F+
q , [f

e11], f − 1)-PDF.

��aq��E�3�ê���Ì�+þ��.

·K 4.2µ- p����ê, n�����ê.- b� Zpn �����÷v ordpn(b) = f

� gcd(bj − 1, p) = 1 éz� 1 ≤ j ≤ f − 1 ¤á. @o Zpn \ {0} ��y©�
pn−1
f
� b-©��8 Bi, 1 ≤ i ≤ pn−1

f
. �?�Ú, F = {{0}, B1, . . . , B pn−1

f
} ´��

(pn, [f
pn−1
f 11], f − 1)-PDF.

y². du ordpn(b) = f � gcd(bj−1, p) = 1é 1 ≤ j ≤ f −1¤á,z� b-©��8/

X {x, bx, . . . , bf−1x},Ù¥ x ∈ Zpn \ {0}.�Iy²?¿� a ∈ Zpn \ {0},3 ∪
pn−1
f

i=1 ∆Bi

¥TÐÑy f − 1g.Ï,·��Ä±e f − 1��§�)�o�ê:

a ≡ bjx− x (mod pn), 1 ≤ j ≤ f − 1.

éz� 1 ≤ j ≤ f − 1,du gcd(bj − 1, p) = 1,TÐ�3��) x.Ï)�o�ê´

f − 1.

4.1.2.2 Wilson�E�C/

�
Wilson�E�C/3©z [298] ¥JÑ¿3©z [279] ¥��?�Úí2.·�

=�Ñ©z [279]¥�±e(J.

·K 4.3µ 1) - q = 25 + 4b2½ q = 49 + 4b2����ê�÷v b�Ûê.@o�3

�� (F+
q , [2

q−1
4 ( q−1

4
)1( q+3

4
)1], q+3

8
)-PDF.

2) - q = 1 + 8b2 = 9 + 64c2 ����ê�÷v b, c �Ûê. @o�3��

(F+
q , [2

3b2(b2)1(b2 + 1)1], 2c2 + 1)-PDF.
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3) - q = 4 + b2����ê�÷v b ≡ 1 (mod 4).@o�3��

(F+
q , [(

q−1
4

)1( q+3
4

)1( q−1
2

)1], 3q−7
8

)-PDF.

4) - q = 9 + 4b2����ê�÷v b�óê.@o�3��

(F+
q , [(

q−1
4

)2( q+1
2

)1], 3q−3
8

)-PDF.

4.1.3 �
AÛ�E

·�£ãü�Û¹3©z¥�y©ª�x�AÛ�E.1���E|^
��A

Û.

·K 4.4 (Ún 3.2 [110])µ- n ≥ 2� 1 ≤ t < n.��AÛ AG(n, q)�:8��À�

Zqn−1∪{∞}.AG(n, q)¥¤k� t-²¡��y©�²1a.-F �Zqn−1∪{∞}��x

f8,�¹
��²1ap� qn−t � t-²¡.5¿� F Tk��f8�¹:∞.ò:

∞dù�f8¥íØ,·�k�x#�f8 F ′,´�� (qn− 1, [(qt)s(qt− 1)1], qt− 1)-

PDF,Ù¥ s = qn−t − 1.

±e��E�O�KAÛ.

·K 4.5 (½n 3.1 [116])µ- n ≥ 2.�KAÛ PG(n, q)�:8��À� Z qn+1−1
q−1

.�3
qn−1
q−1
^��li, 0 ≤ i < qn−1

q−1
²L���½: a.-F = {li\{a} | 0 ≤ i < qn−1

q−1
}∪{{a}}.

@o F ´�� ( q
n+1−1
q−1

, [qs11], q − 1)-PDFÙ¥ s = qn−1
q−1

.

4.1.4 �Ý
Úy©ª�é�x

��!¥,·�Ú\ü�å��^�|Ü�..1��´�Ý
.

- (G,+)����� g���+.�� (G, k;λ)�Ý
 (difference matrix)´��

k × gλ�d G¥���¤�Ý
 D = (dij),÷véz� 1 ≤ i < j ≤ k,��õ8

{dil − djl | 1 ≤ l ≤ gλ}�¹ G�z���TÐ λg.

·�P�� (G, k;λ) �Ý
��� (G, k;λ)-DM. �?�Ú, XJ G = Zv, ·

�P���� (v, k;λ)-DM.XJ�� (G, k;λ)-DM�3, K��÷v 2 ≤ k′ < k �

(G, k′;λ)-DM�3.

±e´'u�Ý
��
(J.

·K 4.6µ 1) (½n 17.6 [64])��k�� Fq �¦{L´�� (F+
q , q; 1)-DM.
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2) (½n 17.18 [64])- G��� g�?¿+.@o�3�� (G, p; 1)-DMÙ¥ p´�

Ø g����ê.

3) (íØ 2.3 [31])- G = F+
q1
× · · · × F+

qn Ð���+��È,- k = min{qi | 1 ≤ i ≤

n}.@o�3�� (G, k; 1)-DM.

4) (½n 2.1 [31]) - R = (G,+, ·) ����, - I � G ��� k-f8÷v I ¥?

¿�"�´ R ���ü . @oÝ
 M = (mig)i∈I,g∈G, Ù¥ aig = i · g, ´�

�(G, k; 1)-DM.

�� (G, k; 1)-DM´à5� (homogeneous),XJz�1´ G¥�����ü�.

XJ�� (G, k; 1)-DM�¹��� 01,@oÙ{�1/¤�� (G, k − 1; 1)-DM,�

�½,.Ï,�� (G, k; 1)-DM�du��à5� (G, k − 1; 1)-DM.

Ùg§·�Ú\y©ª�é�x�Vg.

½Â 4.1µ- (G,+)�����+, N �G���f+.- F = {Di | 0 ≤ i ≤ l−1}�

G��xf8. F �¡��� (G,N,K, λ)�é�x (relative difference family)XJz

�G \N ���3
⋃l−1
i=0 ∆Di¥TÐÑy λg�z�N ¥��Ñy 0g,Ù¥K �õ

8 {|Di| | 0 ≤ i ≤ l − 1}.?�Ú,XJ F ¥�f8 G \N ���y©,@o F �¡

�y©ª�é�x (partitioned relative difference family),P��� (G,N,K, λ)-PRDF.

±þ½Â¥�f+ N �¡�B�f+ (forbidden subgroup).� G´��Ì�f

+ Zv, N ´���� n�f+,�� (G,N,K, λ)-PRDF��P� (v, n,K, λ)-PRDF.

±e,·��Ñ�a3�e5�E¥ò�^��y©ª�é�x.

·K 4.7 (1703 � [116])µ�KAÛ PG(2t + 1, q) �:8��À� Z q2t+2−1
q−1

. §�¹�

�/X S = {0, s, 2s, . . . , (k − 1)s} � t-²¡ S, Ù¥ s = qt+1 + 1, k = qt+1−1
q−1

. - La

�PG(2t + 1, q)²L���½: a ∈ S ���8Ü.- L(S)��¹3 S ¥���8

Ü.@o

F = {{l \ {a}} | l ∈ La \ L(S)}

´�� ( q
2t+2−1
q−1

, q
t+1−1
q−1

, [q
qt(qt+1−1)

q−1 ], q − 1)-PRDF.
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4.1.5 y©ª�x���Ú��48�E

��!¥,·�ly©ª�é�x��Ý�Äy©ª�x��E.·�JÑü�

å��^�y©ª�é�x��E.�äN�,·�k±e�y©ª�é�x�)

ä�E,Ù¥à5��Ý
´'����.

�E 4.1 ()ä�E)µb��3�� (G,N,K, λ)-PRDF.XJÓ��3�� (W,k∗; 1)-

DM÷v k∗ = max{k | k ∈ K},@o�3�� (G×W,N ×W,K |W |, λ)-PRDF.

y². - F ��� (G,N,K, λ)-PRDF�M = (mij), 1 ≤ i ≤ k∗, 1 ≤ j ≤ |W |���

à5� (W,k∗; 1)-DM.z�f8 {b1, . . . , bk} ∈ F éAu |W |�/X

{(b1,m1j), . . . , (bk,mkj)}, 1 ≤ j ≤ |W |

�f8.b� F ′d¤kù
f8�¤,=,

F ′ = {{(b1,m1j), . . . , (bk,mkj)} | 1 ≤ j ≤ |W |, {b1, . . . , bk} ∈ F}.

du F �f8/¤ G \N ���y©�M ´à5�, F ′�f8/¤ (G \N)×W �

��y©.N´�y F ′´�� (G×W,N ×W,K |W |, λ)-PRDF.

Ùg§·�k±e�y©ª�é�x�EÜ�E.

�E 4.2 (EÜ�E)µb��3�� (G,H,K1, λ)-PRDFÚ�� (H,U, K2, λ)-PRDF.

@o�3�� (G,U,K1 ∪K2, λ)-PRDF.

y². - F1��� (G,H,K1, λ)-PRDF� F2��� (H,U,K2, λ)-PRDF.d½Â´�

F1 ∪ F2´�� (G,U,K1 ∪K2, λ)-PRDF.

·�����Ñ±eíØ.

íØ 4.1µb��3�� (G,H,K1, λ)-PRDF Ú�� (H,K2, λ)-PDF. @o�3��

(G,K1 ∪K2, λ)-PDF.

±e·�£ãy©ª�x�48�E.
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�E 4.3 (Ì��E)µb�±e��3:

1. �� (G,N,K1, λ)-PRDF;

2. ��à5� (W,k∗; 1)-DM÷v k∗ = max{k | k ∈ K1};

3. �� (N ×W,K2, λ)-PDF.

@o�3�� (G×W,K |W |1 ∪K2, λ)-PDF.

y². b��3�� (G,N,K1, λ)-PRDFÚ��à5� (W,k∗; 1)-DM.A^)ä�E,

·����� (G ×W,N ×W,K |W |1 , λ)-PRDF.5¿��3�� (N ×W,K2, λ)-PDF.

díØ 4.1,·�k�� (G×W,K |W |1 ∪K2, λ)-PDF.

5µ±þ½ní2
©z [32]�½n 6.2Ú©z [279]��E 5.2¥�48�E.

Ì��EJøy©ª�x�E����~���µe.§�A�|^©��y©

ª�x��E [33,84,303] Jø
��Ú��)º.ù
|^©���E�À�Ì��E

�AÏ�¹.�äN/,±eíØ�©z [33] ½n 1¥|^2Â©���EJø
��

{ü�)º (,k��{ü�£ã�©z [303]�E 1).

íØ 4.2µ- v ���©)� v =
∏l

i=1 p
mi
i ���ê. b� f | gcd(p1 − 1, p2 −

1, . . . , pl − 1).@o�3�� (v, [f
v−1
f 11], f − 1)-PDF.

y². - b1 ∈ Zpm1
1
÷v ordpm1

1
(b1) = f � gcd(bi1 − 1, p1) = 1éz� 1 ≤ i ≤ f − 1¤

á.d·K 4.2,�3�� (Zpm1
1
, {0}, [f

p
m1
1 −1

f ], f − 1)-PRDF F1 = {Bj | 1 ≤ j ≤ p
m1
1 −1

f
},

Ù¥z� Bj ´�� b1-©��8. d·K 4.6 � 2), �3��à5� (Zpm2
2
, f ; 1)-

DM M . AO/, ·��±U±e�{À� M . - b2 ∈ Zpm2
2
÷v ordpm2

2
(b2) = f �

gcd(bi2− 1, p2) = 1éz� 1 ≤ i ≤ f − 1¤á.^�� {1, b2, . . . , b
f−1
2 }IPM �1,^

Zpm2
2
���IP�.b�M ´þã1Ú��IPéA�¦{L.@od·K 4.6� 4),

M ´��à5� (Zpm2
2
, f ; 1)-DM.d	,d·K 4.2,�3�� (Zpm2

2
, [f

p
m2
2 −1

f 11], f − 1)-

PDF. |^Ì��E, ·����� (Zpm1
1 p

m2
2
, [f

p
m1
1 p

m2
2 −1

f 11], f − 1)-PDF F2. 5¿�

F2 \ {{0}}´�� (Zpm1
1 p

m2
2
, {0}, [f

p
m1
1 p

m2
2 −1

f ], f − 1)-PRDF.Eù�Ú½,·��ª�

��� (Zv, [f
v−1
f 11], f − 1)-PDF.ù�´©z [33] ½n 1Ú©z [303] �E 1¤���y

©ª�x.
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���/,·��±?�Úí2±þ�íØ.

½n 4.2µé 1 ≤ j ≤ t, - vj ���©)� vj =
∏lj

i=1 p
mji
ji ���ê. b�éz�

1 ≤ j ≤ t, f | gcd(pj1 − 1, pj2 − 1, . . . , pjlj − 1).@o�3�� (G, [f
v−1
f 11], f − 1)-PDF,

Ù¥ G = Zv1 × · · · × Zvt � v =
∏t

j=1 vj .

y². díØ 4.2��3�� (Zv1 , {0}, [f
v1−1
f ], f−1)-PRDFÚ�� ({0}×Zv2 , [f

v2−1
f 11],

f − 1)-PDF. |^·K 4.6 � 2), ·�k��à5� (v2, f ; 1)-DM. A^Ì��E, ·

�k�� (Zv1 × Zv2 , [f
v1v2−1

f 11], f − 1)-PDF. Eù�Ú½, ·��ª����

(G, [f
v−1
f 11], f − 1)-PDF.

aq/,·��±�©z [84] ½n 1¥|^2Â©���EJø
��{ü�)

º.

íØ 4.3µ- q1, q2, . . . , ql��ê�� f | gcd(q1−1, q2−1, . . . , ql−1).b� q =
∏l

i=1 qi,

qi = eif+1, 1 ≤ i ≤ l�G = F+
q1
×F+

q2
×· · ·×F+

ql
.@o�3�� (G, [f

q−1
f 11], f−1)-PDF.

y². ·�^ Cei
j , 0 ≤ j ≤ ei − 1 P Fqi þ�� ei �©�a. d·K 4.1, �3��

(F+
q1
, {0}, [f

q1−1
f ], f − 1)-PRDF F1 = {Ce1

j | 0 ≤ j ≤ e1 − 1}. d·K 4.6 � 1), �3

��à5� (F+
q2
, f ; 1)-DM M . AO/, ·��±^±e��ªÀ� M . ^ Ce2

0 ��

�IP M �1, ^ Fq2 ���IP�. b� M ´þã1Ú��IPéA�¦{L.

@od·K 4.6 � 4), M ´��à5� (F+
q2
, f ; 1)-DM. d	, d·K 4.1, �3��

(F+
q2
, [f

q2−1
f 11], f − 1)-PDF.|^Ì��E,·����� (F+

q1
× F+

q2
, [f

q1q2−1
f 11], f − 1)-

PDF F2.5¿� F2 \ {{(0, 0)}}´�� (F+
q1
× F+

q2
, {(0, 0)}, [f

q1q2−1
f ], f − 1)-PRDF.E

ù�Ú½,·��ª���� (G, [f
q−1
f 11], f − 1)-PDF.ù�´©z [84]½n 1¤���

y©ª�x.

5µ¯¢þ,©z [84] ½n 1¥�b�
¤k�ê� qi ´üüØÓ�.ù�b�´

õ{�.AO/,� l = 2� q1, q2��Ó��ê,·�#��
©z [303] ½n 2�E

�y©ª�x.

y3·��ÑAadÌ��E�Ñ�#�y©ª�x. é?¿ k ≥ 2, 8Ü

D = {1, . . . , k} ⊂ Zk+1´��²�� (k+ 1, 1, [k1], k− 1)-PRDF.dù�y©ª�é�

xÑu,·�k±e��E.
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½n 4.3µ- k �����ê÷v k ≥ 2. é 1 ≤ j ≤ t, - vj ���©)� vj =∏lj
i=1 p

mji
ji ���ê.b�éz� 1 ≤ j ≤ t, k | gcd(pj1 − 1, pj2 − 1, . . . , pjlj − 1).@o

�3�� (Zk+1 ×G, [kv+ v−1
k 11], k − 1)-PDF,Ù¥ G = Zv1 × · · · × Zvt � v =

∏t
j=1 vj .

y². 5¿� D = {1, . . . , k} ⊂ Zk+1 ´�� (k + 1, 1, [k1], k − 1)-PRDF. du k |

gcd(pj1 − 1, pj2 − 1, . . . , pjlj − 1)éz� 1 ≤ j ≤ t¤á,d·K 4.6� 2),�3��à

5� (G, k; 1)-DM.�?�Ú,díØ 4.2,�3�� ({0} × G, [k v−1
k 11], k − 1)-PDF.A

^Ì��E,·�k�� (Zk+1 ×G, [kv+ v−1
k 11], k − 1)-PDF.

½n 4.4µ- k�����ê÷v k ≥ 2.-G = F+
p
s1
1
×F+

p
s2
2
×· · ·×F+

p
sl
l

� v =
∏l

i=1 p
si
i .

b� k | psii − 1éz� 1 ≤ i ≤ l¤á.@o�3�� (Zk+1×G, [kv+ v−1
k 11], k− 1)-PDF.

y². 5¿�D = {1, . . . , k} ⊂ Zk+1´�� (k+1, 1, [k1], k−1)-PRDF.du k | psii −1

éz� 1 ≤ i ≤ l ¤á, d·K 4.6 � 3),�3��à5� (G, k; 1)-DM. �?�Ú,

díØ 4.3, �3�� ({0} × G, [k
v−1
k 11], k − 1)-PDF. |^Ì��E, ·�k��

(Zk+1 ×G, [kv+ v−1
k 11], k − 1)-PDF.

- q����ê�� n ≥ 2.·K 4.5�Ñ�y©ª�xg,�Ñ�� ( q
n+1−1
q−1

, 1,

[qs], q − 1)-PRDF,Ù¥ s = qn−1
q−1

.lù�y©ª�é�xÑu,·��±^aqcü�

½n��{��±e�½n.

½n 4.5µ- q����ê�� n ≥ 2.é 1 ≤ j ≤ t,- vj ���©)� vj =
∏lj

i=1 p
mji
ji

���ê.b�éz� 1 ≤ j ≤ t, q | gcd(pj1 − 1, pj2 − 1, . . . , pjlj − 1).@o�3��

(Z qn+1−1
q−1

×G, [qs11], q−1)-PDF÷vG = Zv1×· · ·×Zvt , v =
∏t

j=1 vj� s = qn−1
q−1

v + v−1
q

.

½n 4.6µ- q����ê�� n ≥ 2.- v =
∏l

i=1 p
si
i � G = F+

p
s1
1
× F+

p
s2
2
× · · · × F+

p
sl
l

.

b� q | psii − 1 é 1 ≤ i ≤ l. @o�3�� (Z qn+1−1
q−1

× G, [qs11], q − 1)-PDF ÷v

s = qn−1
q−1

v + v−1
q

.

5¿��c�E¥�9�Ð©�y©ª�é�x3B�f+�¿Âe´²��.

�e5,·�JÑ��d·K 4.7¥�²��y©ª�é�xÑu��E.

½n 4.7µ- q ����ê�. é 1 ≤ j ≤ t, - vj ���©)� vj =
∏lj

i=1 p
mji
ji

���ê. b�éz� 1 ≤ j ≤ t, q | gcd(pj1 − 1, pj2 − 1, . . . , pjlj − 1). @o�
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3�� (Z q4−1
q−1

× G, [qs11], q − 1)-PDF, Ù¥ G = Zv1 × · · · × Zvt , v =
∏t

j=1 vj �

s = q(q + 1)v + v + v−1
q

.

y². �½���ê� q,3·K 4.7¥- t = 1,·�k�� ( q
4−1
q−1

, q+1, [qq(q+1)], q−1)-

PRDF.duéz� 1 ≤ j ≤ t, q | gcd(pj1−1, pj2−1, . . . , pjlj−1),@od·K 4.6� 2),�

3��à5� (G, q; 1)-DM.?�Ú,d½n 4.3,�3�� (Zq+1×G, [qv+ v−1
q 11], q− 1)-

PDF.|^Ì��E,·�k�� (Z q4−1
q−1

× G, [qs11], q − 1)-PDF÷v s = q(q + 1)v +

v + v−1
q

.

aq/,·�k±e�½n.

½n 4.8µ- q ����ê�. - v =
∏l

i=1 p
si
i � G = F+

p
s1
1
× F+

p
s2
2
× · · · × F+

p
sl
l

. b�

q | psii − 1éz� 1 ≤ i ≤ l ¤á.@o�3�� (Z q4−1
q−1

× G, [qs11], q − 1)-PDF÷v

s = q(q + 1)v + v + v−1
q

.

5µ5¿�½n 4.7 (½½n 4.8)¥�y©ª�x�ëê®�½n 4.5 (½½n 4.6)C

X.·��,�Ñ½n 4.7Ú½n 4.85`²�²��y©ª�é�x3�Ey©ª

�x¥��^.

��,·�ò·K 4.3�y©ª�xA^uÌ��E,�ÑAa#�y©ª�x.

duy²´���,·�3dÑ�.

½n 4.9µé 1 ≤ j ≤ t, - vj ���©)� vj =
∏lj

i=1 p
mji
ji ���ê. - G =

Zv1 × · · · × Zvt � v =
∏t

j=1 vj .

1) - q = 25 + 4b2 ½ q = 49 + 4b2 ����ê�÷v b ´��Ûê. b�

éz� 1 ≤ j ≤ t, q+11
8
| gcd(pj1 − 1, pj2 − 1, . . . , pjlj − 1). @o�3��

(G× F+
q , [(

q+11
8

)s2
q−1
4 ( q−1

4
)1( q+3

4
)1], q+3

8
)-PDF,Ù¥ s = 8q(v−1)

q+11
.

2) - q = 1 + 8b2 = 9 + 64c2 ����ê�÷v b, c´Ûê.b�éz� 1 ≤ j ≤ t,

2c2 + 2 | gcd(pj1 − 1, pj2 − 1, . . . , pjlj − 1).@o�3��

(G× F+
q , [(2c

2 + 2)s23b2(b2)1(b2 + 1)1], 2c2 + 1)-PDF,Ù¥ s = q(v−1)
2c2+2

.

3) - q = 4 + b2 ����ê�÷v b ≡ 1 (mod 4). b�éz� 1 ≤ j ≤ t,
3q+1

8
| gcd(pj1 − 1, pj2 − 1, . . . , pjlj − 1).@o�3��

(G× F+
q , [(

3q+1
8

)s( q−1
4

)1 ( q+3
4

)1( q−1
2

)1], 3q−7
8

)-PDF,Ù¥ s = 8q(v−1)
3q+1

.
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4) - q = 9 + 4b2 ����ê�÷v b´��óê.b�éz� 1 ≤ j ≤ t, 3q+5
8
|

gcd(pj1−1, pj2−1, . . . , pjlj−1).@o�3�� (G×F+
q , [(

3q+5
8

)s( q−1
4

)2( q+1
2

)1], 3q−3
8

)-

PDF,Ù¥ s = 8q(v−1)
3q+5

.

½n 4.10µ- p1, . . . , pl��ê.- v =
∏l

i=1 p
si
i � G = F+

p
s1
1
× F+

p
s2
2
× · · · × F+

p
sl
l

.

1) - q = 25+4b2½ q = 49+4b2����ê�÷v b´��Ûê.b� q+11
8
| psii −1

éz� 1 ≤ i ≤ l ¤á.@o�3�� (G × F+
q , [(

q+11
8

)s2
q−1
4 ( q−1

4
)1 ( q+3

4
)1], q+3

8
)-

PDF,Ù¥ s = 8q(v−1)
q+11

.

2) - q = 1+8b2 = 9+64c2����ê�÷v b, c´Ûê.b� 2c2 +2 | psii −1éz

� 1 ≤ i ≤ l¤á.@o�3�� (G×F+
q , [(2c

2+2)s23b2(b2)1(b2+1)1], 2c2+1)-PDF,

Ù¥ s = q(v−1)
2c2+2

.

3) - q = 4 + b2 ����ê�÷v b ≡ 1 (mod 4). b� 3q+1
8
| psii − 1 éz�

1 ≤ i ≤ l¤á.@o�3�� (G× F+
q , [(

3q+1
8

)s( q−1
4

)1( q+3
4

)1( q−1
2

)1], 3q−7
8

)-PDF,Ù

¥ s = 8q(v−1)
3q+1

.

4) - q = 9 + 4b2 ����ê�÷v b ´��óê. b� 3q+5
8
| psii − 1 éz�

1 ≤ i ≤ l ¤á. @o�3�� (G × F+
q , [(

3q+5
8

)s( q−1
4

)2( q+1
2

)1], 3q−3
8

)-PDF, Ù¥

s = 8q(v−1)
3q+5

.

4.1.6 ������48�E

��!�8I´í2þ�!¥�Ì��E.ù�í2Äu±eü:.Äk,·�ò

y©ª�é�x�Vgí2��k�L���B�f+.Ùg,348�E¥,·�ò

^�É��Ý
5���Ý
.

·�Äk0�������y©ª�é�x�Vg.- (G,+)��� v ���

+.- H1, H2, . . . , Hn Ú U � G� (n + 1)�ØÓ�f+,é?¿� 1 ≤ i < j ≤ n÷

v Hi ∩Hj = U .�� (G;H1, H2, . . . , Hn;U,K, λ)y©ª�é�x (partitioned relative

difference family)´ G��xf8 F = {Di | 0 ≤ i ≤ l − 1},Ù¥ K = {|Di| | 0 ≤ i <

l}�÷v±eü�^�:

1. G \ (∪ni=1Hi)�z���3õ8�¿
⋃l−1
i=0 ∆Di ¥TÐÑy λg,Ù¥ ∪ni=1Hi

�z���ØÑy;
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2. {Di | 0 ≤ i ≤ l − 1}/¤ G \ (∪ni=1Hi)���y©.

5¿�� n = 1,�� (G;H1;U,K, λ)-PRDF=´�c½Â��� (G,H1, K, λ)-PRDF.

Ùg,·��Ñ�É��Ý
�½Â.- G����� g���+� S � G��

��� s�f+.�� Gþ�'u S ��É��Ý
 (holey difference matrix)´��

k × (g − s)Ý
 D = (dij), dij ∈ G,÷v� {drj − dtj | 1 ≤ j ≤ g − s}H{ G \ S �

¤k��,Ù¥ 1 ≤ r < t ≤ k. D�P��� (G,S, k; 1)-HDM.XJ Dz�1���

H{ G \ S �¤k��,·�¡ D ���à5� (homogeneous) (G,S, k; 1)-HDM.�

S = ∅,�� (G,S, k; 1)-HDM=´�� (G, k; 1)-DM.XJ�� (G,S, k; 1)-HDM�¹

��� 01,@oÙ{�1/¤��à5� (G,S, k − 1; 1)-HDM,��½,.

±e·�£ãy©ª�é�x���)ä�EÚ��48�E.§�©Oí2


�E 4.1Ú�E 4.2.Äk·�k±e|^�É�Ý
�)ä�E.

�E 4.4 ()ä�E)µb��3�� (G,H,K, λ)-PRDF. XJ�3�� (W,S, k∗; 1)-

HDM ÷v k∗ = max{k | k ∈ K}, @o�3�� (G × W ;G × S,H × W ;H ×

S,K |W\S|, λ)-PRDF.

y². - F ��� (G,H,K, λ)-PRDF�M = (mij), 1 ≤ i ≤ k∗, 1 ≤ j ≤ |W \ S|��

�à5� (W,S, k∗; 1)-HDM.z�f8 {b1, . . . , bk} ∈ F éAu±e/ª� |W \ S|�

8Ü

{(b1,m1j), . . . , (bk,mkj)}, 1 ≤ j ≤ |W \ S|.

b� F ′d¤kù
f8�¤,=,

F ′ = {{(b1,m1j), . . . , (bk,mkj)} | 1 ≤ j ≤ |W \ S|, {b1, . . . , bk} ∈ F}.

du F �f8/¤ G \ H ���y©�M ´W þ�éu S ���à5��É�

Ý
, F ′ �f8/¤ (G ×W ) \ ((G × S) ∪ (H ×W )) ���y©. ´� F ′ ´��

(G×W ;G× S,H ×W ;H × S,K |W\S|, λ)-PRDF.

Ùg,·�k±e�EÜ�E.

�E 4.5 (EÜ�E)µb�n´����ê.b��3�� (G;H1, H2, . . . , Hn;U,K, λ)-

PRDF. b� t ÷v 1 ≤ t ≤ n±9éz� 1 ≤ i ≤ t, �3�� (Hi, U,Ki, λ)-
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PRDF. XJ t ≤ n − 1, @o�3�� (G;Ht+1, Ht+2, . . . , Hn;U,K ′, λ)-PRDF ÷v

K ′ = K
⋃

(∪ti=1Ki). AO/, XJ t = n, @o�3�� (G,U,K ′, λ)-PRDF ÷v

K ′ = K
⋃

(∪ni=1Ki).

y². - F ��½� (G;H1, H2, . . . , Hn;U,K, λ)-PRDF. éz� 1 ≤ i ≤ t, - Fi �

��(Hi, U,Ki, λ)-PRDF. ´� F
⋃

(∪ti=1Fi) ´�� (G;Ht+1, Ht+2, . . . , Hn; U,K ′, λ)-

PRDF÷v K ′ = K
⋃

(∪ti=1Ki).� t = n, F
⋃

(∪ni=1Fi)´�� (G,U,K ′, λ)-PRDF,Ù

¥ K ′ = K
⋃

(∪ni=1Ki).

(Ü±þü��E,·�k±e�Ì��E�í2.

�E 4.6 (Ì��E�í2)µb�k±e��3:

1. �� (G,H,K1, λ)-PRDF;

2. ��à5� (W,S, k∗; 1)-HDM÷v k∗ = max{k | k ∈ K1};

3. �� (G× S,H × S,K2, λ)-PRDF;

4. �� (H ×W,K3, λ)-PDF.

@o�3�� (G×W,K, λ)-PDF÷v K = K
|W\S|
1 ∪K2 ∪K3.

y². - F ��� (G,H,K1, λ)-PRDF� D���à5� (W,S, k∗; 1)-HDM.d�E

4.4,·�k�� (G×W ;G× S,H ×W ;H × S,K |W\S|, λ)-PRDF F1.5¿��3��

(G×S,H×S,K2, λ)-PRDFF2Ú�� (H×W,K3, λ)-PDFF3.d�E 4.5, F1∪F2∪F3

´�� (G×W,K, λ)-PDF÷v K = K
|W\S|
1 ∪K2 ∪K3.

±e,·�|^±þ�E�Ñy©ª�x���Ã¡a.��O�,·�k±e�

½Â.�½ü���ê k Ú n,��î��O (transversal design)´��÷v±e^�

�n�| (X,G,B) :

1. X ´���¹ kn��� (¡�:)�8Ü;

2. G ´���¹ X � n-f8 (¡�|)�8Ü,ù
 n-f8y©
 X;

3. B´���¹ X �f8 (¡�«|)�8Ü.z�«|�z�|TÐ��u��

:,¦�5gØÓ|�ü�:TÐÑy3 B���«|¥.

122



|Ü�O��E

±þ�î��O�P��� TD(k, n).d½Â� TD(k, n)¥z�«|�¹ k�:��

k n2�«|.±e�î��O´Ù��.

·K 4.8 (©z [197])µ- q����ê�.@o�3�� TD(q + 1, q).

?,·��±l�� TD(q + 1, q)�Ñ��à5��É�Ý
.±e�Eaqu

©z [47]¥�É�Ý
��E.

Ún 4.1µ- q ����ê�.�3��à5� (Zq2−1, (q + 1)Zq2−1, q; 1)-HDM,Ù¥

(q + 1)Zq2−1´ Zq2−1�/X {0, q + 1, 2(q + 1), . . . , (q − 2)(q + 1)}�f+.

y². P Iq = {0, 1, . . . , q − 1}. d·K 4.8, ·�k��n�| (X,G,B) ����

TD(q+ 1, q).Ø���5,·��±b�X = Iq ×{1, 2, . . . , q+ 1}, G = {Iq ×{i} | 1 ≤

i ≤ q + 1}� B�¹±e� q�«|

{(s, 1), (s, 2), . . . , (s, q), (q − 1, q + 1)}, s ∈ Iq.

ù q�«|´¤k��¹ (q− 1, q+ 1)�«|.- B0 = {Bj | 1 ≤ j ≤ q(q− 1)}Ø�¹

(q−1, q+1)�«|�8Ü.éu 1 ≤ j ≤ q(q−1),-Bj = {(b0j, 1), (b1j, 2), . . . , (bqj, q+

1)}.@o,é?¿� 0 ≤ i < l ≤ q − 1,·�k

{(bij, blj) | 1 ≤ j ≤ q(q − 1)} = (Iq × Iq) \ {(x, x) | x ∈ Iq}.

Ó�,é?¿� 0 ≤ i ≤ q − 1,·�k

{(bij, bqj) | 1 ≤ j ≤ q(q − 1)} = Iq × {0, 1, . . . , q − 2}.

d©z [24],�3�� (Zq2−1, (q + 1)Zq2−1, [q
1], 1)-RDF A = {ai | 0 ≤ i ≤ q − 1}.´

��3 A���·��²£ A+ g,Ù¥ g ∈ Zq2−1� A+ g = {ai + g | ai ∈ A},÷v

(A+ g) ∩ (q + 1)Zq2−1 = ∅.�
�B,·�b� A ∩ (q + 1)Zq2−1 = ∅.

- D = (dij) ��� Zq2−1 þ� q × q(q − 1) Ý
, Ù¥ dij ≡ abij + (q + 1)bqj

(mod q2 − 1), 0 ≤ i ≤ q − 1, 1 ≤ j ≤ q(q − 1). é?¿ 0 ≤ i < l ≤ q − 1, 5¿�

{(bij, blj) | 1 ≤ j ≤ q(q− 1)} = (Iq× Iq)\{(x, x) | x ∈ Iq}. D¥1 (i+ 1)1Ú1 (l+ 1)
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1���¤õ8 {dij−dlj | 1 ≤ j ≤ q(q−1)},½=õ8∆A = Zq2−1\(q+1)Zq2−1.

¤±, D´ Zq2−1þ�éu (q + 1)Zq2−1����É�Ý
.

du A ∩ (q + 1)Zq2−1 = ∅, D �z���áu Zq2−1 \ (q + 1)Zq2−1. 5¿�

{(bij, bqj) | 1 ≤ j ≤ q(q− 1)} = Iq × {0, 1, . . . , q− 2}éz� 0 ≤ i ≤ q− 1¤á� A�

��� q + 1üüØÓ.@o,éz� 0 ≤ i ≤ q − 1,

{dij ≡ abij + (q + 1)bqj (mod q2 − 1) | 1 ≤ j ≤ q(q − 1)}

¥���üüØÓ.=, D�z1d Zq2−1 \ (q + 1)Zq2−1 ����¤.Ï, D´��

à5� (Zq2−1, (q + 1)Zq2−1, q; 1)-HDM.

±e�y©ª�é�xò3·���E¥^�.

Ún 4.2µ�3�� (Zq2−1, (q + 1)Zq2−1, [q
q−1], q − 1)-PRDF.

y². XÚn 4.1�y²,- A = {a0, a1, . . . , aq−1}��� (Zq2−1, (q+ 1)Zq2−1, [q
1], 1)-

RDF÷v A ∩ (q + 1)Zq2−1 = ∅.-

F = {{(a0 +j(q+1)) mod (q2 − 1), . . . , (aq−1 +j(q+1)) mod (q2 − 1)} | 0 ≤ j ≤ q−2}.

du A ���� q + 1 üüØÓ, ´� F ´�� (Zq2−1, (q + 1)Zq2−1, [q
q−1], q − 1)-

PRDF.

±e,·�ò�Ñ#�y©ª�x��E.

½n 4.11µ- n �����ê. @o�3�� (Z2n+1 × Z22n−1, [(2
n)22n+2n−2 (2n −

1)1], 2n − 1)-PDF.

y². - {1, 2, . . . , 2n}��� (Z2n+1, {0}, [(2n)1], 2n − 1)-PRDF.dÚn 4.1,�3��

à5� (Z22n−1, (2
n + 1)Z22n−1, 2

n; 1)-HDM.Ï� Z22n−1
∼= Z2n+1 × Z2n−1�f+ (2n +

1)Z22n−1
∼= {0}×Z2n−1,dÚn 4.2,�3�� (Z2n+1×Z2n−1, {0}×Z2n−1, [(2

n)2n−1], 2n−

1)-PRDF.d·K 4.4,�3�� ({0} × Z22n−1, [(2
n)2n−1(2n − 1)1], 2n − 1)-PDF.A^�

E 4.6,·����� (Z2n+1 × Z22n−1, [(2
n)22n+2n−2(2n − 1)1], 2n − 1)-PDF.

��, ·�3L 4.1 ¥o(#���y©ª�x. L¥��
ÎÒ½ÂXe.
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- q P���ê�. é 1 ≤ j ≤ t, - vj ���©)� vj =
∏lj

i=1 p
mji
ji ��ê. P

G1 = Zv1×· · ·×Zvt Ú v =
∏t

j=1 vj .-p1, . . . , pl��ê.PG2 = F+
p
s1
1
×F+

p
s2
2
×· · ·×F+

p
sl
l

� u =
∏l

i=1 p
si
i .

L 4.1 #�E�(G,K, λ)y©ª�x

G K λ ��

G1 [f
v−1
f 11] f − 1 f | gcd(pj1 − 1, . . . , pjlj − 1), 1 ≤ j ≤ t

Zk+1 ×G1 [kv+
v−1
k 11] k − 1 k | gcd(pj1 − 1, . . . , pjlj − 1), 1 ≤ j ≤ t

Zk+1 ×G2 [ku+
u−1
k 11] k − 1 k | psii − 1, 1 ≤ i ≤ l

Z qn+1−1
q−1

×G1 [qs11], s = qn−1
q−1

v + v−1
q

q − 1 q | gcd(pj1 − 1, . . . , pjlj − 1), 1 ≤ j ≤ t

Z qn+1−1
q−1

×G2 [qs11], s = qn−1
q−1

u+ u−1
q

q − 1 q | psii − 1, 1 ≤ i ≤ l

G1 × F+
q

[( q+11
8

)s2
q−1
4 ( q−1

4
)1( q+3

4
)1] q+3

8

q = 25 + 4b2 ½ 49 + 4b2, bÛê
s = 8q(v−1)

q+11
q+11

8
| gcd(pj1 − 1, . . . , pjlj − 1), 1 ≤ j ≤ t

G1 × F+
q

[(2c2 + 2)s23b
2

(b2)1(b2 + 1)1]
2c2 + 1

q = 1 + 8b2 = 9 + 64c2, b, cÛê
s = q(v−1)

2c2+2
2c2 + 2 | gcd(pj1 − 1, . . . , pjlj − 1), 1 ≤ j ≤ t

G1 × F+
q

[( 3q+1
8

)s( q−1
4

)1( q+3
4

)1( q−1
2

)1] 3q−7
8

q = 4 + b2, b ≡ 1 (mod 4)

s = 8q(v−1)
3q+1

3q+1
8
| gcd(pj1 − 1, . . . , pjlj − 1), 1 ≤ j ≤ t

G1 × F+
q

[( 3q+5
8

)s( q−1
4

)2( q+1
2

)1] 3q−3
8

q = 9 + 4b2, bóê
s = 8q(v−1)

3q+5
3q+5

8
| gcd(pj1 − 1, . . . , pjlj − 1), 1 ≤ j ≤ t

G2 × F+
q

[( q+11
8

)s2
q−1
4 ( q−1

4
)1( q+3

4
)1] q+3

8

q = 25 + 4b2 ½ 49 + 4b2, bÛê
s = 8q(u−1)

q+11
q+11

8
| psii − 1, 1 ≤ i ≤ l

G2 × F+
q

[(2c2 + 2)s23b
2

(b2)1(b2 + 1)1]
2c2 + 1

q = 1 + 8b2 = 9 + 64c2, b, cÛê
s = q(u−1)

2c2+2
2c2 + 2 | psii − 1, 1 ≤ i ≤ l

G2 × F+
q

[( 3q+1
8

)s( q−1
4

)1( q+3
4

)1( q−1
2

)1] 3q−7
8

q = 4 + b2, b ≡ 1 (mod 4)

s = 8q(u−1)
3q+1

3q+1
8
| psii − 1é 1 ≤ i ≤ l

G2 × F+
q

[( 3q+5
8

)s( q−1
4

)2( q+1
2

)1] 3q−3
8

q = 9 + 4b2, bóê
s = 8q(u−1)

3q+5
3q+5

8
| psii − 1, 1 ≤ i ≤ l

Z2n+1 × Z22n−1 [(2n)2
2n+2n−2(2n − 1)1] 2n − 1 n ≥ 1

4.1.7 ^y©ª�x�E�`~EÜè

~EÜè (Constant composition codes)A^u>å�´Ï&�N�¥ [226].3�

�!¥,·�A^#���y©ª�x�E�`�~EÜè.

-A = {0, 1, . . . , l−1}���k l�ÎÒ�i1L.�� (n,M, d, [ω0, . . . , ωl−1])l-

CCC´�����M ,4�Ç²ål� d�f8C ⊂ An,÷vÎÒ i3 C �z�è

i¥TÐÑy ωig.du A¥�ÎÒ¿Ã��«O,·�ò [ω0, . . . , ωl−1]À���õ

8,¿P� [ku11 k
u2
2 . . . kuss ],Ù¥ ki3 [ω0, . . . , ωl−1]¥TÐÑy uig, 1 ≤ i ≤ s.

�½�Ýn,4�ål dÚa. [ω0, . . . , ωl−1],·���E�� (n,M, d, [ω0, . . . , ωl−1])l-

CCC ¦� M ¦�U��. - Al(n, d, [ω0, . . . , ωl−1]) ��� (n,M, d, [ω0, . . . , ωl−1])l-

CCC���U���.±e�.� Al(n, d, [ω0, . . . , ωl−1])Jø
Ä����.
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·K 4.9 (Ún 3 [194])µXJ nd− n2 + (ω2
0 + · · ·+ ω2

l−1) > 0,@o

Al(n, d, [ω0, . . . , ωl−1]) ≤ nd

nd− n2 + (ω2
0 + · · ·+ ω2

l−1)
. (4.1)

���� (4.1)�~EÜè�¡�´�`�.±e�·KL²�`�~EÜ

è�dy©ª�x�Ñ.

·K 4.10 (�E 6 [85])µXJ�� (G,K, λ)-PDF�3,Ù¥n = |G|�K = [ku11 k
u2
2 . . . kuss ],

@o�3���`� (n, n, n− λ,K)l-CCC�� (4.1),Ù¥ l =
∑s

i=1 ui.

/Ï·K 4.10,Aa#��`�~EÜè�d#���y©ª�x�Ñ.ù


(J�n3L 4.2. Ù¥^��PÒ½ÂXe. - q P���ê�. é 1 ≤ j ≤ t, -

vj ���©)� vj =
∏lj

i=1 p
mji
ji ��ê. ·�- v =

∏t
j=1 vj . - p1, . . . , pl ��ê�

u =
∏l

i=1 p
si
i .

4.1.8 o(

�!�Ä
y©ª�x�|Ü�E.·�JÑ
y©ª�é�x�Vg,ù�V

g3·���E¥å�
���^.·�JÑ
y©ª�x�ü����48�E.

ù
�E��cl©��Ñ
A�Ã¡aJø
��{ü�)º.d	,·���


eZa#�y©ª�x.ù
y©ª�x�±�Ñ�`�~EÜè.

·��Ñy©ª�é�x�VgÚ¶�µe (frame)�|Ü�.���' [112].¯

¢þ,��y©ª�é�x�±�Ñ��3:8þk�KgÓ�+�µe.Ïd,y©

ª�é�x3|Ü�O+��PkÕá�ïÄ,�.

4.2 .Ø����©|�O���#�E

4.2.1 Úó

��8ÜXÚ (set system)´����é (X,B),Ù¥ X ´��: (point)�8Ü

� B ´�x�¡�«| (block)� X �f8�8Ü.- (X,B)���8ÜXÚ� G

� X ���y©,y©¥�f8�¡�| (group),n�é (X,G,B)�¡����©

|�O (group divisible design),XJ X �?¿��ØÓ�:|¤�:é½öÑy3

��|¥,½öÑy3TÐ��«|¥,�Ø¬üöÑ÷v.��.� gu11 g
u2
2 . . . guss �
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L 4.2 dy©ª�x�Ñ�#��`~EÜè

(n,M, d,K)l-CCC ��

(v, v, v − f + 1, [f
v−1
f 11])l f | gcd(pj1 − 1, . . . , pjlj − 1)

l = v−1
f

+ 1 1 ≤ j ≤ t
(v(k + 1), v(k + 1), v(k + 1)− k + 1, [kv+

v−1
k 11])l k | gcd(pj1 − 1, . . . , pjlj − 1)

l = v−1
k

+ v + 1 1 ≤ j ≤ t
(u(k + 1), u(k + 1), u(k + 1)− k + 1, [ku+

u−1
k 11])l k | psii − 1

l = u−1
k

+ u+ 1 1 ≤ i ≤ l
( v(q

n+1−1)
q−1

, v(q
n+1−1)
q−1

, v(q
n+1−1)
q−1

− q + 1, [qs11])s+1 q | gcd(pj1 − 1, . . . , pjlj − 1)

s = qn−1
q−1

v + v−1
q

1 ≤ j ≤ t
(u(q

n+1−1)
q−1

, u(q
n+1−1)
q−1

, u(q
n+1−1)
q−1

− q + 1, [qs11])s+1 q | psii − 1

s = qn−1
q−1

u+ u−1
q

1 ≤ i ≤ l
(qv, qv, qv − q+3

8
, [( q+11

8
)s2

q−1
4 ( q−1

4
)1( q+3

4
)1])l q = 25 + 4b2 ½ 49 + 4b2, bÛê

s = 8q(v−1)
q+11

, l = s+ q−1
4

+ 2 q+11
8
| gcd(pj1 − 1, . . . , pjlj − 1), 1 ≤ j ≤ t

(qv, qv, qv − 2c2 − 1, [(2c2 + 2)s23b
2

(b2)1(b2 + 1)1])l q = 1 + 8b2 = 9 + 64c2, b, cÛê
s = q(v−1)

2c2+2
, l = s+ 3b2 + 2 2c2 + 2 | gcd(pj1 − 1, . . . , pjlj − 1), 1 ≤ j ≤ t

(qv, qv, qv − 3q−7
8
, [( 3q+1

8
)s( q−1

4
)1( q+3

4
)1( q−1

2
)1])l q = 4 + b2, b ≡ 1 (mod 4)

s = 8q(v−1)
3q+1

, l = s+ 3 3q+1
8
| gcd(pj1 − 1, . . . , pjlj − 1), 1 ≤ j ≤ t

(qv, qv, qv − 3q−3
8
, [( 3q+5

8
)s( q−1

4
)2( q+1

2
)1])l q = 9 + 4b2, bóê

s = 8q(v−1)
3q+5

, l = s+ 3 3q+5
8
| gcd(pj1 − 1, . . . , pjlj − 1), 1 ≤ j ≤ t

(qu, qu, qu− q+3
8
, [( q+11

8
)s2

q−1
4 ( q−1

4
)1( q+3

4
)1])l q = 25 + 4b2 ½ 49 + 4b2, bÛê

s = 8q(u−1)
q+11

, l = s+ q−1
4

+ 2 q+11
8
| psii − 1, 1 ≤ i ≤ l

(qu, qu, qu− 2c2 − 1, [(2c2 + 2)s23b
2

(b2)1(b2 + 1)1])l q = 1 + 8b2 = 9 + 64c2, b, cÛê
s = q(u−1)

2c2+2
, l = s+ 3b2 + 2 2c2 + 2 | psii − 1, 1 ≤ i ≤ l

(qu, qu, qu− 3q−7
8
, [( 3q+1

8
)s( q−1

4
)1( q+3

4
)1( q−1

2
)1])l q = 4 + b2, b ≡ 1 (mod 4)

s = 8q(u−1)
3q+1

, l = s+ 3 3q+1
8
| psii − 1, 1 ≤ i ≤ l

(qu, qu, qu− 3q−3
8
, [( 3q+5

8
)s( q−1

4
)2( q+1

2
)1])l q = 9 + 4b2, bóê

s = 8q(u−1)
3q+5

, l = s+ 3 3q+5
8
| psii − 1, 1 ≤ i ≤ l

(m,m,m− 2n + 1, [(2n)2
2n+2n−2(2n − 1)1])l —

m = (2n + 1)(22n − 1), l = 22n + 2n − 1

K-GDD´���©|�O,Ù¥z�«|���áu8Ü K �k ui ���� gi �

|, 1 ≤ i ≤ s.���©|�O�¡�´.��� (uniform)XJ¤k�|k�Ó��

�.ÄK,§�¡�.Ø��� (non-uniform).

3���©|�O (X,G,B)¥,«|��� α-²1a (α-parallel class)´��f

8 B′ ⊂ B¦�z�: x ∈ X TÐ�¹3 B′ ¥ α�«|¥.k�,� α = 1,·�¡�

���²1a (parallel class).

gl WilsonÄ��E{ (Wilson’s Fundamental Construction)JÑ±5 [284],�©

|�O3Ù§|Ü�.��E¥å�
���^, ~X, ¤é²ï�O (pairwise

balanced designs) [284–286],W¿ (packings) [29,118,211],µe (frames) [112,255] ��.�©|�

O3?è+��kéõ��A^,~X1��è (optical orthogonal codes) [104,276],~
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è (constant weight codes) [53,101,156] Ú~EÜè (constant composition codes) [53].�

©|�O��E3|Ü�O+�®¤���¥%¯K.

'u�©|�O��E,®uÐ
Nõ�{.3©z¥,Ì�kü«���E��

{.1�´AÛ�{,|^
k�AÛ¥�'é(�.�
.����©|�O�Ã

¡a�dÃXÎ/ (ovals) [121], Baerf²¡ (Baer subplanes) [121,249],ý��²¡ (elliptic

semiplanes) [11] ��.1���{Äu��{.3d�{¥,·�I�À���gÓ�

+�^�Ä«|þ)¤¤k�«|.k�,À�Ü·�gÓ�+�9°[�E|.'

u48�E, WilsonÄ��E´����®3�X�ïÄ¥�í2.3©z [254] ¥,

Stinson|^Ø���©|�Oí2
WilsonÄ��E{. Zhu [310] |^V�©|�O

��óã
 Stinson��E,¿��{z
y².l@±�,�
��Ø���©

|�OÚV�©|�O�E�JÑ [205,210,236].3©z [48] ¥, ChangÚ Miao�Ñ
�

��~����E,Ú�
±þ��E.

Äuù
¤Ù��{,��
�X�'u.����©|�O��E.a,��

Öö�ë�nã [115].��5¿�´,Ø
lk�AÛ����©|�O,�Ü©(J

¥��|��Ñé�,��Ø�LÊ.

�·�|^�©|�O�EÙ§|Ü�O�,·� Ð|kØÓ���,±·A

ØÓ��¹ [65].�.����©|�O�',.Ø����E�(J���õ.��Ì

���Ï´,3.Ø����/e,"yÜ·��êÚAÛ(�.Ï,.Ø���©

|�O��E´���~k]Ô5�¯K.

3�!¥,·��Ä=k��|kØÓ���.Ø����©|�O��E,½

=,�Ä.� gum1 � {k}-GDD.d	,·�;5u u = k ��/.ù��/kX��

��5,Ï�§�)ûU
�Ï·�?n���� u��¹.Ó�,ù��/�AO

�(J,Ï�«|���='|��ê��ù�^�Ò«|�Sü�\
î����.

�
�Ñcã�(J,·�JÑ
Xe�.Ø���©|�O�#�E.Äk,

�½��äkA½ëê�2Â�8, �±^���{)¤��Ð©��©|�O.

Ùg, ���, ·�JÑ�«�ä��{?UÐ©��©|�O, ����#�

{k − 1, k}-GDD÷v¤k��� k − 1�«|/¤�� (k − 1)-²1a.��,·�ò

(k − 1)-²1ay©� 1-²1a.��,�� {k}-GDD�dIO��{�Ñ.

·���Ekü�'�:.Ù�´ÀJÜ·�2Â�8.Ù�´ò��� (k − 1)-

²1ay©� 1-²1a.¯¢þ,ò (k − 1)-²1ay©� 1-²1aÏ~´��(J�
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¯K.��O�,·�JÑ
��C/��E£;ù�¯K.3C/��E¥,�
;

����y© (k− 1)-²1a,·�|^ Rees¦È�E (Rees’ product constructions)�

)ä�k�� (k − 1)-²1a��©|�O,Ù¥ù� (k − 1)-²1a�Ñ��#�ä

k��|����©|�O¥� 1-²1a.

�
`²#�EÚ§�C/,·�Ð«
.Ø���©|�O��
#�äN�

E.3ù
�E¥,·�|^
Úk��K²¡���'��
2Â�8.Ó�,·�

JÑ
����{���y© (k − 1)-²1a.Ï�,·���
.Ø���©|�O

�A�Ã¡a,¿��
Nõäk��«|���.Ø���©|�O�~f.

4.2.2 2Â�8Ú�A��©|�O

�!¥,��¤k�Ä�+Ñ´��+.3��!¥,·�0�2Â�8�Vg¿

y²,
�©|�O�±d§���.ù
�©|�O´·��E�Ñu:.

·�Äk£��é�8�½Â.- G����� mn�+, N � G�����

n�f+.�� k �f8 D ⊂ G�¡� G¥�éu N ��� (m,n, k, λ)�é�8

(relative difference set),XJ� d · (d′)−1, d, d′ ∈ D, d 6= d′ CX
 G \N ¥z���T

Ð λg�ØCX N ¥���.f+ N �¡�B�f+ (forbidden subgroup),½~	f

+ (exceptional subgroup).����g,�í2,±e·�ò�Ä���éueZf+

�í2��8.

- G ����� v �+. é 1 ≤ i ≤ r, - Ni ��� G ��� ni f+, Ù

¥ N1, N2, . . . , Nr �üü����²�. �� G ¥�éuf+ N1, N2, . . . , Nr �

(v;n1, n2, · · · , nr; k, λ) 2Â�8 (generalized difference set) ´ G ��� k �f8 D

÷v� d · (d′)−1, d, d′ ∈ D, d 6= d′ CX G \ (∪ri=1Ni) ¥z���TÐ λ g, �ØC

X ∪ri=1Ni ¥��.f+ N1, . . . , Nr �¡�B�f+ (forbidden subgroup),½~	f+

(exceptional subgroup).AO/,�=k��B�f+�,½= r = 1�,��2Â�8

Ò´���é�8.5¿��÷v r = 1�2Â�8�ÎÒ��é�8���ÎÒ¿

Ø��.±e,�·��Ä�é�8�,·�ò¦^���ÎÒ.

- gD = {gd | d ∈ D}�8Ü D���²£,Ù¥ g ∈ G.Ù� G¥�éu N �

�8 D�¤k²£,/¤���©|�O�¤k«|,Ù¥ G����:� N �¤

k�8�|.±eÚn`²���©|�O��l��2Â�8¥��.
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Ún 4.3µ- D � G¥�éu N1, N2, . . . , Nr ��� (v;n1, n2, · · · , nr; k, 1)-GDS.@

o�3��K-GDD,.� n
v/ni
i , 1 ≤ i ≤ r,Ù¥K = {k}∪{n1, . . . , ni−1, ni+1, . . . , nr}.

y². y²Ó�é�8��/aq§�3dÑ�.

±e, ·��Þna��K²¡���'�2Â�8. ù
2Â�8g

Dembowski-Piperéäk���[�KgÓ�+��K²¡�©a [75].¯¢þ,éNõ

ù���K²¡,§���35��8(��A�2Â�8��35 (�©z [307] ½

n 1.55Ú©z [230] 1 5Ù).±e,·�^ Fq P�� q �k��.^ F+
q Ú F∗q P Fq �

\{Ú¦{f+. Trq
2

q ´l Fq2 � Fq �,¼ê.

·K 4.11 (Bose [24])µ8Ü

D = {x ∈ F∗q2 | Trq
2

q (x) = 1}

´�� F∗q2 ¥�éu F∗q � (q + 1, q − 1, q, 1)-RDS.

·K 4.12 (Ganley [114])µ8Ü

D = {(x, x) ∈ F+
q × F∗q | x ∈ F∗q}

´�� G = F+
q × F∗q ¥�éu N1 = {(0, x) | x ∈ F∗q}Ú N2 = {(x, 1) | x ∈ F+

q }�

(q(q − 1); q − 1, q; q − 1, 1)-GDS.

·K 4.13 (Kantor [168])µ8Ü

D = {(x, 1− x) ∈ F∗q × F∗q | x ∈ F∗q \ {1}}

´�� G = F∗q × F∗q ¥�éu N1 = {(1, x) | x ∈ F∗q}, N2 = {(x, 1) | x ∈ F∗q} Ú

N3 = {(x, x) | x ∈ F∗q}� ((q − 1)2; q − 1, q − 1, q − 1; q − 2, 1)-GDS.

4.2.3 ��#��E

3��!¥,·�JÑ.Ø���©|�O���#��E.Äk,|^���ä
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E|,·�l,
�©|�O�Ñ.��� K-GDDs,Ù¥ K = {k − 1, k}����

k − 1�«|/¤�� (k − 1)-²1a.ù
.����©|�O´·��E�'�.

�E 4.7 (�äE|)µ- G ����� m(n + 1) �+. - D � G ¥�éuf+

Ni, 1 ≤ i ≤ r��� (m(n + 1);m,n + 1, n + 1, · · · , n + 1;n, 1)-GDS.- n + 1���

��ê,k©) n+ 1 = ab.b��3 G����� bm�f+ H �¹ N1.@o,éz

� 1 ≤ s ≤ a,�3��.� mbs � {bs − 1, bs}-GDD,¦���� bs − 1�«|/¤

�� (bs− 1)-²1a.

y². é 1 ≤ i ≤ r, - Γi � Ni 3 G ¥¤k�8�¤�8Ü. P A1 = {gD | g ∈

G}, A2 = ∪ri=2Γi. b� X ´ G ¥���¤�8Ü� G = Γ1. @o, dÚn 4.3,

(X,G,A1 ∪ A2)´��.�mn+1� {n, n+ 1}-GDD.ù´·�Ð©��©|�O,·

�ò�^���äE|�?U§.

- {h1H, h2H, . . . , haH}�H 3 G¥¤k��8.é?¿ 1 ≤ s ≤ a,- Y �?¿

s��8�¿.Ø���5,·��-

Y = h1H ∪ h2H ∪ . . . ∪ hsH.

d½Â, Y ��y©� bs� N1�ØÓ��8,·�òù�y©P� G ′.·�ò�c�

�©|�O�«|U±e��ª�ä.-

B1 = {A ∩ Y | A ∈ A1} = {gD ∩ Y | g ∈ G}.

�

B2 = {A ∩ Y | A ∈ A2} = {gNi ∩ Y | gNi ∈ Γi, 2 ≤ i ≤ r}.

Ï,·�k��#�8ÜXÚ (Y,G ′,B1 ∪ B2),���58ÜXÚ (X,G,A1 ∪ A2)

����ä��. ´� (Y,G ′,B1 ∪ B2)/¤��.�mbs � K-GDD.I�y² K =

{bs− 1, bs}���� bs− 1�«|/¤�� (bs− 1)-²1a.

Äk·��Äáu B2 = {gNi ∩ Y | gNi ∈ Γi, 2 ≤ i ≤ r} �«|. du

N1, N2, . . . , Nr �üü��´²��, éz� gNi ∈ Γi Ú 2 ≤ i ≤ r, gNi � N1 �

z��8u�õ����.5¿� |Ni| = n+ 1� N1�k n+ 1��8, gNi� N1�
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z��8uTÐ����.5¿� Y ´ bs� N1 ��8�¿,·�k |gNi ∩ Y | = bs

éz� gNi ∈ ΓiÚ 2 ≤ i ≤ r.Ï, B2�¹m(r − 1)���� bs�«|.

Ùg,·��Ä B1¥�«|.é 1 ≤ i ≤ a,½Â Di = hiD ∩ Y .@o

B1 = {gD ∩ Y : g ∈ G}

=
a⋃
i=1

{gD ∩ Y : g ∈ hiH}

=
a⋃
i=1

{hihD ∩ Y : h ∈ H}

=
a⋃
i=1

{hDi : h ∈ H}.

Ï, B1 ¥«|���d Di ���û½,Ù¥ 1 ≤ i ≤ a.d½Â, D � N1 �z��

8u�õ����.�(��, du |D| = n, D u N1 ����8Ø��(ù��8

P� xN1),��z��e��8�uTÐ��:.5¿� N1 ´ H ���f+÷v

[H : N1] = b.Ï,

|D ∩ (hiH)| =


b XJ x 6∈ hiH ,

b− 1 XJ x ∈ hiH .
(4.2)

5¿�

|Di| = |hiD ∩ Y | =
s∑
j=1

|hiD ∩ hjH| =
s∑
j=1

|D ∩ h−1
i hjH|. (4.3)

éz� 1 ≤ i ≤ a,�3TÐ�� 1 ≤ j ≤ a,¦� x ∈ h−1
i hjH .Ï·��±½Â��

N�

ψ : {1, . . . , a} −→ {1, . . . , a}

i −→ ψ(i),

¦� x ∈ h−1
i hψ(i)H .N´�y ψ´��V�.d (4.2)Ú (4.3),

|Di| = bs− 1⇐⇒ ψ(i) ∈ {1, 2, . . . , s}.
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Ïd38ÜDi, 1 ≤ i ≤ a¥,�3 s�8Ü,=Dψ−1(k), 1 ≤ k ≤ s,��� bs− 1,��

3 a − s���� bs.¤±, B1 �¹ bms���� bs − 1�«|Ú bm(a − s)���

� bs�«|.

P D∗k = Dψ−1(k), 1 ≤ k ≤ s.@o8Ü {hD∗k | h ∈ H, 1 ≤ k ≤ s}d B1 ¥¤k�

��� bs − 1�«||¤.é s��8 h1H, h2H, . . . , hsH , D∗k � hkH u b − 1��

����e��8u b���.£� Y d s��8 h1H, h2H, . . . , hsH |¤.@oé

1 ≤ k ≤ s, {hD∗k | h ∈ H}CX hkH ���TÐ b− 1g�CX Y \ hkH ���TÐ

bg.Ï, {hD∗k | h ∈ H, 1 ≤ k ≤ s}¥�«|´¤k��� bs− 1�«|,/¤��

(bs− 1)-²1a.

o�, (Y,G ′,B1 ∪ B2)´��.� mbs � {bs − 1, bs}-GDD,Ù¥��� bs − 1�

«|/¤�� (bs− 1)-²1a.

A^�E 4.7u Bose�é�8, Ganley2Â�8Ú Kantor2Â�8,·���±

e(J.

íØ 4.4µ- q����ê�.- ab = q′ Ù¥ q′ ∈ {q − 1, q, q + 1}.éz� 1 ≤ s ≤ a,

�3��.� (q − 1)bs � {bs − 1, bs}-GDD, Ù¥��� bs − 1 �«|/¤��

(bs− 1)-²1a.

y². - ab = q,·�l·K 4.12� (q(q − 1); q − 1, q; q − 1, 1)-GDSÑu.� F+
q ��

��� b�f+ L.3�E 4.7¥-m = n = q − 1� H = L× F∗q .@o·�����

.� (q − 1)bs� {bs− 1, bs}-GDD.

é ab = q + 1½ q − 1,·��±l Bose�é�8½ Kantor2Â�8Ñu,aq

/?n.

��.Ø����©|�O�d�E 4.7����,XJ�A� (bs − 1)-²1a

U
�y©� (bs− 1)� 1-²1a.

½n 4.12µ- (X,G,B)���d�E 4.7�����©|�O.XJ (bs− 1)-²1a

U
�y©� (bs− 1)� 1-²1a,@o�3��.�mbs(bs− 1)1� {bs}-GDD .

y². b� (bs− 1)-²1aU
�y©� (bs− 1)� 1-²1a.·��±V\���¹

bs − 1�:�|,¿ïá bs − 1�:Ú bs − 1� 1-²1a�m���N�.òz�:

V\��A� 1-²1a¥�z�«|,·���.�mbs(bs− 1)1� {bs}-GDD .
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4.2.4 ��y© α-²1a�äN�E

3��!¥,�ìþ!�JÑ��E�{,·��Ñ.Ø���©|�O�äN

�E.·��E�'��Ú´��y©�E 4.7¥� α-²1a.Äk,·�|^ Ganley

2Â�8�Ñ.Ø���©|�O���Ã¡a.

½n 4.13µ- p ����ê. - m Ú n ���ê¦� n | m. @o, �3��.�

(pm − 1)p
n
(pn − 1)1� {pn}-GDD.

y². - G = F+
pm × F∗pm , N1 = {(0, x) | x ∈ F∗pm}, N2 = {(x, 1) | x ∈ F+

pm}. d

·K 4.12, D = {(x, x) ∈ F+
pm × F∗pm | x ∈ F∗pm} ´ G �éu N1 Ú N2 ���

(pm(pm − 1); pm − 1, pm; pm − 1, 1)-GDS.- ξ� F∗pm ������� θ = ξ
pm−1
pn−1 � F∗pn

������.3�E 4.7¥- H = F+
pn × F∗pm � s = 1,·�k��.� (pm − 1)p

n

� {pn − 1, pn}-GDD,§�:8 Y �¹ H ���.5¿� D� N1 �z��8uTÐ

��:,Ø
 D ∩N1 = ∅.Ïd, D∗ = D ∩ Y ���� pn − 1,¿�¤k��� pn − 1

�«|� {hD∗ | h ∈ H}.

5¿�

D∗ = D ∩H = {(θi, θi) | 0 ≤ i < pn − 1}.

8Ü {hD∗ | h ∈ {0} × F∗pm}U
y©� pn − 1�f8x Cl, 0 ≤ l < pn − 1,Ù¥

Cl = {{(θi, ξjθi+l) | 0 ≤ i < pn − 1} | 0 ≤ j <
pm − 1

pn − 1
}.

éz� 0 ≤ l < pn − 1,´�«|

{hS | S ∈ Cl, h ∈ F+
pn × {1}}

/¤�� 1-²1a.5¿�¤k��� pn − 1�«|/X {hD∗ | h ∈ H},Ù¥

{hD∗ | h ∈ H} =

pn−2⋃
l=0

{hS | S ∈ Cl, h ∈ F+
pn × {1}}.

Ï, ��� pn − 1 �«|/¤ pn − 1 � 1-²1a. d½n 4.12, ·�k��.X

(pm − 1)p
n
(pn − 1)1� {pn}-GDD.
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�^��2Â�8´ Bose�é�8½ Kantor2Â�8�,·�vké���a

q±þ����{y© α-²1a.,,·��±|^±e��{��éõ.Ø��

�©|�O�~f.

- q����ê��D� (q + 1, q− 1, q, 1) Bose�é�8.·�ÀJn���ê

b, l, d,÷v

d | (b− 1) | l | b(q − 1) | q2 − 1. (4.4)

òD^��E 4.7¥¿- Y = H = q+1
b
Zq2−1

∼= Zb(q−1), s = 1,·�k��.X (q−1)b

� {b− 1, b}-GDD.AO/,��� b− 1�«|/X

{hD∗ | h ∈ H},

Ù¥ D∗´ D���²£Ú H ��,��� b− 1.{üå�,·�ò H ����Óu

Zb(q−1) ���.·���y© {hD∗ | h ∈ H}� b − 1� 1-²1a.±e,·�|^�

�{3,
b�e����y©.� Zb(q−1)���f+ Zl.�Ä D∗3 Zl þ�xAÏ

�²£:

{{(r + di) mod l | r ∈ D∗} | 0 ≤ i <
l

b− 1
}.

b�ùxf8/¤ Zl���y©.@o«| {D∗+di+ lj, 0 ≤ i < l
b−1

, 0 ≤ j < b(q−1)
l
}

/¤�� 1-²1a,P� P .@o

{P + x+
ld

b− 1
y, 0 ≤ x < d, 0 ≤ y <

b− 1

d
}

/¤ b− 1� 1-²1a.du8Ü

{x+ di+
ld

b− 1
y + lj | 0 ≤ x < d, 0 ≤ i <

l

b− 1
, 0 ≤ y <

b− 1

d
, 0 ≤ j <

b(q − 1)

l
}

�¹ H �¤k��,·�®ò {hD∗ | h ∈ H}y©� b− 1� 1-²1a.

·����{kü�'�:.Ù�´·�ÄkÀJ H ���f+ Zl ¿�y D∗

��xAÏ�²£´Äy© Zl.XJ´,·��òùx²£*Ð��� 1-²1a.Ù

�,ù|AÏ�²£d��ú�� d���ê�û½.ù�y
�c�E� 1-²1a

��
²£)¤¤k� 1-²1a.
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XJ·�l Kantor2Â�8Ñu,±þ���{Ó�k�.- q ����ê��

D� ((q − 1)2; q − 1, q − 1, q − 1; q − 2, 1) Kantor2Â�8.- L�Ì�+ F∗q ��� b

�f+.ò DA^u�E 4.7,- Y = H = L × F∗q � s = 1,·�k��.X (q − 1)b

� {b− 1, b}-GDD.AO/,��� b− 1�«|/X

{hD∗ | h ∈ H},

Ù¥ D∗� D���²£Ú H ��,��� b− 1.-

S∗ = {(1, r2) | (r1, r2) ∈ D∗}.

b�·�Uy© {lS∗ | l ∈ {1} × F∗q} � b − 1 ° {1} × F∗q , ~X C1, C2, . . . , Cb−1. @

oéz� 1 ≤ i ≤ b − 1, {hC | h ∈ L × {1}, C ∈ Ci} /¤�� 1-²1a. @o, ·

��±ò {hD∗ | h ∈ H} y©� b − 1 � 1-²1a. du F∗q ´��Ì�+, y©

{lS∗ | l ∈ {1} × F∗q}�eZ� {1} × F∗q �·��c�Ä Bose�é�8���¯K´

���.Ïd,þã�{Ó�¦^.

d?���{�Ñ
��²(��{,~~Uò α-²1ay©� 1-²1a.|^

ù��{ëÓ Bose�é�8Ú Kantor2Â�8,·�^O�Å|¢
:êØ�L

5000� 6 ≤ k ≤ 13�.Ø�� {k}-GDDs.|¢(J�3L 4.3.�cé«|����

��©|�O�ïÄÌ�8¥u«|��Ø�LÊ��¹,·�¤õ��
Nõ«|

�����.Ø���©|�O�~f.

4.2.5 #�E�C/

3��!¥,·�|^ Rees¦È�E [233–235] �Ñ�c#�E���C/.���

E�',ù�C/æ�
ØÓ�üÑ�?n�E 4.7¥� α-²1a.ØÓu��y©

α-²1a,·�|^ Rees�E�)ä�E 4.7¥��©|�O,Ù¥d α-²1a�Ñ

��|������©|�O¥� 1-²1a.

�
n) Rees�E,·�I�±e�Vg.��.�mk � {k}-GDD�¡���

î��O (transversal design),¿P� TD(k,m).y3·�£ã Rees¦È�E.

�E 4.8 (�E 2.1 [234])µb��3��.� gu � K-GDD,Ù¥k l �ØÓ����
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L 4.3 l Bose�é�8Ú Kantor2Â�8Ñu���.Ø���©|�O

q k |. 2Â�8 q k |. 2Â�8

181 7 180761 Bose 3067 7 3066761 Kantor

223 7 222761 Bose 3319 7 3318761 Kantor

337 7 336761 Kantor 3373 7 3372761 Bose

421 7 420761 Kantor 3529 7 3528761 Kantor

463 7 462761 Kantor 3583 7 3582761 Bose

811 7 810761 Bose 3613 13 361213121 Bose

853 7 852761 Bose 3823 7 3822761 Kantor

883 7 882761 Kantor 3907 7 3906761 Kantor

1021 7 1020761 Bose 3919 7 3918761 Bose

1117 13 111613121 Bose 4507 7 4506761 Bose

1723 7 1722761 Kantor 4591 7 4590761 Bose

1873 9 1872981 Kantor 4621 7 4620761 Kantor

2017 9 2016981 Kantor 4759 7 4758761 Bose

2029 7 2028761 Bose 4957 7 4956761 Kantor

2953 7 2952761 Bose 4969 7 4968761 Bose

3037 7 3036761 Bose
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k ∈ K � α-²1a,��3�� TD(u, α).@o�3��.X (αg)u � K-GDD,Ù¥

k lα2�«|��� k��É²1a.

ù��E`²,|^��Ü·�î��O,��k�É α-²1a��©|�OU


�)ä���|������©|�O,¦��É� α-²1a�Ñ�É� 1-²1

a.3±e��E¥,·��¬|^±e� Ree�E��°[���.

�E 4.9 (�E 4.2 [234])µ- (X,G,B)���.� gu � {k1, k2}-GDD,Ù¥��� k1

�«|��y©� l��É� α-²1a.é����ê v,b��3�� TD(u, vα)�

¹��gÓ�+ H3î��Oz�|�:þ��^´D4�.?�Úb� Hk��

��α�f+ H .@o�3��.X (vαg)u� {k1, k2}-GDD,Ù¥��� k1�«|�

�y©� lvα2��É²1a.

(Ü�E 4.7Ú�E 4.8,·�k±e½n.

½n 4.14µ- (X,G,B) ���l�E 4.7 ����©|�O. b��3��

TD(bs, bs− 1).@o�3��.� ((bs− 1)m)bs((bs− 1)2)1� {bs}-GDD .

y². ò�E 4.8A^u�©|�O (X,G,B),- g = m, u = bs, l = 1� α = bs − 1,

·�k��.X ((bs − 1)m)bs � {bs − 1, bs}-GDD ÷v��� bs − 1 �«|/¤

(bs− 1)2� 1-²1a.@o,·�^Ï~��{����.� ((bs− 1)m)bs((bs− 1)2)1

� {bs}-GDD.

aq/,(Ü�E 4.7Ú�E 4.9,·�k±e�½n.

½n 4.15µ- (X,G,B)���l�E 4.7����©|�O.é����ê v,b��

3�� TD(bs, v(bs−1))�¹��gÓ�+H3î��Oz�|�:þ��^´D4

�.b�Hk���� bs− 1�f+H .@o�3��.X ((bs− 1)vm)bs(v(bs− 1)2)1

� {bs}-GDD.

4.2.6 |^ Rees¦È�E�äN�E

3��!¥,·��ÑÄu±þC/�A�äN�E,Ù¥ Rees¦È�Eå�


Ø%��^.�
|^ Rees¦È�E,·�ÄkI��ÄÜ·�î��O��E.
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Ù�,��î��O�du���p���.¶��8Ü(©z [1] ½n 3.18).A

O/,·�k±e�(J.

Ún 4.4 (½n 3.28 [1])µ- q����ê�.@o�3�� TD(q + 1, q).

�Äî��O�,���E,·�I�±e�(J.

Ún 4.5µ- q����ê�� k����ê÷v k ≤ q.@o�3�� TD(k, q)�¹

��gÓ�+3î��Oz�|�:þ��^´D4�.

y². - A = (aij), 1 ≤ i, j ≤ q,�k�� Fq �¦{L.- A′� A�c k1|¤�f

Ý
.@o (a1j, a2j, . . . , akj)
T ´ A′�1 j ��·�½Â

Bj = {{(1, a1j + g), (2, a2j + g), . . . , (k, akj + g)}, g ∈ F+
q },

éz� 1 ≤ j ≤ q.- X = {(i, x) | 1 ≤ i ≤ k, x ∈ F+
q }, G = {{(i, x) | x ∈ F+

q } | 1 ≤ i ≤

k}� B = ∪qj=1Bj .N´�y (X,G,B)´�� TD(k, q),Ù¥ F+
q 3z�|�:þ´D

4�.

·�|^ Rees¦È�E�Ñ��.Ø���©|�O�äN�E.

½n 4.16µ- q ����ê�.- ab = q′ Ù¥ q′ ∈ {q − 1, q, q + 1}.b��3,�

��ê 1 ≤ s ≤ a,¦� bs − 1����ê�,~X, bs − 1 = pt.@o�3��.X

((q − 1)pe)p
t+1(pt+e)1� {pt + 1}-GDDéz� e ≥ t.

y². díØ 4.4,�3��.X (q− 1)bs� {bs− 1, bs}-GDD,Ù¥��� bs− 1�«

|/¤�� (bs− 1)-²1a.

é e = t,du bs − 1 = pt ´���ê�,�� TD(pt + 1, pt)dÚn 4.4�3.|

^½n 4.14,�3��.X ((q − 1)pt)p
t+1(p2t)1� {pt + 1}-GDD.

é e ≥ t+ 1,dÚn 4.5,�3�� TD(pt + 1, pe)÷v F+
pe 3î��Oz�|�:

þ��^´D4�.5¿� F+
pe k���� pt �f+.3½n 4.15¥- v = pe−t �Ñ

��.� ((q − 1)pe)p
t+1(pt+e)1� {pt + 1}-GDD .

duëê a, b, sÀJ�(¹5,±þ½n��Ñ.Ø���©|�O�NõÃ¡

a.±e·��Þ
�
.
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íØ 4.5µ±e��©|�O�3:

(1) .X ((2n − 1)7e)8(7e+1)1� {8}-GDDsÙ¥ n ≥ 3� e ≥ 1;

(2) .X ((5n − 1)7e)8(7e+1)1� {8}-GDDsÙ¥ n ≥ 2� e ≥ 1;

(3) .X ((q − 1)2e)9(2e+3)1� {9}-GDDs,Ù¥ q�ê�÷v q ≥ 8� e ≥ 3.

y². y²´½n 4.16���A^.é (1),� q = 2n, a = 2n−2, b = 4Ú s = 2.é (2),

� q = 5n, a = 5n−1
4

, b = 4Ú s = 2.é (3),� b = 3Ú s = 3.

4.2.7 o(

.Ø���©|�O��E´���~äk]Ô5�¯K.3�!¥,·�JÑ

���E.X gkm1� {k}-GDDs�#�{,Ù¥2Â�8,���äE|Ú����

{å�
'��^.|^ù����E,�Ñ
.Ø����©|�O���#�Ã

¡aÚNõ#~f.AO/,ù
äN�E�6uÚ�K²¡�'�2Â�8Ú��

y© α-²1a���{.��/,ò�� α-²1ay©� 1-²1a´��(J�¯K.

�
;�ù�¯K,·�JÑ
��C/��E,|^
 Rees¦È�E.AO/,A�

.Ø���©|�O�Ã¡a�dù�C/��.·��Ñù�#��E´�~(¹

�,Ï�ØÓ�2Â�8ÚØÓ�y© α-²1a�üÑò�ÑNõØÓ�.Ø���

©|�O.
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5 Ì�è9ÙA^

5.1 GF(q)þ�� n = qm−1
q−1 �dÂ BCHè

5.1.1 Úó

3��!¥,- q��ê p��g. GF(q)þ���5 [n, k, d]è C ´�� GF(q)n

� k-��5f�m,Ù¥4�Ç²ål� d. GF(q)þ�� n��5è C �¡�´Ì

��XJ (c0, c1, · · · , cn−1) ∈ C %¹ (cn−1, c0, c1, · · · , cn−2) ∈ C. GF(q)þ�Ì�è�

��À�û� GF(q)[x]/(xn − 1)¥�n�.

ÏLò�þ (c0, c1, · · · , cn−1) ∈ GF(q)n�õ�ª

c0 + c1x+ c2x
2 + · · ·+ cn−1x

n−1 ∈ GF(q)[x]/(xn − 1)

�Ó,?¿ GF(q)þ�� n��5è C éAuû� GF(q)[x]/(xn − 1)���f8.�

��5è C ´Ì����=� GF(q)[x]/(xn − 1)¥�A�f8´��n�.

5¿� GF(q)[x]/(xn − 1)�z�n�þ´Ìn�.- C = 〈g(x)〉���Ì�è,

Ù¥ g(x)´Ä���3 C �¤k)¤�¥k�$gê.@o g(x)´�����¡�

)¤õ�ª (generator polynomial),� h(x) = (xn − 1)/g(x)��õ�ª (parity-check

polynomial).3�!¥,·�=�Ä GF(q)þ�� n�Ì�è,Ù¥ gcd(n, q) = 1,ù%

¹
è�)¤õ�ªØ¹�.

- n�����ê.- m = ordn(q),½=, m´�����ê÷v n|qm − 1.- α

�GF(qm)�¦{+GF(qm)∗���)¤�,P β = α(qm−1)/n.@o β´GF(qm)¥�

��� n-gü �.é?¿ i÷v 1 ≤ i ≤ qm − 2,- mi(x)P βi 3 GF(q)þ�4�

õ�ª.é?¿ 2 ≤ δ < n,½Â

g(n,q,m,δ)(x) = lcm(m1(x),m2(x), · · · ,mδ−1(x)),
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Ù¥ lcmPù
õ�ª���ú�ª.d	,·�½Â

g̃(n,q,m,δ)(x) = (x− 1)g(n,q,m,δ)(x).

- C(n,q,m,δ)� C̃(n,q,m,δ)�GF(q)þ��n�Ì�è,Ù¥)¤õ�ª©O� g(n,q,m,δ)(x)

Ú g̃(n,q,m,δ)(x).@o C(n,q,m,δ) �¡���dÂ BCHè (narrow-sense BCH code),Ù¥

�Oål (designed distance)� δ. C̃(n,q,m,δ)´ C(n,q,m,δ)�aó (even-like)fè.w,,·

�k

dim(C̃(n,q,m,δ)) = dim(C(n,q,m,δ))− 1.

d½Â, g(n,q,m,δ)(x)k δ − 1�ëY�� βi é 1 ≤ i ≤ δ − 1,� g̃(n,q,m,δ)(x)k δ �ë

Y�� βi é 0 ≤ i ≤ δ − 1.d BCH.�� C(n,q,m,δ) Ú C̃(n,q,m,δ) �4�ål��©O

� δÚ δ + 1.Ïd, δ�¡� C(n,q,m,δ)��Oål.

Ù�éü�ØÓ� δ Ú δ′, è C(n,q,m,δ) Ú C(n,q,m,δ′) �U�Ó. Ïd, �� BCH

è�UkNõØÓ��Oål. C(n,q,m,δ) �����Oål�¡� Boseål (Bose

distance),P� dB.d½Â,�� BCHè� Boseål���è�4�ål���e..

Ïd�4�ålØU(½�,�Ä Boseål´k¿Â�.

Ì�è C(n,q,m,δ)3z�'u?ènØ�Ö¥þk�9.� n = qm − 1,è C(n,q,m,δ)

Ú C̃(n,q,m,δ) �¡�dÂ�� BCHè (narrow-sense primitive BCH codes),®3éõ©

z¥�ïÄL [3,9,10,17,50,51,77,94,171–173,200,201,227,299,300].AO/,'udÂ�� BCHè��

��C�o(,�ë�©z [94].� n = (qm − 1)/(q − 1),è C(n,q,m,δ)Ú C̃(n,q,m,δ)�¡�

dÂ�K BCHè (narrow-sense projective BCH codes),� q > 2�,ùaè3©z¥v

kïÄL.

��!ò�ïÄAaAÏ�dÂ�K BCHè�ëê.�)©��8,½ õ�ª,

�~S�©)Úk��þÚ�g.�'��êÚ3S�õ«�{�|^5��Aa

dÂ�K BCHè��ê, Boseål,4�ålÚþ©Ù.�a�� Griesmer.�n

� BCHè�u÷
Ñ5.é�!�Ä��
 BCHè��A^�k?Ø.

·�ò¬w�,�
dÂ�K BCHèk�`�ëê.�
ïÄ�
è��`5,

·�ë�
dMarkus Grassl�o�®��`�5è�êâ¥ http://www.codetables.de,

3e©¥�{¡�êâ¥.3�
�¹e,·�ò|^;Í [93] ¥'u�`Ì�è�L

��I\.
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5.1.2 ý��£

3��!¥,·��Þ�
'u©��8,�8�L�,�~S�©),k��þ

�g.Ú�êÚ��
�µ.Ó�£�
�
'u BCHè�®�(J.

5.1.2.1 ©��8

�
?n GF(q)þ�� n�Ì�è,·�I�ïÄ xn − 13 GF(q)þ�©).�

d,·�0�� n� q-©��8.

£� Zn P� n��ê�.- s����ê÷v 0 ≤ s < n. s� n� q-©��8

(q-cyclotomic coset of s modulo n)½Â�

Cs = {s, sq, sq2, · · · , sq`s−1} mod n ⊆ Zn,

Ù¥ `s´�����ê÷v s ≡ sq`s (mod n),� q-©��8 Cs�����. Cs¥�

���K�ê�¡� Cs ��8�L� (coset leader).- Γ(n,q) �¤k�8�L�|¤

�8Ü.·�k Cs ∩ Ct = ∅é?¿ü��É� sÚ táu Γ(n,q),¿�

⋃
s∈Γ(n,q)

Cs = Zn. (5.1)

½=,� n� q-©��8/¤ Zn���y©.

- m = ordn(q), - α � GF(qm)∗ ���)¤�. P β = α(qm−1)/n. @o β ´

GF(qm)¥���� n-gü �. ms(x)´ βs3 GF(q)þ�4�õ�ª.´�

ms(x) =
∏
i∈Cs

(x− βi) ∈ GF(q)[x], (5.2)

§3 GF(q)´Ø���.d (5.1)��

xn − 1 =
∏

s∈Γ(n,q)

ms(x), (5.3)
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½= xn − 1©)� GF(q)þ�Ø��Ïf.Ï,é?¿Ì�è

C = 〈g(x)〉 ⊂ GF(q)[x]/(xn − 1),

)¤õ�ª g(x)�eZms(x)�¦È.Ïd, g(x)�gêÚ C ��êdÚ g(x)�'�

©��8���û½.

±e,·��Þ�
'u©��8�k^(J.éu©��8���,·�k±e

Ún.

Ún 5.1 (½n 4.1.4 [151])µz� q-©��8 Cs��� `s´ ordn(q)���Ïf. ordn(q)

�u C1��� `1.

±eÚn`²� s��, q-©��8 Cs ⊂ Zn���o´�u ordn(q).

Ún 5.2 (Ún 8 [3])µ- n�����ê¦� gcd(n, q) = 1� qbm/2c < n ≤ qm − 1,Ù

¥m = ordn(q). q-©��8 Cs���m,Ù¥ sáu 1 ≤ s ≤ nqdm/2e/(qm − 1).

�������(J,·����
 BCHè��ê.

½n 5.1 (½n 10 [3])µ- n�����ê¦� gcd(n, q) = 1� qbm/2c < n ≤ qm− 1,Ù

¥m = ordn(q).@o�� n��Oål δáu2 ≤ δ ≤ min{bnqdm/2e/(qm − 1)c, n}�

dÂ BCHè��ê�

k = n−md(δ − 1)(1− 1/q)e.

5.1.2.2 �~S�©)Ú�8�L�

Ù� GF(q)þ�� n���dÂ BCHè� Boseål�½´ Zn ¥ q-©��8

����L�.� n = qm − 1,®k�
'u q-©��8�(J [94,200,299].AO/,3©

z [299] JÑ
�~S�©)�Vg,?Ø
§Ú� qm − 1��8�L����éX.

3��!¥,·�`²ù�Vgé(½,
AÏ�� qm−1
q−1
� q-©��8�L��k

�Ï.d?·�ob� q > 2´���ê�.

b� v = (vn−1, vn−2, . . . , v0)´����n�S�,z�©þ vi÷v 0 ≤ vi ≤ q−1.

S� v�¡����~S� (nondecreasing sequence)XJ vi+1 ≤ vi é 0 ≤ i ≤ n− 1.

?ÛS�k������~S�©) (nondecreasing sequence decomposition) /X
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V1V2 . . . VrÙ¥ Vi´�~S�� r´���.- v = (vl−1, . . . , v0)�w = (uk−1, . . . , u0)

�ü��~S�.·�` v = w XJ l = k � vl−1−i = wl−1−i é?¿ 0 ≤ i ≤ l − 1.

·�` v > w, XJ l > k � vl−1−i = wk−1−i é 0 ≤ i ≤ k − 1 ½�3���ê

0 ≤ j ≤ min{l, k} − 1¦� vl−1−j > wk−1−j � vl−1−i = wk−1−i é 0 ≤ i ≤ j − 1.éü

��Ý�Ó�äk�~S�©) v = V1V2 . . . Vr Ú w = W1W2 . . .Ws �S�,·�`

v = wXJ vÚ w�Ó.·�` v > wXJ�3���ê 0 ≤ j ≤ min{r, s} − 1¦�

Vr−1−j > Ws−1−j � Vr−1−i = Ws−1−i é 0 ≤ i ≤ j − 1.·��Ñ±þ�ÎÒ “v > w”

��A�ê�üS
∑

i viq
i >

∑
iwiq

i´���.

�½����ê s,·�b� 0 < s < n.b� s��� q-�©)´
∑m−1

i=0 siq
i,Ù

¥ 0 ≤ si ≤ q − 1.ù½Â
S� s = (sm−1, sm−2, . . . , s0).^ E(s)P s��~S�©

).��,- V1V2 . . . Vr � s��~S�©).@o½Â

E−1(V1V2 . . . Vr) = s.

Cs� n��8�L�P� s∗.

� n = qm− 1� s = (sm−1, sm−2, . . . , s0),5¿� n = (q− 1, q− 1, · · · , q− 1), qis

´éAu qis mod n�S�

qis = (sm−1−i, . . . , s0, sm−1, . . . , sm−i), 1 ≤ i ≤ m− 1. (5.4)

½=,� n = qm − 1,¦± q ����géAu s���Ì�£ .ù�'��

¯¢´ [299] ¥�(J�Ä:.� n = qm−1
q−1

,�¹�\E,.�, (5.4)E,¤á,��

qis > n,5¿� n = (1, 1, . . . , 1),·�I�3 qis¥~� (1, 1, . . . , 1)�,��ê,¦�

�ª�S�á3 0Ú n�m.�âù�*	,·��±N´�ò©z [299] ¥,
(J

�È� n = qm−1
q−1
��¹¥.±e,·�o´�Ä q-©��8� n = qm−1

q−1
.

Ún 5.3µ- 0 ≤ s ≤ qm−1
q−1
− 1 ´���ê÷v s �©þ� 0 ½ 1. b� E(s) =

V1V2 . . . Vr.·�k±e(J.

i) E(s∗) = VjVj+1 . . . VrV1 . . . Vj−1é,� j Ù¥ Vj ≤ Viéz� 1 ≤ i ≤ r.

ii) XJ V1 = V2 = · · · = Vr ½ V1 = V2 = · · · = Vj < Vk é¤k k > j,@o s = s∗.
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iii) XJ r = 1,@o s = s∗.

y². du n = (1, 1, · · · , 1) � s �©þ� 0 ½ 1, qis �©þÓ�� 0 ½ 1. Ï

0 < qis < n é?¿ i. Ïl qis ¥~� n ,��ê��¹Ø¬u). y²�½n

2.2 [299] ¥'u n = qm − 1�y²��aq.

- v = (vl−1, vl−2, . . . , v0)����~S�.½Â�äö� (truncating operator) Tk

�

Tk(v) = (vl−1, vl−2, . . . , vl−k), 1 ≤ k ≤ l.

·�½Â�Uö� (successor operator) S ¦� S(v)´�u v�����~S�.AO

/,XJv0 < q − 1,·�k

S(v) = (vl−1, vl−2, . . . , v0 + 1),

éAu�ê
∑l−1

i=0 viq
i ��U.±eÚn�Ä
3��AÏ�¹e�Ä
� qm−1

q−1
��

8�L�.

Ún 5.4µ- 0 ≤ s ≤ qm−1
q−1
− 1 ����ê. b� E(s) = V1V2 . . . Vr, Ù¥ V1 > V2.

b� V1 k�Ý l �©þ� 0½ 1.-M(s)�����u½�u s��8�L�.P

m = al + b,Ù¥ 0 ≤ b ≤ l − 1.XJ b = 0,·�k

M(s) = E−1(V1V1 . . . V1︸ ︷︷ ︸
a

).

XJ 1 ≤ b ≤ l − 1,·�k

M(s) ≥ E−1(V1V1 . . . V1︸ ︷︷ ︸
a

S(Tb(V1))).

AO/,XJ S(Tb(V1))�����©þ� 1,@o±þ�ªf�Ò¤á.

y². y²�½n 2.5 [299]é n = qm−1�y²�Ó,Ï�Ø�9l qis~� (1, 1, . . . , 1)

��¹.
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5.1.2.3 ��g.�'�pdÚ��êÚ

3��!¥,·�£��
�k��þ��g.�'�pdÚ��êÚ�(J.

d?,·��Ñü����^��Ún.

½Â 5.1µ- χ� GF(q)þ��¦{A�� Tr�l GF(q)� GF(p)�,¼ê.pdÚ

G(χ)½Â�

G(χ) =
∑

x∈GF(q)

χ(x)ζTr(x)
p ,

Ù¥ ζp := exp(2π
√
−1/p)´�� p-gEü �.

Ún 5.5 (½n 5.15 [190])µ- q = ps � η� GF(q)��gA� (Ïdp�Ûê).@o�

gpdÚ÷v

G(η) =


(−1)s−1√q XJ p ≡ 1 mod 4,

(−1)s−1(
√
−1)s

√
q XJ p ≡ 3 mod 4.

XJ η´ GF(q)��gA�� G(η)´�gpdÚ,±e��ª¤á:

∑
x∈GF(q)∗

ζTr(ax2)
p =

η(a)G(η)− 1

2
, ∀ a ∈ GF(q)∗. (5.5)

Ún 5.6 (Ún 1 [193])µ- q ���Û�ê�� Q(x)���l GF(qm)� GF(q)��

g.,�� r.@o

∑
x∈GF(qm)

ζTrq
m

p (Q(x))
p =


±qm−r/2 XJ q ≡ 1 mod 4,

±(
√
−1)rqm−r/2 XJ q ≡ 3 mod 4.

5.1.2.4 BCHè��
®�(J

·�Äk£����þ�½ õ�ª�½Â.½ õ�ª3 BCHè�ïÄ¥�

~k^ [9,10].

½Â 5.2µ- c = (c0, c1, . . . , cn−1) ∈ GF(q)n ����þk�"�©þ ci1 , ci2 , . . . , ciw .
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@o

X1 = βi1 , . . . , Xw = βiw

�¡� c�½ f (locators). c�½ õ�ª (locator polynomial)�

σ(z) =
w∏
i=1

(1−Xiz) =
w∑
i=0

σiz
i,

Ù¥ σ0 = 1.Xê σi'u Xi�Ð�é¡õ�ª:

σ1 = −(X1 + · · ·+Xw),

σ2 = X1X2 +X1X3 + · · ·+Xw−1Xw,

...

σw = (−1)wX1 · · ·Xw.

±eÚn£ã
 GF(qm)þ��õ�ª´ BCHè¥��èi�½ õ�ª�^

�.¯¢þ,ù�Ún�¹
Ïé BCHè¥��äk�½þ�èi��ª,Ù¥|

^
½ õ�ª.

Ún 5.7 (1 9Ù,Ún 4 [198])µ-

σ(z) =
w∑
i=0

σiz
i

� GF(qm)þ��õ�ª.@o σ(z)´�k 0Ú 1©þ�áu C(n,q,m,δ) �èi c�½

 õ�ª��=�±eü�^�¤á.

i) σ(z)�":´�É� n-gü �.

ii) σi = 0é¤k 1 ≤ i ≤ δ − 1÷v p - i,Ù¥ p´ GF(q)�A�.

±eÚn`²3,
�¹e,4�ål�u�Oål.

Ún 5.8 (½n 4.3.13 [18])µé�� BCHè C(n,q,m,δ),XJ δ | n,@o4�ål d = δ.
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5.1.3 ��êdÂ�K BCHè

d�,·�ob� n = qm−1
q−1

.Ï,·�k ordn(q) = m.·�^ αP GF(qm)�

������ β = αq−1. C(q,m,δ) Ú C̃(n,q,m,δ) ©O�dÂ�K BCH è C( q
m−1
q−1

,q,m,δ) Ú

C̃( q
m−1
q−1

,q,m,δ).��!¥,·��Äk�êA�":�,½=�ê���dÂ�K BCH

è.

�Oål� 2�dÂ�K BCHè=k��":,è�ëê´®��.

½n 5.2µè C(n,q,m,2)këê [(qm − 1)/(q − 1), (qm − 1)/(q − 1)−m, d],Ù¥

d =


3 XJ gcd(m, q − 1) = 1,

2 XJ gcd(m, q − 1) 6= 1.

y². �êd |C1| = m´�.du C(n,q,m,2)=k��": β,§���Ý
�

H = (1, β, . . . , βn−1),

Ù¥1 i-�´GF(q)m¥éAu βi−1��þ.� gcd(n, q−1) = gcd(m, q−1) = 1,´�

H �?¿ü�´�5Ã'�.Ïd,è C(n,q,m,2)´Ç²è� d = 3.� gcd(m, q−1) 6= 1,

·��±é� H ��5�'�ü�,%¹
 d = 2.

½n 5.3µè C̃(n,q,m,2) këê [(qm − 1)/(q − 1), (qm − 1)/(q − 1) − m − 1, d], Ù¥

d ∈ {3, 4}.

y². C̃(n,q,m,2) ´ C(n,q,m,2) �aófè, �ê� (qm − 1)/(q − 1) − m − 1. 4�ål

2 ≤ d ≤ 4,Ù¥e.d BCH.�Ñ,þ.d¥W¿.�Ñ.5¿���Ý


H̃ =


1 1 1 · · · 1

H

 ,

Ù¥ H ´½n 5.2 ¥è C(n,q,m,2) ���Ý
. ´� H̃ ���u 2. Ïd, ·�k

d ∈ {3, 4}.
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éu�Oål� 3�dÂ�K BCHè,ëê3±e�/�±(½.

½n 5.4µ- q ≥ 3.è C(n,q,m,3)këê [(qm − 1)/(q − 1), (qm − 1)/(q − 1)− 2m, d],Ù

¥ d = 33±e�¹:

i) q ≡ 1 mod 3� 3 | m,

ii) q ≡ 2 mod 3� 2 | m,

� d ≤ 43±e�¹:

iii) q ≡ 1 mod 4� 4 | m,

iv) q ≡ 3 mod 4� 2 | m.

AO/,XJ q = 3� 2 | m,·�k d = 4.

y². �êd |C1| = |C2| = m�Ñ.éu4�ål,·�=y² d ≤ 4. d = 3��/´

aq�.�
y² d ≤ 4,·�ò�é���èi c ∈ C(n,q,m,3) kþ 4.dÚn 5.7,�

Ié� c���½ õ�ª σ(z) =
∑4

i=0 σiz
i,Ù¥ σ(z)�¤k�áuÌ�+ 〈β〉�

σ1 = σ2 = 0.d½Â 5.2,½=Ïé X1, X2, X3, X4 ∈ 〈β〉,÷v

{
X1 +X2 +X3 +X4 = 0,

X1X2 +X1X3 +X1X4 +X2X3 +X2X4 +X3X4 = 0.

iii) ½ iv) %¹ 4 | qm−1
q−1
� −1 ∈ 〈β〉. Ïd, ·��±À� X1 = 1, X2 = −1, X3 =

β
qm−1
4(q−1) , X4 = −β

qm−1
4(q−1) ,÷v X1, X2, X3, X4 ∈ 〈β〉�±þüª¤á.½=,·�é��

�èi c ∈ C(n,q,m,3)kþ 4,©þ� 0½ 1.Ïd,·�k d ≤ 4.

AO/,XJ q = 3,·�k 3 ∈ C1,%¹
 Boseål dB ≥ 4.,��¡,� q = 3

� 2 | m,·�k d ≤ 4.5¿� 4 ≥ d ≥ dB ≥ 4,·�k d = 4.

- q ≥ 3. é C(n,q,m,3) �4�ål, ê�¢�`² d = 4 � q = 3, d ∈ {3, 4} �

q > 3.nØþ, BCH.Ú¥W¿.%¹ 4 ≤ d ≤ 6� q = 3� 3 ≤ d ≤ 6� q > 3.X½

n 5.4¤«,·��±|^½ õ�ª3,
�¹eüØ d ∈ {5, 6}��U.,,·

�Ø(½ù�E|´Ä�^uÙ§�e��/,Ï�ù��{�Ué�©þ� 0½ 1

�èi.
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5.1.4 ��êdÂ�K BCHè

��!, ·�ïÄ��êdÂ�K BCH è. ·��?Ö´é�� n = (qm −

1)/(q − 1)�cA�����8�L�.5¿�dÂ�K BCHè� Boseål´��

�8�L�.ù
�8�L���£�Ñ
dÂ�K BCHè� BoseålÚ�ê,Ù

¥ù
dÂ�K BCHè�":�)
 xn − 1�¤k��Ø
A�����8�L

�.·�P�� (½g�)� n��8�L�� δ1 (½ δ2).é¤k q > 2(½ δ1Ú δ2q

�´��(J�¯K.��!{e�Ü©,·�b� q = 3��ïÄ q = 3��/.

5.1.4.1 ü��8�L� δ1Ú δ2

Ún 5.9µ- q = 3Úm ≥ 2.����8�L�� n = (qm − 1)/(q − 1)´

δ1 = qm−1 − 1− qb(m−1)/2c − 1

q − 1

Ú

|Cδ1 | =
{
m XJm is odd,
m
2
XJm is even.

g���8�L�� n´

δ2 = qm−1 − 1− qb(m+1)/2c − 1

q − 1

� |Cδ2| = m.

y². � m ∈ {2, 3},(Ø�N´���y.±e,·��Ä m ≥ 4.b� 0 < δ < n´

��/X δ = (am−1, am−2, . . . , a0)��8�L�.·�Äk�Ñ am−1 = 0.eØ,,d

u δ < n,·�k am−1 = 1�k��©þ ai÷v ai = 0.·��±���Ì�£  qjδ

é,� j (� (5.4))¦� ai = 0�1��©þ,Ï qjδ < δ,� δ´���8�L�g

ñ.

·�b��8�L� δ /X δ = (0, 2, am−3, . . . , a0). ��cÓ��Øy, 00 Ú

01 ØUÑy3 δ ¥. d	, XJ 12 Ñy, ���Ü·�Ì�£ , ·�k qjδ =
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(1, 2, . . . , 0, 2, . . .)é,� j.´�

0 < qjδ − n = (1, 2, . . . , 0, 2, . . .)− (1, 1, . . . , 1) = (0, bm−1, . . . , b0) = v,

Ù¥ 0 ≤ bm−1 ≤ 1,Ïd v < δ,� δ´���8�L�gñ.Ïd 12ØÑy3 δ¥.

2g,-

δ = (0, 2, . . . , 2︸ ︷︷ ︸
u

, 1, . . . , 1︸ ︷︷ ︸
v

), (5.6)

Ù¥ u+ v + 1 = m.·��±�y�Au qiδ mod n�S��

qδ = (1, . . . , 1︸ ︷︷ ︸
u−1

, 0, 2, . . . , 2︸ ︷︷ ︸
v+1

),

qiδ = (1, . . . , 1︸ ︷︷ ︸
u−i

, 0, 2, . . . , 2︸ ︷︷ ︸
v+1

, 1, . . . , 1︸ ︷︷ ︸
i−1

), 2 ≤ i ≤ u− 1,

quδ = (0, 2, . . . , 2︸ ︷︷ ︸
v+1

, 1, . . . , 1︸ ︷︷ ︸
u−1

),

qu+1δ = (1, . . . , 1︸ ︷︷ ︸
v

, 0, 2, . . . , 2︸ ︷︷ ︸
u

),

qu+1+iδ = (1, . . . , 1︸ ︷︷ ︸
v−i

, 0, 2, . . . , 2︸ ︷︷ ︸
u

, 1, . . . , 1︸ ︷︷ ︸
i

), 1 ≤ i ≤ v − 1.

Ïd,/X (5.6)� δ´���8�L�� n��=� u ≤ v + 1,½=, u ≤ m
2

.

��,- δ ���/X δ = (0, 2, am−3, . . . , a0)��8�LX�vk (5.6)�/ª.

d·�¤y²�, δ7L/X

δ = (0, 2, . . . , 2︸ ︷︷ ︸
u1

, 1, . . . , 1︸ ︷︷ ︸
v1

, 0, 2, . . . , 2︸ ︷︷ ︸
u2

, 1, . . . , 1︸ ︷︷ ︸
v2

, . . . , 0, 2, . . . , 2︸ ︷︷ ︸
ut

, 1, . . . , 1︸ ︷︷ ︸
vt

),

Ù¥ t ≥ 2� u1 ≤ ui é¤k 2 ≤ i ≤ u.AO/,·�k u1 ≤ u2 � u1 + u2 + 2 ≤ m,

%¹
 u1 ≤ m
2
− 1.
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d±þØy,´����ü��8�L�� δ1Ú δ2�:

�m ≥ 4�óê: δ1 = (0, 2, . . . , 2︸ ︷︷ ︸
m
2

, 1, . . . , 1︸ ︷︷ ︸
m
2
−1

), δ2 = (0, 2, . . . , 2︸ ︷︷ ︸
m
2
−1

, 1, . . . , 1︸ ︷︷ ︸
m
2

).

�m ≥ 4�Ûê: δ1 = (0, 2, . . . , 2︸ ︷︷ ︸
m−1

2

, 1, . . . , 1︸ ︷︷ ︸
m−1

2

), δ2 = (0, 2, . . . , 2︸ ︷︷ ︸
m−3

2

, 1, . . . , 1︸ ︷︷ ︸
m+1

2

).

´�§éAu

δ1 = qm−1 − 1− qb(m−1)/2c − 1

q − 1
.

du q
m
2 δ1 ≡ δ1 (mod n)�m�óê.·�k

|Cδ1| =
{
m XJm´Ûê,
m
2
XJm´óê.

N´�y

δ2 = qm−1 − 1− qb(m+1)/2c − 1

q − 1
.

��y² |Cδ2| = m.

5.1.4.2 Ù§�8�L� δi

£� q = 3.- δi �1 i���8�L�� n = (qm − 1)/(q − 1).3�f!¥,·

��Ñ3 q = 3��/,
�8�L� δi��±�û½.

- δ���/X

δ = (0, 2, . . . , 2︸ ︷︷ ︸
u1

, 1, . . . , 1︸ ︷︷ ︸
v1

, . . . , 0, 2, . . . , 2︸ ︷︷ ︸
ut

, 1, . . . , 1︸ ︷︷ ︸
vt

).

��8�L�,Ù¥
∑t

i=1(ui + vi + 1) = m.d	,

qδ = (1, . . . , 1︸ ︷︷ ︸
u1−1

, 0, 2, . . . , 2︸ ︷︷ ︸
v1+1

, . . . , 1, . . . , 1︸ ︷︷ ︸
ut−1

, 0, 2, . . . , 2︸ ︷︷ ︸
vt+1

).

w,, δ´���8�L�=� u1 ≤ u2 ≤ · · · ≤ ut� u1 ≤ vi + 1é?¿ 1 ≤ i ≤ t.A

O/,XJ t ≥ 2,@o u1 + v1 + u2 + v2 + 2 ≤ m%¹
 u1 ≤ m
4

.Ïd,é 1 ≤ i ≤ bm
4
c,
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δi/X

δi = (0, 2, . . . , 2︸ ︷︷ ︸
dm+1

2
e−i

, 1, . . . , 1︸ ︷︷ ︸
m−1−dm+1

2
e+i

).

Ï

δi = qm−1 − 1− qb
m−3

2
+ic − 1

q − 1
, 1 ≤ i ≤ bm

4
c.

·��� q = 3å�
��^,Ï�¦± 3��g���(J´�ý��.,,é

q > 3,·�vk��aq�(J.

5.1.4.3 n�è C(n,q,m,δ1)Ú C̃(n,q,m,δ1)

y3·�ïÄn�è C(n,q,m,δ1)Ú C̃(n,q,m,δ1).2g£� q = 3.

½n 5.5µ-m ≥ 3� q = 3.@on�è C(n,q,m,δ1)këê

[
qm − 1

q − 1
, k, δ1

]
,

Ù¥

k =

{
m+ 1 XJm´Ûê,
m+2

2
XJm´óê.

d	, C(n,q,m,δ1) ´��nèXJ m ≥ 4´óê,´��oèXJ m ≥ 3´Ûê.

C(n,q,m,δ1)�þ©Ù�3L 5.1ÚL 5.2.

y². ·�=�Ä m ≥ 3´Ûê��¹. m ≥ 4´óê��¹�±aq/?n.dÚ

n 5.9��è��ê.5¿� 3m−1
2
− δ1 = 3m−1+3

m−1
2

2
.d Delsarte½n [72],

C(n,q,m,δ1) = {c̃(a, b) : a ∈ GF(3m), b ∈ GF(3)},

Ù¥

c̃(a, b) =

(
Tr3m

3

(
aαj(3

m−1+3
m−1

2 )

)
+ b

)n−1

j=0

.

d? α´ GF(3m)∗ ���)¤�.du gcd(3m−1 + 3
m−1

2 , 3m − 1) = 2,�IïÄ±e
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è�þ©Ù

c(a, b) =
(
Tr3m

3

(
aα2j

)
+ b
)n−1

j=0
, a ∈ GF(3m), b ∈ GF(3). (5.7)

è (5.7)�þ©ÙAT3©z¥´®��.,,�
)º·��e5ò�^���

{,·��Ñ�[�O�.

XJ a = 0� b 6= 0,´� w(c(a, b))� 3m−1
2
� 2g.XJ a 6= 0,��~5�O�

(�©z [193])L²Ç²þ

w(c(a, b)) = n−
n−1∑
j=0

1

3

∑
x∈GF(3)

ζ
x(Tr3

m

3 (aα2j)+b)
3

=
2

3
n− 1

6

∑
x∈GF(3)∗

ζbx3

∑
y∈GF(22m)∗

ζ
Tr3

m

3 (axy2)
3 .

d? ζ3 = −1+
√
−3

2
´ 3-gEü �.d (5.5)��

w(c(a, b)) =
2

3
n− 1

6

∑
x∈GF(3)∗

ζbx3 (η(ax)G(η)− 1)

=
2

3
n− 1

6
η(a)G(η)

(
ζb3 + η(−1)ζ−b3

)
+

1

6

(
ζb3 + ζ−b3

)
,

Ù¥ η´�gA�� G(η)´ GF(22m)þ�gpdÚ.

du m ´Ûê, η(−1) = −1. dÚn 5.5, ��XJ a 6= 0 � b = 0, w(c(a, b))

�� 3m−1 � 3m − 1 g, XJ a, b 6= 0, w(c(a, b)) �� 3m−1 − 1+(−1)(m+1)/23(m−1)/2

2
Ú

3m−1 − 1+(−1)(m−1)/23(m−1)/2

2
� 3m − 1 g. Ï, � m ≥ 3 �Ûê, ·���
þ©

Ù.

~ 5.1µ- (q,m) = (3, 4). ½n 5.5 �è C(n,q,m,δ1) këê [40, 3, 25], Úþ©Ù

1 + 16z25 + 8z30 + 2z40.ù�è´�`�Ì�è (305� [93]).

~ 5.2µ- (q,m) = (3, 5). ½n 5.5 �è C(n,q,m,δ1) këê [121, 6, 76], Úþ©Ù

1 + 242z76 + 242z81 + 242z85 + 2z121.
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L 5.1 C(n,q,m,δ1)�þ©Ù�m ≥ 4�óê

þ gê

0 1

3m−1 − 3m/2−1+1
2

2(3m/2 − 1)

3m−1 + 3m/2−1 3m/2 − 1

3m−1
2

2

L 5.2 C(n,q,m,δ1)�þ©Ù�m ≥ 3�Ûê

þ gê

0 1

3m−1 3m − 1

3m−1 − 1+(−1)(m−1)/23(m−1)/2

2
3m − 1

3m−1 − 1+(−1)(m+1)/23(m−1)/2

2
3m − 1

3m−1
2

2
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½n 5.6µ-m ≥ 3� q = 3.n�è C̃(n,q,m,δ1)këê

[
qm − 1

q − 1
, k, d

]
,

Ù¥

k =

{
m XJm´Ûê,
m
2
XJm´óê,

�

d =

{
3m−1 XJm´Ûê,
3m−1 + 3

m
2
−1 XJm´óê.

d	, C̃(n,q,m,δ1)´�è.

y². d Delsarte½n [72],

C̃(n,q,m,δ1) = {c(a) : a ∈ GF(3m)},

Ù¥

c(a) =

(
Tr3m

3

(
aα(3m−1+3b

m−1
2 c)j

))n−1

j=0

.

5¿� C̃(n,q,m,δ1)´ C(n,q,m,δ1)���fè,þ©Ùd½n 5.5´�.

N´�y½n 5.6�è C̃(n,q,m,δ1) �� Griesmer.,Ï´�`�.� m´óê,

è C̃(n,q,m,δ1) �ëê�N´#�.� m´Ûê,è C̃(n,q,m,δ1) �ëêØ´#�,§�du

GF(3)þ� simplexè.�m�Ûê,±þ½ny²
n� simplexè�dun�dÂ

�K BCHè.®� GF(q)þ� simplexè���du��Ì�è� gcd(m, q − 1) = 1.

,,Ø�Ù GF(q)þ� simplexè´Ä�du�� BCHè� gcd(m, q − 1) = 1.

5.1.4.4 n�è C̃(n,3,m,δ2)Ú C(n,3,m,δ2)

(½n�è C̃(n,3,m,δ2) Ú C(n,3,m,δ2) �þ©Ù�6uk��þ�g.�nØ.·

�Äk��
O�.
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-m ≥ 3�Ûê.é a, b ∈ GF(22m),½Â�g.

Q(x) = Tr3m

3

(
ax3

m−1
2 +1 + bx3

m−3
2 +1

)
.

- ra,b�±þ�g.��.

Ún 5.10µ-m�Ûê, a, b ∈ GF(22m)� (a, b) 6= (0, 0).�g.

Q(x) = Tr3m

3

(
ax3

m−1
2 +1 + bx3

m−3
2 +1

)

k� ra,b ∈ {m,m− 1,m− 2,m− 3}.

y². - B(x, y)���g. Q(x)�'�é¡V�5.,½=,

B(x, y) = Q(x+ y)−Q(x)−Q(y)

= Tr3m

3

((
b3

m+3
2 x3

m+3
2 + a3

m+1
2 x3

m+1
2 + ax3

m−1
2 + bx3

m−3
2

)
y

)
.

£��§

b3
m+3

2 x3
m+3

2 + a3
m+1

2 x3
m+1

2 + ax3
m−1

2 + bx3
m−3

2 = 0

k 3r �) x ∈ GF(22m)��=� Q(x)��� m − r.5¿�±þ�§)��ê�u

±e�§�)��ê��ê:

b3
m+3

2 x33 + a3
m+1

2 x32 + ax3 + bx = 0.

ù��§�õk 27�),Ïd r ≤ 3� ra,b ∈ {m,m− 1,m− 2,m− 3}.

é a, b ∈ GF(22m),½Â

T (a, b) =
∑

x∈GF(22m)

ζ
Tr3

m

3

(
ax3

m−1
2 +1+bx3

m−3
2 +1

)
3 .

P ra,b ��g. Q(x) = Tr3m

3

(
ax3

m−1
2 +1 + bx3

m−3
2 +1

)
��,P η0 � GF(3)þ��g
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A�.@o

S(a, b) :=
∑

y∈GF(3)∗

T (ya, yb)

=
∑

y∈GF(3)∗

η0(yra,b)T (a, b) = T (a, b) (1 + (−1)ra,b) .

·�¬^�±e'uå�ª�(J.

Ún 5.11µé S(a, b),·�k:

i)
∑

a,b∈GF(22m) S(a, b) = 2× 32m.

ii)
∑

a,b∈GF(22m) S(a, b)2 = 4× 33m.

iii)
∑

a,b∈GF(22m) S(a, b)3 = 32× 33m − 24× 32m.

iv)
∑

a,b∈GF(22m) T (a, b)2 = 32m.

y². i)w,.

ii)½Â N2 � (u, v) ∈ GF(3)∗ × GF(3)∗ Ú (x, y) ∈ GF(22m) × GF(22m)��ê,

÷v±eü��§: 
ux3

m−1
2 +1 + vy3

m−1
2 +1 = 0,

ux3
m−3

2 +1 + vy3
m−3

2 +1 = 0.

´�
∑

a,b∈GF(22m) S(a, b)2 = 32mN2.Ï,�I(½ N2.

� x = y = 0, (u, v)k 4«ÀJ.� x 6= 0, y 6= 0,±þ�§|�du


(x
y
)3

m−1
2 +1 = − v

u
,

(x
y
)3

m−3
2 +1 = − v

u
.

5¿� gcd(3
m−1

2 + 1, 3m − 1) = gcd(3
m−3

2 + 1, 3m − 1) = 2.·��� − v
u
∈ GF(3)∗�

��²��.=, − v
u

= 1.Ï, (u, v)k 2�ÀJ.Ó�, x
y

= ±1TÐ´±e�§|�

¤k): 
(x
y
)3

m−1
2 +1 = 1,

(x
y
)3

m−3
2 +1 = 1.
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Ïd, (x, y)k 2(3m − 1)�ÀJ.o�, (u, v)Ú (x, y)k 4(3m − 1)�ÀJ� x 6= 0�

y 6= 0.oO,·�k N2 = 4 + 4(3m − 1) = 4× 3m.

iii)½ÂN3�n�| (u, v, w) ∈ GF(3)∗×GF(3)∗×GF(3)∗Ú (x, y, z) ∈ GF(22m)×

GF(22m)×GF(22m)��ê÷v:


ux3

m−1
2 +1 + vy3

m−1
2 +1 + wz3

m−1
2 +1 = 0,

ux3
m−3

2 +1 + vy3
m−3

2 +1 + wz3
m−3

2 +1 = 0.

´�
∑

a,b∈GF(22m) S(a, b)3 = 32mN3.Ïd,�I(½ N3.

� x = y = z = 0,n�| (u, v, w)k 8«ÀJ.� x, y, z Tk��� 0,·��|

^ ii)�(J.~X,XJ x = 0,@o u ∈ {1, 2}��§|òz�


vy3

m−1
2 +1 + wz3

m−1
2 +1 = 0,

vy3
m−3

2 +1 + wz3
m−3

2 +1 = 0.

d ii), (v, w)Ú (y, z)k 4(3m−1)�ÀJ.Ïd,n�| (u, v, w)Ú (0, y, z)k 8(3m−1)

�ÀJ.oO,� x, y, zTk��� 0,·�k 24(3m − 1)�ÀJ.

� x, y, z�Ü�",·�k

u(
x

z
)3

m−1
2 +1 + v(

y

z
)3

m−1
2 +1 + w = 0, (5.8)

u(
x

z
)3

m−3
2 +1 + v(

y

z
)3

m−3
2 +1 + w = 0. (5.9)

d (5.8)Ú (5.9)��

(
x

y
)3

m+3
2 +1 = − v(y2 − z2)

u(x2 − z2)
. (5.10)

(5.9)ü>�ng��,

u(
x

z
)3

m−1
2 +3 + v(

y

z
)3

m−1
2 +3 + w = 0. (5.11)

éÜ (5.11)Ú (5.8)��

(
x

y
)3

m−1
2 +1 = − v(y2 − z2)

u(x2 − z2)
. (5.12)
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d (5.10)Ú (5.12),·�k (x
y
)3

m+3
2 +1 = (x

y
)3

m−1
2 +1,�du (x

y
)8 = 1.du gcd(8, 3m −

1) = 2,·�k (x
y
)2 = 1.d x, y, z�é¡5,·�íÑ (x

z
)2 = 1� (y

z
)2 = 1.Ïd,��

§|òz�

u+ v + w = 0, u, v, w ∈ GF(3)∗.

´�n�| (u, v, w)k 2�ÀJ,n�| (x, y, z)k 4(3m − 1)�ÀJ.oO,� x, y, z

�Ü�"�k 8(3m− 1)�ÀJ.Ïd, N3 = 8 + 24(3m− 1) + 8(3m− 1) = 32× 3m− 24.

iv)y²��aqu ii),�3dÑ�.

é j ∈ {0, 2},½Â

nj =
∣∣∣{(a, b) ∈ GF(22m)×GF(22m) : T (a, b) = ±3

m+j
2

√
−1
}∣∣∣ .

é j ∈ {1, 3}� ε = ±1,½Â

nε,j =
∣∣∣{(a, b) ∈ GF(22m)×GF(22m) : T (a, b) = ε3

m+j
2

}∣∣∣ .
3 n1,3 = 0 �b�e, (ù�b�ò3�¡y², �½n 5.7 �y²), ·���

T (a, b)Ú S(a, b)��©Ù.

Ún 5.12µ-m ≥ 3���Ûê.b� n1,3 = 0.

(i). T (a, b)��©ÙXe:
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� ra,b � T (a, b) gê

m 3
m
2

√
−1 (3m−1)(8×3m−9×3m−1+9)

8

m −3
m
2

√
−1 (3m−1)(8×3m−9×3m−1+9)

8

m− 1 3
m+1

2
(3m−1+3

m−1
2 )(3m−1)
2

m− 1 −3
m+1

2
(3m−1−3

m−1
2 )(3m−1)
2

m− 2 3
m
2

+1
√
−1 (3m−1)(3m−1−1)

8

m− 2 −3
m
2

+1
√
−1 (3m−1)(3m−1−1)

8

0 3m 1

(2). S(a, b)��©ÙXe:

� ra,b � S(a, b) gê

m,m− 2 0 (3m − 3m−1 + 1)(3m − 1)

m− 1 2× 3
m+1

2
(3m−1+3

m−1
2 )(3m−1)
2

m− 1 −2× 3
m+1

2
(3m−1−3

m−1
2 )(3m−1)
2

0 2× 3m 1

y². dÚn 5.11�å�ª,·�k

n0 + n2 + n1,1 + n−1,1 + n1,3 + n−1,3 = 32m − 1,

n1,1 − n−1,1 + 3(n1,3 − n−1,3) = 3
m−1

2 (3m − 1),
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n1,1 + n−1,1 + 9(n1,3 + n−1,3) = 3m−1(3m − 1),

n1,1 − n−1,1 + 27(n1,3 − n−1,3) = 3
m−1

2 (3m − 1),

−n0 + 3(n1,1 + n−1,1)− 9n2 + 27(n1,3 + n−1,3) = 0.

ëÓ n1,3 = 0, �� T (a, b) ��©Ù. du S(a, b) = 0 XJ ra,b ∈ {m,m − 2} �

S(a, b) = 2T (a, b)XJ ra,b ∈ {m− 1,m− 3},´� S(a, b)��©Ù.

½n 5.7µ-m ≥ 3� q = 3.n�è C̃(n,q,m,δ2)këê

[
qm − 1

q − 1
, k, d

]
,

Ù¥

k =

{
2m XJm´Ûê,
3m
2

XJm´óê,

� d = 3m−1− 3b
m−1

2
c.d	,þ©Ù�3L 5.3�m´óê,�3L 5.4�m´Ûê.

y². è��ê�dÚn 5.9�Ñ.5¿�

C̃(n,q,m,δ2) = {c1(a, b) : a, b ∈ GF(22m)},

Ù¥

c1(a, b) =

(
Tr3m

3

(
aβ

3m−1+3
bm−1

2 c
2

j + bβ
3m−1+3

bm+1
2 c

2
j

))n−1

j=0

,

d? β = α2� α´ GF(3m)∗���)¤�.

� m´óê,du Tr3m

3 (x)3j = Tr3m

3 (x)é x ∈ GF(22m)Ú?¿ j,(½ C̃(n,q,m,δ2)

�þ©Ù8(u±eè C �þ©Ù

c2(a, b) =
(

Tr3m

3

(
aα(3

m
2 +1)j + bα(3

m
2 −1+1)j

))n−1

j=0
, a ∈ GF(3

m
2 ), b ∈ GF(3m).

·��Ñ C �þ©Ù´®�� (½n 2 [195]).Ï�� C̃(n,q,m,δ2)�þ©Ù,�3L

5.3.��4�ål d = 3m−1 − 3
m
2
−1.
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L 5.3 C̃(n,q,m,δ2)�þ©Ù�m ≥ 4´óê

þ gê

0 1

3m−1 − 3
m
2
−1 3(3

m
2 −1)(3

m
2 +1)2

8

3m−1 3
m
2
−1(3m − 1)

3m−1 + 3
m
2
−1 3(3

m
2 −1)(3m−1+1)

4

3m−1 + 3
m
2

(3
m
2 −1−1)(3m−1)

8

�m�Ûê�,·�I�õ�:ó�.é a, b ∈ GF(22m),½Â

c3(a, b) =

(
Tr3m

3

(
aα(3

m−1
2 +1)j + bα(3

m−3
2 +1)j

))n−1

j=0

.

ù�du�Äè

C ′ =
{
c3(a, b) : a, b ∈ GF(22m)

}
.

���O���

w(c3(a, b)) = 3m−1 − 1

6
S(a, b).

Ïd·�lÚn 5.12¥ S(a, b)��©Ù���� C̃(n,q,m,δ2)�þ©Ù (�L 5.4),b

� n1,3 = 0.

·���y² n1,3 = 0. ù´Ï� n1,3 ´ C̃(n,q,m,δ2) ¥þ� 3m−1 − 3
m+1

2 �

èi��ê. ,, C̃(n,q,m,δ2) ´ C(n,q,m,δ2) ���fè, Ù4�ål� d ≥ δ2 =

3m−1 − 1− 3
m+1

2 −1
2

> 3m−1 − 3
m+1

2 .¤± n1,3 = 0.

~ 5.3µ- (q,m) = (3, 4). ½n 5.7 �è C̃(n,q,m,δ2) këê [40, 6, 24], 9þ©Ù

1 + 300z24 + 240z27 + 168z30 + 20z36.ù´�`�Ì�èÚ�5è (305� [93]).

~ 5.4µ- (q,m) = (3, 5). ½n 5.7 �è C̃(n,q,m,δ2) këê [121, 10, 72], 9þ©Ù

1 + 10890z72 + 39446z81 + 8712z90.ù�è�êâ¥¥�`�n��5èk�Ó�ë

ê.
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L 5.4 C̃(n,q,m,δ2)�þ©Ù�m ≥ 3´Ûê

þ gê

0 1

3m−1 − 3
m−1

2
(3m−1+3

m−1
2 )(3m−1)
2

3m−1 (3m − 3m−1 + 1)(3m − 1)

3m−1 + 3
m−1

2
(3m−1−3

m−1
2 )(3m−1)
2

½n 5.8µ-m ≥ 3� q = 3.n�è C(n,q,m,δ2)këê

[
qm − 1

q − 1
, k, δ2

]
,

Ù¥

k =

{
2m+ 1 XJm´Ûê,
3m+2

2
XJm´óê.

d	,þ©Ù�3L 5.5�m´óê,�3L 5.6�m´Ûê.

y². dÚn 5.9��è��ê.5¿�

C(n,q,m,δ2) =
{
c1(a, b, c) : a, b ∈ GF(22m), c ∈ GF(3)

}
,

Ù¥

c1(a, b, c) =

(
Tr3m

3

(
aβ

3m−1+3
bm−1

2 c
2

j + bβ
3m−1+3

bm+1
2 c

2
j

)
+ c

)n−1

j=0

.

d? β = α2� α´ GF(3m)∗���)¤�.

�m´óê,é a, b ∈ GF(22m),½Â

c2(a, b, c) =
(

Tr3m

3

(
aα(3

m
2 +1)j + bα(3

m
2 −1+1)j

)
+ c
)n−1

j=0
.
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(½ C(n,q,m,δ2)�þ©Ù�8(��Äè

C =
{
c2(a, b, c) : a ∈ GF(3

m
2 ), b ∈ GF(22m), c ∈ GF(3)

}
�þ©Ù.��O���

w(c2(a, b, c)) = 3m−1 +
1

2
(δ0,c − 1)− 1

6

∑
y∈GF(3)∗

ζcy3 U(ya, yb)

= 3m−1 +
1

2
(δ0,c − 1)− 1

6

∑
y∈GF(3)∗

ζcy3 (−1)r
′
a,bU(a, b),

Ù¥

U(a, b) =
∑

x∈GF(22m)

ζ
Tr3

m

3 (ax3
m
2 +1+bx3

m
2 −1

+1)
3 ,

δ0,c =


1 XJ c = 0,

0 XJ c 6= 0,

� r′a,b ´�g. Tr3m

3 (ax3
m
2 +1 + bx3

m
2 −1+1)��.d½n 1 [195], U(a, b)��©Ù®�,

¿�3eL:

�r′a,b �U(a, b) gê

m 3
m
2

3(3
m
2 −1)(3

m
2 +1)2

8

m −3
m
2

3(3
m
2 −1)(3m−1+1)

4

m− 1 3
m+1

2 i 3
m
2 −1(3m−1)

2

m− 1 −3
m+1

2 i 3
m
2 −1(3m−1)

2

m− 2 −3
m
2

+1 (3
m
2 −1−1)(3m−1)

8

0 3m 1

� m �óê, C Ú C(n,q,m,δ2) �þ©Ù (�L 5.5) �d U(a, b) ��©Ù�Ñ.
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~X, dþL, � r′a,b = m, U(a, b) � 3
m
2 � 3(3

m
2 −1)(3

m
2 +1)2

8
g. Ïd, XJ c = 0,

w(c2(a, b, c))�� 3m−1 − 3
m
2
−1 � 3(3

m
2 −1)(3

m
2 +1)2

8
g,XJ c = 1½ 2, w(c2(a, b, c))�

� 3m−1 + 1
2

(
3
m
2
−1 − 1

)
� 3(3

m
2 −1)(3

m
2 +1)2

4
g.

�m�Ûê,é a, b ∈ GF(22m)Ú c ∈ GF(3),½Â

c3(a, b, c) =

(
Tr3m

3

(
aα(3

m−1
2 +1)j + bα(3

m−3
2 +1)j

)
+ c

)n−1

j=0

.

�I�Äè

C ′ =
{
c3(a, b, c) : a, b ∈ GF(22m), c ∈ GF(3)

}
.

��O���

w(c3(a, b, c)) = 3m−1 +
1

2
(δ0,c − 1)− 1

6

∑
y∈GF(3)∗

ζcy3 (−1)ra,bT (a, b),

Ù¥ T (a, b)Ú ra,b �Ún 5.12¥�Ó.|^Ún 5.12¥ T (a, b)��©Ù,� m�Û

ê,·��� C(n,q,m,δ2)�þ©Ù (�L 5.6).

~ 5.5µ- (q,m) = (3, 4).½n 5.8�è C(n,q,m,δ2)këê [40, 7, 22],Úþ©Ù

1 + 280z22 + 300z24 + 336z25 + 240z27 + 600z28 + 168z30 + 240z31 + 20z36 + 2z40.

ù´�Ð�n�Ì�è (305� [93]),��êâ¥¥�Ð�n��5èk�Ó�ëê.

5¿�éëê� [40, 7, d]�n��5è,·�k d ≤ 23.

~ 5.6µ- (q,m) = (3, 5).½n 5.8�è C(n,q,m,δ2)këê [121, 11, 67],Úþ©Ù

1 + 2420z67 + 10890z72 + 54450z76 + 39446z81 + 58806z85 + 8712z90 + 2420z94 + 2z121.

êâ¥¥®��Ð�n��5èkëê [121, 11, 68],ù�èØ´Ì�è.

5.1.5 kAÏ�Oål�dÂ�K BCHè

3��!¥,·�ïÄ�� n = qm−1
q−1
�kAÏ�Oål�dÂ�K BCHè.X
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L 5.5 C(n,q,m,δ2)�þ©Ù�m ≥ 4�óê

þ gê

0 1

3m−3m−1−3
m
2 −1

2
(5×3

m
2 −1−1)(3m−1)

4

3m−3m−1−2×3
m
2 −1

2
3(3

m
2 −1)(3

m
2 +1)2

8

3m−3m−1−3
m
2 −1−1

2
3(3

m
2 −1)(3m−1+1)

2

3m−3m−1

2
3
m
2
−1(3m − 1)

3m−3m−1+3
m
2 −1−1

2
3(3

m
2 −1)(3

m
2 +1)2

4

3m−3m−1+2×3
m
2 −1

2
3(3

m
2 −1)(3m−1+1)

4

3m−3m−1+3
m
2 −1

2
3
m
2
−1(3m − 1)

3m−3m−1+2×3
m
2

2
(3
m
2 −1−1)(3m−1)

8

3m−1
2

2

L 5.6 C(n,q,m,δ2)�þ©Ù�m ≥ 3�Ûê

þ gê

0 1

3m−3m−1−3
m+1

2 −1
2

(3m−1−1)(3m−1)
8

3m−3m−1−2×3
m−1

2

2
(3m−1+3

m−1
2 )(3m−1)
2

3m−3m−1−3
m−1

2 −1
2

(8×3m−3m−1−8×3
m−1

2 +9)(3m−1)
8

3m−3m−1

2
(3m − 3m−1 + 1)(3m − 1)

3m−3m−1+3
m−1

2 −1
2

(8×3m−3m−1+8×3
m−1

2 +9)(3m−1)
8

3m−3m−1+2×3
m−1

2

2
(3m−1−3

m−1
2 )(3m−1)
2

3m−3m−1+3
m+1

2 −1
2

(3m−1−1)(3m−1)
8

3m−1
2

2
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c¤ã,�
� qm−1
q−1
��8�L��&E�d�~S�©)�Ñ.5¿�éu��d

Â� BCHè,§� Boseål����8�L�.Ïd,XJ�Oålk,
AÏ�/

ª,·��±�� Boseål.

½n 5.9µ- 2 ≤ δ ≤ n����ê.b� E(δ) = V1V2 . . . Vr.

i) b� δ =k 0Ú 1©þ.XJ V1 = V2 = · · · = Vr ½ V1 = V2 = · · · = Vj < Vk é

¤k j < k ≤ r,@o C(n,q,m,δ)k Boseål dB = δ.

ii) b� V1�Ý� l�k©þ 0½ 1.- V1 > V2�m = al + b,Ù¥ 0 ≤ b ≤ l − 1.

(a). XJ b = 0,@o C(n,q,m,δ)k Boseål

dB = E−1(V1V1 . . . V1︸ ︷︷ ︸
a

).

(b). XJ 1 ≤ b ≤ l − 1,@o C(n,q,m,δ)k Boseål

dB ≥ E−1(V1V1 . . . V1︸ ︷︷ ︸
a

S(Tb(V1))).

AO/,XJ S(Tb(V1))�����©þ� 1,@o�ª¤á.

y². ù
(J´Ún 5.3ÚÚn 5.4���íØ.

é,
A½� δ,±þ½n3(½ C(n,q,m,δ)� Boseål��~k^.±e,·��

ÑA�~f.

~ 5.7µé q = 3, m = 6Ú δ = 110,�Äè C(364,3,6,110).5¿�

δ = (0, 1, 1, 0, 0, 2) = V1V2,

Ù¥ V1 = (0, 1, 1)� V2 = (0, 0, 2).du V1 > V2,d½n 5.9� ii), Boseål

dB = E−1(V1V1) = E−1(0, 1, 1, 0, 1, 1) = 112.

¯¢þ,���Ø�L δ = 110��8�L�= 112,Ù¥ C112 = {112, 280, 336}.
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~ 5.8µé q = 3, m = 5Ú δ = 29,�Äè C(121,3,5,29).5¿�

δ = (0, 1, 0, 0, 2) = V1V2,

Ù¥ V1 = (0, 1), V2 = (0, 0, 2).du V1 > V2,d½n 5.9� ii), Boseål

dB = E−1(V1V1S(T1(V1))) = E−1(0, 1, 0, 1, 1) = 31.

¯¢þ,���Ø�L δ = 29��8�L�= 31,Ù¥ C31 = {31, 37, 91, 93, 111}.

~ 5.9µé q = 7, m = 5Ú δ = 393,�Äè C(2801,7,5,393).5¿�

δ = (0, 1, 1, 0, 1) = V1V2,

Ù¥ V1 = (0, 1, 1), V2 = (0, 1).du V1 > V2,d½n 5.9� ii), Boseål

dB ≥ E−1(V1S(T2(V1))) = E−1(0, 1, 1, 0, 2) = 394.

¯¢þ,���Ø�L δ = 393��8�L�= 394,Ù¥C394 = {394, 694, 2057, 2500, 2758}.

Ïd,·�k Boseål dB = 394.

±e, ·��ÄüaAÏ��Oål. Äk, ·��Ä�Oål� qi−1
q−1

, Ù¥

1 ≤ i ≤ m− 1� BCHè.

½n 5.10µé 1 ≤ i ≤ m − 1, C
(n,q,m, q

i−1
q−1

)
k Bose ål dB = qi−1

q−1
. ?�Ú, XJ

1 ≤ i ≤ dm
2
e,@oè C

(n,q,m, q
i−1
q−1

)
këê

[
qm − 1

q − 1
,
qm − 1

q − 1
−m(qi−1 − 1), d

]
,

Ù¥ d ≥ qi−1
q−1

.AO/,XJ i | m,@o d = qi−1
q−1

.

y². 5¿�
qi − 1

q − 1
= (0, . . . , 0︸ ︷︷ ︸

m−i

, 1, . . . , 1).
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d½n 5.9� i), q
i−1
q−1
´���8�L�.Ïd dB = qi−1

q−1
.� 1 ≤ i ≤ dm

2
e,�êd½n

5.1��.XJ i | m,dÚn 5.8,·�k d = qi−1
q−1

.

k±þ½nÚê�¢�,·�k±e�ß�.

ß�µè C(n,q,m,(qi−1)/(q−1))k4�ål d = (qi − 1)/(q − 1),Ù¥ 1 ≤ i ≤ m− 1.

5¿�½n 5.10`²ù�ß�´é�� i | m.

�e5, ·��Ä�Oål� qi + l � BCH è, Ù¥ 1 ≤ i ≤ dm
2
e − 1 �

1 ≤ l ≤ q − 1.

½n 5.11µé 1 ≤ i ≤ dm
2
e − 1� 1 ≤ l ≤ q − 1, C(n,q,m,qi+l) k Boseål dB = qi + l.

?�Ú,è C(n,q,m,qi+l)këê

[
qm − 1

q − 1
,
qm − 1

q − 1
−m

⌈
(qi + l − 1)

(
1− 1

q

)⌉
, d

]
,

Ù¥ d ≥ qi + l.AO/,XJ (qi + l) | n,@o d = qi + l.

y². �êd½n 5.1��.é 1 ≤ i ≤ dm
2
e − 1� 1 ≤ l ≤ q − 1,- δ = qi + l.�
y

² Boseål�u δ,�I`² δ´���8�L�.5¿�

δ = (0, . . . , 0︸ ︷︷ ︸
m−i−1

, 1, 0, . . . , 0︸ ︷︷ ︸
i−1

, l).

·�òÏL©Û δy² δ´���8�L�.��O�L²é 1 ≤ i ≤ m− 2, qiδ > δ.

d	,

qm−1δ =


(1, 0, . . . , 0︸ ︷︷ ︸

m−i−1

, 1, 0, . . . , 0︸ ︷︷ ︸
i−1

) XJ l = 1,

(0, q − l, . . . , q − l︸ ︷︷ ︸
m−i−1

, q − l + 1, q − l, . . . , q − l︸ ︷︷ ︸
i−2

, q − l + 1) XJ 2 ≤ l ≤ q − 1,

%¹
 qm−1δ > δ.Ïd, δ ´���8�L�� n.d	,XJ (qi + l) | n,dÚn 5.8,

·�k d = qi + l.
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~ 5.10µ- (q,m) = (3, 3).è C(n,q,m,q+1)këê [13, 7, 4].êâ¥¥�`�5èkëê

[13, 7, 5],ù�èØ´Ì�è.

~ 5.11µ- (q,m) = (3, 4).è C(n,q,m,q+1) këê [40, 32, 4],´�`�n�Ì�è (306

� [93]).êâ¥¥�`�5èkëê [40, 32, 5],ù�èØ´Ì�è.

~ 5.12µ- (q,m) = (3, 4).è C(n,q,m,q+2) këê [40, 28, 5].êâ¥¥�`�5èkë

ê [40, 28, 6],ù�èØ´Ì�è.

~ 5.13µ- (q,m) = (3, 5).è C(n,q,m,q+2) këê [121, 106, 6].êâ¥¥�`�5èk

Ó�ëê,�Ø´Ì�è.

d½n 5.11Úê�¢�,·�k±eß�.

ß�µè C(n,q,m,q+1)k4�ål d = q + 1.

5¿½n 5.11`²ß�´é��m´óê.

5.1.6 o(

¦+ BCHè3z�'u?ènØ�Ö¥Ñk0�,©z¥=kØõ�®��(

J (�©z [9,10,50,51,94]).��/,(½�� BCHè��ê´(J�,(½4�ålK�

J.

®��'u BCHè�(JA�Ñ�Ä����Ý n = qm − 1.â·�¤�,©z

¥�ké��©Ù�Ä
����Ý� BCHè.ù´Ï�?n����Ý� BCHè

�\(J.�!ÄkïÄ
�� n = (qm − 1)/(q − 1)�dÂ�K BCHè,�Ñ
±

e�z:

• (½
�
��êdÂ�K BCHè�ëê.

• (½
�
n���êdÂ�K BCHè�ëê.AO/,·�(½
n� BCH

è C(n,q,m,δ1), C̃(n,q,m,δ1), C(n,q,m,δ2)Ú C̃(n,q,m,δ2)�þ©Ù.

• (½
k,
AÏ�Oål�dÂ�K BCHè�ëê.

�!mé
édÂ�K BCH è�ïÄ. £�dÂ�� BCH è�¹éõÐ�
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è [93,94],XNõ~f¤«,dÂ�K BCHè��¹
éõ�`��5è.ù�·�J

ø
r��ÄÏ�?�ÚïÄdÂ�K BCHè.

5.2 �Ì�èÚþf4�ål�©è��E

5.2.1 Úó

þfÅ�è3þfO�ÚþfÏ&¥k��^. �½���ê� q, ��

[[n, k, d]]q þfè´F�ËA�m (Cq)⊗n¥��4�ål� d� qk �f�m,÷vU


&ÿ� d − 1�þf�Ø¿Å� bd−1
2
c�þf�Ø.þfÅ�¥���Ø%¯K´

�EäkÐëê�þfè.gl Shor [247] Ú Steane [250] mM5�ó�±5,|^²;�

Å�è,NõÐ�þfè®��EÑ5 (ë�©z [3,8,37,52,176,189,238,251]).

�� [[n, k, d]]q þfè�ëê7L÷vþf Singleton. (�©z [176,181,232])

2d ≤ n− k + 2.

��ù�.�þfè�¡���þf4�ål�©è.aqu²;Å�è��/,þ

f4�ål�©è´�a�`�þfè,§��E3Cc5É�
é��'5 (�

©z [19,56,102,120,126,148,150,157–159,164,165,167,187,189,238,277,304,305]).�E#�þf4�ål�©è

����~k���{´|^[Ì�è. ±e, ·�o(
�
d[Ì�è���

[[n, n− 2d+ 2, d]]q þf4�ål�©è�ëê,Ù¥ q����ê�:

• n = (q2 − 1)/hÙ¥

(i). h�óê, h|(q − 1),� 2 ≤ d ≤ q+1
2

+ q−1
h

(�©z [56]);

(ii). h�óê, h|(q + 1),� 2 ≤ d ≤ q+1
h

+ q−1
2

(�©z [277]);

(iii). h�Ûê, h|(q + 1),� 2 ≤ d ≤ q+1
2h

+ q−1
2

(�©z [277]);

• n = (q2 + 1)/hÙ¥

(iv). h = 1,� 2 ≤ d ≤ q + 1 (�©z [159]);

(v). h = 2, q�Ûê,� 3 ≤ d ≤ q�Ûê(�©z [164]);

(vi). h = 5, q ≡ 3 (mod 10),� 2 ≤ d ≤ 3
5
(q − 3) + 2�óê(�©z [305]);
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(vii). h = 5, q ≡ 7 (mod 10),� 2 ≤ d ≤ 3
5
(q − 7) + 4�óê(�©z [305]).

3�!¥,·��E±e#�þf4�ål�©è.

½n 5.12µ- q����ê�.

(1) �3��
[[

q2+1
5
, q

2+1
5
− 2d+ 2, d

]]
q
þf4�ål�©è,é?¿� dá3±e

���¥:

(1.1) XJ q ≡ 2 (mod 10)� q 6= 2,@o 3 ≤ d ≤ 3
5
(q − 2) + 1�Ûê;

(1.2) XJ q ≡ 8 (mod 10),@o 3 ≤ d ≤ 3
5
(q − 8) + 5�Ûê.

(2) - h� q2 − 1���Ïf.- h1 = gcd(h, q + 1)� h2 = gcd(h, q − 1).K�3[[
q2−1
h
, q

2−1
h
− 2d+ 2, d

]]
q
þf4�ål�©è,é?¿� dá3±e���¥:

(2.1) XJ h1h2 = 2h,@o 2 ≤ d ≤ q+1
h1

+ q−1
h2

;

(2.2) XJ h1h2 = h,@o 2 ≤ d ≤ min
{
q−1
h2
, q+1

2h1
+ q−1

2h2

}
.

3d,·��ÑA�µØ.Äk,½n 5.12� (1.1)Ú (1.2)�Ä
 q�óê��/,

Ö�
 (vi)Ú (vii).ù
(J`u Jin�<��3 [[n, n − 2d + 2, d]]þf4�ål�

©è,Ù¥ 4 ≤ n ≤ q2�A�¤k� dÑ�u q/2�(J (ë�½n 3.4 [157]).

Ùg, (2.1)Ú (2.2)�¹
�c�Nõ(J (�©z [56,126,150,164,165,277,304,305]).~X,

(i)Ú (ii)´ (2.1)Ú (2.2)�AÏ�/,Ù¥ h|(q− 1)½ h|(q+ 1).�C�oa�E�´

(2.1)Ú (2.2)�AÏ�¹ (��/ (3)–(6) [305]).XJ�¦�E�þf4�ål�©è�

4�ål d�L q/2,@o (2.1)Ú (2.2)Ò8(� (i), (ii)Ú (iii).

2g,��c|^
[Ì�è�ó��' (�©z [56,126,150,164,165,277,304,305]),·�é

½n 5.12�y²�6u�Ì�è (pseudo-cyclic codes)�nØ (�©z [228] 8.10!).o

Ñ/ù,�Ì�èg,í2
[Ì�è,Jø
�õ�(¹5§±9éù
#�E�

�Ð�n).=^[Ì�è�nØy²½n 5.12´�U�.,,=¦Xd,É[Ì�

è�����,·�ýOù�y²¬�~E,.

��,Ún 70 [176] (½�íØ 4 [120])L²XJ�3�� [[n, n − 2d + 2, d]]q þf4

�ål�©è,@o�3�� [[n− s, n− 2d+ 2 + s, d− s]]q þf4�ål�©èé?

¿� 0 ≤ s < d.Ïd#ëê�þf4�ål�©è�d½n 5.12���Ñ.
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3�!¥,·�ò|^ä�AÏ5��Å�è��Eþf4�ål�©è.±e,

·�{�£�d²;�4�ål�©è�Eþf4�ål�©è� Hermitian�E.

- q����ê�� Fq2 � q2 ����k��. Fq2 þ���Ý� n��5è´

Fnq2 ���f�m.§�¡��� [n, k, d]q2 þfèXJ§��ê� k�4�Ç²ål

� d.§´��4�ål�©èXJ k = n− d+ 1.

é?¿� α ∈ Fq2 , ½Â§��Ý α = αq. é?¿�þ x,y ∈ Fnq2 , Ù¥ x =

(x1, . . . , xn)� y = (y1, . . . , yn), HermitianSÈ 〈x,y〉H ½Â�

〈x,y〉H =
n∑
i=1

xiyi.

é Fq2 þ����5è C,§� Hermitianéóè (Hermitian dual code) C⊥H ½Â�

C⊥H =
{
x ∈ Fnq2 : 〈x,y〉H = 0, ∀ y ∈ C

}
.

·�æ^©z [56] �PÒ,¡ C ´�¹éó� (dual-containing)XJ C⊥H ⊆ C.þfè

� Hermitian�E (Hermitian construction)Xe (�©z [8]).

·K 5.1 (Hermitian�E)µXJ�3�� [n, k, d]q2 �5è C ÷v C⊥H ⊆ C,@o�3

�� [[n, 2k − n, d′]]q þfè÷v d′ ≥ d.AO/,XJ C ´�� [n, n− d+ 1, d]q2 4�

ål�©è,÷v C⊥H ⊆ C,@o�3�� [[n, n− 2d+ 2, d]]q þf4�ål�©è.

dù�·K, Fq2 þz��¹éó�4�ål�©è�Ñ Fq þ��þf4�ål

�©è.ù´·��E�Ñu:.

5.2.2 �Ì�è

3��!¥, ·�£��Ì�è�nØ¿y²�
k^�5�. �Ì�è3©

z [228] 8.10!¥®�ïÄL,Ù¥y²
�Ì�è¯¢þ�du�á�Ì�è.��

�J�´,3©z [191] ¥,�Ì�è�Vg�í2�Galois�þ�õÌ�è (polycyclic

codes).
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5.2.2.1 ½ÂÚÄ�5�

½Â 5.3µ- 0 6= f(x) ∈ Fq[x]���Ä�õ�ª.��Ìn��� Fq[x]/(f(x))��

"n� C �¡����Ì�è,½�� f -Ì�è.

±e,·�^ f(x) (½ f )L«��½Â3,�Ü·�k��þ�Ä�õ�ª.

�Ì�èg,í2
Ì�è,æÌ�èÚ[Ì�è�Vg.¯¢þ,�� f -Ì�

è C ´Ì��XJ f(x) = xn − 1,´æÌ��XJ f(x) = xn + 1,´ λ-[Ì��XJ

f(x) = xn − λé,� λ ∈ F∗q .b� deg f(x) = n ≥ 1� C ´ f -Ì�è.�XÌ�è�

�¹,±e½Â�N� ϕ,

ϕ : Fq[x]/(f(x)) −→ Fnq

a0 + a1x+ · · ·+ an−1x
n−1 −→ (a0, a1, . . . , an−1)

´�� Fq-�5�m�Ó�.Ï C �±��du� ϕ(C).§´ Fnq ���f�m,Ï

´ Fq þ�Ý� n����5è.·�Äkd±e�5�.

½n 5.13µ- C ⊂ Fq[x]/(f(x))��� f -Ì�è,Ù¥ f(x) ∈ Fq[x]� deg f(x) = n ≥

1.�3��õ�ª g(x) ∈ Fq[x]÷v±e5�.

(i) g(x) ∈ Fq[x]´ C¥���Ä��gê���õ�ª,

(ii) C = 〈g(x)〉,

(iii) g(x) | f(x).

-k = n− deg g(x),Ù¥ g(x) =
∑n−k

i=0 gix
i÷v gn−k = 1.@o

(iv) dimFq(C) = k� {g(x), xg(x), . . . , xk−1g(x)}´ C ��| Fq-Ä,

(v) C �z����±��L«���¦È g(x)a(x), Ù¥ a(x) ∈ Fq[x] ÷v

a(x) = 0½ deg a(x) < k.

y². du Fq[x]/(f(x))´��Ìn���,½n 5.13�y²�Ì�è��/A��

��� (ë�©z [151] ½n 4.2.1).
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é�� f -Ì�è C, g(x)�¡� C�)¤Ý
,Ù¥ g(x)´ f(x)���Ä�Ïf

� C = 〈g(x)〉.^ Z(g)P g�":|¤�8Ü,=,

Z(g) := {a ∈ F : g(a) = 0} ,

Ù¥ F �� Fq �*Ü´ g(x)���©��.XJ f �½,@o?¿ f -Ì�è C d§

�)¤õ�ª g��û½,¿��þd Z(g)��û½.y3·��ã'u C �4�å

l��� BCH.e..

5.2.3 BCH.e.

£����á�Ì�è�4�ålØ¬�u�©è�4�ål (©z [228] 241�).

±e� BCH.e.´ù�*	���íØ.

½n 5.14 (BCH .e.)µ- C � Fq þ��)¤õ�ª� g(x) � f -Ì�è, Ù¥

f ∈ Fq[x] vk�� deg f(x) = n ≥ 1. b� f(x) | (xN − 1) é,��ê N ÷v

gcd(N, q) = 1¤á.- θ� Fq �,�*�¥��� N �����.b�k�ê a, b, d

¦�
{
θa+bi : 0 ≤ i ≤ d− 2

}
⊆ Z(g)� N

gcd(b,N)
≥ n ≥ d− 1.@o C �4�ål��´

d.

�������(J,·��±d,
f -Ì�è��4�ål�©è.

íØ 5.1µ3½n 5.14 �b�e, XJ·�k Z(g) =
{
θa+bi : 0 ≤ i ≤ d− 2

}
�

N
gcd(b,N)

≥ n ≥ d− 1,@o C ´�� [n, n− d+ 1, d]q 4�ål�©è.

5.2.3.1 éóèÚ Hermitianéóè

3��!¥,·��Ä�Ì�è�éóèÚ Hermitianéóè.

½n 5.15µ- C � Fq þ�� f -Ì�è,Ù¥ g(x)�)¤õ�ª, f ∈ Fq[x]´��Ä

��Ã��õ�ª� deg f = n ≥ 1.b� g(x) =
∏b

i=1 pi(x)� g(x)©)�Ø��

õ�ª pi(x) ∈ Fq[x]�¦È.é 1 ≤ i ≤ b,- αi � pi(x)����,- Fqti � pi(x)�
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©��.- Fqt � g(x)�©��.@oéóè C⊥�

C⊥ =

{
(c0, . . . , cn−1) : ck =

(
b∑
i=1

Trq
ti

q (βiα
k
i )

)
,

0 ≤ k ≤ n− 1,∀ βi ∈ Fqti , 1 ≤ i ≤ b

}
.

d? Trq
ti

q �IO�l Fqti � Fq �,¼ê.

y². ½Â

C⊥ =

{
(c0, . . . , cn−1) : ck =

b∑
i=1

βiα
k
i ,

0 ≤ k ≤ n− 1,∀ β1, . . . , βb ∈ Fqt
}
.

ù´�� Fqt þ��5è.´� C⊥�éóè�

C =

{
(a0, . . . , an−1) ∈ Fnqt :

n−1∑
k=0

akα
k
j = 0,∀ 1 ≤ j ≤ b

}
.

a(x) =
∑n−1

k=0 akx
k ∈ C ��=��3 c(x) ∈ Fq[x] ÷v c(x) = 0 ½ deg c(x) <

n − deg g(x),¦� a(x) = c(x)g(x).Ï, C ´ C 3 Fq þf�fè,=, C = C|Fq .d

Delsarte½n [72],´�(Ø.

y3·�£ã�Ì�è� Hermitianéóè.

½n 5.16µ- C ��� Fq2 þ� f -Ì�èÙ¥ g(x)�)¤õ�ª, f ∈ Fq2 [x]´Ä�

Ã��õ�ª� deg f = n ≥ 1.b� g(x) =
∏b

i=1 pi(x)´ g(x)©)�Ø��õ�

ª pi(x) ∈ Fq2 [x]�©).é 1 ≤ i ≤ b,- αi� pi(x)����, Fq2ti � pi(x)�©��.

@o Hermitianéóè C⊥H �

C⊥H =

{
(c0, . . . , cn−1) : ck =

(
b∑
i=1

Trq
2ti

q2 (βiᾱi
k)

)
,

0 ≤ k ≤ n− 1,∀ βi ∈ Fq2ti , 1 ≤ i ≤ b

}
.
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d? αi ∈ F2ti
q ,� ᾱi := αqi .

y². y²aq½n 5.15�y²,��Ñ.

5.2.4 �¹éóè�4�ål�©è��äOK

·�y3£ãü�¹éóè�4�ål�©è��äOK.ù
OKé½n 5.12

�y²å'��^.

½n 5.17µ- f ∈ Fq2 [x]���õ�ª, deg f = n ≥ 1� f(x) |
(
xq

2−1 − 1
)

.- θ �

Fq2 ������.- g(x) =
∏d2

i=d1
(x − αi),Ù¥ αi = θa+bi, d1, d2, a, b´�
�½�

�ê.b� g(x)|f(x).- C ��� Fq2 þ� f -Ì�è�)¤õ�ª� g.XJ

q2 − 1

gcd(b, q2 − 1)
≥ n ≥ d2 − d1 + 1 ≥ 1, (5.13)

�e�^�é?¿� i, j ÷v d1 ≤ i ≤ j ≤ d2Ñ¤á:

{
(q + 1)a+ b(qi+ j) 6≡ 0 (mod q2 − 1),
((q + 1)a+ b(qi+ j))n ≡ 0 (mod q2 − 1),

(5.14)

@o C ´�� [n, n− d2 + d1 − 1, d2 − d1 + 2]q2 4�ål�©è÷v C⊥H ⊆ C.

y². díØ 5.1, C ´�� [n, n− d2 + d1 − 1, d2 − d1 + 2]q2 4�ål�©è.·��

Iy² C⊥H ⊆ C.d½n 5.16,·�k

C⊥H =


(

d2∑
i=d1

βiᾱ
k
i

)n−1

k=0

: ∀ βd1 , . . . , βd2 ∈ Fq2

 .

Ï C⊥H ⊆ C �du

g(x) |
n−1∑
k=0

(
d2∑
i=d1

βiᾱ
k
i

)
xk,∀ βd1 , . . . , βd2 ∈ Fq2 .

½=,

0 =
n−1∑
k=0

d2∑
i=d1

βiᾱ
k
i α

k
j =

d2∑
i=d1

βi

n−1∑
k=0

(ᾱiαj)
k,
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∀ βd1 , . . . , βd2 ∈ Fq2 , ∀ d1 ≤ j ≤ d2.

ù�du
n−1∑
k=0

(ᾱiαj)
k = 0,∀ d1 ≤ i, j ≤ d2.

ùÒ´`
n−1∑
k=0

(ᾱiαj)
k = 0,∀ d1 ≤ i ≤ j ≤ d2.

|^ αi = θa+bi,·���

C⊥H ⊆ C ⇐⇒
n−1∑
k=0

θ((q+1)a+b(qi+j))k = 0, ∀ d1 ≤ i ≤ j ≤ d2.

m>´��AÛ?ê,§�Úê´"XJ

θ(q+1)a+b(qi+j) 6= 1, θ((q+1)a+b(qi+j))n = 1.

ù�du^�

(q + 1)a+ b(qi+ j) 6≡ 0 mod q2 − 1,∀d1 ≤ i ≤ j ≤ d2,

((q + 1)a+ b(qi+ j))n ≡ 0 mod q2 − 1,∀d1 ≤ i ≤ j ≤ d2.

½n 5.18µ- f ∈ Fq2 [x]���õ�ª, deg f = n ≥ 1� f(x) |
(
xq

4−1 − 1
)

.- θ �

Fq4 ������.- g(x) =
∏d2

i=d1
(x− αi),Ù¥ αi = θa+bi,� d1, d2, a, b´�
�½

��ê.b� g(x)|f(x).

(i) g ∈ Fq2 [x]��=�é?¿� i÷v d1 ≤ i ≤ d2,�3�� j ÷v d1 ≤ j ≤ d2¦

�

q2(a+ bi) ≡ a+ bj (mod q4 − 1). (5.15)
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(ii) b� g ∈ Fq2 [x].- C ��� Fq2þ� f -Ì�è,Ù¥)¤õ�ª� g.XJ

q4 − 1

gcd(b, q4 − 1)
≥ n ≥ d2 − d1 + 1 ≥ 1, (5.16)

�e�^�é?¿� i, j ÷v d1 ≤ i ≤ j ≤ d2Ñ¤á:


(q + 1)a+ b(qi+ j) 6≡ 0 (mod q4 − 1),
(q3 + 1)a+ b(q3i+ j) 6≡ 0 (mod q4 − 1),
((q + 1)a+ b(qi+ j))n ≡ 0 (mod q4 − 1),
((q3 + 1)a+ b(q3i+ j))n ≡ 0 (mod q4 − 1),

(5.17)

@o C ´�� [n, n− d2 + d1 − 1, d2 − d1 + 2]q2 4�ål�©è÷v C⊥H ⊆ C.

y². (i)´N´�.éu (ii),díØ 5.1, C ´�� [n, n− d2 + d1 − 1, d2 − d1 + 2]q2 4

�ål�©è.·��Iy² C⊥H ⊆ C.d½n 5.16,·�k

C⊥H =


(

d2∑
i=d1

βiα
qk
i + βq

2

i α
q3k
i

)n−1

k=0

: ∀ βd1 , . . . , βd2 ∈ Fq4

 .

Ï C⊥H ⊆ C �du

g(x) |
n−1∑
k=0

(
d2∑
i=d1

βiα
qk
i + βq

2

i α
q3k
i

)
xk,

∀ βd1 , . . . , βd2 ∈ Fq4 .

½=,
n−1∑
k=0

(
d2∑
i=d1

βiα
qk
i + βq

2

i α
q3k
i

)
αkj = 0,

∀ βd1 , . . . , βd2 ∈ Fq4 ,∀ d1 ≤ j ≤ d2.

(5.18)

-
{
ε, εq

2
}
� Fq4 3 Fq2 þ��|Ä, P βi = uiε + viε

q2 é ui, vi ∈ Fq2 . @o βq
2

i =

uiε
q2 + viε.du (5.18)é?¿ ui, vi ∈ Fq2 ¤á,·���

n−1∑
k=0

(αqiαj)
k = 0,∀ d1 ≤ i, j ≤ d2,

n−1∑
k=0

(αq
3

i αj)
k = 0, ∀ d1 ≤ i, j ≤ d2.
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du αi = θa+bi� θq
4−1 = 1,´�þª3 (5.17)÷v�¤á.

·��Ñ½n 5.17Ú½n 5.18��½ Fq2 þ���[Ì�è´Ä�¹éóè�

^�´��� (�©z [167] Ún 2.2).~X,� C ´�� λ-[Ì�èé,� λ ∈ F∗q2 ,=

f(x) = xn− λ,½n 5.17� (5.13)Ú (5.14)©O8(�©z [56]Ún 2.7ÚÚn 3.3 (½

�©z [165] ½n 2.1ÚÚn 2.2).½n 5.17Ú½n 5.18)º
·��Eþf4�ål

�©è�üÑ.é�½��� nÚi1L�� q2,·�Ïé�ê a, b, d1, d2 ¦�½n

5.17� (5.13)–(5.14)½½n 5.18� (5.15)–(5.17)÷v.·�Ó�}Á- d := d2−d1 +2

¦�U��.��u[Ì�è,|^�Ì�è�`³3u���E�êÆÅn�´n

)��ä(¹Ý.

5.2.5 Ì�(J

5.2.5.1 ½n 5.12 (2.1)Ú (2.2)�y²

3��!¥·�A^½n 5.17�E Fq2 þ�¹éó�4�ål�©è.±eò�

y²�·K 5.1Ú½n 5.19,��%¹
½n 5.12 (2.1)Ú (2.2).�½���ê v,��

�ê pÚ���K�ê a,PÒ pa‖vL« pa | v� pa+1 - v.

½n 5.19µ- q����ê�� h� q2 − 1���Ïf.½Â

h′1 = gcd(h, q + 1), h′2 = gcd(h, q − 1), n =
q2 − 1

h
.

@o·�ok h′1h
′
2 = h½ h′1h

′
2 = 2h.

(i) XJ h′1h
′
2 = 2h, @o·�k�� [n, n − d + 1, d]q2 4�ål�©è C ÷v

C⊥H ⊆ C � d÷v 2 ≤ d ≤ q+1
h′1

+ q−1
h′2

.

(ii) XJ h′1h
′
2 = h,@o·�k�� [n, n−d+1, d]q24�ål�©è C÷v C⊥H ⊆ C

� d÷v 2 ≤ d ≤ min
{
q−1
h′2
, q+1

2h′1
+ q−1

2h′2

}
.

y². P h′1 = 2rh1, h
′
2 = 2sh2, h = 2τh1h2,Ù¥ h1, h2 �Ûê��ê r, s, τ ´�K�.

´� r + s ≥ τ ≥ max{r, s}� min{r, s} ≤ 1.d½n 5.17,·�I�é� d1, d2é?¿
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i, j ÷v d1 ≤ i ≤ j ≤ d2,±eü��ª¤á:

(q + 1)a+ b(qi+ j) 6≡ 0 (mod q2 − 1), (5.19)

(q + 1)a+ b(qi+ j) ≡ 0 (mod h), (5.20)

- b = h� a = 2τ−rh2a0,Ù¥ a0 ´����ò�(½��ê,@o (5.20)é?¿ i, j

¤á.Ï·��I�Ä (5.19).b�

(q + 1)a+ h(qi+ j) ≡ 0 (mod q2 − 1) (5.21)

é i ≤ j ¤á.ü>Ó�� q + 1�

h(j − i) ≡ 0 (mod q + 1).

ù�Ñ


j = i+ u
q + 1

2rh1

(5.22)

é,��ê u ≥ 0.ò j �\ (5.21),·���

2τh1i+ 2τ−r(a0 + u) ≡ 0 (mod
q − 1

h2

). (5.23)

·�ò©OïÄ�/ (i)Ú (ii).

é�/ (i), τ = r + s− 1,@o q´Ûê� h´óê.·�� a0 = 1. (5.23)ü>Ó

�Ø± 2s�

2r−1h1i+
1 + u

2
≡ 0 (mod

q − 1

2sh2

).

w, u ≡ 1 (mod 2). |^ 2r−1h1
q+1
2rh1

= q+1
2
≡ 1 (mod q−1

2sh2
), ·�k i ≡ −1+u

2
q+1
2rh1

(mod q−1
2sh2

).Ï,l (5.22)·���


i = −u+1

2
q+1
2rh1

+ v q−1
2sh2

,

j = u−1
2

q+1
2rh1

+ v q−1
2sh2

,

(5.24)
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Ù¥ v, u÷v u ≥ 0Ú u ≡ 1 (mod 2)��ê.

- v0������ê¦� v0
q−1
2sh2
≥ q+1

2rh1
�·�½Â


d1 = − q+1

2rh1
+ v0

q−1
2sh2

+ 1,

d2 = (v0 + 1) q−1
2sh2
− 1.

·�äóvkvk/X (5.24) � (i, j) é, Ù¥ d1 ≤ i ≤ j ≤ d2. eØ,, du

u ≥ 1 � i = −1+u
2

q+1
2rh1

+ v q−1
2sh2
≥ d1, ·�7,k v ≥ v0 + 1. ,, �A� j ÷v

j = u−1
2

q+1
2rh1

+v q−1
2sh2
≥ (v0+1) q−1

2sh2
> d2,�Ñgñ.ù`² (5.19)é÷v d1 ≤ i ≤ j ≤ d2

� i, j ¤á. 5¿� d2 − d1 + 2 = q+1
2rh1

+ q−1
2sh2

. d½n 5.17, ·��±�E��

[n, n− d+ 1, d]q2 4�ål�©è C ÷v C⊥H ⊆ C � 2 ≤ d ≤ q+1
h′1

+ q−1
h′2

.

é�/ (ii), h�U�Û½ó.·�À� a0 = 0.·�Äk�Ä h�Ûê��/,@

o τ = r = s = 0.l (5.23)·�k

h1i+ u ≡ 0 (mod
q − 1

h2

). (5.25)

du q + 1 ≡ 2 (mod q− 1),·�k 2i ≡ −u q+1
h1

(mod q−1
h2

).Ï i = −u q+1
2h1

+ v q−1
2h2
é

,��ê v¤á.ò i�\ (5.25)� u ≡ v (mod 2).Ïl (5.22)·��


i = −u q+1

2h1
+ v q−1

2h2
,

j = u q+1
2h1

+ v q−1
2h2

,

(5.26)

Ù¥ u, v´÷v u ≥ 0Ú u ≡ v (mod 2)��ê.

Ùg,XJ h�óê,@o q´Ûê,·�k τ = r+ s�min{r, s} = 1.XJ q ≡ 3

(mod 4), @o s = 1, τ = r + 1 %¹ 2r‖(q + 1). XJ q ≡ 1 (mod 4), @o r = 1 �

τ = s+ 1%¹
 2s‖(q − 1).3ùü«�¹e·�k 2s‖(q − 1)� 2r‖(q + 1). (5.23)ü

>Ó�Ø± 2s�

2rh1i+ u ≡ 0 (mod
q − 1

2sh2

). (5.27)

|^ q + 1 ≡ 2 (mod q − 1)·�k i = −u q+1
2r+1h1

+ v q−1
2s+1h2

é,��ê v¤á.ò i�
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\ (5.27)� u ≡ v (mod 2).d (5.22)·�k


i = −u q+1

2r+1h1
+ v q−1

2s+1h2
,

j = u q+1
2r+1h1

+ v q−1
2s+1h2

,

(5.28)

Ù¥ u, v´÷v u ≥ 0Ú u ≡ v (mod 2)��ê.

´� (5.26)Ú (5.28)��o(�
i = −u q+1

2h′1
+ v q−1

2h′2
,

j = u q+1
2h′1

+ v q−1
2h′2

,

(5.29)

Ù¥ u, v´÷v u ≥ 0Ú u ≡ v (mod 2)��ê.

- v0������ê¦� v0
q−1
2h′2
≥ q+1

2h′1
� v0 ≡ 1 (mod 2).½Â


d1 = 1,

d2 = min
{
q−1
h′2
, q+1

2h′1
+ v0

q−1
2h′2

}
− 1.

·�äó/X (5.29)� (i, j)éØ�3,Ù¥ d1 ≤ i ≤ j ≤ d2.eØ,,XJ u = 0,d

u i = j = v q−1
2h′2
≥ d1 = 1 � v ≡ 0 (mod 2), ·�7k v ≥ 2, @o j = v q−1

2h′2
> d2.

XJ u ≥ 1, du i ≥ d1, ·�7k v ≥ v0. Ï, �A� j ÷v j = u q+1
2h′1

+ v q−1
2h′2
≥

q+1
2h′1

+ v0
q−1
2h′2

> d2,�Ñgñ.ù`² (5.19)é÷v d1 ≤ i ≤ j ≤ d2 � i, j ¤á.Ï

d2 − d1 + 2 = min
{
q−1
h′2
, q+1

2h′1
+ v0

q−1
2h′2

}
�

min

{
q − 1

h′2
,
q + 1

2h′1
+ v0

q − 1

2h′2

}
=


q+1
2h′1

+ q−1
2h′2

XJ h′1 > h′2,

q−1
h′2

XJ h′1 < h′2.

5.2.5.2 ½n 5.12 (1.1)Ú (1.2)�y²

3��!¥·�|^½n 5.18�E Fq2 þ�¹éóè�4�ål�©è.ù�(
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JëÓ·K 5.1,��%¹
½n 5.12 (1.1)Ú (1.2).�
n�y²�g´,·�Äk�

Ä±e����/.

3½n 5.18�^�e,·��

n =
q2 + 1

h
, a = h(q − 1)a0, b = h(q2 − 1),

Ù¥ h´ q2+1���Ïf� a0´���ê.Ï, (5.15)%¹é?¿� i (d1 ≤ i ≤ d2),

�3�� j (d1 ≤ j ≤ d2)¦�

i+ j ≡ (q − 1)a0 (mod
q2 + 1

h
).

´�dª3e�^�e¤á

d1 + d2 ≡ (q − 1)a0 (mod
q2 + 1

h
). (5.30)

´� (5.17)���ü�^�o´¤á.?�Ú, (5.17)�cü�^�*d�d.XJÙ

¥��Ø÷v,K�3 i, j (d1 ≤ i, j ≤ d2)¦�

j ≡ q(a0 + i) (mod
q2 + 1

h
). (5.31)

é?¿�½� h,·��é��ê d1, d2 Ú a0 ¦� (5.16)Ú (5.30)÷v� (5.31)

é?¿� i, j, d1 ≤ i, j ≤ d2,ÑØ¤á.

±e·�ò�y²½n 5.12 (1.1)Ú (1.2),§´·K 5.1Ú½n 5.20���(J.

½n 5.20µ- q����ê�.½Â n = q2+1
5

.

(i) XJ q ≡ 2 (mod 10)� q 6= 2,@o�3�� [n, n− d + 1, d]q2 4�ål�©è

C ÷v C⊥H ⊆ C,Ù¥ 3 ≤ d ≤ 3
5
(q − 2) + 1�Ûê.

(ii) XJ q ≡ 8 (mod 10),@o�3�� [n, n − d + 1, d]q2 4�ål�©è C ÷v

C⊥H ⊆ C,Ù¥ 3 ≤ d ≤ 3
5
(q − 8) + 5�Ûê.
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y². b� q ≡ c (mod 10)Ù¥ c ∈ {2, 8}.- δ�����ê÷v

δ ≤
{

3(q−2)
10
− 1, XJ c = 2,

3q−4
10
− 1, XJ c = 8.

·��

h = 5, a0 =
q2 − 5q − 4

10
, d1 = −δ, d2 = δ + 1.

w,, (5.16)÷v.?�Ú,N´�y

(q − 1)a0 ≡ 1 (mod n).

Ï (5.30)÷v. (5.31)¤�

j ≡ q(a0 + i) ≡ q2 − 5q + 6

10
+ qi (mod n). (5.32)

·�y3�y (5.32)vk�ê) (i, j)÷v i, j ∈ [−δ, δ + 1].d? [−δ, δ + 1]l −δ�

δ + 1�4«m.

eØ,,- (i, j)� (5.32)���)÷v i, j ∈ [−δ, δ + 1].·�Äk�Ä i ≥ 0�

�/.

1) 0 ≤ i ≤ δ + 1.

�/ 0: i = 0.·�k j ≡ q2−5q+6
10

(mod n).w, j /∈ [−δ, δ + 1].

�/ 1: 1 ≤ i ≤ 1
10

(q − c).·�k

j ≡ q2 − 5q + 6

10
+ qi (mod n), 1 ≤ i ≤ 1

10
(q − c).

N´�yé i = 1, ·�k j = q2−5q+6
10

+ q · 1 > δ + 1, �é i = 1
10

(q − c), ·�k

j = q2−5q+6
10

+ q · 1
10

(q − c) < n− δ.ù%¹
 j /∈ [−δ, δ + 1].

�/ 2: 1
10

(q − c) + 1 ≤ i ≤ 3
10

(q − c).P i = τ + 1
10

(q − c),d (5.32)·���

j ≡ q · τ − (5 + c)q − 4

10
(mod n), 1 ≤ τ ≤ 1

5
(q − c).

N´�yé τ = 1
5
(q − c),·�k j = q · 1

5
(q − c) − (5+c)q−4

10
< n − δ.XJ c = 2,@
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oé τ = 1 ·�k j = q · 1 − (5+c)q−4
10

> δ + 1. XJ c = 8, @oé τ = 1 ·�k

n− δ > j = q · 1− (5+c)q−4
10

+ n > δ + 1,�é τ = 2,·�k j = q · 2− (5+c)q−4
10

> δ + 1.

ù%¹
 j /∈ [−δ, δ + 1].

�/ 3.��,XJ c = 2, i ≤ δ+1 ≤ 3
5
(q−2).XJ c = 8,du δ+1 ≤ 3

10
(q−8)+2,

·�I��Ä i = 3
10

(q − 8) + 1Ú i = 3
10

(q − 8) + 2.éùü«�¹,d (5.32)N´�

y�A� j ÷v 1 + δ < j < n − δ.¤± j /∈ [−δ, δ + 1].nÜ±þ�/, (5.32)vk)

(i, j)÷v i, j ∈ [−δ, δ + 1]� 0 ≤ i ≤ δ + 1.

y3·��Ä�/ i < 0.

2) −δ ≤ i ≤ −1.

5¿�

−qa0 ≡ a0 + q (mod n).

(5.32)ü>Ó�¦± q2,·���

−j ≡ a0 + q − q · i (mod n).

²CþO� j′ = −j, i′ = −i,·�I��y

j′ ≡ q2 + 5q − 4

10
+ q · i′ (mod n) (5.33)

vk) (i′, j′)÷v i′ ∈ [1, δ]� j′ ∈ [−δ− 1, δ].y²aqu 0 ≤ i ≤ δ + 1��/,�Ñ

�.

du½n 5.18�^�Ñ÷v,·���
�� [n, n− d + 1, d]q2 4�ål�©è

C ÷v C⊥H ⊆ C,Ù¥ d��

d = d2 − d1 + 2 = 2δ + 3 ≤
{

3
5
(q − 2) + 1;XJ c = 2,

3
5
(q − 8) + 5;XJ c = 8.

5.2.6 o(

C5,þf4�ål�©è��E��
éõ�'5.|^²;�Ì�,æÌ�Ú

188



Ì�è9ÙA^

[Ì�è§þf4�ål�©è��E��
é�?Ð.3�©¥,·�|^�Ì�

èÚ�
�c�Nõ�E¿��
#�þf4�ål�©è.

5.3 |^Ì�Ú[Ì�è�E4�ål�©�iÎ(éè

5.3.1 Úó

Ép�Ý�;�¡�A^¤éu,���¡�iÎ(éè�#�?èµe�J

Ñ [43,44],^5Å�iiÎéÖ�&�¥u)��Ø.b�·���l,«�;0�þÖ

�êâ.�êâü��~;�êâÖ�C��°Ý�$�,·�UÖ���´�p

�mkE�êâiÎé,Ø2´ü��êâiÎ.b�êâiÎáu��i1L

Σ,@o·�Ö��iÎéáu��ØÓ�i1L Σ × Σ.�
���¡E�©�ê

â,·�I���#�!U
Å�iÎéÖ�&�¥��Ø�?è�Y.

CassutoÚ BlaumC½
iÎ(éè��iÎéÖ�&�¥�Å�è�nØÄ

: [43,44].¦�JÑ
iÎ(éè��
.Ú�E,±9��Èè�{. iÎ(éè�

�E3�e5��X�©Ù¥�UYïÄ,�)�ê�E [45,54,166] Ú|Ü�E [54].Ó

�,�éÌ��iÎ(éè���k��Èè�{��JÑ [294].

Chee [54] �<JÑ
iÎ(éè���a Singleton.,?JÑ
4�ål�©

�iÎ(éè�Vg.du4�ål�©�iÎ(éèäk�`�Å�Uå,§��E

´ék¿Â�.oó�,8ckü«�E�{.Ù�´|^äkT�5���5è�

���E,~X4�ål�©è [54],Ì�Ú[Ì�è [166].Ù�´|^?� [54,55],î.

ã [54,55,166] ÚÙ§|Ü�. [54,55] �48�E.

AO/,·�X�Ä�E�(éål dp ��� (n, dp)q 4�ål�©iÎ(é

è.®��4�(éål dp��� (n, dp)q 4�ål�©iÎ(éè�Ã¡akµ

a) q ≥ 2, n ≥ 2, dp ∈ {2, 3} [54],

b) q ≥ 2, n ≥ 4, dp = 4 [54],

c) q�ó�ê�, n ≤ q + 2, dp = 5 [54],

d) q�Û�ê, 5 ≤ n ≤ 2q + 3, dp = 5 [54],

e) q��ê�, n | q2 − 1, n > q + 1, dp = 5 [166],

189



úô�ÆÆ¬Æ Ø©

f) q��ê�, n = q2 + q + 1, dp = 5 [166],

g) q ≡ 1 (mod 3)��ê�, n = q2+q+1
3

, dp = 5 [166],

h) q��ê�, n = q2 + 1, dp = 6 [166],

i) q�Û�ê�, n = q2+1
2

, dp = 6 [166],

j) q�Û�ê�, n = 8, dp = 7 [54].

3�©¥,·�/� Kai�< [166] �g�,|^Ì�Ú[Ì�è�E4�ål�©

iÎ(éè.·���
±e#� (n, dp)q 4�ål�©iÎ(éè,Ù¥ dp ∈ {5, 6}.

·�^ vp(n)P����ê a,¦� pa | n,Ù¥ p´���ê.

1) q��ê�, nÚ r´ü��ê÷v

r | q − 1, nr | q3 − 1, nr - q − 1, (
q − 1

r
, n) = 1.

�dp = 5,

2) q��ê�, nÚ r´ü��ê÷v

nr | (q − 1)(q2 + 1), nr - q2 − 1, (
q − 1

r
, n) = 1,

�dp = 6,

3) q��ê�, n | q2 − 1, n�Û½ n�ó¿� v2(n) < v2(q2 − 1), dp = 6.

·�rNa 1) (aq/,a 2))´a f)Ú g) (aq/,a h)Ú i))���*Ð.�k�/,

éu�aÌ�è,·�é����y§¤�4�(éål dp = 7�4�ål�©iÎ

(éè�¿�^�.·�*	�ù�^�Ú�aAÏ�©ª�5C�k'.?�Ú/,

·�éù�a©ª�5C��
c[�©Û,�Ñ
éù�^��°(�x.|^ù

��x,·�JÑ
���{,)¤
Nõ4�(éål dp = 7�4�ål�©iÎ

(éè.
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5.3.2 [Ì�è

3�!¥,·�é[Ì�è���{�0�.

- q����ê�, Fq ���k��¿� ω ∈ F∗q .�� ω-[Ì�è C ´��3[

Ì�£ eØC��5è.½=,XJ

(c0, c1, . . . , cn−1) ∈ C,

@o

(ωcn−1, c0, . . . , cn−2) ∈ C.

��k�� Fq þ� ω-[Ì�è C �duÌn�� Fq[x]/(xn − ω)¥���n�.Ï

, C �±d����)¤.�3�����Ä��gê�$�õ�ª g(x) ∈ C,¦�

g(x) | xn − ω, C = 〈g(x)〉.ù�õ�ª�¡� C �)¤õ�ª.�½� Fq[x]/(xn − ω)

Ú��)¤õ�ª g(x),���Ý� n� ω-[Ì�è C = 〈g(x)〉B�½
.§´�5

�m Fnq ����ê� n− deg(g(x))�f�m.� ω = 1,�� ω-[Ì�è=´��Ï

~�Ì�è.

éu��[Ì�è�4�ål§��©z [166]¥½n 3�����í2§·�k

±e� BCH..§

·K 5.2µ- q����ê�, n�����ê÷v (n, q) = 1.- ω ∈ F∗q ����� r

���.-m�÷v nr | qm − 1������ê.K�3 δ ∈ F∗qm ,¦� δ��ê� nr

±9 ω = δn.½Â ξ = δr.- C = 〈g(x)〉 ⊂ Fq[x]/(xn − ω)����Ý� n� ω-[Ì

�è.b�)¤õ�ª g(x)k�� {δξli | b ≤ i ≤ b + d − 1}��,Ù¥ bÚ l���

ê§÷v (l, n) = 1.@o C �4�ål��� d+ 1.

y². y²�Ì�è²;� BCH.aq (�;Í [151] �½n 4.5.3).Ïd,y²3d�

Ñ.

5.3.3 iÎ(éèÚ4�ål�©iÎ(éè

- Σ����¹ q����i1L.éu u = (u0, u1, . . . , un−1) ∈ Σn, u�iÎé
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Ö��þ½Â�

π(u) = ((u0, u1), (u1, u2), . . . , (un−2, un−1), (un−1, u0)) ∈ (Σ× Σ)n.

- u = (u0, u1, . . . , un−1) ∈ Σn, v = (v0, v1, . . . , vn−1) ∈ Σn, uÚ v�(éål�

dP (u,v) = |{0 ≤ i ≤ n− 1 | (ui, ui+1) 6= (vi, vi+1)}|,

Ù¥eIÀ�� n ��ê. �� (n,M, dp)q iÎ(éè´��f8Ü C ⊂ Σn, ÷

v |C| = M 9dp = min{dP (u,v) | u,v ∈ C,u 6= v}.XJ Σ´��k�� Fq,½Â

u ∈ Fnq �(éþ�

wP (u) = |{0 ≤ i ≤ n− 1 | (ui, ui+1) 6= (0, 0)}|,

Ù¥eIÀ�� n��ê.AO/,XJ (n,M, dp)q iÎ(éè C ´ Fnq ����5f

�m,@o dp = min{wP (u) | u 6= (0, 0, . . . , 0)}.

- u = (u0, u1, . . . , un−1)�Ð©��þ.-

((u′0, u
′
1), (u′1, u

′
2), . . . , (u′n−2, u

′
n−1), (u′n−1, u

′
0))

�ÏLiÎéÖ�&��Â���þ.@oé�Ø��ê½Â�

|{0 ≤ i ≤ n− 1 | (ui, ui+1) 6= (u′i, u
′
i+1)}|

Ù¥eIÀ�� n��ê.d©z [44]�·K 3§aqu²;�Å�è,�� (n,M, dp)q

iÎ(éè�±Å��õ bdp−1

2
c�é�Ø.Ïd,�½ q, nÚM ,·����EiÎ

(éè,¦� dp ¦�U��.�d,·���|^Ú²;Å�è�'�´L�(J.�

�1�Ú,·�I�n)iÎ(éèÚ²;Å�è�m�éX.

(éål3©z [43,44]¥ÄkÚ\,´��û½Â�Ýþ.£�u = (u0, u1, . . . , un−1)

Ú v = (v0, v1, . . . , vn−1)�m�Ç²ål½Â�

dH(u,v) = |{0 ≤ i ≤ n− 1 | ui 6= vi}|.
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�
ïá(éålÚÇ²ål�m�'X§·�I�±e�½Â.

½Â 5.4µ- S � {0, 1, . . . , n− 1}���f8. S ¥����±w�´� n��ê�

Zn ¥���. S ��y©��X�f8�¿,¦�z�f8�¹ Zn 3Ï~¿Âe¥

ëY���.w,, S �f8Ü�ê���y©´���.Ïd,·�½Â L(S)ù��

��y©¥f8Ü��ê.

±e�·K�«
ålÚÇ²ål�m�'X.

·K 5.3 (·K 1Ú½n 2 [44])µ-u = (u0, u1, . . . , un−1) ∈ ΣnÚv = (v0, v1, . . . , vn−1) ∈

Σn÷v 0 < dH(u,v) < n.½Â S = {0 ≤ i ≤ n− 1 | ui 6= vi}.@o

dP (u,v) = dH(u,v) + L(S).

Ïd,·�k L(S) = dP (u,v) − dH(u,v) ≤ n − dH(u,v).ëÓ 1 ≤ L(S) ≤ dH(u,v),

·�k

dH(u,v) + 1 ≤ dP (u,v) ≤ min{2dH(u,v), n}.

d	,

dP (u,v) =


0 XJ dH(u,v) = 0,

n XJ dH(u,v) = n.

AO/,éu�5�iÎ(éè,·�k±e�'u��èi�Ç²þÚ(é

þ�éX�íØ.

íØ 5.2µ- C ��� (n,M, dp)q iÎ(éè,Ó��´ Fnq ����5f�m.é?

¿ c = (c0, c1, . . . , cn−1) ∈ C,½Â

I(c) = L({0 ≤ i ≤ n− 1 | ci 6= 0}).

b� 0 < wH(c) < n,Ù¥ wH(c)L« c�Ç²þ.@o

wP (c) = wH(c) + I(c). (5.34)
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Ï,·�k I(c) = wP (c)− wH(c) ≤ n− wH(c).ëÓ 1 ≤ I(c) ≤ wH(c),·�k

wH(c) + 1 ≤ wP (c) ≤ min{2wH(c), n}.

AO/,XJ C �4�Ç²ål d < n,@o4�(éål

d+ 1 ≤ dp ≤ min{2d, n}. (5.35)

aqu²;�Å�è,keZ�.éiÎ(éè�ëêJÑ
��5���.Ù

¥��Ò´±e�a Singleton..

·K 5.4 (½n 2.1 [54])µ- q ≥ 29 2 ≤ d ≤ n.XJ C ´�� (n,M, dp)q iÎ(éè,

@oM ≤ qn−dp+2.

��a Singleton.�iÎ(éè C �¡�4�ål�©iÎ(éè.·�r§

P��� (n, dp)q 4�ål�©iÎ(éè.±e,·�X�Ä4�ål�©iÎ(

éè��E.¯¢þ,²;�4�ål�©è��)¤
4�ål�©iÎ(éè.

·K 5.5 (·K 3.1 [54])µXJ C ´��4�ål�©è,@o C ´��4�ål�©i

Î(éè.?�Ú/,XJ C ´�� [n, n− d+ 1, d]q 4�ål�©è÷v d < n,@o

C ´�� (n, d+ 1)q 4�ål�©iÎ(éè.

d²;�4�ål�©è��£, ±þ·K`²é?¿��ê� q, ÷v

2 ≤ dp ≤ n ≤ q + 1� (n, dp)q 4�ål�©iÎ(éè´®��.Ïd,±e·�ò

3 q��ê�� n > q + 1�^�e�Ä (n, dp)q 4�ål�©iÎ(éè��E.

·�5¿�XJ C ´��[Ì�è�Ø´4�ål�©�,@o (5.35)¥�e.

�±U?.

·K 5.6µ- C ��� [n, k, d]q [Ì�è, ÷v)¤õ�ª� g(x) 9 d ≤ n − k. -

c(x) ∈ C ���Ç²þ� d′ ≤ n− k�èi.@o I(c(x)) ≥ 29 wP (c(x)) ≥ d′ + 2.

AO/, C ´�� (n, qk, dp)q iÎ(éè§Ù¥ dp ≥ d+ 2.

y². �Iy² I(c(x)) ≥ 2, d (5.34), ù%¹
 wP (c(x)) ≥ d′ + 2. eØ,, K7

k I(c(x)) = 1. ù%¹
 c(x) ¥�"��¤3��ê/¤��ëY�f8Ü. Ø
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���5, ·��±b� c(x) =
∑d′−1

i=0 cix
i, Ù¥éz� 0 ≤ i ≤ d′ − 1, ci ∈ F∗q .

5¿� g(x) | c(x). du deg(g(x)) = n − k ≥ d′ > deg(c(x)), gñ. Ïd, ·�k

wP (c(x)) ≥ d′ + 2.AO/,du C ´���5è, C �4�(éål�u§�4��

"(éþ.du d ≤ n− k,díØ 5.2´� dp ≥ d+ 2.

ù�·K´©z [166] ¥�E�'�: (�Ún 5 [166]).±e§·�ò^Ì�Ú[Ì

�è�E4�ål�©iÎ(éè.

5.3.4 4�ål�©iÎ(éè�#�E

- q����ê�, n�����ê.3ù�!¥,·�ò��E (n, dp)q 4�ål

�©iÎ(éè,Ù¥ dp ∈ {5, 6, 7}.

Äk,·��Ä dp = 5�4�ål�©iÎ(éè��E.·��(J*Ð
©

z [166]�½n 16Ú½n 19.

½n 5.21µ- q����ê�.- nÚ r�ü���ê÷v

r | q − 1, nr | q3 − 1, nr - q − 1, (
q − 1

r
, n) = 1.

@o�3�� (n, 5)q 4�ål�©iÎ(éè.

y². - ω ∈ F∗q ����� r���.- δ ∈ F∗q3 ����� nr���,÷v δn = ω.

du nr - q− 1,·�k δ ∈ F∗q3 \ Fq ¿�õ�ª g(x) = (x− δ)(x− δq)(x− δq2) ∈ Fq[x]

�Ø xn − ω.- C � ω-[Ì�è 〈g(x)〉 ⊂ Fq[x]/(xn − ω).3·K 5.2¥- l = q−1
r

,·

��� C �4�ål���n.d	,d Singleton., C ´�� [n, n − 3, d]q è÷v

3 ≤ d ≤ 4.d·K 5.5Ú·K 5.6, C ´�� (n, 5)q 4�ål�©iÎ(éè.

5µd;Í [151] �íØ 7.4.4,e n > 2(q − 1),þã½n¥�è C �4�ål�n.d

	§� n = q2 + q+ 1, C=´Ç²è.Ï§�4�ål� 3.3ù«�¹e,d©z [44]

�½n 19, C ���
(éål�¥W¿..

±e§·��Ñü� dp = 6�4�ål�©iÎ(éè��E.1���Eí2


©z [166]¥�½n 12Ú½n 13.
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½n 5.22µ- q����ê�.- nÚ r�ü���ê÷v

r | q − 1, nr | (q − 1)(q2 + 1), nr - q2 − 1, (
q − 1

r
, n) = 1.

@o�3�� (n, 6)q 4�ål�©iÎ(éè.

y². - ω ∈ F∗q ����� r���.- δ ∈ F∗q4 ����� nr���,¦� δn = ω.

d nr - q2−1,·�k δ ∈ F∗q4 \Fq2 ,¿�õ�ª g(x) = (x−δ)(x−δq)(x−δq2)(x−δq3) ∈

Fq[x]�Ø xn−ω.- C� ω-[Ì�è 〈g(x)〉 ⊂ Fq[x]/(xn−ω).3·K 5.2¥- l = q−1
r

,

·��� C �4�ål���n.d	,d Singleton., C ´�� [n, n− 4, d]q è÷v

3 ≤ d ≤ 5.±e,·�òy² d 6= 3.

b� C �4�ål�n. Ø���5, ·�k��èi 1 + aix
i + ajx

j , Ù

¥ 1 ≤ i, j ≤ n − 1, i 6= j 9 ai, aj ∈ F∗q . Ï, ·�k 1 + aiδ
i + ajδ

j = 0. du

nr | (q − 1)(q2 + 1),·���

(1 + aiδ
i)(q−1)(q2+1) = (−ajδj)(q−1)(q2+1) = 1,

ù%¹
 (1 + aiδ
i)q(q

2+1) = (1 + aiδ
i)(q2+1). ²O�, δqi + δq

3i + aiδ
(q3+q)i = δi +

δq
2i + aiδ

(q2+1)i. duq3 + q ≡ q2 + 1 (mod nr), ·�kδq3+q = δq
2+1. Ï, ·�

kδ(q−1)i + δ(q3−1)i = 1 + δ(q2−1)i,ù%¹


(δ(q−1)i − 1)(δ(q2−q)i − 1) = 0.

ù�¦é,� 1 ≤ i ≤ n− 1,·�k nr | (q − 1)i.,,du ( q−1
r
, n) = 1,ù´Ø�U

�.

Ï, C �4�ål´o½Ê.d·K 5.5Ú·K 5.6´� C ´�� (n, 6)q 4�å

l�©iÎ(éè.

� n | q2 − 1,·�k±e� (n, 6)q 4�ål�©iÎ(éè��E.

½n 5.23µ- q����ê�, n����ê÷v n > q + 1Ú n | q2 − 1.@o

1) � n�Ûê,�3�� (n, 6)q 4�ål�©iÎ(éè.

196



Ì�è9ÙA^

2) � n�óê,�3�� (n
2
, 6)q 4�ål�©iÎ(éè.

y². 1) - δ ∈ F∗q2 \ Fq ����� n ���, Ù¥ n �Ûê. õ�ª g(x) = (x −

δ−q)(x−δ−1)(x−δ)(x−δq) ∈ Fq[x]�Ø xn−1.- C1�Ì�è 〈g(x)〉 ⊂ Fq[x]/(xn−1).

du n�Ûê,´� C1´�� [n, n− 4, d]q è÷v 3 ≤ d ≤ 5.� 4 ≤ d ≤ 5,d·K 5.5

Ú·K 5.6´� C1´�� (n, 6)q 4�ål�©iÎ(éè.� d = 3,d·K 5.5Ú·

K 5.6,?Ûþ�un�èi�(éþ���Ê.Ï,d (5.34),��y²éz�

÷v wH(c(x)) = 3�èi c(x) ∈ C,·�k I(c(x)) ≥ 3.�d,·�ò�y²vk/X

1 + a1x+ aix
i,Ù¥ 2 ≤ i ≤ n− 1, a1, ai ∈ F∗q �èi.±e§·�©ü«�¹?Ø.

Äk,b��3��èi 1 + a1x+ a2x
2,Ù¥ a1, a2 ∈ F∗q .@o·�k±e��§

| 
1 + a1δ + a2δ

2 = 0,

1 + a1δ
−1 + a2δ

−2 = 0.

)�§|� a1 = −(δ + 1
δ
).Ï,·�k δ + 1

δ
∈ F∗q ,ù%¹
 n | q + 1½ n | q − 1.d

u n > q + 1,ù´Ø�U�.

Ùg,b�k��èi 1 + a1x+ aix
i,Ù¥ 3 ≤ i ≤ n− 29 a1, ai ∈ F∗q .@o·�

k±e��§| 
1 + a1δ + aiδ

i = 0,

1 + a1δ
−1 + aiδ

−i = 0.

)�§|� a1 = − δ2i−1
δ2i−1−δ 9 ai = δi+1−δi−1

δ2i−1−δ .Ï,·�k δ2i−1
δ2i−1−δ ,

δi+1−δi−1

δ2i−1−δ ∈ F∗q .du

δ2i − 1

δ2i−1 − δ
+
δi+1 − δi−1

δ2i−1 − δ
=
δi+1 − 1

δi − δ
∈ F∗q,

9

δ2i − 1

δ2i−1 − δ
− δi+1 − δi−1

δ2i−1 − δ
=
δi+1 + 1

δi + δ
∈ Fq,

·�k

δi − δ
δi+1 − 1

+
δi+1 + 1

δi + δ
=

(δ2i − 1)(δ2 + 1)

(δi + δ)(δi+1 − 1)
∈ F∗q.
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5¿� δ2i−1
δ2i−1−δ ∈ F∗q 9 δi+1−1

δi−δ ∈ F∗q .ëÓ±þ��ª,·�k

(δ2i−1 − δ)(δ2 + 1)

(δi + δ)(δi − δ)
= δ +

1

δ
∈ F∗q.

,,X±þ¤ã, δ + 1
δ
∈ F∗q ´Ø�U�.

2)- δ ∈ F∗q2 \ Fq ����� n���,Ù¥ n´��óê.du δ
n
2 = −1,õ�

ª g(x) = (x− δ−q)(x− δ−1)(x− δ)(x− δq) ∈ Fq[x]�Ø x
n
2 + 1.- C2 � (-1)-[Ì�

è 〈g(x)〉 ⊂ Fq[x]/(x
n
2 + 1).d·K 5.2Ú Singleton., C2 ´�� [n

2
, n

2
− 4, d]q è÷v

3 ≤ d ≤ 5.{e�y²aqu 1),·�3dÑ�.

5µé n | q2 − 1,� n´Ûê½ n´óê� v2(n) < v2(q2 − 1)�,½n 5.23�E


(n, 6)q 4�ål�©iÎ(éè.e n´óê� v2(n) = v2(q2 − 1),½n 5.23��E

¬)¤4�ål���è.ù
èØ´4�ål�©iÎ(éè.

5µd;Í [151]�íØ 7.4.4,±þ½n¥�è C1 (½ C2)k4�ål 3 ≤ d ≤ 4,XJ

n > 2(q − 1) (½ n > 4(q − 1)).?�Ú/,3,
�¹e, C1 Ú C2 �4�ål´n.~

X,XJ 3 | n, C1 �¹��þ�n�èi 1 + x
n
3 + x

2n
3 ,¿� C2 �¹��þ�n

�èi 1− xn6 + x
n
3 .

3±e½n¥,·�òy²3,
^�e,4�(éål dp = 7�4�ål�©

iÎ(éè�d,
Ì�è)¤.

½n 5.24µ- q ����ê�, n �����ê÷v n | q2 − 1 9 n > q + 1. -

δ ∈ F∗q2 \ Fq ����� n���.- C ⊂ Fq[x]/(xn − 1)��� [n, n − 5, d]q Ì�è,

§�)¤õ�ª� g(x) = (x− δ−q)(x− δ−1)(x− 1)(x− δ)(x− δq) ∈ Fq[x].@o

1) � 5 ≤ d ≤ 6, C ´�� (n, 7)q 4�ål�©iÎ(éè.

2) � d = 49 n�Ûê�, C´�� (n, 7)q 4�ål�©iÎ(éè��=�éz

� 3 ≤ i ≤ n− 3, δ
i+1−1
δi−δ 6∈ F∗q .

y². d BCH.Ú Singleton.,4�ål 4 ≤ d ≤ 6.·��y² 2),Ï� 1)�y²

´{ü�.� d = 4�,d·K 5.59·K 5.6,?Ûþ�uo�èi�(éþ�

��Ô.Ï,d (5.34),�Iy²é?¿÷v wH(c(x)) = 4�èi c(x) ∈ C,·�k

I(c(x)) ≥ 3.±e,·�òïÄ(�ù�5�¤á�¿�^�.
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b��3��þ�o�èi c(x),¦� I(c(x)) = 1.Ø���5,·��±b�

c(x) = 1 + a1x+ a2x
2 + a3x

3,Ù¥ a1, a2, a3 ∈ F∗q .Ï,k±e��§|:


1 + a1 + a2 + a3 = 0,

1 + a1δ + a2δ
2 + a3δ

3 = 0,

1 + a1δ
−1 + a2δ

−2 + a3δ
−3 = 0.

)�§|� a2 = 1 + δ + 1
δ
. ,, δ + 1

δ
∈ Fq %¹
 (δq+1 − 1)(δq−1 − 1) = 0. ù�

n > q + 1gñ.

b��3��þ�o�èi c(x),¦� I(c(x)) = 2.Ø���5,·�k±eü

«�¹

i) �3��èi c(x) = 1 + a1x+ a2x
2 + aix

i,Ù¥ 3 ≤ i ≤ n− 29 a1, a2, ai ∈ F∗q .

ii) �3��èi c(x) = 1+a1x+aix
i+ai+1x

i+1,Ù¥ 3 ≤ i ≤ n−39 a1, ai, ai+1 ∈

F∗q .

é�¹ i),·�k±e��§|:


1 + a1 + a2 + ai = 0,

1 + a1δ + a2δ
2 + aiδ

i = 0,

1 + a1δ
−1 + a2δ

−2 + aiδ
−i = 0.

)�§|�

a1

a2

= −δ
i−2 − δ
δi−1 − 1

− 1, a2 =
δi − 1

δi−1 − δ
,

ù%¹


δi−2 − δ
δi−1 − 1

∈ F∗q,
δi − 1

δi−1 − δ
∈ F∗q.

Ï,

δi−1 − 1

δi−2 − δ
− δi − 1

δi−1 − δ
=

δi−2(δ + 1)(δ − 1)2

(δi−1 − δ)(δi−2 − δ)
∈ F∗q,

δi−1 − δ
δi − 1

− δi−2 − δ
δi−1 − 1

=
δi−1(δ − 1)2

(δi − 1)(δi−1 − 1)
∈ F∗q.
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'�±þüª�m>,·�k 1 + 1
δ
∈ F∗q ,´�ù´Ø�U�.

é�¹ ii),·�k±e��§|:


1 + a1 + ai + ai+1 = 0,

1 + a1δ + aiδ
i + ai+1δ

i+1 = 0,

1 + a1δ
−1 + aiδ

−i + ai+1δ
−(i+1) = 0.

XJ n´óê,±þ�§|3 i = n
2
, a1 = an

2
+1 = −19 an

2
= 1�k).Ïd, n�Û

ê�^�´7��.)±þ��§|�

a1 = −δ
i+1 − 1

δi − δ
, ai =

δi+1 − 1

δi − δ
, ai+1 = −1.

Ï,�c��§|Ø¤á,��=�éz� 3 ≤ i ≤ n− 3, δ
i+1−1
δi−δ 6∈ F∗q .y..

�½���ê 3 ≤ i ≤ n− 3, δ
i+1−1
δi−δ = θ ∈ F∗q �du δi = 1−θδ

−θ+δ ,Ù¥ θ ∈ F∗q .Ï,

½n 5.24 2)¥�¿�^�Ú'u δ�©ª�5C� 1−θδ
−θ+δ �5��',Ù¥ θ ∈ F∗q .ù

�·��ïÄù�aAÏ�©ª�5C�Jø
Äå.|^N¹¥���(J,±e

½n�Ñ
þã¿�^�����O(��x.

½n 5.25µ- q����ê�, n����ê÷v n | q2−19 n > q+1.- δ ∈ Fq2 \Fq

����� n ���. - x2 − bx − c � δ 3 Fq þ�Ä�4�õ�ª. é���ê

i ≥ 2,½Â

a
(i)
0 =

b i−2
2
c∑

j=0

(
i− 2− j

j

)
bi−2−2jcj+1, a

(i)
1 =

b i−1
2
c∑

j=0

(
i− 1− j

j

)
bi−1−2jcj. (5.36)

- C ⊂ Fq[x]/(xn − 1)��� [n, n− 5, d]q Ì�è,k4�õ�ª g(x) = (x− δ−q)(x−

δ−1)(x− 1)(x− δ)(x− δq).@o C ´�� [n, n− 5, d]q è÷v 4 ≤ d ≤ 6.� 5 ≤ d ≤ 6,

C´�� (n, 7)q 4�ål�©iÎ(éè.� d = 4� n�Ûê, C´�� (n, 7)q 4�

ål�©iÎ(éè��=�éz� 3 ≤ i ≤ n− 3,±e��¤á:

1) a(i)
1 = 0,

½ö� a
(i)
1 6= 0,
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2) XJ a
(i)
1 = 1,@o a

(i)
0 6= −b½ c = 1,

3) XJ a
(i)
0 = 0,@o a

(i)
1 6= 1

c
½ b = 0,

4) XJ a
(i)
0 6= 0� a

(i)
1 6= 1,@o a

(i)
1 c = 1½

a
(i)
1 b+a

(i)
0

a
(i)
1 −1

6= a
(i)
1 c−1

a
(i)
0

.

y². (Ød½n 5.24ÚíØ 5.3´�.

5µd¥W¿.,� n(n− 1) ≥ 2q5

(q−1)2
,þã½n¥�è C k4�ål d = 4.

±þ�½nÚ5%¹
���E (n, 7)q 4�ål�©iÎ(éè��{,Ù¥

n | q2 − 1, n(n− 1) ≥ 2q5

(q−1)2
9 n�Ûê.

�{
Ñ\:
•���ê� q

•����ê n,÷v n | q2 − 1, n(n− 1) ≥ 2q5

(q−1)2

ÑÑ:
•XJ�{¤õ,�� (n, 7)q 4�ål�©iÎ(éè C
•XJ�{�},�£�
Ú½:
1: - S = {x ∈ F∗q2 | ord(x) = n}
2: � S ����$1
3: ÀJ δ ∈ S,- b = δ + δq, c = −δq+1

4: �# S := S \ {δ, δq}
5: O� a

(2)
0 Ú a

(2)
1

6: éz� 3 ≤ i ≤ n− 3$1

5: O� a
(i)
0 = ca

(i−1)
1 Ú a

(i)
1

6: XJ½n 5.25¥�^�Ø¤áK
7: �£Ú½2
8: (åXJ
9: (åé
10: ^ δX½n 5.25�EC
11: ÑÑ C
12:(å�
13:�£�

£;
���y δi+1−1
δi−δ ∈ F∗q ,±þ�{|^
½n 5.25¥JÑ�^�.�½ bÚ

c,¤kÙ§�O�Ñ3���� Fq þ,�3� Fq2 þ.Ï,��ê� q é��,ù

��{�k`³.?,5¿� a
(i+1)
0 = ca

(i)
1 é?¿ i ≥ 0¤á,·��IO� a

(i)
1 ��

 a
(i)
0 ��=���Ñ.

|^±þ��{,·�é±e�~f?1
ê�¢�

{(q, n) | q�ê�, q ≤ 100, n | q2 − 1, nÛê, n > q + 1}.
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3ù
~f¥,½n 5.25¥�A� [n, n− 5, d]q è C �4�ål d = 4.� q�Ûê,Ø


(q, n) ∈ {(59, 435), (67, 561), (83, 861)},è C ´�� (n, 7)q 4�ål�©iÎ(é

è.?�Ú,ê�¢�w«� q �óê�, C Ø´��4�ål�©iÎ(éè.,,

�y² q�Ûê´ C �(n, 7)q 4�ål�©iÎ(éè�7�^�,q�´(J�.

5.3.5 o(

/�©z [166] ¥�g�, ·�|^Ì�Ú[Ì�í�E
4�(éål dp ∈

{5, 6, 7}�4�ål�©iÎ(éè.·���Eí2
©z [166] ¥�(J.d	,·

���
�y�aÌ�è¤�4�ål�©iÎ(éè�¿�^�.ù�^�Ú�a

AÏ�©ª�5C��5�k'.·�c[ïÄ
ù�aAÏ�©ª�5C�,JÑ


é±þ¿�^�����°(��x.dù��x��
�� dp = 7�4�ål�

©iÎ(éè��E�{.·�@�éù��x��\�n)�U�5#�4�ål

�©iÎ(éè.

·�5¿�ý�Ü© (n, dp)q 4�ål�©iÎ(éè��E8¥u dp ��

��¹.3ù«�¹e,XJ·�^�� [n, k, d]q �5è�E��iÎ(éè,K�

dp − d7,��.Ï,y²U
���A�4�(éål´N´�.�E��(éå

l�4�ål�©iÎ(éè´��k��ïÄ�K.

N¹

- q ����ê�.é u, v, w, z ∈ Fq 9 δ ∈ Fq2 ,½Â��l Fq2 � Fq2 �©ª�

5C�

fu,v,w,z(δ) =
u+ vδ

w + zδ
,

Ù¥ w + zδ 6= 0� uz − vw 6= 0.·�?�Úb� z 6= 0,eØ,, fu,v,w,z òz����

5¼ê.±e,·�òïÄùaAÏ�©ª�5C�.AO/,b� δ ∈ Fq2 \ Fq,·�ò

����¦�

δi =
u+ vδ

w + zδ
,

é,� i¤á�¿�^�.ù�^�Jø
��OK��ä©ª�5C� fu,v,w,z ´Ä

ò δN�d δ)¤�Ì�+¥.

·K 5.7µ- δ ∈ Fq2 \ Fq.- x2 − bx− c� δ3 Fq þ�Ä�4�õ�ª.é����
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ê i ≥ 2,½Â

a
(i)
0 =

b i−2
2
c∑

j=0

(
i− 2− j

j

)
bi−2−2jcj+1, a

(i)
1 =

b i−1
2
c∑

j=0

(
i− 1− j

j

)
bi−1−2jcj. (5.37)

@oé i ≥ 0, δi = u+vδ
w+zδ

��=�±e��¤á:

1) XJ i = 0,@o u = w, v = z.

2) XJ i = 1,@o b = v−w
z
� c = u

z
.

3) XJ i ≥ 2,@o

a
(i)
1 6= 0, b = −a

(i)
0

a
(i)
1

+
v

za
(i)
1

− w

z
, c = −wa

(i)
0

za
(i)
1

+
u

za
(i)
1

.

y². 1) Ú 2) ´{ü�. ±e·���Ä 3). du δi = u+vδ
w+zδ

9 z 6= 0, ·�k

δi+1 + w
z
δi − v

z
δ − u

z
= 0.Ï, δ´õ�ª xi+1 + w

z
xi − v

z
x− u

z
�����

xi+1 +
w

z
xi − v

z
x− u

z
≡ 0 (mod x2 − bx− c).

é���ê i ≥ 0,·�½Â���ê Ti(x) = xi+1 + w
z
xi.é?¿ i ≥ 2,·�k±e�

48'X:

Ti(x) ≡ xi+1 +
w

z
xi

≡ bxi + cxi−1 +
w

z
(bxi−1 + cxi−2)

≡ b(xi +
w

z
xi−1) + c(xi−1 +

w

z
xi−2)

≡ bTi−1(x) + cTi−2(x) (mod x2 − bx− c).

�EA^ù�48'X,·�k

Ti(x) ≡ d
(i)
2 T2(x) + d

(i)
1 T1(x)

≡ e
(i)
1 T1(x) + e

(i)
0 T0(x) (mod x2 − bx− c),
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Ù¥ d
(i)
1 , d

(i)
2 , e

(i)
0 , e

(i)
1 ∈ Fq.·��8I´²(�û½ e

(i)
0 Ú e

(i)
1 .�d'X%¹
 T0(x)

7L´d T2(x)~�,� x2 − bx − c��ª¤)¤�.du T2(x) ≡ bT1(x) + cT0(x)

(mod x2 − bx− c),·�k e
(i)
0 = cd

(i)
2 .w,, d(i)

2 ´�
'u bÚ c�ü�ª�Ú.�(

��,b� i − 2UL«¤���¹ i − 2 − 2j � 1Ú j � 2�kSÚ.@où�kS

ÚéA3Úª d
(i)
2 ¥��� bi−2−2jcj .��k

(
i−2−j
j

)
«�{ò i− 2©)� i− 2− 2j

� 1Ú j � 2�kSÚ.Ï

d
(i)
2 =

b i−2
2
c∑

j=0

(
i− 2− j

j

)
bi−2−2jcj,

�

e
(i)
0 = cd

(i)
2 =

b i−2
2
c∑

j=0

(
i− 2− j

j

)
bi−2−2jcj+1 = a

(i)
0 .

aq�,ÏL�	ò i− 1©)��¹ 1Ú 2�kSÚ��ê,·�k

e
(i)
1 =

b i−1
2
c∑

j=0

(
i− 1− j

j

)
bi−1−2jcj = a

(i)
1 .

Ï,

xi+1 +
w

z
xi − v

z
x− u

z
≡ Ti(x)− v

z
x− u

z

≡ a
(i)
1 T1(x) + a

(i)
0 T0(x)− v

z
x− u

z

≡ a
(i)
1 x

2 + (a
(i)
0 +

wa
(i)
1

z
− v

z
)x+

wa
(i)
0

z
− u

z

≡ 0 (mod x2 − bx− c).

¤±,·�k a
(i)
1 6= 09x2 + (

a
(i)
0

a
(i)
1

+ w
z
− v

za
(i)
1

)x +
wa

(i)
0

za
(i)
1

− u

za
(i)
1

= x2 − bx− c.(Ød'

�Xê=�.

AO/, �½ δ ∈ Fq2 \ Fq Ú���ê i ≥ 2, ·�k±e{ü�OK��ä

δi = 1−θδ
−θ+δ ´Äé,� θ ∈ F∗q ¤á.

íØ 5.3µ- δ ∈ Fq2 \ Fq.- x2 − bx− c� δ3 Fq þ�Ä�4�õ�ª.é���ê

i ≥ 2, δi = 1−θδ
−θ+δ ,Ù¥ θ ∈ F∗q ��=� a

(i)
1 6= 09±e���^�¤á
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1) XJ a
(i)
1 = 1,@o a

(i)
0 = −b9 c 6= 1,

2) XJ a
(i)
0 = 0,@o a

(i)
1 = 1

c
9 b 6= 0,

3) XJ a
(i)
0 6= 0� a

(i)
1 6= 1,@o a

(i)
1 c 6= 19

a
(i)
1 b+a

(i)
0

a
(i)
1 −1

=
a
(i)
1 c−1

a
(i)
0

.

Ù¥ a
(i)
0 9 a

(i)
1 d (5.37)½Â.�?�Ú,- Fr � Fq ���f�.XJ b, c ∈ Fr,@o

δi = 1−θδ
−θ+δ é,� i ≥ 2¤á=� θ ∈ Fr.

y². 3·K 5.7¥- u = z = −19 v = w = θ ,·�k δi = 1−θδ
−θ+δ é,� θ ∈ F∗q ¤

á��=�

b =
(a

(i)
1 − 1)θ − a(i)

0

a
(i)
1

, c =
a

(i)
0 θ + 1

a
(i)
1

.

XJ a
(i)
0 = 09 a

(i)
1 = 1,@·�k b = 09 c = 1,du x2 − 13 Fq þ��,ù´Ø�

U�.e a
(i)
1 = 1½ a

(i)
0 = 0,@o^� 1)½^� 2)¤á.XJ a

(i)
0 6= 09 a

(i)
1 6= 1,^�

3)�d bÚ c�L�ªíÑ.b� bÚ cáu��f� Fr,@od½Â� a
(i)
0 , a

(i)
1 ∈ Fr.

du·�k a
(i)
0 6= 0½ a

(i)
1 6= 1,´� θ ∈ Fr.
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N¹

�N¹Vã
�ö�Ù§�
ó�§§�®Ñy3�g�Æ¬�Ø©¥ [149]§�

3dØ�ã"

�ak?¿õ��":�Ì�è�þ©Ù� Hermitian.ã

Delsarte½n [72] �Ñ
Ì�è���,L«.ïÄÌ�è�þ©Ù,  lù

�,L«Ñu,|^�êÚ�óä\±©Û.,,�Ì�èk�õ��":�,§�

,L«C��~E,,±þ�{Ò��
.Ïd,'uäkõ��":�Ì�è�þ

©Ù�(J4ÙD�.�
¦�kõ��":�Ì�è�þ©Ù,7L�Ú\#�

g�Ú�{.

ÏLïá�aäk?¿õ��":�Ì�è�þ©Ù,Ú Hermitian.ã�Ì

�m¿	�éX§·�¦Ñ
ùaÌ�è�þ©Ù.ù�Ñ<¿��â»Ðy
Ì

�è�þ©Ù�ã�ÌnØ,±(Ü�Y�Ø%��ê|ÜnØ�m{©�éX.

'uù�ó���[0�®Â¹3�g�Æ¬�Ø©�1 6Ù.

k�êA����8

�½+ G ¥��� (v, k, λ) �8 D, D ��½Â� n = k − λ. ·�¡ D ÷v

A��Ø5� (character divisibility property),XJé G�?¿���²�A� χ,þ

k
√
n | χ(D).5¿�¤k÷v gcd(v, n) > 1��8Ñäkù�5�, JungnickelÚ

Schmidt3 1997cJÑ
±e�úm¯K [163].

¯Kµ�E gcd(v, n) > 1�ØäkA��Ø5���8.

C��c5,'uù�¯K�?Ð�~�ú.·�±kn��²�A����8

�ÿÀ,�Ñ
ùa�8ØäkA��Ø5���
7�^�,�í?ù�¯K�Ñ


ÐÚ�&¢.'uù�ó���[0�®Â¹3�g�Æ¬�Ø©�1 3Ù.

�²¡¼ê��EÚ�'�(Ü�Y

ÛA��k��þ�²¡¼ê�^5�E�K²¡.3óA��k��þ,¿

Ø�3²¡¼ê.�
�Ñù�¯K, Zhou3óA��k��þJÑ
�²¡¼ê

(pseudo-planar function)�Vg [306],¿|^�²¡¼ê�E
�K²¡.ù�-<,¯
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�uyr¦·��Ä�²¡¼ê��E.·��E
na#��²¡��ª¼ê.Ó

�,·�y²
?¿���²¡¼êÑ�±�Ñ�� 5-a�(Ü�Y.'uù�ó�

��[0�®Â¹3�g�Æ¬�Ø©�1 5Ù.
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[179] A. Klappenecker, M. Rötteler, I. E. Shparlinski, and A. Winterhof, “On approximately

symmetric informationally complete positive operator-valued measures and related sys-

tems of quantum states,” J. Math. Phys., vol. 46, no. 8, pp. 082 104, 17, 2005.

222



ë�©z

[180] T. Kløve, “The weight distribution of linear codes over GF(ql) having generator ma-

trix over GF(q),” Discrete Math., vol. 23, no. 2, pp. 159–168, 1978.

[181] E. Knill and R. Laflamme, “Theory of quantum error-correcting codes,” Phys. Rev. A

(3), vol. 55, no. 2, pp. 900–911, 1997.

[182] N. Koblitz, A. Menezes, and S. Vanstone, “The state of elliptic curve cryptography,”

Des. Codes Cryptogr., vol. 19, no. 2–3, pp. 173–193, 2000.

[183] J. Kurihara and T. Uyematsu, “Strongly-secure secret sharing based on linear codes

can be characterized by generalized Hamming weight,” in 49th Annual Allerton Confer-

ence on Communication, Control, and Computing, Sep 2011, pp. 951–957.

[184] V. I. Levenshtein, “Bounds for packings of metric spaces and some of their applica-

tions,” Problemy Kibernet., no. 40, pp. 43–110, 1983.

[185] C. Li, X. Zeng, and L. Hu, “A class of binary cyclic codes with five weights,” Sci.

China Math., vol. 53, no. 12, pp. 3279–3286, 2010.

[186] N. Li, T. Helleseth, A. Kholosha, and X. Tang, “On the Walsh transform of a class of

functions from Niho exponents,” IEEE Trans. Inform. Theory, vol. 59, no. 7, pp. 4662–

4667, 2013.

[187] R. Li and Z. Xu, “Construction of [[n, n− 4, 3]]q quantum codes for odd prime power

q,” Phys. Rev. A (3), vol. 82, no. 5, p. 052316, 2010.

[188] S. Li, F. Gao, G. Ge, and S. Zhang, “Deterministic construction of compressed sensing

matrices via algebraic curves,” IEEE Trans. Inform. Theory, vol. 58, no. 8, pp. 5035–

5041, 2012.

[189] Z. Li, L. Xing, and X. Wang, “Quantum generalized Reed-Solomon codes: unified

framework for quantum mds codes,” Phys. Rev. A (3), vol. 77, no. 1, p. 012308, 2008.

[190] R. Lidl and H. Niederreiter, Finite fields, ser. Encyclopedia of Mathematics and its

Applications. Reading, MA: Addison-Wesley Publishing Company Advanced Book

Program, 1983, vol. 20.
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