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Abstract

This thesis mainly considers two problems. The first one focuses on the study of permutation

polynomials over finite fields, which have wide applications in cryptography, coding theory and

combinatorial design theory. The second one mainly investigates the locally repairable code in

data storage, which plays an important role in distributed storage systems. This thesis makes a

further research on the problems from the perspective of combinatorics, and uses the related tools

such as finite field theory, algebraic number theory and so on.

In Chapter 1, we briefly introduce the backgrounds of the problems concerned with this thesis

and summarize our contributions towards these topics.

In Chapter 2, we investigate the permutation polynomials over finite fields. We prove two

conjectures about the permutation trinomials with Niho exponents, which were proposed by Wu et

al., by using the method of treating squares and non-squares separately. Further, we construct two

new classes of permutation trinomials by studying the number of solutions to special equations.

And we generalize two examples proposed by Kyureghyan et al. to an infinite class.

In Chapter 3, we mainly consider complete permutation polynomials and permutation poly-

nomials with low differential uniformity. Four classes of monomial complete permutation poly-

nomials and one class of trinomial complete permutation polynomials are presented, one of which

confirms a conjecture proposed by Wu et al.. Further, we make some progress on a conjecture

about the differential uniformity of power permutation polynomials proposed by Blondeau et al..

In Chapter 4, we investigate the locally repairable code in distributed storage systems. We

mainly focus on the upper bound for the dimension k and constructions of binary linear locally

repairable codes. First, we derive an explicit upper bound for the dimension of such codes. Further,

based on partial spreads and weakly independent sets, we get some new optimal binary locally

repairable codes.

In Chapter 5, we briefly introduce other problems considered in the PhD learning phase, such

as traceability codes, regenerating codes, maximally recoverable codes.
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�Ù�ïÄÌK´k��þ���õ�ª"- Fpn ´¹k pn����k��§Ù¥ p

´���ê§ n´����ê"XJõ�ª f(x) ∈ Fpn [x]U
p�Ñ��l Fpn �Ùg
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• - Trnr : Fqn 7→ Fqr ´,N�§½Â�

Trnr (x) = x+ xq
r

+ xq
2r

+ · · ·+ xq
n−r

,

Ù¥µ r|n"� r = 1�§òz�ýé,¼ê§P�Trn"

• � x ∈ Fq2 §½Â x = xq "

y3§·��Ñ3�Y©¥^��ü�Í¶�Ún"

Ún2.2.1 [12]� p > 2§K x2 + ax+ b3 Fpn ¥Ø����=�§��Oª∆ = a2− 4b3

Fpn ¥´�²��"

6



2 k��þ���õ�ª£�¤

Ún2.2.2 [40] k�� Fq þ� ngØ��õ�ª3 Fqk þEØ����=� gcd(k, n) = 1"

2.3 üüüaaannn���������õõõ���ªªª

Ï~5`§ék��þ�n���õ�ª�Ñ��{ü��x^�´(J�"

2015c§Ding�< [14]$^�
ØÓ�E|£�)dDobbertin [16,17]JÑ�õC��{¤�

E
eZan���õ�ª"3�!¥§·�$^aq�E|�E
üa#�n���õ

�ª"

½n2.3.1 - m > 1 ´��Ûê§P k = m+1
2
"Kéz� u ∈ F∗2m §k f(x) = x +

u2
k−1−1x2

k−1 + u2
k−1
x2

k+1´ F2m þ�����õ�ª"

y² Ï� gcd(2, 2m − 1) = 1§¤±·��I�y² h(x) = (f(x))2 = x2 + u2
k−2x2

k+1−2 +

u2
k
x2

k+1+2´ F2m þ�����õ�ª"- u = u2
k
§ y = x2

k
"

Äk§·�y² h(x) = 0��=� x = 0"w,§e x = 0§k h(x) = 0"�L5§

XJ�3 x ∈ F∗2m ÷v

u2x4 + uy2 + uu2x4y2 = 0, (2-2)

ò�§ (2-2)ü>Ó��Ù 2k g�§��

u2y4 + u2x4 + u2u2x4y4 = 0.

du gcd(2, 2m − 1) = 1§·�k

uy2 + ux2 + uux2y2 = 0. (2-3)

ò�§ (2-2)Ú (2-3)�\�

u2x4 + ux2 + uu2x4y2 + uux2y2 = 0, (2-4)

þª��©)� ux2(1 + ux2)1+2k = 0"= x2 = 1
u
§�Ò´§x = 1

u2m−1"�´ h( 1

u2m−1 ) =

1
u
6= 0§gñ�¤± h(x) = 0��=� x = 0"

e¡§b� h(x) Ø´����õ�ª§K�3 x ∈ F∗2m Ú a ∈ F∗2m ¦� h(x) =

h(x+ ax)"- b = a2
k
§w,k a, b 6= 0, 1"Ï� h(x) = h(x+ ax)§·�k

u2x4 + uy2 + uu2y2x4

u2x2
=
u2(a4 + 1)x4 + u(b+ 1)2y2 + uu2(b+ 1)2y2(a+ 1)4x4

u2(a+ 1)2x2
,

7
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z{�

A1x
2y2 + A2y

2 + A3x
2 = 0, (2-5)

Ù¥ A1 = (a2b2 + a2 + b2 + b)uu,A2 = (b2 + b)u±9 A3 = (b+ a2)u"

y3·�Øä A1A2A3 6= 0"¯¢þ§e A1 = 0§K (b + 1)2a2 = b(b + 1)"Ïd

a2 = b
b+1
§Ó��Ù 2k g�§Kk b2 = a2

a2+1
"¤± b2 = b§=��Ñ b = 0½ö 1§g

ñ�¤± A1 6= 0"Ón�� A2, A3 6= 0"

é�§ (2-5)ü>�^ 2k g�§·���Ñ

A2k

1 x
4y2 + A2k

3 y
2 + A2k

2 x
4 = 0. (2-6)

éá�§ (2-5)Ú (2-6)§�� y2§��

B1x
4 +B2x

2 +B3 = 0, (2-7)

Ù¥ B1 = A3A
2k

1 + A1A
2k

2 = (b3(a+ 1)4)uu3 6= 0§B2 = A2k+1
2 6= 0±9 B3 = A2k+1

3 6= 0"

ò x2 = B2

B1
γ�\�§ (2-7)�

γ2 + γ +D = 0, (2-8)

Ù¥ D = B1B3

B2
2

= D1 +D2k

1 � D1 =
A1A

2k+1
3

A2k+2
2

= A1B3

A2B2
"¿�·�k

Trm(D1) = Trm

(
A1

A2

(
A3

A2

)2
k+1

)
= Trm

(
(1 + a2 +

a2

b
)

(a2 + b)(a+ b)2

a2(a+ 1)2b(b+ 1)

)
= Trm

(
(a2 + b)(a+ b)2

a2(a+ 1)2b(b+ 1)
+

(a2 + b)(a+ b)2

(a+ 1)2b(b+ 1)
+

(a2 + b)(a+ b)2

(a+ 1)2b2(b+ 1)

)
= Trm

(
a2

(a+ 1)2b(b+ 1)
+

1

(a+ 1)2
+

b2

a2(a+ 1)2(b+ 1)
+

a4

(a+ 1)2b(b+ 1)
+

a2

(a+ 1)2
+

b2

(a+ 1)2(b+ 1)
+

a4

(a+ 1)2b2(b+ 1)
+

a2

b(a+ 1)2
+

b

(a+ 1)2(b+ 1)

)
= Trm

(
a2

(a+ 1)2b(b+ 1)
+

a2

b(a+ 1)2
+

b

(a+ 1)2(b+ 1)

)
+ Trm

(
1

(a+ 1)2
+

a2

(a+ 1)2

)
+ Trm

(
b2

a2(a+ 1)2(b+ 1)
+

a4

(a+ 1)2b(b+ 1)
+

b2

(a+ 1)2(b+ 1)
+

a4

(a+ 1)2b2(b+ 1)

)
= 1.

é�§ (2-8)ü>�^ 2ig�§0 ≤ i ≤ d− 1§,�òù
�§�\�

γ2
k

= γ +
k−1∑
i=0

(D1 +D2k

1 )2
i

= γ +D1 + Trm(D1) = γ +D1 + 1. (2-9)
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þªü>Ó�¦± γ§¿��Ä� γ2 + γ +D = 0§Kk

γ2
k+1 = D1γ +D. (2-10)

éá�§ (2-5)!(2-9)Ú (2-10)§·�k

C1γ + C2 = 0, (2-11)

Ù¥ C1 = A1A
2k+2
2 6= 0±9 C2 = A2

2B1 6= 0"Ïd γ = C2

C1
"¤±d�§ (2-8)��

B1A
2
2 + A1A2B2 = A2

1B3,

ùÒ�Ñ

b2(b2 + a4) = a4(b4 + a2).

5¿� gcd(2, 2m − 1) = 1§K

a2b2 + b2 + a2b+ a3 = 0.

éþ¡��§Ó��Ù 2k g�§�±��

a4b2 + a4 + a2b2 + b3 = 0.

K�íÑ

b2(a4 + b) = a2(a2 + b2) = (a3 + a2b)(a+ b) = b2(1 + a2)(a+ b).

¤±

b =
a3 + a2 + 1

a
,

¿�éÙ�^ 2k g�§·��±�Ñ

a8 + a7 + a6 + a5 + a4 + a2 + 1 = 0.

du x8 + x7 + x6 + x5 + x4 + x2 + 1´ F2þ�Ø��õ�ª§KdÚn 2.2.2�§x8 + x7 +

x6 + x5 + x4 + x2 + 13 F2m þ�Ø��"Ïd a /∈ F∗2m §gñ�

½n2.3.2 -m > 1´��Ûê§P k = m+1
2
"Kéz� u ∈ F∗2m §k f(x) = x+ ux2

k−1 +

u2
k
x2

m−2k+1+2´ F2m þ�����õ�ª"

9



úô�ÆÆ¬Æ Ø©

y² ·�Äky² f(x) = 0��=� x = 0"- u = u2
k
§ y = x2

k
"w,§XJ x = 0§

@o f(x) = 0"�L5§b��3,� x ∈ F∗2m ¦�

x2y2 + uy3 + ux4 = 0. (2-12)

òÙü>Ó��^ 2k g�§·�k

x4y2 + u2y4 + ux6 = 0. (2-13)

é�§ (2-12)�ü>Ñ¦± x2§·���

x4y2 + ux2y3 + ux6 = 0. (2-14)

ò�§ (2-13)Ú (2-14)�\��

ux2y3 + u2y4 = 0.

Kk x2 = uy"¤± x = u2
k−1+1",
§²O� f(u2

k−1+1) = u2
k−1+1 6= 0§gñ�Ïd

f(x) = 0��=� x = 0"

�e5§- a = a2
k
"·�òy²éz��"� a ∈ F2m §�§ f(x) = ak����

")"=§éu�§

x2y2 + uy3 + ux4 + axy2 = 0, (2-15)

�3��) x ∈ F∗2m"ò�§ (2-15)�ü>Ó��Ù 2k g�§��

x4y2 + ux6 + u2y4 + ax4y = 0, (2-16)

é�§ (2-15)�ü>¦± x2§Kk

x4y2 + ux2y3 + ux6 + ax3y2 = 0. (2-17)

ò�§ (2-16)Ú (2-17)�\��2Ø± y§·�k

u2y3 + ux2y2 + ax4 + ax3y = 0. (2-18)

O� (2-15)×u+ (2-18)§,�Ø± x§K���

(a+ uu)x3 + ax2y + auy2 = 0. (2-19)

é�§ (2-19)�ü>�^ 2k g�§,�� a× (2-15)�\§·�k

(a+ uu2 + au)y + aax = 0. (2-20)

10
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éá�§ (2-19)Ú (2-20)§¦)�

x =
a3a2

bb
, (2-21)

Ù¥§b = a2 + uu2 + au§b = b2
k
§¿��±���y� b��"�"Ïd (2-21)Ò´�

§ f(x) = a����")�

2.4 ßßß��� 2.1.1ÚÚÚ 2.1.2���yyy²²²

2.4.1 ßßß��� 2.1.1���yyy²²²

3��!¥§·�òy²Wu�<3©z [69]¥JÑ�ß� 2.1.1§Qã¤Xe½n"

½n2.4.1 (ß� 2.1.1 [69]) � k´��Ûê§K f(x) = x
(
x2−x+2
x2+x+2

)2
´ F5k þ�����õ�

ª"

3y²ù�ß��c§·�I�e¡�ü�Ún"- Ω1 = {x2 : x ∈ F∗5k} §

Ω2 = {2x2 : x ∈ F∗5k}"

Ún2.4.2 f(x)´ Ω1þ�����õ�ª"

y² eØ,§K�3ü�ØÓ��� x, y ∈ Ω1 ¦� f(x) = f(y)" - x = a2§ y = b2§

Ù¥ a, b ∈ F∗5k � a 6= ±b" ·�k f(a2) = f(b2)" �Ò´`

a2
(a4 − a2 + 2

a4 + a2 + 2

)2
= b2

(b4 − b2 + 2

b4 + b2 + 2

)2
.

·���
a5 − a3 + 2a

a4 + a2 + 2
= ±b

5 − b3 + 2b

b4 + b2 + 2
.

�/ 1µa5−a3+2a
a4+a2+2

= b5−b3+2b
b4+b2+2

"

²L�
{ü�z{§·�k

(a− b)
(
a4b4 + 2(a− b)4 + (a2b2 − 2ab− 2)(a2 + ab+ b2) + a3b3 − a2b2 − 2ab+ 4

)
= 0.

- c = ab§ d = a− b" 5¿� a 6= b§K���

c4 + 2d4 + (c2 − 2c− 2)(d2 − 2c) + c3 − c2 − 2c+ 4 = 0.

11
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z{þã�§��

d4 − (2c2 + c+ 1)d2 − 2c4 + 2c3 − c2 + c+ 2 = 0.

- z = d2 ∈ F∗5k§K

z2 − (2c2 + c+ 1)z − 2c4 + 2c3 − c2 + c+ 2 = 0. (2-22)

dÚn 2.2.1§·��� z2 − (2c2 + c+ 1)z − 2c4 + 2c3 − c2 + c+ 23F5kþØ����

=�Ù�Oª ∆��²��"{üO�� ∆ = 2(c2 − c− 2)2"

f�/ 1.1: e c2 − c − 2 6= 0§Ï� 2´�²��§¤± ∆´ F5k þ��²��"Ï

d�§ (2-22)3F5k¥Ã)"

f�/ 1.2: e c2 − c− 2 = 0§K c = 2½ö c = −1" e¡©a?Øµ

� c = 2�§ d2 = −2" @okXe�§|xy = a2b2 = c2 = −1,

x+ y = a2 + b2 = (a− b)2 + 2ab = d2 + 2c = 2.

(2-23)

¤± x, y´�§ u2−2u−1 = 0�ü��",
§5¿� u2−2u−1��Oª∆ = 3´ F5k

¥��²��§dÚn 2.2.1��§u2−2u−13 F5k þ´Ø���"��§ u2−2u−1 = 0

3 F5k ¥Ã)§gñ�

� c = −1�§ d2 = 1" @o���§|xy = 1,

x+ y = −1.

(2-24)

¤± x, y´�§ u2 + u+ 1 = 0�ü��",
§5¿� u2 + u+ 1��Oª∆ = 2´ F5k

¥��²��§dÚn 2.2.1��§ u2 + u+ 13 F5k þ´Ø���"��§ u2 + u+ 1 = 0

3 F5k ¥Ã)§gñ�

�/ 2µa5−a3+2a
a4+a2+2

= − b5−b3+2b
b4+b2+2

"

*	� − b5−b3+2b
b4+b2+2

= (−b)5−(−b)3+2(−b)
(−b)4+(−b)2+2

§´�ù«�/�y²A�Ú�/ 1��§Ì��

ØÓ3uò�/ 1¥� b^ −b�O"P c = −ab§ d = a + b� z = d2" �e�ØãÚ�

/ 1��§�ÑK"

Ún2.4.3 f(x)´ Ω2þ�����õ�ª"

12
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y² $^y²Ún 2.4.2��{�±aqy²ù�Ún"duØãL§A�ì�§�ÑK"

½n2.4.1�y² 5¿� Ω1 ∩ Ω2 = ∅ � Ω1 ∪ Ω2 = F∗5k "
�N´�� f(Ω1) ⊆ Ω1§

f(Ω2) ⊆ Ω2"Ïd·��Iy² f(x) 3Ω1,Ω2 þÑ´��õ�ª=�"ù�dÚn

2.4.2Ú2.4.3��íÑ"

2.4.2 ßßß��� 2.1.2���yyy²²²

3��!¥§·�òy²Wu�<3©z [69]¥JÑ�ß� 2.1.2§Qã¤Xe½n"

½n2.4.4 (ß� 2.1.2 [69]) � q = 5k � k ´��óê§K g(x) = −x
(
x2−2
x2+2

)2
´ µq+1 ���

��õ�ª§Ù¥ µq+1 = {x ∈ Fq2 : xq+1 = 1}"

3y²ù�ß��c§·�I�e¡��X�Ún"

Ún2.4.5 � q = 5k � k´��óê§K ±2´ Fq2 ¥�²��¶?�Úk§
√
±2 ∈ Fq"

y² � F∗q2 = 〈ω〉" 5¿� 8|(q2 − 1)� −1 = ω
q2−1

2 §·�k 2 = ω
q2−1

4 ½ö 2 = ω
3(q2−1)

4 "

K3ùü«�¹e§ 2þ� Fq2 ¥�²��"¤± −2�´ Fq2 ¥�²��"

Ø���5§·�P
√

2 = ω
q2−1

8 §
√
−2 = ω

3(q2−1)
8 " Ï� k ´��óê§¤±

8|(q − 1)" Ïd§·��� (
√

2)q−1 = (−1)
q−1
4 = 1� (

√
−2)q−1 = (−1)

3(q−1)
4 = 1§ùÒL

²
√

2 ∈ Fq §
√
−2 ∈ Fq"

- Ω+ = {x2 : x ∈ µq+1}§ Ω− = {−x2 : x ∈ µq+1}"

Ún2.4.6 Ω+ ∩ Ω− = ∅§ Ω+ ∪ Ω− = µq+1"

y² XJ Ω+ ∩Ω− 6= ∅§=�3 x1, x2 ∈ µq+1¦� x21 = −x22" @o·�k
(
x1
x2

)2
= −1§

ùÒ¿�X
(
x1
x2

)4
= 1" Ï�

(
x1
x2

)q+1
= 1§¤±

(
x1
x2

)gcd(4,q+1)
= 1" Ïd

(
x1
x2

)2
= 1§ù�

x21 = −x22gñ"

?�Ú§d½ÂÚþãy²w,k |Ω+| = |Ω−| = q+1
2
" Ïd Ω+ ∪ Ω− = µq+1"

Ún2.4.7 g(Ω+) ⊆ Ω+§ g(Ω−) ⊆ Ω−"
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y² ∀x ∈ Ω+§ ∃a ∈ µq+1§ ¦� x = a2" ·��Iy²�3,� b ∈ µq+1§ ¦�

g(x) = b2" ¯¢þ§ g(x) = g(a2) = −a2
(
a4−2
a4+2

)2
=
(

2a
(
a4−2
a4+2

))2
" - b = 2a

(
a4−2
a4+2

)
" 5¿

� a = 1
a
§·�k

b = 2a
(a4 − 2

a4 + 2

)
=

2

a

(( 1
a
)4 − 2

( 1
a
)4 + 2

)
=

1

2a

(a4 + 2

a4 − 2

)
=

1

b
.

Ón§·�k g(Ω−) ⊆ Ω−" ¯¢þ§ ∀x ∈ Ω−§∃a ∈ µq+1§ ¦�x = −a2" Ï�

g(x) = g(−a2) = a2
(
a4−2
a4+2

)2
= −

(
2a
(
a4−2
a4+2

))2
" - b = 2a

(
a4−2
a4+2

)
" ´�b ∈ µq+1§ùÒy²


 g(x) ∈ Ω−"

Ún2.4.8 �§| xy = 1,

x+ y = ±1,

3 Ω+Ú Ω−¥ÑÃ)"

y² eØ,§�3 x, y ∈ Ω+ (½ö Ω−) ÷v�§|§@o x2 ± x + 1 = 0" ¤±dÚ

n2.4.5� x = ±2 ± 2
√

2 ∈ Fq "Ïd§·��� xq−1 = 1" qÏ� xq+1 = 1§ Kk

xgcd(q−1,q+1) = 1§= x = ±1§ù� x2 ± x+ 1 = 0gñ"

Ún2.4.9 g(x)´ Ω+þ���õ�ª"

y² b�·KØ¤á§K�3ü�ØÓ��� x, y ∈ Ω+ ¦� g(x) = g(y)" - x = a2§

y = b2§Ù¥ a, b ∈ µq+1� a 6= ±b" Ï� g(x) = g(y)§·�k −a2
(
a4−2
a4+2

)2
= −b2

(
b4−2
b4+2

)2
§

ù¿�X a5−2a
a4+2

= ± b5−2b
b4+2
"

e¡§·�© a5−2a
a4+2

= b5−2b
b4+2

Ú a5−2a
a4+2

= − b5−2b
b4+2

ùü«�¹?Ø"

�/ 1: a5−2a
a4+2

= b5−2b
b4+2
"

·�k

(a− b)
(
a4b4 + 2(a− b)4 + 2ab(a− b)2 − 4a2b2 − 4

)
= 0,

ùÒíÑ

a4b4 + 2(a− b)4 + 2ab(a− b)2 − 4a2b2 − 4 = 0,

- c = ab§d = a− b"Ï� a 6= b§¤±·���

c4 + 2d4 + 2cd2 − 4c2 − 4 = 0,
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z{�

d4 + cd2 − 2(c4 + c2 + 1) = 0.

Ï� ∆ = −2(c2 − 1)23 Fq2 ¥´��²��§Ïd

d2 = 2c± 2
√
−2(c2 − 1), (2-25)

ò�§ (2-25)�ü>Ó��Ù qg���

d
2

= 2c± 2
√
−2(c2 − 1).

Ï� c = 1
c
�d = a− b = 1

a
− 1

b
= b−a

ab
= −d

c
§·���

d2

c2
=

2

c
± 2
√
−2(

1

c2
− 1),

K�íÑ

d2 = 2c± 2
√
−2(1− c2). (2-26)

éá�§ (2-25)Ú (2-26)§·��� c2 = 1"Ïd§

d2 = 2c =

2, XJ c = 1§

−2, XJ c = −1"

1. � c = 1�§ d2 = 2§·�kxy = a2b2 = c2 = 1,

x+ y = a2 + b2 = (a− b)2 + 2ab = d2 + 2c = −1.

(2-27)

dÚn 2.4.8�§�§| (2-27)3 Ω+¥Ã)§gñ�

2. � c = −1�§ d2 = −2§·�k xy = 1,

x+ y = 1.

(2-28)

dÚn 2.4.8�§�§| (2-28)3 Ω+¥Ã)§gñ�

�/ 2: a5−2a
a4+2

= − b5−2b
b4+2
"

5¿� − b5−2b
b4+2

= (−b)5−2(−b)
(−b)4+2

§´�ù«�/�y²A�Ú�/ 1��§Ì��ØÓ3

uò�/ 1¥� b^ −b�O"P c = −ab� d = a+ b"�e�ØãÚ�/ 1����§�

ÑK"
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Ún2.4.10 g(x)´ Ω−þ���õ�ª"

y² �±$^y²Ún 2.4.9��{5y²ù�Ún"¯¢þ§XJ(ØØ¤á§K�3

ü�ØÓ��� x, y ∈ Ω− ¦� g(x) = g(y)" - x = −a2§ y = −b2§Ù¥ a, b ∈ µq+1 �

a 6= ±b" Ï� g(x) = g(y)§·��� a2
(
a4−2
a4+2

)2
= b2

(
b4−2
b4+2

)2
§ù¿�X a5−2a

a4+2
= ± b5−2b

b4+2
"

�e�ØãÚÚn 2.4.9A�����§Ø
UC�e x+y�ÎÒ§Ï� x+y = −(a2+b2)§

�´ùØK��¡�Øy"

½n2.4.4�y² dÚn 2.4.6!2.4.7!2.4.9Ú2.4.10���íÑ"

2.5 ///XXX x+ γTrn(xk)���������õõõ���ªªª������EEE

2016c§KyureghyanÚZieve [34]3O�Å�9Ïe§|¢
� n > 1 , qn < 5000�§k

�� Fqn þ¤käk/ª x + γTrn(xk)���õ�ª§Ù¥ γ ∈ F∗qn"¦��E
eZÃ

¡a���õ�ª"ù
Ã¡aA�CX
O�Å|¢�¤k~f§Ø
e¡Ê�~f"

~2.5.1 q = 7, n = 2, k = 10, γ4 = 1.

~2.5.2 q = 9, n = 2, k = 33, γ2 − γ = 1.

~2.5.3 q = 27, n = 2, k = 261, (γ − 1)13 = γ13.

~2.5.4 q = 9, n = 3, k = {11, 19, 33, 57}, γ4 = −1.

~2.5.5 q = 49, n = 2, k = 385, γ5 = −1.

��g,�¯KÒ´XÛòù
"(�~fí2¤Ã¡a"�!Ì��SN´µòÙ

¥�~ 2.5.2Ú 2.5.3í2¤
�a#���õ�ª"

½n2.5.6 - q = 3r§ r ≥ 2§� n = 2§ k = 32r−1 + 3r − 3r−1" K f(x) = x+ γTr2(xk)´

Fq2 þ���õ�ª§Ù¥ γ ∈ Fq2 ÷v (γ − 1)
q−1
2 = γ

q−1
2 "

16
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y² w, f(0) = 0§·��I�y²éz� a ∈ F∗q2 ,�§ f(x) = aÑ�õk���")"

�Ò´`�§

x+ γ(xk + xk) = a, (2-29)

�õk��) x ∈ Fq2" ò�§(2-29)�ü>Ó��Ù 3g�§¿��Ä� xq = xq
2

= x§

k

x3 + γ3(xx2 + xx2) = a3. (2-30)

Ï� (γ− 1)
q−1
2 = γ

q−1
2 §·��±�t/�� γ ∈ Fq"é�§ (2-30)�ü>Ó�� qg�§

@ok

x3 + γ3(xx2 + xx2) = a3. (2-31)

é�§ (2-30)Ú�§ (2-31)��§��� (x− x)3 = (a− a)3" Ï� gcd(3, q2 − 1) = 1§¤

±

x = x+ a− a. (2-32)

ò�§ (2-32)�\�§ (2-30)§²L{ü�z{§�±��

x3 +
( γ

1− γ

)3
(a− a)2x =

( a

1− γ

)3
. (2-33)

Ïd§ x´�§(2-29)�)��=�§�´Xe�§|�)
x3 +

(
γ

1−γ

)3
(a− a)2x =

(
a

1−γ

)3
,

x− x = a− a.
(2-34)

e¡§·�òy²�§| (2-34)�õk��)"b�§kü�ØÓ�)§P� x1, x2"

du x1 − x1 = a − a = x2 − x2§ ·��� x1 − x2 = x1 − x2§ = x1 − x2 ∈ Fq"�

c = x1 − x2 ∈ F∗q§ K x2 + c, x2, x2 − c´�§| (2-34)�1���§�n�)"@ok

c2 =
(

γ
γ−1

)3
(a − a)2" 5¿� Y = {γ ∈ Fq2|(γ − 1)

q−1
2 = γ

q−1
2 } ⊂ F∗q"- z = γ

γ−1§·�

k Z = {z ∈ Fq2|z
q−1
2 = 1} = 〈ω2(q+1)〉 \ {1} ⊂ F∗q§Ù¥ w´ Fq2 ������"

Ïd§�3,� j§¦� c = ±d(a−a)§Ù¥ d = w3j(q+1) ∈ Fq"é�§ c = ±d(a−a)

�ü>Ó�� qg�§�±�� c = ±d(a− a) = −c§ù� c ∈ F∗q gñ�

52.5.7 � q = 9, n = 2, k = 33�§þã½n¥ γ�^��~f 2.5.2¥�^� γ2−γ = 1k

���ØÓ§Ù¢ù´éÐn)�"5¿� (γ−1)4 = γ4§�íÑ (γ+ 1)(γ2−γ−1) = 0"

ù¿�Xü�^���� γ = −1��¹"¯¢þ§ q = 9, n = 2, k = 33, γ = −1ù«�

/®²�¹33©z [34]¥��a��õ�ªp
"

17
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2.6 ���(((

�Ù�ïÄÌK´k��þ���õ�ª"Äk§·�$^�
ØÓ�E|

£XDobbertin [16,17]JÑ�õC��{¤�E
üa#�n���õ�ª",�ÏLÐ�ê

Ø¥��
�{§·�)û
dWu�< [69]JÑ�ü�ß�"��·��E
�aäk/

ª x+ γTrn(xk)���õ�ª§)û
KyureghyanÚZieve [34]¢3�Ê�~f¥�ü�"g

,/§��E�)û�¯KÒ´§Noò~ 2.5.1§2.5.4Ú 2.5.5í2¤Ã¡a"XJù�

¯KU
)û§·�Ò�±ék�� Fqn þäk/ª x + γTrn(xk)���õ�ªk���

¡�n)§Äud§·�JÑXe�úm¯Kµ

¯K2.6.1 ´Äk�Uò~ 2.5.1§2.5.4Ú 2.5.5í2¤äk/ª x+ γTrn(xk)�Ã¡aº

18



3 kkk������þþþ���������õõõ���ªªª£££���¤¤¤

3.1 000���

�ÙSN´þ�ÙSN�òY§·��ïÄé�E,´k��þ���õ�ª§�

´§�ÙÌ�ý­�´éu�
äkAÏ5����õ�ª�ïÄ"äN©�µ����

õ�ªÚ$�©Ý���õ�ª"

XJõ�ª f(x)Ú f(x) + xÑ´k�� Fpn þ���õ�ª§K¡ f(x)����

�õ�ª£Complete permutation polynomial¤"ùaõ�ª´dNiederreiterÚRobinson [44]J

Ñ"g,/§<�l�{ü�õ�ªm©ïÄ§=�ä=
ü�ª´����õ�ª"

� d ´����ê§ α ∈ F∗pn§ ü�ª αxd ´ Fpn þ�������õ�ª��

=� gcd(d, q − 1) = 1� αxd + x´����õ�ª"·�¡ù�����ê d���

��õ�ª�ê"Cc5§éu����õ�ª�ê�ïÄ���
éõk��(J"

CharpinÚKyureghyan [11]y²
� k ´Ûê�§3 F22k þ§ 2k + 2´������õ�ª

�ê"Tu�< [64]�Ñ
 F2n þ��aNiho.�����õ�ª�ê"Wu�< [71]JÑ
ü

a#�ü�����õ�ªÚ�aõ������õ�ª"�õ'u����õ�ª�(

J�ë�©z [63,70,74]"

3�Ù¥§·��E
oaü�����õ�ªÚ�an�����õ�ª§äN(

JXeµ

1. - p´��Û�ê§ r + 1 = p� d = prk−1
pk−1 + 1"@o a−1xd´ Fprk þ������

�õ�ª§Ù¥ a ∈ F∗prk ÷v ap
k−1 = −1"

2. � n = 6k§Ù¥ k´����ê� gcd(k, 3) = 1"@o d = 24k−1 + 22k−1´ F2n þ�

������õ�ª�ê"äN5ù§ a−1xd´ F2n þ�������õ�ª§Ù¥

a ∈ {ωt(22k−1)|0 < t ≤ 22k + 24k, 3 - t}"

3. � n = 4k§K d = (1 + 22k−1)(1 + 22k) + 1´ F2n þ�������õ�ª�ê"ä

N5ù§XJ a´ F∗22k þ��á��§@o a−1xd´ F2n þ�������õ�ª"

19
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4. - p´��Û�ê� n = 4k§K d = p4k−1
2

+ p2k ´ Fpn þ�������õ�ª�

ê"äN5ù§ a−1xd ´ Fpn þ�������õ�ª§Ù¥ a ∈ {ωt(p2k−1)+ p2k−1
2 :

0 ≤ t ≤ p2k}"

5. - p´��Û�ê§K f(x) = −x + x
p2m+1

2 + x
p2m+1

2
pm ´ Fp3m þ�������õ

�ª"

1 1a����õ�ª)û
dWu�< [71]JÑ���ß�§·�)ûù�¯K�'

�Ò´éuAGWOK [1]�(¹$^"ÏL$^¤3k��þ�\{A�§·��Ñ
na

#�ü�����õ�ª"1 5a�äN�EÄuAÏ�§�)�ê8¯K"

äk$�©þ!Ý�¼ê§duÙU�Ð/-|�©ôÂ§3�èÆþ�É'5"

Blondeau�< [9]XÚ/ïÄ
�¼ê��©5�§¿JÑeã�ß�µ

ß�3.1.1 [9] - n = 2m� m´Ûê"� Fd : x → xd ´ F2n þ�ü���õ�ª§Ù¥ d

�½ÂXeµ

(1) d = 2m + 2(m+1)/2 + 1§

(2) d = 2m+1 + 3"

Kéù
 d§ Fd´�� 8-�©¼ê§� 0!2!4!6!8ÑÑy3§��©Ìp"

(½¼ê��©þ!Ý´��(J�¯K§3�Ù¥§·�éù�ß��Ñ
�½�

í?ó�§y²
ù
õ�ª��©þ!Ý�õ� 10"

�Ù�µeXeµ1 3.2!§·�0��
Ä��ÎÒ½ÂÚ�'(Ø¶1 3.3!§

�Ñ
oaü�����õ�ª��E¶1 3.4!§·��E
�an�����õ�ª

Úüa��õ�ª¶1 3.5!§�	
�¼ê��©5�¶1 3.6!é�Ù����("

3.2 ýýý���óóó���

e¡�ÎÒ½Â=·^u�Ù"

• - q´���ê�§ n´����ê§� Fqn ´¹k qn����k��"

• - Trnr : Fqn 7→ Fqr ´,N�§½Â�µ

Trnr (x) = x+ xq
r

+ xq
2r

+ · · ·+ xq
n−r

,

Ù¥µ r|n"� r = 1�§òz�ýé,¼ê§P� Trn"
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• - Nn
r : Fpn 7→ Fpr ´�êN�§½Â�µ

Nn
r (x) = xxp

r

xp
2r · · ·xpn−r

,

Ù¥µ r|n"� r = 1�§òz�ýé�ê¼ê§P� Nn"

• - ζp = exp(2π
√
−1/p)´ pgü �§� χn(x) = ζ

Trn(x)
p ´k�� Fpn þ�;�\{

A�"

• � x ∈ Fq2 §½Â x = xq � x��Ý"

Äk§·�k£Á��|^¤3�þ�\{A�5�ä��õ�ª�OK"

Ún3.2.1 [40] N� f : Fpn 7→ Fpn ´��õ�ª��=�éz� α ∈ F∗pn §k∑
x∈Fpn

χn(αf(x)) = 0.

- n, r, k´÷v n = rk��
�ê"é?Û a ∈ Fpn§� ai = ap
ik
§Ù¥ 0 ≤ i ≤ r−1"

·�½Âµ

ha(x) = x

r−1∏
i=0

(x+ ai).

@o·�keã�Ún"

Ún3.2.2 [71] � n = rk � d = prk−1
pk−1 + 1"K xd + ax ∈ Fpn [x]´Fpn þ���õ�ª��

=� ha(x) ∈ Fpk [x]´ Fpk þ���õ�ª"

e¡��X�Únò¬3�¡��!¥^�"

Ún3.2.3 (AGWOK [1]) � A!S Ú S ´k�8§÷v #S = #S "- f : A → A §

h : S → S §λ : A → S ±9 λ : A → S ´÷v λ ◦ f = h ◦ λ�N�"XJ λÚ λÑ´÷

�§@oe¡�(Ø´�d�µ

1. f ´V�;

2. h´l S � S �V�§�éz� s ∈ S§f 3Ù��8 λ−1(s)þ´ü�"

Ún3.2.4 [40] � p´Û�ê"- m, k´¦� m
gcd(m,k)�Ûê���ê"K xp

k
+ x´ Fpm þ

�����õ�ª"
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3.3 oooaaaüüü���������������õõõ���ªªª

3.3.1 111���aaaüüü���������������õõõ���ªªª

3ù��!¥§·�òy²dWu�< [71]JÑ�ß�"3y²�c§·�k�ÑXe

Ún"

Ún3.3.1 � p´Û�ê§k´����ê"K f(x) = x(x2 − c) p−1
2 ´� Fpk þ���õ�

ª§Ù¥ c´ Fpk ¥��²��"

y² ·�Äky² x = 0´�§ f(x) = 0���)"XJ f(x) = 0§@o x = 0½ö

(x2 − c) p−1
2 = 0" XJ (x2 − c) p−1

2 = 0§K c = x2§ù�K� c´���²��gñ�Ï

d f(x) = 0��=� x = 0"

Ùg§·��y²éz��" a ∈ Fpk §�§ f(x) = a k����")"-

λ(x) = x2 − c§ λ(x) = x2±9 h(x) = (x+ c)xp−1" KN´�yã 3-1��µ

F∗pk
λ→ λ(F∗pk)

↓f ↓h

F∗pk
λ→ λ(F∗pk).

ã 3-1

dÚn 3.2.3�§·��I�y² h´V�§
�éz� s ∈ λ(F∗pk)§f 3λ−1(s)þ´

ü�"Ï�éz� s ∈ λ(F∗pk)§k λ−1(s) = {±(c+ s)
1
2}"duf((c+ s)

1
2 ) 6= f(−(c+ s)

1
2 )§

·���éz� s ∈ λ(F∗pk)§f 3λ−1(s)þ´ü�"

�e5§·��y h´��V�"5¿� #λ(F∗pk) = #λ(F∗pk)§·��I���y h

´ü�=�"é?¿ b ∈ λ(F∗pk)§·��� b´F∗pk¥�²��"b��§

xp + cxp−1 = b (3-1)

��kü�ØÓ�)"- y = 1
x
§K�§

yp − c

b
y − 1

b
= 0 (3-2)

��kü�ØÓ�)"Ø�� y1! y2Ò´�§(3-2)�ü�ØÓ)"K y1 − y2 Ò´�§

yp − c
b
y = 0����§�Ò´�§yp−1 − c

b
= 0����"ùÒ�Ñ�ª c

b
= yp−10 é,�

y0 ∈ Fpk ¤á§ù� c
b
´ Fpk ¥��²��gñ�Ïd§�§(3-1)3 λ(F∗pk)¥�õk��

)"� h(x)´V�"
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y3·��±éWu�< [71]JÑ�ß��Ñ���y²"QãXeµ

½n3.3.2 (ß� 4.20 [71] ) - p´��Û�ê§ r + 1 = p� d = prk−1
pk−1 + 1"@o a−1xd ´

Fprk þ�������õ�ª§Ù¥ a ∈ F∗prk ÷v ap
k−1 = −1"

y² Ï� gcd(prk − 1, d) = 1§ü�ª xd´ Fprk þ���õ�ª"

5¿� ap
k−1 = −1"K ap

k
= −a� (a2)p

k−1 = 1"dÚn 3.2.2�§�y²ù�ß�

·��Iy²é?Û k ,õ�ª ha(x) = x(x2 − a2) p−1
2 ´Fpk þ���õ�ª"¯¢þ§-

c = a2 ∈ Fpk"du a 6∈ Fpk §� c´ Fpk ¥��²��"dÚn 3.3.1��¤I(Ø"

3.3.2 111���aaaüüü���������������õõõ���ªªª

3��!¥§- p = 2§n = 6k§Ù¥ k�÷v gcd(k, 3) = 1��ê§¿� ω´k�

� F26k ����½����"·�òy² d = 24k−1 + 22k−1´ F26k þ�������õ�

ª�ê"½ÂXe8Üµ

S := {ωt(22k−1)|0 < t ≤ 22k + 24k, 3 - t}. (3-3)

Ún3.3.3 éz� a ∈ S§k Tr6k2k(a) 6= 1"

y² XJ a ∈ S
⋂

F22k §@o Tr6k2k(a) = a 6= 1"Ïd·��±� a ∈ S\F22k"

Ï� 3|(22k − 1)§¤±�3 b ∈ F26k\F22k ¦� b3 = a"d S �½Â�� N6k
2k(a) = 1"

- η := N6k
2k(b) ∈ F∗4"Ó�/§ S �½Â�� η 6= 1"

- B(x) = x3 + B1x
2 + B2x+ B3 ∈ F22k [x]� b3� F22k þ�4�õ�ª"K B(x)3

F22k þØ��§
� B1 = Tr6k2k(b)±9 B3 = η"·��±���y��

Tr6k2k(a) = Tr6k2k(b
3) = B3

1 +B1B2 +B3. (3-4)

XJ B1 = 0§@o Tr6k2k(a) = B3 = η 6= 1§3ù«�/e§Ún¤á"

e¡·�- B1 6= 0"b�k Tr6k2k(a) = 1"Kd�§ (3-4)�� B2 =
B3

1+η
2

B1
§¿�·�

k

B(x) = x3 +B1x
2 +B2x+B3

= x3 +B1x
2 +

B3
1 + η2

B1

x+B3

= (ηx+B1)(η
2x2 +B1x+

η

B1

),
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ù� B(x)3 F22k þØ��gñ�

Ún3.3.4 �½��÷v gcd(k, 3) = 1��ê k"� n = 6k � d = 24k−1 + 22k−1"XJ

v ∈ S§@o ∑
x∈F

26k

χ6k(x
d + vx) = 0.

y² - a � F8 þ������÷v a3 + a + 1 = 0"Ï� gcd(k, 3) = 1 §·�k

F26k = F22k(a)"é?Û x ∈ F26k §§�±L«�

x = x0 + x1a+ x2a
2,

Ù¥ x0!x1!x2 ∈ F22k"

Ï� gcd(k, 3) = 1§·�Äk�Ä k ≡ 1 (mod 3)��/§Kk a2
2k

= a4"1�ÚÒ

´O� Trn(xd)§òÙL«�'u x0!x1 Ú x2 �¼ê"5¿� Tr6k2k(a) = Tr6k2k(a
2) = 0±

9 Tr6k2k(1) = 1§²L~5�O���

Tr6k(xd) = Tr2k(x0 + x1 + x2 + x1x2).

�e5§-

v = v0 + v1a+ v2a
2

Ù¥ v0!v1!v2 ∈ F22k §·���

Tr6k(vx) = Tr2k(v0x0 + v1x2 + v2x1).

Ïd§∑
x∈F

26k

χ6k(x
d + vx) =

∑
x1,x2∈F22k

χ2k(x1 + x2 + x1x2 + v1x2 + v2x1)
∑

x0∈F22k

χ2k(x0 + v0x0).

dÚn 3.3.3�� v0 6= 1"¤±
∑

x∈F
26k
χ6k(x

d + vx) = 0"

éu k ≡ 2 (mod 3) ��/§ÏLaq�?Ø�±��
∑

x∈F
26k
χ6k(x

d + vx) = 0"

½n3.3.5 �n = 6k§Ù¥ k´����ê� gcd(k, 3) = 1"@o d = 24k−1 + 22k−1´ F2n

þ�������õ�ª�ê"äN5ù§XJ a ∈ S§Ù¥ Sdþ¡� (3-3)¤½Â§K

a−1xd´ F2n þ�������õ�ª"
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y² Ï� gcd(d, 26k − 1) = 1§¤± xd ´ F26k þ�����õ�ª"e¡·�Iy²

xd + ax�´ F26k þ�����õ�ª"dÚn 3.2.1��§·�I�y²éz� α ∈ F∗26k§

Ñk

∑
x∈F

26k

χ6k(α(xd + ax)) = 0,

Ù¥ a ∈ S"Ï� gcd(d, 26k − 1) = 1§¤±éz��" α ∈ Fp6k §�3��� β ∈ F∗26k ¦

� α = βd§¿�·�k

∑
x∈F

26k

χ6k(α(xd + ax)) =
∑
x∈F

26k

χ6k((βx)d + βd−1aβx)

=
∑
x∈F

26k

χ6k(x
d + βd−1ax)

=
∑
x∈F

26k

χ6k(x
d + β24k−1+22k−1−1ax).

Ï� β24k−1+22k−1−1a ∈ S§dÚn 3.3.4�§éz� α ∈ F∗26k §Ñk

∑
x∈F

26k

χ6k(α(xd + ax)) = 0.

ùÒ�¤
½n�y²"

3.3.3 111nnnaaaüüü���������������õõõ���ªªª

3��!¥§- p = 2§n = 4k "·�ÏL$^�þ��!aq�©Û�{5`²

d = (1 + 22k−1)(1 + 22k) + 1´ F24k �������õ�ª�ê"

Ún3.3.6 XJ v´ F∗22k ¥����á��§@o

∑
x∈F

24k

χ4k(x
(1+22k−1)(1+22k)+1 + vx) = 0.
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y² -U = {λ ∈ F24k |λ2
2k+1 = 1}"K� F24k ¥�z���"�� xÏL4�I��/L

«� x = yz§Ù¥ y ∈ U §z ∈ F∗22k"@o∑
x∈F

24k

χ4k(x
(1+22k−1)(1+22k)+1 + vx) = 1 +

∑
x∈F∗

24k

χ4k(x
(1+22k−1)(1+22k)+1 + vx)

= 1 +
∑
y∈U

∑
z∈F∗

22k

χ4k((yz)(1+22k−1)(1+22k)+1 + vyz)

= −22k +
∑
y∈U

∑
z∈F

22k

χ4k(yz
4 + vyz)

= −22k +
∑
y∈U

∑
z∈F

22k

χ2k(Tr4k2k(yz
4 + vyz))

= −22k +
∑
y∈U

∑
z∈F

22k

χ2k((y + y2
2k

)z4 + (y + y2
2k

)vz)

= −22k +
∑
y∈U

∑
z∈F

22k

χ2k(z
4(y + y2

2k

+ y4v4 + y2
2k+2

v4))

= (N(v)− 1)22k,

d?§PN(v) = #{y ∈ U |y+ y2
2k

+ y4v4 + y2
2k+2

v4 = 0}§=3 U ¥¦� y+ y−1 + y4v4 +

y−4v4 = 0¤á� y�ê8§=eã�§)�ê8µ

(y + y−1)[1 + v4(y + y−1)3] = 0.

Ï� v ´ F∗22k ¥����á��§·��� 1 + v4(y + y−1)3 6= 0"¤± y = 1´Ù��

)"Ïd§N(v) = 1§ùÒ�¤
y²"

½n3.3.7 � n = 4k§K d = (1 + 22k−1)(1 + 22k) + 1´F2nþ�������õ�ª�ê"

äN5ù§XJ a´ F∗22k þ��á��§@o a−1xd´ F2n þ�������õ�ª"

y² Äk§N´�y gcd(d, 24k − 1) = 1"¤±�I�y²éz���á�� a ∈ F∗22k §

xd + ax´ F2n þ�����õ�ª"Ï�éz���" α ∈ F24k §�3��� β ∈ F∗24k ¦

� α = βd"Kk∑
x∈F

24k

χ4k(α(xd + ax)) =
∑
x∈F

24k

χ4k((βx)d + βd−1aβx)

=
∑
x∈F

24k

χ4k(x
d + βd−1ax)

=
∑
x∈F

24k

χ4k(x
d + β(1+22k−1)(1+22k)ax).
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5¿� β(1+22k−1)(1+22k)a �´ F∗22k þ����á��"Kéz�� α ∈ F∗24k §dÚn

3.3.6� ∑
x∈F

24k

χ4k(α(xd + ax)) = 0.

Ïd§dÚn 3.2.1�� xd + ax´ F2n þ�����õ�ª"

3.3.4 111oooaaaüüü���������������õõõ���ªªª

3��!¥§·�òïÄ1oaü�����õ�ª"- p´��Û�ê§n = 4k±

9 d = p4k−1
2

+ p2k "� ω´k�� Fpn ����½����"·�½ÂXe8Üµ

S := {ωt(p2k−1)+
p2k−1

2 : 0 ≤ t ≤ p2k}. (3-5)

Äk·�£Áü�Ún"

Ún3.3.8 [28] - p´��Û�ê� d|(pn − 1)"� s´÷v d|(ps + 1)�����ê"éz

� 0 ≤ j < d§½Â8Üµ

Cj := {ωdi+j ∈ F∗pn|0 ≤ i <
pn − 1

d
}.

1. � d´��óê§� (ps + 1)/dÚ d
2s
Ñ´Ûê�§·�k

∑
x∈Fpn

χn(axd) =


pn, XJ a = 0;

(−1)
n
2s

+1(d− 1)p
n
2 , XJ a ∈ C d

2
;

(−1)
n
2sp

n
2 , XJ a 6∈ C d

2
.

2. éuÙ§¤k��/§Ñk

∑
x∈Fpn

χn(axd) =


pn, XJ a = 0;

(−1)
n
2s

+1(d− 1)p
n
2 , XJ a ∈ C0;

(−1)
n
2sp

n
2 , XJ a 6∈ C0.

Ún3.3.9 [28]- d´÷v gcd(d, pn − 1) = 1����ê"��3�ê i§¦� 0 ≤ i < n�

(d− pi)|(pn − 1)"À��ê N ÷v (d− pi)N ≡ 0 (mod pn − 1)§Kk

∑
x∈Fpn

χn(xd + ax) =
1

N

N−1∑
j=0

∑
y∈Fpn

χn(yN(aωj + ωdjp
−i

)).
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·�k�Ñe¡��X�Ún��O�ó�"

Ún3.3.10 � S � (3-5)¤½Â�8Ü§XJ a ∈ S §@o�3,��ê s§¦� a+1
a−1 =

ω2s"

y² eØ,§b� a+1
a−1 = ω2s+1 é,��ê s¤á"Ï� aa = −1§Ù¥ a = ap

2k
§·�

k

a+ 1

a− 1
=
a− aa
a+ aa

=
1− a
1 + a

= (
1− a
1 + a

)p
2k

= −ω−(2s+1)p2k .

ù�íÑ

ω(2s+1)(p2k+1) = −1 = ω(p2k+1) p
2k−1
2 ,

ù´Ø�U��¤± a+1
a−1 = ω2sé,��ê s¤á"

Ún3.3.11 - p´Û�ê§n = 4k � d = p4k−1
2

+ p2k"XJa ∈ S§Ù¥ S d (3-5)�Ñ"

K
∑

x∈Fpn
χn(xd + ax) = 0"

y² dÚn 3.3.9��

2
∑
x∈Fpn

χn(xd + ax) =
∑
y∈Fpn

χn(y2(a+ 1)) +
∑
y∈Fpn

χn(y2(aω + ωdp
2k

))

=
∑
y∈Fpn

χn(y2(a+ 1)) +
∑
y∈Fpn

χn(y2((a− 1)ω)).

2dÚn 3.3.10��� a− 1!a+ 1 ∈ C0½ö a− 1!a+ 1 ∈ C1"��A^Ún 3.3.8�í

Ñ
∑

x∈Fpn
χn(xd + ax) = 0"

y3·��Ñe¡�½n"

½n3.3.12 - p´��Û�ê� n = 4k§K d = p4k−1
2

+ p2k ´ Fpn þ�������õ�

ª�ê"XJ a ∈ S§Ù¥ S dþ¡� (3-5)¤½Â§K a−1xd´ Fpn þ�������õ

�ª"

y² Ï� gcd(d, pn − 1) = 1§Kéz� a ∈ S §ü�ª a−1xd Ñ´ Fpn þ���õ�ª"

�e5§·��I�y² xd + ax´ Fpn þ���õ�ª"
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d gcd(d, pn − 1) = 1��§éz��" α ∈ Fpn §�3��� β ∈ F∗pn ¦� α = βd§

K

∑
x∈Fpn

χn(α(xd + ax)) =
∑
x∈Fpn

χn((βx)d + βd−1aβx)

=
∑
x∈Fpn

χn(xd + βd−1ax)

=
∑
x∈Fpn

χn(xd + β( p
2k+1
2

+1)(p2k−1)ax).

Ï�β( p
2k+1
2

+1)(p2k−1)a ∈ S§¤±dÚn 3.3.11�§éz� α ∈ F∗pn §·�k∑
x∈Fpn

χn(α(xd + ax)) = 0.

Ïd§dÚn 3.2.1�� xd + ax´ Fpn þ���õ�ª§ùÒ�¤
y²"

3.4 ���aaannn���������������õõõ���ªªª

3�!¥§·��E
�an�����õ�ª"

½n3.4.1 - p´��Û�ê§K f(x) = −x + x
p2m+1

2 + x
p2m+1

2
pm ´ Fp3m þ������

�õ�ª"

y² - g(x) = x+ xp
m
§Kk

f(x) + x = x
p2m+1

2 + x
p3m+pm

2 = g(x
p2m+1

2 ).

Ï� gcd(p
2m+1
2

, p3m − 1) = 1§¤±·��� f(x) + x´ Fp3m þ���õ�ª��Ò�

g(x)�´Ùþ���õ�ª"dÚn 3.2.4�� g(x)´ Fp3m þ���õ�ª"� f(x) + x

´ Fp3m þ���õ�ª"

�e5§·�I��y² f(x) ´ Fp3m þ���õ�ª"� h(x) := x + xp
m −

x1+p
m−p2m§Kk f(x) = h(x

p2m+1
2 )"Ï� gcd(p

2m+1
2

, p3m− 1) = 1§¤± f(x)´ Fp3m þ�

��õ�ª��Ò� h(x)�´Ùþ���õ�ª"5¿� h(0) = 0§�é?Û x 6= 0§k

h(x) =
x1+p

2m
+ xp

m+p2m − x1+pm

xp2m
.
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Äk·�Iy² h(x) = 0�k) x = 0"eØ,§�3,� x 6= 0¦� h(x) = 0§

=§

x1+p
2m

+ xp
m+p2m − x1+pm = 0.

éþ¡��§ü>Ó��Ù pmg�!p2mg�§���

x1+p
m

+ x1+p
2m − xpm+p2m = 0,

xp
m+p2m + x1+p

m − x1+p2m = 0.

éþãü��§�\��Ñ 2x1+p
m

= 0§¤± x = 0§ù�b�gñ"Ïd h(x) = 0��

=� x = 0"

e¡§·�y²éz�� a ∈ F∗p3m §�§ h(x) = a�õk��)§=�§

x1+p
2m

+ xp
m+p2m − x1+pm = axp

2m

(3-6)

�õk��)"é�§ (3-6)�ü>Ó��^ pmg�Ú p2mg�§���

x1+p
m

+ x1+p
2m − xpm+p2m = ap

m

x,

xp
m+p2m + x1+p

m − x1+p2m = ap
2m

xp
m

.

þ¡ü��§�\��Ñ

2x1+p
m

= ap
m

x+ ap
2m

xp
m

. (3-7)

Ï� x 6= 0§·�k 2xp
m

= ap
m

+ ap
2m
xp

m−1"- y = 1
x
§K

yp
m

+ ap
2m−pmy − 2a−p

m

= 0. (3-8)

b��§ (3-8)3 Fp3m ¥��kü�ØÓ��")"P� y1!y2"·��±�� y1 − y2 ∈

Fp3m ´�§ yp
m

+ ap
2m−pmy = 0����§=´�§ yp

m−1 + ap
2m−pm = 0����§ù�

�§ yp
m−1 + ap

2m−pm = 03 F∗p3m ¥Ã)ù�¯¢gñ�Ïd§�§ (3-8)3 Fp3m ¥�õk

��)"

nþ¤ã§·�®²y²
 h(x)´����õ�ª"¤± f(x)´������õ�

ª�

3.5 ���¼¼¼êêê������©©©555���

3�!§·�ò�Äü���õ�ª��©þ!Ý"Äk§·�£Á�
Ä��½

Â"
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½Â 3.5.1 - F ´l F2n � F2m�¼ê"é?Û a ∈ F2n §F 'ua��êÒ´l F2n �

F2m �¼ê Da(F )§½Â�

Da(F (x)) = F (x+ a) + F (x), x ∈ F2n .

^5�x-|�èÆ¥�©ôÂ�Ýþü ½ÂXeµ

½Â 3.5.2 � F ´l F2n � F2n�¼ê"é?Û F2n ¥��� aÚ b§P

δ(a, b) = #{x ∈ F2n|Da(F (x)) = b}.

@o·�¡

δ(F ) = maxa6=0,b∈F2n
δ(a, b)

� F ��©þ!Ý"

53.5.3 � F (x) = xd �ü�ª�§é?Û�" a ∈ F2n §�§ (x + a)d + xd = b�±C

� ad
(
(x
a

+ 1)d + (x
a
)d
)

= b"ùÒ¿�X δ(a, b) = δ(1, b/ad)"Ïd§éuü�ª¼ê§§

��©5��d δ(1, b), b ∈ F2n û½"ly3m©§éuü�ª¼ê§·�^ δ(b)L«

δ(1, b)"

e¡§·�k�Ñ�©^��ü�Ún"

Ún3.5.4 [5] éu��ê m±9 a, b ∈ F2m , a 6= 0§�g�§ x2 + ax + b = 03 F2m ¥k

)��=� Trm( b
a2

) = 0"

Ún3.5.5 [5]éu��êm±9 a ∈ F∗2m §ng�§ x3 + x+ a = 0�)kXen«�¹µ

(1) 3 F2m ¥k��)��=� Trm(a−1 + 1) = 1¶

(2) 3 F2m ¥kn�ØÓ�)��=� pm(a) = 0§Ù¥õ�ª pm(x)�de¡��§4

8½Âµ p1(x) = p2(x) = x§� k ≥ 3�§pk(x) = pk−1(x) + x2
k−3
pk−2(x)¶

(3) éuÙ§�¹§Ã)"

·�Äk�Ñe¡�Ún��ý�ó�"
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Ún3.5.6 � n = 2m� m�Ûê§b ∈ F2n \ F2m ±9 y ∈ F2m \ F2"K�§ x4 + y2(x2 +

x+ 1) + x+ 1 + b = 0)�ê8� 0½ö 4"?�Ú§e x0´Ù¥���)§@o�§�

Ù§n�)� x0 + 1!x1Ú x1 + 1§Ù¥ x1÷v x21 + x1 = x20 + x0 + 1 + y2"

y² XJ x0´�§ x4 + y2(x2 + x+ 1) + x+ 1 + b = 0���)§@o x0 + 1�´Ù��

)"¤±·�k

x4 + y2(x2 + x+ 1) + x+ 1 + b = (x2 + x+ x20 + x0)(x
2 + x+ x20 + x0 + 1 + y2).

Ï� Trn(x20 + x0 + 1 + y2) = 0§dÚn 3.5.4��§�§ x2 + x+ x20 + x0 + 1 + y2 = 0�k

ü�ØÓu x0Ú x0 + 1�)"Ïd�§ x4 + y2(x2 + x + 1) + x + 1 + b = 0)�ê8� 0

½ö 4"1�Ü©�(Ø´w,�"

y3·��Ñ�!�Ì�½n"

½n3.5.7 - n = 2m�m�Ûê±9 d = 2m+1 + 3"@o Fd : x→ xd´ F2n �����§

¿� δ(Fd) ≤ 10"?�Ú§éz� b ∈ F2m§·�k δ(b) ∈ {0, 4}"

y² 5¿� gcd(d, 2n−1) = 1§¤± Fd´����õ�ª"éz� x ∈ F2n§- x := x2
m
"

w,k x+ x ∈ F2m!xx ∈ F2m"Äk§·�O� D1(Fd(x))§k

D1(Fd(x)) = (x+ 1)d + xd = (x2 + x)(x2 + x+ 1) + 1 = (xx)2 + ((x+ x)2 + 1)(x+ 1).

K�I�`²é?Û b ∈ F2n §�§ D1(Fd(x)) = b�õk 10�)"

b½

(xx)2 + ((x+ x)2 + 1)(x+ 1) = b. (3-9)

é�§ (3-9)ü>Ó��Ù 2mg�§Kk

(xx)2 + ((x+ x)2 + 1)(x+ 1) = b. (3-10)

ò�§ (3-9)Ú (3-10)�\���

((x+ x)2 + 1)(x+ x) = b+ b. (3-11)

- y := x+ x ∈ F2m � a := b+ b ∈ F2m §·�k

y3 + y + a = 0. (3-12)
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ò x = y + x�\�§ (3-9)§Kk

x4 + y2(x2 + x+ 1) + x+ 1 + b = 0. (3-13)

Ïd x´�§ (3-9)�)��=� (x, y)´e��§|�)
x4 + y2(x2 + x+ 1) + x+ 1 + b = 0,

y3 + y + a = 0,

x+ x = y.

(3-14)

� δ(Fd) ≤ 12"e¡·�© a = 0Ú a 6= 0ü«�/?Ø"

�/1: a = 0"

w,k b ∈ F2m §¿� 0!1´�§ (3-12)�ü��"·�©�¹?ØXe"

(1) XJ y = 0§@o x ∈ F2m §K�§ (3-14)C� x4 + x+ 1 = b§�§k 0�)½ö 2

�)¶
�§k 2�)��=� Trm(b) = 1"

(2) XJ y = 1§@o�§| (3-14)C�
x4 + x2 + b = 0,

x+ x = 1.
(3-15)

Ï� gcd(2, 2n − 1) = 1§¤±�§ x4 + x2 + b = 0�du x2 + x + b2
m−1

= 0"dÚ

n 3.5.4��§§k 2�)"Ï� 1 = x+ x =
∑m−1

i=0 (x2 + x)2
i

= Trm(b2
m−1

)§¤±�

§ (3-15)k 2�)��=� Trm(b) = 1"

nþ§éuþãü«�¹§�§ (3-14)k 2�)��=� Trm(b) = 1"Ïd δ(b) ∈

{0, 4}"

�/2: a 6= 0"

3ù«�/ew,k b 6∈ F2m � y 6∈ F2"

dÚn 3.5.5�§�§ (3-12)k 0!1½ö 3�)"·�éùn«�/©m?Ø"

(1) e�§ (3-12)Ã)§K δ(b) = 0"

(2) e�§ (3-12)k��)§Ø��� y0"KdÚn 3.5.6�§�§ (3-13)k 0�)½ö 4

�)§�ù 4�)�P� x11!x11 +1!x21±9 x21 +1",
§·�EI�é i = 1!

2�§�ª xi1 + xi1 = y0¤á"� δ(b) ∈ {0, 2, 4}"

33



úô�ÆÆ¬Æ Ø©

(3) e�§ (3-12)kn�)§P� y1!y2Ú y3"Kk y1+y2+y3 = 0"éz� yi, 1 ≤ i ≤ 3§

dÚn 3.5.6�§�§ (3-13)k 0�)½ö 4�)"�o�)�ê8� 0!4!8½ö

12"

(i) XJ)�ê8� 0! 4 ½ö 8 §K�§ (3-14)�ê8�õ� 8"¤± δ(b) ∈

{0, 2, 4, 6, 8}"

(ii) XJ)�ê8� 12§=éz� yi, 1 ≤ i ≤ 3§�§ (3-13)Ñk 4�)"�ù 12

)� {xij, xij + 1|i = 1, 2, 3; j = 1, 2}§Ù¥d yi éA�)� xi1!xi1 + 1!xi2

Ú xi2 + 1"XJ xi1!xi1 + 1!xi2Ú xi2 + 1Ò´�§ (3-14)�)§@o·�N´

��  xi1 + xi2 + (xi1 + xi2)
2 = 1 + y2i ,

xi1 + xi2 ∈ F2m ,
(3-16)

ùÒ¿�X t2+t+1+y2i = 03 F2mþkü�)"dÚn 3.5.4� Trm(1+y2i ) = 0§

= Trm(yi) = 1"Ïd§e δ(b) = 12§K Trm(y1) = Trm(y2) = Trm(y3) = 1"

,
§1 = Trm(y1) + Trm(y2) + Trm(y3) = Trm(y1 + y2 + y3) = 0§gñ�¤±

δ(b) ≤ 10"

nþ§·���� δ(Fd) ≤ 10"

53.5.8 � d = 2m + 2(m+1)/2 + 1�§ÏLÓ���{·���±�� δ(Fd) ≤ 10"¯¢

þ§�m = 2r − 1� a := b+ b§Kþãy²¥��§ (3-14)O��e¡��§

x4 + (ay + 1)x2 + ayx+ (y2 + 1)b
2r

+ bb = 0,

(y + 1)x2
r

+ x2 + yx+ y + 1 + b = 0,

y3 + (a+ 1)y2 + a2
r
y + a2

r
= 0,

x+ x = y.

(3-17)

� δ(Fd) ≤ 12"XJ b ∈ F2m §´� δ(b) ∈ {0, 4}"eé,� b ∈ F2n\F2m §k δ(b) = 12"

K Trm(ayi) = 1� 1 = Trm(ay1) + Trm(ay2) + Trm(ay3) = Trm(a(a+ 1)) = 0§gñ�

Ïd·�ke¡�(Ø"

½n3.5.9 - n = 2m�m�Ûê±9 d = 2m + 2(m+1)/2 + 1"@o Fd : x→ xd´ F2n ��

���§¿� δ(Fd) ≤ 10"?�Ú§éz� b ∈ F2m§·�k δ(b) ∈ {0, 4}"
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53.5.10 ·�^��äN�~f5�ãþ¡y²��{"- w � F2n ������§

n = 10!d = 67!b = w27 ±9 a = b + b" K�§ (3-12)Ú (3-13)©OC� y3 + y + a = 0

Ú x4 + y2(x2 + x+ 1) + x+ 1 + b = 0"

y3 + y + a = 0 Trm(yi) x4 + y2(x2 + x+ 1) + x+ 1 + b = 0 D1(Fd(x)) = b

�) �) �)

y1 = w330 1 {w672, w1019;w619, w975} w226, w633,

y2 = w363 1 {w226, w633;w586, w903} w586, w903,

y3 = w924 0 {w129, w340;w774, w883} w129, w340

ã 3-2

3ããã 3-2p§éu���½��� b§�§ (3-12)k 3�)§P� y1!y2 Ú y3"éz

� yi§d�§ (3-13)§·��� 4�)"·�I��u��ª x + x = yi ´Ä¤á"5¿

� Trm(y3) = 0§���k 2�)Ø÷v x + x = y3 (3þ¡�~f¥§w774 Ú w883 Ø÷

v)",
éz� yi, i = 1, 2§·�Ã{(½§� 4�)´Ä÷v x + x = yi §ù´du

Trm(y1) = Trm(y2) = 1 (3þ¡�~f¥§ y1 éA� 4�)Ø÷v"
 y2 éA� 4�)÷

v)"Ïd§3y²¥§·��U�� δ(b) ≤ 10§�´¯¢þ§3ù�~f¥§δ(b) = 6"

¤±§·�I���[�^�5£ã�§�)"

3.6 ���(((

����õ�ªÚ$�©���õ�ª3�èÆ¥k­��A^§X3©|�è¥ S

Ý��O¥Ò^��´ 4�©��õ�ª"�Ù¥y
eZ#�����õ�ª�(J"

Äk§ÏLAGWOK§·�y²
dWu�< [71]JÑ���ß�§��
1�aü���

��õ�ª¶,�Äu¤3�þ�\{A�§·��E
na#�ü�����õ�ª¶

¿�ÏLïÄ�þ��§)�ê8§·���E
�an�����õ�ª"��§éu

d = 2m+1 + 3Ú 2m + 2
m+1

2 + 1§Blondeau�< [9]ß� xd´ F2n þ� 8-�©¼ê"·�y²


§��©þ!Ý�õ� 10"�´XÛüØK δ(b) = 10ù«�¹§´��(J�ó�"
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3ù�&Eêâ��§·�¤¡��Ä�¯K´é°þ�êâ?1k��;"DÚ�

�;�Y|^5Ur§�;^ÑÖìÚ^�
�?1êâ�;§ù�,Pkép���

5§�¤��p"Ó�§ÑÖì�8¥5¤�XÚ�;�´¶§���ü$
��5ÚS

�5"éu�;°þêâ
ó§ù«DÚ��;�Y®�5�ØU÷v�cI¦"Cc

5§©Ùª�;¤�°þ�;�Ì�)û�Y§§æ^�*Ð�XÚ(�§|^õ��;

ÑÖì©ú�;KÖ§|^ �ÑÖì½ �;&E§Ø=Jp
XÚ���5!�^5

Ú�;�Ç§
�´u*Ð"Ó�§©Ùª�;�äJø
/n �þ©Ñ��;!:§

±9éÙ���;�¯§Ïdü$
êâ�¯��ò"©Ùª�;XÚ®�2�A^uû

�¢�¥§~X§\²�ÆË�|©��ï�Oceanstore!Unixp5UO�XÚ�¬mu

�Total Recall§�^���;�8Azure StorageÚ�y��;XÚColossus�"

��©Ùª�;XÚ£Distributed Storage System¤¥k­�A^��aèµÛÜ�?

Eè§®¤��+�p�ïÄ9:"8céõ®���EÑ´Äu�é'���k��"

ù¬��?E�§O�'�E,§
�du¢S¥O�ÅM���¦§<��'%��Û

Ü�?Eè��E"3�Ù§·�Ì�'5¹kØ�?E|���ÛÜ�?Eè��êþ

.±9äN��E"

4.1 000���

�5��©Ùª�;XÚ£Xêâ¥%¤3�;êâ�§�
�yXÚ�­½5§~

~\\�
P{5-|!:u)�Ø"�{ü
��~���{Ò´ 3-E�"§�²w`

³Ò´�Øu)�§?EQ{üq¯�",
§ù�üÑ�5���;KÖ§ùØ·A^

u�c�êâ����
U¼��Ð��;�Ç§ÅíèA$
)§XWindows Azure [32]!

Facebook’s Hadoop cluster [52]§§ò�©êây©¤ k°�����¬§,�òÙ?è� n

¬ (n ≥ k)§�;3 n�ØÓ�!:"§UN= d− 1�!:u)ÞØ§Ù¥ d�Åíè�

4�ål"AO/§4�ål�©è(MDS)´�a��Singleton.��aÅíè"Ïdé

u�½�;KÖ§§�±Jø�p?O�N�Uå"�´§§k��f³"Ï�3y¢¥
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�~��êâ���¹´ü��;!:£^�¤Ï�����!g,/³�Ï�
��"

¤±���!:u)�Ø�§·�I�ÏLÙ§?Û k��~�!:þ�&E5¡ET�

Ø!:�&E"ù´��4ÙÑ��?EL§"Ï~·�kü«Ù��Ýþ5�x?E�

Ç§=?E�°ÚÛÜ?E5"3�Ù¥§·�ïÄäk��ÛÜ?E5�è"

ÛÜ?E5�Vg´dGopalan�< [23]!OggierÚDatta [45]!±9Papailiopoulos�< [48]J

Ñ"XJèi1 i�I©þ�dØ�L r�Ù§�I©þ5?E§@o·�¡èi�I©

þ iäkÛÜ?E5"3�Ù¥§e�� [n, k, d]�5è�¤k�I©þ£�¡�èiÎ

Ò¤ÑäkÛÜ?E5 r§·�P� [n, k, d; r]ÛÜ�?Eè£LRC¤"du r � k§K§

3?E��±4�/~�M�I/OÑ�"

��Ä�è�N�Uå§g,/§4�ål dÒ´ÛÜ�?Eè���Ì��Ýþ

Cþ"���Ä&E �ÛÜ?E5�§ÄkdGopalan�< [23]�Ñ
è�4�ål�þ

.µ

d ≤ n− k − dk
r
e+ 2, (4-1)

ù�.�¡�Singleton..§Ï�� r = k �§ù�.òz�²;�Singleton.",�3

©z [20,47]§ù�.(4-1)�í2��þèÚ��5è"¦+ù�.é¤k�ÛÜ�?Eè

Ñ¤á§�´§§3éõ�/eÑØ´;�"X©z [57,66]ÒXÚ/ïÄ
ù�.(4-1)�;

5"

XJ��ÛÜ�?Eè��.(4-1)§·�¡Ù� d-�`�"éu (r + 1)|n��/§

3©z [62]Ú [54]¥§©OÏLReed-SolomonèÚGabidulinè�E
 d-�`�ÛÜ�?Eè"

,
§ùü��EÑ´3é���þ¢y�§����´'uè� n��ê¼ê"3©

z [60]¥§�öÏL�
“Ð”�õ�ª3��'è� n��:��þ§é (r + 1)|n��/

�E
 d-�`�ÛÜ�?Eè"¿�¦���E�±í2� (r + 1) - n��/§�´4�

ål'.(4-1)�õ� 1"3Ù�Y�©Ù [4,61]§?�Úò�E�g�í2�
Ì�èÚ�

êAÛè"

���ÿÐïÄ�Äõ�!:����¹§éõ�!:�?Eq[©�¿1?EÚG

1?Eü«�ª"¤¢¿1?E§=Ó�?E�����!:§Wang�< [65]ÚPrakash�

< [49]©OJÑ
ü«ØÓ�?E�ª¶¤¢G1?E§=�����!:�?EL§kk

�^S§#Nk�Ú?Ð�!:�|^��Y!:?E�L§¥§3©z [50]¥ÄkJÑ"

éu?nõ�!:���?�Úó��ë� [3,46,56,59,60,67]"

�Ä�3O�Åþ¢��B$5§3��£AO´���¤þ�è�É'5"éu�

���/§.(4-1)A�é¤k�/ÑØ´;�"¯¢þ§Hao�< [27]y²
��3 4a
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d-�`�ÛÜ�?Eè��Singleton.."3©z [10] ¥§ò�����Ä?��Ñ��#

�.§·�¡Ù�Cadambe-Mazumdar (C-M)."

k ≤ min
t∈Z+

[
tr + k

(q)
opt (n− (r + 1)t, d)

]
, (4-2)

Ù¥ k
(q)
opt (n, d)´�½���� q!è� nÚ4�ål d�§è¤U������U�ê"

Äk§©z [10]�Ñ��4�è�±��C-M."�53©z [55]¥§ÏL�è�E


ÛÜ?E5 r = 2Ú 3���.(4-2)���ÛÜ�?Eè"ÄuØÓ���XÚè��Ä

è§Huang�< [33]JÑ
 d = 3!4Ú 5���ÛÜ�?Eè��E§Ù¥�
�y²´

d-�`�"3©z [24]¥§�4�ål� 2!6Ú 10§ÛÜ?E5 r = 2�§�E
�ê�`

���ÛÜ�?EÌ�è"�5§3©z [72]¥§éu r = 2Ú d = 10��/§��E
�

a#��ê�`���ÛÜ�?EÌ�è",	§Shahabinejad�< [53]�E
�a4�å

l� 4���ÛÜ�?Eè"Ó�/§3©z [68]¥§�ö�E
�a�ê�`���ÛÜ

�?Eè§§�4�ål��� 6",	3©z [43]¥§��E
4�ål��� 6���

ÛÜ�?Eè§�´§�´Ü©~f´��.(4-2)"3©z [21]§�ö�	
MacDonaldè

Ú2ÂMacDonaldè�ÛÜ?E5§¿�JÑ
�
��ÛÜ�?Eè��E"

5¿�þã'uÛÜ�?Eè��`�E§�Ü©Ñæ^
��AÏ�(�§¡��

Ø�?E|(½Â 4.2.9)"3�Ù¥§·�Ì�ïÄäkØ�?E|ù�(����ÛÜ�

?Eè�.±9�`�E"Äk§·��Ñ'uùaè��ê k ���þ.(½n 4.3.1)§

ù�.�±w�´©z [68]¥�.���í2"¿�§XJ����ÛÜ�?Eè��


½n 4.3.1¥�.§·�Ò¡§´ k-�`�"Ó�/§é���ëê r §·��Ñ
üa

k-�`���ÛÜ�?Eè��E§¿�·��1�a�E(JºX
©z [68] ¥��E"

?�Ú§éu r ∈ {2, 3}§4�ål d = 6��/§·���
A�¤këê� k-�`�

äkØ�?E|���ÛÜ�?Eè"

�Ù�µeXeµ3e�!§·��Ñ�
PÒ!½Â±9'upartial spread�(J¶

1 4.3!§�ÑäkØ�?E|� [n, k, d; r]2 LRCs��êþ.¶1 4.4!§�Ñ d = 6�

��`��ÛÜ�?Eè��E¶3���!§·�é d ≥ 8�§äkØ�?E|� k-�

`���ÛÜ�?Eè��E?1
?Ø¿é�Ù?1o("

4.2 OOO���óóó���

e¡�ÎÒ=·^u�Ù"

• � [n] = {1, 2, · · · , n}"e a ≤ b�ü��ê§½Â [a, b] = {a, a+ 1, · · · , b}"
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• � q´���ê�§Fq ´¹k q����k��"

• � Fnq � Fq þ� n��þ�m"

• é?Û�þ v = (v1, · · · , vn) ∈ Fnq §- supp(v) = {i ∈ [n]|vi 6= 0} ±9 wt(v) =

|supp(v)|"éu8Ü S = {i1, · · · , i|S|} ⊆ [n]§½Â v|S = (vi1 , . . . , vi|S|)"

• - d(u, v)�?Ûü��þ u, v ∈ Fnq �Hammingål"

• � U ⊆ Fnq ���8Ü§v´���þ"½Âd(U, v) = min{d(u, v)|u ∈ U}"

• - In� n× n�ü 
§±9 1nÚ 0n©O�� 1Ú� 0�þ"

Äk§·��ÑfÃ'8£Weakly Independent Set¤ [22]�Vg"

½Â 4.2.1 � F�A�� 2��§ T ⊆ F´��8Ü§ τ �����ê"XJé T �?Û

f8 T ′§2 ≤ |T ′| ≤ τ §§p¡�¤k����ÚØ�"§K¡8Ü T � F2 þ� τ -fÃ

'8"

e¡§·��Ñpartial spread��
�'(Ø"

½Â 4.2.2 � S = {W1, · · · ,Wl}´�þ�mFmq þ��
 t-�f�m�8Ü"XJ÷vé

?Û 1 ≤ i < j ≤ l §Ñk Wi ∩Wj = {0}§K¡ S �partial t-spread"¿�¡8Ü S �

��� l"?�Ú§XJ S �����§����U§K¡ S �4��"AO/§XJ

∪li=1Wi = Fmq §·�{¡ S � t-spread"

¯¤±�§Fmq þ��� t-spread�3��=� t|m"CAc3�ä?è+�§du

t-spreadéAu�aAÏ�f�mè§±9Ùg���
5�§'u4�partial t-spread�

��®k�\�ïÄ"3f�mè¥§Ù��ålØ2´Hammingål§
´¤¢�f

�mål§=é?Û Fmq ¥�f�m U!V §½Â dS(U, V ) := dim(U + V )− dim(U ∩ V )"

- k ∈ [m]§d Fmq þ� k �f�m)¤�4�f�mål� d�f�mè¤¹k�4�

èi�ê§P� Aq(m, k, d)"K Fmq þ�4�partial k-spread���^ù�PÒL«Ò´

Aq(m, k, 2k)"

�8c��§'u Aq(m, k, 2k)�(���(J'��"·��Þ�©�^���


(JXe"
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4 ��ÛÜ�?Eè

Ún4.2.3 [19] éu��ê 1 ≤ k ≤ m�m ≡ r (mod k)§·�k

Aq(m, k, 2k) ≥ qm − qk(qr − 1)− 1

qk − 1
.

Ún4.2.4 [6] éu��ê 1 ≤ k ≤ m�m ≡ r (mod k)§·�k

Aq(m, k, 2k) =


qm−1
qk−1 , XJ r = 0;

qm−qk+1+qk−1
qk−1 , XJ r = 1.

íØ4.2.5

A2(m, 2, 4) =


2m−1

3
, XJm ≡ 0 (mod 2);

2m−5
3
, XJm ≡ 1 (mod 2).

Ún4.2.6 [18]

A2(m, 3, 6) =


2m−1

7
, XJm ≡ 0 (mod 3);

2m−9
7
, XJm ≡ 1 (mod 3);

2m−18
7

, XJm ≡ 2 (mod 3).

y3§·��Ñ�Ù¤?Ø��5ÛÜ�?Eè�½Â"

½Â 4.2.7 - 1 ≤ i ≤ n§XJ�5è [n, k, d]q ¥�èi�1 i�I©þ�dTèi�Ù§

Ø�L r�©þ£�¡�èiÎÒ¤5?E§K¡1 i�I©þäkÛÜ?E5 r"�d

/`§�3éóè C⊥¥���èi hi¦� i ∈ supp(hi)§¿� | supp(hi) |≤ r + 1"

½Â 4.2.8 XJ�5è [n, k, d]q ¥�èi�¤k�I©þÑäkÛÜ?E5 r §K¡

[n, k, d]q �5è C äkÛÜ?E5 r§�¡ C �ÛÜ�?Eè£Locally Repairable Code§

{¡�LRC¤§P� [n, k, d; r]q LRC"

½Â 4.2.9 éu�� [n, k, d; r]2 LRC§XJ�3�|ÛÜ���þ h1,h2, · · · ,hl ∈ C⊥ ¦�

∪li=1supp(hi) = [n]§wt(hi) = r + 1§
� supp(hi) ∩ supp(hj) = ∅é?¿ 1 ≤ i 6= j ≤ l

¤á§@o·�¡ [n, k, d; r]2 LRCäkØ�?E|£Disjoint Repair Groups¤"

4.3 äääkkkØØØ���???EEE|||���������LRCs���þþþ...

3�!§·�Äu²;?ènØ¥�Johnson.�g��ÑäkØ�?E|��

�LRCs��êþ."- C���äkØ�?E|� [n, k, d; r]2 LRC"Ø�b�è C���
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Ý
HdüÜ©|¤"

H =

 HL

HG

 . (4-3)

Ù¥§Ý
HL^5�yè C �ÛÜ?E5¶Ý
HG^5û½è C �4�ål"du�

Ù·���ÄäkØ�?E|�è§��b� r + 1�Ø n"Ø���5§Ø��

HL = I n
r+1

⊗
1r+1.

5¿�Ý
HL�¤k1�þ�Ú´��� 1�þ§Kè C �4�ål7,�óê"

½n4.3.1 � C���äkØ�?E|� [n, k, d; r]2 LRC§Ù¥ d = 2t+ 2§n = (r+ 1)l"

1. XJ t+ 1´��Ûê§·�k

k ≤ rn

r + 1
−
⌈

log2(
∑

0≤i1+···+il≤b d−1
4
c

l∏
j=1

(
r + 1

2ij

)
)
⌉
. (4-4)

2. XJ t+ 1´��óê§Kk

k ≤ rn

r + 1
−
⌈

log2(
∑

0≤i1+···+il≤b d−1
4
c

l∏
j=1

(
r + 1

2ij

)
+

∑
i1+···+il= d

4

l∏
j=1

(
r+1
2ij

)
b n
t+1
c

)
⌉
. (4-5)

y² � {h1,h2, · · · ,hl} �äkØ�?E|�ÛÜ�?Eè C ��|ÛÜ���þ"-

L = spanF2
{h1,h2, · · · ,hl}§V = L⊥"w,k§L ⊆ C⊥ §dim(L) = l"Kk C ⊆ V §

dim(V ) = n− l = rn
r+1
"

5¿� t ´è C �W¿�»§¿�±èi�¥%§�»� t �¥ÑØ��"-

BV (c, t) = {v ∈ V |d(c, v) ≤ t}§¿ò BV (0, t) {P� BV (t)"Ï� C ⊆ V §·�k

|BV (c, t)| = |BV (t)|"-N ´�è Cål� t+1��þ�8Ü§=§N = {x ∈ V |d(C, x) =

t+ 1}"w,§·�k

|C| × |BV (t)|+ |N | ≤ 2dim(V ). (4-6)

·�ÄkO�¥ BV (t)���"5¿��5�m L�­þ©Ùõ�ª� WL(x, y) =

(xr+1 + yr+1)l"dMacWilliamsð�ª�§éó�m V �­þ©Ùõ�ª�

WV (x, y) =
1

|L|
WL(x+ y, x− y) =

∑
0≤u≤n

2

Aux
n−2uy2u,
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4 ��ÛÜ�?Eè

Ù¥ Au =
∑

i1+···+il=u

l∏
j=1

(
r+1
2ij

)
"K��Ñ

|BV (t)| = A0 + · · ·+ Ab d−1
4
c =

∑
0≤i1+···+il≤b d−1

4
c

l∏
j=1

(
r + 1

2ij

)
. (4-7)

,�§·�y² |N |���e."

� t + 1 �Ûê�§N´�� |N | = 0"¯¢þ§XJ�3 x ∈ N ⊆ V ¦�

d(c, x) = t+ 1é,� c ∈ C ⊆ V ¤á§K·�k wt(c− x) = d(c, x) = t+ 1§ù´��Û

ê",��¡§d­þ©Ùõ�ªWV (x, y)�§é?Û v ∈ V §wt(v)´��óê"ùÒ

�Ñgñ�Ïd§.(4-4)�±d�§(4-6)Ú(4-7)��íÑ"

� t+ 1�óê�§- Ω = {(c, x) ∈ C ×N|d(c, x) = t+ 1}§Ωc = {x ∈ N|(c, x) ∈ Ω}"

Kk |Ω| =
∑

c∈C |Ωc|"�½ c ∈ C §� x ∈ V ´���èi cål� t + 1��þ§=§

wt(c− x) = t+ 1"w,§ù���þ x�k Ad/4�"

·�äóµù���þ xÑáu Ωc"Ï� wt(c− x) = t+ 1§·��� d(C, x) ≤ t+ 1

"- c′ ∈ C � c′ 6= c"Kdn�Ø�ª§·�k d ≤ wt(c′ − c) = wt(c′ − x − (c − x)) ≤

wt(c′ − x) + wt(c− x) = wt(c′ − x) + t+ 1§ùÒ�Ñ wt(c′ − x) ≥ t+ 1"qÏ� c′ ∈ C À

��?¿5±9�c�(Ø d(C, x) ≤ t+ 1§·��� d(C, x) = t+ 1"Ïd§ù���þ

xÑá3 Ωc¥§K�� |Ωc| = Ad/4"¤±

|Ω| = |C| × Ad/4. (4-8)

,��¡§�½ x ∈ N "·�òéè C ¥÷v d(c, x) = t + 1�èi��ê���þ

."w,§8Ü {c− x|c ∈ C � d(c, x) = t+ 1}´���� n§­þ� t+ 1§4�ål�

d = 2t+ 2���~­è"Ïd§éz� x ∈ N §÷v d(c, x) = t+ 1�èi��ê�õ�

b n
t+1
c"Ïd§

|Ω| ≤ |N | ×
⌊ n

t+ 1

⌋
. (4-9)

¤±§.(4-5)�d�§(4-6)!(4-7)!(4-8)Ú(4-9)���Ñ"

54.3.2 �C§3©z [68]¥y²
.(4-4)éd ≥ 6¤á§·��(J�±w�é§���í

2"

54.3.3 � d = 4 �§þ.(4-5)òz� k ≤ rn
r+1
− dlog2(1 + r)e"5¿�Shahabinejad�

< [53]�E
ëê� [n, k = rn
r+1
− dlog2(1 + r)e, d = 4; r]2 �äkØ�?E|�ÛÜ�?E

è§ù`²·��.´;�"
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54.3.4 3©z [24]¥§l��Ì�èÑu�E
è�� n = 2m − 1!ÛÜ?E5 r = 2±

94�ål� 2!6½ 10���ÛÜ�?Eè"�5§3©z [72]¥§$^aq��{éu

ëê n = 2m + 1! r = 2±9 d = 10��/§��E
�a#���ÛÜ�?Eè",

	§3©z [68] ¥§�ö�E
 [n = 2s−1
2t−1 , k ≥

rn
r+1
− s, d ≥ 6; r = 2t]2 LRC"ù
LRCsÑä

kØ�?E|�(����
·��þ.(4-4)"

3�!���§éuäkØ�?E|���ÛÜ�?Eè§·��Ñ3ì?

¿Âe�`���5�E§ùp�ì?�`´�� n ªuÃ¡�§èÇ��þ."

- S ′ = {β1, β2, · · · , βn} ⊆ F2dlog2 ne §Ù¥ β1, β2, · · · , βn ´�¥�ØÓ���"½Â

S = {a1, a2, · · · , an} ⊆ Ft
2dlog2 ne §Ù¥ ai = (βi, β

3
i , · · · , β2t−1

i )>, i ∈ [n]"

�E4.3.5 � HL = I n
r+1

⊗
1r+1"- HG ´�� tdlog2 ne × n�Ý
§é?¿ 1 ≤ j ≤ n§

§�1 j �d�þaj���Ðm��"K�½Â��.�(4-3)�Ý
 H"?
d H��

��Ý
½Â
����ÛÜ�?Eè C"

½n4.3.6 d�E 4.3.5���è C ´��äkØ�?E|� [n, k ≥ rn
r+1
− tdlog2 ne, d ≥

2t+ 2; r]2 LRC"

y² duÝ
 H�1ê� n
r+1

+ tdlog2 ne§·��� k ≥ rn
r+1
− tdlog2 ne"qdÝ
 HL

�§è C �ÛÜ?E5� r"

y3·�y²4�ål d �e."5¿�Ý
 HL �¤k1�þ�Ú� 1n §K

è C �4�ål7,�óê"Ïd§�I�y² d ≥ 2t + 1"b��3èi c ∈ C �

2 ≤ wt(c) ≤ 2t¦� Hc> = 0"Ø���5§·��±- c = (c1, · · · , c2t, 0, · · · , 0)§ù

Ò�Ñ
∑2t

i=1 ciai = 0"Ïd§é?¿ s ∈ [t]§k
∑2t

i=1 ciβ
2s−1
i = 0"éÙü>Ó�� 2b

g�§·���
∑2t

i=1 ciβ
2b(2s−1)
i = 0§Ù¥ b´���K�ê"5¿�§éz��K�

ê m§§Ñ�±��/L«� m = 2se§Ù¥ e�Ûê"K·�Òk
∑2t

i=1 ciβ
m
i = 0,Ù

¥ m ≥ 1´���ê"�é{`§·���eãàg�5�§|Mx = 0����")

x = (c1β1, c2β2, · · · , c2tβ2t)>§Ù¥

M =


1 1 · · · 1

β1 β2 · · · β2t
...

... . . . ...

β2t−1
1 β2t−1

2 · · · β2t−1
2t

 .

44



4 ��ÛÜ�?Eè

qÏ�M´VandermondeÝ
§�§´÷�Ý
§=àg�5�§|Mx = 0�k")"

gñ�

4.4 k-���`̀̀���������LRCs������EEE

3�!§·�ò�Ñ�
äkØ�?E|� k-�`� [n, k, d; r]2 LRCs��E"��Ý


H�±L«�Xe/ªµ

H =

 HL

HG

 =

 H1
L H2

L . . . Hl
L

H1
G H2

G . . . Hl
G

 , (4-10)

Ù¥ l = n
r+1
"éu?Û i ∈ [l]§Hi

L´�� l × (r + 1)�Ý
§Ù1 i1´ 1r+1§
Ù§

1���Ñ´"¶Hi
G�HG�1 i¬ (n− k − l)× (r + 1)fÝ
"

fÝ
HG = (H1
G H2

G . . . Hl
G)ò^5û½è C �4�ål"¯¤±�µ���5è

�4�ål��� d��=�§���Ý
¥�?Û d− 1��5Ã'"

Ún4.4.1 - C ´d.�(4-10)���Ý
 H½Â�è§Ù¥ l = n
r+1
"� t ≥ 0����

ê"K d ≥ 2t+ 2��=�
l∑

i=1

ai∑
j=1

cij 6= 0,

Ù¥ a1, a2, · · · , al ÷v±eü�^�µ(1)é?Û 1 ≤ i ≤ l §ai ´��óê� 0 ≤ ai ≤

min{2t, r + 1}§(2) 2 ≤
∑l

i=1 ai ≤ 2t¶¿� {ci1, ci2, · · · , ciai}´Ý
 Hi
G ¥�?Û ai ��

8Ü"

y² -H(i) =

 Hi
L

Hi
G

�H�1 i¬"�� hij �Ý
H(i)¥÷v hij|S = cij ��§Ù¥

S = [l + 1, n− k]"

·�Äky²7�5"Ï� d ≥ 2t+ 2§·���H¥�?Û ≤ d− 1�Ñ´�5Ã

'"@oé?Û a1, a2, · · · , al÷v^�(1)Ú(2)§Ñk
∑l

i=1

∑ai
j=1 hij 6= 0"5¿�Hi

L¥?

Ûóê��Ú� 0§Kk
∑l

i=1

∑ai
j=1 cij 6= 0"

éu¿©5§·��I��y²H�?Û 2t+ 1��5Ã'"=§·�I�y²é?

Ûm ∈ [2t+ 1]§Ø�3H�m�¦Ú� 0"-m =
∑l

i=1 ai§�� {h
i
1,h

i
2, · · · ,hiai}´Ý


H(i)¥�?Û ai��8Ü§Ù¥ 1 ≤ i ≤ l§ai´���ê� 0 ≤ ai ≤ min{2t+1, r+1}"

K·�I�y²
∑l

i=1

∑ai
j=1 hij 6= 0"
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XJ�3,� j ∈ [l] §k aj �Ûê§@o
∑l

i=1

∑ai
j=1 hij �1 j ��I� 1 §�

Ò´
∑l

i=1

∑ai
j=1 hij 6= 0"¤±·��±b½µé?Û j ∈ [l] §aj Ñ´óê"5¿�∑l

i=1

∑ai
j=1 hij|S =

∑l
i=1

∑ai
j=1 cij 6= 0§Kk

∑l
i=1

∑ai
j=1 hij 6= 0"ùÒ�¤
y²"

4.4.1 d = 6��� k-���`̀̀������LRCs���EEEµµµ���������ëëëêêê r

Äk§·��Ñ4�ål d ≥ 6���LRCs�¿�^�§dÚn 4.4.1§w,keã

�íØ"

íØ4.4.2 - C ´d.�(4-10)���Ý
H½Â�è§Ù¥ l = n
r+1
"K d ≥ 6��=�

HG¥��÷ve��^�µ

(1) éz� i ∈ [l]§k ci1 + ci2 6= 0¶

(2) éz� i ∈ [l]§k ci1 + ci2 + ci3 + ci4 6= 0¶

(3) é?Û i 6= j ∈ [l]§kci1 + ci2 + cj1 + cj2 6= 0"

�
�Ð/n)�e5��E§·�k�ÑXe)º"Äk§�½���mW §�

dfÃ'85�E��dW ¥��þ|¤�8Ü÷v^� (1)Ú (2)",�-Wi ´dÝ


 Hi
G ¥���þ)¤��þ�m§Kk dim(Wi) ≤ n − k − l"�
�y^� (3)¤á§

�«{ü��{Ò´b½ù
�m÷v Wi ∩Wj = {0}§w,ù���m�±lpartial

spread¥À�"

54.4.3 3�C�©z [43]Ó���
þãíØ¥�¿©^�§���
$^spread��ó

ä§�E
�
 d ≥ 6��
��ÛÜ�?Eè§�´�kÜ©~f´�`�"3e©§

·�¬�Ñ�þ�`�èa���Ø%«O3u·�õ
���{µfÃ'8�

Ún4.4.4 - V � Fm2 ¥� t �f�m§� {e1, e2, · · · , et} � V ��|Ä"e�3ëê

� [n, n − t, d ≥ 5] ����5è§�Ù��Ý
� H = (h1,h2, · · · ,hn)"@o8Ü

T = {0} ∪ {fi|i ∈ [n]}´ F2þ� 4-fÃ'8§Ù¥ fi =
∑

j∈supp(hi)
ej"

y² ·��Iy²µé?Û {i1, . . . , ir} ⊆ [n]� 1 ≤ r ≤ 4§k
∑r

j=1 fij 6= 0"Ø���

5§·��±b�é?Û 1 ≤ r ≤ 4§k
∑r

i=1 fi = 0"@ok
∑r

j=1 hj = 0§ùÒL²
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{h1,h2, . . . ,hr}´�5�'�"duH´4�ål d ≥ 5����5è���Ý
§·�

��H¥?Û ≤ 4�Ñ´�5Ã'�§ùÒ�Ñgñ�

e¡§éu���ëê r§·��Ñüa k-�`���ÛÜ�?Eè"

4.4.1.1 1�a�`���LRCs

Ún4.4.5 [42,68]é?Û�êm ≥ 3§Ñ�3ëê� [2m, 2m − 2m,≥ 5]����5è"

�E4.4.6 - r = 2t §{W1,W2, · · · ,Wa}� Fs2 þ���4�Partial 2t-spread"PWi ��

|Ä� {e(i)1 , e
(i)
2 , · · · , e

(i)
2t }"� t ≥ 3�§dÚn 4.4.5�§�3ëê� [2t, 2t − 2t,≥ 5]2 �

�5è"Kéz� i ∈ [a]§½Â T (i)�Ún 4.4.4¤�Ñ�8Ü¶� t = 1!2�§·�½Â

T (i) = {0, e(i)1 , e
(i)
2 , · · · , e

(i)
2t }"ò8Ü T (i) ¥��þ����þ/¤� s× (r + 1)Ý
P�

Hi
G"ù�·�½Â
��.�(4-10)�Ý
 H§Ù¥ s

r
< l ≤ a"?
d H����Ý


½Â
����ÛÜ�?Eè§P� C"

½n4.4.7 d�E 4.4.6���è C ´��äkØ�?E|� [n = (2t + 1)l, k ≥ rn
r+1
− s, d ≥

6; r = 2t]2 LRC"?�Ú§�

2s−1 − 1

2t−1(2t + 1)
< l ≤ A2(s, 2t, 4t),

·�k k = rn
r+1
− s±9 d = 6§=§è C ��.(4-4)§´ k-�`�ÛÜ�?Eè"

y² Äk§d��Ý
 H ��E§w,k n = (2t + 1)l, k ≥ rn
r+1
− s ±9ÛÜ?E5

r = 2t",�§·�I��y² d ≥ 6"K�I�y²Ý
 HG ÷víØ 4.4.2¥�^�"

dÚn 4.4.4´�HG÷v^� (1)Ú (2)"5¿�éHi
G¥�?Ûü��þ ci1, ci2§kci1 +ci2

´f�mWi ¥����"�þ"Ï�é?Û i 6= j §ÑkWi ∩Wj = {0}"¤± ci1 + ci2
Ú cj1 + cj2�ü�ØÓ��þ"K^� (3)�¤á"

y3·�`²§� 2s−1−1
2t−1(2t+1)

< l ≤ A2(s, 2t, 4t)�§ C ´�`�"¯¢þ§éu��

äkØ�?E|� [n, k, d ≥ 6; r]2 LRC§dþ.(4-4)� k ≤ rn
r+1
− dlog2(1 + r

2
n)e"Ï�

2s−1−1
2t−1(2t+1)

< l ≤ A2(s, 2t, 4t)§¤± 2s−1 < 1 + rn
2
≤ 2s"Kk dlog2(1 + r

2
n)e = s§ùÒ

¿�X§3ù«�/e§þ.� k ≤ rn
r+1
− s"(Ü�c�(Ø k ≥ rn

r+1
− s§·��

�k = rn
r+1
− s"��§·�y²3ù«�/e�4�ål d = 6"¯¢þ§XJ d > 6§

duè C�4�ål7,�óê§·�k d ≥ 8"5¿� 1 + rn
2

+
(l
2)(

r+1
2 )(r+1

2 )
n/4

> 2s§Kd

�§(4-5)§·��� k < rn
r+1
− s§ù��c�(Ø k = rn

r+1
− sgñ�
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54.4.8 XJ3�E 4.4.6¥� 2t|s!s ≥ 4t±9 l = A2(s, 2t, 4t) = 2s−1
22t−1 §@o·�Ò��


©z [68]¥�Ñ k-�`����5ÛÜ�?Eè"

~4.4.9 - s ≡ u (mod 2t) §dÚn 4.2.3�� A2(s, 2t, 4t) ≥ 2s−22t(2u−1)−1
22t−1 "@o��

2s−1−1
2t−1(2t+1)

< l ≤ 2s−22t(2u−1)−1
22t−1 £{üO���µ� s ≥ 5t− 1�§ù�� lo´�3�¤§Ï

L�E 4.4.6§·�o´�±�Ñëê� [n = (2t + 1)l, k = rn
r+1
− s, d = 6; r = 2t]2�ÛÜ�

?Eè§¿�ùaè��
.(4-4)",	§�½�é rÚ s�ê�§þã��E�¹
�

þ� k-�`���ÛÜ�?Eè�~f£ã 4-1�����{ü`²¤"

s l n k

4 [3, 5] 3l 2l − 4

5 [6, 9] 3l 2l − 5

6 [11, 21] 3l 2l − 6

7 [22, 41] 3l 2l − 7

ã 4-1 r = 2!s ∈ {4, 5, 6, 7}�§äkØ�?E|��`��LRCs��
~f

4.4.1.2 1�a�`���LRCs

Ún4.4.10 [42]é?Û�ê t ≥ 3§Ñ�3ëê� [2t + 2b(t+1)/2c− 1, 2t + 2b(t+1)/2c− 2t− 2, 5]

����5è"

�E4.4.11 - r = 2t + 2b(t+1)/2c − 1§{W1,W2, · · · ,Wa}� Fs2þ���4�partial (2t+ 1)-

spread"PWi ��|Ä� {e(i)1 , e
(i)
2 , · · · , e

(i)
2t+1}"� t ≥ 3�§dÚn 4.4.10�§�3ëê

� [2t + 2b(t+1)/2c − 1, 2t + 2b(t+1)/2c − 2t− 2, 5]����5è"Kéz� i ∈ [a]§½Â T (i)

�Ún 4.4.4¤�Ñ�8Ü¶� t = 1!2�§·�½Â T (i) = {0, e(i)1 , e
(i)
2 , · · · , e

(i)
2t+1}"ò

8Ü T (i) ¥��þ����þ/¤� s × (r + 1)Ý
P� Hi
G"ù�·�½Â
��.

�(4-10)�Ý
H§Ù¥ s
r
< l ≤ a"?
dH����Ý
½Â
����ÛÜ�?E

è§P� C"

½n4.4.12 d�E 4.4.11���è C´��äkØ�?E|� [n = (r+1)l, k ≥ rn
r+1
−s, d ≥

6; r = 2t + 2b(t+1)/2c − 1]2 LRC"?�Ú§�

2s − 2

(2t + 2b(t+1)/2c − 1)(2t + 2b(t+1)/2c)
< l ≤ A2(s, 2t+ 1, 4t+ 2),
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·�k k = rn
r+1
− s±9 d = 6§=§è C ��.(4-4)§´ k-�`�ÛÜ�?Eè"

y² aqu½n 4.4.7�y²§�Ñ"

~4.4.13 � t = 3§·�këê� [11, 4, 5]����5è"- {W1,W2, · · · ,W129}��5

�m F14
2 þ��� 7-spread"K�� 125 ≤ l ≤ 129�§d½n 4.4.12§·���ëê�

[n = 12l, k = 11l − 14, d = 6; r = 11]2 LRCs§ù
è��
.(4-4)"

~4.4.14 -t = 1§·�k r = 3§Kd½n 4.4.12�§� 2s−2
12

< l ≤ A2(s, 3, 6)�§·�Ñ

�±�� [n = 4l, k = 3l − s, d = 6; r = 3]2� k-�`ÛÜ�?Eè£ã 4-2�����{ü

`²¤"

s l n k

6 [6, 9] 4l 3l − 6

7 [11, 17] 4l 3l − 7

8 [22, 34] 4l 3l − 8

ã 4-2 r = 3!s ∈ {6, 7, 8}�§äkØ�?E|��`��LRCs��
~f

4.4.2 AAA���¤¤¤kkkëëëêêê��� k-���`̀̀������LRCs������EEEµµµ r ∈ {2, 3}������///

�3�E 4.4.6£½ö�E 4.4.11¤¥� t = 1 §·�����þÛÜ?E5 r = 2

£½ö r = 3 ¤� k-�`��LRCs"ÏL*	~ 4.4.9��§� l ∈ [3, 41] \ {10} §·

�Ñ�±�EÑëê� [3l, 2l − s, 6; 2] ��`��LRCs"·�ò3Ún 4.4.15Ú½n

4.4.16¥y²ù«y�����¹",
§éu r = 3��/§ÏL*	~ 4.4.14��§�

l ∈ [6, 34] \ {10, 18, 19, 20, 21}§ÏL�E 4.4.11§·���±�EÑëê� [4l, 3l − s, 6; 3]

��`��LRCs"�wþ�vk r = 2��/Ð"3��!§·�ÏLé�E 4.4.6?1

���N�§é r = 3�Ñ��ØÓ��E§ù��EA�ºX
¤k���ê l§��


aq r = 2`{�(J"

Äk§·�kéëê� [n, k, 6; 2]2 ��`��ÛÜ�?Eè����¡�©Û"�


PÒ�B§·�� A2(3, 2, 4) := 1"½Â

Nm := [A2(2m− 1, 2, 4) + 2, A2(2m+ 1, 2, 4)].

K·�ke¡�Ún"
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Ún4.4.15 8Ü ∪∞m=2NmºX
Ø
/�
22m+1−2

3
�	¤k�u 2���ê"

y² 5¿� Nm = [A2(2m − 1, 2, 4) + 2, A2(2m + 1, 2, 4)] = [2
2(m−1)+1−2

3
+ 1, 2

2m+1−2
3
− 1]§

(Ø´w,�"

½n4.4.16 � n = 3l � l 6= 22m+1−2
3

§Ù¥ m ≥ 2´���ê"K�3��þ.(4-4)�

[n, k, 6; 2]2 LRC§Ù¥

k =

 2l − 2m XJ l ∈ [A2(2m− 1, 2, 4) + 2, A2(2m, 2, 4)],

2l − 2m− 1 XJ l ∈ [A2(2m, 2, 4) + 1, A2(2m+ 1, 2, 4)].

y² 3½n 4.4.7¥� t = 1§s = 2m½ö 2m+ 1§����Ñ(Ø"

~4.4.17 - l = 4 ∈ [A2(3, 2, 4) + 2, A2(4, 2, 4)] ⊆ N2"Kk 2m = 4"·�Äk�E�m F4
2

¥��� 2-spread"� α´k�� F24 ������§K {1, α, α2, α3}´ F24 3 F2þ��

|Ä"� β = α5 §K·����� 2-spreadµ S =
{
Wi = spanF2

{αi, αiβ}|0 ≤ i ≤ 4
}
"

Ø���5§3�E 4.4.6¥§·��±À� S ¥�co�f�m"K·���ëê�

[12, 4, 6; 2]2��`ÛÜ�?Eè§Ù��Ý
�EXeµ

H =



1 1 1 0 0 0 0 0 0 0 0 0

0 0 0 1 1 1 0 0 0 0 0 0

0 0 0 0 0 0 1 1 1 0 0 0

0 0 0 0 0 0 0 0 0 1 1 1

0 0 0 0 0 1 0 0 1 0 1 0

0 0 1 0 0 1 0 1 0 0 0 1

0 0 1 0 1 0 0 0 1 0 0 0

0 1 0 0 0 0 0 0 1 0 0 1



.

54.4.18 � l = 22m+1−2
3
�§5¿� A2(2m+ 1, 2, 4) < l < A2(2m+ 2, 2, 4)§3�E 4.4.6¥

� s = 2m+ 2!t = 1§·���ëê� [n = 22m+1− 2, k ≥ 22m+2−4
3
− 2m− 2, d ≥ 6; r = 2]2

ÛÜ�?Eè"dþ.(4-4)� k ≤ 22m+2−4
3
− 2m− 1§¤±·��E�ù�è��ê�õ

'þ.� 1"Ïd§´A��`�"
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y3§·�é r = 2���Ý
H¥�z��f¬H(i)O\�1���� r = 3��

/§�Ñ��A�é¤këê lÑ¤á� k-�`��LRCs��E"

�E4.4.19 -�m Fs2 þ���4�partial 2-spread� {W1,W2, · · · ,Wa}"PWi ��|Ä

� {e(i)1 , e
(i)
2 }"- s+1

3
< l ≤ a§K·�½Â��.� (4-10)�Ý
H������ÛÜ�

?Eè C ���Ý
§Ù¥§�fÝ
Hi
G, i ∈ [l]½ÂXeµ

Hi
G =

 0 e(i)1 e(i)2 e(i)1 + e(i)2

1 0 0 0

 .

54.4.20 aqu½n 4.4.7�±y²d�E 4.4.19���è C ´��ëê� [n = 4l, k ≥

3l − s− 1, d ≥ 6; r = 3]2�ÛÜ�?Eè"

e¡�½n`²éA�¤k�� 4�Ø� n§·�Ñk�� k-�`ÛÜ�?Eè"

½n4.4.21 � n = 4l � l 6= 22m+1−2
3

§Ù¥ m ≥ 2´���ê§K�3��þ.(4-4)�

[n, k, 6; 3]2 LRC§Ù¥

k =

 3l − 2m XJ l ∈ [A2(2m− 1, 2, 4) + 2, A2(2m, 2, 4)],

3l − 2m− 1 XJ l ∈ [A2(2m, 2, 4) + 1, A2(2m+ 1, 2, 4)].

y² �/ 1: l ∈ [A2(2m− 1, 2, 4) + 2, A2(2m, 2, 4)]"

3�E 4.4.19¥� s = 2m§d5 4.4.20�§è C ´�� [n = 4l, k ≥ 3l − 2m− 1, d ≥

6; r = 3]2 LRC",��¡§dþ.(4-4)� k ≤ 3l − dlog2(1 + 6l)e = 3l − 2m − 1"Ïd

k = 3l − 2m− 1"

,�§·�y² d = 6"¯¢þ§XJ d > 6§duè C �4�ål7,�óê§·

�k d ≥ 8"éþ.(4-5)?1{ü�O�§·��� k < 3l − 2m− 1§ùÒ��c�(Ø

k = 3l − 2m− 1gñ�

�/ 2: l ∈ [A2(2m, 2, 4) + 1, A2(2m+ 1, 2, 4)]"

3�E 4.4.19¥� s = 2m+ 1"�e�y²Ú�/ 1aq§�Ñ"
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~4.4.22 d~ 4.4.17Ú�E 4.4.19§·���ëê� [16, 7, 6; 3]2 �`ÛÜ�?Eè§Ù�

�Ý
�

H =



1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1

0 0 0 0 0 0 1 1 0 0 1 1 0 1 0 1

0 0 1 1 0 0 1 1 0 1 0 1 0 0 1 1

0 0 1 1 0 1 0 1 0 0 1 1 0 0 0 0

0 1 0 1 0 0 0 0 0 0 1 1 0 0 1 1

1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0



.

54.4.23 þ¡�~f���
C-M.(4-2)"d	§XJ·�l�m F4
2þ�� 2-spread¥�

Ù¤k� 5�f�m§@o·�Ò��
�� [20, 10, 6; 3]2 LRC§Ó�/§ù�~f��

�
C-M.(4-2)"

54.4.24 � l = 22m+1−2
3
�§5¿�A2(2m+1, 2, 4) < l < A2(2m+2, 2, 4)§3�E 4.4.19¥

� s = 2m + 2§·���ëê� [n = 4(22m+1−2)
3

, k ≥ 22m+1 − 2m− 5, d ≥ 6; r = 3]2ÛÜ�

?Eè"dþ.(4-4)� k ≤ 22m+1 − 2m− 4§¤±·��E�ù�è��ê�õ'þ.�

1"Ïd§´A��`�"

4.5 ???ØØØ���ooo(((

3�!§·�ké4�ål d ≥ 8��/?1?Ø§=XÛ��EäkØ�?E|�

k-�`���ÛÜ�?Eè"�
�Bå�§?Ø r = 2��/"dÚn 4.4.1����Ñ

e¡�íØ"

íØ4.5.1 - C ´d.�(4-10)���Ý
 H½Â�è§Ù¥ n = 3l"K d ≥ 8��=�

HG¥��÷ve��^�µ

(1) éz� u ∈ [l]§k cu1 + cu2 6= 0¶
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(2) é?Û 1 ≤ u < v ≤ l§k cu1 + cu2 + cv1 + cv2 6= 0¶

(3) é?Û 1 ≤ u < v < w ≤ l§k cu1 + cu2 + cv1 + cv2 + cw1 + cw2 6= 0"

w,§l��4�partial 2-spread S¥À��f�m�±�y^�£1¤Ú£2¤¤á"

�
¦�^�£3¤¤á§·�I�l S ¥À�÷v,«5�P�f8 Y §�Ò´½Â5

�P�µé Y ¥�?Ûn�f�m§Ø�P�Wi,Wj,Wk §÷v dim(Wi +Wj +Wk) = 6"

Kù��f8 Y Ò�±^5�E d ≥ 8�ÛÜ�?Eè"

�E4.5.2 - S = {W1,W2, · · · ,Wa}��m Fs2 ¥���4�partial 2-spread"�8Ü Y ´

S ¥÷v5�P���f8§¿��Ù��� b"K�� Y = {Wy1 ,Wy2 , · · · ,Wyb}"-

{e(i)1 , e
(i)
2 }�f�mWyi ��|Ä"�

s
2
< l ≤ b�§·��±½Â��.� (4-10)�Ý


H����ëê� [n = 3l, k ≥ 2l − s, d ≥ 8; r = 2]2 �ÛÜ�?Eè C ���Ý
§Ù¥

§�fÝ
Hi
G, i ∈ [l]½ÂXeµ

Hi
G =

(
0 e(i)1 e(i)2

)
.

~4.5.3 � α ´k�� F26 ����§�Ù4�õ�ª� x6 + x4 + x3 + x + 1"- S

��m F6
2 ¥��� 2-spread"·��� |S| = A2(6, 2, 4) = 21"¯¢þ§ S = {Wi =

spanF2
{αi, βαi}|0 ≤ i ≤ 20} §Ù¥ β = α21"ÏLO�Å|¢§·��±����Ü

·�f8 Y = {W0,W1,W2,W3,W10,W19}"� l = 6§·�������þ.(4-5)�

[18, 6, 8; 2]2 LRC§Ù��Ý
�ã 4-3"

54.5.4 XJ·�3þ¡�~f¥� l = 5§@o·�Ò���� [15, 4, 8; 2]2 LRC"d	§

ÏL�E 4.4.19¥�E|§·���±��ëê� [20, 8, 8; 3]2 Ú [24, 11, 8; 3]2 �ÛÜ�?

Eè"ùA�~fÑ��
þ.(4-5)"

3�Ù§·�ÏL 4-fÃ'8Ú(partial) spreads�E
4�ål� 6�eZa k-�`

��ÛÜ�?Eè¶AO/§éu r ∈ {2, 3}��/§·���
A�¤këê� k-�`

��ÛÜ�?Eè",
�4�ål d ≥ 8�§�EC��\(J"éu d = 8��/§

��Ä r = {2, 3}�§·�JÑ
�«�U���`��ÛÜ�?Eè��{"=§·�

ÄkI��E÷v5�P�,�partial spread�f8¶
éu'��� r§g,/§�U

I���Ä 6-fÃ'8��E",	§XJUé���ëê d§�Ñ��½n 4.3.1¥�.
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H =



1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1

1 0 1 0 0 0 0 0 0 0 1 1 1 1 0 0 1 1

0 1 1 1 0 1 0 0 0 0 1 1 0 0 0 1 0 1

0 1 1 0 1 1 1 0 1 0 0 0 0 0 0 1 1 0

0 1 1 0 1 1 0 1 1 1 1 0 0 1 1 1 0 1

0 0 0 0 1 1 0 1 1 0 0 0 1 1 0 0 1 1

0 0 0 0 0 0 0 1 1 0 1 1 1 0 1 1 0 1



.

ã 4-3 [18, 6, 8; 2]2 LRC���Ý


�ÛÜ�?Eè§ù´���~k¿Â�ó�§·�8�¬�Äù�¡�ó�"
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�ÙÖ¿
3ôÖÆ¬Æ Ïm�Ù§ïÄó�§�éù
�K�?Ð�{�0�


Ø2ÐmØã"

5.1 êêêiii���«««èèè

3êi�«�õxN2Â\�¥§²~¬�ÄXÛk�/����3�1�"3{�

¬(1994)þ§Chor�<JÑ
“Tracing traitors”§=Jl��"Ù¢Ò´XÛ��O@
ä

kJl5U�è§XI�£Oè£Identifying Parent Property Codes§{¡IPP Codes¤!J

lè£Traceability Codes§{¡TA codes¤"AO/§T+�S��Ø%¯KÒ´µ�½è

� N !i18�� qÚè�rÝ t§(½ù
Jl5U�èa�4�èiêþ"

-MIPPC(N, q, t)ÚMTA(N, q, t)©O� t-IPPèÚ t-TAè�4�èiêþ"·�éd

¯K��zÌ��µ

1. ·�y²
 MIPPC(N, q, t) ≤ rqdN/(v−1)e + (v − 1 − r)qbN/(v−1)c §Ù¥ v = b(t/2 +

1)2c, 0 ≤ r ≤ v − 2 ±9 N ≡ r mod (v − 1) "ù�(JU?
Blackburn [7]!

AlonÚStav [2]�Ñ�ü�Í¶þ."

2. Blackburn!EtzionÚNg [8]3 2010cJÑµé?Û� t§´ÄÑ�3��è� N k'

�~ê c§¦�MTA(N, q, t) ≤ cqdN/t
2eº·�y²
 t = 3��/§£�´�½�"

ù´ïÄ 3-TAè�{¤þ1���²��þ."

�ó�®uL35Designs, Codes and Cryptography6"

5.2 222)))èèè

�êâ��û½
êâ�;�ª�UC§�y�û�úi�$1²�L²§y¢¥�

~��êâ���¹´ü��;!:£^�¤Ï�����!g,/³�Ï�
��"3
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!:���§I�=�\\#�!:5�O���!:§±�±��XÚ���5"Äu

E�½Åíè�ü«DÚüÑ§­ï¿�!:�êâI��Ñ���XÚ]
§�I�O

�«�Ð��;?è�Y±Jpü��;!:�?E�Ç"ü��;!:�?E�Ç�ü

�­��Ýþ�I´?E�°Ú?EÝ£�Ò´zg?E¤�¯�!:ê8¤"�Ä?E

Ýù��IÒ´�©1 4Ù¤�Ä�ÛÜ�?Eè"�Ü©òé?E�°ù��I?1V

ã"

?E�°§=?Eü�!:I�lXÚ¥D4�êâoþ"�x?E�°��!:

�;Nþ�m�'é§´©Ùª�;¯K¥�kÉ�'5�`z8I§ÙCÄ5�ó�


uDimakis�<32010c�ó� [13]§¦�Çk3©Ùª�;XÚ¥Ú\�ä?è�g�§

JÑ
2)è£Regenerating Codes¤ù�Vg"2)è�.¥�Ä��½´µ&E�?è

�;u n�!:�¥§Ù¥Ö�?¿ k �!:�±��¡E¤k&E§z�����!

:���	�?¿ d�!:¤?E"ÏLé�ä&E6ã�.�©Û§|^�ä?è¥

�“��6����n”��
©Ùª�;XÚ¥�!:�;Nþ�?E�°�m�nØe

.£Cut-set Bound¤"���ó��åu��½�Cde.�2)è��O��E§cÙ

´AÏ�ü«èµ���°2)è£Minimum Bandwidth Regenerating Codes, MBR¤Ú�

��;2)è£Minimum Storage Regenerating Codes, MSR¤"

�C§Goparaju�< [25]0�
�«��ÄXÚ!:?E�§é¤k� d (k ≤ d ≤ n−1)

Ó����`?E�°����;2)è��E�{"�´§����³Ò´f�(sub-

packetization) α�:ìO�"��ÄXÛ~�f� α�§¦�JÑ
��k��|Ü¯Kµ

XÛ�`z (r, θ)-ÜþÝ
¦�Ù�ê��"

� θ(r)´�3 (r, θ)-ÜþÝ
����ê θ"Goparaju!FazeliÚVardy (2017)�Ñ
ù

��ÜþÝ
���²��E§Ù¥θ = O(2r)"·��ó�Ò´y²
 θ(r)�e.§¿

�Äu�{MFx�Ñ
 (r, θ)-ÜþÝ
��«�E§?
�� θ(r)����²�þ.§

¿��ÄÙì?(J§��
 Ω(20.5307r) . θ(r) . O(20.9355r)"

�ó�®�n¤Ðv"

5.3 444������???EEEèèè

Cc5§<�3ïÄÛÜ?Eè�Ó�§�F"�;XÚäk4��N�Uå§=P

kMDSè�5�£?Û k�!:�;�&E�È���êâ¤"�^ïÄ�Äk3 2007c

JÑ
4��?Eè£Maximally Recoverable Codes¤��.§ù��.ºX
Ü©kc

�èa§�Ä
�;XÚA½�ÿÀ(�"¦��Ä
�;XÚ��a�{üÿÀ(�µ
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=?Û�� Ñ´�deZÜ©&E )¤§Ø�9Ù§�� §·�rù
�� ¡�

�ÛÜ�� "2013c§IBMúiBlaum�<�Ä^�
�e�?E¯K�§Ú\
�Û

�� £ù
�� ´d�Ü&E )¤�¤§·�^ÎÒ hL«�Û�� �ê8§¿

é h = 1!2��/§�Ñ
4��?Eè��E"�^ïÄ��Gopalan�<32014cØ

=�Ä
 h�~ê�§ÛÜ5ëê r�~ê�§&E!:ê kªuÃ¡�ì?�/e�4

��?Eè��E§
�é h = 3!4�k?�Ú�(J§¿�ò4��?Eè�Vgí

2�?¿ÿÀ(�§¿y²
Ù�35"

3 2017c�SODA¬Æþ§Gopalan�<l¢SA^Ñu§JÑ
��/�ÿÀ(�§

Ú�
�cïÄ�ÿÀ(�"äN�.�±L«Xeµ��ÿÀ^ Tm×n(a, b, h)L«§è

i�;/ª� m × n�Ý
§z��þ�&E�m÷v a����§§z�1þ�&E

�m÷v b����§§��Ý
�ª�I÷v h��Û���§"��±�d/�Ä�

�d (m − a)(n − b) − h�&E Údù
&E ¤÷v� h��� /¤��Ý
§?


3z�O\ a���§z1O\ b���±¢yù�ÿÀ"Tm×n(a, b, h)4��?Eè

��
AÏ�/éAueZkc�èa§XµTm×n(0, 0, h)´²;�MDSè¶Tm×n(0, b, h)

=�ÛÜ�?Eè¶Tm×n(a, b, 0)Ò´²;�ÜþÈè"� a > 0!b > 0±9 h > 0�§

Gopalan�<é Tm×n(a, b, h)4��?Eè¤I�i18����Ñ
1���ê.e.¶

�Ñéu m = n!a = b = h = 1ù��/§¤I�i18���dué���Üãþ�

>�D�¯K¶é Tm×n(1, b, 0)��/§�Ñ
§�4��?E�ÞØa.�¿©7�^

�"���FOCS¬Æþ§dKane�<§é Tn×n(1, 1, 1)�Ñ
¤I��i18 2d �þe

.§Ù¥e. d = n/2 − 2�6u$^é¡+L«Ø��{éBirkhoff polytope graph�Õ

áê��O§þ. d = 3n5g48�E���Üãþ�>�D�"±þù
(JÑ�´

`²
4��?Eè��35",
3äN��E�¡§8c¤�$�"$�éu a > 1

��4��?EÜþÈè��?E�ÞØa.�v�x�Ù§�Û!�E"

·�éd¯K��z´µéu4��?EÜþÈè§�Ñ
 Tm×n(1, b, 0)�¤Ii

18������þ.§±9 T3×n(1, 3, 0)�äN�E(J"éÙ§ëê��E�3ïÄ

¥"
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