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Abstract

This thesis involves various problems in the area of extremal combinatorics and coding theory.

We use many powerful tools and deep including polynomial method, hypergraph removal lemma

and additive number theory to attack several conjectures and open problems in the literature.

In Chapter 2, we consider a thirty-year-old conjecture of Erdős, Frankl and Füredi in the

combinatorial group testing theory. Given n items with at most d of which being positive, instead

of testing these items individually, the group testing theory aims to identify all positive items using

as few tests as possible. A binary matrix is called d-disjunct if the boolean sum of arbitrary d

columns does not contain another column not in this collection. Disjunct matrices have important

applications in the nonadaptive group testing. Let T (d) denote the minimal t such that there exists

a t × n d-disjunct matrix with n > t. It was known that T (d) ≥
(
d+2

2

)
and was conjectured that

T (d) ≥ (d + 1)2. Using a classical graph matching theorem of Erdős and Gallai, we narrow the

gap by proving T (d)/d2 ≥ (15 +
√

33)/24.

In Chapter 3, we consider the upper bounds of frameproof codes, parent-identifying codes and

traceability codes. These codes are introduced to protect the copyrighted digital data. They have

applications in the scenarios like digital fingerprinting and broadcast encryption schemes. Using

skills from combinatorial counting method, we present three upper bounds for each of these codes.

To the best of our knowledge, all the bounds are the best known ones.

In Chapter 4, we deal with an important problem in Turán theory, namely, the sparse hyper-

graph problem of Brown, Erdős and Sós. More than forty years ago, they introduced the function

fr(n, v, e) to denote the maximum number of edges in an r-uniform hypergraph on n vertices

which does not contain e edges spanned by v vertices. They posed a well-known conjecture:

nk−o(1) < fr(n, e(r− k) + k + 1, e) = o(nk) holds for all integers r > k ≥ 2, e ≥ 3. Note that for

r = 3, e = 3, k = 2, this conjecture was solved by the famous Ruzsa-Szemerédi’s (6,3)-theorem.

We add more evidence for the validity of this conjecture. On one hand, we use the hypergraph

removal lemma to prove that the right hand side is true for all fixed integers r ≥ k + 1 ≥ e ≥ 3.
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Our result implies all known upper bounds which match the conjectured magnitude. On the other

hand, by constructing an appropriate sum-free set in additive number theory, we show that the left

hand side is true for r ≥ 3, k = 2 and e = 4, 5, 7, 8. Our construction provides the first lower

bound which matches the conjecture in the range e ≥ 4 and r ≥ 4.

Separating hash families are useful combinatorial structures which are generalizations of

many well-studied objects in combinatorics, cryptography and coding theory. In Chapter 5, we

solve several open problems and conjectures about the upper and lower bounds of separating hash

families and perfect hash families. Firstly, we discover that the cardinality of a separating hash

family satisfies a Johnson-type recursive inequality. As a result, we obtain a new upper bound,

which is superior to all previous ones. Secondly, we present a construction for an infinite class of

perfect hash families. It provides an affirmative answer to both Bazrafshan-Trung’s open problem

on separating hash families and Alon-Stav’s conjecture on parent-identifying codes. Thirdly, let

pt(N, q) denote the maximal cardinality of a t-perfect hash family of length N over an alphabet of

size q. Walker and Colbourn conjectured for sufficiently large q it holds that p3(3, q) = o(q2). We

verify this conjecture by proving q2−o(1) < p3(3, q) = o(q2). Our proof can be viewed as an appli-

cation of the (6,3)-theorem. We also prove q2−o(1) < p4(4, q) = o(q2), using tools from additive

number theory.

In Chapters 6 and 7, we study two coding problems in the area of information sciences, respec-

tively. The first one is the centralized coded caching scheme, which is proposed by Maddah-Ali

and Niesen as a technique to reduce the network burden in peak times in a wireless network sys-

tem. The rate R(K) and the complexity F (K) are two major evaluating indicators for a caching

scheme, where K is the number of users. The goal is to design caching schemes with R(K) and

F (K) both as small as possible. Previous caching schemes have constant R(K) and exponential

F (K). We relate this problem to the construction of 3-uniform 3-partite (6,3)-free hypergraphs

and present the first caching scheme in the literature, which has constant rate and sub-exponential

complexity. The second one is the distributed storage codes, which have important applications in

the design of modern storage systems. Piggybacking design is a strategy to construct storage codes

with both good decoding complexity and repair bandwidth. By introducing a novel piggybacking

framework, we present a piggyback code which has the same decoding complexity as the previous

one, while the repair bandwidth rate is reduced from r−1
2r−1

to
√

2r−1
r

.

In Chapter 8, we discuss an extremal problem over the finite fields. Recently, Croot-Lev-Pach

and Ellenberg-Gijswijt used a novel polynomial method to give upper bounds for three-term arith-
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ABSTRACT

metic progression free sets in Zn4 and Fn3 , respectively. These two papers have been published in

“Annals of Mathematics”. Their method was summarized by Terence Tao as a principal which

counts the slice-ranks of certain multi-variable polynomials. We develop a variant of Tao’s count-

ing formula and use it to prove that, if q is a fixed odd prime power, then the maximal cardinality

of a subset A of Fnq with no three distinct elements x, y, z ∈ A satisfying < z−x, y−x >= 0 is at

most
(
n+q
q−1

)
+ 3. This bound substantially improves the previously known boundO(q

n+2
3 ) for fixed

q and sufficiently large n.

Keywords: disjunct matrix, frameproof code, parent-identifying code, traceability code, sparse

hypergraph, hypergraph removal lemma, sum-free set, separating hash family, perfect hash family,

centralized coded caching, (6,3)-theorem, piggyback code, right angles over finite field
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u1�g­.�Ô"3�Ô¥§�
~

�{�¥rÓ�u¾Ç§�)�I�éz�¬W?1É�uÿ",
§¬Wêþ±¤Zþ

�P§zguÿqI�Ñ����mÚ�¬"XJÅ�uÿ¬W§¤Ñ�m!¤^�ã"

1943c§MÃ�Æ�²LoÚOÆ[DorfmanuL
��Í¶Ø© [56]§�.Uû
lcÅ

gÿÁ��{"ù�Ø©��@�´|Ü+ÁnØ�mì��"

b�z������
���½���G�§�5£�¡�a/�¤§Ò5£�¡X

À�¤"�gÿÁ�±�w¤´�
���8Ü"·��üÑ´r¤k�¬©|§�O¤

eZ��pÕá�ÿÁ"XJ,gÿÁ(J�0§@o§�¹�¤k��Ñ´Ò5�¶X

JÿÁ(J�1§K§���¹���5��"Ïd§·��±'5@
(J�0�ÿÁ

8§í�Ù¥�¹�¤k��£ù
��Ñ´Ò5�¤§2��Ä�e��þ���G�"

Ï~�5���êþk��þ.d"

Ï~·�kü«�{§=g·5�{Ú�g·5�{"g·5�{��O¤äkeZ

Ó§ÓÓm�ÿÁ´�pÕá�§�´�Ó�ÿÁ�±|^cÓ�ÿÁ(J"��§�g

·5�{Ó�?1¤kÿÁ§¿�7L3�ÓS£OÑ¤k��5��"du�±|^�

õ&E§g·5�{g,�'�g·5�{I����ÿÁgê",
§�g·5�{�

kÙg��`³§¦��!��m"·��ïÄé�Ì�´�g·5�+Á�Y"

���g·5+Á�Y�±�L«���t×n�Ù�£��¤Ý
M§Ù¥§·�^

ÿÁ5IPM�1§^��5IP§��§XJ1j����¹31igÿÁ¥§Mij = 1¶

ÄK§Mij = 0"M²~��O¤¤¢�©lÝ
£Disjunct Matrix¤"·�`����Ý


´��d-©lÝ
(d-DM)§XJÙ?¿d��Ù�ÚØ�¹?¿Ù§��"{é{`§�

�Ý
´d-©l�§XJé?Ûd + 1�c1, . . . , cd+1±9?Ûj ∈ {1, . . . , d + 1}§Ñ�3�

1¦�T1=3cj?�1§Ù§/�Ñ�0"

·�g,�'%Xe�Ä�¯K§�½n!d§¦�����êt§¦��3�
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�t × n�d-DM"·�rù����tP�t(d, n)"g��­V8�c�©§?èÆ[Òm

©�Ät(d, n)�þe.§éu���n§·�kt(d, n) ≥ min{
(
d+2

2

)
, n}"ù�.L²
X

Jn ≤
(
d+2

2

)
§@o?Ûd-DM�{ÑØ¬`uÅguÿ��{ü��{"þã(J�Ñ


��k��¯Kµ�½d§Û��3��`uÅguÿ�{��g·5+Á�{ºù�

duJ¯µ�½d§¦���t¦��3��t × n�d-DM÷vn ≥ t + 1"·�Pù���

�t�T (d)"1985c§n Í¶�|ÜÆ[Erdös§FranklÚFürediy²T (d) ≥
(
d+2

2

)
§¿ß

ÿlimd→∞ T (d)/d2 = 1§$�T (d) ≥ (d+ 1)2"n�õc5§ù�(J��vk�U?"�

C§·�|^
ãØ¥���²;(J§=ErdősÚGallai�ã��½n [70]§4�/U?


T (d)�®��§Ì�ó��±�L«�Xe½n"

½n1.1.1. T (d)/d2 ≥ (15 +
√

33)/24"

w,§·��(J4��Jp
lc�(J§��ß���k�½�å"�ö3ù�

ÌKS®²�¤
��©Ù£�Ì�ïÄ¤J¥�©z1¤§uLu5IEEE Transactions on

Information Theory6"ù�ÌKéAu�Ø©�1�Ù"

1.2 êêêiii���«««èèè

p�°�ä�Ê9ÚõxNEâ�uÐ§¦�õxNêâ¤�·��p�Ï�Ì�1

N",
3õxN�­.Ð«Ù�å�Ó�§Ù6±¤õ�EâÄ:��U�§�5ã�

�%�"êi©�´u©uÚE�§����³§Ùd�ò��ò�"�)ûT¯K�±

æ^êi�«"êi�«´òØÓ�I�5£O�è))�«§|^êiY<Eâi\�

êixN¥§,�òi\
�«�êixN©u�^r"u1ûuy��1��§ÒUÏ

LJ����¬¥��«§(½�{E��5
§é��ö?1å�§l
å����o

��^"

PC���(N, n, q)�«è§=§§´�
q�N��þ�8Ü§�8Ü����n"�

�kn�^r§z�^r�©�
ØÓ��«£½ö`´\
�«��¬¤x ∈ C"�

kt �^rD = {x1, . . . , xt} $ãÏLÜ*5��ù��¬§Ù¥§é1 ≤ j ≤ t§·�

kxj = (xj1, . . . , x
j
N)"b�¦���Ñ��¬�y = (y1, . . . , yN)"w,§�
�±�¬�k

�5§yi��ØU�B�§
´7LÎÜXe5Æµé1 ≤ i ≤ N§·�kyi ∈ {x1
i , . . . , x

t
i}"

ù«5Æ��¡�´¤¢�/marking assumption0§=IPb½§�©¤k'u�«è�

?ØÑ7LÎÜIPb½"·��8I´§ÏLÜn/�E�«èC§¦�§U÷vXe
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^�µ�Ø�Lt�^rÜ*�§XJ®�Ü*�þy§·��±ÏLyJlÑ��½õ�

Ü*^r"

�â§��5Urf§®���«èÌ�©�±en«µ1�§�Á�è£Frameproof

Codes¤§ù«èvkJlõU§�´§�±��Á�))Ø�Lt�^rÜ*
���þyØ

�uC¥Ù§?¿Ø3TÜ*8Ü¥�èi§�é{`§�Á�è�±��t��{^r

�EÑ,��Ü{^r�èi§?
��TÜ{^r�Á�¶1�§I�£Oè£Parent-

identifying Codes¤§ù«è��´�Á�è§�´äk�½�JlUå))�kØ�Lt�

^rÜ*�§·��±3�mO(Nnt)Sé�����Ü*ö¶1n§Jlè£Traceability

Codes¤§ù«è��Q´�Á�è§q´I�£Oè§�´äk�r�JlUå))�k

Ø�Lt�^rÜ*�§·��±3�mO(Nn)Sé�����Ü*ö"XJ·�æ^�

ÞÈè£List Decoding¤�{ [18,125]§Jl�m�±�?�Ú~��O(N logc n)§c�,�

�½~ê"

ùn«è�rf'Xw
´�§§��JlUå��´d§�S3�|Ü(��rf

¤�y�"d	§ØÓ�|Ü(���±�ÑØÓ�Jl�{"Ïd§ïÄùn«�«

è§Ò´ïÄ3ØÓ|Ü(�e|Üé��þe."·��¤JÌ�8¥3§�þ.�U

?þ§�±©OL«�Xen�½n"

½n1.2.1. �C���rÝ�tè��N����Á�è§K�t ≥ 3�N < 15+
√

33
24

(t− 2)2�§

k|C| ≤ N"

½n1.2.2. �C���rÝ�tè��N�q�I�£Oè§-v = b(t/2 + 1)2c§Ù¥§

0 ≤ r ≤ v − 2´����ê¦�N ≡ r mod (v − 1)§@o·�k|C| ≤ rqdN/(v−1)e + (v −

1− r)qbN/(v−1)c"

½n1.2.3. �C���rÝ�3è��N�q�Jlè§@o·�k|C| ≤ cqdN/9e§Ù¥§c´

��==�6uN�~ê"

Ù¥§½n1.2.14�/Jp
lc�(J§r÷v|C| ≤ N���lN ≤ 3t [81]£�5

�¤Jp�N < 15+
√

33
24

(t − 2)2£²��¤§�´�ß��N(t) = t2 + o(t2)�k�½ål"

½n1.2.2U?
Alon�< [15]lc�(J|C| ≤ (v− 1)qdN/(v−1)e¶�v− 1 - N�§Ä��Xê

�U?�,�r < v − 1�~ê"Jlèþ.�(½��´���©(J�¯K§Blackburn

�< [36]ßÿérÝ�t�Jlè§k|C| ≤ cqdN/t
2e¤á"8c§==��Tß�ét = 2¤
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á [36]"½n1.2.31�gy²
Tß�ét = 3�¤á"

'u�Á�è!I�£Oè�Jlè§�ö®�¤
ü�©Ù£�Ì�ïÄ¤J¥�

©z4Ú©z5¤"Ù¥��®²Ýv�5IEEE Transactions on Information Theory6"ù�Ì

KéAu�Ø©�1nÙ"

1.3 DDDÕÕÕ���ããã

DÕ�ã¯K´Brown§ErdősÚSós [39,40]3Ô�c�@ÏJÑ���²;�Turán.¯

K"ù´����J�¯K§É�
|ÜÆ.$�êÆ.�2�­À"Szemerédi3ïÄD

Õ�ã�ME5/uÐÑ
�K5Ún£Regularity Lemma¤§¤�Ù¼�Abelø�­��

â��"DÕ�ã�ïÄÃ{ôÜ
4��{!VÇ�{!\{êØ��X��{§T¯

KE,´|ÜÆ.�ïÄ9:��"

�ã´��é:8Ú>8H = (V (H), E(H))§º:8V (H)�±�w�´��k�8

ÜX§>8E(H)K´X ��
f8�8Ü"���ãH´r-þï�§XJé¤kA ∈ HÑ

k|A| = r"^Gr(v, e)IPke^>�v�º:�r-þï�ã�8Ü"���§·�`ù


�ã´dv�º:Ü¤�e^>"Brown§ErdősÚSósÚ\
¼êfr(n, v, e)5L«�n�º:

þ�r-þï�ãØ¹v �º:Ü¤�e^>�§¤�U¹k���>ê"ù�du`§é

?¿e^>A1, . . . , Ae§¤á|A1 ∪ · · · ∪ Ae| ≥ v + 1"Ï�Ù>�DÕ5§ùa�ã��

¡�DÕ�ã"·�a,��r, v, e ´�½�§
n ª�uÃ¡����/"®�éz

�r > k ≥ 2�e ≥ 3§Ñkfr(n, e(r − k) + k, e) = Θ(nk)§þ.5gu��{ü�Oê§e

.5guIO�VÇ�{",
§ér > k ≥ 2�e ≥ 3û½fr(n, e(r − k) + k + 1, e)�ì?

Ly�Jõ
§k��'ufr(n, e(r − k) + k + 1, e)�Í¶ß�"

ß�1.3.1. nk−o(1) < fr(n, e(r − k) + k + 1, e) = o(nk)é¤k�êr > k ≥ 2§e ≥ 3Ñ¤á"

é�{ü��/§r = 3, k = 2, e = 3§Ruzsa�Szemerédi [119]y²
Í¶�(6,3)-Ú

nµn2−o(1) < f3(n, 6, 3) = o(n2)"Erdős§Frankl§Rödl [68]rù�(JÿÐ�µn2−o(1) <

fr(n, 3(r − 2) + 2 + 1, 3) = o(n2)é?¿r ≥ 3 Ñ¤á"Alon�Shapira [14]?�Úí2�µ

nk−o(1) < fr(n, 3(r−k)+k+1, 3) = o(nk)é?¿r > k ≥ 2Ñ¤á"Sárközy�Selkow [120,121]y

²µfr(n, 4(r−k)+k+1, 4) = o(nk)"©z [14]�e.�ü�"(�~fn2−o(1) < f3(n, 7, 4)!

n2−o(1) < f3(n, 8, 5)´¦ß�1.3.1�e.¤á�¤k®��/"

·�éß�1.3.1�þe.Ñ��
�
#(J§©OLã�Xeü�½n"

4



1 XØ

½n1.3.2. fr(n, e(r − k) + k + 1, e) = o(nk)é¤k�êr ≥ k + 1 ≥ e ≥ 3Ñ¤á"

½n1.3.3. fr(n, e(r − k) + k + 1, e) = o(nk)é¤k�êr ≥ 3�k = 23e = 4, 5, 7, 8�Ñ¤

á"

Ù¥§½n1.3.2�y²|^
Í¶��ã£ØÚn£Hypergraph Removal Lemma¤"

·��(J)û
ß��þ.�¤k/{ü0�/§Ï�§�±íÑ�c¤k�®

�(J§�1���)û��¹Ò´Í¶�(7,4)-¯K"½n1.3.3`²
ß���>

ér ≥ 3Úk = 23e = 4, 5, 7, 8�Ñ¤á"5¿�§y��÷vß���E5(JÑÎ

Ür = 3½öe = 3"·���E´{¤þ1���»ù�}j�"·��y²�÷uãØ

�\{êØ¥�ü�#Vg§=çô��R-sum-free8Ü"

'uDÕ�ã§�ö®²�¤
��Ø©£�Ì�ïÄ¤J¥�©z9¤"TÌKéA

�Ø©�1oÙ"

1.4 MMMFFF¼¼¼êêêxxx

�©MFx£Separating Hash Family¤´�a�~k^�|Ü(�§§´dStinson§

WeiÚChen [131]JÑ�"§�´éõ|Üé��ÿÐ§~X§�{MFx§�Á�è§I�

£Oè�"

½Â1.4.1. -XÚY©O´���nÚq�8Ü"·�¡���¹N�¼êf : X → Y�8

ÜF���(N ;n, q)-MFx"

½Â1.4.2. �f : X → Y´��¼ê§�üüpØ���8ÜC1, C2, . . . , Ct ⊆ X"X

Jf(C1), . . . , f(Ct)´üüØ���§K¡f©l
C1, C2, . . . , Ct"AO�§¡f©l
��

8ÜC ⊆ X§XJf(C) ⊆ YTk|C|�ØÓ��"

½Â1.4.3. -XÚY©O´���nÚq�8Ü§�F´��lX�Y�(N ;n, q)-MFx"·

�`F´��(N ;n, q, {w1, . . . , wt})-�©MFx£·��P�SHF (N ;n, q, {w1, . . . , wt})¤§

XJ§÷vXe5�µé¤küüpØ���8ÜC1, C2, . . . , Ct ⊆ X§|Ci| = wi§1 ≤ i ≤

t§Ñ�3����¼êf ∈ F©l
C1, C2, . . . , Ct"·�rõ­8Ü{w1, . . . , wt}¡�ù�

�©MFx�."
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ew1 = w2 = · · ·wt = 1§K��SHF (N ;n, q, {1, . . . , 1})Ò´Ù��t-�{MFx

£Perfect Hash Family¤§��P�PHF (N ;n, q, t)"N´wÑ§�{MFx÷v¤k�©M

Fx¥�r�©l5�"Pu =
∑t

i=1 wi§^C(N, q, {w1, . . . , wt})�pt(N, q)©OL«��

�n§¦���SHF (N ;n, q, {w1, . . . , wt})½öPHF (N ;n, q, t)�3"·��Ì�éïÄé

�Ò´�©MFx��{MFx§·�)û
eZ'uÙþe.�úm¯KÚß�"

Äk§ÏL�«�¡�©þ©|��{§.½C(N, q, {w1, . . . , wt})�±�8�u.

½C(u−1, q, {w1, . . . , wt})§ù´Ï�C(N, q, {w1, . . . , wt}) ≤ C(u−1, qdN/(u−1)e, {w1, . . . , wt})"

ïÄö�3Ïé����¢êγ¦�C(u − 1, q, {w1, . . . , wt}) ≤ γqé?¿�qÑ¤á"

2011c§BazrafshanÚTrung [19]y²
C(u− 1, q, {w1, . . . , wt}) ≤ (u− 1)q"¿�§¦�JÑ


Xeúm¯K"

¯K1.4.4. ´Ä�3,�.{w1, . . . , wt}¦�~ê(u − 1)�±�,�î��u§�~êO

�º

ÏL�ÑXe��E§·���¦��¯K��Ä½�£�§�T�E�£�


AlonÚStav [16]'uI�£Oè���ß�"

½n1.4.5. é?Û�êq ≥ 2ÚN ≥ 2§Ñ�3��PHF (N ;NqN−1, qN−1+(N−1)qN−2, N+

1)"Ïd§γ = u− 1´÷vC(u− 1, q, {w1, . . . , wt}) ≤ γqé?ÛqÑ¤á���~ê"

d	§·����
�©MFx�8c�Ð���."

½n1.4.6. b��3��SHF (N ;n, q, {w1, . . . , wt})§-u =
∑t

i=1 wiÚ1 ≤ r ≤ u − 1�

��ê§÷vN ≡ r (mod u − 1)"XJC(bN/(u − 1)c, q, {w1, . . . , wt}) ≥ u§K·�

kn ≤ rqdN/(u−1)e + (u− 1− r)qbN/(u−1)c"

5¿�§�q¿©��§ÏL��VÇ�E�±�� [32]½n1.4.6¥��êdN/(u −

1)e3(u− 1)|N�´;�"�´§�(u− 1) - N �§�ê�;5�~J±(½§$�ë�{

ü��/§u = 3ÚN = 3§WalkerÚColbourn [141] JÑ
Xeß�"

ß�1.4.7. p3(3, q) = o(q2).
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8c®��(J==´Ω(q5/3) = p3(3, q) = O(q2)"�´§·�|^RuzsaÚSzemerédi [119]

�(6,3)-½n�\{êØ�E|§Ø=y²
ß�1.4.7´¤á�§
���
��Ð��

E5(J"¢Sþ§·���
Xe½n"

½n1.4.8. é?¿�½ε > 0§�q¿©��§·�Ñkq2−ε < p3(3, q) = o(q2)§�q2−ε <

p4(4, q) = o(q2)"

'u�©MFx��{MFx§·�®�¤
��©Ù£�Ì�ïÄ¤J¥�©

z3¤§uLu5SIAM Journal on Discrete Mathematics6"ùÜ©SNéAu�Ø©�1Ê

Ù"

1.5 ������???èèè���YYY

ÀªDÂ®²¤�·�F~)¹¥Ã�êâ×l���­�°ÄÏ�§¿�§§�¡

�XÚ\58�O�I¦"b�·�k��Pkã�êâ�;�ÑÖì§§��|^r

�ë"z�^rÑF"lÑÖì��,�A½�©�"Ó��m��þI¦~~¬-Ã

��ä×l§ù¬��XÚ�ò�Ú�1§fz^rN�"��´)ûù�¯K��«�

{"3�äK1é$�§XÚr©��,
Ü©©u�z�^r���¥§Ïd§3�a

�ã§^r�I¦Ò�±lù
��¥¼Ã"

���Y�kü��ãµ©�Ù��ã§ù�z�©��,
êâ��â��ýk�

½Ð�üÑ��\z�^r���¥¶©�©��ã§ù�ÑÖì�â¤k^r�ØÓ

I¦§�O���Yrù
¤Iêâ��³½Ú£XOR multiplexing¤^�����ó�

2ÂÑ�"b�·�kK�^r§N�ü ���©�§z�^rÑ¹k���M�S�

�m"3©�uÙ�ã¤I�DÑoþ�¡�ù��Y�'Ç§P�R"�
¢y���

��Y§z�©�Ñ�y©¤�½êþ�êâ�§·�rù�ê8P�F"��5`§�

½K§M§N§RÚFùü�ëê´�����Y�Ì�ïþ�I"'ÇR�L
ù��Y

��Ç§
FKL«
§�E,Ý"·�rRÚFL«¤'uK�¼ê§��/`§K�

êþ¬é�"¤±§·�Ï~F"R´�KÃ'�~ê§
F¦�U�XK�úO�"�

�5`§3ù�ïÄ+�·�kXeØ%¯K"

¯K1.5.1. XJM/N�RÑ´�½��KÃ'�~ê§@o§év
��K§´Ä�

3F�Kõ�ªO�����Y�Oº
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®�?è���Y§~XMaddah-Ali-Niesen�Y [101]�Yan�<�PDA�O [147]§Ñ÷

vR(K)´~ê§�F (K)´�ê¼ê"·�©Olþe.ü��¡ïÄ
ù�¯K§Ì�

�(J�±�L«�Xeü�½n"

½n1.5.2. XJM/N�RÑ´�½��KÃ'�~ê§@o§év
��K§F�K�5O

��PDA�O´Ø�U�3�"

½n1.5.3. XJM/N�RÑ´�½��KÃ'�~ê§@o§év
��K§�3F�Kæ

�êO��PDA�O"

�
ê�¢�L²§·��(J��U?
©z [101]�©z [147]¥�(J"'u�

��Y§�ö®�¤
��©Ù£�Ì�ïÄ¤J¥�©z6¤§®²Ýv�5IEEE

Transactions on Information Theory6"ù�ÌKéAu�Ø©�18Ù"

1.6 Piggybackèèè

©Ùª�;´�«�,�M��;Eâ"3©Ùª�;XÚ¥§��êâ�;3�X

��;!:¥"ù
!:ÔnÕá¿ÏL���äë�"Ï�z��!:Ñk�½�V

Ç��§·�7LÚ\P{55(�XÚ���5"����üÕ��;!:��§7L

¦^�;33�!:�êâòÙ¡E"�?E�}�!:�§ko�ëê·�I��Ä§

=§O�K1!�ä�°!^�I / OÚI�¯^��êþ"�õêyk��;?èEâ�

´�Äùo�ëê����`5§�©�Ì�'%�´`zcü�ëê"·�½Â²þ?

E�°Ç§γ§�²þ?E�°Ú�©êâþ�'�"

MDSè´êâ�;¥�«�2�¦^Åíè§?E����;!:�I|^k��

�\{Ú¦{§,
§?E�����!:§§I�e1����©êâ"�é{`§

MDS�;è�²þ?E�°§γMDS§�u1"Rashmi�< [114,115]
JÑ�«piggybackingµ

e§Ø=�±
MDSè�$O�E,Ý§�k²þ?E�°ÇγRSR = r−1
2r−3
≈ 1

2
< γMDS"

�©�Ì�8�´�O��#�piggybackingµe§±?�Ú~��;è�XÚ!:

�?E�°"ÏL�X�|ÜE|§·��O�#piggybackèØ=Pk�RSRè�Ó�

O�E,Ý§�Ù²þ?E�°Ç�±$�γNEW =
√

2r−1
r
"

'uù�ÌK§�ö�ö®�¤
��©Ù£�Ì�ïÄ¤J¥�©z7¤§®²Ýv

�5IEEE Transactions on Information Theory6"ù�ÌKéAu�Ø©�1ÔÙ"
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1.7 kkk������þþþ���������

l2016c5�m©§�XCroot-Lev-PachÚEllenberg-Gijswijt�<3õ�ª�{¥�â

»5?Ð§|ÜÆ���+��)
��1­�¤J"Ù¥§�wÍ�¤J�áCroot�

< [53] ±9EllenbergÚGijswijt [64]©Oy²
Zn4�Fn3þØ¹n���ê����f8Ñ´�

ê��"ùü�©ÙÑuL3êÆ.�ºkÏr5Annals of Mathematics6þ">óZ�é

'5ù�¯K§�Ñ
ü�Æ�©Ù [137,138]5�ã¦��{"·��5¿�
ù«õ�ª

�{§¿^§5U?�ak��þ�4�¯K�þ.§äN¯KXe¤ã"

�q����ê�§V = Fnq ´k��Fqþ�n��þ�m"·�ò�	V���4�

5�"·�a,��´V�Ø�¹?Û�����f8��"·�`��8ÜA ⊆ V �¹

����§XJ�3n�ØÓ���x, y, z ∈ A¦�< z − x, y − x >= 0§ùp< ·, · >L

«Fqþ�SÈ"PR(n, q)�Fnq����Ø¹���f8"3©z [22] ¥§Bennetty²


R(n, q) ≤ O(q
n+2
3 )"ÏLUûTao¤JÑ���OêÚn§ÏLO��
õCþ¼ê�

�§·���
Xe½n"

½n1.7.1. -q´��Û�ê�§A´Fnq���f8§¦�Ø�3n�ØÓ��x, y, z ∈ A÷

v< z − x, y − x >= 0§@o§|A| ≤
(
n+q
q−1

)
+ 3"

�±wÑ§�q�½�§·��(JwÍ/U?
�c�(J"~X§�q = 3�§

R(n, 3)�lO(3
n+2
3 )U?�(n+ 3)2 + 3"·��#þ.¢Sþ´n���õ�ª¼ê"ù´

�~k¿g�§Ï��c¦^aq�õ�ª�{���(JÑ´n��ê¼ê"

'uù�ÌK§�ö�ö®�¤
��©Ù£�Ì�ïÄ¤J¥�©z8¤§®²Ýv

�5Journal of Combinatorial Theory, Series A6"ù�ÌKéAu�Ø©�1lÙ"
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2.1 {{{000

�½n��ÿ��§b�Ù¥�õd�´�5�§|Ü+ÁnØ�8I´^¦�U��

ÿÁgêuy¤k��5��"§�{¤�±J��1�g­.�Ô§��§)ÔÆ[�

I�l�þ<�¥£OÑrÓ�|���ö"Dorfman3ÿÁÉ���� [56]§�@JÑ


|Ü+Á�g�"l@�å§+ÁnØ�4�ÿÐ
§¿3éõ�¡��
A^¶~X§

zÆ�³ÿÁ [126]§>´á´ÿÁ [45]§õ�Ï& [25,145]§DNA×£ [58]§�ª£O [100]Ú�ä

S� [146]"

b�z������
���½���G�§�5£�¡�a/�¤§Ò5£�¡X

À�¤"·��üÑ´r¤k�¬©|§�O¤eZ��pÕá�ÿÁ"XJ,gÿÁ(

J�0§@o§�¹�¤k��Ñ´Ò5�¶XJÿÁ(J�1§K§���¹���5�

�"Ïd§·��±'5@
(J�0�ÿÁ8§í�Ù¥�¹�¤k��£ù
��Ñ

´Ò5�¤§2��Ä�e��þ���G�"Ï~�5���êþk��þ.§d"�


éÑ¤k�5��§·��±==Õá/uÿz���§ù�o�I�ngÿÁ",��

¡§d&EØ�Ñ�þ.`²§��I�log
∑d

i=0

(
n
i

)
≈ d log n

d
gÿÁ"�n¿©��d�

�un�§n�d log n
d
�mkX4��õ�§Ïd·�I�c[�O·��uÿ�{§±Ï

¦^¦�U��ÿÁê8"

Ï~·�kü«�{§=g·5�{Ú�g·5�{"g·5�{��O¤äkeZ

Ó§ÓÓm�ÿÁ´�pÕá�§�´�Ó�ÿÁ�±|^cÓ�ÿÁ(J"��§�g

·5�{Ó�?1¤kÿÁ§¿�7L3�ÓS£OÑ¤k��5��"du�±|^�

õ&E§g·5�{g,�'�g·5�{I����ÿÁgê"Cq/ù§�g·5�

{��I�Ω( d2

log d
log n)gÿÁ [59,77,116]"�´g·5�{�IO(d log n)gÿÁ§Ú�`�

&EØ.�����~ê� [47]",
§�g·5�{�kÙg��`³"¦��!��

m§3�m¤�é��A^|µ¥�Uu��^§~X§DNAçÀ±9�äS�"

'u�g·5+Á�{3©f)ÔÆ§cÙ´DNAçÀ¥�A^§�C��c5®²

11
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kéõ�\�ïÄ"Öö��±ë�DuÚHwang�nÜÖ� [58]¼��\�[�&E"C

c5§Xuan�< [146]uy§|Ü+Á�g��±�g,/A^u�äS�¥"3�{ü�

�äôÂ|µe§·�b�kn�^rë��t��äpÑì§3n�^r¥§kØ�Ld�

ôÂö"aquuÿügÿÁ�0-1£A§��,�ôÂöôÂ��pÑì§TpÑì�

]
Ò¬�Ñ¦"Ïd§·�¿ØJ£OÑ=�pÑì�;ÉôÂ"3�äS���½

e§�g·5+Á'g·5+Á�É'5µ�Yw
´�§·�7L¦�U¯/uyôÂ

ö§Ø,¦��U¬����äE¤���»�"

���g·5+Á�Y�±�L«���t × n�Ù�£��¤Ý
M§Ù¥§

·�^ÿÁ5IPM�1§^��5IP§��§XJ1j����¹31igÿÁ

¥§KMij = 1¶ÄK§Mij = 0"M²~��O¤¤¢�/©l0Ý
"ù�Vg´

dKautzÚSingletonJÑ� [93]§��¦��3ïÄ&EÖ�XÚ¥�,
­�¯K"��§

Erdős§FranklÚFüredi [67]Ú\
��¶�/cover-free family0£CFF¤�|Ü(�§CFF�

'éÝ
TÐ´��©lÝ
"·�`����Ý
´��d-©lÝ
(d-DM)§XJ

?¿d��Ù�ÚØ�¹?¿Ù§��"{é{`§��Ý
´d-©l�§XJé?

Ûd + 1�c1, . . . , cd+1±9?Ûj ∈ {1, . . . , d + 1}§Ñ�3�1¦�T1=3cj?�1§Ù

§/�Ñ�0"��d-DM�±�Ñ���g·5+Á�Y",��¡§?Û���g·

5+Á�YÑ7L´��(d − 1)-DM [57]"Pt(d, n)�¦��t × n�d-DM�3����t"

D’yachkov�< [61,62]CÏ�(Jy²§e¡�.ì?¤áµ

d2 log n

2 log d
(1 + o(1)) ≤ t(d, n) ≤ cd2 log n(1 + o(1)),

Ù¥§c�,�~ê"�±wÑþe.���k��õ�log d§XÛ�Øù�õ�´|Ü

+Á+�S�Ì�úm¯K"ùp§·�'%T+�S�,��­�úm¯K"éu��

�n§·�kt(d, n) ≥ min{
(
d+2

2

)
, n}§D’yachkovÚRykov [60] rù�.8õuBassalygo"ù

�.L²
XJn ≤
(
d+2

2

)
§@o?Ûd-DM�{ÑØ¬`uÅguÿ��{ü��{"þ

ã(J�Ñ
��k��¯Kµ�½d§Û��3��`uÅguÿ�{��g·5+

Á�{ºù�duJ¯µ�½d§¦���t¦��3��t × n�d-DM÷vn ≥ t + 1"·

�Pù����t�T (d)"w,§·�kT (d) ≥
(
d+2

2

)
Út(d, n) ≥ min{T (d), n}"1985 c§

Erdös§FranklÚFüredißÿ [67]µ

lim
d→∞

T (d)/d2 = 1, (V ersion I),

T (d) ≥ (d+ 1)2, (V ersion II).

12
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d	§¦�(¡���éd ≤ 3Ñ¤á§¿�limd→∞ T (d)/d2 ≥ 5/6§�´vk�Ñ

y²"5¿�§d + 1���²¡�'éÝ
´��(d + 1)2 × ((d + 1)2 + (d + 1))�d-

DM§¿�äk~ê�­d + 1"¿�§�d + 1´�ê��§d + 1����²¡o´�

3� [41]"ù¿�Xlimd→∞ T (d)/d2 ≤ 1§��d + 1´���ê��kT (d) ≤ (d + 1)2"

2001c§HuangÚHwang [87]y²���éd = 4¤á"2007c§ChenÚHwang [46]y²��

�éd = 5�¤á"�´'uT (d)/d2�4��§n�õc5Ñvk?ÛU?"�©$^


Erdős ÚGallai �ã��½n [70]§`²T (d) ≥ 15+
√

33
24

d2"·��Ì��{´|ÜOê§

O�©lÝ
��¤�¹�,«A½|Ü(��êþ"w
´�§·��(ØwÍJp


�c�(J"���J�´§äk~ê�­�©lÝ
3DNAçÀ¥kXAO�A^ [58]"

Chee�Æ¬Ø© [42]�	
þãß�3d-DMäk~ê�­d + 1���/§�´¿vkòÙ

��)û"|^��{ü�OêE|§·���)û
ù�¯K"

·��Ì�(J�ÞXe"

½n2.1.1. �M´��t× n�d-DM§¿�äk~ê�­d+ 1"en > t§Kt ≥ (d+ 1)2"

½n2.1.2. �M´��t× n�d-DM"en > t§Kt ≥ 15+
√

33
24

d2"

·�ò312.2!y²½n2.1.1§312.3!y²½n2.1.2§312.4!�Ñ�
�("

2.2 '''uuu~~~­­­ÝÝÝ


���������{{{üüü...

é��t×n���Ý
M§1Ú0�±L«��éA�8ÜX�'é(�"-T = [t] :=

{1, . . . , t}���t�8§F = {F1, . . . , Fn} ⊆ 2T§@oM�±�w¤´(T,F)�'éÝ
§

¦�é¤ki ∈ [t]§j ∈ [n]§i ∈ Fj��=�Mij = 1"·��±^�cjO�f8Fj§=§

i ∈ cj��=�Mij = 1§ù�L²1i1�¹
1j �"M�,��¡�´�á�§XJ

�3�1==��'é§�Ø�Ù§?Û�'é"·�¡ù�1´�T�éA��á

1"eM´��d-DM§¿¹k,��á�c§@o§·��±í�cÚÙéA�,���

á1"·���
��(t − 1) × (n − 1)�Ý
M ′§´�M ′�±
d-©l�A5"@o§

éMkn > t��=�éM ′kn− 1 > t− 1"dT (d)�½Â��§÷v(n− 1) > (t− 1)��

�t��´T (d) + 1"±þ�*	�±�o(�XeÚn"

Ún2.2.1. -M���t× n�d-DM§ec�M��á�"en > t§@ot > T (d)"

13
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y². í��cÚ��éA��á1§·�����(t−rc)×(n−1)�d-DM§ùp§rc ≥ 1´

�c'é��á1�ê8"dun− 1 > t− rc§KdT (d)�½Â��§t− rc ≥ T (d)§?


��§t ≥ T (d) + rc"

Ïd§�
û½T (d)§·��I�ÄØ�¹�á��Ý
"�c�­þ|c|L«�c¤¹

k�1�êþ"d-DM�?Û��á���­Ñ���d + 1§Ï�§�¹�?¿1Ñ��¹

uÙ§,�¥"Ïd§éuØ¹�á��d-DM§§����­�d + 1"½n2.1.1y²


ß�����3�{ü��¹e¤á§=äk~ê�­d+ 1�d-DM"

½n2.1.1�y²Xe"

½½½nnn2.1.1���yyy²²². dÚn2.2.1��§·�o´Ub½MØ¹�á�"@o§é?¿ØÓ

�c�c′§N´y²|c ∩ c′| ≤ 1"^C(i)L«31i1¹k1���8Ü"ÏLO���Ý


�¹�¤k1�ê8§·���
∑t

i=1 |C(i)| = n(d + 1) ≥ (t + 1)(d + 1)"Ïd§�

3,�1 ≤ i0 ≤ t¦�|C(i0)| ≥ d (d+1)(t+1)
t
e ≥ d + 2"5¿�§c ∩ c′ = {i0}é¤k�c§

c′ ∈ C(i0)Ñ¤á§·�kt ≥ | ∨c∈C(i0) c| = 1 + (d+ 2)d = (d+ 1)2§ùp§∨L«��Ù�

Ú£½ö`8Ü�¿¤"

2.3 '''uuuT (d)���������...

b�K´��k�8Ü§·�^
(
K
λ

)
5L«K�¤kλ�f8§Ù¥§1 ≤ λ ≤ k´

���~ê"-G ⊆
(
K
λ

)
�K�λ�f8¤�¤�8x"��êv(G)�½Â�G��õ

�pØ�����ê8"�é{`§?�G¥v(G) + 1�ØÓ��§Ù¥�½�3ü�

����Ø��"4�8ÜØ���²;¯KÒ´�v(G)�½�§(½|G| ����"

-m(k, λ, µ) = max{|G| : G ⊆
(
K
λ

)
, |K| = k, v(G) ≤ µ}"1959c§ErdősÚGallai [70](½


�λ = 2�m(k, λ, µ)��"

Ún2.3.1. �k ≥ 2µ+ 1�§m(k, 2, µ) ≤ max{
(

2µ+1
2

)
,
(
k
2

)
−
(
k−µ

2

)
}"

3ïÄ©lÝ
�§��é­��Vg´/Ûh50§½ö`/hkÜ©0 [67]"

é,��½�Ý
M§[t]�,�f8�¡�´hk�§XJ§==�,���¹¶�

�[t]�,�f8�¡�´�hk�§XJ§���,ü��¹"�y²½n2.1.1�§·

�¢Sþ�Ä
hk�1-f8§Ï�,�´�á���=�§�¹��hk1-f8"

�
y²·�'uT (d)���.§·��	
hk2-f8�5�"�°(/`§·�

14
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��
��e.§=§d-DM�z������¹eZêþ�hk2-f8"é�c§½

ÂP (c) = {T ⊆ {1, . . . , t} : |T | = 2, T ⊆ c and T is private}§�c¤�¹�hk2-f8�8

Ü¶½ÂN(c)�c¤¹k��hk2-f8�8Ü"e�c�­þ�k§=§¹kk�1§@o·

�k
(
k
2

)
= |P (c)|+ |N(c)|§Ï�P (c)ÚN(c)y©
c�¤k2-f8"±eÚnJø
N(c)�

����þ."

Ún2.3.2. �M´��t × n�d-DM§�Mvk�á�"@oé?¿��c÷v|c| = d + s§

Ù¥1 ≤ s ≤ d− 1§·�k|N(c)| ≤ m(d+ s, 2, s− 1) ≤ max{
(

2s−1
2

)
,
(
d+s

2

)
−
(
d+1

2

)
}¤á"

y². dm(d + s, 2, s − 1)�½Â��§·��Iy²N(c)Ø�¹s�pØ���¤
"X

eØ,§c�e�(d + s) − 2s = d − s�17½�¹uM�d − s�¥§ù´Ï�cØ¹hk

�1-f8"@o§c�¹3s+ (d− s) = d��¿8¥§ù��
d-©l�5�"

és ≥ 1§²L��O�·��±�yXe�ª¤áµ

max{
(

2s− 1

2

)
,

(
d+ s

2

)
−
(
d+ 1

2

)
}

=


(
d+s

2

)
−
(
d+1

2

)
, s ≤ 2

3
d+ 2

3
,(

2s−1
2

)
, s ≥ 2

3
d+ 2

3
.

(2-1)

�
y²½n2.1.2§·��I���Ún"

Ún2.3.3. �M ´��t×n�d-DM"b�c´M�?¿��§�c�­þ�wc§@oí�cÚ

¤k�����1£=3c� �¹1¤§·��±����(t−wc)× (n−1)�(d−1)-DM"

y². �©z [58]�Ún2.2.2"

½½½nnn2.1.2���yyy²²². �âÚn2.2.1§·��±2�gb�Mvk�á�§KM����­�

��d + 1"�
y²ù�½n§·�éd?18Bb�"�â�c�(J§·��(Ø

é1 ≤ d ≤ 5Ñ¤á"b�(Øéd− 1�¤á"-c´äk���­�@��§�{Bå�§

-κ = (15 +
√

33)/24"@o§·��8I´y²t ≥ κd2"·��y²�±©�ü�Ü©"

�/1µ|c| ≥ d2κde"dÚn2.3.3��§í�c±9�§���1§·�����(t −

|c|) × (n − 1)�(d − 1)-DM"w,§dn > t��n − 1 > t − |c|"d8Bb���t ≥

|c|+ κ(d− 1)2 ≥ 2κd+ κ(d− 1)2 ≥ κd2"

15
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�/2µ|c| ≤ b2κdc"ù�§Mz���­�õ�b2κdc"�½,�u÷v|u| = d + s§

ùp1 ≤ s ≤ (2κ−1)d"·��Ou¤�¹�hk2-f8�êþ"��¡§e|u| ≤ 5d
3

+ 2
3
§K

dúª(2-1)�1��ªf��|P (c)| =
(
d+s

2

)
− |N(c)| ≥

(
d+1

2

)
¶,��¡§e|u| > 5d

3
+ 2

3
§

Kk2d/3 ≤ s ≤ (2κ − 1)d§dúª(2-1)�1��ªf��|P (c)| ≥
(
d+s

2

)
−
(

2s−1
2

)
≥

(d2 + 2ds− 3s2)/2 ≥ (3κ− 1)(2− 2κ)d2 = κd2/2"5¿�§dκ < 1��§|P (c)| ≥ κd2/23

ü«�/eÑ¤á"Ï�hk2-f8�oêØ�U�L
(
t
2

)
§·�k

(
t
2

)
≥
∑

c |P (c)| ≥

n× κd2/2 ≥ (t+ 1)κd2/2§dd´íÑ(Ø§y."

±e�(Ø�´w,�"

íØ2.3.4. t(d, n) ≥ min{15+
√

33
24

d2, n}"

y². ·�kt(d, n) ≥ min{T (d), n}§K(Ø¤á"

�ây²½n2.1.2aq��{§·��±y²XeÚn"

íØ2.3.5. �M´��t × n�d-DM"XJn > t§�éM�z�c§Ñk|c| ≤ b5d
3
c"@o§

·�kt > d2 + d+ 1"

y². dúª(2-1)��§|P (c)| ≥
(
d+1

2

)
é¤k��á�cÑ¤á"@o§d

(
t
2

)
≥
∑

c |P (c)| ≥

n
(
d+1

2

)
≥ (t+ 1)

(
d+1

2

)
��§(Ø¤á"

2.4 (((���

3�!¥§·��Ä
Xe¯K§=¦���t§¦��3��t × n�d-DM÷

vn > t + 1"·��(JwÍU?
�c�(J"·��{�M#53u§�Ä
h

k2-f8�5�§¿|^
ErdősÚGallai�ã��½n [70]"í2·��{���g,�{

´�Ä���hkf8§@o§ù�·��UI����ã���ã��½n [74]"XJù

��{�±1�Ï§@ò´ék��"
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3 êêêiii���«««èèè

3.1 {{{000

��Jl�Y´dChor§FiatÚNoar [50]u1994cÚ\�§¦��Ð©´�
�Â��

3�1�"��Jl�Y3êi�«½ö\�2Â�|µ¥Ñ�~k^§3ù«�¹e§

�k²LÇ��^râk]�¼�©u�©�"·�Ø�±��~f5`²êi�«è´

XÛ3���o¥u��^�"

3\�2ÂNX¥§û�úi�z�^rÑ©u��)�Ý"z�)�ÝdNr��

|¤§zr��kq«�U���"��¿Âe§ØÓ�����8ÜpØ��"z�)

�ÝÑ�±^��N�|x = (x1, . . . , xN)5L«§Ø���5§·��±�é1 ≤ i ≤ NÑ

k1 ≤ xi ≤ q"b�k��Ü©Ü*ìNF"�E���E�)�Ýy = (y1, . . . , yN)§Ù

¥§1ir��yi�gTÜ*ìN¤±k�1ir���8Ü"ù�Ü*ìN�±©u¦�

��E)�Ýy±+|§�
��ù«1�u)§·�F"�±T�/�Oz�Ü{�)

�Ýx§¦��y�uy�§·��±ÏLyJlÑ��½õ�ë�
Ü*�^r"

3©z [128]¥§Stinson§StaddonÚWei�[?Ø
o«��Jl�Y§=§�Á�

è£Frameproof Codes§{¡FP¤§S��Á�è£Secure Frameproof Codes¤§I�£

Oè£Parent-identifying Codes§½Identifying Parent Property Codes§{¡IPP¤ÚJlè

£Traceability Codes§{¡TA¤"3ù�Ø©¥§·�Ì�?ØØ
S��Á�è�	�n

«è"ù
èkØÓ�Jl5U§Ïd�^uØÓ�8�"~X§t-FP�±�^5{��

õt�Ü*ö5Á�,�Ø3TÜ*8Ü¥�Ü{^r"�´§·���@�3êi�«

NXe§FPvkJl5U))§ØUuÿÑ?ÛÜ*ö"Ïd§�
Jl���©��


Þ§IPPÚTA�Ú\
§§�äkrÝØÓ�Jl�{"©z¥k�þ'uù
è�A^

Ú5��ïÄ§~X©z [10,15,34–37,50,51,128]"ù�ïÄ+����Ì��KÒ´û½ù
è

a�þe."

Ø��Ä��èC ⊆ FN§ùp§FL«��q�8Ü"Ø���5§·��±

-F = {0, 1, . . . , q − 1}"e|C| = n§·�rèC¡�´��(N, n, q)è"z�èic ∈ C�±

17
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�L«�c = (c1, . . . , cN)§Ù¥§é¤k1 ≤ i ≤ NÑk0 ≤ ci ≤ q − 1"k
�ÿ§·��

��u^��Ý
5£ã��è"·�r��(N, n, q)èL«¤��N × n�q�Ý
§Ý


�z�Ñ��éAu��èi"ù�Ý
�¡�´Tè�L«Ý
"�©¥§·�²~

¬^���è�L«Ý
§Ï�ù��±�·�Jøéõ�*�aÉ"

é?¿8ÜD ⊆ C�1 ≤ i ≤ N§·�Pdesci(D) = {ci : c ∈ D}"D���8

£Descendant Set¤�P�

desc(D) = {x ∈ FN : xi ∈ desci(D), 1 ≤ i ≤ N}.

·��Urdesc(D)w¤´

desc(D) = desc1(D)× desc2(D)× · · · × descN(D).

XJ·�kx ∈ desc(D)§8ÜD ⊆ C�¡�´���þx ∈ FN�I�8"·�^Pt(x)5

L«x�÷vXe^��I�8�8Ü§=|D| ≤ t�D ⊆ C"

é?¿ü��þx, y ∈ F n§Ç²ål£Hamming Distance¤d(x, y)�½Â�§��m

ØÓ ���êµ

d(x, y) = |{1 ≤ i ≤ N | xi 6= yi}|.

k�§¦^I(x, y) = N − d(x, y)5�þx�y�m�'X¬��B§§L«
x�y�Ó� 

���ê"èC ⊆ FN�4�ål�½Â�

d(C) = min{d(x, y) | x, y ∈ C, x 6= y}.

é�þx ∈ FN�f8D ⊆ C§+ål£Group Distance¤d(x,D)�½Â�

d(x,D) = |{i : 1 ≤ i ≤ N, xi 6∈ desci(D)}|.

aq/§·��±^I(x,D) = N − d(x,D)5L«÷vxi ∈ desc(Di)§1 ≤ i ≤ N� �i�

ê8"

·�y3®²�ÐO�§�±�Ñ�©ïÄ��«èa�Vg"

½Â3.1.1. �C´��(N, n, q)è§t ≥ 2´���ê"

(1) ·�¡C���t-�Á�è£½ö§t-FP¤§XJé¤k�D ⊆ C�|D| ≤ t§Ñk

desc(D) ∩ C = D.

C�¬�P�´FPC(N ;n, q, t)"

18
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(2) ·�¡C���t-I�£Oè£½ö§t-IPP¤§XJé¤k�x ∈ FN§ÑkPt(x) =

∅½ö

∩D∈Pt(x)D 6= ∅.

C�¬�P�´IPP (N ;n, q, t)"

(3) ·�¡C���t-Jlè£½ö§t-TA¤§XJé¤k�D ⊆ C�|D| ≤ t§Ú?¿

�x ∈ desc(D)§Ñk

min
c∈D

d(x, c) < min
y∈C\D

d(x, y).

C�¬�P�´TA(N ;n, q, t)"

2�<��´§t-TA5�%¹
t-IPP5�§t-IPP5�%¹
t-FP5�"©z [128]�[

P1
ùA«èa�m�éX"·�®²J�L§XJÜ*ö�ê8Ø�Lt�§@ot-

IPPÚt-TAÑ�±Jl�����Ü*ö"Ï�/ù§b�·�k��S�èC§���õ

kt��{^r�Ü*ö8ÜD ⊆ C"�x ∈ desc(D)´��©�§@o·��8I´uy

,���öc ∈ D"XJC´t-IPP§@o·��±rPt(x)(½Ñ5))�IrC�¤k��

Ø�Lt�f8uÿ�H§wwx´Ä´§���¶�â½Â§·��½k∩E∈Pt(x)E´D�

��f8",��¡§XJC´��t-TA§ÏLO�¤k�ål{d(x, c) : c ∈ C}§K·�

�½�±é�,�c ∈ D¶�â½Â§@
kX��ål�èi�½áuD"o
ó�§

ekn�N��q�è§�Ü*ö�êþØ�Lt�§@oIPPÚTA�½�±3k��mSé

���Ü*ö§�â5��ØÓ§§�©OI��mO(N
(
n
t

)
)ÚO(Nn)"��5¿�´§

XJ·�æ^�ÞÈè£List Decoding¤�{ [18,125]§TAè�Jl�m�±�?�Ú~�

�O(N logc n)§c�,��½~ê"

TïÄ+����Ø%¯KÒ´(½Ñ÷vù
^��è�õ�±¹kõ�

�èi"�½è�N§i18��qÚè�rÝt§·�^MFP (N, q, t)§MIPP (N, q, t)§

MTA(N, q, t)5L«éAèa�4�èiêþ"d	§·�^N(t)5P�����êN¦

�MFP (N, 2, t) > N"�C§N(t)���Úå
�*�ïÄ,� [81]"

��5`§ïÄù
èa�.Ì�kü^ïÄ��"1�§·��Ä�i18Ú�è

�e�èi�ê§=§�½q§4Nª�uÃ¡�"1�§�Ä�è�Ú�i18e�è

i�ê§=§�½N§4qª�uÃ¡�"duäké�4�ål�Å�èÏ~�±÷v

ù
�«è�¿©^� [128]§Ïd§3�i18þ�Eèiêþ�õ�è´�é{ü�"

,
§duPlotkin. [139]���§3�i18þ�Eèiêþ�õ�èK(Jõ
§~X§

©z [17,18,36,63]Ñ´ïÄù�¡�ó�"
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�Ù�ÄÅ´U?ù
è�þ."·�o�ò?Øn�þ."1��þ.£�½

n3.2.3¤4�/U?
'u���Á�è�®�.§ùÜ©SN�)313.2!¥¶1�

�.£�½n3.3.2¤U?
I�£Oè���.§ùÜ©SN�)313.3!¥¶1n�

.£�½n3.4.3¤Jø
rÝ�3�Jlè�1��®��²�þ.§ùÜ©SN�)3

13.4!¥¶13.5!´�
o("

3.2 ���ÁÁÁ���èèè

Blackburn [34]�Ñ
�N�q��MFP (N, q, t)y���`.§¦y²
Xe½n"

½n3.2.1. -r ∈ {0, . . . , t−1}´��÷vr ≡ N (mod t)��ê§@o·�kMFP (N, q, t) ≤

max{qdN/te, r(qdN/te − 1) + (t− r)(qbN/tc − 1)}"

5¿�§3éõ�¹e§~êrÚt− rÑ�±�~�"~X§©z [34]�Ún9�Ñ
�

��Ð�.§§U?
qdN/te�c�~ê§¿rù�~ê�û½Ú4�8ÜØ¥���¯

KéXå5"�r = 1�§©z [140]�Ñ
MFP (N, q, t) ≤ qdN/te§ù´��é{'�þ."

·�Q²J�L§3�i18þ§MFP (N, q, t)�û½�'3�i18þ�J"�*

/ù§���Á�è´�k���(J��/"�
CÏ�Ø© [80,81]3ù��¡��
�


?Ð"e¡�½n5gu©z [81]"

½n3.2.2. é¤k�t ≥ 3Út+ 1 ≤ N ≤ 3t§·�ÑkMFP (N, 2, t) ≤ N"

5¿�N(t)´����êN¦��3��FPC(N ;n, 2, t)÷vn > N"l½n3.2.1¥§

·��±íÑN(t) > t£�Iu�N ≤ t��þ.¤"d�§(Ü½n3.2.2§·��±��

��{ü.N(t) > 3t"

½n3.2.3. é¤kt ≥ 3�N < 15+
√

33
24

(t − 2)2§·�ÑkMFP (N, 2, t) ≤ N§½ö§�d/

`§N(t) ≥ 15+
√

33
24

(t− 2)2"

·�ò3e���!¥y²ù�½n"5¿�§·��(J4�/Jp
©z [81]¥�

(J§òÙl�5�Jp�
²��",
§T(ØÚß��.N(t) = t2 + o(t2)�k�½

ål"
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3.2.1 ½½½nnn3.2.3���yyy²²²

k�§XJ·�¦^�Á�è�,���d½Â§3�Ä¯K�¬���B"

½Â3.2.4. ��(N, n, q)èC´��t-�Á�è§XJé?Ûc ∈ C±9D ⊆ C§¦�c 6∈

DÚ|D| ≤ t§·�Ñkc 6∈ desc(D)§ù�du`�3,�1 ≤ i ≤ N¦�ci 6∈ desci(D)"

Ún3.2.5. �Á�è�ü«½Â´�d�"

y². ��¡§-C´��÷v½Â3.1.1�(N, n, q)è"K�½?¿�c ∈ C±9D ⊆ C§�

�÷vc 6∈ DÚ|D| ≤ t§·�Ñkc 6∈ desc(D)§XeØ,§·�kdesc(D) ∩ C = D ∪ {c}§

ù��
½Â3.1.1"

��¡§-C´��÷v½Â3.2.4�(N, n, q)è"@o§�½?¿�D ⊆ C§��|D| ≤

t§·�Òkdesc(D) ∩ C = D§XJØ,§edesc(D) ∩ C = D ∪ {c}é,�c 6∈ DÚc ∈ C¤

á§@o§·�kc ∈ desc(D)§ù��
½Â3.2.4"

�
y²½n3.2.3§·�I�Ú\cover-free8�½Â"-X´��N�8"^2X5L

«dX�¤kf8¤�¤�8Ü§=|2X | = 2N"·�`��8xF ⊆ 2X´t-cover-free�§

XJé?¿F �t + 1���A0, A1, . . . , At§ÑkA0 * A1 ∪ A2 ∪ · · · ∪ At"b�|F| = n§

¿�PX = {x1, . . . , xN}§F = {A1, . . . , An}"F�P�CFF (N ;n, t)"-M∗�F�L«Ý


§ù´��N × n���Ý
§Ù¥§1^X���IP§�^F¥���IP§3Ý


�1i1Ú1j�� ��1��=�xi ∈ Aj"3����Ý
¥§z��­þ´�T�p

¤¹1��ê"

±eÚn5gu©z [117]¥"

Ún3.2.6. -F´��CFF (N ;n, t)§�M∗´§�L«Ý
"�½F�����A§�Ä#

�8xF1§½Â�

1) F1 ⊆ 2X\A,

2) F1 = {B \ A : B ∈ F , B 6= A}.

KF1´��CFF (N − |A|;n− 1, t− 1)"
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y². ·�N´�yCFF (N − |A|;n − 1, t − 1)�cü�ëê§Ïd§�Iy²F1´

��(t − 1)-cover-free8"XeØ,§K�3t�ØÓ���B0, B1, . . . , Bt−1 of F1§¦

�B0 ⊆ B1 ∪ · · · ∪Bt−1"éz�0 ≤ i ≤ t− 1§PAi�F���§§÷vBi = Ai \A"@o§

·�kA0 ⊆ B0∪A ⊆ (B1∪ · · ·Bt−1)∪A ⊆ A1∪ . . .∪At−1∪A§ù��
F�t-cover-free5

�"

Cover-free8Ú���Á�èkX;��éX"§��'X�±�L«�Xeü�Ú

n"

Ún3.2.7. z�CFF (N ;n, t)Ñ´FPC(N ;n, 2, t)§¿�§z�FPC(N ;n, 2, t)�´��

CFF (2N ;n, t)"

y². ^MÚM∗©OIPFPC(N ;n, 2, t)ÚCFF (N ;n, t)�L«Ý
"�½M∗§dt-cover-

free5���§éz�Ú?¿,	t�§Ñ�3�1÷v11�3T1�1§Ù§�Ñ�0"

e·�rM∗��w¤´,
���Á�è�èi§KM∗7,÷v½Â3.2.4�¿©^�§

ù¿�XM∗��L��FPC(N ;n, 2, t)"

,��¡§�½M§^10O�0§01O�1"·�����2N × n�Ý
§·�r§P

�M1"·��Iy²M1´,�CFF (2N ;n, t)�L«Ý
"5¿�§M÷vt-�Á�è�

5�§�ÄM1§é§�z�ÚÙ§?¿t�§�Ä§�3M¥�éA�§dt-�Á�è�

5���§�3,1§÷v10 · · · 0½ö01 · · · 1§ù��du3M1¥k

 0 1 · · · 1

1 0 · · · 0

 or

 1 0 · · · 0

0 1 · · · 1

 .

5¿�§1��fÝ
�1�1½ö1��fÝ
�1�1÷vt-cover-free5�"e·�

rM1w¤´,�F ⊆ 2X�L«Ý
§ùp|X| = 2N§@o§d±þ?Ø·��±íä

ÑF÷vt-cover-free5�"

Ún3.2.8. -N∗(t)�¦��3��÷vn > N�CFF (N ;n, t)���N§Ó�-N(t)�¦

��3��÷vn > N�FPC(N ;n, 2, t)���N§Két ≥ 3§·�kN∗(t− 2) ≤ N(t) ≤

N∗(t)¤á"

y². PM÷vN = N(t)�FPC(N ;n, 2, t)�L«Ý
§KdN(t)�½Â��n > N"Ä

k§þãØ�ª¥�þ.5guXe¯¢§Ún3.2.7®²�Ñ§z�CFF (N ;n, t)Ó��
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´��FPC(N ;n, 2, t)"·��I�y²e."òM¥�0^10O�§1^01O�§·��

���2N × n�#Ý
M1§w
´�§M1äkð~�­N§dÚn3.2.7��§M1´,

�CFF (2N ;n, t)�L«Ý
"qdÚn3.2.6§í�M1�?¿��§±9T�¥�¹1�

1§·�����#Ý
M2§M2´��CFF (N ;n− 1, t− 1)�L«Ý
"

·�(²M2�3����äk­þ2"Pc�lM1í��@��"XJ,�c
′ ∈ M2=

k­þ1§@o·��±`²§c�c′3M1¥TÐ¹kN − 1��Ó�©þ"XJM2¥äk

ü�­þÑ�1§@o3M¥§�3ü�ØÓ�§§��cÑTÐ¹kN − 1��Ó�©þ"

ù�§·�ØJy²§c7,�¹3ùü����8S"ù��
�Á�è�Ä�5�"

Ïd§M2�õ¹k��­þ�1��"dn− 1 ≥ N > t ≥ 3��§·��(²7,¤á"

�M2�?¿��­þ�2��"lM2¥í�T�§±93T����1�1"2�

g§dÚn3.2.6��§#�Ý
´,�CFF (N ′;n − 2, t − 2)�L«Ý
§Ó�§·�

kN ′ ≤ N − 2 < n− 2§Ï�·�b�
n > N§¤±§·��±íÑN ′ ≥ N∗(t− 2)§Ø

�ª�e.N(t) ≥ N∗(t− 2)�á=¤á"

�
y²½n3.2.3§·��I2`²��Ún§TÚn´½n2.1.2���(Ø"

Ún3.2.9. N∗(t) ≥ 15+
√

33
24

t2"

½½½nnn3.2.3���yyy²²². ½n3.2.3´Ún3.2.8ÚÚn3.2.9�����(Ø"

3.3 III���£££OOOèèè

3þ�!¥·�J�
t-FPè�þ.�V´O(qdN/te)",
§�
�yÙJl5§

t-IPPè�äk��õ�Nþ§L«�©z [15]¥�Xe½n"

½n3.3.1. Pv = b(t/2 + 1)2c§@o·�kMIPP (N, q, t) ≤ (v − 1)qdN/(v−1)e"

©z [35]Jø
���f�þ.§=§MIPP (N, q, t) ≤ v(v−1)
2

qdN/(v−1)e"3�©¥§·

�rz
©z [15]��{§¿^T�{5y²Xe½n§ù�½n�Jø
IPPèy���

Ð."

½n3.3.2. -v = b(t/2 + 1)2c§Ù¥§0 ≤ r ≤ v − 2´����ê¦�N ≡ r mod (v − 1)§

@o·�kMIPP (N, q, t) ≤ rqdN/(v−1)e + (v − 1− r)qbN/(v−1)c"
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�v − 1 - N�§·��½nw,U?
½n3.3.1§Ï�Ä��Xê�U?�,

�r < v − 1�~ê"

3.3.1 ½½½nnn3.3.2���yyy²²²

3y²�c·�I��
O�ó�"é,��þx ∈ FNÚ8ÜV ⊆ {1, . . . , N}§·�

½Âx��½uV�Ü©���kS�|V |-�|§·�r§P�x|V = (xi1 , . . . , xi|V |)§Ù¥§

é¤k1 ≤ j ≤ |V |Ú1 ≤ i1 < · · · < i|V | ≤ N§kij ∈ V"-C���(N, n, q)è§�c�C�

��èi"·�`c|V´c���hkÜ©§XJC¥Ø¹Ù§èi¦�Ù�c3V�Ü©�

��Ó"�é{`§c|V´hk�§��=�é¤kc′ ∈ C \ {c}§Ñkc′|V 6= c|V"

±e§·�òy²½n3.3.2"

½½½nnn3.3.2���yyy²²². -C�?¿��IPP (N ;n, q, t)§PC�L«Ý
�M§KM´��N ×

n�q-�Ý
"·�òM�1y©¤v − 1�pØ���Ü©§P�V1, . . . , Vv−1§ù�y©

÷v^�|V1| = · · · = |Vr| = dN/(v − 1)e§±9|Vr+1| = · · · = |Vv−1| = bN/(v − 1)c"·�

ØJ�yr(dN/(v − 1)e) + (v − 1− r)(bN/(v − 1)c) = N §Ïd§{Vi : 1 ≤ i ≤ v − 1}¢S

þ´M�1���y©"

·�`��èix ∈ C´AÏ�£éAuC5`¤§XJ§�¹| 8�,
Vi�hk

Ü©"b�|C| ≥ rqdN/(v−1)e + (v − 1 − r)qbN/(v−1)c + 1§·��8I´é���C�f8§

¦�§��t-IPP�5�"

·�(¡�½�3����8ÜĈ ⊆ C§¦�§Ø�¹?ÛAÏ�£éAuĈ5`¤è

i"

·�í�C¥�AÏèi§r�e�èi�8ÜP�C(1)",�§·�í�C(1)¥�A

Ïèi£éAuC(1)¤§r�e�èi�8ÜP�C(2)"�e5§·�­Eù�ö�"z

�g§ÃØÛ��3��AÏèi£éAu@
E�í��èi�8Ü¤§·�Òr§

í�"·���ù��§��·�����èĈ§¦�§Ø¹k?ÛAÏ�èi"·�

(²Ĉ�½´���"��¡§?ÛÜ©£cÙ�Ä@
äk| 8Vi�Ü©¤�U��

�AÏÜ©í��g",��¡§?Û�í��èi£3,�C(i)S´AÏ�§i ≥ 1¤§

�¹����| 8�,�Vi�AÏÜ©£�C(i)éA¤"Ïd§·��õUí�Ø�

LrqdN/(v−1)e + (v − 1 − r)qbN/(v−1)c �AÏèi§Ï�z�Vi�õ�±éAuq
|Vi|�ØÓ�

Ü©"�Ä�·��b�§|C| ≥ rqdN/(v−1)e + (v − 1 − r)qbN/(v−1)c + 1§ù«íØ¿ØU

rC¥¤k�èiÑí�"Ïd§3íØL§(å��§·�7,������8Ü§¦
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�Ù¥�?ÛèiÑØ�¹| 8�,�Vi�AÏÜ©£�,§�éuù
�{�èi¤"

@o§·������ù�8Ü÷v·�(²¥¤Ï"�^�"·�rù�8ÜP�Ĉ"

3���y²p§·�kb�t´��óê§@o§·�kv − 1 = (t/2 + 1)2 − 1 =

t2/4 + t"8c§·��8I´é�Ĉ�,�AÏf8§±Bí�Ñ·�Ï"�gñ"·�

lÀ�,�èix1 ∈ Ĉm©",�§À�èix2 ∈ Ĉ÷vx1|Vt/2+1
= x2|Vt/2+1

"5¿�§Ĉ�

5��y
ù��x2��35"Pm1 = (t/2 + 1)"

�
À�x3§·��Äx2±V2(t/2+1) = Vt+2�| 8�Ü©"ù�Ü©7,3Ĉ�Ù§

èi¥Ñy"·��u�´Äkx1|Vt+2 = x2|Vt+2"XJ¤á§·�=��Ä±Vt+3�| 

8�Ü©§¿�aq/u�§"·���ù����·�é�,��Vi÷vi ≥ t + 2¿

�x1|Vi 6= x2|Vi"·�À�,�èix3�x23Vi���Î"Pm2 = i"

·���òYù«ö�"1(k + 1)�èixk+1�À��ªXe"Pmk´÷vmk ≥

mk−1 + (t/2 + 1)Úxk|Vmk 6= xi|Vmké¤k1 ≤ i ≤ k− 1Ñ¤á�1���ê",�§·�À

�xk+1��xk3Vmk���Î�@�èi"XJù��mk¿Ø�3§·�Ò`mk´�½Â

�"

�,�mk´�½Â�§·�ÒÊ�ù«ö�"5¿�§^ù«�ª·��õ�±À

Ñt/2 + 1�èi§Ï�·�zgÀ�·�ÑaL
��t/2 + 1�Ü©§¿�§��N�è

i�õ�©�v−1 = t2/4+ t = (t/2+1)t/2+ t/2 < (t/2+1)2�Ü©§Ïd§·�[�ØU

é�1(t/2 + 2)�èi"��§·���
��8ÜX ⊆ Ĉ÷vXe^�µ|X| ≤ t/2 + 1§

xi|Vmi = xi+1|Vmié¤k1 ≤ i ≤ |X| − 1Ñ¤á"

·�UXe��ªÀJX�f�§s ∈ desc(X)"s��m©�m1 = t/2 + 1�Ü©£=

@
3V1 ∪ · · · ∪ Vm1¥�©þ¤§´�gux1�§�e5�@
Ü©§��Vm2Ñ´�g

ux2£=@
3òYù�ö�"X��������z
�õt/2�Ü©§�ù
Ü©´Ø

áuX�Ù§?Û�����"

�e5�*	´·�y²�Ø%"?Ûxi ∈ X�z
�õt/2�ØáuÙ§?ÛX¥

���Ü©"�½xi ∈ X§Ks ∈ desc(X)�guxi�Ü©´Vmi−1+1, . . . , Vmi−1+t/2, . . . , Vmi

£éi = 1§·�-m0 = 0¤"d·�émiÚxi �½Â��§==@
Vi�ct/2�§=§

Vmi−1+1, . . . , Vmi−1+t/2§k�U´@
xi3XS/hk0�Ü©"duxi ∈ Ĉ§¿��â

½Â§?ÛĈ¥�èiÑØ�¹| 8�,�Vi�hkÜ©§K�3��8ÜYi =

{y1, . . . , yt/2} ⊆ Ĉ§�õkt/2�èi¦�yj|Vmi−1+j
= xi|Vmi−1+j

é¤k1 ≤ j ≤ t/2Ñ¤á"

Ïd§dXi = (X \ {xi}) ∪ Yi¤á�#8ÜXi§�U�)��s§ù¿�Xs ∈ desc(Xi)"

5¿�§|Xi| = |X| − 1 + |Yi| ≤ t/2 + 1− 1 + t/2 = t§@o·�kXi ∈ Pt(s)"
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é¤kxk ∈ X·�Ñ�±�aq�O�§·��±��éA�YkÚXk"-X0 = X§

@od�c�?Ø·���s ∈ desc(Xk)é¤k0 ≤ k ≤ |X|Ñ¤á"Ïd§�âXe{ü

¯¢§·��±íÑ∩0≤k≤|X|Xk = ∅§�|Xk| ≤ t§ù��
t-IPPè�5�"

�t´Ûê�§·����aq�ö�§�I-mk+1 ≥ mk + (t + 1)/2§ù�§·�

k|X| ≤ (t+ 1)/2 + 1"

3.4 JJJlllèèè

3�cü�Ù!¥·�£ã
�Á�èÚI�£Oè�þ.",
§û½Jlè�þ

.´��(J�õ�¯K"Ømd�Á�èÚI�£Oè�Ñ�{ü.�	§��®��

.´dBlackburn [36]�<�Ñ�"

½n3.4.1. MTA(N, q, 2) ≤ cqdN/4e§Ù¥§c´��==�6uè�N�~ê"

¢Ã�´§ù�þ.¿vk·���@oÐ§Ï��Ñy3½n3.2.1Ú½n3.3.2¥�

~ê�'§ùp�~êc¢3´��
£�uN
(

N
dN/4e

)
¤"©z [109]�Ñ
����{'�þ

.§�´§==éè��4�2-TAè¤á"

3�©¥§·�éJlè��z�3uÙþ."3©z [36]p§�öJÑ
eã¯K"

¯K3.4.2. -tÚN��½���ê§÷vt ≥ 2"@o´Ä�3��~êc£==�6

utÚN¤¦�MTA(N, q, t) ≤ cqdN/t
2e¤áº

·�3t = 3��¡£�
ù�¯K§·��(Ø�±�Lã�e¡�½n"

½n3.4.3. -N�����ê§KkMTA(N, q, 3) ≤ cqdN/9e§ùp§c´��==�6uN�

~ê"

3.4.1 ½½½nnn3.4.3���yyy²²²

é��N�èC§��èix ∈ CÚ��I« ��f8I ⊆ [N ]§Ù¥§ [N ] =

{1, 2, · · · , N},§·�½Âµ

FC(x, I) = |{y ∈ C : y|I = x|I}|.
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Ún3.4.4. �t´���½���ê§�-N = 9t"b�C´��q�N�è§��¹3�

½ö�õèi"@o§�3��f8X§�õ¹kc′qt�èi§¦�fèC ′ = C\X÷

vd(C ′) ≥ d(C)+1§Ù¥§c′´��=�6uN�~ê"5¿�§·�{ü/`d(∅) =∞"

y². b�d(C) > N − t"@odÍ¶�Singleton.��§|C| ≤ qt¶3ù«�¹e§·�

�±-X = C±9C ′ = ∅"Ïd§·�b�d(C) ≤ N − t = 8t"

b�·�kd(C) ≤ 2t"½ÂC���fèC ′§§´d£ØC�¤k¹kt�Ø�Ù§?

¿èi��� ��èi¤�¤�¶�é{`§·�k

X = {x ∈ C : FC(x, I) = 1 for some t-subset I ⊆ [N ]},

�

C ′ = {x ∈ C : FC(x, I) ≥ 2 for all t-subsets I ⊆ [N ]}.

·�k|X| = |C\C ′| ≤
(
N
t

)
qt§Ï�3��N�q�è¥�õk

(
N
t

)
qtØÓ�t�|§¿

�§z�èix ∈ X�¹����t�|§Ù ��I§÷vFC(x, I) = 1¶d	§ù«t�|

TÐáu��x ∈ X ⊆ C"·��Iy²µØ�3ØÓ�èix, y ∈ C ′÷vd(x, y) = d(C)"

XeØ,§�3x 6= y ∈ C ′§¦�d(x, y) = d(C) ≤ 2t"-I �[N ]���2t�f8§§�

¹
x�y¤kØ�Ó� �"@o§·��±ÀJI1ÚI2§¦�I ⊆ I1 ∪ I2§¿�|I1| =

|I2| = t"dC ′�½Â��§·�kFC(x, Ii) ≥ 2§éz�i ∈ {1, 2}Ñ¤á¶Ïd�±À

�y1, y2 ∈ C\{x}§¦�x|Ii = yi|Iiéi = 1, 2Ñ¤á"�´§·�Kkx ∈ desc(y, y1, y2)§ù

�C´��3-Jlè�gñ"Ïd§·�kd(C ′) > d(C)§¤±3ù«�¹eÚn¤á"

XJ·�k2t < d(C) ≤ N − t (= 8t)"Pd(C) = N − (t+ δ)§÷v0 ≤ δ < 6t"½Â

X = {x ∈ C : FC(x, I) ≤ 2δ+1

(
N − t
δ + 1

)
for some t-subset I ⊆ [N ]},

±9

C ′ = {x ∈ C : FC(x, I) > 2δ+1

(
N − t
δ + 1

)
for all t-subsets I ⊆ [N ]}.

5¿�|X| = |C\C ′| ≤ 2δ+1
(
N−t
δ+1

)(
N
t

)
qt < 23Nqt§Ï�3��N�q�èS�õk

(
N
t

)
qt�

ØÓ�t�|§¿�z�èix ∈ X�¹����t�|§ ��I§�÷vFC(x, I) ≤

2δ+1
(
N−t
δ+1

)
§d	§ù
t�|áu�õ2δ+1

(
N−t
δ+1

)
�èix ∈ X ⊆ C"�
y²d(C ′) ≥

d(C) + 1§·��I`²Ø�3ØÓ�èix, y ∈ C ′÷vd(x, y) = d(C)"XeØ,§�

3y0 6= y1 ∈ C ′§÷vI(y0, y1) = t + δ"½ÂI1 = {i ∈ [N ] : y0,i = y1,i}§@o·�

ky0|I1 = y1|I1"
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�I2÷vI1 ∩ I2 = ∅±9|I2| = t"·�(¡�3y2 ∈ C÷vy0|I2 = y2|I2�I(y1, y2) ≤ δ"

¢Sþ§C���ål%¹
?ÛèiÑ�±�§�t+ δ + 1�©þ¤��û½"��·�

�½
I2§Òk

|{y ∈ C : I(y1, y) ≥ δ + 1, y0|I2 = y|I2}| ≤
(
N − t
δ + 1

)
< FC(y0, I2).

ê�
(
N−t
δ+1

)
L«·��l[N ]\I2¥À�δ + 1�©þ§¦�y1Úy��§@o§ù
©þÚI2

��û½
y1"Ïd§���3��y2 ∈ C"·��#I2 = {i ∈ [N ]\I1 : y0,i = y2,i}§

¿P|I2| = t + δ2§Ù¥§0 ≤ δ2 ≤ δ"5¿�§y1Úy23I2¥vk�Ó�©þ"Ï�Ä

Ky0, y1, y23ù
 �þ��Ñ��§@o§�Ñ�±�V\�I1"

�D := [N ]\(I1 ∪ I2)"eN − |I1| − |I2| ≤ t§dC ′�½Â��§·��±À�,

�y3 ∈ C\{y0}¦�y3|D = y0|D"Ïd§y0 ∈ desc(y1, y2, y3)§ù�C´��3-Jlègñ"

·��±b�|D| > t"-J = {i ∈ [N ]\I1 : y1,i = y2,i}"·�kI(y0, {y1, y2}) = |I1|+ |I2| =

2t + δ + δ2�I(y1, {y0, y2}) = |I1| + |J | = t + δ + |J |"b�|J | ≤ t + δ2§Ï�§XeØ,§

·��±N�y0Úy1��Ú"

���t�f8I3 ⊆ [N ]§¦�I3 ∩ (I1 ∪ I2) = ∅§4ÙCXJ�¦�Uõ���"·�

(¡§�3y3 ∈ C ¦�y0|I3 = y3|I3�I(y3, {y1, y2}) ≤ δ"Xþ©¤ã§C�?Û��èid

§�t+ δ + 1©þ¤��û½§·�k

|{y ∈ C : I(y, {y1, y2}) ≥ δ + 1, y0|I3 = y|I3}| ≤ 2δ+1

(
N − t
δ + 1

)
< FC(y0, I3),

Ù¥§¦ê2δ+1L«À��©þi ∈ [N ]\I3�õkü«�/§½öy|i = y1|i§½öy|i = y2|i"

Ïd§�3���«ÀJy3 ∈ C"y3§·�­#½ÂI3 = {i ∈ [N ]\(I1 ∪ I2) : y0,i = y3,i}§

¿P|I3| = t + δ3§ùp§0 ≤ δ3 ≤ δ"·�¿ØJy²y1, y3�y2, y33I3SÑvk�Ó�©

þ"

é{i, j, k} = {1, 2, 3}§·�PIi,j,k := {u ∈ Ii : yj,u = yk,u}§ù�§·��±í

Ñ|I1,0,2| ≤ I(y1, y2) ≤ δ§�|I1,0,3|+ |I2,0,3| ≤ I(y3, {y1, y2}) ≤ δ"PE := [N ]\(I1 ∪ I2 ∪ I3)"

N´wÑ|E| = 6t− δ − δ2 − δ3±9|E| > 0§Ï�§XeØ,§·�ky0 ∈ desc(y1, y2, y3)§

ù�3-Jl�5��gñ"�e5§·�ò�Äü«�/§=§4t ≤ δ < 6t�0 ≤ δ < 4t"

�/1µ4t ≤ δ < 6t"

3ù«�¹e§·�À����þw ∈ desc(y1, y2, y3)§÷vw|E = y1|EÚw|Ij = yj|Ij§

ùpj = 1, 2, 3"·�`wù«À��ª´û½Â�§Ï�E ∪ (∪3
i=1Ij) = [N ]§¿�¦�Ñ

´p�Ø��"L3-1Ð«
·��IP"Xe�Ø�ª¿ØJ�Ñµ

28



3 êi�«è

y0 ∈ C ′
I1︷ ︸︸ ︷

0000 · · · 00

I2︷ ︸︸ ︷
0000 · · · 00

I3︷ ︸︸ ︷
0000 · · · 00

E︷ ︸︸ ︷
0000 · · · 00

y1 ∈ C ′ 0000 · · · 00 1111 · · · 11 1111 · · · 11 1111 · · · 11

y2 ∈ C ∗∗∗∗ · · · ∗∗ 0000 · · · 00 1123 · · · 15 ∗∗∗∗ · · · ∗∗

y3 ∈ C ∗∗∗∗ · · · ∗∗ ∗∗∗∗ · · · ∗∗ 0000 · · · 00 ∗∗∗∗ · · · ∗∗

w ∈ desc(y1, y2, y3) 0000 · · · 00︸ ︷︷ ︸
|I1|=t+δ

0000 · · · 00︸ ︷︷ ︸
|I2|=t+δ2

0000 · · · 00︸ ︷︷ ︸
|I3|=t+δ3

1111 · · · 11︸ ︷︷ ︸
|E|=6t−δ−δ2−δ3

L 3-1 �4t 6 δ < 6t�



I(y0, w) = |I1|+ |I2|+ |I3| = 3t+ δ + δ2 + δ3,

I(y1, w) = |I1|+ |E| = (t+ δ) + (6t− δ − δ2 − δ3) = 7t− δ2 − δ3

≤ 7t ≤ 3t+ δ ≤ I(y0, w),

I(y2, w) ≤ |I1,0,2|+ |I2|+ |E| ≤ δ + (t+ δ2) + (6t− δ − δ2 − δ3) = 7t− δ3

≤ 7t ≤ 3t+ δ ≤ I(y0, w),

I(y3, w) ≤ |I1,0,3|+ |I2,0,3|+ |I3|+ |E| ≤ δ + (t+ δ3) + (6t− δ − δ2 − δ3) = 7t− δ2

≤ 7t ≤ 3t+ δ ≤ I(y0, w).

duy0 6∈ {y1, y2, y3}§ù�C�3-Jl5��gñ§�y"

�/2µ0 ≤ δ < 4t"

3ù«�¹e§Xþ¤ã§·�ÀJ���þw ∈ desc(y1, y2, y3)§÷vw|Ij = yj|Ij§

ùp§j = 1, 2, 3",
§éuw|E�À�§·���\c["

é1 ≤ i < j ≤ 3§½ÂJi,j := {t ∈ E : yi,t = yj,t}�J1,2,3 := J1,2

⋂
J1,3

⋂
J2,3"·�

k|J1,2,3| ≤ |J1,2| ≤ max{|J | − t, 0} ≤ δ2§Ï�J1,2,3 ⊆ J1,2 ⊆ J \ I3§�·�®²ÀJ
y3¦

ÙCXJ�¦�Uõ���"�Ä�|J1,3\J1,2,3|+ |J2,3\J1,2,3| ≤ I(y3, {y1, y2}) ≤ δ < 4t§·

�©O�ÄXe�ü«�/µ

f�/2.1µ |J1,3\J1,2,3| ≤ 2t+ δ3�|J2,3\J1,2,3| ≤ 2t+ δ3"

�i ∈ E�§·��±UXe�Ú½5½Âwi"L3-2I«
·��PÒ"

1. �i ∈ J1,2

⋃
J2,3�§�wi = y1,i¶

2. �i ∈ J1,3\J1,2,3�§�wi = y2,i¶

3. é�{� �§=§áuH := E\(J1,2

⋃
J1,3

⋃
J2,3)� �§5¿�y1|H§y2|HÚy3|H�

?¿�æÑvk�Ó�©þ§·��±rHy©¤n�Ø��Ü©§H1, H2, H3§÷
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y0 ∈ C ′
J1,2︷ ︸︸ ︷

0000 · · · 00

J1,3\J1,2,3︷ ︸︸ ︷
0000 · · · 00

J2,3\J1,2,3︷ ︸︸ ︷
0000 · · · 00

H︷ ︸︸ ︷
0000 · · · 00

y1 ∈ C ′ 1111 · · · 11 1111 · · · 11 1111 · · · 11 1111 · · · 11

y2 ∈ C 1111 · · · 11 2222 · · · 22 2222 · · · 22 2222 · · · 22

y3 ∈ C 1231 · · · 23 1111 · · · 11 2222 · · · 22 3333 · · · 33

w ∈ desc(y1, y2, y3) 1111 · · · 11︸ ︷︷ ︸
|J1,2|≤δ2

2222 · · · 22︸ ︷︷ ︸
|J1,3\J1,2,3|≤2t+δ3

1111 · · · 11︸ ︷︷ ︸
|J2,3\J1,2,3|≤2t+δ3

∗∗∗∗ · · · ∗∗︸ ︷︷ ︸
|H|=|E|−|J1,2

⋃
J1,3

⋃
J2,3|

L 3-2 �0 6 δ < 4t§|J1,3\J1,2,3| ≤ 2t+ δ3�|J2,3\J1,2,3| ≤ 2t+ δ3�

v|H1| ≤ 2t+ δ3 − |J2,3\J1,2,3|§|H2| ≤ 2t+ δ3 − |J1,3\J1,2,3|§±9|H3| = |H| − |H1| −

|H2| ≤ 2t"�
`²ù«y©(¢�3§·��I5¿�cü�Ø�ªw,´k

��§ùd·�éJ1,3\J1,2,3ÚJ2,3\J1,2,3���b��±��§1n�Ø�ª�¤á§

Ï�·�k|H3| ≤ |E|−(|H1|+|J2,3\J1,2,3|)−(|H2|+|J1,3\J1,2,3|)§|E| = 6t−δ−δ2−δ3§

¿�·��±4|H1| + |J2,3\J1,2,3|Ú|H2| + |J1,3\J1,2,3|¦�U��§�±��2t + δ3"

éw��½Â�@
©þ§·��w|Hj = yj|Hj§Ù¥j = 1, 2, 3"�U�yù«�{

éw´û½Â�"

y3§éj ∈ {0, 1, 2, 3}§·�5O�I(w, yj)��"5¿�§|J1,2| ≤ δ2, |I1,0,2|+ |J1,2| ≤

I(y1, y2) ≤ δ�|I1,0,3|+ |I2,0,3|+ |J1,2,3| ≤ I(y3, {y1, y2}) ≤ δ§@o§·�k



I(y0, w) = |I1|+ |I2|+ |I3| = 3t+ δ + δ2 + δ3,

I(y1, w) = |I1|+ |J1,2|+ |J2,3\J1,2,3|+ |H1| ≤ (t+ δ) + δ2 + (2t+ δ3)

= 3t+ δ + δ2 + δ3 = I(y0, w),

I(y2, w) = |I1,0,2|+ |I2|+ |J1,2|+ |J1,3\J1,2,3|+ |H2| ≤ δ + (t+ δ2) + (2t+ δ3)

= 3t+ δ + δ2 + δ3 = I(y0, w),

I(y3, w) = |I1,0,3|+ |I2,0,3|+ |I3|+ |J1,2,3|+ |H3| ≤ δ + (t+ δ3) + 2t

= 3t+ δ + δ3 ≤ I(y0, w).

duy0 6∈ {y1, y2, y3}§ù�C�3-Jl5��gñ§�X·�¤�"

f�/2.2µ Ø���5§·�b�|J2,3\J1,2,3| > 2t + δ3"·��±­#½ÂJ
′
2,3¦

�J ′2,3 ⊆ J2,3\J1,2,3Ú|J ′2,3| = 2t+ δ3¤á"

y3§·��±UXeÚ½½Âwi§ùpi ∈ E"L3-3I£
·�¤^�PÒ"

1. �i ∈ J ′2,3�§�wi = y1,i¶
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y0 ∈ C ′
J ′2,3︷ ︸︸ ︷

0000 · · · 00

E\J ′2,3︷ ︸︸ ︷
0000 · · · 00

y1 ∈ C ′ 1111 · · · 11 ∗∗∗∗ · · · ∗∗

y2 ∈ C 2222 · · · 22 2222 · · · 22

y3 ∈ C 2222 · · · 22 ∗∗∗∗ · · · ∗∗

w ∈ desc(y1, y2, y3) 1111 · · · 11︸ ︷︷ ︸
|J ′2,3|=2t+δ3

2222 · · · 22︸ ︷︷ ︸
|E\J ′2,3|<2t

L 3-3 �0 6 δ < 4t�|J2,3\J1,2,3| > 2t+ δ3�

2. �i ∈ E\J ′2,3§�wi = y2,i¶

y3·��±éj ∈ {0, 1, 2, 3}O�I(w, yj)��"du2t+δ3 < |J2,3\J1,2,3| ≤ I(y3, {y1, y2}) ≤

δ < 4t§�|E\J ′2,3| = max{4t− δ − δ2 − 2δ3, 0} < 2t§·�k



I(y0, w) = |I1|+ |I2|+ |I3| = 3t+ δ + δ2 + δ3,

I(y1, w) ≤ |I1|+ |J1,2|+ |J ′2,3| ≤ (t+ δ) + δ2 + (2t+ δ3) = 3t+ δ + δ2 + δ3

= I(y0, w),

I(y2, w) = |I1,0,2|+ |I2|+ |E\J ′2,3| < δ + (t+ δ2) + 2t = 3t+ δ + δ2

≤ I(y0, w),

I(y3, w) ≤ |I1,0,3|+ |I2,0,3|+ |I3|+ |E\J ′2,3| < δ + (t+ δ3) + 2t = 3t+ δ + δ3

≤ I(y0, w).

dd��§y0 6∈ {y1, y2, y3}"ù�C�3-Jl5��gñ"

½½½nnn3.4.3���yyy²²². PN = 9t − r§Ù¥§t ∈ Z�0 ≤ r ≤ 8"ÏLr¤kèi?é�þ0r§

·��±rCw�´��9t��Jlè"Ïd§·�o�±b�NU�9�Ø"-d = d(C)"

ÏL­E|^Ún3.4.4�õN − dg§·�U����4�ål�N�èC ′§ù�è�

õkq�èi"3þ¡�L§¥§�
��C ′·�£Ø
�õ(N − d)c′qt�èi§Ïd§

|C| ≤ (N − d)c′qt + q ≤ cqt§ùp·�-c = Nc′"½n�y"

3.5 (((���

3ù�Ø©¥§·�^|ÜOê��{�Ñ
'uØÓJl�Y�eZ#�þ."ù

���S�kü�Ì��úm¯K"
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1��¯K´û½N(t)�°(�½Cq�"Erdős§FranklÚFüredi [67]Q²ßÿN∗(t) =

t2 + o(t2)"XJù�ß�´¤á�§@odÚn3.2.8á=�±íÑN(t) = t2 + o(t2)"®�

.Úß�.E,�3��õ�"

1��¯K´£�¯K3.4.2"�Á�èÚI�£OèÑ�Å��k��5�´§§

�ÑÑl¤¢�EÜ5Æ§T½Æ�ÑMFP (aN, q, t) < MFP (N, qa, t)�MIPP (aN, q, t) <

MIPP (N, qa, t)é¤k��êaÑ¤á"T5��Ñ��FPC(N ;n, q, t)£IPP (N ;n, qa, t)¤

�3���FPC(aN ;n, q, t)£IPP (aN ;n, q, t)¤�3"ÏLr��aN��è
©¤N¬a�

|�¿§·��±r§w¤´��N �qa�è§TEÜ5Æ�±ÏLù�*	����"

¢Ã�´§du½Â¥4�ål^����§Jlèq�¿Ø÷vT5Æ"ù�N´Jl

è�þ.XdJ�O����Ï"·�y²½n3.4.3�{q��±�òÿ�y²�õ(

J§�,§?Øò¬�\E,"
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4 DDDÕÕÕ���ããã

4.1 {{{000

3�Ù¥§·�ò�Ä��dBrown§ErdősÚSós3Ô�c�@ÏJÑ��DÕ�ã

¯K"·�l�
7��½ÂÑu"�·�`����ã�§·�¢S´3`�é:

8Ú>8H = (V (H), E(H))§º:8V (H)�±�w�´��k�8ÜX§>8E(H)K

´X ��
f8�8Ü"·�Ï~P|V (H)| = v(H)�|E(H)| = e(H)"�
{Bå�§

·�^H5L«>8E(H)§Ïd§|H| �L«|E(H)|"���ãH´�5�§XJéØ

Ó�A,B ∈ H§Ñk|A ∩ B| ≤ 1"d	§·�`H´r-þï�§XJé¤kA ∈ HÑ

k|A| = r"

�½��r-þï�ã�8ÜH§K��H -free r-þï��ãØ�¹H¥�?Û��"

Turánêexr(n,H )L«��n�º:�H -free r-þï��ã¤U¹k���>ê"Turán.

�¯K34�|Ü+�S�ü
­���Ú§�nã©Ù [54,76,94,124,132]"

^Gr(v, e)IPke^>�v�º:�r-þï�ã�8Ü"���§·�`ù
�ã´

dv�º:Ü¤�e^>"·�òXúu��dBrown§ErdősÚSós [39,40]JÑ�Turán.¯K"

¦�Ú\
¼êfr(n, v, e)5L«n�º:þr-þï�ã§�ÙØ¹v�º:Ü¤�e^>�§

¤�U¹k���>ê"ù�du`§é?¿e^>A1, . . . , Ae§¤á|A1∪· · ·∪Ae| ≥ v+1"

d½Â�§fr(n, v, e) = exr(n,Gr(v, e))"k�§Gr(v, e)-free�ã��¡�DÕ�ã [78]§ù

´Ï�§�>´DÕ�"·��a,��r, v, e��½�§
nª�uÃ¡���/"®�

éz�r > k ≥ 2�e ≥ 3§Ñkfr(n, e(r− k) + k, e) = Θ(nk)§þ.5gu��{ü�Oê§

e.5guIO�VÇ�{",
§ér > k ≥ 2�e ≥ 3û½fr(n, e(r − k) + k + 1, e)�ì

?Ly�Jõ
"3©z¥§k��'ufr(n, e(r − k) + k + 1, e)�Í¶ß�"

ß�4.1.1. nk−o(1) < fr(n, e(r − k) + k + 1, e) = o(nk)é¤k�êr > k ≥ 2§e ≥ 3Ñ¤á"

�{ü��/§r = 3§k = 2§e = 3§=(6,3)-¯K§��Ruzsa�Szemerédi [119]y²
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XeÍ¶�(6,3)-Únâ�)ûµ

n2−o(1) < f3(n, 6, 3) = o(n2). (4-1)

Erdős§Frankl§Rödl [68]rù�(JÿÐ�

n2−o(1) < fr(n, 3(r − 2) + 2 + 1, 3) = o(n2) (4-2)

é?¿r ≥ 3Ñ¤á"Alon�Shapira [14]?�Úí2�

nk−o(1) < fr(n, 3(r − k) + k + 1, 3) = o(nk) (4-3)

é?¿r > k ≥ 2Ñ¤á"©z [14]�e.¿�Xn2−o(1) < f3(n, 7, 4)�n2−o(1) < f3(n, 8, 5)"

ùü�"(�~f±9(4-3)��>´ß�4.1.1e.¤á�¤k®��/"'uß��þ

.§Sárközy�Selkow [120,121]���
�
(Jµ

fr(n, 4(r − k) + k + 1, 4) = o(nk) (4-4)

ér > k ≥ 3¤á§�

fr(n, e(r − k) + k + blog2 ec, e) = o(nk) (4-5)

é¤kr > k ≥ 2�e ≥ 3Ñ¤á"N´wÑ§(4-5)%¹
(4-1)§(4-2)�(4-3)��>Ü©§

Ï�blog2 3c = 1"�´§�e ≥ 4�§�ß��E,k�^õ�"SolymosiÚSolymosi [127]�

C�ó�y²
f3(n, 14, 10) = o(n2)§ù�(J3r = 3§k = 2Úe = 10�AÏ�/U?


(4-5)"ù�´�c5ì?.(4-5)1���U?��/"

·�é¼êfr(n, v, e)�U?�¹
±en��¡µ

• 1�§·�y²
ß�4.1.1�m>é¤k�½�êr ≥ k + 1 ≥ e ≥ 3Ñ¤á£�

e¡�½n4.2.2¤"·��(Ø|^
Í¶��ã£ØÚn£Hypergraph Removal

Lemma¤"·��(J)û
ß��þ.�¤k/{ü0�/§Ï�§%¹
¤

k(4-1)§(4-2)§(4-3)§(4-4)�m>��ÙAÏ�/§�1���)û��¹Ò´Í

¶�(7,4)-¯K"
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• 1�§·��Ñ
��#�ì?.£�e¡�½n4.2.3¤§ù�.`²fr(n, e(r −

k) + k + i + 1, e) = o(nk)é¤k÷vi ≥ 0§r ≥ k + i + 1 ≥ 2§
(
k+i+1
k

)
≥ e ≥ 3��

êr§k§e§iÑ¤á"3éõ�/eù�.Ñ'(4-5)�Ð"

• 1n§·��Ñ
eZ�E5�(J£�14.5!¥�eZ�½n¤§`²
ß

�4.1.1��>3r ≥ 3Úk = 23e = 4, 5, 7, 8�Ñ¤á"5¿�§y��÷vß���

E5(JÑÎÜr = 3½öe = 3"·���E´{¤þ1���»ù�}j�"·�

�y²�÷uãØ�\{êØ¥�ü�#Vg§=§çô��RL-sum-free8"·�

�Ñu:3u§·�ÄkuyØ¹çô���ã´DÕ�ã�ûÐÿÀ¶Ùg§·

�3$/uy�±|^\{êØ�óä5�Ev
��Ø¹çô���ã"

�Ù�{SNSüXe"·�ò314.2!y²fr(n, e(r − k) + k + 1, e) = o(nk)é¤k

�êr ≥ k + 1 ≥ e ≥ 3Ñ¤á"#�ì?.�ò3ù�!�y²"�e5�n��!¥§

·�ò�åuDÕ�ã��E"314.3!§·�ò0�çô��RL-sum-free�Vg§±

9§�3�EDÕ�ã��A^"314.4!¥§·�ò)º|^sum-free85�EDÕ�

ã�Ä��{"14.5!´'ur ≥ 3§k = 2�e = 4, 5, 7, 8�fr(n, e(r− k) + k + 1, e)�äN

�E"·�ò314.6!��
o("

4.2 DDDÕÕÕ���ããã������ããã£££ØØØÚÚÚnnn

�!�Ì�?Ö´y²ß�4.1.1�m>é¤k�êr ≥ k + 1 ≥ e ≥ 3Ñ¤á"·�=

|^
Xe��ã£ØÚn [52]"

Ún4.2.1 (Hypergraph removal lemma). é?Ûr-þï�ãG�?Ûε > 0§Ñ�3δ > 0¦�

?Ûn�º:�r-þï�ã§eÙ�¹G��õδnv(G)°��§KÏL£Ø�õεnr^>§�

±4§C�´Ø¹kG�£G-free¤"

ÏL�ã£ØÚn§N´íÑXe¯¢µé?Û�½�~êε > 0§Ñ�3,

�δ(ε) > 0§¦�XJ�¦��n�º:�r-þï�ãHC�G-freeIí���εnr^>§@

oH�½�¹G���δ(ε)nv(G)°��"

½n4.2.2. fr(n, e(r − k) + k + 1, e) = o(nk)é¤k�êr ≥ k + 1 ≥ e ≥ 3Ñ¤á"
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y². é÷v½n^��r, k, e§-H´��Gr(e(r − k) + k + 1, e)-free�r-þï�ã"b�

é,�ε > 0k|H| ≥ εnk"

Äk§·�(²é?¿A0 ∈ H§��3H\ {A0}��õe− 2^>§¦�§��A0u�

�k�º:"XeØ,§�3e−1^>A1, . . . , Ae−1¦�|A0∩Ai| ≥ kéz�1 ≤ i ≤ e−1Ñ¤

á"@o·�k|∪e−1
i=0Ai| ≤ er−(e−1)k < er−(e−1)k+1§ù�¯¢H´Gr(e(r−k)+k+1, e)-

free�gñ"Ïd§�3���ãH′ ⊆ H§|H′| ≥ ε
e−1

nk÷vé¤kØÓ�A,B ∈ H′§Ñ

k|A ∩B| ≤ k − 1"

�e5§·�ò�E��9Ï�k-þï�ãH∗5�Ï·�y²T½n"º:

8V (H∗)÷vV (H∗) ⊆ V (H′) ⊆ V (H)">8E(H∗)´UXe�ª�¤�µéz^r-þ

ï�>A ∈ H′§·��E���ãKk
r (A)§§L«º:8Aþ�k-þï���ã"Kk

r (A)´

d�A�¤kk�f8
�¤�"N´wÑ§A ∈ H′�Kk
r (A) ⊆ H∗�m´k��éA�"

E(H∗)´d�ÜKk
r (A)�¤k>�¿¤/¤�§=E(H∗) = ∪A∈H′Kk

r (A)"��­��*	

´§é?¿ü^>A,B ∈ H′§k-þï�ãKk
r (A)�Kk

r (B)´Ø¹ú�>�"ù�*	5g

u{ü�¯¢§éA,B ∈ H′k|A ∩B| ≤ k − 1"

o
ó�§·��E
��k-þï�ãH∗§§�¹Kk
r���|H′| ≥ ε

e−1
nk�>Ø

����"ÏdI�í��� ε
e−1

nk ^>âU¦�H∗´Kk
r -free�"d�ã£ØÚn�

�§H∗¹kKk
r���δεn

r°��"y3§4·��OXeKk
r�êþµ§¹kü^5g

uÓ��A ∈ H′�>"Äk§5¿�Kk
r�ü^>û½
§��k + 1�º:§�ù�

�A ∈ H′kO(nk)«ÀJ"Ùg§�½Kk
r��e�r − k − 1�º:k�õnr−k−1 «ÀJ"

Ïd§ù«Kk
r�êþ�õ�O(nk) · nr−k−1 = O(nr−1)§�nv
��ò�uδ(ε)nr£Ù

¥δ(ε)´d�ã£ØÚn¤�y�~ê¤"

�â±þ�?Ø§·��±o(�§o´�3��Kk∗
r ⊆ H∗§§�

(
r
k

)
^k-þï>

5guH′�
(
r
k

)
^ØÓ�r-þï>"AO�§ér ≥ k + 1 ≥ e§·��±ÀJ��Kk

k+1 ⊆

Kk∗
r §¿�ù���K

k
k+1�e^>§P�B1, . . . , Be"�ÄH′¥éA�e^>A1, . . . , Ae§÷

vBi ⊆ Ai§1 ≤ i ≤ e"@o§B1, . . . , Be´dk+ 1�º:¤Ü¤�e^>§¤±·��±í

Ñ|A1∪· · ·∪Ae| ≤ re−(ek−(k+1)) = e(r−k)+k+1§ù�¯¢H′´Gr(e(r−k)+k+1, e)-

free��gñ"Ïd§½nd�y{�y"

·�é½n4.2.2¢Sþ%¹
Xe����(J"

½n4.2.3. é÷vi ≥ 0§r ≥ k + i + 1 ≥ 2§
(
k+i+1
k

)
≥ e ≥ 3��êr, k, e, i§·�

kfr(n, e(r − k) + k + i+ 1, e) = o(nk)"
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y². -H´��Gr(e(r−k) +k+ i+ 1, e)-free�r-þï�ã"b�|H| ≥ εnké,�~êc¤

á"·���½n4.2.2�y²g´"�Xy²����Ú§�±ÀJ��Kk
k+i+1 ⊆ Kk∗

r �

§�e^>§P�B1, . . . , Be"�ÄH′ ¥éA�e^>A1, . . . , Ae§÷vBi ⊆ Ai§1 ≤ i ≤ e"

@o§B1, . . . , Be´dk + i + 1�º:Ü¤�e^>§Ïd·��±íÑ|A1 ∪ · · · ∪ Ae| ≤

re− (ek − (k + i+ 1)) = e(r − k) + k + i+ 1§ù�H′´Gr(e(r − k) + k + i+ 1, e)-free��

gñ"

Ø�4·�'�½n4.2.2�½n4.2.3§±9�c�(J"�±�y½n4.2.2�¹(4-

4)±9(4-3)�m>��ÙAÏ�/"ß�¥1���UCX��/´r = 3, k = 2, e = 4§

ù�´Ù��(7,4)-¯K"�
)û�(J��/§~X§(7,4)-¯K§·�kü«�U

��{§�«´|^'�ã£ØÚn�r�óä§,�«´ïá���Ð�B��

.�."XJ·�é'½n4.2.3�(4-5)§¿ØJwÑ�r, e, k, i÷vr ≥ k + i + 1 ≥ 2§(
k+i+1
k

)
≥ e�blog2 ec ≥ i+ 2�§·��(J�Ð"

4.3 BBB������...���sum-free888

·�ò8B�
DÕ�ã¥�½ØUÑy�Ä�(�"ù
Ä�(��¡�´B��

."��EØ¹��B��.��ã�§\{êØ´�a­��óä"3�!¥§·�ò

Â8�
7���£"

4.3.1 çççôôô���

·�lçô��½Âm©§§´�ö3ïÄ�{MFx�Ú\�"��r-þï�

ãH´r-Ü�XJ§�º:8V (H)�±^r«ôÚ/Ú§¦�H ¥vk>�¹ü«�Ó

ôÚ�:"3ù���/Ú¥§ôÚ8V (H)§=§�ÓôÚ�º:8§�¡�´H�

Ü§·�^V1, . . . , Vr5L«V (H)�r«ôÚ8"@o§V (H)´¤kVi�Ø�¿§�éz

�1 ≤ i ≤ rÑkA ∈ H§|A ∩ Vi| = 1"

·��ò^�Berge [23,24]Ú?��ã��½Â"ék ≥ 2§�ãH¥����´º:�

>����§v1, A1, v2, A2, . . . , vk, Ak, v1§�kXe5�

(a) v1, v2, . . . , vk´H�ØÓº:§

(b) A1, A2, . . . , Ak´H�ØÓ>§

(c) é1 ≤ i ≤ k − 1Úvk, v1 ∈ Ekkvi, vi+1 ∈ Ai"
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�±�y§é2 ≤ i ≤ kkAi−1 ∩ Ai = {vi}§�Ak ∩ A1 = {v1}"

�e5·�ò�Ñçô��½Â"-H´���5�r-þï�ã"��k-�

v1, A1, v2, A2, . . . , vk, Ak, v1

�¡�´çôk-�§XJv1, . . . , vká3V (H)�k�ØÓ�Ü¥"ér-þï�ã5`§��

çôk-��3=�k ≤ r"�©���M#:Ò´·�uyé,
ëê§Ø¹çô���ã

�´DÕ�ã"

·��a,��´�Ý�n½o�çô�"��çô3-�k/ªv1, A1, v2, A2, v3, A3, v1"

lAÛþ5`§·��±rçô3-�w¤´��n�/§§�n�º:á3n�ØÓ�º

:8¥"

Ún4.3.1. �H´���5�r-Ür-þï�ã"@o§H´Gr(3r − 3, 3)-free���=�§Ø

�¹çô3-�"

y². �Iy²en^>A1, A2, A3 ∈ H÷v|A1 ∪A2 ∪A3| ≤ 3r − 3§@o§��½¬/¤

��çô3-�"Äk§5¿�H´���5�ã§d|<�n��§

|A1 ∪ A2 ∪ A3| =|A1|+ |A2|+ |A3| − |A1 ∩ A2| − |A2 ∩ A3| − |A3 ∩ A1|+ |A1 ∩ A2 ∩ A3|

≥3r − 3 + |A1 ∩ A2 ∩ A3|.

l
§·��±íÑ|A1 ∪ A2 ∪ A3| = 3r − 3§ |A1 ∩ A2| = |A2 ∩ A3| = |A3 ∩ A1| =

1�A1 ∩ A2 ∩ A3 = ∅"Ø���5§b�A1 ∩ A2 = {a}§A2 ∩ A3 = {b}�A3 ∩ A1 = {c}"

dua, b, c�Ø�Ó§§�7áun�ØÓ�º:8"-a ∈ V1§b ∈ V2�c ∈ V3"@o·�

ò����çô3-�b, A1, a, A2, c, A3, b§§�±^L4-1L«Ñ5"

A1 A2 A3

V1 a a

V2 b b

V3 c c

L 4-1 çô3-�
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e���ãG = {A1, A2, A3, A4}/¤��çô4-�d,A1, a, A2, b, A3, c, A4, d§Ò�þ¡

�Ún��§G�±L«�L4-2"

A1 A2 A3 A4

V1 a a

V2 b b

V3 c c

V4 d d

L 4-2 çô4-�

4.3.2 Sum-free888

�Ä���5�§
∑s

i=1 aimi = 0§k�Xêa1, . . . , as§��êxi"XJk
∑s

i=1 ai = 0§

·�`ù��§´àg�"·�`8ÜM ⊆ [n]Ø¹þã�§��²�)§XJmi ∈

M�
∑s

i=1 aimi = 0§KUíÑ¤kmi��"ùp'u�²�)�½Â´Ruzsa [118]�©

½Â���{z��"�½��8ÜR = {b1, . . . , br}§ù´r�ØÓ��K�ê"�

�8ÜM�¡�´RL-sum-free���=�é?Ûl÷v3 ≤ l ≤ L ≤ r�?Ûl-f8S =

{bj1 , bj2 , . . . , bjl} ⊆ R§�§

(bj2 − bj1)m1 + (bj3 − bj2)m2 + · · ·+ (bjl − bjl−1
)ml−1 + (bj1 − bjl)ml = 0

3M¥Ø
²�)m1 = m2 = · · · = ml�	ÑÃ)"

5P4.3.2. RL-sum-free8�Vg´DÚsum-free8�í2§DÚsum-free8®²�2��ï

ÄL
£�©z [118]¤"�ö3ïÄ�{MFx�Q²�Ä
r = 4ÚL = 4���¹"

Ún4.3.3. -0 < a < 1����½�~ê"K2O(loga n) = o(nε)é¤k�~êε > 0Ñ¤á"

y². TÚndXe��O���µ

lim
n→+∞

2O(loga n)

nε
= lim

n→+∞

2O(loga n)

2ε logn
= lim

n→+∞
2O(loga n)−ε logn = 2−∞ = 0.

39



úô�ÆÆ¬Æ Ø©

Ún4.3.4. -l ≥ 2����½��ê"-a1, . . . , al ∈ [n]�l���ê£¿Ø´�½�§�

U¬´n�¼ê¤"@o�3��8ÜM ⊆ [n]§|M | ≥ n

2
O(

√
logn log

∑l
i=1

al)
§Ø¹eã�§�

�²�)

a1m1 + · · ·+ alml = (a1 + · · ·+ al)ml+1.

y². Ty²´Behrend [21]�E�����A^§�©z [10]¥Ún3.2�1�Ü©"

Ún4.3.5. -a1, a2, a3, a4 ∈ [n]�o�ØÓ���ê£¿Ø´�½�§�U¬´n�¼ê¤§

÷v

(1) a1 < a2 < a3 < a4§

(2) a1 + a4 = a2 + a3§

(3) é?¿��~êε > 0§Ñka1 = o(aε3)§a2 = o(aε3)§a4 − a3 = o(aε3)�a4 = o(nε)§

(4) �3ü�~ê0 < a, b < 1§¦�log a2 = O((log a3)a)�log a3 = O((log n)b)§

K���8ÜM ⊆ [n]§|M | ≥ n

2O((logn)
1+

b(a−1)
2 )

> n1−o(1)§Ø¹Xe�§��²�)

a1x+ a4y = a2u+ a3v.

5P4.3.6. 5¿�dua < 1�b < 1§¤±·�k1 + b(a−1)
2

< 1"ÏddÚn4.3.3�

�2O((logn)1+
b(a−1)

2 ) = no(1)"

y². -B ⊆ [0, a3+1
a2

)����ê8Ü§�Ø¹e¡9Ï�§��²�)µ

a1x+ (a4 − a3 − 1)y + v = a2u. (4-6)

5¿�§dÚn�1��^���§a1 + a4 − a3 − 1 + 1 = a2"dÚn4.3.4§�3B¦�

|B| ≥
a3+1
a2

2
O(

√
log

a3+1
a2

log a2)
>

a
1−o(1)
3

2O((log a3)
1+a
2 )

> a
1−o(1)
3 ,

Ù¥����Ø�ªdÚn4.3.3íÑ"-M��¹Xe�ê�8ÜµXJrT�ê�

¤a3 + 1?Ðm�/ª§Ä.¥���==�¹@
áuB¥�"@o·�k

M ≥ |B|bloga3+1 nc = Ω(|B|
logn

log(a3+1) ) = Ω(n
log |B|

log(a3+1) ) > n1−o(1).

40



4 DÕ�ã

·�(²�§a1x+ (a4 − a3 − 1)y + v = a2u3MSvk�²�)"

XeØ,§x, y, u, v/¤��þã�§��²�)"4·�r§�Ua3 + 1?�Ð

m§¦�x =
∑
xi(a3 + 1)i§y =

∑
yi(a3 + 1)i§u =

∑
ui(a3 + 1)i�v =

∑
vi(a3 + 1)i"Ï

�x, y, u, v�¤���²�)§K7�3,��êi¦�xi, yi, ui, viØ���"-j�÷vù

�^����i"@o§·�k

a1xj(a3 + 1)j + a4yj(a3 + 1)j ≡ a2uj(a3 + 1)j + a3vj(a3 + 1)j (mod (a3 + 1)j+1).

ù¿�X

a1xj + (a4 − a3 − 1)yj ≡ a2uj − vj (mod a3 + 1),

=

a1xj + (a4 − a3 − 1)yj + vj ≡ a2uj (mod a3 + 1).

d·���E��§xj, yj, uj, vj <
a3+1
a2
§þ¡�Ó{'X��e¡��ª7�¤á

a1xj + (a4 − a3 − 1)yj + vj = a2uj.

ù´��gñ§Ï�xj, yj, uj, vj´Ø����§�BØ¹�§(4-6)��²�)"

c[O�n
log |B|

log(a3+1)���·��Ún"

Ún4.3.7. -
∑s

i=1 aixi = 0����5�§"eM ⊆ [n]Ø¹Ù�²�)§Kùé?Û²

£(M + b) ∩ [n]§b ∈ Z§�¤á¶Ù¥M + b := {m+ b : m ∈M}"

y². XJØ,§�3,�b ∈ Z¦�M + b�¹�§��²�)"Pù|)�{b1, . . . , bs}§

Ù¥bi = mi + b§1 ≤ i ≤ s"@om1, . . . ,ms´Ø����"·�k

0 =
s∑
i=1

aibi =
s∑
i=1

ai(mi + b) =
s∑
i=1

aimi + b

s∑
i=1

ai =
s∑
i=1

aimi.

Ïd§{m1, . . . ,ms} ⊆M�´�§����²�)§ù�Ún�b�´gñ�"

Ún4.3.8. -0 < a < 1����½�~ê§t����½���ê"-
∑s

i=1 aijxi = 0§

1 ≤ j ≤ t§�t�àg�5�§"XJéz��ê1 ≤ j ≤ t§Ñ�3��8ÜMj ⊆ [n]§

|Mj| ≥ n
2O(loga n)Ø¹�§

∑s
i=1 aijxi = 0��²�)"@o§�3��8ÜM ⊆ [n]§

|M | ≥ n
2O(loga n)Ø¹?¿���§��²�)"
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y². �Å!²þ�Õá/À�t − 1��êµ2, . . . , µt ∈ {−n, . . . , n}"KdÚn4.3.7��§

M = M1 ∩ (M2 + µ2) ∩ · · · ∩ (Mt + µ + t)ét��§ÑØ¹�²�)"y3§4·�O�

?Û��m ∈ M1áuþã�8�VÇ"éz�2 ≤ j ≤ t§·�k−n ≤ m − mj ≤ n§

mj ∈Mj"Ïd�±íÑ

Pr[m ∈ (Mi + µi)] = Pr[∃mi ∈Mi, s.t. µi = m−mi] =
|Mi|
2n

= Ω(2−O(loga n)).

¤±§¤á

Pr[m ∈ (M2 + µ2) ∩ · · · ∩ (Mt + µ+ t)] = Ω(2−O(loga n))t = Ω(2−O(loga n)),

ù¿�X|M |�Ï"��´E[|M |] = |M1|Ω(2−O(loga n)) = n
2O(loga n)"

e¡�½n´�!�Ì�SN"

½n4.3.9. éz��êr ≥ 4§Ñ�3��r-f8R ⊆ [n]Ú��'uR�R4-sum-free8M ⊆

[n]§÷v|M | > n1−o(1)"

y². �
�E¤Ï"�sum-free8§·��R = {b1, . . . , br}§Ù¥§b1 = 2(logn)
1
2r§bi+1 =

2(log bi)
2
§1 ≤ i ≤ r − 1"@olog bi+1 = (log bi)

2§�ØJO�log bi = (log b1)2i−1
Úbi =

2(log b1)2
i−1

= 2(logn)
1

2r−i+1
é1 ≤ i ≤ rÑ¤á"dÚn4.3.3��§bi = o(bεi+1)é1 ≤ i ≤ r −

1�?¿�½��~êε > 0Ñ¤á§ù´Ï�bi = 2
√

log bi+1"d	§br = 2
√

logn = o(nε)"

é3 ≤ l ≤ 4�?¿l-f8S = {bj1 , bj2 , . . . , bjl} ⊆ R§4·�O�Xe/ª��§�Ø

�da�êµ

(bj2 − bj1)m1 + (bj3 − bj2)m2 + · · ·+ (bjl − bjl−1
)ml−1 + (bj1 − bjl)ml = 0. (4-7)

�/1µel = 3§K�Ä�§

(bj2 − bj1)m1 + (bj3 − bj2)m2 + (bj1 − bj3)m3 = 0.

dé¡5��§·�oUb�bj1 < bj2 < bj3"Ïd�§�±�=z�Xe�d�/ª

(bj2 − bj1)m1 + (bj3 − bj2)m2 = (bj3 − bj1)m3. (4-8)

·�rù��§¡�´Type 1�§�l = 3�§¤k�§Ñ´Type 1�"Type 1�§�oê

�
(
r
3

)
"
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�/2µel = 4§�½?¿o���bj1 , bj2 , bj3 , bj4 ∈ R"b�bj1 < bj2 < bj3 < bj4§K

ÏL�Þ¤k��U|Ü§ØJwÑ¤k��§Ñ�due¡�n«a.��

(bj2 − bj1)m1 + (bj3 − bj2)m2 + (bj4 − bj3)m3 = (bj4 − bj1)m4, (4-9)

(bj2 − bj1)m1 + (bj4 − bj2)m2 = (bj4 − bj3)m3 + (bj3 − bj1)m4, (4-10)

(bj4 − bj1)m1 + (bj3 − bj2)m2 = (bj3 − bj1)m3 + (bj4 − bj2)m4. (4-11)

·�rþ¡n��§©O¡�Type 2§Type 3ÚType 4"z«a.´d
(
r
4

)
�ØÓ��§|

¤�"

·��±o(�¤k/ª�(4-7)��§¹k�õt :=
(
r
3

)
+ 3
(
r
4

)
«ØÓ��U�.§

§�©O�P�Eq1, . . . , Eqt"e¡�Ú½�±�8BXeµ·�Äk|^Ún4.3.4�

Ún4.3.55�Et�v
��8ÜM1, . . . ,Mt ⊆ [n]¦�é1 ≤ i ≤ t 8ÜMiÑØ¹�

§Eqi��²�)",�·�2|^Ún4.3.85�E��·�¤Ï"�8ÜM§§Ø

¹Eq1, . . . , Eqt¥?¿���§��²�)"[!Xe"

dÚn4.3.4��§éz�Type 1½öType 2��§§Ñ�3��8ÜM ⊆ [n]§

|M | ≥ n

2O(
√

logn log br)
=

n

2O((logn)
3
4 )

¦�ÙØ¹k�²�)"y3·��I�ÄType 3�Type 4��§"'��§(4-10)�Ú

n4.3.5"·��±À�a1 := bj2 − bj1§a2 := bj3 − bj1§a3 := bj4 − bj3�a4 := bj4 − bj2"

dR�½Â��§N´�ya1, a2, a3, a4÷vÚn4.3.5�o�^�"£�Ún4.3.5¥a�b�

½Â§N´�ya ≤ 1
2
�b ≥ 1

2r−3Ñ¤á§�j4 = j3 + 1�j4 = 3��Ò¤á"Ïd§·�k

é?ÛType 3�Type 4��§§Ñ�3��8ÜM ⊆ [n]§

|M | ≥ n

2O((logn)1+
b(a−1)

2 )

≥ n

2O((logn)1+
1/2r−3(1/2−1)

2 )

=
n

2O((logn)
1− 1

2r−1 )

Ø¹Ù�²�)"

o
ó�§XJ·�Pc = max{3
4
, 1− 1

2r−1}§Kdþ¡�?Ø��§é1 ≤ i ≤ t§�

3��8ÜMi ⊆ [n]§|Mi| ≥ n
2O((logn)a)§Ø¹Eqi��²�)"dÚn4.3.8§·��±í�

�3��8ÜM ⊆ [n]§|M | ≥ n
2O((logn)a)Ø¹t��§Eq1, . . . , Eqt¥?Û����²�)"

ù��u´`M ⊆ [n]´��R4-sum-free8§Ù¥R = {b1, . . . , br}¶Ù��|M | > n1−o(1)d

Ún4.3.3�y"
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½n4.3.9�y²%¹
Xe�f�:�(Ø"

½n4.3.10. éz��êr ≥ 3§Ñ�3��r�8ÜR ⊆ [n]���R3-sum-free8M ⊆ [n]§

÷v|M | > n1−o(1)"

4.4 |||^̂̂sum-free888555���EEE���ããã

2�<��´\{êØ�óä�±�^5�E÷v�
ã=5���ã§~X©

z [10,78,119]"�½����êr§��Ü·�sum-free8ÜM ⊆ [n]§·��±UXe�ª�

E��r-þïr-Ü�ã"º:8´dV (H) = V1 × · · · × Vr¤�¤�§Ù¥§V1, . . . , Vr´�

½���ê8§÷véz�1 ≤ i ≤ rÑk|Vi| = O(n1+o(1))">8�½Â�

H = {A(y,m) : A(y,m) = (y + b1m, y + b2m, . . . , y + brm), y ∈ [n],m ∈M},

ùpA(y,m)´��kS�r-�|§¦�éz�1 ≤ j ≤ rÑky + bjm ∈ Vi"B :=

{b1, b2, . . . , br} ⊆ [n] ´���½�r �8Ü§§éH �z^>Ñ´���§·�¡B�

�ãHM��Ç8"

5P4.4.1. N´�y|H| = n|M |§�|H| > n2−o(1) §XJ·�U�E��v
��sum-

free8M÷v|M | > n1−o(1)"

·�á=�±��e¡�Ún"

Ún4.4.2. Uìþ¡��ª�E��ã[�Ñ´�5�"

y². b�|A(y,m) ∩ A(y′,m′)| ≥ 2§K�30 ≤ i, j ≤ r − 1�i 6= j¦�

 y + bim = y′ + bim
′,

y + bjm = y′ + bjm
′.

�±íÑy− y′ = bi(m
′−m) = bj(m

′−m)§ù¿�Xm = m′�y = y′£5¿�bi− bj 6= 0¤"

½n4.4.3. eM´��RL-sum-free8§÷v3 ≤ L ≤ r§@oUìþã�ª�E��

ãHM´��r-þïr-Ü��5�ã§�Ø�¹�Ý�uL+ 1�çô�"
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y². Äk§HMw,´��r-þïr-Ü��ã§§��55�dÚn5.5.2¤�æ
"�

â·��½Â��§������Ý���3"@o·��Iy²HMØ¹k�Ý÷

v3 ≤ l ≤ L�l-�"

XeØ,§�3��çôl-�§�3 ≤ l ≤ L§Ø���5§d��±�P��Xe�

/ªµv1, A(y1,m1), v2, A(y2,m2), . . . , vl, A(yl,ml), v1§Ù¥§é1 ≤ i ≤ lÚ1 ≤ ji ≤ rkvi ∈

Vji"d	§�âçô��½Â§éi1 6= i2·�kji1 6= ji2"ØJ�yA(y1,m1)∩A(y2,m2)∩

Vj2 = {v2}, . . . , A(yl−1,ml−1) ∩A(yl,ml) ∩ Vjl = {vl}, A(yl,ml) ∩A(y1,m1) ∩ Vj1 = {v1}",

	§é1 ≤ j ≤ r§d·���E��A(y,m) ∩ Vj = {y + bjm}§KXel��§Ó�¤á



y1 + bj2m1 = y2 + bj2m2,

y2 + bj3m2 = y3 + bj3m3,

...

yl−1 + bjlml−1 = yl + bjlml,

yl + bj1ml = y1 + bj1m1.

�â��{ü���{§·��±í�

(bj2 − bj1)m1 + (bj3 − bj2)m2 + · · ·+ (bjl − bjl−1
)ml−1 + (bj1 − bjl)mk = 0,

ù¿�Xm1 = · · · = ml§ù´Ï�M´RL-sum-free�"Ïd§y1 = · · · = yl�A(y1,m1) =

· · · = A(yl,ml)§ùw,´��gñ"Ïd§·��±o(�HMØ¹k�Ý�uL+ 1�ç

ô�"

íØ4.4.4. é?Ûr ≥ 4§Ñ�3��r-þïr-Ü�ãH÷v|H| > |v(H)|2−o(1)§�Ø�¹?

Û�Ý�3½4�çô�"

y². ù�íØ´½n4.3.9�½n4.4.3���(Ø"

4.5 DDDÕÕÕ���ããã������EEE

·�ò|^þ!¤Ð«�(Ø5�E·�¤Ï"�DÕ�ã"·�Äky²Gr(4r −

5, 4)-free�Gr(5r − 7, 5)-free�ãÑ�±dGr(3r − 3, 3)-free�ã��",
§e = 6´��

AÏ��/§Gr(6r − 9, 6)-free5�¿ØUdGr(3r − 3, 3)-free5�íÑ"¢Sþ§ér ≥ 3§

e = 6Úk = 2·�¿ØU�EÑ÷vß�e.�Gr(6r − 9, 6)-free�ã"�-<¯Û/
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´§�e = 7�e = 8�§·��±�Ev
��Gr(7r− 11, 7)-free�Gr(8r− 13, 8)-free�ã§

ér ≥ 3§k = 2Úe = 7, 8§§Ñ�±ÎÜß��e."e¡·�l�
é·��y²�~

k�Ï�Únm©"

Ún4.5.1. -e ≥ 3´����ê§H´��r-þïr-Ü��5�ã"b�H´Gr(3r − 3, 3)-

free�Gr(e(r−2)+3, e)-free�§�§Ø´Gr((e+1)(r−2)+3, e+1)-free�"Ké?Ûe+1^

ØÓ�>A1, . . . , Ae+1 ∈ H÷v|∪e+1
i=1Ai| ≤ (e+1)(r−2)+3§�é?ÛAi ∈ {A1, . . . , Ae+1}§

Ñ�3n^ØÓ�>Ai1 , Ai2 , Ai3 ∈ {A1, . . . , Ae+1} \ {Ai}§¦�

(1) Aiz�Ai1 , Ai2ÚAi3uØÓ�º:§=§|Ai ∩ (Ai1 ∪ Ai2 ∪ Ai3)| = 3§

(2) Ai1 , Ai2ÚAi3´üüØ��§

(3) |Ai1 ∪ Ai2 ∪ Ai3 ∪ Ai| = 4r − 3"

y². -A1, . . . , Ae+1 ∈ H�e + 1^ØÓ�>§÷v| ∪e+1
i=1 Ai| ≤ (e + 1)(r − 2) + 3"

dH�Gr(e(r− 2) + 3, e)-free5���§·�k| ∪ei=1 Ai| ≥ e(r− 2) + 4"PX = ∪ei=1Ai§K

k

(e+ 1)(r− 2) + 3 ≥ |X ∪Ae+1| = |X|+ |Ae+1| − |X ∩Ae+1| ≥ e(r− 2) + 4 + r− |X ∩Ae+1|.

�â��{ü���§�±í�|Ae+1 ∩ (∪ei=1Ai)| ≥ 3"duH´���5�ã§ù���

��¿�X�3n^ØÓ�>Ai1 , Ai2 , Ai3 ∈ {A1, . . . , Ae}¦�Ae+1�§�¥�z��uØ

Ó�º:"·�o�±b�i1 = 1, i2 = 2, i3 = 3§�A1 ∩ Ae+1 = {a}§A2 ∩ Ae+1 = {b}§

A3 ∩ Ae+1 = {c}"5¿�H�´r-Ü�§a, b, c7LáuH �ØÓº:8¥"·�©O

�a ∈ V1§b ∈ V2Úc ∈ V3"A1, A2, A3�Ae+1���'X�±^XeL4-3L«Ñ5"

A1 A2 A3 Ae

V1 a a

V2 b b

V3 c c

L 4-3 Ún4.5.1�ã«

·�(¡A1, A2�A3´üüØ��"XJA1 ∩ A2 = {d} 6= ∅"KdH��55§

N´wÑd 6∈ {a, b, c}§ù¿�XA1 ∩ Ae+1 = {a}, A2 ∩ Ae+1 = {b}�A1 ∩ A2 = {d}"
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@o·�k|A1 ∪ A2 ∪ Ae+1| ≤ 3r − 3§ù�b�H ´Gr(3r − 3, 3)-free�gñ"Ïd§

·��(²¤á
"�e��Iy²|A1 ∪ A2 ∪ A3 ∪ Ae+1| = 4r − 3§§�±d¯

¢|A1∪A2∪A3| = 3r�|Ae+1∩(A1∪A2∪A3)| = 3íÑ"-i1 = 1, i2 = 2, i3 = 3Úi = e+1=

�±��·��Ún"

Ún4.5.2. b�H´��Gr(3r − 3, 3)-free�r-þï�5�ã"-AÚB�H�ü^>§§�

÷vA ∩ B 6= ∅"e�3,	�^>C ∈ H \ {A,B}�AÚB��ÑØ´�8§@o�½

kC ∩ A = C ∩B = A ∩B§=A§B§C�¹��ú��º:"

y². TÚn´H�Gr(3r − 3, 3)-free5���55������(Ø"

Ún4.5.3. -e ≥ 4´����ê§H´��dTÐe^>�¤�r-þïr-Ü��5�ã"b

�H´Gr(3r− 3, 3)-free�Gr((e− 1)(r− 2) + 3, e− 1)-free§�Ø´Gr(e(r− 2) + 3, e)-free�§

=|V (H)| ≤ e(r − 2) + 3"@oé?¿º:a ∈ V (H)Ñkdeg(a) ≤ b e
3
c"

y². Ø���5§·��±b�µmax{deg(v) : v ∈ V (H)} = l"À���º:a ∈

V (H)÷vdeg(a) = l"-a ∈ V1��A1, . . . , Al��¹º:a�l^>"dH��55��§

A1 \ {a}, . . . , Al \ {a}´üüpØ���"éz�1 ≤ i ≤ l§·�rÚn4.5.1A^uz�

�Ai§@o§�±í�é?¿AiÑ�3n^>Bi1§Bi2 �Bi3÷vÚn4.5.1�n^5�"5

¿�éz�i§{A1, . . . , Al} \ {Ai}¥��õ�^>�±¿�{Bi1 , Bi2 , Bi3}¥��^>"Ï

d§é?¿Ai§Ñ�3��ü^�gH\{A1, . . . , Al}�ØÓ>Bi1 , Bi2§÷v∅ 6= Bi1 ∩Ai 6=

Bi2 ∩ Ai 6= {a}"¢Sþ§2l^>{Bij : 1 ≤ i ≤ l, 1 ≤ j ≤ 2}´�Ø�Ó�"XeØ,§K

�31 ≤ i 6= i′ ≤ l�,�B ∈ {Bij : 1 ≤ i ≤ l, 1 ≤ j ≤ 2}¦�B ∩ Ai 6= ∅ÚB ∩ Ai′ 6= ∅Ñ¤

á"Ïd§dÚn4.5.2��§���U��/Ò´B ∩ Ai ∩ Ai′ = {a}§ù´��gñ"

y3§>Ai�>Bij�·��5
��3l^ØÓ�>§ù¿�X3l ≤ e¶?
§dl´�

��ê��l ≤ b e
3
c"

4.5.1 Gr(4r − 5, 4)-free���Gr(5r − 7, 5)-free���ããã

ù��!�Ì�?Ö´y²X��r-þïr-Ü��5�ã´Gr(3r − 3, 3)-free�§K§

�½�´Gr(4r − 5, 4)-free��Gr(5r − 7, 5)-free�"4·�le¡�Únm©"

½n4.5.4. -H���r-þïr-Ü��5�ã"XJH´Gr(3r−3, 3)-free�§K§�´Gr(4r−
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5, 4)-free�"

y². XeØ,§HØ´Gr(4r−5, 4)-free�"@o�3o^ØÓ�>A1, A2, A3, A4 ∈ H§¦

�|A1∪A2∪A3∪A4| ≤ 4r−5"dÚn4.5.1��§A1, A2, A3, A4�÷v|A1∪A2∪A3∪A4| =

4r − 3§ùw,´��gñ"

½n4.5.5. -H���r-þïr-Ü��5�ã"XJH´Gr(3r−3, 3)-free�§K§�´Gr(5r−

7, 5)-free�"

y². XeØ,§HØ´Gr(5r − 7, 5)-free�"@okÊ^ØÓ�>A1, A2, A3, A4, A5 ∈ H§

¦�|A1 ∪ A2 ∪ A3 ∪ A4 ∪ A5| ≤ 5r − 7"d½n4.5.4��§H´Gr(4r − 5, 4)-free�"@

o�3{A1, A2, A3, A4, A5} �o^>÷vÚn4.5.1"-ùo^>�A1, A2, A3�A4§¦

�A1, A2ÚA3´üüØ��"2�g§dGr(4r−5, 4)-free5�§·�k|A2∪A3∪A4∪A5| ≥

4r − 4"PX = A2 ∪ A3 ∪ A4 ∪ A5"@o|A1 ∩ X| ≤ 2§ù´Ï�A1 ∩ (A2 ∪ A3) = ∅§

|A1 ∩ A4| = 1§|A1 ∩ A5| ≤ 1"Ïd§·��±íÑ

|A1 ∪X| = |A1|+ |X| − |A1 ∩X| ≥ 4r − 4 + r − 2 = 5r − 6 > 5r − 7,

ù�·��b��gñ"

±e�íØ´þ¡ü�½n���(J"

·K4.5.6. fr(n, 4(r − 2) + 3, 4) > n2−o(1)§fr(n, 5(r − 2) + 3, 5) > n2−o(1)"�é{`§ß

�4.1.1��>ér ≥ 3§e = 4§k = 2�r ≥ 3§e = 5§k = 2¤á"

y². d½n4.5.4�½n4.5.5��§·��Iy²�3��v
��r-þïr-Ü��

5Gr(3r − 3, 3)-free�ã"Ún4.3.1§5P4.4.1Ú½n4.4.3�Ñù���ã(¢´�3�§

XJ�3���A�v
��R3-sum-free8§
R3-sum-free8��35´d½n4.3.10�

y�"

4.5.2 ØØØ´́́Gr(6r − 9, 6)-free������ããã���©©©aaa

þ¡�!�(J�Ñ§¤kr-þïr-Ü��5Gr(3r − 3, 3)-free�ã�´Gr(4r − 5, 4)-

free�Gr(5r − 7, 5)-free�",
§�e = 6�§ù�5�%ØU¤á"~X§·��±�Ä

XeL4-4¤«��ã"
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A1 A2 A3 A4 A5 A6

V1 a1 b1 c1 a1 b1 c1

V2 a2 b2 c2 b2 c2 a2

V3 a3 b3 c3 c3 a3 b3

L 4-4 (6,3)-free�Ø´(9,6)-free��ã

ù��ãk8^>§¿�´��3-þï3-Ü��5�ã"N´�y§÷vG3(6, 3)-free§

G3(7, 4)-free�G3(8, 5)-free�5�"�´§·�k| ∪6
i=1 Ai| = 9§Ïd§§Ø´G3(9, 6)-

free�"-<¯Û�´§XJ·��÷vGr(3r − 3, 3)-free
Ø÷vGr(6r − 9, 6)-free��ã

V\�
��^�§·��±y²¤k8^>�¿Ø�L6r − 9�º:��/==k�«

�U��.£�ÄÓ�5¤"

½n4.5.7. -r ≥ 3§H´��r-þïr-Ü��5�ã"b�Hvkn��vko��ç

ô�"e�3H�8^>A1, . . . , A6 ¦�|A1 ∪ · · · ∪ A6| ≤ 6r − 9§@o|A1 ∪ · · · ∪ A6| =

6r − 9�A1, . . . , A6�k�«�U��.£�ÄÓ�5¤"

5P4.5.8. Ún4.3.1`²
HØ¹çô3-���=�§´Gr(3r − 3, 3)-free�"

5P4.5.9. PW = A1 ∪ · · · ∪ A6�HW = {A1, . . . , A6}"dÚn4.5.3�±í�º:x ∈ W�

��Ýê�2"b�W¹kλ�Ýê�2�º:�µ�Ýê�1�º:"@o·�kλ + µ ≤

6r − 9"�?�Ú§g,·�k

6r =
∑
x∈W

deg(x) = 2λ+ µ ≤ 2λ+ (6r − 9− λ) = 6r − 9 + λ.

¤±�±í�λ ≥ 9"·�òy²(¢¬¤á|W | = 6r − 9�W�¹TÐ9�Ýê�2�º

:§±96r − 18�Ýê�1�º:"·��ò`²9�Ýê�2�º:�k�«�U��.§

ù��.�duL4-4¤£ã��ã"

y². �
y²·��½n§Ä��Ñu:´|^�y{"ÏLeZ^c[�O�(²�§

·�¬��8I"

b�HØ´Gr(6r − 9, 6)-free�"K�3H�8^>A1, . . . , A6§¦�|A1 ∪ · · · ∪ A6| ≤

6r − 9"qduHØ�¹çô3-�§§´Gr(3r − 3, 3)-free�¶?
§§�´Gr(4r − 5, 4)-

free�Gr(5r − 7, 5)-free�"Ø���5§·��A1, A2, A3�A6�÷vÚn4.5.1^��o
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^>"-A1, A2�A3�pØ���n^>"�A1 ∩ A6 = {a} ∈ V1§A2 ∩ A6 = {b} ∈ V2

�A3 ∩ A6 = {c} ∈ V3"PX = A1 ∪ A2 ∪ A3 ∪ A6�Y = A4 ∪ A5"

(²1µ |X ∩ Y | = 6§�ù8�ØÓ��:kXe/ªµAi ∩ Aj§i ∈ {1, 2, 3}§j ∈ {4, 5}"

y²µÄk·�w,k|X∩Y | ≤ 6§ù´Ï�|X∩Y | ≤ |X∩A4|+|X∩A5| ≤ 3+3 = 6"

@o�Iy²|X ∩ Y | ≥ 6"éA1§A2§A3©O¦^Ún4.5.1£©O�Ún4.5.1¥�

/Ai0�A1§A2§A3¤"@o§7½�3A11, A12, A13, A21, A22, A23, A31, A32, A33£Ø

�½�ØÓ¤÷v

|A1 ∪ (A11 ∪A12 ∪A13)| = 3, |A2 ∪ (A21 ∪A22 ∪A23)| = 3, |A3 ∪ (A31 ∪A32 ∪A33)| = 3.

duA1§A2§A3´üüØ��§ØJ�Ñþ¡n�ªf¤á��=�

|A1 ∪ (A4 ∪ 5 ∪ A6)| = 3, |A2 ∪ (A4 ∪ 5 ∪ A6)| = 3, |A3 ∪ (A4 ∪ 5 ∪ A6)| = 3.

A1§A2§A3�Ø��5�¿�Xþã�8¥V���Ê�º:Ñ´ØÓ�"Ïd§

(²á��y"

(²2µ A4§A5§A6´pØ���"

y²µXeØ,"~X§b�A4 ∩ A5 6= ∅"?���i ∈ {1, 2, 3}"duAi ∩ A4 6=

∅�Ai ∩ A5 6= ∅§dÚn4.5.2��Ai§A4ÚA5�½�¹��ú�º:§�â(²1§

ù´Ø�U�"

5¿�§·�b�
A1 ∩ A6§A2 ∩ A6ÚA3 ∩ A6©O´á3V1§V2ÚV3S�"e��

(²´�~­��µ·�`²
XJHØ�¹çô4-�§@o(A1 ∪A2 ∪A3) ∩ (A4 ∪A5)¥

�Ù§8�º:�½�¬á3V1 ∪ V2 ∪ V3S"

(²3µ �8A4∩ (A1∪A2∪A3)ÚA5∩ (A1∪A2∪A3)V���8�º:Ñá3º:8V1, V2, V3

¥§·�®²b�
a ∈ V1§b ∈ V2�c ∈ V3"

y²µ·�ò�éA4y²(²3§ù´Ï�éA5�y²�´aq�"�I�yA4 ∩

A1 ∈ V1 ∪ V2 ∪ V3§ù´Ï�A4 ∩ A2ÚA4 ∩ A1�y²Ñ´aq�"5¿�ù�(

²é3-þï��ã´gÄ¤á�"er ≥ 4§b��3,�d§¦�A4 ∩ A1 = {d} 6∈

V1 ∪ V2 ∪ V3"-d ∈ V4é,�º:8V4¤á"

·�òÄky²A4 ∩ A2ÚA4 ∩ A3 �½á3V1 ∪ V2 ∪ V3S"w,§ùü��:Ñ

ØUá3V4¥§Ï�§�Ñ7L�dØÓ§�H´r-Ü��5�ã"Ïd§ù�(
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Øé4-Ü�ã£=r = 4¤´gÄ¤á�"ér ≥ 5§b�A4 ∩ A2 = {e} ∈ V5§ù

pV5´,�Øáu{V1, V2, V3, V4}�º:8"L4-5�x
ù
>���'X"ØJw

Ñ§d,A1, a, A6, b, A2, e, A4, dò/¤��çô4-�§ù�½n�b�´gñ�"^a

q��{§�U
`²A4 ∩ A3 ∈ V1 ∩ V2 ∩ V3"

A1 A2 A3 A4 A5 A6

V1 a a

V2 b b

V3 c c

V4 d d

V5 e e

L 4-5 A4 ∩A1 ∈ V4�A4 ∩A2 ∈ V5§\o�>/¤çô4-�

5¿�A4∩{a, b, c} = ∅±9b = A2∩V2"@oA2∩A4Ø´á3V1¥§Ò´á3V3¥"

��¡§XJA2 ∩ A4 = {e} ∈ V3§Ke¡�L4-6`²d,A1, a, A6, b, A2, e, A4, d2�

g/¤��çô4-�§gñ"

A1 A2 A3 A4 A5 A6

V1 a a

V2 b b

V3 e c e c

V4 d d

L 4-6 A4 ∩A1 ∈ V4�A4 ∩A2 ∈ V3§\o�>/¤çô4-�

,��¡§XJA2∩A4 = {e} ∈ V1§@oA3∩A4�½á3V2¥£§ØUá3V1S§Ï

�A2∩A4®²3V1S¶§�ØUá3V3S§Ï�A3∩V3 = {c}�c 6∈ A4¤"-A3∩A4 =

{f} ∈ V2§@oe¡�L4-7`²
d,A1, a, A6, c, A3, f, A4, d/¤��çô4-�§g

ñ"

Ïd§·��±o(�µ¤kÑy3�8A4 ∩ (A1 ∪A2 ∪A3)ÚA5 ∩ (A1 ∪A2 ∪A3)¥

�8�:Ñá3V1, V2�V3S"(²�y"

y3§·��±y²½n�Ì�Ü©"(²3`²{A1, . . . , A6}¥?¿ü�8Ü��8

á3V1 ∪ V2 ∪ V3¥"Ïd§A1 \ (V1 ∪ V2 ∪ V3), . . . , A6 \ (V1 ∪ V2 ∪ V3)´üüØ��"Ïd§
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A1 A2 A3 A4 A5 A6

V1 a e e a

V2 b f f b

V3 c c

V4 d d

L 4-7 A4 ∩A1 ∈ V4§A4 ∩A2 ∈ V1§A3 ∩A4 ∈ V2§\o�>/¤çô4-�

3?Ø¥·��±�Ñ§�"b�rA1, A2, A3���V1, V2, V3þ�±��L4-8¥L«�

ã"

A1 A2 A3

V1 a f h

V2 d b i

V3 e g c

L 4-8 A1, A2, A3���V1, V2, V3þ¤���ã

5¿�·�b�
A6 ∩A1 ∩ V1 = {a}§A6 ∩A2 ∩ V2 = {b}§A6 ∩A3 ∩ V3 = {c}"�âH�

�55�(²1!2§N´�y£==ÏL�Þ¤k��U5¤��Ä3V1 ∪ V2 ∪ V3þ��

��§A4ÚA5=kü«�U§=

A1 A2 A3 A4 A5 A6

V1 a f h f h a

V2 d b i i d b

V3 e g c e g c

½ö

A1 A2 A3 A4 A5 A6

V1 a f h h f a

V2 d b i d i b

V3 e g c g e c

.

5¿�ùü«�.¢Sþ´�d�"�N´wÑ|A1 ∪ · · · ∪ A6| = 6r − 9"½n�y"

5¿�þ¡��.�U�L«��3× 3��§=
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A1 A2 A3

A4 a f h

A5 d b i

A6 e g c

·�rù��.¡�G3×3"

5P4.5.10. �±wÑ½n4.5.7¤û½�����.÷vXen^­��5�"

(1) éz�i ∈ {1, 2, 3}�j ∈ {4, 5, 6}§ÑkAi ∩ Aj 6= ∅"d	§Ñy3�8¥�Ê�:

´ØÓ�"

(2) é{i, j} ⊆ {1, 2, 3}½ö{i, j} ⊆ {4, 5, 6}§Ai ∩ Aj = ∅"

(3) A1, A2, A3�A4, A5, A63V1 ∪ V2 ∪ V3¥äk�Ó�Ê�º:"

4.5.3 Gr(7r − 11, 7)-free���ããã

Ún4.5.11. -r ≥ 3´����ê�H�r-þïr-Ü��5�ã"b�HØ¹n��Ø

¹o��çô�"e�3H�8^>A1, . . . , A6¦�|A1 ∪ · · · ∪ A6| ≤ 6r − 9§@oé?

¿A7 ∈ H \ {A1, . . . , A6}§Ñk|A7 ∩ (A1 ∪ · · · ∪ A6)| ≤ 1"

y². ·��b�¿�XH´Gr(3r − 3, 3)-free§Gr(4r − 5, 4)-free�Gr(5r − 7, 5)-free�"d

½n4.5.7e¡�?Ø��§{A1, . . . , A6}����.�duG3×3"

PX = A1∪· · ·∪A6"e�3,�A7 ∈ H\{A1, . . . , A6}¦�|A7∩X| ≥ 2."KdH��

55��§�3i, j ∈ {1, . . . , 6}�i 6= j¦�A7 ∩Ai 6= ∅§A7 ∩Aj 6= ∅�A7 ∩Ai 6= A7 6= Aj"

Ïd§�±íÑAi ∩ Aj = ∅§ÄK§A7, Ai�Ajò��H�Gr(3r − 3, 3)-free5�"d5

P4.5.10�(1)Ú(2)��§·�k{i, j} ⊆ {1, 2, 3}½{i, j} ⊆ {4, 5, 6}"b�{i, j} ⊆ {1, 2, 3}"

Pyi = A7 ∩ Ai9yj = A7 ∩ Aj"·��y²�±�y©�±en«�/§�âyi, yj�V1 ∪

V2 ∪ V3�m�'X"

�/1µ yi ∈ V1 ∪ V2 ∪ V3�yj ∈ V1 ∪ V2 ∪ V3"

5¿�§·�®²b�
{i, j} ⊆ {1, 2, 3}"eyj ∈ V1 ∪ V2 ∪ V3§d5P4.5.10�(3)�

�§·��±é���j′ ∈ {4, 5, 6} ÷vyj ∈ Aj′"@o§·�kA7 ∩ Ai = {yi}§
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A7∩Aj′ = {yj}§yi 6= yj�Ai∩Aj′ 6= ∅£d5P4.5.10�(1)¤§ù¿�X|A7∪Ai∪Aj′| =

3r−3§��
Gr(3r−3, 3)-free�5�"e¡�L4-9�*/Ð«
·��y²L§"

Ai Aj Aj′ A7

V1 yi yi

V2 yj yj yj

V3 Ai ∩ Aj′ Ai ∩ Aj′

L 4-9 Ún4.5.11��/1§i, j ∈ {1, 2, 3}�j′ ∈ {4, 5, 6}§\o�>/¤çô3-�

�/2µ yi ∈ V1 ∪ V2 ∪ V3�yj 6∈ V1 ∪ V2 ∪ V3"

2�g§d5P4.5.10�(3)��§�3��i′ ∈ {4, 5, 6}÷vyi ∈ Ai′"@o§·�

kA7 ∩ Ai′ = {yi}§A7 ∩ Aj = {yj}§yi 6= yj�Ai′ ∩ Aj 6= ∅£d5P4.5.10�(1)¤§ù

¿�X|A7 ∪ Ai′ ∪ Aj| = 3r − 3§��
Gr(3r − 3, 3)-free�5�"e¡�L4-10�*

/Ð«
·��y²L§"

Ai Aj Aj′ A7

V1

V2 yj yj yj

V3 Ai ∩ Aj′ Ai ∩ Aj′

Vi yi yi

L 4-10 Ún4.5.11��/2§i, j ∈ {1, 2, 3}�j′ ∈ {4, 5, 6}§\o�>/¤çô3-�

�/3µ yi 6∈ V1 ∪ V2 ∪ V3�yj 6∈ V1 ∪ V2 ∪ V3"

3ù�^�e§yi�yjØUá3�Ó�º:8¥§ù´Ï�H´r-Ü��yi 6= yj"

b�yi ∈ Vli�yj ∈ Vlj§Ù¥§{li, lj} ∩ {1, 2, 3} = ∅�li 6= lj£ù�§H�¹��

Ê�º:8§ù¿�Xr ≥ 5§ér = 4§·��I�Äcü«�/¤"?��

�k ∈ {4, 5, 6}¦�Ak ∩Ai = xi�Ak ∩Aj = xj"ù�§|^5P4.5.10�(ØØJ�

�xi, Ai, yi, A7, yj, Aj, xj, Ak, xi�¤��çô4-�§ù�½n�b��gñ"e¡�

L4-11�*/Ð«
·��y²L§"

é{i, j} ⊆ {4, 5, 6}§y²´aq�"Ïd§½n�y"

�
y²·��Ì�(Ø§·��I���Ún"
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Ai Aj Ak A7

V1 xi xi

V2 xj xj

V3

Vli yi yi

Vlj yj yj

L 4-11 Ún4.5.11��/3§i, j ∈ {1, 2, 3}�k ∈ {4, 5, 6}§\o�>/¤çô4-�

Ún4.5.12. -r ≥ 4´����ê§H´��r-þïr-Ü��5�ã"b�HØ¹n��Ø

¹o��çô�"2b�HØ¹Ýê�u2�º:"-A1, A2, A3, A4�H�o^pØ���

>§K�3�õ�^>B ∈ H \ {A1, A2, A3, A4}÷v|B ∩ (A1 ∪ A2 ∪ A3 ∪ A4)| = 4"

y². XeØ,§b��3ü^ØÓ�>B,C ∈ H\{A1, A2, A3, A4}÷v|B∩(A1∪A2∪A3∪

A4)| = 4�|C∩(A1∪A2∪A3∪A4)| = 4"�8¥V���l�º:�½´ØÓ�§ÄKHò

�¹Ýê�u2�º:"dH�Gr(3r − 3, 3)-free5���§ØJ�yB ∩ C = ∅"·��8

I´`²{A1, A2, A3, A4, B, C}¥7ko^>¬/¤��çô4-�"-V1, . . . , Vr�H�r�

º:Ü©"Ø���5§é1 ≤ i ≤ 4·��B∩Ai = {bi} ∈ Vi�C∩Ai = {ci}"5¿�§é

ØÓ�1 ≤ i1 6= i2 ≤ 4§·�k{ci1 , ci2}∩ (Vi1 ∪Vi2) 6= ∅§ÄK{bi1 , bi2 , ci1 , ci2}òá3o�Ø

Ó�º:Ü¥§?
bi1 , Ai1 , ci1 , C, ci2 , Ai2 , bi2 , B, bi1/¤��çô4-�",��¡§du·

�kai1 ∈ Vi1§ai2 ∈ Vi2�B ∩ C = ∅§N´wÑci1 6∈ Vi1�ci2 6∈ Vi2"Ïd·�kci1 ∈ Vi2½

öci2 ∈ Vi1üö��¤á"éz�1 ≤ i ≤ 4§-1 ≤ xi ≤ r�o�÷vci ∈ Vxi��ê"@

o±þ�?Ø¿�Xéz�{i1, i2} ⊆ {1, 2, 3, 4}§·�kxi1 = i2½öxi2 = i1"-{i1, i2}�

H{1, 2, 3, 4}�¤k��f8"�±í�§e¡�8��§7½Ó�¤á"

(x1 − 2)(x2 − 1) = 0, i1 = 1, i2 = 2,

(x1 − 3)(x3 − 1) = 0, i1 = 1, i2 = 3,

(x1 − 4)(x4 − 1) = 0, i1 = 1, i2 = 4,

(x2 − 3)(x3 − 2) = 0, i1 = 2, i2 = 3,

(x2 − 4)(x4 − 2) = 0, i1 = 2, i2 = 4,

(x3 − 4)(x4 − 3) = 0, i1 = 3, i2 = 4.

ØJ�yù´Ø�U�"Ïd§{A1, A2, A3, A4, B, C}�½¬p�Ñ��çô4-�§ù´�

�gñ"·��Ún�y
"
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½n4.5.13. -r ≥ 3�����ê§H´r-þïr-Ü�5�ã"b�HØ�¹n��Ø�¹

o��çô�§KH´Gr(7r − 11, 7)-free�"

y². b�HØ´Gr(7r − 11, 7)-free�§K�3H deÔ^>A1, . . . , A7¦�|A1 ∪ · · · ∪A7| ≤

7r−11"duHØ¹kçô3-�§§´Gr(3r−3, 3)-free�§?
´Gr(4r−5, 4)-free�Gr(5r−

7, 5)-free�"PH′�{A1, . . . , A7}�¤�fã"y²�©�ü�Ü©§�âH′´Ä�Gr(6r−

9, 6)-free�"

eH′Ø´Gr(6r− 9, 6)-free�§@o-A1, . . . , A6�8^>¦�|A1 ∪ · · · ∪A6| ≤ 6r− 9"

PX = A1 ∪ · · · ∪ A6"d½n4.5.7��§|X| = 6r − 9�ù8^>7/¤��G3×3"Ïd§

·�k

7r − 11 ≥ |X ∪ A7| = |X|+ |A7| − |X ∩ A7| = 6r − 9 + r − |X ∩ A7|,

ù¿�X|X ∩ A7| ≥ 2§�âÚn4.5.11§ù´��gñ"

Ïd§�
y²ù�½n§�I�yH′´Gr(6r− 9, 6)-free��/"Ún4.5.3`²H′Ø

�¹Ýê�3�º:"b�H′¹kλ�Ýê�2�º:�µ�Ýê�1�º:"@o·�

kλ+ µ ≤ 7r − 11"?�Ú§g,¤á

7r =
∑
x∈W

deg(x) = 2λ+ µ ≤ 2λ+ (7r − 11− λ) = 7r − 11 + λ.

Ïd§�±í�λ ≥ 11"4·�O�Xe��|�ê8µN := {(v, A) : v ∈ A,A ∈ H, v ∈

V (H), deg(v) = 2}"5¿�N = 2λ ≥ 22§�=kÔ^>"Ïd§�3���^>�¹

��o�Ýê�2�º:£5¿�ùo�:7½á3o�ØÓ�º:Ü¥§Ïdù�½n

ér = 3w,¤á¤"er ≥ 4§Ø���5§b�A7�ùo�^>§�A1, A2, A3, A4��A7

kXú�Ýê�2º:�o^>"é1 ≤ i ≤ 4§-A7 ∩ Ai = {ai}"y3·��±�Ñ��

9Ï�L4-12"

A1 A2 A3 A4 A5 A6 A7

V1 a1 a1

V2 a2 a2

V3 a3 a3

V4 a4 a4

L 4-12 ko�Ýê�2�:�¹3�^>S
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æ^��aquÚn4.5.1¥(2)�y²E|§�±��A1, A2, A3, A4´pØ��

�"·�éi = 1, 2, 3, 4­E/¦^Ún4.5.1"z�géi ∈ {1, 2, 3, 4}§Ñ�3n^

Ø��>Ai1 , Ai2 , Ai3 ∈ {A1, . . . , A7} \ {Ai}÷v|Ail ∩ Ai| = 1éz�1 ≤ l ≤ 3Ñ¤

á"duA1, A2, A3, A4�Ø�5§þã�¹¤á����«�UÒ´{Ai1 , Ai2 , Ai3} =

{A5, A6, A7}é¤k1 ≤ i ≤ 4Ñ¤á"2�g§dA1, A2, A3, A4�Ø�5��§A5 ∩ (A1 ∪

A2 ∪ A3 ∪ A4)§A6 ∩ (A1 ∪ A2 ∪ A3 ∪ A4)§A7 ∩ (A1 ∪ A2 ∪ A3 ∪ A4)V���12��:Ñ

´ØÓ�§ù¿�X·�k|A5 ∩ (A1 ∪ A2 ∪ A3 ∪ A4)| = 4§|A6 ∩ (A1 ∪ A2 ∪ A3 ∪ A4)| =

4�|A7 ∩ (A1 ∪ A2 ∪ A3 ∪ A4)| = 4"Ïd§dÚn4.5.12��H′�½�¹��çô4-�§g

ñ"

4.5.4 Gr(8r − 13, 8)-free������ããã

3ù��!¥§·�òïÄGr(8r − 13, 8)-free��ã"·��8I´�E��v
�

�Gr(8r − 13, 8)-free�ã§±��ß�3r ≥ 3, k = 2�e = 8��e."

½n4.5.14. -r ≥ 3�����ê§�H´��r-þïr-Ü��5�ã"b�HØ¹n��

Ø¹o��çô�§KH�½´Gr(8r − 13, 8)-free�"

y². ½n4.5.13`²H´Gr(7r−11, 7)-free�"XJ§Ø´Gr(8r−13, 8)-free�§K-H′ =

{A1, . . . , A8}���¹kl^>�fã§�÷v|A1 ∪ · · ·A8| ≤ 8r − 13"Ún4.5.3`

²H′Ø¹Ýê�3�º:"b�H′�¹λ�Ýê�2�º:Úµ�Ýê�1�º:"·�

kλ+ µ ≤ 8r − 13"�?�Ú§g,k

8r =
∑
x∈W

deg(x) = 2λ+ µ ≤ 2λ+ (8r − 13− λ) = 8r − 13 + λ.

Ïd§�±íÑλ ≥ 13"4·�O�Xe��|�ê8µN := {(v,A) : v ∈ A,A ∈ H, v ∈

V (H), deg(v) = 2}"5¿�N = 2λ ≥ 26�·��kl^>"Ïd�3���^>¹k

��o�Ýê�2�º:£5¿�ùo�:7½á3o�ØÓ�º:Ü¥§Ïdù�½

nér = 3w,¤á¤"er ≥ 4§Ø���5§-A8�ùo�^>§�-A1, A2, A3, A4�

�A8�u��ú��Ýê�2�º:�o^>"é1 ≤ i ≤ 4§-A8 ∩ Ai = {ai}"·��±

x��9Ï�L4-13"

N´�yA1, A2, A3, A4Ñ´pØ���"·�(¡A5, A6�A7�´pØ���"X

eØ,§Ø���5§b�suppose A6 ∩ A7 6= ∅"·�éi = 1, 2, 3, 4­E¦^Ún4.5.1

repeatedly for i = 1, 2, 3, 4"z�géi ∈ {1, 2, 3, 4}Ñ�3n^Ø��>Ai1 , Ai2 , Ai3 ∈
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A1 A2 A3 A4 A5 A6 A7 A8

V1 a1 a1

V2 a2 a2

V3 a3 a3

V4 a4 a4

L 4-13 ko�Ýê�2�:�¹3�^>S

{A1, . . . , A8} \ {Ai}÷v|Ail ∩ Ai| = 1éz�1 ≤ l ≤ 3 Ñ¤á"dA1, A2, A3, A4�Ø�

5��§éz�i ∈ {1, 2, 3, 4}§Ai1 , Ai2 , Ai3��UÿÀ��Ul{A5, A6, A7, A8}¥À�"

duAi ∩ A8 6= ∅§{A5, A6, A7}¥���ü^>Ñ7L�Aik���8"¡ù��ü^

>�Ai�����é£XJn^>A5, A6, A7Ñ�Aik���8§·�==l§�¥?

¿À�ü^>�¤Ai ���é¤"5¿��¹3����é¥�ü^>´Ø��"Ï

d3A6 ∩ A7 6= ∅�b��e§éz�i ∈ {1, 2, 3, 4}§Ai���é��U´(A5, A6)½

ö(A5, A7)"*	�ùüéÑ�¹A5§ù¿�XA5 ∩ Ai 6= ∅éz�1 ≤ i ≤ 4Ñ¤á"Ïd§

·�k|A5 ∩ (A1 ∪ A2 ∪ A3 ∪ A4)| = 4�|A8 ∩ (A1 ∪ A2 ∪ A3 ∪ A4)| = 4§ù�Ún4.5.12�

gñ"Ïd§·��(²´�(�"·��±o(�A5, A6, A7´pØ���"

éz�j ∈ {5, 6, 7}§ÏLéAj¦^Ún4.5.1§�±í��3����i ∈ {1, 2, 3, 4}÷

vAi ∩ Aj 6= ∅"5¿�·��kAi ∩ A8 6= ∅"Ïd§·�kAj ∩ A8 = ∅§ÄK·�

�Ø,¬����Ýê�3�º:§�Ø,¬�3n^>�¹�õ3r − 3�º:"¢

Sþ§·�®²y²
A5, A6, A7, A8´pØ���"��¡§éA5, A6 ÚA7�E¦^Ú

n4.5.1"l
é1 ≤ j ≤ 4§z�Aj�A1 ∪ A2 ∪ A3 ∪ A4Ñ��kn��:",��¡§Ú

n4.5.12`²�8����õ�n"Ïd§¢Sþ·�k|Aj ∩ (A1 ∪A2 ∪A3 ∪A4)| = 3éz

�j ∈ {5, 6, 7}Ñ¤á"$�§�8¥V���¤kÊ�º:Ñ´ØÓ�"3e¡·�Uò

`²A1∪A2∪A3∪A4�A5∪A6∪A7∪A8kX�õ��:£õ�3×3+4 = 13�¤§ù��Ã{

;�çô4-��Ñy"�{'å�§�e5·�PX = A1∪A2∪A3∪A4ÚY = A5∪A6∪A7"

du|X ∩Y | = 9�|Ai∩Y | ≥ 2éz�1 ≤ i ≤ 4Ñ¤á§�3TÐ��i0 ∈ {1, 2, 3, 4}÷

v|Ai0 ∩Y | = 3�|Ak ∩Y | = 2§k ∈ {1, 2, 3, 4} \ {j}"4·�rù�AÏ�>��A4£=b

�i0 = 4¤"y3§5¿�{A1, A2, A3}¥�z^>�{A5, A6, A7}¥�TÐü^>��¶�

�§{A5, A6, A7}¥�z^>�TÐ�{A1, A2, A3}¥�ü^>��"ÏL¡Þ§N´wÑ

3{A1, A2, A3}�{A5, A6, A7}�m3�d¿Âþ`==k�«�U���'X"Ø���
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5§b�

A5 ∩ A1 6= ∅, A5 ∩ A2 6= ∅,

A6 ∩ A1 6= ∅, A6 ∩ A3 6= ∅,

A7 ∩ A2 6= ∅, A7 ∩ A3 6= ∅.

d	§-1 ≤ x1, x2, x4, y1, y3, y4, z2, z3, z4 ≤ r�÷vXe^��Ê��ê

A5 ∩ A1 ∈ Vx1 , A5 ∩ A2 ∈ Vx2 , A5 ∩ A4 ∈ Vx4 ,

A6 ∩ A1 ∈ Vy1 , A6 ∩ A3 ∈ Vy3 , A6 ∩ A4 ∈ Vy4 ,

A7 ∩ A2 ∈ Vz2 , A7 ∩ A3 ∈ Vz3 , A7 ∩ A4 ∈ Vz4 .

5¿�·�®²b�
Ai ∩ A8 ∈ Viéz�1 ≤ i ≤ 4¤á"Ïd§XÓÚn4.5.12�y²�

�§�
;�çô4-��Ñy§XeÊ��§7LÓ�¤á"

(x1 − 2)(x2 − 1) = 0, (x1 − 4)(x4 − 1) = 0, (x2 − 4)(x4 − 2) = 0,

(y1 − 3)(y3 − 1) = 0, (y1 − 4)(y4 − 1) = 0, (y3 − 4)(y4 − 3) = 0,

(z2 − 3)(z3 − 2) = 0, (z2 − 4)(z4 − 2) = 0, (z3 − 4)(z4 − 3) = 0.

,��­��*	Ò´§éz�1 ≤ i ≤ 4§n�|xi, yi, zi¥�?¿ü�ÑØUk�

Ó��§ù´Ï��ã��´r-Ü�"3ù«¿Âe§·��±�y���½Ù¥��

��ê��§@oÊ���ê��Ò�±�Ó�(½e5"~X§(x1 − 2)(x2 − 1) = 0¿

�Xx1 = 2½öx2 = 1"-x1 = 2"@o�
�y1�1�eü��§¤á§·�7L

-x4 = 1�x2 = 4"4·�u�1�1�1���§"dux4 = 1�y4 6= x4§·�7L

-y1 = 4§ù¿�Xy3 = 1�y4 = 3"y3·�7L-x1 = 2§y1 = 4�x4 = 1§y4 = 3§ù

¿�XA5 ∩A1 ∈ V1§A6 ∩A1 ∈ V4§A5 ∩A4 ∈ V1§A6 ∈ A4 ∈ V3"N´wÑ§ùo��:

á3o�ØÓ�º:Ü¥§¿�o^>A5, A1, A6, A4�½¬/¤��çô4-�§gñ"Ï

d§·�®²y²
|A1 ∪ · · · ∪ A8| > 8r − 13�H�½´Gr(8r − 13, 8)-free�"

4.6 (((���

3ù�Ù¥·��Ä
Brown§ErdősÚSós3DÕ�ãþ�Í¶ß�"éß��þ.§

·�^�ã£ØÚny²fr(n, e(r − k) + k + 1, e) = o(nk)é¤k��êr ≥ k + 1 ≥ eÑ

¤á"1���UCX��/Ò´r = 3§k = 2Úe = 4"3©z¥§f3(n, 7, 4)���(

½Ï~�¡�´(7,4)-¯K"·�¡G ∈ G3(e + 3, e)���(e + 3, e)-�."�±`²§�

y²f3(n, 7, 4) = o(n2)�duyz�kΩ(n2)^>�3-þï�ãÑ�¹ü�kü^ú�>
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�(6,3)-�.",
§|^£ØÚn·��U�y�3ü�k�^ú�>�(6,3)-�."Ï

d§·�~¦·�I��r�óäâU�ïÄ(7,4)-¯K"

éß��e.Ü©§��¡·�y²Ø¹çô���ã´DÕ�ã�éÐÿÀ¶,�

�¡§ÏL¦^5g\{êØ�óä§·�uÐÑ
�@�{5�EØ¹çô���ã"

·�ßÿ·�¤�Ñ��E�{�±3�õ��¹e��ß��e."3ù����Ñ#

�¤Jò¬´ék¿g�"

��§·�JÑü�úm¯K"

¯̄̄KKK1µµµ (½f3(n, 7, 4) = o(n2)´Ä¤á"

¯̄̄KKK2µµµ�EÑ���Ω(n2−o(1))�n�º:þ�r-þïGr(6r − 9, 6)-free�ã§=§y

²fr(n, 6r − 9, 6) > n2−o(1)"

¢Sþ§fr(n, 6r − 9, 6)�þ.�´���§·���Ø�Ä§�þ.§�'%Ùe

."XJ��^\{êØ��{5�Ee.§·�¬-���5Ã�¯K§=�¦��

�M ⊆ [n]£F"M��n1−o(1)¤§Ø¹/X

sx+ ty = (s− 1)u+ (t+ 1)v

��§��²�)§Ù¥§s 6= t+1"�{ü��/§s = t = 2�§�§�2x+2y = u+3v§

�â©z [118]�?Ø§d���Äù«¯KÑ´é(J�"
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5 ���©©©MMMFFFxxx

5.1 {{{000

�©MFx£Separating Hash Family¤´�a�~k^�|Ü(�§§´dStinson§

WeiÚChen [131]JÑ�"§�´éõ|Üé��ÿÐ§~X§�{MFx§�Á�è§I�

£Oè�"·�l�
½Âm©Qã"

½Â5.1.1. -XÚY©O´���nÚq�8Ü"·�¡��kN�¼êf : X → Y�8

ÜF���(N ;n, q)-MFx"

½Â5.1.2. �f : X → Y´��¼ê§�üüpØ���8ÜC1, C2, . . . , Ct ⊆ X"X

Jf(C1), . . . , f(Ct)´üüØ���§K¡f©l
C1, C2, . . . , Ct"AO�§¡f©l
��

8ÜC ⊆ X§XJf(C) ⊆ YTk|C|�ØÓ��"

½Â5.1.3. -XÚY©O´���nÚq�8Ü§�F´��lX�Y�(N ;n, q)-MFx"·

�`F´��(N ;n, q, {w1, . . . , wt})-�©MFx£·��P�SHF (N ;n, q, {w1, . . . , wt})¤§

XJ§÷vXe5�µé¤küüpØ���8ÜC1, C2, . . . , Ct ⊆ X§|Ci| = wi§1 ≤ i ≤

t§Ñ�3����¼êf ∈ F©l
C1, C2, . . . , Ct"·�rõ­8Ü{w1, . . . , wt}¡�ù�

�©MFx�."

�½����êq§·�P[q]�L8Ü{1, . . . , q}"Ø���5§·��½i18Y�

cq���ê�8Ü"d	§�
{Bå�§�©¥·���Pu =
∑t

i=1wi"�
;�{

ü��/§b�n > q§q ≥ t ≥ 2�u ≤ n"

�©MF¼ê�½Â�Ð´3t = 2�dStinson§TrungÚWei [129]JÑ�§�5Stinson§

WeiÚChen [131]éù�Vg?1
í2"ù�(��éõ��\ïÄL�|Üé�Ñk'

X§ù
é�3|ÜÆ!�èÆÚ?ènØ¥ÑkA^§©z [32,131]Jø
�[�0�"

e¡8B�
·�a,��é�"
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• ew1 = w2 = · · ·wt = 1§K��SHF (N ;n, q, {1, . . . , 1})Ò´Ù��t-�{MFx

£Perfect Hash Family¤§��P�PHF (N ;n, q, t)"�{MFx´Ä��|Ü(�§

§3�èÆ [29,31,128,129]!êâ¥+n [104]!£´�O [106]!VÇ�{�(½5�O [13]¥

ÑX­��A^"

• et = 2÷vw1 = 1Úw2 = w§��SHF (N ;n, q, {1, w})��¡�w-�Á�è

£Frameproof Codes¤"·�®²J�L§�Á�è´�a�«è§3���o¥

kXA^§©z [34,38,128,130]´�
'u�Á�è�(J"

• rÝ�2�I�£Oè£Identifiable Parent Property Codes¤´Ó�÷v.{1, 1, 1}Ú

.{2, 2}��©MFx§�©z [8,10,11,16,30]"

�©MFx�.Ú�E´ù�ïÄ���Ø%¯K"�½��êN§qÚw1, . . . , wt§

·�éXe¯Ka,�µ��8X��n��Uõ�º^C(N, q, {w1, . . . , wt})5Pù��

���"

ÏL�«�¡�©þ©|£Grouping Coordinates¤��{§.½C(N, q, {w1, . . . , wt})�

±�8�u.½C(u− 1, q, {w1, . . . , wt})§ù´Ï�©z [19,32,131]®²5¿�

C(N, q, {w1, . . . , wt}) ≤ C(u− 1, qdN/(u−1)e, {w1, . . . , wt}).

3TïÄ+�S§ïÄö�3Ïé����¢êγ¦�C(u − 1, q, {w1, . . . , wt}) ≤

γqé?¿�qÑ¤á"·�ïÆÖö�Ö©z [19,32,128,129,131]§±�é�cïÄö�®

²�L�ãå"32008c§Stinson§WeiÚChen [131]y²
C(3, q, {1, 1, 2}) ≤ 3q + 2 −

2
√

3m+ 1±9C(3, q, {2, 2}) ≤ 4q− 3ùü«AÏ��¹¤á"Ó�c§Blackburn§Etizon§

StinsonÚZaverucha [32]y²
C(u − 1, q, {w1, . . . , wt}) ≤ (w1w2 + u − w1 − w2)q§Ù¥§

w1, w2 ≤ wi§3 ≤ i ≤ t"2011c§BazrafshanÚTrung [19]y²
Xe½n"

½n5.1.4. C(u− 1, q, {w1, . . . , wt}) ≤ (u− 1)q.

d	§¦�ßÿ£�¯K5.1.6¤γ = u− 1´���¢ê¦�þ¡�.é?¿�qÑ¤á"

·�3éõ�¡U?
½n5.1.4§�)�
�;�.Ú�
ì?�`��E"·�ó

��M#53u§�m�|ÜÆ[ïÄùa¯Kæ^��{õ�|Ü�O!�ê|Ü!k

�AÛ�VÇ�{§
·�uÐü«#�óä§=\{êØ�4�|Ü§5ïÄäk�©

l5��èÚ8x"·�ò3�Ù��(¥�[Øãù�*:"

·��Ì�(ØÐ«Xe"
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5 �©MFx

5.1.1 ���©©©MMMFFFxxx

���c�
©Ù�Úx [19,32,131]§·�uy
�©MFx���­��5�§

=C(N, q, {w1, . . . , wt})�O�÷v�«Johnson.�Ø�ª"{ü/ù§C(N, q, {w1, ..., wt}) ≤

ql + max{u − 1, C(N − l, q, {w1 − 1, ..., wt})}éz���êlÑ¤á£�e¡�Ún5.3.1¤"

����(J§·���
Xe�'u�©MFx����#�."

½n5.1.5. b��3��SHF (N ;n, q, {w1, . . . , wt})§-u =
∑t

i=1 wiÚ1 ≤ r ≤ u − 1�

��ê§÷vN ≡ r (mod u − 1)"XJC(bN/(u − 1)c, q, {w1, . . . , wt}) ≥ u§K·�

kn ≤ rqdN/(u−1)e + (u− 1− r)qbN/(u−1)c"

·��y²���M#53u§·�vk^�¤¢�©þ©|��{§�c¤k�y

²Ñ^
ù��{"XJN ≥ u− 1�q ≥ u§K��C(bN/(u− 1)c, q, {w1, . . . , wt}) ≥ u�

±�Ñ�"

éu½n5.1.4½Â�Xêγ§©z [19]��öJÑ
Xe�¯K"

¯K5.1.6. ´Ä�3,�.{w1, . . . , wt}¦�½n5.1.4¥�~ê(u− 1)�±�,�î��u

§�~êO�º

ÏL�ÑXe��E§·���¦��¯K��Ä½�£�"

½n5.1.7. é?Û�êq ≥ 2ÚN ≥ 2§Ñ�3��PHF (N ;NqN−1, qN−1+(N−1)qN−2, N+

1)"Ïd§γ = u− 1´÷vC(u− 1, q, {w1, . . . , wt}) ≤ γqé?ÛqÑ¤á���~ê"

�
`²·���E(¢´¯K5.1.6���Ä½£�§�I5¿���u-�{MF

x�´{w1, . . . , wt}-�©MFx§ùé?Û
∑t

i=1wi = uÑ¤á"XJ·��N = u − 1§

K·���E¿�X�3��SHF (u − 1;n, q, {w1, . . . , wt})¦�limq→∞
n
q

= u − 1é?

¿
∑t

i=1 wi = uÑ¤á"Ïd§~êγ[�ØU'u− 1�"

5.1.2 III���£££OOOèèè

·�J�LrÝ�2�I�£Oè§T½Â3©z [128]¥�í2�rÝ�t��/"

^it(N, q)IPN�q��t-IPPè���èiê8"-v = b(t/2 + 1)2c"�±y²it(N, q) ≤
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it(v − 1, qdN/(v−1)e)£ù��©MFx��/´���¤"Ïd§.½it(N, q)�±�8�u

.½it(v − 1, q)"AlonÚStav [16]y²
it(v − 1, q) ≤ (v − 1)q§¦�ßÿ

ß�5.1.8. 7½k�E�±`²(v − 1)´÷vØ�ªit(v − 1, q) ≤ (v − 1)q���~ê"

·��½n5.1.7Ø=£�
¯K5.1.6§
���y
þãß�§ù´Ï�©z [16,128]�

Ñ
��v-�{MFx�÷vt-I�£O5"

5.1.3 ���{{{MMMFFFxxx

X©z [32]¥¤¡�§½n5.1.5¥��êdN/(u − 1)e´¢S�"·��±lü�

�¡n)ù�:"��¡§Blackburn [28]���VÇ�E`²é?Û�½�uÚ?

Û��¢êδ§δ < N/(u − 1)§��qv
�§KÑ�3��PHF (N ; bqδc, q, u)",

��¡§-pt(N, q)�PHF (N ;n, q, t)���Nþ§©z [16]Ú [96,108]Ñ`²
pu(N, q) ≥

(cuq)
N/(u−1)é,�~êcu¤á"Ïd§·��±o(�§�q¿©��§�êdN/(u −

1)e3(u− 1)|N�´;�"

�´§�(u − 1) - N�§ù�¯K�J�õ"·�¿Ø�¡ù��ê´Ä´;�"$

�ë�{ü��/§u = 3ÚN = 3§WalkerÚColbourn [141]JÑ
Xeß�"

ß�5.1.9. p3(3, q) = o(q2)"

5¿�§½n5.1.5`²p3(3, q) = O(q2)"�C���Ø© [75]�Ñp3(3, q) = Ω(q5/3)"¦�

$^
k�AÛ��{5�Eù��8x"�´3þ.Úe.�mE,kXã��õ�"

é��.��©MFx§Blackburn�< [32]JÑ
��aq�¯K"

¯K5.1.10. ( [32]) -NÚwi��½��ê"e(u − 1) - N§@oé¿©��qÚ?¿�

�ε > 0§¯´Ä�3��SHF (N ;n, q, {w1, . . . , wt})÷vn ≥ qdN/(u−1)e−εº

¢Sþ§e¡·�y²
ß�5.1.9§£�½n5.5.4Ú½n5.5.7¤"·�uy�{MF

x��aTurán¯KkX;��éX"ÏL�
C/§Walker-Colbourn�ß��±dÍ¶

�RuzsaÚSzemerédi [119]�(6,3)½n���Ñ"¯¢þ§·�y²


q2−ε < p3(3, q) = o(q2)
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é¤kv
��q�?¿��ε > 0Ñ¤á"·��y²


q2−ε < p4(4, q) = o(q2)

£�e¡�½n5.6.2¤"·�Ú\
ãØÚ\{êØ¥�ü�#Vg§=§çô�ÚR-

sum-free8§5y²ù�(J"þãü�(JL²§¯K5.1.10�N�3���¡�£

�"

5.2 OOO���óóó���

3ù�!¥§·�ò0��
PÒÚVg§·��¬0��
{üÚn§ù
Ún3

e¡��!¥¬�^�"

5.2.1 ���©©©MMMFFFxxx

3�Ä�©MFx�5��§L«Ý
´���©k^�óä"��(N ;n, q)-MF

x�±�L«¤��N × n�q�Ý
§ù�Ý
~~�P�M"M�1L«MFx¥�

¼ê§�L«X¥���"M¥1f ∈ FÚ�x ∈ X���´f(x) ∈ Y"·�PM��I

�M(f, x)§Ù¥§f ∈ F§x ∈ X¶��P�M(i, j)§Ù¥§1 ≤ i ≤ N§1 ≤ j ≤ n"

SHF (N ;n, q, {w1, . . . , wt})�Ý
L«÷vXe5�µ�½pØ����8C1, . . . , Ct§

÷v|Ci| = wi§1 ≤ i ≤ t§�3M��1r§¦�

{M(r, x) : x ∈ Ci} ∩ {M(r, x) : x ∈ Cj} = ∅

é¤ki 6= jÑ¤á"·�`1r«©
���f8C ⊆ X§XJ{M(r, x) : x ∈ C}3Y¥T

Ðk|C|�ØÓ�"M��x�±��¤��N�q�þ§x = (x(1), x(2), . . . , x(N))§Ù¥§

x(i) ∈ [q]§i ∈ [N ]"éM���1f8L§x���3L�©þ´��|L|���þ§�P�

´x|L = (x(i1), x(i2), . . . , x(i|L|))§ùpij, 1 ≤ j ≤ |L|´1I"·�`,�x ∈ X3M¥k

��ÕA�©þi§XJé?ÛÙ§�y ∈ X§y 6= x§Ñky(i) 6= x(i)"eØ¬Úågñ�

{§·�Ø¬AO«©��MFxÚ§�L«Ý
"

5.2.2 ãããØØØ

3�E�{MFx�§·�ò|^�Ç²ã£Hamming Graphs¤"�kÚq���ê§

Ç²ãH(k, q)±¤kq�8þ�k�|�º:8§ü�k�|´�ë���=�§�TÐ3

�� �ØÓ"ù�ã��¡�´k�q��á�N"ùpØ�-Tq�8�[q]"
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·�¬^�éõ1oÙ¥®²0��ãØ�£"�·�!Ø��ã�§¢Sþ´`�

éG = (V (G), E(G))§Ù¥º:8V (G)���cn���ê�8Ü[n]§>8���´[n]�

�
f8�¿"ãG´�5���=�é¤kØÓ�>A,B ∈ E(G)§Ñk|A ∩ B| ≤ 1"·

�`ãG´r-þï�§XJé¤k>A ∈ E(G)§Ñk|A| = r"

��r-þï��ãG´r-Ü�§XJ§�º:8V (G)�±�/¤r«ôÚ§¦�G¥v

k>¹kôÚ�Ó�ü�º:"3ù���/Ú¥§V (G)�@
ôÚ8§=�ÓôÚ�º

:8§�¡�´G�ØÓº:Ü"�©Ì��Är-þïr-Ü��ã§�z�Ü©Ñäk�Ó

���q"��§·�¬uyùa�ã�>8�,�r × |E(G)|�q�Ý
´�d�"

�½��r-þï�ã�8ÜH§��H-free r-þï��ã´�ù���ã§§Ø¹H¥

�?Û��"ã=ê£Turán Numbers¤exr(n,H)L«n�º:þ�H-free r-þï�ã��

�>ê"3�Ù¥§·�¬?ØeZ��ãþ�ã=¯K"

±eDÕ�ã�SN1oÙ®²J�L§·�Ø�ES�H"Brown§ErdősÚSós [39,40]Ú

\
¼êfr(n, v, e)5L«n�º:�r-þï�ã§eÙØ�¹dv�:Ü¤�e^>§KÙ

U¹k���>ê"�é{`§3ù«�ã¥§?¿e^>�¿Ñ¹k��v + 1�º:"

ùa�ã�¡�´G(v, e)-free��ã"RuzsaÚSzemerédi [119]Í¶�(6,3)-½n�Ñ

n2−o(1) < f3(n, 6, 3) = o(n2). (5-1)

ù�AlonÚShapira [14]í2�

nk−o(1) < fr(n, 3(r − k) + k + 1, 3) = o(nk). (5-2)

��©�Ä�{MFx��
¯K�§·�¬^�ù
."e��Ök'ã=¯K��õ

&E§©z [78]9Ùë�©z´Ø��ÀJ"

�fr(n, v, e)�½Â��½ur-þïr-Ü�zÜTÐkq�º:��ã�§·�¦^P

Òf ∗r (q, v, e)5L«éA���>ê"5¿�§f ∗r (q, v, e) ≤ fr(rq, v, e)"

�e5§·�Ø�­§�ã��çô��½Â"ék ≥ 2§�ãG¥����´º:�

>����§v1, A1, v2, A2, . . . , vk, Ak, v1§�kXe5�

(a) v1, v2, . . . , vk´G�ØÓº:§

(b) A1, A2, . . . , Ak´G�ØÓ>§

(c) é1 ≤ i ≤ k − 1Úvk, v1 ∈ Ekkvi, vi+1 ∈ Ai"
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�±�y§é2 ≤ i ≤ kkAi−1 ∩ Ai = {vi}§�Ak ∩ A1 = {v1}"

�e5·�ò�Ñçô��½Â"-G´���5�r-þï�ã"��k-�

v1, A1, v2, A2, . . . , vk, Ak, v1

�¡�´çôk-�§XJv1, . . . , vká3V (G)�k�ØÓ�Ü¥"ér-þï�ã5`§��

çôk-��3=�k ≤ r"

-G´��r-þïr-Ü��5�ã§�zÜ����q"b�Gvkçô�§K·�

^g∗r(q)5L«g
∗
r(q)¤U¹k���>ê"Ún5.6.1`²
g∗r(q)���ã�±�^5�E

Ð��{MFx"

5.2.3 \\\{{{êêêØØØ

©z [11,78]¥®²y²
<��±|^�
\{êØ��{5�Eäk©l5��è½

8x"ùp·��^�4.3.2!¥�
sum-free8��£"�Ä���5�§
∑s

i=1 aimi = 0§

k�Xêa1, . . . , as§��êxi"ù��§´àg�XJk
∑s

i=1 ai = 0"·�`8ÜM ⊆

[n]Ø¹þã�§��²�)§XJmi ∈ M�
∑s

i=1 aimi = 0§K¤kmi��"ùp'u�

²�)�½Â´Ruzsa [118] �©½Â���{z��"�½��8ÜR = {b1, . . . , br}§ù

´r�ØÓ��K�ê"��8ÜM�¡�´RL-sum-free���=�é?Û3 ≤ l ≤ L ≤

r�?Ûl-f8S = {bj1 , bj2 , . . . , bjl} ⊆ R§�§

(bj2 − bj1)m1 + (bj3 − bj2)m2 + · · ·+ (bjl − bjl−1
)ml−1 + (bj1 − bjl)ml = 0

3M¥Ø
²�)m1 = m2 = · · · = ml�	ÑÃ)"

·�ò¦^R3-sum-free85�En1rÝ�n��{MFx§¦^R4-sum-free85

�Eo1rÝ�o��{MFx"'uR3-sum-free8§·�¬^�Erdős§FranklÚRödl [68]

±9Ruzsa [118] �²;(J£y²�±ë�Ún4.3.10¤"

Ún5.2.1. é?¿��êr§Ñ�3��γr > 0§¦�é?Û�êq§ÑUé���R3-sum-

free8M ⊆ [q]÷v|M | > qe−γr
√

log q"

'uR4-sum-free8§ÏL�
C/§·��±éÜAlon§Fischer�Szegedy [11]�Ú

n3.2ÚíØ3.3§^Ún4.3.7�Ún4.3.8��{y²Xe(J"
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Ún5.2.2. �3��8ÜM ⊆ {0, 1, . . . , b(q − 1)/(µ+ 5)c}÷v

|M | ≥ qe−γ(log q)3/4 ,

¦�MØ¹±e?Û���§��²�)"



2m1 + 3m2 + µm3 − (µ+ 5)m4 = 0

5m1 + (µ+ 3)m2 − 3m3 − (µ+ 5)m4 = 0

5m1 + µm2 − 2m3 − (µ+ 3)m4 = 0

2m1 + 3m2 − 5m3 = 0

5m1 + µm2 − (µ+ 5)m3 = 0

2m1 + (µ+ 3)m2 − (µ+ 5)m3 = 0

3m1 + µm2 − (µ+ 3)m3 = 0

(5-3)

ùpγ´��~ê§�µ = d2
√

log qe"

5.2.4 ���


ÚÚÚnnn

e¡�Ún´ErdösÚKleitman [71]���(J�C/"

Ún5.2.3. ?Ûr-þï��ãGÑ�¹��r-þïr-Ü�ãH§¦ÙzÜ����q½q + 1§

¿÷v
|E(H)|
|E(G)|

≥ r!

rr
.

y². -|V (G)| = n§�q�÷vrq ≤ n < r(q + 1)��ê"·�=én = rqy²T

Ún§Ù§�¹e·��±rzÜ����q + 1"�Ié���V (G)d�y©π§÷

vπ = {B1, . . . , Br}�|Bi| = qé1 ≤ i ≤ r§¦�Fπ = {A ∈ E(G) : |A ∩ Bi| = 1 for all 1 ≤

i ≤ r} �¹·�¤Ï"�>�ê8"-P (G)�V (G)�¤k�Uy©�8Ü"4·�O

�N := |{(A, π) : A ∈ E(G), π ∈ P (G), |A ∩ Bi| = 1 for every Bi ∈ π}|�êþ"�±�Ñ§

?ÛA ∈ E(G)��¹3P (G)� |P (G)|·qr

(rqr )
�÷v^����¥"Ïd§ÏL/�üg0��

{§�3,�π ∈ P (G)¦�Fπ�¹��
|E(G)| · |P (G)| · qr/

(
rq
r

)
|P (G)|

=
|E(G)| · qr(

rq
r

)
^E(G)�>"@o§ù�AÏ�πòp�Ñ��r-þïr-Ü��ãH�¹·�¤Ï"�>�

ê8"
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ù�Ún¿�Xé?Ûr-þï��ãG§��|V (G)|v
�§@oÒ�3��r-Ü

fãH ⊆ G¦�|E(H)|Ú|E(G)|Pk�Ó�êþ?"�é{`§dÚn5.2.3·��±í

�fr(rq, v, e) = Θ(f ∗r (q, v, e))"

·��¬^�e¡�{ü(Ø"

Ún5.2.4. \\G´��n�º:�k�ã"eGØ¹�§KGk�õn− 1^>"

y². G�½¹k��º:�Ý�1§ù´Ï�G¥�z^´»Ñ´k��§Ñ7L¹k�

�ª:"lG¥À���Ý�1�º:§Kí�§§ÏLé|V |?18Bb�N´íÑ·�

�(Ø"

5.3 Johnson...þþþ...

�!�8�´��©MFxïá��Johnson.�þ.§·�¬^§5y²½n5.1.5"

�
��ù�.§·���{´í��©MFx�L«Ý
�,
1±9c[]À�,


�§,�y²�e�Ý
¬÷v,
�f��©5�"·�rù�^S��{���.¡

�Johnson.�.§´Ï�§�?ènØ¥�Johnson.é�C"·�~^M5L«���

©MFx�L«Ý
"

Ún5.3.1. �1 ≤ l ≤ N�����ê§@o·�kC(N, q, {w1, ..., wt}) ≤ ql + max{u −

1, C(N − l, q, {w1 − 1, ..., wt})}"¢Sþ§3Ø�ª�m>·��±r/−10�3?Û�

�wi, 1 ≤ i ≤ t��"

y². ÀÑM�l1§^LL«ù
1�8Ü"PA ⊆ Y l�4����8Ü§¦�ù


��½�LÑ´ØÓ�"·��I��XJkeZ��½�Lþ´�Ó�"N´�Ñ§

|A| ≤ ql§ù´Ï��õkql�ØÓ�l��þ"r¤À�l1ÚA¥¤¹��þÑlM¥í

�"^M ′L«�e�Ý
"@o§M ′´��q�(N− l)×(n−|A|)Ý
"en−|A| ≤ u−1§

(Ø¤á"��§�Iy²M ′´,�{w1, . . . , wi− 1, . . . , wt}.�©MFx�L«Ý
§Ù

¥§1 ≤ i ≤ t�±?¿�"

XeØ,§é,�i§M ′Ø´{w1, . . . , wi − 1, . . . , wt}-�©�"Ø���5§·�

-i = 1"@o§�3t�M ′���f8C1, . . . , Ct§|C1| = w1 − 1�|Ci| = wi§2 ≤ i ≤ t§

¦�M ′�?Û�1ÑØU«©C1, . . . , Ct"-c�C2�?¿��§¿-c
′´A¥���§¦
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�c′|L = c|L"·�éA�½Â�y
ù��c′ ∈ A�½�3"Ïd§3�Ý
M¥§vk

1�±«©C1 ∪ {c′}, C2, . . . , Ct"ù�M´{w1, . . . , wt}-�©��gñ"Ïd§M ′÷v·

�¤Ï"��©5§TÚn�±d¯¢n − |A| ≤ C(N − l, q, {w1 − 1, ..., wt}�|A| ≤ qly

Ñ"

5P5.3.2. ·�@�TJohnson..´�©k��­��§Ï�§�Ñ
�©MFx�(�

¥¤Û¹�&E"

��Ún5.3.1�1��A^§·�ò^§5y²½n5.1.5"

5¿�§ÏL3þ.�L�ª¥Ú\��¦����¼ê·��±Ñ���^

�C(bN/(u − 1)c, q, {w1, . . . , wt}) ≥ u£ÒXÚn5.3.1¥��/��¤"d	§�N ≥

u− 1�qv
�§~Xq ≥ u�§C(bN/(u− 1)c, q, {w1, . . . , wt}) ≥ uo´¤á�"

½½½nnn5.1.5���yyy²²². �±�yN = rdN/(u− 1)e + (u− 1− r)bN/(u− 1)c"·�­E|^Ú

n5.3.1u − 1g§Ù¥§©O-l�udN/(u − 1)e rg§�ubN/(u − 1)c u − 1 − rg"K½

n�±d��{ü�¯¢C(0, q, {1}) = 0í�"

5P5.3.3. ¿ØJwÑ§·��.´U?
½n5.1.4§�U?
©z [19]Ú©z [32]�(Ø"

·�uydN/(u − 1)e´^·���{U����Ð��ê�§ù´Ï��ü$�ê�§

Ò7Lü$3íØL§¥V���l����"�é{`§·�I�éN1?1�\[�

/y©§ÏdÒI��õ�íØÓê",
§·��õ�±?1u − 1gíØ§ù´Ï�

et− 1�N > 0�§C(N, q, {w1, . . . , wt})�±�?¿�"

5P5.3.4. du�Á�è´�aAÏ��©MFx§¿ØJuy·��.�¹©z [34]�½

n1"d©z [34]¥��E2Ú�E3��§½n5.1.53q ≥ N§{w1, . . . , wt} = {1, w}§N ≡ 1

(mod w)½q = Ω(N2)§{w1, . . . , wt} = {1, 2}�´Cq�`�"�e5��!p§·�ò�

Ñ���E§ù��EL²�N = u− 1�½n5.1.5�´Cq�`�"

5.4 t− 1111���t-���{{{MMMFFFxxx������EEE

�!�8I´é?¿��êq ≥ 2ÚN ≥ 2�EÑ��PHF (N ;NqN−1, qN−1 +

(N − 1)qN−2, N + 1)"·��E���`:´§í2
�c�Nõ�E"�N = 2�§

PHF (2; 2q, q+1, 3)��E®²Ñyu©z [103]Ú©z [141]S"�N = 3�§PHF (3; 3q2, q2+
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2q, 4)��E�Ñyu¯õ�©zp§~X§Hollmann �< [85]§Blackburn [27]§Stinson�

< [131]±9Bazrafshan�< [19]"

4·�lN = 3m©§r§�����º·��{�{ü~f"

~5.4.1. ( [19,27,85,131])é?Û�êq ≥ 2§Ñ�3��PHF (3; 3q2, q2 + 2q, 4)"

y². ·�Äk�E��3×q2�fÝ
§Ù¥§i18´��(q2+2q)��8Ü{(x, y), (x, 0), (0, y) :

1 ≤ x, y ≤ q, x, y ∈ Z}§
(1, 1) (1, 2) · · · (1, q) (2, 1) · · · (2, q) · · · (q, 1) · · · (q, q)

(0, 1) (0, 2) · · · (0, q) (0, 1) · · · (0, q) · · · (0, 1) · · · (0, q)

(1, 0) (1, 0) · · · (1, 0) (2, 0) · · · (2, 0) · · · (q, 0) · · · (q, 0)

.

·�rù�fÝ
�n1©OA0, A1, A2§@o§·�Ï"�E��{MFx�L«Ý


�±�L«Xe 
A0 A2 A1

A1 A0 A2

A2 A1 A0

 .

ØJwÑ§ù´��q2 + 2q�i18þ�3× 3q2Ý
"ØJy²ù(¢´��4-�{MF

x�L«Ý
"

3þ¡�Ý
¥§A0��^Ò���ð�N���§§�±
{(x, y) : 1 ≤ x, y ≤

q, x, y ∈ Z}¥�z���ØC§Ó�§Ai§i = 1, 2��^Ò���N�§§�r(x, y)�

1i�©þN��0"¢Sþ§ù�{ü��E��%¹��{�±�?�Úí2"

Ø�£Á�cÇ²ã�½Â"���k��q��á�N§K|V (A)| = qk"é1 ≤

i ≤ k�?¿�α = (α(1), . . . , α(k)) ∈ V (A)§½Âπi���N�§§¦α(i)�"§��

±α�Ù§¤k �"·�`πi©l
��8ÜS ⊆ V (A)§XJπi(α) 6= πi(β)é?¿ØÓ

�α, β ∈ SÑ¤á"©z [27]�·K1ïá
��'uù
N��­�5�"·�òÙ�Þ

Xe"

Ún5.4.2. ( [27]) �S ⊆ V (A)´?¿��t�f8§÷vt ≤ k§KS�π1, . . . , πk¥��

�k − t+ 1�¼ê¤©l"
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e¡�Ún´þãÚn���{ü(Ø"

Ún5.4.3. -πi (1 ≤ i ≤ k)�þã½Â�¼ê§^π0IPð�N�§§÷vπ0(α) = αéz

�α ∈ V (A)Ñ¤á"bXS ⊆ V (A)´��t�f8§¦�t ≤ k+ 1§Kπ0, π1, . . . , πk¥��

õt− 1�¼êØU©lS"

y². |^Ún5.4.2§��Ä¯¢π0©lV (A)�z�f8"

y3·��±y²½n5.1.7"

½½½nnn5.1.7���yyy²²². ���q��N−1��á�NA"w,|V (A)| = qN−1"-π0, π1, . . . , πN−1�

þã½Â�N�"·�Ï"��{MFx�±�L«�XeÝ
"

π0(A) πN−1(A) · · · · · · π1(A)

π1(A) π0(A) · · · · · · π2(A)
...

... . . . ...
...

... . . . ...

πN−1(A) πN−2(A) · · · · · · π0(A)


,

éz�0 ≤ i ≤ N − 1§πi(A) := (πi(α))α∈V (A)´��1 × |V (A)|�fÝ
"Pù�L«

Ý
�M§KM´��N × NqN−1�Ý
"PY = ∪N−1
i=0 πi(A)�i18"ØJwÑéz

�1 ≤ i ≤ N − 1Ñk|{πi(α) : α ∈ V (A)}| = qN−2�|{π0(α) : α ∈ V (A)}| = qN−1"K�±

�y|Y | = qN−1 + (N − 1)qN−2"l
�±��M´��(N ;NqN−1, qN−1 + (N − 1)qN−2)-M

Fx�L«Ý
"

y3·��Iy²ù�MFx¢Sþ´��(N + 1)-�{MFx"rMw�´N��

¬�?é§P�(C1|C2| · · · |CN)§Ù¥|C1| = |C2| = · · · = |CN | = qN−1"�M���?¿

��(N+1)�f8S"·�òy²7�3M��1©lS"eS ⊆ Cié,�1 ≤ i ≤ N¤á§

@oCi�1i1§=éAuπ0�@�1§�±©lS§ù´Ï�é?¿ØÓ�α, β ∈ V (A)Ñ

kπ0(α) 6= π0(β)"XeØ,§-Ci1 , . . . , Cij��Sk���8��¬§Ù¥j ≥ 2´��

��ê"é1 ≤ l ≤ j§PCil ∩ S = Sl"@ok
∑j

l=1 |Sl| = N + 1�|Sl| ≤ Néz�lÑ¤

á"dÚn5.4.3��§Cil��õ|Sl| − 11ØU©lSl"du
∑j

l=1(|Sl| − 1) = N + 1 − l ≤

N + 1− 2 = N − 1 < N§K7�3(C1|C2| · · · |CN)��1�±©l∪li=1Sl = S"

5P5.4.4. ·���Ek��­��5�§§÷v
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lim
q→∞

NqN−1

qN−1 + (N − 1)qN−2
= N

�T�E´ì?�`�§Ï�½n5.1.5�Ñ
pN+1(N, q) ≤ Nq"5¿�§é?¿wi÷

vwi ≥ 1�
∑t

i=1wi = u§��u-�{MFxÑ´{w1, . . . , wt}-�©�"éÜ½n5.1.5�½

n5.1.7��

lim
q→∞

C(u− 1, q, {w1, . . . , wt})
q

= u− 1,

ù��¯K5.1.6��Ä½�£�"d	§�Ä�¯¢þ?Û(b(t/2 + 1)2c)-�{MFx�

´t-IPPè§�±wÑ·���E��y
ß�5.1.8��(5"

5P5.4.5. ��5¿�´©z [27]£���uL�Ãv¤�·K2�5¿�
limq→∞
pu(u−1,q)

q
=

u− 1"�´�ö¦^
`z��{§vk�Ñ(���E"

Ún5.4.2�y²��Ñ
��Ç²ã�(Ø§T(Øq��ék¿g"

íØ5.4.6. òH(k, q)�>8^k«ôÚ/Ú§¦�>(α, β)�/�ôÚi§XJα�β3¦�

�1i� �ØÓ"@oH(k, q)Ø�¹��üü>ÑØÓÚ��"

5.5 nnn111���rrrÝÝÝ���nnn������{{{MMMFFFxxx

·�®²J�Le(u− 1) - N§KéJû½½n5.1.5¥��êdN/(u− 1)e´Ä´;�"

3�e5�ü!¥§·�ò?nùa¯K�ü��~f§=§N = u = 3�N = u = 4"

�N = u = 3�§éA��©MFx�kü«�À�a.§=§{1, 2}-�©�3-�{M

F"BazrafshanÚTrung [20]y²
C(3, q, {1, 2}) ≤ q2�SHF (3; q2, q, {1, 2})éq ≥ 2´�3

�"WalkerÚColbourn [141]ßÿp3(3, q) = o(q2)"3ù�!¥§·�òy²ù�ß�§¿`

²q2−o(1) < p3(3, q) = o(q2)"d	§þ.�±�ÿÐ�pt(t, q)�C(u, q, {w1, . . . , wt})§Ù

¥
∑t

i=1 wi = u"

4·�l��{ü�Únm©"5¿�·�òØ«©�{MFx�ÙL«Ý
"·�

`MFx����þx£=L«Ý
���¤k��AÏ� �i§XJéÙ§?Û�þ

£�¤§y§y 6= x§Ñky(i) 6= x(i)"
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Ún5.5.1. ^XPPHF (N ;n, q, t)��8"ÏLí��õNq��þ§·��±����f

8X∗ ⊆ X¦�X∗¥Ø¹¹kAÏ �£3#8ÜX∗¥¤��þ"

y². ·�^���8�{5�EX∗"lX¥í�x1§XJx13X¥k��AÏ �"

PX1 = X − {x1}"���§XJxi+1 ∈ Xi3XiSk��AÏ �§·�lXi¥í�xi+1§

¿PXi+1 = Xi − {xi+1}"��òYù�Ú½§��·�����X∗§§�?Û���þ

ÑØ¹kAÏ �"du·�éz� �i ∈ [N ]�±í�z���y ∈ [q]�õ�g§·�

òí��õNq��þ"

Ï��e5��Ä��{MFx��Ñ���q1+ε§ùpε�,��~ê"@o�N�

½§qv
��§lX¥í�Nq��þ��{�±��Ñ"^PHF ∗(N ;n, q, t)IP÷v

z��þÑØ¹AÏ ���{MFx£5guPHF (N ;n, q, t)¤"·�^p∗t (N, q)5I

PnéA����"

Ún5.5.2. 3��PHF ∗(t;n, q, t)¥§?¿ü��þ�õkü� ��Ó"

y². XeØ,§e¡�fÝ
7��¹3ù��PHF ∗(t;n, q, t)�L«Ý
¥



α1(1) α2(1) ∗ ∗ ∗ ∗

α1(2) α2(2) ∗ ∗ ∗ ∗

α1(3) ∗ α3(3) ∗ ∗ ∗
... ∗ ∗ . . . ∗ ∗
... ∗ ∗ ∗ . . . ∗

α1(t) ∗ ∗ ∗ ∗ αt(t)


,

Ù¥§z�1�oN��´�Ó�"α1, α2´ü��þ§÷vα1(i) = α2(i)éi = 1, 2Ñ¤

á§Ï�α1Ø¹kAÏ �§�3α3, . . . , αt¦�αj(j) = α1(j)é3 ≤ j ≤ tÑ¤á"Ïd§

fÝ
�¤k1ÑØU©l{α1, . . . , αt}§ù��
t-�{MF�5�"

e¡�ü�*	´�~k^�"

***			1µµµ ��¡§?ÛN × n�q�Ý
MÑ�±�w¤´��N -þïN -Ü�ã§

G = (V (G), E(G))§z�º:Ü���Ñ´q§�º:8�½Â�V (G) = ∪Ni=1Vi§é1 ≤

i ≤ N§·�kVi = {(i, j) : 1 ≤ j ≤ q}§>8�½Â�E(G) = {{(i, x(i))}Ni=1 : x =

{x(i)}Ni=1 is a column of M}"
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***			2µµµ,��¡§�½��N -þïN -Ü�ãG = (V (G), E(G))§zÜ����q"·

��±rE(G)��´,�N × |E(G)|�q�Ý
M"5¿�V (G)�±�y©�N�üüØ

��q�8"·��±-Vi = {(i, j) : 1 ≤ j ≤ q}§1 ≤ i ≤ N§Ù¥§1�� �iéAu

1iÜVi§1�� �jéAuVi¥�1j�º:"@o§Ý
M�±dXe�ª�¤§Ù�

8�{x = {x(i)}Ni=1 : {(i, x(i))}Ni=1 ∈ E(G)}"ù��M�¡�´E(G)�L«Ý
"

þ¡ü�*	ïá
õÜã�q�Ý
�xù"£Áf ∗r (n, v, e)�½Â"·�k

Ún5.5.3. p∗3(3, q) ≤ f ∗3 (q, 6, 3) ≤ p3(3, q).

y². ØJwÑ§PHF ∗(3;n, q, 3)�3��=�e¡��.Ø�¹3ÙL«Ý
¥"


a ∗ a

b b ∗

∗ c c

 ,

ù
(ÒÑØáu{a, b, c}.

·�rù��.¡�´n�/§Ï�ùn�ÑØ¹ú�����ü�TÐk��ú�

��"��¡§·�kf ∗3 (q, 6, 3) ≤ p3(3, q)§ù´Ï�éMFx�?¿n�§XJvk1

�±©l§�§@oéz�1Ñ�3ü������"Ïd§ù
�£½ö`éA�>¤

7´d�õ8�º:¤Ü¤�"�>ê��f ∗3 (q, 6, 3)�éA�ã7´3-�{MF�",�

�¡§ePHF ∗(3;n, q, 3)�,n�¹�õ8�º:§@o�Ø�3ü�kü��Ó��

�§�Øùn��¤��n�/"ùü«�/3PHF ∗(3;n, q, 3)¥Ñ´�B��"Ïd·

�kp∗3(3, q) ≤ f ∗3 (q, 6, 3)"Ún�y"

½n5.5.4. p3(3, q) = f3(3q, 6, 3) + O(q)§�é?¿ε > 0§q2−ε < p3(3, q) = o(q2)év
�

�qÑ¤á"

y². |^Ún5.2.3§Ún5.5.1§Ún5.5.3�Ø�ª(5-1)"

��Ún5.3.1�1��A^§p3(3, q)�þ.�±�ÿÐ�pt(t, q)ÚC(u, q, {w1, . . . , wt})"

íØ5.5.5. é?Ût ≥ 3§
∑t

i=1wi = u§kC(u, q, {w1, . . . , wt}) = o(q2)"AO�§é?

Ût ≥ 3kpt(t, q) = o(q2)"
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y². |^Ún5.3.1�½n5.5.4"

5P5.5.6. |^ã£ØÚn [9]�Uy²pt(t, q) = o(q2)§©z [11]Ú [16]J�
ã£ØÚ

n3ùa¯K¥�A^"�´§·�|^Ún5.3.1�Ñ�y²�{üõ
"�1 +

w ≤ q�§©z [20]`²
C(1 + w, q, {1, w}) ≤ q2"d	§é?¿�ê�q§Ñ�3�

�SHF (w + 1; q2, q, {1, w})"Ïd§éC(u, q, {w1, . . . , wt})§t = 2§·�ØUû½C(w1 +

w2, q, {w1, w2}) = Ω(q2)½öC(w1 +w2, q, {w1, w2}) = o(q2)"û½C(w1 +w2, q, {w1, w2})�

(��ò¬´��ék��¯K"

(Ü4.4!¥J���ã�E�{§dÚn5.2.1£½ö��díØ4.4.4¤��Xe½

n"

½n5.5.7. �3��~êγ÷vp3(3, q) > q2e−γ
√

log q"

5.6 ooo111���rrrÝÝÝ���ooo������{{{MMMFFFxxx

�E÷vp4(4, q) > q2−o(1)�4-�{MFx�(J�õ
"3�E¥·�¬^�çô�

�R-sum-free8§¢Sþ§·�F"y²XeÚn"

Ún5.6.1. p∗t (t, q) ≤ g∗t (q) ≤ pt(t, q).

y². Äk§·�òy²?ÛPHF ∗(t;n, q, t) ÑU�Ñ��t-þït-Ü��5�ãG§�

ÙØ¹k?Ûçô�"^MPTMFx�L«Ý
§KM�U�w�´E(G)�L

«Ý
"dÚn5.5.2§M£½ö`E(G)¤®²´�5�
"�Iy²MØ�¹çô

�"XeØ,§M��IP�α1, . . . , αk��£�´E(G)éA�>¤/¤��çôk-

�v1, α1, v2, α2, . . . , vk, αk, v1§�k ≤ t"d*	1��§V (G)�1iÜ�±�½Â�Vi =

{(i, j) : j ∈ [q]}§Ù¥§1��©þéAuM�1i1§1��©þéAu[q]�1j���"

Ø���5§·��±b�vi�g1i�º:8"@o§�±íÑαi(i) = αi+1(i)é1 ≤ i ≤

k − 1�αk(k) = α1(k)¤á"e¡dù���çôk-��Ñ�Ý
7½��¹3M¥
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

α1(1) α2(1) α3(1) α4(1) αk−1(1) αk(1)

α1(2) α2(2) α3(2) α4(2) αk−1(2) αk(2)

α1(3) α3(3) α4(3) αk−1(3) αk(3)
... . . . ...

...
... . . . αk−1(k− 1) αk(k− 1)

α1(k) αk(k)


,

Ù¥§z�1�ü�\o���´���"5¿�§3Ý
¥§�L«
>�z����

L«
�¹3éA>¥�º:"N´wÑ§M�ck1¥?Û�1ÑØU©l{α1, . . . , αk}"

5¿�M��ÑØ¹AÏ �§l
�3αk+1, . . . , αt¦�ék + 1 ≤ j ≤ tkαj(j) = α1(j)§

ù�'X�U�L«�



α1(k+ 1) αk+1(k+ 1) ∗ ∗ ∗ ∗

α1(k+ 2) ∗ αk+2(k+ 2) ∗ ∗ ∗
... ∗ ∗ . . . ∗ ∗
... ∗ ∗ ∗ . . . ∗

α1(t) ∗ ∗ ∗ ∗ αt(t)


.

Ïd§M¥�e�t − k1ØU©l{α1, αk+1, . . . , αt}"�·��±o(�Mvk1�±©

l{α1, . . . , αt}§ù�t-�{MF�5�gñ
"

�e5�I`²é?Ût-þït-Ü�5�ã£zÜ��Ñ´q¤G§e§vkçô�§

K�±�Ñ��PHF (t;n, q, t)÷vn = |E(G)|"·�E,^M5PE(G)�L«Ý
"·�

(²XJ�3��M�t × tfÝ
T¦�vk1�±©l§§@odTp���ã¬�¹

��çôk-�§k ≤ t"

·�òét¦^êÆ8B{"�t = 2�§��2 × 2�fÝ
o´�±�ü1¥��1

©l§XJfÝ
�ü�´ØÓ�"�t = 3�§XJ��3-þï3-Ü�5�ã�3 × 3f

Ý
ØU�§�?Û�1©l§@o§ù�fÝ
¢Sþ¬/¤��XÓÚn5.5.3¤½

Â�n�/"�±�y§ù�n�/�±�L«���çô3-�§{a,E1, b, E2, c, E3}§Ù

¥E1, E2, E3�n�/�n^>"y3§·�b�(²ét − 1´�(�"���t × t�Ý


T§§��8�IP�C = {α1, . . . , αt}§18�IP�R = {r1, . . . , rt}§�÷vvk

1�±©lC"éz�1 ≤ i ≤ t§·�PCi = C − {αi}±9Ri = R − {ri}"d	§·�

^Tij5PdRiÚCj¤/¤�(t − 1) × (t − 1)fÝ
"d�§é?ÛfÝ
Tij§�½�3
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�1�±©l§�¤k�§ÄK§d8Bb���§Tij7�¹,��Ý�k ≤ t − 1�ç

ôk-�"

Ø���5§b�r1©l
Ct"5¿�ù�1ØU©lC§Ïd§·�Ub�αt(1) =

α1(1)"2�ÄT11§�3R−{r1}¥��1�±©lC−{α1}"·�-ù�1�r2"aq�§

�32 ≤ j ≤ t¦�α1(2) = αj(2)§ù´dur2ØU©lC"duα1Úαt®²k
,����

 �§=§αt(1) = α1(1)§Kkj 6= t"b�α1(2) = α2(2)"y3�ÄT22§�3R − {r2}¥

��1�±©lC −{α2}"5¿�ù�1ØU´r1§Ï�α1Úαt3§��1�� ���"

·��±�ù�1�r3"ÑuÓ���Ï§�3j ∈ [t], j 6= 2¦�α2(3) = αj(3)"@o§

dα1(2) = α2(2)��j 6= 1"ej = t§·��y
§Ï�{α1, α2, αt}ò/¤��çô3-�"

Ïd§·�-j = 3"

þã?Ø�±de¡�Ý
¤L«Ñ5



α1(1) α2(1) α3(1) α4(1) · · · · · · αt−1(1) αt(1)

α1(2) α2(2) α3(2) α4(2) · · · · · · αt−1(2) αt(2)

α1(3) α2(3) α3(3) α4(3) · · · · · · αt−1(3) αt(3)

α1(4) α2(4) α3(4) α4(4) · · · · · · αt−1(4) αt(4)
. . .

. . .

α1(i− 1) · · · αi−2(i− 1) αi−1(i− 1) · · · · · · αt(i+ 1)

α1(i) · · · αi−1(i) αi(i) · · · αt(i+ 1)

α1(i+ 1) · · · αi(i+ 1) αi+1(i+ 1) · · · αt(i+ 1)
. . .

. . .



,

Ù¥§z�1¥\o�ü���´���"·�éTi,i§i ≥ 3UYþ¡�Ú½"d·�

�ÀJ��§é¤k�1 ≤ j ≤ i§31rj¥¤áαj−1(j) = αj(j)£α0�@�´αt¤"Ïd§

{r1, . . . , ri}¥vk1�±©lTi,i"·�o´�±b�ri+1 ∈ R − {ri}Ò´©lC − {αi}�

@�1"¤k�3,�j ∈ [t], j 6= i¦�αi(i + 1) = αj(i + 1)§ù´Ï�ri+1ØU©l�

��C"w,/§j 6= i − 1"ej ∈ {1, . . . , i − 2}½öj = t§j�ù«ÀJ¬p�Ñ��

d{αj, . . . , αi}/¤�çô(i− j + 1)-�
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

αj(j + 1) αj+1(j + 1) ∗ ∗ ∗

∗ αj+1(j + 2) αj+2(j + 2) ∗ ∗
...

...
... . . . ...

...
...

... . . . ...

∗ ∗ ∗ αi−1(i) αi(i)

αj(i+ 1) ∗ ∗ ∗ αi(i+ 1)


½ö��d{α1, . . . , αi, αt}/¤���çô(i+ 1)-�



α1(1) ∗ ∗ · · · αt(1)

α1(2) α2(2) ∗ · · · ∗

∗ α2(3) α3(3) · · · ∗
...

... . . . · · · ...
...

...
... . . . · · · ...

∗ ∗ ∗ αi−1(i) αi(i) ∗

∗ ∗ ∗ αi(i+ 1) · · · αt(i+ 1)



.

XJ±þü«�/ÑØ¤á§·�o�±b�j = i+ 1§¿UYù�L§"

�´§�?1�Tt−1,t−1§αt−1(t) = αt(t)�§þãL§òÊ�"d�§{α1, . . . , αt}¬

/¤��çôt-�§·�Ï"�gñÒ��
"

d14.4!��E�ª§±9Ún5.2.2�Ún5.6.1£½��díØ4.4.4¤��Xe½

n"

½n5.6.2. �3��~êγ¦�p4(4, q) > q2e−γ(log q)3/4"

5.7 ������ãããTurán¯̄̄KKK���éééXXX

3�!¥§·�òl�ãTurán¯K�*:Ñu5ïÄ�{MFx"

½n5.7.1. é?¿��êt, N, q§·�kf ∗N(q, tN−N, t) ≤ pt(N, q)"d	§
N !
NN fN(Nq, tN−

N, t) ≤ pt(N, q)"
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y². dÚn5.2.3§�I`²½n�1��(²"£ÁXJ���ãG´N -þïN -Ü�§

�zÜ����q§KE(G)�±�L«���N ×|E(G)|�q�Ý
M"eG´G(tN −N, t)-

free�§@o�½?Ût^>�8ÜS ⊆ E(G)§ØJ�y§�L«Ý
¥7,�3�1�±

©lS§ÄKSU�¹�õtN − N�º:§�G´G(tN − N, t)-free��gñ"Ïd§M�

±�À�´¤I��{MFx�L«Ý
"

½n5.7.1�����A^�±�ÑXe(J"

íØ5.7.2. e2 - N§Ké?¿ε > 0§Ñkp3(N, q) > qdN/2e−ε"

y². TíØ�±dØ�ª(5-2)§nk−o(1) < fr(n, 3(r − k) + k + 1, 3) = o(nk)¤íÑ"

�N = 2k − 1�t = 3§d½n7-7�±íÑ

p3(N, q) ≥ p∗3(N, q) ≥ f ∗N(q, 3N −N, 3) ≥ N !

NN
fN(Nq, 3N −N, 3) >

N !

NN
(Nq)dN/2e−o(1).

5.8 (((���

3�Ù¥·�Ì�ïÄ
÷v�½©l5�èÚMFx"·�)û
eZ'uÙe.

½þ.�ß�Úúm¯K"·�Ì�kü«�ª�ïÄù�a¯K"1�«�{´u÷Ñ

©l5¥%¹�(�5�"~X§·��Johnson..�^5y²½n5.1.5ÚíØ5.5.5"1

�«�{´·�ïá
�{MFx§ãØÚ\{|Ü�m�xù"~X§ÏL�Ä���

'��ãTurán¯K§·�)û
ß�5.1.9"·��`²
\{|Ü�óä�±�^5�

EÐ��{MFx"

Ø
ù
#�{§·�@�·�31o!��E�´ék¿Â�"Ï�§í2�éõ

®���E"T�{�?�Úí2´-<Ï��"

��o(§·�JÑ±e��k���©k¿Â�úm¯K"

¯̄̄KKK1µµµ e2 - N§Ún5.7.2`²p3(N, q) > qdN/2e−o(1)"û½p3(N, q) = o(qdN/2e)�

´p3(N, q) = Θ(qdN/2e)¤á"

¯̄̄KKK2µµµé��r-þïr-Ü�5�ã§e§vkçô�§·�®²éi = 3, 4y²


g∗r(q) = o(q2)�g∗i (q) > q2−o(1)"@o§´Äé¤kr ≥ 3Ñkg∗r(q) > q2−o(1)º
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¯̄̄KKK3µµµ ½n5.7.1y²
pt(N, q) ≥ f ∗N(q, tN − N, t)§,
´Ä�3��pt(N, q)�þ

.�==|^f ∗N(q, v, t)5L«º
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6.1 {{{000

ÀªDÂ®²¤�·�F~)¹¥Ã�êâ×l���­�°ÄÏ�§¿�§§�¡

�XÚ<58�O�I¦ [1]"b�·�k��Pkã�êâ�;�ÑÖì§§��|^r

�ë"z�^rÑF"lÑÖì��,�A½�©�"Ó��m��þI¦~~¬-Ã�

�ä×l§ù¬��XÚ�ò�Ú�1§fz^rN�"Ïd§Ø+´Æâ.�´ó�.

Ñké��,�5)ûù�¯K")û��{Ò´¿©|^©Ù3���ä�S�))c

Ù´@
�C"à^r�))5E�©�"·�r©��E�¬¡���"3�äK1é

$�§XÚr©��,
Ü©©u�z�^r���¥§Ïd§3�a�ã§^r�I¦

Ò�±lù
��¥¼Ã"^ù«�ª§·��±~��äK1¿Ó�ÙPl"

3Maddah-AliÚNiesen'u?è���mM5©Ù [101]¥§¦�JÑ
8¥ª���Y

£Centralized Coded Caching Scheme§{P�CCC�Y¤§Ù¥§/8¥ª0�¿gL«3�

ä¥k��ÑÖìKIN�¤k�DÑ"CCC�Y�kü��ãµ©�Ù��ã§ù�z

�©��,
êâ��â��ýk�½Ð�üÑ��\z�^r���¥¶Ú©�©�

�ã§ù�ÑÖì�â¤k^r�ØÓI¦§�O���Yrù
¤Iêâ��³½Ú

£XOR multiplexing¤^�����ó�2ÂÑ�"lù�å§?è��¤�
��¹��

�ï+�§3ù��¡�Ñ
éõ©Ù§~X©z [89,90,92,102,107,112]"

CCC�Y�Ø%��{´�O��·Ü�©�Ù�üÑ§¦�3uÙ�ã¤k^r

�«���I¦�±^k�õg�õ´2ÂDx5÷v"z�^rÑ�±¡E¦¤I

�©�§ÏLÓ�|^¦¤Â��2Â©���/��p®²�;Ð�©�"b�·�

kK�^r§N�ü ���©�£ù���êâ¥����´N¤§z�^rÑ¹k��

�M�S��m"5¿3�©¥·�=�ÄN ≥ K���/"3©�uÙ�ã¤I�o�

DÑoþ�¡�ù��Y�'Ç§P�R"�
¢1�����Y§z�©�Ñ�y©¤

�½êþ�êâ�§·�rù�ê8P�F"��5`§�½K§M§N§RÚF ùü�

ëê´����NX�Ì�ïþ�I"'ÇR�L
ù��Y��Ç§
FKL«
§�
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E,Ý"�
ïþ���Y�Ð�§·�Ï~b�'~M/N´�½�~ê§rRÚFL«

¤'uK�¼ê§5�	§��Ly"

é��{ü��?è����Y5`§z�^r3¦���p�;
z�©�

�M/NÜ©"�â^r�I¦§ÑÖìr�e�(1 − M
N

)Ü©±2Â�/ª©uÑ�"Ï

d§é�?è����Y5`§§�'Ç´RU = K · (1 − M
N

)§Ù¥1��ÏfKL«�

�vk����'Ç§1��Ïf(1 − M
N

)�¡�ÛÜ��OÃ [101]"RU´�XK�5O

��"�
¢yù��Y§N´wÑ·��Irz�©�©�¤FU = N�êâ�"Ïd§

FU´���KÃ'�~ê"

ÏL3©�Ù��ãÚ©u�ãÓ�¦^Ð�üÑ§Maddah-Ali-Niesen�Y�±r

'ÇwÍ/ü$�RAN = K · (1 − M
N

) 1
1+KM/N

"�K�5���§RAN�4�´
N−M
M
§ù

´���KÃ'�~ê"Maddah-Ali-Niesen�Y�'ÇéØ\?Û?è�Ù��ã5`´

�`�§Ø+´éK ≤ N [142]§�´K > N [150]¶ùp�Ø\?Û?è´�©�Ù��ã

´�Û�u�?è�",
§�
¢1Maddah-Ali-Niesen��Y§z�©�7L�©�

¤FAN�êâ�§ùpFAN =
(

K
KM/N

)
§ù�ê´�XK¥�ê?O��"�K�é��

�§ùw,´ØÜ�¨�"

�
~�FAN���§Yan�< [147]JÑ
��#�Vg§¡��Ù�©u
��O

£Placement Delivery Array Design§{¡�PDA �O¤§¿^§5�E�
Ü·�CCC�

Y"PDA�Ù/L²
3Ù��ãz�^rI����o§±93uÙ�ãÑÖìAT

2Â�o"lù�*:Ñu§Yan�<JÑ
üa���Y"�Maddah-Ali-Niesen�c�

�Y�'§Yan�<�FPDA wÍ/�uFAN§,
'ÇRPDA='RANpÑ�::",
§

FPDAE,´�XK¥�ê?O��"

Ò3�C§Shanmugam�< [123]|^Ruzsa-Szemérediã�EÑ
F�XK�5O���

��Y"¦���Eé?Û~êM/NÑ´�U¢1�"Ø3�´§¦��'ÇRØ´�

�~ê§
´Kδù«/ª�§ùp§δ > 0´���±?¿��~ê"¢Sþ·�òy²

�RÚM/NÑ´�½�~ê�§F�K�5O�����Y´Ø�3�"·��(Ø`²§

Shanmugam�<��E3F = Θ(K)�¢Sþ´ì?�`�
§Ï�3ù«�¹e§RØ

�U´��~ê"·��¬?Ø�Ruzsa-Szemérediã�'�SN§¿`²XÛ^§���

Eäk~ê'Ç����Y"

l±þ��Y¥·��±wÑ§�úþ5`§3ü�ëêFÚR�m�½k���ï

'X"©z [122]�@m©�ÄF��K,M,N�¼ê����§�§´l�Åz��¥%z

���YXÃ�"l@�å§ù�¯K3?è���ïÄ+�pÒ�ü
��­���

Ú§©z [123,136,147,148] Ñ�Ä
�'�SN"X�cJ��§�©�Ñu:´b�M/N´
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�½�§�ÁãòFÚRL«�K�¼ê",
§��é­���ÄÒ´§XJRØ´��

~ê
´�K�'���¼ê§@o�kéõ�^r�§RÒ¬C���
§ùò¦ù�

���YØ�¢S"Ïd§·��\�àuèÇ´~ê����Y"�·��Ä~êèÇ

�CCC�Y�§3Maddah-Ali-Niesen�YÚYan�<��Y¥§FÑ´���XK�êO�

�¼ê§ù�¦�ù
�Y´Ø�¢S�"����)û��©k��¯K�EF ¦�U

��~êèÇ���Y"·��ª48I´y²´Ä�3��F = f(K)´õ�ª�~ê

èÇ���Y"�é{`§·�Áã�E3Xe�å^�e��`CCC�Yµ

1. ��Ù���½´�²?è�§

2. ©u�ã¦^
��è§=³½$�§

3. K � 1"

o
ó�§·�F"`zXe¼êµ

F (K) := min{F ∈ Z+ : for fixedM/N ∈ R+, there exists a (K,M,N)CCC schemewith constantR.}

�©��
©z [147]�Úx§·�uyPDA�Vg�4�|Ü¥���­�¯KkX

g,/éX"·�y²§��PDA�3��=���éA��5(6, 3)-free3-þï3-Ü�ã

�3"±ù��Ñu:§·��±é�*�é{ü/n)XÛ��E��CCC�Y"ÏL

$^Í¶�(6, 3)-½n§·�Äky²
~'Ç�F�K�5O��CCC�Y´Ø�3�

£�½n6.3.4¤"��§·��Ñ
ü�Ã¡a��E£½ö`÷véA^���ã¤§�

a�E5guØ�8Ü�¿£�½n6.4.1¤§§�¹
Maddah-Ali-Niesen�Y��Ù��

AÏ�/¶,�a5guòÿ�q�S�£�½n6.5.2¤§§�¹
Yan�<��Y��Ù

AÏ�/"·�¿vk��'uF (K)���L�ª"�´ÏL©Û·���Y§·��

ÑF�Kæ�êO��~'Ç���Y´�3�"

6.2 CCC���YYY���PDA���OOO

Äk4·�£Á©z [101]¥½Â�CCC�Y"�Ä����XÚ§Ù¥kK �^r

ÏL��Ã�Ø�ó�£Error-free Shared Link¤ë����ÑÖìþ§rK �^rP

�K = {1, . . . , K}"N��P�{W1,W2, . . . ,WN}�©���;3ÑÖìp§¿b�ù


©�Ñ´ü ���§KCCC�Y�±^Xeã¡L«Ñ5"
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ã 6-1 ��XÚ

·�rT��NX��(K,M,N)��NX"

y3·�{ü0�©z [147]¤Ú\�PDA�O§§==|^��{ü�
�ÒL

«
��CCC�Y"�����F × K�PDA§�P��P = [pj,k]F×K§ùpF´�

��ê¦�FM/N�´���ê§T
�´d��A½�ÎÒ/∗0ÚS��êS =

{1, 2, . . . , S}�¤"·�b�z��ês ∈ S3
�¥ÑÑy
���g"d	§·�

PF = {1, . . . , F}�N = {1, . . . , N}"·�kXe�å^�µ

C1. ÎÒ∗3z�¥ÑTÐÑyZ = FM/N g§Ïdz�Ñ¹kF − Z��ê��¶

C2. z1½öz�ÑØ¹k����ê¶

C3. é?¿ü�ØÓ� �§eJkpj1,k1 = pj2,k2 = s ∈ S§j1 6= j2§k1 6= k2§K·�

kpj1,k2 = pj2,k1 = ∗"

·�r÷v±þ��^��
�¡���(K,F, Z, S)-PDA"XJz�S¥��ê

3P¥ÑyTÐgg§?�Úrù�
�¡�g-�K�§�P�g-(K,F, Z, S) PDA"Xc¤

ã§z�?è���YÑkü��ã§=§Ù��ãÚ©u�ã"�½��PDA§�ü�

�ã�éA�ö�üÑXe¤ã"

1. Ù��ãµrz�©�©�¤F�êâ�§=§Wi = {Wi,j : j ∈ F}"z�^

rk ∈ K3¦���¥�;Xeêâ�µ

Zk = {Wi,j : pj,k = ∗, i ∈ N}.

N´wÑz�^r¹k��Nþ�Z · 1
F
·N = M���"
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2. ©u�ãµ��ÑÖì��
^r��¦d = (d1, . . . , dK)§ùpdk ∈ NL«^rk¤

I¦�©���I§ÑÖì3�m:s2ÂXe�êâ��³½$�µ⊕
pj,k=s,j∈F ,k∈K

Wdk,j.

z�^r�)è�{Xe¤ã"é,�^rk ∈ K§¤I,�©�Wdk§dk ∈ N§d

Ù��ã��§T^r®²��{Wdk,j : pj,k = ∗}"�
¡EWdk§¦�I)è���ê

â�{Wdk,j : pj,k ∈ S}"5¿�§éz�s ∈ S§32Â�&E
⊕

pj,k=s,j∈F ,k∈KWdk,j¥§d

�å^�C3��§^rk ��¤kêâ�{Wdk′ ,j
: pj,k′ = s, k′ 6= k}§ù
Ñ3Ù��ã

��\¦���¥"@o§����Wdk,j, pj,k = s�±ÏLl
⊕

pj,k=s,j∈F ,k∈KWdk,j¥~

�
⊕

pj,k′=s,j∈F ,k′∈K,k′ 6=k
Wdk′ ,j


)Ñ"ù¿ØJ"Ïd§ÏL��{ü�$�z�^rÑU

¡E¦¤I�©�"Ïdù����Y´�±$1�"

~6.2.1. ����~f§·��Ñ(2,1,2) CCC�Y�(2,4,2,2)-PDA�O"¿ØJ�yXe


�(¢´��(2,4,2,2)-PDA"

P4,2 =


∗ 1

1 ∗

∗ 2

2 ∗


b�·��½
ü�©�W1ÚW2"rz�©�y©¤o�êâ�§¦�¤áW1 =

{W1,1,W1,2,W1,3,W1,4}�W2 = {W2,1,W2,2,W2,3,W2,4}"PZ1ÚZ2©O�ü�^r���"

3Ù��ã§1��^r�;Z1 = {W1,1,W1,3,W2,1,W2,3} §�1��^r�;Z2 =

{W1,2,W1,4,W2,2,W2,4}"�âþ¡£ã�PDA§ÑÖì¤2Â�SN�L«uL6-1¥"

Request d Time slot 1 Time slot 2

(1,1) W1,2

⊕
W1,1 W1,4

⊕
W1,3

(1,2) W1,2

⊕
W2,1 W1,4

⊕
W2,3

(2,1) W2,2

⊕
W1,1 W2,4

⊕
W1,3

(2,2) W2,2

⊕
W2,1 W2,4

⊕
W2,3

L 6-1 ~6.2.1¥�©u�ã

�
)ºT)è�{§Ø�b�d = (1, 2)"1��^r�±ÏL)èW1,2 ÚW1,45
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¡EW1"5¿�W1,2ÚW1,4�±ÏLlW1,2

⊕
W2,1¥~�W2,1§±9lW1,4

⊕
W2,3¥~

�W2,3
��"Ón§1��^r�±ÏL)èW2,1 ÚW2,35¡EW2"W2,1�W2,3�±Ï

L©OlW1,2

⊕
W2,1 �W1,4

⊕
W2,3¥~�W1,2ÚW1,4��"éu^rÙ§��¦§·�

kaq�)è�{"

Ø+^r�I¦´�o§PDA¤�L����Y¬2ÂS�êâ�§z�êâ���

�´1/F"Ïd§ù��Y�'ÇTÐ´R = S/F"Ød�	§XJz�©�Ñ�©¤F�

êâ�§@où��Y�¡�´��F -y©�Y"3©z [147]¥§�öy²
PDA�Op

���Ä�½n"

½n6.2.2 ( [147]). ��(K,M,N)��XÚ�F -y©�Y�±^��(K,F, Z, S)-PDA P =

[pj,k]F×KL�Ñ5§Ù¥§Z/F = M/N"Ø+I¦XÛ§z�^rÑ�±ÏL'ÇR =

S/F�(/¡EÑ¦¤I�©�" .

5P6.2.3. ©z [101]¥�Maddah-Ali-Niesen�Y�du��(K,
(
K
t

)
,
(
K−1
t−1

)
,
(
K
t+1

)
)-PDA§Ù

¥t = KM/N´���ê"

5P6.2.4. ©z [147]¥§Yan�<�Ñ�1���Y´��(q(m + 1), qm, qm−1, qm+1 − qm)-

PDA"

{
ó�§�O��CCC�Y�±�=z��O,�÷v�½^��PDA"3�©

¥§·��ÄM/N�½§N ≥ K§�KªuÃ¡��¹"·�ÏL�	F �RÓK�'X

5©Û�����Y"

6.3 ���ããã���...

y3·�=\¦^�ã��*:5ïÄCCC�Y½öPDA�O"·�Äk�Ñ�
7

��½Â"�·�!Ø��ã�§¢Sþ´`�éG = (V (G), E(G))§Ù¥º:8V (G)�

��cn ���ê�8Ü[n]§>8���´[n] ��
f8�¿"ãG´�5���=

�é¤kØÓ�>A,B ∈ E(G)§Ñk|A ∩ B| ≤ 1"·�`ãG´r-þï�§XJé¤k

>A ∈ E(G)§Ñk|A| = r"

��r-þï��ãG´r-Ü�§XJ§�º:8V (G)�±�/¤r«ôÚ§¦�G¥v
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k>¹kôÚ�Ó�ü�º:"3ù���/Ú¥§V (G)�@
ôÚ8§=�ÓôÚ�

º:8§�¡�´G�ØÓº:Ü"3ùÙ¥·�Ì�'%3-þï3-Ü�ã§n�º:8

�F§K§S¦�|F| = F§|K| = K§|S| = S"

Brown§ErdősÚSós [39,40]Ú\
¼êfr(n, v, e)5L«n �º:�r-þï�ã§eÙØ

�¹dv �:Ü¤�e ^>§KÙU¹k���>ê"�é{`§3ù«�ã¥§?

¿e^>�¿Ñ¹k��v + 1�º:"ùa�ã�¡�´Gr(v, e)-free ��ã"Ruzsa

ÚSzemerédi [119]Í¶�(6,3)-½n�Ñ

Ún6.3.1.

n2−o(1) < f3(n, 6, 3) = o(n2).

ù�Ún�`²§XJ��3-þï�nº:�ã´(6, 3)-free�§@o§�>ê��ÒØ�

U´n2��5�"

�£�'uF§K§S�½Â"e¡�*	´·�ïÄ�{�Ñu:"z�PDAÑ

´��F × K�
�P§Ù��Ñláu�����S + 1�i18£/+10L«ÎÒ

/*0¤"·�Ø��Ä���5�3-þï3-Ü�ãH§§�n�Ü©�F§K§S§¿÷

v|F| = F§|K| = K±9|S| = S"·�ë�^>{j, k, s}§Ù¥j ∈ F , k ∈ K, s ∈ S�

�=�31j11k����TÐ´s ∈ S"ù�§ù��ãH�
�P¤��û½
§�

�½,£3,����§bX·�k���5�3-þï3-Ü�ãH§n�Ü©�F§K§

S§@o·��±�E��éA�F × K
�P§¦�Ù��láuS ∪ {∗}¤"d�§H

¡�´dP¤½Â��ã"N´�y§�ã�>êTÐ�uPDA¥�ê��ê"�±O

�|E(H)| = K(F − Z) = KF (1− M
N

)"

·�¦^�ã�*:���­��Ï´PDA�n���^�Ñ�±�{ü/�È��

ãpéA�^�"e¡�½nïá
PDAÚ(6, 3)-free�ã��d'X"

½n6.3.2. ��÷v^�C1§C2§C3�(K,F, Z, S)-PDA�3��=�d§½Â��ã

´���5�(6, 3)-free 3-þï3-Ü�ãH§§�n�Ü©�F§K§S§¿÷v|F| = F§

|K| = K±9|S| = S"d	§z�º:k ∈ KTÐ�F − Z^>�ë"

y². -H���d(K,F, Z, S)-PDA P¤L«����ã"��¡§�
y²7�5§�

I`²H÷v½n¥¤J����^�"

1. N´�yH´��3-þï3-Ü��ã§n�º:8�F§K§S"
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2. H��55��±d��^�C2íÑ"Äk§·�vkXe/ª�ü>§{j, k, s}Ú{j, k, s′}§

ù´Ï�pj,k´û½Â���k��A½��"1�§·�vkü>X{j, k, s}Ú{j, k′, s}§

Ï�XeØ,§pj,k = pj,k′ = s§ù´�C2¤B��"��§·�vkü>

X{j, k, s}�{j′, k, s}§ÄKpj,k = pj′,k = s§ù�´�^�C2¤B��"

3. k ∈ K¥�z�º:ÑTÐ�F − Z^>�ë§Ï�dC1��§P�z�¹kT

ÐF − Z��ê§ùíÑ
H�F − Z^>"

4. H´(6, 3)-free�"�é{`§H¥?¿n^>�¿¹k��Ô�º:"XeØ,§�

�3n^>´d�õ8�º:Ü¤�"eº:êØ�LÊ�§KN´íÑ7�3ü

>kü�ú�º:§ù��
�ã��55"�I�Ä§n^>d8�º:Ü¤�

�/"�	ù8�:ln�Ü©¥À���ª"·�`§ù
º:�y©¤a/b/cù

«/ª§XJ·�l1�Ü©¥ÀÑa�:§l1�Ü©¥ÀÑb�:§l1nÜ

©¥ÀÑc�:"XJ§��y©¤4/1/1½ö3/2/1ù«/ª£�Äy©���¤§

K·��Î�±ÏL�ã��55íÑgñ"é�e��/2/2/2§·�oUrù


º:P�j1, j2, k1, k2, s1, s2"b�·�kn^>§@o§Ø���5§b�s1Ñy

3ü^>{j1, k1, s1}�{j2, k2, s1}�¥"@o§1n^>�ÿÀö�U´{j1, k2, s2}½

ö{j2, k1, s2}.",
§dC3��§pj1,k1 = pj2,k2 = s1 ¿�Xpj1,k2 = pj2,k1 = ∗"Ïd§

é?Ûs2 ∈ Svk>´{j1, k2, s2}½ö{j2, k1, s2}ùü«/ª�"Ïd§Ø�3n^>

d8�º:Ü¤�"

,��¡§�
y²¿©5§Xe�*	´�'­��"XJ·�k���5�3-þ

ï3-Ü�ãH§º:8�F§K§S§@o·��±�E��éA�F × K
�P§§�

��láuS ∪ {∗}"P¥1j1�1k���´s ∈ S§XJ{j, k, s}�¤H��^>§ÄK

�*"�±uy§d�55��§¿vkXe/ª�ü^>§=§{j, k, s}�{j, k, s′}§Ï

d§pj,k´û½Â�"N´y²P÷vC1ÚC2§C3��±^�y{y²"

~6.3.3. �
�º½n6.3.2§·��Ä~6.2.1¥�PDA¤½Â��ã"-H´��dn

�º:8F§K§S�¤��ã§�÷vF = {j1, j2, j3, j4}§K = {k1, k2}�S = {s1, s2}"

Hko^>§Ï�~6.2.1¥�P4,2TÐko��ê��"d½n6.3.29Ù�c�?Ø�

�§H�o^>´{j2, k1, s1}§{j1, k2, s1}§{j3, k2, s2}�{j4, k1, s2}"�±�yH´���

5�(6, 3)-free3-þï3-Ü�ã"�UwÑ§K�z�º:T�ü^>�ë"@o§H�±�

w�´÷v^�C1§C2§C3�Xe(2,4,2,2)-PDA"
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P∗4,2 =

k1 k2

j1 * s1

j2 s1 *

j3 * s2

j4 s2 *

�±wÑ§P4,2�P∗4,2¢Sþ´�d�"

�
`²·��ã*:�ã��^§·�Äky²Xe½n§T½n´Ún6.3.1�½

n6.3.2�����íØ"

½n6.3.4. XJR = S/F�M/NÑ´�½��KÃ'�~ê§@o§év
��K§

F�K�5O��(K,F, Z, S)-PDA´Ø�U�3�"

y². év
��K§bX�3��÷v½n¤ã^��(K,F, Z, S)-PDA"5¿�§

Z/F = M/N"�	dù�PDA½Â��ãH§·�k|V (H)| = |F|+|K|+|S| = F+K+S =

Θ(K)+K+RF = Θ(K)�|E(H)| = K(F −Z) = KF (1−M/N) = Θ(K2) = Θ(|V (H)|2)"

,��¡§d½n6.3.2��§H´(6, 3)-free�§Ïd§dÚn6.3.1��§|E(H)| =

o(|V (H)|2)§ù´��gñ"

XÓ·�30�pJ��@�§�©�ÄÅ´�Ä�o´���F¦��3��~ê

'ÇR��Y"½n6.3.4¢SþJø
��e.§=§F�K �5O��~'Ç�Y´Ø

�3�"Maddah-Ali-Niesen�Yan�<��Y`²§F�K¥�êO���Y´�3�"@

o§·��±ü$F��íº��ù���òÑ�1�Ú§�e5§·�¬�Ñü��Y§

§�÷vF´�XK¥æ�êO��"·���E´��d�ã*:�Ñ�§·�¢Sþ

�E
üa�5(6, 3)-free3-þï3-Ü��ã"

6.4 dddØØØ���fff888���¿¿¿���ÑÑÑ������EEE

ù�!¥·��Ñ1���Y"
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�Y1:

-n, a, b´÷vn ≥ a+ b���ê"-[n] = {1, 2, . . . , n}§�^
(

[n]
a

)
= {A ⊆ [n] : |A| = a}L

«[n]�¤ka�f8"·�UXe�¦�E���ãH1"-V1, V2, V3�V (H1)�n�º:

8§÷vV1 =
(

[n]
a

)
§V2 =

(
[n]
b

)
�V3 =

(
[n]
a+b

)
"n�º:A ∈ V1, B ∈ V2, C ∈ V3�¤�^

>{A,B,C}��=�|A| = a§|B| = b§|C| = c�A∪B = C£ù�¿�XA∩B = ∅¤"�

±�Ñ§H1�¹
(
n
a

)(
n−a
b

)
^>£5¿�

(
n
a

)(
n−a
b

)
=
(
n
b

)(
n−a
b

)
¤"

½n6.4.1. H1´���5�(6, 3)-free3-þï3-Ü�ã"

y². �±wÑ§T�ã´3-þï3-Ü�"é�^>{A,B,C}§zü�º:��û½


1n�§Ïd§·��±�Ñ§��55"b�kn^>´d8�º:Ü¤�§

@od½n6.3.2�y²��§·��I�Ä8�º:´þ!/lnÜ¥�Ñ��

/"é8�º:A,A′, B,B′, C, C ′§e§��¹n^>§KØ���5§·��±b�

�½�3ü^>{A,B,C}�{A′, B′, C}",
§A ∪ B = A′ ∪ B′ = C �A 6= A′¿�

XA ∩ B′ 6= ∅�A′ ∩ B 6= ∅§Ïd§|A ∪ B′| < a + b �|A′ ∪ B| < a + b"¤±§é?

ÛC ′ ∈ V3§·�vkk/X{A,B′, C ′}½ö{A′, B, C ′}�>"Ïd§¿Ø�3d8�º:

Ü¤�n^>"

½n6.4.2. é?¿n���êa, b, n¦�a + b ≤ n§Ñ�3��
(
a+b
a

)
-�K(

(
n
b

)
,
(
n
a

)
,
(
n
a

)
−(

n−b
a

)
,
(
n
a+b

)
)-PDA.

y². �F = V1, K = V2�S = V3§@o§d�Y1��E��§N´wÑK�z�º:Ñ

�TÐ
(
n−b
a

)
>�ë"Ïd§d½n6.3.2�½n6.4.1·��±í�Ñ�3��(K,F, Z, S)-

PDA§÷vK =
(
n
b

)
, F =

(
n
a

)
, Z =

(
n
a

)
−
(
n−b
a

)
�S =

(
n
a+b

)
"d	§§´

(
a+b
a

)
-�K�§Ï

�é?¿C ∈
(

[n]
a+b

)
§Ñk|{(A,B) : A ∈

(
[n]
a

)
, B ∈

(
[n]
b

)
, A ∪B = C}| =

(
a+b
a

)
"

~6.4.3. ·��Ñ��~f§±`²�Y1�þ¡�½n§·��n = 4§a = 2§

b = 1"d½Â��§V1 =
(

[4]
2

)
= {{1, 2}, {1, 3}, {1, 4}, {2, 3}, {2, 4}, {3, 4}}§V2 =

(
[4]
1

)
=

{{1}, {2}, {3}, {4}}�V3 =
(

[n]
3

)
= {{1, 2, 3}, {1, 2, 4}, {1, 3, 4}, {2, 3, 4}}"�â�Y1¥��

E§A ∈ V1§B ∈ V2�C ∈ V3/¤�^>��=�A ∩ B = ∅�A ∪ B = C"ù��
�

ãH1�¹
12^>§=§{{2, 3}, {1}, {1, 2, 3}}§{{2, 4}, {1}, {1, 2, 4}}§{{3, 4}, {1}, {1, 3, 4}}¶

{{1, 3}, {2}, {1, 2, 3}}§{{1, 4}, {2}, {1, 2, 4}}§{{3, 4}, {2}, {2, 3, 4}}¶{{1, 2}, {3}, {1, 2, 3}}§
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{{1, 4}, {3}, {1, 3, 4}}§{{2, 4}, {3}, {2, 3, 4}}¶{{1, 2}, {4}, {1, 2, 4}}§{{1, 3}, {4}, {1, 3, 4}}§

{{2, 3}, {4}, {2, 3, 4}}"@o½n6.5.1�y
H1´���5�(6, 3)-free3-þï3-Ü�ã"�


�E��éA�PDA§·��K = V2§F = V1�S = V3"@od½n6.3.2�½n6.4.2§

·��±íÑH1�Ñ
Xe�3-(4,6,3,4)-PDA§Ù¥§1´dF = V1 =
(

[4]
2

)
¤IP�§�

´dK = V2 =
(

[4]
1

)
¤IP�§¿�¤k���láuS = V3 =

(
[4]
3

)
"

P6,4 =

{1} {2} {3} {4}

{1, 2} * * {1, 2, 3} {1, 2, 4}

{1, 3} * {1, 2, 3} * {1, 3, 4}

{1, 4} * {1, 2, 4} {1, 3, 4} *

{2, 3} {1, 2, 3} * * {2, 3, 4}

{2, 4} {1, 2, 4} * {2, 3, 4} *

{3, 4} {1, 3, 4} {2, 3, 4} * *

ØJwÑ§XJ�b = 1§n = K�a = KM/N§@o�Y1w,�¹Maddah-Ali-

Niesen�Y��Ù��AÏ�/"¢Sþ§·���ã*:Ny
Maddah-Ali-Niesen�Y

���(�"

éu����/§·�kR = S/F =
(
n
a+b

)
/
(
n
a

)
§F =

(
n
a

)
§M/N = Z/F = 1 −(

n−b
a

)
/
(
n
a

)
�K =

(
n
b

)
"��/5`§ïþù��Y�Ly¿Ø´{ü�¯§Ï�éJ

�rR½FL«���K�¼ê",
§R'�²?è��Y�Ð�õ
¶Ï�§RU =

K(1− M
N

) =
(
n
b

)(
n−b
a

)
/
(
n
a

)
§�RU/R =

(
a+b
a

)
� 1"Ïd§·��#�Y3ù«�¹e´k

¿Â�§Ï�§4��ü$
�²?è��Y�èÇ"¢Sþ§ÏLÀ�·��ëê§·

���Y1�±�ÑeZ�~'Ç��Y§Ù¥F´�XK¥æ�êO��"·��ÑXe

�~f"

5P6.4.4. XJ�b = 2§@o·��±����(
(
n
2

)
,
(
n
a

)
,
(
n
a

)
−
(
n−2
a

)
,
(
n
a+2

)
)-PDA"e

-n = λaé,�~êλ > 1¤á§@o§·�kR = S/F =
(
n
a+2

)
/
(
n
a

)
≈ (λ− 1)2�M/N =

Z/F = (
(
n
a

)
−
(
n−2
a

)
)/
(
n
a

)
≈ 2λ−1

λ2
§ddA�úª�±¦�

F =

(
n

λ−1n

)
=

1 + o(1)√
2πλ−1(1− λ−1)n

· 2nH(λ−1) = O(K−1/4 · 2
√

2KH(λ−1)),

Ù¥§H(x) = −x log2 x − (1 − x) log2(1 − x)§0 < x < 1´���¼ê"N´wÑ§3ù

��ëêe§R�M/NÑ´�KÃ'�~ê§�F´�XK¥æ�êO��"
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6.5 dddòòòÿÿÿ���q���SSS���¤¤¤���ÑÑÑ������EEE

3�!¥·��Ñ1���Y"

�Y2:

-q ≥ 2,m, t���ê§÷vt ≤ m"-Zq = {0, 1, . . . , q − 1}"Xe�E��3-þï3-Ü�

�ã"1��º:8´W1 = {A = (a1, . . . , am) : ai ∈ Zq}§=§W1�¹¤k��m�q��

þ§�|W1| = qm"1��º:8´W2 = {B = (δ1, . . . , δt, bδ1 , . . . , bδt) : 1 ≤ δ1 < · · · < δt ≤

m, bδi ∈ Zq}.§=§W2�¹��2t��þ§ct� �´l1�mî�4O�t��ê§�t�

 �´Zq¥���"Ïd§|W2| =
(
m
t

)
qt"��§W3 = {C = (c1, . . . , cm, cm+1, . . . , cm+t) :

ci ∈ Zq for 1 ≤ i ≤ m and cm+j ∈ Zq\{q − 1} for 1 ≤ j ≤ t}"w,§|W3| = qm(q − 1)t�é

z�1 ≤ j ≤ t§Ñkcm+j + 1 6≡ 0 (mod q)"

n�º:A ∈ W1, B ∈ W2, C ∈ W3/¤�^>{A,B,C}��=�e¡�^�Ó�¤á"

5¿�§¤k$�´3Zq¥?1�"

1. ai = ci§i /∈ {δ1, . . . , δt}§1 ≤ i ≤ m¶

2. aδj = cδj + cm+j + 1§j = 1, 2, . . . , t¶

3. bδj = cδj§j = 1, 2, . . . , t"

·�kXe�*	"'�C�A�cm� �"éi /∈ {δ1, . . . , δt}§éA���´��

�"éÙ§� �§dcm+j ∈ Zq\{q − 1}§1 ≤ j ≤ t��§cm+j + 1 6= 0§Ïdd1�

��å^���§�éA� �Ñ´Ø��"Ïd§A�Cáu�^>���7�^�

´(a1, . . . , am)�(c1, . . . , cm)TÐkt�ØÓ���"d	§·�kaδj 6= bδj§j = 1, 2, . . . , t"

½n6.5.1. H2´���5�(6, 3)-free3-þï3-Ü�ã"

y². N´�yù��ã´3-þï3-Ü�"�Iy²�55Ú(6, 3)-free�5�"

1. ·�Äky²�55"�I�y§é/X{A,B,C}�>§zü�º:£XJ§

�(¢3�^>þ¤��/û½
1n�"é�½�AÚB§lδ1, . . . , δt§C�

cm� ��±d1��Ú1n��å^��Ñ"C���t� ��±d1�

��å^�O�Ñ"aq�§é�½�BÚC§�)ÑA�´g,�"�AÚC�

½§û½B§ù«�/�þãü«��k¤ØÓ"ÏL±þ*	§{δ1, . . . , δt}�±

dé'(a1, . . . , am)�(c1, . . . , cm)�Ñ§�Ié�@
éA��ØÓ� �"@o§
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{bδ1 , . . . , bδt}�±k1n��å^��Ñ"�ã��55�y
"

2. éu(6, 3)-5�§d½n6.3.2�y²��§·��I�Ä8�º:þ!/�g

n�º:8��/"é8�º:A,A′, B,B′, C, C ′§\\§��±�Ñn^>§

@oØ���5§·��±b�kn^>{A,B,C}§{A′, B, C ′}�{A,B′, C ′}"Ï

L�
�I���§·��Ub�B = (1, 2, . . . , t, b1, . . . , bt)§@o§KkC =

(b1, . . . , bt, ct+1, . . . , cm+t), A = (b1 + cm+1 + 1, . . . , bt + cm+t + 1, ct+1, . . . , cm)�C ′ =

(b1, . . . , bt, c
′
t+1, . . . , c

′
m+t)"é'AÚC

′�ct���§§�´�,ØÓ�§ù´Ï

�cj + 1 6= 0§m + 1 ≤ j ≤ m + t"Ïd§�
�y{A,B′, C ′}(¢�¤�^>§

·�7LkB′ = (1, 2, . . . , t, b′1, . . . , b
′
t)§@oC

′ = (b′1, . . . , b
′
t, c
′
t+1, . . . , c

′
m+t)"ù¿�

Xbi = b′i§1 ≤ i ≤ t§=§B�B′´�����§gñ"

½n6.5.2. é?¿n���êq, t, m÷vt ≤ m§Ñ�3��
(
m
t

)
-�K(

(
m
t

)
qt, qm, qm −

qm−t(q − 1)t, qm(q − 1)t)-PDA"

y². �F = W1, K = W2�S = W3"Äk§d�Y2��EL§��K¥�z�º:

TÐ3qm−t(q − 1)t^>¥§ù´duz� �ai, i 6∈ {δ1, . . . , δt}Ñkq«ÀJ§z� 

�aδj , 1 ≤ j ≤ tÑkq − 1«ÀJ£aδj 6= bδj§1 ≤ j ≤ t¤"Ïd§d½n6.3.2�½n6.5.1§

·��±íÑ�3��(K,F, Z, S)-PDA§K =
(
m
t

)
qt, F = qm, Z = qm − qm−t(q − 1)t§

S = qm(q − 1)t"d	§§´
(
m
t

)
-�K�§Ï�é?ÛC ∈ S§é{δ1, ..., δt}Ñk

(
m
t

)
«ÀJ§

¿�§��C�{δ1, ..., δt}Ñ�½e5
§·�5Ò�±^n��å^�5û½AÚB"

~6.5.3. �
�Ð/`²�Y2±9þã½n§·�À�t = 1, m = 2�q = 2����

~f"d½Â��§W1 = {(0, 0), (0, 1), (1, 0), (1, 1)}§W2 = {(1, 0), (1, 1), (2, 0), (2, 1)}±

9W3 = {(0, 0, 0), (0, 1, 0), (1, 0, 0), (1, 1, 0)}"d�Y2��E�ª��§����ãH2´d

l^>|¤�"½n6.3.2§½n6.5.1§½n6.5.2�y
H2�±�ÑXe�2-(4,4,2,4)-PDA§

Ù¥1´dF = W1IP§�´dK = W2IP§¿�Ù¥���láuS = W3"
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P4,4 =

(1, 0) (1, 1) (2, 0) (2, 1)

(0, 0) * (1, 0, 0) * (0, 1, 0)

(0, 1) * (1, 1, 0) (0, 0, 0) *

(1, 0) (0, 0, 0) * * (1, 1, 0)

(1, 1) (0, 1, 0) * (1, 0, 0) *

�±wÑ§XJÀ�t = 1§K�Y2�±�Ñ��(mq, qm, qm−1, qm(q − 1))-PDA§ù

�Yan�<�EÑ�1���Y´�©�C�=="�
q�^r"�´§XJ·��½q§

¿4mª�uÃ¡�§ù�Ø�´�±�ÑØO�"

éu����/§·�kR = S/F = (q − 1)t§F = qm�K =
(
m
t

)
qt"·��

kM/N = Z/F = 1− (1− 1/q)t"�½qÚt§-mª�uÃ¡§KkRÚM/N´�KÃ'�

~ê"
�§|^Ø�ª(m/t)t <
(
m
t

)
< (em/t)t§·��±lK¥)Ñm§=§

tK
1
t

eq
< m <

tK
1
t

q
,

@o·��±��F���þ.F = O(qtK
1/t/q)"XJ·��½t ≥ 2§KFw,´�XK¥

æ�êO��"

·���±�Ñ�ã*:�,��`³"3©z [147]¥§�ö��Ñ
ü�é¡��

E§=§��(q(m + 1), qm, qm−1, qm+1 − qm)-PDA§M/N = 1/q���(q(m + 1), qm+1 −

qm, (q − 1)2qm−1, qm)-PDA§M/N = (q − 1)/q"3©z [147]¥§�ös
Ø� �5©O

/�Ñùü«�E",
§l·���ã*:Ñu§ùü«�E¢Sþ´���µXJ

·���§�üö¥�?Û��§·�Ò�±êþ��,��"b�1���E´��

ãG1L«�§n�º:8�V1 = F , V2 = K�V3 = S§@o1���EK´é��é¡

��ãG2¤L«�§§�º:8�V1 = S, V2 = K�V3 = F"Ïd§XJG1´�5�(6,

3)-free�§G2w,�´"l���½�d�ãL«�PDA�O§·��±á=íÑ,��§

==I�ÏLN�º:8F�S��Ú"Ïd§·��±��XeíØ"

íØ6.5.4. é?¿n���êq ≥ 2, t, m§Ñ�3��(
(
m
t

)
qt, qm(q − 1)t, qm(q − 1)t −

qm−t(q − 1)t, qm)-PDA§Ù¥§R = 1/(q − 1)t§M/N = Z/F = 1− 1/qt"

5P6.5.5. 3Ún6.5.4¥§XJ·�-K =
(
m
t

)
qt§@o�±�Ñm < tK1/t/q"¤±§

F = qm(q − 1)t < qtK
1/t/q+t§�t ≥ 2�´�XK¥æ�êO��"
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6.6 ���lllccc������EEE���ééé'''

3�!¥§·�r·���E��3��
�E?1é'"Äk§·�r¤k��E

Ñ�3e¡�L�p"

K M/N F R

Construction 1 M-N [101] K 1
q

(
K
K
q

)
K
K+q

(q − 1)

Construction 2 M-N [101] K q−1
q

(
K
K
q

)
K

q+K(q−1)

Construction 3 Yan et al. [147] K 1
q

q
K
q
−1 q − 1

Construction 4 Yan et al. [147] K q−1
q

(q − 1)q
K
q
−1 1

q−1

Construction 5 Scheme 1
(
n
b

)
1− (n−ba )

(na)

(
n
a

) ( n
a+b)
(na)

Construction 6 Scheme 1: b = 2, n = λa
(
n
2

)
≈ 2λ−1

λ2

(
n
n
λ

)
≈ (λ− 1)2

Construction 7 Scheme 2
(
m
t

)
qt 1− ( q−1

q
)t qm (q − 1)t

Construction 8 Scheme 2: symmetric form
(
m
t

)
qt 1− 1

qt
qm(q − 1)t 1

(q−1)t

L 6-2 �
CCC�Y�o(

L�6-2�¹
eZ«ØÓ�PDA"��'�§��`�5´Ø��1�§ù´Ï

�ù
ëêÑäk�
�¾5"Ïd§·�F"3,
Ú��ëêe5é'ù
�

Y"·�¬'�5P6.4.4 £�E6¤Ún6.5.4£�E8¤��E§Ï�5P6.4.4�Ñ
ä

k��M/N�PDA§Ún6.5.4�Ñ
äk��M/N�PDA"éM/N = 1/q§·�'�

�E1§3§6"é�E6§·�À�K :=
(
n
2

)
§λ := 2q§Kn ≈

√
2K§M/N ≈ 2λ−1

λ2
=

1/q − 1/4q2 ≈ 1/q�R ≈ (2q − 1)2§d5P6.4.4·�kF ≈
√

21/2q2

π(2q−1)K1/2 · 2
√

2KH( 1
2q

)"

éM/N = (qt − 1)/qt§t ≥ 2§·�é'�E2§4§8"é�E8§·�À�K :=
(
m
t

)
qt§@

om < tK
1
t

q
§F < qtK

1/t/q+t�R = 1/(q − 1)t"é'�L«3L6-3�L6-4¥"

éM/N = 1/q§lL6-3¥§·��±wÑ�E6�'Ç�V´�E1§3�²��o

�§�´F���eü/é¯"�½q§KFlΩ(qK/q)ü$�O(q
√

8K/q)£ÏL��O��

�§2
√

2KH( 1
2q

) < q
√

8K/q for q ≥ 2¤"éM/N = (qt − 1)/qt§·���E�`³Ò�Ú<5

8
"L6-4¥§K¿©��§�E2§4§8�'Ç´�©�C�",
§FlΩ(qtK/q
t
)ü$

�
O(qtK
1/t/q)"

e¡§·�ò�Ñù
�E�õ�ê�'�"~X§35P6.4.4¥§·�©O�λ =

4Ún = 12, 16, 20"@o§K =
(

12
2

)
,
(

16
2

)
,
(

20
2

)
§F =

(
12
3

)
,
(

16
4

)
,
(

20
5

)
�S =

(
12
5

)
,
(

16
6

)
,
(

20
7

)
"·

�kXe�L6-5"

·��±�Ä�E1§33K��66��Ly§�M/N = 0.5"�E1�ÑF1,60 =
(

66
33

)
=
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K M/N F R

Construction 1 K 1
q

≈ q√
2πK(q−1)

· q
K
q · ( q

q−1
)K(1− 1

q
) K

K+q
(q − 1)

Construction 3 K 1
q

q
K
q
−1 q − 1

Construction 6 K ≈ 1
q
− 1

4q2
≈
√

21/2q2

π(2q−1)K1/2 · 2
√

2KH( 1
2q

) ≈ (2q − 1)2

L 6-3 M/N = 1/q��é'

K M/N F R

Construction 2 K qt−1
qt

≈ qt√
2πK(qt−1)

· q
tK
qt · ( qt

qt−1
)
K(1− 1

qt
) K

qt+K(qt−1)

Construction 4 K qt−1
qt

(qt − 1)q
tK
qt
−1 1

qt−1

Construction 8 K qt−1
qt

< qtK
1/t/q+t 1

(q−1)t

L 6-4 M/N = (qt − 1)/qt��é'

K M/N F R

66 0.4545 220 3.6

120 0.45 1820 4.4

190 0.4473 15504 5

L 6-5 �E6��
ê�(J

7219428434016266000§�E3�ÑF3,60 = 232 = 4294967296"éK = 120§�E1Ú3©O�

ÑF1,120 =
(

120
60

)
�F3,120 = 259"·��(Øw,'§�Ðõ
"

é�E2§4§8·��U?1aq�'�"3Ún6.5.4¥§·��t = 2, q = 2�m =

3, 4, 5, 6, 7"@o§ÏL��O���kXeL6-6"

K M/N F2 F4 F8 R2 R4 R8

12 0.75 220 48 8 0.3 0.3333 1

24 0.75 134596 3072 16 0.3258 0.3333 1

40 0.75 847660528 786432 32 0.3226 0.3333 1

60 0.75 53194089192720 805306308 64 0.3261 0.3333 1

84 0.75 32719234717090660000 3298534883328 128 0.3281 0.3333 1

L 6-6 �E2§4§8��
ê�'�
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6.7 ���'''���KKK

Ø
�ã�*:§·��Jø
Ù§n�ïÄPDA�k��å»"

÷vBlackburn5��Ü©.¶�µ.¶�´��n×n�Ý
L§�W¿±n�ØÓ�

��{1, . . . , n}§z���3z1Ñy�g§z��Ñy�g"��Ü©.¶�´dL�e

Z1½��¤�fÝ
"·�`��Ü©.¶�P÷vBlackburn5�§XJü�ØÓ� 

�pa,b�pc,dk�Ó���§KéA���pa,dÚpb,c���"·�rù�Ü©.¶�¡�´

�K�§XJz��Ñk�Óêþ���"·�F"W¿¦�Uõ� �
Ø��ù�5

Æ§ù�¯KdBlackburn [33]JÑ§Wanless [144]�ïÄ
§"�±�yPDA�
��½Â

¢Sþ�du���K�÷vBlackburn5��Ü©.¶�"~X§�±�y�å^�C1§

C2�C3©O�du�K5§.¶5�Blackburn5�"

~6.7.1. �e5§·��Ñ��{ü�~f5`²Ü©.¶��PDA�m�éX"4·�

l��4× 4�.¶�m©§


3 1 2 4

1 4 3 2

4 2 1 3

2 3 4 1

§

þ¡.¶��cü��±�Ñ��÷vBlackburn5��Ü©.¶�§


∗ 1

1 ∗

∗ 2

2 ∗

,

§�(2,4,2,2)-PDA´�d�"

�Üã�>�r/Úµ ã�>/Ú´�>�XÚ¦�?¿ü��ë�>Ñ�/

¤ØÓ�ôÚ"ãG>�r/Ú´��>/Ú§¿�÷vz�/Ú8´��p��

�§=§?¿ü�áuÓÚ�>�º:´Ø�ë�"r/ÚêS(G)´���ôÚê¦

���ãG>�r/Ú�3"©z [4] ´'u>�r/Ú�{ü0�"��5`§ÏL
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>�r/Úkü«�ª5�EPDA"XJ���ÜãGkº:8X, Y§�k>�r/

Ú§ÙôÚ8�C = {c1, . . . , ct}"@o§·��±�E��3-þï3-Ü�ãH§Ù>8´

d{{x, y, c} : x ∈ X, y ∈ Y, c ∈ C, {x, y} is an edge of G colored by color c}�¤�"��

�±�yH´���5�(6, 3)-free�ã£�I^�½Â¤"

��¡§b�G3º:8Y¥´d-�K�§Ò´`Y�z�º:ÑTÐ�X�d�

º:�ë"K�ãH3º:8Y¥�´d-�K�"§�±�E��PDA P÷vF = X§

K = Y�S = C§¦�éx ∈ F�y ∈ K§Ñk

1) px,y = ∗§e{x, y}Ø´G��^>§

2) px,y = c ∈ S§e{x, y}´G��^>§�§�/¤ôÚc§=§{x, y, c}´H��^>"

Ï�H´�5�(6, 3)-free�§§3Y¥�´�K�§Kd½n6.3.2��§·�kP´�

�(|Y |, |X|, |X| − d, |C|)-PDA"���§�½��PDA§·��U�EÑ��éA��Ü

ã§§k��éA�r>/Ú"Yan�<3©z [148]|^
ù�*	"|^��ãØ¥�(

J [88]§¦��EÑ
äk�õëê�PDA"

,��¡§b�éz�c ∈ C§G�¹µc^ØÓ�>�/¤ôÚc"-µ = minc∈C{µc}"

·��±lz�ôÚ8¥À�µ ^>"@o�ãH�U�¤��PDA P§§äkë

êF = X§K = C�S = Y§¦�éx ∈ F�c ∈ Kk

1) px,c = ∗§eH¥vk>�¹{x, c}§

2) px,c = y ∈ S§e{x, y}´G��^>§�§�/¤ôÚc§=§{x, y, c}´H��^>"

5¿�éz�c ∈ K = C§·�=À�JcÀJÐ�µ^>§ù�¿�X·�o´�±4�

ãH3K = Cù�º:8´µ-�K�"duH´�5�(6, 3)-free�§¿3K´µ-�K�§@

o§d½n6.3.2��§P´��(|C|, |X|, |X|−µ, |Y |)-PDA"XJ·����E��~'Ç

�CCC§·�@�1�«�E�N¬'1�«�Ð"ù´Ï�ù«�/ekR = |Y |/|X|"

Ïd§�¦'Ç�~ê§·��IÀ����Üã¦�Ùü�º:8A�Pk�Óêþ�

º:ê"·�ò3Ruzsa-Szemérediã��E¥^�ù�*	"

5guRuzsa-Szemérediã��Eµ���Üã�¡�´(r, t)-Ruzsa-Szemérediã§X

J§�>8�±�w�´t�>Ø��p���M1, . . . ,Mt�¿§¦�|M1| = · · · = |Mt| =

r"k�§^�“= r”�“= s”¬�O��“≥ r”�“≥ s”"5¿�Ruzsa-Szemérediã¢Sþ

Ò´�Üã�AÏ�r>/Ú"·��IrM1, · · · ,Mt /þt«ØÓ�ôÚc1, . . . , ct"@
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o§d½Â��·�¬����ãG = M1 ∪M1 · · · ∪Mt�r>/Ú"Ývù�Ø©��§

�ö5¿�lRuzsa-Szemérediã�ECCC�Y��{����C�©Ù [123]¤¦^
§¦

�
|^Alon�< [12]'uRuzsa-Szemérediã��E§���CCC�Y¥§F´�K�5O

��",
§¦�����Y�'ÇØ´��~ê§
´kXR = Kδ�/ª§δ > 0´

��?¿���¢ê"ùp§·�¬^�Ruzsa-Szemérediã�,��®²�3��E [73]§

5�E��~'Ç�CCC�Y"3©z [73]¥§�ö�E
��( (1−o(1))
3

N,NΩ( 1
log logN

))-Ruzs

a-Szemérediã§Ù¥§N´z�º:8�º:ê"Ïd§�âþ��ãá�?Ø§XJ

·�µ = r�K = {c1, . . . , ct}§@où���Ruzsa-Szemérediã¬�Ñ��PDA§äkë

êF = S = N§R = S
F

= 1§M
N

= N−µ
N

=
N− (1−o(1))

3
N

N
= 2

3
+ o(1)§�K = NΩ( 1

log logN
)"�±

`²logK = Ω( logN
log logN

)§5¿��E6Ú8�Ñ�´logK = Ω(log logN)",
§ù�#�

Ek��"�§§=éM
N

= 2
3

+ o(1)¤á"XÛÿÐù��E§´��k��¯K"d	§

e¡�úm¯K�ék�"

¯K1µ´Ä�3���Ü(r, t)-Ruzsa-SzemérediãG§º:8�X§Y§÷v|X| =

|Y | = N§r = Θ(N)§t = Ω(Na)é,�0 < a < 1¤áº

ù�úm¯K3Ruzsa-Szemérediã��EïÄ¥�ék�§�©z [12]"§��±�Ñ

��(t, N,N − r,N)-PDA§Ù¥N = O(t1/a)´t�õ�ª¼ê"

6.8 (((���

3ù�©Ù¥§·�r�E��CCC�Y½öPDA�O�¯K=z��ã�*:"T

¯K�4�|ÜÆ¥Í¶�(6, 3)-¯K�)
éX"lù�*:Ñu§�E���Y=

C��E�5�(6, 3)-free3-þï3-Ü�ã"·�Jø
ü«�Y§©OÿÐ
Maddah-Ali-

Niesen�Y�Yan�<��Y"·��Y¥�ëêé(¹§Ïd§·�¢Sþ�z
ü�

a���Y"

�oâ´���F¦��3��~'Ç����Yº·���EL²F�K æ�êO

�Òv

"½n6.3.4�`²§~'Ç�CCC�YF�K�5O�´Ø�U�"·�E,

Ø��§´Ä�3F�Kõ�ªO��~'Ç�Y"·�r§����úm¯K"

¯K2µ-M/NÚR��KÃ'�~ê"éÑ���F = f(K)¦��3��(K,F, Z, S)-

PDA§÷vS = RF§Z = FM/N"AO�§y²½Ä½�3��F�XKõ�ªO���

E"
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7 Piggybackèèè

7.1 {{{000

duÙ��5Úk�5§©Ùª�;XÚ3þ��cáÚ
éõ�'5"3©Ùª�

;XÚ¥§��êâ�;3�X��;!:¥"ù
!:ÔnÕá¿ÏL���äë�"

Ï�z��!:Ñk�½�VÇ��§·�7LÚ\P{55(�XÚ���5"3©

z¥§kü«üÑ5�yP{µE�ÚÅí?è"�*/`§E�é{ü§��Ç$e"

��§Åí?èJø
�Ð��;�Ç"Ïd§�
?n�þ�&E§Åí?èEâ�

��A^uNõy�©Ùª�;XÚ¥§~X§Google Colossus [2]§HDFS Raid [3]§Total

Recall [26]§Microsoft Azure [86]�OceanStore [97]"

����üÕ��;!:��§7L¦^�;33�!:�êâòÙ¡E"�?E

�}�!:�§ko�ëê·�I��Ä§=§O�K1!�ä�°!^�I / OÚI�

¯^��êþ"3©z¥§�õêyk��;?èEâ�´�Äùo�ëê����`

5§~X§MDSèéO�KÖ§2)?èé�ä�° [55]§ÛÜ?E�èéI�¯^��

êþ [110] [134]"�©�Ì�'%�´`zcü�ëê"·�½Â²þ?E�°Ç§γ§�²

þ?E�°Ú�©êâþ�'�"�e5§·�ò{�/£�na�;è�?EE,5Ú

?E�°§=§MDS�;è§MSRèÚpiggybackè"

MDSè´êâ�;¥�«�2�¦^Åíè§~X§©z [135,143]"§��
�Z�P

{��Ç�m���ï"��(k + r, k)MDS�;è�¹k + r��;!:§÷v5��©

êâ�±�k + r�!:¥�?Ûk�¤¡E"§�±N=?Ûr�!:���"ù�á5�

¡�MDS5�"��!:�¡�´XÚ�§XJ§�;
Ü©Ø\?è��©êâ"XÚ

�MDSè´��MDSè§�÷v�©êâ±Ø\?è�/ª�;3k�XÚ!:¥"�e

�r�!:§�¡���!:§�;k�XÚ!:���êâ"l¢^��Ý5w§�;è

�Ð´�XÚè§Ï�3�~�¹e§êâ�±��lXÚ!:¥Ö�§
ØI��1)

è"Nõ¢S¯K�I�p���;è§=§r � k"Ïd§3©Ùª�;XÚ��O¥§

�����XÚ!:�?E�Ç´�~­��"
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3MDS�;è��/e§?E����;!:�I|^k���\{Ú¦{§¦Ù3

?EL§¥kÜn�O�K1",
§?E�����!:§MDS�;èI�e1��

��©êâ"�é{`§MDS�;è�²þ?E�°§γMDS§�u1"

2010c§Dimakis�< [55]Ú\
2)è±ü$©Ùª�;XÚ�?E�°§§ÏL

lz���¹�!:e1�Óêþ�êâ5?E���XÚ!:"MSRè´�­��

2)è��"§�±
MDSá5§�²þ?E�°Ç�γMSR = k+r−1
rk
§ù¦�r � k�§

kγMSR ≈ 1
r
"�rÅìO��§γMSR 'γMDS��õ
",
§MSRè���":´§�


?E����XÚ!:§§�?E�{�9�Ý
�¦{§ÙO�E,Ýéyk��;

XÚ5`�U�p
"

�Eäk±eA:��;è´�~k¿Â�µ÷vMDS5�§$O�E,5Ú$?E

�°"Ñuù
Ï"§mM5�Ø© [114,115]
JÑ�«piggybackingµe§§(Ü
MDSè

ÚMSRè�`:"Piggybacking��{´�õ�ykè�¢~§¿l�~�,�~V\�

°%�OL�piggyback¼ê"(J§©z [114]¥½Â�piggybackè£�©z [114]�1o!¤

Ø=�±
MDSè�$O�E,Ý§�k²þ?E�°ÇγRSR = r−1
2r−3

≈ 1
2
< γMDS"l

@�å§ù�#�{®²�A�ïÄ<
¤õ/A^
"32013c§§�Facebook [113]�

#�;XÚ¤æ^
"2015c§Yang�<
 [149] |^
piggybacking�üÑ5�O#

�MSRè§§���!:�kA��`�?E�°"Kumar�< [98]�¦^ù«Eâ§±ü

$N�5��d§5�Eäk$?E�°Ú$?EE,Ý��;è"

ØJwÑ§piggybackè�5U0uMDSèÚMSRè�m"�©�Ì�8�´�O�

�#�piggybackingµe§±?�Ú~��;è�XÚ!:�?E�°"·���O�±

�)��#�XÚMDS�;è§Ù²þ?E�°Ç�±$�γNEW =
√

2r−1
r
"w,§·�

�(JéA�¤k�rÑwÍ/U?
γRSR"d	§�'�MSR?è�pO�E,Ý§?

E#�è����;!:��9k��¥\{Ú¦{�$�"

7.2 Piggybackingµµµeee

·�ò0�©z [114]¤½Â��
Vg"PF := Fq§ùpq´���ê�"Piggybackingµ

e�±$1u?Û��®�3�èþ§ù�è�¡��Ä�è"Ø���5§·��±b

�Ä�è´dn�?è¼ê{fi}ni=1¤û½�§§��;un��;!:¥"�Äm�Ä�è

�¢~§K�Ð�?èNXXL7-1¤«"

Ù¥§a1, . . . , amL«m°Ä�èe�?è�&E"éz�1 ≤ i ≤ n �2 ≤ j ≤ m§

·��±�fi(aj)V\?¿���gi,j(a1, . . . , aj−1)"ù
¼êgi,j : Fk −→ F, 1 ≤ i ≤
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7 PIGGYBACKè

Node 1 f1(a1) f1(a2) · · · f1(am)
...

...
... . . . · · ·

Node n fn(a1) fn(a2) · · · fn(am)

L 7-1 �Ð�?èXÚ

n, 2 ≤ j ≤ mÒ�¡�´piggyback¼ê§§�´�±?¿À��"�V\�ê�K

�¡�´piggybacks"Ïd§�;31i�!:£1¤Ú1j�¢~£�¤¥���Ò

´fi(aj) + gi,j(a1, . . . , aj−1)"�����piggybackè�£ã3L7-2¥"1��¢~¥Ø¹

kpiggybacks§ù´Ï�ù«Sü�±4·���^Ä�è�Èè�{5?Ea1"

Node 1 f1(a1) f1(a2) + g1,2(a1) · · · f1(am) + g1,m(a1, . . . , am−1)
...

...
... . . . · · ·

Node n fn(a1) fn(a2) + gn,2(a1) · · · fn(am) + gn,m(a1, . . . , am−1)

L 7-2 Piggybackè

3�©¥§·��Ä�è���XÚ�(k+ r, k)MDSè§§�(��L«3L7-3¥§

Node 1 a1,1 a1,2 · · · a1,m

...
...

... . . . . . .

Node k ak,1 ak,2 · · · ak,m

Node k + 1 f1(a1) f1(a2) · · · f1(am)
...

...
... . . . ...

Node k + r fr(a1) fr(a2) · · · fr(am)

L 7-3 XÚ�(k + r, k) MDSè

Ù¥§·�E,�m°Ä�è�¢~§¿Pai = (a1,i, a2,i, . . . , ak,i)
T§1 ≤ i ≤ m"¼

ê{fi : 1 ≤ i ≤ r}�¡�´��¼ê§§��À�±÷vè�MDS5�"�©ê

â{a1, a2, . . . , am}±Ø\?è�/ª��;3k�XÚ!:p"b�
�¥�z����Ñ

�;
ü êþ�êâ"�âL7-2¤0��piggybackingµe§L7-3¥�XÚMDSèä

kL7-4¤£ã�piggyback/ª"

3piggyback�V\¥§��'�:´¼êgi,j==U�^3§�c�¢~þ§=§

{a1, . . . , aj−1}"3e©¥§·�òrù���^�¡�/piggybacking^�0"®²�y

²
§ù�^�¦�piggybackè�±
MDS5�£�©z [114]�½n1�Ún2¤"3©

z [114] ¥§�öJø
eZ�è��E"Ò?E�°5`§1���E´�k�Ç�§
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Node 1 a1,1 a1,2 · · · a1,m

...
...

... . . . . . .

Node k ak,1 ak,2 · · · ak,m

Node k + 1 f1(a1) f1(a2) + g1,2(a1) · · · f1(am) + g1,m(a1, . . . , am−1)
...

...
... . . . ...

Node k + r fr(a1) fr(a2) + gr,2(a1) · · · fr(am) + gr,m(a1, . . . , am−1)

L 7-4 XÚ�(k + r, k) MDS piggybackè

§���²þ�°'�γRSR ≥ r−1
2r−3
§�Ò�r − 1 | k �¤á"3¦���E¥§�

À�
Ä�è�m := 2r − 3�¢~"¼êfi�½Â�fi(x) =< pi, x >§1 ≤ i ≤ r§Ù

¥pi ∈ Fk�< ·, · >L«FþDÚ�SÈ"L7-5{��£ã
�;3��!:k + i¥�

��§ùpi ∈ {2, . . . , r}"Piggybacks�O�¥�9��Cþvi§qi,j§i ∈ {2, . . . , r − 2}§

j ∈ {1, . . . , r − 1}�ÜáuFk"�
!��må�§ùp·�¿Ø�ÑÙ°(�L�"�

·��±�úwÑù��E´k:E,�§�J±n)"3e�!¥§·�¬�Ñ��{

'�õ�piggybacking�O§,
§§�±�Ñ$�γNEW =
√

2r−1
r
�²þ?E�°Ç"

©z [98]¥0�
,�apiggybackè"§�âuüa����§Ù¥1�a�^u

÷vÐ�N�5§1�a�^uü$?E�°ÚE,5",
§ù���E¿ØU÷

vMDS5�"31o�!§·�¬'�ù
�E�`�5"

pTi a1 · · · pTi ar−2 qTi,i−1ar−1 −
∑2r−3

j=r pTi aj pTi ar + qTi,1vi

· · · pTi ar+i−3 + qTi,i−2vi pTi ar + qTi,ivi · · · pTi a2r−3 + qTi,r−1vi

L 7-5 RSR piggybackè

7.3 ###���piggybacking���OOO

3�!¥§·�ò0�·��piggybacking�OÚ�A�?E�{"·��Ì��z

3u~�XÚ!:�?E�°§ù´Nõyk��;è¤Ì�'%�¯K"·���O´

Äuépiggyback¼ê�c[�ÀJÚ��"·�Äkl��~fm©§^§5`²·��

�{"

7.3.1 Piggybacked (11,6) MDSèèè

·�òc[£ã��(11,6)XÚMDSè�piggybacking�O"�Ä�è�Ê°£·�´
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7 PIGGYBACKè

k¿£���Ê©¤¢~"�E�L«�XeL7-6"

a1,1 a1,2 a1,3 a1,4 a1,5

a2,1 a2,2 a2,3 a2,4 a2,5

a3,1 a3,2 a3,3 a3,4 a3,5

a4,1 a4,2 a4,3 a4,4 a4,5

a5,1 a5,2 a5,3 a5,4 a5,5

a6,1 a6,2 a6,3 a6,4 a6,5

f1(a1) f1(a2) f1(a3) f1(a4) f1(a5)

f2(a1) f2(a2) f2(a3) + a5,1 + a6,1 f2(a4) + a3,1 + a4,1 f2(a5) + a1,1 + a2,1

f3(a1) f3(a2) f3(a3) + a5,2 + a6,2 f3(a4) + a3,2 + a4,2 f3(a5) + a1,2 + a2,2

f4(a1) f4(a2) f4(a3) f4(a4) + a3,3 + a4,3 f4(a5) + a1,3 + a2,3

f5(a1) f5(a2) f5(a3) f5(a4) f5(a5) + a1,4 + a2,4

L 7-6 Piggybacked (11,6) MDSè

�±*	�¤kXÚ!:�y©�n�f8S1 = {1, 2}§S2 = {3, 4}�S3 = {5, 6}"

S1, S2, S3�Ü©���©O�\¢~5§4§3��piggybacks"�O(/`§S1�c

o�¢~�����\¢~5��piggybacks§S2�cn�¢~�����\¢~4�

�piggybacks§S3�cü�¢~�����\¢~3��piggybacks"Ïd§ØÓSi�!:

kØÓ�?E�{§z�Si·�Ñ���!:�~µ

(a) �Ä!:1�?E"Äk§e1{ai,5 : 2 ≤ i ≤ 6}�f1(a5)§|^MDS5�)è���

þa5"@o§�±©Ol¢~£�¤5�!:2¥e1{fj+1(a5) + a1,j + a2,j : 1 ≤ j ≤

4}�{a2,j : 1 ≤ j ≤ 4}"Ï�a5´��®��§�±O�Ñ{fj+1(a5) : 1 ≤ j ≤ 4}"@

oé1 ≤ j ≤ 4§a1,j�±dlfj+1(a5) + a1,j + a2,j¥~�a2,j�fj+1(a5)��"3?E

!:1�e1�¤kêâþ´6 + 4× 2 = 14"!:2�?EüÑ´aq�"

(b) �Ä!:3�?E"Äk§a3,5�±de1{ai,5 : 1 ≤ i ≤ 6, i 6= 3}�f1(a5)¤¡E£|

^MDS5�¤"@o§a3,4�±de1{ai,4 : 1 ≤ i ≤ 6, i 6= 3}�f1(a4)¤¡E"y3

�I?E{a3,j : 1 ≤ j ≤ 3}"·�ò¦^¢~£�¤4¥V\�piggybacks"©Ol¢

~4�!:4¥e1{fj+1(a4) + a3,j + a4,j : 1 ≤ j ≤ 3}�{a4,j : 1 ≤ j ≤ 3}"dua4´

��®��§�±O�Ñ{fj+1(a4) : 1 ≤ j ≤ 3}"Ïd§é1 ≤ j ≤ 3§a3,j�±Ï

Llfj+1(a4) + a3,j + a4,j¥~�a4,j�fj+1(a4)¤¡E"?E!:3¤Ie1�êâþ

�6× 2 + 3× 2 = 18"!:4�?EüÑ´aq�"
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(c) �Ä!:5�?E"Äk§{a5,j : 3 ≤ j ≤ 5}�±ÏLe1{ai,j : 1 ≤ i ≤ 6, i 6= 5, 3 ≤

j ≤ 5}�{f1(aj) : 3 ≤ j ≤ 5}¤¡E£|^MDS5�¤"y3�I¡Ea5,1�a5,2§§

��±ÏL|^V\�f2(a3)�f3(a3)�piggybacks5¡E"�±O�Ñ?E!:5¤

Ie1�êâþ�6× 3 + 2× 2 = 22"!:6�?EüÑ´aq�"

éN´w�§Tè�²þ?E�°�14+18+22
3

= 18§²þ?E�°Ç�γ = 18
30

= 3
5
"

?EáuØÓ8Ü�!:¤I�êâþ´áuØÓ�?�"§��Ï´1��!¥0�

�piggybacking^�§=§�¡�¢~¥�;���ØU��piggybacks�V\�c¡�¢

~¥�"Ïd§·��UÏLMDS5�
Ø´piggybacking5¼��õ�&E"~X§3

!:1�?E�§·��|^
�gMDSá5§£¡Ea5¤§�´�
¡E!:3§·�7

L^MDS5�üg£�g¡Ea4§,�g¡Ea5§a5¥�&E�UÏL¦^MDS5�l¢

~5¥��¤"ù�*	¢Sþ�³
·���E�'�:µrXÚ!:©¤ØÓ�f8§

r�Óf8p�����piggybacksV\�Ó��¢~þ"

7.3.2 ���������piggybackingµµµeee

·�ò0�'u?EMDSèXÚ!:����piggybackingµe"?���XÚ(k +

r, k) MDSè��Ä�è"��/`§�
�E��piggybackèC§·�ò�Ä�è�r°

¢~"-S = {si : 1 ≤ i ≤ t}´t���ê�8Ü§¦�
∑t

i=1 si = k"Xþ¡�~f¤«§

C�k�XÚ!:�y©�t�|§S1, . . . ,St§¦�|Si| = si§1 ≤ i ≤ t"Ø���5§b

�S1 = {1, 2, . . . , s1}ÚSi = {
∑i−1

j=1 sj + 1, . . . ,
∑i

j=1 sj}é2 ≤ i ≤ t¤á"é��Fþk��

þΛ = (λ1, . . . , λk)§t�piggyback¼ê{gi : 1 ≤ i ≤ t}�½Â�´gi(Λ) =
∑

j∈Si λj"·��

��piggybckingµeXe¤«"

Node 1 a1,1 · · · a1,r−t a1,r−t+1 · · · a1,r−1 a1,r

...
... . . . ...

... . . . ...
...

Node k ak,1 · · · ak,r−t ak,r−t+1 · · · ak,r−1 ak,r

Node k + 1 f1(a1) · · · f1(ar−t) f1(ar−t+1) · · · f1(ar−1) f1(ar)

Node k + 2
... . . . ... f2(ar−t+1) + gt(a1) · · · f2(ar−1) + g2(a1) f2(ar) + g1(a1)

...
... . . . ...

... . . . ...
...

Node k + r − t+ 1
... . . . ... fr−t+1(ar−t+1) + gt(ar−t)

. . . ...
...

...
... . . . ...

... . . . ...
...

Node k + r − 1
... . . . ...

... . . . fr−1(ar−1) + g2(ar−2)
...

Node k + r fr(a1) · · · fr(ar−t) fr(ar−t+1) · · · fr(ar−1) fr(ar) + g1(ar−1)

L 7-7 ���piggybackingµe
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7 PIGGYBACKè

5¿�3þãL�¥§ck + 1�!:´�±ØC�"·���E�±�o(Xeµ

(a) ar¥vk?Û�����piggybacks"

(b) ér − t+ 1 ≤ j ≤ r − 1§aj���¥áu∪r−jl=1Sl����
piggybacks"�°(/`§

é1 ≤ l ≤ r− j§aj¥���uSl�����\1r− l+ 1�¢~�1(j + 1)���!

:¥��piggybacks"

(c) é1 ≤ j ≤ r − t§aj¥�¤k�����piggybacks"�°(/§é1 ≤ l ≤ t§aj¥�

��uSl����\1r − l + 1�¢~�1(j + 1)���!:¥��piggybacks"

Ïd§?EáuØÓ|�XÚ!:¤I�êâþáuØÓ��?"~X§b�·�

F"¡ESl¥,�����!:i§=��{ai,j : 1 ≤ j ≤ r}"5¿�é1 ≤ j ≤ r − l§

��ai,j�±/ªfj+1(ar−l+1) + gl(aj)V\�1r − l + 1�¢~�1j + 1���!:�

�piggyback"�
�Ð/n)§·��±£ÁL7-7�1i1Ú1(r − l + 1)�µ

...

ai,1 · · · ai,r−l ai,r−l+1 ai,r−l+2 · · · ai,r

f1(ar−l+1)

f2(ar−l+1) + gl(a1)
...

fr−l+1(ar−l+1) + gl(ar−l)

fr−l+2(ar−l+1)
...

fr(ar−l+1)

�
?E{ai,j : 1 ≤ j ≤ r}§Äk§z�ai,j , r − l + 1 ≤ j ≤ r�U^MDS5�5

¡E§Ïd·�I�e1�êâþ´kl"Ùg§z�ai,j§1 ≤ j ≤ r − l�±de

1fj+1(ar−l+1) + gl(aj)�{ai′,j : i′ ∈ Sl, i′ 6= i}¤¡E§Ïd¤Ie1�êâþ�(r − l)|Sl|"

Ï�·���fj+1(ar−l+1)§XJar−l+1�¡E
§ai,j�±dlfj+1(ar−l+1) + gl(aj)¥

~�fj+1(ar−l+1)�
∑

i′:i′∈Sl,i′ 6=i ai′,j¤¡E"Ïd§¡E!:i ∈ Sl¤Ie1�êâþ

´kl + (r − l)sl"·��±�Ñ?E¤kXÚ:�¤Ie1�êâþ�µ

t∑
l=1

(kl + (r − l)sl)sl.
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y3�IéÑ(7-1)����µ

min
t∑
l=1

(kl + (r − l)sl)sl,

s.t.

t∑
l=1

sl = k and s1, . . . , st, t ∈ Z+.

(7-1)

¢Ã/´§·�ØU°(/O�Ñ(7-1)����"ÃØXÛ§·�o�±-si�,


AÏ�§¦�8I¼êv
�"~X§·�-s1 = · · · = st = k
t
§ù�Ñ
Xe�²þ?

E�°Çµ

γ =
1

rk2

t∑
l=1

k

t
(kl + (r − l)k

t
)

=
1

2
(
t

r
+

1

t
(2− 1

r
)).

(7-2)

d²þ�Ø�ª§(7-2)3t =
√

2r − 1������γ =
√

2r−1
r
".

·�räk±þëê�èP�CNEW"e·�ÏLe1¤k�êâ5?E�����

!:§K�r � k�§¤k!:�²þ?E�°Ç�

γNEW =

√
2r−1
r

k + r

k + r
≈
√

2r − 1

r
= O(

1√
r

).

7.4 ���


yyy������èèè���'''���

3�!¥§·�'��
y���;è�Ly§=§MDSè§©z [98]�©z [114]J

Ñ�piggybackè§±9·�#�E�piggybackè"�
ïþù
èa�?EE,ÝÚ

?èE,Ý§·�Äk�Äk��FqþÄ�$��E,5"Pe = dlog2 qe§@o�g

\{I�egÐ����\{§�g¦{KI�e2g"é1 ≤ i ≤ r§·�½Â��¼

êfi�fi(a) =< pi, a >§Ù¥pi ∈ Fkq´²c[ÀJL��þ"@oMDSè�ü�!:�?

EE,Ý�ke2 + (k− 1)e"-x := ke2 + (k− 1)e"�Ä#�E�piggybackè§é1 ≤ l ≤ t§

��XÚ!:i ∈ Sl�?EE,Ý�

lx+ (r − l)(x+ sle) = rx+ (r − l)sle,

Ù¥¦Ú�1�Ü©éA?E!:i¥��l����O�þ§1�Ü©KéAu?E!

:i¥cr− l���¤I�O�þ"?E¤kXÚ!:�oO�þ�
∑t

l=1 sl(rx+(r− l)sle)"
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,��¡?E¤kr���!:�oO�þ�r2x+
∑t

l=1(r− l)sle"¤±§�Ük+ r�!:

�²þ?EE,Ý�õ�∑t
l=1 sl(rx+ (r − l)sle) + r2x+

∑t
l=1(r − l)sle

k + r
= rx+

∑t
l=1(r − l)sl(sl + 1)e

k + r
.

·��UO�ÑMDSè£=k��¢~�¤�#è�?èE,Ý§§�©O

´rx�r2x +
∑t

l=1 sl(r − l)e"N´wÑ§3Ñkr�¢~�§MDSè�#è�?EE,

Ý�?èE,ÝÑ´�~�C�"é©z [98,114]¥�piggybackè§�UO�Ñaq�ëê"

·�o(Xeµ

Number of Instances Fault Tolerance Average Repair Bandwidth Rate Average Repair Complexity Encoding Complexity

MDS 1 r 1 x rx

RSR [114] 2r − 3 r r−1
2r−3

O((2r − 3)x) ≤ (2r − 3)rx+ kre2 + kre

KAAB [98] k ≥ nA − k − τ + 1 < k+τ+(k−τ−1)2

k2
CR
k

CE

New code r r ≈
√

2r−1
r

≤ rx+
√
rx ≤ r2x+ kre

L 7-8 �
(k + r, k) piggybackè�'�

Ù¥§nA ≤ min{k + r, 2k}§τ ≥ 1§CR, CE�½Â3©z
[98]¥§·�P#è�CNEW"

(Ü¢~�êþ�Ä§·�uyMSRè§RSRèÚ#è�N�Uå§²þ?EE,5

Ú?èE,5Ñ´�~�C�"é²þ?E�°Ç5`§·�kγNEW � γRSR < γMDS"

éKAABè5`§©z [98]J�§�²þ?EE,Ý�?èE,Ý$��±'MDSè��

$",
§XJ·�-γKAAB = Θ( 1√
r
)§Kkτ = Θ(k(1− 1

r1/4
)§ù��N�Uå���~

�"·��E�,��`:´§¤I¢~��ê'RSR��§�3r � k�'KAABè�

��õ"

XÓ©z [114]¥¤J��§¢SA^¥�êâ¥%F"�;è´MDS§pèÇ��=

k�Ü©�¢~§d	§§��Ik$?E�°ÚE,5"ØJwÑ§·�#�E�è'

Ù§è��UÎÜù
^�"

7.5 (((���

�Ù�Ì�8�´`z?E©Ùª�;XÚ¥�XÚ!:�¤I��°ÚE,5"¢

Ã/´§·�éJ�EÑ÷v±en�^��Ðèµ

(a) MDS5�§

(b) ?EE,5�CuMDSè§
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(c) ²þ?E�°Ç�CuMSRè§=�±$�c/r§c�,�~ê"

·�#�E�è=÷vcü�^�§�k²þ?E�°ÇγNEW = Θ( 1√
r
)"Ïd§�
±

��ïÄ§·��±JÑXeü�úm¯K"

¯̄̄KKK1µµµ�Ñ���ª½Ø�ª§¦�?EE,5Ú?E�°�m��ï�±^êÆ

úªL�Ñ5"

¯̄̄KKK2µµµ3^�(a)Ú(b)e§û½?E����!:���?E�°Ç"
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8.1 {{{000

8.1.1 õõõ���ªªª���{{{

Croot§LevÚPach [53]±9EllenbergÚGijswijt [64]�C�â»5©Ù©Oy²
Zn4�Fn3þ

Ø¹n���ê��f8Ñ´�ê��"¦�y²pØ%�g�´�«#L�õ�ª�{

�A^"��§>óZ [138]3¦�Æ�¥o(
ù«�{§r§8u��O�,
¼êÚ

�Ý
����«OK"

ù�¯K��±�w�´��k��þ�4�¯K§§B�
,
�½(���3"

�
¦^õ�ª�{5?nù�¯K§Ä��g´´^��Ü·�õ�ª5�xù��B

��(�"~X§-A´Fn3���f8§�Ø¹kn����ê�"ù�du`én��

�x, y, z ∈ A§x + y + z = 0n��=�x = y = z"3©z [138]p§ù�*	�w�´½Â

3A× A× A�F3þ�ü�õ�ª�m��ªµ

δ0n(x+ y + z) =
∑
a∈A

δa(x)δa(y)δa(z), (8-1)

ùpδa(x)´Kronecker¼ê§¦�x = a�§δa(x) = 1§Ù§�¹e§δa(x) = 0"Ïd§X

J·��±éFn3 þ�õ�¼ê½Â��Ü·��§@o·�½N�±ÏL^ü«�ªO

�(8-1)¥¼ê��§�A�����þ."

·�rùa4�¯K¡�´/é¡�0§Ï�8I8Ü¥��
��/¤B�(��

�=�§�´�Ü���"~X§é?¿a, b, c ∈ Fq÷va+ b+ c = 0§û½Fnq���f8

¦�ÙØ¹�§ax + by + cz = 0��²�)£��)´²����=�x = y = z¤´é

¡�"©z [95]¥ïÄ�tri-colored sum-free8�©z [105]¥ïÄ�sunflower-free8�Ñ´é

¡�"¤kù
é¡�4�¯KÑ�±^��aqu(8-1)���O��ª5?n",
§

3ïÄ¥kéõ/�é¡0�4�¯K�´�~k��"~X§��8xF ⊆ 2[n]�¡�

´2-cover-free [66]�§XJé?¿�A,B,C ∈ F§A ⊆ B ∪ C��=�A = B½A = C"w
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,§d·��½Âù´���é¡�¯K"©z [131]¥J��{1, 2}-�©MFx�´�a

�é¡�4�¯K"

�©�8�Ò´ÿÐ�cïÄö��õ�ª�{5?n���é¡�4�¯K"·

�æ^
>óZ�OêÚn���C/£�Ún8.2.2¤"·��#Ún�´�±�¤�

xKronecker¼ê�Ú§ù4·��±^��aqu [138]¥��{5����4�¯K�þ

.§·�ò3e�!�[0�"

8.1.2 Fnqþþþ���������

�q����ê�§V := Fnq ´k��Fqþ�n��þ�m"·�ò�	V���4�

5�"·�a,��´V���f8���§¦�ÙØ�¹?Û��"��8ÜA ⊆ V�

¹����XJ�3n�ØÓ���x, y, z ∈ A¦�< z − x, y − x >= 0§ùp< ·, · >L

«Fqþ�SÈ"ù�¯K´Erdős-Flaconer.¯K�k����"§´T¯K3îª�

m [69,72,83]e�g,í2"3îª�mp§<�'%é�½�nÚα§���d¦�é?Û;

8A ⊆ Rn§ÙHausdorff�ê�ud�Ò�¹n�:/¤�α"©z [84]0�
�õîª�m

¯K�k����"

5¿�§eAØ¹��§Ké?Ûn���£Ø�½pØ�Ó¤x, y, z ∈ A§<

z − x, y − x >= 0��=�z = x½y = x§½z = y�< y − x, y − x >= 0"N´wÑ§ù´

���é¡�¯K"úª(8-1)¿ØU^5��)ûù�¯K"

PR(n, q)�Fnq����Ø¹���f8"3©z [22]¥§Bennetty²
R(n, q) ≤

O(q
n+2
3 )"3ù�©Ùp§éÛ��ê�q§·�y²
R(n, q) ≤

(
n+q
q−1

)
+ 3£�½

n8.3.1¤"�q�½�§·��(JwÍ/U?
�c�(J"~X§�q = 3�§R(n, 3)�

lO(3
n+2
3 )U?�(n+ 3)2 + 3"·��#þ.¢Sþ´n���õ�ª¼ê"ù´�~k¿

g�§Ï��c¦^aq�õ�ª�{���(JÑ´n��ê¼ê"

8.2 Tao���OOOêêêúúúªªª���CCC///

·�l [138]¥Ú\��
7��AÒm©"-F´���§A´��k�8Ü"

��½Â3k�Cþx1, . . . , xkþ�¼ê�¡�´���§XJ§´�"�§�k/

ªT (x1, . . . , xk) = f(xi)g(x1, . . . , xi−1, xi+1, . . . , xk)§Ù¥1 ≤ i ≤ k§f : A −→ F�g :

Ak−1 −→ F"�����¼êT : Ak −→ F���½Â�¤I������¼ê±rTL

«¤§���5|Ü"~X§�k = 2�§����¼êk/ªT (x, y) = f(x)g(y)§Ù

¥f, g : A −→ F"�k = 3�§��¼êk/ªT1(x, y, z) = f1(x)g1(y, z)½T2(x, y, z) =
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f2(y)g2(x, z)½T3(x, y, z) = f3(z)g3(x, y)§Ù¥fi : A −→ F§gi : A2 −→ F§1 ≤ i ≤ 3"5

¿�r���¼ê��5|Üò�Ñ����õ�r�¼ê"

3 [138]¥§�ö`²

∑

a∈A δa(x)δa(y)δa(z)��´|A|"�!�Ì�8�´y²��a

q�(J§§`²

∑

a∈A(δa(y)δa(z) + (1− δa(y))(1− δa(z)))δa(x)�����|A| − 2"

Ún8.2.1. -A = {a1, . . . , am}´�����m�k�8Ü§F´��ÛA��k��"é

z�a ∈ A§-ca ∈ F����"~ê"@o§¼êT (y, z) : A× A −→ F

T (y, z) =
∑
a∈A

ca · (δa(y)δa(z) + (1− δa(y))(1− δa(z))) (8-2)

����´m− 2"

y². b�r(T (y, z)) = s§=§·�kL«T (y, z) =
∑s

i=1 fi(y)gi(z)§fi�gi�,
¼ê"

·��8I´y²s ≥ m− 2"P
∑

a∈A ca = τ§N´O�¿�Ñ

T (y, z) =

τ, y = z,

τ − cy − cz, y 6= z.

�Äm×m�Ý
P§

P =
s∑
i=1


fi(a1)

fi(a2)
...

fi(am)


(
gi(a1), gi(a2), · · · , gi(am)

)
.

P3Fþ�DÚ�Ý
��õ�s"d�§�
y²Ún§�I`²Ý
P����´m−2"

�	P�1j11k����pjk§N´wÑ

pjk =
s∑
i=1

fi(aj)gi(ak) = T (aj, ak) =

τ, j = k,

τ − cj − ck, j 6= k,

d?·�Pcj = caj§1 ≤ j ≤ m"¤±PkXe�L«/ª
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P =



τ

τ τ − ck − cj
. . .

τ − cj − ck
. . .

τ


.

ÏL{ü�pd��{£k|^P�1����Ø§2|^#Ý
�1�1��Ø¤§P�

±�=z�e¡�Ý




τ −c1 − c2 −c1 − c3 · · · · · · −c1 − cm
τ − c1 − c2 c1 + c2 c1 − c3 · · · · · · c1 − cm
c2 − c3 −2c2 2c3 0 · · · 0

...
... 0

. . . ...
...

...
... . . . 0

c2 − cm −2c2 0 · · · 0 2cm


.

Ïd§P�Ý
����m − 2§Ï�þ¡�Ý
�¹��(m − 2) × (m − 2)�é�Ý
§

Ùé���2c3, . . . , 2cmÑ´F��"��"Ún�dØ�ªs ≥ m− 2íÑ"

��é­��*	´§XJ·�rδa(x)\�(8-2)m>�¦Ú�¥§#¼êT (x, y, z)�

��±ØC"

Ún8.2.2. -A = {a1, . . . , am}´�����m�k�8§F�ÛA��k��"éz

�a ∈ A§-ca ∈ F����"Xê"K¼êT (x, y, z) : A× A× A −→ F

T (x, y, z) =
∑
a∈A

ca(δa(y)δa(z) + (1− δa(y))(1− δa(z)))δa(x)

�����m− 2"

y². b�r(T (x, y, z)) ≤ m− 3"�é{`§·�k

T (x, y, z) =
∑
α∈I1

fα(x)gα(y, z) +
∑
β∈I2

fβ(y)gβ(x, z) +
∑
γ∈I3

fγ(z)gγ(x, y) (8-3)

é,
8ÜI1, I2, I3§|I1|+ |I2|+ |I3| ≤ m− 3¤á"
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�	Fþ��5�m§§¹k��u¤kfα(x), α ∈ I1�¼ê§�Ò´�½Â�

H = {h : A −→ F |
∑
x∈A

fα(x)h(x) = 0 for all α ∈ I1}

��m"@o§·�kd := dimF(H) ≥ |A| − |I1| = m− |I1|"�{h1, . . . , hd}�H��|Ä"

hi(aj), 1 ≤ i ≤ d, 1 ≤ j ≤ m)¤�d×mÝ
´1÷��§�¹���ÛÉ�d× dfÝ
§

TfÝ
�>8éAu,�A′ ⊆ A§|A′| = d"dA′IP�@
���ÛÉ5§ØJ�Ñ

�3��¼êh ∈ H3A′�z���Ñ�"�"

XJ·�r(8-3)�ü>Ñ¦±h(x)§¿éx¦Ú§Kk

∑
x∈A

∑
a∈A

ca(δa(y)δa(z) + (1− δa(y))(1− δa(z)))δa(x)h(x)

=
∑
a∈A

cah(a)(δa(y)δa(z) + (1− δa(y))(1− δa(z)))

:=T1(y, z)

(8-4)

�

∑
x∈A

(
∑
α∈I1

fα(x)gα(y, z) +
∑
β∈I2

fβ(y)gβ(x, z) +
∑
γ∈I3

fγ(z)gγ(x, y))h(x)

=
∑
α∈I1

gα(y, z)
∑
x∈A

fα(x)h(x) +
∑
β∈I2

fβ(y)
∑
x∈A

gβ(x, z)h(x)

+
∑
γ∈I3

∑
x∈A

fγ(z)gγ(x, y)h(x)

=
∑
β∈I2

fβ(y)
∑
x∈A

gβ(x, z)h(x) +
∑
γ∈I3

fγ(z)
∑
x∈A

gγ(x, y)h(x)

:=T2(x, y, z),

(8-5)

ùp(8-5)�1���ª5gu¯¢h ∈ H"5¿�§ca 6= 0é¤ka ∈ AÑ¤á§�h(x)

3A���m − |I1|���þ�""@o{cah(a) : a ∈ A}��"����km − |I1|�"

dÚn8.2.1��§r(T1(y, z)) ≥ m − |I1| − 2",��¡§w,kr(T2(x, y, z)) ≤ |I2| +

|I3| ≤ m − 3 − |I1|"duT1(y, z) =
∑

x∈A T (x, y, z)h(x) = T2(x, y, z)§Km − |I1| − 2 ≤

r(
∑

x∈A T (x, y, z)h(x)) ≤ m− 3−|I1|§ù´��gñ"Ïd§·�kr(T (x, y, z)) ≥ m− 2"

5P8.2.3. Ún8.2.1�Ún8.2.2´©z [138]¥Ún1��é¡/ª§§�±�^5?n1�

!¥½n��é¡4�¯K"Ún8.2.1=ék��kÛA�¤á"ù´Ï�3·��¯
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Kp§< z − x, y − x >�U3z = y�< y − x, y − x >= 0��"�"é�
Ù§�A^§

~Xx, y, z÷v,�5�/P0��=x = y½x = z£�Ø´y = z¤§·��±£ØÛA

����§Kù«�¹e(8-2)�màAT�
∑

a∈A ca · (1 − δa(y))(1 − δa(z))"ù«�{�

U�ÿÐ������/§=§e,
��x0, x1, . . . , xk÷v5�P��=�x0 = xié,

�1 ≤ i ≤ k¤á"ù�y²�~aquÚn8.2.1�Ún8.2.2�y²"

8.3 FnqþþþØØØ���¹¹¹���������fff888

3�!¥§·�^�cÙ!pïá���O��{5y²ù�©Ù�Ì�(Ø"

½n8.3.1. -q´��Û�ê�§A´Fnq���f8§¦�Ø�3n�ØÓ��x, y, z ∈ A÷

v< z − x, y − x >= 0§@o§|A| ≤
(
n+q
q−1

)
+ 3"

y². ½Â¼êf : A× A× A −→ Fq �

f(x, y, z) =
∑
a∈A

δa(y)δa(z) + (1−
∑
a∈A

δa(y)δa(z)) < z − x, y − x >q−1 . (8-6)

duAØ¹��§K< y − x, z − x > 6= 0éx, y, z ∈ AÑ¤á"Ïd§ex, y, z´A�ØÓ�

�§< y − x, z − x >q−1= 1"N´�y

f(x, y, z) =

0, y 6= z and x = y or x = z,

1, otherwise.

(8-7)

Ø�£ÁÚn8.2.2¥½Â�¼êT (x, y, z)"XJ·�r¤kXêcaÑ��1§�#T (x, y, z)�

T (x, y, z) =
∑
a∈A

(δa(y)δa(z) + (1− δa(y))(1− δa(z)))δa(x),

@o�ØJy²

T (x, y, z) =

0, y 6= z and x = y or x = z,

1, otherwise.

(8-8)

Ïd§ª(7)Úª(8)`²��½Â3A×A×A −→ Fq�¼ê§·�kT (x, y, z) = f(x, y, z)"

��¡§Ún8.2.2`²r(f(x, y, z)) = r(T (x, y, z)) ≥ |A| − 2",��¡§ÏLª(8-6)·�

�±rf(x, y, z)L«�
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f(x, y, z) =
∑
a∈A

δa(y)δa(z) + (1−
∑
a∈A

δa(y)δa(z))·

(
n∑
i=1

yizi +
n∑
i=1

x2
i − x1(y1 + z1)− · · · − xn(yn + zn))q−1

=H1(y, z) +H2(y, z)(F1(y, z) + F2(x)− x1(y1 + z1)− · · · − xn(yn + zn))q−1,

ùpH1(y, z) =
∑

a∈A δa(y)δa(z)§H2(y, z) = 1 −
∑

a∈A δa(y)δa(z)§F1(y, z) =
∑n

i=1 yizi§

F2(x) =
∑n

i=1 x
2
i"�±�y§3f(x, y, z)þ¡�L�ª¥§z�ü�ªÑk/ªH1(y, z)½

ö

H2(y, z)(F1(y, z))i(F2(x))j(x1(y1 + z1))k1 · · · (xn(yn + zn))kn ,

ùpi, j, k1, · · · , kn´\Ú�q − 1��K�ê"¤±§¤kü�ª�±��¤��¼

êH1(y, z)½ö

(F2(x)jxk11 · · · xknn )(H2(y, z)F1(y, z)i(y1 + z1)k1 · · · (yn + zn)kn).

Ïd§f(x, y, z) − H1(y, z)���þ.�(X1 + · · · + Xn+2)q−1�L�ª¥Ñy�ØÓü�

ª�êþ¤��
§ù��=�
(
n+q
q−1

)
"·��½n�±dØ�ª|A| − 2 ≤ r(T (x, y, z)) =

r(f(x, y, z)) ≤
(
n+q
q−1

)
+ 1í�"

8.4 (((���

3�©¥§·�kJÑ
�«#�Oê�ª§,�^§5����k��þ�4�¯

K�#þ."·�@�·���{´ék��§�N¬k�
#�A^½ÿÐ"XJUé

,A�q(½R(n, q)��§@�¬´ék��"·�g,kXe¯Kµ

¯̄̄KKKµµµ �q�ó�ê��§�ÑR(n, q)�þ."
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9 ÙÙÙ§§§333ïïï¯̄̄KKK

9.1 õõõ­­­~~~­­­èèè

y��èNXÌ��6uü�¼ê�A^§�´Ï~�ü�¼êo´Äu���y²

�ß�5�y§�S�5"dPappu�< [111]¥JÑ�ÔnØ���¼ê£PUF¤Jø
�

«@y�Ñ$Ú-|ÔnôÂ�#ÀJ"Cc5§ÔnØ���¼ê�ïÄ®²¤�3Ã

�>ªÇ£OÚ�Uk+� [48,79,111,133]��«�6"3©z [49]¥§Chee�<JÑ
õ­~

­è£MCWC¤§l
��O�/ÔnØ���¼êÚ?ènØïáå
xù"3��õ

­~­è¥§z��èi´����mn����þ§§�±�y©¤m��Ó���Ü

©§�zÜ©�­þÑTÐ´w"ù�½Â¯¢þ´~­è£CWC¤£m = 1¤ÚV­~­

è£m = 2¤�g,í2 [91,99]"

�ö3õ­~­è�+�S��zXe§Äk§·�í2
Agrell�< [6]��{§U

?
©z [43]¥�1n.Johnson."Ó�·���
õ­~­è�Gilbert-Varshamov.§¿

�y²
3ìC¿Âe�±U?©z [43]¥ÏL?é��{���e."Ùg§·���


üa�`õ­~­è�ìC�35§1�aí2
©z [44]¥�(J§1�a`²
4�å

l�2mw − 2w�õ­~­è�Johnson.´;�"

3TÌKþ§�ö®�Ü�ö�Ó�¤
��Ø©£�Ì�ïÄ¤J¥�©z2¤§u

LuuLu5IEEE Transactions on Information Theory6"

9.2 ���©©©MMMFFFxxx

·�®²31ÊÙ¥0�
�©MFx"�C§·�q��
�
�©MF

x�ì?."·��ïÄé�Ì�´SHF (u;n, q, {w1, . . . , wt})§ùpu =
∑t

i=1wi"

P�u, q, {w1, . . . , wt} �½�§�©MFx������ê�C(u, q, {w1, . . . , wt})"|

^Johnson.þ.�£ØÚn§·�y²�q¿©��§�k�{w1, . . . , wt} = {1, w}�â

kC(u, q, {w1, . . . , wt}) = C(w+1, q, {1, w}) = Θ(q2)§Ù§�¹eÑkC(u, q, {w1, . . . , wt}) =

o(q2)"·��(J´TïÄ�����â»5¤J§Ï�c<�ó�Ñ8¥uU
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?C(u, q, {w1, . . . , wt}) ≤ c1q
2 + c2q¥�~êc1½c2§
¢Sþ�õê�¹e�©MFx�

�AT´o(q2)",��¡§'u�E5(J§·�|^\{êØ�E|y²§�q¿©

��kC(3, q, {1, 1, 1}) > q2−o(1)§C(4, q, {2, 2}) ≥ C(4, q, {1, 1, 2}) ≥ C(4, q, {1, 1, 1, 1}) >

q2−o(1)"

3TÌKþ§�ö®�Ü�ö�Ó�¤
��Ø©£�Ì�ïÄ¤J¥�©z10¤"

9.3 {0, 1}n¥¥¥���bbb���888

1950c�m§Erdősßÿ?�Rnþ2n + 1�:§K�½�3n�:�±/¤��ð�n

�/"5¿�{0, 1}n¥¤k2n�:��¤b�½��n�/"1962c§DanzerÚGrünbaum [7]y

²
ù�ß�"��<�m©�Ä{0, 1}n�¹b����f8��§Ø�^κ(n)5L«ù

��"1983c§ErdősÚFüredi [65]�Ñ
e.κ(n) > 1
2
( 2√

3
)n§ù�.�5�AckermanÚBen-

Zwi [5]U?�κ(n) > c
√
n( 2√

3
)n"'uκ(n)�þ.§8c®���`(J´Harangi [82]u2011c

�Ñ�κ(n) ≤ 2(
√

2)n§n�óê¶κ(n) ≤ 3√
2
(
√
n)n§n�Ûê"ÏL�X�|ÜOê�Ã

{§·�rþ.U?�κ(n) ≤ 4
3
(
√

2)n§n�óê¶κ(n) ≤ 2(
√
n)n§n�Ûê"

3TÌKþ§�ö®�Ü�ö�Ó�¤
��Ø©£�Ì�ïÄ¤J¥�©z11¤"
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[71] P. ERDŐS AND D. J. KLEITMAN, On coloring graphs to maximize the proportion of multi-

colored k-edges, J. Combinatorial Theory, 5 (1968), pp. 164–169.
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