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Abstract

Combinatorics has a close connection with information science. On one hand, combinatorics

provides the theoretical supports for the study of information science. On the other hand, a variety

of problems arising from information science stimulate the rapid development of combinatorics.

Extremal combinatorics is one of the most active branches of combinatorics in recent decades.

Simultaneously it has the closest interaction with information science. This dissertation aims to use

the basic methods of extremal combinatorics to study several problems arising from information

science and give some improvements.

In Chapter 1, we will briefly introduce the backgrounds of the problems concerned, and sum-

marize our main contributions to these problems.

In Chapter 2, we focus on the construction of the circulant compressed sensing matrix. The

construction of the compressed sensing matrix is one of the most important problems in signal

processing. We will use the estimation of the partial exponential sum to give the construction of

the circulant matrices, which not only achieve the theoretic bound but also perform well in storage

and computation.

In Chapter 3, we focus on the theory of multiply constant-weight codes. Multiply constant-

weight codes establish the connection between the design of the Loop physically unclonable func-

tions and coding theory. We give a new upper bound for multiply constant-weight codes through

the sphere codes, which improves the Johnson bound. By the tool of the graph decomposition, we

show the existence of two classes of optimal multiply constant-weight codes.

In Chapter 4, we consider the problem about L-intersection from extremal set system. We use

the linear algebra method, including incidence matrix and multilinear polynomial, to improve the

estimation of Alon-Babai-Suzuki inequality.

In Chapter 5, we focus on the construction of the PIR array codes. A scheme with a small

number of servers is of great interest due to applicable reasons. We use the idea from combinatorial

designs to construct the optimal PIR array code with the minimal number of servers. Meanwhile,

V
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we give a new upper bound for PIR array codes.

In Chapter 6, we summarize the other works while pursuing the doctor degree.

Keywords: compressed sensing, partial exponential sum, multiply constant-weight codes, sphere

codes, graph decomposition, L-intersection, linear algebra method, private information retrieval,

combinatorial designs
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1.1 ÌÌÌ���ØØØ   aaa���ÝÝÝ




Ø a�nØ [10,12,27,61] |^&Ò�DÕA5§3���uG¿dAæ�Ç�^�e§

ÏLk�¯���{5��©�&Ò"ù�uy3&Ò?n+�kNõd3�A^"Ù

¥�æ�L§·��±|^��ÿþÝ
 Φ ∈ Cm×N 5£ã§Ù¥ m � N"�½���

1
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Ý� N � k-DÕ&Ò x§��Ø a��L§�±|^Xe�5�§|5L�µ

y = Φx+ e,

Ù¥ yL«m��æ��þ§ e�XÚ�D("

XÛ�E��Ð�Ø a�Ý
´êÆÚ&EÆ���ïÄ�K"�©¤ïÄ�Ì�

Ø a�Ý
Ø=3DÕ&��O [40] !Fp�1Æ [66] ÚX�ã� [66] ¥kX��A^§

Ó�äk�;þ�Ú$��Ý¯�`:§Ï��2��À"

É��å5£RIP¤[11,12]´�Ä��ïþÝ
´ÄäkÐ�DÕ&Ò¡EUå�Ýþ§

�ÅÝ
�nØL²§�)pdÝ
!Ëã|Ý
3S�Nõ�ÅÝ
 [5,12,29,63] ÑäkÐ

� RIP5�"�é�§�c'u(½5Ý
�E�(J [26,51–53,77]§�Ñ8¥3Ý
�Z5

£MIP¤�?Øþ:

µ(Φ) = max
1≤i 6=j≤N

| 〈Φi,Φj〉 |
‖ Φi ‖2‖ Φj ‖2

,

Ù¥ ΦiL«Ý
 Φ¥�1 i�"

3�©�c§¤k�'uÌ�Ø a�Ý
�ïÄ¥ÑI�/Ïu�ÅÝ
�nØµ

1. (½æ�Ú�ÅÝ
µ3©z [47,61] ¥y²
� m ≥ O(k log4N)�Ý
 Φ÷v RIP

5�¶

2. �Åæ�Ú�ÅÝ
µRomberg 3 [66] ¥y²
� m ≥ O(k log5N) �Ý
 Φ ÷v

RIP5�¶

3. �Åæ�Ú(½5Ý
µ3©z [50] ¥§o�<�E
�
(½5�Ý
§2|^�

Åæ���{y²
3m ≥ O(k log4N)�^�eù
Ý
�äk RIP5�"

�©�Ì��z3uJÑ#��Y5¢y��(½�Ì�Ø a�Ý
��E"·�

|^Ü©�êÚ��O�E
üaÌ�Ý
§lMIP��ÝÑu§�Ñ��c�(½5Ý


��§lÚO��ÝÑu·�¤���Ý
��
nØ.m ≥ O(k logN)§Ó�¢��

(J�| 
·��nØ"ùÜ©�ó�®uL35Finite Fields and Their Application6"

1.2 õõõ~~~èèè

y��èNXî�6uü�¼ê�A^§�´Ï~�ü�¼êo´Äu���y²

�ß�5�y§�S�5"d Pappu�<3©z [58]¥JÑ�ÔnØ���¼ê£PUF¤J

ø
�«@y�Ñ$Ú-|ÔnôÂ�#ÀJ"Cc5§ÔnØ���¼ê�ïÄ®²¤

2
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�Ã�>ªÇ£OÚ�Uk+� [18,37,58,72]��«�6"3©z [14,19] ¥§Chee�<JÑ


õ~è£MCWC¤§l��O�/ÔnØ���¼êÚ?ènØïá
xù"� X

�±�y©¤ X = X1 ∪X2 ∪ · · · ∪Xm§Ù¥ |Xi| = ni§i = 1, 2, . . . ,m"XJz�èiÑ

÷v3d X1IP��IþþT� w1§d X2IP��IþþT� w2§±daí§·

�¡ù� (N, d)è C ⊆ ZX2 ´õ~�"

�²;�?ènØ�q§õ~è�ïÄ�Ì�'%§�þe.¯K"3©z [14]

¥§Chee�<í2
 Johnson'u~è��'ïÄ [44] �Ñ
õ~è��
þe."

¦�?�Ú�y²
3����~êÏf�¿Âe§¦��.´ìC;�"3©z [16] ¥§

Chee�<�Ñ
Aa#��`õ~è��E"?�Ú/§3©z [15] ¥§¦�34�

ål� 2mw − 2�§y²
 Johnson.´ìC°(�"

��ëê¿Âe�èNþ¯K§��´?è+��úm¯K"¥¡è��îªål

e�AÛé�§3é����S§�èNþÑ®²���û½"�©ÏLõ~è�¥

¡è�éX§|^¥¡è�þ.U?
õ~è�1n. Johnson."Ó�§·���

�
��¿Âeõ~è� Gilbert-Varshamov.§ìC¿ÂeU?
©z [14] ¥d?é

���e."

Pk�8Ü X ¥�¤kkSé�
(
X
2

)
§^n�| G = (V,C,E)5L«>XÚ�k�

ã§Ù¥ V L«º:8Ü§C L«ôÚ8Ü§E ´8Ü
(
X
2

)
× C ���f8£E ��¡

�>8¤"XJ G¥�z^>ÑTÐáu8x F �����§¡8x F ´ã G�©)"

ã©)�±w¤´«|�O��«g,í2"LamkenÚWilson�@3©z [48] ¥éùa

¯K?1
XÚ/ïÄ"�©|^ã©)�óä§��(½4�ål� 2
∑m

i=1 wi − 2Ú

2mw − 2wùüaõ~è���èi�êµ

½n 1.1. � w1 ≥ w2 ≥ · · · ≥ wm§w =
∑m

i=1 wi§�3�~ê n0 ¦�3 w1 > w2 �÷v

n− 1 ≡ 0 (mod w1(w1 − 1))¶ÄK§÷v n− 1 ≡ 0 (mod w2
1)§é?¿ n ≥ n0§Ñkµ

T (w1, n; . . . ;wm, n; 2w − 2) =


n(n−1)
w1(w1−1)

, XJ w1 > w2;

n(n−1)

w2
1
, XJ w1 = w2.

½n 1.2. �½��ê k Ú w§÷v k | w§�3���~ê m0 = m0(k, w) ¦�é?¿

m ≥ m0§

M(m,n, 2(mw − w), w) = m(k − 1) + 1

Ù¥ n = w(m(k − 1) + 1)/k"
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ùÜ©�ó�®²uL35IEEE Transactions on Information Theory6"

1.3 L-������XXX

XJ8x A¥�?Û�é8Ü Ai, Aj ∈ AÑk����§·�¡ [n] = {1, 2, . . . , n}

¥�8x A´���"- L´d s��K�ê¤�¤�8Ü"XJ8x A¥�?Û�é

8Ü Ai, Aj ÷v |Ai ∩ Aj| ∈ L§·�¡ A� L-��X"L-��X�ïÄ�~è�þ.

¯KkX�Ø�©�éX§Ó� L-��X��EíÄXh<&Eu¢�Y��O"'u

L-��X�XÚïÄ§�±J�� 1975c§Ray-ChaudhuriÚWilson [64] ÏL©ÛWilson

Ý
���{§éuþ! L-��X��
Xe��?Ðµ

½n 1.3. � A´ [n]¥� k-þ! L-��X§@o |A| ≤
(
n
s

)
"

1991c§Alon§BabaiÚ Suzuki3©z [3]¥¤õ//�
 Seidel�<3ïÄîª�m

þ 2-ål8¥Ú?�õ�ª�{§éþ¡�¯K?1
#�ïÄ§¿��Xeí2/ª

�(Øµ

½n 1.4. � p���ê§K = {k1, k2, . . . , kr}Ú L = {l1, l2, . . . , ls}´ {0, 1, . . . , p − 1}¥

ü�pØ���f8"XJ8x A ÷v |Ai| (mod p) ∈ K é?¿ Ai ∈ A§|Ai ∩ Aj|

(mod p) ∈ L é?¿ i 6= j§� r(s − r + 1) ≤ p − 1 Ú n ≥ s + max1≤i≤r ki �§k

|A| ≤
(
n
s

)
+
(
n
s−1

)
+ · · ·+

(
n

s−r+1

)
¤á"

�©nÜ/$^
�5�ê�{U?
þ¡�(Jµ

½n 1.5. � p���ê§K = {k1, k2, . . . , kr}Ú L = {l1, l2, . . . , ls}´ {0, 1, . . . , p − 1}¥

ü�pØ���f8"XJ8x A ÷v |Ai| (mod p) ∈ K é?¿ Ai ∈ A§|Ai ∩ Aj|

(mod p) ∈ Lé?¿ i 6= j§� n ≥ 2s− 2r + 1�§k |A| ≤
(
n−1
s

)
+
(
n−1
s−1

)
+ · · · +

(
n−1

s−2r+1

)
¤á"

½n 1.6. � p ���ê§K = {k1, k2, . . . , kr} Ú L = {l1, l2, . . . , ls} ´ {0, 1, . . . , p − 1}

¥ü�pØ���f8"XJ8x A ÷v |Ai| (mod p) ∈ K é?¿ Ai ∈ A§|Ai ∩ Aj|

(mod p) ∈ Lé?¿ i 6= j§� n ≥ s+max1≤i≤r ki�§k |A| ≤
(
n−1
s

)
+
(
n−1
s−1

)
+ · · ·+

(
n−1

s−2r+1

)
¤á"
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ùÜ©ó�®²Ýv�5Discrete Mathematics6"

1.4 hhh<<<&&&EEEuuu¢¢¢

h<&Eu¢£PIR¤�@3©z [20] ¥JÑµb�k n'A�êâÚ k�ÑÖì§z

�ÑÖìÑ�¹k�Ü�&E§Ïd§�o�;þ� nk§��Äu k �ÑÖì� PIRL

§#N^ru¢�I��&E§�´ÑÖì%Ã{��^r�I¦"'X`§b�êâ8

� x = (x1, x2, . . . , xn)§,�^r����1 i �&E xi"3��Äu 2�ÑÖì� PIR

L§¥§^r�±�Å/À����þ v ∈ {0, 1}n"1��ÑÖì�Â�¯Î v§�^r

�" v · x"1��ÑÖìÂ�¯Î v + ei§�^r�" (v + ei) · x"@o^r�±ÏL

xi = (v + ei) · x− v · xu¢�gC���&E"�´du v´�ÅÀ��§z�ÑÖìÑ

�Ø�?Û'u^r�k^&E"

C5§PIRL§�©Ùª�;�g��)
éX [4,13,33,69,73]§ò�k�3z�ÑÖìþ

�;�Ü�&E§UC¤ÑÖìþÑ��;Ü©&E£=æ^?è��Y¤"3mM5�

ó� [34,35] ¥§Fazeli�<y²
|^ m�ÑÖì£Ù¥ m > k¤§�±��/ü$ÑÖì

�o�;þ"ù�¯K�ª�=z� PIR
�è��O¯K"

ù�¯K��
 BlackburnÚ Etzion�'5 [6]§¦�F"��E���`èÇ�
�

è"3�½ t ≥ 2§1 ≤ d ≤ t� s = 1 + d
t
�§¦�®²�Ñ
�`
�è��E§�´

3¦���E¥�ê¯<�� m =
(
t+d
t

)
v
d

+
(
t+d
d+1

)
v
t
§Ù¥ v´ dÚ t���ú�ê"ùÒ

¿�X¦���O�YI�°þ�ÑÖìâU¢y"lA^�ÝÑu§�E�I�þÑÖ

ì��Y´�~½��"·�ò�ÄXe¯KµXÛ|^���ÑÖìêþ m¦�èÇ

k/m���`"3�©¥§·�|^«|�O�g�3 s = 1 + d
t
, t > d2− d��/e�Ñ


þ¡¯K���£�"�´3 s > 2�§·�$�ë�`èÇÄ¾´õ��ØU�Ñ�

��£�§�U|^[��|Ü©Û��
Ü©(J§lU?
©z [6] ¥�þ."ùÜ

©�ó�®²Ýv�5IEEE Transactions on Information Theory6"
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2.1 000���

Ø a�nØ [10,12,27,61] |^&Ò�DÕA5§3���uG¿dAæ�Ç�^�e§

ÏLk�¯���{5��©�&Ò"ù�uy3&Ò?n+�kNõd3�A^"Ù

¥�æ�L§·��±|^��ÿþÝ
 Φ ∈ Cm×N 5£ã§Ù¥ m � N"�½���

Ý� N �&Ò x§XJ�3�|Ä Ψ§¦�ù�&Ò xk k-DÕL«§�Ò´`§�3�

��þ f �k k � N ��I�"§¦� x = Ψf"��Ø a��L§�±|^Xe�5

�§|5L�µ

y = Φx+ e = ΦΨf + e,

Ù¥ yL«m��æ��þ§ e�XÚ�D("�
�Ä¯K��Bå�§3�Ù¥·�

o´�ÄÃD(��/£e = 0¤"

·��8I´��OÐ�Ø a�Ý
"É��å5£RIP¤ [11,12] ´ïÄÿþÝ
´

ÄäkÐ�æ�DÕ&ÒUå��Ä�Ýþ§Ó�§3&Ò¡E�{©Û¥��üXÞv

���^ [10,27,56,57,74]"�ÅÝ
�nØL²§�)pdÝ
!Ëã|Ý
3S [5,12,29,63] �

�ÅÝ
ÑäkÐ� RIP5�",��^5ïþÝ
`��Ýþ´d DonohoÚ HuoJÑ

�Ý
�Z5£MIP¤"A�¤k�(½5Ý
��EÑ�6uMIP"

¦+�ÅÝ
3nØþPkéõ`³§�´§�3¢yL§¥%kXI�°þ��;

NþÚÝ
$��m�Ø��Ñ�":"<Ø^���~§·�l��Fp�C�Ý
¥

�Å�Ä�v
õ�15��ÿþÝ
§@o·�3Ý
¦{¥Ò�±|^¯�Fp�C

�£FFT¤5��~�$��m§®²knØL²ù��Ü©Fp�Ý
Ó�PkûÐ�

RIP [12,67] Ú MIP [77] 5�"Äud§Nõ�ïó�öÑ�åu�k(��Ø a�Ý
�

ïÄ [30,40,62,66]"

�ÙïÄ�Ì�Ø a�Ý
3DÕ&��O [40] !Fp�1Æ [66] ÚX�ã� [66] ¥

þkX��A^"Ü©Ì�Ý
 Φ�±^Xe�ª5)¤µ

Φ =
1√
m
RΩA,

7
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Ù¥ A´��Ì�Ý
µ

A =


a0 a1 · · · aN−1

aN−1 a0 · · · aN−2

...
... . . . ...

a1 a2 · · · a0

 ,

RΩ�Ý
 A�æ��f§Ù¥ Ω5IPæ�� �"

¯¤±���Ì�Ý
�±ÏLFp�C�5?1é�zµ

A =
1√
N
FΣFH ,

Ù¥ Σ = diag(σ) = diag(σ0, σ1, · · · , σN−1)§Ý
 F Ú FH ©OL«lÑFp�C�Ý


9Ù_Ý
"ÏdÌ�Ý
�±ÏL FFT5?1¦{$�"

·�é��Ù�'�ó��Xeo(µ

1. (½æ�Ú�ÅÝ
µ3©z [40,62] ¥§�þ a �Å)¤§(½æ��L§�

d {1, 2, · · · , N} �?¿��� |Ω| = m �f8¤(½"3©z [47,61] ¥y²
�

m ≥ O(k log4N)�Ý
 Φ÷v RIP5�¶

2. �Åæ�Ú�ÅÝ
µ Romberg [66] y²
3ù«�/e� m ≥ O(k log5N)�Ý


Φ÷v RIP5�¶

3. �Åæ�Ú(½5Ý
µ3©z [50] ¥§o�<�E
�1(½�Ý
 A§2|^�

Åæ���{y²
3m ≥ O(k log4N)�^�eù
Ý
�äk RIP5�"

�Ù�Ì��z3uJÑ�«#�Y5¢y��(½�Ì�Ø a�Ý
��E"�

Ù�(�Xeµ1 2.2!0�7��½ÂÚ½n"Ý
��Eò31 2.3!¥�Ñ"31

2.4!¥·�é�E�Ý
?1
¢��["

2.2 ýýý���óóó���

2.2.1 RIPÚÚÚMIP���½½½ÂÂÂ

é�� m × N �Ý
 Φ§?¿ k-DÕ�þ x§·�ò÷vXe¯¢����¢ê δk

½Â�É��å~ê£RIC¤§

(1− δk)‖x‖2 ≤ ‖Φx‖2 ≤ (1 + δk)‖x‖2.

l½Â·��±wÑ RIC�O�I�H{¤k� k-DÕ�þ"

8



2 Ì�Ø a�Ý


½Â1. ·�òÝ
 Φ¥?¿ü��SÈýé����� µ(Φ)½Â�ù�Ý
��Zêµ

µ(Φ) = max
1≤i 6=j≤N

| 〈Φi,Φj〉 |
‖ Φi ‖2‖ Φj ‖2

,

Ù¥ ΦiL«Ý
 Φ¥�1 i�"

lDÕ¡E��ÝÑu§·�g,F"��Ý
��Z5���Ð"�¯¢þ§§¬

�Ý
�1êÚ�ê¤�� µ ≥
√

N−m
(N−1)m

§ù�Ò´·�Ù��Welch. [76] "

2.2.2 ���������///ÚÚÚ²²²þþþ���///

ù�!Ì��·�¤�E�Ý
JønØ�æ"e¡�ü�½nÑ�x
'uÝ
�

��DÕ§Ý k ¦��� k-DÕ��þ x�±��£½öA���¤l Φx¥�¡EÑ

5"

��Ä����/�§·�F"?¿ k-DÕ�&ÒÑ�±�¡EÑ5"3L �ïÄ

¥§kéõ�ó�Ñ8¥3ù��� [26,51–53,77]"

½n 2.1. (���/) [28] - Φ� m × N �Ý
§§��Zê´ µ§@o3 k = O(µ−1)�

^�e§?¿ k-DÕ�&ÒÑ�±�¡E"

�´3éõ¢SA^¥§·�¿Ø�¦�±¡E¤k� k-DÕ�þ [9]"Ïd3�Ä²

þ�¿Âe§·��8I=z��±¡E¦�Uõ� k-DÕ�þ§Ú���êÆïÄ�

�§·�g,Ï"µ�Ý
�5�ª�uÃ¡��§U
¡E� k-DÕ�þ�'~ª�u

1"3ù«�/e§DÕ&Ò��ÏL�ÅÀ�| 8�§2�ÅÀ��"��5¢y"

½n 2.2. (²þ�/) [9,75]- Φ�m×N �Ý
§§��Zê÷v µ(Φ) ≤ A0(logN)−1§Ù

¥ A0´���~ê"e k ≤ Ω(N/(‖Φ‖2 logN))¤á§Ù¥ ||Φ||L«Ý
 Φ��f�ê§

K�ÅÀ��DÕ&Ò�¡E�VÇ�u 1− 1/N"

2.2.3 ÜÜÜ©©©���êêêÚÚÚ

� G´����� |G|�k�C��+§§�ü �P� 1G"G�A� χ´ G�d

ýé�� 1¤kEê
¤�¦{+ U ���Ó�"·�¡��A�´²��§XJ§ò G

¥�¤k��ÑN¤ 1"

9
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� Fq ´�� q�k��§Ù¥ q = pn´���ê�§p´� Fq �A�"y3§·�

��Ä Fq �\{+"� TrFq/Fp : Fq → Fp´ Fq � Fp�ýé,¼ê§d

TrFq/Fp(α) = α + αp + · · ·+ αp
n−1

¤½Â§é?¿� α ∈ Fq"¼ê

χ1(c) = e
2πiTrFq/Fp (c)

p , é¤k c ∈ Fq

´ Fq \{+þ�A�§Ù¥ i =
√
−1"é b ∈ Fq§¼ê χb ÷v χb(c) = χ1(bc)é?¿�

c ∈ Fq§Ïd§�´ Fq ���\{A�"Ï�¤k�\{A�Ñ�±d χ1 L«Ñ5§·

�¡ χ1� Fq ¥���\{A�"

�Ä F∗q ¥�¦{Ì�+§g ´§�)¤�§Fq þ�¦{A� ψj �±UXe�ª½

Âµ

ψj(g
k) = e

2πijk
q−1 , é k = 0, · · · , q − 2.

é���²��¦{A�§Katz3©z [45] ¥AO/�Ä
f� Fq �8þ�A�Ú§

��
Xe-<�¯�(Jµ ∣∣∣∣∣∣
∑
x∈Fq

ψ(x− α)

∣∣∣∣∣∣ ≤ (n− 1)
√
q,

Ù¥ α¦� Fqn = Fq(α)"

¯¢þ§�@�
�m§Bombieri'u\{A���
Xe����(Øµ

Ún 2.3. [7] - g(x)� Fpþ��~�knõ�ª§ ψp��� Fpþ��²�\{A�"@

o·�kXe�Oµ ∣∣∣∣∣∣
∑
x∈Fp

ψp(g(x))

∣∣∣∣∣∣ ≤ (t+ deg(g)∞ − 2)
√
p,

Ù¥ deg(g)∞L« g(x)�4:Øf�Ý§ t� g(x)¥ØÓ4:��ê"

·K 2.4. - p��ê� q = pn§γ ∈ Fq´ Fpn ���)¤�§α� Fq¥�?��"�"�

n < p�§knõ�ª α
x−γ �?¿/X h(x)p− h(x) + c ∈ Fq[x]�õ�ª3 FpþþØ�d"

3ùpXJü�knõ�ª3 Fp þ���Ó§·�¡§�´�d�"

y². ·�Ø�� h(x) = a0x
d + a1x

d−1 + · · ·+ ad−1x+ ad ∈ Fq[x]§�3 c ∈ Fq ÷v α
x−γ �

h(x)p − h(x) + c ∈ Fq[x]3 Fpþ�d"�Ò´`§

α

x− γ
≡ h(x)p − h(x) + c (mod xp − x).

10



2 Ì�Ø a�Ý


Ø���5§·��±b� d ≤ p− 1§Ïd·���µ

h(x)p = ap0x
pd + ap1x

p(d−1) + · · ·+ apd−1x
p + apd

≡ ap0x
d + ap1x

d−1 + · · ·+ apd−1x+ apd (mod xp − x).

ÏL�n·�k

(x− γ)((ap0 − a0)xd + (ap1 − a1)xd−1 + · · ·

+(apd−1 − ad−1)x+ (apd − ad) + c) ≡ α (mod xp − x).

Case 1: � d < p − 1�§õ�ª (x − γ)((ap0 − a0)xd + (ap1 − a1)xd−1 + · · · + (apd−1 −

ad−1)x+ (apd − ad) + c)�Ý ≤ p− 1"Ïdþ¡�Ó{ª�±z{�µ

(x− γ)((ap0 − a0)xd + (ap1 − a1)xd−1 + · · ·

+(apd−1 − ad−1)x+ (apd − ad) + c) = α.

@o�pg��Xê ap0 − a0 � 0"·��� a0 ∈ Fp"±daí§�±�g�� a1 ∈

Fp, · · · , ad−1 ∈ Fp"Ïdþ¡��ª�±�{� (x − γ)((apd − ad) + c) = α§ù´Ø�U

�"

Case 2: � d = p− 1�§- bi = api − ai é i = 0, 1, · · · , d− 1§bd = (apd − ad) + c"d

Ó{'X·���µ

b1 = γb0,

b2 = γb1,

· · · ,

bd−1 = γbd−2,

b0 + bd = γbd−1,

−γbd = α.

ÏL¦)±þ��§|§·���µ

b0 =
α

γ − γp
,

b1 =
γα

γ − γp
,

· · · ,

bd−1 =
γd−1α

γ − γp
.

11
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du n < p§·�d n− 1 < d�±�� { α
γ−γp ,

γα
γ−γp , · · · ,

γn−1α
γ−γp }´,N� TrFq/Fp : Fq → Fp

Ø���f8"w, α
γ−γp ,

γα
γ−γp , · · · ,

γn−1α
γ−γp 3 Fp þ´�5Ã'�,Ïd§��±Ü¤��

� Fq"·���,N�´"N�§ù´Ø�U�"

2.3 ÝÝÝ


������EEE

3Xe?Ø¥§·�- A0, A1, . . . , AN−1� N ×N Ì�Ý
 A�1§�Ò´`

A =


A0

A1

...

AN−1

 ,

Ù¥ A0=(a0, a1, . . . , aN−1)§A(s, t)P� A¥1 s1!1 t����"é {0, 1, . . . , N − 1}

¥�?¿f8M = {m0,m1, . . . ,mr}§·�½ÂdM ¤û½�Ü©Ì�Ý
Xe¤«µ

AM :=


Am0

Am1

...

Amr

 .

2.3.1 ÄÄÄuuu Zadoff-ChuSSS���xxx������EEE

� N, γ ´ü���ê§γ � N p�"@o Zadoff-ChuS�x¥�1 γ �S��±L

«�µ

sγ(k) =

 e−
iπγk(k+2g)

N , N´óê;

e−
iπγk(k+1+2g)

N , N´Ûê,

é k = 0, 1, . . . , N − 1§Ù¥ g´���ê"3�!¥§·��I��Ä�{ü��/§=

g = 0§γ = 1§N ´óê"

�Xþ©¤`���Ì�Ý
��d§�1�1¤û½"31���E¥§1�1�

g Zadoff-ChuS�x"- ak := e
−iπk2
N §N = qn − 1é k = 0, 1, . . . , N − 1"N´wÑ§�

�Ý
�±deªL«µA(s, t) = e
−iπ(s−t)2

N é?¿ s, t ∈ {0, 1, · · · , N − 1}"

12
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½n 2.5. - q ��ê�§α ∈ Fqn ¦� Fqn = Fq(α)"� g ´Ì�+ F∗qn ���)¤�§n

��u 1���ê"� N = qn − 1§Ú

M = {m = logg(t− α) : t ∈ Fq}.

@o�Ñ� q ×N Ý
 Φ = 1√
q
AM ��Zê÷vµ

µ ≤ n− 1
√
q
.

y². é 0 ≤ i ≤ N − 1§P Φi�Ý
 Φ�1 i�"é?¿ 0 ≤ j, k ≤ N − 1§j 6= k§1 j

�Ú1 k��SÈ�µ

|〈Φj,Φk〉| =

∣∣∣∣∣1q
q−1∑
r=0

e
−iπ(mr−j)2

N e
iπ(mr−k)2

N

∣∣∣∣∣
=

∣∣∣∣∣1q e iπ(k2−j2)N

q−1∑
r=0

e
2iπ(j−k)mr

N

∣∣∣∣∣
=

∣∣∣∣∣1q
q−1∑
r=0

e
2iπ(j−k)mr

N

∣∣∣∣∣ .
|^ Katz'u¦{A�Ú��Oª��µ

µ = max
j 6=k
|〈Φj,Φk〉| ≤

n− 1
√
q
.

52. ùp·�I��Ñ�´þ¡�E�E|´/�
 [77] ¥Ü©Fp�Ý
��E"¯¢

þ©z [77] ¥'uU? Katz�O�(J§��±aq�A^��©¥"�u�Ì�Ï§·

�ÒØ2�ã
"½n 2.5¥¤�E�Ý
�±��¡E k-DÕ&Ò§� k ÷vXeª

fµ

k <
1

2
(1 +

√
q

n− 1
).

ù�.� DeVore'u��Ø a�Ý
 [26] Ú Xu� Xu'uÜ©Fp�Ý
 [77] �nØ.

´���§�Ò´`lnØþùna�E�5U´���"3�©�¢��[Ü©·�$

��±uy�!¥¤�E�Ý
3¡EUå�±�`ucö"

,§þ¡���nØ.��ÅÝ
d RIP©Û���.�ké���å"�´l¢

�(J�±wÑ§·�±þ���nØ.�´Lu�*"e¡·�òé²þ�/?1©Û

5Ün/)º���¢�(J"

13
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·K 2.6. ½n 2.5¥�E�Ý
��f�ê�
√

N
q
"

y². Zadoff-ChuS��g�'ê�

N−1∑
t=0

A(s1, t)A(s2, t)

=
N−1∑
t=0

e
−iπ(s1−t)

2

N e
iπ(s2−t)

2

N

= e
iπ(s2−s1)(s2+s1)

N

N−1∑
t=0

e
−2πi(s2−s1)t

N

= 0.

Ïd ΦΦH = N
q
Iq×q§ù�±�Ñ ||Φ|| =

√
maxi |λi(ΦΦH)|§Ù¥ λi(A)P�Ý
 A�

1 i��A��"

½n 2.7. � k = O( q
logN

)�§½n 2.5¥¤�E�Ý
�±A���¡E¤k� k-DÕ�

þ"

y². ù�½n�±éN´/l·K 2.6§½n 2.5Ú½n 2.2¥��"

2.3.2 ÄÄÄuuu mSSS���������EEE

- N = pn − 1§ak := χ(gk)é k = 0, . . . , N − 1§Ù¥ χ´ Fpn ¥���\{A�§g

�Ì�+ F∗pn �)¤�"��Ý
�±deªL«µA(s, t) = χ(g(t−s))"

dÚn 2.3Ú5� 2.4§·��±��Xe�.µ

½n 2.8. - p���Û�ê§q = pn Ù¥ n ≤ √p"� γ ∈ Fq ´ Fpn �)¤�§�Ò´`

Fpn = Fp(γ)¶α� Fq¥�?¿�"�"@o∣∣∣∣∣∣
∑
x∈Fp

ψp(TrFq/Fp(
α

x− γ
))

∣∣∣∣∣∣ ≤ (n− 1)
√
p.

y². ¼ê

TrFq/Fp(
α

x− γ
) =

n−1∑
i=0

αpi

xpi − γpi

14
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3 Fpþ�du
n−1∑
i=0

αp
i

x− γpi
.

¼ê
∑n−1

i=0
αp
i

x−γpi
k��4:Øf"Ï� {γ, γp, · · · , γpn−1}3 Frobenius��^e´µ4�§

§�Ý3 Fpþ ≤ n"d·K 2.4§TrFq/Fp( α
x−γ )3 FpþØ´~�¼ê"ÏddÚn 2.3§·

���Xe�Oµ ∣∣∣∣∣∣
∑
x∈Fp

ψp(TrFq/Fp(
α

x− γ
))

∣∣∣∣∣∣ ≤ (n− 1)
√
p.

½n 2.9. - p�Û�ê§n���ê¦� 1 < n ≤ √p"� N = pn − 1§g´ Fpn ¥���

�§γ ´ Fpn ¥�)¤�"æ�f8deª¤û½µ

M = {m = logg(t− γ) : t ∈ Fp},

@oþ¡¤���Ý
��Zê�µ

µ ≤ n− 1
√
p
.

y². é?¿ 0 ≤ j, k ≤ N − 1§j 6= k§Ý
 Φ�1 j Ú1 k��SÈ�µ

|〈Φj,Φk〉| =

∣∣∣∣∣1p
p−1∑
r=0

χ(g(j−mr))χ(g(k−mr))

∣∣∣∣∣
=

∣∣∣∣∣1p
p−1∑
r=0

χ(g−mr(gj − gk))

∣∣∣∣∣
=

∣∣∣∣∣1p
p−1∑
r=0

χ(gj−gk)(g
−mr)

∣∣∣∣∣
=

∣∣∣∣∣∣1p
∑
t∈Fp

χ(gj−gk)(
1

t− γ
)

∣∣∣∣∣∣ .

AO�§·�3½n 2.8¥� ψp � Fp þ���\{A�§α = gj − gk§�±��Xe�

�Oµ

|〈Φj,Φk〉| =

∣∣∣∣∣∣1p
∑
t∈Fp

χ(gj−gk)(
1

t− γ
)

∣∣∣∣∣∣ ≤ n− 1
√
p
.
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Úþ©¥aq§·�Ó����	ù�Ý
3²þ�/e�¡EUå"

·K 2.10. ½n 2.9¥���Ý
��f�ê�
√

N+1
p
"

y². mS��g�'ê�µ

N−1∑
t=0

A(s1, t)A(s2, t)

=
N−1∑
t=0

χ(g(t−s1))χ(g(t−s2))

=
N−1∑
t=0

χ(gt−s1 − gt−s2)

=
N−1∑
t=0

χ(gt(g−s1 − g−s2))

=
N−1∑
t=0

χg−s1−g−s2 (gt)

= −χg−s1−g−s2 (0) = −1.

Ïd ΦΦH = 1
p
(NIp×p − Jp×p)§ù�±�Ñ·����(Ø maxi |λi(ΦΦH)| = N+1

p
"

½n 2.11. � k = O( p
logN

)�§½n 2.9¥���Ý
�±A���¡E¤k� k-DÕ�

þ"

2.4 ¢¢¢���(((JJJ

3�!¥§·�Ì�òþ©¥¤���Ý
Ú�ÅÝ
�¡EUå?1'�"�
�

yëê���5§�ÅÝ
òlÓ��Ì�Ý
¥�Å�ÀJ�Ó1ê5/¤"�
O�

��B§·�Ú�æ^
����Jl�{£OMP¤ [74] 5?1¢�"·�éDÕÝl 1

� 20Ñ?1
 100g¢�§��O�Ñ§��¡E¤õÇ"

~3. (Zadoff-ChuS�)� q = 29§N = q2 − 1 = 840"3k�� F292 ¥§α�Ù¥���

16
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��÷v α2 + 24α + 2 = 0"·�kµ

M ={logα(x− α) : x ∈ F29}

={421, 547, 324, 576, 323, 29, 647, 312, 663, 94,

524, 51, 602, 821, 455, 488, 310, 285, 170, 292, 175,

709, 238, 219, 496, 626, 327, 228, 703}.

d½n 2.5·��±���� 29× 840�Ý
"

ã 1��A�¢�(J"

~4. (mS�)� q = 29§N = q2 − 1 = 840"3k�� F292 ¥§α�Ù¥�����÷v

α2 + 24α + 2 = 0"·�kµ

M ={logα(x− α) : x ∈ F29}

={421, 547, 324, 576, 323, 29, 647, 312, 663, 94,

524, 51, 602, 821, 455, 488, 310, 285, 170, 292, 175,

709, 238, 219, 496, 626, 327, 228, 703}.

ã 2��A�¢�(J"

2.5 ���(((

�ÙÌ�|^
Ü©�êÚ��O§�Ñ
üaÌ�Ø a�Ý
��E"lnØ�

Ý·�y²
3���/Ú²þ�/e§§�l�þÑ´�`�"Ó�¢�(J�| 


·��nØy²"¢Ã�´§Ï�·���ELÝ�6uÜ©�êÚ�(J§cÙ´k�

��(�§Ïd3ëê�ÀJþ¬k�~��Û�"3�Y�ïÄ¥§XÛò�ê�(�

l�EÑÛ�§�õ�Ú\�
��Å�g�5�E�A�Ý
lâ»�c���´�

��±�Ä�ïÄ��"
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3 õõõ~~~èèè

3.1 000���

y��èNXÌ��6uü�¼ê�A^§�´Ï~�ü�¼êo´Äu���y²

�ß�5�y§�S�5"d Pappu�<3©z [58]¥JÑ�ÔnØ���¼ê£PUF¤J

ø
�«@y�Ñ$Ú-|ÔnôÂ�#ÀJ"Cc5§ÔnØ���¼ê�ïÄ®²¤

�3Ã�>ªÇ£OÚ�Uk+� [18,37,58,72] ��«�6"3©z [19] ¥§Chee�<JÑ


õ~è£MCWC¤§l��O�/ÔnØ���¼êÚ?ènØïáå
xù"3

��õ~è¥§z��èi´����mn����þ§§�±�y©¤m��Ó�

��Ü©§�zÜ©�þÑTÐ´ w"ù�½Â¯¢þ´~è£CWC¤£m = 1¤Ú

V~è£m = 2¤�g,í2 [44,49]"

'uõ~è�ïÄ8c�?3Ð©�ã"3©z [14]¥§Chee�<í2
 Johnson

'u~è��'ïÄ [44] �Ñ
õ~è��
Ä�¯¢"¦�?�Ú�y²
3�

���~êÏf�¿Âe§¦��.´ìC;�"3©z [16] ¥§Chee�<�Ñ
Aa#

��`õ~è��E"?�Ú/§3©z [15] ¥§¦�34�ål� 2mw − 2�§y

²
 Johnson.´ìC°(�"

3�Ù¥§·�òUY'uõ~èþe.�ïÄ§·��Ì��zXe¤ãµ

• ·�òí2 Agrell �<3©z [2] ¥��{§lU?©z [14] ¥�Ñ�1n.

Johnson."Ó�·���
õ~è� Gilbert-Varshamov.§¿�y²
3ìC

¿Âe�±U?©z [14]¥ÏL?é��{���e."

• ·���
üa�`õ~è�ìC�35"Ù¥�1�a·�í2
©z [15] ¥

�(J§�ÄØÓ�Ü©PkØÓ�þ",�a·��Ä
4�ål� 2mw − 2w

�õ~è� Johnson.´;�"

�Ù�(�Xeµ31 3.2!¥§·��Ñ�
Ä��½ÂÚÎÒ§¿�o(�c�

ó�"31 3.3!¥§·�Ì�?Øõ~è�þe."31 3.4!¥§|^ã©)�
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óä5y²üa�`õ~è�ìC�35"31 3.5!¥§·��Ä
þ� 4!4

�ål� 6�õ~è"

3.2 ½½½ÂÂÂÚÚÚPPPÒÒÒ

3.2.1 õõõ~~~èèè

-m§N ���ê§X´���N �8Ü"�X�±�©¤X = X1∪X2∪· · ·∪Xm§

Ù¥ |Xi| = ni§i = 1, 2, . . . ,m"XJz�èi3d X1 IP��IþþT� w1§d

X2 IP��IþþT� w2§±daí§·�¡�� (N, d)è C ⊆ ZX2 ´õ~�§

¿�P� MCWC(w1, n1;w2, n2; · · · ;wm, nm; d)"AO/§� w1 = w2 = · · · = wm = w �

n1 = n2 = · · · = nm = n§·��±ò N = mn��õ~è{P�MCWC(m,n, d, w)"

�m = 1§ù�èÒ´~è§P� CWC(n, d, w)"

P��è (n, d)q ���Nþ� Aq(n, d)"� q = 2�§{P� A(n, d)"��õ~

è MCWC(w1, n1;w2, n2; . . . ;wm, nm; d)���NþP� T (w1, n1;w2, n2; . . . ;wm, nm; d)"

AO/§^ M(m,n, d, w)Ú A(n, d, w)5©OL« MCWC(m,n, d, w)Ú CWC(n, d, w)�

��Nþ"XJ��è�±����Nþ§@o·�¡���`�"

e¡·�òØ\y²��Ñ�
õ~è�Ä�(J§�[�y²L§�±ë�©

z [14]"

·K 3.1. [14]� q ≤ A(n, d1, w)§·�k

M(m,n, d1d2, w) ≥ Aq(m, d2).

AO/§M(m, qw, 2d, w) ≥ Aq(mw, d)"

duõ~è��~è��«g,í2§Í¶� Johnson.�±�Xe/ª�í

2µ

·K 3.2. [14]

T (w1, n1;w2, n2; . . . ;wm, nm; d)

≤ bni
wi
T (w1, n1; . . . ;wi − 1, ni − 1; . . . ;wm, nm; d)c, (3-1)

T (w1, n1;w2, n2; . . . ;wm, nm; d)

≤ b ni
ni − wi

T (w1, n1; . . . ;wi, ni − 1; . . . ;wm, nm; d)c, (3-2)

20



3 õ~è

T (w1, n1;w2, n2; . . . ;wm, nm; d)

≤ b u

w2
1/n1 + w2

2/n2 + · · ·+ w2
m/nm − λ

c, (3-3)

Ù¥ d = 2u§λ = w1 + w2 + · · ·+ wm − u"

·K 3.3. [14]

M(m,n, d, w) ≤ bn
m

wm
M(m,n− 1, d, w − 1)c, (3-4)

M(m,n, d, w) ≤ b nm

(n− w)m
M(m,n− 1, d, w)c, (3-5)

M(m,n, d, w) ≤ b d/2

d/2 +mw2/n−mw
c. (3-6)

3.2.2 ããã©©©)))

·�Pk�8Ü X ¥�¤kkSé�
(
X
2

)
§^n�| G = (V,C,E)5L«�Ü>

XÚ�k�ã§Ù¥ V L«º:8Ü§C L«ôÚ8Ü§E ´8Ü
(
X
2

)
× C ���f8

£E ¡�>8¤"·�^ K
(r)
n 5L« n�º:!r XÚ���k�ã§�Ò´` |V | = n§

|C| = r§E =
(
X
2

)
× C"

·�¡8x F ´�Ü>XÚ�k�ã K �©)§XJ K ¥�z^>ÑTÐáu8x

F �����"�½�x>XÚ�k�ã G§XJ8x F ¥�z�Ü>XÚ�k�ãÑ�

G ∈ G Ó�§·�¡8x F ´�Ü>XÚ�k�ã K � G-©)"3©z [48] ¥§Lamken

ÚWilsony²
é�x�½�k�ã§ã K
(r)
n ©)�ìC�35"�
�Ð/0�¦�

��'(J§·��I�Ú?�
PÒ"

� G = (V,C,E)��Ü>XÚ�k�ã§Ù¥ |C| = r"

- ((u, v), c) ∈ E L«�^l u�� v ¿�/
ôÚ c�>"é?¿º: uÚôÚ c§

·�ò�\Úlmº: u�/Ú� c�>�ê8©OP�º: u'uôÚ c�\ÝÚÑ

Ý"Ïd§·��±éº: u½Â�� 2r���þ τ(u,G)5�N§3ã G¥�ÑÝÚ\

Ý§Ù¥ τ(u,G) = (in1(u,G), out1(u,G), . . . , inr(u,G), outr(u,G))"½Â α(G)��ê t�

��úÏf¦� 2r��þ (t, t, . . . , t)´º: u¤éA��þ τ(u,G)��K��5|Ü"

é?¿ã G = (V,C,E) ∈ G§- µ(G)´d µ(G) = (m1(G),m2(G), . . . ,mr(G))½Â�

�� r���þ§Ù¥ mi(G)L«ã G¥ôÚ� i�>�ê8"aqþ©§½Â β(G)�

�ê m���úÏf¦� r��þ (m,m, . . . ,m)´ã G¤éA���þ µ(G)��K�

�5|Ü"XJ (1, 1, . . . , 1)�±d µ(G)��kn�5|ÜLÑ§·�¡8x G ´�NN

�"
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½n 3.4. (Lamken§Wilson [48])XJ8x G ´�NN�§@o�3~ê n0 = n0(G)¦�3

n(n − 1) ≡ 0 (mod β(G))Ú n − 1 ≡ 0 (mod α(G))¤á�§é?¿ n ≥ n0§K
(r)
n þ�3

G-©)"

3Ó��Ø©¥§¦��òþ¡�½ní2�õ��/µéã K
[λ1,λ2,...,λr]
n ?1

G-©)§Ù¥ K
[λ1,λ2,...,λr]
n L«½Â3 n�º:þ�k�ã§é?¿�k�:é (x, y)Úô

Ú iÑTk λi^>"

- λ = (λ1, λ2, . . . , λr)´d��ê�¤��þ"Óþ§- α(G;λ)½Â������

ê t¦�~�þ tλ´º: uéA��þ τ(u,G)��K��5|Ü§β(G;λ)½Â���

���ê m¦�~�þ mλ´ã GéA��þ µ(G)��K��5|Ü"XJ λ�±d

µ(G)��kn�5|ÜLÑ§·�¡8x G ´ λ-�NN�"

½n 3.5. (Lamken§Wilson [48])XJ8x G ´ λ-�NN�§Ù¥ λ = (λ1, λ2, . . . , λr)§@o

�3~ê n0 = n0(G,λ)¦�3 n(n− 1) ≡ 0 (mod β(G;λ))Ú n− 1 ≡ 0 (mod α(G;λ))¤

á�§é?¿ n ≥ n0§K
[λ1,λ2,...,λr]
n þ�3 G-©)"

3.3 õõõ~~~èèèþþþeee...���UUU???

3.3.1 ddd¥¥¥¡¡¡èèè���ÑÑÑ���þþþ...

�!·�l¥¡è�½Âm©`å§ØÓu���²;è§¥¡è½Â3îª�m

þ"¥¡è´ S(n)þ���k�8Ü§Ù¥ S(n) := {x ∈ Rn : ‖x‖ = 1}"ùp ‖ · ‖Ò´

·�Ï~¿Âe�îª�ê"·�^îªål dE(c1, c2) := ‖c1 − c2‖5½Âü�èi�m

�ål"¯¢þ§duz�èiÑ�gü ¥¡§·��±^�þ�m�Y� φ½ön�

¼ê� s5�d�xüö�m�ål§ÏL{ü�O��±��Xe'Xªµ

s = cosφ = 1− d2
E

2
.

3¥¡è¥§·���^ëê s5ïþèi�m�ål"Ó��§·�½Âål� s�

n-�¥¡è���èiNþ� AS(n, s)"

����?ènØØÓ§� s ≤ 0�§AS(n, s)�(��@38�c�Òd�1:ß
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|êÆ[¤��û½ [1,23,31,60,68]µ

AS(n, s) = b1− 1
s
c, XJ s ≤ − 1

n
;

AS(n, s) = n+ 1, XJ − 1
n
≤ s < 0;

AS(n, 0) = 2n.

3UY�¡�?Ø�c§·�k5¿����~{ü�é¢^�*	µ·��±ò�

���è3·��N�eC¤��¥¡è"Ïd¥¡è�þ.�±�Ñ��è���þ

."-<¯ç�´§3�
�¹e§ù��Ñ�þ.�±U?�c�(J"

½Â

H(n) = {0, 1}n,

M(m,n,w) = {x ∈ H(mn) : x · ui = w, é 1 ≤ i ≤ m},

Ù¥ ui = ei ⊗ jn§ei ´ m-�ü �þ§jn ´ n-�� 1�þ"@o H(n) = {0, 1}n �?¿

f8´����è§M(m,n,w)�f8´õ~è"

- Ω(∗)´��l��Ç²�m�îª�m�N�§§ò 0 → 1§1 → −1"Ω(∗)ò

M(m,n,w)N�¤µ

Ω(M(m,n,w)) = {x ∈ Ω(H(mn)) : x · ui = n− 2w é 1 ≤ i ≤ m}.

é?¿ x ∈M(m,n,w)§x÷v (Ω(x)− x0) · ui = 0Ú ‖Ω(x)− x0‖ = r§Ù¥

x0 = (1− 2w

n
)jmn,

r = 2

√
mw(n− w)

n
.

Ïd Ω(M(m,n,w))´± x0�¥%��»� r� (nm−m)-��¥¡"dþ¡�©Û

·��±��e¡�.µ

½n 3.6.
M(m,n, 2d, w) ≤ bd

b
c, XJ b ≥ d

nm−m+1
,

M(m,n, 2d, w) ≤ m(n− 1) + 1, XJ 0 < b < d
n
,

Ù¥

b = d− mw(n− w)

n
.
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y². � C ´��MCWC(m,n, 2d, w)"é Ω(C)k²£ −x0§2�  1/r"ÏLþ¡�©

Û§����4�ål� s = 1− dn
mw(n−w)

� (nm−m)-�¥¡è"M(m,n, 2d, w) ≤ AS(m(n− 1), s), XJ s ≥ −1;

M(m,n, 2d, w) = 1, XJ s < −1.

55. ½n 3.6�1��þ.TÐ� Johnson. (3-3)´���"� 0 < b < d
n
�§1��þ

.�±��U?·K 3.2¥� Johnson."

3.3.2 õõõ~~~èèè��� Plotkin...

�
©Ù���5§·�E,�Ñe¡ù�¯¤±��(J�y²"

·K 3.7. [2]�è C ´�� (n, d)è§@o

|C| ≤ d/2

d/2−
∑n

i=1 fi(1− fi)

Ù¥©17L´��§fiL«��è¥ 131 i ¤Ó�'~"

y². y²�±dOê��{��§��¡§

dav =
1

M(M − 1)

∑
c1,c2∈C

d(c1, c2) ≥ d,

Ù¥M = |C|",��¡§

dav =
2M

M − 1

n∑
i=1

fi(1− fi).

@o
2M

M − 1

n∑
i=1

fi(1− fi) ≥ d.

éõ~è5`§·�é fi òk�õ���§Ïd·��F"�±���Ð�þ

."

½n 3.8.

M(m,n, 2d, w) ≤ max{ d

d−
∑mn

i=1 fi(1− fi)
} (3-7)
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Ù¥���H{¤k÷v±e^�� fi (1 ≤ i ≤ mn)µ

f1 + f2 + · · ·+ fn = w

fn+1 + fn+2 + · · ·+ f2n = w

...

f(m−1)n+1 + f(m−1)n+2 + · · ·+ fmn = w.

y². ½n�y²�±dõ~è�½ÂÚ·K 3.7�Ñ"

íØ 3.9.

M(m,n, 2d, w) ≤ bd
b
c, (3-8)

Ù¥

b = d− mw(n− w)

n
.

y². �
��õ~è�þ.§·��I�û½� f1 + f2 + · · ·+ fn = w�§
∑n

i=1 f
2
i

����"|^.�KF¦f{§� γ �9ÏCþ"·��ÄXe¼êµ

g(f1, f2, . . . , fn, γ) =
n∑
i=1

f 2
i + γ(f1 + f2 + · · ·+ fn − w).

@o

∂g

∂fi
= 2fi + γ = 0,

∂g

∂γ
=

n∑
i=1

fi − w = 0.

Ïd� fi = w
n
�§�¼ê�����"ò fi ±

w
n
�\� (3-7)¥§·��±�� (3-8)"

56. (3-8)�·K 3.3¥� (3-6)´Ø*Ü�§�´·�5¿�¯¢þ fi�U´ 1/M ��

ê§Ïd·��±ò¯KlëY� [0, 1]«mO�¤lÑ� {0, 1/M, 2/M, . . . , 1}§�þ¡

�?Øaq§·��±��Xe�Ûªþ."

íØ 3.10. XJ b > 0§@o

M(m,n, 2d, w) ≤ bd/bc,
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Ù¥

b = d− mw(n−w)
n

+ nm
M2{Mw/n}{M(n− w)/n},

M = M(m,n, 2d, w),

{x} = x− bxc.

3.3.3 õõõ~~~èèè������555555yyy...

�X´����dü���|¤�k�8Ü§é�ê n ≥ 1§-R = {R0, R1, . . . , Rn}

´ n + 1� X ¥��d'X"·�ò (X,R)¡� na�(Ü�Y§XJe¡�n�^�

Ó�¤áµ

1. 8xR´ X2���y©§Ù¥ R0 = {(x, x)|x ∈ X}¶

2. é i = 0, 1, . . . , n§Ri�_ R−1
i = {(y, x)|(x, y) ∈ Ri}�áuR¶

3. é?¿n��ê i, j, k = 0, 1, . . . , n§�3 p
(k)
i,j = p

(k)
j,i ¦�é?¿ (x, y) ∈ Rkµ

|{z ∈ X|(x, z) ∈ Ri, (z, y) ∈ Rj}| = p
(k)
i,j . (3-9)

Ù¥ p
(k)
i,j ¡� (X,R)���ê"

?¿��d'X Ri�±d��Ý
 Di ∈ C(X,X)5L«µ

Di(x, y) =

 1, (x, y) ∈ Ri,

0, (x, y) 6∈ Ri.

·�¡�5�m

A = {
n∑
i=0

αiDi|αi ∈ C}

´(Ü�Y (X,R) þ� Bose-Mesner �ê"Ó�§�3�|�p�����Ý


J0, J1, . . . , Jn�¤ Bose-Mesner�ê�,�|Ä"

�½ Bose-Mesner�ê�ü|Ä {Dk}Ú {Jk}§¦��m��pL«Xeµ

Dk =
n∑
i=0

Pk(i)Ji, k = 0, 1, . . . , n.

·��±½Â�� n+ 1�Ý
 P§§� (i, k) �þ���´ Pk(i)µ

P = [Pk(i) : 0 ≤ i, k ≤ n].
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du P ´�ÛÉ�§�½�3���Ý
 Q¦�µ

PQ = QP = |X|I.

·�ò P Ú Q�å¡�(Ü�Y�A�Ý
"

� R = {R0, R1, . . . , Rn}´½Â3 X þ���(Ü�Y"é X ¥�����f8 Y§

4·�5½Â Y 'u R�S©Ù� α = (α0, α1, . . . , αn)§Ù¥ αi d αi = |Y |−1|Ri ∩ Y 2|

�Ñ"

3©z [25] ¥§Delsarte�Ñ
'uS©ÙÚA�Ý
 Q�Xe�éXµ

½n 3.11. [25] αQ¥�©þ αQk Ñ´�K�"

� wÚ nÑ´�ê§� 1 ≤ w ≤ n"3 n�� Hamming�m¥§·��ÄXe8Üµ

X = {x ∈ Fn|wH(x) = w},

¿��±½Â§��m�ål'X R0, R1, . . . , Rwµ

Ri = {(x, y) ∈ X2|d(x, y) = 2i}.

é�½� nÚ w§1 ≤ w ≤ n/2§·�¡ (X,R)´�� Johnson�Y J(w, n)§¯¢þÒ´

����~è"

�½�ê k§0 ≤ k ≤ w§·�½Â'uCþ u� Eberleinõ�ª Ek(u)µ

Ek(u) =
k∑
i=0

(−1)i
(
u

i

)(
w − u
k − i

)(
n− w − u
k − i

)
.

½n 3.12. [25] Johnson�Y J(w, n)�A�Ý
 P Ú Q©O´µ

Pk(i) = Ek(i),

Qi(k) =
µiEk(i)(
w
i

)(
n−w
i

) ,
Ù¥ µi = n−2i+1

n−i+1

(
n
i

)
"

� C ´��MCWC(m,n, 2d, w)"è C �ål©Ù�µ

A2i1,2i2,...,2im :=
1

|C|
∑
c∈C

A2i1,2i2,...,2im(c),

Ù¥ A2i1,2i2,...,2im(c) := |{c1 ∈ C : (c1 ⊕ c) · uj = 2ij}|, uj := ej ⊗ jn§ej ´ m�ü �þ§

jn´ n�� 1�þ"
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íØ 3.13. �è C ´�� MCWC(m,n, 2d, w)§@o

w∑
i1=0

w∑
i2=0

· · ·
w∑

im=0

Qk1(i1)Qk2(i2) · · ·Qkm(im)A2i1,2i2,...,2im ≥ 0.

y². é v = 1, 2, . . . ,m§XJ (X(v);R
(v)
0 , · · · , R(v)

w )´��(Ü�Y§§���ê´p
(v)
ijk§

��Ý
´ D
(v)
i §��Ý
´ J

(v)
i §A��� P

(v)
k (i) Ú Q

(v)
k (i)"@o§��(k�È

(X(1)×X(2)× · · · ×X(m);Ri1...im = R
(1)
i1
× · · · ×R(m)

im
, 0 ≤ ij ≤ mé 1 ≤ j ≤ m)�´��(

Ü�Y§§�A��´ Q
(1)
k1

(i1)Q
(2)
k2

(i2) · · ·Q(m)
km

(im)"è C ´ m� Jonhnson�Y�(k

�È"(Ø�y"

½n 3.14.

M(m,n, 2d, w) ≤ 1 + bmax
w∑

i1=0

w∑
i2=0

· · ·
w∑

im=0

A2i1,...,2imc,

Ù¥

A2i1,...,2im ≥ 0,

A2i1,...,2im = 0, é
m∑

j=1

ij < d,

w∑
i1=0

w∑
i2=0

· · ·
w∑

im=0

Qk1(i1)Qk2(i2) · · ·Qkm(im)A2i1,2i2,...,2im ≥ 0. (3-10)

3.3.4 õõõ~~~èèè��� GV...

3�!¥§·��Ä�mªuÃ¡��§n´'um�¼ê��¹e§M(m,n, d, w)

�ìCèÇ§Ù¥ d = bδmnc§w = bωncé 0 < δ, ω < 1"·�UXe�ª½Â µ(δ, ω)µ

µ(δ, ω) := lim sup
m→∞

log2M(m,n, bδmnc, bωnc)
mn

.

3©z [14] ¥§Chee�<|^?é�E|�Ñ
õ~è�ìCe."

·K 3.15. [14] é δ ≤ 1/2§·�k

µ(δ, 1/2) ≥ 1−H(δ),

Ù¥ H(x)L«���¼ê

H(x) := −x log2 x− (1− x) log2(1− x).
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3�!¥§·�Äkòí2·K 3.15¥�(J§Ó�·��¬�Ñõ~è� GV

e.§¿�y²�öo´`ucö�"

·�kÀ����±�� GV.� q �è"�
�Bå�§·�Ø�b� 1
ω
Ú δmn

Ñ´�ê"

½n 3.16. é ω ≤ 1/2Ú δ ≤ max{1/2, 2ω}§·�k

µc(δ, ω) ≥ ω log2(
1

ω
)(1−H 1

ω
(
δ

2ω
)),

Ù¥ Hq(x) := x logq(q − 1)− x logq x− (1− x) logq(1− x)é 0 < x ≤ q−1
q
"

y². |^?é�E|·��±��M(m,n, δmn, ωn) ≥ A 1
ω

(mwn, δmn
2

)"du Aq(n, d) ≥

q(1−Hq(d/n))n§@o

M(m,n, δmn, ωn) ≥ (
1

ω
)
(1−H 1

ω
( δ
2ω

))mwn
,

Ïd

µc(δ, ω) ≥ ω log2(
1

ω
)(1−H 1

ω
(
δ

2ω
)).

57. ¯¢þ§k'�� GV.�`��êAÛè�3"�´l·K�(J5w§|^�ê

AÛè¿ØU�5¢�5�U?"Ïd·�l?Ø��Bå�§E,�À�
�� GV.

�è"

é��MCWC(m,n, 2d, w)§§��»� 2d− 1� Hamming¥����∑
i1+i2+...+im≤d−1

(
w

i1

)(
n− w
i1

)
· · ·
(
w

im

)(
n− w
im

)
.

½n 3.17. é ω ≤ 1/2Ú δ ≤ max{1/2, 2ω}§·�k

µGV (δ, ω) ≥ H2(ω)− ωH2(
δ

2ω
)− (1− ω)H2(

δ

2(1− ω)
).

y². du

M(m,n, δmn, ωn)

≥
(
n
ωn

)m∑
i1+i2+...+im≤ δmn2 −1

(
ωn
i1

)(
(1−ω)n
i1

)
· · ·
(
ωn
im

)(
(1−ω)n
im

)
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≥
(
n
ωn

)m∑
0≤i≤ δmn

2

(
ωmn
i

)(
(1−ω)mn

i

) ,
·�k

µGV (δ, ω) ≥
log2

2nmH2(ω)

2ωnmH2(
δ
2ω )2

(1−ω)mnH2(
δ

2(1−ω) )

mn

≥ H2(ω)− ωH2(
δ

2ω
)− (1− ω)H2(

δ

2(1− ω)
).

3ù�!���§·��Ñþãü�.�'�"

½n 3.18.

µGV (δ, ω) ≥ µc(δ, ω),

�Ò¤á��=� w = 1
2
½ö δ = 2(ω − ω2)"

y². -

f(δ, ω) = µGV (δ, ω)− µc(δ, ω)

= H2(ω)− (1− ω)H2(
δ

2(1− ω)
)

+
δ

2
log2(

1

ω
− 1)− (1− ω) log2(1− ω).

�
�Bå�§·�?1CþO� x = δ
2
§·��±��

f(x, ω) = −(2− 2ω − x) log2(1− ω) + x log2( x
ω

)

+(1− ω − x) log2(1− ω − x).

·�òÏLü«�¹�?Ø�¤��y²µω ≤ 1
4
, x ≤ ωÚ 1

4
< ω ≤ 1

2
, x ≤ 1

4
"

(a) ω ≤ 1
4
, x ≤ ω.

� x = 0�§f(0, ω) = −(1− ω) log2(1− ω) > 0"

� x = ω �§f(ω, ω) = (3ω − 2) log2(1 − ω) − (2ω − 1) log2(1 − 2ω)"·����y

f(ω, ω) ≥ 0"du f(0, 0) = 0Ú f(1
4
, 1

4
) = 2− 5

4
log2 3 > 0§·�I��`² g(ω) = f(ω, ω)

´üN4O�"

g
′
(ω) = 3 log2(1− ω)− 2 log2(1− 2ω) +

ω

ω − 1
,

g
′′
(ω) =

ω(3− 2ω)

(ω − 1)2(1− 2ω)
> 0.
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dug
′
(0) = 0§g

′
(1

4
) = 5

3
+ 3 log2(3

4
) > 0§·��� g

′
(ω) ≥ 0§Ïd f(ω, ω) ≥ 0"

AO/§∂f(x,ω)
∂x

= log2
x(1−ω)

ω(1−ω−x)
= 0§·��� x = ω−ω2"du f(ω−ω2, ω) = 0§Ï

Lþ¡�©Û§�ªy²
 f(δ, ω) ≥ 0"

(b) 1
4
< ω ≤ 1

2
, x ≤ 1

4
"

� x = 0�§f(0, ω) = −(1− ω) log2(1− ω) > 0"

� x = 1
4
�§f(1

4
, ω) = −(7

4
− 2ω) log2(1− ω) + 1

4
log2( 1

4ω
) + (3

4
− ω) log2(3

4
− ω)"·�

���`² f(1
4
, ω) ≥ 0"du f(1

4
, 1

4
) = −5

4
log2(3

4
) − 1

2
> 0 Ú f(1

4
, 1

2
) = 0§·�òy²

f(1
4
, ω)´üN4~�"

f
′
(
1

4
, ω) =

1

ln 2
(2 ln(1− ω)− ln(

3

4
− ω) + 1− 1

4(1− ω)
− 1

4ω
),

f
′′
(
1

4
, ω) =

1

ln 2
( +

1− 2ω

4ω2(1− ω)2
) ≥ 0.

du f
′
(1

4
, 1

4
) = 1

ln 2
(ln(9

8
)− 1

3
) < 0 Ú f

′
(1

4
, 1

2
) = 0§·��� f

′
(1

4
, ω) ≤ 0§Ïd f(1

4
, ω) ≥

0"

�Ò¤á�y²Ü©��/ 1´aq�"

3.4 üüüaaa���`̀̀èèè

3©z [15] ¥§Chee �<y²
Aa~EÜè!���~èÚõ~è�

Johnson.´ìC°(�"AO/§¦�y²
34�ål� 2mw− 2�§þ. (3-1)´ì

C°(�"

½n 3.19. (Chee �< [15]) é�½� m Ú w§o´�3����ê n0 ¦�� n − 1 ≡ 0

(mod w2)�§é?¿ n ≥ n0þk

M(m,n, 2mw − 2, w) =
n(n− 1)

w2
.

3�!¥§·�ò½n 3.19�Xeü�¡�í2µ1!wi Ø���Ó¶2!4�ål

� 2mw − 2w"

3.4.1 444���ååålll��� 2
∑m

i=1 wi − 2������`̀̀õõõ~~~èèè

Ø�� w1 ≥ w2 ≥ · · · ≥ wmÑ´�K�ê"- w =
∑m

i=1 wi"d Johnson. (3-1)�±
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��

T (w1, n;w2, n; . . . ;wm, n; 2w − 2) ≤


n(n−1)
w1(w1−1)

, XJ w1 > w2;

n(n−1)

w2
1
, XJ w1 = w2.

·�òy²ù�þ.´ìC;�"�
|^½n 3.4§·�Äk½Â8x G§^ [m]¥�

m2�kS:é5IPôÚ§½Â w = [w1, w2 . . . , wm]"- G(w)´º:Xe�k�ãµ

V (G(w)) = W1 ∪W2 ∪ · · · ∪Wm (3-11)

Ù¥Wi pØ���º:8Ü§¿� |Wi| = wi"ùpé?¿ x, y ∈ V (G(w))§½Âd x�

yù^>þ�ôÚ� (i, j)§Ù¥ x ∈ Wi§y ∈ Wj"Ïd3 G(w)¥§� i 6= j �§o�k

wiwj ^XÚ� (i, j)�>¶k wi(wi − 1)^XÚ� (i, i)"é?¿ i, j ∈ [m]§½Â Gij ��

Üdü�º:Ú�^XÚ� (i, j)�>¤���k�ã"·��
5�ª½Â G(w)��

ÿ§·��â w1 = w2´Ä¤á§©ü«�¹5?Øµ

1. � w1 > w2�§·�k w1(w1 − 1) ≥ w1w2"- r������ê¦� w1 − 1 = w2 =

· · · = wr¤á"@o G(w) = {G(w)}∪{Gij : (i, j) ∈ ([m]× [m])\{(1, i), (i, 1) : 1 ≤ i ≤

r}}"

2. � w1 = w2�§·�k w1w2 > w1(w1− 1)"- r������ê¦� w1 = · · · = wr"

@o G(w) = {G(w)} ∪ {Gij : (i, j) ∈ ([m]× [m])\
(

[r]
2

)
}"

·K 3.20. XJ K
(m2)
n �3 G(w)-©)§@o

T (w1, n; . . . ;wm, n; 2w − 2) =


n(n−1)
w1(w1−1)

, XJ w1 > w2;

n(n−1)

w2
1
, XJ w1 = w2.

y². - V � K
(m2)
n �º:8§F � K

(m2)
n � G(w)-©)"- X = {1, 2, . . . ,m} × V"·

�UìXe�ª5)¤z��èi"é?¿ F ∈ F � G(w)Ó��§�3���º:©)

V (F ) = ∪mi=1Si¦�� x ∈ Si§y ∈ Sj �§F ¥�z^d x�� y�>X (i, j)Ú"�E�

�èi u¦�� x ∈ Si �§u(i,x) = 1¶ÄK u(i,x) = 0"du |Si| = wi§ù�è(¢´�

�ëê� (w1, n; . . . ;wm, n; d)�õ�5è"q5¿�z�^XÚ�k�>Ñ�õ3 F ¥

Ñy�g§?¿ü�èi uÚ v�| 8÷v |supp(u) ∩ supp(v)| ≤ 1"Ïdù�è�4

�ål��� 2w − 2"
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��·�O� F ¥� G(w) Ó��k�ã�ê8§N´��µ� w1 > w2 �§

m = n(n−1)
w1(w1−1)

¶ÄKm = n(n−1)

w2
1
"

5¿�m(i,j)(G(w)) = wiwj§i 6= j, m(i,i)(G(w)) = wi(wi− 1)§m(i,j)(Gij) = 1§·�k

β(G(w)) =

w1(w1 − 1), XJ w1 > w2;

w2
1, XJ w1 = w2.

qdu� i 6= j�§in(i,j)(G(w)) = wj , out(i,j)(G(w)) = wi¶in(i,i)(G(w)) = out(i,i)(G(w)) =

wi − 1"N´O���

α(G(w)) =

w1(w1 − 1), XJ w1 > w2;

w1, XJ w1 = w2.

��·�|^½n 3.4§·���Xe�(Øµ

½n 3.21. � w1 ≥ w2 ≥ · · · ≥ wm§w =
∑m

i=1 wi§�3��ê n0 ¦�3 w1 > w2 �÷v

n− 1 ≡ 0 (mod w1(w1− 1))¶ÄK§÷v n− 1 ≡ 0 (mod w2
1)�§é?¿ n ≥ n0§Ñkµ

T (w1, n; . . . ;wm, n; 2w − 2) =


n(n−1)
w1(w1−1)

, XJ w1 > w2;

n(n−1)

w2
1
, XJ w1 = w2.

3.4.2 444���ååålll��� 2mw − 2w������`̀̀õõõ~~~èèè

·�Äkòïá α-�©)²ïØ��«|�O��`õ~è�m�éX"

·K 3.22. XJ α-�©)²ïØ��«|�O (v, k, λ)�3§@oM(m,n, d, w) = v§Ù

¥m = λ(v−1)
α(k−1)

§n = αv
k
§d = 2λv−k

k−1
§w = α"

y². d Johnson . (3-3) �±�� M(m,n, d, w) ≤ v§Ù¥ m = λ(v−1)
α(k−1)

§n = αv
k
§d =

2λv−k
k−1
§w = α"

� (X,B)´ α-�©)²ïØ��«|�O (v, k, λ)"du3 B¥�k λ(v−1)
α(k−1)

� α-²1

a§z�²1aT�¹ αv
k
�«|§·��±òù
«|ü?�� m × n�
�¥§Ù¥

m = λ(v−1)
α(k−1)

§n = αv
k
§¦�z�1¥�«|TÐ�¤�� α-²1a"UìXe�ª�Eé

A�èµé?¿ x ∈ X§�E��èi u§Ù¥�3 (i, j)þ�«|�¹ x�- u(i,j) = 1§
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ÄK- u(i,j) = 0"duz�:3z�1¥ÑÑy αg§þ¡·��E�è´��èi�ê

� v�õ~è (m,n, d, α)"du X ¥?¿ü�ØÓ�:TÐÓ�Ñy3 λ�«|¥§

?¿ü�èi�| 8TÐ��u λ §Ïdè�4�ål� d = 2(mw − λ) = 2λv−k
k−1
"

3e¡�1©¥§·��I�`²é÷v v ≡ 1 (mod k − 1)¿©�� v§� α = λÚ

k | α�§α-�©)²ïØ��«|�O (v, k, λ)�3"

·�Äk½Â r = k2 − k XÚ�k�ã8Ü G"·�^ [k − 1] ¥�ü:8 (i)§

i = 1, 2, ..., k − 1Ú (k − 1)2 �kS:é5IPôÚ"- λ��� k2 − k����� λ�

~��þ"é?¿�K�ê (k − 1)-| t = (t1, t2 . . . , tk−1)§ÙÚTÐ� k§- G(t)�½Â

3 k + 1�º:þ�k�ãµ

V (G(t)) = {w} ∪ T1 ∪ T2 ∪ · · · ∪ Tk−1 (3-12)

Ù¥ Ti �pØ���º:8§÷v |Ti| = ti §w´ Ti �	�,��º:"ùpé?¿Ø

�Ó�º: x, y ∈ V (G(t))§d x�� y�>X (i, j)Ú§Ù¥ x ∈ Ti§y ∈ Tj¶d w��

x ∈ Ti�>X (i)"- G �¤k÷v^��ã G(t)�8Ü"

·K 3.23. � r = k2− k§m = v−1
k−1
"XJ rXÚ�k�ãK

[λ,λ,...,λ]
m �3 G-©)§@o λ-�

©)²ïØ��«|�O (m(k − 1) + 1, k, λ)��3"

y². - V ´ K
[λ,λ,...,λ]
m �º:8Ü§X = {∞} ∪ (V × [k − 1])§Bx = {∞} ∪ ({x} ×

{1, 2, . . . , k − 1})§B = {Bx : x ∈ V }"^ V ¥���5IP λ-²1a§P� Px§x ∈ V"

éz� F ∈ F§k + 1�º: V (F ) ⊂ V �3���y©

V (F ) = {w} ∪ S1 ∪ S2 ∪ · · · ∪ Sk−1.

-

AF = ∪k−1
i=1 Si × {i};

� λ°��3éA�²1a Pw ¥"- A = {AF : F ∈ F}§Bλ L« B¥�z���Ñ

E λg�õ8"N´�y (X,A ∪ Bλ) ´ ((k − 1)m + 1, k, λ)-²ïØ��«|�O§z

� Pw TÐ´�� λ-²1a"'X`§3 Pw¥�¹ (y, i), y 6= w � λ�«|´@
 AF§

Ù¥ F ´�¹d w�� y�X (i)Ú>�ã"
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ÏL�©z [48] ½n 10.1�q�?Ø§·��±y²m(m− 1)(λ, λ, . . . , λ)´ µ(G(t))

���5|Ü§(m− 1)(λ, λ, . . . , λ)´ τ(x,G(t))���5|Ü"Ïd½n 3.5�^�Ñ÷

v§·���Xe(Øµ

½n 3.24. �½��ê k Ú λ§÷v k | λ§�3��~ê m0 = m0(k, λ) ¦�é?¿

m ≥ m0§λ-�©)²ïØ��«|�O (m(k − 1) + 1, k, λ)�3"

(Ü·K 3.22Ú½n 3.24§·��ª(½
4�ål� 2mw − 2w�õ~è��

�Nþµ

½n 3.25. �½��ê k Ú w§÷v k | w§�3��~ê m0 = m0(k, w) ¦�é?¿

m ≥ m0§

M(m,n, 2(mw − w), w) = m(k − 1) + 1

Ù¥ n = w(m(k − 1) + 1)/k"

3.5 þþþ��� 4!!!444���ååålll��� 6���õõõ~~~èèè

3©z [16] ¥§�ö3e
´Ä�±û½ëê� m = 2§w1 = w2 = 2§d = 6§

n1 ≤ n2 ≤ 2n1 − 1� n1Ú n2Ñ´Ûê��`õ~è�úm¯K"3�!¥§·�ò

��Ä)ûù�¯K"

Ún 3.26. �n1, n2´ü�Ûê§0 < n1 ≤ n2 ≤ 2n1−1"@o T(2, n1; 2, n2; 6) ≤ bn2(n1−1)
4
c"

·�òy²ù�þ.3ý�Ü©��/eÑ�±��"Äk·�k�½Â��#�|

Ü�.§±9ïá§��`õ~è�éX"

� V ´�� v�8§S´�� s�8"·�ò�A��)�{P� SAS(s, v)§§´�

� s× s�
�§§�1Ú�Ñd S ¥���¤IP§z�ü��±´�8½ö�¹ V ¥

�:é§¦�µ

1. é?¿� (i, j)Ú (j, i)§i 6= j§�õk���W¿¶

2. é�����Ñ´�8¶

3. ?¿ V ¥�:é�õÑy�g¶
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4. é?¿ i ∈ S§1 i1Ú1 i�Ñy�:é´ V \{x}���y©§é,� x ∈ V"

·K 3.27. � v ≡ 1 (mod 4)§s ≡ 1 (mod 2)§� v ≤ s ≤ 2v − 1"�3èi�ê� s(v−1)
4

� MCWC(2, v; 2, s; 6)��=� SAS(s, v)�3"

y². � A´d SAS(s, v)¤éA�
�"Ø���5§·�b½ V Ú S ´ØÓ�"-

X = V ∪ S"èUìXe�ª5)¤"é A¥z��W¿�ü� (i, j)§A(i, j) = {a, b}§

�Eèi u§Ù¥ ux = 1§XJ x ∈ {a, b, i, j}¶ÄK ux = 0"@o·���
��

MCWC(2, v; 2, s; d)" 1)3)4)�±�y?�:é�õÑy3��èi�| 8¥§Ïd?

¿ü�ØÓèi uÚ v�| 8�õ�u�� �§@oè�4�ål� 6"�â 4)§é

z� i ∈ S§�3 v−1
2
�ü�31 i1Ú i��W¿"Ïd·�o�k s(v−1)

4
�ü��W¿§

èi��ê� s(v−1)
4
"

���§- X = X1 ∪ X2§ |X1| = v§ |X2| = s"- C ´����� s(v−1)
4
�

MCWC(2, v; 2, s; 6)"e¡·�5�E�� s × s�
�"éz�èi u ∈ C§supp(u) =

{a, b, i, j}§a, b ∈ X1§i, j ∈ X2§3ü� (i, j)¥W¿:é {a, b}"N´�yù�(´��

SAS(s, v)"

3þ¡ SAS�½Â¥§XJ·�ò^� 4)O�¤Xe^�§·��±�� SAS∗(s, v)

�½Â"

4)’ �3 i0 ∈ S ¦�éz� i ∈ S\{i0}§1 i1Ú1 i��:é´ V \{x}���y©§é

,� x ∈ V"1 i0 1Ú1 i0 ��:é´ V \{x, y, z}���y©§é,
ØÓ�

x, y, z ∈ V"

�q�§·�kXe�'u SAS∗(s, v)Ú�`õ~è�éX§§�y²�·K

3.27´���"

·K 3.28. � v ≡ 3 (mod 4)Ú s ≡ 1 (mod 2)§v ≤ s ≤ 2v − 1"�3��� b s(v−1)
4
c�

MCWC(2, v; 2, s; 6)��=� SAS∗(s, v)�3"

e¡·�ò0���k^�E|5�Ï·���E'u SASÚ SAS∗�Ã¡a"

� V ´�� v�8§S ´�� s�8"� {H1, H2, . . . , Hn}´ V ���y©§|Hi| =

hi"� {S1, S2, . . . , Sn}´ S ���y©§|Si| = si"��.� {(si, hi) : 1 ≤ i ≤ n}��
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frame�)�£SFS¤´�� s× s�
�§Ù¥1Ú�d S ¥���5IP§z�ü��

±´�8½ö´ V ¥�:é§¦�µ

1. é?¿� (i, j)Ú (j, i)§i 6= j§�õk���W¿¶

2. d Si × Si¤IP�fÝ
´��§¡��É¶

3. ?¿ V ¥�:é�õÑy�g¶

4. Hi¥�:éÑØÑy¶

5. é?¿ l ∈ Si§1 l1Ú1 l�¥�:é´ V \Hi���y©"

·�ò|^�êPÒ (s1, g1)n1 · · · (sn, gn)nt 5L«3y©¥ (si, gi)Ñy nig"

·�ò|^�©|�O£GDD¤�Ñ SFS�48�E"

�E8. � (X,G,B) ´���©|�O§s, v : X → Z+ ∪ {0} ´ X þ�ü�D�¼

ê"XJéz��«| B ∈ B§Ñk. {(s(x), v(x)) : x ∈ B} � SFS �3"@o.

{(
∑

x∈G s(x),
∑

x∈G v(x)) : G ∈ G}� SFS��3"

y². é?¿ x ∈ X§� S(x)´ s(x)�����I8§é?¿ x 6= y ∈ X§S(x)Ú S(y)p

Ø��"éz�B ∈ B§·�3∪x∈B({x}×{1, 2, . . . , v(x)})þ�E. {(s(x), v(x)) : x ∈ B}

� SFS AB§^ ∪x∈BS(x)5IP§�1Ú�"

P S = ∪x∈XS(x)§V = ∪x∈X({x} × {1, 2, . . . , v(x)})"·�UXe�ª3 V þ�E¤

I� SFSA§^ S5IP§�1Ú�µéA¥�z�ü�^ (α, β)5IP§XJ α ∈ S(x),

β ∈ S(y)§x 6= y ��3��«| B ∈ B �¹ x, y§@o·�òü�¥���O�¤d

(α, β)IP� AB¶ÄKü���8"

é?¿ Gi ∈ G§P Si = ∪x∈GiS(x)Ú Hi = ∪x∈Gi({x} × {1, 2, . . . , v(x)})"N´�y

SFS½Â¥� 1) – 4)þ÷v"y3§éz� α ∈ Si§·��Ä1 αÚ� α¥�:é"Ø

�� α ∈ S(x) é,� x ∈ Gi"duéz� y 6∈ Gi§�3���«|Ó��¹ x Ú y§

{B\{x} : x ∈ B ∈ B}´ X\Gi ���y©"5¿�éz� AB§x ∈ B§1 αÚ� α¥�

:é´ ∪y∈B,y 6=x(y × {1, 2, . . . , v(y)})���y©"@o1 αÚ� α¥�:é3 Aþ´

⋃
x∈B,B∈B

( ⋃
y∈B,y 6=x

(y × {1, 2, . . . , v(y)})

)
=

⋃
y∈X\Gi

(y × {1, 2, . . . , v(y)}) = V \Hi

���y©"
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Ïd·�y²
 A´. {(
∑

x∈G s(x),
∑

x∈G v(x)) : G ∈ G}� SFS"

� V ´�� v �8Ü§S ´�� s�8Ü"�W ´ V ���f8§|W | = w§T ´

S���f8§|T | = t"���É��A��)�§P� HSAS(s, v; t, w)§´�� s× s�


�§Ù¥1Ú�Ñd S 5IP§z�ü��±´�8½ö´ V ¥�:é§¦�µ

1. é?¿� (i, j)Ú (j, i)§i 6= j§�õk���W¿¶

2. d T × T ¤IP�fÝ
´��§¡��É¶

3. ?¿ V ¥�:é�õÑy�g¶

4. W ¥�:éÑØÑy¶

5. éz� t ∈ T§1 tÚ� t¥�:é´ V \W ���y©¶

6. éz� l ∈ S\T§1 lÚ� l¥�:é´ V \{x}���y©§é,� x ∈ V"

e¡�¯¢{ü%ék�"

·K 3.29. XJ HSAS(s, v; t, w)Ú SAS(t, w)Ñ�3§@o SAS(s, v)�3"

e¡§·�òÏL SFS5�E SAS"

�E9. �. {(si, hi) : 1 ≤ i ≤ n}� SFS�3"� s =
∑n

i=1 si§v =
∑n

i=1 hi"XJéz�

1 ≤ i ≤ n− 1§Ñ�3 HSAS(si + e, hi + w; e, w)§¿�

(1) XJ�3 HSAS(sn + e, hn + w; e, w)§@o HSAS(s+ e, v + w; e, w)�3¶

(2) XJ�3 SAS(sn + e, hn + w)§@o SAS(s+ e, v + w)�3¶

(3) XJ�3 SAS∗(sn + e, hn + w)§@o SAS∗(s+ e, v + w)�3"

y². � A´3 V = ∪si=1Hi þ. {(si, hi) : 1 ≤ i ≤ n}� SFS"� W ´��� w �8

Ü§� V pØ��§·�ò#�:8�� V ∪W"y3§V\#� e1Ú e�"é?¿

1 ≤ i ≤ n− 1§^ HSAS(si + e, hi +w; e, w)ò si × si�f�Ú#O� e1 e�W÷§¦�

#O1Ú���/¤��É",�^ HSAS(sn + e, hn +w; e, w)ò sn× sn�f�Ú#O�

e1 e�W÷"N´��y���´�� HSAS(s+ e, v + w; e, w)"�eA«�/�y²�

´aq�"
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XJ u ∈ ZX2 ´ MCWC(w1, n1;w2, n2; d) ���èi"·��±^��o�|

〈a1, a2, a3, a4〉 ∈ X4 5L« u§Ù¥ ua1 = ua2 = ua3 = ua4 = 1"3�!¥§·�ò

��A^ù«PÒ5L«��èi"

Ún 3.30. � n1 ∈ {3, 5, 7, 9, 11, 13, 15, 17, 19, 21, 25, 29, 33, 37}§n1 ≤ n2 ≤ 2n1 − 1§n2 ´

Ûê§@o

1. T(2, n1; 2, n2; 6) = bn2(n1−1)
4
c§Ø
 (n1, n2) = (5, 7)¶

2. T(2, 5; 2, 7; 6) = 6"

y². T(2, 5; 2, 7; 6) ≤ 6�y²�±3 [2]¥é�"è��EXe¤«"

é 3 ≤ n1 ≤ 9§� X = {0, 1, 2, . . . , n1 + n2 − 1}"X �±�y©� X = X1 ∪ X2§

X1 = {0, 1, . . . , n1 − 1}Ú X2 = {n1, n1 + 1, . . . , n1 + n2 − 1}"3L 3-1¥�Ñ
¤I�E

�èi"

é n1 ∈ {13, 17, 21, 25, 29, 33, 37}§è�äN�E�±ë��©�N¹"

é n1 ∈ {11, 15, 19}§n1 ≤ n2 ≤ 2n1 − 3§l�©�N¹¥�Ñ HSAS(n2, n1; 3, 3)§

^ SAS∗(3, 3)£�du MCWC(2, 3; 2, 3; 6)¤ò§�ÉWþ§�±�� SAS∗(n2, n1)"d·

K 3.28§ù�du MCWC(2, n1; 2, n2; 6)�èiê8� bn2(n1−1)
4
c"é n1 ∈ {11, 15, 19}Ú

n2 = 2n1 − 1§·�?1aq�ö�¶l�©�N¹¥�Ñ HSAS(n2, n1; 5, 3)^ SAS∗(5, 3)

£�duMCWC(2, 5; 2, 3; 6)¤ò§�ÉWþ"

Ún 3.31. � t´����ê§2t + 1 ≥ 21§2t + 1 6∈ {23, 27, 29, 33, 39, 43, 51, 59, 75, 83, 87,

95, 99, 107, 139, 179}"� n1 = 4t + 1½ö 4t + 3§n1 ≤ n2 ≤ 2n1 − 1§n2 ´Ûê"@o

T(2, n1; 2, n2; 6) = bn2(n1−1)
4
c"

y². d·K 3.27 Ú 3.28§·��I��E�A� SAS(n2, n1)§n1 ≡ 1 (mod 4)¶½ö

SAS∗(n2, n1)§n1 ≡ 3 (mod 4)"

éz��½� t� 2t+1 6∈ {71, 111, 113, 115, 119}§�Ñ (2t+1, {5, 7, 9}, 1)-PBD§í�

��:��. 4i6j8k� {5, 7, 9}-GDD§4i+6j+8k = 2t"òþ (4, 2)½ö (2, 2)©��z

�:þ§A^�E 8¶±�©�N¹¥�. (4, 2)a(2, 2)b� SFS��Ñ\§a+b ∈ {5, 7, 9}"

@o·��±��� SFS�.´

(8, 8)i8(10, 8)i10 · · · (16, 8)i16(12, 12)j12 · · · (24, 12)j24(16, 16)k16 · · · (32, 16)k32 ,
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L 3-1 �ëêe�MCWC(2, n1; 2, n2; 6)§3 ≤ n1 ≤ 9

(n1, n2) èi

(3, 3) 〈0, 1, 3, 4〉

(3, 5) 〈0, 1, 3, 4〉 〈1, 2, 5, 6〉

(5, 5) 〈0, 1, 5, 6〉 〈0, 2, 7, 8〉 〈1, 3, 7, 9〉 〈2, 4, 5, 9〉 〈3, 4, 6, 8〉

(5, 7) 〈0, 1, 5, 6〉 〈0, 2, 7, 8〉 〈0, 3, 9, 10〉 〈1, 2, 9, 11〉 〈1, 4, 7, 10〉 〈3, 4, 5, 8〉

(5, 9) 〈0, 3, 10, 9〉 〈2, 3, 5, 13〉 〈0, 2, 8, 7〉 〈0, 4, 11, 12〉 〈1, 2, 9, 11〉 〈1, 3, 7, 12〉 〈0, 1, 6, 5〉 〈1, 4, 8, 13〉 〈2, 4, 6, 10〉

(7, 7)
〈0, 1, 7, 8〉 〈0, 2, 9, 10〉 〈0, 3, 11, 12〉 〈1, 2, 11, 13〉 〈1, 4, 9, 12〉 〈2, 5, 7, 12〉 〈3, 4, 7, 10〉

〈3, 5, 8, 9〉 〈4, 6, 8, 11〉 〈5, 6, 10, 13〉

(7, 9)
〈0, 1, 7, 8〉 〈0, 2, 9, 10〉 〈0, 3, 11, 12〉 〈0, 4, 13, 14〉 〈1, 2, 11, 13〉 〈1, 3, 9, 14〉 〈1, 4, 10, 12〉

〈2, 3, 7, 15〉 〈2, 5, 8, 12〉 〈3, 5, 10, 13〉 〈4, 5, 7, 9〉 〈4, 6, 8, 11〉 〈5, 6, 14, 15〉

(7, 11)

〈0, 1, 7, 8〉 〈0, 2, 9, 10〉 〈1, 5, 11, 13〉 〈0, 4, 13, 14〉 〈0, 5, 15, 16〉 〈3, 6, 16, 13〉 〈1, 3, 9, 14〉

〈0, 3, 11, 17〉 〈1, 6, 15, 17〉 〈2, 3, 7, 15〉 〈2, 4, 8, 16〉 〈2, 5, 12, 14〉 〈3, 5, 8, 10〉 〈1, 4, 12, 10〉

〈4, 5, 7, 17〉 〈4, 6, 9, 11〉

(7, 13)

〈0, 1, 7, 8〉 〈0, 2, 9, 10〉 〈0, 3, 11, 12〉 〈1, 4, 12, 10〉 〈5, 4, 7, 9〉 〈0, 6, 17, 18〉 〈1, 2, 11, 13〉

〈1, 3, 9, 14〉 〈3, 5, 10, 8〉 〈1, 5, 17, 19〉 〈3, 4, 19, 18〉 〈2, 4, 8, 16〉 〈5, 0, 16, 15〉 〈0, 4, 14, 13〉

〈2, 3, 7, 17〉 〈3, 6, 13, 16〉 〈4, 6, 11, 15〉 〈2, 5, 12, 18〉 〈2, 6, 14, 19〉

(9, 9)

〈7, 3, 15, 12〉 〈2, 1, 16, 11〉 〈4, 8, 9, 15〉 〈0, 3, 11, 10〉 〈2, 8, 10, 13〉 〈2, 6, 9, 12〉 〈4, 5, 11, 12〉

〈1, 0, 12, 17〉 〈6, 7, 13, 17〉 〈6, 0, 14, 15〉 〈6, 4, 10, 16〉 〈1, 4, 14, 13〉 〈7, 1, 10, 9〉 〈7, 8, 14, 11〉

〈3, 8, 17, 16〉 〈5, 2, 15, 17〉 〈3, 5, 14, 9〉 〈0, 5, 13, 16〉

(9, 11)

〈4, 8, 13, 11〉 〈3, 0, 14, 10〉 〈6, 5, 11, 19〉 〈3, 1, 16, 11〉 〈0, 8, 16, 15〉 〈8, 2, 9, 17〉 〈6, 2, 14, 13〉

〈6, 8, 12, 10〉 〈4, 3, 17, 15〉 〈6, 3, 9, 18〉 〈4, 1, 12, 18〉 〈3, 5, 13, 12〉 〈8, 1, 19, 14〉 〈7, 0, 11, 12〉

〈1, 7, 9, 13〉 〈0, 5, 17, 18〉 〈6, 7, 17, 16〉 〈2, 7, 19, 18〉 〈7, 5, 14, 15〉 〈0, 4, 9, 19〉 〈1, 2, 10, 15〉

〈4, 5, 10, 16〉

(9, 13)

〈6, 4, 13, 17〉 〈3, 2, 17, 9〉 〈0, 1, 9, 10〉 〈6, 3, 18, 15〉 〈5, 0, 16, 17〉 〈2, 5, 18, 13〉 〈7, 1, 18, 20〉

〈2, 1, 12, 15〉 〈2, 4, 16, 14〉 〈1, 5, 19, 21〉 〈6, 7, 9, 12〉 〈8, 7, 13, 16〉 〈8, 2, 20, 19〉 〈0, 3, 19, 13〉

〈4, 5, 20, 9〉 〈8, 0, 18, 12〉 〈7, 3, 14, 21〉 〈7, 5, 15, 10〉 〈7, 4, 19, 11〉 〈1, 3, 16, 11〉 〈6, 8, 10, 11〉

〈6, 0, 20, 14〉 〈3, 4, 12, 10〉 〈1, 8, 14, 17〉 〈0, 2, 11, 21〉 〈4, 8, 15, 21〉
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é?¿�K�ê i8, i10, . . . , i16, j12, . . . , k32§

i8 + i10 + · · ·+ i16 = i

j12 + j14 + · · ·+ j24 = j

k16 + k18 + · · ·+ k32 = k.

y3·��±ÏLe¡�n«�ª5W SFS�Éµ

1. #O�1��§|^�E 9 (2)§‘e = 1’ Ú ‘w = 1’¶Ñ\� HSAS(r, v; 1, 1) £i.e.

SAS(r, v)¤�±dÚn 3.30��§v ∈ {9, 13, 17}§v ≤ r ≤ 2v − 1"�ª·���


�� SAS(s, 4t+ 1; 1, 1)§Ù¥ 4t+ 1 ≤ s ≤ 8t+ 1"

2. #On1n�§|^�E 9 (1)§‘e = 3’Ú ‘w = 3’¶Ñ\� HSAS(r, v; 3, 3)��E3

�©�N¹¥�Ñ§v ∈ {11, 15, 19}§v ≤ r ≤ 2v− 3"·��� HSAS(s, 4t+ 3; 3, 3)§

4t + 3 ≤ s ≤ 8t + 3",�^Ún 3.30 ¥��� SAS(3, 3) 5WÉ§�ª��

SAS∗(s, 4t+ 3)§4t+ 3 ≤ s ≤ 8t+ 3"

3. � SFS�.´ (16, 8)i(24, 12)j(32, 16)k �§#OÊ1ÚÊ�§A^�E 9 (1)§‘e = 5’

Ú ‘w = 3’¶Ñ\� HSAS(r, v; 5, 3)��E3�©�N¹¥�Ñ§(r, v) ∈ {(21, 11),

(29, 15), (37, 19)}"·��� HSAS(8t + 5, 4t + 3; 5, 3)",�|^Ún 3.30¥�E�

SAS∗(5, 3)5WÉ§�ª�� SAS∗(8t+ 5, 4t+ 3)"

é 2t+ 1 = 71§� TD(9, 8)§l,�|¥�á8�:§�±����. 8861� {8, 9}-

GDD"�þ¡��{aq§·��±�� SAS(s, 4t+ 1)Ú SAS∗(s, 4t+ 3)"ùpÑ\�.

(4, 2)a(2, 2)8−a� SFS�3�©�N¹¥�Ñ§0 ≤ a ≤ 8"

é 2t + 1 ∈ {111, 113, 115, 119}§�. 815 � {7, 9}-GDD [21]§�á��ü�|��.

81361§814§8136141§81461 � {5, 6, 7, 8, 9}-GDD"Ón·��±����� SASÚ SAS∗"

Ñ\�. (4, 2)a(2, 2)6−a� SFS3�©�N¹¥�Ñ"

Ún 3.32. � t´����ê§2t + 1 ∈ {39, 43, 51, 59, 75, 99}"� n1 = 4t + 1½ö 4t + 3§

n1 ≤ n2 ≤ 2n1 − 1§n2´Ûê"@o T(2, n1; 2, n2; 6) = bn2(n1−1)
4
c"

y². é 2t + 1 = 39§���. 6621 � {5, 7}-GDD [21]§5¿� 6 × 6 + 2 = 2t"@o

·��±��. (12, 12)i12(14, 12)i14 · · · (24, 12)i24(4, 4)j4(8, 4)j8 � SFS§é?¿�K�ê

i12, i14, . . . , i24, j4, j8§i12 + i14 + · · ·+ i24 = 6� j4 + j8 = 1"y3·��±ÏLe¡�n«

�ª5W SFS�Éµ
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1. #V�1��§|^�E 9 (2)§‘e = 1’Ú ‘w = 1’¶Ñ\� HSAS(r, 13; 1, 1) £i.e.

SAS(r, 13)¤§13 ≤ r ≤ 25§SAS(5, 5)Ú SAS(9, 5)�±lÚn 3.30¥��"�ª·�

��
�� SAS(s, 77)§Ù¥ 77 ≤ s ≤ 153"

2. #On1n�§|^�E 9 (3)§‘e = 3’Ú ‘w = 3’¶Ñ\� HSAS(r, 15; 3, 3)��E

3�©�N¹¥�Ñ§15 ≤ r ≤ 27§SAS∗(7, 7)Ú SAS∗(11, 7)lÚn 3.30¥��"

�ª�� SAS∗(s, 79)§79 ≤ s ≤ 155"

3. � SFS �.� (24, 12)6(8, 4)1 �§#OÊ1ÚÊ�§A^�E 9 (3)§‘e = 5’ Ú

‘w = 3’¶Ñ\� HSAS(29, 15; 5, 3)��E3�©�N¹¥�Ñ§SAS∗(13, 7)dÚn

3.30�Ñ"·��� SAS∗(157, 79)"

é 2t + 1 ∈ {43, 51, 59, 75, 99}§·�©Ol. 8521! 8621! 8721! 8921! 81221 �

{5, 6, 7, 8, 9}-GDDÑu§5�E·o¤I� SASÚ SAS∗¶ùp·�A^ SAS(r, 17)£Ú

n 3.30¤!HSAS(r, 19; 3, 3)£N¹¤!HSAS(37, 19; 5, 3)£N¹¤5W SFS�É"

Ún 3.33. � t ´����ê§2t + 1 ∈ {107, 139, 179}"� n1 = 4t + 1 ½ö 4t + 3§

n1 ≤ n2 ≤ 2n1 − 1§n2´Ûê"@o T(2, n1; 2, n2; 6) = bn2(n1−1)
4
c"

y². é 2t + 1 = 107§� TD(6, 20)§l§�����|¥�á8�:§�±����

. 20561 � {5, 6}-GDD"@o·��±��. (40, 40)i40(42, 40)i42 · · · (80, 40)i80(12, 12)j12

(14, 12)j14 · · · (24, 12)j24 � SFS§é?¿��K�ê i40, i42, . . . , i80, j12, . . . , j24§i40 + i42 +

· · ·+ i80 = 5§j12 + j14 + . . .+ j24 = 1"y3·��±ÏLe¡�n«�ª5W SFS�Éµ

1. #V�1��§|^�E 9 (2)§‘e = 1’Ú ‘w = 1’¶Ñ\� HSASÚ SAS�±lÚ

n 3.30–3.31¥��"�ª·���
�� SAS(s, 213)§Ù¥ 213 ≤ s ≤ 425"

2. #On1n�§|^�E 9 (3)§ ‘e = 3’ Ú ‘w = 3’¶Ñ\� HSAS(r, 43; 3, 3)§

43 ≤ r ≤ 83§Ú SAS∗(r, 15)�±lÚn 3.30–3.31¥��"�ª�� SAS∗(s, 215)§

215 ≤ s ≤ 427"

3. � SFS �.´ (80, 40)5(24, 12)1 �§#OÊ1ÚÊ�§A^�E 9 (3)§‘e = 5’ Ú

‘w = 3’¶Ñ\� HSAS(85, 43; 5, 3)Ú SAS∗(29, 15)dÚn 3.30–3.31�Ñ"·���

SAS∗(429, 215)"

é 2t + 1 = 139½ö 179§� TD(8, 24)§�á§���n�|§�±��. 24563!

2476141� {5, 6, 7, 8, 9}-GDD",�·��±^aq��{����� SASÚ SAS∗"
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Ón§·��±��Xe�(Øµ

Ún 3.34. � t´����ê§2t + 1 ∈ {83, 87, 95}"� n1 = 4t + 1§n1 ≤ n2 ≤ 2n1 − 1§

n2´Ûê"@o T(2, n1; 2, n2; 6) = n2(n1−1)
4

.

nþ¤ã§·��±��±e�(Ø

½n 3.35. � n1, n2 ´ü�Ûê§0 < n1 ≤ n2 ≤ 2n1 − 1"Ø
 (n1, n2) = (5, 7) ��¹

Ú n1 ∈ {23, 27, 31, 35, 39, 45, 47, 53, 55, 57, 59, 65, 67, 165, 175, 191} ù
�U�¹�	§Ñ

k T(2, n1; 2, n2; 6) = bn2(n1−1)
4
c"

3.6 ���(((

�ÙÌ�0�
éõ~è�ïÄ"��¡3�
A½�ëêe§·�|^¥¡è

�þ.�Ñ�#�'uõ~è�þ.§ù�±^5U?1n. Johnson.§Ó�·�

��
õ~è��� GV.§ù�±U?d?é���e.",��¡§·�A��

�(½
4�ål� 2
∑m

i=1 wi − 2Ú 2mw − 2wùüaè���èiê8"��§·��

.)û
þ� 4!4�ål� 6��`õ~è"

¯¢þ§~è�ïÄ�'�����è�\(J§~è�ìCþ.Úé GV.�

��U?8c�vkXÚ�(J"õ~è���«AÏ�~è§§�ïÄØ=é

ÔnØ���¼ê��Oäk�¿Â§¿�é~è�nØïÄäké��ë�¿Â"

3�5�ïÄ¥§·�F"�±���õ��`õ~è�~f§l�~è�ïÄ

JønØ�â"
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4 L-������XXX

4.1 000���

·�¡ [n] = {1, 2, . . . , n} ¥�8x A ´���§XJ8x A ¥�?Û�é8Ü

Ai, Aj ∈ AÑk����"- L´d s��K�ê¤�¤�8Ü"XJ8x A¥�?Û�

é8Ü Ai, Aj Ñ÷v |Ai ∩Aj| ∈ L§·�¡�� L-��X"XJ8x¥�z�8Ü��Ñ

�Ó§K·�¡ù�8x´þ!�"4�8ÜØ���Ì�ïÄé�Ò´(½��8xÚ

L-��X���"Ù¥�Í¶�ü�½n´ EKR½nÚ RW½n§§�©O�x
��

8xÚ L-��X����U�§¿(½
Ù4��/"

e¡´ de BruijinÚ Erdös3 1948c���'u��X�(J"

½n 4.1. [24]XJ [n]¥�8x A÷v |Ai ∩ Ai| = 1é?¿� Ai, Aj ∈ A§@o |A| ≤ n"

�c��§3©z [8]¥ Boseéþ¡�(J?1
��5�í2"

½n 4.2. [8] XJ [n]¥�8x A÷v |Ai ∩ Ai| = λ£λ 6= 0¤é?¿� Ai, Aj ∈ A§@o

|A| ≤ n"

1961c§Erdös§KoÚ Rado�ªuL
¦�²;�Ø© [32]§y²
Xe'u k-þ!

��8x�(J"

½n 4.3. � n > 2k§A� [n]¥� k-þ!��8x§@o |A| ≤
(
n−1
k−1

)
"�Ò¤á��¦�

8x A�¤k k�f8Ñ�¹���Ó���"

��3 1975c§Ray-ChaudhuriÚWilson [64] 3þ! L-��X�¡��
Xe��

?Ðµ

½n 4.4. � A´ [n]¥� k-þ! L-��X§@o |A| ≤
(
n
s

)
"
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3�
A½�ëêe§ù�Ø�ª´�`�£�·��Ä L = {0, 1, . . . , s− 1}§8x

Ad¤k� s�f8¤�¤¤"

1981c§FranklÚWilson [36] éþ¡�(J?1
��z/í2µ

½n 4.5. � A´ [n]¥� L-��X§@o A ≤
(
n
s

)
+
(
n
s−1

)
+ · · ·+

(
n
0

)
"

�·��Ä�8xd¤k���õ� s�f8¤�¤�§þã�.�´ØU�U?

�"

3Ó��Ø©¥¦����
�¿Âe� RW½n"

½n 4.6. � p �?¿�ê§A ´ [n] ¥� k-þ!8x÷v k (mod p) /∈ L Ú |Ai ∩ Aj|

(mod p) ∈ Lé¤k i 6= j§@o |A| ≤
(
n
s

)
"

3 1991c§Alon§BabaiÚ Suzuki [3]ò½n 4.6¥�þ!^�O�¤ A¥�8Ü3�

pek r«ØÓ���§��
Xe/ª�í2µ

½n 4.7. � K = {k1, k2, . . . , kr} Ú L = {l1, l2, . . . , ls} � {0, 1, . . . , p − 1} ¥ü�pØ

���f8§Ù¥ p �?��ê"e8x A ÷v |Ai| (mod p) ∈ K é?¿ Ai ∈ A§

|Ai ∩ Aj| (mod p) ∈ Lé i 6= j§� r(s − r + 1) ≤ p − 1Ú n ≥ s + max1≤i≤r ki �§@o

|A| ≤
(
n
s

)
+
(
n
s−1

)
+ · · ·+

(
n

s−r+1

)
"

3½n 4.7�y²¥§Alon§BabaiÚ Suzuki¦^
�~rå��5�ê�{±9�

�ékE|5�Ún 3.6"¢Ã�´½n¥�^� r(s−r+1) ≤ p−1Ú n ≥ s+max1≤i≤r ki

wå5¿Ø´�~g,§Ïd¦�JÑ
^� r(s− r+ 1) ≤ p− 1´Ä�±��K�ß�"

Snevily�@éù�¯K?1
&¢§3 1994c©z [70] ¥��
� n¿©��§ABSß

�¤á"

½n 4.8. � p´���ê§K,L´ {0, 1, . . . , p− 1}¥�ü�pØ���f8"� |L| = s§

A´ [n]¥�8x§÷v |Ai| (mod p) ∈ K é?¿ Ai ∈ A� |Ai ∩Aj| (mod p) ∈ Lé?¿

i 6= j§@o |A| ≤
(
n−1
s

)
+
(
n−1
s−1

)
+ · · ·+

(
n−1

0

)
"

2000c QianÚ Ray-Chaudhuri [59] l,���Ý|^�5�ê�{§ò 4.7¥�^�
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r(s− r + 1) ≤ p− 1Ú n ≥ s+ max1≤i≤r kiO�¤
���~{'�^� n ≥ 2s− r"

½n 4.9. � p���ê§K = {k1, k2, . . . , kr}Ú L = {l1, l2, . . . , ls}´ {0, 1, . . . , p − 1}¥

ü�pØ���f8"XJ n ≥ 2s− r§8x A÷v |Ai| (mod p) ∈ K é?¿ Ai ∈ AÚ

|Ai ∩ Aj| (mod p) ∈ Lé?¿ i 6= j§@o |A| ≤
(
n
s

)
+
(
n
s−1

)
+ · · ·+

(
n

s−r+1

)
"

���C§ABSß�âd HwangÚ Kim��)û [42]"

½n 4.10. � p ���ê§K = {k1, k2, . . . , kr} Ú L = {l1, l2, . . . , ls} ´ {0, 1, . . . , p − 1}

¥ü�pØ���f8"XJ8x A÷v |Ai| (mod p) ∈ K é?¿ Ai ∈ AÚ |Ai ∩ Aj|

(mod p) ∈ Lé?¿ i 6= j§� n ≥ s+max1≤i≤r ki�§@o |A| ≤
(
n
s

)
+
(
n
s−1

)
+· · ·+

(
n

s−r+1

)
"

3©z [17]¥§ChenÚ Liu3^� min{ki} > max{li}eU?
½n 4.8¥�þ."

½n 4.11. � p´���ê§L = {l1, l2, . . . , ls}Ú K = {k1, k2, . . . , kr}´ {0, 1, . . . , p − 1}

¥pØ���ü�f8§¦� min{ki} > max{li}"XJ A ´ [n] ¥�8x§÷v |Ai|

(mod p) ∈ K é?¿ Ai ∈ A§� |Ai ∩ Aj| (mod p) ∈ L é?¿ i 6= j§@o |A| ≤(
n−1
s

)
+
(
n−1
s−1

)
+ · · ·+

(
n−1

s−2r+1

)
"

3©z [55]¥§LiuÚ Yangò½n 4.11¥�(Ø3^� ki > s− re?1
í2"

½n 4.12. � p´���ê§L = {l1, l2, . . . , ls}Ú K = {k1, k2, . . . , kr}´ {0, 1, . . . , p − 1}

¥pØ���ü�f8§¦� ki > s − r é?¿ i"XJ A ´ [n] ¥�8x§÷v

|Ai| (mod p) ∈ K é?¿ Ai ∈ A§� |Ai ∩ Aj| (mod p) ∈ L é?¿ i 6= j§@o |A| ≤(
n−1
s

)
+
(
n−1
s−1

)
+ · · ·+

(
n−1

s−2r+1

)
"

3Ó��©Ù¥§�ö�3½n 4.7�^�e§��
�Ó�(Ø"

½n 4.13. � p´���ê§L = {l1, l2, . . . , ls}Ú K = {k1, k2, . . . , kr}´ {0, 1, . . . , p − 1}

¥pØ���ü�f8§¦� r(s− r + 1) ≤ p− 1§n ≥ s+ max1≤i≤r ki"XJ A´ [n]¥

�8x§÷v |Ai| (mod p) ∈ K é?¿ Ai ∈ A§� |Ai ∩ Aj| (mod p) ∈ L é?¿ i 6= j§

@o |A| ≤
(
n−1
s

)
+
(
n−1
s−1

)
+ · · ·+

(
n−1

s−2r+1

)
"
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3�Ù¥§·�òé±þ�(J?1wÍ�U?"·��Ì�(ØXeµ

½n 4.14. � p���ê§K = {k1, k2, . . . , kr}Ú L = {l1, l2, . . . , ls}´ {0, 1, . . . , p− 1}¥

ü�pØ���f8"XJ n ≥ 2s− 2r+ 1§8xA÷v |Ai| (mod p) ∈ Ké?¿ Ai ∈ A

Ú |Ai ∩ Aj| (mod p) ∈ Lé?¿ i 6= j§@o |A| ≤
(
n−1
s

)
+
(
n−1
s−1

)
+ · · ·+

(
n−1

s−2r+1

)
"

½n 4.15. � p���ê§K = {k1, k2, . . . , kr}Ú L = {l1, l2, . . . , ls}´ {0, 1, . . . , p− 1}¥

ü�pØ���f8"XJ8x A ÷v |Ai| (mod p) ∈ K é?¿ Ai ∈ A Ú |Ai ∩ Aj|

(mod p) ∈ Lé?¿ i 6= j§� n ≥ s + max1≤i≤r ki �§@o |A| ≤
(
n−1
s

)
+
(
n−1
s−1

)
+ · · · +(

n−1
s−2r+1

)
"

5¿�Xe¯¢µ� n ≥ 2s− 2�§é 1 ≤ i ≤ r− 1k
(
n−1
s

)
+
(
n−1
s−1

)
+ · · ·+

(
n−1

s−2r+1

)
=(

n
s

)
+
(
n
s−2

)
+ · · · +

(
n

s−2(r−1)

)
Ú
(

n
s−2i

)
<
(
n
s−i

)
"½n 4.14U?
 QianÚ Ray-Chaudhuri½

n 4.9¥�(J¶� n ≥ 2s− 2�§½n 4.15\r
½n 4.10¥�(J"

½n 4.7§4.9§4.12§4.13Ñ®²3©z [38,55] ¥�í2�
 k�8Ü����/"|

^�q��{§·���±ò½n 4.14Ú 4.15?1Xeí2"

½n 4.16. � p ´���ê§k ≥ 2"� L = {l1, l2, . . . , ls} Ú K = {k1, k2, . . . , kr} ´

{0, 1, . . . , p− 1}¥�ü�pØ���f8"XJ [n]¥�8x A÷v |Ai| (mod p) ∈ K é

?¿ Ai ∈ A§� |Ai1 ∩ Ai2 ∩ . . . ∩ Aik | (mod p) ∈ LéA¥?¿ k �ØÓ�f8"XJ

n ≥ 2s−2r+1½ön ≥ s+max1≤i≤r ki§@o |A| ≤ (k−1)
[(
n−1
s

)
+
(
n−1
s−1

)
+ · · ·+

(
n−1

s−2r+1

)]
"

4.2 ½½½nnn 4.14���yyy²²²

�!·�?1½n 4.14�y²"

3�!¥·�éPÒ�Xe5½µ�X = [n−1] = {1, 2, . . . , n−1}´d (n−1)���

�¤�8Ü§p���ê§L = {l1, l2, . . . , ls}ÚK = {k1, k2, . . . , kr}´ {0, 1, . . . , p−1}¥�

ü�pØ���f8"�A = {A1, A2, . . . , Am}´ [n]¥�8x÷vµ(1) |Ai| (mod p) ∈ K

é?¿ 1 ≤ i ≤ m§(2) |Ai ∩ Aj| (mod p) ∈ Lé i 6= j"Ø���5§·��o´�3��

�~ê t§¦� n /∈ Aié 1 ≤ i ≤ t§n ∈ Aié i ≥ t+ 1"P

Pi(X) = {S|S ⊂ X , |S| = i}.

·�òCþ xi �8Ü Ai ∈ A�'é¿�- x = (x1, x2, . . . , xm)"é?¿f8 I ⊂ X§½
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4 L-��X

Â

LI =
∑

i:I⊂Ai∈A

xi.

3 Fpþ�ÄXe�5�§|µ

{LI = 0, Ù¥ I H{ ∪si=0 Pi(X)}. (4-1)

·K 4.17. XJ8x A÷v(1)(2)§@oþ¡��5�§|�k")"

y². ·�Ø�� v = (v1, v2, . . . , vm)´�§| (4-1)���)"·��y²3 Fpþ v�U

´"�þ"½ÂXeü�9Ïõ�ªµ

g(x) =
s∏
j=1

(x− lj)

Ú

h(x) = g(x+ 1) =
s∏
j=1

(x+ 1− lj).

du
(
x
0

)
,
(
x
1

)
, . . . ,

(
x
s

)
3gê�õ� s �õ�ª�m Fp[x] ¥/¤�|Ä§©O�3~ê

a0, a1, . . . , as ∈ FpÚ b0, b1, . . . , bs ∈ Fp¦�

g(x) =
s∑
i=0

ai

(
x

i

)
Ú

h(x) =
s∑
i=0

bi

(
x

i

)
¤á"� Ai0 ´ vi0 6= 0¤éA�8Ü"e¡·�y²ü�ð�ªµ

XJ n /∈ Ai0§@o
s∑
i=0

ai
∑

I∈Pi(X),I⊂Ai0

LI =
∑
Ai∈A

g(|Ai ∩ Ai0|)xi; (4-2)

XJ n ∈ Ai0§@o
s∑
i=0

bi
∑

I∈Pi(X),I⊂Ai0

LI =
t∑
i=1

h(|Ai ∩ Ai0|)xi +
∑
i≥t+1

h(|Ai ∩ Ai0| − 1)xi. (4-3)

·�ÏL'�ü>�Xê5y²§�"é?¿ Ai ∈ A§3ªf (4-2)¥ xi3�>�Xê´

s∑
i=0

ai|{I ∈ Pi(X) : I ⊂ Ai0 , I ⊂ Ai}| =
s∑
i=0

ai

(
|Ai ∩ Ai0|

i

)
,

49



úô�ÆÆ¬Æ Ø©

d ai�½Â�±��§� g(|Ai ∩ Ai0|)��"ùÒy²
�ª (4-2)"

é?¿ i ≤ t§3ªf (4-3)¥ xi3�>�Xê´

s∑
i=0

bi|{I ∈ Pi(X) : I ⊂ Ai0 , I ⊂ Ai}| =
s∑
i=0

bi

(
|Ai ∩ Ai0|

i

)
,

é?¿ i ≥ t+ 1§3ªf (4-3)¥ xi3�>�Xê´

s∑
i=0

bi|{I ∈ Pi(X) : I ⊂ Ai0 , I ⊂ Ai}| =
s∑
i=0

bi

(
|Ai ∩ Ai0| − 1

i

)
.

ùÒy²
�ª (4-3)"

XJ n 6∈ Ai0§ò vi�\��ª (4-2)¥§·���
s∑
i=0

ai
∑

I∈Pi(X),I⊂Ai0

LI(v) =
∑
Ai∈A

g(|Ai ∩ Ai0|)vi.

du v´�§| (4-1)���)§w,�ª�>�u 0"� i 6= i0§é Ai ∈ A§k |Ai ∩Ai0|

(mod p) ∈ L§Ïd g(|Ai ∩Ai0|) = 0"dþ¡���ª�m>�u g(|Ai0|)vi0"nþ·�k

g(|Ai0|)vi0 = 0"du L ∩K = ∅§·��±ÏL g(|Ai0|) 6= 0§�� vi0 = 0"ù� v´��

�"�þù�b½´gñ�"

XJ n ∈ Ai0§ò vi�\��ª (4-3)¥§·���

s∑
i=0

bi
∑

I∈Pi(X),I⊂Ai0

LI(v) =
t∑
i=1

h(|Ai ∩ Ai0|)vi +
∑
i≥t+1

h(|Ai ∩ Ai0| − 1)vi

=
∑
i≥t+1

h(|Ai ∩ Ai0| − 1)vi. (dué?¿ i ≤ t§vi = 0)

du h(|Ai ∩ Ai0| − 1) = g(|Ai ∩ Ai0|)§·��±ÏLÚþ©aq�?Ø�Ñgñ"

dþã�·K·��±��µ

|A| ≤ dim({LI : I ∈ ∪si=0Pi(X)}),

Ù¥·�P dim({LI : I ∈ ∪si=0Pi(X)})��þ�m {LI : I ∈ ∪si=0Pi(X)}��ê"�!{

e�Ü©·�ò�Où��m��ê"

Ún 4.18. é?¿ i ∈ {0, 1, . . . , s− 2r + 1}§I ∈ Pi(X)§3 Fpþ�5/∑
H∈Pi+2r(X),I⊂H

LH

�±��5/ {LH : i ≤ |H| ≤ i+ 2r − 1, H ⊂ X}¤LÑ"
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y². ½Â

f(x) =

(
r∏
j=1

(x− (kj − i))

)
×

(
r∏
j=1

(x− (kj − 1− i))

)
.

·�©ü«�¹?1?Øµ

(a) é¤k iþk i (mod p) /∈ K Ú i+ 1 (mod p) /∈ K"3ù«�/e§é?¿ kj ∈ K§

3 Fp ¥ kj − i 6= 0� kj − i − 1 6= 0§Ïd c = (k1 − i)(k2 − i) · · · (kr − i)(k1 − i −

1) · · · (kr − i− 1) 6= 0"w,�3~ê a1, a2, . . . , a2r−1 ∈ Fp§a2r = (2r)! ∈ Fp − {0}¦

�

a1

(
x

1

)
+ a2

(
x

2

)
+ · · ·+ a2r

(
x

2r

)
= f(x)− c

¤á"

e¡·�òy²µ

2r∑
j=1

aj
∑

H∈Pi+j(X),I⊂H

LH = −cLI . (4-4)

¯¢þªf�ü>Ñ´'u xA ��5/§xA 3�>�Xê�u
∑2r

j=1 aj|{H|I ⊂

H ⊂ A, n 6∈ H, |H| = i+ j}|"©�¹�±��Xe¯¢µ
0, XJ I 6⊂ A;

a1

(|A|−i
1

)
+ a2

(|A|−i
2

)
+ · · ·+ a2r

(|A|−i
2r

)
, XJ I ⊂ A Ú n /∈ A;

a1

(|A|−i−1
1

)
+ a2

(|A|−i−1
2

)
+ · · ·+ a2r

(|A|−i−1
2r

)
, XJ I ⊂ A Ú n ∈ A.

dþ¡��ª·��±��µ

2r∑
j=1

aj

(
|A| − i
j

)
= f(|A| − i)− c = −c du |A| (mod p) ∈ K;

2r∑
j=1

aj

(
|A| − i− 1

j

)
= f(|A| − i− 1)− c = −c du |A| (mod p) ∈ K.

xA3m>�Xêw,´���"ùÒy²
 (4-4)"

·�ò (4-4)^,�«�ªL�µ

∑
H∈Pi+2r(X),I⊂H

LH = − 1

(2r)!
(cLI +

2r−1∑
j=1

aj
∑

H∈Pi+j(X),I⊂H

LH).
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(b) �3 i ¦� i (mod p) ∈ K ½ö i + 1 (mod p) ∈ K ¤á"3ù«�/e§ªf

(x− (k1 − i))(x− (k2 − i)) · · · (x− (kr − i))(x− (k1 − i− 1)) · · · (x− (kr − i− 1))�~

ê�3 Fp þ´ 0"Ïd�3~ê a1, a2, . . . , a2r−1 ∈ Fp§a2r = (2r)! ∈ Fp − {0}¦�

a1

(
x
1

)
+ a2

(
x
2

)
+ · · ·+ a2r

(
x
2r

)
= f(x)¤á"·���

2r∑
j=1

aj
∑

H∈Pi+j(X),I⊂H

LH = 0 ∀I ∈ Pi(X),

�Ò` ∑
H∈Pi+2r(X),I⊂H

LH = − 1

(2r)!
(
2r−1∑
j=1

aj
∑

H∈Pi+j(X),I⊂H

LH).

ùÒ�¤
Ún�y²"

íØ 4.19. 3�Ún 4.18�Ó�^�e·�k

〈LH : H ∈ ∪i+2r−1
j=i Pj(X)〉

=
〈
LH : H ∈ ∪i+2r−1

j=i Pj(X)
〉

+

〈 ∑
H∈Pi+2r(X),I⊂H

LH : I ∈ Pi(X)

〉

Ù¥ 〈LH : H ∈ ∪i+2r−1
j=i Pj(X)〉´d {LH : H ∈ ∪i+2r−1

j=i Pj(X)}¤Ü¤��þ�m"

Ún 4.20. é?¿���ê u, v÷v u < v < p� u+ v ≤ n− 1§·�k

dim

(
〈LJ : J ∈ Pv(X)〉

〈
∑

J∈Pv(X),I⊂J LJ : I ∈ Pu(X)〉

)
≤
(
n− 1

v

)
−
(
n− 1

u

)
.

Ù¥ A
B
´ü��þ�m AÚ B �û�m"

Ún 4.21. é?¿ i ∈ {0, 1, . . . , s− 2r + 1}§(
n− 1

i

)
+

(
n− 1

i+ 1

)
+ · · ·+

(
n− 1

i+ 2r − 1

)
+ dim

(
〈LH : H ∈ ∪sj=iPj(X)〉
〈LH : H ∈ ∪i+2r−1

j=i Pj(X)〉

)

≤
(

n− 1

s− 2r + 1

)
+

(
n− 1

s− 2r + 2

)
+ · · ·+

(
n− 1

s

)
.

y². ·�é s− 2r + 1− i?18B"� s− 2r + 1− i = 0�§(Ø´w,¤á�"Ø�

�(Ø3 s− 2r + 1− i < l�¤á"·��Iy²(Ø3 s− 2r + 1− i = l��Ó�¤á
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=�"d½n�^�·��±�� i+ i+ 2r ≤ (s− 2r) + (s− 2r) + 2r ≤ n− 1"(ÜíØ

4.19ÚÚn 4.20§·�k

dim

(
〈LH : H ∈ ∪i+2r

j=i Pj(X)〉
〈LH : H ∈ ∪i+2r−1

j=i Pj(X)〉

)

= dim

(
〈LH : H ∈ ∪i+2r−1

j=i Pj(X)〉+ 〈LH : H ∈ Pi+2r(X)〉
〈LH : H ∈ ∪i+2r−1

j=i Pj(X)〉+ 〈
∑

H∈Pi+2r(X),I⊂H LH : I ∈ Pi(X)〉

)

≤ dim

(
LH : H ∈ Pi+2r(X)∑

H∈Pi+2r(X),I⊂H LH : I ∈ Pi(X)

)

≤
(
n− 1

i+ 2r

)
−
(
n− 1

i

)
.

y3·��±5y²ù�Ún§(
n− 1

i

)
+

(
n− 1

i+ 1

)
+ · · ·+

(
n− 1

i+ 2r − 1

)
+ dim

(
〈LH : H ∈ ∪sj=iPj(X)〉
〈LH : H ∈ ∪i+2r−1

j=i Pj(X)〉

)

=

(
n− 1

i

)
+

(
n− 1

i+ 1

)
+ · · ·+

(
n− 1

i+ 2r − 1

)
+ dim

(
〈LH : H ∈ ∪i+2r

j=i Pj(X)〉
〈LH : H ∈ ∪i+2r−1

j=i Pj(X)〉

)

+ dim

(
〈LH : H ∈ ∪sj=iPj(X)〉
〈LH : H ∈ ∪i+2r

j=i Pj(X)〉

)

=

(
n− 1

i

)
+

(
n− 1

i+ 1

)
+ · · ·+

(
n− 1

i+ 2r − 1

)
+ dim

(
〈LH : H ∈ ∪i+2r

j=i Pj(X)〉
〈LH : H ∈ ∪i+2r−1

j=i Pj(X)〉

)

+ dim

(
〈LH : H ∈ Pi(X)〉+ 〈LH : H ∈ ∪sj=i+1Pj(X)〉
〈LH : H ∈ Pi(X)〉+ 〈LH : H ∈ ∪i+2r

j=i+1Pj(X)〉

)

≤
(
n− 1

i

)
+

(
n− 1

i+ 1

)
+ · · ·+

(
n− 1

i+ 2r − 1

)
+ dim

(
〈LH : H ∈ ∪i+2r

j=i Pj(X)〉
〈LH : H ∈ ∪i+2r−1

j=i Pj(X)〉

)

+ dim

(
〈LH : H ∈ ∪sj=i+1Pj(X)〉
〈LH : H ∈ ∪i+2r

j=i+1Pj(X)〉

)

≤
(
n− 1

i

)
+

(
n− 1

i+ 1

)
+ · · ·+

(
n− 1

i+ 2r − 1

)
+

(
n− 1

i+ 2r

)
−
(
n− 1

i

)
+ dim

(
〈LH : H ∈ ∪sj=i+1Pj(X)〉
〈LH : H ∈ ∪i+2r

j=i+1Pj(X)〉

)

=

(
n− 1

i+ 1

)
+ · · ·+

(
n

i+ 2r

)
+ dim

(
〈LH : H ∈ ∪sj=i+1Pj(X)〉
〈LH : H ∈ ∪i+2r

j=i+1Pj(X)〉

)

≤
(

n− 1

s− 2r + 1

)
+ · · ·+

(
n− 1

s

)
,

Ù¥���Ú5gué s− 2r + 1− (i+ 1) < l�8Bb�"

y3·��
5y²½n 4.14��ÿ"

53



úô�ÆÆ¬Æ Ø©

½n 4.14�y².

|A| ≤ dim(〈LH : H ∈ ∪si=0Pi(X)〉)

≤ dim(〈LH : H ∈ ∪2r−1
i=0 Pi(X)〉) + dim

(
〈LH : H ∈ ∪si=0Pj(X)〉
〈LH : H ∈ ∪2r−1

i=0 Pj(X)〉

)
≤
(
n− 1

0

)
+

(
n− 1

1

)
+ · · ·+

(
n− 1

2r − 1

)
+ dim

(
〈LH : H ∈ ∪si=0Pj(X)〉
〈LH : H ∈ ∪2r−1

i=0 Pj(X)〉

)
≤
(

n− 1

s− 2r + 1

)
+

(
n− 1

s− 2r + 2

)
+ · · ·+

(
n− 1

s

)
3Ún 4.21¥� i = 0.

4.3 ½½½nnn 4.15���yyy²²²

3�!¥§·�5½ p´��ê§x = (x1, x2, . . . , xn)L«��3 0!1þ� n��

þ"·�¡��õ�ª f(x)´õ�5�§XJ?�Cþ xi �gê3z�ü�ª¥�õ´

1"w,/§� xi ����U´ 0½ 1�§?¿��õ�ª·�Ñ�±w¤´õ�5�"

é [n]¥���f8 A§·�^ v = (v1, v2, . . . , vn)§vi = 1� i ∈ A�§ÄK vi = 05½

Â§¤éA�A��þ vA"

� L = {l1, l2, . . . , ls}ÚK = {k1, k2, . . . , kr}´ {0, 1, . . . , p− 1}¥�ü�pØ���f

8§Ù¥ K ¥���·�^,S5ü�"Ø���5§·�b��3�ê t§¦� n ∈ Aj
� j ≥ t+ 1�§� 1 ≤ j ≤ t� n /∈ Aj"

é?¿8Ü Aj ∈ A§·�½ÂÙéA�õ�ª

fAj(x) =
s∏
i=1

(vAj · x− li).

N´wÑ fAj(x)´��gê�õ� s�õ�5õ�ª"

� Q� [n− 1]¥¤k���õ� s− 1�8Ü¤�¤�8x§@o |Q| =
∑s−1

i=0

(
n−1
i

)
"

éz�f8 L ∈ Q§½Â

qL(x) = (1− xn)
∏
i∈L

xi.

qL(x)�´��gê�õ� s�õ�5õ�ª"

P K − 1 = {ki − 1|ki ∈ K}§N´wÑ |K ∪ (K − 1)| ≤ 2r"-

g(x) =
∏

h∈K∪(K−1)

(
n−1∑
i=1

xi − h

)
.
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� Q� [n − 1]¥¤k���õ� s − 2r�8Ü¤�¤�8x§@o |W | =
∑s−2r

i=0

(
n−1
i

)
"

éz�f8 I ∈ W§½Â

gI(x) = g(x)
∏
i∈I

xi.

gI(x)�´��gê�õ� s�õ�5õ�ª"

·�F"y²ù
õ�ª

{fAi(x)|1 ≤ i ≤ m} ∪ {qL(x)|L ∈ Q} ∪ {gI(x)|I ∈ W}

3� Fpþ´�5Ã'�"XJ3� Fpþk���5|Ü¦�ù
õ�ª�Ú� 0µ

m∑
i=1

aifAi(x) +
∑
L∈Q

bLqL(x) +
∑
I∈W

uIgI(x) = 0. (4-5)

äääóóó1. é?¿ i÷v n ∈ Ai§þk ai = 0"

XJ�3 i0§¦� n ∈ Ai0 � ai0 6= 0"du n ∈ Ai0§qL(vAi0 ) = 0é?¿ L ∈ Q§3

�Ä� fAj(vi0) = 0é j 6= i0 ¿� g(vi0) = 0"·�ò x = vAi0 �\��ª (4-5)¥§�±

�� ai0fAi0 (vAi0 ) ≡ 0 (mod p)"qÏ� fAi0 (vAi0 ) 6= 0§·��� ai0 = 0§ù´�b�g

ñ�"

äääóóó2. é?¿ i÷v n 6∈ Ai§þk ai = 0"

|^äó 1§·��±��eªµ

t∑
i=1

aifAi(x) +
∑
L∈Q

bLqL(x) +
∑
I∈W

uIgI(x) = 0. (4-6)

XJ�3 i0§¦� n /∈ Ai0� ai0 6= 0"- v′i0 = vi0 +(0, 0, . . . , 0, 1)§@oé?¿ L ∈ Q§

Ñk qL(v′i0) = 0"5¿�é÷v n /∈ Aj � j Ñk fAj(v
′
i0

) = fAj(vi0)§¿� g(v′i0) = 0"

ò x = v′i0 �\��ª (4-6)¥§·�k ai0fAi0 (v′i0) = ai0fAi0 (vi0) ≡ 0 (mod p)"ù¿�X

ai0 = 0§�b��gñ"

äääóóó3. é?¿ L ∈ Q§Ñk bL = 0"

ÏLäó 1Ú 2§·ok∑
L∈Q

bLqL(x) +
∑
I∈W

uIgI(x) = 0. (4-7)

ò xn = 0�\��ª (4-7)¥§��∑
L∈Q

bL
∏
i∈L

xi +
∑
I∈W

uIgI(x) = 0.
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·�òþ¡�ªfl�ª (4-7)¥~�§

∑
L∈Q

bL

(
xn
∏
i∈L

xi

)
= 0.

-þª¥ xn = 1§ ∑
L∈Q

bL
∏
i∈L

xi = 0.

ØJ�y
∏

i∈L xi£L ∈ Q¤ù
õ�ª´�5Ã'�"Ïd·��� bL = 0"

däó 1− 3§·�ò�ªz{�∑
I∈W

uIgI(x) = 0.

Ïd·��Iy² gI ´�5Ã'�"

� N ´����ê§H = {h1, h2, . . . , hu} ´ [N ] ¥�^,Sü��f8"XJ

h1 ≥ g − 1§N − hu ≥ g − 1§½ö�3 i£1 ≤ i ≤ u − 1¤¦� hi+1 − hi ≥ g§@o·�

¡ H k����� g �mY"e¡�Únd Alon§BabaiÚ Suzuki3©z [3] ¥�Ñ
î

��y²"

Ún 4.22. �H ´ {0, 1, . . . , p− 1}¥�f8§òõ�ª
∏

h∈H(x1 + x2 + · · ·+ xN − h)P�

p(x)"XJ8Ü (H+pZ)∩[N ]�mY�u�u g+1§@oõ�ª {pI(x) : |I| ≤ g−1, I ∈ N}

3 Fpþ´�5Ã'�§Ù¥ pI(x) = p(x)
∏

i∈I xi"

�
A^Ún 4.22§·�½ÂµH = (K ∪ (K − 1) + pZ) ∩ [n− 1]§2ò n− 1©¤X

eo«�/?1?Øµ

1. s+ kr − 1 ≤ n− 1 < p+ k1 − 1;

2. s+ kr − 1 < p+ k1 − 1 ≤ n− 1;

3. (s− 2r + 1) + kr < p+ k1 − 1 ≤ s+ kr − 1 ≤ n− 1;

4. p+ k1 − 1 ≤ (s− 2r + 1) + kr ≤ s+ kr − 1 ≤ n− 1.

Case 1: s+ kr − 1 ≤ n− 1 < p+ k1 − 1"

du n− 1 < p+ k1 − 1§H =d {k1 − 1, k1, . . . , kr}¤�¤"qd s+ kr − 1 ≤ n− 1§

·��� n− 1− kr ≥ s− 1 ≥ s− 2r + 1§8Ü H �mY�u�u s− 2r + 2"
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Case 2: s+ kr − 1 < p+ k1 − 1 ≤ n− 1"

du n− 1 ≥ p+ k1 − 1§H ���¹Xe���µ{k1 − 1, k1, . . . , kr, p+ k1 − 1}"d

s+ kr − 1 < p+ k1 − 1§·��±�Ñ (p+ k1 − 1)− kr ≥ s ≥ s− 2r + 2§Ïd8Ü H �

mY�u�u s− 2r + 2"

Case 3: (s− 2r + 1) + kr < p+ k1 − 1 ≤ s+ kr − 1 ≤ n− 1"

du n− 1 ≥ p+ k1 − 1§H ���¹Xe���µ{k1 − 1, k1, . . . , kr, p+ k1 − 1}"d

(s− 2r + 1) + kr < p+ k1 − 1§·�k (p+ k1 − 1)− kr > s− 2r + 1§Ïd8Ü H �mY

�u�u s− 2r + 2"

|^Ún 4.22§·��±��3 1–3��/e§õ�ª

{fAi(x)|1 ≤ i ≤ m} ∪ {qL(x)|L ∈ Q} ∪ {gI(x)|I ∈ W}

3 Fp þ´�5Ã'�"du¤kgê�õ� s�ü�ª�¤gê�õ� s�õ�5õ�

ª�m��|Ä§

|A|+
s−1∑
i=0

(
n− 1

i

)
+

s−2r∑
i=0

(
n− 1

i

)
≤

s∑
i=0

(
n

i

)
,

ù¿�X

|A| ≤
(
n− 1

s

)
+

(
n− 1

s− 1

)
+ · · ·+

(
n− 1

s− 2r + 1

)
.

�d·��¤
 1–3�/�y²"

du3½n 4.14¥§·�®²y²
3 n ≥ 2s− 2r+ 1�^�e§(Ø´�(�"�

�·��Iy²3�/ 4Ú n ≤ 2s − 2r�§�k�Ó�(Ø"3ùÜ©�y²¥·�ò

|^ HwangÚ Kim3y² ABSß�¥¤æ^��'E|"

du p+k1−1 ≤ (s−2r+1)+kr ≤ s+kr−1 ≤ n−1 ≤ 2s−2r−1§·��±�g��

kr ≤ s−2r§r+s ≤ p ≤ s−2r+2+kr−k1 ≤ 2s−4r+2§s ≥ 5r−2"du n ≤ 2s−2r < 2p§

�3 1 ≤ c ≤ r¦� |Ai| ∈ (K + pZ) ∩ [n] = {k1, k2, . . . , kr, p+ k1, . . . , p+ kc}¤á"

|A| ≤
(
n

k1

)
+

(
n

k2

)
+ · · ·+

(
n

kr

)
+

(
n

p+ k1

)
+ · · ·+

(
n

p+ kc

)
.

·��y²Ø�ªm>�u�u
(
n−1
s

)
+
(
n−1
s−1

)
+ . . .+

(
n−1

s−2r+1

)
=
(
n
s

)
+
(
n
s−2

)
+ . . .+

(
n

s−2r+2

)
"

du s + r + k1 − 1 ≤ p + k1 − 1 ≤ (s − 2r + 1) + kr§·�k kr ≥ 3r − 2 + k1"du

2s−2r ≥ n ≥ s+kr ≥ s+3r−2+k1§-n = 2s−2r−δ§Ù¥ 0 ≤ δ ≤ s−5r+2"qS� {
(
n
k

)
}

´ü¸�¿�'u n/2´é¡�§|s−n/2| = r+ δ/2 > r− δ/2− 2 = |n/2− (s− 2r+ 2)|"

nþ·���µ

min

[(
n

s

)
,

(
n

s− 2

)
, . . . ,

(
n

s− 2r + 2

)]
=

(
n

s

)
. (4-8)
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du n = 2s − 2r − δ ≥ p + kc ≥ r + s + kc§·�k kc ≤ s − 3r − δ"é 1 ≤ i ≤ c§

·�ò ki ^ ki = s − 3r − δ − ai 5L«§Ù¥ 0 ≤ ai ≤ s − 3r − δ"Ïd§·�k

p+ ki ≥ r+ s+ ki = 2s− 2r− δ− ai§Ù¥ 1 ≤ i ≤ c"du 2s− 2r− δ− ai ≥ s+ r > n/2§

��µ

c∑
i=1

((
n

ki

)
+

(
n

p+ ki

))
≤

c∑
i=1

((
n

s− 3r − δ − ai

)
+

(
n

2s− 2r − δ − ai

))
.

éu c + 1 ≤ i ≤ r§·��±�Ñ ki ≤ kr < s − 2r − δ < n/2"5¿� |s − n/2| =

r + δ/2 = |n/2− (s− 2r − δ)|§é?¿ c+ 1 ≤ i ≤ r§·���
(
n
ki

)
≤
(
n
s

)
"

|A| ≤
c∑
i=1

((
n

ki

)
+

(
n

p+ ki

))
+

r∑
i=c+1

(
n

ki

)

≤
c∑
i=1

((
n

s− 3r − δ − ai

)
+

(
n

2s− 2r − δ − ai

))
+ (r − c)

(
n

s

)
.

��·�|^e¡�Ún5�¤��y²"

Ún 4.23. [42] é?¿ 0 ≤ c < k ≤ n/2§þk(
n

k − 1− c

)
+

(
n

c

)
≤
(
n

k

)
.

- k = n− s = s− 2r − δ < n/2§|^Ún 4.23§é?¿ 0 ≤ a ≤ s− 3r − δ < k§·

�k (
n

s− 3r − δ − a

)
+

(
n

2s− 2r − δ − a

)
=

(
n

n− s− r − a

)
+

(
n

n− a

)
=

(
n

k − r − a

)
+

(
n

a

)
≤
(

n

k − 1− a

)
+

(
n

a

)
≤
(
n

k

)
=

(
n

s

)
.

·�5�¤3�/ 4e½n 4.15�y²"

|A| ≤
c∑
i=1

((
n

s− 3r − δ − ai

)
+

(
n

2s− 2r − δ − ai

))
+ (r − c)

(
n

s

)
≤ r

(
n

s

)
.

d (4-8)§·�k

|A| ≤
(
n

s

)
+

(
n

s− 2

)
+ · · ·+

(
n

s− 2r + 2

)
=

(
n− 1

s

)
+

(
n− 1

s− 1

)
+ · · ·+

(
n− 1

s− 2r + 1

)
.
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4.4 ���(((

L-��X�ïÄ®²k
n�õc�{¤§�´3�¿Âe�(J£Ø
3þ!��

/e¤�8��Ø�þe.�����(Ø"3�Ù¥§·�nÜA^
ü«�5�ê�

{U?
 Alon-Babai-SuzukiØ�ª§¯¢þ·�==ògÌ�l
(
n
s−1

)
Jp�

(
n
s−2

)
§l

Snevily3 90c�'ugÌ�� 0�ß��k�~��ål"·�@��UüX/¦^�

5�ê�{éJ���)û Snevilyß�§AT�3L-��X�ïÄ¥Ú\#��{ÚE

|"
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5.1 000���

h<&Eu¢£PIR¤�@3©z [20] ¥JÑµb�·�k n'A�êâÚ k �ÑÖ

ì§z�ÑÖìÑ�¹k�Ü�&E§Ïd§�o�;þ� nk§��Äu k �ÑÖì�

PIRL§#N^ru¢�I��&E§�´ÑÖìÃ{��^r�I¦"'X`§b�ê

â8� x = (x1, x2, . . . , xn)§,�^r����1 i �&E xi"3��Äu 2�ÑÖì

� PIRL§¥§^r�±�Å�À����þ v ∈ {0, 1}n"1��ÑÖì�Â�¯Î v§

�^r�" v · x"1��ÑÖìÂ�¯Î v + ei§�^r�" (v + ei) · x"@o^r�±

ÏL xi = (v + ei) · x − v · xu¢�gC���&E"�´du v´�ÅÀ��§z�Ñ

ÖìÑ�Ø�?Û'u^r�k^&E"

C5§PIR L§�©Ùª�;�g��)
éX [4,13,33,69,73]§ò�k�3z�ÑÖ

ìþ�;�Ü�&E§UC¤ÑÖìþÑ��;Ü©&E"3mM5�ó� [34,35]§

Fazeli �<y²
|^ m �ÑÖì£Ù¥ m > k¤§�±��/ü$��ÑÖì�o

�;þ"·�UY±þ¡�¯K�~§�n�ÑÖì©O�;µx′ = (x1, . . . , xn/2)§

x′′ = (xn/2+1, . . . , xn)Ú x′ + x′′"Ø���5§·�b�^rF"u¢&E xi"^r�±

�Å�À��þ u ∈ {0, 1}n/2§�n�ÑÖì©O¯Îµu§u + ei Ú u + ei"@oÏL

xi = −u · x′ − (u + ei) · x′′ + (u + ei) · (x′ + x′′)§^r�±¤õ�u¢����&E xi"�

'u�k��Y§§òo�;þl 2nü�
 3n
2
"

3©z [35] ¥§�O�� PIR�L§�ª�±8(��O���éA� PIR
�è"

�½��ê t§m§pÚ k§�� [t × m, p] 
�è´�� t × m�Ý
§Ù¥�z��

�Ñ´ {x1, . . . , xp}��5|Ü"XJé?¿ i ∈ {1, 2, . . . , p}§Ñk k �pØ���8Ü

S1, S2, . . . , Sk§¦�z�8Ü Sj �±�5/Ü¤ xi §·�¡ù�
�èäk k-PIR5�"

?�Ú§·�¡ù��
�è´ëê� [t ×m, p] k-PIR
�è"e¡·��Ñ [3 × 6, 6]

4-PIR
�è���~fµ
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x1 x2 x3 x4 x5 x6

x2 x3 x4 x5 x6 x1

x3 + x4 x4 + x5 x5 + x6 x6 + x1 x1 + x2 x2 + x3

·��±�~N´���yù�Ý
÷v^�§'�`§x1 �±d S1 = {1}§

S2 = {6}§S3 = {2, 5}Ú S4 = {3, 4}¤)¤"

�� [t×m, p] k-PIR
�èÚ PIRL§�'XXeµò n�'A�êâ8y©¤ pÜ

© {x1, x2, . . . , xp}§z�Ü©^k��p�����5L«"
�¥�z��L«��Ñ

Öì"z�ÑÖì�; t� {x1, x2, . . . , xp}��5|Ü"ù��Y�o�;þ´ ntm/p§

� tm/p < k �§§'�k�Y� nk �Ð"- s´z�ÑÖì��;þÚoêâþ�'

~§�Ò´` s = n
nt/p

= p/t"·��8I´o��;KÖ�$§Ïd·�F" nk
ntm/p

= s k
m

���Ð"ù�
�è�èÇ�±½Â� k/m"y3¯K�±8(Xeµ�½ sÚ t§·

�F"�O�� [t ×m, p] k-PIR
�è¦�èÇ k/m����§P� g(s, t)"����§

·��±��Ä©Û g(s) = limt→∞g(s, t)"

�C§ù�¯K��
 BlackburnÚ Etzion�'5§¦�F"��E���`èÇ�


�è"e¡·�ò�Ñ®��(J§�[/y²�±�ë�©z [6]"

½n 5.1. é?¿�½���ê s§g(s, 1) ≤ 2s−1

2s−1
�Ò¤á��=� k�±� 2s−1�Ø"

½n 5.2. é?¿�ê s ≥ 3§·�k g(s, s− 1) ≥ s
2s−1
"

½n 5.3. é?¿knê s > 1§·�k g(s) ≤ s+1
2s
§¿�Ø�3 t¦� g(s, t) = s+1

2s
¤á"

½n 5.4. é?¿�ê t ≥ 2Ú��ê d§s = 1 + d
t
Ú p = t+ d§·�k

g(1 +
d

t
, t) ≤ (2d+ 1)t+ d2

(t+ d)(2d+ 1)
= 1− d2 + d

(t+ d)(2d+ 1)
.

AO/§� 1 < s ≤ 2§ù�þ.´;�§g(2, t) = 3t+1
4t+2
¶é t ≥ 2§1 ≤ d ≤ t − 1§

g(1 + d
t
, t) = (2d+1)t+d2

(t+d)(2d+1)
"

½n 5.5. �3Xeëê� PIR
�èµ

1. - s = rt−(r−2)r−1
t

§p = rt − (r − 2)r − 1§Ù¥ 3 ≤ r ≤ t"@o g(s, t) ≥ 1
2

+

t−r+1
2(rt−(r−2)r−1)

"
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2. - s = r + d/t§p = rt + d§Ù¥ r ≥ 2´���ê§t ≥ r§1 ≤ d ≤ t − 1"@o

g(s, t) ≥ 1− (rt+d−t+r)(rt+d−t)
(rt+d)(2rt+2d−2t+r)

"

3. - s > 2´���ê§t ≥ s§@o g(s, t) ≥ st+t+1
s(2t+1)

"

4. - s > 2 ´���ê§(s − 1)t = lb§t ≥ l + b§Ù¥ l Ú b ´ü���ê§@o

g(s, t) ≥ s+1
2s
− l

2st
"

�½ t ≥ 2§1 ≤ d ≤ t � s = 1 + d
t
§¦+��þ.� PIR 
�è��E®²

d Blackburn Ú Etzion �Ñ§�´3¦��Ñ��E¥§
���ê��¯< m =(
t+d
t

)
v
d

+
(
t+d
d+1

)
v
t
§Ù¥ v ´ dÚ t���ú�ê"ùÒ¿�X3¦���O�Y¥§I�

°þ�ÑÖìâU���`�èÇ"lA^�ÝÑu§�E�I�þÑÖì��Y´�~

½��"Ïd·�ò�ÄXe¯Kµ���ÑÖìêþ m¦�èÇ k/m���`"3©

z [6]¥§d = 1��/®²�)û"3�Ù¥§·�ò�Ñ t > d2 − d�/e�����£

�",��¡§3 s > 2��/e§·��Ñ
 PIR
�è��#þ.U?
½n 5.4�

(J"

5.2 1 < s ≤ 2: ���`̀̀ PIR


���èèè������EEE

- s = 1 + d/t§Ù¥ 1 ≤ d ≤ t§@o 1 < s ≤ 2� p = ts = t+ d"'uèÇ�þ.®

²3½n 5.4¥�Ñµ1− d2+d
p(2d+1)

"- ω´ d2 + dÚ p(2d + 1)���úÏf§Ïd���

`� PIR
�è����UÑÖìê8� p(2d+ 1)/ω"3�!¥§·�ò3,�«�S�

E����ÑÖìê8��` PIR
�è"

du ω|d2 + d§·��±ò ω ©)¤ ω = ω1ω2§Ù¥ ω1|d§ω2|(d + 1)"d	§d

u d Ú d + 1 ´p��§ω1 Ú ω2 �´p��"P d = ω1d1§d + 1 = ω2d2"qdu

gcd(d, 2d + 1) = 1§gcd(d + 1, 2d + 1) = 1§·��±�Ñ ω|p"P p = µω = µω1ω2§@o

·�¤F"�ÑÖìê8�±�¤m = p(2d+1)
ω

= µ(2d+ 1)"

Äk·�½Âü«/ª�ÑÖì"1�«/ª�ÑÖì��¹ü��� {x1, x2, . . . , xp}§

¡��ü:ÑÖì"ù��ÑÖì�¹ t�ü:��§'X` {y1, y2, . . . , yt}§·�ò§P

� A§Ù¥ A = {x1, x2, . . . , xp}\{y1, y2, . . . , yt}"1�«/ª�ÑÖì�¹ t− 1�ü:�

�§'X` {z1, z2, . . . , zt−1}§{e��� �´Ø
 {z1, z2, . . . , zt−1}ù
���\Ú"

·�¡�� Σ.ÑÖì§P� ΣB§Ù¥ B = {x1, x2, . . . , xp}\{z1, z2, . . . , zt−1}"·�ò�

�E� PIR
�è�A^�
þãü«{ü/ª�ÑÖì"3�!¥§XJØ\,	�`
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²§¤k��IÑ´3� p¿Âe�"

�E£�½ t§d÷v t > d2 − d¤µ

1. · � k X e � µ(d + 1) � ü : Ñ Ö ì"é 0 ≤ j ≤ µω2 − 1§½ Â

Aj = {xj+α+βµω2 : 0 ≤ α ≤ d1 − 1, 0 ≤ β ≤ ω1 − 1}"du d1ω1 = d < p = µω1ω2§·�

k d1 < µω2§8Ü Aj ¥vkE���"Ïd Aj ���TÐ´ d1ω1 = d"·���

µ(d+ 1) = µω2d2�ü:ÑÖì©O´ A0, A1, . . . , Aµω2−1§z�TÐÑy d2g"

2. ·�kXe� µd� Σ/ÑÖì"é 0 ≤ j ≤ µω1 − 1§½Â Bj = {xj+γd1+λµω1 : 0 ≤

γ ≤ d2 − 1, 0 ≤ λ ≤ ω2 − 1}"du t > d2 − d§·�k d1ω1(d2 − 1)ω2 ≤ d2 < p = µω1ω2§

Ïd d1(d2 − 1) < µ§ Bj ¥vkE���"Bj ���TÐ´ d2ω2 = d + 1"·���

µd = µω1d1� Σ.ÑÖì©O´ ΣB0,ΣB1, . . . ,ΣBµω1−1§z�TÐÑy d1g"

e¡·�ò©¤ t ≥ d2Ú d2 − d < t < d2©O`²þ¡��E(¢´�`� PIR
�

è"

5.2.1 t ≥ d2

½n 5.6. é t ≥ d2§�3èÇ k
m
�� g(s, t) = 1− d2+d

p(2d+1)
�¹ m = µ(2d + 1)�ÑÖì�

k-PIR
�è"

y². ·�ky²� t ≥ d2�§é?¿� Aj1 Ú Bj2§Ñk |Aj1
⋂
Bj2| ≤ 1"ÄK§���

3ü�ØÓ���3 Aj1
⋂
Bj2§ù¿�X�3 α1, α2, β1, β2, γ1, γ2, λ1, λ2¦�

j1 + α1 + β1µω2 ≡ j2 + γ1d1 + λ1µω1 (mod p),

j1 + α2 + β2µω2 ≡ j2 + γ2d1 + λ2µω1 (mod p).

þ¡üª�~�±��

(α2 − α1) + (β2 − β1)µω2 ≡ (γ2 − γ1)d1 + (λ2 − λ1)µω1 (mod p).

@o·�k

(α2 − α1) ≡ (γ2 − γ1)d1 (mod µ).

� t ≥ d2�§µ = p
ω1ω2
≥ d(d+1)

ω1ω2
= d1d2"du 1−d1 ≤ α2−α1 ≤ d1−1Ú 1−d2 ≤ γ2−γ1 ≤

d2 − 1§Ïd (α2 − α1) ≡ (γ2 − γ1)d1 (mod µ)¤á��=� α2 − α1 = γ2 − γ1 = 0"@o
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·�k (β2 − β1)µω2 ≡ (λ2 − λ1)µω1 (mod p)Ú

(β2 − β1)ω2 ≡ (λ2 − λ1)ω1 (mod ω1ω2).

du ω1 Ú ω2 ´p��§1 − ω1 ≤ β2 − β1 ≤ ω1 − 1� 1 − ω2 ≤ λ2 − λ1 ≤ ω2 − 1§@o

(β2 − β1)ω2 ≡ (λ2 − λ1)ω1 (mod ω1ω2)¤á��=� β2 − β1 = λ2 − λ1 = 0"ù�·�Ò�

±�Ñgñ"Ïd§|Aj1
⋂
Bj2| ≤ 1"

�`² k-PIR5�§du�E�é¡5·��I���Ä x0�)¤�¹"3 µ(d+ 1)

�ü:ÑÖìþo�k tµ(d+1)�ü�§Ù¥ tµ(d+1)
p
��¹ü: x0"Ïdo�

tµ(d+1)
p

= td2
ω1

�ü:ÑÖì�¹ x0§Ù{�
dµ(d+1)

p
= d1d2 KØ¹k x0"3 µd� Σ.ÑÖì¥§o

�k (t− 1)µd�ü�§Ù¥ (t−1)µd
p
��¹ü: x0"Ïd

(t−1)µd
p

= (t−1)d1
ω2
� Σ.ÑÖì�

¹ü: x0§�e�
(d+1)µd

p
= d1d2 �Ø�¹ x0"?¿/lØ¹ x0 �ü:ÑÖì¥�Ñ�

�§§¤éA�8Ü Aj1§Ù¥ x0 ∈ Aj1"?¿/lØ¹ x0� Σ.ÑÖì¥À���§§

éA�8Ü� ΣBj2§Ù¥ x0 ∈ Bj2"du·�3�c®²y²
 |Aj1
⋂
Bj2| ≤ 1§ÏdÑ

Öì Aj1 ��Ø
 x0 �	�¤kÑÖì ΣBj2 ¥��5\Ú�§Ïd§��±�Ó)¤

x0"

�ª·��±�� k = td2
ω1

+ (t−1)d1
ω2

+ d1d2 = d2+2td+t
ω1ω2

"Ïdþ¡�E�
�è�èÇ

� k/m = d2+2td+t
µ(2d+1)ω1ω2

= 1− d2+d
p(2d+1)

§�±��þ."

510. ¯¢þ§·��±3Ø�¹ x0�ü:ÑÖìÚ Σ.ÑÖì�m�E�Ü�Üã§Ù

¥�>8dü�:�±)¤ x0 ¤�¤"3þ¡�y²L§¥§·�y²
� t ≥ d2 �§

ù´�Ü���Üã"�`²�Y(¢´Ün�§·��I�3ãþé����{��

Ò�±
"Äuù�:·��±ò½n 5.6·�í2"

5.2.2 d2 − d < t < d2

3E,�©Û�c§·�kÏL��~f5`²y²�Ä�g´"

~11 (d = 5, t = 23, p = 28). �±O�ÑéA�ëê� ω = 2§µ = 14§ω1 = 1§d1 = 5§

ω2 = 2 Ú d2 = 3"·�k 84 �ü:ÑÖìµAj§0 ≤ j ≤ 27§z�Ñyng§Ù¥

Aj = {xj+α : 0 ≤ α ≤ 4}",	·�k 70� Σ.ÑÖìµΣBj§0 ≤ j ≤ 13§z�þÑy

Êg§Ù¥ Bj = {xj+5γ+14λ:0≤γ≤2,0≤λ≤1}"Ø�¹ x0 �ÑÖì´µΣB0§ΣB9 Ú ΣB4§z

�ÑyÊg¶A0§A27§A26§A25Ú A24§z�Ñyng"5¿�du B0

⋂
A24 = {0, 24}§
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ΣB0� A24´Ø�ë�"Ón ΣB4� A0�´Ø�ë�"�´·��´�±3éA�ã¥

é�Xe��{��"

B9 = {9, 14, 19,
23, 0, 5}

B0 = {0, 5, 10,
14, 19, 24}

B4 = {4, 9, 14,
18, 23, 0}

A0 = {0, 1,
2, 3, 4}

A27 = {27, 0,
1, 2, 3}

A26 = {26, 27,
0, 1, 2}

A25 = {25, 26,
27, 0, 1}

A24 = {24, 25,
26, 27, 0}

Ún 5.7. é d2 − d < t < d2§XJ |Aj1
⋂
Bj2| > 1½ö 0 ∈ Aj1

⋂
Bj2§@o j2 = 0½ö

j2 = µω1 − d1(d2 − 1)"

y². �3 α1, α2, β1, β2, γ1, γ2, λ1, λ2¦�

j1 + α1 + β1µω2 ≡ j2 + γ1d1 + λ1µω1 ≡ 0 (mod p),

j1 + α2 + β2µω2 ≡ j2 + γ2d1 + λ2µω1 (mod p).

ÏLþ¡�üª�~§·��±��

(α2 − α1) + (β2 − β1)µω2 ≡ (γ2 − γ1)d1 + (λ2 − λ1)µω1 (mod p).

@o·�k (α2−α1) ≡ (γ2−γ1)d1 (mod µ)"� t > d2−d�§µ = p
ω1ω2

> d2

ω1ω2
≥ d1(d2−1)"

du 1− d1 ≤ α2 − α1 ≤ d1 − 1Ú 1− d2 ≤ γ2 − γ1 ≤ d2 − 1§Ïd (α2 − α1) ≡ (γ2 − γ1)d1

(mod µ)¤á��=�e¡�¢¯¤áµ

• Case I. α2 − α1 = γ2 − γ1 = 0"@o·��±ÏLÚ½n 5.6¥�Ó�©Û§l�

Ñgñ"

• Case II. γ2 − γ1 = d2 − 1§Ïd γ2 = d2 − 1§γ1 = 0"@o·�k j2 + λ1µω1 ≡ 0

(mod p)"du 0 ≤ j2 ≤ µω1 − 1Ú 0 ≤ λ1 ≤ ω2 − 1§·��±�Ñ�½k j2 = 0"

• Case III. γ2 − γ1 = 1 − d2§Ïd γ1 = d2 − 1§γ2 = 0"@o·�k j2 + d1(d2 − 1) +

λ1µω1 ≡ 0 (mod p)"du 0 ≤ j2 ≤ µω1 − 1§0 ≤ λ1 ≤ ω2 − 1Ú d1(d2 − 1) < µ ≤ µω1§·

��±�Ñ�½k j2 = µω1 − d1(d2 − 1)"

Ïd·��I��	ü�AÑ� Σ.ÑÖìµΣB0§ΣBµω1−d1(d2−1)"

Ún 5.8. Aj1
⋂
B0 = {x0}��=� j1 = 0½ö µω2 − µ+ d1(d2 − 1) + 1 ≤ j1 ≤ µω2 − 1"
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y². j1 + α1 + β1µω2 ≡ 0 (mod p)¤á��=�

j1 = α1 = β1 = 0

½ö

β1 = ω1 − 1§j1 = µω2 − α1.

Ïd÷v x0 ∈ Aj1 � j1��U8Ü� j1 ∈ {0}
⋃

[µω2 − d1 + 1, µω2 − 1]"

·��I�üØ@
¦� |Aj1
⋂
B0| > 1 � j1"UYÚn 5.7 ¥ Case II �?Ø§

γ2− γ1 = d2− 1§@o α2− α1 = d1(d2− 1)− µ"Ïd α1 ∈ [0, d1− 1]
⋂

[µ− d1(d2− 1), µ−

d1(d2 − 1) + d1 − 1] = [µ− d1(d2 − 1), d1 − 1]"·�k÷v |Aj1
⋂
B0| > 1� j1��U8Ü

� j1 ∈ [µω2− d1 + 1, µω2−µ+ d1(d2− 1)]"Ïd§òù
 j1ÑüØ3�	§·��±�ª

�� Aj1
⋂
B0 = {x0}��=� j1 = 0½ö µω2 − µ+ d1(d2 − 1) + 1 ≤ j1 ≤ µω2 − 1"

Ún 5.9. Aj1
⋂
Bµω1−d1(d2−1) = {x0}��=� µω2 − d1 + 1 ≤ j1 ≤ µω2 − d1d2 + µ"

y². j1 + α1 + β1µω2 ≡ 0 (mod p)¤á��=�

j1 = α1 = β1 = 0

½ö

β1 = ω1 − 1� j1 = µω2 − α1.

Ïd÷v x0 ∈ Aj1 �j1��U8Ü� j1 ∈ {0}
⋃

[µω2 − d1 + 1, µω2 − 1]"

·��I�üØ@
¦� |Aj1
⋂
Bµω1−d1(d2−1)| > 1� j1"UYÚn 5.7¥ Case III�?

Ø§γ2 − γ1 = 1− d2§@o α2 − α1 = µ− d1(d2 − 1)"Ïd α1 ∈ [0, d1 − 1]
⋂

[d1(d2 − 1)−

µ, d1(d2−1)−µ+d1−1] = [0, d1(d2−1)−µ+d1−1]"·�k÷v |Aj1
⋂
B0| > 1� j1��

U8Ü� j1 ∈ [µω2−d1(d2−1)+µ−d1 +1, µω2−1]
⋃
{0}"Ïd§òù
 j1ÑüØ3�	§

·��±�ª�� Aj1
⋂
Bµω1−d1(d2−1) = {x0}��=� µω2− d1 + 1 ≤ j1 ≤ µω2− d1d2 +µ"

Ún 5.10. d2(µ− d1(d2 − 1)) ≥ d1"

y². ù�Ø�ª�du d+1
ω2

( p
ω1ω2
− d

ω1
(d+1
ω2
− 1)) ≥ d

ω1
"ò§�nÚz{§·��±�

� dω2(d + 1 − ω2) ≥ (d + 1)(d2 + d − p)"du ω2|d + 1Ú d2 < p < d2 + d§Ïd pØ´

d + 1��ê§ω2 6= d + 1"·�k 1 ≤ ω2 ≤ d+1
2
§�ª��´ d2"du d2 < p§·�k

d2 + d− p ≤ d− 1§mª�õ� d2 − 1"ÏdØ�ª�y"
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(Üþ¡�Ún§·��ª�±��Xe(Ø"

½n 5.11. é d2 − d < t < d2§�3èÇ k
m
�� g(s, t) = 1 − d2+d

p(2d+1)
ÑÖìê8�

m = µ(2d+ 1)��` k-PIR
�è"

y². ·��Iy²d@
Ø�¹ x0 �ÑÖì¤p���Üã¥�3���{�

�"é d1 �¶� ΣB0 �ÑÖì§dÚn 5.8 ·���ù��ÑÖì�÷v j ∈ S ,

[µω2− µ+ d1(d2− 1) + 1, µω2− 1]
⋃
{0}�¶� Aj �ÑÖì�ë"duz� Aj Ñy d2g§

Ïdo�k d2(µ− d1(d2 − 1))�ù��ÑÖì"

�q�§é d1 �¶� ΣBµω1−d1(d2−1) �ÑÖì§dÚn 5.9·���ù��ÑÖì�

�÷v j ∈ T , [µω2 − d1 + 1, µω2 − d1d2 + µ]�¶� Aj �ÑÖì�ë"duz� Aj Ñy

d2g§Ïdo�k d2(µ− d1(d2 − 1))�ù��ÑÖì"

é?¿Ø
 ΣB0§ΣBµω1−d1(d2−1) �Ù¦ Σ.ÑÖì§Ún 5.7w�·�§��¤k

Ø�¹ x0 �ü:ÑÖì¤�ë"Ïd§�
é����{��§·��IÜn/é�

ΣB0 Ú ΣBµω1−d1(d2−1) �>§�e�Ò�±�¿À�"dÚn 5.10§d2|S| = d2|T | =

d2(µ − d1(d2 − 1)) ≥ d1"d	 d2|S
⋃
T | = d1d2 ≥ 2d1§Ù¥ d2 ≥ 2 dÚn 5.10 ¥�

ω2 6= d+ 1�Ñ"Ïd·��±é�¤k ΣB0Ú ΣBµω1−d1(d2−1)�>§(Ø�y"

5.3 s > 2: g(s, t)���þþþeee...ïïïÄÄÄ

5.3.1 g(s, t)���###þþþ...

3�!¥§·�ò}ÁX�p�Ñ g(s, t)3 s > 2��/e£�du�© [6] � d > t

Ú p = d+ t > 2t¤��#þ.§Áã�U?½n 5.4¥��k(J"

é?¿�½� PIR
�è§·�Äkò¤k�ÑÖì©¤oa"1�a�¹¤k�

ü:ÑÖì§§�ê8P� l"1�aÑÖì�¹ t − 1 �ü:��§�e��� �

´{e p − t + 1 ���¥ η ��Ú§Ù¥ 2 ≤ η ≤ t + 1§§�ê8P� r"1naÑ

Öì�¹ t − 1�ü:��§�e��� �´{e p − t + 1���¥ λ��Ú§Ù¥

t + 1 < λ ≤ p− t + 1§§�ê8P� u"·�ò�{�ÑÖìÑ8�1oa§§��ê8

P� w"@o·�k l + r + u+ w = m"
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½n 5.12. é?¿��ê t ≥ 2§d > t§·�k

g(1 +
d

t
, t) ≤ d2 + 2t2 + 3td+ 2t

2(t+ d)(d+ t+ 1)
.

y². b�·�k�� [t ×m, p] k-PIR
�è"é?¿ i ∈ {1, 2, . . . , p}§� Si1, S
i
2, . . . , S

i
ki

´@
�±Ü¤�� xi �pØ���8Ü§Ù¥ ki ¦�U�����Ð"�
�� k/m

�þ.§·��Iy²µ
p∑
i=1

ki ≤
d2 + 2t2 + 3td+ 2t

2(d+ t+ 1)
m.

3þ¡�oaÑÖì¥§Ø���5§?¿�¹ xi �ÑÖìw,´�±<5��

Si1, S
i
2, . . . , S

i
ki
¥����"�3oaÑÖì¥ù��ÑÖì�êþ©O´µli§ri§ui Ú

wi"� fi ´@
3 Si1, S
i
2, . . . , S

i
ki
¥d��ü:ÑÖìÚ���ü:ÑÖì¤�¤8Ü�

ê8"� gi ´@
 Si1, S
i
2, . . . , S

i
ki
¥d��ü�ü:ÑÖìÚ���ü:ÑÖì¤�¤8

Ü�ê8"3 Si1, S
i
2, . . . , S

i
ki
¥�{�8ÜÑ���¹ü��ü:ÑÖì"Ïd·��

±��Xe�Ø�ªµ

ki ≤ li + ri + ui + wi + fi + gi +
r − ri + u− ui + w − wi − fi − gi

2
.

e¡·�ò^ü«�ª��O
∑
ki"Äk§·�lOêü:ÑÖìÑu fi + 2gi ≤

l − li"Ïd·�k

ki ≤ li + ri + ui + wi + fi + gi +
r − ri + u− ui + w − wi − fi − gi

2

= li +
r + ri + u+ ui + w + wi

2
+
fi
2

+
gi
2

≤ li +
r + ri + u+ ui + w + wi

2
+
fi
2

+ gi

≤ li +
r + ri + u+ ui + w + wi

2
+
l − li

2

=
l + li + r + ri + u+ ui + w + wi

2
.

ÏLOêoaÑÖì¥�ü:8ê8§·�k
∑
li = lt§

∑
ri = r(t − 1)§

∑
ui =

u(t− 1)Ú
∑
wi ≤ w(t− 2)"ù�±�Ñ∑

ki ≤
p(l + r + u+ w)

2
+
lt+ r(t− 1) + u(t− 1) + w(t− 2)

2

= l
p+ t

2
+ r

p+ t− 1

2
+ u

p+ t− 1

2
+ w

p+ t− 2

2
. (5-1)

'u1�«�O·��©Û fi"5¿��ü:ÑÖìØ�U5g1na§ù´du@


Ø�¹ xi�1naÑÖì§§��ü:���/ª�U´ xi+
∑λ−1

j=1 yj§Ù¥ λ−1 > t"
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?¿Ø�¹ü: xi�ü:ÑÖì§�õJø t�Ù¦ü:"Ïd§��m´Ø�UÏLÜ

�)¤ xi�"��§·�k fi ≤ r − ri + w − wiÚ
∑
fi ≤ pr − r(t− 1) + pw −

∑
wi"

,þ¡�©ÛE,Ã{��·����(Ø§·�òÏLe¡��*	5�ª�

�y²"é?¿1�a��ü:ÑÖì§§��ü:���õd t + 1���Ú¤�¤"

Ïd§é
∑
fi��z�õ´ t + 1"·���'

∑
fi ≤ pr − r(t− 1) + pw −

∑
wi�Ð�

�O
∑
fi ≤ r(t+ 1) + pw −

∑
wi"·�k

ki ≤ li + ri + ui + wi + fi + gi +
r − ri + u− ui + w − wi − fi − gi

2

= li +
r + ri + u+ ui + w + wi

2
+
fi
4

+
gi
2

+
fi
4

≤ li +
r + ri + u+ ui + w + wi

2
+
l − li

4
+
fi
4

=
l + 3li + 2r + 2ri + 2u+ 2ui + 2w + 2wi

4
+
fi
4
,

∑
ki ≤

∑ l + 3li + 2r + 2ri + 2u+ 2ui + 2w + 2wi
4

+

∑
fi

4

=
lp+ 3lt+ 2rp+ 2r(t− 1) + 2up+ 2u(t− 1) + 2wp+ 2

∑
wi

4
+
r(t+ 1) + wp−

∑
wi

4

=
lp+ 3lt+ 2rp+ 2r(t− 1) + 2up+ 2u(t− 1) + 2wp+ r(t+ 1) + wp

4
+

∑
wi

4

≤ l
p+ 3t

4
+ r

2p+ 3t− 1

4
+ u

p+ t− 1

2
+ w

3p+ t− 2

4
. (5-2)

y3·�®²��

∑
ki�ü«�O (1)Ú (2)"P�

F (l, r, u, w) = l
p+ t

2
+ r

p+ t− 1

2
+ u

p+ t− 1

2
+ w

p+ t− 2

2
,

G(l, r, u, w) = l
p+ 3t

4
+ r

2p+ 3t− 1

4
+ u

p+ t− 1

2
+ w

3p+ t− 2

4
,

@o
∑
ki ≤ min{F,G}"�
�OÑ

∑
ki �þ.§·�I��(½ min{F,G} ���

�"Ø�����3 (l̃, r̃, ũ, w̃)?��"N´�y�� F (l̃, r̃, ũ, w̃) ≤ F (l̃, r̃ + ũ, 0, w̃)Ú

G(l̃, r̃, ũ, w̃) ≤ G(l̃, r̃ + ũ, 0, w̃)"Ïd·�k ũ = 0"ù�¯KÒ�±�{�

max min

{
l
p+ t

2
+ r

p+ t− 1

2
+ w

p+ t− 2

2
, l
p+ 3t

4
+ r

2p+ 3t− 1

4
+ w

3p+ t− 2

4

}
,

s.t. l + r + w = m, l, r, w ∈ N
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�
)ûþ¡�¯K§·�Äkò w �½"@o� l = m t+1
p+1

+ w p−2t+1
p+1

�§k

mp2+tp+2t
2(p+1)

− w t
(p+1)
"�
��þ¡������§·��U4 w = 0"oó�§�

w = 0§l = m t+1
p+1
Ú r = m p−t

p+1
����`) d2+2t2+3td+2t

2(d+t+1)
m"

��§·��~N´�y� s > 2�£= d > t�¤§ d2+2t2+3td+2t
2(t+d)(d+t+1)

< (2d+1)t+d2

(t+d)(2d+1)
¤á§

Ïd·����þ.�`u½n 5.4"

5.3.2 PIR


���èèè������������EEE

3�e5�Ü©§·�ò�Ñ3 s > 2�§PIR
�è����#�E"3ù�c·

�k{ü/�£��e BlackburnÚ Etzion3 [6] Section 4¥��E§·�3�¡�1©¥

òP� B-E�E"ùp§·��0� s´�ê��/§¯¢þ sØ´�ê��¹�´�±

�q���Ñ�"

é��ÑÖì�¹ t − 1�ü:��Ú,	��3{e� st − t + 1¥� j ù���

Ú§·�ò¡ù�ÑÖì´ j .�§é 1 ≤ j ≤ st− t + 1"@o 1.�ÑÖìÒ´·�þ

©¥��J9�ü:ÑÖì"é 1 ≤ r ≤ s§� Tr ´d¤k. (r − 1)t+ 1ÑÖì¤�¤�

8Ü"�Ò´`§|T1| =
(
st
t

)
§|Tr| =

(
st
t−1

)(
st−t+1

(r−1)t+1

)
é 2 ≤ r ≤ s" B-E�E�¹¤kÑÖ

ì8Ü Tr§Ù¥ 1 ≤ r ≤ s§¿�z� Tr ÑÑy ηr g"é?¿�½��� xi§·��±

ò@
Ø¹kü: xi�ÑÖì�� s− 1��Üã¥"ηr �ÀJ´^5�yé?¿�½�

�� xi§ s− 1��Üã�±é����{��§�du`§¤kØ�¹ü: xi�ÑÖì

Ñ�±�üü�é§l�)¤ xi"

é?¿�½� xi§s − 1��ÜãXe¤«"�Üã Gr§1 ≤ r ≤ s − 1§dü>¤�

¤"Ù¥1�Ü©d¤k Tr ¥�ÑÖì¤�¤§z�ÑTÐÑy ηr§Ù¥ xi3¤k�:

¥ÑvkÑy"1�Ü©d¤k Tr+1 ¥�ÑÖì¤�¤§z�TÐÑy ηr+1§Ù¥ xi Ñ

Ñy3\Ú¥"31�Ü©�º: v Ú1�Ü©�º: u�mk>�ë§��=�3 v

¥Ñy� t − 1�ü:8Ú (r − 1)t + 1����ÚÑTÐ´ u¥ rt�\Ú�§Ø
�½

� xi"�±�~N´/O���§�
��y Gr ¥k���{��§ëê7L�÷vµ

η1 : η2 =
(
p−t−1
t−1

)
: 1Ú ηr : ηr+1 =

(
p−rt−1
t−1

)
:
(
rt
t−1

)
é 2 ≤ r ≤ s− 1"

~12 (s = 4). ÑÖì T1, T2, T3, T4©OÑy η1, η2, η3, η4g"e¡�'~´7L�"η1 : η2 =(
3t−1
t−1

)
: 1§η2 : η3 = (t + 1) : 2tÚ η3 : η4 = 1 :

(
3t
t−1

)
"¤±·�ÀJ η1 = (t + 1)

(
3t−1
t−1

)
§

η2 = t+ 1, η3 = 2tÚ η4 = 2t
(

3t
t−1

)
"
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�'½n 5.5¥�Ù¦ PIR
�è��E§B-E�E´����5��E§§�±�

·A���ëê"

e¡·�ò3 B-E�E�Ä:þ§?1·�/UE§����#� PIR
�è��

E"·�ò`²ù��E3èÇþ'½n 5.5¥��EÑ�Ð"

�E(�½ t, s > 2Ú p = ts):

1. À�¤k�@

(
p
t

)
ü:ÑÖì§z�ÑÑy δg§Ù¥ δ =

(
p−t−1
t−1

)
"

2. é@
�k t− 1�ü:�ÑÖì§Ù¦�����d�{� p− t + 1¥� j ����

Ú§·�¡ù
�. j �ÑÖì§2 ≤ j ≤ p− t+ 1"�Ñ¤k. t+ 1, t+ 2, . . . , p− t+ 1

�ÑÖì§z«Ñ�Ñy�g"

·�N´*	��ù��E'u¤k�� {x1, x2, . . . , xp}Ñ´é¡�"�
�Ü¤,

��� xi§¤k�¹ xi �ÑÖì´ÎÃ¦¯�§·�Ï"@
Ø�¹ xi �ÑÖì�±ü

ü?1�é5)¤ xi"e¡�½nÒ^5`²þ¡��{´�±�¢y�"

½n 5.13. þ¡��E�Ñ�PIR
�è�ëê´µm =
(
p
t

)(
p−t−1
t−1

)
+
(
p
t−1

)∑
t+1≤j≤p−t+1

(
p−t+1
j

)
§

k = p+t
2p

(
p
t

)(
p−t−1
t−1

)
+ p+t−1

2p

(
p
t−1

)∑
t+1≤j≤p−t+1

(
p−t+1
j

)
"

y². o�k
(
p
t

)
× δ�ü:ÑÖìÚ

(
p
t−1

)(
p−t+1
j

)
�. j �ÑÖì§\å5��

m =

(
p

t

)(
p− t− 1

t− 1

)
+

(
p

t− 1

) ∑
t+1≤j≤p−t+1

(
p− t+ 1

j

)
.

3¤k�ü:ÑÖì¥§�¹ xi �ü:ÑÖìTÐk
t
p

(
p
t

)(
p−t−1
t−1

)
�"3¤k��ü

:ÑÖì¥§�¹ xi�TÐk
t−1
p

(
p
t−1

)∑
t+1≤j≤p−t+1

(
p−t+1
j

)
�"

é@
Ø�¹ xi �ü:ÑÖì§·�Ø�b�§�¹ {y1, y2, . . . , yt}"·�ò§��

�. t+ 1�ÑÖì��é§§��ü:��T� xi +
∑t

j=1 yj"ùü�ÑÖìTÐ�±�

Ü¤ xi"�; {y1, y2, . . . , yt}�ÑÖìk δ =
(
p−t−1
t−1

)
§Ó�. t+ 1��¹ xi +

∑t
j=1 yj �

ÑÖì�k
(
p−t−1
t−1

)
�"Ïd·��±òùüÜ©�ÑÖì?1���é"

e¡·�?Ø÷vXe^��. j�ÑÖìµ1)§Ø�¹ü:8 xi¶2) xi�vkÑy

3§�\Ú�¥§Ù¥ t+ 1 ≤ j < p− t+ 1"·�Ø�b�ù«ÑÖì�¹ z1, z2, . . . , zt−1

Ú ω1 +ω2 + · · ·+wj"@o·��±ò¦Ú@
�¹ z1, z2, . . . , zt−1Ú xi+ω1 +ω2 + · · ·+wj

�. j + 1�ÑÖì��é"w,§�üö�±éÜ��Ñ xi"
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A^þ¡��ª§¤kØ¹k xi�ÑÖìÑ�±�üü�éå5§Ïd·�k

k =
t

p

(
p

t

)(
p− t− 1

t− 1

)
+
t− 1

p

(
p

t− 1

) ∑
t+1≤j≤p−t+1

(
p− t+ 1

j

)

+
m− t

p

(
p
t

)(
p−t−1
t−1

)
− t−1

p

(
p
t−1

)∑
t+1≤j≤p−t+1

(
p−t+1
j

)
2

=
p+ t

2p

(
p

t

)(
p− t− 1

t− 1

)
+
p+ t− 1

2p

(
p

t− 1

) ∑
t+1≤j≤p−t+1

(
p− t+ 1

j

)
.

~13 (s = 4). ·�k¤k�
(

4t
t

)
ü:ÑÖì§z�ÑÑy

(
3t−1
t−1

)
g§¿�. t + 1, t +

2, . . . , 3t + 1�ÑÖì§o�
(

4t
t−1

)∑
t+1≤j≤3t+1

(
3t+1
j

)
�"N´/�O�wÑ¤I�ÑÖì

�'~ 12¥����õ"

�°(�O�Ñ·�¤�E�
�è�èÇ�~/�¡§�´·�5¿�·���E

¥¯¢þ�küa�¹u)µ�¹ xi �ÑÖì¶Ø�¹ xi �ÑÖìþ�±üü�é"Ï

d§XJ·�k α�ü:ÑÖìÚ β �Ù¦ÑÖì"¤k�ü:ÑÖìo��¹k tα�

��"k�E�é¡5�±wÑ§xi o�Ñy
 tα/pg"Ón§3¤kÙ¦ÑÖì¥ xi

o�Ñy
 (t−1)β/p"Ïd§·�km = α+βÚ k = tα/p+(t−1)β/p+ m−tα/p−(t−1)β/p
2

"

�ª�èÇ�

k/m =
t+ p

2p

α

α + β
+
t+ p− 1

2p

β

α + β
,

´ t+p
2p
Ú t+p−1

2p
�N�²þ§î��u t+p−1

2p
= ts+t−1

2ts
"

lþ¡�*	�±��'~ α
α+β
��§@oèÇ���"e¡·�ò`²·���E

'½n 5.5¥��E3èÇþÑ���"

du·�¤�E�
�è�èÇî��u t+p−1
2p

= ts+t−1
2ts
§·�Äk^ù�� ts+t−1

2ts
�

Úyk��E'�"¦+3ù«�¹e§·��±�¤�Ü©�`²§��k�
"��

�/I�·��c[��'�"

•�½n 5.5�'�§1��¢~£�E 7Ú½n 10 [6]¤µ

� 3 ≤ r ≤ t§s = r − (r−2)+1
t
"3ù�¢~¥ p = ts = tr − t2 + 2r − 1"N´�y�

r ≥ 3�§ ts+t−1
2ts

> 1
2

+ t−r+1
2(rt−(r−2)r−1)

¤á"
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•�½n 5.5�'�§1��¢~£�E 8Ú½n 11 [6]¤µ

� s = r+ d
t
§p = rt+d§Ù¥ r ≥ 2´���ê§t ≥ r§1 ≤ d ≤ t−1"·���`²

ts+t−1
2ts

= rt+d+t−1
2(rt+d)

î��u 1− (rt+d−t+r)(rt+d−t)
(rt+d)(2rt+2d−2t+r)

§�ª�±��{� (r− 2)(rt+ d− t) > r"

ùw,3 r ≥ 3´©ª¤á�"

�{��¹´� r = 2,p = 2t + d�§·�?1c[/'�"3·���E¥ü:Ñ

Öì�êþ� A =
(

2t+d
t

)(
t+d−1
t−1

)
§Ù¦ÑÖì�êþ� B =

(
2t+d
t−1

)∑d
i=0

(
t+d+1
i

)
§Ïd�ª

�èÇ´µ

k/m =
A 3t+d

4t+2d
+B 3t+d−1

4t+2d

A+B
=

3t+ d

4t+ 2d
− 1

(4t+ 2d)(A
B

+ 1)
.

'u A
B
'~�e.�±UXe�ª�Ñ§Ù¥

∑d
i=0

(
t+d+1
i

)
≤ d(t+d+1)!

d!(t+1)!
�±�Ñ1n

�Ø�ª§d ≤ t− 1�±�Ñ1o�Ø�ªµ

A

B
=

(
2t+d
t

)(
t+d−1
t−1

)(
2t+d
t−1

)∑d
i=0

(
t+d+1
i

) =
(t+ d+ 1)(t+ d− 1)!

t(t− 1)!d!
∑d

i=0

(
t+d+1
i

) ≥ t+ 1

d(t+ d)
>

1

t+ d
.

ÏdèÇ��O� k
m
≥ 3t+d

4t+2d
− 1

(4t+2d)( 1
t+d

+1)
§�±N´�yù' 1 − (t+d+2)(t+d)

(2t+d)(2t+2d+2)
�

�"

•�½n 5.5�'�§1��¢~£�E 9Ú½n 12 [6]¤µ

� s > 2´���ê§t ≥ s"Ø�ª ts+t−1
2ts

> ts+t+1
s(2t+1)

�du ts > 3t+ 1§ù3 s ≥ 4�

´¤á�"�{ s = 3��/·�?1Xe�©Û"

� s = 3�§@o p = 3t"3·���E¥m =
(

3t
t

)(
2t−1
t−1

)
+
(

3t
t−1

)
22t§k = 2

3

(
3t
t

)(
2t−1
t−1

)
+

4t−1
6t

(
3t
t−1

)
22t"e¡·�5y²èÇ k/m´î��u 4t+1

6t+3
µ

2
3

(
3t
t

)(
2t−1
t−1

)
+ 4t−1

6t

(
3t
t−1

)
22t(

3t
t

)(
2t−1
t−1

)
+
(

3t
t−1

)
22t

>
4t+ 1

6t+ 3

⇐⇒ 2t+ 1

t

(
2t− 1

t− 1

)
· 1

6t+ 3
> 22t(

4t+ 1

6t+ 3
− 4t1

6t
)

⇐⇒ (4t+ 2)

(
2t− 1

t− 1

)
> 22t

Ù¥����Ø�ª�±ÏL8B�Ñµ� t = 1�§�±�Ñ 6 > 4¶8Bb��Ú½X

e
(4t+6)(2t+1

t )
(4t+2)(2t−1

t−1 )
= 4t+6

t+1
> 4"
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•�½n 5.5�'�§1��¢~£�E 10Ú½n 13 [6]¤µ

� s > 2´���ê"� (s− 1)t = lbÚ t ≥ l + b§Ù¥ lÚ b´��ê"w,·��

k l�u 1"Ïd ts+t−1
2ts

= s+1
2s
− 1

2st
> s+1

2s
− l

2st
¤á"

nþ¤ã§·�y²
·���� PIR
�è�èÇ´�`u½n 5.5¥��E�"

5.4 ���(((

3�Ù¥§·��Ä
�` PIR
�è��E¯K"3�/ 1 < s ≤ 2e§·���

(½
� t > d2 − d�§�` PIR
�è¤I���ÑÖìêþ"·��&3Ù¦�/e

AT�¬k��Ù�q�(Ø"3�/ s > 2e§·����þ.¯¢þ`²½n 5.4�

(J�½Ø´;�"��g,�¯K´·����þ.´Ø´;�§ly²�L§5©

Û§·��&ù�.�Ø´�`�§XÛ���ù�¯K��`�Y´���©äk]Ô

�ïÄ�K"
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6 ÙÙÙ§§§ïïïÄÄÄóóó���

�Ùò{�0��<ôÖÆ¬Ïm�Ù§ïÄ¤J§�u�Ì�Ï§·�éù
�K

?1{�0�"

6.1 ���___ 2× 2fffÝÝÝ


'''~~~¯̄̄KKK

AONTC�d RSA�èN��M©< RivestJÑ [65]§^5��©|�è�ý?nL

§��"§�±=z�fÝ
��_5¯K",§3���þ��ÎÜ AONTC��

¦�Ý
´Ø�3�"Stinson�< [22] JÑ
���'�¯Kµ���_���Ý
¥k

õ�'~��_ 2 × 2fÝ
ºù�±w�´��k&E�µ�X|Ü¯K§Stinson�

<�Ñ
§�þe.©O� 0.492Ú 0.625§¿ÏL|Ü�OÚ©���{��
�
�

E§ßÿù���'~��4�´�3�"·���)û
d¯K§y²d���'~�

� 0.5"ÏLnØ�©Û§·������nØ�þ.§Ý
¥��"ê8�'~´��

Ãnê"æ^����ê�Ew,´éJ�¤ù�8I�§Ïd·�=ÏLÝ
�

�Å�E§|^��Ý�{§y²
e.(¢´ 0.5"ùÜ©�ó�®²uL35Discrete

Mathematics6"

6.2 ������èèè

� Sn � n���þ���+"��è´��+ Sn ¥�3,«Ýþ¿Âe���f

8"�âØÓ�A^�µ§�±½Âõ«ØÓ�Ýþ"·�Ì��Ä�´ Hamming Ú

Kendall’s τ ùü«ål"cö�>å�Eâ�A^���'§�öK´ð�¥�üSN�

NX [43] ¥�7I�¦"

�²;è�ïÄaq§·��F"3�½��+ Sn Ú�½4�ål d��¹e§O

����èiê8¿���A��E"3 Hammingåle§$�ë Gilbert-Varshamov.

�²�e.Ñv{3��¿Âe?1U?"·�òïÄèiê8�¯K=z�ïÄã�Õ

á8�¯K§�Ñ
éAã���T��/Ú§|^
ãÕáê�/Úê�m���'
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X§��
3 d�½§ nªuÃ¡�¿Âe#�e.§' Gilbert-Varshamov.�²�e

.Jp
 n�"3 Kendall’s τ -åle§·��^aq�/Ú�{§��
#�e.§?�

Ú �
þe.�m�ål"ùÜ©�ó�®²�5Designs, Codes and Cryptography6¤

¹^"

6.3 ���ÁÁÁ���èèè

3�8{��¬e§êi�¬���Ú�£����o�5���À"êi�¬�

)�ö3Ù�¬¥\þ�
�	�&E��êi�«§ùÒ�±3uy���§ÏLê

i�«Jl�Þ",§3õ���ö?1Ü��§¦��±éêi�¬?1�
|

Ü§l¦êi�«��)C/§��\�
Jl�JÝ"�
)ûdù«Ü��5�

Jl(J§C��c5��1�èÆ[Ú|ÜÆ[�OÑ�X�Ü*S�è§X�Á�

è!Jlè!�©lè�"�Á�è�ïÄ�²;�?è¯Kaq§Ì�'5§�þe

.¯K"VÇ�{´ïÄlÑé��35�rkåóä§�´k�ÿ·���l��V

Ç�m¥À�§  ØU�����(�£�´�~�C¤§ù�ÿÒI�|^?��{

£alteration¤§é®²ÀÐ�é�?1?Ö§�ª�¤��(���35y²"·�|^ù

«�{é�Á�è�e.?1
ïÄ§3é����SU?
©z [71] ¥�(J§Ó�·

��A^Oê�E|3i1L����¹eU?
�k�þ."ùÜ©�ó�®²Ýv�

5IEEE Transactions on Information Theory6"

6.4 111������\\\¶¶¶èèè

1��\¶è£OOSPC¤��þ´�xäkûÐ�g�'5Úp�'5���Ý
"

1��\¶è31 CDMA�äþkX�~��A^ [39,46,78]"·�Ì�^õ�ª¤éA

�'éÝ
�Ñ
naìC¿Âe���`�1��\¶è��E"Ó�§r-{üÝ
3

�a1��è�48�E¥Ñå�
Ø�O���^§U? r-{üÝ
�ëêÒ�±´L

�a1��è��E"·�|^�êAÛè��{§�Ñ#ëê� r-{üÝ
��E"ù

Ü©�ó�®²Ýv�5IEEE Transactions on Information Theory6"

6.5 '''uuu888ÜÜÜ������888xxx¯̄̄KKK

3 L-��X�ïÄ¥§·�Ì��Äü�8Ü�m���'X"�é�§3ùp·�
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1. � L = {l1, l2, . . . , ls}Ú K = {k1, k2, . . . , kr}´ü��K�ê8Ü"e F = {F1, F2,

. . . , Fm}´ [n]¥�8x÷vé?¿ i§|Fi| ∈ K§�é?¿ i 6= j§|Fi ∩ Fj| ∈ L"X
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+ · · ·+
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n
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2. � p´���ê§L = {l1, l2, . . . , ls}Ú K = {k1, k2, . . . , kr}´ {1, 2, . . . , p − 1}¥�

ü�f8"e F = {F1, F2, . . . , Fm}´ [n]¥�8x÷vé?¿ i§|Fi| (mod p) ∈ K§

�é?¿ i 6= j§|Fi−Fj| (mod p) ∈ L"XJ n ≥ 2s−2r+1½ö n ≥ s+max1≤i≤r ki§

@o |F| ≤
(
n−1
s

)
+
(
n−1
s−1

)
+ · · ·+

(
n−1
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)
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