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$EVWUDFW

$EVWUDFW

&RPELQDWRULFV LV D YHU\ DWWUDFWLYH VXEMHFW� ,WV UHVHDUFK REMHFWV DUH GLVFUHWH� &RPELQD�
WRULDO PDWKHPDWLFV KDV PDQ\ EUDQFKHV� VXFK DV JUDSK WKHRU\� FRPELQDWRULDO GHVLJQ� ILQLWH
JHRPHWU\ DQG VR RQ� ,W DOVR KDV D KLJK GHJUHH RI FRLQFLGHQFH ZLWK SUDFWLFDO EUDQFKHV RI
PDWKHPDWLFV VXFK DV FRGLQJ WKHRU\ DQG FU\SWRJUDSK\� 7KHUH DUH PDQ\ DOJHEUDLF VWUXFWXUHV
ZLWK JUHDW SURSHUWLHV LQ FRPELQDWRULFV� ZKLFK DUH ZLGHO\ XVHG LQ LQIRUPDWLRQ VFLHQFH� FRP�
PXQLFDWLRQ� VWRUDJH DQG VR RQ� 7KHUHIRUH� WKH FRQVWUXFWLRQ SUREOHPV LQ FRPELQDWRULFV LV
LQWHUHVWLQJ DQG PHDQLQJIXO� 7KLV SDSHU GHDOV ZLWK WKH FRQVWUXFWLRQV RI D FODVV RI JHRPHWULF
VWUXFWXUHV LQ FRPELQDWRULDO PDWKHPDWLFV DQG VHYHUDO FODVVHV RI XVHIXO FRGHV LQ WKH ILHOG RI
LQIRUPDWLRQ� 7KH SXUSRVH RI WKLV SDSHU LV WR GHDO ZLWK WKH FRQVWUXFWLRQ SUREOHPV E\ ILQLWH
ILHOGV� DOJHEUDLF QXPEHU WKHRU\� JURXSV� FKDUDFWHUV DQG RWKHU PDWKHPDWLFDO WRROV�

,Q &KDSWHU �� ZH LQWURGXFH WKH UHVHDUFK EDFNJURXQG RI WKH JHRPHWULF VWUXFWXUHV DQG
FRGHV ZH FRQFHUQHG DQG WKH PDLQ FRQWULEXWLRQV RI WKLV SDSHU�

,Q &KDSWHU �� ZH GHWHUPLQH WKH HTXLYDOHQFH EHWZHHQ VWURQJ UHJXODU JUDSKV DQG m�
RYRLGV LQ WKH V\PSOHFWLF SRODU VSDFH:(2r−1, pe) XQGHU FHUWDLQ FRQGLWLRQV� DQG ZH JLYH WKH
FRQVWUXFWLRQ RI m�RYRLGV LQ WKH V\PSOHFWLF SRODU VSDFH E\ XVLQJ WKH NQRZQ VWURQJ UHJXODU
JUDSKV�

,Q &KDSWHU �� ZH FRQVWUXFW /&' FRGHV DQG OLQHDU FRGHV ZLWK ��GLPHQVLRQDO KXOO E\
XVLQJ VRPH DPRUSKLF DVVRFLDWLRQ VFKHPHV� )XUWKHUPRUH� ZH ILQG VRPH RSWLPDO /&' FRGHV
DQG OLQHDU FRGHV ZLWK ��GLPHQVLRQDO KXOO ZLWK FRPSXWHU ZKHQ WKH SDUDPHWHUV DUH VPDOO�

,Q &KDSWHU �� ZH FRQVWUXFW ODUJH F\FOLF VXEVSDFH FRGHV IURP NQRZQ 6LGRQ VSDFHV DQG
WKHLU YDULDQWV E\ XVLQJ WKH FRQYHUVLRQ UHODWLRQVKLS EHWZHHQ F\FOLF VXEVSDFH FRGHV ZLWK FHU�
WDLQ FRQGLWLRQV DQG 6LGRQ VSDFHV� RXU FRQVWUXFWLRQ VROYHV SDUW RI WKH FRQMXHFWXUH RI WKH
H[LVWHQFH RI F\FOLF VXEVSDFH FRGHV VDWLVI\LQJ FHUWDLQ FRQGLWLRQV�

)LQDOO\� ZH ZLOO LQWURGXFH RXU ODWHU ZRUN DERXW RXU UHVHDUFK�

.H\ZRUGV� 6\PSOHFWLF SRODU VSDFH� 6WURQJO\ UHJXODU JUDSK� m�RYRLG� +XOO� $VVRFL�
DWLRQ VFKHPH� /&' FRGH� 6LGRQ VSDFH� &\FOLF VXEVSDFH FRGHV�
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��� ᐛ֒༼߼ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

��� ⭞ᕰ↙ࠥࡏ㧧ഴᶺ䙖:(2r − 1, pe)ѣⲺm�RYRLGV � � � � � � � � � � � � � ��

��� ᵢㄖቅ㔉 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

� ⭞㔉ਾᯯṾᶺ䙖 KXOO㔪ᮦᖾቅⲺ㓵ᙝ⸷ � � � � � � � � � � � � � � � � � � � ��

��� ᕋ䀶 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

��� ᐛ֒༼߼ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

����� ԙᮦᮦ䇰 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

����� 㔉ਾᯯṾ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

����� ⢯ᖷ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

��� ⭧㔉ਾᯯṾᶺ䙖Ⲻ㓵ᙝ⸷ � � � � � � � � � � � � � � � � � � � � � � � � � ��

����� ф഼࠼㔉ਾᯯṾ⴮ީⲺ㓵ᙝ⸷ � � � � � � � � � � � � � � � � � � � � � � ��

����� фп㊱㔉ਾᯯṾ⴮ީⲺ㓵ᙝ⸷ � � � � � � � � � � � � � � � � � � � � � � ��

����� ф഑㊱㔉ਾᯯṾ⴮ީⲺ㓵ᙝ⸷ � � � � � � � � � � � � � � � � � � � � � � ��

����� фޭᴿᰖ⨼ㅢж⢯ᖷ⸟䱫Ⲻ㔉ਾᯯṾ⴮ީⲺ㓵ᙝ⸷ � � � � � � � � � � � ��

��� 㓵ᙝ⸷ⲺжѠᒵѿᶺ䙖� � � � � � � � � � � � � � � � � � � � � � � � � � � ��

��� ᵢㄖቅ㔉 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

,;
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� ཝⲺᗠ⧥ᆆグ䰪⸷ૂ 6LGRQグ䰪Ⲻ᯦ᶺ䙖 � � � � � � � � � � � � � � � � � � ��
��� 㜂Ქ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
��� ะ⹶⸛䇼 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
��� ѱ㾷㔉䇰 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
����� жѠީӄཝ㿺⁗Ⲻᗠ⧥ᆆグ䰪⸷Ⲻᶺ䙖 � � � � � � � � � � � � � � � � � ��
����� Gq(7k, 2k)ѣ 6LGRQグ䰪Ⲻᶺ䙖 � � � � � � � � � � � � � � � � � � � � � � ��
� ᙱ㔉фኋᵑ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
৸㘹ᮽ⥤ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
֒㘻ㆶ় � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

;



㔚䇪

� 㔠䇰

㓺ਾᮦᆜᱥж〃⹊ガ⿱ᮙሯ䊗Ⲻᮦᆜ�ᆹᴿᖾཐ࠼᭥�ׁྸᴿ䲆ࠖ֋Ƚഴ䇰Ƚ㓺
ਾ䇴䇗ㅿㅿ�ᆹфᖾཐެԌᓊ⭞ᙝ亼ต∊ྸ㕌⸷⨼䇰Ƚᇼ⸷ᆜ儎ᓜ䠃ਾ�䳅⵶䇗㇍ᵰ
Ⲻਇኋ�㓺ਾᮦᆜⲺ䠃㾷ᙝᰛ⑆࠮ᱴ�ᆹ൞㕌⸷ᇼ⸷ㅿ亼ตⲺᓊ⭞੮ᕋҼཝ䠅ᆜ㘻Ⲻ
ީ⌞�㓺ਾᮦᆜѣⲺᶺ䙖䰤从ᱥ㓺ਾᮦᆜⲺ✣⛯䰤从�жӑᴿᝅᙓⲺ㓺ਾ㔉ᶺਥԛ㻡
⭞൞㕌⸷ᇼ⸷ㅿ亼ตѣ�ᶺ䙖ޭᴿ㢥ླᙝ䍞Ⲻ⸷ᡌ㘻ᇼ⸷࠳ᮦ�ᒬъ㻡ᓊ⭞ؗࡦᚥ਀
㖇㔒ᆿޞㅿᆜ〇ѣ� 䘏ㇽᮽㄖ⎿਀Ҽᴿ䲆ࠖ֋ѣⲺж㊱㓺ਾ㔉ᶺⲺᶺ䙖ԛ਀൞ؗᚥ
〇ᆜѣޭᴿՎ㢥ᙝ䍞Ⲻࠖ㊱⸷Ⲻᶺ䙖� ᧛сᶛᡇԢሼԁ㔃⹊ガ䈴从Ⲻ㜂Ქᝅѿԛ਀
ᵢᮽⲺѱ㾷䍗⥤�

��� ᶷグ䰪рⲺ LQWULJXLQJ VHWV

ᴿ䲆ࠖ֋ᱥ㓺ਾᮦᆜⲺжѠ䠃㾷࠼᭥�ᆹфᰖ䲆ࠖ֋ᴿᇼ࠽Ⲻ㚊㌱�ᆹԢᴿᖾཐ
⴮㊱ղⲺᇐѿૂᙝ䍞� ռуੂⲺᱥ� ᴿ䲆ࠖ֋ਠऻ੡ᴿ䲆ᮦ䠅Ⲻ⛯ૂ㓵� ᆹਥԛф㓺
ਾᮦᆜѣᖾཐᴿ䏙Ⲻ䰤从⴮㚊㌱�ᴿ䲆ࠖ֋ѣᴿᖾཐᴿᝅᙓⲺ㓺ਾ㔉ᶺ�ᶷグ䰪рⲺ
LQWULJXLQJ VHWVቧᱥжѠ䶔ᑮᴿᝅѿⲺ⹊ガሯ䊗�

ᡇԢ俌ݾԁ㔃ᶷグ䰪�ޭ։ਥԛ৸㘹ᮽ⥤ >��@� ൞↚ҁࢃ�ᡇԢݾ㔏࠰ሺᖧグ䰪Ⲻ
ᨅ䘦�

Ԛ qѰжѠ㍖ᮦᑸ� FqѰऻ੡ qѠݹ㍖Ⲻᴿ䲆ต�Ԛ V Ѱ FqрⲺжѠ (n+1)�㔪
ੇ䠅グ䰪�ሺᖧグ䰪3*(V )ᱥऻ੡⛯Ƚ㓵Ƚ䶘Ƚ«Ƚ䎻ᒩ䶘 ሯᓊࡡ࠼� V Ⲻ ��㔪 Fq�ᆆ
グ䰪Ƚ��㔪 Fq�ᆆグ䰪Ƚ3�㔪 Fq�ᆆグ䰪Ƚ«Ƚn�㔪 Fq�ᆆグ䰪�Ⲻࠖ֋�ެ਺Ѡ㔉ᶺҁ
䰪Ⲻީ㚊ީ㌱ᱥऻ੡ީ㌱�

с䶘ީӄঀਂ㓵ᙝශⲺᇐѿਥԛ৸㘹ᮽ⥤ >��@�

жѠσ�ঀਂ㓵ᙝශ �σ�VHVTXLOLQHDU IRUP�ᱥжѠ਎ᦘᕅ f : V × V → Fq�ᆹ┗䏩
ԛсᶗԬ�

��� ሯӄԱᝅⲺ x1, x2, y1, y2 ∈ V �ᡇԢᴿ

f(x1 + x2, y1 + y2) = f(x1, y1) + f(x1, y2) + f(x2, y1) + f(x2, y2).

��� ሯӄԱᝅⲺ λ, µ ∈ Fq ԛ਀ x, y ∈ V �ᡇԢᴿ

f(λx, µy) = λµσf(x, y).

жѠ σ�ঀਂ㓵ᙝශ f : V × V → Fq ྸ᷒┗䏩ሯԱᝅⲺ 0 %= x ∈ V �ᆎ൞ V рⲺ

�
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жѠੇ䠅 y ֵᗍ f(x, y) %= 0�ᒬъሯԱᝅⲺ 0 %= y′ ∈ V �ᆎ൞ V рⲺжѠੇ䠅 x′ ֵ

ᗍ f(x′, y′) %= 0�䛙Ѿᆹ㻡〦Ѱ䶔䘶ौⲺ �QRQGHJHQHUDWH��

Ԛ f Ѱ V рⲺжѠ䶔䘶ौⲺঀਂ㓵ᙝශ�Ԛ U Ѱ V ⲺжѠᆆグ䰪�䛙Ѿᖉс䶘
Ⲻޢᕅᡆ㄁ᰬ� U ᱥᇂޞ䘭ੇⲺ �WRWDOO\ LVRWURSLF��

f(x, y) = 0, ∀x, y ∈ U.

ሯӄԱᝅⲺ x ∈ V �ᡇԢᇐѿ

x⊥ = {y ∈ V |f(x, y) = 0}.

жѠф f ⴮ީ㚊Ⲻᶷグ䰪 S ᱥжѠࠖ֋㔉ᶺ�ᆹᱥ⭧㻡 f ⺤ᇐⲺᇂޞ䘭ੇᆆグ

䰪䈧ሲ࠰Ⲻ 3*(V )Ⲻᆆグ䰪ᶺᡆⲺ�䘏ӑᆆグ䰪ऻᤢᇂޞ䘭ੇ⛯Ƚ㓵Ƚ䶘ㅿ�ᶷグ䰪
S Ⲻ JHQHUDWRUVᱥެᡶऻ੡Ⲻ㔪ᮦᴶཝⲺᇂޞ䘭ੇᆆグ䰪�ᡇԢᣀ JHQHUDWRUVⲺੇ䠅
㔪ᮦ〦Ѱ S Ⲻ〟�

ᴿ䲆㔅ޮᶷグ䰪࠼Ѱп〃㊱ශ� ↙Ӛᶷグ䰪 �RUWKRJRQDO SRODU VSDFH�Ƚ䗑ᶷグ䰪
�V\PSOHFWLF SRODU VSDFH�ԛ਀ +HUPLWLDQᶷグ䰪�ᡇԢሼᴿ䲆㔅ޮᶷグ䰪ד⅗ᓅᙱ㔉൞
㺞Ṳ ���ѣ�㺞ѣⲺ gᱥ Fq рⲺуਥ㓜ੂᘷӂ⅗ཐ亯ᕅ�

㺞 ��� ᴿ䲆㔅ޮᶷグ䰪

ᶷグ䰪 〟 ঀਂ㓵ᙝශ f
Q(2n, q) n x2

0 + x1x2 + · · ·+ x2n−1x2n

Q+(2n− 1, q) n x0x1 + x2x3 + · · ·+ x2n−2x2n−1

Q−(2n+ 1, q) n g(x0, x1) + x2x3 + · · ·+ x2nx2n+1

:(2n− 1, q) n x0y1 − y0x1 + · · ·+ x2n−2y2n−1 − x2n−1y2n−2

H(2n, q2) n xq+1
0 + · · ·+ xq+1

2n

H(2n− 1, q2) n xq+1
0 + · · ·+ xq+1

2n−1

7LJKW VHWVૂ m�RYRLGV䜳ᱥᴿ䲆㔅ޮᶷグ䰪ѣᶷެ䠃㾷Ⲻࠖ֋㔉ᶺ�൞ ����ᒪ�
ᒵѿ഑䗯ᖘр WLJKW VHWV ⲺᾸᘫ俌ݾ⭧ 3D\QH ൞ᮽ⥤ >��@ ѣᨆ࠰� 㙂੄ WLJKW VHWV ⲺᾸ
ᘫ৾㻡 'UXGJH>��@ӄ ����ᒪ᧞ᒵࡦᴿ䲆㔅ޮᶷグ䰪ѣ�ᒵѿ഑䗯ᖘѣⲺm�RYRLGVᴶ
⭧ᱥࡓ 7KDV ൞ᮽ⥤ >��@ ѣᇐѿⲺ� ❬੄ 6KXOW ૂ 7KDV>��@ ৾ሼ m�RYRLGV ⲺᾸᘫ᧞ᒵ
⥤Ҽᴿ䲆㔅ޮᶷグ䰪ѣ�൞ᮽࡦ >�@ѣ� %DPEHUJㅿᆜ㘻ሼᒵѿ഑䗯ᖘѣⲺ WLJKW VHWVૂ
m�RYRLGVⲺᾸᘫ㔕жѰ LQWULJXLQJ VHWV�൞↚ҁ੄� LQWULJXLQJ VHWVⲺᾸᘫ൞ᮽ⥤ >�@ѣ৾

㻡᧞ᒵҼࡦᴿ䲆㔅ޮᶷグ䰪ѣ�᧛сᶛ�ᡇԢሼ㔏࠰ᶷグ䰪ѣ LQWULJXLQJ VHWVⲺޭ։ᇐ
ѿ�

ᇐѿ ��� >�@ ᶷグ䰪 S ѣⲺ⛯䳼 I ྸ᷒ሯӄḆњѠᑮᮦ h1 ਀ h2 ┗䏩с䶘ⲺᶗԬ�ᡇ

�
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Ԣቧᣀᆹ〦Ѱ LQWULJXLQJ VHWV�

|P⊥ ∩ I| =





h1, ᖉP ∈ Iᰬ�

h2, ᖉP %∈ Iᰬ�

䘏䠂� P ᙱᱥ S ѣⲺ⛯�

ਥԛ䇷᱄ᗍࡦ�ᶷグ䰪ѣⲺ LQWULJXLQJ VHWVਠ㜳ᱥ WLJKW VHWVᡌ㘻m�RYRLGV�ሯӄᶷ
グ䰪ѣⲺ WLJKW VHWVૂm�RYRLGV�р䘦ᇐѿѣⲺ৸ᮦ h1ૂ h2ྸࡡ࠼с䶘Ⲻᕋ⨼ᡶ⽰�

ᕋ⨼ ��� >�@ሯӄ Fq рᇐѿⲺ〟Ѱ r�r ≥ 2�Ⲻᶷグ䰪 S �ᡇԢᴿ

��� ᶷグ䰪 S ⲺжѠ i�WLJKW VHWᱥ h1ૂ h2ྸсⲺ LQWULJXLQJ VHW�

h1 = i
qr−1 − 1

q − 1
+ qr−1,

h2 = i
qr−1 − 1

q − 1
.

��� ᶷグ䰪 S ѣⲺжѠm�RYRLGᱥ h1ૂ h2ྸсⲺ LQWULJXLQJ VHW�

h1 = mθr−1 − θr−1 + 1,

h2 = mθr−1.

р䘦ᕋ⨼ѣᡶ⎿਀ࡦⲺ θr−1ᱥ〟Ѱ r− 1Ⲻᶷグ䰪ⲺжѠ RYRLGѣ⛯ⲺѠᮦ� θr
൞ᴿ䲆㔅ޮᶷグ䰪ѣⲺ਌ྸٲ㺞 ���ᡶ⽰�

㺞 ��� Fq р〟Ѱ rⲺᶷグ䰪ѣⲺ ��RYRLGᡶ੡⛯ⲺѠᮦ

ᶷグ䰪 Q(2r, q) Q+(2r − 1, q) Q−(2r + 1) :(2r − 1, q) H(2r, q2) H(2r − 1, q2)
θr qr + 1 qr−1 + 1 qr+1 + 1 qr + 1 q2r+1 + 1 q2r−1 + 1

ᶺ䙖уੂ৸ᮦⲺ LQWULJXLQJ VHWVᱥжѠࢃ⋵Ⲻ䈴从�ⴤࢃ�ᴿ䲆㔅ޮᶷグ䰪ѣ LQ�
WULJXLQJ VHWVⲺᶺ䙖ᐨ㔅ᴿуቇ⹊ガᡆ᷒Ҽ�❬㙂ሯӄ䗑ᶷグ䰪㙂䀶�⭧ӄެ㔉ᶺⲺགྷ
ᵸᙝ�䈛グ䰪рⲺ LQWULJXLQJ VHWV�ቚެᱥm�RYRLGVⲺᶺ䙖䘎ᖾ〶㕰�൞ㅢ �ㄖѣ�ᡇԢ
ᨆבҼж〃ᶺ䙖䗑ᶷグ䰪:(2r− 1, pe)ѣm�RYRLGVⲺᯯ⌋�䈛ᯯ⌋࡟⭞Ҽᮽ⥤ >�@ѣ

ᶺ䙖Ⲻжӑᕰ↙ࠥࡏ㧧ഴ �VWURQJO\ UHJXODU &D\OH\ JUDSK��⭞䘏〃ᯯ⌋�ᡇԢᗍࡦҼᖾ
ཐ᯦Ⲻ m�RYRLGV�ᒬъ䘏ӑ m�RYRLGVᰖ⌋⭧ ILHOG UHGXFWLRQᯯ⌋ᗍ᷒ྸ�ࡦ䈱㘻䴶㾷
Ҽ䀙 ILHOG UHGXFWLRQᯯ⌋�ޭ։ਥԛ৸㘹ᮽ⥤ >��@�䘏䜞࠼ᐛ֒ᐨ㔅ਇ㺞൞Ʌ-RXUQDO RI
&RPELQDWRULDO 7KHRU\� 6HULHV $Ɇ�

�
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��� /&'⸷਀ KXOO㔪ᮦѰ �Ⲻ⸷

㓵ᙝ⸷⭧ӄެԙᮦ㔉ᶺㆶঋ� фެԌ䶔㓵ᙝⲺ⸷⴮∊� ᴪ᱉ӄ㻡ࡱ⭱� 㕌⸷ԛ਀
䈇⸷� ഖ↚ᡆѰᡶᴿ㊱ශⲺ⸷ѣ㻡⹊ガфᓊ⭞ᗍᴶཐⲺ⸷� ਜжᯯ䶘� 㓵ᙝ⸷ᱥж〃
䠃㾷Ⲻ㓖䭏⸷�⭧ӄᆹ൞䙐ؗȽᆎ۞ㅿ亼ต䜳ᗍࡦҼᲤ䚃ᓊ⭞�ഖ↚㻡㿼ѰжѠᖾ䠃
㾷Ⲻ⹊ガሯ䊗�

ԛсᱥީӄ㓵ᙝ⸷ⲺжӑะᵢᾸᘫ�ޭ։ਥԛ৸㘹ᮽ⥤ >��@φ

䇴 q ᱥжѠ㍖ᮦᑸ� Fq ᱥऻ੡ q Ѡݹ㍖Ⲻᴿ䲆ต�⭞ Fn
q 㺞⽰ Fq рⲺ n㔪ੇ䠅

グ䰪� Fq рⲺжѠ [n, k] 㓵ᙝ⸷ C ᱥ Fn
q ⲺжѠ k 㔪ᆆグ䰪� ഖ↚ᆹⲺж㓺ะѣऻ

੡ kѠੇ䠅�ሯӄ㓵ᙝ⸷ C ѣԱᝅжѠݹ㍖ �঩⸷ᆍ� x = (x1, x2, ..., xn)�ެ≿᱄䠃䠅
�+DPPLQJ ZHLJKW�ᱥ᤽䳼ਾ {1 ≤ i ≤ n : xi %= 0}Ⲻཝቅ�䇦Ѱ ZW(x)�㓵ᙝ⸷ C Ⲻᴶ
ቅ≿᱄䐓⿱ �PLQLPXP +DPPLQJ ZHLJKW�ᇐѿѰ

d(C) = PLQ{ZW(x) : x ∈ C}.

㓵ᙝ⸷ C ⲺжѠ⭕ᡆ⸟䱫 �JHQHUDWRU PDWUL[� GᱥжѠ⭧ C Ⲻж㓺ะ֒Ѱ㺂Ⲻ⸟䱫�

㓵ᙝ⸷фެሯڬⲺӚ䳼〦Ѱ䈛⸷Ⲻ KXOO� 㓵ᙝ⸷Ⲻ KXOO ޭᴿѦሂⲺԙᮦ㔉ᶺᒬ
ъਥԛ㻡ᒵ⌑䘆⭞ؗࡦᚥ〇ᆜ亼ต�ഖ↚�㓵ᙝ⸷Ⲻ KXOO㻡ཝ䠅ᆜ㘻ᒵ⌑⹊ガ� +XOO
㔪ᮦᖾቅⲺ㓵ᙝ⸷ޭᴿᖾླⲺᙝ䍞�ж㡢᛻߫с�ሯӄ KXOOᖾቅⲺ㓵ᙝ⸷ߩ�ᇐỶḛ
њѠ㓵ᙝ⸷Ⲻ㖤ᦘㅿԭᙝૂ䇗㇍㓵ᙝ⸷Ⲻ㠠ੂᶺ㗚Ⲻ㇍⌋གྷᵸᓜᱥ䶔ᑮ儎᭾Ⲻ� ⢯
�൦ࡡ ྸ᷒жѠ⸷Ⲻ KXOO 㔪ᮦѰ �� ڬᆹᱥжѠ㓵ᙝӈ㺛ሯࡏ �OLQHDU FRPSOHPHQWDU\
GXDO�ㆶ〦Ѱ /&'�⸷�

/&' ⸷ޭᴿ㢥ླⲺᙝ䍞� ᱥж㊱ᖾ䠃㾷Ⲻ㓵ᙝ⸷� 䘇ᒪᶛ� /&' ⸷㻡ཝ䠅ᓊ⭞
ᮦᦤᆎ۞�䙐ؗ㌱㔕ૂ⎾䍯㊱⭫ᆆӝ૷ԛ਀ᇼ⸷ᆜѣ�ᱥ㕌⸷⨼䇰ѣⲺжѠ✣⛯䰤ࡦ
从� /&'⸷ᴶࡓᱥ⭧ 0DVVH\>��@ ᕋޛⲺ�Ԍ䇷᱄Ҽ⭕ᡆ⸟䱫Ѱ GⲺ㓵ᙝ⸷ C ᱥ /&'
⸷ᖉъӻᖉ GGT ᱥ䶔ཽᔸⲺ�঩ GGT ᱥਥ䘼Ⲻ�੄䶘ᡇԢՐ࡟⭞䈛㔉䇰䘑㺂 /&'
⸷Ⲻᶺ䙖�

൞ㅢ �ㄖѣ�ᡇԢ㔏࠰Ҽж〃䙐䗽㔉ਾᯯṾ �DVVRFLDWLRQ VFKHPH�ᶛᶺ䙖 /&'⸷
ԛ਀ KXOO㔪ᮦѰ �Ⲻ㓵ᙝ⸷Ⲻᯯ⌋�䈛ㄖѣⲺެѣжѠᶺ䙖᧞ᒵҼᮽ⥤ >��@ѣ㔏࠰Ⲻ

㔉ਾҼ儎ᯥઞᵕ �*DXVV SHULRG�Ⲻ㓵ᙝ⸷�↚ཌ�ᡇԢᨆבҼ㓵ᙝ⸷Ⲻж〃ᒵѿᶺ䙖�
䙐䗽䈛ᶺ䙖ᡇԢਥԛᗍࡦᴪཐ㊱ශⲺ /&' ⸷ԛ਀ KXOO 㔪ᮦѰ � Ⲻ㓵ᙝ⸷� ᡇԢ䘎
⭞࡟ 0DJPD ぁᓅᗍࡦҼжӑቅ৸ᮦⲺ /&' �DOPRVW� 0'6 ⸷ԛ਀ KXOO 㔪ᮦѰ � Ⲻ
�DOPRVW� 0'6⸷Ⲻׁᆆ�䘏ᝅ઩⵶ᡇԢⲺᶺ䙖ᱥਥԛᗍࡦᙝ䍞䖹ླⲺ㓵ᙝ⸷Ⲻ�䘏䜞
Ⲻᐛ֒ᐨ㔅㻡Ʌ$GYDQFHV࠼ LQ 0DWKHPDWLFV RI &RPPXQLFDWLRQVɆ᧛᭬�

�



㔚䇪

��� ᗠ⧥ᆆグ䰪⸷

൞ ����ᒪ� $KOVZHGHㅿӰ൞ᮽ⥤ >�@ ѣ俌⅗ᕋޛҼ䳅ᵰ㖇㔒㕌⸷�䘏ᱥж〃ਥԛ
൞ޭᴿཐѠؗⓆૂؗᇵⲺ䶔⴮ީ㖇㔒ѣֵؗᚥ⍷䗴ࡦᴶཝौⲺ䶔ᑮ儎᭾Ⲻᐛޭ� 䘏
〃㖇㔒㕌⸷൞᮪Ѡ㖇㔒ѣՖ᫣ؗᚥⲺ儎᭾ᙝҕᝅ઩⵶ᆹሯ䭏䈥ⲺՖ᫣ޭᴿ儎ᓜᮅ᝕

ᙝ�⭧ӄᆆグ䰪⸷⢯ࡡᱥᑮ㔪ᮦ⸷൞䳅ᵰ㖇㔒㕌⸷Ⲻ㓖䭏ᯯ䶘Ⲻᓊ⭞䏀ᶛ䏀Ფ䚃 >��@�
ᆆグ䰪⸷ቚެᱥᗠ⧥ᆆグ䰪⸷਍ࡦҼᴪཐⲺީ⌞� ᗠ⧥ᆆグ䰪⸷൞㕌⸷਀䈇⸷㇍⌋
ѣॷ࠼儎᭾�ሱᢴ㌱㔕ᙝⲺᯯ⌋ৱᶺ䙖⸷ᆍታ䠅ཐ�ᴶቅ䐓⿱ታਥ㜳ཝⲺᗠ⧥ᆆグ䰪
⸷ᱥⴤࢃ䶔ᑮ਍ީ⌞ⲺжѠ䰤从�
ਜཌ� ީӄᗠ⧥ᆆグ䰪⸷ᴿжѠ䶔ᑮ㪍੃Ⲻ⥒ᜩ >�����@� ሯӄԱᝅ㍖ᮦᑸ q ૂ↙

᮪ᮦ k ԛ਀ n > 2k� ᆎ൞жѠᗠ⧥ᆆグ䰪⸷ C ⊆ Gq(n, k)� ެ┗䏩 |C| = qn−1
q−1 ૂ

d(C) = 2k− 2� �䘏䠂� Gq(n, k)Ѱต Fqn Ⲻᡶᴿ k�㔪 Fq�ᆆグ䰪Ⲻ䳼ਾ�㙂 d(C)ᱥ⸷ C
Ⲻᴶቅ䐓⿱��
൞ㅢ �ㄖѣ�ᡇԢᶺ䙖Ҽ Gq(n, k)ѣᴶቅ䐓⿱Ѱ 2k − 2�⸷ᆍѠᮦѰ (+ n

2k, − 1) ·
(qn−1)qk

q−1 Ⲻᗠ⧥ᆆグ䰪⸷� ᖉ n = 3k� ᒬъ k 䏁䘇ӄᰖキཝᰬ� ᆹԢⲺཝቅ⑆䘇൦᧛
䘇ᆆグ䰪⸷Ⲻ㪍੃Ⲻ VSKHUH�SDFNLQJ р⮂Ⲻ 1

q−1 � ᡇԢⲺᶺ䙖ֵ⭞Ҽ 5RWK ㅿӰ൞ᮽ
⥤ >��@ ѣᶺ䙖Ⲻ 6LGRQグ䰪Ⲻ਎։�ᒬъᗍࡦⲺ㔉᷒ૂԌ൞ n = 2k ᶗԬсᗍࡦⲺ㔉

᷒㊱ղ�↚ཌ�ᡇԢ䘎᱄⺤Ҽ Gq(7k, 2k)ѣ 6LGRQグ䰪Ⲻᆎ൞ᙝ�ᒬഖ↚䀙ߩҼ䜞ީ࠼
ӄ Gq(n, k)ѣᴶቅ䐓⿱Ѱ 2k− 2�⸷ᆍѠᮦѰ qn−1

q−1 Ⲻᗠ⧥ᆆグ䰪⸷Ⲻᆎ൞ᙝ⥒ᜩ�䘏
䜞࠼Ⲻᐛ֒ᐨ㔅ਇ㺞൞Ʌ'LVFUHWH 0DWKHPDWLFVɆ�

�
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䗋ᶱオ䰤кⲴm�RYRLGV

� 䗑ᶷグ䰪рⲺm�RYRLGV

��� 㜂Ქ

㔏ᇐ᮪ᮦ e ≥ 1� r ≥ 2�䇴 pᱥжѠ㍖ᮦ� Fpe ᱥऻ੡ peѠݹ㍖Ⲻᴿ䲆ต�䇴 V ᱥ

Fpe ржѠ 2r�㔪Ⲻੇ䠅グ䰪�Ԛ f Ѱᇐѿ൞ V рⲺжѠ䶔䘶ौⲺӚ䭏ශ �DOWHUQDWLQJ
IRUP��㻡䎁ҾӚ䭏ශ f Ⲻ䗑ᶷグ䰪:(2r− 1, pe)ᱥ⭧ީӄ f Ⲻᇂޞ䘭ੇᆆグ䰪䈧ሲ

Ⲻ࠰ 3*(V )Ⲻᆆグ䰪ᶺᡆⲺࠖ֋㔉ᶺ�䗑ᶷグ䰪:(2r− 1, pe)ऻ੡ᇂޞ䘭ੇ �WRWDOO\
LVRWURSLF�⛯Ƚ㓵Ƚ䶘ㅿࠖ֋㔉ᶺ�ഖѰ f ᱥӚ䭏ශ� 3*(V )ѣⲺ∅Ѡ⛯ᱥᇂޞ䘭ੇⲺ�
ഖ↚� :(2r−1, pe)ѣ⛯Ⲻ䳼ਾㅿੂӄ 3*(V )ѣ⛯Ⲻ䳼ਾ�㔪ᮦᴶཝⲺ �ᇂޞ䘭ੇ�ᆆ
グ䰪〦Ѱ:(2r − 1, pe)ѣⲺ PD[LPDOV�ᡌ㘻 JHQHUDWRUV�� :(2r − 1, pe)Ⲻ〟 �UDQN�ᱥ
ᆹⲺ PD[LPDOVⲺੇ䠅グ䰪㔪ᮦ�঩ r�

൞䘏ж㢸䠂� ᡇԢѱ㾷⹊ガҼ :(2r − 1, pe) ѣ m�RYRLGV Ⲻᶺ䙖� :(2r − 1, pe)

ѣⲺжѠm�RYRLGᱥжѠ⛯䳼M�ᆹֵᗍ :(2r − 1, pe)ѣⲺ∅Ѡ PD[LPDOૂMⲺ

Ӛ䳼ᚦླᴿ mѠ⛯� :(2r − 1, pe)ѣⲺжѠ ��RYRLGਥԛㆶ〦ѰжѠ RYRLG� :(2r −
1, pe)�ᴪж㡢Ⲻ᛻߫сԱ֋㔅ޮᶷグ䰪�ѣⲺ RYRLGV俌ݾ⭧ 7KDV>��@ ൞ ����ᒪᇐѿ�
:(2r−1, pe)ѣ RYRLGVⲺᆎ൞ᙝ䰤从ᐨ㔅㻡ᇂޞ䀙ߩҼ� :(3, pe)ѣᴿ RYRLGVᖉъӻ
ᖉ p = 2�ᖉ r > 2ᰬ� :(2r−1, pe)ѣ⋗ᴿ RYRLGV� m�RYRLGVⲺᾸᘫ俌ݾ⭧ 7KDV>��@൞
ᒵѿ഑䗯ᖘѣ㔏࠰�੄৾㻡 6KXOWૂ 7KDV>��@ ᧞ᒵࡦ㔅ޮᶷグ䰪ѣ�㻡〦Ѱ i�WLJKW VHWV
Ⲻਜж〃㔉ᶺҕᱥᶷグ䰪ѣ༽਍ީ⌞Ⲻࠖ֋㔉ᶺ�ެф m�RYRLGV㚊㌱㍝ᇼᒬъ㔅ᑮ
⴮ժ࠰⧦�䗑ᶷグ䰪:(2r − 1, pe)ѣⲺm�RYRLGVૂ i�WLJKW VHWV㻡㔕ж〦Ѱ LQWULJXLQJ
VHWV�൞ᵢㄖѣ�ᡇԢਠ㘹㲇m�RYRLGVⲺᶺ䙖�

㔅ޮᶷグ䰪ѣⲺ LQWULJXLQJ VHWV�⢯ࡡᱥm�RYRLGV�ૂެԌࠖ֋ૂ㓺ਾ㔉ᶺ∊ྸᕰ
ഴૂሺᖧࡏ↙ 2�䠃䠅⸷ᴿᇼ࠽Ⲻ㚊㌱�৸㘹 >�±����@�ׁྸ� :(2r − 1, pe)ѣⲺm�RYRLGV
ੂᰬҕᱥ 3*(2r − 1, pe)ѣⲺӂӚ䳼 �WZR�LQWHUVHFWLRQ VHW��ӄᱥᆹਥԛ⭕ᡆжѠᕰ↙
⥤ഴ�৸㘹ᮽࡏ >�@�ሺᖧӂӚ䳼ૂ 2�䠃䠅⸷ҁ䰪ҕᴿᱴ㪍Ⲻ㚊㌱ >��@�ᮽ⥤ >�@ ѣ㔏࠰Ҽ

жѠ䙐䗽ᕰ↙ࠥࡏ㧧ഴᶺ䙖 4−(5, pe)ѣm�RYRLGVⲺᯯ⌋�

ީӄ:(2r−1, pe)ѣm�RYRLGVⲺѱ㾷䰤从ᱥ�ሯӄ┗䏩ᙄṭᶗԬⲺm ≥ 1�ᆎ൞
:(2r−1, pe)ѣⲺжѠm�RYRLGϋྸ р䶘ᨆࡦⲺ�ᖉm = 1ᰬ�䘏Ѡ䰤从ᐨ㔅㻡ᇂޞ䀙
Ҽ�фҁᖘᡆ勒᱄ሯ∊Ⲻᱥ�ᖉߩ m ≥ 2ᰬ� m�RYRLGVⲺᆎ൞ᙝ䰤从ԃ❬⮏сҼᖾཝ
Ⲻ⹊ガグ䰪�ᡇԢ᧛сᶛሯᐨ⸛Ⲻ㔉䇰ڐжѠㆶ⸣Ⲻᙱ㔉�ᡇԢԄ:(3, pe)ᔶခ�ᖉ p

ᱥжѠཽ㍖ᮦᰬ� :(3, pe)ѣуᆎ൞ RYRLGV�৸㘹 >��@�ռ:(3, pe)ѣᆎ൞жѠެ�࠼ࡈ
ሼ:(3, pe)࠼ࡈᡆжӑ 2�RYRLGV�ӄᱥሯӄ∅жѠ↙ڬᮦ m�ᆎ൞:(3, pe)ѣⲺжѠ

�
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m�RYRLG�৸㘹 >�@�↚ཌ� &RVVLGHQWHㅿᆜ㘻൞ >��@ѣ㔏࠰ҼжѠ:(3, pe)ѣ (pe+1)
2 �RYRLGV

Ⲻᶺ䙖�䘏䠂 pᱥжѠཽ㍖ᮦ�ᖉ p = 2ᰬ�ሯӄᡶᴿਥ㜳Ⲻm� &RVVLGHQWHㅿӰ㔏࠰Ҽ
:(3, pe)ѣm�RYRLGVⲺᶺ䙖 >��@�᧛сᶛ�㘹㲇:(5, pe)Ⲻ᛻߫�俌ݾ�൞:(5, pe)ѣᆎ

൞䴬᱕ⲺࠖѠׁᆆ >�@�ᖉ p = 2ᰬ� &RVVLGHQWHૂ 3DYHVH>��@ ᨆבҼ:(5, pe)ѣ䶔ޮශ

(pe + 1)�RYRLGVⲺњѠᶺ䙖�䘏њѠᶺ䙖࡟⭞Ҽ UHODWLYH KHPLV\VWHPVԛ਀෹ቊ㊩⢯䶘
�+HUPLWLDQ VXUIDFH�ѣᎂޛⲺ 6X]XNL�7LWV RYRLGV�ሯӄж㡢ᙝⲺ:(2r − 1, pe)�൞ᗻ㾷
ⲺᶗԬс�ᮽ⥤ >�@ѣ䇷ᇔ�ሯӄ r > 2�ྸ᷒:(2r−1, pe)ѣᆎ൞жѠm�RYRLG�䛙Ѿቧ
ᴿm ≥ (−3+

√
9+4per)

2pe−2 �㠩ӄᶺ䙖Ⲻ䈜㓼᛻߫� &RVVLGHQWHૂ 3DYHVH>��@൞ peᱥڬᮦⲺ᛻

߫сሼ䗑ᶷグ䰪:(4n− 1, pe)࠼ࡈᡆжѠ (pe(2n−2)−1)
pe−1 �RYRLG�жѠ pe(2n−2)�RYRLGԛ਀

жӑ 2pe(2n−2)�RYRLGV� 6KXOWૂ 7KDV>��@ ԁ㔃Ҽᴿ䲆㔅ޮᶷグ䰪ѣ m�V\VWHPVⲺᾸᘫ�
ᒬъ䇷᱄Ҽ W (2r − 1, pe)ⲺжѠ m�V\VWHPⲺᆆグ䰪ѣⲺ⛯ᶺᡆҼжѠ (pe(m+1)−1)

pe−1 �
RYRLG�൞ᮽ⥤ >��@Ⲻᇐ⨼ ��ѣ�ԌԢ䘎䇷᱄Ҽᖉ rѰཽᮦᰬ�ྸ᷒H(r−1, p2e)ѣऻ੡

жѠm�V\VWHP�䛙Ѿਥԛ⭧ ILHOG UHGXFWLRQᯯ⌋ᗍࡦW (2r−1, pe)ѣⲺжѠ (2m+1)�
V\VWHP�ഖ↚�ᖉ r = 3ᰬ�ᆎ൞W (5, pe)ѣⲺжѠ 1�V\VWHP�ᆹ⭧ H(2, p2e)ѣⲺжѠ

0�V\VWHP ⭕ᡆ� ӄᱥ� ᡇԢਥԛ㧭ᗍ W (5, pe) ѣⲺжѠ (pe + 1)�RYRLG� ↚ཌ� ᗻ亱㾷
ᨆࡦжѠ䠃㾷Ⲻᶺ䙖ᯯ⌋�⭞࡟ ILHOG UHGXFWLRQ�жѠք〟Ⲻ㔅ޮᶷグ䰪ѣⲺжѠ m′�
RYRLGਥԛ⭕ᡆжѠ儎〟Ⲻ㔅ޮᶷグ䰪ѣⲺжѠm�RYRLG�⢯ࡡ൦�ᓊ⭞ ILHOG UHGXFWLRQ
Ⲻᯯ⌋� ྸ᷒ r′ | r ъ re = r′e′� 䛙Ѿ W (2r′ − 1, pe

′
) ѣⲺжѠ m′�RYRLG ਥԛ⭕ᡆ

W (2r − 1, pe)ѣⲺжѠ m�RYRLG�ޭ։ਥԛ৸㘹ᮽ⥤ >��@�൞ᵢㄖⲺㅢп㢸ѣ�ᡇԢሼ
Րᶺ䙖ᗍࡦW (2r− 1, pe)ѣⲺm�RYRLGV�䘏䠂 rᱥжѠ㍖ᮦ�䇦֒ p0�⭧ӄ p0ӻᴿњ

Ѡ㍖ഖᆆ �ૂ p0�ᡶԛW (2p0 − 1, pe)ѣⲺжѠ m�RYRLGу㜳⭧〟ቅӄ p0 Ⲻ䗑ᶷグ

䰪ѣⲺжѠm′�RYRLG䙐䗽 ILHOG UHGXFWLRQᶺ䙖ᗍࡦ�

Ԅр䶘Ⲻᙱ㔉ਥԛⵁ࠰� ⴪㠩Ԁཟ� ᡇԢሯ儎〟䗑ᶷグ䰪рⲺ m�RYRLGV Ⲻᶺ䙖
਀⹊ガԃ❬ᖾ⅖㕰�ቧᶺ䙖㙂䀶�ᖉ q ᱥཽᮦⲺᰬُ�ⴤࢃ୥жᐨ⸛Ⲻᶺ䙖儎〟䗑ᶷ
グ䰪ѣⲺm�RYRLGVⲺᯯ⌋ᱥ ILHOG UHGXFWLRQ�৸㘹 >��@�൞ᵢㄖѣ�ᡇԢ㔏࠰ҼжѠ᯦Ⲻ
ᶺ䙖ᯯ⌋�䈛ᯯ⌋ֵᡇԢਥԛᶺ䙖࠰儎〟䗑ᶷグ䰪рཝ䠅Ⲻ m�RYRLGV�⢯ࡡ൦�ᡇԢ
䇷᱄ҼW (2r − 1, pe)ѣᆎ൞ᖾཐڅ⭞࡟ᐤ䳼䙐䗽сᮽѣⲺᇐ⨼ ���⭕ᡆⲺޭᴿ᯦৸
ᮦⲺm�RYRLGV�ѰҼᯯ׵ਏ䘦ᡇԢⲺᯯ⌋�ᡇԢ㔏࠰Ҽс䶘:(2r−1, pe)ѣm�RYRLGV
Ⲻㅿԭᇐѿ�

ᕋ⨼ ���ԚMѰ:(2r − 1, pe)ѣⲺжѠ⛯䳼�䛙ѾMᱥжѠm�RYRLGᖉъӻᖉ

|P⊥ ∩M| =





m(pe(r−1) + 1)− pe(r−1), ྸ᷒P ∈ M,

m(pe(r−1) + 1), ެԌ᛻ᖘ�
�����

�
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ሯӄᕋ⨼ ���Ⲻ䇷᱄�䈱㘻ਥԛ৸㘹ᮽ⥤ >�@�ᡇԢᶺ䙖 m�RYRLGVⲺะᵢᙓ䐥ᱥ࡟
⭞ᮽ⥤ >�@ ѣᇐ⨼ ��Ⲻ䜞࠼䘼ੇ㔉䇰�ީӄ䗑ᶷグ䰪:(2r − 1, pe)�ᮽ⥤ >�@ ѣⲺᇐ⨼

�� 䇷ᇔҼжѠ m�RYRLG ਥԛ⭕ᡆ (F2r
pe ,+) рⲺжѠ䍕᣿зᯯ㊱ශⲺᕰ↙ࠥࡏ㧧ഴ�

䘏Ѡ䇰ᯣⲺ䜞࠼䘼ੇ㔉᷒ᱥ↙⺤Ⲻ� ঩ (F2r
pe ,+) рⲺжѠޭᴿ⢯ᇐᙝ䍞Ⲻ䍕᣿зᯯ

㊱ශⲺᕰ↙ࠥࡏ㧧ഴਥԛ⭕ᡆ:(2r−1, pe)ѣⲺжѠm�RYRLG �䈛⢯ᇐⲺᙝ䍞঩ć㠠
ሯڬĈⲺᙝ䍞�䘏䜞࠼ሼ൞с䶘Ⲻᇐ⨼ ���ѣᗍࡦ᱄⺤䀙䠀��ѰҼᇔ⧦䘏жѠᯯ⌋�俌
⥤ԁ㔃ᮽݾ >�@ ѣⲺжӑᕰ↙ࠥࡏ㧧ഴ &D\(Fq, D)� ᒬъ䎁Ҿᴿ䲆ต Fq �⧦൞㿼֒ж
Ѡᆆต Fpe рⲺੇ䠅グ䰪�жѠਾ䘸Ⲻ䶔䘶ौⲺӚ䭏ශ f �ᡇԢ㾷䇷᱄⴮ሯӄ f ᶛ䈪�
Dᱥć㠠ሯڬⲺĈ�ӄᱥ⭧DᗍࡦⲺሺᖧ⛯Ⲻ䳼ਾMਥԛ┗䏩ޢᕅ ������ӄᱥਥԛ
⭕ᡆ〟Ѱ rⲺ䗑ᶷグ䰪:(2r− 1, pe)рⲺжѠm�RYRLG�ᵢㄖⲺ㔉ᶺྸс�൞ㅢ ���㢸
ѣ�ᡇԢԁ㔃Ҽᕰ↙ࡏഴⲺжӑะᵢ⸛䇼�ᒬਏ䘦Ҽ࡟⭞ᮽ⥤ >�@ѣᴿ䲆ตѣⲺ഼࠼㊱

ᶺ䙖ᕰ↙ࡏഴⲺᯯ⌋�൞ㅢ ���㢸ѣ�ᡇԢ俌ݾ䈜㓼ԁ㔃ҼᡇԢⲺᶺ䙖ᯯ⌋�᧛⵶ᡇԢ
䈜㓼ਏ䘦ҼᡇԢᶺ䙖:(2r − 1, pe)рm�RYRLGVⲺޭ։㓼㢸�ᴶ੄�ᡇԢ൞ㅢ ���㢸ѣ
ሯ䘏жㄖڐҼᙱ㔉�

��� ᐛ֒༼߼

жѠᕰ↙ࡏഴ VUJ(v, k,λ, µ) ᱥжѠᴿ䗯Ⲻ䶔ᇂޞഴ� ᒬъᆹᱥޭᴿԛсᙝ䍞Ⲻ
ㆶঋᰖੇഴ�

��� ᆹᱥ䱬Ѱ v�঩ᙱ京⛯ѠᮦѰ v�ъ∅Ѡ京⛯ޭᴿ kᶗ䗯Ⲻ↙ࡏഴ�

��� ሯӄԱ֋жሯ⴮䛱Ⲻ京⛯ x� y�ᚦླᴿ λѠ京⛯ੂᰬૂ xԛ਀ y⴮䛱�

��� ሯӄԱ֋жሯу⴮䛱Ⲻ京⛯ x� y�ᚦླᴿ µѠ京⛯ੂᰬф x਀ y⴮䛱�

ׁྸ�жѠӊ䀈ᖘᱥжѠ VUJ(5, 2, 0, 1)�ԛ਀ 3HWHUVHQഴ �㿷сᯯⲺഴ ����ᱥжѠ
VUJ(10, 3, 0, 1)�
жѠᕰ↙ࡏഴ VUJ(v, k,λ, µ)Ⲻ৸ᮦ┗䏩с䶘ᕋ⨼ ���ᡶ䘦Ⲻީ㌱�

ᕋ⨼ ��� �ㅢ ����㢸� *RGVLOૂ 5R\OH>��@�䇴 ΓᱥжѠ VUJ(v, k,λ, µ)�ӄᱥ

k(k − λ− 1) = µ(v − k − 1).

䇴 Γ ᱥжѠㆶঋᰖੇഴ� Γ Ⲻ䛱᧛⸟䱫 �DGMDFHQF\ PDWUL[� ᱥ (0, 1)�⸟䱫 A� ެ
㺂ૂࡍᱥԛ ΓѣⲺ京⛯ݹ㍖֒Ѱ㍘ᕋⲺ�ᖉ xૂ y ൞ഴ Γѣ⴮䛱ᰬ� Axy = 1�ੜࡏ�
Axy = 0� ΓⲺ⢯ᖷٲᇐѿѰެ䛱᧛⸟䱫 AⲺ⢯ᖷٲ�Ѱᯯ׵䎭㿷�ྸ᷒ ΓᴿжѠ䶔ޞ

жੇ䠅 � ⲺكᮦⲺ⢯ᖷੇ䠅� Ⲻ࡬ᱥ䲆ٲ〦ᆹⲺ⢯ᖷࡏ �UHVWULFWHG�� �ሯӄжѠ k�↙
঩уੂӄٲ⢯ᖷ࡬䘔䙐ഴ�ެ䲆ࡏ kⲺ⢯ᖷٲ��

�
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ഴ ��� 3HWHUVHQഴ

ᇐ⨼ ���ሯӄжѠᰘ䶔ᇂޞഴҕуᱥᰖ䗯Ⲻ v 䱬ㆶঋഴ Γ�䇦ᆹⲺ䛱᧛⸟䱫Ѱ A�с
�㔉䇰ᱥㅿԭⲺࡍ

�� Γᱥ৸ᮦѰ (v, k,λ, µ)Ⲻᕰ↙ࡏഴ�ެѣ k,λ, µᱥ㔏ᇐⲺ᮪ᮦ�

�� 㔏ᇐᇔᮦ k� λ� µ�Ԛ I � J ࡏ�ж⸟䱫ޞ㺞⽰ঋփ⸟䱫ૂࡡ࠼ A2 = (λ − µ)A +

(k − µ)I + µJ �

�� AᚦླᴿњѠуੂⲺ䲆࡬⢯ᖷٲ α1ૂ α2�

ሯӄᇐ⨼ ���Ⲻ䇷᱄�ਥԛ৸㘹ᮽ⥤ >�@�ѰҼᯯ׵੄㔣䈹⭞�ᡇԢ㔏ྸ࠰с VUJ(v, k,λ, µ)
Ⲻ৸ᮦૂެ䲆࡬⢯ᖷٲ α1� α2ҁ䰪Ⲻީ㌱�

ᕋ⨼ ��� �ㅢ ����㢸� *RGVLOૂ 5R\OH>��@�Ԛ ΓѰжѠ䲆࡬⢯ᖷٲѰ α1 ૂ α2 Ⲻᕰ↙

ഴࡏ VUJ(v, k,λ, µ)�ެѣ α1 > α2�ӄᱥ

α1 =
(λ− µ) +

√
(λ− µ)2 + 4(k − µ)

2
�

α2 =
(λ− µ)−

√
(λ− µ)2 + 4(k − µ)

2
�

�����

ᆹԢⲺ䠃ᮦࡡ࠼ᱥ

m1 =
1

2

(
(v − 1)− 2k + (v − 1)(λ− µ)√

(λ− µ)2 + 4(k − µ)

)
, ԛ਀

m2 =
1

2

(
(v − 1) +

2k + (v − 1)(λ− µ)√
(λ− µ)2 + 4(k − µ)

)
�

ᶺ䙖ᕰ↙ࡏഴⲺжѠᴿ᭾ᯯ⌋ᱥ࡟⭞ࠥ㧧ഴ �&D\OH\ JUDSK��Ԛ GᱥжѠ䱬Ѱ v

Ⲻࣖ⌋Ӛᦘ㗚�ᒬъԚDᱥ㗚 GⲺжѠᆆ䳼�ᆹ┗䏩ᶗԬ 0 /∈ Dԛ਀ −D = D�ެѣ

��
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−D = {−d|d ∈ D}�㗚Gр䘔᧛䳼ѰDⲺࠥ㧧ഴ �䘏䠂⭞ &D\(G,D)ᶛ㺞⽰�ᱥԛG

ѣⲺݹ㍖Ѱ京⛯Ⲻഴ�ެ京⛯ᱥ⴮䛱ⲺᖉъӻᖉᆹԢⲺᐤऻ੡ӄD�Ԛ ĜѰGⲺ �གྷ�
⢯ᖷ㗚�ࠥ㧧ഴ &D\(G,D)Ⲻᡶᴿ⢯ᖷٲਥԛ㺞⽰Ѱ� ψ(D) :=

∑
d∈D ψ(d),ψ ∈ Ĝ�⌞

ᝅࡦψ0(D) = |D|�䘏䠂ψ0ᱥGⲺᒩࠗ⢯ᖷ �SULQFLSDO FKDUDFWHU��⭧ᇐ⨼ ���ਥ⸛�ࠥ㧧
ഴ &D\(G,D)ᱥᕰ↙ࡏഴᖉъӻᖉ Dᱥ GⲺ⭕ᡆ䳼�ᒬъ {ψ(D) : ψ ∈ Ĝ \ {ψ0}} =

{α1,α2}� 䘏䠂 α1 %= α2� ൞䘏〃᛻߫с� ⴮ᓊⲺ䘔᧛䳼 D 〦ѰжѠڅᐤ䳼 �SDUWLDO
GLIIHUHQFH VHW��ᒬъ DⲺ 'HOVDUWHሯڬᇐѿѰ {ψ ∈ Ĝ : ψ(D) = αi} �i = 1, 2�ѣⲺԱ
ᝅжѠ�
жѠᕰ↙ࡏഴ VUJ(v, k,λ, µ)Ⲻ৸ᮦྸ᷒┗䏩 (v, k,λ, µ) = (n2, a(n− ε), εn+a2−

3εa, a2 − εa)ъ ε = 1 �⴮ሯᓊⲺ� ε = −1� �ᡇԢ〦ҁѰ᣿зᯯ㊱ශ �⴮ሯᓊⲺ�䍕᣿з
ᯯ㊱ශ��
Ԛ Gૂ Dࡡ࠼Ѱྸрᡶ䘦Ⲻ㗚ૂ䳼ਾٽ�ᇐ⴮ሯᓊⲺࠥ㧧ഴ &D\(G,D)ᱥжѠ

ᕰ↙ࡏഴ VUJ(v, k,λ, µ)�䛙Ѿṯᦤᕋ⨼ ���� D ⲺެѣжѠሯૂڬ D ੡ᴿ⴮ੂᮦ䠅Ⲻ

㍖ᖉъӻᖉݹ

k =
1

2

(
(v − 1)− 2k + (v − 1)(λ− µ)√

(λ− µ)2 + 4(k − µ)

)
ᡌ㘻

k =
1

2

(
(v − 1) +

2k + (v − 1)(λ− µ)√
(λ− µ)2 + 4(k − µ)

)
�

ᆹԢㅿԭӄ
(2k + (v − 1)(λ− µ))2

(λ− µ)2 + 4(k − µ)
= (v − 1− 2k)2� �����

㔅䗽жӑߍ䮵Ⲻ䇗㇍�ਥԛᗍࡦᖉ �����ᡆ㄁ᰬ� v ᗻᇐᱥжѠᒩᯯݹ�ᒬъਥԛ
࠰᧞ µ = ( k√

v−1)
2 − k√

v−1 ᡌ㘻 µ = ( k√
v+1)

2 + k√
v+1 �⭧ᕋ⨼ ���ਥ⸛� λ = k − 1 + (1−

v−1
k )µ� ⭧↚ਥ⸛� 㤛 D ⲺжѠሯૂڬ D ᴿ⴮ੂᮦ䠅Ⲻݹ㍖� ഴࡏ↙ᕰࡏ &D\(G,D)

жᇐᱥ᣿зᯯ㊱ශⲺᡌ㘻䍕᣿зᯯ㊱ශⲺ�
ਃҁ� ᖉ (v, k,λ, µ) = (n2, a(n − 1), n + a2 − 3a, a2 − a) ᰬ� ⭧ᕋ⨼ ���ਥ⸛�

α1 = n− a�ެ䠃ᮦѰ f = a(n− 1)�ԛ਀ α2 = −a�ެ䠃ᮦѰ g = (n+ 1− a)(n− 1)�
ഖ↚�ሯڬ {ψ ∈ Ĝ : ψ(D) = α1}ૂ D Ⲻݹ㍖Ѡᮦ⴮ੂ�ᖉ (v, k,λ, µ) = (n2, a(n +

1),−n+ a2 +3a, a2 + a)ᰬ�⭧ᕋ⨼ ���ਥ⸛� α1 = a�ެ䠃ᮦѰ f = (n− 1− a)(n+1)�
ԛ਀ α2 = a− n�ެ䠃ᮦѰ g = a(n+ 1)�ഖ↚�ሯڬ {ψ ∈ Ĝ : ψ(D) = α2}ૂ DⲺݹ

㍖Ѡᮦ⴮ੂ�
ᡇԢ㾷⭞ࠥ㧧ഴ &D\(Fq, D)ᶛᶺ䙖䗑ᶷグ䰪ѣⲺ m�RYRLGV�䘏䠂 &D\(Fq, D)Ⲻ

䘔᧛䳼 D ᱥжӑ഼࠼㊱Ⲻᒬ� ൞ᵢ㢸Ⲻᴶ੄� ᡇԢ㔏࠰ᴿ䲆ตѣ഼࠼㊱Ⲻᇐѿ� 䇴
q = psᱥжѠ㍖ᮦᑸ�ᒬъԚ γѰ FqѣⲺжѠ㔏ᇐⲺᵢ৕ݹ�䇴N > 1ᱥ q− 1Ⲻж

��
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Ѡഖᆆ�ᇐѿ Fq ѣ N C(N,q)㊱഼࠼⅗
i ྸс

C(N,q)
i = {γjN+i : 0 ≤ j ≤ q − 1

N
− 1}�

ެѣ� 0 ≤ i ≤ N − 1�ҕቧᱥ䈪� C(N,q)
0 ᱥ⭧ Fq ѣᡶᴿ䶔䴬 N ⅗ᑸ㓺ᡆⲺ F∗

q Ⲻᆆ㗚�
ᒬъሯӄᡶᴿⲺ 1 ≤ i ≤ N − 1� C(N,q)

i = γiC(N,q)
0 ᡆ㄁�൞੄ᮽѣ�ྸ᷒ N � q ൞㺂ᮽ

ѣᱥ᱄⺤Ⲻ�䛙Ѿቧᣀ C(N,q)
i ㆶߏᡆ Ci�

ᇐٽ q = ps�ެѣ pᱥжѠ㍖ᮦ�䇴 eᱥ sⲺԱᝅжѠ↙ഖᆆ�Ԛ 7Uq/pe : Fq → Fpe

ᱥ Fq ࡦ Fpe Ⲻ䘯࠳ᮦ�঩

7Uq/pe(x) = x+ xpe + · · ·+ xpe(s/e−1)
, ∀x ∈ Fq�

䇦 ωp := H[S
(

2π
√
−1

p

)
�ᇐѿ ψFq : Fq → C∗ྸс�

ψFq(x) = ω
7Uq/p(x)
p , ∀x ∈ Fq�

᱖ሺψFqᱥFqрࣖ⌋㗚Ⲻ⢯ᖷ�ᆹ㻡〦ѰFqⲺḽࣖ߼⌋⢯ᖷ �FDQRQLFDO DGGLWLYH FKDU�
DFWHU��ሯӄԱᝅ y ∈ Fq�ᇐѿ ψFq ,y : Fq → C∗ྸс�

ψFq ,y(x) = ψFq(xy), ∀x ∈ Fq�

Սᡶઞ⸛�ᡇԢᴿ {ψFq ,y | y ∈ Fq} = (̂Fq,+)�
᧛сᶛഔ亴⭧ᮽ⥤ >�@ 㔏࠰Ⲻީӄᕰ↙ࠥࡏ㧧ഴⲺᶺ䙖� 䈛ᶺ䙖ҕਥԛ൞ᮽ⥤ >�@

Ⲻ �����㢸ѣᢴٽ�ࡦᇐ q = ps�ެѣ pᱥжѠ㍖ᮦ�Ԛ N Ѱ q − 1ⲺжѠⵕഖᆆ�ᒬ
ъሯḆѠ↙᮪ᮦ )�ᆹ┗䏩 p# ≡ −1 (PRG N)�Ԛ )਌┗䏩р䘦ᶗԬⲺᴶቅٲ�ᒬъ䇦
s = 2)t�਌ཝቅѰ uⲺⵕᆆ䳼 J ⊂ ZN �㤛 qᱥڬᮦ�䛙Ѿ J Ⲻ਌⌋ᱥԱᝅⲺ�㤛 qᱥ

ཽᮦ�䛙Ѿቧ䴶㾷仓ཌⲺᶗԬ�঩ N | q−1
2 ԛ਀ J + q−1

2 = J �䇴 DJ = ∪i∈JCi�䛙Ѿഴ
&D\(Fq, DJ)ᱥᕰ↙ࡏഴ�ެ⢯ᖷྸٲс

k =
q − 1

N
u, 䠃ᮦѰ ��

α1 =
u

N
(−1 + (−1)t

√
q), 䠃ᮦѰ q − 1− k�

α2 =
u

N
(−1 + (−1)t

√
q) + (−1)t+1√q, 䠃ᮦѰ k�

�����

ޭ։൦䈪�ሯӄ i = 0, 1, ..., N − 1�ᴿ

ψFq(γ
iDJ) =






α2, ྸ᷒ εs = 1ԛ਀ i ∈ −J (PRG N)

ᡌ㘻 εs = −1ԛ਀ i ∈ −J +N/2 (PRG N)�

α1, ެԌ᛻ᖘ�

�����

��
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ެѣ� ε =





−1, ྸ᷒ N ᱥڬᮦъ p!+1

N ᱥཽᮦ�

1, ެԌ᛻ᖘ�
㤛 tᱥཽᮦ �⴮ᓊⲺڬ�ᮦ�ࡏ�ഴ &D\(Fq, DJ)ᱥ᣿зᯯ㊱ශ �⴮ᓊⲺ�䍕᣿зᯯ

㊱ශ�Ⲻ�

��� ⭞ᕰ↙ࠥࡏ㧧ഴᶺ䙖:(2r − 1, pe)ѣⲺm�RYRLGV

൞䘏жㄖⲺ࢟֏䜞࠼ѣ� രᇐс䶘жӑㅜਭ� Ԛ q = ps� ެѣ p ᱥжѠཽ㍖ᮦ�
s = 2er�ެѣ eૂ r > 2ൽѰ↙᮪ᮦ�ሼ Fq ⵁ֒ Fpe �Fq ⲺжѠᆆต�рⲺжѠ 2r�㔪
ੇ䠅グ䰪�⭞ V ᶛ㺞⽰䘏ṭⲺ Fpe�ੇ䠅グ䰪�➝ׁ�ሯӄжѠ䶔䴬ݹ v ∈ V �䇦 〈v〉Ѱ
⭧ vᕖᡆⲺ ��㔪 Fpe�ᆆグ䰪൞ሺᖧグ䰪 3*(V )ѣሯᓊⲺሺᖧ⛯�䎁Ҿ V жѠਂ㓵ᙝ

ශྸс�ԚL(X) =
∑2r−1

i=0 ciXpie ∈ Fq[X]ᱥжѠ㓵ᙝौཐ亯ᕅ�ᇐѿ f : V ×V → Fpe

ྸс

f(x, y) = 7Uq/pe(xL(y)), ∀(x, y) ∈ V × V �

䛙Ѿ f ᱥ V рⲺжѠ Fpe�ਂ㓵ᙝශ�

ᕋ⨼ ���⋵⭞р䶘Ⲻㅜਭ� V рⲺ Fpe�ਂ㓵ᙝශ f ᱥӚ䭏Ⲻᖉъӻᖉ c0 = 0�ᒬъሯ
ӄ 1 ≤ i ≤ 2r − 1� cp

ie

2r−i = −ci�↚ཌ� f ᱥ䶔䘶ौⲺᖉъӻᖉ x 3→ L(x)ᱥሼ Fq ᱖ሺ

�ᆹ㠠ᐧⲺжѠਂ㓵ᙝශࡦ

䇷᱄� ਥ⸛ਂ㓵ᙝශ f ᱥжѠӚ䭏ශᖉъӻᖉ f(x, x) = 0ሯᡶᴿⲺ x ∈ V 䜳ᡆ㄁�
ᡇԢᴿ

f(x, x) =
2r−1∑

i=0

7Uq/pe
(
cix

1+pie
)

=
2r−1∑

i,j=0

cp
je

i xpje+p(i+j)e

=
∑

0≤i<k≤2r−1

(cp
ie

k−i + cp
ke

2r−k+i)x
pie+pke +

2r−1∑

j=0

cp
je

0 x2pje �

ሼ f(x, x) 㿼Ѱީӄ x Ⲻཐ亯ᕅ� ެ㌱ᮦᱥ Fq ѣⲺݹ㍖� Ԅр䶘Ⲻ㺞䗴ᕅѣ� ਥԛ
㿸ሕᗍࡦཐ亯ᕅ f(x, x) Ⲻ⅗ᮦᱥቅӄㅿӄ q − 1 Ⲻ� Fq ѣⲺ∅Ѡݹ㍖ԙࡦޛཐ亯

ᕅ f(x, x)ѣ䜳Ѱ 0ᖉъӻᖉཐ亯ᕅ f(x, x)ᱥжѠ䴬ཐ亯ᕅ�ӄᱥ�䙐䗽∊䖹ཐ亯ᕅ
f(x, x)Ⲻ㌱ᮦ�ᡇԢਥԛ䇷᱄ᕋ⨼ⲺㅢжѠ㔉䇰�

ᇐٽ f ᱥ䶔䘶ौⲺٽ�䇴ሯӄᡶᴿⲺ x ∈ Fq� f(x, y) = 7Uq/pe(xL(y)) = 0䜳ᡆ㄁�
ഖѰ 7Uq/pe ᱥ V рⲺжѠ䶔ᒩࠗⲺ㓵ᙝශ�ᡶԛᡇԢᴿ L(y) = 0�ṯᦤٽ䇴� f ᱥ䶔

��
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䘶ौⲺ�ӄᱥᡇԢᴿ y = 0�৾ഖѰ Lᱥ㓵ᙝौⲺ�ᡶԛ x 3→ L(x)ᱥжѠਂሺ�ਃҁ�
㔉᷒ᱥᱴ㙂᱉㿷Ⲻ�ӄᱥㅢӂѠ㔉䇰Ⲻ䇷᱄ቧᇂᡆҼ�

Ԛ L(X) =
∑2r−1

i=1 ciXpie ∈ Fq[X]ѰжѠ㓵ᙝौⲺ㖤ᦘཐ亯ᕅ�ᆹֵᗍ f(x, y) =

7Uq/pe(xL(y))ᱥжѠ䶔䘶ौⲺӚ䭏ශ�䎁Ҿ V = (Fq, +)р䘦Ӛ䭏ශ f �ᆹሼᡆѰᡇ
Ԣ൞䗑ᶷグ䰪:(2r − 1, pe)р〟Ѱ rⲺ⁗ශ�ሯӄԱᝅ䶔䴬 y ∈ V �ᇐѿ

〈y〉⊥ = {〈x〉 : f(x, y) = 0, x ∈ V \ {0}}�

ੂᰬ�ሯӄԱᝅ y ∈ V �ਜཌᇐѿ Ψy ∈ (̂Fq,+)ྸс�

Ψy(x) = ψFq(xL(y)) = ψFpe
(f(x, y))�

Սᡶઞ⸛�ᡇԢᴿ {Ψy | y ∈ V } = (̂Fq,+)�ᡇԢ⧦൞㔏࠰ (Fq,+)ѣ㠠ሯڅڬᐤ䳼Ⲻ

ᇐѿ �ṯᦤрж㢸ѣⲺ䇞䇰�ᡇԢ⌞ᝅࡦ䘏ṭⲺжѠ㠠ሯڅڬᐤ䳼жᇐᱥ᣿зᯯ㊱ශ
ᡌ㘻䍕᣿зᯯ㊱ශⲺ��Ԛ DѰ F∗

q ѣⲺжѠ F∗
pe�у਎ᆆ䳼�঩ DѰ F∗

pe ൞ F∗
q ѣⲺḆ

ӑ䲠䳼Ⲻᒬٽ�ᇐ⴮ᓊⲺࠥ㧧ഴ &D\(Fq, D)ѰжѠ䍕᣿зᯯ㊱ශⲺᕰ↙ࡏഴ�ެ৸ᮦ
Ѱ (

q, |D|,−√
q + (

|D|
√
q + 1

)2 +
3|D|

√
q + 1

, (
|D|

√
q + 1

)2 +
|D|

√
q + 1

)
�

Ԛ D∗ ⊂ Fq \ {0}ѰжѠ䳼ਾ�ᆹֵᗍ {Ψy ∈ (̂Fq,+) | y ∈ D∗}ᱥ D ⲺḆжѠ

'HOVDUWHሯ᷒ྸ�ڬD∗ = D�ቧ〦Dᱥ㠠ሯڬⲺ�᧛сᶛᡇԢሼ䈜㓼䱆䘦:(2r−1, pe)

ѣⲺm�RYRLGVૂ (Fq,+)ѣⲺ㠠ሯڅڬᐤ䳼ҁ䰪Ⲻީ㌱�

ᇐ⨼ ���⋵⭞р䶘Ⲻㅜਭ�Ԛ DѰ F∗
q ⲺжѠ F∗

pe�у਎ᆆ䳼�ᆹ┗䏩

|D| ≡ 0 (PRG (
√
q + 1)(pe − 1))�

䛙Ѿ䳼ਾM = {〈v〉 : v ∈ D}ᱥ:(2r − 1, pe)ѣⲺжѠ |D|
(pe−1)(

√
q+1) �RYRLGᖉъӻᖉ

DᱥжѠ㠠ሯڅڬᐤ䳼�ъᆹⲺ৸ᮦѰ

(q, |D|,−√
q + (

|D|
√
q + 1

)2 +
3|D|

√
q + 1

, (
|D|

√
q + 1

)2 +
|D|

√
q + 1

)�

䇷᱄� ᇐٽ D ᱥжѠޭᴿ䈛ᇐ⨼ѣᡶ䘦৸ᮦⲺ㠠ሯڅڬᐤ䳼�䛙Ѿṯᦤᕋ⨼ ����ࠥ
㧧ഴ &D\(Fq, D)ᴿњѠ⢯ᖷٲ α1 = |D|√

q+1 �ެ䠃ᮦѰ m1 = q − 1 − |D|��ԛ਀ α2 =
|D|√
q+1 −

√
q �ެ䠃ᮦѰ m2 = |D|��↚ཌ�⭧ӄ Dᱥ㠠ሯڬⲺ�ᡶԛᖉ y ∈ D∗ = D�ᡇ

Ԣᴿ Ψy(D) = α2�ᖉ y ∈ F∗
q \Dᰬ�ᡇԢᴿ Ψy(D) = α1�

��
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䇦M := {〈vi〉 : 1 ≤ i ≤ M}�䘏䠂M = |D|/(pe − 1)�䛙Ѿ D = {θvi : 1 ≤ i ≤
M, θ ∈ F∗

pe}�ሯӄԱᝅ䶔䴬 y ∈ V �ਥԛ䇗㇍ᗍࡦ

Ψy(D) =
M∑

i=1

∑

θ∈F∗
pe

Ψy(θvi)

=
M∑

i=1

∑

θ∈F∗
pe

ψFpe
(θf(vi, y))

= −M +
M∑

i=1

∑

θ∈Fpe

ψFpe
(θf(vi, y))

= −M + pe · |{1 ≤ i ≤ M : f(vi, y) = 0}|

= pe · |〈y〉⊥ ∩M|− |M|�

ᐨ⸛ྸ᷒ y ∈ Dࡏ� Ψy(D) = α2�ਥԛ᧞᷒ྸ�࠰ 〈y〉 ∈ Mࡏ�

|〈y〉⊥ ∩M| = |D|
(pe − 1)(

√
q + 1)

· (pe(r−1) + 1)− pe(r−1)�

䘑ж↛�ྸ᷒ y ∈ F∗
q \Dࡏ� Ψy(D) = α1�ਥԛ᧞᷒ྸ�࠰ 〈y〉 %∈ Mࡏ�

|〈y〉⊥ ∩M| = |D|
(pe − 1)(

√
q + 1)

· (pe(r−1) + 1)�

ഖ↚⭧ᕋ⨼ ���ਥ⸛�䳼ਾMᱥ䗑ᶷグ䰪:(2r − 1, pe)ѣⲺжѠ |D|
(pe−1)(

√
q+1) �RYRLG�

ਃҁ� ᡇԢਥԛㆶঋ൦࡟⭞р䘦᧞ሲⲺਃੇ᧞ሲᗍࡦ㔉䇰� ᡶԛ� ᇐ⨼Ⲻ䇷᱄ࡦ䘏䠂
ቧᇂᡆҼ�

ᡇԢ᧛сᶛՐሯ㠠ሯڬᙝ䘑㺂жӑ䈪᱄�Ԛ DѰ F∗
q рⲺжѠ F∗

pe�у਎ᆆ䳼ٽ�
ᇐ &D\(Fq, D)ᱥжѠ䍕᣿зᯯ㊱ශⲺᕰ↙ࡏഴ�ެ৸ᮦѰ

(
q, |D|,−√

q + (
|D|

√
q + 1

)2 +
3|D|

√
q + 1

, (
|D|

√
q + 1

)2 +
|D|

√
q + 1

)
�

ᇐѿ

D′ = {y ∈ Fq : ψFq ,y(D) = α2}� �����

⌞ᝅࡦ Ψy(D) = ψFq ,L(y)(D)�ӄᱥਥԛ⸛䚉 Dᱥ㠠ሯڬⲺᖉъӻᖉ L(D) = D′�
ᡇԢሼՐ࡟⭞ᇐ⨼ ���ᶛᶺ䙖:(2r − 1, pe)ѣⲺ m�RYRLGV�ㅢж↛�ᡇԢሼՐ䙐

䗽Ԋ㓼䘿᤟р䶘ᨆࡦⲺ L(X)ᶛ䎁Ҿ V жѠޭ։Ⲻ䶔䘶ौӚ䭏ශ�Ԛ γѰ Fq ѣⲺж

Ѡᵢ৕ݹ �ഔ亴рᮽ� q = psѰжѠཽ㍖ᮦᑸ�ъ s = 2er��ᒬъ䇴 δ = γ
√

q+1
2 ∈ Fq�䛙

Ѿቧᴿ δ
√
q = −δ�Ԛ L(X) = δX

√
q�ṯᦤᕋ⨼ ���� f(x, y) := 7Uq/pe(xL(y))ᱥжѠᇐ

��
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ѿ൞ V рⲺ䶔䘶ौӚ䭏ශ�൞ᵢㄖⲺ࢟֏䜞࠼�ᡇԢሼՐ䘿᤟ժ䳅⵶ f Ⲻ V ֒Ѱᡇ

Ԣ൞䗑ᶷグ䰪:(2r − 1, pe)ѣⲺ⁗ශ�
ᡇԢ䘑ж↛ٽᇐ q = ps�䘏䠂 s = 2)tᒬъ tᱥڬᮦ�䘿਌ N = p# + 1�ᒬъԚ

C0, . . . , CN−1 Ѱ Fq ѣⲺ N 䱬഼࠼㊱� ൞䘏〃᛻߫с� ᖾᇯ᱉僂䇷 N | q−1
2 � Ԛ J Ѱ

ZN ѣཝቅѰ uⲺⵕᆆ䳼�ᒬъ䇴 DJ = ∪i∈JCi�ṯᦤᮽ⥤ >�@�৸㘹ㅢӂ㢸㔉ቴ䜞࠼Ⲻ
䇞䇰��ഴ &D\(Fq, DJ)ᱥжѠ䍕᣿зᯯ㊱ශⲺᕰ↙ࡏഴ�ެ৸ᮦѰ

(
q,

u(
√
q − 1)

N
(
√
q + 1),−√

q + (
u(
√
q − 1)

N
)2 +

3u(
√
q − 1)

N
,

(
u(
√
q − 1)

N
)2 +

u(
√
q − 1)

N

)
�

↚ཌ�ᆹⲺ⢯ᖷٲѰ

ψFq(γ
iDJ) =






u
N (

√
q − 1)−√

q, ྸ᷒− i (PRG N) ∈ J �
u
N (

√
q − 1), ެԌ᛻ᖘ�

�����

ӄᱥᡇԢᗍࡦ D′
J = ∪−i∈JCi� 䘏䠂 D′

J ྸ ����� ѣᡶᇐѿ� ѰҼ࡟⭞ᇐ⨼ ���ᶺ䙖
:(2r − 1, pe) ѣⲺ m�RYRLGV� ᡇԢ䴶㾷Ԛ DJ Ѱ㠠ሯڬⲺ� ѰҼ䚵ރ⭕ᡆⲺ㔉᷒ਥ
ԛੂᰬ⭧ ILHOG UHGXFWLRQᯯ⌋ᗍࡦ�ᡇԢ䘑ж↛ٽ䇴 rᱥཽᮦ�

ᕋ⨼ ���⋵⭞р䘦ㅜਭ� ࡏ DJ ᱥ㠠ሯڬⲺᖉъӻᖉ J ᱥ σ�у਎Ⲻ� 䘏䠂 σ : i 3→
−1− i (PRG N)�

䇷᱄� ᡇԢᴿ L(Ci) = γ
√

q+1
2 +

√
qiC0�঩ Lሼ Ci᱖ሺࡦ Cτ(i)�䘏䠂 τ(i) :=

√
q+1
2 +

√
qi

(PRG N)� ⌞ᝅࡦ √
q ≡ 1 (PRG N)� ъ⭧ٽ䇴� t ᱥڬᮦ� 䛙Ѿቧᴿ

√
q−1
2 = (p!t−1)

(p2!−1) ·
(p!−1)

2 · N ≡ 0 (PRG N)�ഖ↚ τ(i) ≡ i + 1 (PRG N)څ�ᐤ䳼 DJ ᱥ㠠ሯڬⲺᖉъӻ

ᖉ L(DJ) = D′
J � 䘏ㅿԭӄ {i + 1 (PRG N) : i ∈ J} = {−i (PRG N) : i ∈ J}� ঩

−J − 1 = J �ᕋ⨼Ⲻ䇷᱄ࡦ↚ᇂᡆ�

ᕋ⨼ ���⋵⭞р䶘Ⲻㅜਭ� DJ ᱥ F∗
pe�у਎Ⲻᖉъӻᖉ J ൞᱖ሺ ρ : i 3→ i + 2d0

(PRG N)сᱥу਎Ⲻ�䘏䠂 d0ᱥжѠཽᮦ�ެᇐѿྸс

d0 := JFG
(
N

2
,

√
q − 1

pe − 1

)
� �����

䇷᱄� ⌞ᝅࡦ F∗
pe = 〈γ(q−1)/(pe−1)〉� ᡶԛ DJ ᱥ F∗

pe�у਎Ⲻᖉъӻᖉ J ൞᱖ሺ i 3→
i+ q−1

pe−1 (PRG N)сᱥу਎Ⲻ�ṯᦤٽ䇴� tᱥڬᮦ�䛙Ѿቧᴿᴿ√
q+1 ≡ 2 (PRG N)�

ӄᱥਥԛ᧞ሲ࠰ JFG(N, q−1
pe−1) = JFG(N, 2(

√
q−1)

pe−1 ) = 2d0�䘏䠂 d0 ྸ�����ѣᡶᇐѿ�ᕋ
⨼ᗍ䇷�

��
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ᇐ⨼ ���Ԛ p ѰжѠཽ㍖ᮦ� ᒬъԚ q = ps� ެѣ s = 2er = 2)t ሯḆӑ↙᮪ᮦ e�
r� )� t ᡆ㄁� 䘏䠂 r ᱥཽᮦъ t ᱥڬᮦ� 䇴 N = p# + 1� ᒬъԚ d0 ྸ�����ѣᡶᇐѿ�
ྸ᷒ d0 > 1� 䛙Ѿሯӄ∅Ѡ᮪ᮦ 1 ≤ b ≤ d0 − 1� 䜳ᆎ൞ :(2r − 1, pe) ѣⲺжѠ
b(
√
q−1)

d0(pe−1) �RYRLG�

䇷᱄� ᡇԢ㔝㔣⋵⭞р䶘ᡶᴿⲺㅜਭ�ṯᦤᕋ⨼ ���ԛ਀ᕋ⨼ ����䳼ਾ DJ ᱥ F∗
pe�у

਎Ⲻᒬъ┗䏩 L(DJ) = D′
J ᖉъӻᖉ J ൞᱖ሺ ρ : i 3→ i + 2d0 (PRG N) ૂ᱖ሺ

σ : i 3→ −1− i (PRG N)сᱥу਎Ⲻ�ṯᦤ 〈ρ,σ〉ᱥжѠӂ䶘։㗚 D N
d0

䘏ѠӁᇔ �৸

㘹ᮽ⥤ >��@ѣⲺ ����� �ᡇԢᯣᇐ 〈ρ,σ〉 = {1, ρ, ρ2, ..., ρ
N
2d0

−1,σ, ρσ, ρ2σ, ..., ρ
N
2d0

−1σ}�ഖ
↚� ZN рⲺ∅Ѡ 〈ρ, σ〉�䖞䚉Oᴿ⴮ੂⲺ䮵ᓜ N

d0
�ᒬъ⴮ᓊ഼࠼㊱ⲺᒬDO = ∪i∈OCi

ཝቅѰ |C0| · N
d0

= q−1
d0

�䘏Ѡཝቅਥԛ㻡 (
√
q + 1)(pe − 1)᮪䲚�ഖѰ⭧�����ਥ⸛� d0

᮪䲚
√
q−1

pe−1 � ഖ↚� DO ᱥ :(2r − 1, pe) ѣⲺжѠ m�RYRLG� 䘏䠂 m =
√
q−1

d0(pe−1) � ሯӄ
∅жѠ 1 ≤ b ≤ d0 − 1� 䙐䗽ਾᒬ b ѠуੂⲺ DO� ቧਥԛᗍࡦ :(2r − 1, pe) рⲺ

bm�RYRLGV�

ᕋ⨼ ���ᇐѿ᱖ሺ g1 : x 3→ ηx�䘏䠂 η
(
√
q+1)(pe−1)

2 = 1�ԛ਀ g2 : x 3→ x
√
q�䘏њѠ᱖ሺ

ᱥ:(2r− 1, pe)рⲺ㠠ੂᶺ�⌞ᝅࡦ f(x, y) = 7Uq/pe(δxy
√
q)�䘏䠂 δ = γ

√
q+1
2 �䛙Ѿ䘏

њѠ㠠ੂᶺ┗䏩с䶘ⲺᶗԬ�

��� ሯӄԱᝅⲺ x, y ∈ Fq�ᴿ f(g1(x), g1(y)) = η
√
q+1f(x, y)�ъ g1(DO) = DO�䘏䠂

Oྸᇐ⨼ ���ѣᡶᇐѿ�

��� ሯӄԱᝅⲺ x, y ∈ Fq�ᴿ f(g2(x), g2(y)) = −f(x, y)�ъ g2(DO) = DO�䘏䠂 O
ྸᇐ⨼ ���ѣᡶᇐѿ�

䇷᱄� 俌ݾ⌞ᝅࡦOᱥZрⲺжѠ 〈ρ,σ〉�䖞䚉�䘏䠂�ᡇԢᴿ ρ : i 3→ i+2d0 (PRG N)�
σ : i 3→ −1 − i (PRG N)ԛ਀ DO = ∪i∈OCi�᧛⵶ᡇԢሼᨆב䈛ᕋ⨼ѣ ���ૂ ���Ⲻ
䇷᱄�

���ሯӄԱᝅⲺ x, y ∈ Fq�ਥԛ᧞࠰

f(g1(x), g1(y)) = 7Uq/pe(δη
√
q+1xy

√
q)

= η
√
q+17Uq/pe(δxy

√
q)

= η
√
q+1f(x, y)�

р䘦᧞ሲⲺㅢӂѠㅿਭᶛ㠠ӄ㔉䇰 η(
√
q+1)(pe−1) = (η

(
√

q+1)(pe−1)
2 )2 = 1�

ሯӄ∅жѠ z ∈ DO� ᆎ൞жѠ j0 ∈ O ֵᗍ η
(
√
q+1)(pe−1)

2 = 1 ᡆ㄁� ҕቧᱥ䈪�
h(

√
q+1)(pe−1))

2 ≡ 0 (PRG q − 1)� ഖ↚� ਥԛ᧞࠰ h ≡ 0 (PRG 2(
√
q−1)

pe−1 )� ഖѰ d0 =

��
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JFG (N2 ,
√
q−1

pe−1 )�ӄᱥቧᴿ 2d0 = JFG (N, 2(
√
q−1)

pe−1 )�ഖ↚�ሯӄḆѠ᮪ᮦ h′�ᴿ h ≡ 2d0h′

(PRG N)ᡆ㄁�ᡶԛਥԛ᧞ሲᗍࡦ

g1(z) = ηz ∈ γ2d0h
′
Cj0 = Cρh′ (j0)

�

ӄᱥ g1(z) ∈ DO�⌞ᝅࡦ g1ᱥжѠਂሺ�ᡶԛᴿ g1(DO) = DO ᡆ㄁�

���ሯӄԱᝅⲺ x, y ∈ Fq�ਥԛ᧞࠰

f(g2(x), g2(y)) = 7Uq/pe(δx
√
qy)

= 7Uq/pe(δ1−
√
q(δxy

√
q)

√
q)

= −7Uq/pe(δxy
√
q)

= −f(x, y)�

р䘦᧞ሲⲺㅢпѠㅿਭ⭧㔉䇰 δ1−
√
q = γ−

q−1
2 = −1ԛ਀

7Uq/pe((δxy
√
q)

√
q) = 7U√q/pe(7Uq/√q(δxy

√
q)

√
q)

= 7U√q/pe(7Uq/√q(δxy
√
q))

= 7Uq/pe(δxy
√
q)

ᗍࡦ�

ሯӄ∅жѠ z ∈ DO�ᆎ൞жѠ j0 ∈ Oֵᗍ z ∈ Cj0 ᡆ㄁�ഖѰ N = pl + 1ԛ਀
√
q − 1 = plt − 1�䘏䠂 tᱥжѠڬᮦ�ᡇԢᴿ j0

√
q ≡ j0 (PRG N)�ഖ↚�ਥԛ᧞ሲᗍ

ࡦ

g2(z) = z
√
q ∈ Cj0 �

ሯӄ z, z′ ∈ O�ᖉ g2(z) = g2(z′)ᰬ�ᖾᇯ᱉䇷᱄ᗍࡦ z = z′�ᡶԛ�ᴿ g2(DO) = DO

ᡆ㄁�

⌞ ���⭧ᇐ⨼ ���ᗍࡦⲺ W (2r − 1, pe)ѣⲺ m�RYRLGVᴿс䶘Ⲻ㠠ੂᶺ�g1 : x 3→ ηx�
䘏䠂 η ∈ F∗

q ⲺҎ⌋䱬Ѱ
(
√
q+1)(pe−1)

2 � ԛ਀ g2 : x 3→ x
√
q� ᆹԢާੂᶺᡆҼжѠӐᗠ

⧥㗚�䈛Ӑᗠ⧥㗚ੂᰬҕᱥ⴮ᓊⲺᕰ↙ࠥࡏ㧧ഴ &D\(Fq, DO)Ⲻ㠠ੂᶺ㗚�⺤ᇐᇐ⨼
���ѣ⭕ᡆⲺ m�RYRLGVⲺޞ㠠ੂᶺ㗚ԛ਀᧘ガᡇԢᶺ䙖Ⲻ m�RYRLGVⲺ㠠ੂᶺ㗚ૂެ
⴮ᓊⲺᕰ↙ࠥࡏ㧧ഴҁ䰪Ⲻ㚊㌱ҕᱥѠ⴮ᖉᴿᝅѿⲺ䰤从�

൞ԛс䇞䇰ѣ�ᡇԢ䘿਌ rѰཽ㍖ᮦ p0�ᒬъ㔏ֵ࠰ᗍ d0 > 1Ⲻޭ։ᶗԬ�䘏䠂
d0 ྸ�����ѣᡶᇐѿ�䘏〃᛻߫с�ᡇԢਥԛᧈ䲚⭧ᇐ⨼ ���ᗍࡦⲺ m�RYRLGVਥԛੂᰬ

��
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⭧ ILHOG UHGXFWLRQᯯ⌋ᗍࡦⲺਥ㜳ᙝ�ഔ亴рᮽ�ᡇԢᴿ s = 2ep0 = 2)t�䘏䠂 tᱥڬ

ᮦ�㘹㲇ྸсњ〃ਥ㜳�

�$� 俌ݾ㘹㲇 p0 | tⲺ᛻߫�䇦 t = p0t0�⭧ӄ tᱥڬᮦ� p0ᱥཽ㍖ᮦ�ᡶԛ t0Ѱڬᮦ�
ъ e = )t0�ӄᱥ

√
q − 1

pe − 1
=

p0−1∑

i=0

pie =
p0−1∑

i=0

pi#t0 ≡ p0 (PRG p# + 1)�

ഖ↚ d0 = JFG(N/2, p0) = JFG(N, p0)� ൞䘏〃᛻߫с� d0 > 1 ᖉъӻᖉ p0 |
(p# + 1)�䘏ҕㅿੂӄ d0 = p0�൞㺞Ṳ ���ѣ�ᡇԢ㔏࡟࠰⭞ᇐ⨼ ����൞䘏〃᛻߫
сᶺ䙖࠰Ⲻжӑm�RYRLGVⲺׁᆆ�

�%� ᧛сᶛ�㘹㲇 p0у᮪䲚 tⲺ᛻߫�൞䘏〃᛻߫с�⭧ p0e = )t�ਥԛ᧞࠰ p0 | )�䇦
) = )0p0�ӄᱥ e = )0t�ᡇԢᯣᇐ d0 = JFG(N/2,

√
q−1

pe−1 )ᙱᱥཝӄ 1Ⲻ�⭧ӄ tᱥ

ᡇԢᴿࡏ�ᮦڬ

√
q − 1 = p#t − 1 ≡ (−1)t − 1 = 0 (PRG N),

ᡶԛ N/2᮪䲚
√
q − 1�ਜжᯯ䶘�⭧ӄ p0 ! t�ᡇԢᴿ

JFG(pe − 1, N/2) | JFG(pe − 1, p2# − 1) = pJFG(e,2#) − 1 = p2#0 − 1.

ഖѰ p2#0 − 1 < N/2 = (p#0p0 +1)/2�ਥԛ⸛䚉N/2у᮪䲚 pe − 1�㔲рᡶ䘦�ᙱ
ᱥᴿ d0 > 1�൞㺞Ṳ ���ѣ�ᡇԢ㔏࠰Ҽ䙐䗽ᇐ⨼ ���൞䘏〃᛻߫сᶺ䙖ᗍࡦⲺ
жӑm�RYRLGVⲺׁᆆ�

ᮽ⥤ >�@ѣᨆ࠰Ҽж〃⥒ᜩ�ྸ᷒䗑ᶷグ䰪:(2r − 1, pe)ѣᆎ൞жѠm�RYRLG�䘏
䠂 r > 2�䛙ѾሯӄḆѠᑮᮦ c > 0�ᴿm ≥ cpe(r−2)ᡆ㄁�

ṯᦤᇐ⨼ ����ᡇԢਥԛ⸛䚉�ᖉ d0 > 1ᰬ� :(2r − 1, pe)ѣᆎ൞ m�RYRLGV�䘏䠂
m = b(

√
q−1)

d0(pe−1) �ਥԛ䇗㇍ᗍࡦ

m

pe(r−2)
=

b(
√
q − 1)

d0(pe − 1)pe(r−2)
=

b(per − 1)

d0(pe(r−1) − pe(r−2))
.

᧛сᶛᡇԢሼ㔏࠰жӑׁᆆ֒Ѱр䘦⥒ᜩⲺਃׁ�

ׁᆆ ���൞᛻߫ �%�ѣ�ᖉ p = 3� r = p0 = 5� t = 2ᰬ�ᡇԢᴿ

d0 = JFG (
35#0 + 1

2
,
310#0 − 1

32#0 − 1
)�

��
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㺞 ��� ᖉ r = p0Ѱཽ㍖ᮦ� p0 | tᰬ�ᇐ⨼ ���ᶺ䙖ᗍࡦⲺm�RYRLGV

p0 p " t d0 W (2p0 − 1, pe) m
� p RGG � �k� k ∈ Z+ � W (5, p2k) b

3(p
4k + p2k + 1)� b ∈ {1, 2}

� � � ��k� k ∈ Z+ � W (9, 34k) b(320k−1)
5(34k−1) � 1 ≤ b ≤ 4

� � � ��k� k ∈ Z+ � W (9, 74k) b(720k−1)
5(74k−1) � 1 ≤ b ≤ 4

� �� � ��k� k ∈ Z+ � W (9, 134k) b(1320k−1)
5(134k−1) � 1 ≤ b ≤ 4

� �� � ��k� k ∈ Z+ � W (9, 174k) b(1720k−1)
5(174k−1) � 1 ≤ b ≤ 4

� �� � ��k� k ∈ Z+ � W (9, 192k) b(1910k−1)
5(192k−1) � 1 ≤ b ≤ 4

� � � ��k� k ∈ Z+ � W (13, 36k) b(342k−1)
7(36k−1) � 1 ≤ b ≤ 6

� � � ��k� k ∈ Z+ � W (13, 56k) b(542k−1)
7(56k−1) � 1 ≤ b ≤ 6

� �� � ��k� k ∈ Z+ � W (13, 136k) b(1342k−1)
7(136k−1) � 1 ≤ b ≤ 6

�� � � ��k� k ∈ Z+ �� W (21, 710k) b(7110k−1)
11(710k−1) � 1 ≤ b ≤ 10

�� �� � ��k� k ∈ Z+ �� W (21, 1310k) b(13110k−1)
11(1310k−1) � 1 ≤ b ≤ 10

�� �� � ��k� k ∈ Z+ �� W (21, 1710k) b(17110k−1)
11(1710k−1) � 1 ≤ b ≤ 10

�� �� � ��k� k ∈ Z+ �� W (21, 1910k) b(19110k−1)
11(1910k−1) � 1 ≤ b ≤ 10

�� � � ��k� k ∈ Z+ �� W (25, 54k) b(552k−1)
13(54k−1) � 1 ≤ b ≤ 12

�� � � ��k� k ∈ Z+ �� W (25, 712k) b(5156k−1)
13(512k−1) � 1 ≤ b ≤ 12

㺞 ��� ᖉ r = p0Ѱཽ㍖ᮦ� p0 ! tᰬ�ᇐ⨼ ���ᶺ䙖ᗍࡦⲺm�RYRLGV

p0 p " t d0 W (2p0 − 1, pe) m

� � � �k� 3 ! k � W (5, 32k) b(36k−1)
7(32k−1) � 1 ≤ b ≤ 6

� � � 2k� 3 ! k �� W (5, 52k) b(56k−1)
21(52k−1) � 1 ≤ b ≤ 20

� � � 2k� 3 ! k �� W (5, 72k) b(76k−1)
43(72k−1) � 1 ≤ b ≤ 42

� � � 2k� 5 ! k �� W (9, 32k) b(310k−1)
61(32k−1) � 1 ≤ b ≤ 60

� � � 2k� 5 ! k ��� W (9, 52k) b(510k−1)
521(52k−1) � 1 ≤ b ≤ 520

� � � 2k� 7 ! k ��� W (13, 32k) b(314k−1)
547(32k−1) � 1 ≤ b ≤ 546

� � � 2k� 7 ! k ����� W (13, 52k) b(514k−1)
13021(52k−1) � 1 ≤ b ≤ 13020

�� � �� 2k� 11 ! k ����� W (21, 32k) b(322k−1)
44287(32k−1) � 1 ≤ b ≤ 44286

��



䗋ᶱオ䰤кⲴm�RYRLGV

ӄᱥ�ਥԛᗍࡦ 35!0+1
3!0+1

| d0�ഖ↚�ሯӄḆѠ㔏ᇐⲺݹ㍖ b�ਥԛ᧞ሲᗍࡦ

m

pe(p0−2)
≤ b(34#0 + 33#0 + 32#0 + 3#0 + 1)

36#0
�

ӄᱥ OLP#0→∞
m

pe(p0−2) = 0�

ׁᆆ ���൞᛻߫ �%�ѣ�ᖉ p = 5� r = p0 = 7� t = 2ᰬ�ᡇԢᴿ

d0 = JFG (
57#0 + 1

2
,
514#0 − 1

52#0 − 1
)�

ӄᱥ�ਥԛᗍࡦ 57!0+1
5!0+1

| d0�ഖ↚�ሯӄḆѠ㔏ᇐⲺݹ㍖ b�ਥԛ᧞ሲᗍࡦ

m

pe(p0−2)
≤ b(57#0 − 1)

(5#0 − 1)510#0
�

ӄᱥ OLP#0→∞
m

pe(p0−2) = 0�

ׁᆆ ���൞᛻߫ �%�ѣ�ᖉ p = 5� r = p0 = 11� t = 2ᰬ�ᡇԢᴿ

d0 = JFG (
511#0 + 1

2
,
522#0 − 1

52#0 − 1
)�

ӄᱥ�ਥԛᗍࡦ 511!0+1
5!0+1

| d0�ഖ↚�ሯӄḆѠ㔏ᇐⲺݹ㍖ b�ਥԛ᧞ሲᗍࡦ

m

pe(p0−2)
≤ b(511#0 − 1)

(5#0 − 1)518#0
�

ӄᱥ OLP#0→∞
m

pe(p0−2) = 0�

��� ᵢㄖቅ㔉

൞ᵢㄖѣ�ᡇԢ㔏࠰Ҽж〃ᴿ䲆䗑ᶷグ䰪ѣm�RYRLGVⲺޭᴿ᯦ࡑᙝⲺᶺ䙖ᯯ⌋�
ᡇԢ࡟⭞ҼжӑԄᮽ⥤ >�@ ѣⲺᯯ഼࠼⌋ᗍࡦⲺ⢯⇀Ⲻᕰ↙ࠥࡏ㧧ഴ &D\(Fq, D)� ᒬ
ъሯᴿ䲆ต Fq䎁ҾжѠ䶔䘶ौⲺӚ䭏ශ f ԛֵ䘔᧛䳼ਾD㔏࠰䗑グ䰪 (Fq, f)ѣⲺ

жѠ m�RYRLG�䙐䗽䘏〃ᯯ⌋ਥԛᗍࡦ儎〟䗑グ䰪ѣཝ䠅Ⲻ m�RYRLGV�ᒬъᡇԢᡶᗍ
Ⲻm�RYRLGVᰖ⌋䙐䗽 ILHOG UHGXFWLRQⲺᯯ⌋ᗍࡦ�ᡇԢ⌞ᝅࡦ䘇ᒪᶛᆜ㘻൞഼࠼⭞࡟
Ⲻᯯ⌋ᶺ䙖ᕰ↙ࠥࡏ㧧ഴᯯ䶘਌ᗍҼᱴ㪍Ⲻᡆ᷒�ޭ։ਥԛ৸㘹ᮽ⥤ >�����������@�⺤ᇐ
ᱥੜਥԛ࡟⭞䘏ӑᕰ↙ࡏഴᶛ䙐䗽ᇐ⨼ ���ᶺ䙖᯦Ⲻ m�RYRLGVሼᱥѠᖾᴿᝅѿⲺᐛ
֒�
䴶㾷᤽࠰Ⲻᱥ� ൞↚ㄖѣᡇԢਠ㘹㲇Ҽ⭧䍕᣿зᯯ㊱ශⲺᕰ↙ࠥࡏ㧧ഴᶺ䙖Ⲻ

䗑ᶷグ䰪ѣⲺ m�RYRLGV�ռ⋗ᴿ⎿਀㊱ղⲺ⭧᣿зᯯ㊱ශⲺᕰ↙ࠥࡏ㧧ഴᶺ䙖Ⲻ䗑
ᶷグ䰪ѣⲺ i�WLJKW VHWV�⨼⭧ྸсᡶ䘦� :(2r − 1, pe)ѣⲺжѠ VSUHDGⲺ∅Ѡݹ㍖䜳
ᱥжѠ 1�WLJKW VHW�ӄᱥሯӄ∅жѠ i� :(2r − 1, pe)ѣ䜳ᆎ൞ i�WLJKW VHWV�

��



⎉⊏བྷᆖঊ༛ᆖս䇪᮷

ᵢㄖⲺ㔉䇰䇷᱄Ҽᴿ䲆䗑ᶷグ䰪ѣᆎ൞Ⲻ m�RYRLGV ∊人ᜩѣཐҼᖾཐ� ↚ཌ�
൞䗑ᶷグ䰪 :(2r − 1, pe)ѣሱᢴᴪཐޭᴿ᯦৸ᮦⲺ m�RYRLGVԃᰝᱥжѠॷ࠼ᴿᝅ
ѿⲺ䰤从�

��



⭘㔃ਸᯩṸᶴ䙐 KXOO㔤ᮠᖸሿⲴ㓯ᙗ⸱

� ⭞㔉ਾᯯṾᶺ䙖 KXOO㔪ᮦᖾቅⲺ㓵ᙝ⸷

��� ᕋ䀶

䇴 qѰ㍖ᮦᑸ� Fq 㺞⽰ऻ੡ qѠݹ㍖Ⲻᴿ䲆ต� Fq рⲺжѠ [n, k, d]㓵ᙝ⸷C ᱥ
Fn
q Ⲻᴶቅ≿᱄䐓⿱ �ᡇԢㆶ〦ެѰᴶቅ䐓⿱�Ѱ dⲺ k�㔪ᆆグ䰪� C ൞ Fq рⲺሯڬ

⸷ �GXDO FRGH� C⊥ᇐѿѰ

C⊥ = {E ∈ Fn
q : E · FT = 0 , ∀F ∈ C}�

ެѣ E · FT ᱥੇ䠅 Eૂ FⲺḽ޻߼〥�㓵ᙝ⸷ C Ⲻ KXOOᇐѿѰ

+XOO(C) := C ∩ C⊥�

㓵ᙝ⸷Ⲻ KXOO ൞⺤ᇐ⭞ӄỶḛњѠ㓵ᙝ⸷Ⲻ㖤ᦘㅿԭᙝ㇍⌋གྷᵸᙝૂ䇗㇍㓵ᙝ⸷
Ⲻ㠠ੂᶺ㗚Ⲻ㇍⌋གྷᵸᙝᰬ䎭ࡦҼީ䭤ᙝⲺ֒⭞ >�����@� ⢯ࡡ൦� ൞ KXOO Ⲻ㔪ᮦᖾቅ
Ⲻᰬُ� 䘏ӑ㇍⌋䙐ᑮՐ䶔ᑮ儎᭾� ྸ᷒жѠ㓵ᙝ⸷ C ┗䏩 +XOO(C) Ⲻ㔪ᮦѰ �� ঩
+XOO(C) = ڬᆹ㻡〦Ѱ㓵ᙝӈ㺛ሯࡏ�ᰬ{0} �OLQHDU FRPSOHPHQWDU\ GXDO�ㆶ〦Ѱ /&'�
⸷�

ሯӄжѠ㓵ᙝ⸷ C�ެᴶቅ≿᱄䐓⿱ d㻡 6LQJOHWRQ⮂ᡶ䲆࡬

d ≤ n− k + 1�

ྸ᷒ d = n − k + ⸷ࡏ�1 C ᱥжѠᶷཝ䐓⿱ਥ࠼ �PD[LPXP GLVWDQFH VHSDUDEOH�ㆶ〦
Ѱ 0'6� ⸷� ᴪ䘑ж↛൦� 㤛ᆹ┗䏩 +XOO(C) = {0}� ᆹᱥжѠࡏ /&' 0'6 ⸷� ྸ᷒
d = n− kࡏ�⸷ C ᱥжѠ DOPRVW 0'6⸷�㤛↚ཌᴿ +XOO(C) = ᆹᱥжѠࡏ�{0} /&'
DOPRVW 0'6⸷�

/&'⸷㻡ᒵ⌑൦ᓊ⭞ӄᮦᦤᆎ۞�䙐ؗ㌱㔕ૂ⎾䍯㊱⭫ᆆӝ૷ㅿ�ᴶ䘇�ᆹԢᐨ
㔅㻡䘆⭞ӄᇼ⸷ᆜѣ� /&' ⸷ᴶࡓᱥ⭧ 0DVVH\>��@ ᕋޛⲺ�&DUOHW ૂ *DLOOH\>��@ ԁ㔃

Ҽӂ䘑࡬ /&'⸷൞ሯᣍ䗯ؗ䚉᭱࠱ �6&$�ૂ᭻䳒⌞࠱᭱ޛ �),$�рⲺᓊ⭞�䲚Ҽᆹ
ԢⲺᇔ䱻ᓊ⭞� /&' ⸷൞ԙᮦ㕌⸷亼ตҕᱥжѠԚӰ᝕ު䏙Ⲻሯ䊗� ᖾཐ㊱ශⲺ⸷
ૂ /&'⸷Ⲻㅿԭᙝᐨ㔅ᡌ↙൞㻡ᒵ⌑⹊ガ� &DUOHWㅿ⹊ガ㘻 >��@㺞᱄Ա֋0'6⸷䜳
ૂḆѠ /&'⸷ᱥㅿԭⲺ� -LQㅿᆜ㘻 >��@ 㺞᱄ F2m�m ≥ 7�рⲺжѠԙᮦࠖ֋⸷ㅿԭ
ӄжѠ /&'⸷�൞↚ҁ੄�ᮽ⥤ >��@㔏࠰ҼжѠ㪍੃Ⲻ㔉᷒�ᆹ䇷᱄Ҽ Fq�q > 3�рԱ
֋жѠ㓵ᙝ⸷䜳ㅿԭӄжѠ /&'⸷� /&'⸷Ⲻ⹊ガӄᱥ਎ᗍᴪࣖᴿ䏙�ཝ䠅Ⲻ⹊ガ
㻡ᣋࡦޛ /&'⸷Ⲻᶺ䙖ѣ� /LXㅿᆜ㘻 >��@ 㔏࠰ҼжѠ㔉ਾ߼↙Ӛ⸟䱫Ⲻ /&'⸟䱫

��
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Ҏ〥⸷Ⲻᶺ䙖� /Lㅿᆜ㘻൞ᮽ⥤ >��@ѣ㔏࠰Ҽࠖ㊱ᴿ䲆ตр /&'ᗠ⧥⸷Ⲻᶺ䙖�൞ᮽ
⥤ >��@ ѣ� 0HVQDJHUㅿ⹊ガ㘻ᶺ䙖Ҽਥԛᴿ᭾ᣫᣍ 6&$Ⲻԙᮦࠖ֋ /&'⸷�ྸ䴶Ҽ
䀙ᴪཐީӄ /&' ⸷Ⲻ⹊ガ� 䈭৸㘹ᮽ⥤ >��������������@� 䴶㾷ᕰ䈹Ⲻᱥ� &DUOHW ㅿᆜ㘻 >��@

᛻߫сⲺ⢯ᖷᶺ䙖ҼݹҼঀᵢ⭞࡟ /&'⸷ԛ਀ KXOO㔪ᮦѰ �Ⲻ㓵ᙝ⸷�਍䈛ᯯ⌋Ⲻ
੥ਇ�ᡇԢ⌞ᝅࡦ�㔉ਾᯯṾૂ /&'⸷ҁ䰪ᴿ䶔ᑮ㍝ᇼⲺ㚊㌱�ᡇԢ᧛сᶛՐ൞䘏ㄖ
ѣ㔏࡟࠰⭞㔉ਾᯯṾᶛᶺ䙖 /&'⸷ԛ਀ KXOO㔪ᮦѰ �Ⲻ㓵ᙝ⸷Ⲻᯯ⌋�ެѣжѠᶺ
䙖ᱥሯᮽ⥤ >��@ ѣ㔉ਾҼ儎ᯥઞᵕⲺᶺ䙖Ⲻ᧞ᒵ� ᡇԢሼՐ൞ㅢ ���ቅ㢸ѣ㔏ޭ࠰։
㓼㢸�

䘏жㄖⲺ㔉ᶺྸс�൞ㅢ ���㢸ѣ�ᡇԢഔ亴Ҽᴿީԙᮦᮦ䇰�㔉ਾᯯṾૂ⢯ᖷⲺ
жӑะᵢ⸛䇼�൞ㅢ ���㢸ѣ�ᡇԢ㔏࠰Ҽ࡟⭞㔉ਾᯯṾⲺ /&'⸷ૂ KXOO㔪ᮦѰ �Ⲻ
㓵ᙝ⸷Ⲻࠖ〃ᶺ䙖�൞ㅢ ���㢸ѣ�ᡇԢᨆבҼжѠж㡢ᙝⲺᶺ䙖࡟�⭞㔉ਾᯯṾԛ਀
⸟䱫ⲺᢟኋᗍࡦᴪཐⲺ /&'⸷ԛ਀ KXOO㔪ᮦѰ �Ⲻ㓵ᙝ⸷�ᴶ੄�ㅢ ���㢸ᱥሯ䘏ж
ㄖ޻ᇯⲺᙱ㔉�

��� ᐛ֒༼߼

����� ԙᮦᮦ䇰

俌ݾԁ㔃⎿਀Ⲻԙᮦᮦ䇰ѣⲺжӑะ⹶⸛䇼ૂะᵢ㔉䇰�䈱㘻ਥԛ৸㘹ᮽ⥤ >��@

ૂᮽ⥤ >��@�

䇴QᱥжѠᴿ⨼ᮦต�KᱥQрⲺжѠ n⅗ᴿ䲆ᢟᕖ�Ԛ Z㺞⽰᮪ᮦ⧥�ሯжѠ
㍖ݹ α ∈ K�ྸ᷒ᆎ൞жѠཐ亯ᕅ f(x) = xn + r1xn−1 + · · · + rn�ެѣ r1, ..., rn ∈ Z�
┗䏩 f(α) = 〦ࡏ�0 αѰжѠԙᮦ᮪ᮦ�ᡶᴿԙᮦ᮪ᮦⲺ䳼ਾᶺᡆжѠ⧥�〦Ѱᡪᗭ
䠇᮪⧥ �'HGHNLQG GRPDLQ��⭞ OK ᶛ㺞⽰�ᡇԢ〦 ZѰᴿ⨼᮪⧥�㙂 ZѣⲺݹ㍖㻡〦
Ѱᴿ⨼᮪ᮦ�ᱴ㙂᱉㿷� Z ⊂ OK �

䇴 p ᱥжѠ㍖ᮦ� ӄᱥ pOK ᱥ p ൞ OK ѣ⭕ᡆⲺѱ⨼ᜩ᮪⧥� ᆹਥԛ୥жߏ
֒ OK ѣ㍖⨼ᜩⲺҎ〥� 䇴 P ᱥ OK ѣऻ੡ pOK Ⲻ㍖⨼ᜩ� ྸ᷒ OK ⊂ Pe ᒬъ

pOK %⊂ Pe+1�䛙Ѿቧ〦 e = RUGP(p)Ѱ P Ⲻ࠼↝᤽ᮦ �UDPLILFDWLRQ LQGH[��ഖѰOK ᱥ

жѠᡪᗭ䠇᮪⧥�䛙Ѿ∅жѠ㍖⨼ᜩ P䜳ᱥᶷཝⲺ�ъOK/PᱥжѠऻ੡ Z/pZⲺᴿ
䲆ต�ഖ↚ OK/P ѣⲺݹ㍖Ѡᮦᱥ pf �ެѣ f := [OK/P : Z/pZ]�䘏䠂 f 㻡〦Ѱ P Ⲻ
⅗ᮦ�

䇴 P1,P2, ...,Pg ᱥ OK ѣᡶᴿऻ੡ pOK Ⲻ㍖⨼ᜩ�ሯӄ∅жѠ i = 1, 2, ..., g�䇴
eiૂ fiࡡ࠼ᱥ PiⲺ࠼↝᤽ᮦૂ⅗ᮦ�ӄᱥ

pOK = Pe1
1 Pe2

2 · · · Peg
g �

��
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ਥ⸛ fi� ei�i = 1, 2, ..., g�ૂ nҁ䰪┗䏩ީ㌱ᕅ
g∑

i=1

eifi = n�

䇴mᱥжѠ┗䏩m ≥ 3ԛ਀m %≡ 2 (PRG 4)Ⲻ᮪ᮦ�䇴 ζm = e
2πi
m ᱥm�⅗ᵢݹঋփ

ṯ�䇴K = Q(ζm)ᱥ⭧m�⅗ᵢݹঋփṯᡶᶺᡆⲺ഼࠼ต�䛙Ѿ�ቧᴿ OK = Z[ζm]�ሯ
ӄжѠᴿ⨼㍖ᮦ p�с䶘Ⲻᕋ⨼㔏࠰Ҽ pOK ൞ OK ѣⲺ࠼䀙ᕅ�

ᕋ⨼ ��� �ᇐ⨼ ����� )HQJ>��@�Ԛ K = Q(ζm)ѰྸрᇐѿⲺ഼࠼ต�ሯӄ∅жѠ㍖ᮦ
p ∈ Z�䇴 m = plm′ �l ≥ 0�ԛ਀ p ! m′�䇴 f ᱥ┗䏩 pf ≡ 1 (PRG m′)Ⲻᴶቅᴿ⨼᮪

ᮦ�ӄᱥ
pOK = (P1P2 · · · Pg)

e�

ެѣ� e = ϕ(pl)�ъሯӄ∅жѠ i = 1, 2, ..., g� PiⲺ⅗ᮦ䜳Ѱ f �ᒬъᴿ g = ϕ(m′)
f �↚༺

ϕᱥ⅝᣿࠳ᮦ�

����� 㔉ਾᯯṾ

ᇐѿ ���䇴 X ᱥжѠᴿ䲆䳼ਾ�Ԛ Ri �i = 0, 1, . . . , d�Ѱ X × X Ⲻ┗䏩сࡍᙝ䍞Ⲻ

ᆆ䳼

��� R0 = {(x, x)| x ∈ X}�

��� X ×X = R0 ∪ . . . ∪Rd�ъᖉ i %= j ᰬ�ᴿ Ri ∩Rj = ∅�

��� ሯḆѠ i′ ∈ {0, 1, . . . , d}� ᴿ Rt
i = Ri′ � 䘏䠂 Rt

i := {(x, y) : (y, x) ∈ Ri}� 㤛
i′ = i�䛙Ѿቧ〦 Riᱥሯ〦Ⲻ�

��� ሯӄ {0, 1, 2, . . . , d}ѣⲺԱᝅ i� j� k�ᆎ൞жѠ᮪ᮦ pkij ┗䏩ሯᡶᴿⲺ (x, y) ∈
Rk�ᴿ

|{z ∈ X|(x, z) ∈ Riъ (z, y) ∈ Rj}| = pkij �

䘏ṭⲺ㔉ᶺ X = (X, {Ri}0≤i≤d) 㻡〦Ѱ X рⲺ d ㊱㔉ਾᯯṾ�↚ཌ�㤛ሯᡶᴿ
Ⲻ 0 ≤ i ≤ d� Ri 䜳ᱥሯ〦Ⲻ�䛙Ѿ䈛㔉ਾᯯṾቧᱥሯ〦Ⲻ�㤛ሯᡶᴿⲺ i� j� k�䜳ᴿ
pkij = pkji�䛙Ѿ䈛㔉ਾᯯṾᱥӚᦘⲺ�

ᇐѿ ���䇴 X = (X, {Ri}0≤i≤d)ᱥжѠ d㊱㔉ਾᯯṾ�ሯӄᡶᴿⲺ i ∈ {0, 1, . . . , d}�
AiᇐѿѰީ㌱ RiⲺ䛱᧛⸟䱫�ެ㺂ૂࡍԛ X ѣⲺݹ㍖Ѱ㍘ᕋ�ᒬъᴿ

(Ai)xy =

{
1, ྸ᷒(x, y) ∈ Ri�
0, ެԌ᛻ᖘ�

��
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ഖ↚�р䘦ᇐѿ ���ѣᡶࡍⲺީӄ㔉ਾᯯṾ X Ⲻᙝ䍞 ᙝ䍞ㅿࡍсૂࡡ࠼�������
ԭ�

��� A0 = I�

��� A0 + A1 + . . .+ Ad = J �ެѣ J Ѱޞ �⸟䱫�

��� ሯԱᝅ i ∈ {0, 1, ..., d}�ᆎ൞жѠ i′ ∈ {0, 1, ..., d}ֵᗍ AT
i = Ai′ �䘏䠂 AT

i 㺞⽰

AiⲺ䖢㖤�

��� ሯӄᡶᴿⲺ i, j ∈ {0, 1, ..., d}�ᴿ AiAj =
∑d

k=0 p
k
ijAk�

ഖ↚�ੇ䠅グ䰪 〈A0, A1, . . . , Ad〉CᶺᡆҼжѠԙᮦM�ᆹ㻡〦Ѱ %RVH�0HVQHUԙ
ᮦ� ሯӄжѠӚᦘ㔉ਾᯯṾ� ᆹⲺ %RVH�0HVQHU ԙᮦҕᱥӚᦘⲺ� ൞↚ㄖ֏сⲺ䜞࠼
ѣ� ᡇԢਠ㘹㲇Ӛᦘ㔉ਾᯯṾ� ᒬъ䈛ㄖㅢпቅ㢸䠂⎿਀Ⲻᡶᴿ㔉ਾᯯṾ䜳ᱥӚᦘ
Ⲻ�

䇴 X = (X, {Ri}0≤i≤d)ᱥжѠӚᦘⲺ㔉ਾᯯṾ�䘏䠂 X = {x1, x2, . . . , xn}�ᒬъ
M = 〈A0, A1, . . . , Ad〉C ᱥ⴮ᓊⲺӚᦘԙᮦ�⌞ᝅࡦMᱥӚᦘⲺࡏ� AT

i Ai = AiAT
i �

ഖ↚ AiᱥжѠ↙㿺⸟䱫�ᡶԛ䛱᧛⸟䱫 A0� A1� . . .� AdᱥњњӚᦘⲺ↙㿺⸟䱫�⭧㓵
ᙝԙᮦ⨼䇰�ᆹԢਥԛ㻡 CрⲺжѠ䝿⸟䱫ੂᰬሯ䀈ौ� V = C|X| = CnᴿжѠ࠼䀙

V = V0 ⊕ V1 ⊕ . . .⊕ Vr�

䘏䠂∅жѠ Vi 䜳ᱥ A0� A1� . . . � Ad ⲺжѠާੂ⢯ᖷグ䰪�㘹㲇ֵ r ਌ᗍᴶቅٲⲺ࠼

䀙ࡏ�ሯӄԱᝅⲺ i %= j�ᆎ൞жѠ᮪ᮦ k ֵᗍ Ak ൞ Vi ૂ Vj рᴿуੂⲺ⢯ᖷٲ�⭧
ӄ J =

∑d
i=0 AiⲺሯᓊӄ⢯ᖷٲ nⲺ⢯ᖷグ䰪ᱥ⭧ (1, 1, ..., 1)ᕖᡆⲺᆆグ䰪�ሯḆѠ

i���㔪ᆆグ䰪 〈(1, 1, ..., 1)〉ᚦླᱥ Vi�䛙Ѿуཧж㡢ᙝ�ਥԛ਌ i = 0ֵᗍ GLPV0 = 1�
䇴 pi(j)ᱥ Ai ൞ Vj рⲺ⢯ᖷٲ�൞䘏жቅ㢸Ⲻ࢟֏䜞࠼�ᡇԢࡡ࠼⭞ vc 㺞⽰ vⲺާ

䖣�⭞ vT 㺞⽰ v Ⲻ䖢㖤�⭞ vH 㺞⽰ v Ⲻާ䖣䖢㖤�⭞ pi(j)c 㺞⽰ pi(j)Ⲻާ䖣�ྸ᷒
AT

i = Ai′ �䘿਌ v ∈ Vj ֵᗍ v %= ⭧ࡏ�0 vAi = pi(j)vਥԛ᧞࠰ vAivH = pi(j)vvH �ሯ
ެ਌䖢㖤ૂާ䖣�ਥԛᗍࡦ vAi′vH = pi(j)cvvH �㊱ղ൦�⭧ vAi′ = pi′(j)v ਥԛᗍࡦ

vAi′vH = pi′(j)vvH �ӄᱥ�ਥԛ᧞ᯣ࠰ pi′(j) = pi(j)c�
ᱴ㙂᱉㿷� A0� A1� . . . � AdᱥԙᮦMⲺж㓺ะ�ᡇԢ᧛сᶛሼԁ㔃MⲺਜཌж

㓺ะ�ሯӄ∅жѠ i = 1, 2, . . . , r�Ԛ Ei Ѱ㺞⽰ᡆ⸟䱫ᖘᕅⲺީӄะ {ex : x ∈ X}Ⲻ
↙Ӛᣋᖧ V → Vi�ެѣ ex = (0, . . . , 0, 1, 0, . . . , 0) ∈ Cn�䘏䠂 �փӄֵᗍ x = xi ∈ X

Ⲻㅢ iѠփ㖤�⭧↙ӚᣋᖧⲺᙝ䍞�ᡇԢᴿ

��� E0 + E1 + . . .+ Er = I �

��
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��� E0 =
1

|X|J �

��� EiEj = δijEi�

ެѣ� δij =
{

1, ྸ᷒i = j�
0, ެԌ᛻ᖘ�

᧛⵶ᡇԢ⹊ガሯӄᡶᴿⲺ i ∈ {1, 2, . . . , r} ԛ਀ j ∈ {1, 2, . . . , d}� Ei ૂ Aj ҁ

䰪Ⲻ⴮ӈީ㌱�ഔ亴рᮽ�ਥԛ⸛䚉 pi(j)ᱥ Ai ൞ Vj рⲺ⢯ᖷٲ�ӄᱥ�ਥԛ᧞ሲ࠰
EjAi = pi(j)Ej �ഖ↚�ᡇԢᴿ

Ai = (
r∑

j=0

Ej)Ai =
r∑

j=0

pi(j)Ej �

ਥԛ䇷᱄ r = d�䈱㘻ਥԛ৸㘹ᮽ⥤ >�@ѣⲺᇐ⨼ ����ഖ↚�ᑸㅿݹ E0� E1� . . .� EdⲺ䳼

ਾҕᶺᡆԙᮦMⲺж㓺ะ�Ԛ P Ѱ䱬ᱥ d+1Ⲻ⸟䱫�ެ (j, i)փ㖤рⲺݹ㍖Ѱ pi(j)�
ѰҼؓᤷᵢㄖѣԙ㺞ݹⲺж㠪ᙝ�ᡇԢ⭞㍘ᕋ䳼 {1, 2, . . . , d}ḽ䇦⸟䱫 P Ⲻ㺂ૂࡍ�
ӄᱥ�ᡇԢᴿ

(A0, A1, . . . , Ad) = (E0, E1, . . . , Ed)P �

р䘦 d+ 1䱬⸟䱫 P 㻡〦Ѱ X Ⲻㅢж⢯ᖷ⸟䱫 �ILUVW HLJHQPDWUL[� �

����� ⢯ᖷ

䱬Ѱ |G|Ⲻᴿ䲆Ӛᦘ㗚 (G,+)ⲺжѠ⢯ᖷφᱥжѠੂᘷ᱖ሺ φ : G → C×�ެѣ
C× ԙ㺞䶔䴬གྷᮦᶺᡆⲺҎ⌋㗚� ҕቧᱥ䈪� ሯӄᡶᴿⲺ g1, g2 ∈ G� ᴿ φ(g1 + g2) =

φ(g1)φ(g2) ᡆ㄁� ᱴ❬� ᡇԢᴿ φ(0) = 1 ԛ਀ φ(g)|G| = φ(|G|g) = φ(0) = 1 ሯӄᡶ

ᴿⲺ g ∈ G 䜳ᡆ㄁� ⭧↚ਥ⸛� ሯӄԱᝅⲺ g ∈ G� φ(g) ᱥжѠགྷ |G|�⅗ঋփṯ� ྸ
᷒ሯӄԱᝅⲺ g ∈ G� 䜳ᴿ φ0(g) = 1� 䛙Ѿ⢯ᖷ φ0 ቧ㻡〦Ѱ G Ⲻᒩࠗ⢯ᖷ �WULYLDO
FKDUDFWHU� �
Ԛ Fq Ѱ q ᴿ䲆ต�䘏䠂ݹ q = ph� pᱥжѠ㍖ᮦ� hᱥжѠ↙᮪ᮦ�ᴿ䲆ต Fq Ⲻ

ࣖ⌋⢯ᖷφᱥࣖ⌋㗚 (Fq,+)ⲺжѠ⢯ᖷ�ሯӄ䘏ṭⲺ⢯ᖷ φ�ᡇԢᴿ

φ(a+ b) = φ(a)φ(b)

ሯԱᝅ a, b ∈ Fq ᡆ㄁�ᒬъ φ(0) = 1� Ԛ 7Uq/p㺞⽰ Fq ࡦ FpрⲺ䘯࠳ᮦ�ެᇐѿྸс

7Uq/p(x) = x+ xp + . . .+ xph−1
, ሯԱᝅ x ∈ Fqᡆ㄁�

⭧ӄ 7Uq/p(·)ᱥжѠ Fp�㓵ᙝ࠳ᮦ�䛙ѾሯӄԱᝅ a ∈ Fq�ਥԛᗍࡦжѠࣖ⌋⢯ᖷ φa :

(Fq,+) → C×�ᇐѿྸс
φa(x) = ζ

7Uq/p(ax)
p �

��
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ެѣ ζp = e
2πi
p ᱥжѠ p�⅗ᵢݹঋփṯ�⢯ࡡ൦�⢯ᖷ φ1 㻡〦Ѱḽ߼⢯ᖷ �FDQRQLFDO

FKDUDFWHU��

��� ⭧㔉ਾᯯṾᶺ䙖Ⲻ㓵ᙝ⸷

с䶘ⲺњѠᕋ⨼ࡡ࠼㔏࠰Ҽ /&'⸷ⲺжѠᇂࡱޞ⭱ԛ਀ KXOO㔪ᮦѰ �Ⲻ㓵ᙝ
⸷ⲺжѠ࠼ݻᶗԬ�

ᕋ⨼ ��� >��@ Ԛ C Ѱ Fq рⲺжѠ [n, k]㓵ᙝ⸷�ެ⭕ᡆ⸟䱫Ѱ G = [Ik, Q]�䛙Ѿ⸷ C
ᱥ /&'Ⲻᖉъӻᖉ Ik + QQT ᱥ䶔ཽᔸⲺ�঩��уᱥ⸟䱫 QQT Ⲻ⢯ᖷ�䘏䠂 QT 㺞

⽰ QⲺ䖢㖤�

ᕋ⨼ ��� >��@Ԛ CѰ FqрⲺжѠ [n, k]㓵ᙝ⸷�ެ⭕ᡆ⸟䱫ѰG = [Ik, Q]�䛙Ѿྸ᷒��
ᱥ⸟䱫 QQT Ⲻ⢯ᖷٲ�ᒬъެ �ԙᮦ�䠃ᮦѰ ��䛙Ѿ⸷ C Ⲻ KXOO㔪ᮦѰ ��䘏䠂 QT

㺞⽰ QⲺ䖢㖤�

ᵢቅ㢸Ⲻѱ㾷ᐛ֒ᱥ࡟⭞Ӛᦘ %RVH�0HVQHU ԙᮦࡡ࠼ᶺ䙖┗䏩ᕋ⨼ ���ૂᕋ⨼
���ѣᶗԬⲺ⸟䱫Q�↚ཌ�ᡇԢਥԛࡡ࠼ᗍࡦ /&'⸷ૂ KXOO㔪ᮦѰ �Ⲻ㓵ᙝ⸷�ѰҼ
ኋ⽰ᡇԢⲺѱ㾷㔉᷒�⧦൞ሼ㔕ж䘏жቅ㢸ᡶֵ⭞Ⲻㅜਭ�Ԛ X = (X, {Ri}0≤i≤d)Ѱ

жѠӚᦘⲺ d㊱㔉ਾᯯṾ�ެ┗䏩 |X| = n�ᒬъM = 〈A0, A1, . . . , Ad〉Cᱥ⴮ሯᓊⲺ
Ӛᦘԙᮦ�䛙Ѿቧᴿ࠼䀙ᕅ V = V0 ⊕ V1 ⊕ . . .⊕ Vd�ԛсᕋ⨼ᨆ࠰Ҽ %RVH�0HVQHUԙ
ᮦMѣ⸟䱫⢯ᖷٲⲺжѠ䠃㾷ᙝ䍞�

ᕋ⨼ ���Ԛ χt(B) 㺞⽰ B ൞ Vt рⲺ⢯ᖷٲ� 䘏䠂 B =
∑d

i=0 biAi ∈ M ъ t ∈
{0, 1, . . . , d}�ሯӄ∅жѠ t�ሯԱᝅⲺ B =

∑d
i=0 biAi ∈ Mԛ਀ C =

∑d
i=0 ciAi ∈ M�

䜳ᴿ χt(B) =
∑d

i=0 bipi(t)ԛ਀ χt(BC) = χt(B)χt(C)ᡆ㄁�

䇷᱄� ሯӄԱᝅⲺ t ∈ {0, 1, . . . , d}�䘿᤟ԱᝅⲺ 0 %= v ∈ Vt�ਥԛ᧞࠰ vB =
∑d

i=0 bivAi =
∑d

i=0 bipi(t)v�ᡶԛਥԛ᧞ሲ࠰ χt(B) =
∑d

i=0 bipi(t)�ṯᦤ B� C� χt(B)ૂ χt(C)Ⲻ㺞

䗴ᕅ�ᡇԢਠ䴶㾷䇷᱄ሯӄԱᝅⲺ i, j ∈ {0, 1, . . . , d}�䜳ᴿ χt(AiAj) = χt(Ai)χt(Aj)

ᡆ㄁঩ਥ�ሯӄԱᝅⲺ 0 %= v ∈ Vt�ᙱᴿ

vχt(AiAj) = v(AiAj) = (vAi)Aj = χt(Ai)(vAj) = vχt(Ai)χt(Aj)�

ഖ↚�䇷᱄ᇂᡆ�

൞䘏ㄖⲺ֏с䜞࠼�ᡇԢခ㓾ሼ p0䇴㖤ѰжѠ㍖ᮦ�ሼ u䇴㖤ᡆжѠ↙᮪ᮦ�䛙
Ѿ Fpu0

ᱥжѠ੡ᴿ pu0 Ѡݹ㍖Ⲻᴿ䲆ต�ሯӄԱᝅⲺ n0 ∈ Z�ᇐѿ n0 = n0 (PRG p0)�

��
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䛙Ѿቧᴿ n0 ∈ Fp0 �ԚMn(Z)㺞⽰ Zр䱬Ѱ nⲺᯯ䱫�਌

Q =
d∑

i=0

ciAi ∈ M,䘏䠂 ci ∈ Z, 0 ≤ i ≤ d� �����

ሯӄ䘏ṭⲺ⸟䱫 Q = (qij) ∈ M ∩Mn(Z)�ᇐѿ

Q = (qij) ∈ Mn(Fp0)�䘏䠂 qij = qij(PRG p0)� �����

ሯӄԱᝅⲺ t ∈ {0, 1, . . . , d}�ᇐѿ T ′
t = χt(QQT )Ѱ⸟䱫 QQT ൞ Vt рⲺ⢯ᖷٲ�⭧

QQT Ⲻᇐѿԛ਀ᕋ⨼ ����ਥԛ᧞࠰

T ′
t =

(
d∑

i=0

cipi(t)

)(
d∑

i=0

cipi′(t)

)
� �����

䘏䠂�ሯḆѠ i′ ∈ {0, 1, . . . , d}�ᴿ AT
i = Ai′ ᡆ㄁�⢯ࡡ൦�ྸ᷒䈛㔉ਾᯯṾᱥሯ〦Ⲻ�

䛙Ѿቧᴿ

T ′
t =

(
d∑

i=0

cipi(t)

)2

�����

ሯ∅Ѡ t ∈ {0, 1, . . . , d}ᡆ㄁�

⋵⭞р䶘ᨆࡦⲺㅜਭ�с䶘ᡇԢሼ㔏࠰䘏ㄖⲺѱ㾷㔉䇰�

ᇐ⨼ ���Ԛ C Ѱ Fpu0
рⲺжѠ [2n, n]㓵ᙝ⸷�ެ⭕ᡆ⸟䱫Ѱ G = [In, Q]�䘏䠂 Qᱥ

ᕅޢ⭧ �����㔏࠰Ⲻ�ሯӄ∅жѠ t ∈ {0, 1, . . . , d}�Ԛ T ′
t Ѱޢᕅ �����ᡶᇐѿⲺ⸟䱫

QQT ൞ Vt рⲺ⢯ᖷٲ�ᒬъԚ Tt = T ′
t + 1�ྸ᷒ᡶᴿⲺ T ′

t 䜳ᱥᴿ⨼ᮦ�䛙Ѿቧᴿԛ
с㔉䇰

��� ⸷ C ᱥ /&'Ⲻᖉъӻᖉ Πd
t=0Tt %≡ 0 (PRG p0)�

��� ᖉ T0 ≡ 0 (PRG p0)ԛ਀ Tt %≡ 0 (PRG p0)ሯᡶᴿ t = 1, 2, ..., dᡆ㄁ᰬ�⸷ C Ⲻ
KXOO㔪ᮦѰ ��

䇷᱄� ⭧ӄ Q ∈ Mn(Z)� 䛙Ѿ⸟䱫 QQT ᡶᴿⲺ⢯ᖷٲ T ′
t �0 ≤ t ≤ d� 䜳ᱥԙᮦ᮪

ᮦ�ഖ↚�ᡶᴿ T ′
t 䜳ᱥᴿ⨼ᮦᖉъӻᖉᡶᴿ T ′

t 䜳ᱥ᮪ᮦ�ᡶԛ�ሯӄ t ∈ {0, 1, . . . , d}�
ਥԛᇐѿ T ′

t = T ′
t (PRG p0)� ᡇԢᯣᇐ T ′

t ᱥ QQT ⲺжѠ⢯ᖷٲᖉъӻᖉሯᡶⲺᴿ

t = 0, 1, ..., d� T ′
t ᱥ QQT ⲺжѠ⢯ᖷٲ�ਥ⸛ T ′

t ᱥ QQT ⲺжѠ⢯ᖷٲᖉъӻᖉ T ′
t

ᱥсࡍཐ亯ᕅⲺжѠṯ

g(x) = GHW(xI −QQT ) = xn + an−1x
n−1 + · · ·+ a1x+ a0 ∈ Z[x]�

��
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ެㅿԭӄ T ′
t ᱥсࡍཐ亯ᕅⲺжѠṯ

g(x) = xn + an−1x
n−1 + · · ·+ a1x+ a0 ∈ Zp0 [x]�

ᡶԛ�ਥ⸛р䘦䇰ᯣᡆ㄁�

��� ṯᦤᕋ⨼ ���ԛ਀р䘦䇞䇰� ਥԛ⸛䚉⸷ C ᱥ /&' Ⲻᖉъӻᖉ Πd
t=0Tt %≡ 0

(PRG p0)�

��� ྸ᷒ሯӄ t = 1, 2, ..., d�ᴿ T0 ≡ 0 (PRG p0)ԛ਀ Tt %≡ 0 (PRG p0)ᡆ㄁ࡏ� −1

ᱥ QQT ൞ V0рⲺжѠ⢯ᖷٲ�ռᱥሯӄԱᝅⲺ i %= 0�ṯᦤр䶘Ⲻ䇞䇰� −1у

ᱥ QQT ൞ Vi рⲺ⢯ᖷٲ�ഔᜩㅢ ���㢸ᨆࡦⲺ޻ᇯ� V0 ᱥ⭧ (1, 1, . . . , 1)⭕ᡆ

Ⲻ ��㔪ᆆグ䰪�ഖ↚ −1 = χ0(QQT )Ⲻ䠃ᮦᱥ ��ㅢӂѠ㔉䇰⭧ᕋ⨼ ���ૂᕋ⨼
���ᗍࡦ�

ṯᦤᇐ⨼ ����ᡇԢ⭞ࠖ〃уੂ㊱ශⲺ㔉ਾᯯṾ㔏࠰ /&'⸷ૂ KXOO㔪ᮦѰ �Ⲻ
㓵ᙝ⸷Ⲻᶺ䙖�

����� ф഼࠼㔉ਾᯯṾ⴮ީⲺ㓵ᙝ⸷

ሯӄжѠ d㊱㔉ਾᯯṾ X = (X, {Ri}0≤i≤d)�ྸ᷒ S0 = R0�ᒬъሯӄԱᝅⲺ i =

1, 2, ..., d1� SiൽѰḆӑ Rj Ⲻᒬ�䛙Ѿቧ〦 (X, {Si}0≤i≤d1)ᱥ㔉ਾᯯṾ (X, {Ri}0≤i≤d)

Ⲻ㷃ਾ�ྸ᷒жѠ㔉ਾᯯṾⲺԱᝅ㷃ਾ䜳ԃ❬ᱥжѠ㔉ਾᯯṾ�䛙Ѿ〦䈛㔉ਾᯯṾѰ
ᰖᇐᖘⲺ �DPRUSKLF� �ྸ᷒䴶㾷Ҽ䀙ᴪཐީӄᰖᇐᖘⲺ㔉ਾᯯṾⲺ⸛䇼�䈭䈱㘻৸㘹
ᮽ⥤ >��@�ᰖᇐᖘⲺ㔉ਾᯯṾⲺжѠ㔅ޮׁᆆᱥঀᵢݹ᛻߫сᴿ䲆ตрⲺ഼࠼㔉ਾᯯ
Ṿ�ᡇԢሼՐ൞с䶘ሯ䘏䜞޻࠼ᇯ䘑㺂䈜㓼Ⲻԁ㔃�

Ԛ q = ph�䘏䠂 pᱥжѠ㍖ᮦ� hᱥжѠ↙᮪ᮦ�Ԛ αѰ Fq ржѠ㔏ᇐⲺᵢ৕ݹ�
ᒬъԚ᮪ᮦ N ┗䏩 N | (q − 1)ૂ N > 1�Ԛ C0 = 〈αN〉�ԛ਀

Ci = αiC0, 1 ≤ i ≤ N − 1� �����

ᇐٽ −1 ∈ C0�ᇐѿ R0 = {(x, x)| x ∈ Fq}�ᒬъሯӄԱᝅⲺ i ∈ {1, 2, . . . , N}�ᇐѿ
Ri = {(x, y)| x, y ∈ Fq, x− y ∈ Ci−1}�䛙Ѿ (Fq, {Ri}0≤i≤N)ᱥжѠ㔉ਾᯯṾ�ᆹ㻡〦
Ѱ Fq рⲺжѠ N 㔉ਾᯯṾ�ྸ᷒ᆎ൞жѠ᮪ᮦ഼࠼㊱ j0 ֵᗍ pj0 ≡ −1(PRG N)�䛙
Ѿ〦䈛഼࠼㔉ਾᯯṾᱥ൞ঀᵢݹ᛻߫сⲺ�ሯӄ N > 2�жѠ഼࠼㔉ਾᯯṾᱥᰖᇐᖘ
Ⲻᖉъӻᖉᆹᱥ൞ঀᵢݹ᛻߫сⲺ�䘏Ѡ㔉䇰൞ᮽ⥤ >�@ѣਥԛⵁޭࡦ։䇷᱄�

��



⭘㔃ਸᯩṸᶴ䙐 KXOO㔤ᮠᖸሿⲴ㓯ᙗ⸱

N 㔉ਾᯯṾⲺㅢж⢯ᖷ⸟䱫഼࠼㊱ P ྸсᡶ⽰

P =





1 q−1
N

q−1
N

q−1
N . . . q−1

N

1 η0 η1 η2 . . . ηN−1

1 η1 η2 η3 . . . η0
... ... ... ... ... ...
1 ηN−1 η0 η1 . . . ηN−2




� �����

ެѣ� ηi�0 ≤ i ≤ N − 1�ᱥ䱬Ѱ N Ⲻ儎ᯥઞᵕ�ᆹᇐѿྸс

ηi =
∑

x∈Ci

φ1(x)�

䘏䠂� φ1ᱥㅢ ���㢸ԁ㔃Ⲻ FqрⲺḽࣖ߼⌋⢯ᖷ�с䶘Ⲻᕋ⨼㔏࠰Ҽঀᵢݹ᛻߫сⲺ
儎ᯥઞᵕ�

ᕋ⨼ ��� >��@ Ԛ N ≥ 3 ᱥжѠ᮪ᮦ� ᇐᆎ൞жѠᴶቅⲺ↙᮪ᮦٽ j0 ֵᗍ pj0 ≡ −1

(PRG N)�ሯӄḆѠ↙᮪ᮦ γ�Ԛ q = p2j0γ �

��� ྸ᷒ p� γ ૂ pj0+1
N 䜳ᱥཽᮦ�䛙Ѿ

ηi =






(N−1)
√
q−1

N , ྸ᷒i = N/2,

−
√
q+1
N , ެԌ᛻ᖘ�

�����

��� ൞ެԌ᛻߫с�

ηi =






(−1)γ+1(N−1)
√
q−1

N , ྸ᷒i = 0,

(−1)γ
√
q−1

N , ެԌ᛻ᖘ�
�����

ᇐ⨼ ���Ԛ X = (Fq, {Ri}0≤i≤N)Ѱ N ㊱㔉ਾᯯṾ�ъ A0, A1, . . . , AN ᱥ⴮ᓊⲺ䛱᧛

⸟䱫�⋵⭞ᇐ⨼ ���ѣⲺㅜਭ�䇴QૂQ⭧ޢᕅ �����ૂ �����㔏࠰�Ԛ Cᱥ Fpu0
рⲺж

Ѡ [2q, q]㓵ᙝ⸷�ެ⭕ᡆ⸟䱫Ѱ [Iq, Q]�

��� ྸ᷒ p� γ ԛ਀ pj0+1
N 䜳ᱥཽᮦ�ᡇԢ䇴 L0 = (c0 +

q−1
N

∑N
i=1 ci)

2 + 1�ሯӄ j =

1, 2, ..., N �䇴 Lj = (c0 + cjηN/2 + η0
∑N

i=1,i +=j ci)
2 + 1�䛙Ѿ⸷ Cᱥ Fpu0

рⲺжѠ

[2q, q] /&'⸷ᖉъӻᖉ
N∏

j=0

Lj %≡ 0 (PRG p0)�

ᒬъᖉ┗䏩с䶘ᶗԬᰬ�⸷ C ᱥжѠ KXOO㔪ᮦѰ �Ⲻ [2q, q]㓵ᙝ⸷�

L0 ≡ 0 (PRG p0)� Lj %≡ 0 (PRG p0)ሯj = 1, 2, ..., N䜳ᡆ㄁�

��
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��� ൞ެԌ᛻߫с�ሯӄ j = 1, 2, ..., N �ᡇԢ䇴 L0 = (c0 +
q−1
N

∑N
i=1 ci)

2 + 1�ሯӄ
j = 1, 2, ..., N �䇴 Lj = (c0 + cjη0 + η1

∑N
i=1,i +=j ci)

2 + 1�䛙Ѿ⸷ C ᱥ Fpu0
рⲺж

Ѡ [2q, q] /&'⸷ᖉъӻᖉ

N∏

j=0

Lj %≡ 0 (PRG p0).

ᒬъᖉ┗䏩с䶘ᶗԬᰬ�⸷ C ᱥжѠ KXOO㔪ᮦѰ �Ⲻ [2q, q]㓵ᙝ⸷�

L0 ≡ 0 (PRG p0)� Lj %≡ 0 (PRG p0)ሯj = 1, 2, ..., N䜳ᡆ㄁�

䇷᱄� ഖѰ−1 ∈ C0�ᖾᇯ᱉僂䇷䈛഼࠼㔉ਾᯯṾᱥሯ〦Ⲻ�ӄᱥ�ሯӄQ =
∑N

i=0 ciAi

�ci ∈ Z��ᴿ QT = Qᡆ㄁�ṯᦤޢᕅ �����ԛ਀ QⲺሯ〦ᙝ�ਥԛᗍࡦ⸟䱫 QQT Ⲻᡶ

ᴿ⢯ᖷٲ

T ′
t =

(
N∑

i=0

cipi(t)

)2

� �����

䘏䠂 t = 0, 1, . . . , N ⨽ᕋ⭞࡟� ����ਥԛ䇗㇍ᒬъᙱ㔉ྸс�

��� ྸ᷒ p� γ ԛ਀ pj0+1
N 䜳ᱥཽᮦ�䛙ѾሯӄԱᝅⲺ i ∈ {0, 1, . . . , N − 1} \ {N/2}�

䜳ᴿ ηi = η0�䘏ᝅ઩⵶�䲚Ҽ P Ⲻㅢж㺂ཌ�൞ P Ⲻެ֏ᡶᴿ㺂ѣ� ηN/2 ⧦࠰

Ҽж⅗�㙂 η0࠰⧦ҼN − 1⅗�ӄᱥ�ਥԛᖾᇯ᱉൦䇗㇍ᗍࡦ� Lj − 1�0 ≤ j ≤ d�
ᱥ⸟䱫 QQT Ⲻᡶᴿ⢯ᖷٲ�ᒬъ⭧ޢᕅ ������ਥԛ᧞࠰ L0 = T ′

0 + 1�⭧ӄᡶᴿ
Ⲻ ηi䜳ᱥᴿ⨼ᮦ�ᓊ⭞ᇐ⨼ ����⭧↚ᗍࡦㅢжѠ䇰ᯣᡆ㄁�

��� ൞ެԌ᛻߫с�ሯӄԱᝅⲺ i ∈ {1, . . . , N − 1}�䜳ᴿ ηi = η1�⭞ૂㅢж〃᛻߫⴮
ੂⲺ䇰䘦�ਥԛ䇗㇍ᗍࡦ Lj − 1� 0 ≤ j ≤ d�ᱥ⸟䱫 QQT �൞䘏ٲ䜞Ⲻ⢯ᖷޞ
〃᛻߫сޢ�ᕅ �����ਥԛ᧞࠰ L0 = T ′

0 +1�ṯᦤᇐ⨼ ����ㅢӂѠ䇰ᯣҕਥԛᗍ
�䇷᱄ࡦ

⌞ ���ᡇԢ⌞ᝅࡦᮽ⥤ >��@ ѣⲺᇐ⨼ �ૂᇐ⨼ �ᱥᵢㄖѣᇐ⨼ ���Ⲻ⢯⇀᛻߫�⢯ࡡ
൦�ྸ᷒൞ᇐ⨼ ���ѣ਌ᇐ Q = A1�䛙Ѿਥԛࡡ࠼ᗍૂࡦᮽ⥤ >��@ ѣⲺᇐ⨼ �ૂᇐ⨼
�⴮ੂⲺ㔉䇰�ഖ↚഼࠼⭞࡟�㔉ਾᯯṾⲺᯯ⌋�䙐䗽᭯਎⸟䱫 QⲺ㌱ᮦ ci�ᡇԢਥԛ
ᗍࡦᴪཐ /&'⸷ૂ KXOO㔪ᮦѰ �Ⲻ㓵ᙝ⸷Ⲻᶺ䙖�

с䶘㔏࠰ᇐ⨼ ���ⲺњѠׁᆆ�

��
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ׁᆆ ���Ԛ p = 3� γ = 1� N = 4� 䛙Ѿṯᦤᕋ⨼ ���ѣⲺٽ䇴� ᡇԢᴿ j0 = 1 ԛ਀

q = 9�ṯᦤޢᕅ �����ૂᕋ⨼ ����ㅢж⢯ᖷ⸟䱫 P ྸсᡶ⽰

P =





1 2 2 2 2
1 −1 −1 2 −1
1 −1 2 −1 −1
1 2 −1 −1 −1
1 −1 −1 −1 2




� ������

Ԛ⸷ C Ѱ Fpu0
рⲺжѠ㓵ᙝ⸷�ެ⭕ᡆ⸟䱫Ѱ [Iq, Q]�䘏䠂䇦 Q = 3A0 + A1 + 4A2 +

2A3 + 5A4�ഖѰ p� γ ૂ pj0+1
N 䜳ᱥཽᮦ�ᓊ⭞ᇐ⨼ ���ѣⲺㅢжѠ㔉䇰�ቧਥԛ䇗㇍ᗍ

L0ࡦ = 730�L1 = 10�L2 = 10�L3 = 37�L4 = 37�ӄᱥᡇԢᴿ
∏4

j=0 Lj = 23·53·372·73�
ྸ᷒ p0 %= 2, 5, 37, 73�䛙Ѿ⸷ C ᱥжѠ [18, 9] /&'⸷�⢯ࡡ൦�⭞ 0DJPDᩒ㍘�ਥԛ
ᗍࡦ� ᖉ p0 = 19, 43, 47, 53, 61, 71, 79, 83, 89, 97 ᰬ� ⸷ C ᱥжѠ [18, 9, 9] /&' DOPRVW
0'6⸷�ྸ᷒ p0 = 73�䛙Ѿ⸷ CᱥжѠ KXOO㔪ᮦѰ �Ⲻ [18, 9, 9] DOPRVW 0'6㓵ᙝ⸷�

ׁᆆ ���Ԛ p = 2� γ = 1� N = 3� 䛙Ѿṯᦤᕋ⨼ ���ѣⲺٽ䇴� ᡇԢᴿ j0 = 1 ԛ਀

q = 4�ṯᦤޢᕅ �����ૂᕋ⨼ ����ㅢж⢯ᖷ⸟䱫 P ྸсᡶ⽰

P =





1 1 1 1
1 1 −1 −1
1 −1 −1 1
1 −1 1 −1




. ������

Ԛ⸷ Cᱥ Fpu0
рⲺжѠ㓵ᙝ⸷�ެ⭕ᡆ⸟䱫Ѱ [Iq, Q]�䘏䠂Q = 8A0+A1+7A2+6A3�

ഖѰ γ ૂ pj0+1
N 䜳уᱥཽᮦ�ᓊ⭞ᇐ⨼ ���ѣⲺㅢӂѠ㔉䇰�ਥԛ䇗㇍ᗍࡦ L0 = 485�

L1 = 17� L2 = 65� L3 = 37� ӄᱥᡇԢᴿ
∏3

j=0 Lj = 52 · 13 · 17 · 37 · 97� ྸ᷒ p0 %=
5, 13, 17, 37, 97䛙Ѿ⸷ C ᱥжѠ [8, 4] /&'⸷�⢯ࡡ൦�⭞ 0DJPDᩒ㍘�ਥԛᗍྸ�ࡦ
᷒ p0 = 19, 29, 31, 43, 47, 53, 59, 61, 71, 73, 79, 83, 101, 103, 107, 109, 113, 127, 137�䛙Ѿ
⸷ C ᱥжѠ [8, 4, 5] /&' 0'6 ⸷� ྸ᷒ p0 = 97� 䛙Ѿ⸷ C ᱥжѠ KXOO 㔪ᮦѰ � Ⲻ
[8, 4, 5]0'6㓵ᙝ⸷�

����� фп㊱㔉ਾᯯṾ⴮ީⲺ㓵ᙝ⸷

п㊱㔉ਾᯯṾᱥж㊱ᖾ䠃㾷Ⲻ㔉ਾᯯṾ� ൞ᮽ⥤ >��@ ѣ� ֒㘻㔏࠰Ҽࠖ〃֒Ѱ࠼
഼㔉ਾᯯṾⲺ㷃ਾᖘᕅⲺሯ〦п㊱㔉ਾᯯṾⲺᶺ䙖� ⧦൞ᡇԢ࡟⭞䘏ӑп㊱㔉ਾᯯ
ṾѣⲺж〃ᶛ㔏࠰ᇐ⨼ ���ѣⲺ /&'⸷ԛ਀ KXOO㔪ᮦѰ �Ⲻ㓵ᙝ⸷Ⲻᶺ䙖�
Ԛ sѰжѠ↙᮪ᮦ�⭞ E = F2s ૂ F = F23s ㍖ѠᮦѰݹ⽰㺞ࡡ࠼ 2s ૂ 23s Ⲻᴿ

䲆ต�䇴 ω ᱥ F ѣⲺжѠᵢ৕ݹ�Ԛ N = 23s−1
2s−1 �ᒬъሯӄᡶᴿⲺ 0 ≤ i ≤ N − 1�Ԛ

Ci = ωi〈ωN〉Ѱ F ѣ䱬ѰN Ⲻ഼࠼㊱�ᱴ❬ C0ㅿੂӄ E∗�䘏䠂 E∗㺞⽰ EⲺҎ⌋㗚�

��
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Ԛ ZN = {0, 1, . . . , N − 1}�⭧ᮽ⥤ >��@ ㅢ ����享Ⲻᶺ䙖�ሯӄжѠ᮪ᮦ a ∈ ZN �
ᇐѿ

Sa := {u ∈ F ∗ : 7UF/E(u
1+2s) = 0,7UF/E(ω

au) = 0)}�

䛙Ѿ Sa ᡶᴿਥ㜳ऻ੡Ⲻݹ㍖Ѡᮦᱥ �� 2s − 1� 2(2s − 1)�ะӄ䘏ѠӁᇔ�䘑ж↛ᇐѿ
ZN ⲺпѠᆆ䳼ྸс

H1 := {a ∈ ZN : |Sa| = 2s − 1}�

H2 := {a ∈ ZN : |Sa| = 2(2s − 1)}�

H3 := {a ∈ ZN : |Sa| = 0}�

ഖ↚�䳼ਾH1�H2ԛ਀H3ᱥ ZN ⲺжѠ࠼ࡈ�с䶘㔏࠰Ⲻᕋ⨼ᨆבҼᴿ䲆ต F рж

Ѡሯ〦Ⲻп㊱㔉ਾᯯṾ�

ᕋ⨼ ��� �ᇐ⨼ �� )HQJૂ0RPLKDUD>��@�⋵⭞р䶘Ⲻㅜਭ�䘿਌ F Ⲻྸ࠼ࡈс�

R0 = {0}� R1 =
⋃

i∈H1

Ci� R2 =
⋃

i∈H2

Ci� R3 =
⋃

i∈H3

Ci�

䛙Ѿ (F, {Ri}3i=0)ᱥжѠп㊱㔉ਾᯯṾ�ެㅢж⢯ᖷ⸟䱫ᱥ

P =





1 22s − 1 2s−1(22s − 1) 2s−1(2s − 1)2

1 22s − 1 −2s−1(2s + 1) −2s−1(2s − 1)
1 −1 2s−1(2s − 1) −2s−1(2s − 1)
1 −1 −2s−1 2s−1




�

Ԛ X = (F, {Ri}3i=0) Ѱ⭧ᕋ⨼ ��� 㔏࠰ⲺжѠп㊱㔉ਾᯯṾ� ᒬъሯӄ i =

0, 1, 2, 3� Ai ᱥީ㌱ Ri Ⲻ䛱᧛⸟䱫� 䇴 Q =
∑3

i=0 ciAi� 䘏䠂 ci ∈ Z� i = 0, 1, 2, 3�
⭧ӄр䶘㔏࠰Ⲻп㊱㔉ਾᯯṾᱥሯ〦Ⲻ�䛙Ѿ൞䘏〃᛻߫с�ᇐ⨼ ���ѣⲺ T0� T1� T2

ૂ T3ྸсᡶ⽰

T0 = [c0 + (22s − 1)c1 + 2s−1(22s − 1)c2 + 2s−1(2s − 1)2c3]
2 + 1�

T1 = [c0 + (22s − 1)c1 − 2s−1(2s + 1)c2 − 2s−1(2s − 1)c3]
2 + 1�

T2 = [c0 − c1 + 2s−1(2s − 1)c2 − 2s−1(2s − 1)c3]
2 + 1�

T3 = [c0 − c1 − 2s−1c2 + 2s−1c3]
2 + 1�

������

⌞ᝅࡦᡶᴿⲺ Ti䜳ᱥ᮪ᮦ�⭧ᇐ⨼ ����ᡇԢᗍࡦс䶘Ⲻᇐ⨼�

ᇐ⨼ ���Ԛ⸷ Cᱥ Fpu0
рⲺжѠ㓵ᙝ⸷�ެ⭕ᡆ⸟䱫ᱥ [I23s , Q]�Ԛ Tj � j = 0, 1, 2, 3ྸ

������ᡶᇐѿ�䛙Ѿ⸷ CᱥжѠ [23s+1, 23s]/&'⸷ᖉъӻᖉ
∏3

j=0 Tj %≡ 0 (PRG p0)�㙂

��
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ᖉԛсᶗԬᡆ㄁ᰬ�⸷ C ᱥжѠ KXOO㔪ᮦѰ �Ⲻ [23s+1, 23s]㓵ᙝ⸷�

T0 ≡ 0 (PRG p0)� Tj %≡ 0 (PRG p0)ሯj = 1, 2, 3䜳ᡆ㄁�

ׁᆆ ���⋵⭞ᕋ⨼ ���ૂᇐ⨼ ���ѣⲺㅜਭ�䇴 s = 2�䛙Ѿ⴮ᓊⲺㅢж⢯ᖷ⸟䱫ྸс
ᡶ⽰

P =





1 15 30 18
1 15 −10 −6
1 −1 6 −6
1 −1 −2 2




�

Ԛ⸷ Cᱥ Fpu0
рⲺжѠ㓵ᙝ⸷�ެ⭕ᡆ⸟䱫ᱥ [I64, Q]�䘏䠂Q = A0+2A1+2A2+A3�

ṯᦤޢᕅ �������ᡇԢᴿ T0 = 11882 = 2 · 13 · 457� T1 = 26� T2 = 26� T3 = 10�ӄᱥ
∏3

j=0 Tj = 24 · 5 · 133 · 457�ྸ᷒ p0 %= 2, 5, 13, 457�䛙Ѿ⸷ C ᱥжѠ [128, 64] /&'⸷�
ྸ᷒ p0 = 457�䛙Ѿ⸷ C ᱥжѠ KXOO㔪ᮦѰ �Ⲻ [128, 64]㓵ᙝ⸷�

����� ф഑㊱㔉ਾᯯṾ⴮ީⲺ㓵ᙝ⸷

൞ᵢቅ㢸ѣ�ᡇԢሼՐԁ㔃уᱥ⭧഼࠼㊱ᗍࡦⲺ഑㊱㔉ਾᯯṾ�с䶘㔏࠰Ⲻᶛ㠠
ᮽ⥤ >��@Ⲻᕋ⨼ቧᨆבҼ䘏ṭⲺ㔉ਾᯯṾ�

ᕋ⨼ ���Ԛ p = 3, q = 3s�Ԛ X = Fq × Fq ѰжѠᴿ䲆䳼ਾ�ᇐѿ

R0 = {(x, x) : x ∈ X}�

Ri = {(x, y) : x = (x1, x2), y = (y1, y2) ∈ X, x1 %= y1,7U((−x1 + y1)(−x2 + y2)) = i}�

R4 = {(x, y) : x = (x1, x2), y = (y1, y2) ∈ X, x1 = y1, x2 %= y2}�

䘏䠂 i = 1, 2, 3� 7Uᱥ⭧ Fq ࡦ FpⲺ䘯࠳ᮦ�䛙Ѿ㔉ਾᯯṾ (X, {Ri}4i=0)ᱥжѠሯ〦Ⲻ

㔉ਾᯯṾ�ެㅢж⢯ᖷ⸟䱫Ѱ

P =





1 3s−1(3s − 1) 3s−1(3s − 1) 3s−1(3s − 1) 3s − 1
1 2 · 3s−1 −3s−1 −3s−1 −1
1 −3s−1 2 · 3s−1 −3s−1 −1
1 −3s−1 −3s−1 2 · 3s−1 −1
1 −3s−1 −3s−1 −3s−1 3s − 1




.

Ԛ X = (X, {Ri}4i=0)Ѱᕋ⨼ ���ѣ㔏࠰Ⲻ഑㊱㔉ਾᯯṾ�䘏䠂 |X| = q2�ሯӄ i =

0, 1, 2, 3, 4� Aiᱥީ㌱RiⲺ䛱᧛⸟䱫�䇴Q =
∑4

i=0 ciAi �ެѣ ci ∈ Zሯ i = 0, 1, 2, 3, 4

��
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䜳ᡆ㄁�⭧ӄр䘦഑㊱㔉ਾᯯṾᱥሯ〦Ⲻ�䛙Ѿ⭧ᇐ⨼ ���ᗍࡦⲺ T0� T1� T2� T3� T4Ѱ

T0 = [c0 + 3s−1(3s − 1)c1 + 3s−1(3s − 1)c2 + 3s−1(3s − 1)c3 + (3s − 1)c4]
2 + 1�

T1 = [c0 + 2 · 3s−1c1 − 3s−1c2 − 3s−1c3 − c4]
2 + 1�

T2 = [c0 − 3s−1c1 + 2 · 3s−1c2 − 3s−1c3 − c4]
2 + 1�

T3 = [c0 − 3s−1c1 − 3s−1c2 + 2 · 3s−1c3 − c4]
2 + 1,

T4 = [c0 − 3s−1c1 − 3s−1c2 − 3s−1c3 + (3s − 1)c4]
2 + 1�

������

⌞ᝅࡦᡶᴿⲺ Ti䜳ᱥ᮪ᮦ�ṯᦤᇐ⨼ ����ᡇԢᗍࡦԛсᇐ⨼�

ᇐ⨼ ���Ԛ⸷ CѰFpu0
рⲺжѠ㓵ᙝ⸷�ެ⭕ᡆ⸟䱫Ѱ [I32s , Q]�ᒬъሯӄ j = 0, 1, . . . , 4�

Tj ᕅޢ⭧ ������ ᗍࡦ� 䛙Ѿ⸷ C ᱥжѠ [2 · 32s, 32s] /&' ⸷ᖉъӻᖉ
∏4

j=0 Tj %≡ 0

(PRG p0)�㙂ྸ᷒┗䏩ྸсᶗԬ�䛙Ѿ⸷ C ቧᱥжѠ KXOO㔪ᮦѰ �Ⲻ [2 · 32s, 32s]㓵ᙝ
⸷�

T0 ≡ 0 (PRG p0)� Tj %≡ 0 (PRG p0)ሯj = 1, 2, 3, 4䜳ᡆ㄁�

ׁᆆ ���⋵⭞ᕋ⨼ ���ૂᇐ⨼ ���Ⲻㅜਭ�䇴 s = 2�䛙Ѿ⴮ᓊⲺㅢж⢯ᖷ⸟䱫ᱥ

P =





1 24 24 24 8
1 6 −3 −3 −1
1 −3 6 −3 −1
1 −3 −3 6 −1
1 −3 −3 −3 8




�

Ԛ⸷ Cᱥ Fpu0
рⲺжѠ㓵ᙝ⸷�ެ⭕ᡆ⸟䱫Ѱ [I81, Q]�䘏䠂 Q = A0 +2A1 +A2�ṯᦤ

ᕅޢ �������ᡇԢᴿ T0 = 5330 = 2 · 5 · 13 · 41� T1 = 101� T2 = 2� T3 = 65� T4 = 65�ӄ
ᱥ
∏4

j=0 Tj = 22 · 53 · 133 · 41 · 101�ྸ᷒ p0 %= 2, 5, 13, 41, 101�䛙Ѿ⸷ CᱥжѠ [162, 81]

/&'⸷�ྸ᷒ p0 = ⸷ࡏ�41 C ᱥжѠ KXOO㔪ᮦѰ �Ⲻ [162, 81]㓵ᙝ⸷�

����� фޭᴿᰖ⨼ㅢж⢯ᖷ⸟䱫Ⲻ㔉ਾᯯṾ⴮ީⲺ㓵ᙝ⸷

㿸ሕࢃࡦпቅ㢸ᶺ䙖Ⲻ㔉ਾᯯṾⲺㅢж⢯ᖷ⸟䱫 P 䜳ᱥኔӄM|X|(Z)Ⲻ�жѠ
㠠❬Ⲻ䰤从ቧᱥᱥੜᆎ൞жѠ㔉ਾᯯṾ�ެ⢯ᖷ⸟䱫 P /∈ M|X|(Z)�ㆊṾᱴ❬ᱥ㛥ᇐ
Ⲻ�൞䘏жቅ㢸�ᡇԢሼՐԁ㔃жѠ䘏ṭⲺ㔉ਾᯯṾⲺׁᆆ�ሯӄެㅢж⢯ᖷ⸟䱫 P �
ᆎ൞ḆѠփ㖤 (j, i)ֵᗍ P Ⲻㅢ (j, i)փ㖤рⲺᮦ �ሼެ䇦Ѱ pi(j)�ᱥ䶔ᴿ⨼ᮦ�

Ԛ Γᱥ X рⲺжѠᰖੇⲺ䘔䙐ഴ�ެѣ |X| = n�ሯӄ x, y ∈ X �жᶗԄ xࡦ y

Ⲻ䮵ᓜѰ r Ⲻ䐥ᖺѰжѠᓅެ�ࡍ京⛯Ѱ x0 = x� x1�«� xr−1� xr = y�ֵᗍሯӄ∅ж

��
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Ѡ i ∈ {0, 1, . . . , r − 1}� (xi, xi+1)䜳ᱥ ΓⲺжᶗ䗯� xૂ yⲺ䐓⿱ᱥ xࡦ yⲺᴶ⸣䐥

ᖺ�ᡇԢ䇦ᆹѰ ∂(x, y)�䘏䠂 ∂(x, x)ᇐѿѰ ��ഴ ΓѣњѠ京⛯ҁ䰪Ⲻᴶཝ䐓⿱㻡〦

Ѱ ΓⲺ⴪ᖺ�

ะӄр䶘ީӄ䐓⿱Ⲻᇐѿ� ਥԛᇐѿ X рⲺީ㌱ Ri� ሯӄ∅жѠ i ∈ {0, 1,
. . . , d}� (x, y) ∈ Ri ᖉъӻᖉ ∂(x, y) = i�ྸ᷒ X = (X, {Ri}0≤i≤d)ᶺᡆжѠ d㊱㔉

ਾᯯṾࡏ� Γ㻡〦ѰжѠ䐓⿱↙ࡏഴ�ᱴ㙂᱉㿷� X ᙱᱥሯ〦Ⲻ�䈱㘻ਥԛ䙐䗽ᮽ⥤ >�@

ૂᮽ⥤ >��@ 㧭਌ᴪཐީӄ䐓⿱↙ࡏഴૂ㔉ਾᯯṾⲺؗᚥ�൞䘏ӑᮽ⥤ѣ�ਥԛҼ䀙ࡦ�
ᆎ൞жѠᒵѿޣ䗯ᖘ�䇦֒ H(6)�ᆹᱥ䙐䗽 F32 рⲺ �㔪 +HUPLWLDQᶷグ䰪Ⲻᶛᇐѿ
⛯ૂ㓵Ⲻ�ᡇԢ൞䘏䠂ⴷ⮛ޭ։Ⲻᶺ䙖㓼㢸�䈛ᒵѿޣ䗯ᖘ H(6)ᱥжѠ⴪ᖺѰ ��京
⛯ѠᮦѰ ���Ⲻ䐓⿱↙ࡏഴ�൞䘏жቅ㢸Ⲻ࢟֏䜞࠼�ᡇԢ䇴 X = (X, {Ri}0≤i≤6)Ѱ

⭧H(6)ᇐѿⲺ �㊱㔉ਾᯯṾ�с䶘Ⲻ⸟䱫ᱥH(6)Ⲻㅢж⢯ᖷ⸟䱫 P �ޭ։ਥԛ৸㘹
ᮽ⥤ >�@ㅢ ��享�

P =





1 3 6 12 24 48 32
1

√
6 3

√
6 0 −2

√
6 −4

1
√
2 −1 −3

√
2 −4 2

√
2 4

1 0 −3 0 6 0 −4
1 −

√
2 −1 3

√
2 −4 −2

√
2 4

1 −
√
6 3 −

√
6 0 2

√
6 −4

1 −3 6 −12 24 −48 32





. ������

Ԛ X = (X, {Ri}6i=0)�䘏䠂 |X| = 126�Ѱ⭧䐓⿱↙ࡏഴ H(6)ᇐѿⲺ �㊱㔉ਾᯯ
Ṿ�ሯӄ i = 0, 1, . . . , 6� Ai ᱥީ㌱ Ri ሯᓊⲺ䛱᧛⸟䱫�䇴 Q =

∑6
i=0 ciAi�䘏䠂ሯӄ

ᡶᴿ i = 0, 1, . . . , 6�䜳ᴿ ci ∈ Z�ഖѰ䘏Ѡ �㊱㔉ਾᯯṾᱥሯ〦Ⲻ�䛙Ѿሯӄ∅жѠ
t(0 ≤ t ≤ 6)�ᇐ⨼ ���㔏࠰Ⲻ Ttྸсᡶ⽰

Tt =

(
6∑

i=0

cipi(t)

)2

+ 1� ������

䘏䠂 pi(t)ԙ㺞⭧ ������㔏࠰Ⲻ⸟䱫 P Ⲻ (t, i)փ㖤рⲺݹ㍖�ᓊ⭞ᇐ⨼ ����ᡇԢᗍ
�⨽с䶘Ⲻᇐࡦ

ᇐ⨼ ���Ԛ⸷ C Ѱ Fpu0
рⲺжѠ㓵ᙝ⸷�ެ⭕ᡆ⸟䱫Ѱ [I126, Q]�ሯӄ j = 0, 1, . . . , 6�

Tj ᱥ⭧ޢᕅ ������ᇐѿⲺ�ྸ᷒ᡶᴿⲺ Ti 䜳ᱥᴿ⨼ᮦ�䛙ѾᡇԢਥԛᗍྸࡦс㔉䇰�
⸷ CᱥжѠ [252, 126] /&'⸷ᖉъӻᖉ

∏6
j=0 Tj %≡ 0 (PRG p0)�㙂ᖉ┗䏩с䶘ᶗԬᰬ�

⸷ C ᱥжѠ KXOO㔪ᮦѰ �Ⲻ [252, 126]㓵ᙝ⸷�

T0 ≡ 0 (PRG p0), Tj %≡ 0 (PRG p0), j = 1, . . . , 6�

��
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ׁᆆ ���⋵⭞ᇐ⨼ ���Ⲻㅜਭ�Ԛ⸷ Cᱥ Fpu0
рⲺжѠ㓵ᙝ⸷�ެ⭕ᡆ⸟䱫Ѱ [I126, Q]�

䘏䠂 Q = 2A1�ṯᦤޢᕅ �������ᡇԢᴿ T0 = (2 · 3)2 + 1 = 37� T1 = (2
√
6)2 + 1 = 25�

T2 = (2
√
2)2+1 = 9� T3 = (0)2+1 = 1� T4 = (−2

√
2)2+1 = 9� T5 = (−2

√
6)2+1 = 25�

T6 = (−6)2+1 = 37�ᡶԛਥԛ᧞࠰
∏6

j=0 Tj = 34 ·54 ·372�㿸ሕࡦᡶᴿⲺ Ti�0 ≤ i ≤ 6�
䜳ᱥ᮪ᮦ�ṯᦤᇐ⨼ ����ྸ᷒ p0 %= 3, 5, 37�䛙Ѿ⸷ C ᱥжѠ [252, 126] /&'⸷�

Ӂᇔр�ะӄᇐ⨼ ���ԛ਀ㅢ ���㢸ѣ㔏࠰Ⲻԙᮦᮦ䇰Ⲻะᵢ㔉䇰�ਥԛ᧞ሲ࠰с
䶘Ⲻᇐ⨼�

ᇐ⨼ ���Ԛ p0ѰжѠ㍖ᮦ� K = Q(ζm)ѰжѠ┗䏩m = pl0m
′ �l ≥ 0� p0 ! m′�Ⲻ഼࠼

ต�ъԚ OK = Z[ζm]�Ԛ P Ѱ OK ѣऻ੡ p0OK Ⲻ㍖⨼ᜩ� f ᱥ⭧ᕋ⨼ ���㔏࠰Ⲻ P
Ⲻ⅗ᮦ� uᱥжѠ┗䏩 f | uⲺ↙᮪ᮦ�Ԛ⸷ C ᱥ Fpu0

рⲺжѠ [2n, n]㓵ᙝ⸷�ެ⭕ᡆ
⸟䱫Ѱ G = [In, Q]�䘏䠂 Q⭧ޢᕅ �����㔏࠰�⋵⭞ᇐ⨼ ���ѣⲺㅜਭ�ྸ᷒ሯӄᡶᴿ
Ⲻ t ∈ {0, 1, . . . , d}�䜳ᴿ T ′

t ∈ OK �䛙ѾᡇԢᴿԛс㔉䇰�

��� ⸷ C ᱥ /&'Ⲻᖉъӻᖉ Πd
t=0Tt %≡ 0 (PRG P)�

��� ᖉ T0 ≡ 0 (PRG P) ъሯӄ t = 1, 2, ..., d� ᴿ Tt %≡ 0 (PRG P) ᡆ㄁ᰬ� ⸷ C Ⲻ
KXOO㔪ᮦѰ ��

䇷᱄� ↙ྸㅢ ���㢸ѣᨆࡦⲺ�ᡇԢᴿ [OK/P : Fp0 ] = f �ӄᱥ OK/P = Fpf0
�ᆹᱥ Fpu0

ⲺжѠᆆต�⭧ӄ T
′
t �0 ≤ t ≤ d�ᱥ⸟䱫 QQT ᡶᴿⲺ⢯ᖷٲ�ъ P ᱥऻ੡ p0OK Ⲻж

Ѡ㍖⨼ᜩ�ӄᱥ䙐䗽ૂᇐ⨼ ���Ⲻ䇷᱄㊱ղⲺ䇞䇰ਥԛ᧞࠰㔉䇰�

ഖѰ㍖⨼ᜩ⴮ީⲺ䇗㇍ᴪѰགྷᵸ�ᡶԛᡇԢӻӻ㔏࠰жѠะӄᇐ⨼ ���ૂᒵѿޣ
䗯ᖘⲺׁᆆ�ሯެԌᴪཐⲺᶺ䙖ᡇԢуڐ᧘ガ�

ׁᆆ ���Ԛ p0 ᱥжѠ㍖ᮦ� K = Q(ζm)� 䘏䠂 m = pl0m
′ �l ≥ 0� p0 ! m′�� P ᱥ OK

ѣऻ੡ p0 ⲺжѠ㍖⨼ᜩ� P Ⲻ⅗ᮦ f ⭧ᕋ⨼ ���㔏࠰� 䇴 u Ѱ┗䏩 f | u ⲺжѠ↙
᮪ᮦ�Ԛ Q = A1 + A2�⸷ C ᱥ Fpu0

рⲺжѠ㓵ᙝ⸷�ެ⭕ᡆ⸟䱫ᱥ [I126, Q]�ṯᦤޢ
ᕅ �������ᡇԢᴿ T0 = (3 + 6)2 + 1 = 82 = 2 · 41� T1 = (

√
6 + 3)2 + 1 = 16 + 6

√
6�

T2 = (
√
2− 1)2 + 1 = 4− 2

√
2� T3 = (−3)2 + 1 = 10 = 2 · 5� T4 = (−

√
2− 1)2 + 1 =

4 + 2
√
2� T5 = (−

√
6 + 3)2 + 1 = 16 − 6

√
6� T6 = (−3 + 6)2 + 1 = 10 = 2 · 5�ӄᱥਥ

ԛᗍࡦ
∏6

j=0 Tj = 29 · 53 · 41�⌞ᝅ᷒ྸ�ࡦ µ ∈ Z�䛙Ѿ µ = µ(PRG P) ∈ Fp0 �ഖ↚�㤛
p0 %= 2, 5, ⸷ࡏ�41 C ᱥжѠ [252, 126] /&'⸷�

਌ p0 = 41� ሯӄ p0 = 41 ᡶሯᓊⲺ㍖⨼ᜩ P � ሯӄ∅жѠ i ∈ {0, 1, . . . , 6}� 䇴
Ti = Ti + P � ᱴ❬� ᡇԢᴿ T0 = 0� T3 %= 0 ԛ਀ T6 %= 0� ⭧ӄ JFG(8, 41) = 1� 䛙Ѿ

��



⭘㔃ਸᯩṸᶴ䙐 KXOO㔤ᮠᖸሿⲴ㓯ᙗ⸱

T2T4 = 8 %= 0�ӄᱥ T2 %= 0� T4 %= 0�ṯᦤ⴮㊱ղⲺ䇞䇰�ᡇԢᗍࡦ T1 %= 0ԛ਀ T5 %= 0�
ӄᱥਥԛᗍࡦ㔉䇰�⸷ C ᱥжѠ KXOO㔪ᮦѰ �Ⲻ [252, 126]㓵ᙝ⸷�

��� 㓵ᙝ⸷ⲺжѠᒵѿᶺ䙖

ㅢ ���㢸ѣᡇԢᶺ䙖Ⲻᡶᴿ⭕ᡆ⸟䱫Ѱ [In, Q]Ⲻ㓵ᙝ⸷ C䜳ᱥ [2n, n]㓵ᙝ⸷�䘏
ᝅ઩⵶⭕ᡆ⸟䱫ѣⲺ⸟䱫 QᱥжѠ n䱬ᯯ䱫�൞䘏ж㢸ѣ�ᡇԢሼ᧞ᒵㅢ ���㢸ѣⲺ
ᶺ䙖�ֵᗍᶺ䙖 /&'⸷ԛ਀ KXOO㔪ᮦѰ �Ⲻ㓵ᙝ⸷ᡶ⎿਀ࡦⲺ⸟䱫 QужᇐѰᯯ

䱫�

⋵⭞ㅢ ���㢸ѣⲺㅜਭ�Ԛ X = (X, {Ri}0≤i≤d)ѰжѠӚᦘⲺ d㊱㔉ਾᯯṾ�ެ
┗䏩 |X| = n�ъԚM = 〈A0, A1, . . . , Ad〉CѰ⴮ᓊⲺӚᦘԙᮦ�䇴 )ᱥжѠ┗䏩 ) ≥ 1

Ⲻ᮪ᮦ�ሯӄ∅жѠ┗䏩 1 ≤ j ≤ )Ⲻ j�ᇐѿ

Qj =
d∑

i=0

cijAi ∈ M� ������

䘏䠂ሯӄ∅жѠ 0 ≤ i ≤ d�䜳ᴿ cij ∈ Z�ሯӄ∅Ѡ⸟䱫 Qj �1 ≤ j ≤ ᕅޢ⭧��( ������
ᡇԢਥԛᇐѿ Qj �Ԛ

Q = [Q1, Q2, ..., Q#]� ������

ӄᱥᴿ QQT =
∑#

j=1 QjQT
j ᡆ㄁�ሯӄ∅жѠ t ∈ {0, 1, . . . , d}�䜳ਥԛᗍࡦ QQT ൞

VtрⲺ⢯ᖷٲ

T ′
t =

#∑

j=1

(
d∑

i=0

cijpi(t)

)(
d∑

i=0

cijpi′(t)

)
� ������

䘏䠂�ṯᦤᕋ⨼ ᕅޢૂ��� ������ᡇԢᴿ AT
i = Ai′ ሯḆѠ i′ ∈ {0, 1, . . . , d}ᡆ㄁�⢯ࡡ

൦�ྸ᷒䈛㔉ਾᯯṾᱥሯ〦Ⲻ�䛙Ѿሯӄ∅жѠ t ∈ {0, 1, . . . , d}�䜳ᴿ

T ′
t =

#∑

j=1

(
d∑

i=0

cijpi(t)

)2

� ������

⌞ᝅࡦᕋ⨼ ���ԛ਀ᕋ⨼ ���ѣ⎿਀ࡦⲺ⸟䱫 QужᇐᱥжѠᯯ䱫�⋵⭞р䶘Ⲻ
ㅜਭ�䙐䗽ૂᇐ⨼ ���⴮ੂⲺ䇞䇰�ਥԛᖾᇯ᱉᧞ሲ࠰с䶘Ⲻᇐ⨼�

ᇐ⨼ ���Ԛ⸷ C ᱥ Fpu0
рⲺжѠ [() + 1)n, n]㓵ᙝ⸷�ެ⭕ᡆ⸟䱫Ѱ G = [In, Q]�䘏

䠂 Q⭧ޢᕅ ������㔏࠰�ሯӄ∅жѠ t ∈ {0, 1, . . . , d}�Ԛ T ′
t Ѱ⭧ޢᕅ ������㔏࠰Ⲻ

QQT ൞ Vt рⲺ⢯ᖷٲ� ъ䇴 Tt = T ′
t + 1� ྸ᷒ᡶᴿⲺ T ′

t 䜳ᱥᴿ⨼ᮦ� 䛙Ѿ⸷ C ᱥ
/&'Ⲻᖉъӻᖉ Πd

t=0Tt %≡ 0 (PRG p0)�㙂ᖉ T0 ≡ 0 (PRG p0)�ъ Tt %≡ 0 (PRG p0)ሯ

ӄᡶᴿ t = 1, 2, ..., d䜳ᡆ㄁ᰬ�⸷ C Ⲻ KXOO㔪ᮦѰ ��

��
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⌞ ���ᇐ⨼ ���㔏࠰Ⲻᶺ䙖ਥԛⵁᡆᱥᇐ⨼ ���ⲺжѠ᧞ᒵ�ᱴ❬�ᇐ⨼ ���ѣ⭕ᡆ⸟䱫
Ѱ [In, Q]Ⲻ㓵ᙝ⸷ CⲺᴶቅ䐓⿱ཝӄᡌㅿӄ⭕ᡆ⸟䱫Ѱ [In, Q1]Ⲻ㓵ᙝ⸷ C ′Ⲻᴶቅ

䐓⿱�㔅䗽ੂṭⲺ䇞䇰�൞ㅢ ���㢸ѣ�ᇐ⨼ ����ᇐ⨼ ����ᇐ⨼ ���ૂᇐ⨼ ���Ⲻ㔉䇰䜳
ਥԛ䙐䗽ֵ⸟䱫 Qྸޢᕅ ������ѣᡶᇐѿ㙂ᗍࡦ᧞ᒵ�ഖ↚�ᡇԢਥԛᓊ⭞ㅢ ���㢸
ૂᇐ⨼ ���ѣ㔏࠰Ⲻ㔉ਾᯯṾᶛᶺ䙖 [() + 1)n, n] /&' ⸷ԛ਀ KXOO 㔪ᮦѰ � Ⲻ㓵ᙝ
⸷�

Ԛ X = (Fq, {Ri}0≤i≤N)Ѱ N �㔉ਾᯯṾ഼࠼㊱ A0, A1, . . . , AN ᱥ⴮ሯᓊⲺ䛱᧛

⸟䱫�ᡇԢ⧦൞䙐䗽ᇐ⨼ ���㔏࠰њѠׁᆆ֒Ѱᇐ⨼ ���ѣᶺ䙖Ⲻ᧞ᒵ�

ׁᆆ ���Ԛ p = 3� γ = 1� N = 4� 䛙Ѿṯᦤᕋ⨼ ���ѣⲺٽ䇴� ᡇԢᴿ j0 = 1 ԛ

਀ q = 9� ൞䘏〃᛻߫с� ㅢж⢯ᖷ⸟䱫⭧ޢᕅ ������ 㔏࠰� Ԛ⸷ C Ѱ Fpu0
рⲺжѠ

㓵ᙝ⸷� ެ⭕ᡆ⸟䱫Ѱ [Iq, Q1, Q2]� 䘏䠂 Q1 = A1 + 2A2 + 4A3 + 3A4� Q2 = 2A0 +

2A1+3A2+4A3�⭧ӄ䈛㔉ਾᯯṾᱥሯ〦Ⲻ�䛙Ѿᓊ⭞ޢᕅ ������ਥԛ䇗㇍ᗍࡦ T0 =

801� T1 = 51� T2 = 21� T3 = 30� T4 = 51� ӄᱥਥԛᗍࡦ Π4
t=0Tt = 2 · 36 · 5 · 7 ·

172 · 89� ྸ᷒ p0 %= 2, 3, 5, 7, 17, 89� 䛙Ѿ⸷ C ᱥжѠ [27, 9] /&' ⸷� ⢯ࡡ൦� ྸ᷒
p0 = 29, 31, 37, 41, 43, 47, 53, 59, 61, 67, 71, 73, ⸷ࡏ�79 C ᱥжѠ [27, 9, 16] /&'⸷�ྸ
᷒ p0 = ⸷ࡏ�89 C ᱥжѠ KXOO㔪ᮦѰ �Ⲻ [27, 9, 16]㓵ᙝ⸷�

ׁᆆ ���Ԛ p = 2� γ = 1� N = 3�䛙Ѿṯᦤᕋ⨼ ���Ⲻٽ䇴�ᡇԢᴿ j0 = 1ԛ਀ q = 4�
൞䘏〃᛻߫с�ㅢж⢯ᖷ⸟䱫⭧ޢᕅ ������㔏࠰�Ԛ⸷ Cᱥ Fpu0

рⲺ㓵ᙝ⸷�ެ⭕ᡆ⸟
䱫Ѱ [Iq, Q1, Q2]�䘏䠂Q1 = 2A0 +A1 +6A2 +4A3� Q2 = A0 +3A1 +5A2 +4A3�⭧ӄ
䈛㔉ਾᯯṾᱥሯ〦Ⲻ�䛙Ѿᓊ⭞ޢᕅ ������ਥԛ䇗㇍ᗍࡦ T0 = 339� T1 = 75� T2 = 11�
T3 = 11�ӄᱥਥԛᗍࡦΠ3

t=0Tt = 3·52·112·113�ྸ᷒ p0 %= 3, 5, 11, 113�䛙Ѿ⸷ CᱥжѠ
[12, 4] /&'⸷�⢯ࡡ൦�ྸ᷒ p0 = 37, 61, 67, 73, 83, 89, 97, 101, 103, 107, 109, 127, 131,

137, 139, 149, 151, 157, 163, 167, 173� «�䛙Ѿ⸷ C ᱥжѠ [12, 4, 9] /&' 0'6⸷�ྸ᷒
p0 = 113�䛙Ѿ⸷ C ᱥжѠ KXOO㔪ᮦѰ �Ⲻ [12, 4, 9]0'6㓵ᙝ⸷�

��� ᵢㄖቅ㔉

൞ᵢㄖѣ�ᡇԢ㔏࠰Ҽж〃⭞㔉ਾᯯṾᶛᶺ䙖 /&'⸷ૂ KXOO㔪ᮦѰ �Ⲻ㓵ᙝ⸷
Ⲻᯯ⌋�ะӄᰖᇐᖘⲺ㔉ਾᯯṾ�жӑ /&'⸷Ⲻ࠼ݻᗻ㾷ᶗԬԛ਀ KXOO㔪ᮦѰ �Ⲻ
㓵ᙝ⸷Ⲻ࠼ݻᶗԬ䜳൞ᵢㄖѣ㔏࠰�ᡇԢ࡟⭞ᐨ⸛Ⲻ㔉ਾᯯṾ�䙐䗽ᢴࡦ┗䏩䘏ӑᶗ
ԬⲺ⸷�ᶺ䙖Ҽཝ䠅 /&'⸷ԛ਀ KXOO㔪ᮦѰ �Ⲻ㓵ᙝ⸷�ะӄᵢㄖⲺᶺ䙖�ᡇԢ࡟⭞
0DJPDぁᓅ�ᨆבҼ /&' �DOPRVW� 0'6⸷ԛ਀ KXOO㔪ᮦѰ �Ⲻ �DOPRVW� 0'6⸷Ⲻ

��
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� ཝⲺᗠ⧥ᆆグ䰪⸷ૂ 6LGRQグ䰪Ⲻ᯦ᶺ䙖

��� 㜂Ქ

Ԛ q ѰжѠ㍖ᮦᑸ� Fq ᱥऻ੡ݹ㍖ѠᮦѰ q Ⲻᴿ䲆ต� Ԛ Fqn Ѱ Fq Ⲻ n ⅗ᢟ

ᕖ� ᆹਥԛ㻡㿼Ѱ Fq рⲺжѠ n 㔪ੇ䠅グ䰪� ሯӄ䶔䍕᮪ᮦ k ≤ n� ⭞ Gq(n, k) 㺞

⽰ต Fqn Ⲻᡶᴿ k�㔪 Fq�ᆆグ䰪Ⲻ䳼ਾ�ᡇԢਥԛ൞ Gq(n, k)рᇐѿжѠᓜ䠅�ሯӄ
U, V ∈ Gq(n, k)�

d(U, V ) = 2k − 2GLP(U ∩ V )�

ሯӄḆӑ↙᮪ᮦ n� k� Gq(n, k) ⲺԱ֋жѠ䶔グᆆ䳼〦ѰжѠᑮ㔪ᮦ⸷ �FRQVWDQW GL�
PHQVLRQ FRGH��⭧ӄ k = 1Ⲻ᛻߫ᱥᒩࠗⲺ�ᡇԢ᧛сᶛ唎䇚㘹㲇 k ≥ 2Ⲻ᛻߫�䘇ᒪ
ᶛ� ᑮ㔪ᮦ⸷ഖެ൞䳅ᵰ㖇㔒㕌⸷ѣⲺᓊ⭞ᕋ䎭Ҽᒵ⌑Ⲻީ⌞ >��@� ެѣжѠѱ㾷Ⲻ
⹊ガ䰤从ᱥሱᢴ㌱㔕ᙝⲺᯯ⌋ᶺ䙖ᴶቅ䐓⿱ታਥ㜳ཝⲺԛ਀⸷ᆍѠᮦታਥ㜳ཐⲺᑮ

㔪ᮦᆆグ䰪⸷�

ሯӄжѠᆆグ䰪 U ∈ Gq(n, k) ԛ਀ α ∈ F∗
qn � ᆆグ䰪 U ⴮ሯӄ α Ⲻᗠ⧥〱փ

�F\FOLF VKLIW�䇦֒ αU = {αu : u ∈ U}�ᱴ❬� αU ᱥжѠૂ U ޭᴿ⴮ੂ㔪ᮦⲺᆆグ䰪�
U Ⲻ䖞䚉ᱥ RUE(U) = {αU : α ∈ F∗

qn}� ᒬъሯӄḆѠ t | n� ᴿ |RUE(U)| = qn−1
qt−1 � ޭ

։㓼㢸ਥԛ৸㘹ᮽ⥤ >��@ѣⲺ᧞䇰 �����ྸ᷒ RUE(U)ѣऻ੡Ⲻݹ㍖ѠᮦѰ qn−1
q−1 �䛙Ѿ

ᆹ㻡〦ѰжѠޞ䮵䖞䚉⸷ �IXOO�OHQJWK RUELW FRGH��䘏ṭⲺ⸷Ⲻᴶቅ䐓⿱у䎻䗽 2k− 2�
ྸ᷒䗴ࡦ䘏ṭⲺ⮂ࡏ�䈛⸷㻡〦ѰᴶՎⲺ �RSWLPDO� >��@�ж㡢൦�ྸ᷒ C ∈ Gq(n, k)ᱥ

жѠᆆグ䰪⸷�ֵᗍྸ᷒ U ∈ Cࡏ� U 䖞䚉ѣⲺᡶᴿݹ㍖ҕ䜳൞ᆆグ䰪⸷ C ѣ�䛙Ѿ
ቧ〦ᆆグ䰪⸷ C ѰжѠᗠ⧥ᆆグ䰪⸷ �F\FOLF VXEVSDFH FRGH��ᗠ⧥ᆆグ䰪⸷ᴶࡓ൞ᮽ
⥤ >��@ѣ㻡ᕋޛᱥѰҼሱᢴᙝ䍞䖹ླⲺᆆグ䰪⸷�䘏ṭⲺᆆグ䰪⸷ޭᴿ䶔ᑮ儎᭾Ⲻ㕌
⸷㇍⌋ૂ䈇⸷㇍⌋ >�����������@�

ሯӄжѠ㠩ቇ੡ᴿ qn−1
q−1 Ѡ⸷ᆍⲺᗠ⧥ᆆグ䰪⸷ C� ެᴶቅ䐓⿱у㜳䎻䗽 2k −

2 >��@�↙ྸ൞ᮽ⥤ >��@Ⲻ㔉ቴ֒㘻ᨆࡦⲺ䛙ṭ�ᢴࡦ㌱㔕ᙝⲺᯯ⌋ৱᶺ䙖 Gq(n, k)ѣᴶ

ቅ䐓⿱Ѱ 2k− 2ъ⸷ᆍѠᮦ䘒ཝӄ qn−1
q−1 Ⲻ k�㔪ᗠ⧥ᆆグ䰪⸷ᱥᖾᴿᝅѿⲺ�ṯᦤᆆ

グ䰪⸷Ⲻ⨹฼〥 �VSKHUH�SDFNLQJ�⮂�৸㘹с䶘Ⲻᕋ⨼ ����ᴶቅ䐓⿱Ѱ 2k − 2Ⲻᆆグ

䰪⸷ᴶཐ੡ᴿ (qn−1)(qn−1−1)
(qk−1)(qk−1−1) Ѡ⸷ᆍ�䘏Ѡр⮂䙐ᑮ൞ k < n/2ᒬъ k ф n/2у⴮䘇

ᰬᱥ䘒ཝӄ qn−1
q−1 Ⲻ�䘏Ѡ㔉䇰᤽⽰ҼᡇԢሱᢴ䘏㊱⸷Ⲻᯯੇ�㔝֒㘻൞ᮽ⥤ >��@ ѣⲺ

ᶦ࠰ᐛ֒ҁ੄࡟�⭞㓵ᙝौཐ亯ᕅᶺ䙖 Gq(n, k)ѣᴶቅ䐓⿱Ѱ 2k − 2ъ⸷ᆍѠᮦ䘒

ཝӄ qn−1
q−1 Ⲻᗠ⧥ᆆグ䰪⸷Ⲻᯯ⌋ᗍࡦҼᒵ⌑Ⲻ⹊ガ� ޭ։ਥԛ৸㘹ᮽ⥤ >��������@� Ԍ

Ԣሼᆆグ䰪㺞⽰ᡆঋ亯ᮦ䖹ቇⲺᆆグ䰪ཐ亯ᕅⲺṯ� ᒬъ䉞ង൦䘿਌ᴶՎޞ䮵ᗠ⧥

��
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ᆆグ䰪⸷Ⲻᒬ�䚵ރ㕟⸣᯦ᶺ䙖Ⲻᆆグ䰪⸷Ⲻᴶቅ䐓⿱�䘏ṭⲺᶺ䙖⭕ᡆҼᖾཝ �঩
⸷ᆍѠᮦᖾཐ�Ⲻᗠ⧥ᆆグ䰪⸷�ռᱥж㡢ᶛ䈪�⭧ӄ≸䀙䘏〃ཐ亯ᕅⲺགྷᵸᙝ�ᖾ䳴
㔏࠰䘏〃ᶺ䙖сᆆグ䰪⸷Ⲻᴶཝਥ㜳㿺⁗Ⲻ᱄⺤զ䇗�

жѠ 6LGRQグ䰪ᱥ᤽жѠᆆグ䰪 U ∈ Gq(n, k)�ᆹ┗䏩 U ѣⲺԱᝅњѠ䶔䴬ݹ㍖

ⲺҎ〥൞ U ѣᴿ୥ж࠼䀙 �㤛жѠ࠼䀙ѣⲺжѠݹ㍖ਥԛ㺞⽰ᡆਜжѠ࠼䀙ѣⲺж
Ѡݹ㍖ф Fq ѣḆжѠ䶔䴬ݹⲺҎ〥�䛙Ѿ䘏њѠ࠼䀙㻡㿼֒ੂжѠ࠼䀙��ҕቧᱥ䈪�
ሯӄݹ㍖ a, b, c, d ∈ U \ {0}�ྸ᷒ ab = cd�䛙Ѿਥԛ᧞࠰ {aFq, bFq} = {cFq, dFq}�䘏
䠂�ሯӄ x ∈ Fqn �䇦 x · Fq = {λx : λ ∈ Fq}� 6LGRQグ䰪ᴶࡓᱥ൞ᮽ⥤ >��@ ѣ㻡ᇐѿᒬ

ъ㻡⭞ᶛ⹊ガᆆグ䰪ⲺḆӑ⢯ᇐҎ⌋ᙝ䍞Ⲻ�Ӂᇔр�ᆹૂᴶՎޞ䮵䖞䚉⸷ᴿ䶔ᑮᇼ
�Ⲻ㚊㌱࠽

ᕋ⨼ ��� �ᕋ⨼ ��� 5RWK� 5DYLYૂ 7DPR>��@�Ԛᆆグ䰪 U ∈ Gq(n, k)�䳼ਾ C = {αU :

α ∈ F∗
qn}ᱥжѠᴶՎޞ䮵䖞䚉⸷ᖉъӻᖉ U ᱥжѠ 6LGRQグ䰪�

ᕋ⨼ ���ѣ㔏࠰Ⲻީ㌱Ԛ 6LGRQグ䰪ᡆѰҼ䀙ߩс䶘⥒ᜩⲺжѠѱ㾷ᐛޭ�

⥒ᜩ ��� >�����@ ሯӄԱᝅ㍖ᮦᑸ q ૂ↙᮪ᮦ k ԛ਀ n > 2k� ᆎ൞жѠᗠ⧥ᆆグ䰪⸷
C ⊆ Gq(n, k)�ެ┗䏩 |C| = qn−1

q−1 ૂ d(C) = 2k − 2�

䙐䗽ᕋ⨼ ���㔏࠰Ⲻީ㌱� 5RWKㅿᆜ㘻 >��@ 䀙ߩҼ⥒ᜩ ���Ⲻж䜞࠼�঩൞ nѰڬ

ᮦ� n ≥ 2kъ q ≥ 3Ⲻ᛻߫с⥒ᜩѣ┗䏩ᶗԬⲺᗠ⧥ᆆグ䰪⸷Ⲻᆎ൞ᙝ�䘏ᶷཝ൦᧞
ࣞҼሯ 6LGRQグ䰪Ⲻ⹊ガ�

⌞ ���ᮽ⥤ >��@ ѣᨆࡦ�⭧ӄжѠ 6LGRQグ䰪Ⲻᆆグ䰪ҕᱥ 6LGRQグ䰪�ӄᱥ Gq(n, k)

ѣжѠ 6LGRQグ䰪Ⲻᶺ䙖ҕᝅ઩⵶ሯӄԱ֋ 1 ≤ t ≤ k� Gq(n, t)ѣҕᆎ൞жѠ 6LGRQ
グ䰪�

ᡇԢሼⴤࢃѰ↘ᡶᴿᐨ⸛Ⲻᶺ䙖ᙱ㔉൞㺞Ṳ ���ѣ�
㺞 ��� ᐨ⸛Ⲻީӄ Gq(n, k)ѣ 6LGRQグ䰪Ⲻᶺ䙖

q n k ৸㘹ᮽ⥤
, q ≥ 3 nѰڬᮦ k ≤ n

2
>��@ᇐ⨼ ��

,, q ≥ 2 n = rt, r ≥ 3 k ≤ t >��@ᇐ⨼ ��
,,, q ≥ 2 n ≥ 6 k ≤ 6n−2

4 7 >��@ᇐ⨼ ��
,9 q ≥ 2 n = 7t k ≤ 2n

7 ᇐ⨼ ���

൞ᮽ⥤ >��@ ѣ� ֒㘻ҕᨆבҼᖉ n = 2k ᰬ� Gq(n, k) ѣᴶቅ䐓⿱Ѱ 2k − 2 Ⲻ㿺

��
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⁗ᖾཝⲺᗠ⧥ᆆグ䰪⸷Ⲻᶺ䙖� ެᶺ䙖ᙓ䐥ᱥ䘿਌⭧ 6LGRQ グ䰪⭕ᡆⲺᴶՎޞ䮵䖞
䚉⸷Ⲻᒬᶺᡆ᯦Ⲻᆆグ䰪⸷�䈛ᶺ䙖⭕ᡆⲺ⸷ⲺжѠᱴ㪍⢯⛯ᱥ�ᖉ k䏁ੇӄᰖキཝ

ᰬ�ᆹԢⲺ㿺⁗⑆䘇൦䏁ੇ⨹฼〥⮂ �৸㘹сᮽⲺᕋ⨼ ����Ⲻ 1
2 �䙐䗽㔉ਾᆆグ䰪ཐ

亯ᕅⲺᢶᐝૂ 6LGRQグ䰪Ⲻᯯ⌋� 1LXㅿӰ >��@㔏࠰ҼжѠ᯦Ⲻᶺ䙖ᯯ⌋�䈛ᶺ䙖ӝ⭕
Ҽфӻӻֵ⭞㓵ᙝौཐ亯ᕅᯯ⌋Ⲻᶺ䙖⴮∊ޭᴿᴪཐ⸷ᆍⲺᗠ⧥ᆆグ䰪⸷�

൞ᵢㄖѣ�ᡇԢᨆבҼж〃൞ Gq(n, k)ѣᶺ䙖ᴶቅ䐓⿱Ѱ 2k − 2�ऻ੡⸷ᆍѠᮦ
Ѱ (+ n

2k,−1)· q
k(qn−1)
q−1 Ⲻᗠ⧥ᆆグ䰪⸷Ⲻᯯ⌋�䘏䠂 nᱥ kⲺжѠكᮦ�ъ┗䏩 n ≥ 3k�

䈛ᶺ䙖࡟⭞Ҽᮽ⥤ >��@ ѣᶺ䙖Ⲻ 6LGRQグ䰪ԛ਀ᆹԢⲺ਎։�䈜㓼ؗᚥਥԛ৸㘹ᵢㄖ
ѣⲺᕋ⨼ ���ૂᇐ⨼ ����⢯ࡡ൦�ᖉ n = 3kъ k䏁ੇӄᰖキཝᰬ�ᡇԢᶺ䙖Ⲻᆆグ䰪
⸷Ⲻ㿺⁗⑆䘇൦䏁ੇӄᆆグ䰪⸷Ⲻ⨹฼〥⮂Ⲻ 1

q−1 �䘏Ѡ㔉᷒ૂᮽ⥤
>��@ ѣⲺᶺ䙖൞

n = 2k ᛻ᖘсⲺ㔉᷒ᱥ㊱ղⲺ� ᡇԢੂᰬҕᨆבҼ Gq(7k, 2k) ѣ 6LGRQ グ䰪ⲺжѠ
ᶺ䙖�䈛ᶺ䙖࡟⭞ᕋ⨼ ���䇷ᇔҼ⥒ᜩ ���൞жӑ᯦᛻߫сᱥᡆ㄁Ⲻ�

ᵢㄖ㔉ᶺྸс�൞ㅢ ���㢸ѣ�ᡇԢ㔏࠰Ҽᵢㄖѣ⭞ࡦⲺжӑะ⹶⸛䇼�൞ㅢ ���㢸
ѣ�ᡇԢԁ㔃ҼᵢㄖⲺѱ㾷㔉䇰�঩ Gq(3k, k)ѣᴶቅ䐓⿱Ѱ 2k − 2ъ⸷ᆍѠᮦ䘒ཐ

ӄ qn−1
q−1 Ⲻᗠ⧥ᆆグ䰪⸷Ⲻᶺ䙖ԛ਀ Gq(7k, 2k)ѣ 6LGRQグ䰪ⲺжѠ᯦ᶺ䙖�

��� ะ⹶⸛䇼

俌ݾԁ㔃жӑ䘏ㄖѣ㾷ֵ⭞Ⲻㅜਭ�Ԛ kѰжѠ↙᮪ᮦ� nᱥ kⲺжѠكᮦᒬъ

┗䏩 n ≥ 3k�䇴

e :=
⌈ n

2k

⌉
− 1� �����

Ԛ qѰжѠ㍖ᮦᑸ�ᒬъԚ ξ Ѱ Fqk ѣⲺжѠᵢ৕ݹ�Ԛ γ Ѱ Fqk рḆѠ
n
k ⅗уਥ㓜

ཐ亯ᕅⲺṯ�ᆹᱥኔӄ Fqn Ⲻ�ᇐѿ

γi,j := ξiγj � 0 ≤ i ≤ qk − 2� 1 ≤ j ≤ e� �����

ᕋ⨼ ���⋵⭞р䶘Ⲻㅜਭ�䛙Ѿ {1, γ, · · · , γn/k−1}ᱥ Fqk ржѠ㓵ᙝᰖީⲺ䳼ਾ�

䇷᱄� 䇷᱄ޭ։ਥԛ৸㘹ᮽ⥤ >��@ѣⲺᇐ⨼ ���� �LL��

ᕋ⨼ ᇐٽ��� lᱥжѠ↙᮪ᮦᒬъ┗䏩 JFG(l, k) = 1� u� v� s� tᱥ Fqk ѣֵᗍ uv = st

ԛ਀ uqlv = sq
l
tᡆ㄁Ⲻ䶔䴬ݹ㍖�䛙Ѿ u

s = t
v ᱥ F∗

q ѣⲺݹ㍖�

䇷᱄� ᡇԢᴿ (us−1)q
l
= tv−1 = us−1�ᡶԛus−1ᱥFqlѣⲺݹ㍖�⭧ӄ d := JFG(l, k) =

1�ᡇԢᴿ Fqk ∩ Fql = Fqd = Fq�ӄᱥ㔉䇰ᡆ㄁�

��
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ᇐ⨼ ���Ԛ i� j Ѱ⺤ᇐⲺ᮪ᮦ�┗䏩 0 ≤ i ≤ qk − 2, 1 ≤ j ≤ e�Ԛ γi,j Ѱ�����ѣᇐѿ
Ⲻᖘᕅ�Ԛ lѰжѠ┗䏩 JFG(l, k) = 1Ⲻ᮪ᮦࡏ� U = {u+ (uql − u)γi,j : u ∈ Fqk}ᱥ
Fq рⲺжѠ k㔪 6LGRQグ䰪�

䇷᱄� ሯӄ 1 ≤ j ≤ e�⭧ᕋ⨼ ���ਥ⸛� 1ૂ γj ൞ Fqk рᱥ㓵ᙝᰖީⲺ�ᡶԛᡇԢᴿ
γi,j %∈ Fqk �ӄᱥਥԛ᧞࠰ U ൞ Fq р㔪ᮦѰ k�Ԛ u, v, s, tѰ Fqk рⲺ䶔䴬ݹ㍖�ᒬъ
䇴

u := u+ (uql − u)γi,j � v := v + (vq
l − v)γi,j �

s := s+ (sq
l − s)γi,j � t := t+ (tq

l − t)γi,j �

ᇐٽ u · v = s · t�ᡇԢ䴶㾷䇷᱄

{uFq, vFq} = {sFq, tFq}� �����

ഖѰ⭧�����ਥ⸛� 2e ≤ n/k − 1�ӄᱥṯᦤᕋ⨼ ���� 1� γ� . . .� γ2e ൞ Fqk рᱥ㓵ᙝ

ᰖީⲺ�∊䖹ޢᕅ u · v = s · tኋᔶ੄ 1� γ� . . .� γ2e൞њ䗯Ⲻ㌱ᮦ�ਥԛ᧞ሲ࠰ uv = st

ԛ਀ ξi(uvq
l
+uqlv− 2uv) = ξi(stq

l
+ sq

l
t− 2st)�ሯњѠޢᕅڐौㆶ༺⨼�ቧਥԛᗍࡦ

uv = st� �����

uvq
l
+ uqlv = stq

l
+ sq

l
t� �����

⢯ࡡ൦�⭧р䶘њѠޢᕅ�ਥԛᗍࡦ uvq
l
+ uqlv = stq

l
+ sq

l
tԛ਀ (uvq

l
) · (uqlv) =

(stq
l
) · (sqlt)�ṯᦤ东䗴ᇐ⨼�ਥԛ᧞࠰ {uvql , uqlv} = {stql , sqlt}�ᡇԢ㘹㲇ԛсњ〃᛻

߫�

��� ྸ᷒ᴿ uvq
l
= stq

l
ԛ਀ uqlv = sq

l
tᡆ㄁�䛙Ѿṯᦤᕋ⨼ ����ਥԛ᧞࠰ u

s = t
v ∈

F∗
q �ӄᱥ�����൞䘏〃᛻߫сᡆ㄁�

��� ྸ᷒ᴿ uvq
l
= sq

l
t ԛ਀ uqlv = stq

l
ᡆ㄁� 䛙Ѿੂṭṯᦤᕋ⨼ ���� ਥԛ᧞࠰

s
v = u

t ∈ F∗
q �ഖ↚�����൞䘏〃᛻߫сҕᱥᡆ㄁Ⲻ�

㔲рᡶ䘦� U ∈ Gq(n, k)ᱥжѠ 6LGRQグ䰪�

ᕋ⨼ ���Ԛ iѰжѠ㔏ᇐⲺ᮪ᮦ�┗䏩 1 ≤ i ≤ e�䛙Ѿᆆグ䰪 U = {u + uqlγi : u ∈
Fqk}ᱥжѠ 6LGRQグ䰪�䘏䠂 lᱥжѠ┗䏩 JFG(l, k) = 1Ⲻ↙᮪ᮦ�

䇷᱄� 䘏Ѡ䇷᱄ૂᮽ⥤ >��@ ѣⲺᇐ⨼ ��ԛ਀ᵢㄖѣⲺᇐ⨼ ���Ⲻ䇷᱄㊱ղ�ᡇԢሯ↚
уڐ䗽ཐᨅ䘦�

��
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⌞ ���ሯӄᕋ⨼ ����ྸ᷒䇴 i = 1�ᒬъ਌ k Ѱ nⲺቅӄ n
2 Ⲻᴶཝഖᆆ�䛙Ѿቧਥԛ

ᗍࡦᮽ⥤ >��@ѣⲺ⌞ ��ⲺެѣжѠᶺ䙖�䈛ᶺ䙖ᱥᮽ⥤ >��@ѣⲺᶺ䙖 ��Ⲻ᧞ᒵ�⌞ᝅ
�ࡦ ᖉ k ӻӻѰ n ⲺжѠቅӄ n

2 Ⲻഖᆆ� 㙂у䴶㾷ᱥᴶཝഖᆆᰬ� ᮽ⥤ >��@ ѣⲺᇐ⨼

��Ⲻ䇷᱄ҕᱥᡆ㄁Ⲻ�

ᇐ⨼ ���ૂᕋ⨼ ���Ⲻᶺ䙖䜳ᱥᮽ⥤ >��@ ѣᇐ⨼ ��Ⲻ਎ᕅ�ռᱥᆹԢᒬ⋗ᴿ⭕ᡆ
ޭᴿ᯦৸ᮦⲺ 6LGRQグ䰪�ᡇԢሼ䘿਌ᇐ⨼ ���ૂᕋ⨼ ���ѣᶺ䙖ᗍࡦⲺ 6LGRQグ䰪䖞
䚉Ⲻᒬ�ԛ↚ᶺ䙖ㅢп㢸ѣᴶቅ䐓⿱Ѱ 2k − 2Ⲻᗠ⧥ᆆグ䰪⸷�Ѱ↚�ᡇԢ䴶㾷ԛс
㔉䇰�

ᕋ⨼ ��� �ᕋ⨼ ��� 5RWK� 5DYLYૂ 7DPR>��@�Ԛ U ૂ V Ѱ Gq(n, k)ѣⲺњѠуੂⲺݹ

㍖�䛙Ѿс䶘њѠ㔉䇰ᱥㅿԭⲺ�

��� ሯӄԱᝅⲺ α ∈ F∗
qn �䜳ᴿ GLP(U ∩ αV ) ≤ 1�

��� ሯӄԱᝅ䶔䴬 a, c ∈ U ԛ਀䶔䴬 b, d ∈ V �ㅿᕅ ab = cdᝅ઩⵶ aFq = cFq ԛ਀

bFq = dFq�

ᴶ੄�ᡇԢഔ亴с䶘ީӄᑮ㔪ᮦᆆグ䰪⸷Ⲻ⨹฼〥⮂�ሯӄ┗䏩 s ≤ tⲺ䶔䍕᮪

ᮦ t, s�䇴
[
t
s

]

q

:=
∏s−1

i=0
qt−i−1
qi+1−1 �

ᕋ⨼ ��� �ᇐ⨼ �� (W]LRQૂ 9DUG\>��@�жѠᴶቅ䐓⿱Ѱ dⲺᆆグ䰪⸷ C ⊆ Gq(n, k)┗

䏩

|C| ≤

[
n

k − d
2 + 1

]

q[
k

k − d
2 + 1

]

q

�

��� ѱ㾷㔉䇰

����� жѠީӄཝ㿺⁗Ⲻᗠ⧥ᆆグ䰪⸷Ⲻᶺ䙖

ᇐ⨼ ���Ԛ k ѰжѠ┗䏩 k ≥ 2 Ⲻ↙᮪ᮦ� n ᱥ k Ⲻكᮦᒬъ┗䏩 n ≥ 3k� 䇴 e =

+ n
2k, − 1�Ԛ ξ� γ ૂ γi,j � 0 ≤ i ≤ qk − 2� 1 ≤ j ≤ e�ྸㅢ ���㢸䛙ṭᇐѿ�ᒬъԚ lѰ

жѠ㔏ᇐⲺъ┗䏩 JFG(l, k) = 1Ⲻ↙᮪ᮦ�ሯӄ 0 ≤ i ≤ qk − 2� 1 ≤ j ≤ e�ᡇԢ䇴

Ui,j = {u+ (uql − u)γi,j : u ∈ Fqk}�

��
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ੂᰬ�ሯӄ r = 1, · · · , e�ᡇԢ䇴

Uqk−1,r := {u+ uqlγr : u ∈ Fqk}�

ሯӄ∅жሯ (i, j)�ᡇԢ⴮ᓊ൦ᇐѿ

Ci,j := {αUi,j : α ∈ F∗
qn}�

䛙Ѿ䳼ਾ C := ∪e
j=1 ∪

qk−1
i=0 Ci,j ⊆ Gq(n, k)ᱥжѠऻ੡⸷ᆍѠᮦѰ

eqk(qn−1)
q−1 �ъᴶቅ䐓

⿱Ѱ 2k − 2Ⲻᗠ⧥ᆆグ䰪⸷�

䇷᱄� ṯᦤᇐ⨼ ���ૂᕋ⨼ ���� ሯӄ∅ж㓺 (i, j)� Ui,j 䜳ᱥ 6LGRQ グ䰪� ᒬъ⭧ᕋ⨼
���ਥ⸛�∅жѠ⸷ Ci,j 䜳ᱥжѠཝቅѰ |Ci,j| = qn−1

q−1 ԛ਀ᴶቅ䐓⿱Ѱ d(Ci,j) = 2k − 2

Ⲻᗠ⧥ᆆグ䰪⸷�ѰҼ䇷᱄⸷ C Ⲻᴶቅ䐓⿱Ѱ 2k − 2�ਠ䴶䇷᱄ሯӄԱᝅⲺ α ∈ F∗
qn

ԛ਀ (i, r1) %= (j, r2)�䜳ᴿ

GLP(αUi,r1 ∩ Uj,r2) ≤ 1�

с䶘ᡇԢሼ࠼഑〃уੂⲺ᛻߫ࡡ࠼�ᓊ⭞ᕋ⨼ ���䇷᱄䈛ᇐ⨼Ⲻ㔉䇰�

�$�俌ݾ㘹㲇 0 ≤ i < j ≤ qk − 2� r1 = r2 = r ≤ eⲺ᛻߫� Ԛ

ui,r = u+ (uql − u)γi,r, si,r = s+ (sq
l − s)γi,r

Ѱ Ui,r ѣԱᝅ䶔䴬ݹ㍖�ᒬъԚ

vj,r = v + (vq
l − v)γj,r, tj,r = t+ (tq

l − t)γj,r

Ѱ Uj,r ѣԱᝅ䶔䴬ݹ㍖�䘏䠂 u� v� s� t䜳ᱥ Fqk ѣⲺ䶔䴬ݹ㍖�⭧ᕋ⨼ ���ਥ⸛�ᡇԢ
ਠ䴶㾷䇷᱄ ui,r · vj,r = si,r · tj,r ᝅ઩⵶ ui,rFq = si,rFq� vj,rFq = tj,rFq ঩ਥ�

ഖѰṯᦤ������ ᡇԢᴿ 2e ≤ n/k − 1� ӄᱥ⭧ᕋ⨼ ���ਥ⸛� 1, γ, · · · , γ2e ൞ Fqk

рᱥ㓵ᙝᰖީⲺ�∊䖹 1, γr, γ2r ൞ ui,r · vj,r = si,r · tj,r ኋᔶᕅњ䗯Ⲻ㌱ᮦ�ਥԛ᧞࠰
uv = stԛ਀

(uvq
l − uv)ξj−i + (uqlv − uv) = (stq

l − st)ξj−i + (sq
l
t− st)�

uqlvq
l − (uvq

l
+ uqlv) + uv = sq

l
tq

l − (stq
l
+ sq

l
t) + st�

⭧ӄ uv = st�р䶘ⲺњѠㅿᕅਥԛौㆶѰ

uvq
l
ξj−i + uqlv = stq

l
ξj−i + sq

l
t�

uvq
l
+ uqlv = stq

l
+ sq

l
t�

��



བྷⲴᗚ⧟ᆀオ䰤⸱઼ 6LGRQオ䰤Ⲵᯠᶴ䙐

ሼњѠㅿᕅ֒ᐤ�ਥԛᗍࡦ uvq
l
(ξj−i − 1) = stq

l
(ξj−i − 1)�⭧ӄ ξ ᱥ F∗

qk ѣⲺжѠᵢ

৕ݹ�ᒬъ 0 ≤ i < j ≤ qk − 2�ਥԛ᧞࠰ ξj−i %= 1�ӄᱥᴿ uvq
l
= stq

l �⭧ᕋ⨼ ����ਥ
ԛ᧞࠰ u

s = t
v ∈ F∗

q �ഖ↚ਥԛᗍࡦ ui,rFq = si,rFq ૂ vj,rFq = tj,rFq�൞䘏〃᛻߫с�㔉
䇰ᗍࡦ䇷᱄�

�%�᧛⵶㘹㲇 i = qk − 1� 0 ≤ j ≤ qk − 2� r1 = r2 = r ≤ eⲺ᛻߫� ૂ᛻߫ ڐ�$�
ੂṭ༺⨼�Ԛ

uqk−1,r = u+ uqlγr, sqk−1,r = s+ sq
l
γr

Ѱ Uqk−1,r ѣԱᝅ䶔䴬ݹ㍖�Ԛ

vj,r = v + (vq
l − v)γj,r, tj,r = t+ (tq

l − t)γj,r

Ѱ Uj,rѣԱᝅ䶔䴬ݹ㍖�䘏䠂 u� s� v� tᱥ Fqk ѣⲺ䶔䴬ݹ㍖�ᡇԢਠ䴶㾷䇷᱄ uqk−1,r ·
vj,r = sqk−1,r · tj,r ᝅ઩⵶ uqk−1,rFq = sqk−1,rFq� vj,rFq = tj,rFq ঩ਥ�

∊䖹 1, γ2r ൞ uqk−1,r · vj,r = sqk−1,r · tj,r ⲺኋᔶᕅњㄥⲺ㌱ᮦ�ਥԛᗍࡦ uv = st

ԛ਀ uqlvq
l − uqlv = sq

l
tq

l − sq
l
t�⭧ӄ uqlvq

l
= sq

l
tq

l �੄㘻ਥԛㆶौѰ uqlv = sq
l
t�⭧

ᕋ⨼ ����ਥԛ᧞࠰ u
s = t

v ∈ F∗
q �ӄᱥᡇԢਥԛᗍࡦⴤḽ㔉䇰 uqk−1,rFq = sqk−1,rFq ૂ

vj,rFq = tj,rFq�

�&�㘹㲇 0 ≤ i, j ≤ qk − 2ૂ 1 ≤ r1 < r2 ≤ eⲺ᛻߫�фࢃ䶘њ〃᛻߫жṭ�ᡇԢ
Ԛ

ui,r1 = u+ (uql − u)γi,r1 , si,r1 = s+ (sq
l − s)γi,r1

Ѱ Ui,r1 ѣԱᝅ䶔䴬ݹ㍖�Ԛ

vj,r2 = v + (vq
l − v)γj,r2 , tj,r2 = t+ (tq

l − t)γj,r2

Ѱ Uj,r2 ѣԱᝅ䶔䴬ݹ㍖�䘏䠂 u� s� v� tᱥ F∗
qk ѣⲺ䶔䴬ݹ㍖�⧦൞䘑ж↛ٽᇐ ui,r1 ·

vj,r2 = si,r1 · tj,r2 �∊䖹 1, γr2 ൞ެኋᔶᕅњㄥⲺ㌱ᮦ�ਥԛ᧞࠰ uv = stૂ ξju(vq
l −

v) = ξjs(tq
l − t)� ੄㘻ਥԛㆶौѰ uvq

l
= stq

l � ᡇԢਥԛࢃ܅䶘Ⲻ᛻߫жṭ᧞ሲ࠰
t
v = u

s ∈ F∗
q �ᡶԛ�ᡇԢਥԛᗍࡦⴤḽ㔉䇰 ui,r1Fq = si,r1Fq ԛ਀ vj,r2Fq = tj,r2Fq �ഖ

↚ᡇԢᇂᡆҼ䘏〃᛻߫сⲺ䇷᱄�

�'�ᴶ੄�ᡇԢ㘹㲇᛻߫ i = qk − 1� 0 ≤ j ≤ qk − 1� 1 ≤ r1, r2 ≤ e�ެѣ r1 %= r2�
Ԛ

uqk−1,r1 = u+ uqlγr1 , sqk−1,r1 = s+ sq
l
γr1

Ѱ Uqk−1,r1 ѣԱᝅ䶔䴬ݹ㍖�Ԛ

vj,r2 = v + gj(v), tj,r2 = t+ gj(t)

��
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Ѱ Uj,r2 ѣԱᝅ䶔䴬ݹ㍖�䘏䠂 u� v� s� tᱥ Fqk ѣⲺ䶔䴬ݹ㍖�ᒬъ

gj(x) =





(xql − x)γj,r2 , ྸ᷒0 ≤ j ≤ qk − 2�

xqlγr2 , ྸ᷒j = qk − 1�

ᇐٽ uqk−1,r1 · vj,r2 = sqk−1,r1 · tj,r2 �∊䖹 1� γr1 ൞ެኋᔶᕅњㄥⲺ㌱ᮦ�ᡇԢᴿ uv = st

ԛ਀ uqlv = sq
l
t�ṯᦤᕋ⨼ ����ਥԛ᧞࠰ u

s = t
v ∈ F∗

q �ӄᱥᡇԢᗍࡦ ui,r1Fq = si,r1Fq

ԛ਀ vj,r2Fq = tj,r2Fq�

㔲рᡶ䘦�ᡇԢ䇷᱄Ҽᆆグ䰪⸷ C Ⲻᴶቅ䐓⿱Ѱ 2k − 2�⢯ࡡ൦�ᡇԢ䇷᱄Ҽ C
ѣⲺ䘏 eqk(qn−1)

q−1 Ѡݹ㍖ᱥ਺у⴮ੂⲺ�ᡶԛ |C| = eqk(qn−1)
q−1 �ഖ↚�ᡇԢᇂᡆҼሯ䈛ᇐ

⨼Ⲻ䇷᱄�

⌞ ���ᖉ n = 2kᰬ�ᮽ⥤ >��@ѣⲺᶺ䙖 ⭞࡟�� 6LGRQグ䰪⭕ᡆҼ Gq(2k, k)ѣᴶቅ䐓

⿱Ѱ 2k − 2Ⲻ⸷ᆍѠᮦ䘒ཐӄ qn−1
q−1 Ⲻᗠ⧥ᆆグ䰪⸷�䈛ᶺ䙖ѣ㔏࠰Ⲻᆆグ䰪⸷Ⲻ⸷

ᆍѠᮦਥԛ䗴ࡦᕋ⨼ ���ѣ⨹฼〥⮂Ⲻ 1
2 + ok(1)�䘏䠂ㅜਭ ok(1)ᝅ઩⵶ᖉ k䏁ੇӄ

ᰖキཝᰬ� ެཝቅ䏁ੇӄ 0� ᖉ n = 3k ᰬ� ᇐ⨼ ⭞࡟��� 6LGRQ グ䰪ᶺ䙖Ҽ Gq(3k, k)

ѣжѠᴶቅ䐓⿱Ѱ 2k − 2�ऻ੡⸷ᆍѠᮦѰ qk(q3k−1)
q−1 Ⲻᗠ⧥ᆆグ䰪⸷�ṯᦤᕋ⨼ ����

Gq(3k, k)ѣᴶቅ䐓⿱Ѱ 2k − 2Ⲻᆆグ䰪⸷ऻ੡⸷ᆍѠᮦⲺр⮂Ѱ (q3k−1)(q3k−1−1)
(qk−1)(qk−1−1) � ᖉ

k 䏁ੇӄᰖキཝᰬ�р䘦ᶺ䙖Ⲻᗠ⧥ᆆグ䰪⸷Ⲻ⸷ᆍѠᮦਥԛ䗴ࡦᕋ⨼ ���ѣ⨹฼〥
⮂Ⲻ 1

q−1 + ok(1)�⢯ࡡ൦�ᖉ q = 2ᰬ�⸷ᆍѠᮦਥԛ⑆䘇൦䗴ࡦ䘏Ѡр⮂�

����� Gq(7k, 2k)ѣ 6LGRQグ䰪Ⲻᶺ䙖

ᇐ⨼ ���Ԛ k > 1ѰжѠ᮪ᮦ� nᱥ kⲺكᮦ�ᒬъ┗䏩 n
k ≥ 7�਌ γ Ѱ Fqk р⅗ᮦѰ

n/kⲺжѠуਥ㓜ཐ亯ᕅⲺṯ�䇴

U = {u1 + (uql

1 − u1)γ + u2γ
2 + uql

2 γ
3 : u1, u2 ∈ Fqk}�

䘏䠂 lᱥжѠ┗䏩 JFG (l, k) = 1Ⲻ᮪ᮦ�䛙Ѿ U ∈ Gq(n, 2k)ᱥжѠ 6LGRQグ䰪�

䇷᱄� ᇐٽ u · v = s · t�䘏䠂 u� v� s� tᱥ U ѣⲺ䶔䴬ݹ㍖�䇦

u = u1 + (uql

1 − u1)γ + u2γ
2 + uql

2 γ
3, v = v1 + (vq

l

1 − v1)γ + v2γ
2 + vq

l

2 γ
3,

s = s1 + (sq
l

1 − s1)γ + s2γ
2 + sq

l

2 γ
3, t = t1 + (tq

l

1 − t1)γ + t2γ
2 + tq

l

2 γ
3,

䘏䠂�ሯӄ i = 1, 2� ui� vi� si� ti䜳ᱥ Fqk ѣⲺݹ㍖�㾷䇷᱄ U ᱥжѠ 6LGRQグ䰪�ᡇԢ
ਠ䴶㾷䇷᱄

{uFq, vFq} = {sFq, tFq}

��
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ᙱᱥᡆ㄁঩ਥ�
⭧ӄ n

k − 1 ≥ 6�ṯᦤᕋ⨼ ㍖ݹ���� 1� γ� . . .� γ6 ൞ Fqk рᱥ㓵ᙝᰖީⲺ�∊䖹ᆹ
Ԣ൞ u · v = s · tኋᔶᕅњㄥⲺ㌱ᮦ�ᡇԢᗍࡦ

u1v1 = s1t1� �����

u1(v
ql

1 − v1) + (uql

1 − u1)v1 = s1(t
ql

1 − t1) + (sq
l

1 − s1)t1� �����

u1v2 + u2v1 + (uql

1 − u1)(v
ql

1 − v1) = s1t2 + s2t1 + (tq
l

1 − t1)(s
ql

1 − s1)� �����

u1v
ql

2 + uql

2 v1 + (uql

1 − u1)v2 + u2(v
ql

1 − v1) = s1t
ql

2 + sq
l

2 t1 + (sq
l

1 − s1)t2 + s2(t
ql

1 − t1)�
�����

(uql

1 − u1)v
ql

2 + uql

2 (v
ql

1 − v1) + u2v2 = (sq
l

1 − s1)t
ql

2 + sq
l

2 (t
ql

1 − t1) + s2t2�
������

u2v
ql

2 + uql

2 v2 = s2t
ql

2 + sq
l

2 t2� ������

uql

2 v
ql

2 = sq
l

2 t
ql

2 � ������

⭧ӄ u1v1 = s1t1� �����ਥԛㆶौѰ

u1v
ql

1 + uql

1 v1 = s1t
ql

1 + sq
l

1 t1� ������

㔉ਾ������ �����ԛ਀�������ᡇԢ᧞࠰

u1v2 + u2v1 = s1t2 + s2t1� ������

ӄᱥ�����ਥԛㆶौᡆ

u1v
ql

2 + uql

2 v1 + uql

1 v2 + u2v
ql

1 = s1t
ql

2 + sq
l

2 t1 + sq
l

1 t2 + s2t
ql

1 � ������

㔉ਾ������ૂ������� ������ਥԛㆶौᡆ

u1v
ql

2 + uql

2 v1 = s1t
ql

2 + sq
l

2 t1� ������

⭧�����ਥ⸛�ᡇԢᴿ (u1v
ql

1 ) · (u
ql

1 v1) = (s1t
ql

1 ) · (s
ql

1 t1)�㔉ਾ�������⭧东䗴ᇐ⨼�ਥ
ԛ᧞࠰

{u1v
ql

1 , u
ql

1 v1} = {s1tq
l

1 , s
ql

1 t1}� ������

㊱ղ൦�ਥԛ᧞࠰

{u1v2, u2v1} = {s1t2, s2t1} �⭧������ ������� ������ਥᗍ�� ������

{u1v
ql

2 , u
ql

2 v1} = {s1tq
l

2 , s
ql

2 t1} �⭧������ ������� ������ਥᗍ�� ������

{u2v
ql

2 , u
ql

2 v2} = {s2tq
l

2 , s
ql

2 t2} �⭧������� ������ਥᗍ�� ������

��
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⌞ᝅࡦ⭧ u · v = s · t᧞ሲ࠰Ⲻ������������䘏йѠޢᕅૂㆶौ੄ᗍࡦⲺйѠޢᕅ������
������� ������� ������� ������� ������� ������ᱥㅿԭⲺ�੄䶘ⲺйѠޢᕅޭᴿ儎ᓜሯ〦ᙝ�
ᒬъᆹԢ൞⭧ �D�� �E�� �F�� �G� ᡶ⽰Ⲻ൞ޡѠ৸ᮦ {u1, · · · , t2} ҁ䰪Ⲻ֒⭞сᱥу਎
Ⲻ�

�D� (ui, vi, si, ti) 3→ (u3−i, v3−i, s3−i, t3−i)� i = 1, 2�

�E� (ui, vi, si, ti) 3→ (vi, ui, si, ti)� i = 1, 2�

�F� (ui, vi, si, ti) 3→ (ui, vi, ti, si)� i = 1, 2�

�G� (ui, vi, si, ti) 3→ (si, ti, ui, vi)� i = 1, 2�

ᆹԢާੂᶺᡆҼ䱬Ѱ 16ⲺжѠ㗚 G�䘏Ѡ㗚 G֒⭞൞䘏ޡѠ৸ᮦҁ䰪ᱥՖ䙈Ⲻ�ᡇ
ԢሼՐ൞с䶘Ⲻ䇷᱄ѣ࡟࠼ݻ⭞䘏〃ሯ〦ᙝ�

᛻߫ �� ᇐٽ ui� vi� si� ti �i = 1, 2� ѣ㠩ቇᴿжѠѰ 0� ṯᦤрᮽᨆࡦⲺሯ〦ᙝ�
уཧж㡢ᙝ� ᡇԢٽᇐ u1 = 0� ṯᦤޢᕅ������ ᡇԢਥԛ᧞࠰ s1t1 = 0� ਥ⸛ u1 ൞

GѣⲺどᇐᆆⲺ䱬Ѱ 2 �঩ �F�ශ֒⭞��ެ֒⭞൞ {s1, t1}рᱥՖ䙈Ⲻ�ഖ↚�уཧж
㡢ᙝ� ᡇԢٽᇐ s1 = 0� ഖѰ u ૂ s 䜳ᱥ䶔䴬Ⲻ� ᡶԛᡇԢᗻ❬ᴿ u2s2 %= 0� ӄᱥޢ
ᕅ������ૂ������ਥԛࡡ࠼ㆶौѰ u2v1 = s2t1 ԛ਀ uql

2 v1 = sq
l

2 t1�⢯ࡡ൦�ྸ᷒ v1 = 0�
䛙Ѿᱴ❬ᴿ t1 = 0�

����� ᇐٽ v1 = 0ԛ਀ t1 = 0�⭧ӄ v ૂ t䜳ᱥ䶔䴬Ⲻ�ᡇԢᴿ v2 %= 0ԛ਀ t2 %= 0ᡆ

㄁�ṯᦤޢᕅ�������ᡇԢᴿ u2v
ql

2 = s2t
ql

2 ᡌ㘻 u2v
ql

2 = sq
l

2 t2ᡆ㄁�ṯᦤᕋ⨼ ���ԛ
਀������ѣⲺ u2v2 = s2t2�ਥԛ᧞࠰ v2

t2
= s2

u2
∈ F∗

q ᡌ㘻
v2
s2

= t2
u2

∈ F∗
q ᡆ㄁�൞Ա

֋ж〃ਥ㜳ᙝѣ�䜳ᴿ {uFq, vFq} = {sFq, tFq}�

����� ᇐٽ v1t1 %= 0� ṯᦤᕋ⨼ ���� ⭧ u2v1 = s2t1 ૂ uql

2 v1 = sq
l

2 t1� ᡇԢਥԛ᧞࠰
u2
s2

= t1
v1

∈ F∗
q �൞䘏〃᛻߫с�ᡇԢԃ❬ਥԛ䇷᱄ {uFq, vFq} = {sFq, tFq}�

ഖ↚�ᡇԢᇂᡆҼ᛻߫ �Ⲻ䇷᱄�
᛻߫ �� ᇐٽ ui� vi� si� ti �i = 1, 2�ѣԱ֋жѠ䜳уѰ 0�ഔ亴������ѣⲺㅿᕅ

{u1v
ql

1 , u
ql

1 v1} = {s1tq
l

1 , s
ql

1 t1}.

ṯᦤ �D�ශሯ〦ૂ �F�ශሯ〦�уཧж㡢ᙝ�ᡇԢٽᇐ u1v
ql

1 = s1t
ql

1 ԛ਀ uql

1 v1 = sq
l

1 t1�
⭧������ᡇԢᴿ s1t1 = u1v1�ᓊ⭞ᕋ⨼ ����ᡇԢਥԛ᧞࠰ u1s

−1
1 = t1v

−1
1 ∈ F∗

q �ᡇԢਥ
ԛ᧞ᯣ⭧�������������㔏࠰Ⲻޡ〃ਥ㜳᛻߫䜳⴪᧛ሲ㠪 {uFq, vFq} = {sFq, tFq}ᡆ㄁�
ᡇԢ࠼ԛсп〃᛻߫䇞䇰�

��
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����� ྸ᷒ (u1v2, u2v1) = (s1t2, s2t1)� 䛙Ѿ u2
s2

= t1
v1

= u1
s1

= t2
v2

∈ F∗
q � ӄᱥᡇԢᴿ

{uFq, vFq} = {sFq, tFq}ᡆ㄁�

����� ྸ᷒ (u1v
ql

2 , u
ql

2 v1) = (s1t
ql

2 , s
ql

2 t1)�䛙Ѿ ( t2v2 )
ql = u1

s1
= t1

v1
= (u2

s2
)q

l ∈ Fq�ҕੂᰬ
ᴿ t2

v2
= u2

s2
�ӄᱥᡇԢᴿ {uFq, vFq} = {sFq, tFq}ᡆ㄁�

����� ྸ᷒ԛрњ〃᛻߫䜳уᡆ㄁�䛙ѾᡇԢᴿ

(u1v2, u2v1) = (s2t1, s1t2),

(u1v
ql

2 , u
ql

2 v1) = (sq
l

2 t1, s1t
ql

2 )

ੂᰬᡆ㄁�ӄᱥ� s2
v2

= u1
t1

= ( s2v2 )
ql ∈ F∗

q �ᡶԛ u2
t2

= s2
v2

= u1
t1

= s1
v1

∈ F∗
q �ӄᱥᡇԢ

ᴿ {uFq, vFq} = {sFq, tFq}ᡆ㄁�

᛻߫ �ੂṭᗍࡦ䇷᱄�

㔲рᡶ䘦�ᡇԢ䇷᱄Ҽ U ∈ Gq(n, 2k)ᱥжѠ 6LGRQグ䰪�

⌞ ���ṯᦤᇐ⨼ ���� ሯӄԱᝅⲺ 1 ≤ t ≤ 2k� ᆎ൞ Gq(7k, t) ѣⲺ 6LGRQ グ䰪� фᮽ
⥤ >��@ ѣᐨ⸛Ⲻᶺ䙖⴮∊䖹�䘏Ѡᇐ⨼⭕ᡆҼޭᴿ᯦৸ᮦⲺ 6LGRQグ䰪�ׁྸ�ྸ᷒ n

Ⲻᴶቅ㍖ഖᆆᱥ 7� 䛙Ѿሯӄ┗䏩 t ≤ 2n
7 Ⲻ᮪ᮦ t� ᡇԢⲺᶺ䙖㔏࠰Ҽ Gq(n, t) ѣⲺ

6LGRQグ䰪�ᒬъᖉ t > 6n−2
4 7ᰬθ䘏ӑ 6LGRQグ䰪ᒬу㜳⭧ᮽ⥤ >��@ѣⲺᶺ䙖⭕ᡆ�ޭ

։ਥԛ৸㘹㺞Ṳ ����

᧛сᶛᡇԢ㔏࠰ਜжѠᶺ䙖�㲳❬᯦ᶺ䙖Ⲻ৸ᮦਥԛ㻡ᇐ⨼ ���ѣᶺ䙖Ⲻ৸ᮦᡶ
⏫ⴌ�ռᱥᡇԢᗍࡦҼуੂⲺ 6LGRQグ䰪�

ᇐ⨼ ���Ԛ k > 1ѰжѠ᮪ᮦ� nᱥ kⲺكᮦъ nᱥжѠཽᮦ�ᒬъ┗䏩 n
k ≥ 7�਌ γ

Ѱ Fqk р⅗ᮦѰ n/kⲺжѠуਥ㓜ཐ亯ᕅⲺṯ�䇴

U = {u1 + uql

1 γ + uql

2 γ
2 + u2γ

3 : u1, u2 ∈ Fqk}�

䘏䠂 lᱥжѠ┗䏩 JFG (l, k) = 1Ⲻ᮪ᮦ�䛙Ѿ U ∈ Gq(n, 2k)ᱥжѠ 6LGRQグ䰪�

䇷᱄� ᇐٽ u · v = s · t�䘏䠂 u� v� s� tᱥ U ѣⲺ䶔䴬ݹ㍖�ᡇԢ䇦

u = u1 + uql

1 γ + uql

2 γ
2 + u2γ

3, v = v1 + vq
l

1 γ + vq
l

2 γ
2 + v2γ

3,

s = s1 + sq
l

1 γ + sq
l

2 γ
2 + s2γ

3, t = t1 + tq
l

1 γ + tq
l

2 γ
2 + t2γ

3,

��
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䘏䠂�ሯӄ i = 1, 2� ui� vi� si� ti䜳ᱥ Fqk ѣⲺݹ㍖�㾷䇷᱄ U ᱥжѠ 6LGRQグ䰪�ᡇԢ
ਠ䴶㾷䇷᱄

{uFq, vFq} = {sFq, tFq}

ᙱᱥᡆ㄁঩ਥ�

⭧ӄ n
k − 1 ≥ 6�ṯᦤᕋ⨼ ㍖ݹ���� 1� γ� . . .� γ6 ൞ Fqk рᱥ㓵ᙝᰖީⲺ�∊䖹ᆹ

Ԣ൞ u · v = s · tኋᔶᕅњㄥⲺ㌱ᮦ�ᡇԢᗍࡦ

u1v1 = s1t1, ������

u1v
ql

1 + uql

1 v1 = s1t
ql

1 + sq
l

1 t1, ������

u1v
ql

2 + uql

2 v1 + uql

1 v
ql

1 = s1t
ql

2 + sq
l

2 t1 + sq
l

1 t
ql

1 , ������

u1v2 + u2v1 + uql

1 v
ql

2 + uql

2 v
ql

1 = s1t2 + s2t1 + sq
l

1 t
ql

2 + sq
l

2 t
ql

1 , ������

uql

1 v2 + u2v
ql

1 + uql

2 v
ql

2 = sq
l

1 t2 + s2t
ql

1 + sq
l

2 t
ql

2 , ������

uql

2 v2 + u2v
ql

2 = sq
l

2 t2 + s2t
ql

2 , ������

u2v2 = s2t2. ������

фᇐ⨼ ���ѣⲺ䇞䇰㊱ղθᡇԢᗍࡦ

{u1v
ql

1 , u
ql

1 v1} = {s1tq
l

1 , s
ql

1 t1}(⭧������ૂ������ਥᗍ), ������

{u1v
ql

2 , u
ql

2 v1} = {s1tq
l

2 , s
ql

2 t1}(⭧�������������਀������ਥᗍ), ������

{uql

1 v2, u2v
ql

1 } = {sq
l

1 t2, s2t
ql

1 }(⭧�������������਀������ਥᗍ), ������

{uql

2 v2, u2v
ql

2 } = {sq
l

2 t2, s2t
ql

2 }(⭧������ૂ������ਥᗍ). ������

ੂṭ൦�⭧ӄ�������������䘏йѠޢᕅޭᴿ儎ᓜሯ〦ᙝ�ᆹԢ൞ �D�� �E�� �F�� �G�Ⲻ
֒⭞сᱥу਎Ⲻ�

�D� (ui, vi, si, ti) 3→ (u3−i, v3−i, s3−i, t3−i)� i = 1, 2�

�E� (ui, vi, si, ti) 3→ (vi, ui, si, ti)� i = 1, 2�

�F� (ui, vi, si, ti) 3→ (ui, vi, ti, si)� i = 1, 2�

�G� (ui, vi, si, ti) 3→ (si, ti, ui, vi)� i = 1, 2�

ᆹԢާੂᶺᡆҼ䱬Ѱ 16ⲺжѠ㗚 G�䈛㗚 G֒⭞൞䘏ޡѠ৸ᮦҁ䰪ᱥՖ䙈Ⲻ�ᡇԢ
ሼՐ൞с䶘Ⲻ䇷᱄ѣ࡟࠼ݻ⭞䘏〃ሯ〦ᙝ�

��
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᛻߫ �� ᇐٽ ui� vi� si� ti �i = 1, 2�ѣ㠩ቇᴿжѠѰ 0�ṯᦤрᮽᨆࡦⲺሯ〦ᙝ�у
ཧж㡢ᙝ�ᡇԢٽᇐ u1 = 0�ṯᦤ�������ᡇԢਥԛ᧞࠰ s1t1 = 0�ਥ⸛ u1 ൞ GѣⲺど

ᇐᆆⲺ䱬Ѱ 2 �঩ �F�ශ֒⭞��ެ֒⭞൞ {s1, t1}рᱥՖ䙈Ⲻ�ഖ↚�уཧж㡢ᙝ�ᡇԢ
ᇐٽ s1 = 0�ഖѰ uૂ s䜳ᱥ䶔䴬Ⲻ�ᡇԢᴿ u2s2 %= 0�ӄᱥ������ૂ������ਥԛࡡ࠼ㆶ
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>�@ $KOVZHGH 5� &DL 1� /L 6 �< 5� <HXQJ 5 :� 1HWZRUN LQIRUPDWLRQ IORZ>-@� ,(((
7UDQV� ,QIRUP� 7KHRU\� ����� ����������±����� '2,� ������������������

>�@ %DPEHUJ -� )LQLWH *HRPHWULHV )LIWK ,UVHH &RQIHUHQFH>5@� ����� ?iiT,ff+�;2Xm;2MiX
#2f�KHfB`b228fbHB/2bf"�K#2`;XT/7�

>�@ %DPEHUJ -� .HOO\ 6� /DZ 0� 3HQWWLOD 7� 7LJKW VHWV DQG m�RYRLGV RI IL�
QLWH SRODU VSDFHV>-@� -� &RPELQ� 7KHRU\ 6HU� $� ����� ����������������� '2,�
��������M�MFWD�������������

>�@ %DPEHUJ -� /HH 0� 0HOLVVD .� ;LDQJ 4� $ QHZ LQILQLWH IDPLO\ RI KHPLV\VWHPV RI
WKH +HUPLWLDQ VXUIDFH>-@� &RPELQDWRULFD� ����� ������������ '2,� ��������V������
�����������

>�@ %DPEHUJ -� /DZ0� 3HQWWLOD 7� 7LJKW VHWV DQGm�RYRLGV RI JHQHUDOLVHG TXDGUDQOHV>-@�
&RPELQDWRULFD� ����� ����������� '2,� ��������V���������������[�

>�@ %URXZHU $ (� +DHPHUV : +� 6SHFWUD RI JUDSKV>0@� >6�O�@� 8QLYHUVLWH[W� 6SULQJHU�
1HZ <RUN� ����� [LY����� '2,� ��������������������������

>�@ %URXZHU $ (� :LOVRQ 5 0� ;LDQJ 4� &\FORWRP\ DQG VWURQJO\ UHJXODU JUDSKV>-@� -�
$OJHEUDLF &RPELQ� ����� ������������ '2,� ��������$���������������

>�@ %DQQDL (� ,WR 7� $OJHEUDLF FRPELQDWRULFV ,� $VVRFLDWLRQ VFKHPHV>0@� >6�O�@� 7KH
%HQMDPLQ�&XPPLQJV� /RQGRQ� �����

>�@ %DXPHUW / '� 0LOOV : +� :DUG 5 /� 8QLIRUP F\FORWRP\>-@� -� 1XPEHU 7KHRU\�
����� ��������±��� '2,� ����������������;������������

>��@ %URXZHU $ (� &RKHQ $ 0� 1HXPDLHU $� 'LVWDQFH�UHJXODU JUDSKV>0@� >6�O�@�
6SULQJHU�9HUODJ� %HUOLQ� ����� [YLLL�����

>��@ %HQ�6DVVRQ (� (W]LRQ 7� *DEL]RQ $� 5DYLY 1� 6XEVSDFH SRO\QRPLDOV DQG F\FOLF
VXEVSDFH FRGHV>-@� ,((( 7UDQV� ,QIRUP� 7KHRU\� ����� ���������������� '2,�
��������7,7��������������

>��@ %UDXQ0� (W]LRQ 7� gVWHUJnUG 3 5 -� 9DUG\ $�:DVVHUPDQQ $� ([LVWHQFH RI q�DQDORJV
RI 6WHLQHU V\VWHPV>-@� )RUXP 0DWK� 3L� ����� ��H�� ��� '2,� ��������IPS��������

��
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>��@ %DFKRF &� 6HUUD 2� =pPRU *� $Q DQDORJXH RI 9RVSHU¶V WKHRUHP IRU H[WHQ�
VLRQ ILHOGV>-@� 0DWK� 3URF� &DPEULGJH 3KLORV� 6RF� ����� ����������±���� '2,�
��������6�����������������

>��@ &RVVLGHQWH $� &XOEHUW &� (EHUW * /� 0DULQR *� 2Q m�RYRLGV RI W3(q)>-@� )LQLWH
)LHOGV $SSO� ����� ������������ '2,� ��������M�IID�������������

>��@ &DOGHUEDQN 5� .DQWRU : 0� 7KH JHRPHWU\ RI WZR�ZHLJKW FRGHV>-@� %XOO� /RQGRQ
0DWK� 6RF������� ������������� '2,� ��������EOPV���������

>��@ &RVVLGHQWH $� 3DYHVH )� ,QWULJXLQJ VHWV RI W (5, q)� q HYHQ>-@� -� &RPELQ� 7KHRU\
6HU� $� ����� ������������ '2,� ��������M�MFWD�������������

>��@ &RVVLGHQWH $� 3DYHVH )� 2Q LQWULJXLQJ VHWV RI ILQLWH V\PSOHFWLF VSDFHV>-@� 'HV� &RGHV
&U\SWRJU� ����� ���������������� '2,� ��������V�����������������

>��@ &DUOHW &� *XLOOH\ 6� &RPSOHPHQWDU\ GXDO FRGHV IRU FRXQWHU�PHDVXUHV WR
VLGH�FKDQQHO DWWDFNV>-@� $GY� 0DWK� &RPPXQ� ����� ���������±���� '2,�
��������DPF�������������

>��@ &DUOHW &� /L & -�0HVQDJHU 6� /LQHDU FRGHV ZLWK VPDOO KXOOV LQ VHPL�SULPLWLYH FDVH>-@�
'HV� &RGHV &U\SWRJU� ����� �����������±����� '2,� ��������V������������������

>��@ &DUOHW &� 0HVQDJHU 6� 7DQJ & 0� 4L < )� (XFOLGHDQ DQG +HUPLWLDQ /&' 0'6
FRGHV>-@� 'HV� &RGHV &U\SWRJU� ����� �����������±����� '2,� ��������V������
�����������

>��@ &DUOHW &� 0HVQDJHU 6� 7DQJ & 0� 4L < )� 1HZ FKDUDFWHUL]DWLRQ DQG SDUDPHWUL]D�
WLRQ RI /&' FRGHV>-@� ,((( 7UDQV� ,QIRUP� 7KHRU\� ����� ��������±��� '2,�
��������7,7��������������

>��@ &DUOHW &�0HVQDJHU 6� 7DQJ&0�4L< )� 3HOOLNDDQ 5� /LQHDU FRGHV RYHUFq DUH HTXLY�
DOHQW WR /&' FRGHV IRU q > 3>-@� ,((( 7UDQV� ,QIRUP� 7KHRU\� ����� ����������±
����� '2,� ��������7,7��������������

>��@ &KHQ %&� /LX +:�&RQVWUXFWLRQV RI F\FOLF FRQVWDQW GLPHQVLRQ FRGHV>-@� 'HV� &RGHV
&U\SWRJU� ����� ����������±����� '2,� ��������V�����������������

>��@ 'UXGJH .� ([WUHPDO VHWV LQ SURMHFWLYH DQG SRODU VSDFHV>'@� 3K' WKHVLV� 7KH 8QLYHU�
VLW\ RI :HVWHUQ 2QDWDULR� �����

>��@ 'LQJ & 6� <DQJ -� +DPPLQJ ZHLJKWV LQ LUUHGXFLEOH F\FOLF FRGHV>-@� 'LVFUHWH 0DWK�
����� ����������±���� '2,� ��������M�GLVF�������������

��
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>��@ (W]LRQ 7� 9DUG\$� (UURU�FRUUHFWLQJ FRGHV LQ SURMHFWLYH VSDFH>-@� ,(((7UDQV� ,QIRUP�
7KHRU\� ����� ����������±����� '2,� ��������7,7��������������

>��@ )HQJ 7� 0RPLKDUD .� ;LDQJ 4� &RQVWUXFWLRQV RI VWURQJO\ UHJXODU &D\OH\ JUDSKV DQG
VNHZ +DGDPDUG GLIIHUHQFH VHWV IURP F\FORWRPLF FODVVHV>-@� &RPELQDWRULFD� �����
�������������� '2,� ��������V�����������������

>��@ )HQJ 7� ;LDQJ 4� 6WURQJO\ UHJXODU JUDSKV IURP XQLRQV RI F\FORWRPLF FODVVHV>-@� -�
&RPELQ� 7KHRU\ 6HU� %� ����� ��������������� '2,� ��������M�MFWE�������������

>��@ )HQJ . 4� $Q LQWURGXFWLRQ WR DOJHEUDLF QXPEHU WKHRU\� 6FLHQFH 3UHVV� %HLMLQJ�
�����

>��@ )HQJ 7� 0RPLKDUD .� 7KUHH�FODVV DVVRFLDWLRQ VFKHPHV IURP F\FORWRP\>-@� -� &RP�
ELQ� 7KHRU\ 6HU� $� ����� �����������±����� '2,� ��������M�MFWD�������������

>��@ *RGVLO &� 5R\OH *� $OJHEUDLF *UDSK 7KHRU\>0@� >6�O�@ *UDGXDWH 7H[WV LQ 0DWKHPDW�
LFV� 6SULQJHU�9HUODJ� 1HZ <RUN� ����� [[�����

>��@ *OXHVLQJ�/XHUVVHQ +� /HKPDQQ +� 'LVWDQFH GLVWULEXWLRQV RI F\FOLF RUELW FRGHV>-@�
'HV� &RGHV &U\SWRJU� ����� ���������±���� '2,� ��������V����������������[�

>��@ *OXHVLQJ�/XHUVVHQ +� 0RUULVRQ .� 7URKD &� &\FOLF RUELW FRGHV DQG VWDELOL]HU VXE�
ILHOGV>-@� $GY� 0DWK� &RPPXQ� ����� ��������±���� '2,� ��������DPF������������

>��@ *DELGXOLQ ( 0� 3LOLSFKXN 1 ,� %RVVHUW 0� 'HFRGLQJ RI UDQGRP QHW�
ZRUN FRGHV>-@� 3UREO� ,QI� 7UDQVP� �(QJO� 7UDQVO�� ����� ������������ '2,�
��������6�����������������

>��@ +LUVFKIHOG -:3� 7KDV - $� *HQHUDO *DORLV *HRPHWULHV>0@� >6�O�@� 6SULQJHU� /RQGRQ�
����� [YL�����

>��@ ,UHODQG .� 5RVHQ 0� $ FODVVLFDO LQWURGXFWLRQ WR PRGHUQ QXPEHU WKHRU\>0@� >6�O�@�
�QG HGLWLRQ� YRO� �� RI *UDGXDWH 7H[WV LQ 0DWKHPDWLF� 6SULQJHU�9HUODJ� 1HZ <RUN�
����� [LY�����

>��@ -LQ / )� ;LQJ & 3� $OJHEUDLF JHRPHWU\ FRGHV ZLWK FRPSOHPHQWDU\ GXDOV H[FHHG
WKH DV\PSWRWLF *LOEHUW�9DUVKDPRY ERXQG>-@� ,((( 7UDQV� ,QIRUP� 7KHRU\� �����
����������±����� '2,� ��������7,7��������������

>��@ .HOO\ 6� &RQVWUXFWLRQV RI LQWULJXLQJ VHWV RI SRODU VSDFHV IURP ILHOG UHGXFWLRQ DQG
GHULYDWLRQ>-@� 'HV� &RGHV &U\SWRJU� ����� ���������� '2,� ��������V����������
�������
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>��@ .KDUDJKDQL +� 6XGD 6� 6\PPHWULF %XVK�W\SH JHQHUDOL]HG +DGDPDUG PDWUL�
FHV DQG DVVRFLDWLRQ VFKHPHV>-@� )LQLWH )LHOGV $SSO� ����� �����±��� '2,�
��������M�IID�������������

>��@ .RKQHUW $� .XU] 6� &RQVWUXFWLRQ RI ODUJH FRQVWDQW GLPHQVLRQ FRGHV ZLWK D SUH�
VFULEHG PLQLPXP GLVWDQFH>-@� /HFWXUH 1RWHV LQ &RPSXW� 6FL� ����� �������±���
'2,� �������������������������B��

>��@ .|HWWHU 5� .VFKLVFKDQJ ) 5� &RGLQJ IRU HUURUV DQG HUDVXUHV LQ UDQGRP QHW�
ZRUN FRGLQJ>-@� ,((( 7UDQV� ,QIRUP� 7KHRU\� ����� ����������±����� '2,�
��������7,7�������������

>��@ /L & -� 'LQJ & 6� /L 6 ;� /&' F\FOLF FRGHV RYHU ILQLWH ILHOGV>-@� ,((( 7UDQV� ,QIRUP�
7KHRU\� ����� ����������±����� '2,� ��������7,7��������������

>��@ /L & -� =HQJ 3� &RQVWUXFWLRQV RI OLQHDU FRGHV ZLWK RQH�GLPHQVLRQDO KXOO>-@� ,(((
7UDQV� ,QIRUP� 7KHRU\� ����� ����������±����� '2,� ��������7,7��������������

>��@ /L 6 ;� /L & -� 'LQJ & 6� /LX +� 7ZR IDPLOLHV RI /&' %&+ FRGHV>-@� ,((( 7UDQV�
,QIRUP� 7KHRU\� ����� ����������±�����

>��@ /LX ; 6� /LX + /� 0DWUL[�SURGXFW FRPSOHPHQWDU\ GXDO FRGHV� SUHSULQW�
DU;LY������������

>��@ /LGO 5� 1LHGHUUHLWHU +� )LQLWH )LHOGV>0@� >6�O�@� &DPEULGJH 8QLY� 3UHVV� &DPEULGJH�
����� [LY�����

>��@ /LQJ 6� ;LQJ & 3� &RGLQJ WKHRU\� $ ILUVW FRXUVH>0@� >6�O�@� &DPEULGJH 8QLY� 3UHVV�
&DPEULGJH� ����� [LL�����

>��@ 0RPLKDUD .� &HUWDLQ VWURQJO\ UHJXODU &D\OH\ JUDSKV RQ F22(2s+1) IURP F\FORWRP\>-@�
)LQLWH )LHOGV $SSO� ����� ����������� '2,� ��������M�IID�������������

>��@ 0RPLKDUD .� ;LDQJ 4� 6WURQJO\ UHJXODU &D\OH\ JUDSKV IURP SDUWLWLRQV RI VXEGLI�
IHUHQFH VHWV RI WKH 6LQJHU GLIIHUHQFH VHWV>-@� )LQLWH )LHOGV $SSO� ����� �����������
'2,� ��������M�IID�������������

>��@ 0DVVH\ - /� /LQHDU FRGHV ZLWK FRPSOHPHQWDU\ GXDOV>-@� 'LVFUHW� 0DWK� �����
�������� ���±���� '2,� ����������������;����������8�

>��@ 0HVQDJHU 6� 7DQJ & 0� 4L < )� &RPSOHPHQWDU\ GXDO DOJHEUDLF JHRP�
HWU\ FRGHV>-@� ,((( 7UDQV� ,QIRUP� 7KHRU\� ����� ����������±����� '2,�
��������7,7��������������

��
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>��@ 1LX < )� <XH 4� :X < 6� 6HYHUDO NLQGV RI ODUJH F\FOLF VXEVSDFH FRGHV
YLD 6LGRQ VSDFHV>-@� 'LVFUHWH 0DWK� ����� �������������� ��� '2,�
��������M�GLVF�������������

>��@ 2WDO .� g]EXGDN )� &\FOLF VXEVSDFH FRGHV YLD VXEVSDFH SRO\QRPLDOV>-@� 'HV� &RGHV
&U\SWRJU� ����� ���������±���� '2,� ��������V�����������������

>��@ 3D\QH 6 (� 7LJKW SRLQWVHWV LQ ILQLWH JHQHUDOL]HG TXDGUDQJOHV>-@� &RQJU� 1XPHU� �����
�����������

>��@ 3D\QH 6 (� 7KDV - $� )LQLWH *HQHUDOL]HG 4XDGUDQJOHV>0@� >6�O�@ 5HVHDUFK 1RWHV LQ
0DWKHPDWLFV� 3LWPDQ �$GYDQFHG 3XEOLVKLQJ 3URJUDP�� %RVWRQ� ����� YL�����

>��@ 3DQJ % %� =KX 6 ;� 6XQ = +� 2Q /&' QHJDF\FOLF FRGHV RYHU ILQLWH ILHOGV>-@� -� 6\VW�
6FL� &RPSOH[� ����� ����������±����� '2,� ��������V�����������������

>��@ 5RVH - 6� $ &RXUVH RQ *URXS 7KHRU\>0@� >6�O�@ &DPEULGJH 8QLYHUVLW\ 3UHVV�
&DPEULGJH�1HZ <RUN�0HOERXUQH� ����� L[�����

>��@ 5RWK 5 0� 5DYLY 1� 7DPR ,� &RQVWUXFWLRQ RI 6LGRQ VSDFHV ZLWK DSSOLFD�
WLRQV WR FRGLQJ>-@� ,((( 7UDQV� ,QIRUP� 7KHRU\� ����� ����������±����� '2,�
��������7,7��������������

>��@ 6KXOW ( (� 7KDV - $� m�V\VWHPV RI SRODU VSDFH>-@� -� &RPELQ� 7KHRU\ 6HU� $� �����
���������±���� '2,� �����������������������������

>��@ 6HQGULHU 1� )LQGLQJ WKH SHUPXWDWLRQ EHWZHHQ HTXLYDOHQW OLQHDU FRGHV� WKH VXSSRUW
VSOLWWLQJ DOJRULWKP>-@� ,((( 7UDQV� ,QIRUP� 7KHRU\� ����� ����������±����� '2,�
������������������

>��@ 6HQGULHU 1� 6NHUV\V *� 2Q WKH FRPSXWDWLRQ RI WKH DXWRPRUSKLVP JURXS RI D OLQHDU
FRGH� LQ�3URFHHGLQJV RI ,((( ,6,7����� :DVKLQJWRQ� '&� �����

>��@ 6KL ; <� <XH 4� <DQJ 6 '� 1HZ /&' 0'6 FRGHV FRQVWUXFWHG IURP JHQHUDO�
L]HG 5HHG�6RORPRQ FRGHV>-@� -� $OJHEUD $SSO� ����� ������ �������� ��� '2,�
��������6�����������������

>��@ 7KDV - $� 2YRLGV DQG VSUHDGV RI ILQLWH FODVVLFDO SRODU VSDFHV>-@� *HRP� 'HGLFDWD�
����� ����������� '2,� ��������%)���������

>��@ 7KDV - $� ,QWHUHVWLQJ SRLQWVHWV LQ JHQHUDOL]HG TXDGUDQJOHV DQG SDUWLDO JHRPHWULHV>-@�
/LQHDU $OJHEUD $SSO� ����� �����������±���� '2,� ���������������������������
��

��
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>��@ 7UDXWPDQQ $ �/� 0DQJDQLHOOR )� %UDXQ 0� 5RVHQWKDO -� &\FOLF RUELW FRGHV>-@� ,(((
7UDQV� ,QIRUP� 7KHRU\� ����� ����������������� '2,� ��������7,7��������������

>��@ 8HEHUEHUJ -� )RXQGDWLRQV RI LQFLGHQFH JHRPHWU\�3URMHFWLYH DQG SRODU VSDFHV>0@�
>6�O�@�6SULQJHU� +HLGHOEHUJ� ����� [LL�����

>��@ YDQ'DP(5�0X]\FKXN0� 6RPH LPSOLFDWLRQV RQ DPRUSKLF DVVRFLDWLRQ VFKHPHV>-@�
-� &RPELQ� 7KHRU\ 6HU� $� ����� ����������±���� '2,� ��������M�MFWD�������������

>��@ =KDR :� 7DQJ ; /� $ FKDUDFWHUL]DWLRQ RI F\FOLF VXEVSDFH FRGHV YLD VXEVSDFH SRO\�
QRPLDOV>-@� )LQLWH )LHOGV $SSO� ����� ����±��� '2,� ��������M�IID�������������
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ᵢ〇∋ѐθ㧭ᗍ⨼ᆜᆜ༡ᆜփȾ����ᒪ䘑ޛ⎏⊕ཝᆜᮦᆜ〇ᆜᆜ䲘ᓊ⭞ᮦᆜщѐ⹊
ガ⭕ᆜҖ㠩ԀȾ

�� 䙐䇥൦൶φѣള⎏⊕ⴷᶣᐔᐸ⎏⊕ཝᆜ⦿⋿ṗ॰ᮦᆜ〇ᆜᆜ䲘θ������

�� 㚊㌱ᯯᕅφ\HBZDQJ#]MX�HGX�FQ

�� ⹊ガު䏙φ㕌⸷⨼䇰Ƚԙᮦ㓺ਾᆜȽᴿ䲆ࠖ֋

�� ᭱䈱ᆜփᵕ䰪ਇ㺞Ⲻ䇰ᮽ

� 7DR )HQJ� <H :DQJ� 4LQJ ;LDQJ� 2Q m�RYRLGV RI V\PSOHFWLF SRODU VSDFHV�
-RXUQDO RI &RPELQDWRULDO 7KHRU\� $� ������������ ��� �����

� <H :DQJ� 5DQ 7DR� &RQVWUXFWLRQV RI OLQHDU FRGHV ZLWK VPDOO GLPHQVLRQ KXOO
IURP DVVRFLDWLRQ VFKHPHV� VXEPLWWHG WR $GYDQFHV LQ 0DWKHPDWLFV RI &RPPX�
QLFDWLRQV�

� 7DR )HQJ� <H :DQJ� 1HZ FRQVWUXFWLRQV RI ODUJH F\FOLF VXEVSDFH FRGHV DQG
6LGRQ VSDFHV� 'LVFUHWH 0DWKHPDWLFV� ������������ �� �����

��


