
©aÒµ O157.2 ü �èµ 10335

� ?µ Æ Òµ 11106009

Æ¬Æ Ø©

¥¥¥©©©ØØØ©©©KKK888µµµ �©|�O9Ù3&E�Æ¥�A^

===©©©ØØØ©©©KKK888µµµ Group divisible designs and their applications in
information science

��<6¶µ �ðW

����µ ��c �Ç

Ü���µ

;�¶¡µ A^êÆ

ïÄ��µ |Ü�O�?è

¤3Æ�µ nÆ�êÆX

ØØØ©©©JJJ���FFFÏÏÏµµµ ���������ooocccnnn���





�©|�O9Ù3&E�Æ¥�A^

ØØØ©©©���ööö\\\¶¶¶µµµ

������������\\\¶¶¶µµµ

Ø©µ�< 1µ

µ�< 2µ

µ�< 3µ

µ�< 4µ

µ�< 5µ

�F�
¬ÌRµ ��\�Ç\þ°���Æ
�
 1µ ��\�Ç\þ°���Æ
�
 2µ oÆû\�Ç\Hm�Æ
�
 3µ Ðê,\�Ç\�²�Æ
�
 4µ o�)\�Ç\ÓL�Æ
�
 5µ ��c\�Ç\úô�Æ
�
 6µ ¾7\ïÄ
\úô�Æ

�FFÏµ ���oco�





��

� �

Äk§©%a�·�����c�Çé·�WW�°ÚG%'~"�P�´|

Ü�O+��E�a�O�+�Æö§¦¤ïÄ�¯K´|Ü�OnØïÄ�Ø%

¯K§·k3�±~�P���"l�	Ç����)�8Uk�½�Ý�ïÄ§

·�z�ÚÑ´3���Ú�e�¤"Ac5§·�ïÄlÀKáK!(J©Û�

�©Ù>�ÚØ©�?UÑ��
¦G%���§z�Ø©�uLÑv(
���

%ÉÚ�¦"
�P�3�ïÚ�Æþî>!@ý��Ý�´�·äá
��§-

·¹�"

·�a� Arizona State University� Charles J. Colbourn�Çé·ó�����

�½"
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Abstract

Group divisible designs (GDD) are of critical importance in combinatorial design

theory, and they have been widely used to construct various kinds of designs. For instance,

group divisible designs were essential in the recursive constructions used in the seminal

works of Wilson and Hanani (two of the pioneers of combinatorial design theory), which

established necessary and sufficient conditions for the existence of pairwise balanced de-

signs. Similarly, resolvable group divisible designs and frames play an instrumental role

in the constructions of designs with resolvability. A GDD is called uniform if all of its

groups have the same size. In this dissertation, we will study several kinds of group di-

visible designs, including non-uniform 4-GDDs, uniform 5-GDDs, 4-RGDDs, 4-frames,

G-GDDs, etc. We also consider the applications of group divisible designs to informa-

tion science. These applications include traffic grooming in optical networks and nonlinear

error-correcting codes.

In Chapter 2, we investigate the existence of group divisible designs of type gum1. For

block size 3, the problem has been solved by Colbourn, Hoffman, and Rees in 1992. For

block size 4, the problem is still open. Most of the progress for the existence of 4-GDDs

of type gum1 is on the case when gu is even. We consider the entire existence problem for

such 4-GDDs. We show that, for each given g, up to a small number of undetermined cases

of u, the necessary conditions on (u,m) for the existence of a 4-GDD of type gum1 are

also sufficient. As the applications of these GDDs, we obtain some other kinds of designs,

including pairwise balanced designs, directed pairwise balanced designs, Kirkman frames,

and group divisible covering designs.

In Chapter 3, we continue to investigate the existence results for 5-GDDs, 4-RGDDs

and 4-frames. Much progress has been made for the existence problems of these designs,

while the problems are still open. Our new results mainly lie in the cases with relatively

large group size. These results are based mainly on the powerful recursive constructions

IV
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“Double Group Divisible Design Construction” and “Rees Type Product Construction”,

and sometimes we require double group divisible designs with proper extra resolvable

properties when necessary. We also construct some smaller designs, including 4-RGDDs

of types 2184, 944, 1410, 1818, 2210 and 3611.

In Chapter 4, the concept of group divisible designs is generalized toG-group divisible

designs. We use G-GDDs to construct G-designs for five-vertex graphs. The existence

problem of these kind of designs is a long standing problem posed by Bermond, Huang,

Rosa and Sotteau in 1980, which is closely related to traffic grooming in optical networks.

We give a complete solution to the existence problem of G-designs for five-vertex graphs

completely. We also determined almost completely the minimum drop cost ofC-groomings

with C ≤ 9 for all orders n.

In Chapter 5, we consider all possible sizes of perfect q-ary t-deletion-correcting

codes of length n. Perfect t-deletion-correcting codes can have different number of code-

words, because the balls of radius t with respect to Levenshteı̆n distance may be of differ-

ent sizes. Thus determining all possible sizes makes sense. When t = n − 2, t-deletion-

correcting codes are closely related to directed packings, constructions of which are based

on the tools of design theory. By constructing a considerable number of incomplete di-

rected packings, we give an almost complete solution to the spectrum problem of sizes for

perfect (4, 2)q-DCCs, leaving the existence of (4, 2)19-DCC of size 62 and (4, 2)34-DCC of

size 196 in doubt.

Chapters 6 and 7 are dedicated to constant-weight codes and constant-composition

codes (CWCs and CCCs). Various methods have been applied to the problem of determin-

ing the maximum size of CWCs or CCCs, including some combinatorial methods. Here

we are particularly interested in group divisible codes (GDCs) and complete reducible

super-simple (CRSS) designs. The concept of group divisible codes is an analog of group

divisible designs and was brought up by Chee, Ge and Ling to determine the sizes of op-

timal constant-composition codes of weight three. In Chapter 6, we study the problem of

constructing optimal ternary constant-composition codes with weight four and minimum
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distance six. The problem is solved with a small number of lengths undetermined. Com-

plete reducible super-simple designs are closely related to q-ary constant weight codes. A

(v, k, λ)-CRSS design is just an optimal (v, 2(k − 1), k)λ+1 code. In Chapter 7, we deter-

mine the spectrum of a (v, 5, 2)-CRSS design almost completely with a possible exception

v = 25. Using this result, we determine the maximum size of an (n, 8, 5)3 code for all

n ≡ 0, 1, 4, 5 (mod 20) with the only length n = 25 unsettled.

Keywords: Group divisible designs, frames, resolvable group divisible designs, G-

designs, traffic grooming, constant-weight codes, constant-composition codes, group

divisible codes, complete reducible super-simple designs
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1 XØ

�©|�O

��8ÜXÚ£set system¤´����| (X,B)§Ù¥ X ´��:8§B

´ X ���f8x§p¡���¡�«|"��8ÜXÚ��êÒ´ X ¥:

��ê"é���K�ê8Ü K§��¤é²ï�O£pairwise balanced design¤

(v,K, λ)-PBD§Ò´���ê� v �8ÜXÚ (X,B)§¦� X ¥�?¿�É:é

TÐÑy3 B� λ�«|¥§¿�é?¿ B ∈ B§Ñk |B| ∈ K"���� k ∈ K

´“\(�”§P� k?§Ò´`ù� PBDTÐk����� k�«|"� K = {k}

�§·�q¡§´²ïØ��«|�O£balanced incomplete block design¤§P�

(v, k, λ)-BIBD"� K ´����ê8Ü§- B(K) = {v : ∃ (v,K, 1)−PBD}"@o

B(K)�¡�´ K �PBD-4�"

- (X,B) ´��8ÜXÚ§G = {G1, . . . , Gu} ´8Ü X ���y©§¡�

|"@o��n�| (X,G,B) �¡�´���©|�O£group divisible design§

GDD¤§XJ X ¥Ø3Ó��|�:éTÐÑy3��«|¥§�é?¿ B ∈ B§

G ∈ G§|B ∩ G| ≤ 1"XJé?¿ B ∈ B§|B| ∈ K§@o¡ (X,G,B)� K-GDD"

XJ K = {k}§{P� k-GDD"�� GDD�.´��õ­8 {|G| : G ∈ G}"·�

Ï~^“�ê”ÎÒ5L« GDD�.µ.� gu11 g
u2
2 . . . gutt L«é?¿ i = 1, 2, . . . , t§

k ui���� gi�|"�� GDD¡����XJ¤k|���Ñ�Ó"

�©|�O�Vgd Boseu 1942cJÑ§§3WilsonÚ Hanani�E¤é²

ï�O�u�XÄ:5��^ [96,161–163]"IS	NõÆöéùa�O�
éõïÄ

ó�§¿��
�X��¤J"«|��� 3½ 4�.��� GDD��35¯K

®©O� Hanani£u 1975c¤Ú Brouwer�<£u 1977c¤�.)û"

½n 1.1 (Hanani [96]§Brouwer� [27])µ (i) .� gu� 3-GDD�3��=� u ≥ 3§

(u− 1)g ≡ 0 (mod 2)§u(u− 1)g2 ≡ 0 (mod 6).

1
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(ii) .� gu� 4-GDD�3��=� u ≥ 4§(u−1)g ≡ 0 (mod 3)§u(u−1)g2 ≡ 0

(mod 12)� (g, u) 6∈ {(2, 4), (6, 4)}"

éu k = 5��/§Hananiu 1975c�Ñ
�
�35�(J [96]§3���

��õcm§ù�¯K��vk�o?Ð"�� 1996c§Yin�<3ù�¡��


­��¤J [168]§��§¦��(JØä�U? [3,84,86]"y3§Ø
k���U�

~	§.��� 5-GDD��35¯K®Ä��)û
"

½n 1.2µ.� gu � 5-GDD�3�7�^�§= u ≥ 5§g(u − 1) ≡ 0 (mod 4)§

g2u(u− 1) ≡ 0 (mod 20)§�´¿©�§Ø
 (g, u) ∈ {(2, 5), (2, 11), (3, 5), (6, 5)}±

9eã�U�¹�	µ

1. g = 3§u ∈ {45, 65}¶

2. g ≡ 2, 6, 14, 18 (mod 20)µ

(a) g = 2§u ∈ {15, 35, 71, 75, 95, 111, 115, 195, 215}¶

(b) g = 6§u ∈ {15, 35, 75, 95}¶

(c) g = 18§u ∈ {11, 15, 71, 111, 115}¶

(d) g ∈ {14, 22, 26, 34, 38, 46, 58, 62}§u ∈ {11, 15, 71, 75, 111, 115}¶

(e) g ∈ {42, 54} ½ö g = 2α§ùp gcd(30, α) = 1 � 33 ≤ α ≤ 2443§

u = 15¶

3. g ≡ 10 (mod 20)µ

(a) g = 10§u ∈ {5, 7, 15, 23, 27, 33, 35, 39, 47}¶

(b) g = 30§u = 15¶

(c) g = 50§u ∈ {15, 23, 27}¶

(d) g = 90§u = 23;

(e) g = 10α§α ≡ 1 (mod 6)� 7 ≤ α ≤ 319§u ∈ {15, 23}¶

(f) g = 10β§β ≡ 5 (mod 6)� 11 ≤ β ≤ 443§u ∈ {15, 23}¶

2
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(g) g = 10γ§γ ≡ 1 (mod 6)� 325 ≤ γ ≤ 487§u = 15¶

(h) g = 10δ§δ ≡ 5 (mod 6)� 449 ≤ δ ≤ 485§u = 15"

éu.Ø����¹§Colbourn �<u 1992 y²
.� gum1 � 3-GDD �

3�7�^��´¿©� [51]¶
éu.� gum1 � 4-GDD �35�ïÄ�®

��ã�?Ð"� g,m > 0 � u ≥ 4§N´wÑ.� gum1 � 4-GDD �3�

7�^�´ m ≤ g(u − 1)/2§gu ≡ 0 (mod 3)§g(u − 1) + m ≡ 0 (mod 3) ¿�(
gu+m

2

)
− u
(
g
2

)
−
(
m
2

)
≡ 0 (mod 6)"

éu'��� g§g = 1½ 3��/� Rees�<)û [134]¶g = 4, 5, 12½ 15�

�/� Ge�<)û [82]¶g = 24��/� Colbourn�<)û [48]¶g = 8½ 16��

/d Schuster)û [138]"
 g = 2, 6��/�A�� Ge�<��)û [82,89]"·�ò

ù
(J®oXe"

½n 1.3µ� u ≥ 4,m > 0"é?¿ g ∈ {1, 2, 3, 4, 5, 6, 8, 12, 15, 16, 24}§Ø


(g, u,m) = (2, 6, 5) ±9eã¤��U��¹	§.� gum1 � 4-GDD �3§

��=� m ≤ g(u − 1)/2§gu ≡ 0 (mod 3)§g(u − 1) + m ≡ 0 (mod 3) �(
gu+m

2

)
− u
(
g
2

)
−
(
m
2

)
≡ 0 (mod 6)"

(i) g = 2� (u,m) ∈ {(21, 17), (33, 23), (33, 29), (39, 35), (57, 44)}§½ö

(ii) g = 6 � (u,m) ∈ {(7, 15), (11, 21), (11, 24), (11, 27), (13, 27), (13, 33), (17, 39),

(17, 42), (19, 45), (19, 48), (19, 51), (23, 60), (23, 63)}"

éu��� g§ReesÄk�	
 u = 4��/ [130]§3dÄ:þ§Ge�<�	


�����¹§��
e¡�(J [88]"

½n 1.4µ

(i) � g ≡ 0 (mod 6)§u ≡ 0 (mod 4)§u = 4 ½ u ≥ 12§Ké?¿ m ≡ 0

(mod 3)§0 ≤ m ≤ g(u− 1)/2§Ø
�U�~	� u = 12§0 < m < g§.�

gum1� 4-GDDÑ�3"

(ii) � g ≡ 0 (mod 6)� u ∈ {n : n ≥ 79}\{93, 94, 95, 97, 98, 117, 118}"Ké?¿

m ≡ 0 (mod 3), 0 ≤ m ≤ g(u− 1)/2§.� gum1� 4-GDDÑ�3"

3
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(iii) � g ≡ 3 (mod 6) � u ≡ 0 (mod 4)§u 6= 8"Ké?¿ m ≡ 0 (mod 3)§

0 ≤ m ≤ (g(u− 1)− 3)/2§Ø
�U�~	� u = 12§0 < m < g§.� gum1

� 4-GDDÑ�3"

(iv) � g ≡ 1, 5 (mod 6), g 6∈ {11, 17}§¿� u ≡ 0 (mod 12)§u 6= 24"Ké?

¿ m ≡ g (mod 3)§0 < m ≤ (g(u − 1) − 3)/2§Ø
�U�~	� u ∈

{12, 72, 120, 168}§0 < m < g§.� gum1� 4-GDDÑ�3"

(v) � g ≡ 2, 4 (mod 6)� u ∈ {n ≡ 0 (mod 3) : n ≥ 192}\{231, 234, 237}"Ké

?¿m ≡ g (mod 3)§0 < m ≤ g(u− 1)/2§.� gum1� 4-GDDÑ�3"

d	§Ge�<��	
m�4��Ú4�����/ [85,90]"

½n 1.5µ

(i) � g ≡ 0 (mod 6)§u ≥ 4"KØ
.� 6401� 4-GDDØ�3§Ù¦.� gu01

±9 gu(g(u− 1)/2)1� 4-GDDÑ�3"

(ii) � g ≡ 3 (mod 6) � u ≥ 4§u 6≡ 2 (mod 4)"e u ≡ 0 (mod 4) K�3.

� gu01 ±9 gu((g(u − 1) − 3)/2)1 � 4-GDD¶e u ≡ 1 (mod 4)K�3.�

gu01±9 gu(g(u− 1)/2)1� 4-GDD¶e u ≡ 3 (mod 4)K�3.� gu31±9

gu(g(u− 1)/2)1� 4-GDD"

(iii) � g ≡ 1 (mod 6)§u ≡ 0 (mod 3)§u ≥ 9 � u 6≡ 6 (mod 12)"e u ≡ 0

(mod 12) K�3.� gu11 ±9 gu((g(u − 1) − 3)/2)1 � 4-GDD¶e u ≡ 3

(mod 12)K�3.� gu11±9 gu(g(u− 1)/2)1�4-GDD¶e u ≡ 9 (mod 12)

K�3.� gu41±9 gu(g(u− 1)/2)1� 4-GDD"

(iv) � g ≡ 4 (mod 6)§u ≡ 0 (mod 3)� u ≥ 6"K�3.� gu11 ±9 gu(g(u −

1)/2)1� 4-GDD"

(v) � g ≡ 2 (mod 6)§u ≡ 0 (mod 3)� u ≥ 6"KØ
.� 2651� 4-GDDØ�

3§Ù¦.� gu21±9 gu(g(u− 1)/2)1� 4-GDDÑ�3"

4
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(vi) � g ≡ 5 (mod 6)§u ≡ 0 (mod 3)§u ≥ 9 � u 6≡ 6 (mod 12)"e u ≡ 0

(mod 12)§KØ
.� 111221 ±9 171221 � 4-GDD�UØ�3§Ù¦.�

gu21 ±9 gu((g(u − 1) − 3)/2)1 � 4-GDDÑ�3¶e u ≡ 3 (mod 12)§KØ


.� 112751 � 4-GDD�UØ�3§Ù¦.� gu51 ±9 gu(g(u − 1)/2)1 �

4-GDDÑ�3¶e u ≡ 9 (mod 12)§KØ
.� 112121 � 4-GDD�UØ�

3§Ù¦.� gu51±9 gu(g(u− 1)/2)1� 4-GDDÑ�3"

�©ò�	
��.� gum1 � 4-GDD�35¯K§31 2Ù¥·�¬y²

é?¿�½� g§Ø
��Ü©� u	§.� gum1� 4-GDD�3�7�^�£'

uëê uÚm¤�´¿©�"äNQãXe"

½n 1.6µP P2 = {(33, 23), (33, 29), (39, 35)}§P6 = {(13, 27), (13, 33), (17, 39),

(19, 45), (19, 51), (23, 63)}"P [x, y]a(b) = {n : n ≡ a (mod b), x ≤ n ≤ y}"�

g,m > 0� u ≥ 4"KØ
(½� (g, u,m) = (2, 6, 5)±9�3L� 1.1¥��U

��¹	§.� gum1 � 4-GDD �3�7�^�§= m ≤ g(u − 1)/2§gu ≡ 0

(mod 3)§g(u − 1) + m ≡ 0 (mod 3)�
(
gu+m

2

)
− u
(
g
2

)
−
(
m
2

)
≡ 0 (mod 6)§�´¿

©�"

|^þã(J§·�é�X��O��35(J�Ñ
U?§�)¤é²ï

�O§k�¤é²ï�O§K1(3)-GDD§.Ø��� Kirkman frame§�©|CX�

O"äN�(J�ë� 2.6!"

éu�� GDD (X,G,B)§�� α-²1a´«|8 B ���f8 B′§¿�÷

v X ¥?Û�: xþ� B′ ¥� α�«|�¹"� α = 1�§·�ò§{¡�²

1a"XJ«|8 B �±y©¤ α-²1a§@o·�¡ù� GDD´ α-�©)�

£e α = 1 ·�Ò¡§´�©)�§¿P� RGDD¤"·�¡�� GDD (X,G,B)

´ A-�©)�XJ§�«|8 B �±y©�f8x B1,B2, . . . ,Br§¿�é?¿

i = 1, 2, . . . , r§Bi ´ αi-²1a§αi ∈ A"ØJwÑ§e K = {k}§@o A-�©)

� k-GDD�.7L´���"éu k = 3� RGDD§Ù�3�7�^�®�y²

´¿©� [47]"

5
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L 1.1 .� gum1� 4-GDD�3�7�^�±9�)û��

g u m����� �)û��

≡ 0 (mod 6) Ã^� [0,
g(u−1)

2
]0(3)

g = 6� (u,m) ∈ P6¶½ö

g ≥ 42§gØ� 12, 18, 30, 42½ 66�Ø§�

(u,m) ∈ {(13, 6g − 9), (13, 6g − 3)}

≡ 3 (mod 6)
≡ 1 (mod 4) [0,

g(u−1)
2

]0(6) g ≥ 39§gØ� 15, 21, 27½ 33�Ø§

u ∈ {7, 11}� 0 < m < g≡ 3 (mod 4) [3,
g(u−1)

2
]3(6)

g ≥ 39§gØ� 9, 15, 21½ 33�Ø§

u = 8� 3g < m < (7g − 3)/2
≡ 3 (mod 6) ≡ 0 (mod 4) [0,

(g(u−1)−3)
2

]0(3)

≡ 2 (mod 6) ≡ 0 (mod 3) [2,
g(u−1)

2
]2(3)

g = 2� (u,m) ∈ P2¶½ö

g ≥ 10¿�µ

u ∈ {6, 9}¶½ö

u ∈ {12, 15, 18, 21, 27}§0 < m < g¶½ö

(u,m) = (39, 19g − 3)

≡ 4 (mod 6) ≡ 0 (mod 3) [1,
g(u−1)

2
]1(3)

≡ 1 (mod 6)
≡ 3 (mod 12) [1,

g(u−1)
2

]1(6) g ≥ 11¿�µ

u = 9¶½ö

u ∈ {15, 27, 39, 51}§0 < m < g¶½ö

u ∈ {21, 33}§0 < m < 4g

≡ 9 (mod 12) [4,
g(u−1)

2
]4(6)

≡ 5 (mod 6)
≡ 3 (mod 12) [5,

g(u−1)
2

]5(6)

≡ 9 (mod 12) [2,
g(u−1)

2
]2(6)

≡ 1 (mod 6) ≡ 0 (mod 12) [1,
(g(u−1)−3)

2
]1(3) g ≥ 11¿�µ

u = 12§0 < m < g¶½ö

u = 24§0 < m < g½ 10g < m < (23g − 3)/2≡ 5 (mod 6) ≡ 0 (mod 12) [2,
(g(u−1)−3)

2
]2(3)

½n 1.7µ.� hu � 3-RGDD �3��=� u ≥ 3§h(u − 1) ´óê§hu ≡ 0

(mod 3)� (h, u) 6∈ {(2, 3), (2, 6), (6, 3)}"

éu 4-RGDD§®��keã(J§�©z [75,78,81,83,86,139,142,143,148]"

½n 1.8µ.� hu � 4-RGDD�3�7�^�§= u ≥ 4§hu ≡ 0 (mod 4)¿�

6
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h(u− 1) ≡ 0 (mod 3)§Ø
 (h, u) ∈ {(2, 4), (2, 10), (3, 4), (6, 4)}ù|(½��±9

eã�U��¹	§�´¿©�µ

1. h ≡ 2, 10 (mod 12)µh = 2� u ∈ {34, 46, 52, 70, 82, 94, 100, 118, 130, 178, 184,

202, 214, 238, 250, 334}¶h = 10� u ∈ {4, 34, 52, 94}¶h ∈ [14, 454]∪{478, 502,

514, 526, 614, 626, 686}� u ∈ {10, 70, 82}"

2. h ≡ 6 (mod 12)µh = 6� u ∈ {6, 68}; h = 18� u ∈ {18, 38, 62}"

3. h ≡ 9 (mod 12)µh = 9� u = 44"

4. h ≡ 0 (mod 12)µh = 36� u ∈ {11, 14, 15, 18, 23}"

éu���©|�O (X,G,B)§��Ø��²1a´�xy© X\H �«|§

ùp H ´ G ¥�,��|"XJ BUy©¤Ø��²1a§@où� GDD�¡

�´�� frame"Frame¥�|�~�¡�É"Frame3�Eäk�©)5���

O��ÿék�Ï"¯¤±�§3�� k-frame¥§z��É���7L´ k − 1

��ê�¶¯¢þ±�½� H ��É�Ø��²1aTk |H|/(k − 1)�"

� k = 3�§3-frameq�¡� Kirkman frame".��� Kirkman frame��

35¯K®� Stinsonu 1987c��)û [145]"
 4-frame�35¯K�����

)û"·�ò®��(J®oXe [53,74,79,86,110,135,175]"

½n 1.9µ.� hu � 4-frame �3�7�^�§= u ≥ 5§h ≡ 0 (mod 3) ¿�

h(u− 1) ≡ 0 (mod 4)§Ø
eã�U��¹	�´¿©�µ

1. h = 36� u = 12;

2. h ≡ 6 (mod 12)¿�

(a) h = 6� u ∈ {7, 23, 27, 35, 39, 47};

(b) h = 30½ö h ∈ {n : 66 ≤ n ≤ 2190}� u ∈ {7, 23, 27, 39, 47};

(c) h ∈ {42, 54} ∪ {n : 2202 ≤ n ≤ 11238}� u ∈ {23, 27};

(d) h = 18� u ∈ {15, 23, 27}.

7
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�©éþã 5-GDD§4-frame±9 4-RGDD��35(J�Ñ
U?"·�ò

y²e¡A�½n"

½n 1.10µ.� gu � 5-GDD�3�7�^�§= u ≥ 5§g(u − 1) ≡ 0 (mod 4)§

g2u(u− 1) ≡ 0 (mod 20)§�´¿©�§Ø
 (g, u) ∈ {(2, 5), (2, 11), (3, 5), (6, 5)}±

9eã�U��¹�	µ

1. g = 3§u ∈ {45, 65}¶

2. g ≡ 2, 6, 14, 18 (mod 20)µ

(a) g = 2§u ∈ {15, 35, 71, 75, 95, 111, 115, 195, 215}¶

(b) g = 6§u ∈ {15, 35, 75, 95}¶

(c) g ∈ {14, 18, 22, 26}§u ∈ {11, 15, 71, 111, 115}¶

(d) g ∈ {34, 46, 62}§u ∈ {11, 15}¶

(e) g ∈ {38, 58}§u ∈ {11, 15, 71, 111}¶

(f) g = 2α§ùp gcd(30, α) = 1§33 ≤ α ≤ 2443§u = 15¶

3. g ≡ 10 (mod 20)µ

(a) g = 10§u ∈ {5, 7, 15, 23, 27, 33, 35, 39, 47}¶

(b) g = 30§u = 15¶

(c) g = 50§u ∈ {15, 23, 27}¶

(d) g = 90§u = 23¶

(e) g = 10α§ùp α ∈ {7, 11, 13, 17, 35, 55, 77, 85, 91, 119, 143, 187, 221}§u =

23"

½n 1.11µ.� hu � 4-frame �3�7�^�§= u ≥ 5§h ≡ 0 (mod 3) ¿�

h(u− 1) ≡ 0 (mod 4)§Ø
eã�U��¹	�´¿©�µ

1. h = 36§u = 12¶

8



XØ

2. h ≡ 6 (mod 12)µ

(a) h = 6§u ∈ {7, 23, 27, 35, 39, 47}¶

(b) h = 18§u ∈ {15, 23, 27}¶

(c) h ∈ {30, 66, 78, 114, 150, 174, 222, 246, 258, 282, 318, 330, 354, 534}§u ∈ {7,

23, 27, 39, 47}¶

(d) h ∈ {n : 42 ≤ n ≤ 11238}\{66, 78, 114, 150, 174, 222, 246, 258, 282, 318, 330,

354, 534}§u ∈ {23, 27}"

½n 1.12µ.� hu � 4-RGDD�3�7�^�§= u ≥ 4§hu ≡ 0 (mod 4)¿�

h(u− 1) ≡ 0 (mod 3)§Ø
(½� (h, u) ∈ {(2, 4), (2, 10), (3, 4), (6, 4)}±9eã�

U��¹	§�´¿©�µ

1. h ≡ 2, 10 (mod 12): h = 2§u ∈ {34, 46, 52, 70, 82, 94, 100, 118, 130, 178, 202, 214,

238, 250, 334}¶h = 10§u ∈ {4, 34, 52, 94}¶h = 26§u ∈ {10, 70, 82}¶h ∈

{38, 58, 74, 82, 86, 94, 106}§u = 10"

2. h ≡ 6 (mod 12)µh = 6§u ∈ {6, 68}¶h = 18§u ∈ {38, 62}"

3. h ≡ 0 (mod 12)µh = 36§u ∈ {14, 15, 18, 23}"

ã©)¯K

� G1, G2, . . . , Gt ±9 H Ñ´k��Ã��{üã"- G = {G1, G2, . . . , Gt}"

H ��� G-©)Ò´r H �>�y©§¡�«|§¦�z�«|¥�>�¤�ã

Ó�u G ¥,� Gi"�� n� G-�O´�� n���ã£P� Kn¤� G-©)"

� G = {G}�§{ü/P� G-�O"��ã G�Ì´����ê8Ü S§¦�

n ∈ S ��=��3 n� G-�O"�� n� G-�O�3§I�÷ve¡n�7�

^�µ

1. e n > 1§|V (G)| ≤ n¶

2. n(n− 1) ≡ 0 (mod |2E(G)|)¶¿�

9
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3. n− 1 ≡ 0 (mod d)§ùp d´ G¥¤kº:Ýê���ú�ê"

éu�õko�º:�ã§§��Ì��´d Bermond Ú Schönheim u

1977 c��(½� [19]"
ØÓ��!vk�á:�Ê:ãk 23 �"Bermond,

Huang, Rosa Ú Sotteau [18] u 1980cm©ïÄù
ã�Ì¯K§¿ò§�IÒ�

Gi,1 ≤ i ≤ 23"��§ù�¯K�ïÄ��
éõ¤J§�©z [33,49,54,101,114,115,136]"

a,��Öö�±ë� Adams, BryantÚ Buchanan�©Ù [9] ±
)ù�¯K�ï

Ä{¤"8c§Ø
ã G20§G21 Ú G22 	§Ù¦Ê:ã�Ì¯K®��.)û"

G20 Ú G21 ´���ü�ØÓ��Ê�º:l^>�{üã§Xã 1.1¤«"G22

´�����Ê�º:Ê^>�{üã§§�±d K5í��^>��§Ïd·�

�ò§P� K5\e"e¡�½n´é©z [9]¥½n��#§Ù¥�� 27, 135, 162±

9 216� G22-�O®d Kolotoğlu�EÑ5
 [108]"

½n 1.13µéu��vk�á:�Ê:ã G§Ø
eã�/	§n� G-�O�3

�7�^��´¿©�µ

~~~			:

(n,G) ∈ {(5, G7), (5, G8), (5, G9), (6, G9), (9, G14), (12, G14), (7, G16), (8, G16),

(8, G18), (14, G18), (8, G19), (16, G21), (9, G22), (10, G22), (18, G22)}"

���UUU���~~~			:

(n,G) ∈ {(32, G20), (48, G20), (48, G21), (36, G22), (54, G22), (64, G22), (72, G22),

(81, G22), (90, G22), (144, G22), (234, G22)}"

�
�
�
��@

@
@
@@�

�
�
�
�
�
�
��

A
A
A
A
A
A
A
AA

t t
t
tt

G20

�
�
�
�
�
�
�
��@

@
@
@
@
@
@
@@t

t
t

t t

G21

ã 1.1 G20Ú G21
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�
)û½n 1.13 ¥�e��§·�I��©| G-�O�Vg"� T =

gu11 · · · guss "·�^ G(T ) 5P����õÜã§§k ui ���� gi �|§i =

1, 2, . . . , s"��.� T ��©| G-�O (G-GDD) ´ò G(T ) ¥�¤k>©)�

�
fã§¦�z��fãÓ�u G ¥�,�ã"� G = {G}�§{ü�P�

G-GDD"� G� k���ã Kk �§Kk-GDDÒ´·��c0�L� k-GDD"Ï

L���EÚ|^ G-GDD48�E§·�òr½n 1.13¥�e����)ûK"

~­è�~­EÜè

~­è´?ènØ¥�a­��è [121]§§�¦è¥�z�èi�­þÑ´�

Ó�"?ènØ¥ïÄ�éõ­��èÑ´AÏ�~­è§X1��è!~­EÜ

è!�{~­è!�å~­è�"{¤þ§du~­è�±^5O���Å�è�

.§Ù��kX­��nØ¿Â"Cc5§~­è3y¢)¹¥���
�þ�A

^§�^uCDMAXÚ!¿1ÉÚÏÕ!gÄÅ�XÚ�Nõ+�",	§~­è

��E¯K�|ÜÆ¥�NõÍ¶JKÚß��éX"Ï�3nØïÄÚ¢SA^

¥�V­¿Â§~­èÚå
<�2��ïÄ"

�C§du3k��°&� [55]!DNAO�¥Ø��S���O [107,123]��¡

�­�A^§���~­èÚå
<��­À§�5�õ�©ÙéÙ.9�E��

¡�¯KÐm
ïÄ§¿��
­��¤J§X [23,31,35,40,68,69,109,125,149–151,153,173]�"

~­EÜè´�aAÏ�~­è§§�¦è¥�z�èi���|¤Ñ´�Ó

�"äk�~­�A^���èÒ´�«~­EÜè"duÙ3õ�Ï&!DNA

è!>å�ÏÕ!aªS��Nõ�¡�A^§þ­VÊ�c�"§é~­EÜè

Òk
XÚ�ïÄ [22,25,151]"

éuõ�~­è½~­EÜè§ÙØ%¯K´(½A½ëêe���èi�

ê§= Aq(n, d, w)½ Aq(n, d, w)"'uùa¯K§��lü��¡ÐmïÄµ�´

Ùþ.�(½§�´�EÑ��þ.��`�õ�è"

'uþ.�(½§�Ð©Od Svanström [151] Ú Fu [69] �Ñ
 Johnsona.�4

8."�,éõ�¹e�±y²ù�.´;�§�´3k
�¹e§�®��e.
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�k�½ål"
Ù¦��Ð�þ.Ï~I�^�
AO��{��§'XOê!

�55y��{½öéA½ëê�è?1äN�©Û"

é�`õ�~­è��E§|Ü�Ãã�)2Â SteinerX [21,43,44,66,73,105,126,127,169]§

�����ü�©|�O [40,173,174]§Hananin�X [39]"�©Ä�)û
«|��

� 5§�ê� 2 ������ü�O��35¯K§l
��
�a#��

`(n, 8, 5)3-è"


é�`~­EÜè��E§|Ü�Ãã�)W¿�O [46,59,60,102,160,165,166,170]§

¿m�O [171]§PBD4��{ [37,42]§�©|è [37,72,176]"�©ò|^�©|è(½­

þ� 4§ål� 6��`n�~­EÜè�èi�ê"

12
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2 .Ø��� 4-GDD9ÙA^

3�Ù¥§·��ïÄ.Ø��� 4-GDD �35¯K"´�§éu��.

� gum1 � 4-GDD§g,m > 0¿� u ≥ 4§Ù�3�7�^�´ m ≤ g(u − 1)/2§

gu ≡ 0 (mod 3)§g(u− 1) +m ≡ 0 (mod 3)¿�
(
gu+m

2

)
−u
(
g
2

)
−
(
m
2

)
≡ 0 (mod 6)"

·�òy²é?¿�½� g§Ø
��Ü©� u	§.� gum1� 4-GDD�3�7

�^�£'uëê uÚm¤�´¿©�"

2.1 Ä��E�{Úý�(Ø

·�¤¦^��Ì��48�E�{´WilsonÄ��E{£WFC¤§� [47]"

�E 2.1µ� (X,G,B)´�� GDD§w´��l X � Z+ ∪ {0}��­¼ê"eé

?¿ B ∈ B§.� {w(x) : x ∈ B}�K-GDDÑ�3§K.� {
∑

x∈Gw(x) : G ∈ G}

� K-GDD�3"

��Ø���©|�O£IGDD¤´��o�| (X, Y,G,B)§Ù¥ X ´:8§

Y ´ X ���f8£¡�É¤§G ´ X ���y©£¡�|¤§B´�x X ¥�f

8£¡�«|¤¦�µ

(i) é?¿«| B ∈ B, |B ∩ Y | ≤ 1¶

(ii) X ¥?¿�éØÓáu Y �:½öÑy3,�|¥½öÑy3Ó��«|

¥§�üöØUok"

z�«|��´ K ¥���§k ui ���� gi �|§�z�|ÚÉ��u

hi �:§i = 1, 2, . . . , s§ù�� IGDDP�.� (g1, h1)
u1(g2, h2)

u2 . . . (gs, hs)
us �

K-IGDD"k�·��rù�� IGDD¡�.� S �K-IGDD§ùp S ´��õ­

8§§�¹ ui� (gi, hi)§i = 1, 2, . . . , s"éu IGDD§·�keã�E�{ [133]"

�E 2.2µ� (X, Y,G,B)´��.� S�K-IGDD§w, d´ü�lX� Z��­¼

ê§¿�é?¿ x ∈ X§k w(x) ≥ d(x) ≥ 0"eé?¿ B ∈ B.� {(w(x), d(x)) :

13
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x ∈ B}� K ′-IGDDÑ�3§¿�.� {(
∑

x∈G∩Y w(x),
∑

x∈G∩Y d(x)) : G ∈ G}�

K ′-IGDD��3§K.� {(
∑

x∈Gw(x),
∑

x∈G d(x)) : G ∈ G}� K ′-IGDD�3"

3����E¥§·�ò¬^�e¡� IGDD [132,133]"

Ún 2.1µé?¿ 0 ≤ k1 ≤ 5§0 ≤ k2 ≤ 6§.� (9, 3)k1(6, 0)5−k1 Ú (9, 3)k2(6, 0)6−k2

� 4-IGDDþ�3".� (9, 3)4� 4-IGDD��3"

|^�E 2.2±9Ún 2.1¥� IGDD§·��±��e¡�(J§y²�©

z [88]"

½n 2.1µ� (X,G,B)´�� {5, 6}-GDD§§�|� G = {G1, G2, . . . , Gs}"Ké?

¿�êS� n1, n2, . . . , ns� 0 ≤ ni ≤ |Gi|§i = 1, 2, . . . , s§.� {(6|Gi|+ 3ni, 3ni) :

i = 1, 2, . . . , s}� 4-IGDDþ�3"

·��±|^e¡��{d IGDD�E GDD§y²�©z [133]"

�E 2.3µ� (X, Y,G,B)´��.� (g1, h1)
u1(g2, h2)

u2 . . . (gs, hs)
us � K-IGDD¿

� a ≥ 0"eé?¿ i = 1, 2, . . . , s§Ñ�3��K-GDD§§k a+ gi�:¿�k�

���� a�|Ú����� hi�|§K�3��K-GDD§§k a+
∑

i uigi�:

¿�k�����
∑

i uihi�|"

��V�©|�O£DGDD¤´��o�| (X,H,G,B)§Ù¥ X ´��:8§

HÚ G Ñ´ X �y©£©O¡�ÉÚ|¤§B´�x X ¥�f8£¡�«|¤¦

�µ

(i) é?¿«| B ∈ BÚ?¿É H ∈ H§|B ∩H| ≤ 1¶

(ii) X ¥�?¿�éØ3Ó�É¥�:½öÑy3Ó�|¥½öÑy3Ó��«

|¥§üöØ�ok"

z�«|��´ K ¥���§k ui ���� gi �|§�z�|� v �É

hi �:§i = 1, 2, . . . , s§ù�� DGDDP�.� (g1, h
v
1)
u1(g2, h

v
2)
u2 . . . (gs, h

v
s)
us �

K-DGDD"£ù�§éu¤k i = 1, 2, . . . , sk gi = hiv"�,Ø´¤k DGDDÑ�

±^ù«�ªL«§�§®�¹¤k�©¥ò¬�9�� DGDD
"¤��U?

14
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�©|�O§´��.� (g, 1g)u� K-DGDD§P�.� gu� K-MGDD"e��

DGDD�«|8�±y©¤²1a§ù� DGDD�¡�´�©)�"'u DGDD

��35§·�keã(J [10,32,91,92,117,158]"

½n 2.2µ.� (mn,mn)t � 4-DGDD�3��=� t, n ≥ 4§(t − 1)(n − 1)m ≡ 0

(mod 3)� (m,n, t) 6∈ {(1, 4, 6), (1, 6, 4)}"

½n 2.3µ.� gu ��©) 3-MGDD�3��=� g ≥ 3, u ≥ 3, gu ≡ 0 (mod 3)§

(g − 1)(u− 1) ≡ 0 (mod 2)� (g, u) 6∈ {(3, 6), (6, 3)}"

'u DGDD§·�keã�E�{§y²� [90]"

�E 2.4µe.� gu11 g
u2
2 . . . guss � K-GDD�3§¿�é?¿ k ∈ K .� (hv, hv)k

� K ′-DGDD Ñ�3§K.� (hvg1, (hg1)
v)u1(hvg2, (hg2)

v)u2 . . . (hvgs, (hgs)
v)us �

K ′-DGDD�3"

�E 2.5µe.� (g1, h
v
1)
u1(g2, h

v
2)
u2 . . . (gs, h

v
s)
us � K-DGDD �3§¿�é?¿

i = 1, 2, . . . , s�3.� hvim
1 � K-GDD§ùp m´���½��K�ê"K.�

hvm1� K-GDD�3§h =
∑s

i=1 uihi"

nÜ�E 2.4Ú 2.5§·��±��e¡��E�{"3�¡�Ù!¥§·�

¬uyù��{´�E GDD�rkå�óä§Ùg�®3©z [90]¥Ñy
"

�E 2.6µ� u´���u�u 4��ê¿� u 6= 6"e.� gvm1
0 � 4-GDD�3§

¿�µ

1. .� gum1
1� 4-GDD�3§K.� (gv)u(m0(u− 1) +m1)

1� 4-GDD�3¶

2. .� gvm1
2� 4-GDD�3§K.� (gu)v(m0(u− 1) +m2)

1� 4-GDD�3"

y². ·�d�½�.� gvm1
0 � 4-GDDÑu§í���� m0 �|����.

� gv � {3, 4}-GDD§ùp��� 3�«|�±y©¤ m0 �²1a"éz�:D

� u§^.� u4 � 4-MGDDO���� 4�«|§^.� u3 ��©) 3-MGDD

O���� 3�«|§£ùp¤I�� MGDD5gu½n 2.2Ú 2.3¤§A^�E

15
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2.4�±����.� (gu, gu)v � {3, 4}-DGDD§Ù¥��� 3�«|�±y©¤

m0(u− 1)²1a"éuù� DGDD§·��±^e¡��{W¿|½öÉ"

W¿|"�	V\ m1 �:§3z�|±9ù m1 �:þ�E.� gum1
1 �

4-GDD"ù�·�Ò��
��.� (gv)um1
1� {3, 4}-GDD"��Ö�¤k²1a

��.� (gv)u((m0(u− 1) +m1)
1� 4-GDD"

W¿É"�	V\ m2 �:§3z�É±9ù m2 �:þ�E.� gvm1
2 �

4-GDD"ù�·�Ò��
��.� (gu)vm1
2� {3, 4}-GDD"��Ö�¤k²1a

��.� (gu)v(m0(u− 1) +m2)
1� 4-GDD"

3����E¥§·��I�^�e¡�VgÚ(Ø"

½n 2.4 (Abel� [5])µé?¿�ê v ≥ 7§v 6∈ {7,8,9,10,11,12,14,15,18,19,23}§

Ñ�3�� (v, {4, 5, 6}, 1)-PBD.

½n 2.5 (Abel� [5])µé?¿�ê v ≥ 10§v 6∈ {10,11,12,14,15,18,19,23}§Ñ�

3�� (v, {4, 5, 6, 7, 8, 9}, 1)-PBD.

½n 2.6 (Abel� [5])µé?¿�ê v ≥ 10§v 6∈ [10,20]∪ [22,24]∪ [27,29]∪ [32,34]§

Ñ�3�� (v, {5, 6, 7, 8, 9}, 1)-PBD"

½n 2.7 (Abel� [5])µ� v ≡ 1 (mod 2)"é?¿ v ≥ 21� v 6∈ {23,27,29,31,33,39,

43, 51, 59, 71, 75, 83, 87, 95, 99, 107, 111, 113, 115, 119, 139, 179}§Ñ�3�� (v, {5, 7,

9}, 1)-PBD"

��.�mk� k-GDD��¡�´��î��O£transversal design§TD¤§P

� TD(k,m)"¯¤±�§�� TD(k,m)�du k − 2�m���.¶�"

½n 2.8 (Abel� [1,7]§Todorov [155])µ-m�����ê"@oµ

i) em 6∈ {2, 6}§�3 TD(4,m)¶

ii) em 6∈ {2, 3, 6, 10}§�3 TD(5,m)¶

iii) em 6∈ {2, 3, 4, 6, 10, 22}§�3 TD(6,m)¶

16
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iv) em 6∈ {2, 3, 4, 5, 6, 10, 14, 15, 20, 22, 26, 30, 34, 38, 46}§�3 TD(7,m)¶

v) em 6∈ {2, 3, 4, 5, 6, 10, 12, 14, 15, 18, 20, 21, 22, 26, 28, 30, 33, 34, 35, 38, 39, 42, 44,

46, 51, 52, 54, 58, 60, 62, 66, 68, 74}§�3 TD(8,m)"

½n 2.9 (MacNeish½n [120])µe��êmk�Ïf©)m = pe11 . . . pell §Ù¥ pi´

ØÓ��ê§¿�é¤k 1 ≤ i ≤ lk ei ≥ 1"� s = min{peii − 1 : 1 ≤ i ≤ l}"K

�3 s�m���.¶�.

2.2 g ≡ 0 (mod 6)��/

�!¥·�ïÄ.� (6t)um1� 4-GDD��35¯K"·�k5U?½n 1.3

¥'u.� 6um1� 4-GDD�35(J"

2.2.1 .� 6um1� 4-GDD

Ún 2.2µé?¿(u,m) ∈ {(7, 15), (11, 21), (11, 24), (11, 27), (17, 42), (19, 48), (23, 60)}§

.� 6um1� 4-GDDÑ�3"

y². é?¿ (u,m)§·�38Ü Z6u ∪M þ�E¤I�O§§��|´ {{0, u, 2u,

. . . , 5u} + i : 0 ≤ i ≤ u − 1} ∪ {M}"re>¤�Ä«|UXe�ªÐmµZ6u ¥

��� +3 (mod 6u)½ +6 (mod 6u)Ðm§M ¥/X xi ∈ {x} × Zn ����L

(x, i)§r§��eI +1 (mod n)Ðm§M ¥�Ã¡:�±ØC"ù�Ò���¤

��«|8"

17
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67151:

+6 (mod 42); M = ({a} × Z7) ∪ {∞0,∞1, . . . ,∞7}
4 22 16 a0 40 25 36 a0 17 2 28 a0

37 19 31 a0 6 18 0 a0 20 15 32 a0
41 23 29 a0 12 21 34 a0 33 9 3 a0
14 30 38 a0 8 39 13 a0 35 1 24 a0
26 11 27 a0 7 5 10 a0 0 17 27 ∞0

2 4 13 ∞0 5 9 31 ∞1 4 30 8 ∞1

0 41 37 ∞2 4 3 26 ∞2 2 11 31 ∞3

0 34 3 ∞3 4 38 19 ∞4 0 5 39 ∞4

2 15 19 ∞5 5 24 22 ∞5 0 1 2 ∞6

3 28 5 ∞6 4 17 14 ∞7 3 12 37 ∞7

2 12 8 41 1 10 33 11 0 10 13 15

611211:

+6 (mod 66); M = ({a} × Z11) ∪ {∞0,∞1, . . . ,∞9}
0 54 38 a0 37 25 61 a0 30 27 50 a0

24 22 31 a0 18 48 42 a0 34 11 6 a0
49 1 57 a0 16 28 64 a0 41 33 12 a0
29 53 59 a0 26 62 2 a0 32 35 36 a0
21 51 9 a0 15 44 10 a0 13 40 5 a0
39 4 14 a0 47 20 8 a0 17 55 65 a0
19 23 3 a0 45 63 60 a0 7 58 56 a0
43 52 46 a0 4 63 23 ∞0 0 56 31 ∞0

4 41 0 ∞1 2 21 55 ∞1 4 25 21 ∞2

5 48 14 ∞2 0 15 43 ∞3 5 50 46 ∞3

0 40 2 ∞4 1 47 15 ∞4 0 13 47 ∞5

2 16 3 ∞5 5 54 64 ∞6 3 43 20 ∞6

2 11 37 ∞7 3 28 42 ∞7 0 57 37 ∞8

2 17 22 ∞8 5 22 7 ∞9 0 14 9 ∞9

5 55 8 26 3 63 65 53 3 38 46 30
2 52 53 15 2 42 1 61 3 24 4 17
4 28 31 36 1 3 22 62 0 1 18 53

18
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611241:

+3 (mod 66); M = ({a} × Z11) ∪ ({b, c, . . . , g} × Z2) ∪ {∞}
55 59 35 a0 27 10 1 a0 5 17 31 a0
49 45 37 a0 13 33 3 a0 6 7 8 a0
14 54 62 a0 44 51 63 a0 32 23 53 a0
24 48 42 a0 28 58 52 a0 3 31 12 b0
2 53 10 b0 0 45 65 c0 4 32 7 c0
5 61 2 d0 0 64 3 d0 3 28 26 e0
1 30 17 e0 4 35 39 f0 0 50 13 f0
3 42 17 g0 1 50 16 g0 4 65 27 ∞
0 16 29 35 4 63 31 49 5 32 0 15

611271:

+6 (mod 66); M = ({a} × Z11) ∪ {∞0,∞1, . . . ,∞15}
35 11 42 a0 38 25 55 a0 52 16 58 a0
21 49 63 a0 17 65 5 a0 54 59 29 a0
43 46 41 a0 33 45 51 a0 14 57 28 a0
39 53 3 a0 24 27 0 a0 7 31 32 a0
20 26 62 a0 60 23 40 a0 34 2 50 a0
44 48 56 a0 37 8 47 a0 15 36 6 a0
13 61 1 a0 18 30 12 a0 19 64 10 a0
9 4 22 a0 4 23 14 ∞0 0 63 37 ∞0

1 40 6 ∞1 5 8 15 ∞1 0 16 7 ∞2

3 56 35 ∞2 2 23 7 ∞3 4 0 21 ∞3

2 37 54 ∞4 5 40 9 ∞4 1 52 53 ∞5

0 2 39 ∞5 5 33 1 ∞6 0 52 56 ∞6

3 10 50 ∞7 0 25 65 ∞7 0 31 28 ∞8

2 51 5 ∞8 0 17 32 ∞9 1 9 28 ∞9

4 2 27 ∞10 0 13 47 ∞10 0 64 23 ∞11

3 8 1 ∞11 1 51 0 ∞12 5 34 14 ∞12

4 55 17 ∞13 2 33 42 ∞13 3 5 13 ∞14

2 10 18 ∞14 4 11 3 ∞15 0 43 20 ∞15

1 20 21 47 0 15 19 40 0 38 10 53
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617421:

+3 (mod 102); M = ({a} × Z17) ∪ ({b, c, . . . ,m} × Z2) ∪ {∞}
23 33 59 a0 75 76 77 a0 99 85 7 a0
5 68 14 a0 30 3 63 a0 35 95 13 a0
6 27 62 a0 71 47 1 a0 87 82 16 a0

42 41 53 a0 83 89 96 a0 40 101 29 a0
51 28 69 a0 19 37 72 a0 46 100 4 a0
43 10 73 a0 39 15 9 a0 4 48 11 b0
2 37 21 b0 3 35 6 c0 4 20 7 c0
2 28 6 d0 5 21 1 d0 2 42 47 e0
4 33 97 e0 3 53 74 f0 1 60 28 f0
1 78 101 g0 2 57 46 g0 5 43 20 h0
4 93 0 h0 4 98 29 i0 0 63 7 i0
1 46 48 j0 3 17 44 j0 4 19 14 k0
0 59 15 k0 1 29 9 l0 2 16 66 l0
4 77 25 m0 2 96 51 m0 3 22 77 ∞
4 66 78 30 5 67 30 8 1 13 32 50

619481:

+3 (mod 114); M = ({a} × Z19) ∪ ({b, c, . . . , o} × Z2) ∪ {∞}
111 57 105 a0 81 58 88 a0 26 20 43 a0

2 65 49 a0 50 47 17 a0 69 93 30 a0
63 21 71 a0 86 44 68 a0 40 5 19 a0
9 95 35 a0 108 109 110 a0 55 37 10 a0

41 96 16 a0 64 4 103 a0 89 99 82 a0
18 80 91 a0 28 22 70 a0 27 15 45 a0
60 113 33 a0 2 85 15 b0 4 36 65 b0
1 99 110 c0 0 28 41 c0 5 102 73 d0
3 70 74 d0 2 24 71 e0 4 67 9 e0
2 46 101 f0 3 55 108 f0 3 58 86 g0
1 72 95 g0 2 79 81 h0 0 46 5 h0
5 85 6 i0 3 68 28 i0 2 89 67 j0
3 18 40 j0 0 49 40 k0 3 101 110 k0
0 10 21 l0 2 23 73 l0 2 31 34 m0

3 0 77 m0 4 56 12 n0 5 13 9 n0

2 27 41 o0 0 94 13 o0 5 87 61 ∞
0 20 56 68 2 28 4 106 3 48 84 34
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623601:

+3 (mod 138); M = ({a} × Z23) ∪ ({b, c, . . . , s} × Z2) ∪ {∞}
86 38 54 a0 76 72 9 a0 55 114 11 a0
49 111 63 a0 56 75 14 a0 34 64 85 a0
68 82 79 a0 69 116 106 a0 108 109 110 a0
52 71 5 a0 77 97 102 a0 51 1 57 a0

127 119 131 a0 104 44 20 a0 61 21 105 a0
128 134 26 a0 53 98 81 a0 23 27 87 a0
117 129 93 a0 22 4 94 a0 30 15 135 a0
31 67 43 a0 32 19 115 a0 5 105 134 b0
4 30 79 b0 0 135 97 c0 4 104 101 c0
4 21 127 d0 2 72 113 d0 4 51 113 e0
0 85 50 e0 3 101 90 f0 4 68 43 f0
2 109 84 g0 4 137 111 g0 1 130 132 h0
3 107 74 h0 4 115 12 i0 2 23 9 i0
3 132 67 j0 4 125 74 j0 0 45 128 k0
1 29 82 k0 4 81 120 l0 1 8 107 l0
1 111 53 m0 0 10 8 m0 1 84 89 n0

2 81 100 n0 3 119 30 o0 1 80 106 o0
0 95 58 p0 3 104 37 p0 4 62 47 q0
3 73 84 q0 1 74 21 r0 4 126 53 r0
3 120 2 s0 1 17 94 s0 2 106 54 ∞
2 59 15 122 0 13 42 108 1 7 83 61

nÜ½n 1.3±9Ún 2.2§·���eã(Ø"

½n 2.10µ� u ≥ 4"Ké?¿ m ≡ 0 (mod 3)§0 ≤ m ≤ 3u − 3§Ø
(½�~

	� (u,m) = (4, 0)±9�U�~	� (u,m) ∈ {(13, 27), (13, 33), (17, 39), (19, 45),

(19, 51), (23, 63)}	§.� 6um1� 4-GDDÑ�3"

2.2.2 .� 18um1� 4-GDD

3�!¥§·�òy².� 18um1� 4-GDD�3�7�^��´¿©�"

Ún 2.3µé?¿ u ≥ 4§m ≡ 0 (mod 3) ¿� 6(u − 1) ≤ m ≤ 9(u − 1)§Ø


(u,m) ∈ {(13, 99), (13, 105), (17, 135), (19, 153), (19, 159), (23, 195)} 	§.� 18um1

� 4-GDDÑ�3"
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y². d½n 1.7§.� 6u � 3-RGDD �3"éù� RGDD �z�:D��­

3§|^�E 2.4 ±9.� 33 ��©) 3-MGDD £½n 2.3¤�±����.�

(18, 63)u ��©) 3-DGDD"V\ 6(u− 1)�Ã¡:r¤k²1aÖ�"2�	V

\ m− 6(u− 1)�Ã¡:§¿3É¥W\.� 6u(m− 6(u− 1))1 � 4-GDD£½n

2.10¤§ù�·�Ò��
¤I��.� 18um1� 4-GDD"

Ún 2.4µé?¿m ≡ 0 (mod 3)� 0 ≤ m ≤ 45§.� 186m1� 4-GDDÑ�3"

y². éu 30 ≤ m ≤ 45��/§�Ún 2.3"éu m = 0, 9, 18, 27§d½n 2.10§

�3.� 66(m/3)1 � 4-GDD§A^WFC¿D� 3Ò���¤��.� 18um1 �

4-GDD"

éu�e��§·�38Ü Z108 ∪ M þ�E¤���O"§��|´

{{0, 6, 12, . . . , 102} + i : 0 ≤ i ≤ 5} ∪ {M}"re>¤�Ä«|¥ Z108 ���

+1 (mod 108)½ +2 (mod 108)Ðm§M ¥/X xi ∈ {x} × Zn ����eI +1

(mod n)Ðm"ù�Ò��
¤��«|8"

18631:

+1 (mod 108); M = ({a} × Z3)
1 16 60 99 1 59 63 100 1 22 69 107
1 30 52 83 1 2 29 36 1 76 90 93
1 21 66 77 1 6 14 a0

18661:

+2 (mod 108); M = ({a, b} × Z3)
2 55 89 102 2 48 87 103 2 17 27 60
2 33 34 47 2 3 30 53 1 9 47 88
2 13 22 99 2 9 11 76 1 18 40 89
2 12 91 106 1 4 6 41 2 18 21 65
2 19 70 75 5 33 37 a0 4 30 74 a0
5 54 87 b0 1 26 82 b0
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186121:

+2 (mod 108); M = ({a, b} × Z6)
1 5 84 93 1 6 8 82 2 54 65 75
2 37 45 89 2 5 39 106 2 30 81 94
2 3 28 41 1 44 52 90 1 3 20 78
1 41 42 56 1 10 27 59 9 42 103 a0
1 24 29 a0 10 87 98 a0 11 64 104 a0
1 4 63 b0 5 32 42 b0 12 59 98 b0
7 70 93 b0

186151:

+1 (mod 108); M = ({a} × Z9) ∪ ({b} × Z6)
1 57 89 90 1 60 83 100 1 40 45 47
1 56 81 94 1 38 42 52 3 34 37 a0
2 23 45 a0 8 58 105 a0 1 64 93 b0
2 29 102 b0

186211:

+1 (mod 108); M = ({a} × Z9) ∪ ({b} × Z6) ∪ ({c, d} × Z3)
1 20 41 64 1 2 34 99 1 39 53 70
1 4 38 105 6 11 26 a0 3 16 32 a0
1 9 58 a0 1 82 107 b0 6 15 68 b0
6 53 79 c0 1 23 51 d0

186241:

+2 (mod 108); M = ({a} × Z9) ∪ ({b} × Z6) ∪ ({c, d, e} × Z3)
2 12 16 49 1 3 92 0 1 5 38 87
2 22 54 89 1 12 51 80 2 25 33 65
2 7 59 102 17 20 63 a0 6 59 75 a0

15 25 40 a0 12 14 73 a0 10 44 65 a0
13 36 106 a0 11 25 45 b0 7 26 90 b0
16 89 96 b0 3 8 70 b0 5 18 68 c0
1 81 82 c0 15 42 53 d0 4 26 103 d0
4 13 30 e0 14 21 65 e0
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Ún 2.5µé?¿ u ≥ 4§u ≡ 0 (mod 2)¿� m ≡ 0 (mod 3)§0 ≤ m ≤ 9(u − 1)§

.� 18um1� 4-GDDÑ�3"

y². éu 6(u − 1) ≤ m ≤ 9(u − 1)§�Ún 2.3"é?¿ 0 ≤ m ≤ 6(u − 1) �

u 6∈ {6, 68}§d½n 1.8�3.� 6u� 4-RGDD"Ö�¤k²1a�±����.

� 6u(2u − 2)1 � 5-GDD"é����|¥�:D� 0½ 3§éÙ¦:D� 3§5

¿�.� 34Ú 35� 4-GDDþ�3£½n 1.1¤§A^WFCÒ�±��¤��.�

18um1� 4-GDD"��§u = 6��/�Ún 2.4¶u = 68��/�½n 1.4"

nÜÚn 2.5 ±9½n 1.4, ·�=I�Ä u ≡ 1 (mod 2) ¿� u ∈ [5, 77] ∪

{93, 95, 97, 117}��¹"e¡·�5?nù
�¹"

Ún 2.6µé?¿m ≡ 0 (mod 3)� 0 ≤ m ≤ 36§.� 185m1� 4-GDDþ�3"

y². 24 ≤ m ≤ 36 ��/�Ún 2.3"éu m ∈ {0, 9, 18}§d½n 2.10§.�

65(m/3)1 � 4-GDD �3§A^ WFC ¿D� 3"éu m = 6§d½n 2.2 .�

(18, 36)5 � 4-DGDD �3§3§�É¥W\.� 3561 � 4-GDD Ò���¤��

O"

éu m = 3, 12, 15, 21§·�38Ü Z90 ∪ M þ�E¤��O"§��|

´ {{0, 5, 10, . . . , 85} + i : 0 ≤ i ≤ 4} ∪ {M}"re>¤�Ä«|¥ Z90 ��� +1

(mod 90)½+2 (mod 90)Ðm§M ¥/X xi ∈ {x}×Zn����eI+1 (mod n)

Ðm"ù�Ò��¤��«|8"

18531:

+2 (mod 90); M = ({a} × Z3)
14 25 36 77 4 66 30 33 1 70 78 82
2 55 33 19 16 77 34 58 11 19 42 43
9 57 30 53 18 62 11 24 13 1 75 19

11 52 20 54 2 89 18 1 4 37 11 a0
9 48 62 a0
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185121:

+1 (mod 90); M = ({a, b} × Z6)
1 13 54 67 1 15 58 74 1 43 69 87
1 57 84 85 3 35 54 a0 2 31 40 a0
6 14 17 b0 1 3 70 b0

185151:

+2 (mod 90); M = ({a} × Z9) ∪ ({b, c} × Z3)
2 23 40 41 2 9 13 15 2 29 50 53
2 20 83 86 2 34 70 78 1 12 14 45
1 37 53 65 12 21 53 a0 4 16 33 a0

10 44 67 a0 2 18 55 a0 11 45 59 a0
6 25 32 a0 14 73 81 b0 6 10 53 b0

12 61 83 c0 2 63 64 c0

185211:

+2 (mod 90); M = ({a, b} × Z9) ∪ ({c} × Z3)
5 38 2 31 18 42 46 24 13 85 1 37
5 56 67 68 1 5 42 74 6 47 13 a0
1 72 69 a0 10 12 71 a0 8 52 9 a0
7 74 21 a0 14 40 23 a0 9 53 1 b0
7 84 65 b0 6 49 58 b0 16 50 2 b0
3 62 5 b0 10 18 87 b0 16 67 0 c0
2 65 81 c0

Ún 2.7µé?¿m ≡ 0 (mod 3)� 0 ≤ m ≤ 54§.� 187m1� 4-GDDþ�3"

y². 36 ≤ m ≤ 54��/�Ún 2.3"éu m ∈ {0, 9, 18, 27}§.� 67(m/3)1 �

4-GDD �3£½n 2.10¤§A^ WFC ¿D� 3"éu m = 3§d½n 2.2 .�

(18, 36)7� 4-DGDD�3§3§�É¥W\.� 38� 4-GDDÒ���¤��O"

éu�e��§·�38Ü Z126 ∪M þ�E¤��O"§��|´ {{0, 7, 14,

. . . , 119} + i : 0 ≤ i ≤ 6} ∪ {M}"re>¤�Ä«|¥ Z126 ��� +1 (mod 126)

½ +2 (mod 126)Ðm§M ¥/X xi ∈ {x} × Zn ����eI +1 (mod n)Ðm"

ù�Ò��¤��«|8"
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18761:

+1 (mod 126); M = ({a} × Z6)
0 8 33 46 0 10 62 110 0 60 92 103
0 87 111 117 0 72 73 123 0 18 20 47
0 19 59 114 0 68 85 90 3 40 85 a0
0 65 122 a0

187121:

+1 (mod 126); M = ({a} × Z9) ∪ ({b} × Z3)
0 9 108 123 0 2 8 54 0 22 75 100
0 13 32 82 0 17 62 102 0 11 90 106
0 58 96 125 0 4 43 a0 6 66 71 a0
1 11 104 a0 3 37 74 b0

187151:

+2 (mod 126); M = ({a} × Z9) ∪ ({b, c} × Z3)
1 94 98 118 1 32 51 68 0 25 80 93
1 16 116 124 1 12 27 73 0 12 53 55
0 64 65 66 1 5 41 65 1 7 76 115
0 75 97 107 0 69 96 113 1 26 48 53
0 38 86 92 12 35 94 a0 7 44 117 a0

11 19 49 a0 10 95 104 a0 3 6 51 a0
2 54 70 a0 5 39 44 b0 12 43 88 b0
1 21 44 c0 5 84 94 c0

187211:

+2 (mod 126); M = ({a, b} × Z9) ∪ ({c} × Z3)
1 14 62 72 1 21 48 61 0 34 52 124
0 31 43 86 0 27 94 102 0 25 103 121
0 57 76 93 1 73 81 83 0 47 64 73
0 16 45 104 1 65 89 90 13 22 117 a0
6 102 106 a0 8 11 69 a0 0 41 75 a0

17 20 32 a0 1 7 46 a0 4 10 15 b0
12 32 78 b0 7 18 57 b0 1 38 53 b0
11 52 121 b0 8 9 41 b0 2 46 99 c0
6 25 29 c0
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187241:

+1 (mod 126); M = ({a} × Z18) ∪ ({b} × Z6)
0 3 85 110 0 43 66 76 0 12 58 73
0 18 90 124 0 22 51 96 0 38 109 a0

14 76 103 a0 8 34 65 a0 9 17 41 a0
6 7 12 a0 3 51 118 a0 0 47 87 b0
7 16 20 b0

187301:

+1 (mod 126); M = ({a} × Z18) ∪ ({b} × Z9) ∪ ({c} × Z3)
0 44 80 104 0 39 43 54 0 68 108 113
0 38 65 71 16 42 95 a0 3 22 97 a0
1 32 110 a0 8 11 100 a0 15 84 125 a0

13 63 72 a0 0 52 62 b0 1 13 119 b0
5 6 102 b0 14 16 39 c0

187331:

+2 (mod 126); M = ({a} × Z21) ∪ ({b} × Z9) ∪ ({c} × Z3)
1 12 97 116 0 15 16 88 0 61 71 73
0 40 52 65 1 55 70 89 0 20 46 75
1 67 104 107 15 60 108 a0 36 38 105 a0
9 53 77 a0 23 69 87 a0 14 64 82 a0

12 44 48 a0 41 68 115 a0 37 50 84 a0
17 20 117 a0 4 28 34 a0 1 91 123 a0
19 25 58 a0 13 30 89 a0 10 74 113 a0
27 108 116 b0 2 7 29 b0 3 120 121 b0
1 86 96 b0 23 28 71 b0 22 88 105 b0
9 40 84 c0 1 17 26 c0

Ún 2.8µé?¿m ≡ 0 (mod 3)� 0 ≤ m ≤ 72§.� 189m1� 4-GDDþ�3"

y². éu 18 ≤ m ≤ 72§d½n 2.8�3 TD(10, 9)§é����|¥�:D��

­ 2§5½ö 8§éÙ¦:D� 2§du.� 210§2951 ±9 2981 � 4-GDDþ�3

£½n 1.3¤§A^WFCÒ���¤��.� 189m1 � 4-GDD"éu m = 0, 6, 12§

d½n 2.2.� (18, 36)9� 4-DGDD�3§3§�É¥W\.� 39m1� 4-GDDÒ
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���¤��O"éu m = 9§.� 6931 � 4-GDD�3£½n 2.10¤§A^WFC

¿D� 3"

��§éu m ∈ {3, 15}§·�38Ü Z162 ∪M þ�E¤��O"§��|´

{{0, 9, 18, . . . , 153} + i : 0 ≤ i ≤ 8} ∪ {M}"re>¤�Ä«|¥ Z162 ��� +2

(mod 162)Ðm§M ¥/X xi ∈ {x}×Zn����eI +1 (mod n)Ðm§Ò��

¤��«|8"

18931:

M = ({a} × Z3)
1 146 31 144 4 161 69 97 4 17 59 34
4 88 129 98 4 154 96 122 2 131 13 125
3 7 145 92 0 43 35 119 4 10 25 107
5 119 157 82 0 141 134 5 3 109 15 14
2 107 156 73 2 82 41 66 0 4 50 110
0 88 57 128 0 66 89 86 2 44 145 113
3 49 151 149 1 23 24 75 2 117 157 50
3 82 104 69 3 18 32 56 2 161 102 a0
4 91 33 a0

189151:

M = ({a} × Z9) ∪ ({b, c} × Z3)
0 96 118 152 1 26 43 67 1 62 101 111
0 29 61 114 1 41 156 157 1 52 138 152
1 44 90 132 1 56 59 135 1 65 69 70
0 91 103 105 1 75 94 106 0 64 115 156
0 5 43 145 0 33 82 147 0 26 123 158
0 8 40 68 1 17 92 142 1 31 38 51
0 84 151 159 6 139 152 a0 16 71 155 a0
5 72 87 a0 9 112 136 a0 3 37 146 a0

12 14 97 a0 8 28 66 b0 15 41 85 b0
13 119 152 c0 0 52 141 c0

Ún 2.9µé?¿ m ≡ 0 (mod 3)§0 ≤ m ≤ 90� m 6∈ {21, 24, 30, 42, 48, 51, 57}§

.� 1811m1� 4-GDDþ�3"
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y². 60 ≤ m ≤ 90��/�Ún 2.3"éu m ≡ 0 (mod 9)� 0 ≤ m ≤ 54§.�

611(m/3)1� 4-GDD�3£½n 2.10¤§A^WFC¿D� 3"éum = 3, 15§d½

n 2.2.� (18, 36)11 � 4-DGDD�3§3§�É¥W\.� 311m1 � 4-GDDÒ�

��¤��O"

éu m = 33, 39§·�d.� 3561 � 4-GDDÑu§í������ 3�|�

���.� 3461� {3, 4}-GDD§Ù¥¤k��� 3�«|�±y©¤ 3�²1a"

éz�:D� 11§A^�E 2.4§|^.� 114 � 4-MGDDÚ.� 113 ��©)

3-MGDD£½n 2.2Ú 2.3¤§��.� (33, 311)4(66, 611)1 � {3, 4}-DGDD§ùp¤

k��� 3�«|�±y©¤ 30�²1a"V\ 30�Ã¡:Ö�ù
²1a"�

	2V\m− 30�:§3z�|±9ùm− 30�:þ�E.� 311(m− 30)1½ö

611(m− 30)1� 4-GDD£½n 1.3¤"ù�·�Ò��
¤���O"

��§éu m ∈ {6, 12}§·�38Ü Z198 ∪M þ�E¤��O"§��|´

{{0, 11, 22, . . . , 187} + i : 0 ≤ i ≤ 10} ∪ {M}"re>¤�Ä«|¥ Z198 ��� +1

(mod 198)Ðm§M ¥/X xi ∈ {x}×Zn����eI +1 (mod n)Ðm§Ò��

¤��«|8"

181161:

M = ({a} × Z6)
0 73 167 196 0 45 61 114 0 27 41 191
0 4 126 156 0 128 146 195 0 10 103 189
0 35 148 174 0 32 57 140 0 54 101 190
0 12 17 80 0 20 56 158 0 38 116 197
0 23 74 87 0 37 43 170 1 22 101 a0
0 92 183 a0

1811121:

M = ({a, b} × Z6)
0 2 27 149 0 19 29 153 0 14 67 142
0 4 63 94 0 98 158 190 0 13 54 82
0 23 150 186 0 1 152 178 0 24 119 137
0 3 87 192 0 30 37 126 0 86 148 164
0 58 73 115 4 105 122 a0 1 156 161 a0
3 68 120 b0 1 40 131 b0

29



úô�ÆÆ¬Æ Ø©

Ún 2.10µ�m ∈ {21, 24, 30, 42, 48, 51, 57}§K.� 1811m1� 4-GDD�3"

y². ·�Äk�E.� (18, 36)11 � {3, 4}-DGDD§Ù¥��� 3 �«|�

±y©¤ p �²1a§ùp p ∈ {12, 21, 33, 42}"T�O�:8� Z198§|�

{{0, 11, 22, . . . , 187}+ i : 0 ≤ i ≤ 10}§É� {{0, 6, 12, . . . , 192}+ i : 0 ≤ i ≤ 5}"·

�rÄ«|�3L� 2.1¥"ù�L�dn�|¤µ1���²)¤ù��O¤I

��+¶1��´���Ø 198��ê u§¿�31n�¥§�AÄ«|¥���

� uØÓ§ù�ù
Ä«|3 u)¤�Ì�+��^e/¤��²1a"

y3·��±V\ p�:�Ö�ù
²1a"2�	V\ a�:§a = 3, 9, 15§

3z�É±9ù a�:þ�E.� 311a1� 4-GDD§ù�·�Ò��
¤��.�

1811m1� 4-GDD§ùpm = p+ a"

nÜÚn 2.9Ú 2.10§·�kµ

Ún 2.11µé?¿m ≡ 0 (mod 3)� 0 ≤ m ≤ 90§.� 1811m1� 4-GDDþ�3"

Ún 2.12µé?¿m ≡ 0 (mod 3)§0 ≤ m ≤ 108�m 6∈ {39, 51, 57, 60, 66, 69, 99, 105}§

.� 1813m1� 4-GDD�3"

y². éu 72 ≤ m ≤ 108� m 6= 99, 105��/§�Ún 2.3"éu 0 ≤ m ≤ 36§

·�d��.� 315� 7-GDD [11]Ñu§í���|��.� 314� {6, 7}-GDD§�

��|¥�:D��­ 0, 3, 6, 9, 12§éÙ¦:D� 6§A^WFC·�Ò���¤

���O"éu m ≡ 0 (mod 9)� 0 ≤ m ≤ 63§òWFCA^�.� 613(m/3)1 �

4-GDDÒ���¤��O"

��§éu m = 42, 48§d��.� 3561 � 4-GDDÑu§í���|���

�.� 3461 � {3, 4}-GDD§Ù¥��� 3�«|�±y©¤ 3�²1a"éz�

:D� 13§A^�E 2.4§|^.� 134� 4-MGDDÚ.� 133��©) 3-MGDD

£½n 2.2Ú 2.3¤·��±����.� (39, 313)4(78, 613)1 � {3, 4}-DGDD§ùp

¤k��� 3�«|�±y©¤ 36�²1a"V\ 36�Ã¡:Ö�ù
²1a"
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L 2.1 .� (18, 36)11� {3, 4}-DGDD�Ä«|

u Ä«|

p = 12 − 0, 26, 35, 100 1, 60, 153, 154 0, 20, 63, 157 1, 29, 112, 165
+2 (mod 198) 1, 27, 48, 143 0, 1, 51, 179 1, 44, 126, 185 0, 37, 112, 135

0, 47, 148, 188 0, 32, 49, 161 0, 75, 91, 184 0, 46, 80, 147
0, 2, 29, 142 0, 109, 117, 149 1, 54, 59, 69 1, 39, 118, 134
0, 62, 169, 173 0, 113, 128, 189 1, 116, 119, 192 0, 4, 134, 175
1, 32, 40, 53

6 1, 68, 93 0, 52, 71
6 5, 7, 10 2, 33, 162
6 2, 129, 193 5, 18, 124
6 0, 28, 181 2, 41, 165

p = 21 − 11, 148, 42, 147 10, 161, 156, 158 9, 54, 169, 140
+1 (mod 198) 11, 106, 74, 60 9, 32, 67, 60 15, 143, 133, 106

11, 188, 120, 184 5, 187, 147, 74 0, 19, 53, 94
9 2, 129, 121 16, 98, 55 5, 105, 18
6 13, 110, 191 16, 138, 81
6 9, 68, 192 13, 185, 4

p = 33 − 17, 93, 175, 162 17, 178, 14, 73 15, 145, 5, 54 0, 14, 43, 89
+1 (mod 198) 17, 69, 49, 184 16, 143, 122, 9 17, 174, 74, 79

18 0, 117, 16 13, 86, 131 6, 8, 73
17, 177, 2 12, 4, 21 7, 119, 154

9 17, 190, 111 6, 34, 185 11, 81, 85
6 4, 30, 3 2, 139, 89

p = 42 − 8, 72, 76, 133 2, 161, 147, 54 15, 197, 160, 97 0, 20, 67, 153
+2 (mod 198) 16, 55, 90, 135 16, 121, 6, 191 11, 153, 151, 42 8, 94, 66, 51

2, 89, 25, 94 11, 130, 135, 128 1, 95, 104, 136
18 8, 57, 83 9, 70, 36 10, 7, 41

12, 130, 159 1, 53, 110 13, 176, 114
18 14, 33, 6 0, 21, 173 2, 16, 174

13, 89, 81 10, 26, 25 1, 5, 76
18 12, 82, 85 16, 168, 185 17, 183, 98

14, 145, 162 9, 115, 56 4, 29, 69
18 1, 161, 60 4, 13, 183 8, 108, 59

16, 120, 176 2, 115, 105 9, 29, 136
6 2, 163, 15 11, 10, 126
6 2, 179, 43 6, 82, 75
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�	2V\m− 36�:§3z�|±9ùm− 36�:þ�E.� 313(m− 36)1½

ö 613(m− 36)1� 4-GDD£½n 1.3¤"ù�·�Ò��
¤���O"

Ún 2.13µ�m ∈ {39, 51, 57, 60, 66, 69, 99, 105}§K.� 1813m1� 4-GDD�3"

y². éum = 99, 105§·�Äk�E.� (18, 36)13� {3, 4}-DGDD§Ù¥���

3�«|�±y©¤ 87�²1a"T�O�:8�Z234§|� {{0, 13, 26, . . . , 221}+

i : 0 ≤ i ≤ 12}§É� {{0, 6, 12, . . . , 228}+ i : 0 ≤ i ≤ 5}"·�r¤��O�Ä«|

�3L� 2.2¥"ù�L�dn�|¤µ1���²)¤ù��O¤I��+¶1

��´���Ø 234��ê u§¿�31n�¥§�AÄ«|¥���� uØÓ§

ù�ù
Ä«|3 u)¤�Ì�+��^e/¤��²1a"

L 2.2 .� (18, 36)13� {3, 4}-DGDD�Ä«|

u Ä«|

+2 (mod 234) − 0, 15, 164, 217
18 6, 79, 82 4, 123, 55 0, 47, 214

5, 182, 9 8, 71, 57 14, 175, 30
18 8, 197, 39 4, 5, 175 15, 187, 216

10, 158, 60 9, 160, 174 11, 2, 217
18 17, 142, 78 8, 126, 149 1, 2, 76

7, 86, 183 12, 191, 117 10, 195, 175
18 14, 125, 106 5, 231, 139 1, 114, 99

8, 137, 162 12, 218, 94 10, 147, 97
18 8, 43, 83 13, 131, 6 9, 40, 163

14, 17, 39 16, 54, 182 15, 136, 102
18 17, 40, 152 2, 204, 47 16, 45, 72

12, 115, 14 10, 3, 1 5, 157, 195
18 4, 138, 155 17, 136, 141 2, 199, 6

5, 99, 205 13, 70, 116 14, 3, 36
18 2, 228, 185 17, 208, 33 1, 72, 225

13, 80, 168 16, 155, 43 14, 147, 58
18 15, 36, 163 6, 64, 17 4, 99, 176

2, 23, 201 16, 26, 97 13, 83, 210
6 2, 57, 142 5, 198, 193
6 4, 139, 198 17, 105, 158

y3·��±V\ 87�:�Ö�ù
²1a"2�	V\ a�:§a = 12, 18§

3z�É±9ù a �:þ�E.� 313a1 � 4-GDD§ù�·�Ò��
¤��

4-GDD"

éu m ∈ {39, 51, 57, 60, 66, 69}§L§aq§·�k�E.� 613 � {3, 4}-
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L 2.3 .� 613� {3, 4}-MGDD�Ä«|

u Ä«|

p/3 = 9 − 1, 4, 33, 41 2, 59, 66, 75 2, 30, 34, 51 2, 7, 9, 60
+2 (mod 78) 1, 21, 64, 65 2, 43, 53, 0 1, 10, 32, 48

6 3, 22, 25 5, 38, 72
6 2, 57, 72 5, 22, 55
6 3, 7, 62 4, 71, 72

p/3 = 15 − 1, 59, 70, 74 1, 22, 65, 72 1, 44, 75, 0
+2 (mod 78) 1, 35, 52, 54 1, 33, 38, 58

6 1, 3, 62 4, 41, 72
6 2, 24, 64 3, 43, 53
6 2, 5, 13 3, 4, 36
6 6, 20, 75 4, 37, 53
6 1, 23, 50 3, 58, 66

p/3 = 18 − 1, 32, 72, 76 1, 21, 29, 58
+1 (mod 78) 6 4, 31, 47 6, 21, 38

6 3, 5, 28 1, 6, 20
6 1, 46, 68 3, 71, 72

p/3 = 21 − 1, 26, 59, 60 2, 22, 37, 65 1, 54, 56, 57
+2 (mod 78) 6 5, 16, 66 3, 8, 49

6 6, 70, 74 3, 17, 19
6 5, 39, 46 1, 32, 72
6 5, 14, 22 6, 55, 63
6 3, 50, 77 1, 24, 70
6 4, 63, 66 2, 7, 47
6 1, 58, 69 2, 24, 53

MGDD§Ù¥��� 3�«|�±y©¤ p/3�²1a§p ∈ {27, 45, 54, 63}",

�éz�:D� 3����.� (18, 36)13 � {3, 4}-DGDD§��� 3�«|�±

y©¤ p�²1a"Ö�ù
²1a§2V\ a�:§a = 6, 12§3z�É±9

ù a�:þ�E.� 313a1� 4-GDD§ù�·�Ò��
¤���O"ùpI��

{3, 4}-MGDD3:8 Z78 þ�E§|� {{0, 13, 26, . . . , 65} + i : 0 ≤ i ≤ 12}§É�

{{0, 6, 12, . . . , 72}+ i : 0 ≤ i ≤ 5}"·�rÄ«|�3L� 2.3¥"

nÜÚn 2.12Ú 2.13§·�kµ

Ún 2.14µé?¿ m ≡ 0 (mod 3)� 0 ≤ m ≤ 108§.� 1813m1 � 4-GDDþ�

3"
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Ún 2.15µé?¿ m ≡ 0 (mod 3)� 0 ≤ m ≤ 126§.� 1815m1 � 4-GDDþ�

3"

y². éu 18 ≤ m ≤ 126§d½n 2.8�3 TD(6, 9)§é����|¥�:D��

­ 0, 3, 6, 9, 12§éÙ¦:D� 6§A^WFC�±��.� 545(m− 18)1� 4-GDD"

V\ 18�:§3z���� 54�|¥W\��.� 184� 4-GDD§ù�Ò��


.� 1815m1 � 4-GDD"éu 0 ≤ m ≤ 15§dÚn 2.11�3.� 1811(72 + m)1 �

4-GDD§3��� 72 + m�|¥W\��.� 184m1 � 4-GDD£½n 1.4¤Ò�

��¤��O"

Ún 2.16µé?¿ m ≡ 0 (mod 3)� 0 ≤ m ≤ 144§.� 1817m1 � 4-GDDþ�

3"

y². éu 96 ≤ m ≤ 144§m 6= 135��/§�Ún 2.3"éu m = 135§d½n

1.9�3.� 95 � 4-frame§V\n�Ã¡:5Ö�n�±����|�É�Ø�

�²1a"ù�·���
.� 94121� {4, 5}-GDD"éùn�Ã¡:D�V�­

(6, 0)§éÙ¦:D�V�­ (9, 3)§du.� (9, 3)4(6, 0)1Ú (9, 3)4� 4-IGDDþ�

3£Ún 2.1¤§ù�·�Ò�±����.� (81, 27)4(99, 27)1� 4-IGDD"2�	

V\ 18�:¿3z�|¥W\.� 184271 ½ö 185271 � 4-GDD§ù�·�Ò�

�
.� 18171351� 4-GDD"

éu 36 ≤ m ≤ 93§d½n 2.8�3 TD(6, 12)§éco�|¥�:D� 6§é

1Ê�|¥�:D� 0½ 6§é����|¥�:D� 3§6½ 9§du.� 64a1

±9 65a1� 4-GDDþ�3£½n2.10¤§ùp a ∈ {3, 6, 9}§A^WFC���.�

724181m1 � 4-GDD"3��� 72�|¥W\.� 184 � 4-GDDÒ���¤��

O"

éu m ∈ {30, 33}§·�ò¬�E.� 617 � {3, 4, 5}-MGDD§Ù¥���

3�«|�±y©¤ p/3�²1a§p ∈ {18, 27}"éz�:D� 3§du�3.

� 33 � 3-RGDD±9.� 34 Ú 35 � 4-GDD§·�Ò�±��.� (18, 36)17 �

{3, 4}-DGDD§¿���� 3�«|�±y©¤ p�²1a"Ö�ù
²1a§2

�	V\ a�:§a = 12½ 6§3z�É±9ù a�:þ�E.� 317a1� 4-GDD§
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L 2.4 .� 617� {3, 4, 5}-MGDD�Ä«|

u Ä«|

p/3 = 6 − 6, 25, 2, 34, 39 10, 11, 57, 12, 73 2, 60, 13, 41 9, 61, 46, 86
+2 (mod 102) 12, 26, 53, 64 9, 67, 0, 29 14, 45, 49, 71 10, 92, 36, 3

11, 8, 24, 3 0, 21, 53, 80
6 2, 75, 73 16, 6, 65
6 8, 16, 95 1, 96, 93

p/3 = 9 − 7, 63, 5, 76, 86 15, 77, 12, 62, 76 15, 92, 90, 34 13, 18, 29, 9
+2 (mod 102) 10, 85, 53, 86 7, 42, 87, 95 7, 45, 74, 90 10, 38, 30, 23

0, 22, 71, 99
6 9, 0, 61 17, 80, 10
6 0, 47, 37 2, 93, 64
6 2, 6, 65 1, 22, 27

ù�·�Ò��
¤���O"·�3:8 Z102 þ�EI�� {3, 4, 5}-MGDD§

|� {{0, 17, 34, . . . , 85} + i : 0 ≤ i ≤ 16}§É� {{0, 6, 12, . . . , 96} + i : 0 ≤ i ≤ 5}"

·�rÄ«|�3L� 2.4¥"

éu 0 ≤ m ≤ 27§dÚn 2.14�3.� 1813(72 + m)1 � 4-GDD§3���

72 +m�|¥W\��.� 184m1� 4-GDDÒ���¤��O"

Ún 2.17µ� u´��Ûê§u ∈ [19, 77] ∪ {93, 95, 97, 117}\{23, 27, 33, 35, 37}"K

é?¿m ≡ 0 (mod 3)� 0 ≤ m ≤ 9u− 9§.� 18um1� 4-GDDþ�3"

y². � t ∈ [3, 13] ∪ {16, 21}� t 6= 6§K u��� u = 5t + x + 1§Ù¥ x = 0

½ 3 ≤ x ≤ t§m ��� m = 3n1 + 3n2 + · · · + 3n6§ùp 0 ≤ ni ≤ 3t§i =

1, 2, . . . , 5¿� 0 ≤ n6 ≤ 3x"d½n 2.8�3�� TD(6, 3t)"rÙ¥��|��

3x�:����.� (3t)5(3x)1 � {5, 6}-GDD"A^½n 2.1�±����.�

(
∏5

i=1(18t+ 3ni, 3ni)
1)(18x+ 3n6, 3n6)

1� 4-IGDD"V\ 18�Ã¡:§3|¥W\

.� 18t+1(3ni)
1½ö 18x+1(3n6)

1� 4-GDD£Ún 2.5–2.16¤§ù�Ò��
¤��

.� 185t+x+1(
∑6

i=1 3ni)
1 ≡ 18um1� 4-GDD"

y3·���e u ∈ {23, 27, 33, 35, 37}ùA��I�?n"

Ún 2.18µé?¿ m ≡ 0 (mod 3)� 0 ≤ m ≤ 198§.� 1823m1 � 4-GDDþ�

3"
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y². Äk�Ä 18 ≤ m ≤ 198��/"·�d�� TD(6, 12)Ñu§r§���|

���Ü©�e 6�:"A^½n 2.1����.�
∏5

i=1(72 + 3ni, 3ni)
1(54, 18)1

� 4-IGDD§ùp 0 ≤ ni ≤ 12"V\ 18�Ã¡:¿3|¥W\.� 185(3ni)
1 ½

ö 184 � 4-GDD§ù�Ò��
¤��.� 1823(
∑5

i=1 3ni + 18)1 � 4-GDD"éu

0 ≤ m ≤ 15§dÚn 2.17�3.� 1819(72 + m)1 � 4-GDD§3��� 72 + m�

|¥W\.� 184m1� 4-GDDÒ���¤��O"

Ún 2.19µé?¿ m ≡ 0 (mod 3)� 0 ≤ m ≤ 234§.� 1827m1 � 4-GDDþ�

3"

y². Äk�	 18 ≤ m ≤ 234 ��/"·�d�� TD(10, 9) Ñu§é���

�|¥�:D� 0, 3, 6, . . . , 24§éÙ¦:D� 6§A^ WFC ·��±��.�

549(m − 18)1 � 4-GDD"V\ 18�Ã¡:¿3|¥W\.� 184 � 4-GDDÒ�

±��¤��.� 1827m1 � 4-GDD"éu 0 ≤ m ≤ 15§dÚn 2.18 �3.�

1823(72 + m)1 � 4-GDD§3��� 72 + m�|¥W\.� 184m1 � 4-GDDÒ�

��¤��O"

Ún 2.20µé?¿ m ≡ 0 (mod 3)� 0 ≤ m ≤ 288§.� 1833m1 � 4-GDDþ�

3"

y². éu 192 ≤ m ≤ 288 ��/§�Ún 2.3"éu 18 ≤ m ≤ 189§d��

TD(10, 11)Ñu§é¤k|V\��Ã¡:∞¿í��5���:§|^ù�í

��:­#½Â|§·��±����.� 911111 � {10, 12}-GDD"ùp�5¿

�´z���� 12�«|Ñ���� 11�|��uÃ¡:∞§z���� 10�

«|�Ñ���� 11�|��§�Ø�uÃ¡:∞"y3§3��� 11�|¥§

·��Ã¡:∞D� a§ùp a ∈ {0, 3, 6, . . . , 18}§é�e�:D� 0½ö 18"é

ù��OÙ¦�:D� 6"du.� 69§69181 ±9 611a1 � 4-GDDþ�3§A^

WFC·�Ò�±��.� 5411(m − 18)1 � 4-GDD"2V\ 18�:§¿�3��

� 54�|¥W\.� 184 � 4-GDDÒ��¤��.� 1833m1 � 4-GDD"��§

éu 0 ≤ m ≤ 15§dÚn 2.17�3.� 1829(72 +m)1� 4-GDD§3��� 72 +m

�|¥W\.� 184m1� 4-GDDÒ���¤��O"
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Ún 2.21µé?¿ m ≡ 0 (mod 3)� 0 ≤ m ≤ 306§.� 1835m1 � 4-GDDþ�

3"

y². d�� TD(6, 7)Ñu§écÊ�|¥�:D� 18§é����|¥�:D

� 0, 3, 6, . . . , 36§A^WFC·��±����.� 1265x1 � 4-GDD§Ù¥ x ≡ 0

(mod 3)� 0 ≤ x ≤ 252¶ùp¤I��Ñ\�O®3Ún 2.6¥��"y3V\ y

�Ã¡:§y ≡ 0 (mod 3)� 0 ≤ y ≤ 54§3��� 126�|¥W\.� 187y1 �

4-GDD§·�Ò��
¤��.� 1835(x+ y)1 ≡ 1835m1� 4-GDD"

Ún 2.22µé?¿ m ≡ 0 (mod 3)� 0 ≤ m ≤ 324§.� 1837m1 � 4-GDDþ�

3"

y². d½n 1.8 �3.� 127 � 4-RGDD§r¤k²1aÖ�����.�

127241� 5-GDD"A^½n 2.1§·��±����.�
∏7

i=1(72 + 3ni, 3ni)
1(144 +

3n8, 3n8)
1� 4-IGDD§ùp 0 ≤ ni ≤ 12§1 ≤ i ≤ 7§0 ≤ n8 ≤ 24"V\ 18�Ã¡

:§3z�|¥W\.� 185(3ni)
1 ½ö 189(3n8)

1 � 4-GDD·�Ò��
¤��

4-GDD"

nÜ½n 1.4±9Ún 2.5–2.22§·�keã(Ø"

½n 2.11µé?¿ u ≥ 4§m ≡ 0 (mod 3) � 0 ≤ m ≤ 9u − 9§.� 18um1 �

4-GDDþ�3"

2.2.3 .� 36um1� 4-GDD

3�!¥§·�òy².� 36um1� 4-GDD�3�7�^��´¿©�"

½n 2.12µé?¿ u ≥ 4¿� m ≡ 0 (mod 3)§0 ≤ m ≤ 18u− 18§.� 36um1 �

4-GDDþ�3"

y². k5�	 0 ≤ m ≤ 12u− 12��/"d½n 1.8§�3.� 12u � 4-RGDD§

Ö�¤k�²1a����.� 12u(4u− 4)1� 5-GDD"é��� 4u− 4�|¥�

:D� 0½ 3§éÙ¦:D� 3§A^WFCÒ���¤��O"

éu 12u− 9 ≤ m ≤ 18u− 18§d.� 12u� 3-RGDDÑu§é¤k:D� 3§
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|^.� 33 ��©) 3-MGDD�±��.� (36, 123)u ��©) 3-DGDD"Ö�

¤k²1a¿3É¥W\.� 12u(m − 12(u − 1))1 � 4-GDDÒ���.� 36um1

� 4-GDD"

2.2.4 ��� g ≡ 0 (mod 6)�/

3�!¥§·�ò?Ø���.� (6t)um1 � 4-GDD ��35¯K"du

t = {1, 2, 3, 4, 6}��/®3½n 1.3±9 2.10–2.12¥?Ø
§3�!��E¥·

�Ñ=?Ø t ≥ 5� t 6= 6��¹"Äk§|^�E 2.6·��±��ý�Ü©�

GDD"- E = {13, 17, 19, 23}"

Ún 2.23µ� u ≥ 4, u 6∈ {6} ∪ E � t ≥ 2, t 6∈ E"Ké?¿ m ≡ 0 (mod 3) �

0 ≤ m ≤ 3t(u− 1)§.� (6t)um1� 4-GDDþ�3"

y². ·�òm��m = m0(u−1)+m1§ùpm0,m1 ≡ 0 (mod 3)¿� 0 ≤ m0 ≤

3(t − 1), 0 ≤ m1 ≤ 3(u − 1)"�â½n 2.10§�3.� 6tm1
0 ±9 6um1

1 � 4-GDD"

A^�E 2.6(i)§� g = 6, v = tÒ���.� (6t)u(m0(u− 1) +m1)
1 ≡ (6t)um1�

4-GDD"

3Ún 2.23�y²¥§XJ t´óê§·��±^.� 12t/2m1
0±9 12um1

1�

4-GDD��Ñ\�O��eã(Ø"

Ún 2.24µ� t ≡ 0 (mod 2), u ≥ 4¿� u 6= 6"Ké?¿m ≡ 0 (mod 3), 0 ≤ m ≤

3t(u− 1)§.� (6t)um1� 4-GDDþ�3"

Ún 2.25µ� t ∈ E � u ≥ 4, u 6∈ E"Ké?¿m ≡ 0 (mod 3), 0 ≤ m ≤ 3t(u− 1)§

.� (6t)um1� 4-GDDþ�3"

y². e u ≥ t − 1§K 3(u − 1) + 3 ≥ 3(t − 1)"é?¿ m ≡ 0 (mod 3), 0 ≤ m ≤

3t(u− 1)§·��±rm��m = m0(t− 1) +m2§Ù¥m0,m2 ≡ 0 (mod 3)¿�

0 ≤ m0,m2 ≤ 3(u − 1)"d½n 2.10�3.� 6um1
0 ±9 6um1

2 � 4-GDD"A^�

E 2.6(ii)·�Ò�±��.� (6t)u(m0(t− 1) +m2)
1 ≡ (6t)um1� 4-GDD"

e u < t − 1§·�d�� TD(u + 1, t)Ñu§éc u�|¥�:D� 6§é�
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���|¥�:D� 0, 3, 6, . . . , 3(u − 1)"dué?¿ i ∈ {0, 3, 6, . . . , 3(u − 1)}.

� 6ui1� 4-GDDþ�3§A^WFC·�Ò�±��.� (6t)um1� 4-GDD"

nÜÚn 2.23–2.25§·�keã(Ø"

Ún 2.26µ� u ≥ 4� u 6= 6§t ≥ 2¿�� u ∈ E � t ≡ 0 (mod 2)"Ké?¿

m ≡ 0 (mod 3)§0 < m ≤ 3t(u− 1)§.� (6t)um1� 4-GDD�3"

e¡·��	Ún 2.26¥�e��¹"

Ún 2.27µé?¿ m ≡ 0 (mod 3)� 0 ≤ m ≤ 15t§.� (6t)6m1 � 4-GDDþ�

3"

y². Äk§éu t = 5§A^�E 2.6(ii)§ùp·�� g = 6§v = 6§u = 5Ò

���¤��O"éu t ≥ 7¿� t 6∈ {10, 14, 15, 20, 22, 26, 30, 34, 38, 46}§d��

TD(7, t) Ñu£�½n 2.8¤§éc8�|¥�:D� 6§é����|¥�:D

� 0, 3, . . . , 15§dué?¿ i ∈ {0, 3, . . . , 15}§.� 66i1 � 4-GDD þ�3§A^

WFC Ò���¤���O"éu t ∈ {14, 22, 26, 34, 38, 46}, d�� TD(7, t/2) Ñ

u§éc8�|¥�:D� 12§é����|¥�:D� 0, 3, . . . , 30§dué?¿

i ∈ {0, 3, . . . , 30}§.� 126i1 � 4-GDDþ�3§A^WFCÒ���¤���O"

��§·�|^�E 2.6(ii)5?n t ∈ {10, 15, 20, 30}��¹§ùp·�� v = 6¿

� (g, u) ∈ {(12, 5), (18, 5), (12, 10), (18, 10)}=�"

y3§é t ≡ 0 (mod 2)§·�®�EÑ¤k.� (6t)um1 � 4-GDD"5¿�

t = 3��¹®²3½n 2.11¥)û§��!�e�Ü©¥·�=?Ø t�Ûê�

t ≥ 5��¹"

Ún 2.28µ� t ≡ 1 (mod 2)� t ≥ 5"Ké?¿ m ≡ 0 (mod 3)� 0 ≤ m ≤ 54t§

.� (6t)19m1� 4-GDDþ�3"

y². ò m�� m = 3n1 + 3n2 + · · · + 3n6§ùp 0 ≤ ni ≤ 3t"ò½n 2.1A^

u�� TD(6, 3t)�±�����.�
∏6

i=1(18t + 3ni, 3ni)
1 � 4-IGDD"V\ 6t�
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Ã¡:§3z�|þW\.� (6t)4(3ni)
1 � 4-GDD§·�Ò���¤��.�

(6t)19(
∑6

i=1 3ni)
1 ≡ (6t)19m1� 4-GDD"

Ún 2.29µ� t ≡ 1 (mod 2)� t ≥ 5"Ké?¿ m ≡ 0 (mod 3)� 0 ≤ m ≤ 66t§

.� (6t)23m1� 4-GDDþ�3"

y². é?¿ 6t ≤ m ≤ 66t§·��ò m �� m = 3n1 + 3n2 + · · · + 3n5 + 6t§

ùp 0 ≤ ni ≤ 4t§i = 1, 2, . . . , 5"d�� TD(6, 4t) Ñu§r§���|��

�Ü©�e 2t �:§ù�Ò����.� (4t)5(2t)1 � {5, 6}-GDD"A^½

n 2.1 ����.� (
∏5

i=1(24t + 3ni, 3ni)
1)(18t, 6t)1 � 4-IGDD"V\ 6t �Ã¡

:§3z�|þW\.� (6t)5(3ni)
1 ½ (6t)4 � 4-GDD§·�Ò��¤��.�

(6t)23(
∑5

i=1 3ni + 6t)1 ≡ (6t)23m1 � 4-GDD"éu 0 ≤ m < 6t ��/§dÚn

2.28§�3.� (6t)19(24t+m)1� 4-GDD§3��� 24t+m�|¥W\��.�

(6t)4m1� 4-GDDÒ��·�¤���O"

nÜÚn 2.26–2.29·�keã(J"

Ún 2.30µ� u ≥ 4� u 6∈ {13, 17}§t ≥ 2"Ké?¿ m ≡ 0 (mod 3)� 0 ≤ m ≤

3t(u− 1)§.� (6t)um1� 4-GDDþ�3"

��§·�5�	 u ∈ {13, 17}��/"·�ò¬é�� TD(u + 1, t)D�Ü

·��­§A^ WFC5)û�Ü©�¹",
§� t¹k'����Ïf��

ÿ§Ø��� p§TD(u + 1, t)��35´���"éuù«�¹·�ò|^�E

2.6(i)±9.� (6p)um1� 4-GDD5��¤���O"y3·�k5�E�
.�

(6p)um1� 4-GDD"

Ún 2.31µ� p ∈ {5, 7, 9, 11, 13}§u ∈ {13, 17}"Ké?¿ m ≡ 0 (mod 3) �

0 ≤ m ≤ 3p(u − 1)§Ø
�U�~	� p = 13§u = 13 � m = 459, 465§.�

(6p)um1� 4-GDDþ�3"

y². du p ∈ {5, 7, 9, 11, 13}§u ∈ {13, 17}§·�d�� TD(p + 1, u)Ñu§é¤

k�|V\��Ã¡:/¤#�«|§Ó�í��k���:§¿|^í��ù�

:½Â#�|§·�Ò��
��.� puu1� {p+ 1, u+ 1}-GDD"ùp�5¿�
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´z���� u + 1�«|Ñ���� u�|��uÃ¡:∞§z���� p + 1

�«|�Ñ���� u�|��§�Ø�uÃ¡:∞"y3§3��� u�|¥§

·��Ã¡:∞D� 3a§ùp 0 ≤ a ≤ u−1¿�� u = 13� a 6= 9, 11§� u = 17

� a 6= 13¶é�e�:D� 3xi§ùp i = 1, 2, . . . , u − 1§0 ≤ xi ≤ p − 1§¿�

� p = 13� xi 6= 9, 11"éuù��O¥Ù¦�:D� 6"du.� 6p(3xi)
1 ±9

6u(3a)1 � 4-GDDþ�3£½n 2.10¤§A^WFC·�Ò�±��¤�� 4-GDD"

Ún 2.32µ� m ≡ 0 (mod 3)§0 ≤ m ≤ 36t§�� g Ø� 12, 18, 30, 42½ 66�Ø

�m 6∈ {36t− 9, 36t− 3}"K.� (6t)13m1� 4-GDDþ�3"

y². éu t = 5, 7, 9, 11§�Ún 2.30–2.31"éu t ≥ 13§·�©ü«�¹?Øµ

(i) � t�,� p ∈ {3, 5, 7, 11}�Ø�§·�A^�E 2.6(i)§� “g = 6p, v = t/p

� u = 13”Ò���¤�� 4-GDD¶ù�¥¤�^�� GDD5gu½n 2.11

±9Ún 2.30–2.31"

(ii) � t Ø�?¿ p ∈ {3, 5, 7, 11} �Ø�§TD(14, t) �3§é����|¥�

:D� 0, 3, 6, . . . , 21, 24, 30, 36§éÙ¦:D� 6§A^ WFC Ò��
.�

(6t)13m1� 4-GDD§ùpm 6= 36t− 9, 36t− 3"

Ún 2.33µ� t ≥ 2"Ké?¿ m ≡ 0 (mod 3)� 0 ≤ m ≤ 48t§.� (6t)17m1 �

4-GDDþ�3"

y². éu t = 5, 7, 9, 11, 13§�Ún 2.30–2.31"éu t ≥ 15§·�©ü«�¹?

Øµ

(i) � t�,� p ∈ {3, 5, 7, 11, 13}�Ø�§·�A^�E 2.6(i)§� “g = 6p, v =

t/p� u = 17”Ò���¤�� 4-GDD¶ù�¥¤�^�� GDD5gu½n

2.11±9Ún 2.30–2.31"

(ii) � tØ�?¿ p ∈ {3, 5, 7, 11, 13}�Ø�§TD(18, t)�3§é����|¥�

:D� 0, 3, 6, . . . , 33, 36, 42, 45, 48§éÙ¦:D� 6§A^ WFCÒ��
.
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� (6t)17m1� 4-GDD§ùpm 6= 48t−9"��§éum = 48t−9§·�d�

�.� (3t)5 � 4-frameÑu£½n 1.9¤§V\ t�Ã¡:¿Ö�±����

|�É�Ø��²1a§ù�Ò�±����.� (3t)4(4t)1 � {4, 5}-GDD"

·�éÙ¥�n�Ã¡:D�V�­ (6, 0)§éÙ{�:D� (9, 3)§ù�·

�Ò�±����.� (27t, 9t)4(36t− 9, 12t− 9)1� 4-IGDD"2V\ 6t�:

¿3z�|¥W\.� (6t)4(9t)1½ (6t)5(12t− 9)1� 4-GDD§·�Ò��


¤��.� (6t)17(48t− 9)1� 4-GDD"

nÜÚn 2.30Ú 2.32–2.33§·���
e¡�(J"

½n 2.13µ� g ≡ 0 (mod 6) ¿� g ≥ 12"Ké?¿ u ≥ 4§m ≡ 0 (mod 3) �

0 ≤ m ≤ g(u − 1)/2§Ø
�U�~	� (u,m) ∈ {(13, 36t − 9), (13, 36t − 3)}§.

� gum1� 4-GDDþ�3"

2.3 g ≡ 2, 4 (mod 6)��/

3�!¥§·�òé½n 1.4(v)¥'u g ≡ 2, 4 (mod 6)�(J�ÑU?"·

�Äk�	 g = 2��/"

Ún 2.34µ.� 221171� 4-GDD�3"

y². ·�38Ü Z42 ∪ M þ�E¤�� GDD§§�|´ {{0, 21} + i : 0 ≤

i ≤ 20} ∪ {M}"re>¤�Ä«|¥ Z42 ��� +6 (mod 42)Ðm§M ¥/X

xi ∈ {x} × Zn����eI +1 (mod n)Ðm"ù�Ò��¤� GDD�«|8"
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221171:

+6 (mod 42); M = ({a} × Z7) ∪ {∞0,∞1, . . . ,∞9}
10 5 16 a0 31 9 24 a0 36 18 30 a0
7 37 13 a0 33 21 39 a0 22 38 40 a0

14 20 2 a0 35 0 1 a0 34 15 4 a0
32 19 27 a0 23 29 41 a0 11 26 25 a0
12 17 8 a0 28 3 6 a0 3 30 17 ∞0

4 19 38 ∞0 1 39 41 ∞1 0 26 16 ∞1

3 1 32 ∞2 4 11 0 ∞2 2 30 19 ∞3

4 23 39 ∞3 4 8 33 ∞4 0 37 41 ∞4

5 9 2 ∞5 4 12 31 ∞5 4 17 1 ∞6

0 2 33 ∞6 3 11 31 ∞7 2 36 22 ∞7

0 13 10 ∞8 2 3 35 ∞8 0 20 17 ∞9

1 34 33 ∞9 0 9 25 32 3 40 23 0
4 37 32 5

Ún 2.35µ.� 257441� 4-GDD�3"

y². �
��¤���O§·�k38Ü Z88 ∪ {∞0,∞1, . . . ,∞25} ∪ ({a} × Z44)

þ�E.� 244261441 � 4-GDD"re>¤�Ä«|¥ Z88 ��� +2 (mod 88)Ð

m§�� a0 ∈ {a} × Z44 �eI +1 (mod 44)Ðm"ù�Ò��¤� GDD�«|

8"

34, 9,∞0, a0 47, 68,∞1, a0 62, 69,∞2, a0 53, 80,∞3, a0
55, 12,∞4, a0 76, 27,∞5, a0 64, 83,∞6, a0 16, 29,∞7, a0
26, 81,∞8, a0 7, 74,∞9, a0 60, 37,∞10, a0 36, 35,∞11, a0
44, 1,∞12, a0 51, 48,∞13, a0 6, 59,∞14, a0 17, 22,∞15, a0
66, 77,∞16, a0 71, 30,∞17, a0 5, 70,∞18, a0 63, 4,∞19, a0
25, 86,∞20, a0 32, 79,∞21, a0 65, 78,∞22, a0 11, 82,∞23, a0
75, 84,∞24, a0 13, 8,∞25, a0 20, 49, 57, a0 18, 33, 3, a0
43, 31, 45, a0 21, 58, 28, a0 73, 38, 39, a0 56, 0, 46, a0
50, 54, 14, a0 19, 15, 85, a0 24, 10, 2, a0 42, 40, 23, a0
87, 41, 67, a0 72, 52, 61, a0 0, 6, 31, 70 0, 72, 60, 34
1, 4, 61, 37 1, 57, 41, 51

3þ¡�E� GDD���� 26�|¥W\.� 213 � 4-GDDÒ��
·�

¤���O"

nÜ½n 1.3±9Ún 2.34–2.35§·�ke¡�(J"
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½n 2.14µé?¿ u ≥ 6§u ≡ 0 (mod 3)¿�m ≡ 2 (mod 3)§2 ≤ m ≤ u− 1§Ø


(½�~	� (u,m) = (6, 5)±9�U�~	� (u,m) ∈ {(33, 23), (33, 29), (39, 35)}§

.� 2um1� 4-GDDþ�3"

5¿�.� 4um1±9 8um1� 4-GDD��3Ì¯K®3½n 1.3¥��)û§

¤±3e¡�y²¥·�=�Ä g ≥ 10��/"

éu u ≡ 0 (mod 12)��/§©z [88]¥keã(J"

Ún 2.36µ� g ≡ 2, 4 (mod 6) � u ≡ 0 (mod 12)"Ké?¿ m ≡ g (mod 3)§

0 < m ≤ (gu− g)/2§Ø
 u = 12� 0 < m < g	§.� gum1� 4-GDDþ�3"

éu u� 12�Ù¦�Ýa§·�keã(J"

Ún 2.37µ� g ≡ 2, 4 (mod 6)§g ≥ 10¿� u ≡ 0 (mod 3)§u ≥ 12"Ké?¿

m ≡ g (mod 3)§g ≤ m ≤ (gu − g)/2§Ø
 (u,m) = (39, 19g − 3)	§.� gum1

� 4-GDDþ�3"

y². é?¿ (u,m) 6∈ {(39, 19g−9), (39, 19g−3)}§d½n 2.13�3.� (3g)u/3(m−

g)1 � 4-GDD"V\ g �Ã¡:¿3|¥W\.� g4 � 4-GDD§·�Ò��
.

� gum1� 4-GDD"

éu (u,m) = (39, 19g − 9)§·�d.� 239381 � 4-GDDÑu£½n 2.14¤§

A^�E 2.6(ii)§�/u = g/20¿W\.� 239291 � 4-GDDÒ��¤���O"

Ún 2.38µ� g ≡ 2, 4 (mod 6)§g ≥ 10 � u ≡ 0 (mod 3)§u ≥ 75"Ké?¿

m ≡ g (mod 3)§0 < m ≤ (gu− g)/2§.� gum1� 4-GDDþ�3"

y². éu m ≥ g ��/§�Ún 2.37"éu 0 < m < g§du u ≥ 75§dÚ

n 2.37�3.� gu−24(24g + m)1 � 4-GDD"3����|¥W\.� g24m1 �

4-GDD£Ún 2.36¤Ò��¤���O"

y3��e u ≡ 3, 6, 9 (mod 12)� u ≤ 69��¹I�?Ø"
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Ún 2.39µ� g ≡ 2, 4 (mod 6), g ≥ 10¿� u ∈ {30, 42, 45, 54, 63, 66}"Ké?¿

m ≡ g (mod 3)§0 < m ≤ (gu− g)/2§.� gum1� 4-GDDþ�3"

y². éum ≥ g��¹§�Ún 2.37"éu 0 < m < g§·�rm��m = s+t§

ùp� g ≡ 4 (mod 6)� s = 1§� g ≡ 2 (mod 6)� s = 2§
 t ≡ 0 (mod 3)"é

u u ∈ {30, 42, 54, 66}§·�d��.� (6g)u/6t1 � 4-GDDÑu£½n 2.13¤§V

\ s�Ã¡:¿3|¥W\.� g6s1 � 4-GDD£½n 1.5¤§ù�·�Ò��
.

� gu(s + t)1 ≡ gum1� 4-GDD"éu u ∈ {45, 63}§�EL§aq§·�d��.

� (9g)u/9t1 � 4-GDDÑu§W\.� g9s1 � 4-GDD£½n 1.5¤Ò��
¤��

O"

Ún 2.40µ� g ≡ 2, 4 (mod 6)§g ≥ 10"Ké?¿m ≡ g (mod 3)§0 < m ≤ 34g§

.� g69m1� 4-GDDþ�3"

y². éum ≥ g��¹§�Ún 2.37"éu 0 < m < g§·�rm��m = s+t§

ùp� g ≡ 4 (mod 6)� s = 1§� g ≡ 2 (mod 6)� s = 2§
 t ≡ 0 (mod 3)"·

�d�� TD(6, 5)Ñu§éco�|¥�:D� 3g§é1Ê�|¥�:D� 0½

3g§é����|¥�:D� 0, 3, . . . , 9g/2"du.� (3g)4(3i)1 ±9 (3g)5(3i)1

� 4-GDD�3§i ∈ {0, 1, . . . , 3g/2}§A^WFC·���
.� (15g)4(9g)1t1 �

4-GDD"V\ s�Ã¡:¿3|¥W\.� g9s1 ½ g15s1 � 4-GDD£½n 1.5¤Ò

���.� g69(s+ t)1 ≡ g69m1� 4-GDD"

�
?Ø�e��¹§·�I�e¡�(J"

Ún 2.41µé?¿m ∈ {1, 4, 7}§.� 106m1� 4-GDDþ�3"

y². éum = 1��/§�½n 1.5"éum ∈ {4, 7}§·�38Ü Z60 ∪M þ�

E¤��O"§��|´ {{0, 6, 12, . . . , 54} + i : 0 ≤ i ≤ 5} ∪ {M}"re>¤�Ä

«|¥ Z60��� +1 (mod 60)½ +2 (mod 60)Ðm§M ¥/X a0 ∈ {a} × Zn�

���eI +1 (mod n)Ðm§ù�Ò��¤� GDD�«|8"5¿�¹Ã¡:

∞�Ä«|Ðm�)¤
á;�"

45



úô�ÆÆ¬Æ Ø©

10641:

+2 (mod 60); M = ({a} × Z3) ∪ {∞}
0, 4, 21, 37 2, 11, 10, 48 2, 57, 52, 31 1, 14, 30, 33
3, 56, 28, 41 4, 55, 6, 47 5, 51, 40, 55 0, 59, 57, a0
4, 38, 31, a0 0, 20, 40,∞ 1, 21, 41,∞

10671:

+1 (mod 60); M = ({a} × Z6) ∪ {∞}
0, 5, 14, 49 0, 4, 41, 33 0, 15, 22, 32 1, 0, 3, a0
5, 26, 52, a0 0, 20, 40,∞

Ún 2.42µé?¿m ≡ 1 (mod 3)� 0 < m ≤ 19§.� 226m1� 4-GDDþ�3"

y². éu m = 1��/§�½n 1.5"éu 4 ≤ m ≤ 19§·�38Ü Z132 ∪M

þ�E¤��O"§��|´ {{0, 6, 12, . . . , 126} + i : 0 ≤ i ≤ 5} ∪ {M}"r

e>¤�Ä«|¥ Z132 ��� +1 (mod 132) ½ +2 (mod 132) Ðm§M ¥/X

x0 ∈ {x} × Zn ����eI +1 (mod n)Ðm§ù�Ò��¤� GDD�«|8"

5¿�¹Ã¡:∞�Ä«|Ðm�)¤
á;�"

22641:

+2 (mod 132); M = ({a} × Z3) ∪ {∞}
0, 106, 63, 55 0, 15, 41, 116 0, 3, 112, 83 1, 23, 94, 32
1, 82, 65, 128 1, 75, 28, 66 1, 15, 35, 122 3, 106, 102, 92
3, 85, 14, 131 3, 125, 97, 38 3, 19, 6, 56 3, 86, 114, 22
4, 26, 84, 5 5, 7, 102, 46 5, 37, 30, 38 5, 52, 18, 45
5, 118, 61, 120 0, 32, 109, a0 3, 65, 70, a0 0, 44, 88,∞
1, 45, 89,∞

22671:

+1 (mod 132); M = ({a, b} × Z3) ∪ {∞}
0, 1, 21, 95 1, 131, 98, 51 1, 110, 71, 124 1, 116, 27, 12
2, 42, 83, 105 2, 107, 7, 126 2, 70, 77, 73 2, 47, 57, 103
0, 25, 98, a0 3, 52, 119, b0 0, 44, 88,∞
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226101:

+2 (mod 132); M = ({a, b, c} × Z3) ∪ {∞}
0, 4, 11, 63 0, 116, 15, 55 0, 77, 28, 13 0, 103, 86, 111
2, 31, 69, 28 0, 123, 65, 22 0, 37, 51, 122 1, 77, 38, 76
1, 52, 114, 35 2, 114, 75, 107 3, 89, 56, 4 3, 36, 1, 112
4, 31, 128, 54 4, 123, 95, 73 5, 25, 30, 16 4, 87, 91, a0
5, 92, 24, a0 2, 91, 94, b0 5, 75, 0, b0 5, 15, 121, c0
4, 102, 104, c0 0, 44, 88,∞ 1, 45, 89,∞

226131:

+1 (mod 132); M = ({a, b} × Z6) ∪ {∞}
0, 1, 40, 53 1, 95, 105, 74 2, 27, 118, 53 2, 29, 22, 25
2, 125, 64, 79 2, 87, 13, 89 2, 126, 112, 37 2, 84, 117, a0
4, 41, 73, a0 0, 5, 103, b0 2, 51, 70, b0 0, 44, 88,∞

226161:

+2 (mod 132); M = ({a, b, c, d, e} × Z3) ∪ {∞}
0, 14, 52, 81 0, 4, 74, 99 0, 23, 49, 28 1, 114, 23, 124
1, 87, 32, 59 2, 5, 9, 48 4, 77, 24, 26 4, 38, 125, 117
4, 87, 17, 44 5, 3, 12, 103 5, 90, 40, 15 5, 57, 120, 73
5, 99, 22, 98 2, 17, 37, a0 0, 16, 75, a0 0, 119, 8, b0
4, 49, 9, b0 2, 73, 102, c0 4, 15, 65, c0 2, 1, 119, d0
3, 70, 6, d0 0, 33, 109, e0 5, 100, 74, e0 0, 44, 88,∞
1, 45, 89,∞

226191:

+1 (mod 132); M = ({a, b, c} × Z6) ∪ {∞}
0, 11, 27, 67 2, 47, 105, 12 3, 5, 86, 103 3, 89, 88, 80
3, 85, 64, 71 3, 94, 72, 131 5, 10, 36, a0 3, 26, 115, a0
1, 4, 29, b0 2, 15, 72, b0 0, 113, 80, c0 4, 19, 57, c0
0, 44, 88,∞

Ún 2.43µé?¿ n ∈ {4, 5, 6}§.� (4n, 4n)6(10n, 10n)1� 4-DGDDþ�3"

y². éu n ∈ {4, 5}§d½n 1.3 �3.� 46101 � 4-GDD"éz�:D�

n§|^.� n4 � 4-MGDD Ò�±��¤��O"éu n = 6§·�Äk3
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8Ü Z120 ∪ ({a} × Z24) þ�E��.� (24, 46)6 � 3-DGDD§§�Éd8Ü

{0, 6, . . . , 114, a0, a6, a12, a18} Ðm��§|d8Ü {0, 5, . . . , 115} Ðm	\8Ü

{a} × Z24 ��"re>¤�Ä«|¥ Z120 ���U +1 (mod 120) Ðm§��

a0 ∈ {a} × Z24�eIU +1 (mod 24)Ðm"

(24, 46)6(60, 106)1:

56, 22, a1 27, 19, a2 62, 16, a3 99, 103, a4 55, 68, a5 69, 83, a7
52, 51, a8 113, 49, a9 63, 20, a10 44, 33, a11 95, 32, 4 41, 85, 34
118, 31, 15 107, 14, 81 119, 37, 46 89, 1, 50 100, 77, 98 57, 88, 5
26, 67, 45 10, 13, 71

5¿�rþ¡¤�Ä«|��� +60 (mod 120) Ðm�±����Ð©�±

8Ü {0, 6, . . . , 114, a0, a6, a12, a18} �É�Ø��²1a"¤±·����±��

60 �Ø��²1a"V\ 60 �:±Ö�ù
Ø��²1a·�Ò��
.�

(24, 46)6(60, 106)1� 4-DGDD"

Ún 2.44µ� u ∈ {6, 9, 12}"Ké?¿ g ≡ 4 (mod 6)§.� gu41 � 4-GDDþ�

3"

y². éu u ∈ {9, 12}§d½n 2.2�3.� gu� 4-MGDD§3z�É¥W\.�

1u41� 4-GDD£½n 1.3¤Ò��
¤��O"

y3·�5�	 u = 6��/"éu g = 4§�½n 1.3"éu g ≡ 4 (mod 12)

� g ≥ 16§d½n 2.2�3.� (g, 4g/4)6 � 4-DGDD§3z�É¥W\.� 47 �

4-GDDÒ��
¤��O"éu g ∈ {10, 22}§�Ún 2.41–2.42"éu g = 34§d

Ún 2.43�3.� (24, 46)6(60, 106)1� 4-DGDD§3z�|¥W\.� 47½ 10641

4-GDDÒ���¤��O"��§éu g ≡ 10 (mod 12)� g ≥ 46§·�r g �

� g = 12n + 10§n ≥ 3"d��.� 23n51 � 4-GDD Ñu§éz�:D� 12§

du.� (12, 26)4 � 4-DGDD�3§A^�E 2.4��.� (24, 46)3n(60, 106)1 �

4-DGDD"V\ 4�Ã¡:¿3z�|þW\.� 47½ 10641� 4-GDD§ù�·�

Ò��
.� (12n+ 10)641 ≡ g641� 4-GDD"
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Ún 2.45µ� u ∈ {6, 9, 12}"Ké?¿ g ≡ 2 (mod 6)§Ø
 (g, u) ∈ {(2, 6), (44, 6)}

	§.� gu51� 4-GDDþ�3"

y². éu u ∈ {9, 12}§d½n 2.2�3.� (g, 2g/2)u � 4-DGDD§3z�É¥W

\.� 2u51� 4-GDD£½n 1.3¤Ò��
¤��O"

y3·�5�	 u = 6 ��/"éu g ∈ {2, 8}§�½n 1.3"éu g ∈

{14, 20, 26, 38, 74}§¤�� 4-GDD�±w¤´��.� g6 � {3, 4}-GDD§Ù¥¤

k��� 3�«|�±y©� 5�²1a"·�38Ü Z6g = Z3x þ�Eù��

{3, 4}-GDD§§��|d {0, 6, 12, . . . , 6g − 6})¤"·�r¤k���� 3�Ä«

|�3e¡§z��Ñ´ +3 (mod 6g)Ðm¿�)¤��²1a"

0, 3x− 2, x− 2 0, 2x− 1, x+ 1 0, 1, 2
0, x, 3x− 1 0, 2x+ 2, 2x

Ù¦��� 4�Ä«|Xe¤«§r§� +1 (mod 6g)½ +2 (mod 6g)Ðm

Ò���¤���O"

g = 14, +1 (mod 84):

0, 10, 21, 59 3, 82, 55, 11 4, 66, 73, 57 4, 54, 7, 21
5, 25, 70, 66

g = 20, +2 (mod 120):

0, 23, 69, 85 0, 67, 74, 111 0, 58, 109, 9 0, 73, 107, 20
0, 88, 27, 91 0, 55, 105, 110 0, 47, 99, 92 0, 15, 5, 103
0, 70, 86, 43 0, 44, 83, 57 0, 101, 97, 52 0, 56, 17, 31
0, 94, 63, 35 0, 21, 29, 116 0, 8, 19, 22

g = 26, +1 (mod 156):

4, 1, 17, 27 5, 62, 40, 133 3, 64, 20, 85 4, 62, 19, 135
5, 142, 0, 75 4, 8, 115, 126 3, 65, 152, 120 4, 101, 37, 152
5, 134, 25, 105 0, 9, 46, 77

g = 38, +1 (mod 228):

4, 182, 145, 125 3, 29, 176, 18 4, 187, 194, 71 2, 184, 126, 65
0, 188, 99, 28 4, 197, 201, 66 4, 200, 181, 90 1, 116, 137, 180
1, 118, 219, 74 5, 58, 204, 217 2, 54, 7, 87 2, 132, 105, 10
1, 170, 95, 129 3, 152, 175, 12 0, 3, 17, 206
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g = 74, +1 (mod 444):

0, 188, 241, 123 0, 127, 183, 16 0, 63, 392, 169 0, 121, 75, 238
0, 212, 311, 334 0, 377, 181, 62 0, 219, 331, 374 0, 399, 430, 235
0, 273, 82, 293 0, 429, 416, 292 0, 125, 61, 142 0, 40, 260, 21
0, 107, 199, 33 0, 89, 271, 274 0, 38, 269, 27 0, 134, 418, 51
0, 200, 365, 57 0, 197, 297, 7 0, 194, 159, 335 0, 189, 104, 265
0, 397, 356, 405 0, 103, 32, 407 0, 55, 227, 50 0, 44, 130, 139
0, 346, 201, 230 0, 58, 266, 371 0, 101, 91, 4 0, 237, 80, 215
0, 419, 68, 226 0, 34, 128, 187

éu g ≥ 32� g 6∈ {38, 44, 50, 74}§- a ∈ {4, 7, 10, 13}§d��.� 43na1 �

4-GDDÑu£ùp n©O�u½�u 1§2§2Ú 3¤"éù� GDDD� 12§|^

.� (12, 26)4 � 4-DGDD�±����.� (48, 86)3n(12a, (2a)6)1 � 4-DGDD"V

\ 5�Ã¡:¿3z�|¥W\.� 8651½ (2a)651� 4-GDD§ù�Ò��
.�

(24n+ 2a)651 ≡ g651� 4-GDD"

��§éu g = 50§d½n 1.5�3.� 10611 � 4-GDD§D� 5Ò�±��

¤���O"

y3·�5?n u ∈ {33, 39, 51, 57}��¹"Äk§é?¿ m ≡ g (mod 3)§

·�òÙ�� m = s + t§ùp� g ≡ 2 (mod 6)� s = 2, 5§� g ≡ 4 (mod 6)�

s = 1, 4§
 t ≡ 0 (mod 6)"

Ún 2.46µ� g ≡ 2, 4 (mod 6)� g ≥ 10"Ké?¿m ≡ g (mod 3)§0 < m ≤ 16g§

.� g33m1� 4-GDDþ�3"

y². dÚn 2.37§·�=I�Ä 0 < m < g��¹"éu g ≥ 16� g 6∈ {22, 44}§

d½n 2.8 �3 TD(6, g)"éco�|¥�:D� 6§é1Ê�|¥�:D�

9§é����|¥�:D� 0½ 6§du.� 6491 ±9 6591 � 4-GDDþ�3§

·���
.� (6g)4(9g)1t1 � 4-GDD"V\ s �:¿3|¥W\.� g6s1 ½

g9s1 � 4-GDD£�½n 1.5±9Ún 2.44–2.45¤"ù�·�Ò��
¤��.�

g33(s+ t)1 ≡ g33m1� 4-GDD"

éu g = 10§dÚn 2.37�3.� 1027(60 + m)1 � 4-GDD"3����|

¥W\.� 106m1 � 4-GDD£Ún 2.41¤Ò��¤��O"éu g = 22§ÏLa

q��E�±��¤��O"éu g = 14§d��.� (14, 27)33 � 4-DGDDÑ
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u§3É¥W\.� 233m1 � 4-GDD"��§éu g = 44§d��.� 43311 �

4-GDDÑu§A^�E 2.6(ii)§�/u = 110¿W\.� 433(3i + 1)1 � 4-GDD§

i ∈ {0, 1, . . . , 21}§·�Ò��
.� 4433(3i + 11)1 ≡ 4433m1 � 4-GDD§ùp

m ≥ 11¶éu m = 2, 5, 8§3.� (44, 222)33 � 4-DGDD ¥W\.� 233m1 �

4-GDDÒ���¤��O"

Ún 2.47µ� g ≡ 2, 4 (mod 6)� g ≥ 10"Ké?¿m ≡ g (mod 3)§0 < m ≤ 19g

�m 6= 19g − 3§.� g39m1� 4-GDDþ�3"

y². dÚn 2.37§·�=I�Ä 0 < m < g��¹"

éu g ≥ 16 � g 6∈ {20, 22, 26, 34, 38, 44, 46}§d½n 2.8 �3 TD(7, g)"é

cÊ�|¥�:D� 6§é18�|¥�:D� 9§é����|¥�:D

� 0 ½ 6§A^ WFC ·���
��.� (6g)5(9g)1t1 � 4-GDD"V\ s �:

¿3|¥W\.� g6s1 � g9s1 � 4-GDD £�½n 1.5 ±9Ún 2.44–2.45¤§ù

�·�Ò��
¤��.� g39(s + t)1 ≡ g39m1 � 4-GDD"y3·����Ä

g ∈ {10, 14, 20, 22, 26, 34, 38, 44, 46}��/"

éu g = 10, 22§dÚn 2.46�3.� g33(6g +m)1� 4-GDD"3����|

¥W\.� g6m1� 4-GDD£Ún 2.41–2.42¤Ò��¤��O"éu g = 14, 20, 26§

d��.� (g, 2g/2)39� 4-DGDDÑu§3É¥W\.� 239m1� 4-GDD"

éu g = 34, 46§d��.� 4n101� 4-GDDÑu§ùp n = 6½ö 9§éz�

:D� 39§A^�E 2.4��.� (156, 439)n(390, 1039)1� 4-DGDD"V\m�Ã

¡:¿3z�|þW\.� 439m1½ 1039m1� 4-GDDÒ��
¤�� 4-GDDs"

éu g = 38� 0 < m ≤ 32§3.� (38, 219)39 � 4-DGDD¥W\.� 239m1

� 4-GDD"éu g = 38� m = 35§·�d�� TD(7, 19)Ñu§écÊ�|¥�

:D� 12§318�|¥éÙ¥��:D� 12§l�:D� 15§�e���:D

� 21§é����|¥�:D� 0½ö 30"du.� 125151301§125211301£�©

z [77]¤§126301±9 125x1� 4-GDDþ�3§ùp x ∈ {12, 15, 21}"ù�·�Ò�

�
��.� 22853421301 � 4-GDD"V\ 5�Ã¡:¿3|¥W\.� 38651 ±

9 38951� 4-GDD£Ún 2.45¤§·�Ò��
.� 3839351� 4-GDD"

��§éu g = 44§�EL§�Ún 2.46¥�����"
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Ún 2.48µ� g ≡ 2, 4 (mod 6)� g ≥ 10"Ké?¿ m ≡ g (mod 3)� 0 < m ≤

25g§.� g51m1� 4-GDDþ�3"

y². dÚn 2.37§·�=I�Ä 0 < m < g��¹"

éu g ≥ 14� g 6∈ {20, 44}§d½n 2.8�3 TD(7, 3g/2)"écÊ�|¥�:

D� 6§318�|¥é g �:D� 6§é�e� g/2�:D� 0§é����|

¥�:D� 0§6½ 12§A^WFC·���
��.� (9g)5(6g)1t1� 4-GDD"V

\ s�:¿3|¥W\.� g6s1 ½ g9s1 � 4-GDD"ù�·�Ò��
¤��.�

g51(s+ t)1 ≡ g51m1� 4-GDD"

éu g = 10§dÚn 2.39�3.� 1045(60 +m)1� 4-GDD§3����|¥

W\.� 106m1� 4-GDDÒ��¤��O"

éu g = 20§d�� TD(9, 40)Ñu£�©z [7]¤§écÔ�|¥�:D� 3§

31l�|¥é 30�:D� 3§é�e� 10�:D� 9§é����|¥�:D

� 0½ 3"du.� 3791§3891§38 ±9 39 � 4-GDDþ�3§·���
��.

� 12071801t1� 4-GDD"V\ s�:¿W¿|Ò�±��¤��O"

��§éu g = 44§3.� (44, 222)51� 4-DGDD¥W\.� 251m1� 4-GDD

Ò���¤��O"

Ún 2.49µ� g ≡ 2, 4 (mod 6)� g ≥ 10"Ké?¿m ≡ g (mod 3)§0 < m ≤ 28g§

.� g57m1� 4-GDDþ�3"

y². dÚn 2.37§·�=I�Ä 0 < m < g ��¹"éu g ≥ 10§·�d��

TD(6, 2g)Ñu§éco�|¥�:D� 6§31Ê�|¥é g�:D� 6§é�e

� g�:D� 3§é����|¥�:D� 0½ 6§A^WFC·���
��.�

(12g)4(9g)1t1� 4-GDD"V\ s�:¿3|¥W\.� g9s1½ g12s1� 4-GDD"ù

�·�Ò��
¤��.� g57(s+ t)1 ≡ g57m1� 4-GDD"

nÜÚn 2.36–2.40Ú 2.46–2.49±9½n 1.3§·�keã(Ø"

½n 2.15µ� g ≡ 2, 4 (mod 6)§g ≥ 10¿� u ≡ 0 (mod 3)§u ≥ 12"Ké?¿

m ≡ g (mod 3)§0 < m ≤ (gu − g)/2§Ø
eã�¹	§.� gum1 � 4-GDDþ

�3µ
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(i) u ∈ {12, 15, 18, 21, 27}� 0 < m < g¶½ö

(ii) (u,m) = (39, 19g − 3)"

2.4 g ≡ 3 (mod 6)��/

3�!¥§·�?n g ≡ 3 (mod 6) ��/"·�Äky²§é?¿ g ∈

{9, 21, 27, 33}§.� gum1� 4-GDD�3�7�^��´¿©�",�·�|^ù


 GDD§±9½n 1.3¥� 4-GDD§é��� g ≡ 3 (mod 6)§�E.� gum1 �

4-GDD"

2.4.1 .� 9um1� 4-GDD

Ún 2.50µé?¿ u ≡ 0 (mod 4)§m ≡ 0 (mod 3)� 0 ≤ m ≤ (9u − 12)/2§.�

9um1� 4-GDDþ�3"

y². éu u = 4½ u ≥ 16��/§�©z [88]½n 4.1"éu u = 8��/§�

©z [88]½n 3.1"éu u = 12¿� 9 ≤ m ≤ 48§�©z [88]½n 4.1"��§éu

u = 12¿� 0 ≤ m ≤ 6§d½n 1.8�3.� 312 � 4-RGDD"ò§�²1aÖ�

��.� 312111� 5-GDD"é����|¥�:D� 0½ 3§éÙ¦:D� 3"d

u.� 34±9 35� 4-GDDþ�3§A^WFC·�Ò��
¤��.� 912m1�

4-GDD"

y3·�5�Ä u�Ûê��¹"e¡�(J3����E¥ò¬²~^�"

Ún 2.51µ� u´��Ûê� u ≥ 5"é?¿ u ≡ 1 (mod 4)§m ≡ 0 (mod 6)�

3(u − 1) ≤ m ≤ (9u − 9)/2§½ö u ≡ 3 (mod 4)§m ≡ 3 (mod 6)� 3u ≤ m ≤

(9u− 9)/2§.� 9um1� 4-GDDþ�3"

y². ·�d�� TD(4, u) Ñu§é¤k|V\��Ã¡: ∞ ¿í��5��

�:§|^ù�í��:­#½Â|§·��±����.� 3uu1 � {4, u + 1}-

GDD"ùp�5¿�´z���� u + 1�«|Ñ���� u�|��uÃ¡:

∞§z���� 4�«|�Ñ���� u�|��§�Ø�uÃ¡:∞"y3§

·��Ã¡:∞D� a§ùp a = m− 3(u− 1)§éÙ¦:D� 3"du.� 34±
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9 3ua1� 4-GDDþ�3§A^WFC·�Ò�±��¤��.� 9um1� 4-GDD"

Ún 2.52µé?¿m ≡ 0 (mod 6)� 0 ≤ m ≤ 18§.� 95m1� 4-GDDþ�3"

y². �â½n 1.5 ±9Ún 2.51§·�=I�Ä m = 6 ��/"·�38Ü

Z45∪M þ���Eù� GDD§§�|´ {{0, 5, 10, . . . , 40}+ i : 0 ≤ i ≤ 4}∪{M}"

re>¤�Ä«|¥ Z45��� +3 (mod 45)Ðm§M ¥/X a0 ∈ {a} × Z5��

��eI +1 (mod 5)Ðm§ù�Ò��¤� GDD�«|8"

9561:

+3 (mod 45); M = ({a} × Z5) ∪ {∞}
1 2 10 34 1 3 7 29 3 27 44 0
3 5 17 39 2 38 40 44 3 19 36 37

13 16 39 a0 5 23 34 a0 3 11 32 a0
6 37 0 a0 10 29 42 a0 4 35 42 ∞

Ún 2.53µé?¿m ≡ 3 (mod 6)� 3 ≤ m ≤ 27§.� 97m1� 4-GDDþ�3"

y². �â½n 1.5 ±9Ún 2.51§·�=I�Ä m = 15 ��/"·�38Ü

Z63 ∪M þ�Eù� GDD§§�|´ {{0, 7, 14, · · · , 56}+ i : 0 ≤ i ≤ 6} ∪ {M}"r

e>¤�Ä«|¥ Z63��� +1 (mod 63)Ðm§M ¥/X x0 ∈ {x} × Zn���

�eI +1 (mod n)Ðm§ù�Ò��¤� GDD�«|8"

97151:

+1 (mod 63); M = ({a, b} × Z3) ∪ ({c} × Z9)
1 13 24 32 1 37 55 59 2 22 48 a0
1 14 30 b0 3 36 42 c0 7 8 10 c0
4 14 29 c0

e¡�Ún�·�Jø
�«48�E.� 9um1� 4-GDD��{"
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Ún 2.54µ� t ≥ 3 � t 6= 6"eé?¿ 2 ≤ a ≤ t§é¤k�U� ma§.�

92a+1m1
a� 4-GDDþ�3"Ké?¿ u ∈ {10t+ 1} ∪ [10t+ 5, 12t+ 1]§±9m ≡ 0

(mod 6)§0 ≤ m ≤ (9u − 9)/2£� u ≡ 1 (mod 4) �¤§½ö m ≡ 3 (mod 6)§

3 ≤ m ≤ (9u− 9)/2£� u ≡ 3 (mod 4)�¤§.� 9um1� 4-GDDþ�3"

y². du t ≥ 3 ¿� t 6= 6§d½n 2.8 �3 TD(6, 3t)"·�dù� TD Ñu§

r§���|�� 3a �:§0 ≤ a ≤ t � a 6= 1§ù�·�Ò��
��.

� (3t)5(3a)1 � {5, 6}-GDD"r½n 2.1 A^�ù� {5, 6}-GDD ����.�

(
∏5

i=1(18t+ 3ni, 3ni)
1)(18a+ 3n6, 3n6)

1� 4-IGDD§Ù¥

(i) é?¿ i = 1, 2, . . . , 5§� 2t+ 1 ≡ 1 (mod 4)�§ni ≡ 0 (mod 2)� 0 ≤ ni ≤

3t§� 2t+ 1 ≡ 3 (mod 4)�§ni ≡ 1 (mod 2)� 1 ≤ ni ≤ 3t§

(ii) éu i = 6§� 2a + 1 ≡ 1 (mod 4)�§n6 ≡ 0 (mod 2)� 0 ≤ n6 ≤ 3a§�

2a+ 1 ≡ 3 (mod 4)�§n6 ≡ 1 (mod 2)� 1 ≤ n6 ≤ 3a"

V\ 9 �Ã¡:§3z�|¥W\.� 92t+1(3ni)
1 ½ö 92a+1(3n6)

1£e a 6= 0¤

� 4-GDD§·�Ò��
¤��.� 910t+2a+1(
∑6

i=1 3ni)
1 ≡ 9um1 � 4-GDD§ù

p u = 10t + 2a + 1 ∈ {10t + 1} ∪ [10t + 5, 12t + 1]§¿�� u ≡ 1 (mod 4) �§

18 ≤ m ≤ (9u− 9)/2§� u ≡ 3 (mod 4)�§15 ≤ m ≤ (9u− 9)/2"

��§éu u ≡ 1 (mod 4)�m ∈ {0, 6, 12}§du t ≥ 3§·�7,k u ≥ 37"

dÚn 2.50�3.� 9u−5(45 + m)1 � 4-GDD§3����|¥W\.� 95m1 �

4-GDD£Ún 2.52¤Ò��¤���O"éu u ≡ 3 (mod 4)�m ∈ {3, 9}��/§

�½n 1.5"

5�¦ 10(t + 1) + 5 ≤ 12t + 1 + 2§·�7k t ≥ 6"3Ún 2.54�K�^�e§

·�A� t ≥ 7§½= u ≥ 75"ù�§XJé¤k 5 ≤ u ≤ 73±9¤k�U� m§

.� 9um1 � 4-GDDþ�EÑ5�{§·�B�±|^Ún 2.54�48�E¤k

u ≥ 75�.� 9um1� 4-GDD"

y3·�5�	 9 ≤ u ≤ 73��¹"

Ún 2.55µ� u ∈ {9, 11, 13, 17, 19, 23}"Ké?¿ m ≡ 0 (mod 6)§0 ≤ m ≤
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(9u− 9)/2£� u ≡ 1 (mod 4)�¤§½öm ≡ 3 (mod 6)§3 ≤ m ≤ (9u− 9)/2£�

u ≡ 3 (mod 4)�¤§.� 9um1� 4-GDDþ�3"

y². �â½n 1.5±9Ún 2.51§·��I�	 (u,m) ∈ {(9, 6), (9, 12), (9, 18),

(11, 15), (11, 21), (11, 27), (13, 6), (13, 12), (13, 18), (13, 24), (13, 30), (17, 6), (17, 12),

(17, 18), (17, 24), (17, 30), (17, 36), (17, 42), (19, 15), (19, 21), (19, 27), (19, 33), (19, 39),

(19, 45), (19, 51), (23, 15), (23, 21), (23, 27), (23, 33), (23, 39), (23, 45), (23, 51), (23, 57),

(23, 63)}"éu (u,m) ∈ {(9, 18), (11, 27), (13, 18), (17, 18), (17, 36), (19, 27), (19, 45),

(23, 27), (23, 45), (23, 63)}§·�d.� 3u(m/3)1� 4-GDDÑu§éz�:D� 3§

du.� 34� 4-GDD�3§A^WFC·�Ò�±��¤��O"éu u = 17�

m = 6, 12§dÚn 2.51§�3.� 913(36 +m)1� 4-GDD"3����|¥W\.

� 94m1� 4-GDDÒ���¤��O"éu�e��§·�38Ü Z9u ∪M þ�E

¤���O"§��|´ {{0, u, 2u, . . . , 8u} + i : 0 ≤ i ≤ u− 1} ∪ {M}"re>¤

�Ä«|¥ Z9u��� +1 (mod 9u)Ðm§M ¥/X xi ∈ {x} × Zn����eI

+1 (mod n)Ðm"ù�Ò��¤��«|8"

9961:

+1 (mod 81); M = ({a, b} × Z3)
1 35 54 58 1 7 22 32 1 13 45 52
1 6 39 74 1 4 30 71 2 61 63 a0
1 2 18 b0

99121:

+1 (mod 81); M = ({a} × Z9) ∪ ({b} × Z3)
1 2 4 52 1 6 14 76 1 11 54 70
1 15 40 47 1 27 48 a0 4 41 70 a0
2 6 26 a0 1 18 41 b0
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911151:

+1 (mod 99); M = ({a} × Z9) ∪ ({b, c} × Z3)
1 32 61 68 1 7 25 52 1 39 48 51
1 58 72 98 1 17 22 75 2 36 37 a0
4 12 88 a0 5 15 35 a0 7 11 93 b0
1 20 57 c0

911211:

+1 (mod 99); M = ({a, b} × Z9) ∪ ({c} × Z3)
1 18 63 65 1 4 27 35 1 10 37 42
1 11 17 29 6 59 98 a0 9 38 88 a0
4 28 84 a0 5 35 83 b0 7 22 81 b0
3 60 64 b0 1 2 15 c0

91361:

+1 (mod 117); M = ({a, b} × Z3)
1 11 17 51 1 83 87 95 1 15 34 94
1 76 81 96 1 10 28 69 1 8 71 82
1 45 90 93 1 31 52 116 1 2 57 a0
1 18 47 b0

913121:

+1 (mod 117); M = ({a} × Z9) ∪ ({b} × Z3)
1 4 48 90 1 22 24 91 1 63 88 104
1 16 34 69 1 23 47 59 1 33 62 99
1 64 73 84 4 11 12 a0 6 10 16 a0
9 26 86 a0 1 6 44 b0

913241:

+1 (mod 117); M = ({a, b} × Z9) ∪ ({c, d} × Z3)
1 67 110 112 1 22 26 109 1 2 83 100
1 61 108 115 1 38 50 65 8 13 37 a0
3 74 88 a0 5 27 60 a0 1 76 107 b0
5 33 81 b0 2 25 75 b0 8 46 105 c0
1 17 57 d0
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913301:

+1 (mod 117); M = ({a, b, c} × Z9) ∪ ({d} × Z3)
1 5 32 34 1 25 99 108 1 47 63 83
1 43 55 100 9 32 88 a0 1 29 96 a0
8 13 66 a0 1 50 101 b0 3 99 114 b0
8 49 52 b0 2 16 27 c0 1 48 78 c0
4 41 89 c0 3 4 11 d0

917241:

+1 (mod 153); M = ({a, b} × Z9) ∪ ({c, d} × Z3)
1 88 142 144 1 37 74 129 1 76 96 148
1 110 121 136 1 30 126 135 1 28 116 151
1 83 87 132 1 25 65 115 5 6 47 a0
9 16 85 a0 8 91 138 a0 2 62 124 b0
3 24 103 b0 5 10 18 b0 8 22 129 c0
1 17 60 d0

917301:

+1 (mod 153); M = ({a, b, c} × Z9) ∪ ({d} × Z3)
1 114 119 133 1 16 73 127 1 84 102 147
1 30 34 151 1 9 50 80 1 51 90 99
1 11 78 0 5 33 70 a0 3 90 136 a0
2 49 62 a0 3 47 144 b0 5 28 97 b0
6 49 143 b0 3 5 29 c0 4 10 132 c0
7 45 98 c0 1 23 81 d0

917421:

+1 (mod 153); M = ({a, b, c, d} × Z9) ∪ ({e, f} × Z3)
1 30 73 142 1 33 54 141 1 10 28 98
1 15 17 121 1 37 61 100 3 130 150 a0
1 65 143 a0 9 34 86 a0 8 90 100 b0
6 21 25 b0 5 49 128 b0 2 82 124 c0
8 30 126 c0 4 5 42 c0 1 41 108 d0
6 13 111 d0 8 11 70 d0 4 129 152 e0
6 14 109 f0
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919151:

+1 (mod 171); M = ({a} × Z9) ∪ ({b, c} × Z3)
1 73 91 124 1 66 83 158 1 13 141 164
1 10 79 111 1 17 117 162 1 2 31 85
1 60 126 151 1 99 135 138 1 16 51 159
1 87 98 145 1 3 25 132 5 10 132 a0
2 8 111 a0 4 108 115 a0 7 60 101 b0
7 11 126 c0

919211:

+1 (mod 171); M = ({a, b} × Z9) ∪ ({c} × Z3)
1 15 40 56 1 124 136 142 1 27 28 30
1 67 76 140 1 82 104 119 1 22 50 55
1 105 109 155 1 11 46 102 1 87 100 161
1 25 107 149 6 13 125 a0 9 109 129 a0
2 79 113 a0 8 70 148 b0 1 9 93 b0
5 74 132 b0 3 91 134 c0

919331:

+1 (mod 171); M = ({a, b, c} × Z9) ∪ ({d, e} × Z3)
1 17 59 79 1 89 148 166 1 47 64 128
1 139 149 0 1 35 85 158 1 10 13 145
1 29 54 80 1 55 100 141 3 32 107 a0
6 88 109 a0 4 9 128 a0 3 33 139 b0
2 73 113 b0 8 99 142 b0 5 18 20 c0
8 16 118 c0 3 58 69 c0 6 76 80 d0
4 11 60 e0

919391:

+1 (mod 171); M = ({a, b, c, d} × Z9) ∪ ({e} × Z3)
1 68 109 136 1 29 30 156 1 74 85 124
1 3 89 121 1 129 147 150 1 118 125 148
1 91 137 163 2 17 117 a0 6 39 97 a0
1 103 113 a0 2 109 121 b0 6 12 169 b0
9 71 167 b0 8 90 139 c0 7 118 123 c0
2 39 131 c0 5 39 145 d0 6 99 116 d0
2 103 169 d0 6 80 100 e0
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919511:

+1 (mod 171); M = ({a, b, c, d, e} × Z9) ∪ ({f, g} × Z3)
1 29 31 89 1 42 135 162 1 64 75 141
1 13 99 166 1 10 82 136 4 95 142 a0
1 66 128 a0 8 9 33 a0 3 43 51 b0
8 54 77 b0 4 74 100 b0 6 143 157 c0
1 83 88 c0 9 77 138 c0 5 133 154 d0
9 101 165 d0 4 17 33 d0 7 46 146 e0
4 8 120 e0 5 123 126 e0 5 22 57 f0
6 121 128 g0

923151:

+1 (mod 207); M = ({a} × Z9) ∪ ({b, c} × Z3)
1 67 69 144 1 8 91 134 1 73 111 123
1 11 32 184 1 6 36 180 1 14 92 168
1 72 124 160 1 45 105 163 1 23 189 193
1 50 107 146 1 10 28 57 1 26 52 166
1 17 71 103 1 95 109 0 3 90 151 a0
2 10 13 a0 5 78 206 a0 3 23 103 b0
1 126 191 c0

923211:

+1 (mod 207); M = ({a, b} × Z9) ∪ ({c} × Z3)
1 44 77 177 1 9 53 56 1 19 36 100
1 84 112 151 1 123 155 179 1 14 120 146
1 16 46 111 1 49 115 121 1 59 118 119
1 81 83 117 1 104 124 131 1 55 194 199
1 62 74 99 7 174 193 a0 8 46 50 a0
6 56 135 a0 2 24 160 b0 8 102 113 b0
9 19 175 b0 2 18 88 c0
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923331:

+1 (mod 207); M = ({a, b, c} × Z9) ∪ ({d, e} × Z3)
1 110 119 151 1 23 75 136 1 34 145 181
1 4 55 68 1 76 84 0 1 82 107 137
1 7 46 180 1 59 71 166 1 152 190 192
1 21 25 118 1 66 109 194 5 40 55 a0
7 44 51 a0 9 111 128 a0 6 54 65 b0
5 85 163 b0 7 84 188 b0 1 83 203 c0
4 51 70 c0 9 30 206 c0 3 71 157 d0
7 69 98 e0

923391:

+1 (mod 207); M = ({a, b, c, d} × Z9) ∪ ({e} × Z3)
1 117 190 0 1 89 98 196 1 40 121 125
1 42 131 136 1 37 51 64 1 31 109 124
1 12 60 163 1 138 164 192 1 30 151 171
1 32 137 143 3 163 185 a0 7 60 135 a0
8 148 155 a0 2 5 160 b0 6 40 189 b0
8 46 48 b0 5 56 66 c0 8 16 141 c0
9 148 181 c0 3 35 130 d0 1 56 77 d0
9 51 115 d0 7 50 69 e0

923511:

+1 (mod 207); M = ({a, b, c, d, e} × Z9) ∪ ({f, g} × Z3)
1 57 188 194 1 6 106 122 1 20 97 133
1 25 154 183 1 10 82 83 1 88 145 196
1 4 118 178 1 22 163 190 1 134 156 a0
2 81 169 a0 6 68 166 a0 4 35 200 b0
3 151 195 b0 9 37 203 b0 1 27 111 c0
5 69 205 c0 8 56 58 c0 3 40 83 d0
6 14 109 d0 9 161 178 d0 3 61 200 e0
4 8 150 e0 1 54 86 e0 1 107 141 f0
1 90 125 g0
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923571:

+1 (mod 207); M = ({a, b, c, d, e, f} × Z9) ∪ ({g} × Z3)
1 101 156 187 1 46 75 194 1 64 67 99
1 12 83 158 1 37 136 154 1 166 193 199
1 6 132 169 5 48 99 a0 6 46 157 a0
8 25 137 a0 4 183 185 b0 9 25 29 b0
1 69 170 b0 2 106 197 c0 3 82 202 c0
6 140 189 c0 2 82 147 d0 8 157 167 d0
9 43 186 d0 1 20 186 e0 9 34 156 e0
4 17 122 e0 3 4 127 f0 2 95 142 f0
6 63 116 f0 1 71 201 g0

Ún 2.56µé?¿m ≡ 3 (mod 6)� 3 ≤ m ≤ 63§.� 915m1� 4-GDDþ�3"

y². éu m = 3§�½n 1.5"éu 9 ≤ m ≤ 63§·�d�� TD(6, 9)Ñu§é

cÊ�|¥�:D� 3§é����|¥�:D� 0½ 6"du.� 35±9 3561�

4-GDDþ�3§·���
��.� 275(m− 9)1� 4-GDD"V\ 9�:¿3|¥

W\.� 94� 4-GDDÒ�±��¤��O"

Ún 2.57µé?¿m ≡ 0 (mod 6)� 0 ≤ m ≤ 90§.� 921m1� 4-GDDþ�3"

y². éu m ∈ {0, 6, 12, 18}§dÚn 2.50§�3.� 916(45 + m)1 � 4-GDD§3

����|¥W\.� 95m1 � 4-GDDÒ��
¤��O"éu u ∈ {24, 30}§·

�38Ü Z189 ∪M þ�E¤���O"§��|´ {{0, 21, 42, . . . , 168} + i : 0 ≤

i ≤ 20} ∪ {M}"re>¤�Ä«|¥ Z189 ��� +1 (mod 189)Ðm§M ¥/X

xi ∈ {x} × Zn ����eI +1 (mod n)Ðm"ù�Ò��
¤� GDD�«|

8"
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921241:

+1 (mod 189);M = ({a} × Z21) ∪ ({b} × Z3)
1 11 19 135 1 112 139 186 1 18 72 174
1 15 77 159 1 47 81 138 1 57 60 188
1 24 147 175 1 8 120 168 1 25 38 146
1 107 160 171 1 10 89 130 1 13 33 a0
2 38 77 a0 5 99 188 a0 8 9 112 a0
6 31 103 a0 18 108 158 a0 21 88 184 a0

20 55 60 b0

921301:

+1 (mod 189);M = ({a} × Z21) ∪ ({b} × Z9)
1 32 102 147 1 4 34 54 1 78 90 114
1 11 17 45 1 24 62 97 1 6 28 176
1 2 19 99 1 8 60 86 1 10 49 109
1 16 139 150 4 33 136 a0 6 38 133 a0
9 65 119 a0 11 78 142 a0 18 22 139 a0

19 66 68 a0 20 126 134 a0 1 47 165 b0
5 18 125 b0 7 94 159 b0

éu 36 ≤ m ≤ 90§d�� TD(8, 9)Ñu§écÔ�|¥�:D� 3§é��

��|¥�:D� 3½ 9"du.� 38±9 3791� 4-GDDþ�3§·���
�

�.� 277(m− 9)1 � 4-GDD"V\ 9�:¿3|¥W\.� 94 � 4-GDDÒ�±

��¤��O"

Ún 2.58µé?¿m ≡ 3 (mod 6)� 3 ≤ m ≤ 117§.� 927m1� 4-GDDþ�3"

y². éu m = 3��/§�½n 1.5"éu 9 ≤ m ≤ 117§d�� TD(10, 9)Ñ

u§écÊ�|¥�:D� 3§é����|¥�:D� 0§6½ 12"du.� 39§

3961±9 39121� 4-GDDþ�3§·���
��.� 279(m− 9)1� 4-GDD"V

\ 9�:¿3|¥W\.� 94� 4-GDDÒ�±��¤��O"

Ún 2.59µé?¿m ≡ 0 (mod 6)� 0 ≤ m ≤ 126§.� 929m1� 4-GDDþ�3"

y². éu m ∈ {0, 6, 12, 18}§dÚn 2.50§�3.� 924(45 + m)1 � 4-GDD§3

����|¥W\.� 95m1� 4-GDDÒ��
¤��O"éum ∈ {24, 30}§·
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�38Ü Z261 ∪M þ�E¤���O"§��|´ {{0, 29, 58, . . . , 232} + i : 0 ≤

i ≤ 28} ∪ {M}"re>¤�Ä«|¥ Z261 ��� +1 (mod 261)Ðm§M ¥/X

xi ∈ {x} × Zn����eI +1 (mod n)Ðm"ù�Ò��¤� GDD�«|8"

929241:

+1 (mod 261);M = ({a, b} × Z9) ∪ ({c, d} × Z3)
1 192 231 256 1 22 113 181 1 36 197 252
1 43 109 170 1 37 89 158 1 15 58 243
1 132 136 139 1 165 182 0 1 60 68 142
1 143 169 216 1 91 235 253 1 52 114 199
1 137 208 221 1 31 84 187 1 25 41 73
1 133 153 155 1 134 184 228 2 124 248 a0
4 93 105 a0 9 127 242 a0 2 39 240 b0
5 61 171 b0 8 13 163 b0 3 80 166 c0
3 215 253 d0

929301:

+1 (mod 261);M = ({a, b, c} × Z9) ∪ ({d} × Z3)
1 24 70 138 1 113 151 245 1 21 82 190
1 119 137 240 1 54 67 160 1 108 165 212
1 11 32 145 1 102 143 197 1 17 53 116
1 129 164 219 1 2 235 254 1 97 186 223
1 35 46 176 1 52 174 257 1 25 85 237
1 5 8 83 3 5 202 a0 1 33 81 a0
7 92 197 a0 6 225 255 b0 4 19 206 b0
7 158 191 b0 1 139 183 c0 7 107 198 c0
2 69 257 c0 5 19 240 d0

éu 36 ≤ m ≤ 90§d�� TD(9, 9)Ñu§écÔ�|¥�:D� 3§é1l

�|¥�:D� 0½ 9§é����|¥�:D� 3½ 9"du.� 38§3791§3891

±9 3792£�©z [94]¤� 4-GDDþ�3§·���
��.� 277721(m − 9)1 �

4-GDD"V\ 9�Ã¡:¿3|¥W\.� 94 ½ 99 � 4-GDDÒ�±��¤��

O"

��§éu 90 < m ≤ 126��/§�Ún 2.51.

Ún 2.60µ� u ∈ {31, 35, 37, 41, 45, 47, 49, 51, 55, 57, 59, 61}"éu u ≡ 1 (mod 4)§
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m ≡ 0 (mod 6)§0 ≤ m ≤ (9u − 9)/2§½ö u ≡ 3 (mod 4)§m ≡ 3 (mod 6)§

3 ≤ m ≤ (9u− 9)/2§.� 9um1� 4-GDDþ�3"

y². |^Ún 2.54§� t = 3, 4, 5§Ò�±��(Ø"ùpI�^�.� 9vm1 �

4-GDD§v ∈ {5, 7, 9, 11}§§�5guÚn 2.52, 2.53±9 2.55"

Ún 2.61µé?¿m ≡ 0 (mod 6)� 0 ≤ m ≤ 144§.� 933m1� 4-GDDþ�3"

y². éu m ∈ {0, 6}§dÚn 2.50§�3.� 928(45 + m)1 � 4-GDD§3���

�|¥W\.� 95m1� 4-GDDÒ��
¤��O"

éu 12 ≤ m ≤ 144§d�� TD(10, 11)Ñu§é¤k|V\��Ã¡:∞

¿í��5���:§|^ù�í��:­#½Â|§·��±����.

� 911111 � {10, 12}-GDD"3��� 11�|¥§·��Ã¡:∞D� a§ùp

a ∈ {3, 9, 15}§é�e�:D� 0§6½ö 12"éuù��O¥Ù¦�:D� 3"d

u.� 311a1§39§3961±9 39121� 4-GDDþ�3§A^WFC·�Ò�±��.

� 2711(m− 9)1� 4-GDD"2V\ 9�:¿3|¥W\.� 94� 4-GDDÒ��¤

��.� 933m1� 4-GDD"

Ún 2.62µé?¿m ≡ 3 (mod 6)� 3 ≤ m ≤ 171§.� 939m1� 4-GDDþ�3"

y². éum = 3��/§�½n 1.5"éu 9 ≤ m ≤ 171§·�d�� TD(10, 13)

Ñu§é¤k|V\��Ã¡:∞¿í��5���:§|^ù�í��:­#

½Â|§·��±����.� 913131 � {10, 14}-GDD"3��� 13�|¥§·

��Ã¡:∞D� a§ùp a ∈ {0, 6, 12, 18}§é�e�:D� 0§6½ö 12"éu

ù��O¥Ù¦�:D� 3"du.� 313a1§39§3961 ±9 39121 � 4-GDDþ�

3§A^WFC·�Ò�±��.� 2713(m− 9)1� 4-GDD"2V\ 9�:¿3|

¥W\.� 94� 4-GDDÒ��
¤��.� 939m1� 4-GDD"

Ún 2.63µé?¿m ≡ 3 (mod 6)� 3 ≤ m ≤ 189§.� 943m1� 4-GDDþ�3"

y². éu 9 ≤ m ≤ 153§d�� TD(6, 12)Ñu§éco�|¥�:D� 6§é1

Ê�|¥�n�:D� 6§�eÊ�:D� 9§éu����|¥�:D� 0§6½

ö 12"dué?¿ a ∈ {0, 6, 9, 12}§.� 65a1§6491 ±9 6491121£�©z [94]¤�
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4-GDDþ�3§·���
��.� 724991(m − 9)1 � 4-GDD"V\ 9�:¿3

|¥W\.� 94 � 4-GDDÒ�±��¤��O"éuÙ¦�/§�½n 1.5±9

Ún 2.51"

Ún 2.64µé?¿m ≡ 3 (mod 6)� 3 ≤ m ≤ 279§.� 963m1� 4-GDDþ�3"

y². éu m ∈ {3, 9, 15, 21}§dÚn 2.50§�3.� 956(63 + m)1 � 4-GDD§3

����|¥W\.� 97m1� 4-GDDÒ��
¤��O"

éu 27 ≤ m ≤ 243§d�� TD(8, 9)Ñu§écÔ�|¥�:D� 9§é��

��|¥�:D� 3§9§15§21½ö 27"A^WFC·���
��.� 817m1

� 4-GDD"3��� 81�|¥W\.� 99 � 4-GDDÒ�±��¤��O"éu

249 ≤ m ≤ 279��/§�Ún 2.51"

Ún 2.65µ� u ∈ {25, 53, 65, 67, 69, 71, 73}"é?¿ u ≡ 1 (mod 4)§m ≡ 0

(mod 6)§0 ≤ m ≤ (9u − 9)/2§½ö u ≡ 3 (mod 4)§m ≡ 3 (mod 6)§3 ≤ m ≤

(9u− 9)/2§.� 9um1� 4-GDDþ�3"

y². �â½n 1.5±9Ún 2.51§� u ≡ 1 (mod 4)�§·�=I�	 6 ≤ m ≤

3u − 9��/§� u ≡ 3 (mod 4)�§=I�	 15 ≤ m ≤ 3u − 6��/"·�ò

u�� u = 4x+ y§ùp x ≡ 0½ u (mod 4)� 5 ≤ y ≤ 2x§�L� 2.5"·��Ä

e¡ü«�/"

(i) 5 ≤ y ≤ x"d�� TD(6, x)Ñu§éco�|¥�:D� 9§é1Ê�|¥

� y �:D� 9§�e x − y �:D� 0§éu����|¥�:D� 0§6

½ö 12"dué?¿ a ∈ {0, 6, 12}§.� 94a1 ±9 95a1 � 4-GDDþ�3§

·���
��.� (9x)4(9y)1(6n)1 � 4-GDD§ùp n�±�?¿Ø�L

2x��K�ê"e u ≡ 1 (mod 4)§·���W¿|Ò�±��¤��.�

94x+y(6n)1� 4-GDD¶e u ≡ 3 (mod 4)§·�kV\ 9�Ã¡:2W¿|Ò

�±��.� 94x+y(6n+ 9)1� 4-GDD"

(ii) x ≤ y ≤ 2x"d�� TD(6, x)Ñu§éco�|¥�:D� 9§é1Ê�|

¥� 2x − y �:D� 9§�e y − x�:D� 18§é����|¥�:D�
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L 2.5 Ún 2.65¥^�� u�©)

u u = 4x+ y m
25 25 = 4× 5 + 5 0 ≤ m ≤ 90
53 53 = 4× 12 + 5 0 ≤ m ≤ 144

53 = 4× 9 + 17 108 ≤ m ≤ 162
65 65 = 4× 13 + 13 0 ≤ m ≤ 234
67 67 = 4× 15 + 7 9 ≤ m ≤ 189

67 = 4× 12 + 19 153 ≤ m ≤ 225
69 69 = 4× 16 + 5 0 ≤ m ≤ 192

69 = 4× 13 + 17 156 ≤ m ≤ 234
71 71 = 4× 15 + 11 9 ≤ m ≤ 189

71 = 4× 12 + 23 153 ≤ m ≤ 225
73 73 = 4× 16 + 9 0 ≤ m ≤ 192

73 = 4× 13 + 21 156 ≤ m ≤ 234

12½ö 18"du.� 95121§95181§94121181£�©z [56]¤±9 94182£�©

z [157]¤� 4-GDDþ�3§·���
��.� (9x)4(9y)1(6n)1 � 4-GDD§

ùp n�±�?¿0u 2xÚ 3x�m��ê"e u ≡ 1 (mod 4)§·���W

¿|Ò�±��¤��.� 94x+y(6n)1� 4-GDD¶e u ≡ 3 (mod 4)§·�k

V\ 9�Ã¡:2W¿|Ò�±��.� 94x+y(6n+ 9)1� 4-GDD"

nÜÚn 2.50, 2.52–2.53, 2.55–2.65§±9Ún 2.54Ú§�5§·���eã

(Ø"

½n 2.16µ� u ≥ 4"é?¿ u ≡ 0 (mod 4)§m ≡ 0 (mod 3)§0 ≤ m ≤ (9u −

12)/2¶½ö u ≡ 1 (mod 4)§m ≡ 0 (mod 6)§0 ≤ m ≤ (9u − 9)/2¶½ö u ≡ 3

(mod 4)§m ≡ 3 (mod 6)§3 ≤ m ≤ (9u− 9)/2§.� 9um1� 4-GDDþ�3"

2.4.2 g ∈ {21, 27, 33}

Äk·�5�	 u ≡ 0 (mod 4)��/"

Ún 2.66µ� u ≡ 0 (mod 4) � u ≥ 4"Ké?¿ m ≡ 0 (mod 3)§0 ≤ m ≤

(21u− 24)/2§.� 21um1� 4-GDDþ�3"
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y². éu u = 4½ u ≥ 16��/§±9 u = 12� 21 ≤ m ≤ 114��/§�½

n 1.4"éu u = 8��/§�©z [88]¥�Ún 3.1"y3·�=I�Ä u = 12�

0 ≤ m ≤ 18��/"

éu u = 12� 0 ≤ m ≤ 15§d½n 2.2�3.� (21, 37)12 � 4-DGDD"3É

¥W\.� 312m1 � 4-GDDÒ��
¤���O"éu u = 12� m = 18§·�

d��.� 31231� 4-GDDÑu§|^�E 2.6(ii)±9.� 312� 4-GDD§Ò�±

��¤��.� 2112181� 4-GDD"

Ún 2.67µ� u ≡ 0 (mod 4) � u ≥ 4"Ké?¿ m ≡ 0 (mod 3)§0 ≤ m ≤

(27u− 30)/2§.� 27um1� 4-GDDþ�3"

y². éu u = 4½ u ≥ 16��/§±9 u = 12� 27 ≤ m ≤ 147��/§�½

n 1.4"éu u = 8��/§�©z [88]¥�Ún 3.1"y3·�=I�Ä u = 12�

0 ≤ m ≤ 24��/"

éu u = 12� 0 ≤ m ≤ 24§d½n 1.8�3.� 312 � 4-GDD"V\ 11�

:Ö�¤k²1a����.� 312111 � 5-GDD"éù� 5-GDD����|¥

�:D� 0½ 3§éÙ¦:D� 9§du.� 94 ±9 9431 � 4-GDDþ�3£½n

2.16¤§·�Ò��
¤��.� 2712m1� 4-GDD"

Ún 2.68µ� u ≡ 0 (mod 4) � u ≥ 4"Ké?¿ m ≡ 0 (mod 3)§0 ≤ m ≤

(33u− 36)/2§.� 33um1� 4-GDDþ�3"

y². éu u = 4½ u ≥ 16��/§±9 u = 12� 33 ≤ m ≤ 180��/§�½

n 1.4"éu u = 12� 0 ≤ m ≤ 30§·�d��.� 6491� 4-GDDÑu§éz�

:D� u§|^.� u4 � 4-MGDD��.� (6u, 6u)4(9u, 9u)1 � 4-DGDD"V\

m�Ã¡:§3z�|¥W\.� 6um1 ½ 9um1 � 4-GDDÒ��
¤��.�

33um1� 4-GDD"

éu u = 8 � 0 ≤ m ≤ 99 ��/§�©z [88]¥�Ún 3.1"éu u = 8 �

105 ≤ m ≤ 114§·�d��.� 311151 � 4-GDDÑu§|^�E 2.6(i)±9.�

38t1 � 4-GDD§t ∈ {0, 3, 6, 9}§Ò�±��¤��.� 2112181 � 4-GDD"��§

éu u = 8� m = 102§·�d.� 6491121� 4-GDDÑu§í���� 12�|§
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é�e�:D� 8§|^.� 84 � 4-MGDD±9.� 83 ��©)� 3-MGDD�

±����.� (48, 68)4(72, 98)1 � {3, 4}-DGDD§ùp��� 3�«|�±y©

¤ 84�²1a"V\ 84�:Ö�ù
²1a§23|¥W\.� 68181 ½ 98181

� 4-GDDÒ�±��¤��.� 3381021� 4-GDD"

e¡·�5�	 u´Ûê��/"

Ún 2.69µ� g ≡ 3 (mod 6)"é?¿ m ≡ 0 (mod 6)� 0 ≤ m ≤ 2g§.� g5m1

� 4-GDDþ�3"

y². éu g ∈ {3, 9, 15}��/§�½n 1.3Ú 2.16"éu g ≥ 21§d½n 2.8�

3 TD(6, g/3)"écÊ�|¥�:D� 3§é����|¥�:D� 0½ö 6§ù

�·�Ò�±��¤��.� g5m1� 4-GDD"

Ún 2.70µ� u, v ≡ 1 (mod 2)� v ≥ 5§u ≥ 4v − 7§Ké?¿ u ≡ 1 (mod 4)§

m ≡ 0 (mod 6)§0 < m ≤ (3v)(u − 1)/2§½ö u ≡ 3 (mod 4)§m ≡ 3 (mod 6)§

0 < m ≤ (3v)(u− 1)/2§.� (3v)um1� 4-GDDþ�3"

y². éu m ≤ (3u − 3)/2§d½n 2.2�3.� (3v, 3v)u � 4-DGDD§3É¥W

\.� 3um1� 4-GDDÒ��
·�¤��.� (3v)um1� 4-GDD"

éu m > (3u − 3)/2§du u ≥ 4v − 7§·�k (3u − 3)/2 + 6 ≥ 6(v − 1)"

Ïd·��±ò m�� m = s(v − 1) + t§ùp s, t ≤ (3u − 3)/2§¿�� u ≡ 1

(mod 4)� s ≡ t ≡ 0 (mod 6)§� u ≡ 3 (mod 4)� s ≡ t ≡ 3 (mod 6)"·�|^

�E 2.6(ii)±9.� 3us1 Ú 3ut1 � 4-GDDÒ�±��¤��O"��
;�ë

êþ�· §·�ùp2{ü£ãe·���EL§"·�d.� 3us1 � 4-GDD

Ñu§í���� s�|§é�e�:D� v§|^.� v4 � 4-MGDD±9.�

v3 ��©)� 3-MGDD�±����.� (3v, 3v)u � {3, 4}-DGDD§ùp���

3�«|�±y©¤ s(v − 1)�²1a"V\ s(v − 1)�:Ö�ù
²1a§3É

¥W\.� 3ut1� 4-GDDÒ�±��¤��.� (3v)u(s(v− 1) + t)1 ≡ (3v)um1�

4-GDD"
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dÚn 2.66–2.70§éu.� 21um1 � 4-GDD§·�y3�I�Ä 7 ≤ u ≤ 19

��/"

Ún 2.71µé?¿ u ≡ 1 (mod 4)§u ≥ 9±9m ≡ 0 (mod 6)§0 ≤ m ≤ (3u−3)/2¶

½ö u ≡ 3 (mod 4)§u ≥ 7±9m ≡ 3 (mod 6)§0 < m ≤ (3u−3)/2§.� 21um1

� 4-GDDþ�3"

y². d½n 2.2�3.� (21, 37)u � 4-DGDD§3É¥W\.� 3um1 � 4-GDD

Ò��
·�¤��.� 21um1� 4-GDD"

Ún 2.72µb��3�� TD(8, u)"Ké?¿ u ≡ 1 (mod 4)§u ≥ 9±9 m ≡ 0

(mod 6)§3u − 3 ≤ m ≤ (21u − 21)/2¶½ö u ≡ 3 (mod 4)§u ≥ 7 ±9 m ≡ 3

(mod 6)§3u ≤ m ≤ (21u− 21)/2§.� 21um1� 4-GDDþ�3"

y². ·�d¤�� TD(8, u)Ñu§é¤k|V\��Ã¡:∞¿í��5���

:§|^ù�í��:­#½Â|§·��±����.� 7uu1� {8, u+1}-GDD"

y3§3��� u�|¥§·��Ã¡:∞D� a§ùp a ∈ {0, 6, · · · , 3u−3
2
}£�

u ≡ 1 (mod 4)¤§½ö a ∈ {3, 9, · · · , 3u−3
2
}£� u ≡ 3 (mod 4)¤"�ù�|�e�

:D� 3½ö 9"éuù��O¥Ù¦�:D� 3"du.� 38§3791±9 3ua1�

4-GDDþ�3§A^WFC·�Ò�±��¤��.� 21um1� 4-GDD"

Ún 2.73µé?¿m ≡ 3 (mod 6)� 3 ≤ m ≤ 63§.� 217m1� 4-GDDþ�3"

y². éum ∈ {3, 9}§�Ún 2.71"

éum = 15§·�38ÜZ147∪Mþ�E¤���O"§�|´ {{0, 7, 14, · · · ,

140}+ i : 0 ≤ i ≤ 6}∪ {M}"re>¤�Ä«|¥ Z147��� +1 (mod 147)Ðm§

M ¥/X xi ∈ {x} × Z3 ����eI +1 (mod 3)Ðm"ù�Ò�±��¤��

«|8"
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217151:

+1 (mod 147); M = {a, b, c, d, e} × Z3

1 10 11 110 1 82 87 132 1 26 119 130
1 91 118 124 1 107 109 126 1 14 74 86
1 21 90 145 1 16 52 104 3 79 146 a0
1 69 122 b0 1 47 111 c0 1 35 66 d0
1 9 41 e0

éu 21 ≤ m ≤ 63§�Ún 2.72"

Ún 2.74µé?¿m ≡ 0 (mod 6)� 0 ≤ m ≤ 84§.� 219m1� 4-GDDþ�3"

y². éum ∈ {0, 6, 12}§�Ún 2.71"

éum = 18§d½n 1.3�3.� 12471� 4-GDD"í���Ø3��� 7�

|¥�:§|^ù�í��:­#½Â|�±����.� 310� {4, 7}-GDD"5

¿�ù� GDD¥=k����� 7�«|§@o�3����� 3�|Ø�Ù�

�"í�ù�|¥�¤k�:§é�e�:D� 7§|^.� 74 Ú 77 � 4-MGDD

±9.� 73��©)� 3-MGDD·��±����.� (21, 37)9� {3, 4}-DGDD§

ùp��� 3�«|�±y©¤ 18�²1a"V\ 18�:Ö�ù
²1a§3É

¥W\.� 39� 4-GDDÒ�±��¤��.� 219181� 4-GDD"

éu 24 ≤ m ≤ 84§�Ún 2.72"

Ún 2.75µé?¿ m ≡ 3 (mod 6)� 3 ≤ m ≤ 105§.� 2111m1 � 4-GDDþ�

3"

y². éum ∈ {3, 9, 15}§�Ún 2.71"éum ∈ {21, 27}§·�d��.� 31131

� 4-GDD Ñu§|^�E 2.6(ii)§�/u = 70§��W\.� 31131 ½ 31191 �

4-GDDÒ�±��¤��.� 2111m1 � 4-GDD"��§éu 33 ≤ m ≤ 105��

/§�Ún 2.72"

Ún 2.76µé?¿ m ≡ 0 (mod 6)� 0 ≤ m ≤ 126§.� 2113m1 � 4-GDDþ�

3"
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y². éu m ∈ {0, 6, 12, 18}§�Ún 2.71"éu m ∈ {24, 30}§d½n 1.3�3.

� 13671� 4-GDD"í���Ø3��� 7�|¥�:§|^ù�í��:­#½

Â|�±����.� 314 � {4, 7}-GDD"5¿�ù� GDD¥=k����� 7

�«|§@o�3����� 3�|Ø�Ù��"í�ù�|¥�¤k�:§é

�e�:D� 7§|^.� 74 Ú 77 � 4-MGDD±9.� 73 ��©)� 3-MGDD

·��±����.� (21, 37)13 � {3, 4}-DGDD§ùp��� 3�«|�±y©

¤ 18 �²1a"V\ 18 �:Ö�ù
²1a§3É¥W\.� 31361 ½ 313121

� 4-GDDÒ�±��¤�� 4-GDD"��§éu 36 ≤ m ≤ 126��¹§�Ún

2.72"

Ún 2.77µé?¿ m ≡ 3 (mod 6)� 3 ≤ m ≤ 147§.� 2115m1 � 4-GDDþ�

3"

y². éum ∈ {3, 9, 15, 21}§�Ún 2.71"

éu 27 ≤ m ≤ 147§d�� TD(6, 21) Ñu§écÊ�|¥�:D� 3§é

����|¥�:D� 0 ½ 6"A^ WFC ·��±����.� 635(m − 21)1

� 4-GDD"V\ 21�:¿3|¥W\.� 214 � 4-GDDÒ�±��¤��.�

2115m1� 4-GDD"

Ún 2.78µé?¿ m ≡ 0 (mod 6)� 0 ≤ m ≤ 168§.� 2117m1 � 4-GDDþ�

3"

y². éum ∈ {0, 6, 12, 18, 24}§�Ún 2.71"

éu m ∈ {30, 36, 42}§d½n 1.3 �3.� 14871 � 4-GDD"í���Ø3

��� 7 �|¥�:§|^ù�í��:­#½Â|�±����.� 318 �

{4, 7}-GDD"5¿�ù� GDD¥=k����� 7�«|§@o�3����

� 3�|Ø�Ù��"í�ù�|¥�¤k�:§é�e�:D� 7§·��±

����.� (21, 37)17 � {3, 4}-DGDD§ùp��� 3�«|�±y©¤ 18�²

1a"V\ 18�:Ö�ù
²1a§3É¥W\.� 317121§317181 ½ 317241 �

4-GDDÒ�±��¤��.� 2117m1� 4-GDD"��§éu 48 ≤ m ≤ 168§�Ú

n 2.72"
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Ún 2.79µé?¿ m ≡ 3 (mod 6)� 3 ≤ m ≤ 189§.� 2119m1 � 4-GDDþ�

3"

y². éum ∈ {3, 9, 15, 21, 27}§�Ún 2.71"

éu m ∈ {33, 39, 45, 51}§d½n 1.3�3.� 68151 � 4-GDD"?À���

�� 6�|¿í�Ù¥��:§|^ù�í��:­#½Â|�±����.�

31951 � {4, 6, 15}-GDD"5¿���� 5�|Ø���� 6½ 15�«|��"í

�ù�|¥�¤k�:§é�e�:D� 7§|^.� 74§76Ú 715� 4-MGDD±

9.� 73 ��©)� 3-MGDD·��±����.� (21, 37)19 � {3, 4}-DGDD§

ùp��� 3�«|�±y©¤ 30�²1a"V\ 30�:Ö�ù
²1a§2�

	V\ t�:§t ∈ {3, 9, 15, 21}§3É¥W\.� 319t1 � 4-GDDÒ�±��¤�

�.� 2119m1� 4-GDD"

éu 57 ≤ m ≤ 189§�Ún 2.72"

nÜÚn 2.66, 2.69, 2.70Ú 2.73–2.79§·�keã(Ø"

½n 2.17µé?¿ u ≡ 0 (mod 4)§m ≡ 0 (mod 3)§0 ≤ m ≤ (21u − 24)/2¶½

u ≡ 1 (mod 4)§m ≡ 0 (mod 6)§0 ≤ m ≤ (21u−21)/2¶½ u ≡ 3 (mod 4)§m ≡ 3

(mod 6)§0 < m ≤ (21u− 21)/2§.� 21um1� 4-GDDþ�3"

e¡·�5�	.� 27um1� 4-GDD��35"dÚn 2.69Ú 2.70§·�=

I�	 7 ≤ u ≤ 27��/"

Ún 2.80µé?¿m ≡ 3 (mod 6)� 0 < m ≤ 81§.� 277m1� 4-GDDþ�3"

y². éum ∈ {3, 9}§d½n 2.2�3.� (27, 39)7� 4-DGDD§3É¥W\.�

37m1� 4-GDDÒ��¤��O"

éu m ∈ {15, 21}§·�38Ü Z189 ∪M þ�E¤���O"§��|´

{{0, 7, 14, . . . , 182} + i : 0 ≤ i ≤ 6} ∪ {M}"re>¤�Ä«|¥ Z189 ��� +1

(mod 189)Ðm§M ¥/X x0 ∈ {x} × Zn ����eI +1 (mod n)Ðm"ù�

Ò��¤��«|8"
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277151:

+1 (mod 189); M = ({a} × Z9) ∪ ({b, c} × Z3)
1 185 103 23 17 78 147 146 3 77 158 127
2 116 80 159 4 49 37 89 3 146 183 89
3 177 174 126 2 120 21 32 4 6 187 45
1 21 93 166 0 13 67 96 1 180 164 a0
5 30 130 a0 6 61 44 a0 15 128 151 b0

16 78 74 c0

277211:

+1 (mod 189); M = ({a, b} × Z9) ∪ ({c} × Z3)
12 8 170 167 9 155 74 48 9 60 66 126
9 21 174 120 8 66 187 21 7 164 81 76
6 93 140 102 6 133 151 23 7 55 107 22
0 2 22 116 3 176 100 a0 9 179 76 a0

15 74 124 a0 3 128 139 b0 14 55 54 b0
15 179 133 b0 16 8 168 c0

��§éu 27 ≤ m ≤ 81§·�d�� TD(8, 9)Ñu§écÔ�|¥�:D

� 3§é����|¥�:D� 3½ 9"A^WFC·�Ò�±��.� 277m1 �

4-GDD"

Ún 2.81µé?¿m ≡ 0 (mod 6)� 0 < m ≤ 108§.� 279m1� 4-GDDþ�3"

y². ·�d�� TD(10, 9)Ñu§écÔ�|¥�:D� 3§é����|¥�:

D� 0§6½ 12"A^WFC·�Ò�±��.� 279m1� 4-GDD"

Ún 2.82µ� u ∈ {11, 13, 17, 19, 23, 25, 27}"Ké u ≡ 1 (mod 4)§m ≡ 0 (mod 6)§

0 ≤ m ≤ (27u − 27)/2§½ö u ≡ 3 (mod 4)§m ≡ 3 (mod 6)§0 < m ≤ (27u −

27)/2§.� 27um1� 4-GDD�3"

y². ·�d�� TD(10, u)Ñu§é¤k|V\��Ã¡:∞¿í��5��

�:§|^ù�í��:­#½Â|§·��±����.� 9uu1 � {10, u + 1}-

GDD"3��� u�|¥§·��Ã¡:∞D� a§ùp a ∈ {0, 6, . . . , 3u−3
2
}£�

u ≡ 1 (mod 4)�¤§½ö a ∈ {3, 9, . . . , 3u−3
2
}£� u ≡ 3 (mod 4)�¤§é�e�:
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D� 0§6½ö 12"éuù��O¥Ù¦�:D� 3"du.� 3ua1§39§3961±9

39121 � 4-GDDþ�3§A^WFC·�Ò�±��¤��.� 27um1 � 4-GDD"

Ún 2.83µé?¿ m ≡ 3 (mod 6)� 0 < m ≤ 189§.� 2715m1 � 4-GDDþ�

3"

y². éu 27 ≤ m ≤ 189§·�d�� TD(6, 9) Ñu§écÊ�|¥�:D

� 9§é����|¥�:D� 0§6§12 ½ 18"A^ WFC ·��±��.�

815(m− 27)1� 4-GDD"V\ 27�Ã¡:¿W\.� 274� 4-GDDÒ���¤�

�O"

éu 3 ≤ m ≤ 21§dÚn 2.82�3.� 2711(108 + m)1 � 4-GDD"3���

�|¥W\.� 274m1� 4-GDDÒ���¤��O"

Ún 2.84µé?¿ m ≡ 0 (mod 6)� 0 < m ≤ 270§.� 2721m1 � 4-GDDþ�

3"

y². éu 54 ≤ m ≤ 270§·�d�� TD(8, 9)Ñu§écÔ�|¥�:D� 9§

é����|¥�:D� 3, 9, . . . , 27"A^WFC·��±��.� 817(m − 27)1

� 4-GDD"V\ 27�Ã¡:¿W\.� 274 � 4-GDDÒ�±��.� 2721m1 �

4-GDD"

éu 0 ≤ m ≤ 48§dÚn 2.67�3.� 2716(135 + m)1 � 4-GDD"3���

�|¥W\.� 275m1� 4-GDD£Ún 2.69¤Ò���¤��O"

nÜÚn 2.67, 2.69, 2.70Ú 2.80–2.84§·�keã(Ø"

½n 2.18µé?¿ u ≡ 0 (mod 4)§m ≡ 0 (mod 3)§0 ≤ m ≤ (27u − 30)/2¶½

u ≡ 1 (mod 4)§m ≡ 0 (mod 6)§0 ≤ m ≤ (27u−27)/2¶½ u ≡ 3 (mod 4)§m ≡ 3

(mod 6)§0 < m ≤ (27u− 27)/2§.� 27um1� 4-GDDþ�3"

e¡·�5�	.� 33um1� 4-GDD��35"dÚn 2.69Ú 2.70§·�=

I�	 7 ≤ u ≤ 35��/"
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Ún 2.85µ� u ≥ 4"Ké?¿ u ≡ 1 (mod 4)§m ≡ 0 (mod 6) � 0 ≤ m ≤

3u − 3¶½ö u ≡ 3 (mod 4)§m ≡ 3 (mod 6)� 0 < m ≤ 3u − 6§Ø
 (u,m) ∈

{(19, 45), (19, 51), (23, 63)}	§.� 33um1� 4-GDDþ�3"

y². ·�d��.� 6491 � 4-GDD Ñu§éz�:D� u§|^.� u4 �

4-MGDD��.� (6u, 6u)4(9u, 9u)1� 4-DGDD"V\m�Ã¡:§3z�|¥W

\.� 6um1½ 9um1� 4-GDDÒ��
¤��.� 33um1� 4-GDD"

Ún 2.86µé?¿m ≡ 3 (mod 6)� 0 < m ≤ 99§.� 337m1� 4-GDDþ�3"

y². éu 33 ≤ m ≤ 99§·�d�� TD(8, 11) Ñu§écÔ�|¥�:D�

3§é����|¥�:D� 3 ½ 9"A^ WFC ·�Ò�±��.� 337m1 �

4-GDD"

éu m ∈ {3, 9, 15}§�Ún 2.85"éu m ∈ {21, 27}§·�d��.� 31131

� 4-GDDÑu§|^�E 2.6(i)§�/u = 70§��W\.� 38 ½ 3791 � 4-GDD

Ò�±��¤��.� 337m1� 4-GDD"

Ún 2.87µé?¿m ≡ 0 (mod 6)� 0 ≤ m ≤ 132§.� 339m1� 4-GDDþ�3"

y². ·�d�� TD(10, 11)Ñu§écÊ�|¥�:D� 3§é����|¥�

:D� 0§6½ 12"A^WFCÒ�±��.� 339m1� 4-GDD"

Ún 2.88µé?¿ m ≡ 3 (mod 6)� 0 < m ≤ 165§.� 3311m1 � 4-GDDþ�

3"

y². éu 3 ≤ m ≤ 27§�Ún 2.85"éu 33 ≤ m ≤ 165§d�� TD(12, 11)Ñ

u§éc���|¥�:D� 3§é����|¥�:D� 3§9½ 15"A^WFC

·�Ò�±��.� 3311m1� 4-GDD"

Ún 2.89µb��3�� TD(12, u)"Ké?¿ u ≡ 1 (mod 4)§m ≡ 0 (mod 6)§

3u − 3 ≤ m ≤ (33u − 33)/2¶½ö u ≡ 3 (mod 4)§m ≡ 3 (mod 6)§3u ≤ m ≤

(33u− 33)/2§.� 33um1� 4-GDDþ�3"
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y². ·�d¤�� TD(12, u) Ñu§é¤k|V\��Ã¡: ∞ ¿í��5

���:§|^ù�í��:­#½Â|§·��±����.� 11uu1 �

{12, u + 1}-GDD"y3§3��� u �|¥§·��Ã¡: ∞ D� a§ùp

a ∈ {0, 6, . . . , 3u−3
2
}£� u ≡ 1 (mod 4)¤§½ö a ∈ {3, 9, . . . , 3u−3

2
}£� u ≡ 3

(mod 4)¤"éù�|¥�e�:D� 3§9½ö 15"éù��OÙ¦�:D� 3"

du.� 312§31191§311151±9 3ua1� 4-GDDþ�3§A^WFC·�Ò�±�

�¤��.� 33um1� 4-GDD"

Ún 2.90µ� u ∈ {13, 17, 19, 23, 25, 27, 29, 31}"Kéu u ≡ 1 (mod 4)§m ≡ 0

(mod 6)§0 ≤ m ≤ (33u− 33)/2¶½ö u ≡ 3 (mod 4)§m ≡ 3 (mod 6)§0 < m ≤

(33u− 33)/2§.� 33um1� 4-GDD�3"

y². éu u ≡ 1 (mod 4)� m ≥ 3u − 3§½ö u ≡ 3 (mod 4)� m ≥ 3u§du

u ∈ {13, 17, 19, 23, 25, 27, 29, 31}§TD(12, u)�3§A^Ún 2.89§Ò���¤��

O"éu u ≡ 1 (mod 4)� m < 3u − 3§½ö u ≡ 3 (mod 4)� m < 3u§�âÚ

n 2.85§Ø
 (u,m) ∈ {(19, 45), (19, 51), (23, 63)}�	§.� 33um1 � 4-GDDÑ

�3"

éu u = 19� m = 45, 51§d½n 1.3�3.� 148131 � 4-GDD"í���

Ø3��� 13�|¥�:§|^ù�í��:­#½Â|�±����.� 320

� {4, 13}-GDD"5¿�ù� GDD¥=k����� 13�«|§@o�3���

�� 3�|Ø�Ù��"í�ù�|¥�¤k�:§é�e�:D� 11§|^.

� 114 Ú 1113 � 4-MGDD±9.� 113 ��©)� 4-MGDD§·��±����

.� (33, 311)19� {3, 4}-DGDD§ùp��� 3�«|�±y©¤ 30�²1a"V

\ 30�:Ö�ù
²1a§3É¥W\.� 319151½ 319211� 4-GDDÒ�±��

¤��O"

éu u = 23� m = 63§d½n 1.3�3.� 160131 � 4-GDD"í���Ø

3��� 13�|¥�:§|^ù�í��:­#½Â|�±����.� 324 �

{4, 13}-GDD"í���|¿é�e�:D� 11§·��±����.� (33, 311)23

� {3, 4}-DGDD§ùp��� 3�«|�±y©¤ 30�²1a"V\ 30�:Ö�

ù
²1a§3É¥W\.� 323331� 4-GDDÒ�±��¤��O"
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Ún 2.91µé?¿ m ≡ 3 (mod 6)� 0 < m ≤ 231§.� 3315m1 � 4-GDDþ�

3"

y². é?¿ 33 ≤ m ≤ 231§d�� TD(6, 11) Ñu§écÊ�|¥�:D�

3§é����|¥�:D� 0§6§12 ½ 18"A^ WFC ·�Ò�±��.�

995(m − 33)1 � 4-GDD"V\ 33�:¿W\.� 334 � 4-GDDÒ���¤��

O"

éum ≤ 27��/§�Ún 2.85"

Ún 2.92µ� u ∈ {21, 33}"Ké?¿m ≡ 0 (mod 6)� 0 ≤ m ≤ (33u− 33)/2§.

� 33um1� 4-GDDþ�3"

y². éu m ≤ 60��/§�Ún 2.85"éu 66 ≤ m ≤ (33u − 33)/2§·�d

�� TD(u/3 + 1, 11)Ñu§éc u/3�|�:D� 9§é����|¥�:D�

3, 9, . . . , (3u − 9)/2"A^WFC·��±����.� 99u/3(m − 33)1 � 4-GDD"

V\ 33�:¿W\.� 334� 4-GDDÒ���¤��O"

Ún 2.93µé?¿ m ≡ 3 (mod 6)� 0 < m ≤ 561§.� 3335m1 � 4-GDDþ�

3"

y². ·�rm��m = s+ t§ùp s ≡ 3 (mod 6)� 0 < s ≤ 99§t ≡ 0 (mod 6)

� 0 ≤ t ≤ 462"·�d�� TD(6, 11)Ñu§écÊ�|¥�:D� 21§é���

�|¥�:D� 0, 6, . . . , 42"d½n 2.17.� 215(6i)1� 4-GDD�3§A^WFC

·���
��.� 2315t1� 4-GDD"V\ s�:¿W\.� 337s1� 4-GDD£Ú

n 2.86¤Ò���¤��.� 3335(s+ t)1 ≡ 3335m1� 4-GDD"

nÜÚn 2.68, 2.69, 2.70Ú 2.86–2.93§·�keã(Ø"

½n 2.19µé?¿ u ≡ 0 (mod 4)§m ≡ 0 (mod 3)§0 ≤ m ≤ (33u − 36)/2¶½

u ≡ 1 (mod 4)§m ≡ 0 (mod 6)§0 ≤ m ≤ (33u−33)/2¶½ u ≡ 3 (mod 4)§m ≡ 3

(mod 6)§0 < m ≤ (33u− 33)/2§.� 33um1� 4-GDDþ�3"
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2.4.3 ��� g ≡ 3 (mod 6)��/

3��!¥·�òé��� g ≡ 3 (mod 6) ��/?1?Ø"5¿� g ∈

{3, 9, 15, 21, 27, 33}��¹®3½n 1.3Ú 2.16–2.19¥��)û"Ïd3e¡�y

²¥evkäN�² g���·�þ%@ g ≥ 39"

e¡�ü�Ún3�¡�y²¥ò¬²~^�"

Ún 2.94µ� g ≡ 9 (mod 18)� g ≥ 45"e�3 TD(g/9 + 1, u)§Ké?¿ u ≡ 1

(mod 4)§m ≡ 0 (mod 6)§0 ≤ m ≤ (gu − g)/2¶½ö u ≡ 3 (mod 4)§m ≡ 3

(mod 6)§0 < m ≤ (gu− g)/2§.� gum1� 4-GDDþ�3"

y². éum ≤ (9u− 9)/2§d½n 2.2�3.� (g, 9g/9)u� 4-DGDD"V\m�

:¿3É¥W\.� 9um1� 4-GDDÒ��¤��O"

éu m > (9u− 9)/2§d�� TD(g/9 + 1, u)Ñu§é¤k|V\��Ã¡:

∞¿í��5���:§|^ù�í��:­#½Â|§·��±����.�

(g/9)uu1� {g/9 + 1, u+ 1}-GDD"ùp�5¿�´z���� u+ 1�«|Ñ��

�� u�|��uÃ¡:∞§z���� g/9+1�«|�Ñ���� u�|��§

�Ø�uÃ¡:∞"y3§3��� u�|¥§·��Ã¡:∞D� a§ùp

a ∈ {0, 6, . . . , (9u− 9)/2} £� u ≡ 1 (mod 4)�¤§½ö a ∈ {3, 9, . . . , (9u− 9)/2}

£� u ≡ 3 (mod 4)�¤§é�e�:D� 0, 6, . . . , (g − 9)/2£� g/9 ≡ 1 (mod 4)

�¤§½ö 3, 9, . . . , (g − 9)/2£� g/9 ≡ 3 (mod 4)�¤"éuù��O¥Ù¦�:

D� 9"�â½n 2.16ùpI��Ñ\�Oþ�3§A^WFC·�Ò�±��¤

��.� gum1� 4-GDD"

Ún 2.95µ� g ≡ 3 (mod 6)� g ≥ 15§u ≡ 0, 1, 3 (mod 4)§v ≡ 1 (mod 2)"e

é?ÛNN� mu,mv§.� gum1
u Ú gvm1

v � 4-GDD þ�3§Ké?¿ u ≡ 0

(mod 4)§m ≡ 0 (mod 3)§0 ≤ m ≤ (gv(u − 1) − 3)/2¶½ö u ≡ 1 (mod 4)§

m ≡ 0 (mod 6)§0 ≤ m ≤ gv(u − 1)/2¶½ö u ≡ 3 (mod 4)§m ≡ 3 (mod 6)§

0 < m ≤ gv(u− 1)/2§.� (gv)um1� 4-GDD�3"

y². éu u ≡ 0 (mod 4)§m ≤ (g(u − 1) − 3)/2��/§½ö u ≡ 1, 3 (mod 4)§
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m ≤ (gu− g)/2��/§d½n 2.2�3.� (gv, gv)u� 4-DGDD"V\m�:¿

W\.� gum1� 4-GDDÒ���¤��O"

éu u ≡ 0 (mod 4)§m > (g(u − 1) − 3)/2 §½ö u ≡ 1, 3 (mod 4)§m >

(gu − g)/2§du g ≥ 15§·�7,k (gu − g)/2 ≥ 6(u − 1)"Ïd·��±ò m

��m = (u− 1)s+ t§ùp

(i) � u ≡ 0 (mod 4)�§t ≤ (g(u− 1)− 3)/2§t ≡ 0 (mod 3)§

(ii) � u ≡ 1 (mod 4)�§t ≤ (gu− g)/2§t ≡ 0 (mod 6)§

(iii) � u ≡ 3 (mod 4)�§t ≤ (gu− g)/2§t ≡ 3 (mod 6)§

¿�

(1) � v ≡ 1 (mod 4)�§s ≤ (gv − g)/2§s ≡ 0 (mod 6)§

(2) � v ≡ 3 (mod 4)�§s ≤ (gv − g)/2, s ≡ 3 (mod 6)"

y3·�d��.� gvs1� 4-GDDÑu§A^�E 2.6(i)§W\.� gut1� 4-GDD

Ò���¤��.� (gv)u((u− 1)s+ t)1 ≡ (gv)um1� 4-GDD"

y3·�5?n 7 ≤ u ≤ 15��/§5¿ u = 5��/®3Ún 2.69¥)û"

Ún 2.96µ� g ≡ 3 (mod 6)"Ké?¿m ≡ 3 (mod 6)� g ≤ m ≤ 3g§.� g7m1

� 4-GDD þ�3"?�Ú/§e g ´ 15, 21, 27 ½ 33 ��ê§Ké?¿ m ≡ 3

(mod 6)� 0 ≤ m ≤ 3g§.� g7m1� 4-GDD�3"

y². P g = 3s§s ≡ 1 (mod 2)� s ≥ 13"·�5�	e¡ü«�¹µ

(i) e�3 q ∈ {5, 7, 9, 11}§q�Ø sµ� p´÷v^����� q"·�k5�	

s = 3p��/"éu s ∈ {15, 21}§TD(s/3 + 1, 7)�3§A^Ún 2.94Ò�

��¤��O"éu s ∈ {27, 33}� m ≤ 27§d½n 2.2�3.� (3s, 9s/3)7

� 4-DGDD"V\m�:¿W\.� 97m1� 4-GDDÒ���¤��O"é

u s ∈ {27, 33}� m ≥ 33§·�d�� TD(8, s/3)Ñu§écÔ�|¥�:

D� 9§é����|¥�:D� 3, 9, . . . , 27§A^WFCÒ���¤��O"
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y3�	 s ≥ 5p��/"A^Ún 2.95§�/g = 3p, v = s/p, u = 70Ò��

�¤��.� (3s)7m1 � 4-GDD§0 < m ≤ 9s¶ùpI��Ñ\�O5gu

½n 1.3Ú 2.16–2.19"

(ii) eé?¿ q ∈ {5, 7, 9, 11}§q þØU�Ø sµ� 3 | s�§�3 TD(8, s/3)"é

cÔ�|¥�:D� 9§é����|¥�:D� 3, 9, . . . , 27§A^ WFC

Ò���¤��.� (3s)7m1 � 4-GDD§s ≤ m ≤ 9s"� 3 - s �§�3

TD(8, s)"écÔ�|¥�:D� 3§é����|¥�:D� 3½ 9§A^

WFCÒ���¤��.� (3s)7m1� 4-GDD§3s ≤ m ≤ 9s"

Ún 2.97µ� g ≡ 3 (mod 6)"Ké?¿ m ≡ 0 (mod 3) � 0 ≤ m ≤ 3g§.�

g8m1� 4-GDDþ�3"?�Ú/§e g´ 9, 15, 21½ 33��ê§Ké?¿m ≡ 0

(mod 3)� 0 ≤ m ≤ (7g − 3)/2§.� g8m1� 4-GDD�3"

y². P g = 3s§s ≡ 1 (mod 2)� s ≥ 13"·�5�	e¡n«�¹µ

(i) e 3�Ø sµ©z [88]¥�½n 3.1®)ûù��¹"

(ii) e�3 q ∈ {5, 7, 11}§q �Ø sµ� p ´÷v^����� q"s = 3p ��

/®�¹3 3 | s��/¥"éu s ≥ 5p§A^Ún 2.95§�/g = 3p, v =

s/p, u = 80Ò���¤��.� (3s)8m1 � 4-GDD§0 ≤ m ≤ (21s − 3)/2¶

ùpI��Ñ\�O5gu½n 1.3Ú 2.17–2.19"

(iii) eé?¿ q ∈ {3, 5, 7, 11}§q þØU�Ø sµ�3 TD(9, s)"écl�|¥�

:D� 3§é����|¥�:D� 0, 3, 6½ 9§A^WFCÒ���¤��

.� (3s)8m1� 4-GDD§0 ≤ m ≤ 9s"

Ún 2.98µ� g ≡ 3 (mod 6)"Ké?¿m ≡ 0 (mod 6)� 0 ≤ m ≤ 4g§.� g9m1

� 4-GDDþ�3"

y². P g = 3s§s ≡ 1 (mod 2)� s ≥ 13"·�5�	e¡ü«�¹µ
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(i) e�3 q ∈ {5, 7, 9}§q �Ø sµ� p ´÷v^����� q"éu s = 3p§

TD(p+ 1, 9)�3§A^Ún 2.94Ò���¤��O"éu s ≥ 5p§A^Ún

2.95§�/g = 3p, v = s/p, u = 90Ò���¤��O"

(ii) eé?¿ q ∈ {5, 7, 9}§qþØU�Ø sµ� 3 | s�§�3 TD(10, s/3)"éc

Ê�|¥�:D� 9§é����|¥�:D� 0, 6, . . . , 36§A^ WFCÒ

���¤�� 4-GDD"� 3 - s�§�3 TD(10, s)"écÊ�|¥�:D�

3§é����|¥�:D� 0§6 ½ 12§A^ WFC Ò���¤��.�

(3s)9m1� 4-GDD"

Ún 2.99µ� g ≡ 3 (mod 6)"Ké?¿ m ≡ 3 (mod 6) � g ≤ m ≤ 5g§.�

g11m1 � 4-GDD þ�3"?�Ú/§e g ´ 15, 21, 27 ½ 33 ��ê§Ké?¿

m ≡ 3 (mod 6)� 0 < m ≤ 5g§.� g11m1� 4-GDD�3"

y². P g = 3s§s ≡ 1 (mod 2)� s ≥ 13"·�5�	e¡ü«�¹µ

(i) e�3 q ∈ {5, 7, 9, 11}§q �Ø sµ� p´÷v^����� q"·�k5�

	 s = 3p��/"éu s = 3p§TD(p+ 1, 11)�3§A^Ún 2.94Ò���

¤��O"éu s ≥ 5p§A^Ún 2.95§�/g = 3p, v = s/p, u = 110Ò�

��¤��.� (3s)11m1� 4-GDD§0 < m ≤ 15s"

(ii) eé?¿ q ∈ {5, 7, 9, 11}§qþØU�Ø sµ� 3 | s�§�3 TD(12, s/3)"é

c���|¥�:D� 9§é����|¥�:D� 3, 9, . . . , 45§A^WFC

Ò���¤��.� (3s)11m1 � 4-GDD§s ≤ m ≤ 15s"� 3 - s�§�3

TD(12, s)"éc���|¥�:D� 3§é����|¥�:D� 3§9½

15§A^WFCÒ���¤��.� (3s)11m1� 4-GDD§3s ≤ m ≤ 15s"

Ún 2.100µ� g ≡ 3 (mod 6)"Ké?¿ m ≡ 0 (mod 3)� 0 ≤ m ≤ (11g − 3)/2§

.� g12m1� 4-GDDþ�3"
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y². éu g ≤ m ≤ (11g − 3)/2§�½n 1.4(iii)"éu 0 ≤ m < g§P g = 3s§

s ≡ 1 (mod 2)� s ≥ 13"·�5�	e¡n«�¹µ

(i) e 3�Ø sµ·�d��.� 312 � 4-RGDDÑu£½n 1.8¤§V\n�Ã

¡:�Ö�n�²1a�±����.� 313 � {4, 5}-GDD"éz�Ã¡:

D� 0, 3, . . . , s§éÙ¦:D� s§5¿�éu?¿ i ∈ {0, 1, 2, . . . , s
3
}§.�

s4(3i)1� 4-GDDþ�3£½n 1.4(iii)¤§A^WFC·�Ò��
¤��.�

(3s)12m1� 4-GDD"

(ii) e�3 q ∈ {5, 7, 11}§q �Ø sµ� p ´÷v^����� q"s = 3p ��

/®�¹3 3 | s��/¥"éu s ≥ 5p§A^Ún 2.95§�/g = 3p, v =

s/p, u = 120Ò���¤��.� (3s)12m1� 4-GDD"

(iii) eé?¿ q ∈ {3, 5, 7, 11}§qþØU�Ø sµ�3 TD(13, s)"éc���|¥

�:D� 3§é����|¥�:D� 0½ 3§A^ WFCÒ���¤��

4-GDD"

nÜ½n 1.4(iii), 1.5(ii)§±9Ún 2.97, 2.100§·�keã(Ø"

Ún 2.101µ� g ≡ 3 (mod 6)§u ≡ 0 (mod 4)"Ké?¿ m ≡ 0 (mod 3)§0 ≤

m ≤ (g(u− 1)− 3)/2§Ø
 u = 8� 3g < m < (7g− 3)/2	§.� gum1� 4-GDD

þ�3"?�Ú/§e g ´ 9, 15, 21 ½ 33 ��ê§Ké?¿ m ≡ 0 (mod 3) �

0 ≤ m ≤ (7g − 3)/2§.� g8m1� 4-GDD�3"

Ún 2.102µ� g ≡ 3 (mod 6)"Ké?¿ m ≡ 0 (mod 6) � 0 ≤ m ≤ 6g§.�

g13m1� 4-GDDþ�3"

y². P g = 3s§s ≡ 1 (mod 2)� s ≥ 13"·�5�	e¡ü«�¹µ

(i) e�3 q ∈ {5, 7, 9, 11}§q�Ø sµ� p´÷v^����� q"éu s = 3p§

TD(p + 1, 13)�3§A^Ún 2.94Ò���¤��O"éu s ≥ 5p§A^Ú

n 2.95§�/g = 3p, v = s/p, u = 130Ò���¤��O"
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(ii) eé?¿ q ∈ {5, 7, 9, 11}§qþØU�Ø sµ� 3 | s�§�3 TD(14, s/3)"é

c�n�|¥�:D� 9§é����|¥�:D� 0, 6, . . . , 54§A^WFC

Ò���¤�� 4-GDD"� 3 - s�§�3 TD(14, s)"éc�n�|¥�:D

� 3§é����|¥�:D� 0§6§12½ 18§A^WFCÒ���¤��

.� (3s)13m1� 4-GDD"

Ún 2.103µ� g ≡ 3 (mod 6)"Ké?¿ m ≡ 3 (mod 6) � 0 < m ≤ 7g§.�

g15m1� 4-GDDþ�3"

y². éu g ≤ m ≤ 7g§dÚn 2.69�3.� (3g)5(m− g)1� 4-GDD"V\ g�

Ã¡:¿3|¥W\.� g4 � 4-GDDÒ���¤��O"éu 0 < m < g§dÚ

n 2.99�3.� g11(4g+m)1� 4-GDD"3����|¥W\.� g4m1� 4-GDD

Ò���¤��.� g15m1� 4-GDD"

e¡·�|^ IGDD48/�E.� gum1� 4-GDD"

Ún 2.104µ� g ≡ 3 (mod 6)� t ≥ 6"eé?¿ 2 ≤ a ≤ t§a 6∈ {3, 5}§é¤k�

U�ma§.� g2a+1m1
a� 4-GDDþ�3"Ké?¿ u ∈ {10t+1}∪ [10t+5, 12t+1]§

±9 m ≡ 0 (mod 6)§0 ≤ m ≤ (gu − g)/2 £� u ≡ 1 (mod 4)�¤§½ö m ≡ 3

(mod 6)§3 ≤ m ≤ (gu − g)/2£� u ≡ 3 (mod 4)�¤§.� gum1 � 4-GDDþ�

3"

y². du g ≥ 39� t ≥ 6§d½n 2.8�3 TD(6, tg/3)"·�dù� TDÑu§

r§���|�� ag/3 �:§0 ≤ a ≤ t � a 6= 1§ù�·�Ò��
��.

� (tg/3)5(ag/3)1� {5, 6}-GDD"r½n 2.1A^�ù� {5, 6}-GDD����.�

(
∏5

i=1(2tg + 3ni, 3ni)
1)(2ag + 3n6, 3n6)

1 4-IGDD§Ù¥

(i) é?¿ i = 1, 2, . . . , 5§� 2t + 1 ≡ 1 (mod 4)�§ni ≡ 0 (mod 2)§0 ≤ ni ≤

tg/3¶� 2t+ 1 ≡ 3 (mod 4)�§ni ≡ 1 (mod 2)§1 ≤ ni ≤ tg/3§

(ii) éu i = 6§� 2a + 1 ≡ 1 (mod 4)�§n6 ≡ 0 (mod 2)§0 ≤ n6 ≤ ag/3¶�
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2a + 1 ≡ 3 (mod 4)� 2a + 1 6∈ {7, 11}�§n6 ≡ 1 (mod 2)§1 ≤ n6 ≤ ag/3¶

� 2a+ 1 ∈ {7, 11}�§n6 ≡ 1 (mod 2)� g/3 ≤ n6 ≤ ag/3"

�â�Ún�b�±9Ún 2.96, 2.99§.� g2t+1(3ni)
1Ú g2a+1(3n6)

1� 4-GDD�

3"V\ g�Ã¡:§3z�|¥W\.� g2t+1(3ni)
1½ö g2a+1(3n6)

1£e a 6= 0¤

� 4-GDD§·�Ò��
¤��.� g10t+2a+1(
∑6

i=1 3ni)
1 ≡ gum1 � 4-GDD§ù

p u = 10t + 2a + 1 ∈ {10t + 1} ∪ [10t + 5, 12t + 1]§¿�� u ≡ 1 (mod 4) �§

g + 15 ≤ m ≤ (gu− g)/2§� u ≡ 3 (mod 4)�§g ≤ m ≤ (gu− g)/2"

��§éu u ≡ 1 (mod 4)� 0 ≤ m < g+15§du t ≥ 6§·�7,k u ≥ 61"

dÚn 2.101�3.� gu−5(5g+m)1� 4-GDD§3����|¥W\.� g5m1�

4-GDD£Ún 2.69¤Ò��¤���O"éu u ≡ 3 (mod 4)� 0 < m < g§du

t ≥ 6§·�7,k u ≥ 67"dÚn 2.101�3.� gu−15(15g + m)1 � 4-GDD§3

����|¥W\.� g15m1� 4-GDD£Ún 2.103¤Ò���¤���O"

5e 10(t + 1) + 5 ≤ 12t + 1 + 2§Kk t ≥ 6§ù�Ún 2.104�cJ^���§

d� u ≥ 65"ù�§XJé¤k 17 ≤ u ≤ 63±9¤k�U� m§.� gum1 �

4-GDDþU�EÑ5�{§·�B�±|^Ún 2.104�48�E¤k u ≥ 65�

.� gum1� 4-GDD"

�
?n u ∈ {17, 19}��/§·��/Ï�.� 39um1 ±9 51um1 4-GDD§

�e5·�k5�E§�"

Ún 2.105µ� u ∈ {13, 17, 19, 23, 25, 27, 29, 31, 37, 41, 43}"Ké u ≡ 1 (mod 4)§

m ≡ 0 (mod 6)§0 ≤ m ≤ (39u − 39)/2¶½ö u ≡ 3 (mod 4)§m ≡ 3 (mod 6)§

0 < m ≤ (39u− 39)/2§.� 39um1� 4-GDDþ�3"

y². du u ∈ {13, 17, 19, 23, 25, 27, 29, 31, 37, 41, 43}§�3 TD(14, u)"é¤k|V

\��Ã¡:∞¿í��5���:§|^ù�í��:­#½Â|§·��±

����.� 13uu1� {14, u+ 1}-GDD"y3§3��� u�|¥§·��Ã¡:

∞D� a§ùp a ∈ {0, 6, . . . , 3u−3
2
}£� u ≡ 1 (mod 4)¤§½ö a ∈ {3, 9, . . . , 3u−3

2
}

£� u ≡ 3 (mod 4)¤"éù�|�e�:D� 0§6§12½ö 18"éuù��O¥Ù
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¦�:D� 3"du.� 3ua1±9 313(6i)1� 4-GDDþ�3§i ∈ {0, 1, 2, 3}§A^

WFC·�Ò�±��¤��.� 39um1� 4-GDD"

Ún 2.106µ� u ≡ 1 (mod 2) � u ≥ 13"Ké?¿ u ≡ 1 (mod 4)§m ≡ 0

(mod 6)§0 ≤ m ≤ (39u− 39)/2¶½ö u ≡ 3 (mod 4)§m ≡ 3 (mod 6)§0 < m ≤

(39u− 39)/2§.� 39um1� 4-GDDþ�3"

y². nÜÚn 2.70, 2.103Ú 2.105§·�=I�	 u ∈ {21, 33, 35, 39}��/"

éu u ∈ {21, 33}� 0 ≤ m ≤ 78§dÚn 2.101�3.� 39u−5(195 + m)1 �

4-GDD§3����|¥W\.� 395m1 � 4-GDD£Ún 2.69¤Ò��¤���

O"éu u ∈ {21, 33}�m > 78§d�� TD(u/3 + 1, 13)Ñu§éc u/3�|¥�

:D� 9§é����|¥�:D� 3, 9, . . . , (3u− 9)/2§A^WFC�����.

� 117u/3(m − 39)1 � 4-GDD"V\ 39�Ã¡:¿W\.� 394 � 4-GDDÒ��

�¤��O"

éu u = 35� 0 < m ≤ 39§dÚn 2.105�3.� 3931(156 +m)1� 4-GDD§

3����|¥W\.� 394m1� 4-GDDÒ��¤���O"éum > 39§dÚ

n 2.69§é?¿ s ≡ 0 (mod 6)� 0 ≤ s ≤ 546�3.� 2735s1 � 4-GDD§V\ t

�Ã¡:§t ≡ 3 (mod 6)§39 ≤ t ≤ 117§W\.� 397t1 � 4-GDDÒ���.�

3935(s+ t)1 ≡ 3935m1� 4-GDD"

é u = 39� 0 < m ≤ 39§dþ¡�E�.� 3935(156 + m)1 � 4-GDDÑu§

W\.� 394m1 � 4-GDDÒ��¤���O"éu m > 39§dÚn 2.102�3.

� 11713(m− 39)1� 4-GDD§V\ 39�Ã¡:¿W\.� 394� 4-GDDÒ��¤

���O"

Ún 2.107µ� u ∈ {17, 19, 23, 25, 27, 29, 31, 37, 41, 43, 47, 49, 53, 59}"Ké u ≡ 1

(mod 4)§m ≡ 0 (mod 6)§0 ≤ m ≤ (51u − 51)/2¶½ö u ≡ 3 (mod 4)§m ≡ 3

(mod 6)§0 < m ≤ (51u− 51)/2§.� 51um1� 4-GDD�3"

y². du u ∈ {17, 19, 23, 25, 27, 29, 31, 37, 41, 43, 47, 49, 53, 59}§�3 TD(18, u)"

é¤k|V\��Ã¡:∞¿í��5���:§|^ù�í��:­#½Â

|§·��±����.� 17uu1 � {18, u + 1}-GDD"y3§3��� u �|
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¥§·��Ã¡:∞D� a§ùp a ∈ {0, 6, . . . , 3u−3
2
}£� u ≡ 1 (mod 4)¤§½

ö a ∈ {3, 9, . . . , 3u−3
2
}£� u ≡ 3 (mod 4)¤"éù�|�e�:D� 0, 6, . . . , 24"

éuù��O¥Ù¦�:D� 3"du.� 3ua1 ±9 317(6i)1 � 4-GDDþ�3§

i ∈ {0, 1, 2, 3, 4}§A^WFC·�Ò�±��¤��.� 51um1� 4-GDD"

Ún 2.108µ� u ≡ 1 (mod 2) � u ≥ 17"Ké?¿ u ≡ 1 (mod 4)§m ≡ 0

(mod 6)§0 ≤ m ≤ (51u− 51)/2¶½ö u ≡ 3 (mod 4)§m ≡ 3 (mod 6)§0 < m ≤

(51u− 51)/2§.� 51um1� 4-GDDþ�3"

y². nÜÚn 2.70Ú 2.107§·�=I�	 u ∈ {21, 33, 35, 39, 45, 51, 55, 57}��

/"

éu u ∈ {21, 33, 45}� 0 ≤ m ≤ 102§dÚn 2.101�3.� 51u−5(255 + m)1

� 4-GDD§3����|¥W\.� 515m1 � 4-GDD£Ún 2.69¤Ò��¤�

��O"éu m > 102§d�� TD(u/3 + 1, 17) Ñu§éc u/3 �|¥�:D

� 9§é����|¥�:D� 3, 9, . . . , (3u − 9)/2§A^ WFC�����.�

153u/3(m− 51)1� 4-GDD"V\ 51�Ã¡:¿W\.� 514� 4-GDDÒ���¤

��O"

éu u ∈ {35, 55} � 0 < m ≤ 51§dÚn 2.107 �3.� 51u−8(408 + m)1

� 4-GDD§3����|¥W\.� 518m1 � 4-GDD Ò��¤���O"é

u m > 51§dÚn 2.69§é?¿ s ≡ 0 (mod 6) � 0 ≤ s ≤ 102u/5 �3.�

(51u/5)5s1� 4-GDD§V\ t�Ã¡:§t ≡ 3 (mod 6)§51 ≤ t ≤ 51(u− 5)/10§W

\.� 51u/5t1� 4-GDDÒ���.� 51u(s+ t)1 ≡ 51um1� 4-GDD"

é u = 39� 0 < m ≤ 51§dþ¡�E�.� 5135(204 + m)1 � 4-GDDÑu§

W\.� 514m1 � 4-GDDÒ���¤���O"éu m > 51§dÚn 2.102�3

.� 15313(m− 51)1� 4-GDD§V\ 51�Ã¡:¿W¿|Ò���¤���O"

éu u = 51� 0 < m ≤ 51§½ö u = 57� 0 ≤ m ≤ 48§dÚn 2.107�3.

� 51u−4(204 +m)1� 4-GDD§3����|¥W\.� 514m1� 4-GDD=�"é

u u = 51�m > 51§½ u = 57�m > 48§dÚn 2.94�3.� 153u/3(m− 51)1

� 4-GDD§V\ 51�Ã¡:¿W¿|Ò���¤���O"
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Ún 2.109µ� g ≡ 3 (mod 6)"Ké?¿ m ≡ 0 (mod 6) � 0 ≤ m ≤ 8g§.�

g17m1� 4-GDDþ�3"

y². P g = 3s§s ≡ 1 (mod 2)� s ≥ 13"·�5�	e¡ü«�¹µ

(i) e�3 q ∈ {5, 7, 9, 11, 13}§q �Ø sµéu s = q = 13§�Ún 2.106"é

u s = 3q§TD(q + 1, 17) �3§A^Ún 2.94 Ò���¤��O"éu

s ≥ 5q§� p´÷v^����� q"·�7,k s ≥ p2"A^Ún 2.95§�

/g = 3p, v = s/p, u = 170Ò���¤��.� (3s)17m1 � 4-GDD¶ùpI

��Ñ\�O5gu½n 1.3Ú 2.16–2.19±9Ún 2.106"

(ii) eé?¿ q ∈ {5, 7, 9, 11, 13}§qþØU�Ø sµ� 3 | s�§�3 TD(18, s/3)"

éc�Ô�|¥�:D� 9§é����|¥�:D� 0, 6, . . . , 72§A^

WFCÒ���¤��O"� 3 - s�§�3 TD(18, s)"éc�Ô�|¥�:

D� 3§é����|¥�:D� 0, 6, . . . , 24§A^WFCÒ���¤��.

� (3s)17m1� 4-GDD"

Ún 2.110µ� g ≡ 3 (mod 6)"Ké?¿ m ≡ 3 (mod 6) � 0 < m ≤ 9g§.�

g19m1� 4-GDDþ�3"

y². P g = 3s§s ≡ 1 (mod 2)� s ≥ 13"·�5�	e¡ü«�¹µ

(i) e�3 q ∈ {5, 7, 9, 11, 13, 17}§q�Ø sµéu s = q ∈ {13, 17}§�Ún 2.106

Ú 2.108"éu s = 3q§TD(q + 1, 19)�3§A^Ún 2.94Ò���¤��

O"éu s ≥ 5q§� p ´÷v^����� q§K7k s ≥ p2"A^Ún

2.95§�/g = 3p, v = s/p, u = 190Ò���¤��.� (3s)19m1� 4-GDD¶

ùpI��.� 51vm1
v � 4-GDD5guÚn 2.108"

(ii) eé?¿ q ∈ {5, 7, 9, 11, 13, 17}§qþØU�Ø sµéu 0 < m ≤ 3s§dÚn

2.103�3.� (3s)15(12s+m)1� 4-GDD§3����|¥W\.� (3s)4m1

� 4-GDD Ò���¤��O"éu m > 3s§� 3 | s �§ò WFC A^u

TD(20, s/3)=�¶� 3 - s�§òWFCA^u TD(20, s)Ò���¤��O"
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Ún 2.111µ� g ≡ 3 (mod 6) � u ∈ {21, 33}"Ké?¿ m ≡ 0 (mod 6) � 0 ≤

m ≤ (gu− g)/2§.� gum1� 4-GDDþ�3"

y². ·�Äk�	 u = 21��/"éu 0 ≤ m ≤ 4g§·�d�� TD(6, 5)Ñu§

éco�|¥�:D� g§é1Ê�|¥���:D� g§�eo�:D� 0§é

����|¥�:D� 0, 6, . . . , g − 3"dué?¿ i ∈ {0, 1, . . . , (g − 3)/6}§.�

g4(6i)1 ±9 g5(6i)1 � 4-GDDþ�3§·���
��.� (5g)4g1m1 � 4-GDD"

W¿��� 5g �|Ò��
¤���O"éu 4g < m ≤ 10g§dÚn 2.96�3

.� (3g)7(m − g)1 � 4-GDD§V\ g �Ã¡:¿W¿|Ò���.� g21m1 �

4-GDD"

éu u = 33��/§�EL§aq"éu 0 ≤ m ≤ 4g§d�� TD(6, 8)Ñ

u�±��.� (8g)4g1m1 � 4-GDD"W¿��� 8g Ò��
¤���O"éu

4g < m ≤ 16g§dÚn 2.99�3.� (3g)11(m− g)1� 4-GDD§V\ g�Ã¡:¿

W¿|Ò���.� g33m1� 4-GDD"

Ún 2.112µ� g ≡ 3 (mod 6)"Ké?¿ m ≡ 3 (mod 6)� 0 < m ≤ 11g§.�

g23m1� 4-GDDþ�3"

y². éu 0 < m ≤ g§dÚn 2.110 �3.� g19(4g + m)1 � 4-GDD§3�

���|¥W\.� g4m1 � 4-GDD Ò���¤��O"éu m > g§d�

� TD(6, 2g/3) Ñu§r§���|�� g/3 �:§ù�·�Ò��
��.

� (2g/3)5(g/3)1 � {5, 6}-GDD"r½n 2.1 A^�ù� {5, 6}-GDD ����.

� (
∏5

i=1(4g + 3ni, 3ni)
1)(3g, g)1-IGDD§ùp ni ≡ 0 (mod 2) � 0 ≤ ni ≤ 2g/3§

i = 1, 2, . . . , 5"V\ g�Ã¡:§3z�|¥W\.� g5(3ni)
1½ g4� 4-GDD§ù

�·�Ò��
¤��.� g23(
∑5

i=1 3ni + g)1 ≡ g23m1� 4-GDD"

Ún 2.113µ� g ≡ 3 (mod 6)"Ké?¿ m ≡ 0 (mod 6)� 0 ≤ m ≤ 12g§.�

g25m1� 4-GDDþ�3"

y². éu 0 ≤ m ≤ 12g§ò m �� m = s + t§ùp s ≡ t ≡ 0 (mod 6) �
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0 ≤ s ≤ 10g§0 ≤ t ≤ 2g"·�d.� (5g)5s1 � 4-GDDÑu§V\ t�Ã¡:¿

W\.� g5t1� 4-GDD§ù�Ò��
¤��.� g25(s+ t)1 ≡ g25m1� 4-GDD"

Ún 2.114µ� g ≡ 3 (mod 6)"Ké?¿ m ≡ 3 (mod 6)� 0 < m ≤ 13g§.�

g27m1� 4-GDDþ�3"

y². éu 0 < m ≤ g§dÚn 2.110�3.� g19(8g + m)1 � 4-GDD§3���

�|¥W\.� g8m1 � 4-GDDÒ���¤��O"éu g < m ≤ 13g§dÚn

2.98�3.� (3g)9(m − g)1 � 4-GDD§V\ g�Ã¡:¿W¿|Ò���¤��

.� g27m1� 4-GDD"

Ún 2.115µ� g ≡ 3 (mod 6)"Ké?¿ m ≡ 3 (mod 6)� 0 < m ≤ 15g§.�

g31m1� 4-GDDþ�3"

y². éu 0 < m ≤ g§dÚn 2.114�3.� g27(4g+m)1� 4-GDD§3����

|¥W\.� g4m1� 4-GDDÒ���¤��O"éu g < m ≤ 5g§Ú u = 21�

�/aq§·�d�� TD(6, 7)Ñu§éco�|¥�:D� g§é1Ê�|¥�

n�:D� g§�eo�:D� 0§é����|¥�:D� 0, 6, . . . , g − 3"A^

WFC·���
��.� (7g)4(3g)1(m− g)1� 4-GDD"V\ g�Ã¡:¿W¿|

Ò��
¤���O"éu 5g < m ≤ 15g§d�� TD(5, g)Ñu§A^½n 2.1�

���.�
∏5

i=1(6g + 3ni, 3ni)
1� 4-IGDD§ùp ni ≡ 1 (mod 2)� g/3 ≤ ni ≤ g§

i = 1, 2, . . . , 5"V\ g�Ã¡:§3z�|¥W\.� g7(3ni)
1� 4-GDD§ù�·

�Ò��
¤��.� g31(
∑5

i=1 3ni)
1 ≡ g31m1� 4-GDD"

Ún 2.116µ� g ≡ 3 (mod 6)"Ké?¿ m ≡ 3 (mod 6)� 0 < m ≤ 17g§.�

g35m1� 4-GDDþ�3"

y². éu 0 < m ≤ g§dÚn 2.115�3.� g31(4g + m)1 � 4-GDD§3���

�|¥W\.� g4m1 � 4-GDDÒ���¤��O"éu g < m ≤ 17g§ò m�

� m = s + t§ùp s ≡ 0 (mod 6)§0 ≤ s ≤ 14g§t ≡ 3 (mod 6)§g ≤ t ≤ 3g"·
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�d.� (7g)5s1� 4-GDDÑu§V\ t�Ã¡:¿W\.� g7t1� 4-GDD§ù�

Ò��
¤��.� g35(s+ t)1 ≡ g35m1� 4-GDD"

Ún 2.117µ� g ≡ 3 (mod 6)"Ké?¿ m ≡ 0 (mod 6)� 0 ≤ m ≤ 18g§.�

g37m1� 4-GDDþ�3"

y². éu 0 ≤ m ≤ 6g§Ú u = 21��/aq§·�d�� TD(6, 8)Ñu§éc

o�|¥�:D� g§é1Ê�|¥�Ê�:D� g§�en�:D� 0§éu�

���|¥�:D� 0, 6, . . . , g − 3"A^WFC·���
��.� (8g)4(5g)1m1

� 4-GDD"W¿|Ò��
¤���O"éu 6g < m ≤ 18g§d TD(6, g)Ñu§

A^½n 2.1§����.�
∏6

i=1(6g + 3ni, 3ni)
1� 4-IGDD§ùp ni ≡ 1 (mod 2)

� g/3 ≤ ni ≤ g§i = 1, 2, . . . , 6"V\ g �Ã¡:§3z�|¥W\.� g7(3ni)
1

� 4-GDD§ù�·�Ò��
¤��.� g37(
∑6

i=1 3ni)
1 ≡ g37m1� 4-GDD"

Ún 2.118µ� g ≡ 3 (mod 6)"Ké?¿ m ≡ 3 (mod 6)� 0 < m ≤ 19g§.�

g39m1� 4-GDDþ�3"

y². éu 0 < m ≤ g§dÚn 2.116�3.� g35(4g + m)1 � 4-GDD§3���

�|¥W\.� g4m1 � 4-GDDÒ���¤��O"éu g < m ≤ 19g§dÚn

2.102�3.� (3g)13(m − g)1 � 4-GDD§V\ g �Ã¡:¿W¿|Ò���¤�

�.� g39m1� 4-GDD"

Ún 2.119µ� g ≡ 3 (mod 6)§u ∈ {41, 43, 45, 47, 49}"é?¿ u ≡ 1 (mod 4)§

m ≡ 0 (mod 6)§0 ≤ m ≤ (gu − g)/2¶½ö u ≡ 3 (mod 4)§m ≡ 3 (mod 6)§

0 < m ≤ (gu− g)/2§.� gum1� 4-GDDþ�3"

y². ·�d TD(6, 4g/3)Ñu§r§���|�� ag/3�:§a ∈ {0, 1, . . . , 4}§

ù�·�Ò��
��.� (4g/3)5(ag/3)1 � {5, 6}-GDD"r½n 2.1A^�ù�

{5, 6}-GDD����.� (
∏5

i=1(8g + 3ni, 3ni)
1)(2ag + 3n6, 3n6)

1 � 4-IGDD§ùp

é i = 1, 2, . . . , 5§ni ≡ 0 (mod 2)� 0 ≤ ni ≤ 4g/3§
 n6 �����d aû½§

�L� 2.6"y3V\ g �Ã¡:§3z�|¥W\.� g9(3ni)
1 ½ g2a+1(3n6)

1
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£e a 6= 0¤� 4-GDD§ù�·�Ò��
¤��.� g40+2a+1(
∑6

i=1 3ni)
1 ≡ gum1

� 4-GDD§ùpm�������3L� 2.6¥"

L 2.6 Ún 2.119�E[!

a n6 ��� u m���

0 n6 = 0 41 m ≡ 0 (mod 6), 0 ≤ m ≤ 20g

1 n6 = g/3 43 m ≡ 3 (mod 6), g ≤ m ≤ 21g

2 n6 ≡ 0 (mod 2), 0 ≤ n6 ≤ 2g/3 45 m ≡ 0 (mod 6), 0 ≤ m ≤ 22g

3 n6 ≡ 1 (mod 2), g/3 ≤ n6 ≤ g 47 m ≡ 3 (mod 6), g ≤ m ≤ 23g

4 n6 ≡ 0 (mod 2), 0 ≤ n6 ≤ 4g/3 49 m ≡ 0 (mod 6), 0 ≤ m ≤ 24g

��§éu u ∈ {43, 47} � 0 < m < g§dÚn 2.116 Ú 2.118§�3.�

gu−8(8g + m)1 � 4-GDD§3����|¥W\.� g8m1 � 4-GDDÒ���¤�

�O"

Ún 2.120µ� g ≡ 3 (mod 6)§u ∈ {51, 53, 55, 57, 59, 61}"é u ≡ 1 (mod 4)§

m ≡ 0 (mod 6)§0 ≤ m ≤ (gu − g)/2¶½ö u ≡ 3 (mod 4)§m ≡ 3 (mod 6)§

0 < m ≤ (gu− g)/2§.� gum1� 4-GDDþ�3"

y². �EL§ÚÚn 2.119 aq"·�k�Ä m ��'����/"d

TD(6, 5g/3)Ñu§r§���|�� ag/3�:§a ∈ {0, 1, . . . , 5}§ù�·�Ò�

�
��.� (5g/3)5(ag/3)1� {5, 6}-GDD"r½n 2.1A^�ù� {5, 6}-GDDÒ

����.� (
∏5

i=1(10g+3ni, 3ni)
1)(2ag+3n6, 3n6)

1-IGDD§ùpé i = 1, 2, . . . , 5§

ni ≡ 0 (mod 2)� g/3 ≤ ni ≤ 5g/3§
 n6 ������3L� 2.7¥"y3V\

g �Ã¡:§3z�|¥W\.� g11(3ni)
1 ½ g2a+1(3n6)

1 £e a 6= 0¤� 4-GDD§

ù�·�Ò��
¤��.� g50+2a+1(
∑6

i=1 3ni)
1 ≡ gum1� 4-GDD§ùpm��

�����3L� 2.7¥"

y3·��Ä m�����/"éu u ∈ {53, 57, 61}� 0 ≤ m < 6g§dÚ

n 2.101§�3.� gu−13(13g +m)1� 4-GDD§3����|¥W\.� g13m1�

4-GDDÒ��¤��O"éu u ∈ {51, 55, 59}� g ≤ m < 5g§dÚn 2.101§�3

.� gu−11(11g + m)1� 4-GDD§3����|¥W\.� g11m1� 4-GDD¶éu
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L 2.7 Ún 2.120�E[!

a n6 ����� u m�����

0 n6 = 0 51 m ≡ 3 (mod 6), 5g ≤ m ≤ 25g

1 n6 = g/3 53 m ≡ 0 (mod 6), 6g ≤ m ≤ 26g

2 n6 ≡ 0 (mod 2), 0 ≤ n6 ≤ 2g/3 55 m ≡ 3 (mod 6), 5g ≤ m ≤ 27g

3 n6 ≡ 1 (mod 2), g/3 ≤ n6 ≤ g 57 m ≡ 0 (mod 6), 6g ≤ m ≤ 28g

4 n6 ≡ 0 (mod 2), 0 ≤ n6 ≤ 4g/3 59 m ≡ 3 (mod 6), 5g ≤ m ≤ 29g

5 n6 ≡ 1 (mod 2), g/3 ≤ n6 ≤ 5g/3 61 m ≡ 0 (mod 6), 6g ≤ m ≤ 30g

0 < m < g§dÚn 2.118Ú 2.119§�3.� gu−12(12g + m)1 � 4-GDD§3��

��|¥W\.� g12m1� 4-GDDÒ���¤��O"

Ún 2.121µ� g ≡ 3 (mod 6)"Ké?¿ m ≡ 3 (mod 6)� 0 < m ≤ 31g§.�

g63m1� 4-GDDþ�3"

y². éu 0 < m ≤ g§dÚn 2.120§�3.� g59(4g + m)1 � 4-GDD§3��

��|¥W\.� g4m1� 4-GDDÒ���¤��O"éu g < m ≤ 31g§dÚn

2.111�3.� (3g)21(m − g)1 � 4-GDD§V\ g �Ã¡:¿W¿|Ò���¤�

�.� g63m1� 4-GDD"

nÜÚn 2.69, 2.96–2.103, 2.109–2.121±9Ún 2.104Ú§�5§y3·��

�e u = 29��/I�?Ø§�d·���E.� 57um1±9 69um1� 4-GDD"

Ún 2.122µ� g ∈ {57, 69}§u ≥ 19"Ké?¿ u ≡ 1 (mod 4)§m ≡ 0 (mod 6)§

0 ≤ m ≤ (gu− g)/2¶½ö u ≡ 3 (mod 4)§m ≡ 3 (mod 6)§0 < m ≤ (gu− g)/2§

.� gum1� 4-GDDþ�3"

y². ·�=I�Ä u = 29��/"éu u = 29� 84 ≤ m ≤ 14g§·�d��

TD(g/3 + 1, 29)Ñu§é¤k|V\��Ã¡:∞¿í��5���:§|^ù

�í��:­#½Â|§·��±����.� (g/3)29291 � {g/3 + 1, 30}-GDD"

y3§3��� 29�|¥§·��Ã¡:∞D� a§a ∈ {0, 6, . . . , 42}§é�e

�:D� 3, 9, . . . , (g − 3)/2"éuù��O¥Ù¦�:D� 3"A^WFC·�Ò

93



úô�ÆÆ¬Æ Ø©

�±��¤�� 4-GDD"éu u = 29� 0 ≤ m < 84§dÚn 2.113§�3.�

g25(4g +m)1� 4-GDD§3����|¥W\.� g4m1� 4-GDDÒ���¤��

O"

Ún 2.123µ� g ≡ 3 (mod 6)"Ké?¿ m ≡ 0 (mod 6)� 0 ≤ m ≤ 14g§.�

g29m1� 4-GDDþ�3"

y². P g = 3s§s ≡ 1 (mod 2)� s ≥ 13"·�5�	e¡ü«�¹µ

(i) e�3 q ∈ {5, 7, 9, 11, 13, 17, 19, 23}§q �Ø sµéu s = q ∈ {13, 17, 19, 23}§

�Ún 2.106, 2.108 Ú 2.122"éu s = 3q§TD(q + 1, 29) �3§A^Ún

2.94Ò���¤��O"éu s ≥ 5q§� p´÷v^����� q§K7k

s ≥ p2"A^Ún 2.95§�/g = 3p, v = s/p, u = 290Ò���¤��.�

(3s)19m1� 4-GDD¶ùpI��.� 51vm1
v � 4-GDD5guÚn 2.108"

(ii) eé?¿ q ∈ {5, 7, 9, 11, 13, 17, 19, 23}§qþØU�Ø sµ� 3 | s�§òWFC

A^u TD(30, s/3)=�¶� 3 - s�§òWFCA^u TD(30, s)Ò���¤

��O"

nÜÚn 2.69, 2.96–2.103, 2.109–2.121, 2.123±9Ún 2.104Ú§�5§·��

±��eã(Ø"

½n 2.20µ� g ≡ 3 (mod 6)� u ≥ 4"KØ
eã�¹	§é?¿ u ≡ 0 (mod 4)§

m ≡ 0 (mod 3)§0 ≤ m ≤ (g(u− 1)− 3)/2¶½ö u ≡ 1 (mod 4)§m ≡ 0 (mod 6)§

0 ≤ m ≤ g(u − 1)/2¶½ö u ≡ 3 (mod 4)§m ≡ 3 (mod 6)§0 < m ≤ g(u − 1)/2§

.� gum1� 4-GDD�3"

(i) u = 8§gØ� 9§15§21½ 33�Ø§� 3g < m < (7g − 3)/2¶

(ii) u ∈ {7, 11}§gØ� 15§21§27½ 33�Ø§� 0 < m < g"
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2.5 g ≡ 1, 5 (mod 6)��/

�!¥·��Ä g ≡ 1, 5 (mod 6)��/"

Ún 2.124µéu?¿m ≡ 4 (mod 6)§4 ≤ m ≤ 28§.� 79m1� 4-GDDþ�3"

y². éu m = 4, 28§�½n 1.5(iii)"éu m ∈ {10, 16, 22}§·�ò¬�E.�

79� {3, 4}-MGDD§Ù¥«|��� 3�:�±y©¤ p = m− 4�²1a"V\

p�Ã¡:Ö�ù
²1a§2�	V\ 4�Ã¡:¿W\.� 1941� 4-GDD£½

n 1.3¤Ò���¤��O"ùp·�38Ü Z63 þ�EI�� {3, 4}-MGDD§§

��|� {{0, 9, 18, . . . , 54}+i : 0 ≤ i ≤ 8}§É� {{0, 7, 14, . . . , 56}+i : 0 ≤ i ≤ 6}"

·�r¤��O�Ä«|�3L� 2.8¥"

L 2.8 .� 79� {3, 4}-MGDD�Ä«|

u Ä«|

p = 6 − 2, 60, 17, 43 0, 12, 25, 31 2, 36, 52, 40 7, 40, 38, 60 7, 11, 30, 36
+3 (mod 63) − 0, 52, 23, 60 2, 41, 25, 35 5, 16, 13, 15 0, 8, 11, 24

9 1, 47, 59 6, 54, 8 4, 30, 52
9 0, 32, 33 1, 20, 40 8, 12, 7

p = 12 − 2, 7, 48, 22 0, 2, 8, 32
+1 (mod 63) 9 5, 21, 2 6, 40, 44 7, 18, 19

3 1, 51, 41

p = 18 − 0, 3, 16, 26
+1 (mod 63) 9 1, 3, 44 6, 2, 54 7, 32, 13

9 0, 58, 46 2, 26, 34 5, 6, 39

½n 2.21µ� u ≡ 0, 3, 9 (mod 12) � u ≥ 9"Ké?¿ u ≡ 3 (mod 12)§m ≡ 1

(mod 6)§1 ≤ m ≤ (7u − 7)/2¶½ö u ≡ 9 (mod 12)§m ≡ 4 (mod 6)§4 ≤ m ≤

(7u − 7)/2¶½ö u ≡ 0 (mod 12)§m ≡ 1 (mod 3)§1 ≤ m ≤ (7u − 10)/2§.�

7um1� 4-GDDþ�3"

y². éu u = 9§�Ún 2.124"éu u ≥ 12§m ≥ 7§d½n 2.17§�3.�

21
u
3 (m − 7)1 � 4-GDD"V\ 7 �Ã¡:¿W¿|Ò���¤��.� 7um1 �

4-GDD"
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éu u = 12§m = 4§·�Äk38Ü Z84þ�E.� 712� {3, 4}-MGDD§§

�|� {{0, 12, 24, . . . , 72}+i : 0 ≤ i ≤ 11}§É� {{0, 7, 14, . . . , 77}+i : 0 ≤ i ≤ 6}"

òe�Ä«| +1 (mod 84)Ðm"

1 12 14 53 1 47 51 80 1 4 19 27
1 7 23 32 1 31 41 68 1 2 21

5¿���� 3 �Ä«|Ðm��±��n�²1a"V\ 3 �Ã¡:Ö�ù


²1a§2W\.� 11211 � 4-GDD£½n 1.3¤Ò���¤��.� 71241 �

4-GDD"éu u = 24§m = 4§�EL§aq"·�d��.� 724� {3, 4}-MGDD

Ñu§Ö�n�²1a§2W\.� 12411� 4-GDDÒ���¤��O"·�38

Ü Z168 þ�EI�� {3, 4}-MGDD§§�|� {{0, 24, . . . , 144} + i : 0 ≤ i ≤ 23}§

É� {{0, 7, 14, . . . , 161}+ i : 0 ≤ i ≤ 6}"òe�Ä«| +1 (mod 168)Ðm"

1 72 115 152 1 9 32 136 1 76 96 135
1 79 109 125 1 6 159 165 1 37 84 150
1 108 111 137 1 75 100 157 1 19 41 142
1 12 14 93 1 2 54 119 1 39 101

éu u = 36§m = 4§·�d��.� 634 � 4-GDDÑu§V\ 4�Ã¡:§

3z�|þW\.� 7941 � 4-GDDÒ���¤��.� 73641 � 4-GDD"éu

u ≥ 48§u ≡ 0 (mod 12)� m = 4§d��.� 84u/12 � 4-GDDÑu§V\ 4�

Ã¡:§3z�|þW\.� 71241 � 4-GDDÒ���¤��O"éu�{��

/§�½n 1.5(iii)"

Ún 2.125µé?¿ u ≡ 0 (mod 12)§m ≡ 2 (mod 3)� 0 < m ≤ (11(u− 1)− 3)/2§

Ø
�U�~	� (u,m) ∈ {(12, 2), (24, 8)}§.� 11um1� 4-GDDþ�3"

y². éu u = 12� m ≥ 11, �©z [88] ½n 2.5"éu u = 12� m = 5§�©

z [85]Ún 2.16"éu u = 12� m = 8§¤��O�du��.� 1112 � {3, 4}-

GDD§Ù¥��� 3�«|�±y©¤l�²1a"·�38Ü Z132 þ�Eù�

��O§§�|d8Ü {0, 12, 24, . . . , 120})¤"§�«|8¥�¹Ê���� 3

�Ä«|§z�� +3 (mod 132)ÐmÑ�±)¤��²1aµ

0, 130, 86 0, 43, 89 0, 1, 2 0, 88, 131 0, 46, 44
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,	�kü���� 3�Ä«| 14, 61, 54Ú 9, 34, 29§ò§� +2 (mod 132)Ðm

�±��n�²1a"·�rÙ{���� 4�Ä«|�3e¡§§�þ´ +2

(mod 132)Ðm§Ù¥����Ä«|)¤��á;�"

9, 40, 92, 109 12, 17, 90, 86 0, 18, 83, 94 13, 103, 111, 118
13, 84, 16, 7 5, 28, 63, 85 4, 66, 45, 27 11, 122, 67, 81
15, 96, 80, 43 3, 7, 54, 57 3, 22, 119, 109 13, 26, 130, 108
6, 0, 31, 20 7, 36, 45, 109 17, 110, 120, 78 9, 88, 96, 122
10, 23, 40, 115 0, 33, 66, 99

éu u = 24 � m ≥ 11§dÚn 2.68 �3.� 338(m − 11)1 � 4-GDD§V

\ 11 �Ã¡:¿W\.� 114 � 4-GDD Ò�±��¤��O"éu u = 24 �

m = 2§�½n 1.5(vi)"éu u = 24� m = 5§¤��O�du��.� 1124 �

{3, 4}-GDD§Ù¥��� 3�«|�±y©¤Ê�²1a"·�38Ü Z264 þ�

Eù���O§§�|d8Ü {0, 24, 48, . . . , 240})¤"§�«|8¥�¹Ê��

�� 3�Ä«|§z�� +3 (mod 264)ÐmÑ�±)¤��²1a"

0, 262, 86 0, 175, 89 0, 1, 2 0, 88, 263 0, 176, 178

·�rÙ{���� 4�Ä«|�3e¡§§�þ´ +1 (mod 264)Ðm§Ù¥�

���Ä«|)¤��á;�"

7, 146, 22, 168 5, 238, 191, 69 6, 108, 27, 176 2, 8, 215, 21
5, 90, 165, 106 4, 64, 161, 125 4, 115, 97, 7 9, 199, 18, 58
7, 257, 232, 98 4, 33, 86, 96 3, 237, 226, 79 9, 118, 47, 145
9, 109, 65, 32 3, 194, 239, 202 5, 60, 67, 55 5, 211, 59, 85
7, 134, 91, 24 2, 81, 116, 150 4, 248, 216, 103 0, 4, 46, 133
0, 66, 132, 198

éu u = 36§ò m �� m = s + t§ùp s = 2, 44§0 ≤ t ≤ 147 � t ≡ 0

(mod 3)"d½n 1.4(iii) �3.� 994t1 � 4-GDD§V\ s �Ã¡:¿W\.�

119s1� 4-GDD£½n 1.5(vi)¤§ù�Ò�±��¤��.� 1136(s + t)1 ≡ 1136m1

� 4-GDD"

éu u ≥ 48 � m = 2§�½n 1.5(vi)"éu u ≥ 48 � m ≥ 5§ò u �

� u = 12n§n ≥ 4§ò m �� m = s + t§ùp s = 5, 59§0 ≤ t ≤ 66(n − 1)§

t ≡ 0 (mod 3)"d½n 2.13�3.� 132nt1� 4-GDD§V\ s�Ã¡:¿W\.�

1112s1� 4-GDD£½n 1.5(vi)¤§ù�Ò�±��¤��.� 1112n(s+t)1 ≡ 1112nm1

� 4-GDD"
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Ún 2.126µ� u ≡ 0 (mod 12)� u ≥ 12"Ké?¿ m ≡ 2 (mod 3)� 0 < m ≤

(17(u − 1) − 3)/2§Ø
 u = 12� 0 < m < 17§½ö u = 24� 170 < m < 194�

	§.� 17um1� 4-GDDþ�3"

y². ·�k5�	 0 < m < 17 ��/"éu u ≥ 24§d½n 2.4 �3

PBD(u, {4, 5, 6})"ò§w���.� 1u � {4, 5, 6}-GDD§éz�:D� 17§|^

©z [85]Ún 2.14¥�.� (2n, 2n)6(5n, 5n)1 � 4-DGDD§ùp n ∈ {4, 5, 6}§·�

�±����.� (2u, 2u)6(5u, 5u)1� 4-DGDD"V\m�Ã¡:§3z�|¥W

\.� 2um1½ 5um1� 4-GDDÒ���¤��O"

y3·�5�	 m ≥ 17 ��/"éu u = 12§�©z [88]½n 2.5"éu

u = 24� 17 ≤ m ≤ 170§d½n 2.101�3.� 518(m − 17)1 � 4-GDD§V\ 17

�Ã¡:¿W¿|Ò���¤��O"éu u = 24�m = 194§�½n 1.5(vi)"é

u u = 36§òm��m = s+ t§ùp s = 2, 68§0 ≤ t ≤ 228� t ≡ 0 (mod 3)"d

½n 1.4(iii)�3.� 1534t1� 4-GDD§V\ s�Ã¡:¿W\.� 179s1� 4-GDD

£½n 1.5(vi)¤Ò���¤��O"éu u ≥ 48§ò u�� u = 12n§n ≥ 4§ò

m�� m = s + t§ùp s = 17, 92§0 ≤ t ≤ 102(n− 1)� t ≡ 0 (mod 3)"d½n

2.13�3.� 204nt1 � 4-GDD§V\ s�Ã¡:¿W\.� 1712s1 � 4-GDD£½

n 1.5(vi)¤§ù�Ò�±��¤��.� 1712n(s+ t)1 ≡ 1712nm1� 4-GDD"

Ún 2.127µ� g ≡ 1, 5 (mod 6)§u ≡ 0 (mod 12)"é?¿ m ≡ g (mod 3) �

0 < m ≤ (g(u− 1)− 3)/2§Ø
eãü«�¹�	§.� gum1� 4-GDDþ�3µ

(i) � u = 12�§0 < m < g¶

(ii) � u = 24�§0 < m < g½ 10g < m < (23g − 3)/2"

y². �âÚn 2.125–2.126§·��±b� g 6∈ {11, 17}"éu u = 12§�½

n 1.4(iv)"éu u = 24 � g ≤ m ≤ 10g§d½n 2.101 �3.� (3g)8(m − g)1

� 4-GDD§V\ g �Ã¡:¿W¿|Ò���¤��O"éu u = 24 � m =

(23g − 3)/2§�½n 1.5"éu u = 36§�½n 1.4(iv)"éuu ≥ 48§ò u ��

u = 12n§n ≥ 4§ò m�� m = s + t§ùp 0 ≤ t ≤ 6g(n − 1)§t ≡ 0 (mod 3)§

¿�
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(i) � g ≡ 1 (mod 6)�§s = 1½ (11g − 3)/2¶

(ii) � g ≡ 5 (mod 6)�§s = 2½ (11g − 3)/2"

d½n 2.13�3.� (12g)nt1� 4-GDD§V\ s�Ã¡:¿W\.� g12s1�

4-GDD£½n 1.5¤§ù�Ò�±��¤��.� g12n(s + t)1 ≡ g12nm1 � 4-GDD"

éu u� 12�Ù¦�Ýa§·�keã(J"

Ún 2.128µ� g ≡ 1, 5 (mod 6)§u ≡ 3, 9 (mod 12) � u ≥ 15"K� u ≡ 3

(mod 12)�§é?¿ m ≡ g (mod 6)§g ≤ m ≤ (gu − g)/2§.� gum1 � 4-GDD

þ�3¶� u ≡ 9 (mod 12)�§é?¿ m− g ≡ 3 (mod 6)§g < m ≤ (gu− g)/2§

Ø
 u ∈ {21, 33}� g < m < 4g	§.� gum1� 4-GDDþ�3"

y². - y = m− g"K

(i) � u ≡ 3 (mod 12)�§y ≡ 0 (mod 6)§0 ≤ y ≤ g(u− 3)/2¶

(ii) � u ≡ 9 (mod 12)�§y ≡ 3 (mod 6)§0 < y ≤ g(u− 3)/2"

d½n 2.20§�3.� (3g)u/3y1 � 4-GDD"V\ g �Ã¡:¿W\.� g4 �

4-GDD§ù�Ò�±��¤�� 4-GDD"

Ún 2.129µ� g ≡ 1, 5 (mod 6)§u ≡ 3, 9 (mod 12)� u ≥ 111"Ké?¿ u ≡ 3

(mod 12)§m ≡ g (mod 6)§0 < m ≤ (gu− g)/2¶½ö u ≡ 9 (mod 12)§m− g ≡ 3

(mod 6)§0 < m ≤ (gu− g)/2§.� gum1� 4-GDDþ�3"

y². éum ≥ g§�Ún 2.128"éu 0 < m < g§du u ≥ 111§�âÚn 2.128

�3.� gu−36(36g +m)1� 4-GDD"3����|¥W\.� g36m1� 4-GDDÒ

���¤��O"

y3·��I�Ä u ≡ 3, 9 (mod 12)§u ≤ 105��/"·�Äk5�Ä�


�� g"
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Ún 2.130µ� g ≡ 1, 5 (mod 6)� g ≤ 29"Ké?¿ u ≡ 3 (mod 12)§u ≥ 51§

m ≡ g (mod 6)§0 < m ≤ (gu − g)/2¶½ö u ≡ 9 (mod 12)§u ≥ 45§m − g ≡ 3

(mod 6)§0 < m ≤ (gu− g)/2§.� gum1� 4-GDDþ�3"

y². éu g ∈ {1, 5, 7}§�½n 1.3Ú 2.21"

éu g = 11§m = 8§dÚn 2.128�3.� 11u−121401 � 4-GDD§3���

�|¥W\.� 111281 � 4-GDD£Ún 2.125¤Ò���¤��O"éu g = 11§

m = 2, 5§�½n 1.5(vi)"

éu g = 17§0 < m < 17§d½n 2.4�3 PBD(u, {4, 5, 6})"ò§w���.

� 1u � {4, 5, 6}-GDD§éz�:D� 17§|^.� (2n, 2n)6(5n, 5n)1 � 4-DGDD

ùp n ∈ {4, 5, 6}§·��±����.� (2u, 2u)6(5u, 5u)1 � 4-DGDD"V\ m

�Ã¡:§3z�|¥W\.� 2um1½ 5um1� 4-GDDÒ���¤��O"

éu g = 13, 19, 25§0 < m < 25§d��.� gu� 4-MGDDÑu§V\m�

Ã¡:¿W\.� 1um1� 4-GDDÒ���¤��O"

éu g = 23, 29§0 < m < 29§d.� 2n51 � 4-GDD Ñu§n = 9, 12§é

z�:D� u§|^.� u4 � 4-MGDD �±����.� (2u, 2u)n(5u, 5u)1 �

4-DGDD"V\m�Ã¡:§3z�|¥W\.� 2um1½ 5um1� 4-GDDÒ��

�¤��O"

nÜÚn 2.128§·�Ò���(Ø"

3�e5A�Ún�y²¥§·�r m �� m = s + t§ùp s = 1, 5£�

u ≡ 3 (mod 12)�¤§½ö s = 2, 4£� u ≡ 9 (mod 12)�¤§t ≡ 0 (mod 6)"

Ún 2.131µ� g ≡ 1, 5 (mod 6) � u ∈ {45, 75, 81, 105}"Ké u ≡ 3 (mod 12)§

m ≡ g (mod 6)§0 < m ≤ (gu− g)/2¶½ö u ≡ 9 (mod 12)§m− g ≡ 3 (mod 6)§

0 < m ≤ (gu− g)/2§.� gum1� 4-GDDþ�3"

y². dÚn 2.128§·�=I�Ä 0 < m < g��¹"éu u = 45§dÚn 2.69§

�3.� (9g)5t1� 4-GDD"V\ s�Ã¡:¿W\.� g9s1� 4-GDD£½n 1.5¤§

ù�Ò�±��¤�� 4-GDD"éu u = 81§�EL§aq§ùp·�´d��

.� (9g)9t1� 4-GDDÑu�"éu u = 75§d.� (15g)5t1� 4-GDDÑu§V\
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s�Ã¡:¿W\.� g15s1� 4-GDD£½n 1.5¤§ù�Ò���¤��O"��§

éu u = 105� g 6= 11§^.� g21s1� 4-GDDW¿.� (21g)5t1� 4-GDD¶éu

g = 11§�Ún 2.130"

Ún 2.132µ� g ≡ 1, 5 (mod 6)"Ké?¿m− g ≡ 3 (mod 6)§0 < m ≤ 28g§.

� g57m1 � 4-GDDþ�3¶éu?¿ m ≡ g (mod 6)§0 < m ≤ 31g§.� g63m1

� 4-GDDþ�3"

y². dÚn 2.128§·�=I�Ä 0 < m < g��¹"�âÚn 2.130§·��±

b� g ≥ 31"éu u = 57§·�d�� TD(6, 2g)Ñu£½n 2.8¤§éco�|¥

�:D� 6§é1Ê�|¥� g�:D� 6§�e� g�:D� 3§éu����|

¥�:D� 0½ 6"du.� 65§66§6431 ±9 6531 � 4-GDDþ�3§·��±

����.� (12g)4(9g)1t1� 4-GDD"V\ s�Ã¡:§3z�|¥W\.� g9s1

½ g12s1� 4-GDD§ù�Ò�±��¤��.� g57(s + t)1 ≡ g57m1� 4-GDD"ù

péu g ≡ 1 (mod 6)§I��.� g1241 � 4-GDD�±ÏLeã�{��µd�

�.� g12 � 4-MGDD£½n 2.2¤Ñu§V\ 4�Ã¡:§3z�É¥W\.�

11241� 4-GDD=�"

éu u = 63§�EL§aq§�´31Ê�|¥� g �:D��­ 9§
Ø

´�­ 3"·��±����.� (12g)4(15g)1t1 � 4-GDD"V\ s�Ã¡:§3

z�|¥W\.� g12s1 ½ g15s1 � 4-GDD§·�Ò�±��¤�� 4-GDD"ùp

éu g ≡ 5 (mod 6)§I��.� g1251 � 4-GDD�±ÏLeã�ª��µd��

.� 2
g−5
2 51 � 4-GDDÑu§éz�:D� 12§|^.� 124 � 4-MGDD�±�

�.� (24, 212)
g−5
2 (60, 512)1 � 4-DGDD§,�3z�|¥W\.� 21251 ½ 513 �

4-GDD=�"

Ún 2.133µ� g ≡ 1, 5 (mod 6)"Ké?¿ m − g ≡ 3 (mod 6)� 0 < m ≤ 34g§

.� g69m1� 4-GDDþ�3"

y². �âÚn 2.130§·��±b� g ≥ 31"éu m ≥ g§�Ún 2.128"éu

0 < m < g§·�d�� TD(7, 2g) Ñu£½n 2.8¤§écÊ�|¥�:D� 6§

é18�|¥� g �:D� 6§�e� g �:D� 3§éu����|¥�:D
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� 0 ½ 6§A^ WFC ·��±����.� (12g)5(9g)1t1 � 4-GDD"V\ s �

Ã¡:§3z�|¥W\.� g9s1 ½ g12s1 � 4-GDD§Ò�±��¤��.�

g69(s+ t)1 ≡ g69m1� 4-GDD"

Ún 2.134µ� g ≡ 1, 5 (mod 6)§u ∈ {87, 93, 99}"Ké?¿ u ≡ 3 (mod 12)§

m ≡ g (mod 6)§0 < m ≤ (gu− g)/2¶½ö u ≡ 9 (mod 12)§m− g ≡ 3 (mod 6)§

0 < m ≤ (gu− g)/2§.� gum1� 4-GDDþ�3"

y². dÚn 2.128§·�=I�Ä 0 < m < g��¹"éu g ≤ 29§�Ún 2.130"

éu g ∈ {31, 37}§d.� gu � 4-MGDDÑu§V\ m�Ã¡:§3z�É¥W

\.� 1um1 � 4-GDD=�"éu g ≥ 35� g 6= 37§·�d�� TD(8, 2g)Ñu

£½n 2.8¤§éc8�|¥�:D� 6§é1Ô�|¥� g �:D� 6, 9, 12½ 15§

é����|¥�:D� 0½ 6§A^WFC·��±����.� (12g)6(ng)1t1

� 4-GDD§n ∈ {15, 21, 27}"V\ s�Ã¡:§3z�|¥W\.� g12s1 ½ gns1

� 4-GDDÒ�±��¤��.� g72+n(s+ t)1 ≡ gum1� 4-GDD"

nÜÚn 2.127, 2.129Ú 2.131–2.134§·�keã(Ø"

½n 2.22µ� g ≡ 1, 5 (mod 6)§u ≥ 12"KØ
eã�¹	§é?¿ u ≡ 0

(mod 12)§m ≡ g (mod 3)§0 < m ≤ (g(u − 1) − 3)/2¶½ö u ≡ 3 (mod 12)§

m ≡ g (mod 6)§0 < m ≤ g(u− 1)/2¶½ö u ≡ 9 (mod 12)§m− g ≡ 3 (mod 6)§

0 < m ≤ g(u− 1)/2§.� gum1� 4-GDDþ�3"

(i) u ∈ {12, 15, 27, 39, 51}§� 0 < m < g¶

(ii) u ∈ {21, 33}§� 0 < m < 4g¶

(ii) u = 24§� 0 < m < g½ 10g < m < (23g − 3)/2"

nÜ½n 2.13, 2.15, 2.20Ú 2.22§±9½n 1.3, 2.10, 2.14, 2.16–2.19Ú 2.21§·

�Ò��
½n 1.6"·�ùp2Eã�e"

½n 2.23µP P2 = {(33, 23), (33, 29), (39, 35)}§P6 = {(13, 27), (13, 33), (17, 39),

(19, 45), (19, 51), (23, 63)}"P [x, y]a(b) = {n : n ≡ a (mod b), x ≤ n ≤ y}"�
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g,m > 0 � u ≥ 4"KØ
(½� (g, u,m) = (2, 6, 5) ±9�3L� 1.1 ¥��

U��¹	§.� gum1 � 4-GDD �3�7�^�§= m ≤ g(u − 1)/2, gu ≡ 0

(mod 3), g(u− 1) +m ≡ 0 (mod 3)�
(
gu+m

2

)
− u
(
g
2

)
−
(
m
2

)
≡ 0 (mod 6)§�´¿©

�"

2.6 .Ø��� GDD3�O¥�A^

�!¥§·�Ì�0�.Ø��� GDD3�O¥�A^§�)^§5�E¤

é²ï�O§k�¤é²ï�O§K1(3)-GDD§.Ø��� Kirkman frame§�©|

CX�O"ùp·�é¤é²ï�O�Ñ
äN�EL§§
Ù¦��O·�=0

��e·��(J"

2.6.1 ¤é²ï�O�k�¤é²ï�O

·�y35�E�
«|����� 4�¤é²ï�O"ù
¤é²ï�O

�) (v,K, 1)-PBD§(v,K) ∈ {(75, {4, 6}), (101, {4, 8}), (192, {4, 9}), (89, {4, 6, 8}),

(87, {4, 6, 9}), (170, {4, 7, 8})}§±9 (v, {4, 7, 9}, 1)-PBD§v ∈ {114, 150, 159, 183,

186, 195, 210}"

Ún 2.135µé?¿ (v,K) ∈ {(75, {4, 6}), (101, {4, 8}), (192, {4, 9}), (87, {4, 6, 9}),

(170, {4, 7, 8})}§(v,K, 1)-PBD�3"

y². éu (v,K) = (75, {4, 6})§d½n 2.10�3.� 69211 � 4-GDD"ò���

6�|��«|§¿3��� 21�|þ�E�� (21, {4, 6}, 1)-PBD§ù�·�Ò

��
¤�� (75, {4, 6}, 1)-PBD"

éu (v,K) ∈ {(101, {4, 8}), (192, {4, 9}), (87, {4, 6, 9}), (170, {4, 7, 8})}§�EL

§aq§d½n 2.10Ú 2.16�3.� gum1� 4-GDD§ùp (g, u,m) ∈ {(8, 9, 29),

(9, 15, 57), (6, 13, 9), (8, 15, 50)}"ò��� g �|��«|§¿3��� m�|þ

�E�� (m,K, 1)-PBD§ù�·�Ò��
¤�� (v,K, 1)-PBD"

e¡� PBD´d R. Julian R. Abel�E�"

Ún 2.136µ89 ∈ B({4, 6, 8})"
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y². ·����E��.� 18181 � {4, 6}-GDD§ù�Ò��
¤�� (89, {4, 6,

8}, 1)-PBD"·�38Ü Z3 × Z27 ∪ M þ�E¤�� {4, 6}-GDD§ùp M =

{∞1, . . . ,∞8}"§kü�gÓ� T1Ú T2§3�Ã¡:þ��^Xeµ

T1(x, y) = (x, y + 1) (2.1)

±9

T2(x, y) = (x+ 1, 10y). (2.2)

Ä«|Xe¤«µ

B1 = {(0, 0), (0, 1), (1, 0), (1, 10), (2, 0), (2, 19)},
B2 = {(0, 0), (0, 4), (0, 14), (0, 25), (1, 11), (2, 15)},
B3 = {(0, 0), (0, 7), (1, 3), (1, 15)},
B4 = {(0, 0), (0, 3), (0, 8), (2, 16)},
B5 = {(0, 0), (1, 4), (2, 25)},
B6 = {(0, 0), (1, 6), (2, 4)},
B7 = {(0, 2), (1, 20), (2, 11)},
B8 = {(0, 0), (0, 9), (0, 18)}.

B1§B7 Ú B8 �)¤ 27�«|£B1 Ú B7 3 T2 ��^e�±ØC§
 B8 3

T 9
1 ��^e�±ØC¤"Ù¦Ä«|��) 81�«|"

B5Ú B6��) 3�²1a§
 B7Ú B8��)��²1a"V\ 8�Ã¡:

Ö�ù
²1aÒ��
¤�� {4, 6}-GDD"

Ún 2.137µ{114, 150, 159, 183, 186, 195, 210} ⊆ B({4, 7, 9})"

y². éu v = 114§·�k38Ü Z27 þ�E��.� 39 � {3, 6}-RGDD§§�

|´ {{0, 9, 18} + i : 0 ≤ i ≤ 8}"òe¡¤�²1a¥��� +3 (mod 27)ÐmÒ

���¤k�«|"
15, 16, 17, 18, 22, 2 19, 9, 24
21, 13, 0 12, 1, 5 3, 20, 26
7, 23, 4 11, 14, 6 25, 8, 10

V\ 9�Ã¡:Ö�ù
²1a����.� 3991 � {4, 7}-GDD"·�|^ù�

GDD�E (114, {4, 7, 9}, 1)-PBD"d�� TD(4, 9)Ñu§é¤k|V\��Ã¡:

∞¿í��5���:§|^ù�í��:­#½Â|§·��±����.�

3991 � {4, 10}-GDD"ùp�5¿�´z���� 10�«|Ñ���� 9�|�
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�uÃ¡:∞§
z���� 4�«|�Ñ���� 9�|��§�Ø�uÃ¡

:∞"·��Ã¡:∞D� 9§éÙ¦:D� 3"^.� 34� 4-GDDO����

4�«|§^þ¡�E�.� 3991� {4, 7}-GDDO���� 10�«|"ù�·�

Ò�±����.� 99331 � {4, 7}-GDD"5¿� 33 ∈ B(4, 7, 9)§·�Ò��


¤�� (114, {4, 7, 9}, 1)-PBD"

éu v = 183§·�d�� TD(4, 14)Ñu§é¤k|V\��Ã¡:∞¿

í��5���:§|^ù�í��:­#½Â|§·��±����.�

314141 � {4, 15}-GDD"·��Ã¡:∞D� 18§éÙ¦:D� 3"^.� 34 �

4-GDDO���� 4�«|§^.� 314181 � {4, 7}-GDDO���� 15�«|

£ù� GDDÏL­#½Â.� 67181 � {4}-GDD�|��¤"ù�·�Ò�±�

���.� 914571 � {4, 7}-GDD"5¿� 57 ∈ B(4, 7, 9)§·�Ò��
¤��

(183, {4, 7, 9}, 1)-PBD"

éu v = 195§·�k38Ü Z162 ∪M þ�E��.� 276241� {4, 7}-GDD§

§�|´ {{0, 6, 12, . . . , 156} + i : 0 ≤ i ≤ 5} ∪ {M}"re>¤�Ä«|¥ Z162 �

�� +2 (mod 162)Ðm§M ¥/X xi ∈ {x} × Zn ����eI +1 (mod n)Ð

m"ù�Ò��¤��«|8"

276241:

+2 (mod 162); M = ({a, b} × Z9) ∪ ({c, d} × Z3)
0, 101, 4, a0 13, 84, 134, a0 6, 52, 33, a0 5, 63, 104, a0
3, 127, 38, a0 10, 133, 53, a0 2, 148, 131, b0 8, 117, 48, b0
0, 52, 61, b0 6, 111, 35, b0 10, 69, 157, b0 14, 155, 109, b0
2, 138, 49, c0 17, 15, 46, c0 0, 1, 2, 5, 10, 21, d0
13, 130, 35, 45 10, 104, 27, 30 0, 76, 111, 62 8, 157, 45, 89
10, 128, 81, 48 14, 67, 107, 42 7, 82, 71, 114 9, 79, 72, 23
5, 105, 30, 128 8, 39, 31, 65 7, 86, 156, 52 7, 117, 154, 14
0, 51, 79, 106

éù� GDDV\ 9�Ã¡:¿W¿|Ò�±����.� 918331 � {4, 7}-GDD"

ù�§·�Ò��
¤�� (195, {4, 7, 9}, 1)-PBD"

éu v ∈ {150, 159, 186, 210}§¤�� (v, {4, 7, 9}, 1)-PBD5
u.� 9um1 �

{4, 7}-GDD§(u,m) ∈ {(13, 33), (14, 33), (17, 33), (17, 57)}"·�38Ü Z9u ∪M þ

�Eù
 {4, 7}-GDD"§��|´ {{0, u, 2u, . . . , 8u} + i : 0 ≤ i ≤ u − 1} ∪ {M}"
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re>¤�Ä«|¥ Z9u ��� +1 (mod 9u) ½ +2 (mod 9u) Ðm§M ¥/X

xi ∈ {x} × Zn����eI +1 (mod n)Ðm"ù�Ò��¤��«|8"

913331:

+1 (mod 117); M = ({a, b, c} × Z9) ∪ ({d, e} × Z3)
0, 1, 3, 7, 15, 32, a0 2, 62, 85, a0 1, 62, 34, b0
0, 21, 95, b0 4, 74, 15, b0 1, 25, 63, c0 6, 75, 56, c0
8, 85, 50, c0 5, 42, 58, d0 7, 2, 75, e0 0, 72, 18, 108
0, 10, 30, 76

914331:

+2 (mod 126); M = ({a, b, c} × Z9) ∪ ({d, e} × Z3)
0, 1, 2, 5, 8, 17, a0 13, 30, 52, a0 15, 114, 40, a0
3, 14, 61, a0 10, 81, 47, a0 4, 115, 89, b0 5, 101, 99, b0
14, 72, 62, b0 6, 39, 19, b0 13, 120, 56, b0 10, 34, 87, b0
4, 39, 125, c0 5, 120, 67, c0 9, 72, 42, c0 11, 34, 38, c0
1, 51, 86, c0 7, 82, 44, c0 0, 49, 59, d0 4, 69, 44, d0
8, 118, 47, e0 7, 45, 0, e0 8, 65, 44, 87 7, 51, 125, 28
4, 73, 104, 86 17, 125, 65, 119 16, 66, 7, 97 12, 46, 0, 66
0, 29, 75, 94

917331:

+1 (mod 153); M = ({a, b, c} × Z9) ∪ ({d, e} × Z3)
0, 1, 3, 7, 15, 26, a0 4, 68, 47, a0 2, 35, 77, b0
4, 96, 39, b0 0, 100, 124, b0 3, 104, 16, c0 4, 64, 54, c0
6, 53, 101, c0 1, 42, 122, d0 1, 39, 98, e0 2, 20, 64, 92
2, 68, 29, 84 1, 105, 100, 21 1, 23, 68, 32 0, 30, 70, 107

917571:

+1 (mod 153); M = ({a} × Z51) ∪ ({b, c} × Z3)
20, 21, 23, 27, 32, 42, a0 7, 46, 79, a0 140, 87, 3, a0
35, 94, 66, a0 10, 56, 96, a0 77, 4, 121, a0 13, 118, 100, a0
150, 24, 113, a0 41, 132, 33, a0 50, 1, 80, a0 37, 8, 98, a0
2, 90, 114, a0 25, 68, 146, a0 18, 60, 73, a0 108, 31, 51, a0
116, 34, 142, a0 1, 57, 107, b0 2, 40, 141, c0 0, 23, 58, 83
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nÜÚn 2.135–2.137§AbelÚ Buratti�(J [6]§±9 Greig�(J [93]§·�

�±ò©z [124]¥�L�U?�L� 2.9"

2.6.2 k�¤é²ï�O

é���K�ê8Ü K§��k�¤é²ï�O£directed pairwise balanced

design¤DB(K, 1; v)§Ò´���ê� v �8ÜXÚ (X,B)§¦� X ¥�?¿ü

�ØÓ:�¤�kS:éTÐÑy3 B ���«|¥§¿�é?¿ B ∈ B§Ñ

k |B| ∈ K"- DB(K) = {v : ∃ DB(K, 1; v)}"@o DB(K)�¡�´ K �k�

PBD-4�"

k�¤é²ï�O��­��A^Ò´� /í Å�è��E"3;�½D

Ñêâ��ÿ§êâ²~¬3��� �u)¿�½�\��Ø"� /í Å

�è�±^5Å�èiDÑL§¥Ïè�íØ½�\
Úå��Ø"Levenshteı̆n

�kéùaè�
XÚ�ïÄ [111,112]§¿JÑ
 t-� /í Å�è�Vg"ùp

/t-� /í Å�0´�·�U
Å�?Û�« i �� Ú j �í ��Ø§�

�÷v i + j ≤ t"d�� DB(K, 1; v) Ñu§ò§¤k�«|��èi§,�2

\þ/X (x, . . . , x)�èi§·�Ò�±���� v � t-� /í Å�è§ùp

t = min{k − 2 : k ∈ K}"

� K = {k}�§keã®�(J [4,13,140,146,147,159]µ

½n 2.24µ- k ∈ {3, 4, 5, 6, 7}"�� DB(k, 1, v)�3��=� v ≥ k§2(v− 1) ≡ 0

(mod k − 1)� 2v(v − 1) ≡ 0 (mod k(k − 1))§Ø
~	� (v, k) ∈ {(15, 5), (21, 6),

(22, 7)}§±9�U�~	� (v, k) ∈ {(274, 7), (358, 7), (400, 7), (526, 7)}"

�K = {4, 5}½ {4, 6}�§Fuji-Hara�< [70]��(½
k� PBD-4�DB(K)"


·�|^.Ø��� GDDÚk� GDD§ïÄ
 {4, 5, . . . , 9}¥¤k�¹ {4}�

f8�k� PBD-4�§·��ïÄ(J�L� 2.10"

2.6.3 K1(3)-GDD� Kirkman frame

�Ù·�ïÄ
.Ø��� 4-GDD��35¯K"$^Ó���E�{§·

�?�Ú�	
.� gum1 � K1(3)-GDD ��35¯K§ùp K1(3) = {k : k ≡
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L 2.9 {4, 5, . . . , 9}¥¤k�¹ {4}�f8� PBD-4�

f8Ü 7�^� �U�~	�

oNL«(½�~	�

4 1, 4 mod 12 Ã

4,5 0, 1 mod 4 8 9 12

4,6 0, 1 mod 3 7 9 10 12 15 18 19 22 24 27 33 34 39 45 46 51 87

4,7 1 mod 3 10 19

4,8 0, 1 mod 4 5 9 12 17 20 21 24 33 41 44 45 48 53 60 65 69 77 89

4,9 0, 1, 4, 9 mod 12 12 21 24 48 60 69 84 93 96

4,5,6 N 7 8 9 10 11 12 14 15 18 19 23

4,5,7 N 6 8 9 10 11 12 14 15 18 19 23 26 27 30 39 42 51 54

4,5,8 0, 1 mod 4 9 12

4,5,9 0, 1 mod 4 8 12

4,6,7 0, 1 mod 3 9 10 12 15 18 19 24 27 33 45 87

4,6,8 N 5 7 9 10 11 12 14 15 17 18 19 20 22 23 24 26 27

33 34 35 39 41 47 50 51 53 59 62 65 71 77 87 95 110 131

170

4,6,9 0, 1 mod 3 7 10 12 15 18 19 22 24 27 34

4,7,8 N 5 6 9 10 11 12 14 15 17 18 19 20 21 23 24 26 27

30 33 35 38 39 41 42 44 45 47 48 51 54 59 62 65 66 69

74 75 77 78 83 87 89 90 102 110 114 126 131 138 143 150

162 167 174 186

4,7,9 0, 1 mod 3 6 10 12 15 18 19 21 24 27 30 39 42 48 51 54 60 66

69 75 78 84 87 93 96 102 111 138 147 174

4,8,9 0, 1 mod 4 5 12 17 20 21 24 41 44 48 53 60 69 77

4,5,6,7 N 8 9 10 11 12 14 15 18 19 23

4,5,6,8 N 7 9 10 11 12 14 15 18 19 23

4,5,6,9 N 7 8 10 11 12 14 15 18 19 23

4,5,7,8 N 6 9 10 11 12 14 15 18 19 23 26 27 30 42 51

4,5,7,9 N 6 8 10 11 12 14 15 18 19 23 26 27 30 51 54

4,5,8,9 0, 1 mod 4 12

4,6,7,8 N 5 9 10 11 12 14 15 17 18 19 20 23 24 26 27 33 35

41 65 77 131

4,6,7,9 0, 1 (mod 3) 10 12 15 18 19 24 27

4,6,8,9 N 5 7 10 11 12 14 15 17 18 19 20 22 23 24 26 27 34

35 41 47 50 53 59 62 71 77 95 131 170

4,7,8,9 N 5 6 10 11 12 14 15 17 18 19 20 21 23 24 26 27 30

35 38 39 41 42 44 47 48 51 54 59 62 110 143 167 174

4,5,6,7,8 N 9 10 11 12 14 15 18 19 23

4,5,6,7,9 N 8 10 11 12 14 15 18 19 23

4,5,6,8,9 N 7 10 11 12 14 15 18 19 23

4,5,7,8,9 N 6 10 11 12 14 15 18 19 23 26 27 30 51

4,6,7,8,9 N 5 10 11 12 14 15 17 18 19 20 23 24 26 27 35 41

4,5,6,7,8,9 N 10 11 12 14 15 18 19 23
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L 2.10 {4, 5, . . . , 9}¥¤k�¹ {4}�f8�k� PBD-4�

f8Ü 7�^� �U�~	�

oNL«(½�~	�

4 1 (mod 3) Ã

4,5 N 6, 8, 9, 12, 14

4,6 0, 1 (mod 3) 9, 15

4,7 1 (mod 3) Ã

4,8 N 5, 6, 9, 11, 12, 14, 15, 17, 18, 21, 23, 24, 26, 27, 33, 35, 39, 45, 51

4,9 0, 1 (mod 3) 6, 12, 15, 24, 27, 30, 42

4,5,6 N 8, 9, 14

4,5,7 N 6, 8, 9, 12, 14

4,5,8 N 6, 9, 12, 14

4,5,9 N 6, 8, 12, 14

4,6,7 0, 1 (mod 3) 9, 15

4,6,8 N 5, 9, 11, 14, 15, 17,23, 26, 35

4,6,9 0, 1 (mod 3) 15

4,7,8 N 5, 6, 9, 11, 12, 14, 15, 17, 18, 21, 23, 24, 26, 27, 33, 35, 39, 45, 51

4,7,9 0, 1 (mod 3) 6, 12, 15, 24, 27, 30, 42

4,8,9 N 5, 6, 11, 12, 14, 15, 17, 23, 24, 26, 27, 35

4,5,6,7 N 8, 9, 14

4,5,6,8 N 9, 14

4,5,6,9 N 8, 14

4,5,7,8 N 6, 9, 12, 14

4,5,7,9 N 6, 8, 12, 14

4,5,8,9 N 6, 12, 14

4,6,7,8 N 5, 9, 11, 14, 15, 17, 23, 26, 35

4,6,7,9 0, 1 (mod 3) 15

4,6,8,9 N 5, 11, 14, 15, 17, 23, 26, 35

4,7,8,9 N 5, 6, 11, 12, 14, 15, 17, 23, 24, 26, 27, 35

4,5,6,7,8 N 9, 14

4,5,6,7,9 N 8, 14

4,5,6,8,9 N 14

4,5,7,8,9 N 6, 12, 14

4,6,7,8,9 N 5, 11, 14, 15, 17, 23, 26, 35

4,5,6,7,8,9 N 14
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1 mod 3}"ÚïÄ.Ø��� 4-GDD��35aq§·�k´é�
�� g �E

Ñ�A� K1(3)-GDD§,�|^WilsonÄ��E{§IGDD48�EÚ DGDD4

8�E�����"du�Ì¤�§·�ùp=Qãe·��(J"

½n 2.25µ� g,m > 0� u ≥ 6"KØ
(½� (g, u,m) ∈ {(1, 15, 4), (2, 6, 5)}±

9�3L� 2.11¥��U��¹	§.� gum1�K1(3)-GDD�3�7�^�§=

gu ≡ 0 mod 3§m ≡ g mod 3�m ≤ g(u− 1)/2§�´¿©�"

|^ K1(3)-GDD§ÏL\���{·��±�E Kirkman frame"éu.Ø�

�� Kirkman frame§·�keã(J"

½n 2.26µ� h,m > 0� u ≥ 4"Ø
�3L� 2.12¥��U��¹	§.� hum1

� Kirkman frame�3�7�^�§= h�óê§hu ≡ 0 mod 3§m ≡ h mod 6�

m ≤ h(u− 1)/2§�´¿©�"

2.6.4 �©|CX�O

���©|CX�O£group divisible covering design§GDCD¤´��n�|

(X,G,B)§Ù¥ X ´��:8§G ´ X ���y©§¡�|§B ´�x X ¥�

f8§¡�«|§¦� X ¥Ø3Ó��|�:é��Ñy3��«|¥§�é?

¿ B ∈ B§G ∈ G§|B ∩ G| ≤ 1"XJé?¿ B ∈ B§|B| ∈ K§@o¡ (X,G,B)

� K-GDCD"XJ K = {k}§{P� k-GDCD"�� GDCD �.´��õ­8

{|G| : G ∈ G}"·�Ï~^“�ê”ÎÒ5L« GDCD�.µ.� gu11 g
u2
2 . . . gutt L«

é?¿ i = 1, 2, . . . , t§k ui���� gi�|"

CXê´��GDCD�3I�����«|�ê"·�^ÎÒC(k, gu11 g
u2
2 . . . guss )

5P.� gu11 g
u2
2 . . . guss � k-GDCD�CXê"���`� GDCD´�«|ê8�

�� GDCD"éuCXê C(k, gu)§·�k Schönheim.."

½n 2.27µC(k, gu) ≥ dgu
k
dg(u−1)

k−1 ee.

Heinrich�< [99]y²
� k = 3�§ù�.´�±���"

½n 2.28µC(3, gu) = dgu
3
dg(u−1)

2
ee.
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L 2.11 .� gum1� K1(3)-GDD�3�7�^�±9�)û��

g u m��� �)û��

≡ 0 mod 6 Ã^� [0,
g(u−1)

2
]0(3) Ã

≡ 3 mod 6
≡ 1 mod 4

[0,
g(u−1)

2
]0(3) Ã

≡ 3 mod 4

≡ 2 mod 6 ≡ 0 mod 3 [2,
g(u−1)

2
]2(3) g ≥ 10¿�µ

u ∈ {6, 9}¶½ö

u ∈ {12, 15, 18, 21, 27}� 0 < m < g≡ 4 mod 6 ≡ 0 mod 3 [1,
g(u−1)

2
]1(3)

≡ 1 mod 6
≡ 3 mod 12

[1,
g(u−1)

2
]1(3)

g ≥ 5¿�µ

u = 9¶½ö

u = 15§� 0 < m < g½m ≡ g + 3 mod 6¶½ö

u ∈ {21, 27, 33, 39}§0 < m < g¶½ö

u = 51§g ≡ 5 mod 6§g ≥ 47� 0 < m < g

≡ 9 mod 12

≡ 5 mod 6
≡ 3 mod 12

[2,
g(u−1)

2
]2(3)≡ 9 mod 12

≡ 3 mod 6 ≡ 0 mod 4 [0,
(g(u−1)−3)

2
]0(3)

g ≥ 39§gØ� 9§15§21½ 33�Ø§

u = 8§3g < m < (7g − 3)/2

≡ 1 mod 6 ≡ 0 mod 12 [1,
(g(u−1)−3)

2
]1(3)

g ≥ 11¿�µ

u = 12§0 < m < g¶½ö

u = 24§� g ≡ 5 mod 6, 0 < m < g½

10g < m < (23g − 3)/2

≡ 5 mod 6 ≡ 0 mod 12 [2,
(g(u−1)−3)

2
]2(3)

≡ 3 mod 6 ≡ 2 mod 4 [0,
(g(u−1)−3)

2
]0(3) g ≥ 9

≡ 1 mod 6 ≡ 6 mod 12 [1,
(g(u−1)−3)

2
]1(3)

g ≥ 5

≡ 5 mod 6 ≡ 6 mod 12 [2,
(g(u−1)−3)

2
]2(3)
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L 2.12 .� hum1� Kirkman frame�3�7�^�±9�)û��

h u m��� �)û��

≡ 0 mod 12 Ã^� [0,
h(u−1)

2
]0(6) Ã

≡ 6 mod 12
≡ 1 mod 4

[0,
h(u−1)

2
]0(6) Ã

≡ 3 mod 4

≡ 4 mod 12 ≡ 0 mod 3 [4,
h(u−1)

2
]4(6) h ≥ 20¿�µ

u ∈ {6, 9}¶½ö

u ∈ {12, 15, 18, 21, 27}§0 < m < h≡ 8 mod 12 ≡ 0 mod 3 [2,
h(u−1)

2
]2(6)

≡ 2 mod 12
≡ 3 mod 12

[2,
h(u−1)

2
]2(6) h ≥ 14¿�µ

u = 9¶½ö

u ∈ {15, 21, 27}§0 < m < h

≡ 9 mod 12

≡ 10 mod 12
≡ 3 mod 12

[4,
h(u−1)

2
]4(6)≡ 9 mod 12

≡ 6 mod 12 ≡ 0 mod 4 [0,
(h(u−1)−6)

2
]0(6)

h ≥ 78§hØ� 18§30§42½ 66�Ø§

u = 8� 3h < m < (7h− 6)/2

≡ 2 mod 12 ≡ 0 mod 12 [2,
(h(u−1)−6)

2
]2(6) h ≥ 22¿�µ

u = 12§0 < m < h¶½ö

u = 24§10h < m < (23h− 6)/2≡ 10 mod 12 ≡ 0 mod 12 [4,
(h(u−1)−6)

2
]4(6)

≡ 6 mod 12 ≡ 2 mod 4 [0,
(h(u−1)−6)

2
]0(6) h ≥ 18

≡ 2 mod 12 ≡ 6 mod 12 [2,
(h(u−1)−6)

2
]2(6)

h ≥ 14

≡ 10 mod 12 ≡ 6 mod 12 [4,
(h(u−1)−6)

2
]4(6)
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Francetić�< [67]é k = 4��/�
?Ø§¿��
�Ü©�(J"

½n 2.29 (Francetić� [67])µ� u ≥ 4�eã�/��¤á�§C(4, gu) = dgu
4
dg(u−1)

3
eeµ

1. g ≡ 0 mod 6§Ø
(½�~	� (g, u) = (6, 4)¶

2. g ≡ 3 mod 6§u ≡ 0, 1 mod 4¶

3. g ≡ 2, 4 mod 6§u ≡ 7, 10 mod 12¶

4. g ≡ 1, 2, 4, 5 mod 6§u ≡ 1, 4 mod 12§Ø
(½�~	� (g, u) = (2, 4)¶

5. g ≡ 1, 4 mod 6§u ≡ 0, 6, 8, 11 mod 12¶

6. g ≡ 4 mod 12§u ≡ 3 mod 6§�UØ
 u ∈ {21, 27}¶

7. g ≡ 4 mod 6§u ≡ 2, 5 mod 12¶

8. g ≡ 2 mod 6§u ≡ 0, 2, 3 mod 6¶

9. g ≡ 8 mod 12§u ≡ 5 mod 24§�UØ
 g = 44½ u = 29¶

10. g ≡ 8 mod 24§u ≡ 11, 17 mod 24§�UØ
 u ∈ {35, 41}¶

11. g ≡ 5 mod 6§u ≡ 2 mod 6§�UØ
 g ∈ {11, 17}� u ∈ {32, 38, 44, 50}§

½ö g = 17� u ≡ 2 mod 24§u ≥ 26¶

12. g ≡ 5 mod 6§u ≡ 0, 3 mod 12§�UØ
 g = 17§½ö u ∈ {27, 36, 39, 51}§

½ö (g, u) = (11, 24)"

½n 2.30 (Francetić� [67])µ� u ≥ 4�eã�/��¤á�§C(4, gu) = dgu
4
dg(u−1)

3
eeµ

1. g ≡ 1 mod 12§u ≡ 2, 3, 5, 9 mod 12§Ø
(½�~	� (g, u) = (1, 9)§�

UØ
 g = 13§½ö u = 9� g ≥ 13¶

2. g ≡ 2 mod 24§u ≡ 5, 11 mod 24§�UØ
 g = 26½ö u ∈ {29, 35}¶

3. g = 2§u ≡ 17, 23 mod 24§�UØ
 u ∈ {17, 23}¶

4. g ≡ 3 mod 6§u ≡ 2, 3 mod 4§Ø
(½�~	� (g, u) = (3, 6)§�UØ


(g, u) ∈ {(15, 14), (21, 14), (15, 18), (21, 18)}§½ö u = 6� g ≥ 9¶

5. g ≡ 1, 5 mod 6§u ≡ 7, 10 mod 12§Ø
(½�~	� g = 1 � u ∈

{7, 10, 19}§�UØ
 g ∈ {5, 7}"
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·�|^.Ø��� 4-GDDéþã(J�
U?§8c�(JXe"

½n 2.31µé?¿��ê g, u� u ≥ 4§Ø
(½� (g, u) ∈ {(1, 7), (1, 9), (1, 10), (1, 19),

(2, 4), (3, 6), (6, 4)}±9eã�U��/	§C(4, gu) = dgu
4
dg(u−1)

3
ee"

1. g ≡ 3 mod 6 :

u = 6§g ≥ 9"

2. g ≡ 2 mod 6 :

u = 11§g ≡ 20 mod 24¶½ö

u ≡ 5 mod 6§g ∈ {26, 44}½ g ≡ 14 mod 24"

3. g ≡ 4 mod 6 :

u ∈ {15, 21, 27}§g ≡ 10 mod 12¶½ö

u ≡ 3 mod 6§g = 22"

4. g ≡ 1 mod 6 :

u = 9§g ≥ 7¶½ö

u = 14§g ≡ 7 mod 12¶½ö

u ≡ 7, 10 mod 12§g = 7¶½ö

u ≡ 2, 5 mod 12§g ∈ {13, 19}¶½ö

u ≡ 3, 9 mod 12§g = 13½ g ≡ 7 mod 12"

5. g ≡ 5 mod 6 :

u ∈ {6, 9, 11, 17, 18}¶½ö

u ≡ 7, 10 mod 12§g = 5¶½ö

u ≡ 6, 9 mod 12§g = 11¶½ö

u ≡ 5, 11 mod 12§g = 29½ g ≡ 11, 17, 23 mod 24"
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3 5-GDD§4-frameÚ 4-RGDD��35¯K

3�Ù¥§·�òé½n 1.2, 1.8Ú 1.9¥'u 5-GDD§4-frameÚ 4-RGDD�

35(J�ÑU?"·��(JÌ�8¥u|���'����¹"Ó�§·��

�E
�
����§�).� 2184§944§1818Ú 3611� 4-RGDD"

3.1 5-GDD

�!¥§·��U?.��� 5-GDD��35(J"Äk·�I�e¡�V

gÚ�E"

��Ü©�©|�O£P`GD¤´��n�| (X,G,B)§Ù¥ X ´:8§G ´

é X �y©§p¡���¡�|§B´ X ���f8x§¡�«|§¿��÷v

(1)z�|Úz�«|�õ�k���:¶(2)?¿�é5gØÓ|�:�õÓ�Ñ

y3��«|¥"

e¡��E�{´d ReesJÑ� [129]§¿3©z [130,131]¥k­�A^"

�E 3.1µ� (X,G,B)´��.� gu � A-�©) k-P`GD§ùpé?¿ αi ∈ A�

3 ri� αi-²1a"b��3�� TD(u, h)Ú§���gÓ�f+H§H3z�|

�:þ��^´rD4�"- Hj ´ H��xf8§¿�éz� αi ∈ Ak ri �ù

����� αi �f8"XJ8Ü {Hj ∗ τ : τ ∈ H, j = 1, 2, . . . ,
∑

i ri}3 Hþ´�

©)�§K�3.� (hg)u��©) k-P`GD"

���E 3.1�A^§·�ke¡��E"

�E 3.2µ� (X,G,B)´��.� gu� {k1, k2}-GDD§Ù¥��� k1�«|´ A-

�©)�¿�é?¿ αi ∈ A�3 ri � αi-²1a"b�¤k��� k1 �«|/¤

��k s�|� P`GD§s ≥ k2§Ó��3�� TD(s, h)Ú§���gÓ�f+ H§

H3z�|�:þ��^´rD4�"-Hj´H��xf8§¿�éz� αi ∈ A

k ri �ù����� αi �f8"XJ8Ü {Hj ∗ τ : τ ∈ H, j = 1, 2, . . . ,
∑

i ri}3
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Hþ´�©)�§K�3.� (hg)u � {k1, k2}-GDD§Ù¥��� k1 �«|�±

y©¤ h
∑

i(riαi)�²1a"

y². ·�ò�E 3.1 ��A^u��� k1 �«|�¤� P`GD§Ó�|^

TD(k2, h)ò��� k2�«|/)ä0å5"ù�Ò���¤�� GDD"

Ún 3.1µ�3��.� 614 � {4, 5}-GDD§§��� 4�«|´ [1, 1, 2, 2]-�©)

�¿�¤
�� 7�|� P`GD"

y². ·�38Ü Z84 þ�E¤��O§§�|´ {{i, i + 14, i + 28, . . . , i + 70} :

0 ≤ i < 14}"òe¡�Ä«| +2 (mod 84)Ðm"

{1, 42, 69, 52} {0, 41, 16, 29}
{7, 60, 57, 34}
{0, 47, 60, 11, 80} {5, 81, 22, 29, 27} {1, 16, 8, 10, 48}
{5, 15, 80, 44, 26} {5, 11, 49, 10, 31} {0, 3, 22, 34, 83}

1�1¥��� 4 �Ä«|�)¤
�� 2-²1a"1�1¥��� 4 �Ä

«|)¤
ü�²1a"5¿� Z84 ¥�� ±7,±21,±35 =Ñy3��� 5

�«|p"ù�¤k��� 4 �«|�¤
�� 7 �|� P`GD§§�|´

{{i, i+ 7, i+ 14, . . . , i+ 77} : 0 ≤ i < 7}"

Ún 3.2µ�3��.� 1014� {4, 5}-GDD§§��� 4�«|´ [1, 1, 2, 2, 4]-�©

)�¿�¤
�� 7�|� P`GD"

y². ·�38Ü Z140 þ�E¤��O§§�|´ {{i, i + 14, i + 28, . . . , i + 126} :

0 ≤ i < 14}"òe¡�Ä«| +2 (mod 140)Ðm"

{5, 108, 13, 130} {6, 101, 113, 82}
{1, 123, 75, 59} {4, 40, 64, 38}
{1, 2, 27, 56}
{3, 108, 91, 64, 97} {3, 65, 132, 63, 86} {0, 43, 65, 97, 48} {4, 54, 109, 5, 70}
{4, 57, 125, 10, 87} {1, 35, 32, 134, 14} {1, 82, 10, 42, 72} {3, 7, 138, 80, 27}
{9, 12, 16, 24, 105} {0, 13, 52, 103, 113}

1�1¥��� 4�Ä«|�)¤
�� 2-²1a"1�1¥ü���� 4�Ä«

|)¤
�� 4-²1a"1n1¥��� 4�Ä«|)¤
ü�²1a"5¿�

Z140 ¥�� ±7,±21,±35,±49,±63=Ñy3��� 5�«|p"ù�¤k���
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4�«|�¤
�� 7�|� P`GD§§�|´ {{i, i + 7, i + 14, . . . , i + 133} : 0 ≤

i < 7}"

Ún 3.3µ�3.� 1018� {4, 5}-GDD§§��� 4�«|�±y©¤���²1

a§Ô� 2-²1aÚ8� 4-²1a"

y². ·�38Ü Z90 × {0, 1}þ�E¤��O§§�|´ {{(i, j), (9 + i, j), (18 +

i, j), . . . , (81 + i, j)} : 0 ≤ i < 9, j = 0, 1}"òe¡�Ä«| (+1 (mod 90),−) Ð

m"

1�Ü©µe¡�Ä«|�)¤ü�²1a"

{(0, 0), (13, 0), (82, 1), (75, 1)} {(1, 1), (88, 1), (43, 0), (86, 0))}
{(1, 0), (53, 1), (32, 0), (20, 1)} {(0, 1), (19, 1), (36, 0), (75, 0)}
{(0, 0), (76, 1), (71, 1), (65, 0)} {(0, 1), (17, 1), (13, 0), (24, 0)}

1�Ü©µe¡�Ä«|�)�� 2-²1a"

{(1, 0), (68, 1), (47, 1), (33, 0)} {(0, 1), (58, 1), (11, 0), (32, 0)}
{(0, 0), (37, 1), (12, 1), (37, 0)} {(1, 1), (7, 0), (6, 0), (47, 1)}
{(0, 1), (47, 1), (73, 0), (29, 0)} {(0, 0), (3, 1), (7, 1), (84, 0)}
{(0, 0), (70, 1), (60, 1), (62, 0)}

1nÜ©µz�1¥�ü�Ä«|)�� 4-²1a"

{(0, 1), (53, 1), (67, 1), (4, 0)} {(0, 1), (16, 0), (18, 0), (40, 0)}
{(0, 1), (48, 0), (13, 1), (79, 1)} {(1, 0), (11, 1), (71, 0), (68, 0)}
{(0, 0), (28, 1), (59, 1), (44, 1)} {(1, 0), (62, 0), (28, 1), (27, 0)}
{(0, 1), (22, 0), (38, 1), (12, 1)} {(0, 1), (65, 0), (58, 0), (9, 0)}
{(1, 0), (17, 0), (37, 1), (74, 0)} {(1, 1), (2, 0), (89, 1), (40, 1)}
{(1, 0), (31, 0), (39, 0), (79, 0)} {(0, 1), (68, 1), (20, 1), (60, 1)}

1nÜ©µ��� 5�Ä«|"

{(0, 0), (23, 1), (57, 1), (51, 1), (22, 1)} {(1, 0), (6, 0), (77, 0), (81, 0), (30, 1)}

�
ò�E 3.2A^�Ún 3.1–3.3¥�E� {4, 5}-GDD§·�I�e¡�V

gÚ(Ø"

� G ´�� g � Abelian +"�� G þ��Ý
§P� (g, k; 1)-DM§´

�� k × g �Ý
 M = [mi,j]§mi,j ∈ G§¦�é?¿ 1 ≤ r < s ≤ k§�

mr,j −ms,j, 1 ≤ j ≤ g�¤
 G¥�¤k��"ò q�Ð� Abelian+P� EA(q)"

·�keã(J"
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½n 3.1 ( [63])µk�� Fq �¦{L´ EA(q)þ��� (q, q; 1)-DM"

½n 3.2 ( [29])µe�3 Gþ� (g, k; 1)-DMÚ G′þ� (g′, k; 1)-DM§K�3 G×G′

þ� (gg′, k; 1)-DM"

���§·��±^ Gþ� (g, k; 1)-DM����Ä«|�EÑ��î��O

TD(k, g)§¿� G��ù� TD���gÓ�f+3z�|�:þ��^´rD4

�"ù�nÜ½n 3.1–3.2§·�ke¡�(J"

Ún 3.4µ� m´����ê§¿� mk�Ïf©) m = pe11 . . . pell §ùp pi ´Ø

Ó��ê¿�é?¿ 1 ≤ i ≤ l§ei ≥ 1"- k = min{peii : 1 ≤ i ≤ l}"K�3î��

O TD(k,m)§§���gÓ�f+3z�|�:þ��^´rD4�"

Ún 3.5µ� H = Zv§v ≡ 1, 5 (mod 6), v ≥ 7"- H1 = {0}§H2 = {0, 1}§

H3 = {0, 1, 2, 3}"@o8Ü {Hj + τ : τ ∈ H, j = 1, 2}Ú {Hj + τ : τ ∈ H, j = 1, 2, 3}

þ´�©)�"

y². - K ´H���f8"½Â S(K) = H\K"

éu8Ü {Hj + τ : τ ∈ H, j = 1, 2}§ò v�� v = 2t+ 1"@o·��±r§

�Xe©)µ

1. {{0, 1}+ 2i : i = 0, 1, . . . , t− 1} ∪ {{2t}};

2. {{1, 2}+ 2i : i = 0, 1, . . . , t− 1} ∪ {{0}};

3. S({0, 2t}) ∪ {2t, 0}.

éu8Ü {Hj + τ : τ ∈ H, j = 1, 2, 3}§·��Äe¡A«�¹"

� v = 6t+ 1�µ

1. {{0, 1, 2, 3} + 6i + j, {4, 5} + 6i + j : i = 0, 1, 2, . . . , t − 1} ∪ {{6t + j}}, j =

0, 1, 2, 3, 4, 5;

2. S({6t, 0, 1, 2, 3, 4}) ∪ {{6t, 0, 1, 2}, {3, 4}}.

� v = 12t+ 5�µ

118



5-GDD§4-frameÚ 4-RGDD��35¯K

1. {{0, 1, 2, 3}+ 4i+ j : i = 0, 1, 2, . . . , 3t} ∪ {{12t+ 4 + j}}, j = 0, 1, 2, 3;

2. {{4, 5}+ 2i : i = 0, 1, 2, . . . , 6t+ 1} ∪ {{3}};

3. {{5, 6}+ 2i : i = 0, 1, 2, . . . , 6t+ 1} ∪ {{4}};

4. S({12t+ 4, 0, 1, 2, 3, 4}) ∪ {{12t+ 4, 0, 1, 2}, {3, 4}}.

� v = 12t+ 11�µ

1. {{0, 1, 2, 3}+4i+j : i = 0, 1, 2, . . . , 3t+1}∪{{12t+8, 12t+9}+j, {12t+10}+j},

j = 0, 1, 2, 3;

2. {{2, 3}+ 2i : i = 0, 1, 2, . . . , 6t+ 2} ∪ {{12t+ 8}, {12t+ 9, 12t+ 10, 0, 1}};

3. {{3, 4}+ 2i : i = 0, 1, 2, . . . , 6t+ 2} ∪ {{12t+ 9}, {12t+ 10, 0, 1, 2}};

4. S({12t+ 8, 12t+ 9, 12t+ 10, 0, 1, 2}) ∪ {{12t+ 8, 12t+ 9, 12t+ 10, 0}, {1, 2}}.

íØ 3.1µ� H = Zv × Zv§v ≡ 1, 5 (mod 6)� v ≥ 7"- H1 = {(0, 0)}§H2 =

{(0, 0), (1, 0)}§H3 = {(0, 0), (1, 0), (2, 0), (3, 0)}"K8Ü {Hj + τ : τ ∈ H, j = 1, 2}

Ú {Hj + τ : τ ∈ H, j = 1, 2, 3}þ´�©)�"

Ún 3.6µ�3.� 4215Ú 5415� 5-GDD"

y². dÚn 3.1§�3��.� 614� {4, 5}-GDD§§��� 4�«|´ [1, 1, 2, 2]-

�©)�¿�¤
�� 7�|� P`GD"·�ò�E 3.2A^�ù� {4, 5}-GDDÚ

Ún 3.4¥��� TD(7, p)§p = 7, 9"éu.� 4215�§�H = Z7"-H1 = H2 =

{0}§H3 = H4 = {0, 1}"�âÚn 3.5´�8Ü {Hj + τ : τ ∈ Z7, j = 1, 2, 3, 4}´�

©)�"ù�·�Ò��
��.� 4214� {4, 5}-GDD§§���� 4�«|�±

y©� 42�²1a"V\ 42�Ã¡:Ö�ù
²1aÒ���¤�� 5-GDD"é

u.� 5415�§�H = EA(9)"-H1 = H2 = {(0, 0)}§H3 = H4 = {(0, 0), (0, 1)}"

du8Ü {{(0, 0)}+ τ, {(0, 0), (0, 1)}+ τ : τ ∈ EA(9)}�±�Xe©)µ

{{(0, j)}, {(0, 1+j), (0, 2+j)}, {(1, j)}, {(1, 1+j), (1, 2+j)}, {(2, j)}, {(2, 1+j), (2, 2+j)}},
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i = 0, 1, 2.ù�·�Ò��
��.� 5414� {4, 5}-GDD§ò��� 4�«|Ö�

Ò���¤�� 5-GDD"

Ún 3.7µé?¿�u�u 7��ê p§.� (10p)15� 5-GDDþ�3"

y². dÚn 3.2§�3��.� 1014 � {4, 5}-GDD§§��� 4 �«|´

[1, 1, 2, 2, 4]-�©)�¿�¤
�� 7 �|� P`GD"·�ò�E 3.2 A^�ù

� {4, 5}-GDDÚÚn 3.4¥��� TD(7, p)"du p´���ê¿� p ≥ 7§·�

�±� H = Zp"- H1 = H2 = {0}§H3 = H4 = {0, 1}§H5 = {0, 1, 2, 3}"�âÚ

n 3.5´�8Ü {Hj + τ : τ ∈ Zp, j = 1, 2, 3, 4, 5}´�©)�"ù�·�Ò��
�

�.� (10p)14 � {4, 5}-GDD§§���� 4�«|�±y©� 10p�²1a"V

\ 10p�Ã¡:Ö�ù
²1aÒ���¤�� 5-GDD"

Ún 3.8µ�3.� 25015� 5-GDD"

y². ·�ò�E 3.2 A^�Ún 3.2 ¥�.� 1014 � {4, 5}-GDD ÚÚn 3.4 ¥

��� TD(7, 25)"·�� H = EA(25)"- H1 = H2 = {(0, 0)}§H3 = H4 =

{(0, 0), (1, 0)}§H5 = {(0, 0), (1, 0), (2, 0), (3, 0)}"·��±é8Ü {Hj + τ : τ ∈

EA(25), j = 1, 2, 3, 4, 5}�Xe©)µ

1. {{(i, j), (1 + i, j), (2 + i, j), (3 + i, j)}, {(4 + i, j)} : 0 ≤ j < 5}, 0 ≤ i < 5;

2. {{(i, j), (1 + i, j)}, {(2 + i, j), (3 + i, j)}, {(4 + i, j)} : 0 ≤ j < 5}, 0 ≤ i < 5.

ù�§·�Ò��
��.� 25014� {4, 5}-GDD§§���� 4�«|�±y©

� 250�²1a"V\ 250�Ã¡:Ö�ù
²1aÒ���¤�� 5-GDD"

Ún 3.9µé?¿ α ≡ 1, 5 (mod 6)� α 6∈ {1, 5}§.� (10α)15� 5-GDDþ�3"

y². � α ����Ïf´ p"e p ≥ 7§KdÚn 3.7§�3.� (10p)15 � 5-

GDD"éz�:D� α/p§du.� (α/p)5 � 5-GDD þ�3£½n 1.2¤§A^

WFC·�Ò��
¤��.� (10α)15� 5-GDD"e p = 5§K α = 5t§t ≥ 1"é

u t = 2��/§�Ún 3.8¶éu t > 2§·�d.� 25015� 5-GDDÑu§éz

�:D� α/25§A^WFCÒ���¤�� GDD"

120



5-GDD§4-frameÚ 4-RGDD��35¯K

Ún 3.10µé?¿�u�u 19��ê p§.� (10p)23� 5-GDDþ�3"

y². dÚn 3.3§�3��.� 1018� {4, 5}-GDD§§��� 4�«|�±y©¤

���²1a§Ô� 2-²1aÚ8� 4-²1a"·�ò�E 3.2A^�ù� {4, 5}-

GDDÚÚn 3.4¥��� TD(18, p)"du p´���ê¿� p ≥ 19§·��±�

H = Zp"- Hi = {0}§1 ≤ i ≤ 12¶Hi = {0, 1}§13 ≤ i ≤ 19¶Hi = {0, 1, 2, 3}§

20 ≤ i ≤ 25"�âÚn 3.5´�8Ü {Hj + τ : τ ∈ Zp, 1 ≤ j ≤ 25} = (∪6i=1{Hi +

τ,H12+i+τ,H19+i+τ : τ ∈ Zp})∪{H7+τ,H19+τ : τ ∈ Zp}∪(∪12i=8{Hi+τ : τ ∈ Zp})

´�©)�"ù�·�Ò��
��.� (10p)18 � {4, 5}-GDD§§���� 4�

«|�±y©� 50p�²1a"V\ 50p�Ã¡:Ö�ù
²1a����.�

(10p)18(50p)1� 5-GDD"��W\.� (10p)5� 5-GDDÒ���¤��O"

Ún 3.11µé?¿ α ∈ {25, 49, 121, 169, 289}§.� (10α)23� 5-GDDþ�3"

y². éu α = 25§ò�E 3.2A^�Ún 3.3¥�.� 1018 � {4, 5}-GDDÚÚ

n 3.4¥� TD(18, 25)"ùp·�� H = EA(25)"- Hi = {(0, 0)}§1 ≤ i ≤ 12¶

Hi = {(0, 0), (1, 0)}§13 ≤ i ≤ 19¶Hi = {(0, 0), (1, 0), (2, 0), (3, 0)}§20 ≤ i ≤ 25"

5¿�8Ü {{(0, 0)}+ τ, {(0, 0)}+ τ, {(0, 0)}+ τ, {(0, 0), (1, 0)}+ τ : τ ∈ H}�±©

)�

{{(i, j)}, {(1 + i, j)}, {(2 + i, j)}, {(3 + i, j), (4 + i, j)} : 0 ≤ j < 5}, 0 ≤ i < 5;

8Ü {{(0, 0)}+ τ, {(0, 0), (1, 0)}+ τ, {(0, 0), (1, 0)}+ τ : τ ∈ H}�±©)�

{{(i, j), (1 + i, j)}, {(2 + i, j), (3 + i, j)}, {(4 + i, j)} : 0 ≤ j < 5}, 0 ≤ i < 5;

8Ü {{(0, 0)}+ τ, {(0, 0), (1, 0), (2, 0), (3, 0)}+ τ : τ ∈ H}�±©)�

{{(i, j), (1 + i, j), (2 + i, j), (3 + i, j)}, {(4 + i, j)} : 0 ≤ j < 5}, 0 ≤ i < 5.

¤±8Ü {Hj + τ : τ ∈ H, 1 ≤ j ≤ 25}�´�©)�"ù�·�Ò��
��.�

25018 � {4, 5}-GDD§§���� 4�«|�±y©� 1250�²1a"V\ 1250

�Ã¡:Ö�ù
²1a����.� 2501812501 � 5-GDD"W¿����|Ò

���¤��.� 25023� 5-GDD"
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éu α = {49, 121, 169, 289}§L§aq"ò�E 3.2A^�Ún 3.3¥�.�

1018 � {4, 5}-GDDÚÚn 3.4¥� TD(18, α)"ùp·�� H = EA(α)"- Hi =

{(0, 0)}§1 ≤ i ≤ 12¶Hi = {(0, 0), (1, 0)}§13 ≤ i ≤ 19¶Hi = {(0, 0), (1, 0), (2, 0),

(3, 0)}§20 ≤ i ≤ 25"�âíØ 3.1´�8Ü {Hj + τ : τ ∈ H, 1 ≤ j ≤ 25}´�©

)�"ù�·�Ò��
��.� (10α)18 � {4, 5}-GDD§§���� 4�«|�

±y©� 50α�²1a"Ö�ù
²1a����.� (10α)18(50α)1 � 5-GDD"

W¿����|Ò���¤�� GDD"

Ún 3.12µé?¿α ≡ 1, 5 (mod 6)�α 6∈ {1, 5, 7, 11, 13, 17, 35, 55, 65, 77, 85, 91, 119,

143, 187, 221}§.� (10α)23� 5-GDDþ�3"

y². éu α ≡ 1 (mod 6)§α ≥ 325§½ α ≡ 5 (mod 6)§α ≥ 449��/§�½n

1.2"y3·�b�� α ≡ 1 (mod 6)� α ≤ 319§� α ≡ 5 (mod 6)� α ≤ 443"

� α ����Ïf´ p"e p ≥ 19§KdÚn 3.10§�3.� (10p)23 �

5-GDD"éz�:D� α/p§A^ WFC ·�Ò��
¤��.� (10α)23 �

5-GDD"e p ≤ 17§éu α ∈ {25, 49, 121, 169, 289} ��/§�Ún 3.11¶éu

α ∈ {125, 175, 245, 275, 425}§·�d.� 25023½ 49023� 5-GDDÑu§éz�:

D� α/25½ α/49§A^WFCÒ���¤�� GDD"

Ún 3.13µ.� 65023� 5-GDD�3"

y². d½n 2.8�3 TD(21, 31)§í���:¿­#½Â|§·��±����.

� 2031301 � {21, 31}-GDD"éz�:D� 23§|^.� 2321 Ú 2331 � 5-MGDD

£�©z [2,116]¤�±����.� (460, 2023)31(690, 3023)1� 5-DGDD"3|¥W\

.� 2023Ú 3023� 5-GDDÒ���¤��O"

Ún 3.14µ� g ∈ {34, 46, 62}"Ké?¿ u ∈ {71, 111, 115}§.� gu � 5-GDDþ

�3"

y². é?¿ g ∈ {34, 46, 62}§d½n 2.7�3�� (g + 1, {5, 7, 9}, 1)-PBD"í�

��:�±����.� 4i6j8k � {5, 7, 9}-GDD§ùp 4i + 6j + 8k = g"éz

�:D� u§|^.� u5, u7 Ú u9 � 5-MGDD£�©z [2]¤·��±��.�
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(4u, 4u)i(6u, 6u)j(8u, 8u)k � 5-DGDD"3|¥W\.� 4u, 6u Ú 8u � 5-GDD·�

Ò�±��¤��.� (4i+ 6j + 8k)u ≡ gu� 5-GDD"

Ún 3.15µé?¿ g ∈ {14, 22, 26, 34, 38, 46, 58, 62}§.� g75� 5-GDDþ�3"

y². dÚn 3.9�3.� (5g)15 � 5-GDD"3z�|¥W\.� g5 � 5-GDDÒ

���¤��O"

Ún 3.16µéu g ∈ {38, 58}§.� g115� 5-GDD�3"

y². dÚn 3.12�3.� (5g)23� 5-GDD"3z�|¥W\.� g5� 5-GDDÒ

���¤��O"

nÜ½n 1.2§±9Ún 3.6, 3.9, 3.12Ú 3.13–3.16§·�keã(Ø"

½n 3.3µ.� gu � 5-GDD�3�7�^�§= u ≥ 5§g(u − 1) ≡ 0 (mod 4)§

g2u(u− 1) ≡ 0 (mod 20)§�´¿©�§Ø
 (g, u) ∈ {(2, 5), (2, 11), (3, 5), (6, 5)}±

9eã�U��¹�	µ

1. g = 3§u ∈ {45, 65}¶

2. g ≡ 2, 6, 14, 18 (mod 20)µ

(a) g = 2§u ∈ {15, 35, 71, 75, 95, 111, 115, 195, 215}¶

(b) g = 6§u ∈ {15, 35, 75, 95}¶

(c) g ∈ {14, 18, 22, 26}§u ∈ {11, 15, 71, 111, 115}¶

(d) g ∈ {34, 46, 62}§u ∈ {11, 15}¶

(e) g ∈ {38, 58}§u ∈ {11, 15, 71, 111}¶

(f) g = 2α§ùp gcd(30, α) = 1§33 ≤ α ≤ 2443§u = 15¶

3. g ≡ 10 (mod 20)µ

(a) g = 10§u ∈ {5, 7, 15, 23, 27, 33, 35, 39, 47}¶

(b) g = 30§u = 15¶
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(c) g = 50§u ∈ {15, 23, 27}¶

(d) g = 90§u = 23¶

(e) g = 10α§ùp α ∈ {7, 11, 13, 17, 35, 55, 77, 85, 91, 119, 143, 187, 221}§u =

23"

3�!(åc§·����E��.� 16541� 5-GDD§ù��O�,�Ú^

L�¿��uL [3,8]"

Ún 3.17µ.� 16541� 5-GDD�3"

y². ·�38Ü Z80 ∪ ({a} × Z4) þ�E¤���O"§�|´ {{i, i + 5, i +

10, . . . , i+ 75}§0 ≤ i ≤ 5§±9 {({a}×Z4)}"re>¤�Ä«|¥ Z80��� +2

(mod 80)Ðm§/X ai ∈ {x}×Z4����eI +1 (mod 4)Ðm"5¿����

Ä«|Ðm������� 8�á;�"

0 77 28 19 61 0 73 26 72 14 2 20 19 58 31
3 20 59 7 56 0 37 43 51 69 3 5 39 62 a0
0 76 9 2 a0 0 16 32 48 64

ù�·�keã(Ø"

½n 3.4 (©z [8,12,84,130])µé?¿ g ≡ 0 (mod 4)§m ≡ 0 (mod 4)§m ≤ 4g/3§Ø


�U�~	� (g,m) ∈ {(12, 4), (12, 8)}§.� g5m1� 5-GDDþ�3"

3.2 4-frame

�!¥§·�òé 4-frame��35(J�ÑU?"·�I�e¡�d Chang

ÚMiaoJÑ�VgÚ�E�{ [34]"

�� k-DGDD (X,H,G,B)�¡�´�� k-double frame§e§�«|8 B �

±y©��É²1a§z��É²1a´�xy©8Ü X\(Gi ∪Hj)�«|§ùp

Gi§Hj ©O´,�|Ú,�É"���§3�� k-double frame¥§Ú�½�| G

±9�½�É H 'é��É²1a��êT� |G ∩H|/(k − 1)"

éu double frame§·�ke¡�48�E [34]"
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5-GDD§4-frameÚ 4-RGDD��35¯K

�E 3.3µ� (X,G,B)´��.� gu11 g
u2
2 . . . guss �K-GDD§¿�é?¿ k ∈ K§.

� (hv, hv)k� k′-double frameþ�3"K�3.� (hvg1, (hg1)
v)u1 (hvg2, (hg2)

v)u2 . . .

(hvgs, (hgs)
v)us � k′-double frame"

Double frame���^5�E frame"e¡��E´©z [34]¥½n 6.1�AÏ

�¹"

�E 3.4µe�3.� (g1, h
v
1)
u1 (g2, h

v
2)
u2 . . . (gs, h

v
s)
us � k-double frame§¿�é

?¿ i = 1, 2, . . . , s§.� hvi � k-frame �3"K.� hv � k-frame �3§ùp

h =
∑s

i=1 uihi"

Ún 3.18µ.� (21, 37)5� 4-double frame�3"

y². ·�38Ü Z105 þ�E¤���O"§�|d {0, 7, 14, . . . , 98})¤§Éd

{0, 5, 10, . . . , 100})¤"re>¤�Ä«| +1 (mod 105)ÐmÒ���¤���

O"5¿eãÄ«| +35 (mod 105)Ðm�/¤���É²1a"

71 72 48 89 82 6 79 43 16 68 94 102
61 17 23 74 62 31 53 64 3 46 92 104

Ún 3.19µ.� (21, 37)7� 4-double frame�3"

y². ·�38Ü Z21×Z7þ�E¤���O"§�|´ {(i, j), (7+i, j), (14+i, j) :

0 ≤ j < 7}§0 ≤ i < 7§É´ {(0, j), (1, j) . . . , (20, j)}§0 ≤ i < 7"re>¤�Ä«

|ÐmÒ���¤���O"5¿eãÄ«| (+7 (mod 21),−)Ðm�/¤��

�É²1a"

{(4, 1), (3, 3), (16, 4), (8, 6)} {(17, 2), (9, 6), (19, 4), (18, 5)}
{(4, 6), (17, 4), (6, 3), (1, 5)} {(16, 2), (15, 1), (3, 6), (20, 5)}
{(4, 4), (19, 1), (6, 2), (8, 3)} {(1, 4), (16, 3), (18, 2), (19, 6)}
{(1, 2), (19, 3), (3, 5), (13, 1)} {(2, 5), (17, 1), (12, 2), (13, 4)}
{(18, 3), (12, 5), (9, 1), (6, 6)}

Ún 3.20µ.� (21, 37)9� 4-double frame�3"
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y². ·�38Ü Z63×Z3þ�E¤���O"§�|´ {(i, j), (9 + i, j), . . . , (54 +

i, j) : 0 ≤ j < 3}§0 ≤ i < 9§É´ {(i, j), (7 + i, j), . . . , (56 + i, j) : 0 ≤ j < 3}§

0 ≤ i < 7"·�rÄ«|�3e¡"

{(52, 0), (51, 0), (22, 0), (32, 2)} {(33, 0), (4, 2), (10, 2), (29, 2)}
{(19, 0), (43, 2), (48, 2), (17, 0)} {(20, 0), (39, 2), (26, 1), (15, 2)}
{(37, 0), (25, 1), (62, 1), (24, 0)} {(1, 0), (47, 2), (6, 2), (16, 2)}
{(8, 0), (30, 1), (38, 1), (40, 2)} {(55, 0), (59, 2), (58, 0), (12, 0)}
{(61, 0), (57, 0), (11, 2), (41, 1)} {(31, 0), (46, 0), (34, 2), (23, 1)}
{(5, 0), (3, 1), (60, 2), (44, 2)} {(2, 0), (13, 0), (50, 2), (53, 0)}

òþãÄ«| (−,+1 (mod 3))Ðm�±�����É²1a",�òù��É²

1a (+1 (mod 63),−)ÐmÒ���¤�� double frame"

Ún 3.21µé?¿ h ≡ 6 (mod 12) � h 6∈ {6, 30, 66, 78, 90, 114, 126, 150, 174, 210,

222, 246, 258, 282, 294, 318, 330, 342, 354, 414, 534}§.� h7� 4-frameþ�3"

y². éu h ∈ {18, 42, 54}§�½n 1.9"éu h ≥ 102§d½n 2.7 �3��

(h/3 + 1, {5, 7, 9}, 1)-PBD"í���:����.� 4i6j8k � {5, 7, 9}-GDD§4i+

6j + 8k = h/3"y3éz�:D� 21§|^.� (21, 37)5, (21, 37)7 Ú (21, 37)9

� 4-double frame·��±����.� (84, 127)i(126, 187)j(168, 247)k � 4-double

frame",�3|¥W\.� 127, 187 Ú 247 � 4-frame£½n 1.9¤"ù�·�Ò�

�
¤��.� (12i+ 18j + 24k)7 ≡ h7� 4-frame"

�E 3.5 (|^ RTD )ä [34])µe�3.� hu � k-frame ±9�©)î��O

RTD(k,m)§K.� (hm)u� k-frame�3"

Ún 3.22µé?¿ h ∈ {90, 126, 210, 294, 342, 414}§.� h7� 4-frameþ�3"

y². éu h ∈ {90, 126, 342, 414}§d½n 1.9�3.� 187 � 4-frame"éz�:

D� h/18§du RTD(4, h/18)�3£½n 1.8¤§A^�E 3.5·�Ò���¤��

frame"éu h ∈ {210, 294}§·�d.� 427 � 4-frame£½n 1.9¤Ñu§éz�

:D� h/42§A^�E 3.5Ò���¤�� frame"

nÜÚn 3.21Ú 3.22§·�keã(J"
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Ún 3.23µé?¿ h ≡ 6 (mod 12)� h 6∈ {6, 30, 66, 78, 114, 150, 174, 222, 246, 258,

282, 318, 330, 354, 534}§.� h7� 4-frameþ�3"

�
lÚn 3.23¥����õ� frame§·�I�e¡��E"

�E 3.6 (\� [71])µ� (X,G,B) ´�� GDD§w : X → Z+ ∪ {0} ´ X þ��

­¼ê"eé?¿«| B ∈ B§�3.� {w(x) : x ∈ B} � k-frame§K.�

{
∑

x∈Gw(x) : G ∈ G}� k-frame�3"

�E 3.7 (W¿É [71])µb��3|���áu T = {ti : i = 1, 2, . . . , n}� k-frame§

¿� a ≥ 0"eé?¿ i = 1, 2, . . . , n§|���áu Ti ∪{a}� k-frameþ�3§ù

p
∑

t∈Ti t = ti"@o�3�� k-frame§�|���áu (∪ni=1Ti) ∪ {a}"

Ún 3.24µé?¿ h ≡ 6 (mod 12)� h 6∈ {6, 30, 66, 78, 114, 150, 174, 222, 246, 258,

282, 318, 330, 354, 534}§.� h39Ú h47� 4-frameþ�3"

y². éu u = 39§d½n 3.4�3.� (2h)5(8h/3)1� 5-GDD"éz�:D� 3§

|^.� 35 � 4-frame�±��.� (6h)5(8h)1 � 4-frame"V\ h�Ã¡:¿W

\.� h7 Ú h9 � 4-frameÒ���¤��O"éu u = 47§L§aq§ùp·�

´l.� (8h/3)5(2h)1� 5-GDD£½n 3.4¤Ñu�"

nÜ½n 1.9±9Ún 3.23Ú 3.24§·�keã(Ø"

½n 3.5µ.� hu � 4-frame �3�7�^�§= u ≥ 5§h ≡ 0 (mod 3) ¿�

h(u− 1) ≡ 0 (mod 4)§Ø
eã�U��¹	�´¿©�µ

1. h = 36§u = 12¶

2. h ≡ 6 (mod 12)µ

(a) h = 6§u ∈ {7, 23, 27, 35, 39, 47}¶

(b) h = 18§u ∈ {15, 23, 27}¶

(c) h ∈ {30, 66, 78, 114, 150, 174, 222, 246, 258, 282, 318, 330, 354, 534}§u ∈ {7,

23, 27, 39, 47}¶

127



úô�ÆÆ¬Æ Ø©

(d) h ∈ {n : 42 ≤ n ≤ 11238}\{66, 78, 114, 150, 174, 222, 246, 258, 282, 318, 330,

354, 534}§u ∈ {23, 27}"

3.3 4-RGDD

�!¥·�ò�E.� hu � 4-RGDD§ùp u ∈ {10, 70, 82}"·�¤^��

�E��aqu^ double frame�E frame£�E 3.4¤"�
Qã·���E§I

�Ú\e¡�Vg"

�� k-DGDD(X,H,G,B)�¡�´ frame.�©)�e§�«|8 B �±y

©¤�É²1a§z��É²1ay©
8Ü X\G§ùp G´ G ¥�,�|"�

�|�Ý§deg(G)§�½Â�±ù�|�É��É²1a�ê8"

Ún 3.25µ3�� frame.�©)� k-DGDD (X,H,G,B)¥§é?¿|G ∈ G§?

¿É H ∈ H§·�k deg(G) = (|G| − |G ∩H|)/(k − 1)"

y². - v´:�ê8"�½| G ∈ G ÚÉ H ∈ H"�	 G ∩H ¥�?¿�: x"

�¹ x�«|ê�

rx = (v − |G| − |H|+ |G ∩H|)/(k − 1). (3.1)

- d =
∑

G∈G deg(G)"Kéz� x ∈ G ∩H§Ø
± G�É�²1a	§x3z�

�É²1a¥TÑy�g"ù�·�k

rx = d− deg(G). (3.2)

d�ª (1)Ú (2)·��íÑ

(v − |G| − |H|+ |G ∩H|)/(k − 1) = d− deg(G). (3.3)

ò (3)é¤k| G ∈ G ¦Ú��

d = (v − |H|)/(k − 1). (3.4)

�\ (3)·�k

deg(G) = (|G| − |G ∩H|)/(k − 1). (3.5)

ù�·�Ò�¤
y²"
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�E 3.8µ� (X,H,G,B) ´��.� gu11 g
u2
2 . . . guss � K-GDD ¿�é?¿ k ∈ K

�3.� (hv, hv)k � frame .�©)� k′-DGDD"K�3.� (hvg1, (hg1)
v)u1

(hvg2, (hg2)
v)u2 . . . (hvgs, (hgs)

v)us � frame.�©)� k′-DGDD"

y². - x ∈ G ∈ G ´¤� K-GDD¥?¿��:"éu X ¥ØÚ xÓá�|�:

y§k�=k��«| B ∈ BÓ��¹
 xÚ y"N´wÑ ∪x∈B∈B(B\{x})y©


X\G"|^ù�¯¢§�e��yÒ´é���
"

�E 3.9µb��3.� (g1, h
v
1)
u1 (g2, h

v
2)
u2 . . . (gs, h

v
s)
us � frame .�©)� k-

DGDD§¿�é?¿ i = 1, 2, . . . , s.� hvi � k-RGDDþ�3"K�3.� hv �

k-RGDD§ùp h =
∑s

i=1 uihi"

y². 5¿3 frame .�©)� k-DGDD ¥§éz���� gi = vhi �|Tk

hi(v − 1)/(k − 1) �±§�É�²1a§Ó�3.� hvi � k-RGDD ¥��Ðk

hi(v− 1)/(k− 1)�²1a"ù�·�3W¿ DGDD�É�Ò�±r RGDD�²1

aÖ��É²1a�É¥"

Ún 3.26µé?¿ u ∈ {5, 7, 9, 17}§.� 10u � frame.�©)� 4-MGDDþ�

3"

y². éu u = 5§©z [10]¥�ö�E
��.� 105 � 4-MGDD§§���gÓ

�f+3z�|�:þ��^´rD4�"ù�§�«|3ù�gÓ�f+��^

e�;�/¤
�É²1a"

éu u = 7§·�38Ü Z70þ�E¤���O"§�|d {0, 7, 14, . . . , 63})

¤§Éd {0, 10, 20, . . . , 60})¤"òe¡�Ä«| +2 (mod 70)Ðm��¤��

O"ùpÓ���n�Ä«|3 +14 (mod 70)Ðm�/¤�É²1a"

1 5 62 60 4 45 68 22 6 33 60 2
13 66 22 30 5 51 43 6 11 24 13 29
12 9 67 31 11 55 30 52 3 8 9 40

éu u = 9§·�38Ü Z90þ�E¤���O"§�|d {0, 9, 18, . . . , 81})

¤§Éd {0, 10, 20, . . . , 80})¤"òe¡�Ä«| +1 (mod 90)Ðm��¤��
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O"ùpÓ���ü�Ä«|3 +9 (mod 90)Ðm�/¤�É²1a"

88 4 73 80 1 42 38 80 89 23 46 24
2 75 87 41 88 31 57 59 83 12 67 70

éu u = 17§·�38ÜZ170þ�E¤���O"§�|d {0, 17, 34, . . . , 153}

)¤§Éd {0, 10, 20, . . . , 160})¤"òe¡�Ä«| +1 (mod 170)Ðm��¤�

�O"ùpÓ���o�Ä«|3 +17 (mod 170)Ðm�/¤�É²1a"

6 135 22 31 6 149 73 11 4 116 88 1
8 80 81 32 7 1 72 135 16 9 90 165
1 163 62 19 8 163 134 46 7 98 59 61
3 7 26 38 2 94 139 150 11 134 57 70

Ún 3.27µ�3.� 1410� 4-RGDD"

y². ·�38Ü (Z42 × Z3) ∪M þ�E¤���O§ùpM = ({a, b, c} × Z3) ∪

{∞0,∞1, . . . ,∞4}"§�|´ {{(i, j), (i + 3, j), (i + 6, j), . . . , (i + 39, j)} : i, j =

0, 1, 2} ∪ {M}"òe¡�Ä«| (−,+1 (mod 3))Ðm"

{(17, 0), (6, 1), (21, 0), (38, 1)} {(12, 1), (20, 2), (31, 0), (11, 1)}
{(0, 1), (29, 1), (24, 0), (40, 1)} {(27, 2), (32, 2), (15, 0), (23, 0)}
{(22, 0), (14, 1), (34, 1), (8, 0)} {(39, 1), (26, 2), (10, 2), (33, 2)}
{(9, 0), (16, 1), (19, 2), (36, 2)} {(13, 0), (37, 1), (41, 2), (a, 0)}
{(28, 1), (25, 2), (18, 0), (b, 0)} {(7, 2), (30, 1), (35, 0), (c, 0)}

þã«|3Ðm�Úe¡�Ê�«|�Ó/¤
��²1a"

{(1, 0), (1, 1), (2, 2),∞0}
{(2, 0), (3, 1), (1, 2),∞1}
{(3, 0), (5, 1), (5, 2),∞2}
{(4, 0), (2, 1), (4, 2),∞3}
{(5, 0), (4, 1), (3, 2),∞4}

Ù¦²1a´dþ¡�²1a (+1 (mod 42),−)Ðm���§ùpM ¥�:3Ð

mL§¥�±ØC"

Ún 3.28µ�3.� 2210� 4-RGDD"

y². ·�38Ü (Z66×Z3)∪M þ�E¤���O§ùpM = ({a, b, c, d, e, f, g}×

Z3)∪{∞}"§�|´ {{(i, j), (i+3, j), (i+6, j), . . . , (i+63, j)} : i, j = 0, 1, 2}∪{M}"
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òe¡�Ä«| (−,+1 (mod 3))Ðm"

{(60, 1), (29, 2), (49, 1), (16, 0)} {(7, 1), (44, 1), (21, 2), (25, 2)}
{(23, 2), (18, 0), (64, 0), (59, 0)} {(55, 1), (50, 0), (3, 0), (10, 0)}
{(57, 0), (65, 2), (40, 1), (41, 1)} {(6, 2), (8, 2), (34, 0), (58, 2)}
{(11, 0), (46, 0), (43, 2), (56, 2)} {(61, 1), (38, 1), (1, 0), (2, 2)}
{(17, 1), (13, 2), (0, 1), (35, 0)} {(9, 0), (5, 2), (37, 0), (63, 2)}
{(4, 0), (14, 0), (33, 1), (48, 0)} {(12, 1), (22, 2), (39, 0), (a, 0)}
{(15, 0), (54, 2), (31, 1), (b, 0)} {(32, 0), (52, 1), (24, 2), (c, 0)}
{(62, 2), (51, 0), (53, 1), (d, 0)} {(27, 2), (42, 0), (30, 1), (e, 0)}
{(20, 0), (26, 1), (19, 2), (f, 0)} {(36, 1), (45, 0), (47, 2), (g, 0)}

þã«|3Ðm�Ú«| {(28, 0), (28, 1), (28, 2),∞}�Ó/¤
��²1a"Ù¦

²1a´dù�²1a (+1 (mod 66),−)Ðm���§ùpM ¥�:3ÐmL§

¥�±ØC"

Ún 3.29µé?¿ h ≡ 2, 10 (mod 12)§h ≥ 34� h 6∈ {38, 50, 58, 70, 74, 82, 86, 94, 98,

106, 110, 118, 178}§.� h10� 4-RGDDþ�3"

y². éuz� h§d½n 2.7 �3�� (h + 1, {5, 7, 9}, 1)-PBD"í���:

����.� 4i6j8k � {5, 7, 9}-GDD§4i + 6j + 8k = h"y3éz�:D�

10§|^.� 105, 107 Ú 109 � frame .�©)� 4-MGDD �±����.�

(40, 410)i(60, 610)j(80, 810)k� frame.�©)� 4-DGDD",�3|¥W\.� 410,

610 Ú 810 � 4-RGDD£½n 1.8¤"ù�·�Ò��
¤��.� h10 � 4-RGDD"

�
)û h ∈ {50, 70, 98, 110, 118}��/§·�I�e¡��E"

�E 3.10 (|^ RTD )ä [71])µe�3.� hu � k-RGDD Ú�©)î��O

RTD(k,m)§K�3.� (mh)u� k-RGDD"

Ún 3.30µé?¿ h ∈ {50, 70, 98, 110, 118}§.� h10� 4-RGDDþ�3"

y². éu h ∈ {50, 70, 110}§d½n 1.8�3.� 1010 � 4-RGDD"éz�:D

� h/10§du RTD(4, h/10)�3£½n 1.8¤§A^�E 3.10·��±��¤��

4-RGDD"éu h = 98§dÚn 3.27�3.� 1410� 4-RGDD"éz�:D� 7¿

A^�E 3.10=�"
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éu h = 118§d½n 2.8�3 TD(7, 17)"í���:­#½Â|�±��

��.� 617161 � {7, 17}-GDD"éz�:D� 10§|^.� 107 Ú 1017 � frame

.�©)� 4-MGDD·��±��.� (60, 610)17(160, 1610)1 � frame.�©)�

4-DGDD"W\.� 610Ú 1610� 4-RGDD£½n 1.8¤Ò���¤��O"

�� K-IGDD (X, Y,G,B)�¡�´�©)�§P� K-IRGDD§e§�«|8

�±y©¤²1aÚ�É²1a§�öy©
 X\Y"

Ún 3.31µ.� 17810� 4-RGDD�3"

y². ·�Äk38Ü Z168 þ�E��.� (24, 46)7 � 5-DGDD"§�|d

{0, 7, 14, . . . , 161})¤§Éd {0, 6, 12, . . . , 162})¤"òeãÄ«| +1 (mod 168)

Ðm=���¤I�O"

0 4 59 145 104 0 124 81 139 8 0 99 19 94 2
0 13 143 165 134 0 39 157 106 167 0 20 46 103 135

y3·�dþ¡�E� 5-DGDDÑu§V\ 6�Ã¡:§3z�ÉÚù
Ã¡:

þ�E.� 4761� {5, 7}-GDD£í� TD(5, 7)���:¿­#½Â|��¤§ù�

·���
��.� 24761 � {5, 7}-GDD"éz�:D� 10§|^.� 105 Ú 107

� frame.�©)� 4-MGDD·��±����.� (240, 2410)7(60, 610)1� frame

.�©)� 4-DGDD"2�	V\ 40�Ã¡:§3z���� 240�|Úù 40�

Ã¡:þ�E.� (28, 4)10� 4-IRGDD£�©z [83]¤§ù�·�Ò��
��.�

(178, 10)10 � 4-IRGDD"��3É¥W\.� 1010 � 4-RGDDÒ���¤��O"

nÜ½n 1.8±9Ún 3.27–3.31§·�keã(Ø"

Ún 3.32µé?¿ h ≡ 2, 10 (mod 12)§h ≥ 10� h 6∈ {26, 38, 58, 74, 82, 86, 94, 106}§

.� h10� 4-RGDDþ�3"

�
lÚn 3.32¥���õ� 4-RGDD§·�I�e¡��E"

�E 3.11 (©)| [71])µe�3.� (hm)u� k-RGDD±9.� hm� k-RGDD§K

�3.� hmu� k-RGDD"

132



5-GDD§4-frameÚ 4-RGDD��35¯K

�E 3.12 (Frame �E [71])µb��3.� T = {ti : i = 1, 2, . . . , n} � k-frame"

� t | ti"eé?¿ i = 1, 2, . . . , n§.� t1+ti/t � k-RGDDþ�3"K.� tu �

k-RGDD�3§ùp u = 1 +
∑n

i=1
ti
t
"

Ún 3.33µé?¿ h ≡ 2, 10 (mod 12)§h ≥ 10� h 6∈ {26, 38, 58, 74, 82, 86, 94, 106}§

.� h70Ú h82� 4-RGDDþ�3"

y². éu.� h70 �§d½n 1.8�3.� (10h)7 � 4-RGDD§3z�|¥W\

.� h10� 4-RGDD£Ún 3.32¤Ò���¤��O"éu.� h82�§d½n 1.9

�3.� (9h)9� 4-frame"V\ h�Ã¡:¿W\.� h10� 4-RGDDÒ���¤

��.� h82� 4-RGDD"

�
�KÚn 3.33¥�e��§·�I�Xe� Rees.¦È�E"

�E 3.13µ� (X,G,B)´��.� gu � A-�©)� k-GDD§ùpé?¿ αi ∈ A

�3 ri � αi-²1a"b��3�� TD(s, h)Ú§���gÓ�f+ H§H3z

�|�:þ��^´rD4�"- Hj ´ H��xf8§¿�éz� αi ∈ Ak ri

�ù����� αi �f8"b�é8Ü {Hj ∗ τ : τ ∈ H, j = 1, 2, . . . ,
∑

i ri}ky

© T§¦�é?¿ T ∈ T 8Ü {Hl ∗ τ : τ ∈ H, Hl ∈ T}3 Hþ´�©)�"e

s ≥ maxT∈T {(
∑

Hl∈T |Hl|)(k − 1) + 1}§K�3.� (hg)u� k-RGDD"

y². ·�38Ü X ×Hþ�E¤�� RGDD§§�|´ Gi ×H, Gi ∈ G"

éuy© T§·�3¤k α-²1a�¤�8Üþ�	Xe�y© Rµα-²1

aÓáu R¥�,¤
��=��§��A� Hf83y© T ¥Óáu,�¤


"

- R´R¥���¤
"·�¡«|�¹3 R¥´�ù�«|áu R¥�,

�� α-²1a"�	 X þ��Üã§ü:�mk>�ëe§�Ó�� R¥�«|

�¹"ùÜã���Ý� d§d =
∑

Hl∈T |Hl|(k − 1)"ù�·�±^ d+ 1«ôÚé

X XÚ§'X ψR : X → {1, 2, · · · , d + 1}§¦� R¥?¿��«|S�:�ôÚ

�Ø�Ó"¢Sþ§ÏLù«XÚ§R¥�«|/¤
 X þ��� k-P`GD§§k

d+ 1�|§Ø�P� G
(R)
1 , G

(R)
2 , · · · , G(R)

d+1"

133



úô�ÆÆ¬Æ Ø©

y3- P ´ R¥��� α-²1a§- H ´�Ù�A� Hf8§|H| = α"é

?¿�: x ∈ X§- φx´l P ¥�¹: x�«|8�H þ���V�¶y3·�

38Ü X ×H þ�EXe�«|µ

P ′ = {{(x1, φx1(b)), (x2, φx2(b)), · · · , (xk, φxk(b))} : b = {x1, x2, · · · , xk} ∈ P}.

5¿ P ′´�xØ��¿CX
 X ×H �«|�¤�8Ü"

é?¿«| b′ ∈ P ′"òî��O TD(s, h)�:I� (i, h)§1 ≤ i ≤ s§h ∈ H"

5¿ s ≥ d+ 1"ù�é TD�?¿«| {(1, h1), (2, h2), · · · , (s, hs)}§·��±d b′

��«|µ

{(x1, φx1(b) ∗ hψR(x1)), (x2, φx2(b) ∗ hψR(x2)), · · · , (xk, φxk(b) ∗ hψR(xk))}.

ÏLù«�ª§R¥�z��«|þ�î��O TD(k, h)� h2 �«|O�§ùp

� TD(k, h)�±w�´ò¤� TD�«|��3�I� ψR(x1), ψR(x2), · · · , ψR(xk)

�|þ���"ù�é¤� GDD�¤k«|�þãö�·��±����.�

(hg)u� k-GDD"·��Iy²ù� GDD´�©)�"

y3- π´ TD(s, h)���� H�½�²1a"du H3z�|¥�:þ�

�^´rD4�£·��±b�ùp�+�^´�¦$�¤§¤± π¥� h�«|

7k/ª bτ = {(1, τ), (2, τ ∗ fπ(2)), · · · , (s, τ ∗ fπ(s))}§τ ∈ H"ù�e Pl´ R¥�

�� αl-²1a§Hl ´�§�A� Hf8§@oòþã�E��3«| bτ ∈ π �

^3 Pl¥�«|þÒ¬���xy©
 (G
(R)
1 × (Hl ∗ τ))∪ (G

(R)
2 × (Hl ∗ τ ∗fπ(2)))∪

· · · ∪ (G
(R)
d+1 × (Hl ∗ τ ∗ fπ(d + 1)))�«|"qdu8Ü {Hl ∗ τ : τ ∈ H, Hl ∈ T}3

Hþ´�©)�§@oòþã�E��3 π¥� h�«|�^3 Pl ¥�«|þÒ

¬���xy©
8Ü (G
(R)
1 ×H) ∪ (G

(R)
2 ×H) ∪ · · · ∪ (G

(R)
d+1 ×H) = X ×H�«

|"qdu R´é¤k α-²1a�y©§TD(s, h)�±y©¤ h�� H�½�²

1a§¤±����� GDD´�©)�"

Ún 3.34µé?¿ h ∈ {38, 58, 74, 82, 86, 94, 106}§.� h70� 4-RGDDþ�3"

y². ·�dÚn 3.27¥�E�.� 1410 � 4-RGDDÑu§3z�|¥W\.�

27� 4-GDD"ù�·��±����.� 270� 4-GDD§§�|�±y©� 42�

²1aÚ�� 4-²1a"
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éu h ∈ {58, 74, 82, 86, 94, 106}§·�òþã 4-GDD�ü�²1aw¤´�

� 2-²1a",�ò�E 3.13A^�ù� 4-GDDÚÚn 3.4¥��� TD(22, p)§

p = h/2¶·��H = Zp§Hi = {0}§1 ≤ i ≤ 40§H41 = {0, 1}§H42 = {0, 1, 2, 3}"

5¿�8Ü {H1 + τ,H40 + τ,H41 + τ : τ ∈ Zp}3 Zpþ´�©)�£Ún 3.5¤§¿

�é?¿ 2 ≤ i ≤ 39§{Hi + τ : τ ∈ Zp}�´8Ü Zp"ù�·�Ò��
¤��.

� (2p)70 ≡ h70� 4-RGDD"

éu h = 38§·�ò�E 3.13A^�þ¡�E�.� 270� 4-GDDÚÚn 3.4

¥��� TD(16, 19)¶�H = Z19§Hi = {0}§1 ≤ i ≤ 42§H43 = {0, 1, 2, 3}"5¿

�8Ü {H1 + τ,H43 + τ : τ ∈ Zp}�±�Xey©µ

1. {{0, 1, 2, 3}, {4}, {5, 6, 7, 8}, {9}, {10, 11, 12, 13}, {14}, {15, 16, 17, 18}};

2. {{1, 2, 3, 4}, {5}, {6, 7, 8, 9}, {10}, {11, 12, 13, 14}, {15}, {16, 17, 18, 0}};

3. {{2, 3, 4, 5}, {6}, {7, 8, 9, 10}, {11}, {12, 13, 14, 15}, {16}, {17, 18, 0, 1}};

4. {{3, 4, 5, 6}, {7}, {8, 9, 10, 11}, {12}, {13, 14, 15, 16}, {17}, {18, 0, 1, 2}};

5. {{0}, {1}, {2}, {3}, {4, 5, 6, 7}, {8}, {9, 10, 11, 12}, {13}, {14, 15, 16, 17}, {18}}.

ù�·�Ò��
¤��.� 3870� 4-RGDD"

Ún 3.35µé?¿ h ∈ {38, 58, 74, 82, 86, 94, 106}§.� h82� 4-RGDDþ�3"

y². ·�Äk38Ü (Z50 × Z3) ∪ M þ�E��.� 275141 � 4-GDD§ùp

M = ({a, b, c} × Z3) ∪ {∞0,∞1, . . . ,∞4}"§�|´ {{(i, j), (i + 25, j)} : 0 ≤ i <

25, j = 0, 1, 2} ∪ {M}"òeãÄ«| (−,+1 (mod 3))Ðm"

{(22, 2), (36, 2), (31, 0), (11, 1)} {(19, 1), (37, 1), (9, 2), (17, 1)}
{(7, 1), (40, 0), (24, 1), (0, 1)} {(26, 1), (39, 0), (47, 1), (20, 0)}
{(21, 2), (27, 2), (16, 2), (30, 1)} {(18, 2), (38, 0), (10, 2), (42, 1)}
{(28, 2), (6, 2), (13, 1), (23, 1)} {(44, 2), (25, 0), (29, 2), (41, 1)}
{(33, 0), (45, 0), (46, 0), (49, 0)} {(32, 0), (43, 2), (14, 1), (a, 0)}
{(15, 1), (8, 0), (34, 2), (b, 0)} {(35, 1), (48, 2), (12, 0), (c, 0)}

135



úô�ÆÆ¬Æ Ø©

þãÄ«|Ðm�Úe¡�Ê�«|�Ó�¤
��²1a"

{(1, 0), (1, 1), (2, 2),∞0}
{(2, 0), (3, 1), (1, 2),∞1}
{(3, 0), (5, 1), (5, 2),∞2}
{(4, 0), (2, 1), (4, 2),∞3}
{(5, 0), (4, 1), (3, 2),∞4}

òþã²1a (+1 (mod 50),−)Ðm�� 50�²1a",�ò«| {(0, 0), (6, 2),

(15, 2), (27, 0)}Ðm±����.� 275141 � 4-GDD"y3·�3§��� 14�

|¥W\.� 27� 4-GDDÒ�±����.� 282� 4-GDD§§�«|�±y©

¤ 50�²1aÚ�� 4-²1a"��ÚÚn 3.34¥�L§aq§ò�E 3.13A^

�ù� 4-GDDÒ��¤y²"

��§·�5�E.� 2184, 944, 1818Ú 3611� 4-RGDD"

Ún 3.36µ�3.� 2184� 4-RGDD"

y². ·�k38Ü (Z56 ∪ {a, b, c, d}) × Z6 þ�E��.� 487241 � 4-frame"§

�|´ {{i, i + 7, i + 14, . . . , i + 49} × Z6}§0 ≤ i < 7§Ú {{a, b, c, d} × Z6}"òe

ã«| (−,+1 (mod 6))Ðm�±��ü�± {{0, 7, 14, . . . , 49} × Z6}�É��É

²1a"

{(25, 1), (8, 4), (34, 4), (31, 0)} {(15, 1), (9, 1), (53, 1), (54, 0)}
{(45, 3), (2, 5), (29, 3), (18, 0)} {(39, 5), (37, 4), (1, 2), (26, 0)}
{(12, 4), (20, 0), (4, 3), (3, 0)} {(51, 5), (36, 0), (32, 2), (13, 0)}
{(24, 3), (40, 2), (44, 2), (50, 0)} {(46, 3), (43, 4), (55, 5), (38, 0)}
{(27, 0), (47, 0), (11, 2), (52, 0)} {(10, 1), (23, 5), (33, 0), (a, 0)}
{(22, 1), (41, 2), (17, 5), (b, 0)} {(5, 2), (30, 3), (6, 4), (c, 0)}
{(48, 1), (19, 0), (16, 5), (d, 0)}

{(48, 2), (22, 3), (47, 2), (44, 0)} {(18, 3), (41, 0), (31, 4), (33, 0)}
{(10, 1), (29, 0), (51, 1), (5, 0)} {(27, 2), (45, 0), (2, 0), (11, 0)}
{(43, 0), (54, 2), (23, 5), (24, 0)} {(26, 1), (37, 1), (32, 4), (3, 0)}
{(34, 4), (17, 0), (16, 2), (46, 0)} {(9, 0), (38, 5), (50, 2), (6, 0)}
{(13, 5), (30, 1), (36, 3), (39, 0)} {(19, 2), (1, 3), (53, 4), (a, 0)}
{(25, 3), (20, 4), (12, 0), (b, 0)} {(4, 0), (52, 1), (15, 5), (c, 0)}
{(8, 4), (55, 3), (40, 2), (d, 0)}

òþã�É²1a (+1 (mod 56),−)ÐmÒ��� 112��É²1a",�ò«

| {(48, 4), (50, 1), (52, 1), (46, 0)}Ú {(27, 3), (39, 2), (37, 3), (17, 0)}Ðm�� 8�±

{{a, b, c, d}×Z6}�É�²1a"ù�·�Ò��
¤��.� 487241� 4-frame"
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y3V\ 8�Ã¡:§3��� 48�|¥W\©z [80]¥�E�.� 22481 �

4-GDD§§k 16�²1aÚ 2�±����|�É��É²1a¶3��� 24

�|Úù
Ã¡:þW\.� 216 � 4-RGDD"ù�Ò��
¤��.� 2184 �

4-RGDD"

Ún 3.37µ.� 1818� 4-RGDD�3"

y². ·�38Ü (Z34 ∪ {a, b}) × Z9 þ�E¤���O"§�|´ {(i, 0), (i +

17, 0), (i, 1), (i+17, 1), . . . , (i, 8), (i+17, 8)}§0 ≤ i < 17§Ú {(a, 0), (b, 0), (a, 1), (b, 1),

. . . , (a, 8), (b, 8)}"re>¤�Ä«| (−,+1 (mod 9))Ðm��n�²1a"

{(2, 0), (26, 6), (16, 7), (10, 1)} {(12, 0), (14, 1), (22, 0), (3, 2)}
{(6, 0), (18, 5), (30, 7), (8, 4)} {(28, 0), (5, 2), (17, 3), (20, 3)}
{(4, 0), (15, 1), (19, 6), (25, 6)} {(23, 0), (27, 0), (7, 8), (11, 6)}
{(1, 0), (24, 0), (29, 2), (9, 5)} {(21, 0), (31, 4), (13, 2), (a, 8)}
{(0, 0), (33, 6), (32, 2), (b, 4)}

{(14, 0), (19, 8), (26, 7), (11, 8)} {(33, 0), (4, 0), (2, 3), (1, 3)}
{(8, 0), (15, 2), (24, 4), (13, 6)} {(12, 0), (21, 1), (5, 8), (6, 5)}
{(0, 0), (20, 3), (28, 6), (25, 4)} {(9, 0), (3, 1), (27, 3), (16, 7)}
{(31, 0), (17, 7), (29, 7), (22, 1)} {(23, 0), (18, 5), (30, 4), (a, 5)}
{(7, 0), (10, 7), (32, 3), (b, 3)}

{(31, 0), (25, 4), (0, 8), (21, 3)} {(2, 0), (29, 0), (16, 1), (15, 0)}
{(22, 0), (23, 5), (3, 0), (7, 6)} {(6, 0), (8, 8), (19, 2), (10, 8)}
{(4, 0), (1, 5), (5, 7), (30, 7)} {(12, 0), (26, 5), (33, 8), (20, 4)}
{(9, 0), (32, 5), (27, 0), (28, 2)} {(17, 0), (13, 5), (14, 4), (a, 7)}
{(24, 0), (11, 2), (18, 7), (b, 8)}

òþ¡���²1a (+1 (mod 34),−)ÐmÒ���¤���O"

Ún 3.38µ.� 3611Ú 944� 4-RGDD�3"

y². éu.� 3611 �§·�38Ü Z132 × Z3 þ�E¤���O"§�|´

{{(i, j), (i + 11, j), (i + 22, j), . . . , (i + 121, j)} : j = 0, 1, 2}§0 ≤ i < 11"re>¤

�Ä«|k� (+44 (mod 132),−)Ðm2� (−,+1 (mod 3))Ðm�±��ü�²
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1a"

{(28, 0), (21, 1), (40, 2), (91, 0)} {(9, 0), (129, 2), (37, 0), (95, 2)}
{(10, 0), (58, 1), (50, 0), (126, 2)} {(34, 0), (114, 0), (17, 0), (30, 2)}
{(110, 0), (2, 1), (87, 2), (115, 1)} {(59, 0), (69, 0), (13, 1), (106, 0)}
{(19, 0), (44, 2), (83, 1), (80, 1)} {(20, 0), (24, 0), (4, 0), (1, 1)}
{(76, 0), (86, 1), (77, 2), (16, 0)} {(111, 0), (93, 2), (119, 2), (99, 0)}
{(8, 0), (79, 0), (117, 0), (12, 2)}

{(104, 0), (21, 0), (129, 1), (46, 0)} {(13, 0), (116, 0), (63, 2), (49, 0)}
{(7, 0), (99, 1), (94, 1), (42, 2)} {(38, 0), (53, 0), (73, 1), (81, 1)}
{(75, 0), (118, 2), (89, 0), (17, 2)} {(68, 0), (70, 1), (36, 2), (127, 2)}
{(18, 0), (98, 2), (66, 0), (48, 1)} {(69, 0), (87, 0), (123, 1), (15, 1)}
{(120, 0), (88, 0), (67, 1), (3, 1)} {(12, 0), (128, 1), (27, 2), (102, 2)}
{(121, 0), (108, 2), (78, 0), (52, 2)}

òþ¡����²1a (+1 (mod 132),−)Ðm�� 88�²1a"��§òeãÄ

«|Ðm§z�Ä«|Ðm��� 4�²1a"

{(9, 0), (47, 1), (38, 1), (68, 1)} {(37, 0), (34, 2), (35, 0), (44, 1)}
{(7, 0), (88, 1), (94, 0), (125, 2)} {(7, 0), (8, 0), (45, 2), (86, 0)}
{(8, 0), (3, 1), (90, 0), (73, 1)} {(6, 0), (89, 2), (48, 0), (87, 0)}
{(23, 0), (109, 0), (50, 0), (92, 2)} {(9, 0), (2, 0), (128, 0), (107, 2)}

éu.� 944�§·�dþ¡�E�.� 3611� 4-RGDDÑu§3z�|¥W

\.� 94� 4-RGDDÒ���¤��O"

nÜÚn 3.32–3.38§±9½n 1.8§·�keã(Ø"

½n 3.6µ.� hu � 4-RGDD �3�7�^�§= u ≥ 4, hu ≡ 0 (mod 4) ¿�

h(u− 1) ≡ 0 (mod 3)§Ø
(½� (h, u) ∈ {(2, 4), (2, 10), (3, 4), (6, 4)}±9eã�

U��¹	§�´¿©�µ

1. h ≡ 2, 10 (mod 12): h = 2§u ∈ {34, 46, 52, 70, 82, 94, 100, 118, 130, 178, 202, 214,

238, 250, 334}¶h = 10§u ∈ {4, 34, 52, 94}¶h = 26§u ∈ {10, 70, 82}¶h ∈

{38, 58, 74, 82, 86, 94, 106}§u = 10"

2. h ≡ 6 (mod 12)µh = 6§u ∈ {6, 68}¶h = 18§u ∈ {38, 62}"

3. h ≡ 0 (mod 12)µh = 36§u ∈ {14, 15, 18, 23}"
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4 Ê:ã�Ì¯K

�Ù·�5)ûÊ:ã�Ì¯K"éu½n 1.13�)û� G-�O§·�Äk

©Û�e§��U�gÓ�§,��½��Ü·�gÓ�f+5�)«|8"�


¦ù�+��ê¦�U��§·�¬��ØÓ�Ý�;�§=@
­½zf�²�

�«|�)�;�"

3e¡��E¥§·�^ÎÒ [a, b, c, d, e] 5L«8Ü {a, b, c, d, e} þ��

� K5\e§ùp> {d, e} ´�K�"aq�§·�^ÎÒ [a, b, c, d] 5L«8Ü

{a, b, c, d} þ� K4\e§> {c, d} ´�K�"^ [a, b, c, d : e] 5P {a, b, c, d, e} þ�

G20§> {c, e}Ú {d, e}´�K�"^ 〈a : b, c : d, e〉5P {a, b, c, d, e}þ� G21§>

{b, c}Ú {d, e}´�K�"�
{üå�§·�^ xy Pº: (x, y)"

Ún 4.1µ�3 32� G20-�O"

y². - V = (Z4 × {0, 1, 2, . . . , 6}) ∪ {∞0,∞1,∞2,∞3}"½Â α : V → V§xy →

(x+ 1)y§ùp�\{´� 4�e x 6=∞"Ã¡:∞0,∞1,∞2Ú∞33 α�^e�

±ØC"òeãÄ«|^ αÐmµ

[02,∞0, 33, 06 : 15], [25,∞1, 04, 26 : 33], [01,∞2, 24, 23 : 16], [34, 26, 24, 00 :∞3],
[23, 00,∞3, 35 : 10], [12, 34, 05, 02 : 30], [14, 15, 05, 11 : 01], [13, 32, 34, 20 : 01],
[33, 23, 22, 16 : 31], [00, 03, 06, 25 : 05], [11, 20, 35, 12 : 22], [11, 06, 21, 10 : 30],
[06, 22, 01, 34 : 36].

?�Ú§ò«| [14, 34, 03, 23 : ∞0]Ú [05, 25, 16, 36 : ∞2]Ðm§��ü��� 2�

á;�"

��§V\e¡8�«|µ

[00, 20,∞0,∞1 :∞2], [01, 21,∞0,∞3 :∞1], [02, 22,∞1,∞2 :∞3],
[10, 30,∞0,∞2 :∞1], [11, 31,∞1,∞3 :∞0], [12, 32,∞2,∞3 :∞1].

Ún 4.2µ�3 48� G20-�O"

y². - V = (Z6 × {0, 1, 2, . . . , 5}) ∪ (Z3 × {6, 7, 8, 9})"½Â α : V → V§xy →

(x + 1)y§ùp�\{´� 6�e y ∈ {0, 1, 2, . . . , 5}§� 3�e y ∈ {6, 7, 8, 9}"ò
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eãÄ«|^ αÐmµ

[12, 25, 02, 40 : 06], [15, 11, 42, 51 : 06], [53, 13, 06, 22 : 55], [00, 50, 06, 24 : 54],
[31, 06, 44, 32 : 33], [00, 20, 07, 51 : 55], [52, 07, 40, 53 : 45], [05, 07, 54, 31 : 02],
[04, 07, 42, 03 : 44], [31, 24, 15, 10 : 08], [21, 32, 08, 40 : 11], [45, 04, 08, 05 : 13],
[33, 08, 22, 41 : 14], [42, 08, 00, 23 : 25], [03, 21, 09, 10 : 15], [43, 09, 14, 11 : 35],
[42, 09, 34, 24 : 02], [50, 09, 15, 53 : 52], [33, 43, 54, 21 : 00], [15, 44, 00, 01 : 05].

?�ÚòeãÄ«|Ðm§��Ô��� 3�á;�µ

[00, 30, 18, 26 : 09], [01, 31, 27, 16 : 09], [05, 35, 19, 17 : 06], [04, 34, 02, 32 : 06],
[28, 27, 03, 33 : 08], [08, 29, 06, 26 : 19], [19, 27, 06, 07 : 18].

Ún 4.3µ�3 48� G21-�O"

y². - V = (Z6 × {0, 1, 2, . . . , 5}) ∪ (Z3 × {6, 7, 8, 9})"½Â α : V → V§xy →

(x + 1)y§ùp�\{´� 6�e y ∈ {0, 1, 2, . . . , 5}§� 3�e y ∈ {6, 7, 8, 9}"ò

eãÄ«|^ αÐmµ

〈42 : 45, 21 : 06, 00〉, 〈06 : 14, 24 : 43, 20〉, 〈06 : 03, 25 : 53, 04〉, 〈06 : 40, 01 : 35, 52〉,
〈00 : 03, 40 : 07, 02〉, 〈44 : 45, 24 : 07, 31〉, 〈07 : 22, 51 : 34, 50〉, 〈07 : 53, 05 : 12, 55〉,
〈30 : 40, 05 : 08, 11〉, 〈43 : 50, 01 : 08, 04〉, 〈42 : 24, 14 : 08, 50〉, 〈08 : 03, 21 : 23, 25〉,
〈24 : 40, 22 : 09, 05〉, 〈15 : 42, 03 : 09, 55〉, 〈35 : 04, 44 : 09, 53〉, 〈09 : 32, 50 : 55, 23〉,
〈21 : 54, 52 : 44, 32〉, 〈33 : 11, 02 : 12, 21〉, 〈51 : 00, 31 : 15, 23〉.

?�ÚòeãÄ«|Ðm§��Ê��� 3�á;�µ

〈06 : 00, 41 : 11, 30〉, 〈07 : 02, 43 : 13, 32〉, 〈08 : 04, 45 : 15, 34〉,
〈09 : 00, 30 : 43, 13〉, 〈18 : 06, 08 : 32, 02〉, 〈19 : 07, 09 : 41, 11〉,
〈28 : 07, 19 : 31, 01〉, 〈16 : 06, 08 : 07, 09〉, 〈19 : 06, 27 : 08, 17〉.

Ún 4.4µ�3 36� (K5\e)-�O"

y². ·�38Ü (Z5 × {0, 1, . . . , 6}) ∪ {∞}þ�E¤��O"òeãÄ«|Ðm§

Ù¥Ã¡:�±ØCµ

[01, 24, 16, 04,∞], [∞, 05, 02, 43, 20], [06, 45, 30, 43, 22], [01, 44, 20, 25, 30],
[04, 42, 14, 05, 20], [01, 10, 13, 40, 43], [03, 31, 02, 22, 45], [05, 01, 36, 11, 35],
[02, 34, 42, 13, 06], [05, 34, 23, 30, 45], [04, 21, 41, 02, 23], [03, 44, 43, 26, 46],
[00, 36, 45, 12, 16], [00, 01, 46, 02, 06].
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Ún 4.5µ�3 54� (K5\e)-�O"

y². - V = (Z12 × {1, 2, 3}) ∪ (Z6 × {4, 5}) ∪ (Z3 × {6, 7})"½Â α : V → V§

xy → (x+ 1)y§ùp�\{´� 12�e y ∈ {1, 2, 3}§� 6�e y ∈ {4, 5}§� 3�

e y ∈ {6, 7}"òeãÄ«|^ αÐmµ

[01, 11, 07, 32, 52], [03, 13, 53, 44, 07], [02, 52, 26, 41, 13], [02, 03, 103, 15, 45],
[01, 41, 112, 14, 24], [02, 12, 42, 33, 54], [01, 92, 63, 31, 25], [01, 21, 103, 13, 35],
[01, 02, 102, 43, 53], [01, 51, 26, 03, 23].

?�ÚòeãÄ«|Ðm§��Ê��� 6�á;�µ

[04, 01, 61, 45, 17], [05, 02, 62, 25, 16], [04, 03, 63, 14, 24], [04, 05, 15, 11, 71],
[04, 35, 27, 02, 62].

��òeãÄ«|Ðm§��n��� 3�á;�µ

[06, 04, 34, 16, 07], [06, 05, 35, 14, 44], [06, 17, 27, 15, 45].

Ún 4.6µ�3 64� (K5\e)-�O"

y². - V = (Z14×{1, 2, 3, 4})∪(Z7×{5})∪{∞}"½Â α : V → V§xy → (x+1)y§

ùp�\{´� 14�e y ∈ {1, 2, 3, 4}§� 7�e y = 5"Ã¡:∞3 α�^e�

±ØC"òeãÄ«|^ αÐmµ

[02, 33, 24, 122,∞], [01, 11, 35, 22, 52], [01, 61, 02, 32, 45], [03, 23, 103, 02, 45],
[03, 14, 114, 82, 55], [03, 74, 84, 35, 65], [01, 21, 51, 03, 04], [01, 41, 13, 14, 34],
[01, 72, 83, 132, 44], [02, 12, 14, 102, 94], [01, 43, 73, 102, 24], [01, 23, 33, 64, 84],
[01, 54, 74, 92, 104], [01, 53, 103, 62, 122].

?�ÚòeãÄ«|Ðm§��o��� 7�á;�µ

[05, 01, 71, 15,∞], [05, 02, 72, 25, 35], [05, 03, 73, 11, 81], [05, 04, 74, 12, 82].

Ún 4.7µ�3 81� (K5\e)-�O"
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y². - V = (Z18 × {1, 2, 3, 4}) ∪ (Z9 × {5})"½Â α : V → V§xy → (x+ 1)y§ù

p�\{´� 18�e y ∈ {1, 2, 3, 4}§� 9�e y = 5"òeãÄ«|^ αÐmµ

[01, 11, 45, 61, 81], [01, 02, 65, 12, 42], [02, 32, 03, 41, 15], [03, 53, 123, 81, 25],
[03, 13, 163, 132, 55], [03, 44, 164, 21, 35], [04, 14, 144, 101, 75], [04, 34, 104, 142, 45],
[01, 41, 54, 112, 34], [01, 21, 04, 82, 122], [01, 31, 154, 63, 123], [01, 52, 104, 03, 133],
[02, 82, 94, 23, 43], [02, 22, 72, 51, 04], [01, 73, 113, 64, 74], [01, 32, 92, 13, 23],
[02, 13, 93, 24, 34], [01, 162, 53, 114, 134].

?�ÚòeãÄ«|Ðm§��o��� 9�á;�µ

[05, 01, 91, 15, 25], [05, 02, 92, 35, 45], [05, 03, 93, 11, 101], [05, 04, 94, 12, 102].

Ún 4.8µ�3 72� (K5\e)-�O"

y². ·�Äk5�E��.� 144281� (K5\e)-GDD§,�3É¥W\����

72� (K5\e)-�O£½n 1.13¤Ò���¤��O"

- V = (Z44 × {1}) ∪ (Z22 × {2}) ∪ (Z4 × {3}) ∪ (Z2 × {4})"½Â α : V → V§

xy → (x+ 1)y§ùp�\{´� 44�e y = 1§� 22�e y = 2§� 4�e y = 3§

� 2�e y = 4"òeãÄ«|^ αÐm§5¿����«|�)���� 22�á

;�µ

[01, 71, 02, 131, 171], [01, 41, 291, 82, 142], [01, 81, 241, 192, 202], [01, 121, 261, 32, 62],
[01, 21, 03, 51, 111], [04, 01, 221, 11, 231].

Ún 4.9µ�3 90� (K5\e)-�O"

y². ·�Äk5�E��.� 163271� (K5\e)-GDD§,�3É¥W\����

27� (K5\e)-�O£½n 1.13¤Ò���¤��O"

- V = (Z21 × {1, 2, 3}) ∪ (Z7 × {4, 5, 6}) ∪ (Z3 × {7, 8})"½Â α : V → V§

xy → (x + 1)y§ùp�\{´� 21�e y ∈ {1, 2, 3}§� 7�e y ∈ {4, 5, 6}§� 3

�e y ∈ {7, 8}"òeãÄ«|^ αÐm§5¿����«|�)���� 7�á
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;�µ

[01, 11, 24, 41, 61], [01, 91, 64, 02, 12], [01, 21, 15, 101, 03], [01, 22, 35, 72, 13],
[01, 32, 92, 162, 06], [01, 62, 172, 113, 66], [01, 52, 163, 142, 46], [01, 152, 23, 73, 36],
[01, 182, 63, 56, 07], [01, 93, 183, 112, 26], [01, 43, 123, 45, 16], [01, 53, 203, 42, 25],
[02, 42, 43, 14, 25], [02, 12, 32, 34, 05], [01, 192, 83, 103, 153], [01, 102, 133, 33, 27],
[01, 82, 143, 17, 08], [01, 202, 173, 18, 28], [03, 13, 43, 04, 24], [01, 71, 141, 04, 05].

�
)û�e��§·�I�e¡�E�{ [20]"

�E 4.1µe m 6∈ {2, 6} ¿�.� gu11 · · · guss � (K5\e)-GDD �3§K.� (m ·

g1)
u1 · · · (m · gs)us � (K5\e)-GDD �3"

Ún 4.10µ�3�� 144 (K5\e)-�O"

y². ·�Äk38Ü Z48þòÄ«| [0, 1, 7, 10, 22]Ú [0, 11, 29, 34, 46]Ì�Ðm�

���.� 124� (K5\e)-GDD§§�|´ {i, 4 + i, . . . , 44 + i}§i = 0, 1, 2, 3",�

A^�E 4.1����.� 364 � (K5\e)-GDD"3§�|¥W\ 36� (K5\e)-�

O£Ún 4.4¤Ò���¤��O"

Ún 4.11µ�3 234� (K5\e)-�O"

y². ·�Äk5�E��.� 277451 � (K5\e)-GDD§,�3|¥W\�� 27

½ 45� (K5\e)-�O£½n 1.13¤Ò���¤��O"

- V = (Z189×{0})∪ (Z27×{1})∪ (Z9×{2, 3})"§�|´ {i0, (i+ 7)0, . . . , (i+

182)0}, i = 0, 1, . . . , 6Ú {(Z27×{1})∪(Z9×{2, 3})}"½Âα : V → V§xy → (x+1)y§

ùp�\{´� 189�e y = 0§� 27�e y = 1§� 9�e y ∈ {2, 3}"òeãÄ

«|^ αÐmµ

[870, 80, 1590, 01, 261], [920, 1770, 1260, 01, 261], [440, 1580, 220, 1880, 01],
[01, 940, 1180, 290, 1610], [01, 1290, 140, 1390, 270], [01, 1820, 1130, 550, 1380],
[1530, 650, 1050, 02, 82], [490, 320, 1880, 300, 02], [160, 1130, 1190, 03, 83],
[850, 460, 1530, 1450, 83], [370, 100, 260, 110, 830], [370, 980, 1740, 50, 1450],
[380, 1210, 500, 410, 1160], [00, 180, 590, 550, 1530].

nÜÚn 4.1–4.11±9½n 1.13§·�ke¡�(Øµ
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½n 4.1µ� G ´��vk�á:�Ê>ã"KØ
 (n,G) ∈ {(5, G7), (5, G8),

(5, G9), (6, G9), (9, G14), (12, G14), (7, G16), (8, G16), (8, G18), (14, G18), (8, G19), (16, G21),

(9, G22), (10, G22), (18, G22)}	§n� G-�O�3�7�^��´¿©�"

ïÄã©)¯K���­��ÄÅ´§3�äÏ&¥ké­��A^"�ÖÕ

�£Traffic grooming¤´1�äïÄ¥���c÷Ú9:¯K"§´�ò$�&Ò

E^�p�6þ§±ü$��¤�"3WDM1�ä¥§�ä�!:ÏL©�E^

��£ADM¤òêâ6E^�ØÓÅ�Ï�"|^�ÖÕ�§�±~� ADM�ê

þ§ü$�ä¤�"

·��Ä3Ã���þ¢yþ! ALL-to-ALL�Ï&�Ö§?¿ü�!:m

þkÏ&�¦"XJé?¿ü�!: iÚ j§§��m�Ï&�¦=I� 1
C
�°

�Å�"@o3Ó��Å�þ·��õ�±�� C ��¦"C �¡�Õ�Ç"ò

!:w¤´�� n���ã Kn �º:§@o��z ADM��ê�¯K�±ï

á¤Xe�ã©)�. [16]µ�½!:ê n ÚÕÏÇ C§ò Kn �>©)�fã

G1, G2, . . . , Gt§¡�«|§¦�z�«|�õk C ^>§¿�¤kfã¥Ýê

�"�º:ê8¦�U�"ù����é Kn �©)¡� n � C-Õ�"·�^

A(C, n)L« n� C-Õ�º:�ê����"

®kNõïÄ?ØXÛ(½ A(C, n)äN��§8c�©z®�	L C = 3

��/ [16]§C = 4��/ [17,100]§C = 5��/ [15]§C = 6��/ [14]§C = 7��

/ [48]§C = 8��/ [49]Ú C = 9��/ [50,87]§¿�� 3 ≤ C ≤ 5�§A(C, n)��

®���(½"� 6 ≤ C ≤ 9�§8c�©z®�Ñ
 A(C, n)�e.§L(C, n)"

éu C ∈ {6, 8, 9}��/§Ø
k�� n	§L(C, n)®�y²´�±���§=

A(C, n) = L(C, n)¶
éu C = 7�/§�kNõÃ¡a¼�)û"

·��	
 6 ≤ C ≤ 9�e��/"·�k^O�Å|¢Ñ
Nõ��~f§

��|^ G-GDD48/�E����±9�
Ã¡a"AO´3)û C = 7�Ã

¡a�§·�^.� 21um1 � 4-GDD�Ñ
éõ48�E"�´du�Ì¤�§

·�ùp=Qãe·��(J"P X(C, n) = A(C, n)− L(C, n)"

½n 4.2µé?¿��ê n§n 6∈ {7,9,10,12,19, 84, 102, 120}§X(6, n) = 0"?�

Ú/§
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1. éu n ∈ {7, 9, 12}§X(6, n) = 1¶

2. X(6, 10) = 2¶

3. X(6, 19) = 3¶

4. éu n ∈ {84, 120}§X(6, n) ≤ 1¶

5. X(6, 102) ≤ 2"

½n 4.3µé?¿��ê n§n 6∈ {2,6,9,10,17,19,21, 71, 83, 90, 93, 101, 117, 134,

140, 141, 146, 155, 161, 164, 167, 185, 248}§X(7, n) = 0"?�Ú/§

1. éu n ∈ {2, 6, 9, 10, 17}§X(7, n) = 1¶

2. 1 ≤ X(7, 19) ≤ 2¶

3. 1 ≤ X(7, 21) ≤ 3¶

4. éu n ∈ {101, 134, 146, 155, 164, 167, 185, 248}§X(7, n) ≤ 1¶

5. éu n ∈ {90, 140, 161}§X(7, n) ≤ 2¶

6. éu n ∈ {93, 117, 141}§X(7, n) ≤ 3¶

7. X(7, 71) ≤ 5¶

8. X(7, 83) ≤ 6"

½n 4.4µé?¿��ê n§n 6∈ {5,6,8,9,10,12, 18, 19, 20, 27, 54, 56, 57, 60}§

X(8, n) = 0"?�Ú/§éu n ∈ {5, 6, 8, 9, 10, 12}§X(8, n) ≥ 1"

½n 4.5µé?¿��ê n§n 6∈ {6,7,8,9,10,11,12,13,14,15,16,17,18,22, 20,

21, 24, 33, 42, 51, 61, 69, 78, 88, 105, 114}§X(9, n) = 0"?�Ú/§éu n ∈ {6, 7, 8,

9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 22}§X(9, n) ≥ 1"
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5 í � Å�è

5.1 Úó

3í � &�¥§êâ3DÑ�²~¬3��� �u)¿�½�\��

Ø"�
)ûí � &�¥�Ï&¯K§Levenshteı̆nJÑ
í � Å�è�

Vg [113]"í � &�´é~��§ùa&��)
êâ�;XÚ¥�^1P

¹ [104]§��Nì�Ú8¤>´ [106]§±9ÓÚêiÏ&�ä [144]"3ÄÏL�L§

¥§“ów”ÚÓ
­|�¬é DNA©fE¤�\½íØ��Ø [122,128]"

3©z [111]¥§Levenshteı̆n0�
�«ÿÝ^5ïþØÓ�Ý�S�m�å

l"-X ´ q����8Ü§¡�i1L§n´����ê"���Ý� n� q�

èÒ´��f8Ü C ⊆ Xn"C ¥���¡�èi§C ���Ò´ |C|§=§¤¹�

èi�ê"

éu x, y ∈ Xn§x� y� Levenshteı̆nål dL(x, y)§½Â�ò xC� yI��

íØÚ�\ö����gê"- 0 ≤ t ≤ n§�� q�è C ⊆ Xn¡�´ t-í Å�

�§P� (n, t)q-DCC§eé¤kØÓ� x, y ∈ C§dL(x, y) ≥ 2t+ 1"Levenshteı̆n [111]

y²
?Û��UÅ� t�í �Ø�è�UÅ�?¿ i�� Ú j�í ��Ø§

��÷v i+ j ≤ t"

éu x ∈ Xn§±9 0 ≤ t ≤ n§^ Dt(x)L« y ∈ Xn−t�¤�8Ü"|^ù�

PÒ·��±�Ñí Å�è�,�«�x"�� q�è C ⊆ Xn ¡�´ t-í Å

����=�é¤kØÓ� x, y ∈ C§Dt(x) ∩Dt(y) = ∅"?�Ú/§XJ¤k�

¥ Dt(x), x ∈ C y©
 Xn−t§ù� q �è¡�´����� t-í Å�è",
§

ÚÊÏ���Å�èØÓ§��� t-íØÅ�è���Ø´�½�"ü����

(n, t)q-DCC�±kØÓ�èi�ê"ù´duéØÓ�èi x§¥ Dt(x)���Ø

Ó"·�½Â��� (n, t)q-DCC����Ì�

Spec(q, n, t) = {|C| : C ´����� (n, t)q-DCC}.
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N´wÑ

Spec(q, n, t) =


{1}, e t = n

{dq/ne, . . . , q}, e t = n− 1.

éu�²���/ t = n− 2§½Â

DL(q, n) =

⌈
q

n

⌈
2q

n− 1

⌉⌉
,

DU(q, n) =

⌊
q

n

⌊
2(q − 1)

n− 1

⌋⌋
+ q,

I(q, n) = [DL(q, n), DU(q, n)] .

·K 5.1 (Bours [26]; Chee, Ge, and Ling [38])µé?¿��ê q§·�k Spec(q, n, n −

2) ⊆ [DL(q, n), DU(q, n)] = I(q, n)"

�Ï±5§<�õ'5uèi�ê������ (n, n − 2)q-DCC��35¯

K"� n = 3�§Levenshteı̆n [113] é¤k��ê q �E
�����U��þ.

DU(q, n)� (n, n− 2)q-DCC"��§Bours [26] ÚWang [156] )û
 n = 4±9 n = 5

��/"

½n 5.1 (Levenshteı̆n [113]; Bours [26]; Wang [156])µ 1. é¤k��ê q§���DU(q, 3)

���� (3, 1)q-DCCþ�3¶

2. é¤k��ê q§��� DU(q, 4)−∆(q, 4)���� (4, 2)q-DCCþ�3§ù

p

∆(q, 4) =


1, e q = 9

0, éuÙ¦�/¶

3. é¤k��ê q§Ø
�U�~	� q ∈ {13, 15, 19, 27, 34}§���DU(q, 5)−

∆(q, 5)���� (5, 3)q-DCCþ�3§ùp

∆(q, 5) =


1, e q ≡ 7, 9 (mod 10)

0, éuÙ¦�/"
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� n = 6 �§Yin [167] Ú Shalaby �< [141]é¤k��ê q§q 6∈ {173, 178,

203, 208}§(½
��� (n, n−2)q-DCC��35"� n = 7�§WangÚYin [159])

û
 q ≥ 2350 ��/"Abel Ú Bennett [4]U?
ù�(J§¦�é?¿ q ≡ 1, 7

(mod 21)� q 6∈ {22, 274, 358, 400, 526}§�E
���í Å�è",
§3ùü

a�/¥§�EÑ��õêè�èi�êÑvk��þ."

C5§Chee, Ge Ú Ling [38]m©é����¯KÐmïÄ§=(½���

(n, n− 2)q-DCC���Ì"¦�(½
�� 3!��� 1-í Å�è�Ì§±9�

� 4!��� 2-í Å�è�Ì"

½n 5.2 (Chee, Ge, and Ling [38])µ 1. é¤k��ê q§Spec(q, 3, 1) = I(q, 3)¶

2. é¤k��ê q§Ø
(½�~	� q ∈ {4, 6} ±9�U�~	� q ∈

{9, 10, 11, 13, 15, 16, 18, 19, 21, 22, 24, 25, 31, 34, 37, 40, 43, 46, 52}§Spec(q, 4, 2) =

I(q, 4)"?�Ú/§·�k Spec(4, 4, 2) = [4, 6]§Spec(6, 4, 2) = {6} ∪ [8, 10]"

�Ù�8IÒ´é½n 5.2¥�e��(½�A�Ì"·��y²e¡�(

J"

½n 5.3µé?¿��ê q§Ø
(½�~	� q ∈ {4, 6, 9} ±9�U�~	�

q ∈ {19, 34}§Spec(q, 4, 2) = I(q, 4)"?�Ú/§·�kµ

1. Spec(4, 4, 2) = [4, 6]¶

2. Spec(6, 4, 2) = {6} ∪ [8, 10]¶

3. Spec(9, 4, 2) = [15, 19]¶

4. I(19, 4)\DL(19, 4) ⊆ Spec(19, 4, 2) ⊆ I(19, 4)¶

5. I(34, 4)\DL(34, 4) ⊆ Spec(34, 4, 2) ⊆ I(34, 4)"

5.2 �µ�£

·�ò�ê8Ü {i, i+ 1, . . . , j}P� [i, j]"?�Ú/§·�ò [1, n]{�� [n]"
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éu�½�k�8Ü X ±9�ê k ∈ [|X|]§·�½Â(
X

k

)
= {A ⊆ X : |A| = k},

Xn = {(x1, . . . , xn) : xi ∈ X , i ∈ [n]}.

��«|��� n�ê� λ� q�k�W¿ DP (q, n, λ)´����| (X,A)§

ùp X ´ q�:�8Ü§A´ Xn�f8Ü§¡�«|§¦� X2¥�?¿���

õ� λ�«|�¹"XJ X2¥�z���þTÐ� λ�«|�¹§DP (q, n, λ)�

�¡�´���"� λ = 1�PÒ¥� λ�±��Ø�"

e¡�·K�«
k�W¿Ú (n, n− 2)q-DCC�éX"

·K 5.2 (Folklore)µ C ⊆ Xn ´�� (n, n − 2)q-DCC ��=� (X, C) ´��

DP(q, n)"

·K 5.3µC ⊆ Xn ´����� (n, n − 2)q-DCC ��=� (X, C) ´�����

DP(q, n)"

ù�§�
�E�½������ (n, n− 2)q-DCC§·����E�A���

� DP(q, n)=�"

��«|��� n�� q§�k����� h�É����Ø��k�W¿§

P���� IDP(q : h, n)§´��n�| (X, Y,A)§ùp (X,A)´�� DP(q, n)§

Y ´ X ��� h-f8¿�÷v

1. Y 2¥�?Û��þØ� A¥�«|�¹¶

2. X2 \ Y 2¥�?Û��þ�� A¥���«|�¹"

e¡�Ún�,{ü�3·���E¥²~�^�"

Ún 5.1µe�3��� m1 ���� IDP(q : h, n) ±9��� m2 ����

DP(h, n)§K�3���m1 +m2���� DP(q, n)"

�
�Ñ·��48�E§·��I�e¡�Vg"

- X ´:8§G = {G1, . . . , Gs} ´ X �y©§¡�|§B ´ ∪k∈KXk ¥�

���¤�8Ü§¡�«|"n�| (X,G,B) ¡�´k��©|�O§XJ5
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guØÓ|�k�:éT� B ¥���«|�¹§¿�é?¿ B ∈ B§G ∈ G§

|B ∩G| ≤ 1"

éuk� GDD§·�ke¡�(Ø"

Ún 5.2µXJ�3.� gt11 · · · gtss � K-GDD§K�3�Ó|.�k� K-GDD"

½n 5.4 (Sarvate [137])µ.� gv/g �k� 4-GDD �3��=� v ≥ 4g§v ≡ 0

(mod g)§v ≡ g (mod 3)¿� v(v − g) ≡ 0 (mod 6)"

·�ke¡/W¿|0��E�{"

·K 5.4 (Chee, GeÚ Ling [38])µXJ.� {g1, . . . , gs}�k� n-GDD�3§@o{
2(
n
2

) ((∑s
i=1 gi
2

)
−

s∑
i=1

(
gi
2

))}
+

s∑
i=1

Spec(gi, n, n− 2) ⊆ Spec(
s∑
i=1

gi, n, n− 2).

·K 5.5 (Chee, GeÚ Ling [38])µ� h´����ê§XJ·�k

1. .� {g1, . . . , gs}� n-GDD¶

2. k ti�«|���� IDP(gi + h : h, n)§1 ≤ i ≤ s− 1¶±9

3. k t�«|���� DP(gs + h, n)§

@o{
2(
n
2

) ((∑s
i=1 gi
2

)
−

s∑
i=1

(
gi
2

))}
+ t+

s−1∑
i=1

ti ∈ Spec(h+
s∑
i=1

gi, n, n− 2).

·K 5.6 (Chee, GeÚ Ling [38])µ� x ≡ y (mod 2)§x ≥ y"XJ�3.� gnx1 Ú

gny1� K-GDD§K�3.� gn(x+y
2

)1�k� K-GDD"

·K 5.7 (Chee, GeÚ Ling [38])µ� q = 12t+ u"XJ u = 0, 3½ 6§Ké?¿ t ≥ 1

��áu [DU(q, 4) − 6t,DU(q, 4)]���� DP(q, 4)þ�3"XJ u = 9§Ké?

¿ t ≥ 1��áu [DU(q, 4)− (6t+ 2), DU(q, 4)]���� DP(q, 4)þ�3"

5.3 �E

éu�½���ê q§�
�E¤k�U������ (4, 2)q-DCC§·�k

�E�
Ø���k�W¿§|^Ún 5.1�����Ce.�è",�·�|
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^·K 5.4½ 5.5�W¿k� GDD�|�����è"3���E¥§·�ò¦

�U/|^k� Abelian+�)¤«|"e¡·�k�Ñ�
 q '������

(4, 2)q-DCC§§�þ´dO�Å��|¢���"

Ún 5.3µéu q ∈ {9, 10, 11}§·�k

1. Spec(9, 4, 2) = I(9, 4) \ {14, 20}§

2. Spec(10, 4, 2) = I(10, 4)§

3. Spec(11, 4, 2) = I(11, 4)"

y². ·�Äk5�¤Ø�35�y²"��� 20 ���� (4, 2)9-DCC �Ø

�35�©z [97]"y3§b� C ⊂ Xn ´����� 14��� (4, 2)9-DCC"^

Bx,y L«�¹ xé�É:�¤�:é±9 y é�Ó:�¤�:é�èi�8Ü"

N´wÑ (x, y) ∈ P = {(6, 0), (5, 1), (4, 1), (3, 1), (2, 1), (1, 1), (0, 1), (2, 2), (1, 2)}"P

ax,y = |Bx,y|"@oo�èi�ê�
∑

(x,y)∈P ax,y = 14"^ü«�ªO�ù
èi¥

:é��ê§·�k
∑

(x,y)∈P xax,y = 72±9
∑

(x,y)∈P yax,y = 9"ù��5�§|

¤k�ê)Xeµ

1. a6,0 = 5, a5,1 = 8, a2,1 = 1¶

2. a6,0 = 5, a5,1 = 7, a3,1 = 1, a4,1 = 1¶

3. a6,0 = 5, a5,1 = 6, a4,1 = 3¶

4. a6,0 = 6, a5,1 = 6, a4,1 = 1, a2,2 = 1¶

5. a6,0 = 6, a5,1 = 7, a1,2 = 1"

éu) 1§du a2,1 = 1§7,k��/X (a, b, a, a)½ (a, a, b, a)�èi"ù�è

iJø
üé�É:�¤�:é§¿�þ�¹: a"éuÙ¦èi§§�½ö/X

(x, y, z, w)§½ö/X (x, u, v, x)"z��ù��èi=UJø 0é½ 3é�¹ a�

d�É:�¤�:é"ù�§�¹ a�d�É:�¤�:é��êA�� 3{ 2"

,
§ù��:é�ê8� 2× 8 = 16§ù�Ò�Ñ
gñ"
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ÏLaq�?Ø§éu) 2–4·���±��gñ"ùp§·�d a3,1 = 1,

a4,1 = 3 ½ a2,2 = 1 Ñu§©O�	/X (a, a, b, c) ½ (b, c, a, a)§(a, b, a, c) ½

(b, a, c, a)§(a, b, a, b)�èi"

éu) 5§Ø�35´dO�Å¡Þ|¢���"

Ù¦¤����� (4, 2)q-DCC�L�5.1"

Ún 5.4µ{30, 37, 38, 39} ⊆ Spec(13, 4, 2)"

y². ·�d����� IDP(13 : 1, 4)Ñu£©z [38]¤§3��� 1�É¥W\�

���� (4, 2)1-DCCÒ�±����� 30� (4, 2)13-DCC"

d½n 1.3 �3.� 1941 � 4-GDD"A^Ún 5.2 ���Ó|.�k�

4-GDD"2A^·K 5.4Òk {37, 38, 39} ⊆ Spec(13, 4, 2)"

Ún 5.5µ31 ∈ Spec(13, 4, 2)"

y². Äk·��E����� 30 � IDP(13 : 1, 4)"§�i1L� (Z3 ×

{0, 1, 2, 3}) ∪ {∞}"òe�Ä«|ÐmÒ��
¤��«|8§ùpÃ¡: ∞

3ÐmL§¥�±ØC"

((0, 1), (0, 2), (0, 3),∞) ((1, 0),∞, (2, 2), (2, 1))
(∞, (0, 0), (1, 3), (0, 0)) ((1, 1), (0, 1), (1, 1), (2, 3))

((0, 2), (1, 2), (0, 2), (2, 3)) ((1, 3), (1, 0), (1, 3), (0, 3))
((1, 3), (2, 3), (0, 2), (1, 1)) ((2, 3), (0, 1), (2, 2), (0, 0))
((0, 1), (2, 0), (1, 0), (1, 2)) ((0, 2), (2, 0), (0, 0), (2, 1))

·�3��� 1�É¥W\����� (4, 2)1-DCCÒ�±����� 31����

(4, 2)13-DCC"

Ún 5.6µ[32, 33] ⊆ Spec(13, 4, 2)"

y². ·�k5�E����� 31 � IDP(13 : 1, 4)"§�i1L� (Z3 ×

{0, 1, 2, 3}) ∪ {∞}"�Ee¡o�èi"

b1 : (∞, (0, 0), (1, 0), (2, 0)) b2 : ((2, 1), (1, 1), (0, 1),∞)
b3 : ((0, 2), (1, 2), (2, 2), (0, 2)) b4 : ((2, 2), (2, 2), (1, 2), (1, 2))

,�òe�Ä«|Ðm"5¿Ik∗�ü�: (2, 0), (1, 0)�1��I\ 1����

 �§Ï�kS:é ((0, 0), (2, 0))®²3«| b1 ¥Ñy
"Ó�/§Ik∗∗�ü
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L 5.1 �
��� (4, 2)q-DCC

q èi ��� (4, 2)q-DCC�èi
�ê

9 15 (4, 2, 8, 7) (7, 2, 4, 1) (3, 5, 7, 3) (6, 7, 0, 6) (5, 4, 6, 5) (1, 1, 5, 1) (8, 8, 5, 0) (0, 0, 1, 7)
(7, 7, 5, 8) (3, 1, 2, 6) (8, 6, 1, 4) (1, 0, 3, 8) (2, 0, 5, 2) (4, 3, 0, 4) (6, 8, 2, 3)

16 (7, 0, 2, 7) (2, 2, 2, 8) (8, 1, 6, 7) (0, 3, 1, 4) (6, 6, 6, 8) (8, 8, 5, 8) (8, 2, 4, 0) (5, 3, 7, 5)
(3, 2, 6, 3) (7, 4, 8, 3) (6, 5, 4, 2) (0, 5, 6, 0) (1, 3, 0, 8) (1, 2, 5, 1) (4, 4, 4, 5) (4, 7, 6, 1)

17 (8, 8, 2, 6) (1, 1, 8, 3) (6, 0, 2, 3) (0, 0, 6, 1) (7, 1, 7, 6) (2, 2, 2, 2) (3, 7, 8, 0) (1, 2, 5, 0)
(5, 3, 4, 1) (3, 3, 5, 6) (5, 5, 2, 7) (4, 4, 0, 4) (6, 6, 4, 7) (7, 4, 3, 2) (0, 8, 7, 5) (2, 8, 1, 4)
(4, 6, 5, 8)

18 (4, 6, 2, 1) (8, 1, 5, 2) (3, 7, 2, 8) (5, 6, 7, 4) (2, 4, 0, 5) (1, 1, 1, 1) (3, 3, 5, 3) (8, 4, 7, 3)
(8, 8, 0, 8) (2, 2, 6, 3) (0, 0, 2, 7) (6, 6, 8, 6) (3, 1, 0, 4) (0, 1, 3, 6) (4, 4, 4, 8) (7, 7, 1, 7)
(5, 5, 1, 8) (7, 6, 5, 0)

19 �½n 5.1
10 18 (4, 8, 4, 3) (1, 5, 3, 6) (3, 7, 8, 1) (1, 7, 9, 4) (1, 2, 1, 8) (2, 6, 5, 4) (4, 2, 9, 7) (5, 7, 5, 2)

(9, 5, 0, 1) (3, 0, 4, 5) (4, 6, 1, 0) (8, 5, 9, 8) (0, 8, 7, 0) (0, 9, 6, 9) (3, 9, 3, 2) (7, 6, 7, 3)
(2, 0, 2, 3) (6, 8, 6, 2)

19 (7, 6, 3, 7) (4, 1, 9, 7) (9, 8, 9, 0) (2, 7, 2, 9) (5, 1, 2, 0) (8, 8, 8, 8) (5, 8, 7, 5) (0, 4, 2, 5)
(4, 6, 4, 0) (9, 5, 3, 4) (0, 8, 1, 6) (0, 0, 7, 0) (1, 3, 1, 5) (6, 5, 6, 9) (3, 6, 8, 2) (2, 8, 4, 3)
(7, 1, 4, 8) (3, 0, 3, 9) (9, 2, 6, 1)

20 (3, 8, 3, 1) (9, 3, 7, 4) (7, 6, 1, 5) (2, 5, 6, 3) (2, 2, 4, 8) (8, 8, 8, 8) (4, 1, 3, 6) (0, 1, 0, 8)
(5, 1, 4, 7) (8, 0, 6, 4) (3, 0, 5, 2) (9, 9, 9, 2) (7, 8, 7, 2) (4, 4, 4, 2) (5, 8, 5, 9) (7, 0, 3, 9)
(6, 2, 0, 7) (4, 9, 5, 0) (6, 9, 6, 8) (1, 2, 9, 1)

21 (9, 8, 3, 7) (8, 9, 5, 1) (8, 8, 0, 6) (7, 7, 7, 8) (1, 1, 1, 0) (2, 2, 2, 2) (5, 7, 5, 2) (4, 8, 4, 2)
(1, 6, 7, 3) (7, 4, 1, 9) (3, 9, 4, 0) (0, 0, 7, 0) (2, 5, 0, 9) (6, 1, 5, 4) (9, 6, 9, 2) (0, 1, 2, 8)
(2, 4, 7, 6) (6, 6, 6, 0) (0, 4, 3, 5) (3, 2, 3, 1) (5, 3, 6, 8)

22 (3, 3, 3, 1) (9, 9, 9, 2) (2, 0, 5, 8) (0, 4, 2, 3) (4, 1, 6, 0) (6, 6, 6, 6) (9, 3, 5, 0) (3, 7, 6, 9)
(5, 1, 9, 4) (6, 8, 1, 5) (0, 7, 0, 1) (5, 5, 7, 5) (4, 4, 4, 5) (7, 7, 7, 3) (8, 3, 8, 4) (5, 6, 3, 2)
(8, 0, 9, 6) (1, 1, 1, 3) (2, 2, 9, 1) (2, 6, 7, 4) (4, 9, 8, 7) (1, 7, 8, 2)

23 (1, 0, 4, 7) (7, 3, 6, 8) (7, 0, 5, 9) (0, 1, 2, 3) (1, 8, 5, 6) (5, 5, 5, 5) (2, 4, 8, 1) (2, 6, 5, 0)
(3, 5, 7, 1) (4, 5, 3, 2) (6, 3, 4, 9) (3, 3, 3, 3) (8, 9, 3, 0) (9, 5, 8, 4) (9, 6, 2, 7) (4, 4, 0, 6)
(8, 8, 7, 2) (9, 9, 9, 1) (0, 0, 0, 8) (1, 1, 1, 9) (2, 2, 2, 9) (6, 6, 6, 1) (7, 7, 7, 4)

24 (2, 7, 4, 6) (4, 5, 2, 8) (1, 2, 3, 0) (3, 7, 8, 9) (1, 5, 6, 7) (9, 9, 9, 9) (0, 9, 7, 2) (9, 0, 6, 8)
(9, 5, 3, 4) (2, 5, 9, 1) (4, 7, 3, 1) (7, 7, 7, 7) (6, 0, 3, 5) (6, 1, 4, 9) (8, 3, 6, 2) (8, 7, 5, 0)
(0, 0, 0, 1) (6, 6, 6, 6) (8, 8, 8, 4) (1, 1, 8, 1) (4, 4, 0, 4) (2, 2, 2, 2) (3, 3, 3, 3) (5, 5, 5, 5)

25 �½n 5.1
11 22 (5, 1, 5, 2) (9, 5, 9, 6) (0, 6, 0, 1) (8, 5, 8, 7) (3, 5, 3, 0) (4, 10, 9, 7) (4, 0, 4, 8)

(2, 0, 2, 9) (4, 2, 6, 5) (9, 4, 3, 1) (1, 9, 10, 0) (3, 2, 7, 4) (2, 10, 1, 8) (8, 0, 3, 10)
(7, 0, 7, 5) (6, 7, 6, 10) (1, 7, 1, 3) (7, 9, 8, 2) (8, 1, 6, 4) (10, 6, 2, 3) (3, 6, 8, 9)
(10, 5, 10, 4)

23 (6, 3, 6, 1) (4, 10, 3, 8) (1, 8, 9, 3) (0, 7, 2, 8) (2, 2, 3, 2) (8, 8, 6, 8) (0, 6, 4, 9)
(4, 4, 7, 4) (9, 8, 7, 10) (7, 6, 7, 5) (5, 8, 1, 2) (9, 2, 9, 4) (9, 0, 1, 5) (2, 5, 10, 7)
(0, 3, 0, 10) (3, 7, 3, 9) (4, 2, 1, 6) (10, 5, 9, 6) (1, 7, 1, 0) (8, 4, 5, 0) (5, 3, 5, 4)
(6, 10, 2, 0) (10, 1, 10, 4)

24 (4, 10, 7, 0) (5, 10, 8, 6) (3, 3, 5, 0) (0, 0, 0, 5) (10, 3, 4, 9) (1, 1, 1, 1) (5, 7, 5, 1)
(9, 6, 5, 4) (4, 4, 6, 3) (3, 2, 6, 7) (8, 7, 8, 3) (7, 7, 9, 7) (2, 0, 2, 3) (3, 1, 8, 10)
(2, 9, 10, 1) (0, 7, 6, 10) (9, 0, 9, 8) (10, 10, 5, 2) (6, 1, 6, 0) (1, 5, 9, 3) (6, 8, 9, 2)
(8, 0, 4, 1) (1, 7, 2, 4) (4, 2, 8, 5)

25 (3, 3, 6, 3) (8, 2, 1, 9) (7, 7, 10, 7) (6, 6, 10, 6) (2, 2, 6, 2) (4, 4, 4, 4) (9, 9, 10, 9)
(4, 7, 9, 1) (2, 4, 5, 10) (10, 10, 8, 10) (3, 5, 0, 9) (5, 5, 1, 5) (9, 6, 0, 7) (10, 4, 0, 3)
(8, 0, 8, 4) (0, 10, 5, 2) (1, 2, 7, 0) (1, 4, 6, 8) (6, 9, 5, 4) (1, 3, 10, 1) (9, 2, 8, 3)
(5, 3, 7, 8) (8, 7, 5, 6) (0, 0, 6, 1) (7, 3, 4, 2)

26 (10, 8, 3, 2) (8, 9, 10, 0) (10, 7, 4, 1) (4, 0, 3, 7) (2, 6, 0, 9) (8, 6, 8, 1) (5, 2, 3, 1)
(1, 9, 3, 5) (9, 1, 6, 7) (5, 8, 5, 7) (7, 10, 5, 9) (9, 9, 9, 9) (4, 5, 10, 6) (6, 2, 5, 4)
(6, 6, 3, 10) (0, 1, 2, 10) (3, 9, 8, 4) (7, 7, 7, 7) (2, 7, 2, 8) (7, 3, 0, 6) (4, 4, 9, 2)
(1, 0, 4, 8) (3, 3, 3, 3) (0, 0, 5, 0) (1, 1, 1, 1) (10, 10, 10, 10)

27 �½n 5.1
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�: (1, 1), (2, 1)3Ðm����aq?n§Ï�kS:é ((2, 1), (0, 1))®²3«

| b2¥Ñy
"

(∞, (0, 1), (0, 2), (0, 3)) ((0, 2), (2, 3), (2, 0),∞)
((2, 1), (2, 0)∗, (1, 0)∗, (0, 2)) ((1, 2), (2, 0), (1, 1)∗∗, (2, 1)∗∗)
((2, 3), (2, 3), (2, 1), (1, 3)) ((1, 1), (1, 1), (2, 3), (0, 2))
((2, 0), (1, 3), (2, 0), (0, 1)) ((0, 0), (0, 3), (0, 2), (1, 3))
((0, 3), (2, 2), (1, 1), (2, 0))

ù�·�Ò��
����� 31� IDP(13 : 1, 4)"^«| ((2, 2), (2, 2), (2, 2), (1, 2))

Ú ((1, 2), (1, 2), (1, 2), (1, 2)) O�«| b4§·�q�±������� 32 �

IDP(13 : 1, 4)"

©OW¿þã�E� IDP(13 : 1, 4)�ÉÒ�±��¤����� 32Ú 33�

��� (4, 2)13-DCC"

Ún 5.7µ34 ∈ Spec(13, 4, 2)"

y². ·�k5�E����� 33 � IDP(13 : 1, 4)"§�i1L� (Z3 ×

{0, 1, 2, 3}) ∪ {∞}"òe�Ä«|ÐmÒ��
¤��«|8§ùpÃ¡: ∞

3ÐmL§¥�±ØC"

((0, 1), (0, 2), (0, 3),∞) ((2, 0),∞, (1, 0), (2, 1))
(∞, (0, 2), (2, 3), (0, 2)) ((0, 0), (0, 0), (0, 0), (0, 0))

((0, 1), (0, 1), (1, 3), (1, 1)) ((2, 3), (2, 3), (1, 3), (0, 1))
((0, 0), (0, 2), (1, 3), (1, 2)) ((0, 3), (1, 0), (2, 0), (1, 3))
((0, 2), (2, 2), (2, 0), (1, 1)) ((0, 1), (2, 2), (2, 1), (0, 0))
((0, 1), (2, 3), (2, 0), (1, 2))

·�3��� 1�É¥W\����� (4, 2)1-DCCÒ�±����� 34����

(4, 2)13-DCC"

Ún 5.8µ[35, 36] ⊆ Spec(13, 4, 2)"

y². ·�k5�E����� 34 � IDP(13 : 1, 4)"§�i1L� (Z3 ×

{0, 1, 2, 3}) ∪ {∞}"�Ee¡o�èi"

b1 : (∞, (0, 0), (1, 0), (2, 0)) b2 : ((2, 1), (1, 1), (0, 1),∞)
b3 : ((0, 2), (1, 2), (2, 2), (0, 2)) b4 : ((2, 2), (2, 2), (1, 2), (1, 2))

,�òe�Ä«|Ðm"5¿�kS:é ((0, 0), (2, 0))Ú ((2, 1), (0, 1))®²©
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O3«| b1Ú b2¥Ñy
§Ik∗�:�1��I\ 1���� �"

(∞, (0, 1), (0, 2), (0, 3)) ((0, 2), (2, 3), (1, 0),∞)
((2, 2), (2, 1), (2, 0)∗, (1, 0)∗) ((1, 0), (0, 2), (1, 1)∗, (2, 1)∗)
((2, 0), (2, 0), (1, 3), (2, 2)) ((0, 1), (0, 1), (0, 1), (0, 1))
((2, 3), (2, 3), (2, 3), (2, 0)) ((1, 3), (1, 1), (2, 0), (0, 2))
((1, 0), (2, 3), (1, 3), (0, 1)) ((2, 1), (0, 3), (0, 2), (1, 3))

ù�·�Ò��
����� 34� IDP(13 : 1, 4)"^«| ((2, 2), (2, 2), (2, 2), (1, 2))

Ú ((1, 2), (1, 2), (1, 2), (1, 2)) O�«| b4§·�q�±������� 35 �

IDP(13 : 1, 4)"

©OW¿þã�E� IDP(13 : 1, 4)�ÉÒ�±��¤����� 35Ú 36�

��� (4, 2)13-DCC"

½n 5.5µSpec(13, 4, 2) = I(13, 4)§¿�é?¿ s ∈ [29, 38]§��� s ����

IDP(13 : 1, 4)þ�3"

y². nÜþ¡�Ún§·�k Spec(13, 4, 2) = I(13, 4)"3þ¡Ún�y²¥§·

��E
��� s���� IDP(13 : 1, 4)§s ∈ [29, 35]"
éu s ∈ {37, 38, 39}§

·�l.� 1941 �k� 4-GDDÑu§?À����� 1�|��É§W¿Øù�

|	�Ù¦|Ò���¤����� IDP(13 : 1, 4)"

Ún 5.9µ[DL(15, 4), DL(15, 4) + 1] = [38, 39] ⊆ Spec(15, 4, 2)"

y². Äk·�3:8 (Z3 × {0, 1, 2, 3}) ∪ {∞0,∞1,∞2}þ�E����� 36�

IDP(15 : 3, 4)"òeãÄ«|

((2, 2), (0, 3), (1, 3), (2, 2)) ((2, 1), (0, 2), (1, 2), (2, 1)) ((2, 0), (1, 1), (0, 1), (2, 0))
((0, 3), (0, 0), (2, 0), (0, 3)) ((2, 2), (2, 0), (2, 1),∞0) ((0, 3), (1, 1), (1, 0),∞0)
((0, 0), (1, 2), (0, 2),∞0) ((0, 1), (2, 3), (1, 3),∞0) (∞0, (0, 3), (2, 1), (0, 1))
(∞0, (1, 1), (1, 3), (1, 2)) (∞0, (2, 2), (0, 0), (2, 3)) (∞0, (1, 0), (0, 2), (2, 0))

^+ 〈α〉�^ÐmÒ���¤� IDP(15 : 3, 4)�«|8§ùp

α(x) =


(y + 1, i), ex = (y, i) ∈ Z3 × {0, 1, 2, 3};

∞i+1 (mod 3), ex =∞i, i ∈ {0, 1, 2},

5¿� Spec(3, 4, 2) = [2, 3]§W¿þ¡�E� (4, 2)3-DCC�ÉÒ�±��¤���

�� (4, 2)15-DCC"
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Ún 5.10µ[40, 45] ⊆ Spec(15, 4, 2)"

y². d½n 5.4�3.� 35�k� 4-GDD§A^·K 5.4·�k

Spec(15, 4, 2) ⊇ {30}+
5∑
i=1

Spec(3, 4, 2)

= [40, 45] .

d·K 5.7·�k [42, 48] ⊆ Spec(15, 4, 2)"nÜÚn 5.9Ú 5.10§·�keã

(Ø"

½n 5.6µSpec(15, 4, 2) = I(15, 4)"

Ún 5.11µDL(16, 4) = 44 ∈ Spec(16, 4, 2)"

y². ·�3i1L Z8 × {0, 1}þ�E¤����è"òeãèiÐm"

((0, 1), (4, 1), (7, 0), (4, 0)) ((1, 0), (6, 1), (4, 1), (1, 1)) ((1, 1), (2, 1), (1, 1), (3, 0))
((3, 0), (5, 1), (2, 0), (3, 0)) ((0, 0), (3, 0), (7, 1), (1, 1))

2V\e¡o�èi"

((0, 0), (2, 0), (4, 0), (6, 0)) ((6, 0), (4, 0), (2, 0), (0, 0))
((1, 0), (3, 0), (5, 0), (7, 0)) ((7, 0), (5, 0), (3, 0), (1, 0))

Ún 5.12µ45 ∈ Spec(16, 4, 2)"

y². ·�k38Ü Z15 ∪ {∞}þ�E����� 44� IDP(16 : 1, 4)"òeãÄ

«|
(11,∞, 6, 3) (14,∞, 11, 13) (8, 4, 8,∞) (1, 5, 3, 1)
(4, 6, 4, 9) (9, 10, 1, 9) (14, 4, 14, 1) (8, 7, 0, 9)
(9, 3, 12, 6) (12, 4, 3, 10) (6, 12, 0, 13) (0, 7, 12, 8)
(12, 1, 11, 7) (9, 2, 5, 13)

^+ 〈α〉Ðm§ùp

α = (0 1 2)(3 4 5)(6 7 8)(9 10 11)(12 13 14)(∞),

2\ü�«| (∞, 0, 1, 2)Ú (2, 1, 0,∞)Ò�±����±Ã¡:�É� IDP(16 :

1, 4)"W¿ÉÒ�±��¤����� 45� (4, 2)16-DCC"
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Ún 5.13µ46 ∈ Spec(16, 4, 2)"

y². ·�k38Ü Z15 ∪{∞}þ�E����� 45� IDP(16 : 1, 4)"òeãÄ«

| +3 (mod 15)Ðm"

(4, 13, 4, 1) (7, 8, 9, 0) (14, 8, 1, 12) (12, 9, 12, 13)
(10, 9, 2, 8) (8, 5, 8, 4) (0, 9, 7, 11)

2V\eã«|

(∞, i, 5 + i, 10 + i) (10 + i, 5 + i, i,∞)

ùp 0 ≤ i < 5"ù�Ò��
�� IDP(16 : 1, 4)"W¿ÉÒ�±��¤����

� 46� (4, 2)16-DCC"

Ún 5.14µ47 ∈ Spec(16, 4, 2)"

y². �i1L X � Z15 ∪ {∞}"òeãèi +5 (mod 15)Ðm"

(0, 9, 0, 12) (1, 9, 1, 3) (2, 1, 2, 4) (8, 8, 12, 9)
(9, 9, 7, 13) (9, 6, 2, 10) (1, 8, 0, 7) (0, 8, 2, 11)
(2, 3, 5, 9) (12, 10, 8, 1) (0, 3, 14, 1) (1, 14, 13, 10)

2V\��èi

(∞, i, 5 + i, 10 + i) (10 + i, 5 + i, i,∞)

ùp 0 ≤ i < 5§±9�	���èi (∞,∞,∞,∞)§ù�Ò��
¤�����

47� (4, 2)16-DCC"

Ún 5.15µ[48, 56] ⊆ Spec(16, 4, 2)"

y². d½n 5.4�3.� 44�k� 4-GDD"A^·K 5.4·�k

Spec(16, 4, 2) ⊇ {32}+
4∑
i=1

Spec(4, 4, 2)

= [48, 56] .

nÜþãÚn§·�ke¡�(Ø"

½n 5.7µSpec(16, 4, 2) = I(16, 4)"
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Ún 5.16µDL(18, 4) = 54 ∈ Spec(18, 4, 2).

y². �i1L X � Z18"òeãèi3+ Z18 �^eÐm=���¤����

è"

(1, 7, 5, 6) (3, 0, 11, 3) (0, 2, 14, 9)

Ún 5.17µ[55, 56] ⊆ Spec(18, 4, 2)"

y². �i1L X � Z6 × {0, 1, 2}"òeãèi�1���I +1 (mod 6)Ðm"

((5, 2), (3, 0), (0, 1), (5, 2)) ((3, 0), (2, 0), (2, 1), (0, 2)) ((4, 2), (3, 1), (2, 1), (3, 2))
((1, 1), (5, 0), (4, 2), (1, 1)) ((0, 2), (1, 0), (2, 2), (2, 1)) ((3, 2), (1, 2), (4, 2), (3, 0))
((4, 1), (0, 1), (0, 0), (1, 0)) ((0, 0), (4, 1), (0, 2), (3, 0))

2V\e¡�Ô�èiÒ�±������� 55���� (4, 2)18-DCC"

((0, 0), (2, 0), (4, 0), (0, 0)) ((4, 0), (4, 0), (2, 0), (2, 0)) ((1, 0), (3, 0), (5, 0), (1, 0))
((5, 0), (5, 0), (3, 0), (3, 0)) ((0, 1), (3, 1), (1, 1), (4, 1)) ((2, 1), (5, 1), (3, 1), (0, 1))
((4, 1), (1, 1), (5, 1), (2, 1))

òþ¡�E���è¥�èi ((5, 0), (5, 0), (3, 0), (3, 0)) O�� ((5, 0), (5, 0),

(5, 0), (3, 0))Ú ((3, 0), (3, 0), (3, 0), (3, 0))§·�Ò�±������� 56����

(4, 2)18-DCC"

Ún 5.18µ[57, 63] ⊆ Spec(18, 4, 2)"

y². d½n 5.4�3.� 36�k� 4-GDD"A^·K 5.4·�k

Spec(18, 4, 2) ⊇ {45}+
6∑
i=1

Spec(3, 4, 2)

= [57, 63] .

A^·K 5.7·��� [61, 67] ⊆ Spec(18, 4, 2)"nÜþãÚn·�ke¡�(

Ø"

½n 5.8µSpec(18, 4, 2) = I(18, 4)"
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Ún 5.19µ63 ∈ Spec(19, 4, 2)"

y². �i1L X � Z18 ∪ {∞}"½Â

α = (0 1 2)(3 4 5)(6 7 8)(9 10 11)(12 13 14)(15 16 17)(∞).

òeãèi3+ 〈α〉��^eÐm"

(∞, 3, 9, 3) (∞, 16, 13, 7) (12, 8, 12,∞) (10, 17, 5,∞)
(1, 8, 3, 1) (7, 11, 7, 9) (11, 12, 16, 11) (16, 17, 16, 2)

(4, 1, 14, 16) (10, 9, 12, 2) (16, 0, 10, 8) (6, 7, 16, 3)
(1, 17, 7, 10) (5, 1, 9, 15) (16, 12, 5, 14) (4, 12, 7, 15)
(3, 11, 4, 8) (2, 14, 3, 5) (12, 13, 10, 1) (6, 8, 0, 14)

2V\n�èi (∞, 0, 1, 2)§(2, 1, 0,∞)Ú (∞,∞,∞,∞)"ù�Ò��
¤���

�� (4, 2)19-DCC"

Ún 5.20µ64 ∈ Spec(19, 4, 2)"

y². ·�Äk38Ü (Z4 × {0, 1, 2, 3}) ∪ {∞0,∞1, a} þ�E����� 62 �

IDP(19 : 3, 4)"½Â

α(x) =


(y + 1, i), ex = (y, i) ∈ Z4 × {0, 1, 2, 3};

∞i+1 (mod 2), ex =∞i, i ∈ {0, 1};

a, ex = a.

òeã«|3+ 〈α〉��^eÐm"5¿éu?¿ w ∈ Z4 × {0, 1, 2, 3}§kS:é

(∞0, w)TÐ�e¡���«|�¹§ù�� α2�^þ�¿�Ã¡:∞0�±ØC

�§·�A�ò�¹∞0 �«| (∞0, x, y, z)N� (x, y, z,∞0)¶� α3 �^þ��§

·�ò«| (∞1, x, y, z)N� (x, y, z,∞1)"éu�¹Ã¡: a�«|§� α½ α3

�^þ������A�N�"

(∞0, (1, 2), (3, 0), (1, 2)) (a, (2, 1), (2, 0), (2, 1))
(∞0, (2, 0), (3, 3), (2, 0)) (a, (2, 2), (2, 3), (1, 1))
(∞0, (0, 3), (0, 1), (1, 0)) (a, (1, 3), (3, 0), (3, 2))
(∞0, (0, 2), (0, 0), (2, 3)) ((0, 3), (1, 2), (0, 2), (1, 1))
(∞0, (2, 1), (2, 2), (3, 2)) ((3, 2), (1, 1), (0, 3), (0, 0))
(∞0, (1, 1), (3, 1), (1, 3)) ((0, 2), (3, 0), (3, 3), (2, 2))

((3, 3), (3, 3), (0, 3), (2, 3)) ((0, 0), (2, 1), (3, 3), (1, 1))
((0, 1), (2, 0), (1, 1), (3, 2))
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��2V\e¡�ü�«|"

((0, 0), (1, 0), (2, 0), (3, 0)) ((3, 0), (2, 0), (1, 0), (0, 0))

y3·�3þã�E� IDP(19 : 3, 4) �É¥W\����� 2 ����

(4, 2)3-DCCÒ�±��¤����� (4, 2)19-DCC"

Ún 5.21µ[65, 73] ⊆ Spec(19, 4, 2)"

y². ·�Äk38Ü (Z3 × {0, 1, 2, 3, 4}) ∪ {∞0,∞1,∞2, a}þ�E��� 61§64

Ú 67� IDP(19 : 4; 4)"½Â

α(x) =


(y + 1, i), ex = (y, i) ∈ Z3 × {0, 1, 2, 3, 4};

∞i+1 (mod 3), ex =∞i, i ∈ {0, 1, 2};

a, ex = a.
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òeã«|3+ 〈α〉��^eÐm"

61 64 67

((2, 0), (2, 2), (2, 3),∞0) ((2, 2), (0, 3), (1, 4),∞0) ((1, 2), (1, 3), (1, 1),∞0)

((1, 0), (2, 4), (0, 3),∞0) ((0, 0), (2, 1), (0, 4),∞0) ((2, 2), (2, 4), (0, 0),∞0)

((1, 1), (1, 4), (0, 2),∞0) ((0, 2), (2, 3), (1, 1),∞0) ((2, 3), (1, 4), (1, 0),∞0)

((2, 1), (1, 3), (0, 0),∞0) ((1, 0), (2, 4), (1, 3),∞0) ((0, 1), (2, 0), (0, 3),∞0)

((1, 2), (0, 4), (0, 1),∞0) ((0, 1), (1, 2), (2, 0),∞0) ((0, 4), (2, 1), (0, 2),∞0)

(∞0, (1, 2), (2, 4), (2, 3)) (∞0, (2, 1), (2, 0), (1, 4)) (∞0, (2, 1), (2, 4), (0, 3))

(∞0, (2, 1), (0, 3), (0, 4)) (∞0, (0, 1), (1, 3), (0, 4)) (∞0, (1, 0), (1, 1), (0, 2))

(∞0, (0, 1), (0, 2), (2, 0)) (∞0, (2, 2), (2, 4), (1, 0)) (∞0, (0, 0), (1, 2), (2, 3))

(∞0, (0, 0), (1, 1), (1, 3)) (∞0, (2, 3), (0, 0), (1, 2)) (∞0, (1, 3), (1, 4), (2, 2))

(∞0, (1, 0), (1, 4), (2, 2)) (∞0, (1, 1), (0, 3), (0, 2)) (∞0, (0, 4), (2, 0), (0, 1))

((1, 4), (1, 4), (0, 0), (2, 1)) ((2, 1), (2, 1), (0, 0), (2, 3)) ((0, 4), (0, 4), (0, 4), (2, 3))

((0, 0), (2, 2), (0, 0), (2, 4)) ((1, 0), (1, 0), (1, 0), (2, 3)) ((2, 4), (2, 3), (1, 2), (0, 1))

((2, 3), (0, 4), (2, 3), (0, 0)) ((0, 4), (1, 2), (1, 3), (1, 0)) ((2, 2), (0, 1), (1, 0), (1, 4))

((1, 2), (0, 3), (1, 2), (2, 1)) ((1, 3), (1, 4), (1, 3), (2, 1)) ((0, 3), (0, 3), (0, 0), (0, 2))

((0, 1), (0, 1), (2, 4), (0, 0)) ((1, 4), (1, 0), (1, 2), (1, 1)) ((2, 1), (2, 2), (1, 3), (2, 0))

((0, 3), (0, 2), (0, 0), (0, 1)) ((0, 4), (0, 4), (2, 1), (2, 2)) ((0, 0), (0, 0), (0, 0), (2, 4))

((0, 3), (2, 4), (1, 1), (2, 2)) ((0, 2), (0, 2), (0, 2), (1, 4)) ((0, 1), (0, 1), (0, 1), (0, 1))

((0, 3), (2, 0), (1, 2), (0, 1)) ((1, 2), (1, 2), (1, 2), (2, 4))

((0, 0), (0, 3), (2, 1), (1, 4))

2V\e¡���«|"

(a, (0, i), (1, i), (2, i)) ((2, i), (1, i), (0, i), a)

ùp 0 ≤ i < 5"ù�Ò��
± {∞0,∞1,∞2, a}�É� IDP(19 : 4, 4)"5¿�

Spec(4, 4, 2) = [4, 6]§W¿ÉÒ���(Ø"

Ún 5.22µ[74, 76] ⊆ Spec(19, 4, 2)"

y². d½n 1.3�3.� 116 Ú 11571 � 4-GDD§|^·K 5.6��.� 11541 �
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k� 4-GDD"2A^·K 5.4��

Spec(19, 4, 2) ⊇ {55}+ 15× {1}+ Spec(4, 4, 2)

= [74, 76] .

nÜþãÚn§·�ke¡�(Ø"

½n 5.9µI(19, 4)\DL(19, 4) ⊆ Spec(19, 4, 2) ⊆ I(19, 4)"

Ún 5.23µ[74, 75] ⊆ Spec(21, 4, 2)"

y². ·�Äk38Ü Z9×{0, 1}∪{∞0,∞1,∞2}þ�E����� 72� IDP(21 :

3, 4)"½Â

α(x) =


(y + 1, i), ex = (y, i) ∈ Z9 × {0, 1};

∞i+1 (mod 3), ex =∞i, i ∈ {0, 1, 2},

òeã«|3+ 〈α〉��^eÐm"

(∞0, (1, 1), (6, 0), (5, 1)) ((2, 0), (3, 0), (5, 1),∞0)
(∞0, (0, 1), (2, 0), (4, 0)) ((0, 1), (1, 0), (1, 1),∞0)

((0, 1), (2, 1), (8, 0), (0, 1)) ((1, 0), (5, 0), (4, 0), (1, 0))
((0, 1), (5, 1), (3, 0), (8, 1)) ((0, 0), (7, 1), (7, 0), (4, 1))

ù�Ò��
��± {∞0,∞1,∞2}�É� IDP(21 : 3, 4)"5¿� Spec(3, 4, 2) =

[2, 3]§W¿ÉÒ���(Ø"

Ún 5.24µ[76, 85] ⊆ Spec(21, 4, 2)"

y². d½n 1.3 �3.� 3561 � 4-GDD§|^·K 5.2 ���Ó|.�k�

4-GDD"2A^·K 5.4·�k

Spec(21, 4, 2) ⊇ {60}+
5∑
i=1

Spec(3, 4, 2) + Spec(6, 4, 2)

= [76, 85] .
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d·K 5.7·�k [81, 89] ⊆ Spec(21, 4, 2)"ù�·�Ò��
e¡�(Ø"

½n 5.10µSpec(21, 4, 2) = I(21, 4)"

Ún 5.25µ[83, 84] ⊆ Spec(22, 4, 2)"

y². �i1L X � Z4 × {0, 1, 2, 3, 4} ∪ {∞0,∞1}"½Â

α(x) =


(y + 1, i), ex = (y, i) ∈ Z4 × {0, 1, 2, 3, 4};

∞i+1 (mod 2), ex =∞i, i ∈ {0, 1}.

òeãèi3+ 〈α〉��^eÐm"5¿§ò α2 ½ α3 �^3�¹Ã¡:�èi

�§·�Aéèi�aquÚn 5.20¥�N�"

(∞0, (0, 1), (0, 2), (0, 1)) (∞0, (1, 1), (3, 4), (2, 4)) (∞0, (0, 4), (1, 2), (2, 3))
(∞0, (3, 0), (1, 3), (3, 3)) (∞0, (0, 3), (2, 2), (0, 0)) (∞0, (1, 0), (1, 4), (3, 2))
(∞0, (2, 1), (2, 0), (3, 1)) ((3, 3), (2, 3), (3, 3), (2, 2)) ((3, 4), (0, 3), (3, 4), (1, 0))

((3, 1), (0, 2), (0, 3), (1, 1)) ((1, 0), (0, 3), (2, 4), (0, 4)) ((1, 4), (1, 3), (0, 1), (3, 1))
((0, 2), (1, 2), (3, 2), (3, 4)) ((2, 2), (3, 4), (2, 0), (2, 2)) ((1, 0), (0, 1), (2, 2), (1, 0))
((1, 3), (3, 0), (2, 2), (1, 1)) ((0, 4), (1, 4), (1, 0), (1, 1)) ((0, 1), (2, 0), (3, 3), (0, 4))
((1, 2), (3, 1), (3, 3), (2, 0)) ((0, 1), (3, 4), (3, 2), (2, 3))

2V\e¡ü�èi"

((0, 0), (1, 0), (2, 0), (3, 0)) ((3, 0), (2, 0), (1, 0), (0, 0))

ù�·�Ò��
����� 82���� IDP(22 : 2, 4)"du Spec(2, 4, 2) = [1, 2]§

W¿É·�Ò��
(Ø"

Ún 5.26µ[85, 87] ∪ [91, 93] ⊆ Spec(22, 4, 2)"

y². ·�k38Ü (Z6 × {0, 1, 2}) ∪ {∞0,∞1,∞2, a}þ�E��� 81Ú 87��

�� IDP(22 : 4; 4)"½Â

α(x) =


(y + 1, i), ex = (y, i) ∈ Z6 × {0, 1, 2};

∞i+1 (mod 3), ex =∞i, i ∈ {0, 1, 2};

a, ex = a.
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òe¡�«|3+ 〈α〉��^eÐm"

81 87

((2, 2), (1, 1), (4, 0),∞0) ((1, 0), (1, 2), (5, 1),∞0)

((0, 0), (5, 0), (1, 2),∞0) ((0, 2), (3, 1), (2, 0),∞0)

((2, 1), (3, 2), (3, 1),∞0) ((1, 1), (3, 0), (2, 2),∞0)

(∞0, (2, 2), (5, 0), (4, 1)) (∞0, (5, 2), (1, 1), (2, 0))

(∞0, (0, 0), (4, 2), (3, 2)) (∞0, (0, 0), (1, 0), (3, 2))

(∞0, (0, 1), (1, 0), (5, 1)) (∞0, (2, 1), (4, 2), (3, 1))

((0, 1), (2, 2), (0, 1), (2, 0)) ((2, 0), (2, 0), (2, 0), (3, 2))

((0, 0), (1, 1), (0, 0), (1, 0)) ((2, 2), (2, 2), (2, 2), (1, 2))

((0, 2), (1, 1), (0, 2), (5, 0)) ((3, 1), (1, 0), (3, 1), (0, 0))

((0, 0), (5, 2), (2, 1), (0, 2)) ((0, 2), (1, 2), (0, 0), (1, 1))

((0, 1), (0, 0), (5, 1), (4, 2))

2V\ 21�«|"

(a, (0, i), (2, i), (4, i)) (a, (1, i), (3, i), (5, i)) ((4, i), (2, i), (0, i), a)
((5, i), (3, i), (1, i), a) ((0, 0), (3, 0), (0, 1), (3, 1)) ((0, 2), (3, 2), (1, 0), (4, 0))

((1, 1), (4, 1), (1, 2), (4, 2)) ((2, 0), (5, 0), (2, 1), (5, 1)) ((2, 2), (5, 2), (3, 0), (0, 0))
((3, 1), (0, 1), (3, 2), (0, 2)) ((4, 0), (1, 0), (4, 1), (1, 1)) ((4, 2), (1, 2), (5, 0), (2, 0))
((5, 1), (2, 1), (5, 2), (2, 2))

ùp i = 0, 1, 2"ù�·�Ò��
��� IDP(22 : 4, 4)"du Spec(4, 4, 2) = [4, 6]§

W¿É·�Ò��
(Ø"

Ún 5.27µ[88, 90] ⊆ Spec(22, 4, 2)"

y². ·�k38Ü (Z6×{0, 1, 2})∪ {∞0,∞1,∞2, a}þ�E����� 84���

� IDP(22 : 4; 4)"½Â

α(x) =


(y + 1, i), ex = (y, i) ∈ Z6 × {0, 1, 2};

∞i+1 (mod 3), ex =∞i, i ∈ {0, 1, 2};

a, ex = a.
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òe¡�«|3+ 〈α〉��^eÐm"

((4, 0), (4, 2), (3, 2),∞0) ((0, 1), (0, 0), (1, 1),∞0) ((2, 2), (5, 0), (2, 1),∞0)
(∞0, (2, 2), (0, 0), (4, 1)) (∞0, (1, 0), (2, 0), (4, 2)) (∞0, (0, 1), (0, 2), (5, 1))

((2, 2), (2, 2), (5, 1), (3, 2)) ((4, 1), (4, 1), (0, 0), (3, 0)) ((0, 0), (0, 0), (0, 1), (1, 2))
((5, 0), (3, 2), (1, 1), (4, 1)) ((2, 1), (1, 2), (4, 2), (3, 0)) ((0, 1), (3, 2), (4, 0), (3, 0))

2V\ 12�«|"

(a, (0, i), (2, i), (4, i)) (a, (1, i), (3, i), (5, i))
((4, i), (2, i), (0, i), a) ((5, i), (3, i), (1, i), a)

ùp i = 0, 1, 2"ù�·�Ò��
��� IDP(22 : 4, 4)"du Spec(4, 4, 2) = [4, 6]§

W¿É·�Ò��
(Ø"

Ún 5.28µ[94, 99] ⊆ Spec(22, 4, 2)"

y². d½n 1.3�3.� 3561 � 4-GDD§A^Ún 5.2·����Ó|.�k�

4-GDD"V\��Ã¡:§A^·K 5.5§·�k

Spec(22, 4, 2) ⊇ {60}+ 5× {5}+ Spec(7, 4, 2)

= [94, 99] .

nÜþ¡�Ún·���
e¡�(Ø"

½n 5.11µSpec(22, 4, 2) = I(22, 4)"

Ún 5.29µ[96, 112] \{97} ⊆ Spec(24, 4, 2)"

y². d½n 5.4�3.� 64�k� 4-GDD"A^·K 5.5·�k

Spec(24, 4, 2) ⊇ {72}+
4∑
i=1

Spec(6, 4, 2)

= [96, 112] \{97}.

Ún 5.30µ97 ∈ Spec(24, 4, 2)"
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y². �i1L� Z6×{0, 1, 2, 3}"òe¡èi¥����1��I +1 (mod 6)Ð

m"

((0, 1), (2, 0), (5, 3), (0, 1)) ((2, 2), (3, 0), (4, 3), (2, 2)) ((4, 3), (5, 3), (4, 2), (4, 3))
((5, 2), (3, 1), (3, 3), (5, 1)) ((2, 3), (4, 3), (4, 0), (3, 0)) ((4, 0), (4, 3), (1, 0), (1, 1))
((4, 1), (1, 2), (3, 1), (1, 0)) ((2, 3), (1, 1), (0, 0), (5, 3)) ((3, 2), (4, 3), (2, 3), (2, 1))
((5, 0), (1, 2), (4, 1), (5, 2)) ((1, 1), (1, 0), (5, 2), (2, 0)) ((5, 0), (0, 1), (1, 3), (2, 2))
((0, 2), (5, 2), (2, 2), (4, 0)) ((0, 1), (3, 3), (5, 2), (0, 2)) ((0, 0), (1, 2), (2, 1), (4, 3))

2V\e¡Ô�èi"

((0,0), (2,0), (4,0), (0,0)) ((4,0), (4,0), (2,0), (2,0)) ((1,0), (3,0), (5,0), (1,0))
((5,0), (5,0), (3,0), (3,0)) ((0,1), (3,1), (1,1), (4,1)) ((2,1), (5,1), (3,1), (0,1))
((4,1), (1,1), (5,1), (2,1))

ù�Ò��
��� 97���� (4, 2)24-DCC"

d·K 5.7·�k [102, 114] ⊆ Spec(24, 4, 2)"ù�2nÜþãÚn·�Ò��

�e¡�(Ø"

½n 5.12µSpec(24, 4, 2) = I(24, 4)"

Ún 5.31µ107 ∈ Spec(25, 4, 2)"

y². �i1L X � Z6 × {0, 1, 2, 3} ∪ {∞}"òe¡èi¥����1��I +1

(mod 6)Ðm"

((0, 0), (5, 1), (0, 2), (1, 0)) ((0, 3), (2, 2), (5, 0), (5, 1)) ((0, 3), (4, 0), (5, 2), (5, 3))
((0, 0), (5, 0), (3, 3), (3, 2)) ((0, 2), (2, 3), (4, 0), (3, 3)) ((0, 1), (4, 2), (3, 1), (3, 0))
((0, 0), (3, 0), (2, 2), (4, 1)) ((0, 0), (0, 3), (0, 0), (3, 1)) ((0, 3), (2, 1), (1, 1), (0, 3))
((0, 1), (0, 2), (1, 3), (1, 1)) ((0, 2), (1, 2), (0, 2), (5, 3)) ((0, 1), (2, 2), (4, 0), (0, 1))
((0, 1), (0, 3), (1, 0), (3, 3)) ((0, 1), (2, 3), (5, 2), (5, 0)) ((0, 3), (4, 2), (4, 1), (1, 2))

2V\�8�èi

(∞, (0, i), (2, i), (4, i)) (∞, (1, i), (3, i), (5, i))
((4, i), (2, i), (0, i),∞) ((5, i), (3, i), (1, i),∞)

ùp 0 ≤ i < 4§±9èi (∞,∞,∞,∞)"ù�Ò��
��� 107 ����

(4, 2)25-DCC"

Ún 5.32µ[108, 125] ⊆ Spec(25, 4, 2)"
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y². é?¿ c ∈ [10, 14]§©z [38]¥�E���� c���� (4, 2)7-DCC¥þ�

�k��/X (x, x, x, x)�èi"í�ù�èi·��±���� 7������

1�É�Ø��k�W¿"ò·K 5.5A^u.� 64�k� 4-GDD§·�Òk

Spec(25, 4, 2) ⊇ {72}+ 3× [9, 13] + Spec(7, 4, 2)

= [108, 125] .

½n 5.13µSpec(25, 4, 2) = I(25, 4)"

Ún 5.33µ[163, 164] ⊆ Spec(31, 4, 2)"

y². ·�k38Ü (Z6 × {0, 1, 2, 3}) ∪ {a0, a1, a2, b0, b1, b2, c} þ�E�����

154���� IDP(31 : 7; 4)"½Â

α(x) =



(y + 1, i), ex = (y, i) ∈ Z6 × {0, 1, 2, 3};

ai+1 (mod 3), ex = ai, i ∈ {0, 1, 2};

bi+1 (mod 3), ex = bi, i ∈ {0, 1, 2};

c, ex = c.

òe¡�«|3+ 〈α〉��^eÐm"

(a0, (1, 2), (4, 3), (3, 3)) ((3, 2), (1, 3), (0, 0), a0) ((0, 3), (2, 1), (0, 3), (2, 0))
(a0, (0, 0), (2, 1), (1, 0)) ((2, 0), (1, 0), (2, 1), a0) ((0, 1), (1, 0), (0, 1), (3, 2))
(a0, (2, 0), (0, 1), (2, 2)) ((2, 3), (1, 2), (2, 2), a0) ((0, 2), (2, 1), (5, 1), (0, 2))
(a0, (4, 1), (5, 3), (3, 2)) ((3, 1), (3, 3), (4, 1), a0) ((1, 2), (4, 2), (2, 0), (5, 1))
(b0, (4, 2), (5, 3), (3, 0)) ((5, 3), (3, 1), (2, 1), b0) ((3, 0), (3, 3), (0, 3), (3, 0))
(b0, (4, 1), (0, 3), (1, 0)) ((3, 2), (3, 0), (2, 2), b0) ((1, 3), (2, 3), (4, 2), (1, 1))
(b0, (5, 1), (5, 2), (4, 3)) ((1, 0), (3, 3), (4, 2), b0) ((0, 0), (3, 0), (1, 2), (1, 3))
(b0, (0, 2), (0, 1), (2, 0)) ((1, 1), (5, 0), (4, 3), b0)

2V\�8�èi

(c, (0, i), (2, i), (4, i)) (c, (1, i), (3, i), (5, i))
((4, i), (2, i), (0, i), c) ((5, i), (3, i), (1, i), c)

ùp 0 ≤ i < 4"ù�·���
����� IDP(31 : 7, 4)"du [9, 10] ⊆

Spec(7, 4, 2)§W¿É·�Ò��
(Ø"

167



úô�ÆÆ¬Æ Ø©

Ún 5.34µ[165, 186] ⊆ Spec(31, 4, 2)"

y². d·K 5.4�3.� 65�k� 4-GDD"V\��:¿A^·K 5.5§·�k

Spec(31, 4, 2) ⊇ {120}+ 4× [9, 13] + Spec(7, 4, 2)

= [165, 186] .

½n 5.14µSpec(31, 4, 2) = I(31, 4)"

Ún 5.35µ197 ∈ Spec(34, 4, 2)"

y². � X = Z8 × {0, 1, 2, 3} ∪ {∞0,∞1}"½Â

α(x) =


(y + 1, i), ex = (y, i) ∈ Z8 × {0, 1, 2, 3};

ai+1 (mod 2), ex =∞i, i ∈ {0, 1}.

òeãèi3+ 〈α〉��^eÐm"5¿§ò α2 ½ α3 �^3�¹Ã¡:�èi

�§·�Aéèi�aquÚn 5.20¥�N�"

(∞0, (3, 1), (7, 2), (3, 1)) (∞0, (0, 2), (3, 0), (0, 2)) (∞0, (2, 0), (1, 1), (6, 2))
(∞0, (1, 2), (0, 0), (6, 1)) (∞0, (7, 3), (1, 3), (0, 3)) (∞0, (5, 0), (0, 1), (6, 3))

((2, 0), (6, 1), (1, 0), (2, 0)) ((1, 3), (2, 2), (1, 3), (7, 0)) ((4, 2), (7, 1), (4, 0), (2, 2))
((4, 3), (6, 0), (1, 3), (1, 0)) ((5, 1), (3, 0), (4, 1), (7, 3)) ((2, 3), (7, 2), (5, 1), (7, 1))
((4, 1), (3, 0), (3, 2), (1, 3)) ((7, 1), (0, 1), (1, 0), (3, 1)) ((0, 3), (4, 3), (6, 1), (4, 1))
((0, 2), (4, 2), (5, 2), (1, 3)) ((7, 3), (2, 0), (3, 2), (5, 2)) ((1, 3), (4, 2), (5, 0), (2, 0))
((4, 2), (0, 0), (5, 1), (7, 2)) ((7, 2), (1, 1), (1, 0), (1, 3)) ((4, 1), (0, 3), (1, 1), (2, 2))
((5, 3), (4, 0), (4, 1), (3, 3)) ((3, 0), (5, 3), (5, 2), (0, 3)) ((0, 2), (7, 1), (0, 3), (7, 2))

2V\e¡o�«|"

((0,0), (2,0), (4,0), (6,0)) ((6,0), (4,0), (2,0), (0,0))
((1,0), (3,0), (5,0), (7,0)) ((7,0), (5,0), (3,0), (1,0))

ù�·�Ò��
����� 196���� IDP(34 : 2, 4)"W¿É·�Ò��
(

Ø"

Ún 5.36µ[198, 221] ⊆ Spec(34, 4, 2)"
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y². d½n 1.3�3.� 6491 � 4-GDD§A^Ún 5.2�±�����Ó|.�

k� 4-GDD"V\��Ã¡:¿A^·K 5.5§·�k

Spec(34, 4, 2) ⊇ {144}+ 4× [9, 13] + Spec(10, 4, 2)

= [198, 221] .

½n 5.15µI(34, 4)\DL(34, 4) ⊆ Spec(34, 4, 2) ⊆ I(34, 4)"

Ún 5.37µ232 ∈ Spec(37, 4, 2)"

y². �i1L X � Z9 × {0, 1, 2, 3} ∪ {∞}"òe¡èi¥����1��I +1

(mod 9)Ðm"

((1, 3), (5, 2), (3, 1), (3, 3)) ((1, 0), (7, 3), (2, 3), (5, 1)) ((5, 3), (2, 1), (1, 0), (1, 2))
((2, 2), (0, 0), (8, 1), (3, 2)) ((1, 0), (4, 1), (6, 0), (5, 2)) ((6, 2), (5, 1), (6, 3), (5, 1))
((7, 2), (7, 1), (0, 2), (3, 1)) ((0, 2), (6, 0), (4, 0), (4, 3)) ((6, 3), (6, 2), (5, 3), (5, 0))
((5, 1), (1, 2), (3, 0), (8, 2)) ((7, 0), (5, 2), (1, 3), (6, 3)) ((1, 1), (1, 0), (5, 0), (2, 1))
((2, 2), (5, 0), (7, 2), (2, 2)) ((2, 1), (1, 3), (1, 1), (7, 0)) ((8, 0), (0, 0), (4, 3), (8, 0))
((8, 0), (0, 2), (1, 0), (1, 1)) ((7, 3), (8, 2), (5, 3), (8, 0)) ((5, 3), (4, 2), (6, 1), (3, 2))
((0, 0), (5, 1), (2, 3), (7, 1)) ((1, 1), (1, 2), (5, 1), (3, 3)) ((8, 1), (2, 3), (6, 1), (0, 0))
((0, 3), (6, 2), (0, 3), (2, 0)) ((0, 1), (4, 3), (5, 3), (7, 2))

2V\ 24�èi

(∞, (0, i), (3, i), (6, i)) (∞, (1, i), (4, i), (7, i)) (∞, (2, i), (5, i), (8, i))
((6, i), (3, i), (0, i),∞) ((7, i), (4, i), (1, i),∞) ((8, i), (5, i), (2, i),∞)

ùp 0 ≤ i < 4§±9èi (∞,∞,∞,∞)"ù�·�Ò��
¤����� 232�

��è"

Ún 5.38µ233 ∈ Spec(37, 4, 2)"

y². �i1L X � Z12 × {0, 1, 2} ∪ {∞}"Äk3 X þ�Ee¡ 16�èiµ

(∞, (i, 0), (4 + i, 0), (8 + i, 0)) (∞, (i, 1), (4 + i, 1), (8 + i, 1))
(∞, (i, 2), (4 + i, 2), (8 + i, 2)) ((8 + i, 1), (4 + i, 1), (i, 1),∞)

ùp 0 ≤ i < 4"òe¡èi¥����1��I +1 (mod 9)Ðm"5¿kS:é

((i, 0), (8 + i, 0))Ú ((i, 2), (8 + i, 2))§0 ≤ i < 4§®²3þ¡ 16�èi¥ÑyL§
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¤±Ik∗�:é�1��I\ 8§9§10½ 11�·����ü�:� �"

((8, 2), (6, 0), (8, 2),∞) ((4, 0)∗, (0, 0)∗, (7, 1), (3, 0))
((4, 2)∗, (0, 2)∗, (3, 2), (7, 0)) ((10, 0), (3, 0), (10, 0), (3, 1))
((0, 1), (1, 2), (2, 0), (0, 1)) ((10, 1), (5, 2), (10, 2), (1, 1))
((5, 1), (5, 0), (7, 1), (6, 0)) ((9, 0), (10, 2), (3, 1), (6, 0))

((11, 1), (1, 2), (10, 1), (8, 1)) ((10, 0), (9, 2), (3, 2), (8, 0))
((2, 1), (9, 1), (5, 2), (6, 2)) ((9, 1), (4, 0), (6, 0), (3, 1))
((2, 0), (8, 0), (11, 2), (6, 2)) ((8, 2), (0, 1), (10, 0), (10, 2))
((8, 2), (5, 2), (2, 0), (6, 1)) ((10, 1), (11, 1), (4, 2), (4, 0))
((0, 1), (4, 0), (11, 2), (5, 1)) ((3, 0), (11, 2), (9, 2), (11, 1))

��2V\èi (∞,∞,∞,∞)·�Ò��
��� 233���è"

Ún 5.39µ[234, 259] ⊆ Spec(37, 4, 2)"

y². d½n 5.4�3.� 66 �k� 4-GDD"V\��Ã¡:¿A^·K 5.5§·

�k

Spec(37, 4, 2) ⊇ {180}+ 5× [9, 13] + Spec(7, 4, 2)

= [234, 259] .

½n 5.16µSpec(37, 4, 2) = I(37, 4)"

Ún 5.40µ[270, 271] ⊆ Spec(40, 4, 2)"

y². �i1L X � Z20 × {0, 1}"òe¡èi¥����1��I +1 (mod 20)

Ðm"
((6,0), (9,0), (6,0), (11,1)) ((14,0), (11,1), (8,0), (18,1))
((0,1), (1,1), (6,0), (12,0)) ((11,0), (3,1), (9,1), (5,1))

((15,0), (4,1), (16,1), (14,0)) ((10,1), (9,1), (19,1), (7,1))
((6,1), (1,1), (15,0), (6,1)) ((4,0), (11,1), (11,0), (12,0))

((12,0), (5,0), (3,0), (18,1)) ((7,1), (1,1), (14,0), (9,0))
((17,1), (10,1), (13,0), (1,1)) ((4,1), (3,0), (19,0), (8,0))
((14,0), (18,0), (14,1), (17,1))

2V\e¡��èiÒ��
��� 270���� (4, 2)40-DCC"

((0,0), (10,0), (2,0), (12,0)) ((1,0), (11,0), (3,0), (13,0))
((4,0), (14,0), (6,0), (16,0)) ((5,0), (15,0), (7,0), (17,0))
((8,0), (18,0), (10,0), (0,0)) ((9,0), (19,0), (11,0), (1,0))
((12,0), (2,0), (14,0), (4,0)) ((13,0), (3,0), (15,0), (5,0))
((16,0), (6,0), (18,0), (8,0)) ((17,0), (7,0), (19,0), (9,0))
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éu��� 271�§d©z [38] �3��� 267���� IDP(40 : 4, 4)§W¿

É=�"

Ún 5.41µ[272, 300] ⊆ Spec(40, 4, 2)"

y². d½n 5.4�3.� 104�k� 4-GDD"A^·K 5.5§·�k

Spec(40, 4, 2) ⊇ {200}+
4∑
i=1

Spec(10, 4, 2)

= [272, 300] .

½n 5.17µSpec(40, 4, 2) = I(40, 4)"

Ún 5.42µ[312, 313] ⊆ Spec(43, 4, 2)"

y². ·�k38Ü (Z9 × {0, 1, 2, 3}) ∪ {a0, a1, a2, b0, b1, b2, c} þ�E�����

303���� IDP(43 : 7; 4)"½Â

α(x) =



(y + 1, i), ex = (y, i) ∈ Z9 × {0, 1, 2, 3};

ai+1 (mod 3), ex = ai, i ∈ {0, 1, 2};

bi+1 (mod 3), ex = bi, i ∈ {0, 1, 2};

c, ex = c.
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òe¡�«|3+ 〈α〉��^eÐm"

(a0, (0, 0), (6, 3), (4, 1)) ((1, 2), (5, 0), (1, 3), a0)
(a0, (7, 3), (0, 2), (5, 3)) ((7, 0), (0, 2), (2, 3), a0)
(a0, (1, 0), (7, 2), (2, 2)) ((5, 2), (4, 1), (6, 1), a0)
(a0, (5, 1), (0, 1), (8, 0)) ((8, 1), (6, 3), (3, 0), a0)
(b0, (8, 2), (7, 0), (7, 2)) ((0, 1), (8, 2), (6, 3), b0)
(b0, (2, 1), (6, 2), (3, 3)) ((7, 2), (4, 0), (0, 2), b0)
(b0, (7, 3), (0, 0), (2, 3)) ((8, 0), (0, 0), (2, 1), b0)
(b0, (1, 1), (6, 1), (8, 0)) ((1, 1), (5, 3), (4, 3), b0)

((7, 3), (2, 0), (1, 1), (0, 3)) ((2, 1), (0, 2), (2, 1), (7, 2))
((2, 0), (6, 2), (0, 0), (2, 0)) ((2, 3), (3, 3), (4, 1), (2, 1))
((3, 0), (1, 1), (2, 0), (3, 3)) ((0, 3), (6, 1), (7, 2), (3, 2))
((5, 0), (8, 2), (6, 1), (5, 1)) ((0, 0), (3, 3), (7, 2), (8, 3))
((6, 3), (3, 2), (6, 3), (4, 0)) ((1, 3), (0, 2), (1, 2), (5, 1))
((5, 2), (0, 3), (5, 1), (5, 2)) ((5, 3), (6, 2), (4, 0), (8, 0))
((5, 0), (1, 1), (2, 1), (4, 2)) ((0, 1), (0, 3), (0, 0), (5, 0))
((3, 2), (6, 1), (2, 3), (3, 0))

2V\ 24�«|

(c, (0, i), (3, i), (6, i)) (c, (1, i), (4, i), (7, i)) (c, (2, i), (5, i), (8, i))
((6, i), (3, i), (0, i), c) ((7, i), (4, i), (1, i), c) ((8, i), (5, i), (2, i), c)

ùp 0 ≤ i < 4"ù�Ò��
����� IDP(43 : 7, 4)"du [9, 10] ⊆

Spec(7, 4, 2)§W¿ÉÒ���(Ø"

Ún 5.43µ[314, 344] ⊆ Spec(43, 4, 2)"

y². d½n 1.3�3.� 65121 � 4-GDD§A^Ún 5.2�±�����Ó|.

�k� 4-GDD"V\��Ã¡:¿A^·K 5.5§·�k

Spec(43, 4, 2) ⊇ {240}+ 4× [9, 13] + [29, 38] + Spec(7, 4, 2)

= [314, 344] .

½n 5.18µSpec(43, 4, 2) = I(43, 4)"

Ún 5.44µ[357, 358] ⊆ Spec(46, 4, 2)"
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y². ·�k38Ü (Z9 × {0, 1, 2, 3})∪ ({a, b, c} ×Z3)∪ {d}þ�E����� 339

���� IDP(46 : 10; 4)"½Â

α(x) =



(y + 1, i), ex = (y, i) ∈ Z9 × {0, 1, 2, 3};

ai+1 (mod 3), ex = ai, i ∈ {0, 1, 2};

bi+1 (mod 3), ex = bi, i ∈ {0, 1, 2};

ci+1 (mod 3), ex = ci, i ∈ {0, 1, 2};

d, ex = d.

òe¡�«|3+ 〈α〉��^eÐm"

(a0, (8, 2), (6, 1), (4, 2)) (b0, (3, 2), (7, 0), (5, 1)) (c0, (5, 2), (7, 2), (6, 1))
(a0, (5, 3), (6, 3), (7, 0)) (b0, (3, 0), (3, 1), (4, 1)) (c0, (4, 1), (4, 3), (8, 1))
(a0, (4, 3), (8, 0), (4, 1)) (b0, (8, 0), (7, 3), (4, 2)) (c0, (4, 0), (6, 0), (2, 0))
(a0, (8, 1), (3, 2), (0, 0)) (b0, (3, 3), (8, 2), (2, 3)) (c0, (0, 3), (3, 2), (5, 3))
((2, 0), (4, 1), (3, 0), a0) ((1, 0), (4, 3), (0, 0), b0) ((6, 0), (4, 3), (3, 1), c0)
((7, 3), (0, 1), (7, 0), a0) ((1, 2), (1, 1), (5, 3), b0) ((7, 2), (7, 0), (3, 3), c0)
((8, 3), (0, 2), (6, 3), a0) ((8, 0), (8, 2), (3, 2), b0) ((5, 3), (5, 2), (3, 2), c0)
((2, 2), (5, 1), (1, 2), a0) ((3, 1), (6, 3), (2, 1), b0) ((2, 1), (7, 1), (2, 0), c0)

((8, 1), (4, 0), (1, 2), (4, 0)) ((0, 2), (1, 2), (5, 1), (2, 0)) ((4, 3), (7, 1), (5, 1), (4, 3))
((3, 3), (0, 1), (5, 3), (2, 0)) ((5, 2), (3, 0), (5, 2), (3, 3)) ((0, 1), (3, 0), (2, 1), (1, 2))
((0, 1), (3, 2), (2, 3), (0, 1)) ((5, 0), (8, 1), (8, 2), (0, 3)) ((4, 0), (8, 1), (6, 3), (5, 2))
((4, 3), (8, 2), (7, 0), (8, 3)) ((0, 0), (6, 3), (8, 2), (4, 0))

2V\ 24�«|

(d, (0, i), (3, i), (6, i)) (d, (1, i), (4, i), (7, i)) (d, (2, i), (5, i), (8, i))
((6, i), (3, i), (0, i), d) ((7, i), (4, i), (1, i), d) ((8, i), (5, i), (2, i), d)

ùp 0 ≤ i < 4"ù�·���
����� IDP(46 : 10, 4)"du [18, 19] ⊆

Spec(10, 4, 2)§W¿É·�Ò��
(Ø"

Ún 5.45µ[359, 391] ⊆ Spec(46, 4, 2)"

y². d©z [157]�3.� 6491121� 4-GDD§A^Ún 5.2�±�����Ó|.

�k� 4-GDD"V\��Ã¡:¿A^·K 5.5§·�k

Spec(46, 4, 2) ⊇ {276}+ 4× [9, 13] + [29, 38] + Spec(10, 4, 2)

= [359, 391] .
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½n 5.19µSpec(46, 4, 2) = I(46, 4)"

Ún 5.46µ455 ∈ Spec(52, 4, 2)"

y². �i1L X � Z26 × {0, 1}"òe¡èi¥����1��I +1 (mod 26)

Ðm"
((6,0), (17,0), (4,0), (17,1)) ((23,1), (22,0), (0,0), (23,1))
((22,1), (4,0), (3,1), (21,1)) ((16,0), (10,0), (14,1), (9,0))
((0,1), (24,0), (4,1), (16,1)) ((15,0), (1,0), (11,1), (11,0))
((0,0), (15,1), (6,0), (20,1)) ((22,0), (25,1), (5,0), (13,0))
((5,0), (10,0), (0,1), (12,0)) ((11,1), (15,0), (22,1), (7,0))
((13,1), (18,0), (4,1), (6,0)) ((12,0), (13,0), (2,0), (21,1))
((24,1), (22,1), (18,1), (5,0)) ((10,1), (18,1), (20,1), (13,1))

((24,1), (21,1), (18,0), (13,0)) ((18,1), (24,1), (7,1), (8,0))
((5,0), (2,0), (5,0), (7,1))

2V\ 13�èi ((2i, 1), (13 + 2i, 1), (1 + 2i, 1), (14 + 2i, 1))§0 ≤ i < 13§·�Ò�

�
��� 455���� (4, 2)52-DCC"

Ún 5.47µ[456, 494] ⊆ Spec(52, 4, 2)"

y². d½n 1.3�3.� 12431 � 4-GDD§A^Ún 5.2�±�����Ó|.

�k� 4-GDD"V\��Ã¡:¿A^·K 5.5§·�k

Spec(52, 4, 2) ⊇ {336}+ 4× {29}+ Spec(4, 4, 2)

= [456, 458] .

d½n 1.3�3.� 6791 � 4-GDD§A^Ún 5.2�±�����Ó|.�k�

4-GDD"V\��Ã¡:¿A^·K 5.5§·�k

Spec(52, 4, 2) ⊇ {378}+ 7× [9, 13] + Spec(10, 4, 2)

= [459, 494] .
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½n 5.20µSpec(52, 4, 2) = I(52, 4)"

nÜþã½n§±9½n 5.2§·�Ò��
e¡�(Ø"

½n 5.21µé?¿��ê q§Ø
(½�~	� q ∈ {4, 6, 9} ±9�U�~	�

q ∈ {19, 34}§Spec(q, 4, 2) = I(q, 4)"?�Ú/§·�kµ

1. Spec(4, 4, 2) = [4, 6]¶

2. Spec(6, 4, 2) = {6} ∪ [8, 10]¶

3. Spec(9, 4, 2) = [15, 19]¶

4. I(19, 4)\DL(19, 4) ⊆ Spec(19, 4, 2) ⊆ I(19, 4)¶

5. I(34, 4)\DL(34, 4) ⊆ Spec(34, 4, 2) ⊆ I(34, 4)"
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6 ^�©|è�E�`~­EÜè

6.1 Úó

~­EÜè£constant-composition code§CCC¤´�aAÏ�~­è£constant-

weight code§CWC¤§§3?ènØ¥u�­��^"~­EÜè¥���è3Ã

PÁ&�¥"Ø���½�"Uå�(½ [154]§õ­�¯Ï& [64]§¥/èN� [65]§

DNAè [41,107,123]§>å�Ï& [45,52]§aª [46]§ªÇü�
� [103]Úk��°�&�

?è [55]��¡Ñk­�A^"

þ­VÊ�c�"§é~­EÜèÒk
XÚ�ïÄ [22,25,151]"y3§<�

�
(½~­EÜè����U�èi�êÚ\
�«����{§XO�Å

|¢�{ [24]§W¿�O [46,59,60,102,160,165,166,170]§¿m�O [171]§õ�ªÚ��5¼

ê [46,57,58,61,62]§PBD4��{ [37,42]Ú�
Ù¦��{ [118,119,152,164]�"

Svanström3©z [153]¥é�� n§4�ål� d§.� w�n�~­EÜè�

èi�ê§A3(n, d, w)§�Ñ
�
þ.Úe.§Ó��Ñ
 n ≤ 10� A3(n, d, w)

�äN�"ùp·�=�Ñ A3(n, 6, [3, 1])§�L� 6.1"

­þ� 3�~­EÜè�èi�êd Chee§GeÚ Ling3©z [37]¥��(½"

GaoÚ Ge3©z [72]¥��(½
­þ� 4§ål� 5��`n�~­EÜè�è

i�ê"ZhuÚ Ge3©z [176]¥(½
­þ� 4§ål� 5½ 6��`o�~­E

Üè�èi�ê"­þ� 4§ål� 6§.� [2, 2]��`n�~­EÜè�èi�

êØ
 n ≡ 5 (mod 6)	�d ZhangÄ�(½
 [172]"d	§©z [36,37] ¥�(½


�
AÏëê��`~­EÜè�èi�ê"

�Ù¥ò(½­þ� 4§ål� 6��`n�~­EÜè�èi�ê"·�^

��óä´d Chee§GeÚ LingJÑ��©|è [37]§aqu GDD§§348�E

CCCÚ CWC¥u�
­���^"
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L 6.1 n ≤ 10� A3(n, 6, [3, 1])��

n 4 5 6 7 8 9 10
A3(n, 6, [3, 1]) 1 1 2 2 4 6 10

6.2 ý��£

6.2.1 ½ÂÚPÒ

·�ò�ê8Ü {i, i + 1, . . . , j}P� [i, j]"� i = 0� j = q − 1�§�P�

Iq"� Z/qZP� Zq"·�^ÎÒ H·IL«õ­8"

- X Ú R´k�8§RX L«���Ý� |X|��þ�8Ü§Ù¥z��þ

u ∈ RX 3 R¥��§¿^ X ¥���IP§=µu = (ux)x∈X§�é?¿ x ∈ X§

ux ∈ R"

���Ý� n� q �èÒ´��8Ü C ⊆ ZXq §Ù¥ |X| = n"C ¥���¡

�èi"���þ u ∈ ZXq �Ç²­þ½Â� ‖u‖ = |{x ∈ X : ux 6= 0}|"é?¿�

þ u ∈ ZXq §½Â u�| 8� supp(u) = {x ∈ X : ux 6= 0}"���þ u ∈ ZXq �

Ç²�ê½ö`Ç²­þ½Â� ‖u‖ = |supp(u)|"dù��ê�Ñ�ål¡�Ç

²ål§P� dH"¤±§é?¿ u, v ∈ ZXq §dH(u, v) = ‖u − v‖"·�`��è C

äk��Ç²ål d§XJ?¿ü��Éèi u, v ∈ C§dH(u, v) ≥ d"Ï�3�Ù

¥·�ïÄ�Ñ´��Ç²ål§�
{Bå�§�·�`��è�ål§Ò´

��´§���Ç²ål"XJé?¿èi u ∈ C§‖u‖ = w§@o·�¡ C äk

~­þ w"eé?¿èi u ∈ C§EÜ�.Ñ� w§@o·�¡ C äk~EÜ�.

w"Ïdz�~­EÜèÑ´~­è"·�r���Ý� n§ål� d§­þ� w

� q �~­è§P� (n, d, w)q-è"?�Ú�§eù�èäkEÜ�. w§·�P

� (n, d, w)q-è"(n, d, w)q-è���èi�ê�P� Aq(n, d, w)§(n, d, w)q-è��

P� Aq(n, d, w)"èi�ê�����è�¡�´�`�"

5¿�e¡�C�ö�Ø¬K��� (n, d, w)q-è�ålÚ­þµ

(i) ­#ü� w¥���,

(ii) íØ w¥�� 0���.
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Ïd§�©¥��Ä@
~EÜ�.�w = [w1, . . . , wq−1]�?è§Ù¥w1 ≥ · · · ≥

wq−1 ≥ 1"

b� u ∈ ZXq ´�� (n, d, w)q-è¥�èi§Ù¥ w = [w1, . . . , wq−1]"-

w =
∑q−1

i=1 wi"K u�±�d/L«��� w�| 〈a1, a2, . . . , aw〉 ∈ Xw§Ù¥§

ua1 = · · · = uaw1
= 1,

uaw1+1 = · · · = uaw1+w2
= 2,

...

ua∑q−2
i=1

wi+1
= · · · = uaw = q − 1.

�Ùò¦^ù«/ª5L«~­EÜè¥�èi"ù��L«äk�{'!�

(¹�A:"

6.2.2 �
þ.

éu~­EÜè§·�kµ

Ún 6.1 (Chee� [36,37])µ

Aq(n, d, [w1, . . . , wq−1]) =

(
n∑q−1

i=1 wi

)( ∑q−1
i=1 wi

w1,...,wq−1

)
, e d ≤ 2

bn/w1c, e d = 2
∑q−1

i=1 wi − 1¿� n¿©�⌊
n∑q−1

i=1 wi

⌋
, e d = 2

∑q−1
i=1 wi

1, e d ≥ 2
∑q−1

i=1 wi + 1.

½n 6.1 (Svanström� [153])µ

Aq(n, d, [w1, . . . , wq−1]) ≤
n

w1

Aq(n− 1, d, [w1 − 1, . . . , wq−1]).

nÜÚn 6.1Ú½n 6.1§·�ke¡�(Ø"

íØ 6.1µ

A3(n, 6, [2, 2]) ≤
⌊
n

2

⌊
n− 1

3

⌋⌋
,
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A3(n, 6, [3, 1]) ≤
⌊
n

3

⌊
n− 1

3

⌋⌋
.

éu�õê�¹§·�òy²þã Johnson .�.´;�",
§éu

n ≡ 4, 5, 7 (mod 9), w = [3, 1]��/§·��±k�Ð�."

Ún 6.2µ

A3(9t+ 4, 6, [3, 1]) ≤ 9t2 + 6t+ 1 + b t
4
c,

A3(9t+ 5, 6, [3, 1]) ≤ 9t2 + 7t+ 1 + bt+ 1

4
c,

A3(9t+ 7, 6, [3, 1]) ≤ 9t2 + 11t+ 3 + bt+ 1

2
c.

y². � C ´���� n§EÜ�.� [3, 1]§4�ål� 6�è§§kM �èi"

^ C1i L« � iþÎÒ� 1�èi�¤�8Ü§C2i L« � iþÎÒ� 2�èi

�¤�8Ü"©OP§����� xi, yi"ÏLü«�ªO�è C ¥�"ÎÒ��

ê§·�k 4M =
∑

i(xi + yi)"e¡·�5�Ñ xi + yi �þ."�	 C ¥?¿�

��½� � i"du C �4�ål� 6§Ø
 � i	§C1i ¥¤kèi��"Î

ÒA�?uØÓ� �"¤±·�k 3xi ≤ n− 1"y3·��Ä C2i ¥�èi§d

u C1i ¥�èi�ÎÒ 1®Ó�
 2xi � �§C2i ¥�èi3ù
 �þÎÒØ�

U2´ 1§ÄKål¬�u 6"Ó�§C2i ¥?¿ü�èi�ÎÒØU3Ó� �þ

� 1§ù�·�k 2xi + 3yi ≤ n− 1"

� n = 9t + 4�§d 2xi + 3yi ≤ 9t + 3§·�k xi + yi ≤ 3t + 1 + bxi
3
c"5¿

� 3xi ≤ 9t+ 3§K xi + yi ≤ 4t+ 1"¤±M ≤ b (9t+4)(4t+1)
4

c"ù�·�Ò��
1

��Ø�ª"Ù¦ü�Ø�ª�±ÏLaq�?Ø��"

3�Ù�e�Ü©¥§·�PU(n, 6, [2, 2]) =
⌊
n
2

⌊
n−1
3

⌋⌋
¿ò§�� (n, 6, [2, 2])3-

èèi�ê�þ."éuEÜ�. [3, 1]�§� n ≡ 0, 1, 2, 3, 6, 8 (mod 9)�§·

�P U(n, 6, [3, 1]) =
⌊
n
3

⌊
n−1
3

⌋⌋
¶� n ≡ 4, 5, 7 (mod 9)�§ò n�� n = 9t + i§

i = 4, 5½ 7§¿P

U(9t+ 4, 6, [3, 1]) = 9t2 + 6t+ 1 + b t
4
c,

U(9t+ 5, 6, [3, 1]) = 9t2 + 7t+ 1 + bt+ 1

4
c,
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U(9t+ 7, 6, [3, 1]) = 9t2 + 11t+ 3 + bt+ 1

2
c.

6.2.3 �©|è

�½ u ∈ ZXq Ú Y ⊆ X§u3 Y þ���£P� u |Y¤´����þ v ∈ ZXq

÷v

vx =


ux, XJx ∈ Y

0, XJx ∈ X\Y .

��ål� d ��©|è£GDC¤´��n�| (X,G, C)§Ù¥ G =

{G1, . . . , Gt} ´��� n �8Ü X ���y©§� C ⊆ ZXq ´���Ý� n �

q �è§¦�éu?Ûü�ØÓ�èi u, v ∈ C§Ñk dH(u, v) ≥ d§�éu¤k

� u ∈ C, 1 ≤ i ≤ t§Ñk ‖u|Gi
‖ ≤ 1"G ¥����¡�|"XJ C ´~­�§�

­þ� w§Kòål� d� GDC(X,G, C)P� w-GDC(d)"XJ C ´~EÜ�.

�§Kòd GDCP� w-GDC(d)§Ù¥z�èi u ∈ C �EÜ�.þ� w"��

GDC(X,G, C)�.´�õ­8 H|G| : G ∈ GI"ÚP GDD�.��§·��^�ê

P{5L« GDC�."��GDC (X,G, C)���£èi�ê¤P� |C|"5¿�

����� s� (n, d, w)q-è�Óu����� s!.� 1n� w-GDC(d)"

|^�©|?è§ÏLe¡ü��E�±����ê�~­EÜè"

�E 6.1 (|W¿�E [37])µ- d ≤ 2(w − 1)"b� (X,G, C) ´����� a!|

.� gt11 · · · gtss � w-GDC(d)"eéuz� 1 ≤ i ≤ s§Ñ�3����� bi �

(gi, d, w)q-è Ci§K�3����� a +
∑s

i=1 tibi � (
∑s

i=1 tigi, d, w)q-è C ′"AO

�§XJ C Ú Ci, 1 ≤ i ≤ s§þ�~EÜ�. w�§K C ′�´~EÜ�. w�"

�E 6.2 (V\:�E [37])µ- y ∈ Z≥0"b��3��£Ì¤è w-GDC(d)§Ù|.

� gt11 · · · gtss §��� a§�e¡�£Ü�¤è�Ñ�3µ

(i) ����� b� (g1 + y, d, w)q-è§

(ii) éu?¿� 2 ≤ i ≤ s§Ñ�3�� w-GDC(d)§�|.� 1giy1§��� ci§

(iii) � t1 ≥ 2�§�3�� w-GDC(d)§Ù|.� 1g1y1§��� c1"
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K�3�� (y +
∑s

i=1 tigi, d, w)q-è§���

a+ b+ (t1 − 1)c1 +
s∑
i=2

tici.

XJÌèÚÜ�èÑ´~EÜ�.�§K���?è�´~EÜ�.�"

e¡ü��EÌ�^uÏL�ê��� GDC���ê��� GDC"

�E 6.3 (Ä��E [37])µ� d ≤ 2(w − 1)§D = (X,G,A) ´£Ì¤GDD§� ω :

X → Z≥0´��D�¼ê"b�éuz� A ∈ A§Ñ�3��£Ü�¤w-GDC(d)§

Ù|.� Hω(a) : a ∈ AI§K�3��|.� H
∑

x∈G ω(x) : G ∈ GI� w-GDC(d)§

P�D∗"XJ¤k�Ü� GDCÑk~EÜ�. w§K D∗�k~EÜ�. w"

�E 6.4 ()ä�E)µb��3��|.� gt11 . . . g
ts
s §��� a� w-GDC(d)§Ú�

� TD(w,m)"K�3��|.� (mg1)
t1 . . . (mgs)

ts§��� am2� w-GDC(d)"X

JÐ©� GDCk~EÜ�. w§K��� GDC�kÓ��EÜ�."

6.3 (½ A3(n, 6, [3, 1])��

3�!¥§·�ò(½ A3(n, 6, [3, 1])äN��"

6.3.1 n ≡ 0, 1, 2, 3 (mod 9)��/

Ún 6.3µéu t ∈ {1, 3}§A3(9t+ 1, 6, [3, 1]) = U(9t+ 1, 6, [3, 1])"

y². éu t = 1§�L� 6.1"éu t = 3§- X = Z28"K (X, C)Ò´¤���`

è§ùp C ´de�èi +4 (mod 28)Ðm��"

〈1, 3, 26, 8〉 〈2, 8, 18, 26〉 〈2, 16, 17, 22〉 〈3, 16, 18, 7〉 〈0, 8, 25, 21〉 〈1, 21, 22, 16〉
〈2, 3, 23, 6〉 〈0, 3, 24, 12〉 〈1, 17, 27, 23〉 〈0, 9, 26, 23〉 〈3, 19, 20, 25〉 〈3, 13, 22, 17〉

Ún 6.4µéu t ∈ {1, 2, 3}§A3(9t, 6, [3, 1]) = U(9t, 6, [3, 1])"

y². éu t ∈ {1, 3}§r�` (9t + 1, 6, [3, 1])3-èí���ÎÒÒ���¤���

`è"
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éu t = 2§- X = Z18"re¡èi +3 (mod 18) ÐmÒ������`

(18, 6, [3, 1])3-è"

〈0, 1, 2, 3〉 〈8, 11, 13, 2〉 〈0, 7, 10, 16〉 〈0, 5, 12, 9〉 〈2, 12, 16, 8〉

Ún 6.5µ�3.� 1921 ��� 11� [3, 1]-GDC(6)Ú.� 1931 ��� 12� [3, 1]-

GDC(6)"

y². ·�©O38Ü I11Ú I12þ�E¤�è"§��èiXe¤«µ

1921 :

〈1, 3, 9, 0〉 〈1, 4, 7, 8〉 〈2, 8, 9, 4〉 〈5, 8, 10, 1〉 〈0, 4, 5, 9〉 〈1, 2, 6, 10〉
〈0, 7, 10, 2〉 〈2, 3, 5, 7〉 〈0, 6, 8, 3〉 〈3, 4, 10, 6〉 〈6, 7, 9, 5〉

1931 :

〈3, 7, 11, 0〉 〈2, 4, 7, 10〉 〈7, 8, 9, 1〉 〈0, 2, 9, 3〉 〈0, 1, 10, 7〉 〈6, 8, 10, 4〉
〈0, 5, 8, 11〉 〈1, 4, 11, 8〉 〈1, 3, 6, 9〉 〈4, 5, 9, 6〉 〈2, 6, 11, 5〉 〈3, 5, 10, 2〉

Ún 6.6µéu t ∈ {1, 2, 3}§A3(9t+ 2, 6, [3, 1]) = U(9t+ 2, 6, [3, 1])"

y². éu t = 1§Ún 6.5¥�E�.� 1921� [3, 1]-GDC(6)Ò´¤���`è"

éu t ∈ {2, 3}§-Xt = Z9t+2"K (Xt, Ct)Ò´¤���`è§ùp Ct´de�è

i +1 (mod 9t+ 2)Ðm��"

t = 2: 〈0, 1, 9, 15〉 〈0, 3, 7, 5〉

t = 3: 〈0, 1, 26, 15〉 〈0, 6, 13, 11〉 〈0, 8, 20, 10〉

Ún 6.7µéu t ∈ {2, 6}§�3.� 33t+1��� 3t(3t+ 1)� [3, 1]-GDC(6)"

y². - Xt = Z9t+3§Gt = {{0, 3t+ 1, 6t+ 2}+ i : 0 ≤ i ≤ 3t}"K (Xt,Gt, Ct)Ò´

¤��è§ùp C2´de¡�èi +3 (mod 21)Ðm��
 C6´ +1 (mod 57)Ð

m��"

t = 2: 〈0, 1, 13, 18〉 〈1, 4, 14, 5〉 〈0, 10, 12, 16〉 〈2, 5, 7, 1〉 〈0, 2, 8, 3〉 〈0, 6, 17, 5〉

t = 6: 〈0, 9, 7, 36〉 〈0, 1, 6, 21〉 〈0, 26, 8, 30〉 〈0, 3, 44, 40〉 〈0, 11, 43, 28〉 〈0, 10, 33, 45〉
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Ún 6.8µéu t ∈ {1, 2, 3}§A3(9t+ 3, 6, [3, 1]) = U(9t+ 3, 6, [3, 1])"

y². éu t = 1§Ún 6.5¥�E�.� 1931� [3, 1]-GDC(6)Ò´¤���`è"

éu t = 2§Ún 6.7¥�E�.� 37 � [3, 1]-GDC(6)Ò´¤���`è"éu

t = 3§ò�E 6.4A^�.� 110� [3, 1]-GDC(6)§�m = 3§����.� 310�

[3, 1]-GDC(6)§=�¤�è"

Ún 6.9µéu?¿ t ∈ {4, 5, 6, 8, 9, 11, 12, 14, 15, 18, 23}§.� 9t ��� 9t(t − 1)

� [3, 1]-GDC(6)þ�3"

y². - Xt = Z9t§Gt = {{0, t, 2t, . . . , 8t} + i : 0 ≤ i ≤ t − 1}"K (Xt,Gt, Ct) Ò

´¤��è§ùp C4 ´dL� 6.2¥�èi +6 (mod 36)Ðm��§C5 ´dL�

6.2¥�èi +3 (mod 45)Ðm��§
Ù¦ Ct, t ≥ 6´dL� 6.2¥�èi +1

(mod 9t)Ðm��"

½n 6.2µéu?¿ t ≥ 4§.� 9t��� 9t(t− 1)� [3, 1]-GDC(6)þ�3"

y². éu t ∈ {4, 5, 6, 8, 9, 11, 12, 14, 15, 18, 23}§�Ún 6.9"

éu t ∈ {7, 19}§òÚn 6.7¥�.� 3t� [3, 1]-GDC(6))än�§A^�E

6.4Ò���¤� GDC"

éu t = 10§ò.� 110 � [3, 1]-GDC(6))äÊ�§A^�E 6.4Ò���¤

� GDC"

éu?¿ t ≥ 10� t 6∈ {10, 11, 12, 14, 15, 18, 19, 23}§d½n 2.5§(t, {4, 5, 6, 7,

8, 9}, 1)-PBD �3§éz�:D� 9§dué?¿ 4 ≤ s ≤ 9§.� 9s � [3, 1]-

GDC(6)þ�3§A^�E 6.3Ò���¤� GDC"

½n 6.3µé?¿ t ≥ 1§i ∈ {0, 1, 2, 3} � (t, i) 6= (2, 1)§A3(9t + i, 6, [3, 1]) =

U(9t+ i, 6, [3, 1])"

y². éu t ≤ 3��/§�Ún 6.3–6.4, 6.6Ú 6.8"éu t ≥ 4§d½n 6.2�3.

� 9t � [3, 1]-GDC(6)§V\ i�Ã¡:¿W\.� 19i1 � [3, 1]-GDC(6)£Ún 6.3,

6.4Ú 6.5¤Ò���¤���`è"
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L 6.2 Ún 6.9¥.� 9t� [3, 1]-GDC(6)�Äèi

t èi

4

〈4, 2, 35, 29〉 〈5, 19, 34, 16〉 〈3, 26, 0, 21〉 〈0, 15, 5, 18〉 〈0, 25, 35, 34〉
〈4, 15, 17, 6〉 〈5, 2, 24, 11〉 〈3, 22, 16, 25〉 〈2, 23, 25, 32〉 〈5, 27, 26, 32〉
〈4, 23, 30, 5〉 〈1, 24, 18, 15〉 〈2, 13, 16, 31〉 〈4, 3, 9, 18〉 〈2, 28, 21, 19〉
〈2, 7, 0, 9〉 〈0, 1, 31, 22〉 〈1, 2, 27, 20〉

5
〈1, 17, 35, 9〉 〈0, 16, 29, 37〉 〈2, 8, 44, 1〉 〈1, 34, 37, 38〉 〈0, 23, 36, 19〉
〈1, 32, 39, 8〉 〈0, 4, 31, 3〉 〈0, 11, 44, 42〉 〈1, 7, 29, 33〉 〈1, 3, 20, 44〉
〈0, 6, 27, 8〉 〈0, 12, 34, 13〉

6 〈0, 1, 35, 38〉 〈0, 14, 29, 46〉 〈0, 11, 52, 8〉 〈0, 26, 47, 16〉 〈0, 4, 9, 31〉
8 〈0, 58, 71, 19〉 〈0, 55, 66, 36〉 〈0, 26, 28, 67〉 〈0, 43, 65, 31〉 〈0, 37, 47, 52〉

〈0, 3, 21, 12〉 〈0, 4, 49, 34〉
9 〈0, 14, 55, 61〉 〈0, 22, 71, 20〉 〈0, 8, 58, 60〉 〈0, 11, 48, 77〉 〈0, 53, 56, 68〉

〈0, 35, 74, 69〉 〈0, 64, 80, 4〉 〈0, 19, 43, 13〉
11 〈0, 40, 56, 93〉 〈0, 41, 51, 98〉 〈0, 25, 90, 8〉 〈0, 2, 29, 71〉 〈0, 45, 84, 91〉

〈0, 63, 95, 26〉 〈0, 13, 31, 92〉 〈0, 23, 35, 73〉 〈0, 14, 19, 20〉 〈0, 3, 24, 52〉

12
〈0, 80, 83, 46〉 〈0, 73, 93, 107〉 〈0, 44, 89, 22〉 〈0, 91, 95, 52〉 〈0, 10, 100, 59〉
〈0, 9, 79, 85〉 〈0, 75, 77, 23〉 〈0, 82, 103, 32〉 〈0, 42, 53, 92〉 〈0, 27, 57, 43〉
〈0, 40, 101, 102〉

14
〈0, 8, 47, 77〉 〈0, 45, 46, 23〉 〈0, 10, 29, 63〉 〈0, 91, 111, 73〉 〈0, 89, 110, 41〉
〈0, 3, 62, 71〉 〈0, 52, 83, 22〉 〈0, 27, 93, 76〉 〈0, 75, 101, 92〉 〈0, 119, 124, 48〉
〈0, 86, 90, 18〉 〈0, 12, 94, 6〉 〈0, 13, 24, 85〉

15
〈0, 77, 85, 51〉 〈0, 66, 76, 104〉 〈0, 23, 123, 44〉 〈0, 130, 134, 82〉 〈0, 7, 36, 70〉
〈0, 16, 78, 84〉 〈0, 37, 118, 31〉 〈0, 22, 42, 114〉 〈0, 124, 133, 41〉 〈0, 49, 89, 102〉
〈0, 14, 32, 79〉 〈0, 55, 116, 88〉 〈0, 25, 96, 122〉 〈0, 108, 111, 67〉

18

〈0, 80, 140, 115〉 〈0, 45, 49, 52〉 〈0, 70, 79, 123〉 〈0, 17, 74, 150〉 〈0, 156, 157, 20〉
〈0, 37, 112, 159〉 〈0, 46, 65, 39〉 〈0, 73, 132, 38〉 〈0, 14, 149, 81〉 〈0, 42, 111, 142〉
〈0, 104, 138, 40〉 〈0, 11, 66, 95〉 〈0, 32, 48, 110〉 〈0, 56, 141, 12〉 〈62, 19, 60, 29〉
〈0, 139, 147, 86〉 〈0, 28, 91, 152〉

23

〈0, 43, 123, 83〉 〈0, 14, 116, 17〉 〈0, 76, 144, 175〉 〈0, 10, 36, 81〉
〈0, 24, 59, 121〉 〈0, 48, 101, 98〉 〈0, 120, 153, 32〉 〈0, 4, 55, 162〉
〈0, 85, 96, 185〉 〈0, 52, 177, 58〉 〈0, 64, 198, 206〉 〈0, 103, 147, 168〉
〈0, 15, 56, 201〉 〈0, 28, 141, 70〉 〈0, 72, 189, 190〉 〈0, 182, 194, 124〉
〈0, 5, 133, 170〉 〈0, 95, 75, 173〉 〈0, 19, 169, 176〉 〈0, 178, 180, 200〉
〈0, 47, 114, 39〉 〈0, 61, 191, 110〉
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6.3.2 �
 [3, 1]-GDC(6)

Ún 6.10µéu m ∈ {18, 27}§�3.� 910m1 ��� 10(81 + 2m) � [3, 1]-

GDC(6)"

y². éu.� 910181 �§- X = I108§G = {{i, i + 10, i + 20, . . . , i + 80} : 0 ≤

i < 10} ∪ {{90, 91, 92, . . . , 107}}"K (X,G, C)Ò´¤�� [3, 1]-GDC(6)§ùp C ´

de¡�èi3+ G��^eÐm��§G = 〈(0 1 2 · · · 89)(90 91 · · · 98)

(99 100 · · · 107)〉"

〈90, 31, 33, 0〉 〈90, 48, 26, 37〉 〈90, 43, 86, 74〉 〈9, 47, 82, 90〉 〈99, 10, 16, 74〉
〈99, 6, 40, 68〉 〈39, 23, 20, 99〉 〈86, 14, 21, 47〉 〈13, 12, 54, 66〉 〈58, 37, 45, 82〉
〈16, 2, 31, 7〉 〈99, 54, 8, 3〉 〈0, 4, 27, 36〉

éu.� 910271 �§- X = I117§G = {{i, i + 10, i + 20, . . . , i + 80} : 0 ≤

i < 10} ∪ {{90, 91, 92, . . . , 116}}"K (X,G, C)Ò´¤�� [3, 1]-GDC(6)§ùp C ´

de¡�èi3+ G��^eÐm��§G = 〈(0 1 2 · · · 89)(90 91 · · · 98)

(99 100 · · · 107)〉 (108 109 · · · 116)〉"

〈90, 5, 54, 26〉 〈90, 13, 12, 20〉 〈90, 33, 46, 25〉 〈99, 11, 62, 66〉 〈2, 26, 7, 90〉
〈1, 39, 37, 65〉 〈99, 87, 58, 54〉 〈21, 36, 79, 99〉 〈108, 66, 83, 9〉 〈108, 34, 78, 23〉
〈0, 23, 65, 68〉 〈89, 5, 36, 108〉 〈14, 77, 86, 70〉 〈99, 32, 46, 43〉 〈108, 28, 40, 62〉

Ún 6.11µé?¿ t ∈ {4, 5, 6}§.� 27t91��� 27t(3t− 1)� [3, 1]-GDC(6)þ�

3"

y². éz� t§- Xt = I27t+9§Gt = {{i, i + t, i + 2t, . . . , i + 26t} : 0 ≤ i <

t} ∪ {{27t, 27t+ 1, . . . , 27t+ 8}}"K (Xt,Gt, Ct)Ò´¤� [3, 1]-GDC(6)§ùp Ct´

de¡�èi3+ G ��^eÐm��§G = 〈(0 1 2 · · · 27t − 1)(27t 27t +

1 · · · 27t+ 8)〉"

t = 4:

〈108, 6, 35, 57〉 〈108, 16, 90, 77〉 〈83, 81, 0, 6〉 〈12, 67, 5, 108〉 〈27, 64, 105, 10〉
〈29, 78, 52, 99〉 〈108, 65, 64, 22〉 〈0, 5, 94, 43〉 〈12, 102, 9, 3〉 〈70, 20, 59, 37〉
〈92, 19, 82, 61〉
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t = 5:

〈43, 0, 79, 42〉 〈0, 8, 91, 84〉 〈135, 49, 81, 98〉 〈135, 92, 30, 14〉 〈126, 58, 72, 109〉
〈135, 52, 73, 24〉 〈26, 48, 72, 79〉 〈80, 77, 118, 11〉 〈29, 40, 31, 133〉 〈33, 59, 107, 135〉
〈3, 21, 109, 37〉 〈22, 35, 93, 94〉 〈97, 124, 1, 130〉 〈25, 48, 44, 126〉

t = 6:

〈162, 26, 96, 119〉 〈16, 23, 123, 104〉 〈162, 59, 34, 144〉 〈0, 26, 89, 13〉
〈75, 146, 119, 16〉 〈78, 75, 118, 157〉 〈162, 111, 139, 82〉 〈147, 60, 2, 37〉
〈33, 161, 157, 52〉 〈94, 108, 103, 15〉 〈89, 134, 156, 145〉 〈37, 70, 135, 86〉
〈0, 50, 101, 130〉 〈83, 73, 81, 162〉 〈59, 39, 80, 24〉 〈53, 54, 7, 130〉
〈86, 18, 49, 33〉

Ún 6.12µé?¿ t ∈ {4, 6}§.� 27t181 ��� 27t(3t + 1)� [3, 1]-GDC(6)þ�

3"

y². éz� t§- Xt = I27t+18§Gt = {{i, i + t, i + 2t, . . . , i + 26t} : 0 ≤ i <

t} ∪ {{27t, 27t+ 1, . . . , 27t+ 17}}"K (Xt,Gt, Ct)Ò´¤�� [3, 1]-GDC(6)§ùp Ct

´de¡�èi3+ G��^eÐm��§G = 〈(0 1 2 · · · 27t − 1)(27t 27t +

1 · · · 27t+ 8)(27t+ 9 27t+ 10 · · · 27t+ 17)〉"

t = 4:

〈108, 31, 86, 96〉 〈108, 46, 21, 7〉 〈108, 26, 9, 20〉 〈97, 47, 96, 108〉 〈37, 15, 28, 18〉
〈117, 88, 55, 94〉 〈117, 35, 5, 20〉 〈54, 9, 27, 16〉 〈117, 12, 54, 33〉 〈84, 43, 38, 81〉
〈31, 29, 60, 117〉 〈53, 6, 88, 107〉 〈0, 23, 74, 37〉

t = 6:

〈162, 22, 110, 0〉 〈162, 24, 158, 46〉 〈171, 110, 161, 69〉 〈18, 35, 82, 162〉
〈171, 139, 30, 46〉 〈136, 135, 13, 120〉 〈171, 160, 149, 81〉 〈99, 42, 91, 171〉
〈162, 79, 3, 134〉 〈39, 119, 114, 128〉 〈128, 95, 154, 141〉 〈118, 12, 83, 74〉
〈143, 106, 39, 54〉 〈156, 136, 113, 86〉 〈131, 135, 160, 66〉 〈48, 50, 29, 129〉
〈91, 84, 81, 125〉 〈60, 105, 137, 91〉 〈0, 38, 99, 65〉

Ún 6.13µ.� 366271��� 5616� [3, 1]-GDC(6)þ�3"

y². -X = I243§G = {{i, i+6, i+12, . . . , i+210} : 0 ≤ i < 6}∪{{216, 217, . . . , 242}}"

K (X,G, C)Ò´¤��.� 366271 � [3, 1]-GDC(6)§ùp C ´de¡�èi3+
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G��^e)¤�§G = 〈(0 1 2 · · · 215)(216 217 · · · 224) (225 226 · · · 233)

(234 235 · · · 242)〉"

〈33, 34, 92, 41〉 〈14, 148, 61, 107〉 〈159, 204, 154, 61〉 〈184, 211, 162, 165〉
〈199, 99, 0, 89〉 〈175, 80, 11, 190〉 〈134, 42, 173, 216〉 〈225, 183, 107, 145〉
〈0, 25, 105, 119〉 〈159, 96, 73, 116〉 〈225, 160, 23, 186〉 〈175, 105, 208, 225〉
〈152, 27, 214, 7〉 〈34, 135, 146, 131〉 〈225, 153, 92, 157〉 〈234, 118, 149, 159〉
〈216, 34, 91, 26〉 〈170, 103, 29, 156〉 〈234, 124, 207, 89〉 〈166, 134, 132, 234〉
〈216, 14, 54, 51〉 〈142, 198, 121, 33〉 〈234, 200, 48, 193〉 〈181, 209, 165, 200〉
〈7, 20, 155, 129〉 〈216, 129, 184, 56〉

Ún 6.14µé?¿ u ≥ 4§u 6∈ {6, 10} � 0 ≤ x ≤ u§.� 36u(9x)1 ���

72u(2u+ x− 2)� [3, 1]-GDC(6)þ�3"

y². du u ≥ 4� u 6∈ {6, 10}§d½n 2.8�3�� TD(5, u)"é¤k|V\�

�Ã¡:∞¿í��5���:§|^ù�í��:­#½Â|§·��±��

��.� 4uu1 � {5, u + 1}-GDD"3��� u�|¥§é x�:D� 9§é,	

u− x�:D� 0"éÙ¦�:D� 9"dué?¿ s ≥ 4§.� 9s� [3, 1]-GDC(6)

þ�3£½n 6.2¤§A^�E 6.3Ò���¤� GDC"

Ún 6.15µe¡� [3, 1]-GDC(6)þ�3µ

i) .� 455(9x)1��� 450(10 + x)�§ùp x ∈ {0, 1, 2}¶

ii) .� 366(9x)1��� 432(10 + x)�§ùp x ∈ {0, 1, 3}¶

iii) .� 3610(9x)1��� 720(18 + x)�§ùp x ∈ {0, 1, 2, 3}¶

iv) .� 27t��� 81t(t− 1)�§ùp t ∈ {4, 5, 7}¶

v) .� 187��� 1512�"

y². éu i)§d½n 2.8�3 TD(6, 5)"écÊ�|¥�:D� 9§é����|

¥�:D� 0½ 9"A^�E 6.3Ò���¤� GDC"éu ii)§d½n 6.2�3.

� 96 � [3, 1]-GDC(6)"éz�:D� 4§|^.� 44 � 4-MGDD�±����.

� (36, 94)6� 4-DGDD§§äk CCC�5�"V\ 9x�Ã¡:§x ∈ {0, 1}§3É
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L 6.3 Ún 6.16¥.� 63t+1� [3, 1]-GDC(6)�Äèi

t èi

2 〈0, 38, 32, 1〉 〈0, 12, 34, 29〉 〈0, 23, 26, 25〉 〈0, 9, 27, 40〉
3 〈0, 47, 43, 15〉 〈0, 21, 23, 35〉 〈0, 22, 55, 41〉 〈0, 34, 31, 25〉 〈0, 36, 44, 45〉 〈0, 7, 18, 6〉

4
〈0, 19, 47, 33〉 〈0, 49, 69, 7〉 〈0, 34, 40, 10〉 〈0, 46, 11, 23〉 〈0, 1, 74, 62〉 〈0, 2, 53, 70〉
〈0, 37, 22, 30〉 〈0, 3, 21, 45〉

5
〈0, 54, 1, 87〉 〈0, 71, 12, 63〉 〈0, 7, 34, 65〉 〈0, 76, 24, 29〉 〈0, 92, 19, 41〉 〈0, 11, 14, 81〉
〈0, 57, 36, 83〉 〈0, 66, 94, 8〉 〈0, 35, 18, 13〉 〈0, 6, 56, 15〉

¥W\.� 96(9x)1� [3, 1]-GDC(6)Ò���¤��.� 366(9x)1� [3, 1]-GDC(6)¶

éu x = 3��/§�Ún 6.13"éu iii)§�EL§aq§·�d��.� 910�

[3, 1]-GDC(6)Ñu§����.� (36, 94)10 äk CCC5�� 4-DGDD",�V\

9x�Ã¡:§3É¥W\.� 910(9x)1� [3, 1]-GDC(6)£½n 6.2ÚÚn 6.10¤Ò

���¤�� GDC"éu iv)§ò½n 6.2¥�.� 9t � [3, 1]-GDC(6))än�§

A^�E 6.4"éu v)§d��.� 27� 4-GDDÑu§éz�:D� 9§A^�E

6.3Ò���¤� GDC"

6.3.3 n ≡ 6 (mod 9)��/

Ún 6.16µé?¿ 2 ≤ t ≤ 5§.� 63t+1 ��� 12t(3t + 1)� [3, 1]-GDC(6)þ�

3"

y². - Xt = Z18t+6§Gt = {{0, 3t + 1, 6t + 2, . . . , 15t + 5} + i : 0 ≤ i ≤ 3t}"K

(Xt,Gt, Ct)Ò´¤�� [3, 1]-GDC(6)§ùp Ct´dL� 6.3¥�èi+1 (mod 18t+

6)Ðm��"

Ún 6.17µé?¿ t ∈ {2, 3, 5, 7, 9}§.� 19t61��� 9t(t + 1)� [3, 1]-GDC(6)þ

�3"

y². - Xt = I9t+6§Gt = {{i} : 0 ≤ i ≤ 9t − 1} ∪ {{9t, 9t + 1, . . . , 9t + 5}}"K

(Xt,Gt, Ct)Ò´¤�� [3, 1]-GDC(6)§ùp Ct´dL� 6.4¥�èi3+ G��^

eÐm��"

éu t ∈ {2, 3}§Gt = 〈(0 3 6 · · · 9t− 3)(1 4 7 · · · 9t− 2)(2 5 8 · · · 9t−

1)(9t 9t+ 1 9t+ 2)(9t+ 3 9t+ 4 9t+ 5)〉"
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L 6.4 Ún 6.17¥.� 19t61� [3, 1]-GDC(6)�Äèi

t èi

2
〈0, 1, 19, 2〉 〈1, 3, 22, 16〉 〈0, 7, 23, 14〉 〈2, 21, 5, 6〉 〈1, 9, 20, 6〉 〈2, 18, 14, 1〉 〈0, 8, 4, 17〉
〈0, 6, 11, 9〉 〈2, 10, 4, 13〉

3
〈1, 6, 17, 30〉 〈1, 31, 14, 9〉 〈0, 20, 32, 16〉 〈0, 29, 25, 5〉 〈1, 29, 22, 15〉 〈2, 11, 1, 12〉
〈2, 23, 4, 26〉 〈0, 21, 18, 17〉 〈2, 17, 29, 21〉 〈2, 15, 0, 7〉 〈0, 4, 30, 8〉 〈0, 1, 10, 13〉

5 〈0, 39, 15, 20〉 〈0, 35, 36, 33〉 〈0, 13, 41, 8〉 〈0, 31, 49, 38〉 〈0, 47, 23, 25〉 〈0, 11, 29, 3〉

7
〈0, 5, 21, 53〉 〈0, 20, 65, 7〉 〈0, 25, 54, 31〉 〈0, 2, 3, 15〉 〈0, 55, 68, 44〉 〈0, 33, 37, 56〉
〈0, 27, 41, 51〉 〈0, 17, 35, 11〉

9
〈0, 19, 58, 28〉 〈0, 6, 32, 44〉 〈0, 33, 50, 30〉 〈0, 41, 85, 52〉 〈0, 4, 67, 20〉 〈0, 8, 82, 7〉
〈0, 2, 15, 3〉 〈0, 25, 35, 72〉 〈0, 5, 27, 70〉 〈0, 21, 45, 74〉

éu t ∈ {5, 7, 9}§Gt = 〈(0 1 2 · · · 9t−1)(9t 9t+1 9t+2)(9t+3 9t+4 9t+5)〉"

Ún 6.18µé?¿ 0 ≤ t ≤ 10§A3(9t+ 6, 6, [3, 1]) = U(9t+ 6, 6, [3, 1])"

y². éu t = 0§�L� 6.1"éu t = 1§- X = Z15"K (X, C)Ò´¤���`

(15, 6, [3, 1])3-è§ùp C ´de�èi +3 (mod 15)Ðm��"

〈2, 5, 0, 7〉 〈1, 8, 2, 9〉 〈0, 4, 9, 8〉 〈1, 13, 0, 11〉

éu t ∈ {4, 6, 8, 10}§dÚn 6.16�3.� 63t/2+1� [3, 1]-GDC(6)§3z�|

¥W\�`� (6, 6, [3, 1])3-èÒ���¤���`è"

éu t ∈ {2, 3, 5, 7, 9}§dÚn 6.17�3.� 19t61 � [3, 1]-GDC(6)§3���

6�|¥W\�`� (6, 6, [3, 1])3-èÒ���¤���`è"

Ún 6.19µé?¿ t ≥ 11§A3(9t+ 6, 6, [3, 1]) = U(9t+ 6, 6, [3, 1])"

y². é?¿ t ≥ 16 � t 6= 26§·��±ò t �� t = 4u + x§ùp u ≥ 4§

x ∈ {0, 1, 2, 3}"dÚn 6.14–6.15 �3.� 36u(9x)1 � [3, 1]-GDC(6)§V\8�

Ã¡:§W\.� 67 � [3, 1]-GDC(6)£Ún 6.16¤����.� 66u(9x + 6)1 �

[3, 1]-GDC(6)"23z�|¥W\�`� (6, 6, [3, 1])3-è½ (9x+ 6, 6, [3, 1])3-è£Ú

n 6.18¤Ò�±��¤���`è"

éu t = 26§dÚn 6.15�3.� 45591 � [3, 1]-GDC(6)§V\8�Ã¡:

¿W\.� 14561 � [3, 1]-GDC(6)£Ún 6.17¤½�`� (15, 6, [3, 1])3-èÒ���
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¤���`è"éu t ∈ {12, 13, 14, 15}§dÚn 6.15Ú 6.11�3.� 274, 27491§

187Ú 275� [3, 1]-GDC(6)§V\8�Ã¡:¿W¿|=�"

éu t = 11§ò�E 6.4A^u��.� 37 � [3, 1]-GDC(6)£Ún 6.7¤§�

m = 5 ·��±����.� 157 � [3, 1]-GDC(6)"3z�|¥W\�`�

(15, 6, [3, 1])3-è=�"

nÜÚn 6.18Ú 6.19§·�keã(Ø"

½n 6.4µé?¿ t ≥ 0§A3(9t+ 6, 6, [3, 1]) = U(9t+ 6, 6, [3, 1])"

6.3.4 n ≡ 4 (mod 9)��/

Ún 6.20µé?¿ t ∈ {1, 2, 3}§.� 49t+1��� 16t(9t+ 1)� [3, 1]-GDC(6)þ�

3"

y². éu t = 2§- X = Z76§G = {{0, 19, 38, 57} + i : 0 ≤ i ≤ 18}"K (X,G, C)

Ò´¤�� [3, 1]-GDC(6)§ùp C ´de¡�èi +1 (mod 76)Ðm��"

〈0, 26, 22, 9〉 〈0, 62, 74, 13〉 〈0, 37, 6, 67〉 〈0, 44, 65, 41〉
〈0, 5, 56, 29〉 〈0, 43, 53, 46〉 〈0, 42, 60, 1〉 〈0, 8, 36, 7〉

éu t ∈ {1, 3}§ò�E 6.4A^u.� 19t+1 � [3, 1]-GDC(6)£Ún 6.3¤§�

m = 4=�"

Ún 6.21µé?¿ t ∈ {0, 2, 3, 4, 8, 12}§A3(9t+ 4, 6, [3, 1]) = U(9t+ 4, 6, [3, 1])"

y². éu t = 0��/§�L� 6.1"

éu t ∈ {2, 3}§- Xt = Z9t+3 ∪ {∞}"K (Xt, Ct) Ò´¤���` (9t +

4, 6, [3, 1])3-è§ùp Ctde¡�èi +3 (mod 9t+ 3)Ðm��"

t = 2: 〈1, 6, 12, 5〉 〈0, 12, 8, 19〉 〈1, 8, 18, 15〉 〈0, 1, 2, 3〉 〈2, 5, 11, 7〉 〈1, 10, 7, 20〉 〈0, 5,∞, 13〉

t = 3: 〈0, 2, 16, 6〉 〈0, 1, 25, 23〉 〈0, 7, 28, 15〉 〈2, 5, 22, 4〉 〈2, 7, 18, 26〉 〈2, 21, 11, 17〉 〈0, 9, 12, 22〉

〈2, 28, 25, 13〉 〈0, 17, 29, 24〉 〈0,∞, 4, 5〉

éu t ∈ {4, 8, 12}§dÚn 7.8�3.� 49t/4+1 � [3, 1]-GDC(6)§3z�|¥

W\�`� (4, 6, [3, 1])3-è=�"
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Ún 6.22µé?¿ t 6≡ 1 (mod 4)§t ≥ 16� t 6= 26§A3(9t + 4, 6, [3, 1]) = U(9t +

4, 6, [3, 1])"

y². é?¿ t 6≡ 1 (mod 4)§t ≥ 16� t 6= 26§·��±ò t�� t = 4u + x§ù

p x ∈ {0, 2, 3}"dÚn 6.14–6.15 �3.� 36u(9x)1 � [3, 1]-GDC(6)§V\o�

Ã¡:§W\.� 410 � [3, 1]-GDC(6)£Ún 7.8¤����.� 49u(9x + 4)1 �

[3, 1]-GDC(6)"23z�|¥W\�`� (4, 6, [3, 1])3-è½ (9x+ 4, 6, [3, 1])3-è£Ú

n 6.21¤Ò�±��¤���`è"

Ún 6.23µ�3.� 154��� 300� [3, 1]-GDC(6)"

y². - X = Z60§G = {{i, i + 4, i + 8, . . . , i + 56} : 0 ≤ i ≤ 3}"K (X,G, C)Ò´

¤�� [3, 1]-GDC(6)§ùp C ´de¡�èi +2 (mod 60)Ðm��"

〈1, 15, 40, 42〉 〈0, 39, 13, 58〉 〈0, 3, 34, 25〉 〈0, 54, 37, 27〉 〈1, 0, 7, 10〉 〈1, 12, 50, 31〉
〈0, 14, 45, 23〉 〈1, 56, 14, 11〉 〈1, 2, 19, 52〉 〈0, 55, 53, 30〉

Ún 6.24µ�3.� 394��� 2028� [3, 1]-GDC(6)"

y². - X = Z156§G = {{i, i + 4, i + 8, . . . , i + 152} : 0 ≤ i ≤ 3}"K (X,G, C)Ò

´¤�� [3, 1]-GDC(6)§ùp C ´de¡�èi +1 (mod 156)Ðm��"

〈95, 37, 0, 30〉 〈112, 97, 151, 22〉 〈71, 33, 122, 44〉 〈8, 131, 81, 82〉 〈56, 13, 98, 103〉
〈44, 57, 66, 43〉 〈58, 99, 64, 113〉 〈128, 49, 18, 47〉 〈46, 28, 25, 35〉 〈17, 76, 110, 19〉
〈23, 4, 49, 150〉 〈79, 17, 148, 74〉 〈0, 17, 103, 126〉

Ún 6.25µé?¿ t ∈ {17, 33} ½ t ≡ 1 (mod 4), t ≥ 85§A3(9t + 4, 6, [3, 1]) =

U(9t+ 4, 6, [3, 1])"

y². éu t = 17§dÚn 6.24�3.� 394 � [3, 1]-GDC(6)§V\��Ã¡:¿

W\�� 40��`è£Ún 6.21¤Ò���¤��è"

éu t = 33§·�d�� TD(4, 5) Ñu§é¤k:D� 15§du�3.

� 154 � [3, 1]-GDC(6)£Ún 6.23¤§A^�E 6.3 Ò�±����.� 754 �

[3, 1]-GDC(6)"V\��Ã¡:¿W\�� 76��`è£Ún 6.21¤=�"
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éu t ≥ 85§ò t �� t = 4u + 17"dÚn 6.14 �3.� 36u1531 � [3, 1]-

GDC(6)§V\o�Ã¡:¿W¿|Ò���¤���`è"

nÜþã(J§·�kµ

½n 6.5µé?¿ t ≥ 0� t 6∈ {1, 5, 6, 7, 9, 10, 11, 13, 14, 15, 21, 25, 26, 29, 37, 41, 45, 49,

53, 57, 61, 65, 69, 73, 77, 81}§A3(9t+ 4, 6, [3, 1]) = U(9t+ 4, 6, [3, 1])"

6.3.5 n ≡ 5 (mod 9)��/

Ún 6.26µ�3.� 13651��� 173� [3, 1]-GDC(6)"

y². -X = (Z12×{0, 1, 2})∪ (Z3×{3})∪{∞0,∞1}"8Ü (Z3×{3})∪{∞0,∞1}

/¤
��� 5�|"½Â α : X → X§xy → (x + 1)y§ùp�\{´� 12�e

y ∈ {0, 1, 2}§� 3�e y = 3"Ã¡:∞0 Ú∞1 3 α�^e�±ØC"òeãÄ

èi^ αÐmµ

〈03, 60, 22, 02〉 〈32, 111, 72, 03〉 〈102, 101, 32, 10〉 〈42, 00, 90, 71〉 〈80, 100, 82, 72〉
〈10, 01, 22, 32〉 〈03, 40, 110, 81〉 〈11, 111, 100, 90〉 〈01, 12, 71, 20〉 〈∞0, 21, 12, 70〉
〈03, 31, 41, 12〉 〈∞1, 92, 40, 61〉 〈11, 50, 82, 101〉

?�Ú§òèi 〈00, 60, 01, 61〉Ðm§������ 6�á;�"

��òeãèiÐm§��ü��� 4�á;�Ú���� 3�á;�µ

〈00, 40, 80,∞0〉 〈01, 41, 81,∞1〉 〈02, 32, 62, 92〉

Ún 6.27µé?¿ t ∈ {0, 1, 2, 3, 4}§A3(9t+ 5, 6, [3, 1]) = U(9t+ 5, 6, [3, 1])"

y². éu t = 0��/§�L� 6.1"

éu t = 1§·�38Ü I14þ�E���` (14, 6, [3, 1])3-è§§�¤kèiX

eµ

〈0, 4, 9, 5〉 〈7, 4, 10, 6〉 〈2, 10, 9, 3〉 〈13, 10, 0, 8〉 〈2, 12, 8, 4〉 〈0, 1, 7, 12〉
〈3, 5, 8, 0〉 〈2, 5, 7, 13〉 〈6, 9, 8, 11〉 〈3, 6, 12, 10〉 〈3, 13, 4, 2〉 〈12, 13, 9, 7〉
〈2, 11, 0, 6〉 〈11, 4, 1, 8〉 〈11, 3, 7, 9〉 〈11, 10, 5, 12〉 〈13, 1, 6, 5〉
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éu t = 2§·�38Ü Z21 ∪ {∞1,∞2}þ�E¤���`è"§�èide

ãèi +7 (mod 21)Ðm��§Ù¥�Ã¡:3ÐmL§¥�±ØC"

〈0, 1, 2, 3〉 〈9, 20, 16, 3〉 〈7, 16, 11, 19〉 〈5, 8, 19, 2〉 〈2, 12, 7, 20〉 〈0, 11, 18, 10〉
〈10, 5, 4, 6〉 〈15, 3, 10, 2〉 〈1, 14, 20,∞2〉 〈6, 7, 3, 14〉 〈2,∞2, 4, 15〉 〈9,∞1, 18, 15〉
〈1, 7, 5,∞1〉 〈∞2, 12, 3, 0〉 〈10,∞1, 20, 12〉 〈8, 1, 13, 11〉 〈13, 18, 6, 12〉

éu t = 3§·�38Ü Z32 þ�E¤���`è§§�èideãèi +4

(mod 32)Ðm��"

〈2, 8, 31, 1〉 〈2, 9, 24, 23〉 〈2, 14, 17, 30〉 〈1, 12, 23, 2〉 〈3, 20, 22, 26〉 〈0, 18, 29, 13〉
〈0, 28, 8, 3〉 〈2, 26, 27, 28〉 〈2, 20, 25, 21〉 〈3, 1, 27, 31〉 〈3, 23, 18, 28〉 〈3, 17, 29, 21〉
〈0, 9, 19, 16〉

��éu t = 4§dÚn 6.26�3.� 13651� [3, 1]-GDC(6)§3����|¥

W\�` (5, 6, [3, 1])3-è=�"

Ún 6.28µé?¿ t ≥ 16� t 6= 26§A3(9t+ 5, 6, [3, 1]) = U(9t+ 5, 6, [3, 1])"

y². é?¿ t ≥ 16� t 6= 26§·��±ò t�� t = 4u+ x§ùp x ∈ {0, 1, 2, 3}"

dÚn 6.14–6.15�3.� 36u(9x)1 � [3, 1]-GDC(6)§V\Ê�Ã¡:§W\.�

13651� [3, 1]-GDC(6)£Ún 6.26¤����.� 136u(9x+ 5)1� [3, 1]-GDC(6)"2

3����|¥W\�� 9x+ 5��`è£Ún 6.27¤=�"

½n 6.6µé?¿ t ≥ 0� t 6∈ [5, 15]∪{26}§A3(9t+5, 6, [3, 1]) = U(9t+5, 6, [3, 1])"

6.3.6 n ≡ 7 (mod 9)��/

Ún 6.29µ�3.� 13671��� 190� [3, 1]-GDC(6)"

y². - X = (Z12 × {0, 1, 2}) ∪ (Z3 × {3, 4}) ∪ {∞}"8Ü (Z3 × {3, 4}) ∪ {∞}/

¤
��� 7�|"½Â α : X → X§xy → (x + 1)y§ùp�\{´� 12�e

y ∈ {0, 1, 2}§½´� 3�e y ∈ {3, 4}"Ã¡:3 α�^e�±ØC"òeãÄè

i^ αÐmµ

〈03, 42, 61, 80〉 〈03, 92, 41, 81〉 〈03, 52, 70, 00〉 〈80, 60, 111, 03〉 〈04, 61, 111, 62〉
〈04, 00, 11, 72〉 〈04, 82, 70, 80〉 〈02, 80, 72, 04〉 〈00, 30, 111, 32〉 〈30, 02, 101, 11〉
〈81, 40, 61, 92〉 〈60, 20, 82, 10〉 〈∞, 40, 11, 02〉 〈82, 102, 72, 41〉 〈101, 72, 111, 71〉

?�ÚòeãèiÐm§������ 6�á;�Ú���� 4�á;�µ

〈00, 60, 01, 61〉 〈02, 42, 82,∞〉
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Ún 6.30µ�3.� 15471��� 393� [3, 1]-GDC(6)"

y². - X = (Z18 × {0, 1, 2}) ∪ (Z3 × {3, 4}) ∪ {∞}"8Ü (Z3 × {3, 4}) ∪ {∞}/

¤
��� 7�|"½Â α : X → X§xy → (x + 1)y§ùp�\{´� 18�e

y ∈ {0, 1, 2}§½´� 3�e y ∈ {3, 4}"Ã¡:3 α�^e�±ØC"òeãÄè

i^ αÐmµ

〈31, 52, 82, 40〉 〈04, 12, 80, 152〉 〈03, 172, 81, 100〉 〈00, 21, 132, 121〉 〈04, 30, 130, 112〉
〈30, 50, 91, 72〉 〈142, 12, 20, 52〉 〈12, 22, 131, 170〉 〈03, 41, 110, 122〉 〈110, 120, 50, 101〉
〈00, 50, 81, 11〉 〈05, 70, 41, 172〉 〈60, 32, 112, 131〉 〈03, 132, 91, 150〉 〈11, 132, 141, 152〉
〈61, 31, 32, 110〉 〈04, 101, 91, 171〉 〈30, 122, 60, 161〉 〈152, 150, 10, 03〉 〈01, 121, 161, 110〉
〈81, 02, 112, 04〉

?�ÚòeãèiÐm§������ 9�á;�Ú���� 6�á;�µ

〈00, 90, 01, 91〉 〈02, 62, 122, 05〉

Ún 6.31µ�3.� 184��� 432� [3, 1]-GDC(6)"

y². - X = Z72§G = {{i, i + 4, i + 8, . . . , i + 68} : 0 ≤ i ≤ 3}"K (X,G, C)Ò´

¤�� [3, 1]-GDC(6)§ùp C ´deãèi +1 (mod 72)Ðm��µ

〈43, 69, 22, 20〉 〈62, 0, 53, 59〉 〈18, 1, 55, 68〉 〈31, 65, 4, 70〉 〈66, 24, 25, 27〉 〈0, 14, 57, 7〉

Ún 6.32µA3(7, 6, [3, 1]) = 2¶é?¿ t ∈ {1, 2, 3, 6, 24}§A3(9t + 7, 6, [3, 1]) =

U(9t+ 7, 6, [3, 1])"

y². éu t = 0��/§�L� 6.1"

éu t = 1§·�38Ü I16þ�E¤�è§§�¤kèiÛ�Xeµ

〈4, 6, 9, 5〉 〈9, 0, 3, 13〉 〈5, 2, 10, 11〉 〈9, 15, 2, 14〉
〈1, 0, 6, 8〉 〈4, 8, 14, 2〉 〈15, 6, 12, 7〉 〈11, 0, 14, 5〉
〈8, 5, 7, 6〉 〈0, 12, 2, 4〉 〈10, 7, 0, 15〉 〈8, 13, 15, 0〉
〈3, 2, 1, 7〉 〈3, 5, 15, 4〉 〈10, 6, 3, 14〉 〈11, 4, 1, 15〉
〈1, 5, 13, 9〉 〈11, 7, 9, 12〉 〈14, 7, 13, 3〉 〈13, 10, 4, 12〉
〈9, 10, 8, 1〉 〈3, 8, 12, 11〉 〈13, 11, 6, 2〉 〈1, 12, 14, 10〉
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éu t = 2§·�38Ü Z24 ∪ {∞} þ�E¤���`è"òeãèi +4

(mod 24)Ðmµ

〈0, 9, 10, 5〉 〈21, 5, 18, 9〉 〈10, 17, 4, 22〉 〈7, 16, 18, 11〉 〈11, 17, 0, 12〉
〈6, 7, 2, 12〉 〈9, 8, 12, 11〉 〈1, 23, 15, 11〉 〈0, 7, 22, 14〉 〈∞, 23, 17, 2〉

,�2V\ü�èi 〈0, 8, 16,∞〉Ú 〈4, 12, 20,∞〉"

éu t = 3§·�38Ü X = (Z6 × {0, 1, 2, 3, 4}) ∪ (Z2 × {5, 6})þ�E¤��

�`è"½Â α : X → X§xy → (x+1)y§ùp�\{´� 6�e y ∈ {0, 1, 2, 3, 4}§

½´� 2�e y ∈ {5, 6}"òeãèi^ αÐmµ

〈05, 14, 11, 02〉 〈05, 30, 24, 52〉 〈05, 53, 21, 43〉 〈02, 52, 23, 05〉 〈06, 31, 20, 13〉
〈06, 04, 50, 21〉 〈32, 54, 33, 06〉 〈12, 01, 40, 30〉 〈31, 33, 30, 40〉 〈54, 41, 31, 24〉
〈01, 20, 32, 02〉 〈50, 13, 24, 23〉 〈42, 40, 44, 53〉 〈22, 01, 42, 34〉 〈33, 14, 04, 22〉
〈00, 24, 44, 51〉 〈06, 03, 22, 54〉 〈10, 53, 02, 40〉 〈43, 03, 51, 21〉

,�2V\e¡ 5�èiµ

〈00, 20, 40, 05〉 〈10, 30, 50, 15〉 〈05, 15, 06, 16〉 〈01, 21, 41, 06〉 〈11, 31, 51, 16〉

éu t = 6§dÚn 6.23�3.� 154 � [3, 1]-GDC(6)§V\��Ã¡:¿W

\�� 16��`èÒ���¤��è"

��éu t = 24§dÚn 6.31�3.� 184 � [3, 1]-GDC(6)§A^�E 6.4�

m = 3�±����.� 544 � [3, 1]-GDC(6)"V\Ô�Ã¡:¿W\.� 15471

� [3, 1]-GDC(6)£Ún 6.30¤½�` (61, 6, [3, 1])3-èÒ���¤���`è"

Ún 6.33µé?¿ t ≥ 17� t 6∈ {20, 26, 28}§A3(9t+7, 6, [3, 1]) = U(9t+7, 6, [3, 1])"

y². é?¿ t ≡ 1, 2, 3 (mod 4)§t ≥ 17� t 6= 26§·��±ò t�� t = 4u + x§

ùp x ∈ {1, 2, 3}"dÚn 6.14–6.15�3.� 36u(9x)1� [3, 1]-GDC(6)§V\Ô�

Ã¡:§W\.� 13671 � [3, 1]-GDC(6)£Ún 6.29¤����.� 136u(9x + 7)1

� [3, 1]-GDC(6)"23����|¥W\�� 9x+ 7��`è£Ún 6.32¤=�"

y3·�5�	 t ≡ 0 (mod 4) ��/"éu t = 24§�Ún 6.32"éu

t ≥ 120§ò t�� t = 4u+ 24"dÚn 6.14�3.� 36u2161� [3, 1]-GDC(6)§V

\Ô�Ã¡:¿W¿|"éu 32 ≤ t < 120§ò t�� t = 6u − 12 + x + y + z§

ùp u ∈ {7, 9, 11, 13, 16, 19}§x, y, z ∈ {0, 2, 4, 6} ¿� x, y, z ¥�õk����
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2"·�d�� TD(7, u)£½n 2.8¤Ñu§í���:¿|^ù�í��:­#

½Â|§·��±����.� 6u(u − 1)1 � {7, u}-GDD"éuc u − 2���

� 6�|¥�:D� 9§éuÙ¦:D� 0½ 9§A^�E 6.3�±����.�

54u−2(9x)1(9y)1(9z)1 � [3, 1]-GDC(6)"V\Ô�Ã¡:¿W¿|§du.� 13671

Ú 15471 � [3, 1]-GDC(6)±9�� 25Ú 61��`èþ�3§·�Ò�±��¤�

��� 9(6u− 12 + x+ y + z) + 7��`è"

nÜþã(J§·�kµ

½n 6.7µA3(7, 6, [3, 1]) = 2¶é?¿ t ≥ 1 � t 6∈ {4, 5} ∪ [7, 16] ∪ {20, 26, 28}§

A3(9t+ 7, 6, [3, 1]) = U(9t+ 7, 6, [3, 1])"

6.3.7 n ≡ 8 (mod 9)��/

Ún 6.34µA3(8, 6, [3, 1]) = 4¶éu t ∈ {1, 2}§A3(9t + 8, 6, [3, 1]) = U(9t +

8, 6, [3, 1])"

y². éu t = 0��/§�L� 6.1"

éu t = 1§·�38Ü I17þ�E¤�è§§�¤kèiÛ�Xeµ

〈5, 0, 4, 2〉 〈0, 3, 16, 9〉 〈2, 15, 10, 5〉 〈0, 10, 6, 8〉 〈12, 5, 6, 15〉 〈7, 13, 11, 5〉
〈7, 6, 9, 3〉 〈1, 12, 9, 0〉 〈10, 7, 1, 14〉 〈11, 8, 4, 3〉 〈16, 5, 14, 7〉 〈8, 12, 13, 14〉
〈7, 2, 8, 0〉 〈1, 3, 5, 13〉 〈7, 4, 15, 12〉 〈3, 15, 14, 8〉 〈9, 14, 2, 13〉 〈15, 11, 9, 16〉
〈6, 4, 14, 1〉 〈1, 2, 11, 6〉 〈13, 15, 0, 1〉 〈4, 13, 10, 9〉 〈1, 16, 8, 15〉 〈14, 11, 0, 12〉
〈5, 8, 9, 10〉 〈3, 12, 2, 4〉 〈6, 16, 13, 2〉 〈16, 10, 12, 11〉

éu t = 2§·�38Ü X = (Z4 × {0, 1, 2, 3, 4, 5}) ∪ (Z2 × {6})þ�E¤��

è"½Â α : X → X§xy → (x + 1)y§ùp�\{´� 4�e y ∈ {0, 1, 2, 3, 4, 5}§

½´� 2�e y ∈ {6}"òe¡�èi^ αÐmµ

〈13, 21, 06, 25〉 〈35, 34, 06, 23〉 〈04, 10, 06, 31〉 〈00, 22, 06, 12〉 〈03, 31, 32, 06〉
〈15, 32, 33, 04〉 〈24, 23, 15, 01〉 〈35, 05, 02, 30〉 〈34, 31, 01, 14〉 〈20, 21, 23, 03〉
〈04, 14, 12, 32〉 〈32, 21, 05, 01〉 〈21, 30, 15, 35〉 〈00, 11, 32, 02〉 〈05, 10, 24, 03〉
〈03, 33, 12, 10〉 〈10, 23, 14, 25〉

��2V\��èi 〈00, 10, 20, 30〉"

Ún 6.35µé?¿ t ∈ {3, 4, 5, 6}§.� 19t81��� 9t2 + 14t� [3, 1]-GDC(6)þ�

3"
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y². é?¿ t ∈ {3, 4, 5, 6}§·�38Ü X = (Z3t × {0, 1, 2}) ∪ (Z3 × {3, 4}) ∪

{∞0,∞1} þ�E¤�� GDC§��� 8 �|´ (Z3 × {3, 4}) ∪ {∞0,∞1}"½Â

α : X → X§xy → (x + 1)y§ùp�\{´� 3t�e y ∈ {0, 1, 2}§½´� 3�e

y ∈ {3, 4}"Ã¡:3 α�^e�±ØC"Äkòe�èi^ αÐm§��ü��

� t�á;�µ

〈00, t0, (2t)0,∞0〉 〈01, t1, (2t)1,∞1〉

,�òe�èi^ αÐmµ

t = 3:

〈03, 01, 81, 70〉 〈03, 00, 80, 12〉 〈03, 02, 41, 52〉 〈82, 40, 72, 03〉 〈04, 22, 01, 10〉
〈04, 00, 20, 11〉 〈10, 71, 51, 04〉 〈00, 02, 40, 01〉 〈∞0, 61, 42, 60〉 〈61, 80, 21, 62〉
〈04, 62, 42, 51〉 〈31, 02, 62, 70〉 〈∞1, 62, 00, 21〉

t = 4:

〈∞0, 41, 112, 70〉 〈51, 12, 62, 72〉 〈03, 31, 101, 82〉 〈32, 52, 80, 03〉 〈00, 01, 10, 70〉
〈21, 111, 01, 112〉 〈04, 02, 82, 61〉 〈50, 32, 01, 100〉 〈04, 00, 101, 42〉 〈12, 91, 50, 04〉
〈04, 100, 111, 80〉 〈03, 21, 60, 80〉 〈72, 50, 80, 21〉 〈03, 42, 100, 32〉 〈30, 32, 62, 61〉
〈∞1, 92, 80, 101〉

t = 5:

〈91, 52, 10, 32〉 〈01, 31, 71, 42〉 〈04, 22, 121, 131〉 〈110, 61, 50, 80〉 〈03, 110, 22, 00〉
〈71, 00, 91, 03〉 〈03, 21, 92, 11〉 〈51, 140, 111, 60〉 〈04, 122, 50, 10〉 〈52, 82, 101, 102〉
〈04, 21, 00, 12〉 〈41, 40, 72, 04〉 〈21, 130, 140, 102〉 〈110, 12, 52, 40〉 〈∞0, 21, 42, 60〉
〈02, 12, 72, 11〉 〈03, 72, 70, 61〉 〈∞1, 110, 102, 11〉 〈122, 20, 40, 01〉

t = 6:

〈170, 141, 171, 132〉 〈00, 22, 121, 92〉 〈141, 10, 71, 122〉 〈30, 160, 140, 03〉 〈04, 41, 01, 130〉
〈162, 100, 22, 132〉 〈04, 00, 152, 81〉 〈121, 42, 122, 10〉 〈121, 130, 21, 40〉 〈141, 22, 40, 04〉
〈52, 112, 100, 142〉 〈172, 61, 02, 11〉 〈04, 132, 140, 82〉 〈03, 01, 171, 150〉 〈00, 02, 100, 31〉
〈150, 160, 120, 171〉 〈03, 62, 42, 100〉 〈∞1, 122, 50, 31〉 〈01, 22, 161, 72〉 〈03, 172, 41, 80〉
〈∞0, 151, 02, 140〉 〈11, 22, 150, 61〉

Ún 6.36µé?¿ t ≥ 13� t 6∈ {15, 23, 28}§A3(9t+8, 6, [3, 1]) = U(9t+8, 6, [3, 1])"

y². éu t ∈ {13, 16, 19}§dÚn 6.11 �3.� 27s91 � [3, 1]-GDC(6)§s ∈

{4, 5, 6}"V\l�Ã¡:¿W\.� 12781� [3, 1]-GDC(6)½�`� (17, 6, [3, 1])3-

è£Ún 6.34¤Ò���¤��è"éu t ∈ {14, 20},dÚn 6.12�3.� 27s181
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� [3, 1]-GDC(6)§s ∈ {4, 6}"V\l�Ã¡:¿W\.� 12781 � [3, 1]-GDC(6)

½�`� (26, 6, [3, 1])3-è=�"éu t ∈ {17, 18}§dÚn 6.14�3.� 36491 Ú

364181� [3, 1]-GDC(6)§V\l�Ã¡:¿W¿|"

éu t ∈ {21, 22, 24, 25, 26, 27}§d TD(6, 5) Ñu§éco�|¥�:D�

9§éÙ¦:D� 0 ½ 9"A^�E 6.3 Ò�±����.� 454(9x)1(9y)1 �

[3, 1]-GDC(6)§ùp x ∈ {0, 3, 4, 5}§y ∈ {1, 2}"V\l�Ã¡:¿W¿|Ò�

��¤���`è"éu t ∈ {29, 30}§dÚn 6.14 �3.� 36791 Ú 367181 �

[3, 1]-GDC(6)§V\l�Ã¡:¿W¿|"

éu 31 ≤ t ≤ 80� t 6∈ {33, 57}§·�d�� TD(7, u)£½n 2.8¤Ñu§ùp

u ∈ {7, 8, 9, 11, 12, 13}§í���:¿|^ù�í��:­#½Â|§·��±�

���.� 6u(u− 1)1� {7, u}-GDD"éuc u− 2���� 6�|¥�:D� 9§

éuÙ¦:D� 0½ 9§A^�E 6.3�±����.� 54u−2(9x)1(9y)1(9z)1 �

[3, 1]-GDC(6)§ùp x, y ∈ {0, 3, 4, 5, 6}§z ∈ {1, 2}",�V\l�Ã¡:¿W¿|

=�"éu t ∈ {33, 57}§dÚn 6.14�3.� 36891Ú 361491� [3, 1]-GDC(6)§V

\l�Ã¡:¿W¿|"

��éu t ≥ 80� t 6∈ {83, 87, 91}§dÚn 6.14�3.� 36u(9x)1 � [3, 1]-

GDC(6)§ùp x ∈ {1, 2, 16}§u ≥ 16 ½ö x = 19§u ≥ 19"V\l�Ã¡:

¿W¿|"éu t ∈ {83, 87, 91}§·�d�� TD(6, u)£½n 2.8¤Ñu§ùp

u ∈ {15, 17, 19}§í���:¿|^ù�í��:­#½Â|§·��±���

�.� 5u(u − 1)1 � {6, u}-GDD"éuc u − 1���� 5�|¥�:D� 9§é

uÙ¦:D� 0½ 9§A^�E 6.3�±��.� 45141171§4517181 Ú 451891 �

[3, 1]-GDC(6)"V\l�Ã¡:¿W¿|Ò���¤���`è"

nÜþã�Ún§·�kµ

½n 6.8µA3(8, 6, [3, 1]) = 4¶é?¿ t ≥ 1 � t 6∈ [3, 12] ∪ {15, 23, 28}§A3(9t +

8, 6, [3, 1]) = U(9t+ 8, 6, [3, 1])"
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6.4 (½ A3(n, 6, [2, 2])��

3�!¥§·�Ì�5?Ø� n ≡ 5 (mod 6)�§A3(n, 6, [3, 1])�äN��"

éuÙ¦a§Zhang3¨�Æ¬Ø© [172]¥®²Ä�)û
"

½n 6.9µé?¿�ê n ≥ 4§

A3(n, 6, [2, 2]) =



1§ � n ≤ 5�;

3§ � n = 7�;

5§ � n = 8�;

15§ � n = 11�;⌊
n
2

⌊
n−1
3

⌋⌋
§ � n ≥ 6§n 6≡ 5 (mod 6)§n 6∈ {7, 8, 16, 22,

76, 88, 94, 124, 142, 166, 184}�,

A3(13, 6, 4) ∈ [21, 26]§A3(14, 6, 4) ∈ [27, 28]"

� n ≡ 5 (mod 6)�§é?¿ t ≥ 3§t 6∈ {9, 10, 11, 14}§

A3(6t+ 5, 6, [2, 2]) ∈ [2(3t+ 1)(t+ 1)− 1, 2(3t+ 1)(t+ 1)]§

é t ∈ {2, 14}§

A3(6t+ 5, 6, [2, 2]) ∈ [2(3t+ 1)(t+ 1)− 2, 2(3t+ 1)(t+ 1)]"

�
)û n ≡ 5 (mod 6)�a§·�I�e¡�(J"

½n 6.10 (Ge [76])µ(g, 4; 1)-DM�3��=� g ≥ 4� g 6≡ 2 (mod 4)"

½n 6.11µe�3 Zg þ� (g, 4; 1)-DM§K�3.� g4 ��� 2g2 � [2, 2]-

GDC(6)"

y². - M = [mi,j] ´¤�� (g, 4; 1)-DM"·�38Ü {{(i, j) : j ∈ Zg} : 0 ≤

i ≤ 3}þ�E¤�� GDC"§´d¤kXe�èi�¤§〈(0,m1,j + k), (1,m2,j +

k), (2,m3,j + k), (3,m4,j + k)〉§〈(2,m3,j + k), (3,m4,j + k), (0,m1,j + 1 + k), (1,m2,j +

1 + k)〉§j, k ∈ Zg"N´�y�EÑ5�èål� 6EÜ�.� [2, 2]"
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nÜ½n 6.10Ú 6.11§·�keã(J"

Ún 6.37µé?¿ g ≥ 4� g 6≡ 2 (mod 4)§.� g4 ��� 2g2 � [2, 2]-GDC(6)þ

�3"

Ún 6.38µé?¿ t ≥ 3§A3(24t+ 5, 6, [2, 2]) = U(24t+ 5, 6, [2, 2])"

y². dÚn 6.37�3.� g4��� 2g2� [2, 2]-GDC(6)"V\��Ã¡:¿W\

�� 6t+ 2��`è£©z [172]¤=�"

Ún 6.39µé?¿ t ≥ 130§A3(6t+ 5, 6, [2, 2]) = U(6t+ 5, 6, [2, 2])"

y². d½n 2.8 �3 TD(7,m)§ùp m ≥ 23 � m 6∈ {26, 30, 34, 38, 46, 60}"é

cÊ�|¥�:D� 6§éÙ¦:D� 0 ½ 6§5¿�é?¿ s ∈ {5, 6, 7}§.

� 6s � [2, 2]-GDC(6) þ�3£©z [172]¤§A^�E 6.3 ·��±����.�

(6m)5(6x)1721� [2, 2]-GDC(6)§ùp x ∈ [3, 8]∪ [18, 23]"y3V\Ê�Ã¡:§W

\.� 23m51 ½ 23x51 � [2, 2]-GDC(6) £©z [172]¤½�` (77, 6, [2, 2])3-è£Ún

6.38¤§ù�Ò��
¤���`è"

Ún 6.40µé?¿ t ∈ {54, 55} ½ 63 ≤ t ≤ 129§A3(6t + 5, 6, [2, 2]) = U(6t +

5, 6, [2, 2])"

y². éu t ∈ {54, 55}§d½n 2.8�3 TD(5, 12)§éco�|¥�:D� 6§é

����|¥�:D� 3½ 6§A^�E 6.3·��±��.� 724361Ú 724421�

[2, 2]-GDC(6)§V\Ê�Ã¡:¿W¿|=�"

éu 63 ≤ t ≤ 76§·�d�� TD(9, 8)Ñu§éc8�|¥�:D� 6§é

����|¥�:D� 9§éÙ¦:D� 0½ 6§5¿�é?¿ s ∈ {6, 7, 8}§.

� 6s91 � [2, 2]-GDC(6)þ�3£©z [172]¤§A^�E 6.3·��±����.�

486(6x)1(6y)1721 � [2, 2]-GDC(6)§ùp x, y ∈ {0, 3, 4, 5, 6, 7, 8}"V\Ê�Ã¡:

¿W¿|Ò���¤�è"

é?¿ 77 ≤ t ≤ 100 � t 6∈ {85, 86}§·�d�� TD(9, u) Ñu§ùp u ∈

{9, 11}§í���:¿|^ù�í��:­#½Â|§·��±����.�

8u(u − 1)1 � {9, u}-GDD"éuc u − 2���� 8�|¥�:D� 6§é���
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u − 1�|¥�:D� 0½ 9§éuÙ¦:D� 0½ 6"5¿�.� 6s191 Ú 6s2 �

[2, 2]-GDC(6)�3§s1 ∈ {6, 7, 8}§5 ≤ s2 ≤ 11£©z [172]¤§A^�E 6.3·��

±����.� 48u−2(6x)1(6y)1721� [2, 2]-GDC(6)§ùp x, y ∈ {0, 3, 4, 5, 6, 7, 8}"

V\Ê�Ã¡:¿W¿|"

éu t ∈ {85, 86}§·�d�� TD(8, 11)Ñu§í���:¿|^ù�í��

:­#½Â|§·��±����.� 711101 � {8, 11}-GDD"éuc 10���

� 7�|¥�:D� 6§é��� 10�|¥�:D� 0½ 9§éuÙ¦:D� 0½

6§A^�E 6.3�±����.� 4210(6x)1721� [2, 2]-GDC(6)§ùp x ∈ {3, 4}"

V\Ê�Ã¡:¿W¿|"

��§éu 101 ≤ t ≤ 129§·�d�� TD(11, 16) Ñu§écÊ�|

¥�:D� 6§éÙ¦:D� 0 ½ 6§A^�E 6.3 ·��±����.�

965(6x1)
1(6x2)

1 . . . (6x5)
1721� [2, 2]-GDC(6)§ùp x1, x2, . . . , x5 ∈ {0, 3, 4, 5, 6, 7, 8}"

V\Ê�Ã¡:¿W¿|Ò���¤���`è"

nÜþã(J±9©z [172]§·�kµ

½n 6.12µ- Q(5) = {9, 10, 11}§Q
(5)
1 = {3, 4, 5, 6, 7, 8, 13, 57, 58, 59, 61, 62} ∪ {t :

15 ≤ t ≤ 53, t 6≡ 0 (mod 4)}§Q(5)
2 = {2, 14}"KA3(5, 6, [2, 2]) = 1§A3(11, 6, [2, 2]) =

15¶é?¿ t ≥ 2� t 6∈ Q(5) ∪Q(5)
1 ∪Q

(5)
2 §A3(6t + 5, 6, [2, 2]) = U(6t + 5, 6, [2, 2])"

?�Ú�·�kµ

1. é?¿ t ∈ Q(5)
1 §U(6t+5, 6, [2, 2])−1 ≤ A3(6t+5, 6, [2, 2]) ≤ A3(6t+5, 6, [2, 2]);

2. é?¿ t ∈ Q(5)
2 §U(6t+5, 6, [2, 2])−2 ≤ A3(6t+5, 6, [2, 2]) ≤ A3(6t+5, 6, [2, 2]).

��·�25U?e n ≡ 4 (mod 6)�(J"

Ún 6.41µé?¿ (g, u,m) ∈ {(9, 5, 9), (9, 5, 15), (18, 6, 33)}§.� gum1 ���

(g2u(u− 1) + 2gum)/6� [2, 2]-GDC(6)þ�3"

y². - X = Igu+m§G = {{0, u, 2u, . . . , (g − 1)u}+ i : 0 ≤ i ≤ u− 1} ∪ {{gu, gu+

1, gu + 2, . . . , gu + m− 1}}"K (X,G, C)Ò´¤�� [2, 2]-GDC(6)§ùp C deã

èi3+ G��^eÐm���"
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9591: G = 〈(0 1 2 · · · 44)(45 46 · · · 53)〉

〈2, 45, 43, 1〉 〈0, 9, 17, 28〉 〈24, 21, 42, 3〉 〈4, 45, 30, 8〉 〈17, 40, 24, 33〉
〈1, 7, 45, 38〉 〈0, 12, 45, 14〉 〈8, 42, 45, 40〉 〈14, 45, 27, 15〉

95151: G = 〈(0 1 2 · · · 44)(45 46 · · · 59)〉

〈45, 35, 18, 27〉 〈45, 13, 9, 16〉 〈45, 41, 4, 17〉 〈24, 15, 41, 45〉 〈45, 22, 40, 6〉
〈18, 16, 22, 45〉 〈8, 21, 35, 45〉 〈4, 27, 43, 45〉 〈10, 17, 29, 45〉 〈0, 11, 42, 44〉
〈45, 14, 15, 38〉

186331:G = 〈(0 1 2 · · · 107)(108 109 · · · 113) (114 115 · · · 119)(120 121 · · · 125)

(126 127 · · · 131) (132 133 · · · 140)〉

〈0, 138, 53, 97〉 〈0, 20, 17, 131〉 〈0, 82, 7, 128〉 〈0, 70, 92, 139〉 〈0, 52, 27, 108〉
〈0, 121, 68, 81〉 〈0, 95, 58, 140〉 〈0, 47, 43, 63〉 〈0, 74, 67, 118〉 〈0, 73, 51, 124〉
〈0, 115, 37, 99〉 〈0, 136, 28, 29〉 〈0, 39, 25, 98〉 〈0, 117, 10, 31〉 〈0, 127, 11, 80〉
〈0, 87, 89, 125〉 〈0, 137, 23, 49〉 〈0, 44, 15, 85〉 〈0, 62, 45, 109〉 〈0, 126, 14, 75〉
〈0, 107, 76, 119〉 〈0, 103, 50, 106〉 〈0, 120, 4, 9〉 〈0, 8, 40, 133〉 〈0, 111, 19, 93〉
〈0, 112, 57, 65〉

Ún 6.42µ�3.� 12741��� 153� [2, 2]-GDC(6)"

y². -X = (Z9×{0, 1, 2})∪ (Z3×{3})∪{∞}"8Ü (Z3×{3})∪{∞}�¤
��

� 4�|"½Â α : X → X§xy → (x + 1)y§ùp�\{´� 9�e y ∈ {0, 1, 2}§

½´� 3�e y ∈ {3}"Ã¡:3 α�^e�±ØC"òe¡�èi^ α�^Ðm

=�µ

〈72, 03, 32, 50〉 〈51, 03, 10, 30〉 〈82, 03, 61, 41〉 〈50, 02, 03, 82〉 〈11, 01, 03, 51〉
〈51,∞, 00, 42〉 〈00, 72,∞, 01〉 〈51, 71, 70, 60〉 〈81, 02, 12, 42〉 〈71, 41, 22, 42〉
〈02, 61, 30, 00〉 〈12, 82, 50, 00〉 〈52, 82, 01, 81〉 〈40, 30, 11, 71〉 〈00, 20, 11, 22〉
〈30, 70, 03, 42〉 〈10, 70, 62, 31〉

Ún 6.43µéu t ∈ {23, 27, 30}§A(6t+ 4, 6, [2, 2]) = U(6t+ 4, 6, [2, 2])"

y². éu t = 23§dÚn 6.41�3.� 186331� [2, 2]-GDC(6)"V\��Ã¡:

¿W\�� 19½ 34��`èÒ���¤�è"

éu t ∈ {27, 30}§dÚn 6.41�3.� 96 Ú 95151 � [2, 2]-GDC(6)"A^�

E 6.4�m = 3·��±��.� 276Ú 275451� [3, 1]-GDC(6)"V\o�Ã¡:

¿W\.� 12741� [2, 2]-GDC(6)Ú�� 31½ 49��`è=�"
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6.5 �(

3�Ù¥§·�Ä�þ(½
­þ� 4!ål� 6��`n�~­EÜè�è

i�ê"·�ò�Ù(J±9©z [172]¥�(Jo(Xeµ

½n 6.13µé?¿�ê n ≥ 4§- Q = {13, 16, 22, 59, 65, 71, 76, 88, 94, 124}§Q1 =

{14, 23, 29, 35, 41, 47, 53, 83}∪{n : 95 ≤ n ≤ 323, n ≡ 11, 17, 23 (mod 24)}∪{347, 353,

359, 371, 377}§Q2 = {17, 89}§·�k

A3(n, 6, [2, 2]) =



1, e n ∈ {4, 5};

3, e n = 7;

5, e n = 8;

15, e n = 11;⌊
n
2

⌊
n−1
3

⌋⌋
, e n ≥ 6� n 6∈ {7, 8, 11} ∪Q ∪Q1 ∪Q2.

?�Ú§·�kµ

1. � n ∈ Q1�§
⌊
n
2

⌊
n−1
3

⌋⌋
− 1 ≤ A3(n, 6, [2, 2]) ≤

⌊
n
2

⌊
n−1
3

⌋⌋
¶

2. � n ∈ Q2�§
⌊
n
2

⌊
n−1
3

⌋⌋
− 2 ≤ A3(n, 6, [2, 2]) ≤

⌊
n
2

⌊
n−1
3

⌋⌋
"

½n 6.14µé?¿�ê n ≥ 4§ò n�� n = 9t+ i§0 ≤ i < 9"·�kµ

1. i = 0:é?¿ t ≥ 1§A3(9t, 6, [3, 1]) = 9t2 − 3t¶

2. i = 1:é?¿ t ≥ 1� t 6= 2§A3(9t+ 1, 6, [3, 1]) = 9t2 + t¶

3. i = 2:é?¿ t ≥ 1§A3(9t+ 2, 6, [3, 1]) = 9t2 + 2t¶

4. i = 3:é?¿ t ≥ 1§A3(9t+ 3, 6, [3, 1]) = 9t2 + 3t¶

5. i = 4:é?¿ t ≥ 0� t 6∈ {1, 5, 6, 7, 9, 10, 11, 13, 14, 15, 21, 25, 26, 29, 37, 41, 45,

49, 53, 57, 61, 65, 69, 73, 77, 81}§A3(9t+ 4, 6, [3, 1]) = 9t2 + 6t+ 1 + b t
4
c¶

6. i = 5:é?¿ t ≥ 0� t 6∈ [5, 15]∪{26}§A3(9t+5, 6, [3, 1]) = 9t2+7t+1+b t+1
4
c¶
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7. i = 6:é?¿ t ≥ 0§A3(9t+ 6, 6, [3, 1]) = 9t2 + 9t+ 2¶

8. i = 7:é?¿ t ≥ 1� t 6∈ {4, 5} ∪ [7, 16] ∪ {20, 26, 28}§A3(9t + 7, 6, [3, 1]) =

9t2 + 11t+ 3 + b t+1
2
c¶

9. i = 8:é?¿ t ≥ 1� t 6∈ [3, 12]∪{15, 23, 28}§A3(9t+8, 6, [3, 1]) = 9t2 +14t+

5"
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7 ^�����ü�O�E�`õ�~­è

7.1 Úó

���OXJvk­E�«|§Ò¡�´ü�£simple¤"���O�¡�´

�ü�£super-simple§SS¤§XJ?¿ü�«|�õ�uü�:"éu��:8�

X§«|8� B§�ê� λ��O D§XJ§�«|8 B �±�¤ B =
⋃λ
i=1 Bi§

¦�é?¿� 1 ≤ i ≤ λ§Bi �¤� D ëê�Ó�´�ê� 1��O§K D ¡

������ü£completely reducible super-simple§CRSS¤�O"ùp§CRSS�

½Â�±^u�«�O§¿^5{zÎÒ"·�r��:8��� v§«|��

� k§�ê� λ������ü BIBD�¤ (v, k, λ)-CRSS�O§r��«|��

� k§�ê� λ������ü GDD{P� (k, λ)-CRSSGDD"N´wÑ§��

(v, k, λ)-CRSS�O�3�7�^�´µ

(i) v ≥ (k − 2)λ+ 2;

(ii) v − 1 ≡ 0 (mod k − 1);

(iii) v(v − 1) ≡ 0 (mod k(k − 1)).

CRSS�OÚõ�~­è���'"¯¢þ§�� (v, k, λ)-CRSS�OÒ´�

��`� (v, 2(k − 1), k)λ+1-è",��¡§CRSS�©|�O£CRSSGDD¤�±

^5�Eõ���©|è"3©z [173]¥§�ö|^ CRSS�OÚ CWC�m�é

XÄ�û½
�` (n, 6, 4)3-è�èi�ê"

�Ù¥·�ò5ïÄ«|��� 5§�ê� 2� CRSS�O��35¯K"·

�òy²§Ø
�U�~	� v = 25§(v, 5, 2)-CRSS�O�3�7�^��´¿

©�"|^ù�(J§·�Ä�(½
 A3(n, 8, 5)3 n ≡ 0, 1, 4, 5 (mod 20)���

�"
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7.2 ý��£

3�c�E GDD�L§¥§·�²~^�\��E|ÚWilsonÄ��E"


éu CRSSGDD§·�Ó�kaq��E�{"

�E 7.1 ()ä [47])µb��3.� {h1, h2, . . . , hn} � (K,λ)-CRSSGDD§¿�é

?¿ k ∈ K§�3î��O TD(k,m)"@o�3.� {mh1,mh2, . . . ,mhn} �

(K,λ)-CRSSGDD"

�E 7.2 (Ä��E [47])µ� (X,G,B)´�� GDD"- w : X → Z+ ∪ {0}´ X þ

��­¼ê"eé?¿«| B ∈ B§.� {w(x) : x ∈ B}� (K,λ)-CRSSGDDþ�

3§K.� {
∑

x∈Gw(x) : G ∈ G}� (K,λ)-CRSSGDD�3"

����
� OAλ(t, k, n)´ n�8 Gþ��� k × λnt
�§§÷v Gþ�

?¿ t�|3z� t×λnt�f
�þ����þTÑy λg"ëê λÚ t©O�¡

�´��
���êÚrÝ"� λ = 1�§·�~r λ��¶� t = 2�§·�r t

��"�� OAλ(t, k, n)�¡�´r-ü�e?¿ü��õ3 r� �k�Ó���"

w,�§�� 3-ü� OAλ(k, n)�±íÑ���ü� TDλ(k, n)"�� OAλ(t, k, n)

�¡�´�����e§´ λ� OA(t, k, n)�¿"

½n 7.1 ( [30])µe q ´�ê�¿� t < q§K OA(t, q + 1, q) �3"?�Ú�§e

q ≥ 4´ 2���§K OA(3, q + 2, q)�3"

½n 7.2 ( [98])µe OA(t, k, n)�3§Ké?¿�K�ê s§s < t§�3�����

t-ü OAns(t− s, k − s, n)"

íØ 7.1µé?¿ n ∈ {4, 5, 9}§CRSSTD2(5, n)�3"

y². d½n 7.1�3 OA(3, 6, n)"A^Ún 7.2§·���
������� 3-ü

� OAn(5, n)"ù�·�Ò��
�� CRSSTD2(5, n)"

��§·���^�e¡�(Jµ

Ún 7.1 ( [8])µ��(v, {5, w?}, 1)-PBD�3§e
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(i) w = 5§v ≡ 1, 5 (mod 20)� v ≥ 21¶

(ii) w = 9§v ≡ 9, 17 (mod 20)§v ≥ 37� v 6= 49¶

(iii) w = 13§v ≡ 13 (mod 20)� v ≥ 53"

7.3 (v, 5, 2)-CRSS�O

·�k5�	 v ≡ 1 (mod 20)� (v, 5, 2)-CRSS��35"·����E�


�� (v, 5, 2)-CRSS�OÚ�
 (5, 2)-CRSSGDD§,�|^§�48/�E���

�O"3���E¥§·�=|¢���ê� 1��O",�·�ò��¦f�^

�§�«|þ��Ó�ëê��O§�ü�5�´3·�|¢1���O�Ä«|

�dO�Å5u��"?�Ú/§e1���O´dÌ�+Ðm���¿�vká

;�§�ü�5��±deã·K�y [95]µ

·K 7.1µ� G´�� Abelian+§D´��«|8§§p¡�«|3 G��^e

)¤
��.� gu� (k, 1)-GDD§¿�vká;�"@o§D ∪−D)¤
��.

� gu� (k, 2)-CRSSGDD"

Ún 7.2µé?¿ t ∈ {9, 13}§�3.� 5t� (5, 2)-CRSSGDD"

y². -:8� Z5t§|� {{0, t, 2t, 3t, 4t} + i : 0 ≤ i ≤ t − 1}"òe¡�Ä«|Ð

m"

t = 9: +3 (mod 45)

1�� GDD�Ä«|µ

{0, 5, 7, 29, 35} {1, 6, 30, 32, 36} {2, 10, 24, 27, 35}
{0, 4, 19, 38, 43} {0, 12, 34, 37, 44} {2, 30, 31, 43, 44}

òþã�E� GDD�«|¦± −1��1�� GDD�«|"

t = 13: +1 (mod 65)

1�� GDD�Ä«|µ

{0, 1, 21, 35, 63} {0, 4, 10, 19, 57} {0, 7, 24, 29, 40}

òþã�E� GDD�«|¦± −1��1�� GDD�«|"
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Ún 7.3µé?¿ t ∈ {7, 8, 12}§�3.� 20t� (5, 2)-CRSSGDD"

y². éz� t§-:8� Z20t§|� {{0, t, 2t, . . . , 19t} + i : 0 ≤ i ≤ t − 1}"1�

� GDDdeãÄ«|+1 (mod 20t)Ðm��"1�� GDD�«|d1�� GDD

�«|¦± −1��"

t = 7:
{0, 4, 33, 44, 85} {0, 46, 64, 72, 117} {0, 39, 93, 113, 118}
{0, 17, 36, 51, 67} {0, 9, 57, 137, 139} {0, 65, 78, 102, 108}

t = 8:

{0, 11, 47, 66, 89} {0, 7, 17, 116, 146} {0, 35, 69, 114, 142} {0, 93, 145, 147, 151}
{0, 3, 60, 101, 134} {0, 70, 75, 95, 138} {0, 27, 110, 111, 148}

t = 12:

{0, 3, 62, 128, 225} {0, 21, 78, 123, 151} {0, 61, 75, 107, 170} {0, 80, 193, 232, 233}
{0, 41, 51, 94, 223} {0, 4, 141, 161, 217} {0, 26, 126, 142, 148} {0, 134, 139, 169, 203}
{0, 52, 65, 90, 119} {0, 50, 81, 136, 155} {0, 49, 196, 198, 207}

Ún 7.4µé?¿ t ≥ 5§.� 20t� (5, 2)-CRSSGDDþ�3"

y². � t ≡ 0, 1 (mod 5)� t ≥ 5�§dÚn 7.1�3 (4t + 1, {5}, 1)-PBD"í�

��:�±����.� 4t � 5-GDD"� t ≡ 2, 4 (mod 5)§t ≥ 9� t 6= 12�§

dÚn 7.1�3 (4t + 1, {5, 9?}, 1)-PBD"í���Ø3��� 9�«|¥�:�

±����.� 4t � {5, 9}-GDD"� t ≡ 3 (mod 5)� t ≥ 13�§dÚn 7.1�

3 (4t + 1, {5, 13?}, 1)-PBD"í���Ø3��� 13�«|¥�:�±����

.� 4t � {5, 13}-GDD"ù�§é?¿ t ≥ 5� t 6∈ {7, 8, 12}§·�ok��.�

4t � {5, 9, 13}-GDD"y3éù� GDD¥�:D� 5§5¿�.� 55, 59 Ú 513 �

(5, 2)-CRSSGDDþ�3£Ún 7.1Ú 7.2¤§A^Ä��E·�Ò�±��¤��.

� 20t� (5, 2)-CRSSGDD§ùp t ≥ 5¿� t 6∈ {7, 8, 12}"��§éu t ∈ {7, 8, 12}§

�Ún 7.3"

Ún 7.5µé?¿ v ∈ {21, 41, 61, 81}§(v, 5, 2)-CRSS�Oþ�3"

y². é?¿ v ∈ {21, 41, 61, 81}§-:8� Zv"1�� BIBD deãÄ«| +1

(mod v)Ðm��"1�� GDD�«|d1�� GDD�«|¦± −1��"

208



^�����ü�O�E�`õ�~­è

v = 21: {0, 1, 4, 14, 16}

v = 41: {0, 1, 4, 11, 29} {0, 2, 8, 17, 22}

v = 61: {0, 1, 3, 13, 34} {0, 4, 9, 23, 45} {0, 6, 17, 24, 32}

v = 81: {0, 1, 8, 24, 55} {0, 2, 48, 63, 77} {0, 11, 21, 30, 43} {0, 36, 39, 64, 76}

½n 7.3µé?¿ v ≡ 1 (mod 20)� v ≥ 21§(v, 5, 2)-CRSS�Oþ�3"

y². éu 21 ≤ v ≤ 81§�Ún 7.5"éu v ≥ 101§dÚn 7.4�3.� 20t �

(5, 2)-CRSSGDD"V\��Ã¡:¿W\ (21, 5, 2)-CRSS�OÒ�±��¤��

(20t+ 1, 5, 2)-CRSS�O"

e¡·�5�	 v ≡ 5 (mod 20) ��/"·�k5�E�
�� (v, 5, 2)-

CRSS�O"��5¿�´§ùp·�^�Ø2´/¦f0��{"·�ò¦^ü

�ØÓ�+©O)¤·�I���O§ù�§·�Ò�±�E�
�ü�á;�±

~�Ä«|��ê"

Ún 7.6µ(45, 5, 2)-CRSS�O�3"

y². ·�38Ü Z45 þ�E¤��O"½Â α : V → V Xeµ� x 6≡ 12, 13, 14

(mod 15)� x→ x+ 3§� x ≡ 12, 13, 14 (mod 15)�x→ x− 12"½Â β : V → V§

x→ x+ 15§ùp�\{´� 45�"1�� BIBD´de¡�Ä«|3+ 〈α, β〉�

�^eÐm��"

{3, 26, 8, 43, 36} {2, 25, 40, 4, 42} {3, 17, 24, 28, 39}
{0, 2, 32, 26, 16} {4, 9, 31, 5, 38} {0, 1, 28, 41, 42}
{0, 3, 6, 9, 12} {1, 4, 7, 10, 13} {2, 5, 8, 11, 14}

1�� BIBD´de¡�Ä«| +3 (mod 45)Ðm���"

{4, 8, 3, 25, 9} {1, 32, 8, 18, 7} {2, 6, 21, 18, 31}
{0, 8, 23, 20, 31} {1, 16, 13, 9, 11} {0, 11, 17, 24, 43}
{0, 9, 18, 27, 36} {1, 10, 19, 28, 37} {2, 11, 20, 29, 38}

Ún 7.7µé?¿ v ∈ {65, 85, 105, 125, 145, 165, 185, 205}§(v, 5, 2)-CRSS�Oþ�

3"
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y². ·�38Ü Zv þ�E¤���O"½Â α : V → V Xeµ� x 6≡ 4 (mod 5)

� x→ x+ 1§� x ≡ 4 (mod 5)� x→ x− 4"½Â β : V → V§x→ x+ 5§ùp

�\{´� v �"1�� BIBD´de¡�Ä«|3+ 〈α, β〉��^eÐm��"

1�� BIBD´de¡�Ä«| +1 (mod v)Ðm���"

v = 65:

1�� BIBD�Ä«|µ

{1, 37, 45, 20, 32} {1, 46, 57, 8, 43} {0, 6, 10, 32, 47} {0, 1, 2, 3, 4}

1�� BIBD�Ä«|µ

{2, 36, 57, 35, 50} {2, 29, 47, 18, 59} {0, 2, 62, 6, 25} {0, 13, 26, 39, 52}

v = 85:

1�� BIBD�Ä«|µ

{0, 29, 47, 21, 78} {0, 35, 44, 55, 10} {0, 28, 76, 13, 71}
{0, 6, 17, 24, 58} {0, 1, 2, 3, 4}

1�� BIBD�Ä«|µ

{4, 10, 15, 63, 82} {3, 27, 52, 79, 49} {3, 24, 80, 23, 65}
{0, 2, 12, 16, 47} {0, 17, 34, 51, 68}

v = 105:

1�� BIBD�Ä«|µ

{1, 52, 36, 73, 96} {0, 104, 50, 93, 63} {2, 82, 34, 5, 73}
{4, 100, 47, 87, 18} {0, 5, 12, 31, 90} {0, 1, 2, 3, 4}

1�� BIBD�Ä«|µ

{1, 3, 46, 68, 60} {0, 50, 80, 11, 1} {0, 87, 70, 64, 33}
{0, 5, 34, 58, 78} {3, 16, 0, 7, 93} {0, 21, 42, 63, 84}
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v = 125:

1�� BIBD�Ä«|µ

{1, 56, 15, 33, 12} {1, 68, 120, 49, 118} {2, 117, 32, 80, 14} {3, 66, 104, 38, 124}
{3, 28, 101, 40, 19} {0, 5, 36, 51, 96} {0, 1, 2, 3, 4}

1�� BIBD�Ä«|µ

{2, 37, 41, 25, 89} {4, 34, 44, 37, 15} {4, 5, 103, 58, 22} {4, 86, 95, 71, 2}
{4, 41, 10, 69, 115} {0, 5, 13, 62, 83} {0, 25, 50, 75, 100}

v = 145:

1�� BIBD�Ä«|µ

{4, 91, 8, 36, 113} {4, 58, 41, 82, 26} {4, 128, 97, 84, 144} {1, 67, 100, 139, 126}
{1, 9, 54, 72, 11} {3, 14, 78, 53, 129} {0, 6, 35, 54, 63} {0, 1, 2, 3, 4}

1�� BIBD�Ä«|µ

{2, 126, 84, 83, 4} {3, 104, 56, 124, 52} {4, 31, 36, 64, 71} {0, 36, 17, 11, 62}
{3, 40, 53, 50, 62} {3, 110, 118, 64, 79} {0, 14, 55, 71, 89} {0, 29, 58, 87, 116}

v = 165:

1�� BIBD�Ä«|µ

{4, 32, 114, 39, 123} {2, 137, 115, 20, 15} {4, 61, 118, 163, 122} {0, 112, 144, 136, 13}
{4, 18, 58, 144, 120} {4, 126, 53, 138, 154} {2, 70, 58, 134, 38} {0, 10, 21, 93, 115}
{0, 1, 2, 3, 4}

1�� BIBD�Ä«|µ

{3, 131, 24, 1, 80} {0, 161, 80, 102, 94} {1, 105, 153, 104, 31} {3, 67, 72, 162, 57}
{4, 144, 76, 104, 128} {4, 46, 93, 49, 15} {0, 50, 12, 32, 158} {0, 9, 36, 119, 148}
{0, 33, 66, 99, 132}

v = 185:

1�� BIBD�Ä«|µ

{3, 124, 131, 101, 184} {3, 16, 100, 37, 126} {2, 18, 74, 117, 67} {0, 161, 37, 5, 15}
{3, 103, 157, 112, 115} {1, 99, 135, 175, 56} {0, 25, 49, 77, 144} {4, 26, 142, 39, 62}
{0, 6, 20, 99, 132} {0, 1, 2, 3, 4}

1�� BIBD�Ä«|µ

{4, 126, 102, 117, 37} {3, 145, 78, 159, 24} {2, 103, 0, 25, 59} {1, 133, 0, 48, 145}
{0, 153, 123, 140, 179} {4, 96, 169, 173, 26} {0, 36, 5, 91, 119} {4, 11, 14, 120, 138}
{0, 8, 35, 125, 174} {0, 37, 74, 111, 148}
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v = 205:

1�� BIBD�Ä«|µ

{0, 22, 26, 58, 69} {0, 33, 55, 99, 171} {0, 78, 175, 193, 203} {0, 24, 60, 65, 110}
{0, 64, 72, 84, 196} {0, 6, 89, 135, 187} {0, 101, 122, 136, 176} {0, 61, 98, 114, 147}
{0, 8, 71, 113, 128} {0, 25, 56, 104, 148} {0, 1, 2, 3, 4}

1�� BIBD�Ä«|µ

{0, 16, 37, 106, 191} {0, 92, 110, 160, 196} {0, 56, 66, 89, 153} {0, 3, 15, 42, 159}
{0, 5, 59, 78, 185} {0, 76, 111, 124, 204} {0, 53, 57, 162, 188} {0, 7, 29, 67, 91}
{0, 2, 8, 142, 173} {0, 47, 122, 150, 194} {0, 41, 82, 123, 164}

Ún 7.8µ�3.� 46� (5, 2)-CRSSGDD"

y². ·�38Ü Z24 þ�E¤��O"§�|´ {{0, 6, 12, 18} + i : 0 ≤ i ≤ 5}"

1�� 5-GDD´dÄ«| {0, 1, 3, 11, 20} +1 (mod 24)Ðm��"1�� 5-GDD

´òc�� GDD�Ä«|¦± −1��"

Ún 7.9µ�3.� 446201Ú 446401� (5, 2)-CRSSGDD"

y². ·�38Ü Z264∪M þ�E¤���O"§��|´ {{0, 6, 12, . . . , 258}+ i :

0 ≤ i ≤ 5} ∪ {M}"re>¤�Ä«|¥ Z264��� +1 (mod 264)Ðm§M ¥/

X xi ∈ {x} × Zn����eI +1 (mod n)Ðm"ù�Ò��1�� GDD�«|

8"

446201:

M = ({a} × Z12) ∪ ({b} × Z8)
{3, 53, 120, 211, a0} {2, 16, 49, 71, a0} {8, 81, 138, 202, a0} {3, 113, 178, 236, b0}
{7, 101, 126, 200, b0} {0, 15, 26, 28, 49} {0, 37, 148, 152, 261} {0, 98, 184, 229, 237}
{0, 7, 176, 196, 255} {0, 5, 43, 87, 172} {0, 17, 63, 124, 163} {0, 19, 161, 202, 254}
{0, 51, 83, 187, 188}
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446401:

M = ({a, b} × Z12) ∪ ({c, d} × Z8)
{3, 50, 156, 166, a0} {7, 128, 131, 162, a0} {5, 37, 105, 232, a0} {9, 80, 150, 166, b0}
{11, 51, 211, 240, b0} {4, 17, 109, 134, b0} {4, 69, 78, 257, c0} {2, 183, 203, 0, c0}
{6, 23, 28, 49, d0} {0, 53, 115, 218, d0} {0, 27, 55, 146, 197} {0, 14, 15, 73, 166}
{0, 41, 49, 128, 225} {0, 33, 110, 241, 245} {0, 50, 175, 219, 257}

1�� GDDÏL¦f 43£.� 446201 �¤½ 35£.� 446401 �¤�^�1��

GDDþ��§5¿M ¥�:3ù�L§¥�±ØC"

½n 7.4µé?¿ v ≡ 5 (mod 20)� v ≥ 45§(v, 5, 2)-CRSS�Oþ�3"

y². éu v ≤ 205��/§�Ún 7.6–7.7"

é?¿ v ≥ 345� v 6∈ {365, 385, 405, 425, 485, 505, 525, 605, 625, 725}§ò v �

� v = 100t + 20x + 5§ùp t ≥ 3§x ∈ {2, 3, 4, 5, 6} ¿� x < t"·�d��

TD(6, 5t)Ñu£½n 2.8¤§écÊ�|¥�:D� 4§é����|¥�:D�

0½ 4§du.� 45 Ú 46 � (5, 2)-CRSSGDDþ�3£Ún 7.1Ú 7.8¤§ù�·�

Ò��
��.� (20t)5(20x + 4)1 � (5, 2)-CRSSGDD"V\��Ã¡:¿W\

(20t+ 1, 5, 2)-CRSS�O£½n 7.3¤½ (20x+ 5, 5, 2)-CRSS�O§ù�·�Ò��


¤�� (100t+ 20x+ 5, 5, 2)-CRSS�O"

éu v ∈ {225, 325, 425, 525, 625, 725}§d½n 2.8�3 TD(5, u)§u ∈ {9, 13, 17,

21, 25, 29}"éz�:D� 5§du.� 55� (5, 2)-CRSSGDD�3£Ún 7.1¤§·

���
��.� (5u)5� (5, 2)-CRSSGDD"��W¿|=�"

éu v ∈ {245, 365, 485, 605}§d½n 2.8�3TD(6, u+1)§u ∈ {10, 15, 20, 25}"

í�?¿��«|¥�Ê�:§·��±����.� u5(u + 1)1 � {5, 6}-GDD"

éz�:D� 4��.� (4u)5(4u + 4)1 � (5, 2)-CRSSGDD"V\��:¿W¿

|"

éu v ∈ {265, 385, 505}§·�d TD(6, u)Ñu§u ∈ {11, 16, 21}§éz�:D

� 4����.� (4u)6 � (5, 2)-CRSSGDD",�V\��Ã¡:¿W¿|"é

u v ∈ {285, 305}§dÚn 7.9�3.� 446201Ú 446401� (5, 2)-CRSSGDD"V\

��Ã¡:¿W¿|"éu v = 405§é TD(5, 9)¥�:D� 9§du.� 95 �
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(5, 2)-CRSSGDD �3£Ún 7.1¤§·���
��.� 815 � (5, 2)-CRSSGDD§

��W¿|Ò���¤���O"

nÜ½n 7.3Ú 7.4§·�keã(Øµ

½n 7.5µØ
�U�~	� v = 25§(v, 5, 2)-CRSS �O�3��=� v ≡ 1, 5

(mod 20)§v ≥ 21"

7.4 �` (n, 8, 5)3-è

�!¥§·�ò(½� n ≡ 0, 1, 4, 5 (mod 20)�§(n, d, w)q-è���èi�

ê Aq(n, d, w)"e¡�'u Aq(n, d, w)�þ.´d Svanström�Ñ�"

Ún 7.10 ( [151])µAq(n, d, w) ≤
⌊
(q−1)n
w

Aq(n− 1, d, w − 1)
⌋

.

Ún 7.11 ( [69])µAq(n, 2w,w) = bn/wc.

nÜÚn 7.10Ú 7.11§·�kµ

Aq(n, 2(w − 1), w) ≤
⌊

(q − 1)n

w

⌊
n− 1

w − 1

⌋⌋
(7.1)

·K 7.2µe�3 (n, k, q − 1)-CRSS�O§K�3�`� (n, 2(k − 1), k)q-è"

y². db�§·�k��«|8� B =
⋃q−1
i=1 Bi � (n, k, q − 1)-CRSS�O§ùp

é?¿ 1 ≤ i, j ≤ q − 1§Bi ∩ Bj = ∅§¿� Bi /¤ (n, k, 1)-BIBD�«|8"lz

� (n, k, 1)-BIBD�«|8Ñu§·��±�E�� (n, 2(k − 1), k)2-è§ù�·�

��
 q − 1� (n, 2(k − 1), k)2-è Ci, 1 ≤ i ≤ q − 1"�©z [40]¥��{aq§é

Ci§^ iO�z�èi¥� 1§ù�·�Ò���� q�è C ′i"l
 C ′ =
⋃q−1
i=1 C ′iÒ

´��­þ� k§ål� 2(k − 1)� q�è"

��§du (n, k, q − 1)-CRSS�Ok (q−1)n(n−1)
k(k−1) �«|§�Ð��
 (n, 2(k −

1), k)q-èèi�ê�þ.§ùÒ`²
·�þ¡�E�è´�`�"

nÜ½n 7.5Ú·K 7.2§é?¿ n ≡ 1, 5 (mod 20), n ≥ 21� n 6= 25§�`�

(n, 8, 5)3èþ�3"éu n ≡ 0, 4 (mod 20), n ≥ 20� n 6= 24��/§�©z [173]¥

��{aq§·�d�`� (n+ 1, 8, 5)3-èÑu§í��� �¿��K¤k3ù
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� �þ�"�èi§ù�Ò����� n��`è"��éu n = 24§·�d

.� 46 � (5, 2)-CRSSGDDÑu§|^·K 7.2¥��E�{§·��±���`

� (24, 8, 5)3-è"u´·�ke¡�(Øµ

½n 7.6µé?¿ n ≡ 0, 1, 4, 5 (mod 20), n ≥ 20§Ø
�U�~	� n = 25§

A3(n, 8, 5) =
⌊
2n
5

⌊
n−1
4

⌋⌋
"
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