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Abstract

Among the most active branches in combinatorics, additive combinatorics and dis-

crete geometry receive a lot of attention. Dealing with these problems involves

several branches in mathematics, and these theories also have wide application in

other fields. In this thesis, we mainly investigate several problems in additive com-

binatorics and discrete geometry, including sum-product estimates, sphere packing,

kissing number, similar configurations in finite fields. We use techniques from spec-

tral graph theory, linear algebra, coding theory and so on.

In Chapter 1, we will briefly introduce the backgrounds of problems discussed

in this thesis and summarize our main contributions towards these problems.

In Chapter 2, we study some sum-product problems over matrix rings. Let

Mn(Fq) be the set of matrices of order n over Fq. Firstly, for A,B,C ⊆Mn(Fq), we

have

|A+BC| & qn
2

,

whenever |A||B||C| & q3n
2−n+1

2 . Secondly, if a set A in Mn(Fq) satisfies |A| ≥

C(n)qn
2−1 for some sufficiently large C(n), then we have

max{|A+ A|, |AA|} & min

{
|A|2

qn
2−n+1

4

, qn
2/3|A|2/3

}
.

These results improve those of The and Vinh (2020), and generalize those of Moham-

madi, Pham, and Wang (2021). Moreover, paying more attention to the energy in-

equalities, we give further improvement for the lower bounds of max{|A+A|, |AA|},

|A+BC|, and |A(B+C)|. Our method is based on spectral graph theory and linear

algebra.

In Chapter 3, we study the superball packing problem. For 0 = k1 < k2 <

· · · < km+1 = n, we define the superball with radius r and center 0 in Rn to be the

set {
x ∈ Rn :

m∑
j=1

(
x2kj+1 + x2kj+2 + · · ·+ x2kj+1

)p/2
≤ rp

}
,

which is a generalization of `p-balls. We give two new proofs for the celebrated

result that for 1 < p ≤ 2, the translative packing density of superballs in Rn is

iii



Ω(n/2n). This bound was first obtained by Schmidt, with subsequent constant

factor improvement by Rogers and Schmidt, respectively. Our first proof is based

on the hard superball model, and the second proof is based on the independence

number of a graph. We also investigate the entropy of packings, which measures

how plentiful such packings are.

In Chapter 4, we give new lower bounds for the kissing number of `p-spheres.

These results improve the previous work due to Xu (2007). Our method is based on

coding theory.

In Chapter 5, we study problems about the similar configurations in Fdq . Let

G = (V,E) be a graph, where V = {1, 2, . . . , n} and E ⊆
(
V
2

)
. For a set E in

Fdq , we say that E contains a pair of G with dilation ratio r if there exist distinct

x1,x2, . . . ,xn ∈ E and distinct y1,y2, . . . ,yn ∈ E such that ‖yi−yj‖ = r‖xi−xj‖ 6=

0 whenever {i, j} ∈ E, where ‖x‖ := x21 +x22 + · · ·+x2d for x = (x1, x2, . . . , xd) ∈ Fdq .

We show that if E has size at least Ckq
d/2, then E contains a pair of k-stars with

dilation ratio r, and that if E has size at least C · min
{
q(2d+1)/3,max

{
q3, qd/2

}}
,

then E contains a pair of 4-paths with dilation ratio r. Our method is based on

enumerative combinatorics and graph theory.

In Chapter 6, we briefly introduce several other results including topics still

under investigation.

Key words: sum-product estimates, finite field, sphere packing, hard su-

perball model, uniform convexity, independence number, kissing number, Gilbert-

Varshamov type bound, similar configurations
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1 1 Ù XØ

§ 1.1 Mn(Fq)þ�\¦�O¯K

-Fq�q�����§Mn(Fq)�Fqþ¤kn× nÝ
�¤��§Zn(Fq) �Fqþ¤

kn × n�Ø�_Ý
�¤�8Ü§GLn(Fq)�Fqþ¤kn × n��_Ý
�¤�8

Ü"éuCþXÚY§XJ�3��~êC(n)£�U�nk'§��qÃ'¤¦�X ≤

C(n)Y§@o·�ÒP�X . Y"XJX . Y�Y . X§@o·�P�X ∼ Y"é

uA,B ⊆Mn(Fq)§·�½ÂA+B = {a+ b : a ∈ A, b ∈ B}§AB = {ab : a ∈ A, b ∈

B}"

3�R¥§�A ⊆ R´��k�8"XJA´����ê�§@o��5`|A+

A| ∼ |A|�|AA| ∼ |A|2"XJA´���'ê�§@o��5`|AA| ∼ |A|�|A +

A| ∼ |A|2"·�*	�|A+ A|Ú|AA|¥q�ok���¬'��£�éu|A|¤"\

¦�O�¯K´�3�½^�e�Omax{|A+A|, |AA|}�e."3k��¥§·�

Ï~ïÄüa¯Kµ|A|�éuq'����Omax{|A+A|, |AA|}�e.§±9|A|I

�õ�âU�ymax{|A + A|, |AA|}�éuq'��"Bourgain§KatzÚTao[4]y²


�p´�ê§¿��½A ⊆ Fp÷vpδ < |A| < p1−δ�§@o·�k

max{|A+ A|, |AA|} ≥ Cδ|A|1+ε§

Ù¥ε = ε(δ)´,���δk'�~ê"

�C§MohammadiÚStevens[52]y²
�q = pr¿�A ⊆ Fq÷v|A| . p1/2�§

kmax{|A+ A|, |AA|} & |A|5/4"

3Ý
�¥§TheÚVinh[78]y²
e�(J"

1



\{|Ü�lÑAÛ¥eZ¯K�ïÄ

½n1.1 ([78]). é?¿��ên§�3~êC(n)¦�eã·K¤á"eA ⊆Mn(Fq)÷

v|A| ≥ C(n)qn
2−1§@o·�k

max{|A+ A|, |AA|} & min

{
|A|2

qn2−1/2 , q
n2/2|A|1/2

}
"

½n1.2 ([78]). éuA,B,C ⊆Mn(Fq)§·�k

|A+BC| & min

{
qn

2

,
|A||B||C|
q2n2−1

}
"

½n1.3 ([78]). éuA ⊆ GLn(Fq)ÚB,C ⊆Mn(Fq)§·�k

|A(B + C)| & min

{
qn

2

,
|A||B||C|
q2n2−1

}
"

ù
½n�y²^�
ãØÚ�5�ê��£"Äkò¯K=z��
Uþ�

§§¿òÙi\��Üã¥"¦^�5�ê��£�±�ÑT�Üã��
5�§

~Xú��:"�ª��(J"©z[51, 54, 56]¥�k�'(J"

ÏL�	ØÓ�Uþ�§§·��Ñ
\¦�O��
#(J"

½n1.4. éuA,B,C ⊆Mn(Fq)§·�k

|A+BC| & min

{
qn

2

,
|A||B||C|
q2n

2−n+1
2

}
"

AO/§e|A||B||C| & q3n
2−n+1

2 §@o|A+BC| & qn
2
"

�|A||B||C| . q3n
2−1�|B|· |C| & q2n

2−n+1
2 �§½n1.4�(J'½n1.2�Ð"

½n1.5. éu?¿��ên§�3C(n)¦�eã·K¤á"eA,B ⊆ Mn(Fq)÷

v|A| ≥ C(n)qn
2−1§@o·�k

max{|A+B|, |AB|} & min

{
|A||B|
qn

2−n+1
4

, qn
2/3|B|2/3

}
§

±9

max{|A+B|, |BA|} & min

{
|A||B|
qn

2−n+1
4

, qn
2/3|B|2/3

}
"

3½n1.5¥§e�A = B§@o·�Ò��e�íØ"

2



XØ

íØ1.1. éu?¿��ên§�3C(n)¦�eã·K¤á"eA ⊆Mn(Fq)÷v|A| ≥

C(n)qn
2−1§@o·�k

max{|A+ A|, |AA|} & min

{
|A|2

qn
2−n+1

4

, qn
2/3|A|2/3

}
"

�qn
2−n+1

4 . |A| . qn
2− 3

8�n ≥ 2�§íØ1.1�(J'½n1.1�Ð"

XJ·��\[�/�	UþØ�ª§·��±?�ÚU?·��(J"

Äk§�n = 2Ún = 3�§·��±U?max{|A+B|, |BA|}�e."·�ke

�½n"

½n1.6. �3��~êC0¦�eã·K¤á"�A,B ⊆M2(Fq)÷v|A| ≥ C0q
3"

• eq 55
4 . |A|3|B| . q16§@o

max{|A+B|, |BA|} & q
4
3 |B|

2
3"

• e|A|2+
2
t0 |B| . q

9+ 19
2t0�|A|2+

1
t0 |B| & q

9+ 19
4t0§@o

max{|A+B|, |BA|} & max

{
|A||B|
q
3+ 1

2t0

, q
4

3t0 |A|
t0−1
3t0 |B|

2
3

}
§

Ù¥t0 ≥ 2´2��"

½n1.7. �3��~êC0¦�eã·K¤á"�A,B ⊆M3(Fq)÷v|A| ≥ C0q
8"

• eq33 . |A|3|B| . q36§@o

max{|A+B|, |BA|} & q3|B|
2
3"

• e|A|3|B| . q33�|A|10|B|4 & q111§@o

max{|A+B|, |BA|} & max

{
|A||B|
q8

, q
3
2 |A|

1
6 |B|

2
3

}
"

AO/§�A = B§@o·�Ò��e�íØ"

íØ1.2. �C0´½n1.6¥�~ê§A ⊆M2(Fq)÷v|A| ≥ C0q
3"

3
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• eq 55
16 . |A| . q4§@o

max{|A+ A|, |AA|} & q
4
3 |A|

2
3"

• eq
36t0+19
12t0+4 . |A| . q

18t0+19
6t0+4 §@o

max{|A+ A|, |AA|} & max

{
|A|2

q
3+ 1

2t0

, q
4

3t0 |A|1−
1

3t0

}
§

Ù¥t0 ≥ 2´2��"

�n = 2§q3 . |A| . q
47
14�§íØ1.2�Ñ�max{|A + A|, |AA|}�e.'í

Ø1.1�Ð"�n = 2§q3 . |A| . q
29
8�§íØ1.2�(J'½n1.1�Ð"

íØ1.3. �C0´½n1.7¥�~ê§A ⊆M3(Fq)÷v|A| ≥ C0q
8"

• eq 33
4 . |A| . q9§@o

max{|A+ A|, |AA|} & q3|A|
2
3"

• eq8 . |A| . q
33
4§@o

max{|A+ A|, |AA|} & max

{
|A|2

q8
, q

3
2 |A|

5
6

}
"

�n = 3§q8 . |A| . q
57
7�§íØ1.3�Ñ�max{|A + A|, |AA|}�e.'í

Ø1.1�Ð"�n = 3§q8 . |A| . q
69
8�§íØ1.3�(J'½n1.1�Ð"

�X§·�U?|A+BC|�e.§Ù¥A,B,C ⊆Mn(Fq)"

½n1.8. éuA,B,C ⊆Mn(Fq)§·�k

|A+BC| & max
t´2��

{
min

{
q

2n2

t |A|1−
2
t ,
|A||B||C|
q2n

2− (t−1)n+1
t

}}
"

• e|A||B||C| & q3n
2−n+1

2 §@o

|A+BC| & qn
2

"

4



XØ

• e|A|
2
t0 |B||C| . q

2n2+ 2n2

t0
− (t0−1)n+1

t0 �|A|
1
t0 |B||C| & q

2n2+n2

t0
− (2t0−1)n+1

2t0 §@o

|A+BC| & max

{
|A||B||C|

q
2n2− (t0−1)n+1

t0

, q
n2

t0 |A|1−
1
t0

}
§

Ù¥t0 ≥ 2´2��"

�|A| 12 |B||C| . q
5n2−n−1

2 �|B||C| & q2n
2−n�§½n1.8�Ñ�|A+BC|�e.'

½n1.4�Ð"�|A||B||C| . q3n
2−1�|B||C| & q2n

2−n�§½n1.8�(J'½n1.2�

Ð"

��§·�U?|A(B + C)|�e.§Ù¥A ⊆ GLn(Fq)§B,C ⊆Mn(Fq)"

½n1.9. éuA ⊆ GLn(Fq)§B,C ⊆Mn(Fq)·�k

|A(B + C)| & max
t´2��

{
min

{
q
n2

t |B|
1
2 |C|

1
2
− 1
t ,
|A||B||C|
q2n

2− (t−1)n+1
t

}}
"

• e|A||B| 12 |C| & q
5n2−n−1

2 §@o

|A(B + C)| & q
n2

2 |B|
1
2"

• e|A||B| 12 |C|
1
2
+ 1
t0 . q

2n2+n2

t0
− (t0−1)n+1

t0 �|A||B| 12 |C|
1
2
+ 1

2t0 & q
2n2+ n2

2t0
− (2t0−1)n+1

2t0 §

@o

|A(B + C)| & max

{
|A||B||C|

q
2n2− (t0−1)n+1

t0

, q
n2

2t0 |B|
1
2 |C|

1
2
− 1

2t0

}
§

Ù¥t0 ≥ 2´2��"

eéu,�tk|A||B| 12 |C| 12+ 1
t . q2n

2+n2

t
−1§@o½n1.9�(J'½n1.3�Ð"

~X§�|A| = |B| = |C| ∼ qn
2−1�t = 2§d�½n1.3��Ñ²��(J§½

n1.9�Ñ�²�e.|A(B + C)| & qn
2− 1

2£3n ≥ 10��ÿ¤"

'uMn(Fq)þ�\¦�O¯K§·��>�
2�©Ù"Ù¥§½n1.4§½n1.5§

±9íØ1.1®uL35Finite Fields and Their Applications6"

§ 1.2 p��¥æÈ�Ý�e.

¥æÈ£sphere packing¤¯K��´XÛ3�mRn¥�;�/æÈ�Ó��

�¥"ù�¯K8c®��(�(J�k1�§2�§3�§8�§±924�"
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-∆2(n)�îAp��mRn¥�Ó���¥���²£æÈ�Ý"3p���

¹§∆2(n)��Zþ.dKabatjanskĭıÚLevenštĕın[36]��µ∆2(n) ≤ 2(−0.599...+o(1))n"

CohnÚZhao[9]±9SardariÚZargar[70]?�ÚU?
~êÏf"e.�¡§∆2(n) ≥

2−n´²��"Rogers[60]òe.U?�n2−n"Ball[1]�E
�Ý�2(n−1)2−nζ(n)�

�¥æÈ"8c®��Z�e.dVenkatesh[80]�Ñ§�(65963 + o(1))n2−n"

·��Ä�¥�æÈ�Ý"�k ∈ N§p ≥ 1�¢ê"P‖ · ‖2�`2�ê"2

-k = (k1, k2, . . . , km+1)÷v0 = k1 < k2 < · · · < km+1 = n"·�^

Bn
p,k(x, r) =

y :

(
m∑
j=1

∥∥(xkj+1 − ykj+1, xkj+2 − ykj+2, . . . , xkj+1
− ykj+1

)∥∥p
2

) 1
p

≤ r


L«Rn¥�»�r!¥%�x��¥§Ù¥x = (x1, x2, . . . , xn)§y = (y1, y2, . . . , yn)"

XJ�¥�¥%��:0§@o·�{P�Bn
p,k(r) = Bn

p,k(0, r)"

b�^uæÈ��¥�NÈ�1§¿^rp,k,nL«NÈ�1��¥��»"·�

^∆p,k(n)L«NÈ�1��¥���²£æÈ�Ý§=

∆p,k(n) = lim sup
R→∞

sup
P

vol(P ∩Bn
p,k(R))

vol(Bn
p,k(R))

§

Ù¥vol(P ∩ Bn
p,k(R))´Bn

p,k(R)¥��NÈ�1!¥%3P��¥¤CX�NÈ§þ

(.�H¤k�:8P ⊆ Rn§��¥%3P��¥pØU"

AO/§�k = kn := (0, 1, 2, . . . , n)§d�§

Bn
p,kn(x, r) =

y ∈ Rn :

(
n∑
j=1

|xj − yj|p
)1/p

≤ r


´Rn¥�`p¥"-∆p(n) := ∆p,kn(n)�`p¥���æÈ�Ý"∆p(n)�þ.Äkdvan

der CorputÚSchaake[79]��µ�p ≥ 2�§∆p(n) ≤ 1+n/p

2n/p
¶�1 ≤ p ≤ 2�§∆p(n) ≤

1+(1−1/p)n
2n/p

"�p ≥ 1.494 . . .�§Sah�<[69]�
�ê.�U?"Minkowski-Hlawka½

n[30]�Ñ
e.∆p,k(n) ≥ ζ(n)2−n+1§Ù¥ζ(n)´iùζ¼ê"3p ≥ 3��¹

e§RushÚSloane[68]U?
`p¥�Minkowski-Hlawka.§X∆3(n) ≥ 2−0.8226...n+o(n)"

é'u�I²¡é¡�?¿àN§Rush[64]�E
�Ý�2−n+o(n)��æÈ"�5§

3p > 2��¹e§Elkies�<[17]é�¥�Minkowski-Hlawka.�
�ê.�U?"

¦��(J�·^u����àN"Rush[65–67]±9LiuÚXing[50]�}Á^Å�è

5�Ee."
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·�Ì�'51 < p ≤ 2��e."3ù«�¹e§Minkowski-Hlawka.E,v

k�ê.�U?"Rogers[61]��
Ω(
√
n/2n)�e."Schmidt[71]��
Ω(n/2n)�

e."�5§Rogers[62]±9Schmidt[72]©Oé~êÏf�
U?"8c�Z�(J

dSchmidt[73]��§Ù¥�~êÏf�log
√

2 ≈ 0.346"·�é`p¥�æÈ�Ý�e

.Ω(n/2n)�Ñ
ü�#�y²"

½n1.10. é?¿1 < p ≤ 2§�3~êcp ∈ (0, 2)¦�

∆p(n) ≥ (1 + on(1))
log(2/cp) · n

2n
"

¯¢þ§·��(Øéþã½Â��¥�æÈ�Ý∆p,k(n)þ¤á"

½n1.11. é?¿p ∈ (1, 2]§�3~êcp ∈ (0, 2)¦�eã·K¤á"é?¿k =

(k1, k2, . . . , km+1)÷vkj ∈ N ∪ {0}�0 = k1 < k2 < · · · < km+1 = n§·�k

∆p,k(n) ≥ (1 + on(1))
log(2/cp) · n

2n
"

�k�ØÓ���ÿ§^uæÈ�àN�ØÓ§�´·��e.�kÃ'"¤

±ù�(Ø�¿g´§���½1 < p ≤ 2§24n��'��§@oéu?¿

�k = (k1, k2, . . . , km+1)§��kj ∈ N ∪ {0}�0 = k1 < k2 < · · · < km+1 =

n§Bn
p,k(0, rp,k,n)�²£æÈ�Ýo´ì?�u log(2/cp)n

2n
"

ép > 2��¹§·���{��±�Ñe.Ωp(n/2
n)"

·�ò^ü«�{y²½n1.11"·��1��y²�{��f5�¥�.

£hard superball model¤"ù��{dÚOÔnuÐ5"Jenssen�<^T�{y

²
�>ê�e.[33]ÚîAp�¥N�æÈ�Ý�e.[34]"3¦��©Ù¥§T

�{�©O¡�f5¥X�.£hard cap model¤Úf5¥¡�.£hard sphere

model¤"·��1��y²^�ã�Õáê"·��¬^���à5�Vg5�Ñ

�î¥N¤�5�(J"

·��ïÄ
¥æÈ���ÝÚØå§ù
�Iïþ
¥æÈ�´L§Ý"

Tó�®Ýv"

§ 1.3 p�`p¥��>ê�e.

PSn−1�Rn¥�ü ¥¡"�>ê£kissing number¤�¯K´��õUkõ
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��pØU�²£Sn−1 + xÓ��Sn−1��"ù�¯K8c®��(�(J�

k1�§2�§3�§4�§8�§±924�"

^K2(n)L«Sn−1����>ê"3p��§K2(n)��Zþ.dKabatjanskĭı

ÚLevenštĕın[36]��µK2(n) ≤ 20.401n(1+o(1))"|^¥¡CX��{§Shannon[75]Ú

Wyner[84]��
e.K2(n) ≥ c
√
n(2/
√

3)n"�C§Jenssen�<[33]òe.U?

�Ω
(
n3/2(2/

√
3)n
)
"Fernández�<[22]q?�ÚU?
~êÏf"

·��Ä`p¥����>ê"éup ≥ 1§PSn−1p (R)�Rn¥�»�R!¥%

�0�`p¥§=S
n−1
p (R) := {x ∈ Rn : ‖x‖p = R}§Ù¥`p�ê‖ · ‖p½Â�‖x‖p =

(
∑n

i=1 |xi|p)
1/p
§x = (x1, x2, . . . , xn)"·�{PSn−1p = Sn−1p (1)"-Kp(n)�Sn−1p ��

��>ê"Minkowski-Hadwiger½n[26]�Ñ
þ.Kp(n) ≤ 3n−1"3p ≥ 2�§Sah

�<[69]éù�.�
U?"�p31�2�m�§®��þ.é�"

3e.�¡§LarmanÚZong[46]y²
Kp(n) ≥ (9/8)n(1+o(1)) = 20.1699n(1+o(1))"

Xu[85]U?
¦��(J§~XK3(n) ≥ 20.4564n(1+o(1))"·��ó�?�ÚU?


Xu�(J"Ï�·��(JvkwªL�ª§¤±·�3ùp�Ñ�
ê�(

Jµ

K1(n) ≥ 20.1247n(1+o(1)) + 20.1825n(1+o(1)) + 20.1554n(1+o(1)) + · · ·¶

K2(n) ≥ 20.2059n(1+o(1)) + 20.1381n(1+o(1)) + 20.0584n(1+o(1)) + · · ·¶

K3(n) ≥ cn20.4564n(1+o(1)) + 20.1562n(1+o(1)) + 20.0425n(1+o(1)) + · · ·"

·���{5u?ènØ"���>êKp(n)���ål�1�`p¥¡è��

�Äê��"·�lSn−1p þÀ���lÑ�8ÜX"|^?ènØ¥�g�§·

��±é�X���'���f8§Ù¥�:üü�målØ�u1"ùÒ�Ñ


Kp(n)���e."

§ 1.4 k��þ��qã/

lÑAÛ¥�Nõ¯KÑ¯��8Ü���Äê§¦�ù�8Ü¥7½¬k

,«�½�(�"Falconerß�B´Ù¥��"Falconerß���´XJRd���

f8E�Hausdorff�êî��ud/2§@oE¥?¿ü:�m�ål�¤�8Üäk

�LebesgueÿÝ"8c®��Z�(J�±ë�©z[14, 15, 24]"
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�Fq�q�����"3k��¥§Iosevich�<[31]�	
ål8�û8

∆(E)

∆(E)
:=
{a
b

: a ∈ ∆(E), b ∈ ∆(E) \ {0}
}
§

Ù¥∆(E) := {a21 + a22 + · · ·+ a2d : (a1, a2, . . . , ad) ∈ E}§¿��Xe½n"

½n1.12 ([31]). �E ⊆ Fdq§�d´�u�u2�óê"e|E| ≥ 9qd/2§K

∆(E)

∆(E)
= Fq"

½n1.13 ([31]). �E ⊆ Fdq§�d´�u�u3�Ûê"e|E| ≥ 6qd/2§K

∆(E)

∆(E)
⊇ F+

q ∪ {0}§

Ù¥F+
qL«Fq¥��"�g�{�8Ü"

½n1.12�(Ø¿�Xé?¿r ∈ F∗q§�3x,y,x′,y′ ∈ E§¦�‖y′ − y‖ =

r‖x′ − x‖ 6= 0"�é{`§K|E|�¹�é�Ý'�r�>"(�/`§·��Ñ±e

½Â"

½Â1.1. �G = (V,E)´��ã§V = {1, 2, . . . , n}§E ⊆
(
V
2

)
"éuFdq���f

8E§·�¡E�¹�é�q'�r�ãG§XJ�3ØÓ�x1,x2, . . . ,xn ∈ EÚØÓ

�y1,y2, . . . ,yn ∈ E§¦�é?¿{i, j} ∈ E§Ñk‖yi − yj‖ = r‖xi − xj‖ 6= 0"

�C§Rakhmonov[59]�éA½�ãG§�	
E���Äê^�"PF∗q�Fq¥

��"���¤�8Ü"Rakhmonov��
e�(Ø"

½n1.14 ([59]). er ∈ F∗p§p´���ê�p ≡ 3 (mod 4)§E ⊆ F2
p�|E| > (

√
3+1)p§

KE�¹�é�q'�r�2�´»"

½n1.15 ([59]). er ∈ F∗p§p´���ê�p ≡ 3 (mod 4)§E ⊆ F2
p�|E| > 4

√
3p3/2§

KE�¹�é�q'�r�4�"

·�'5k(£k-star¤Ú4�´»£4-path¤ùüa�¹"·��Ì�(J´±

e½n"

½n1.16. �q´��Û�ê��§E ⊆ Fdq§�k ≥ 2��ê"

9



• eq ≥ 5§d ≥ 2�óê§r ∈ F∗q§�E�Äê��´
(
31 + 10

(
k
2

))
qd/2§KE�¹�

é�q'�r�k("

• ed ≥ 3�Ûê§r ∈ F+
q§�E�Äê��´

(
4 +
√

3
(
k
2

))
qd/2§KE�¹�é�q

'�r�k("

½n1.17. �q´��Û�ê��§�E ⊆ Fdq"

• eq ≥ 5§d�2½4§r ∈ F∗q§�E�Äê��´36q(2d+1)/3§KE�¹�é�q'

�r�4�´»"

• ed = 3§r ∈ F+
q§�E�Äê��´9q(2d+1)/3§KE�¹�é�q'�r�4�´

»"

• ed = 5§r ∈ F+
q§�E�Äê��´12q3§KE�¹�é�q'�r�4�´»"

• eq ≥ 5§d ≥ 6�óê§r ∈ F∗q§�E�Äê��´313qd/2§KE�¹�é�q'

�r�4�´»"

• ed ≥ 7�Ûê§r ∈ F+
q§�E�Äê��´313qd/2§KE�¹�é�q'�r�4�

´»"

Tó�®Ýv"



1 2 Ù Mn(Fq)þ�\¦�O¯K

§ 2.1 {0

-Fq�q�����§Mn(Fq)�Fqþ¤kn× nÝ
�¤��§Zn(Fq) �Fqþ¤

kn × n�Ø�_Ý
�¤�8Ü§GLn(Fq)�Fqþ¤kn × n��_Ý
�¤�8

Ü"éuCþXÚY§XJ�3��~êC(n)£�U�nk'§��qÃ'¤¦�X ≤

C(n)Y§@o·�ÒP�X . Y"XJX . Y�Y . X§@o·�P�X ∼ Y"é

uA,B ⊆ Mn(Fq)§·�½ÂA + B = {a + b : a ∈ A, b ∈ B}§AB = {ab : a ∈

A, b ∈ B}§−A = {−a : a ∈ A}"eA ⊆ GLn(Fq)§KPA−1 = {a−1 : a ∈ A}"2

-In�n× n�ü Ý
"

3�R¥§�A ⊆ R´��k�8"XJA´����ê�§@o��5`|A+

A| ∼ |A|�|AA| ∼ |A|2"XJA´���'ê�§@o��5`|AA| ∼ |A|�|A +

A| ∼ |A|2"5¿�|A+A|Ú|AA|¥ok���¬'��£�éu|A|¤"\¦�O�¯

K´�3�½^�e�Omax{|A+A|, |AA|}�e."3[19]¥§ErdősÚSzemerédiy

²
�3��~êε§¦�éu?¿k��A ⊆ Z§Ñk

max{|A+ A|, |AA|} & |A|1+ε"

Ó�¦�ß�ù�.éu?¿ε < 1Ú?¿¿©��AÑ¤á"

�A ⊆ R�§ù�¯Kþ®��Z�(JdRudnevÚStevens[63]�Ñ"¦��

(J´

max{|A+ A|, |AA|} & |A|
4
3
+ 2

1167
−o(1)"

3k��¥§�A ⊆ Fq�éuq'����ÿ§(J�þã�¹k¤ØÓ"AO

/§�A = Fq�§|A+ A| = |AA| = |A| = q"¤±·�Ï~ïÄüa¯Kµ|A|�é

uq'����Omax{|A + A|, |AA|}�e.§±9|A|I�õ�âU�ymax{|A +

11
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A|, |AA|}�éuq'��"Bourgain§KatzÚTao[4]y²
�p´�ê§¿��½A ⊆

Fp÷vpδ < |A| < p1−δ�§@o·�k

max{|A+ A|, |AA|} ≥ Cδ|A|1+ε§

Ù¥ε = ε(δ)´,���δk'�~ê"

�C§MohammadiÚStevens[52]y²
�q = pr¿�A ⊆ Fq÷v|A| . p1/2�§

kmax{|A+ A|, |AA|} & |A|5/4"

3Ý
�¥§Karabulut�<[37]y²
e¡�(J"

½n2.1 ([37]). XJA ⊆M2(Fq)¿�|A| ≥ Cq3§Ù¥C´,�~ê§@o·�k

max{|A+ A|, |AA|} & min

{
|A|2

q7/2
, q2|A|1/2

}
"

¦����
�
Ù¦�(J"¦��ó��TheÚVinh[78]í2"

½n2.2 ([78]). é?¿��ên§�3~êC(n)¦�eã·K¤á"eA ⊆Mn(Fq)÷

v|A| ≥ C(n)qn
2−1§@o·�k

max{|A+ A|, |AA|} & min

{
|A|2

qn2−1/2 , q
n2/2|A|1/2

}
"

½n2.3 ([78]). éuA,B,C ⊆Mn(Fq)§·�k

|A+BC| & min

{
qn

2

,
|A||B||C|
q2n2−1

}
"

½n2.4 ([78]). éuA ⊆ GLn(Fq)ÚB,C ⊆Mn(Fq)§·�k

|A(B + C)| & min

{
qn

2

,
|A||B||C|
q2n2−1

}
"

½n2.1−2.4�y²^�
ãØÚ�5�ê��£"Äkò¯K=z��
U

þ�§§¿òÙi\��Üã¥"¦^�5�ê��£�±�ÑT�Üã��
5

�§~Xú��:"�ª��(J"©z[51, 54, 56]¥�k�'(J"

2.1.1 ÐÚ�U?

ÏL�	ØÓ�Uþ�§§·��Ñ
\¦�O��
#(J"ù
(JU?


½n2.1−2.3§Ó��í2
©z[51]¥�(J"

12
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½n2.5. éuA,B,C ⊆Mn(Fq)§·�k

|A+BC| & min

{
qn

2

,
|A||B||C|
q2n

2−n+1
2

}
"

AO/§e|A||B||C| & q3n
2−n+1

2 §@o|A+BC| & qn
2
"

½n2.6. éu?¿��ên§�3C(n)¦�eã·K¤á"eA,B ⊆ Mn(Fq)÷

v|A| ≥ C(n)qn
2−1§@o·�k

max{|A+B|, |AB|} & min

{
|A||B|
qn

2−n+1
4

, qn
2/3|B|2/3

}
§

±9

max{|A+B|, |BA|} & min

{
|A||B|
qn

2−n+1
4

, qn
2/3|B|2/3

}
"

3½n2.6¥§e�A = B§@o·�Ò��±eíØ"

íØ2.1. éu?¿��ên§�3C(n)¦�eã·K¤á"eA ⊆Mn(Fq)÷v|A| ≥

C(n)qn
2−1§@o·�k

max{|A+ A|, |AA|} & min

{
|A|2

qn
2−n+1

4

, qn
2/3|A|2/3

}
"

5P2.1. �C§HaÚNgo[25]ò½n2.5ÚíØ2.1í2�
k�ó�þ"

Äk§·�'�½n2.5Ú½n2.3"�n = 1�§§�´���"�n ≥ 2�§5

¿�|A| ≤ |A + BC| ≤ qn
2
§¤±e|A||B||C| . q3n

2−1�|B|· |C| & q2n
2−n+1

2 §½

n2.5�(J'½n2.3�Ð"

Ùg§·�'�íØ2.1Ú½n2.2"�n = 1�§½n2.2�(J�Ð"�n ≥ 2�§

5¿� |A|2

qn
2−n+1

4
≥ |A|2

qn
2−1/2
�qn

2/3|A|2/3 ≤ qn
2/2|A|1/2§¤±eqn2/3|A|2/3 & |A|2

qn
2−1/2
§

=|A| . qn
2− 3

8§íØ2.1�(J'½n2.2�Ð",��¡§e|A| . qn
2−n+1

4 §@o

íØ2.1�U�Ñ²��(Jmax{|A + A|, |AA|} & |A|"¤±�qn2−n+1
4 . |A| .

qn
2− 3

8�n ≥ 2�§íØ2.1�(J'½n2.2�Ð"

2.1.2 ?�Ú�U?

XJ·��\[�/�	UþØ�ª§·��±?�ÚU?½n2.4-2.6"
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2.1.2.1 ½n2.6�U?

Äk§�n = 2Ún = 3�§·��±U?max{|A+B|, |BA|}�e."·�ke

�½n"

½n2.7. �3��~êC0¦�eã·K¤á"�A,B ⊆M2(Fq)÷v|A| ≥ C0q
3"

• eq 55
4 . |A|3|B| . q16§@o

max{|A+B|, |BA|} & q
4
3 |B|

2
3"

• e|A|2+
2
t0 |B| . q

9+ 19
2t0�|A|2+

1
t0 |B| & q

9+ 19
4t0§@o

max{|A+B|, |BA|} & max

{
|A||B|
q
3+ 1

2t0

, q
4

3t0 |A|
t0−1
3t0 |B|

2
3

}
§

Ù¥t0 ≥ 2´2��"

½n2.8. �3��~êC0¦�eã·K¤á"�A,B ⊆M3(Fq)÷v|A| ≥ C0q
8"

• eq33 . |A|3|B| . q36§@o

max{|A+B|, |BA|} & q3|B|
2
3"

• e|A|3|B| . q33�|A|10|B|4 & q111§@o

max{|A+B|, |BA|} & max

{
|A||B|
q8

, q
3
2 |A|

1
6 |B|

2
3

}
"

5P2.2. XJ·�ò½n2.7Ú½n2.8¥�max{|A + B|, |BA|}O��max{|A +

B|, |AB|}§�U���Ó�(J£�½n2.15¤"

·�3½n2.7Ú½n2.8¥¦^
Ó��~êC0§Ï�·��±ò§��¤�

�§¿�·�¿Ø'%ù�~ê���"

3½n2.7Ú½n2.8¥§e�A = B§@o·�Ò��e�íØ"

íØ2.2. �C0´½n2.7¥�~ê§A ⊆M2(Fq)÷v|A| ≥ C0q
3"

• eq 55
16 . |A| . q4§@o

max{|A+ A|, |AA|} & q
4
3 |A|

2
3"

14
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• eq
36t0+19
12t0+4 . |A| . q

18t0+19
6t0+4 §@o

max{|A+ A|, |AA|} & max

{
|A|2

q
3+ 1

2t0

, q
4

3t0 |A|1−
1

3t0

}
§

Ù¥t0 ≥ 2´2��"

�n = 2§q3 . |A| . q
47
14�§íØ2.2�Ñ�max{|A + A|, |AA|}�e.'í

Ø2.1�Ð"�n = 2§q3 . |A| . q
29
8�§íØ2.2�(J'½n2.2�Ð"

íØ2.3. �C0´½n2.8¥�~ê§A ⊆M3(Fq)÷v|A| ≥ C0q
8"

• eq 33
4 . |A| . q9§@o

max{|A+ A|, |AA|} & q3|A|
2
3"

• eq8 . |A| . q
33
4§@o

max{|A+ A|, |AA|} & max

{
|A|2

q8
, q

3
2 |A|

5
6

}
"

�n = 3§q8 . |A| . q
57
7�§íØ2.3�Ñ�max{|A + A|, |AA|}�e.'í

Ø2.1�Ð"�n = 3§q8 . |A| . q
69
8�§íØ2.3�(J'½n2.2�Ð"

2.1.2.2 ½n2.5�U?

�X§·�U?|A+BC|�e.§Ù¥A,B,C ⊆Mn(Fq)"

½n2.9. éuA,B,C ⊆Mn(Fq)§·�k

|A+BC| & max
t´2��

{
min

{
q

2n2

t |A|1−
2
t ,
|A||B||C|
q2n

2− (t−1)n+1
t

}}
"

• e|A||B||C| & q3n
2−n+1

2 §@o

|A+BC| & qn
2

"

• e|A|
2
t0 |B||C| . q

2n2+ 2n2

t0
− (t0−1)n+1

t0 �|A|
1
t0 |B||C| & q

2n2+n2

t0
− (2t0−1)n+1

2t0 §@o

|A+BC| & max

{
|A||B||C|

q
2n2− (t0−1)n+1

t0

, q
n2

t0 |A|1−
1
t0

}
§

Ù¥t0 ≥ 2´2��"

15
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�|A| 12 |B||C| . q
5n2−n−1

2 �|B||C| & q2n
2−n�§½n2.9�Ñ�|A+BC|�e.'

½n2.5�Ð"�|A||B||C| . q3n
2−1�|B||C| & q2n

2−n�§½n2.9�(J'½n2.3�

Ð"

2.1.2.3 ½n2.4�U?

��§·�U?|A(B + C)|�e.§Ù¥A ⊆ GLn(Fq)§B,C ⊆Mn(Fq)"

½n2.10. éuA ⊆ GLn(Fq)§B,C ⊆Mn(Fq)§·�k

|A(B + C)| & max
t´2��

{
min

{
q
n2

t |B|
1
2 |C|

1
2
− 1
t ,
|A||B||C|
q2n

2− (t−1)n+1
t

}}
"

• e|A||B| 12 |C| & q
5n2−n−1

2 §@o

|A(B + C)| & q
n2

2 |B|
1
2"

• e|A||B| 12 |C|
1
2
+ 1
t0 . q

2n2+n2

t0
− (t0−1)n+1

t0 �|A||B| 12 |C|
1
2
+ 1

2t0 & q
2n2+ n2

2t0
− (2t0−1)n+1

2t0 §

@o

|A(B + C)| & max

{
|A||B||C|

q
2n2− (t0−1)n+1

t0

, q
n2

2t0 |B|
1
2 |C|

1
2
− 1

2t0

}
§

Ù¥t0 ≥ 2´2��"

5P2.3. 3½n2.10¥§·��±�	b�|B| & |C|§ÄK�{�±��|B|Ú|C|5

�����Ð�."

eéu,�tk|A||B| 12 |C| 12+ 1
t . q2n

2+n2

t
−1§@o½n2.10�(J'½n2.4�

Ð"~X§�|A| = |B| = |C| ∼ qn
2−1�t = 2§d�½n2.4��Ñ²��(J§½

n2.10�Ñ�²�e.|A(B + C)| & qn
2− 1

2£3n ≥ 10��ÿ¤"

2.1.3 �Ù�(�

3§ 2.2¥§·�0�ü���Ún"

3§ 2.3¥§ÏLãØÚ�5�ê�{§·��Ñ����Ø�ª§=·K2.1"

TØ�ª��¡'X��§�)��ê§,��¡q�\¦�Ok'"

3§ 2.4¥§|^·K2.1§·�òy²½n2.5Ú½n2.6"

16
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3§ 2.5¥§é·K2.1Ú½n2.5�y²��½�UÄ§·��Ñ½n2.4���

#�y²"

3§ 2.6¥§ÏL��48L§§·�ò�Ñ��#�UþØ�ª§ly²½

n2.7Ú½n2.8"

3§ 2.7Ú§ 2.8¥§·�ò©Oy²½n2.9Ú½n2.10"

§ 2.2 O�ó�

-G = (U ∪ V,E)´���Ü�Kã£biregular graph¤"Pdeg(U)�U¥�º

:�Ý"-AG�G���Ý
§¿�|λ1| ≥ |λ2| ≥ |λ3| · · · ≥ |λn|�AG�A��"5

¿�3���Üã¥§·�kλ1 = −λ2"·�¡λ3�G�1nA��"·�ke�

Ún"

Ún2.1 ([21]). �G´���Ü�Kã§UÚV´G�º:y©"@o§éuz�

éX ⊆ UÚY ⊆ V§ePe(X, Y )�XÚY�m�>ê§·�k∣∣∣∣e(X, Y )− deg(U)

|V |
|X||Y |

∣∣∣∣ ≤ |λ3|√|X||Y |§
Ù¥λ3´G�1nA��"

Ún2.2 ([57]). -G´���Ü�Kã§UÚV´G�º:y©§|U | = m§|V | = n"

·�òG¥�º:l1�|U |+ |V |IÒ"2�G���Ý
AGkXe/ª

AG =

 0 N

NT 0

§
Ù¥N´|U | × |V |�Ý
§¿�Nij = 1��=�iÚj�mk�^>"-

v3 = (u1, . . . , um, v1, . . . , vn)T

�AG�áuA��λ3���A��þ"@o§·�k

(i) (u1, . . . , um)T´NNT���A��þ§¿�

(ii) J(u1, . . . , um)T = 0§Ù¥J´m×m��1Ý
"
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§ 2.3 Ì�Ún

�½��êt£3�Ù¥§·�o´b�t´2��¤Ú8ÜA1, A2, . . . , A2t+2 ⊆

Mn(Fq)§PN(A1, A2, . . . , A2t+2)�Xe�§�)��ê

a1a2 + a3a4 + · · ·+ a2t−1a2t = a2t+1 + a2t+2§ai ∈ Ai, 1 ≤ i ≤ 2t+ 2" (2.1)

·�ke�·K"

·K2.1. éu?¿��ên§�3C(n)¦�eã·K¤á"éz����êtÚ8

ÜA1, A2, . . . , A2t, A2t+1, A2t+2 ⊆Mn(Fq)§·�k

N(A1, A2, . . . , A2t+2) ≤ C(n)

∏2t+2
i=1 |Ai|
qn2 + qtn

2− (t−1)n+1
2

√√√√2t+2∏
i=1

|Ai|

"
y². ·��E���ÜãG = (U ∪V,E)§Ù¥U = V = (Mn(Fq))t+1"(a1, a3, . . . ,

a2t−1, a2t+1) ∈ UÚ(a2, a4, . . . , a2t, a2t+2) ∈ V�mk�^>��=�

a1a2 + a3a4 + · · ·+ a2t−1a2t = a2t+1 + a2t+2"

w,

|U | = |V | = (|Mn(Fq)|)t+1 = q(t+1)n2

"

�½(a1, a3, . . . , a2t−1, a2t+1) ∈ UÚ(a2, a4, . . . , a2t) ∈ (Mn(Fq))t§

a2t+2 = a1a2 + a3a4 + · · ·+ a2t−1a2t − a2t+1

´��(½�"¤±(a1, a3, . . . , a2t−1, a2t+1) ∈ U3G¥��:�ê� deg(U) = qtn
2
§

�
deg(U)

|V |
=

1

qn2"

aq/§(a2, a4, . . . , a2t, a2t+2) ∈ V3G¥��:�ê�´qtn
2
"

éU¥?¿ü�ØÓ�:(a1, a3, . . . , a2t−1, a2t+1)Ú(a′1, a
′
3, . . . , a

′
2t−1, a

′
2t+1)§·

�O�§�ú��:�ê§=e��§�)(a2, a4, . . . , a2t, a2t+2) ��ê a1a2 + a3a4 + · · ·+ a2t−1a2t = a2t+1 + a2t+2§

a′1a2 + a′3a4 + · · ·+ a′2t−1a2t = a′2t+1 + a2t+2"
(2.2)

18
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·�k

(a1 − a′1)a2 + (a3 − a′3)a4 + · · ·+ (a2t−1 − a′2t−1)a2t = a2t+1 − a′2t+1§ (2.3)

�d/§

(
a1 − a′1 a3 − a′3 · · · a2t−1 − a′2t−1

)


a2

a4
...

a2t

 = a2t+1 − a′2t+1" (2.4)

�§(2.4)�)


a2

a4
...

a2t

��§|(2.2)�)

(a2, a4, . . . , a2t, a1a2 + a3a4 + · · ·+ a2t−1a2t − a2t+1)

��éA"¤±·��I(½�§(2.4)�)��ê"

�5�ê¥keã½n"

½n2.11. �A�m×n�Ý
"�§AX = 0¤k�)�¤���ê�n−rank(A)�

�5�m"

½n2.12. �A�m× n�Ý
§b�m× 1�Ý
"�§AX = bk)��=�

rank(A) = rank
(
A b

)
"

��AX = bk��)X0§@o¤k�)Ñ�±�¤X = X0 +X1�/ª§Ù¥X1�

�§AX = 0�?¿)"

d½n2.11Ú½n2.12���§(2.4)k)��=�

rank
(
a1 − a′1 a3 − a′3 · · · a2t−1 − a′2t−1

)
=rank

(
a1 − a′1 a3 − a′3 · · · a2t−1 − a′2t−1 a2t+1 − a′2t+1

)
§

(2.5)

19



\{|Ü�lÑAÛ¥eZ¯K�ïÄ

¿�e�§(2.4)k)§K)


a2

a4
...

a2t

��ê�uq
(tn−k)n§Ù¥k´Ý


(
a1 − a′1 a3 − a′3 · · · a2t−1 − a′2t−1

)

��§Ï�


a2

a4
...

a2t

�z��Ñkq
tn−k«ÀJ"

ek = rank
(
a1 − a′1 a3 − a′3 · · · a2t−1 − a′2t−1

)
= 0§@oa2t+1 − a′2t+17

L�u0âU�y

rank
(
a1 − a′1 a3 − a′3 · · · a2t−1 − a′2t−1

)
=rank

(
a1 − a′1 a3 − a′3 · · · a2t−1 − a′2t−1 a2t+1 − a′2t+1

)
"

(2.6)

d�é¤k�i = 1, 3, . . . , 2t−1, 2t+1Ñkai = a′i"ù�(a1, a3, . . . , a2t−1, a2t+1)Ú(a′1,

a′3, . . . , a
′
2t−1, a

′
2t+1)ØÓgñ"¤±�

k = rank
(
a1 − a′1 a3 − a′3 · · · a2t−1 − a′2t−1

)
= 0

��§(2.4)Ã)"

éu1 ≤ k ≤ n§PEk�ãGk���Ý
§Ù¥Gk�º:8�(Mn(Fq))t+1§Gk�

ü�º:(a1, a3, . . . , a2t−1, a2t+1)Ú(a′1, a
′
3, . . . , a

′
2t−1, a

′
2t+1)�mk�^>��=�

k =rank
(
a1 − a′1 a3 − a′3 · · · a2t−1 − a′2t−1

)
=rank

(
a1 − a′1 a3 − a′3 · · · a2t−1 − a′2t−1 a2t+1 − a′2t+1

)
"

(2.7)

e(0, 0, . . . , 0, 0)�(a1, a3, . . . , a2t−1, a2t+1)��§K(a′1, a
′
3, . . . , a

′
2t−1, a

′
2t+1)�(a1+a′1,

a3 + a′3, . . . , a2t−1 + a′2t−1, a2t+1 + a′2t+1)��§��½,"¤±Gk´�K�"·�O

�(0, 0, . . . , 0, 0)�Ýê§=äk±e5��(a1, a3, . . . , a2t−1, a2t+1)�ê8§

rank
(
a1 a3 · · · a2t−1

)
= rank

(
a1 a3 · · · a2t−1 a2t+1

)
= k"
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·�ÄkÀJ
(
a1 a3 · · · a2t−1

)
§¦�rank

(
a1 a3 · · · a2t−1

)
= k"·�

k±e½n"

½n2.13 ([45]). Fqþ��k�m×nÝ
�ê8�Qk(q
m)Qk(q

n)
Qk(qk)

§Ù¥Qk(q
m) = (qm−

1)(qm − q) · · · (qm − qk−1)"

Ï�
(
a1 a3 · · · a2t−1

)
´n× tn�Ý
§d½n2.13��(
a1 a3 · · · a2t−1

)
�kQk(q

tn)Qk(q
n)

Qk(qk)
«ÀJ"�e5·�Àa2t+1§Ï�

rank
(
a1 a3 · · · a2t−1

)
= rank

(
a1 a3 · · · a2t−1 a2t+1

)
= k§

¤±a2t+1�z��Ñ3Ý

(
a1 a3 · · · a2t−1

)
���m¥§la2t+1�z��

Ñkqk«ÀJ"nþ§·���÷v

rank
(
a1 a3 · · · a2t−1

)
= rank

(
a1 a3 · · · a2t−1 a2t+1

)
= k

�(a1, a3, . . . , a2t−1, a2t+1)��ê�

Qk(q
tn)Qk(q

n)

Qk(qk)
qnk ∼ qtnk+2nk−k2"

éu0 ≤ k ≤ n−1§PFk�ãHk���Ý
§Ù¥Hk�º:8�(Mn(Fq))t+1§

Hk�ü�º:(a1, a3, . . . , a2t−1, a2t+1)Ú(a′1, a
′
3, . . . , a

′
2t−1, a

′
2t+1)�mk�^>��

=�

k =rank
(
a1 − a′1 a3 − a′3 · · · a2t−1 − a′2t−1

)
<rank

(
a1 − a′1 a3 − a′3 · · · a2t−1 − a′2t−1 a2t+1 − a′2t+1

)
"

(2.8)

e(0, 0, . . . , 0, 0)�(a1, a3, . . . , a2t−1, a2t+1)��§K(a′1, a
′
3, . . . , a

′
2t−1, a

′
2t+1)�(a1+a′1,

a3 + a′3, . . . , a2t−1 + a′2t−1, a2t+1 + a′2t+1)��§��½,"¤±Hk´�K�"·�O

�(0, 0, . . . , 0, 0)�Ýê§=äk±e5��(a1, a3, . . . , a2t−1, a2t+1)�ê8§

rank
(
a1 a3 · · · a2t−1

)
= k < rank

(
a1 a3 · · · a2t−1 a2t+1

)
"
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·�ÄkÀJ
(
a1 a3 · · · a2t−1

)
§¦�rank

(
a1 a3 · · · a2t−1

)
= k"�â

c¡�O�§
(
a1 a3 · · · a2t−1

)
�kQk(q

tn)Qk(q
n)

Qk(qk)
«ÀJ"�e5·�Àa2t+1"Ï

�÷v

rank
(
a1 a3 · · · a2t−1

)
= k = rank

(
a1 a3 · · · a2t−1 a2t+1

)
�a2t+1�ê8�q

nk§¤±÷v

rank
(
a1 a3 · · · a2t−1

)
= k < rank

(
a1 a3 · · · a2t−1 a2t+1

)
�a2t+1�ê8�q

n2 − qnk"Ïd÷v

rank
(
a1 a3 · · · a2t−1

)
= k < rank

(
a1 a3 · · · a2t−1 a2t+1

)
�(a1, a3, . . . , a2t−1, a2t+1)�ê8´

Qk(q
tn)Qk(q

n)

Qk(qk)
(qn

2 − qnk) ∼ qn
2+tnk+nk−k2"

-N�|U | × |V |�Ý
§Ù¥Nij = 1eiÚj�mk�^>§ÄKNij = 0"¤

±(NNT )i1i2Ò´i1Úi2�ú��:ê§Ù¥i1Úi2´U¥ØÓ�:§¿�(NNT )ii´i

�Ýê"·�UXe�ª5�ENNT"Äk§-J´|U |×|U |��1Ý
"¦q(t−1)n
2
�

�·�����þ�q(t−1)n
2
�|U | × |U |�Ý
"�X§\þ(deg(U)− q(t−1)n2

)I§ù

��{§é��þ���C�deg(U)",�§\þ
∑n

k=1(q
tn2−nk − q(t−1)n2

)Ek§ù�

�{§(i1, i2) �þ���C�i1Úi2�ú��:ê£e§�kú��:¤"��§~

�
∑n−1

k=0 q
(t−1)n2

Fk§ù��{§(i1, i2) �þ���C�0£e§�vkú��:¤"

ÄuþãO�§·�k

NNT

=q(t−1)n
2

J +
(

deg(U)− q(t−1)n2
)
I +

n∑
k=1

(
qtn

2−nk − q(t−1)n2
)
Ek −

n−1∑
k=0

q(t−1)n
2

Fk

=q(t−1)n
2

J +
(

deg(U)− q(t−1)n2
)
I +

n−1∑
k=1

(
qtn

2−nk − q(t−1)n2
)
Ek −

n−1∑
k=0

q(t−1)n
2

Fk§

(2.9)

Ù¥I´ü Ý
"
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P

Etotal1 =
n−1∑
k=1

(
qtn

2−nk − q(t−1)n2
)
Ek −

n−1∑
k=0

q(t−1)n
2

Fk"

�v3 = (u1, . . . , u|U |, v1, . . . , v|V |)
T�AG�áuA��λ3���A��þ"dÚn2.2

��(u1, . . . , u|U |)
T´NNT�áuA��λ23���A��þ"d�§(2.9)�(

λ23 − deg(U) + q(t−1)n
2
)

(u1, . . . , u|U |)
T = Etotal1(u1, . . . , u|U |)

T" (2.10)

Ïd§(u1, . . . , u|U |)
T´Etotal1�áuA��λ

2
3 − deg(U) + q(t−1)n

2
���A��þ"

Ï�Gk´�K�§§���Ý
���A���uº:�Ý§=∼ qtnk+2nk−k2"

¤±§éuEk�?¿A��λ§Ñk|λ| . qtnk+2nk−k2"aq/§Ï�Hk´�K�§é

uFk�?¿A��λ§Ñk|λ| . qn
2+tnk+nk−k2"¤±eλ´Etotal1���A��§@

o

|λ| .
n−1∑
k=1

(
qtn

2−nk − q(t−1)n2
)
q2nk+tnk−k

2

+
n−1∑
k=0

q(t−1)n
2

qn
2+nk+tnk−k2

≤
n−1∑
k=1

qtn
2−nkq2nk+tnk−k

2

+
n−1∑
k=0

q(t−1)n
2

qn
2+nk+tnk−k2

.
n−1∑
k=0

qtn
2+(t+1)nk−k2"

(2.11)

5¿�¼êf(k) = tn2 + (t+ 1)nk− k23k ≤ (t+ 1)n/2�4O§¤±§���

�3k = n− 1���§d�tn2 + (t+ 1)nk− k2 ≤ tn2 + (t+ 1)n(n− 1)− (n− 1)2 =

2tn2 − (t− 1)n− 1"¤±Etotal1�A��λ
2
3 − deg(U) + q(t−1)n

2
÷v

|λ23 − deg(U) + q(t−1)n
2| . q2tn

2−(t−1)n−1"

Ï�deg(U) = qtn
2
§¤±k

|λ3| . qtn
2− (t−1)n+1

2 "

y3eA1, A2, . . . , A2t, A2t+1, A2t+2 ⊆Mn(Fq)§@o·��±òA1×A3× · · · ×

A2t−1×A2t+1ÚA2×A4×· · ·×A2t×A2t+2©Ow�UÚV�f8§N(A1, A2, . . . , A2t+2)

Ò�ue(A1×A3×· · ·×A2t−1×A2t+1, A2×A4×· · ·×A2t×A2t+2)"¤±dÚn2.1�
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�

N(A1, A2, . . . , A2t+2)

≤ deg(U)
|V | |A1 × A3 × · · · × A2t+1||A2 × A4 × · · · × A2t+2|

+|λ3|
√
|A1 × A3 × · · · × A2t+1||A2 × A4 × · · · × A2t+2|

≤ C(n)

(∏2t+2
i=1 |Ai|
qn2

+ qtn
2− (t−1)n+1

2

√∏2t+2
i=1 |Ai|

)
"

5P2.4. NguyenÚVinh3©z[54]¥���
�q�(Ø"

AO/§-t = 2§·���±eíØ"

íØ2.4.

N(A1, A2, . . . , A6) ≤ C(n)

∏6
i=1 |Ai|
qn2 + q2n

2−n+1
2

√√√√ 6∏
i=1

|Ai|

"

§ 2.4 ½n2.5Ú2.6�y²

3ù�!§·�y²½n2.5Ú½n2.6"·�Äky²½n2.5"

½n2.5�y². éuλ ∈ A+BC§-

t(λ) = |{(a, b, c) ∈ A×B × C : a+ bc = λ}|"

dCauchy-SchwarzØ�ª§·�k

(|A||B||C|)2 =

( ∑
λ∈A+BC

t(λ)

)2

≤ |A+BC|
∑

λ∈A+BC

t(λ)2"

5¿� ∑
λ∈A+BC

t(λ)2 = N(B,C,A,−A,−B,C)"

díØ2.4��

(|A||B||C|)2

|A+BC|
≤N(B,C,A,−A,−B,C) .

|A|2|B|2|C|2

qn2 + q2n
2−n+1

2 |A||B||C|"
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¤±
(|A||B||C|)2

|A+BC|
.
|A|2|B|2|C|2

qn2

½
(|A||B||C|)2

|A+BC|
. q2n

2−n+1
2 |A||B||C|"

l·��Ñ(Ø

|A+BC| & min

{
qn

2

,
|A||B||C|
q2n

2−n+1
2

}
"

3y²½n2.6�c§·�I���'u\{Uþ��O"

éuA,B ⊆Mn(Fq)§½Â

E+(A,B) = |{(a1, a2, b1, b2) ∈ A2 ×B2 : a1 + b1 = a2 + b2}|"

Ún2.3. �A,B ⊆Mn(Fq)§C ⊆ GLn(Fq)"·�k

E+(A,B) .
|BC|2|A|2

qn2 + q2n
2−n+1

2
|BC||A|
|C|

"

y². �â½Â§·�k

E+(A,B)

=|{(a1, a2, b1, b2) ∈ A2 ×B2 : a1 + b1 = a2 + b2}|

=|{(a1, a2, b1, b2, c1, c2) ∈ A2 ×B2 × C2 : a1 + b1c1c
−1
1 = a2 + b2c2c

−1
2 }| · |C|−2

≤|{(a1, a2, s1, s2, t1, t2) ∈ A2 × (BC)2 × (C−1)2 : a1 + s1t1 = a2 + s2t2}| · |C|−2

=|C|−2N(BC,C−1, A,−A,BC,C−1)"

(2.12)

díØ2.4��

E+(A,B) ≤ |C|−2N(BC,C−1, A,−A,BC,C−1)

. |C|−2
(
|BC|2|C|2|A|2

qn2 + q2n
2−n+1

2 |BC||C||A|
)

=
|BC|2|A|2

qn2 + q2n
2−n+1

2
|BC||A|
|C|

"

(2.13)
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éuλ ∈ A+B§½Â

tA+B(λ) = |{(a, b) ∈ A×B : a+ b = λ}|"

dCauchy-SchwarzØ�ª§·�k

(|A||B|)2 =

( ∑
λ∈A+B

tA+B(λ)

)2

≤ |A+B|
∑

λ∈A+B

tA+B(λ)2 = |A+B|E+(A,B)"

(2.14)

y3·��±y²½n2.6"

½n2.6�y². Ï�|A| ≥ C(n)qn
2−1�|Zn(Fq)| ∼ qn

2−1§·��±ÀC(n)¦�|A| >

2|Zn(Fq)|"l|A ∩ GLn(Fq)| ≥ |A|/2"Ïd·��±b�A ⊆ GLn(Fq)"3Ú

n2.3¥-A = C§·�k

(|A||B|)2

|A+B|
≤ E+(A,B)

.
|BA|2|A|2

qn2 + q2n
2−n+1

2 |BA|"
(2.15)

¤±

max{|A+B|, |BA|} & min

{
|A||B|
qn

2−n+1
4

, qn
2/3|B|2/3

}
"

max{|A+B|, |AB|} & min

{
|A||B|
qn

2−n+1
4

, qn
2/3|B|2/3

}
�y²�´aq�"

d	§·��k,	��½n§§í2
[51]¥�(J"

½n2.14. -A,B,C,D ⊆Mn(Fq)"PN�e��§�)�ê8§

a+ b = cd§(a, b, c, d) ∈ A×B × C ×D"

@o·�k

N .
|A||B| 12 |C||D|

q
n2

2

+ qn
2−n+1

4 (|A||C||D||B|)
1
2"
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y². é?¿b ∈ B§-

r(b) = |{(a, c, d) ∈ A× C ×D : −a+ cd = b}|"

�â½Â§·�kN =
∑

b∈B r(b)"dCauchy-SchwarzØ�ª��

N2 =

(∑
b∈B

r(b)

)2

≤ |B|
∑
b∈B

r(b)2"

5¿�∑
b∈B

r(b)2

=|{(a1, c1, d1, a2, c2, d2) ∈ (A× C ×D)2 : −a1 + c1d1 = −a2 + c2d2 ∈ B}|

≤|{(a1, c1, d1, a2, c2, d2) ∈ (A× C ×D)2 : −a1 + c1d1 = −a2 + c2d2}|

=N(C,D,A,−A,−C,D)

.
|A|2|C|2|D|2

qn2 + q2n
2−n+1

2 |A||C||D|"

¤±

N .
|A||B| 12 |C||D|

q
n2

2

+ qn
2−n+1

4 (|A||C||D||B|)
1
2"

§ 2.5 ½n2.4�y²

3ù�!§·��Ñ½n2.4���#�y²"

·��E���ÜãG′ = (U ′ ∪ V ′, E ′)§Ù¥U ′ = V ′ = (Mn(Fq))3"(a, e, c) ∈

U�(b, f, d) ∈ V����=�ba+ ef = c+ d"·�E,k

|U ′| = |V ′| = (|Mn(Fq)|)3 = q3n
2

§deg(U ′) = q2n
2

§±9
deg(U ′)

|V ′|
=

1

qn2"

éuU ′¥?¿ü�ØÓ�:(a1, e1, c1)Ú(a2, e2, c2)§·�O�§��ú��:

�ê§=e��§�)(b, f, d)��ê

ba1 + e1f = c1 + d§ba2 + e2f = c2 + d" (2.16)
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·�k

b(a1 − a2) + (e1 − e2)f = c1 − c2" (2.17)

�§(2.17)�)(b, f)��§|(2.16)�)(b, f, ba1 + e1f − c1)��éA"¤±·��

I(½�§(2.17)�)��ê"

-k1 = rank(e1 − e2)§k2 = rank(a1 − a2)"�3P1, Q1, P2, Q2 ∈ GLn(Fq)¦

�P1(e1 − e2)Q1 =

 Ik1 0

0 0

§�P2(a1 − a2)Q2 =

 Ik2 0

0 0

"�§(2.17)z�

P1bP
−1
2 P2(a1 − a2)Q2 + P1(e1 − e2)Q1Q

−1
1 fQ2 = P1(c1 − c2)Q2§ (2.18)

=

P1bP
−1
2

 Ik2 0

0 0

+

 Ik1 0

0 0

Q−11 fQ2 = P1(c1 − c2)Q2" (2.19)

XJ·�Pb′ = P1bP
−1
2 §f

′ = Q−11 fQ2§@o�§(2.17)�)(b, f)��§

b′

 Ik2 0

0 0

+

 Ik1 0

0 0

 f ′ = P1(c1 − c2)Q2 (2.20)

�)(b′, f ′)��éA"¤±�§(2.17)�)(b, f)��ê�u�§(2.20)�)(b′, f ′)�

�ê"?�ÚPb′ = (bij)1≤i,j≤n§f
′ = (fij)1≤i,j≤n§±9P1(c1 − c2)Q2 = (cij)1≤i,j≤n§

@o�§(2.20)z�

bij + fij = cij§ e1 ≤ i ≤ k1�1 ≤ j ≤ k2¶

fij = cij§ e1 ≤ i ≤ k1�k2 + 1 ≤ j ≤ n¶

bij = cij§ ek1 + 1 ≤ i ≤ n�1 ≤ j ≤ k2¶

cij = 0§ ek1 + 1 ≤ i ≤ n�k2 + 1 ≤ j ≤ n"

(2.21)

Ïd§�§(2.17)k)��=�éuk1 + 1 ≤ i ≤ nÚk2 + 1 ≤ j ≤ n§kcij = 0"¿

����§(2.17)k)§ØJO�Ñ)��ê�

q2n
2−k1n−k2n+k1k2"

ek1 = k2 = 0§Kéu1 ≤ i ≤ nÚ1 ≤ j ≤ n§kcij = 0§=P1(c1 − c2)Q2 =

0"Ï�k1 = rank(e1 − e2)§k2 = rank(a1 − a2)§¤±a1 = a2§e1 = e2§c1 =

28



\¦�O¯K

c2§ù�(a1, e1, c1)Ú(a2, e2, c2)ØÓgñ"¤±�k1 = k2 = 0��§(2.17)Ã)"X

Jk1½k2¥�,��un§Ø�b�k1 = n§K�§(2.17)o¬k��)(b, f)§Ù

¥f = (e1 − e2)−1(c1 − c2 − b(a1 − a2))"

e0 ≤ k1, k2 ≤ n£k1Úk2ØÓ��0¤§PEk1,k2�ãGk1,k2���Ý
§Ù

¥Gk1,k2�º:8�(Mn(Fq))3§Gk1,k2¥�ü�º:(a1, e1, c1)Ú(a2, e2, c2)�mk�

^>��=�rank(e1 − e2) = k1§rank(a1 − a2) = k2§±9�§(2.17)k)"X

J(0, 0, 0)�(a, e, c)��§K(a′, e′, c′)�(a+a′, e+e′, c+c′)��§��½,"�Gk1,k2´

�K�"·�O�(0, 0, 0)�Ýê§=äk±e5��(a, e, c)�ê8§rank(e) =

k1§rank(a) = k2§¿�ba+ ef = ck)"

·�ÄkÀJaÚe¦�rank(e) = k1§rank(a) = k2"d½n2.13��(a, e)�

k
Qk2 (q

n)Qk2 (q
n)

Qk2 (q
k2 )

Qk1 (q
n)Qk1 (q

n)

Qk1 (q
k1 )

«ÀJ"�e5Àc"�½aÚe÷vrank(e) = k1±9

rank(a) = k2§�3P1, Q1, P2, Q2 ∈ GLn(Fq)§¦�P1eQ1 =

 Ik1 0

0 0

§P2aQ2 = Ik2 0

0 0

"�§(2.21)`²éc������´�k1+1 ≤ i ≤ nÚk2+1 ≤ j ≤ n�§

7Lk(P1cQ2)ij = 0"@oéuP1cQ2§kq
n2−(n−k1)(n−k2) = qnk1+nk2−k1k2«ÀJ"

¤±c�kqnk1+nk2−k1k2«ÀJ"Ïd§÷v^�rank(e) = k1§rank(a) = k2§¿

�ba+ ef = ck)�(a, e, c)�ê8´

Qk2(q
n)Qk2(q

n)

Qk2(q
k2)

Qk1(q
n)Qk1(q

n)

Qk1(q
k1)

qnk1+nk2−k1k2 ∼ q3nk1+3nk2−k21−k22−k1k2"

e0 ≤ k1, k2 ≤ n − 1§PFk1,k2�ãHk1,k2���Ý
§Ù¥Hk1,k2�º:8

�(Mn(Fq))3§Hk1,k2�º:(a1, e1, c1)Ú(a2, e2, c2)�mk�^>��=�rank(e1 −

e2) = k1§rank(a1 − a2) = k2§¿��§(2.17)Ã)"XJ(0, 0, 0)�(a, e, c)��§@

o(a′, e′, c′)�(a + a′, e + e′, c + c′)��§��½,"¤±Hk1,k2´�K�"·�O

�(0, 0, 0)�Ýê§=äk±e5��(a, e, c)�ê8§rank(e) = k1§rank(a) = k2§

¿�ba+ ef = cÃ)"

·�ÄkÀJaÚe¦�rank(e) = k1§rank(a) = k2"d½n2.13��(a, e)�

k
Qk2 (q

n)Qk2 (q
n)

Qk2 (q
k2 )

Qk1 (q
n)Qk1 (q

n)

Qk1 (q
k1 )

«ÀJ"�e5·�Àc"�â±þØã§·���c�

kqn
2−qnk1+nk2−k1k2«ÀJ"¤±÷v^�rank(e) = k1§rank(a) = k2§¿�ba+ef =
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cÃ)�(a, e, c)�ê8´

Qk2(q
n)Qk2(q

n)

Qk2(q
k2)

Qk1(q
n)Qk1(q

n)

Qk1(q
k1)

(qn
2 − qnk1+nk2−k1k2) ∼ qn

2+2nk1+2nk2−k21−k22"

-N�|U ′| × |V ′|�Ý
§Ù¥Nij = 1eiÚj�mk�^>§ÄKNij = 0"¤

±(NNT )i1i2Ò´i1Úi2�ú��:ê§Ù¥i1Úi2´U
′¥ØÓ�:§�(NNT )ii´i�

Ýê"·�UXe�ª5�ENNT"Äk§-J´|U ′| × |U ′|��1Ý
"¦qn
2
��

·�����þ�qn
2
�|U ′| × |U ′|�Ý
"�X§\þ(deg(U ′)− qn2

)I§ù��{§

é��þ���C�deg(U ′)",�§\þ
∑n

k2=1(q
2n2−k2n − qn2

)E0,k2Ú

n∑
k2=0

n∑
k1=1

(q2n
2−k1n−k2n+k1k2 − qn2

)Ek1,k2§

ù��{§(i1, i2) �þ���C�i1Úi2�ú��:ê£e§�kú��:¤"�

�§~�
∑n−1

k1,k2=0 q
n2
Fk1,k2§ù��{§(i1, i2) �þ���C�0£e§�vkú�

�:¤"ÄuþãO�§·�k

NNT =qn
2

J + (deg(U ′)− qn2

)I +
n∑

k2=1

(q2n
2−k2n − qn2

)E0,k2

+
n∑

k2=0

n∑
k1=1

(q2n
2−k1n−k2n+k1k2 − qn2

)Ek1,k2 −
n−1∑

k1,k2=0

qn
2

Fk1,k2

=qn
2

J + (deg(U ′)− qn2

)I +
n−1∑
k2=1

(q2n
2−k2n − qn2

)E0,k2

+
n−1∑
k2=0

n−1∑
k1=1

(q2n
2−k1n−k2n+k1k2 − qn2

)Ek1,k2 −
n−1∑

k1,k2=0

qn
2

Fk1,k2"

(2.22)

P

Etotal2 =
n−1∑
k2=1

(q2n
2−k2n − qn2

)E0,k2 +
n−1∑
k2=0

n−1∑
k1=1

(q2n
2−k1n−k2n+k1k2 − qn2

)Ek1,k2

−
n−1∑

k1,k2=0

qn
2

Fk1,k2"

(2.23)

�v3 = (u1, . . . , u|U ′|, v1, . . . , v|V ′|)
T�AG′�áuA��λ3���A��þ"dÚn2.2

��(u1, . . . , u|U ′|)
T´NNT�áuA��λ23���A��þ"d�§(2.22)�(

λ23 − deg(U ′) + qn
2
)

(u1, . . . , u|U ′|)
T = Etotal2(u1, . . . , u|U ′|)

T" (2.24)
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Ïd§(u1, . . . , u|U ′|)
T´Etotal2�áuA��λ

2
3 − deg(U ′) + qn

2
���A��þ"

Ï�Gk1,k2´�K�§§���A���uº:�Ý§=∼ q3nk1+3nk2−k21−k22−k1k2"

¤±§éuEk1,k2�?¿A��λ§Ñk|λ| . q3nk1+3nk2−k21−k22−k1k2"aq/§Ï�Hk1,k2

´�K�§éuFk1,k2�?¿A��λ§Ñk|λ| . qn
2+2nk1+2nk2−k21−k22"¤±eλ´Etotal2

���A��§@o

|λ|

.
n−1∑
k2=1

(q2n
2−k2n − qn2

)q3nk2−k
2
2 +

n−1∑
k2=0

n−1∑
k1=1

(q2n
2−k1n−k2n+k1k2 − qn2

)q3nk1+3nk2−k21−k22−k1k2

+
n−1∑

k1,k2=0

qn
2

qn
2+2nk1+2nk2−k21−k22

≤
n−1∑
k2=1

q2n
2+2nk2−k22 +

n−1∑
k2=0

n−1∑
k1=1

q2n
2+2nk1+2nk2−k21−k22 +

n−1∑
k1,k2=0

q2n
2+2nk1+2nk2−k21−k22

.
n−1∑

k1,k2=0

q2n
2+2nk1+2nk2−k21−k22"

(2.25)

�½k1Ún§5¿�¼êg(k2) = 2n2 +2nk1 +2nk2−k21−k223k2 ≤ n�4O§¤

±§����3k2 = n−1���§�2n2+2nk1+2nk2−k21−k22 ≤ 2n2+2nk1+2n(n−

1)−k21− (n− 1)2 = 3n2 + 2nk1−k21− 1"aq/§3n2 + 2nk1−k21− 13k1 = n− 1�

�����"¤±3n2 + 2nk1 − k21 − 1 ≤ 3n2 + 2n(n− 1)− (n− 1)2 − 1 = 4n2 − 2"

Ïd§Etotal2�A��λ
2
3 − deg(U ′) + qn

2
÷v

|λ23 − deg(U ′) + qn
2 | . q4n

2−2"

dudeg(U ′) = q2n
2
§¤±

|λ3| . q2n
2−1"

y3eA ⊆ GLn(Fq)§B,C ⊆ Mn(Fq)§@o·��±�X = {(b1, a2, a2c2) :

a2 ∈ A, b1 ∈ B, c2 ∈ C} ⊆ U ′�Y = {(a1,−b2,−a1c1) : a1 ∈ A, b2 ∈ B, c1 ∈ C} ⊆

V ′"Ï�A ⊆ GLn(Fq)§·�k|X| = |Y | = |A||B||C|"5¿�XÚY�m�>êT

Ð�u

|{(a1, b1, c1, a2, b2, c2) ∈ A×B × C × A×B × C : a1(b1 + c1) = a2(b2 + c2)}|"
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�½n2.5�y²aq§·�k

|A|2|B|2|C|2

|A(B + C)|

≤|{(a1, b1, c1, a2, b2, c2) ∈ (A×B × C)2 : a1(b1 + c1) = a2(b2 + c2)}|

=e(X, Y )

.
deg(U ′)

|V ′|
|X||Y |+ |λ3|

√
|X||Y |

.
|A|2|B|2|C|2

qn2 + q2n
2−1|A||B||C|"

¤±

|A(B + C)| & min

{
qn

2

,
|A||B||C|
q2n2−1

}
"

§ 2.6 ½n2.7Ú½n2.8�y²

·�Äk0���48L§"�½t�2��"�A1, A2, . . . , At, At+1, At+2 ⊆

Mn(Fq)"·�|^·K2.15O��§

a1a2 + a3a4 + · · ·+ at−1at = at+1 + at+2§ai ∈ Ai, 1 ≤ i ≤ t+ 2

�)��êN(A1, . . . , At+2)"

é?¿at+1 ∈ At+1§-

r(at+1) =|{(a1, a2, . . . , at, at+2) ∈ A1 × A2 × · · · × At × At+2 :

a1a2 + a3a4 + · · ·+ at−1at − at+2 = at+1}|"
(2.26)

�â½Â§·�kN(A1, . . . , At+2) =
∑

at+1∈At+1
r(at+1)"dCauchy-SchwarzØ

�ª�

N(A1, . . . , At+2)
2 =

 ∑
at+1∈At+1

r(at+1)

2

≤ |At+1|
∑

at+1∈At+1

r(at+1)
2"
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5¿� ∑
at+1∈At+1

r(at+1)
2

=|{(a1, . . . , at, at+2, a
′
1, . . . , a

′
t, a
′
t+2) ∈ (A1 × · · · × At × At+2)

2 :

a1a2 + · · ·+ at−1at − at+2 = a′1a
′
2 + · · ·+ a′t−1a

′
t − a′t+2 ∈ At+1}|

≤|{(a1, . . . , at, at+2, a
′
1, . . . , a

′
t, a
′
t+2) ∈ (A1 × · · · × At × At+2)

2 :

a1a2 + · · ·+ at−1at − at+2 = a′1a
′
2 + · · ·+ a′t−1a

′
t − a′t+2}|

=N(A1, A2, . . . , At−1, At,−A1, A2, . . . ,−At−1, At,−At+2, At+2)

≤C(n)

(
(|At+2|

∏t
i=1 |Ai|)2

qn2 + qtn
2− (t−1)n+1

2 |At+2|
t∏
i=1

|Ai|

)
"

Ù¥����Ø�Òd·K2.1��"¤±

N(A1, . . . , At+2) ≤ C(n)1/2

 |At+1|1/2|At+2|
∏t

i=1 |Ai|
q
n2

2

+ q
t
2
n2− (t−1)n+1

4

√√√√t+2∏
i=1

|Ai|

"
(2.27)

UYù�L§"éuA1, A2, . . . , A t
2
, A t

2
+1, A t

2
+2 ⊆Mn(Fq)§eN(A1, . . . , A t

2
+2)

´�§

a1a2 + a3a4 + · · ·+ a t
2
−1a t

2
= a t

2
+1 + a t

2
+2§ai ∈ Ai, 1 ≤ i ≤ t

2
+ 2

�)��ê§@o

N(A1, . . . , A t
2
+2)

≤C(n)1/4

 |A t
2
+1|1/2|A t

2
+2|3/4

∏t/2
i=1 |Ai|

q
n2

4

+ q
t
4
n2− (t−1)n+1

8

√√√√ t
2
+2∏
i=1

|Ai|

" (2.28)

�ª§·���e�·K"

·K2.2. -C(n)´·K2.1¥�~ê"�A1, A2, . . . , A6 ⊆Mn(Fq)"e

N(A1, A2, A3, A4, A5, A6)

´�§

a1a2 + a3a4 = a5 + a6§ai ∈ Ai, 1 ≤ i ≤ 6
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�)��ê§@o

N(A1, A2, A3, A4, A5, A6)

≤C(n)2/t

 |A1||A2||A3||A4||A5|
1
2 |A6|

t+4
2t

q
2n2

t

+ q2n
2− (t−1)n+1

t

√√√√ 6∏
i=1

|Ai|

" (2.29)

'u\{Uþ§·��k#��O"

Ún2.4. �A,B ⊆Mn(Fq)§C ⊆ GLn(Fq)"·�k

E+(A,B) .
|BC|2|A|1+ 2

t

q
2n2

t

+ q2n
2− (t−1)n+1

t
|BC||A|
|C|

"

y². �â½Â§·�k

E+(A,B)

=|{(a1, a2, b1, b2) ∈ A2 ×B2 : a1 + b1 = a2 + b2}|

=|{(a1, a2, b1, b2, c1, c2) ∈ A2 ×B2 × C2 : a1 + b1c1c
−1
1 = a2 + b2c2c

−1
2 }| · |C|−2

≤|{(a1, a2, s1, s2, t1, t2) ∈ A2 × (BC)2 × (C−1)2 : a1 + s1t1 = a2 + s2t2}| · |C|−2

=|C|−2N(BC,C−1,−BC,C−1, A,−A)"

(2.30)

d·K2.2��

E+(A,B)

≤|C|−2N(BC,C−1,−BC,C−1, A,−A)

≤|C|−2C(n)2/t

(
|BC|2|C|2|A|1+ 2

t

q
2n2

t

+ q2n
2− (t−1)n+1

t |BC||C||A|

)

=C(n)2/t

(
|BC|2|A|1+ 2

t

q
2n2

t

+ q2n
2− (t−1)n+1

t
|BC||A|
|C|

)
"

(2.31)

·�ke�½n"
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½n2.15. é?¿��ên§-C(n)´·K2.1¥�~ê"�3C1(n)¦�eã·K¤

á"XJA,B ⊆Mn(Fq)÷v|A| ≥ C1(n)qn
2−1§@o·�k

max{|A+B|, |BA|} & max
t´2��

{
min

{
|A||B|

C(n)
1
t qn

2− (t−1)n+1
2t

,
q

2n2

3t |A| t−2
3t |B| 23

C(n)
2
3t

}}
§

(2.32)

Ú

max{|A+B|, |AB|} & max
t´2��

{
min

{
|A||B|

C(n)
1
t qn

2− (t−1)n+1
2t

,
q

2n2

3t |A| t−2
3t |B| 23

C(n)
2
3t

}}
"

(2.33)

y². Ï�|A| ≥ C1(n)qn
2−1�|Zn(Fq)| ∼ qn

2−1§·��±À�C1(n)¦�|A| >

2|Zn(Fq)|"l|A ∩ GLn(Fq)| ≥ |A|/2"Ïd·��±b�A ⊆ GLn(Fq)"3Ú

n2.4¥-A = C§·�k

(|A||B|)2

|A+B|
≤ E+(A,B)

. C(n)2/t

(
|BA|2|A|1+ 2

t

q
2n2

t

+ q2n
2− (t−1)n+1

t |BA|

)
"

(2.34)

¤±

max{|A+B|, |BA|} & min

{
|A||B|

C(n)
1
t qn

2− (t−1)n+1
2t

,
q

2n2

3t |A| t−2
3t |B| 23

C(n)
2
3t

}
"

ùé?¿tÑ¤á§��t´2��"¤±Ø�ª(2.32)¤á"

Ø�ª(2.33)�y²�´aq�"

·�o´�±b�C(n) ≥ 1¿�·�Ø'%ù�~ê"{üå�§·���Ä

Ø�ª(2.32)"§�±�¤

max{|A+B|, |BA|} ≥ C2(n) · max
t´2��

{
min

{
|A||B|

qn
2− (t−1)n+1

2t

, q
2n2

3t |A|
t−2
3t |B|

2
3

}}
§

(2.35)

Ù¥C2(n)´��nk'�~ê"

��t�¼ê§ |A||B|

qn
2− (t−1)n+1

2t

4O§q
2n2

3t |A| t−2
3t |B| 234~"¤±

min

{
|A||B|

qn
2− (t−1)n+1

2t

, q
2n2

3t |A|
t−2
3t |B|

2
3

}
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����3t0?��§Ù¥t0÷v

|A||B|

q
n2− (t0−1)n+1

2t0

= q
2n2

3t0 |A|
t0−2
3t0 |B|

2
3"

d�·�k

|A|2+
2
t0 |B| = q

3n2− 3((t0−1)n+1)
2t0

+ 2n2

t0 "

�e5·��Än = 2Ún = 3��¹"

�n = 2�§Ø�ª(2.35)z�

max{|A+B|, |BA|} ≥ C2(2) · max
t´2��

{
min

{
|A||B|
q4−

2t−1
2t

, q
8
3t |A|

t−2
3t |B|

2
3

}}
"

• eq 55
4 . |A|3|B| . q16§@o

max{|A+B|, |BA|} & q
4
3 |B|

2
3§

Ù¥q
4
3 |B| 235gmin

{
|A||B|

q4−
2·2−1
2·2

, q
8
3·2 |A| 2−2

3·2 |B| 23
}
"

• eéu,�δ > 0k|A|3|B| . q
55
4�|A|2|B| & q9+δ§@o�32��t0 ≥ 2§¦

�|A|2+
2
t0 |B| . q

9+ 19
2t0 and |A|2+

1
t0 |B| & q

9+ 19
4t0"¤±

max{|A+B|, |BA|} & max

{
|A||B|

q
4− 2t0−1

2t0

, q
4

3t0 |A|
2t0−2
6t0 |B|

2
3

}
§

Ù¥ |A||B|

q
4− 2t0−1

2t0

5gmin

{
|A||B|

q
4− 2t0−1

2t0

, q
8

3t0 |A|
t0−2
3t0 |B| 23

}
§q

4
3t0 |A|

2t0−2
6t0 |B| 235g

min

{
|A||B|

q
4− 2·2t0−1

2·2t0
, q

8
3·2t0 |A|

2t0−2
3·2t0 |B| 23

}
"

• e|A|2|B| . q9§@o-t→∞§·���

max{|A+B|, |BA|} & |A||B|
q3+ε

§

Ù¥ε > 0"ù�.´²��"

-A = B§·���e¡�(J"
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• eq 55
16 . |A| . q4§@o

max{|A+ A|, |AA|} & q
4
3 |A|

2
3"

• eéu,�δ > 0kq3+δ . |A| . q
55
16§@o�32��t0 ≥ 2§¦�q

36t0+19
12t0+4 .

|A| . q
18t0+19
6t0+4 "¤±

max{|A+ A|, |AA|} & max

{
|A|2

q
4− 2t0−1

2t0

, q
4

3t0 |A|1−
1

3t0

}
"

ùy²
íØ2.2"

�n = 3�§Ø�ª(2.35)z�

max{|A+B|, |BA|} ≥ C2(3) · max
t´2��

{
min

{
|A||B|
q9−

3t−2
2t

, q
6
t |A|

t−2
3t |B|

2
3

}}
"

• eq33 . |A|3|B| . q36§@o

max{|A+B|, |BA|} & q3|B|
2
3§

Ù¥q3|B| 235gmin

{
|A||B|

q9−
3·2−2
2·2

, q
6
2 |A| 2−2

3·2 |B| 23
}
"

• e|A|3|B| . q33�|A|10|B|4 & q111§@o

max{|A+B|, |BA|} & max

{
|A||B|
q8

, q
3
2 |A|

1
6 |B|

2
3

}
§

Ù¥ |A||B|
q8
5gmin

{
|A||B|

q9−
3·2−2
2·2

, q
6
2 |A| 2−2

3·2 |B| 23
}
§q

3
2 |A| 16 |B| 235g

min

{
|A||B|

q9−
3·4−2
2·4

, q
6
4 |A| 4−2

3·4 |B| 23
}
"

-A = B§·���e¡�(J"

• eq 33
4 . |A| . q9§@o

max{|A+ A|, |AA|} & q3|A|
2
3"

• eq8 . |A| . q
33
4§@o

max{|A+ A|, |AA|} & max

{
|A|2

q8
, q

3
2 |A|

5
6

}
"

ùy²
íØ2.3"

5P2.5. éuÙ¦�n§·��ù��{Ã{U?½n2.6�(J"
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§ 2.7 ½n2.9�y²

3ù�!§·�y²½n2.9"

½n2.9�y². éuλ ∈ A+BC§-

t(λ) = |{(a, b, c) ∈ A×B × C : a+ bc = λ}|"

dCauchy-SchwarzØ�ª§·�k

(|A||B||C|)2 =

( ∑
λ∈A+BC

t(λ)

)2

≤ |A+BC|
∑

λ∈A+BC

t(λ)2"

5¿� ∑
λ∈A+BC

t(λ)2 = N(B,C,−B,C,A,−A)"

d·K2.2��

(|A||B||C|)2

|A+BC|
≤N(B,C,−B,C,A,−A)

≤C(n)2/t

(
|A|1+ 2

t |B|2|C|2

q
2n2

t

+ q2n
2− (t−1)n+1

t |A||B||C|

)
"

(2.36)

¤±
(|A||B||C|)2

|A+BC|
≤ 2C(n)2/t

|A|1+ 2
t |B|2|C|2

q
2n2

t

½
(|A||B||C|)2

|A+BC|
≤ 2C(n)2/tq2n

2− (t−1)n+1
t |A||B||C|"

ùéu?¿tþ¤á£��t´2��¤"¤±

|A+BC| ≥ max
t´2��

{
min

{
q

2n2

t |A|1− 2
t

2C(n)
2
t

,
|A||B||C|

2C(n)
2
t q2n

2− (t−1)n+1
t

}}
"

�Ø�ª(2.35)aq§·�k

|A+BC| ≥ C3(n) · max
t´2��

{
min

{
q

2n2

t |A|1−
2
t ,
|A||B||C|
q2n

2− (t−1)n+1
t

}}
§

Ù¥C3(n)´,���nk'�~ê"
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• e|A||B||C| & q3n
2−n+1

2 §@o

|A+BC| & qn
2

,

Ù¥qn
2
5gmin

{
q

2n2

2 |A|1− 2
2 , |A||B||C|

q2n
2− (2−1)n+1

2

}
"

• e|A|
2
t0 |B||C| . q

2n2+ 2n2

t0
− (t0−1)n+1

t0 �éu2�,��t0k

|A|
1
t0 |B||C| & q

2n2+n2

t0
− (2t0−1)n+1

2t0 §

@o

|A+BC| & max

{
|A||B||C|

q
2n2− (t0−1)n+1

t0

, q
n2

t0 |A|1−
1
t0

}
§

Ù¥ |A||B||C|

q
2n2− (t0−1)n+1

t0

5gmin

{
|A||B||C|

q
2n2− (t0−1)n+1

t0

, q
2n2

t0 |A|1−
2
t0

}
§q

n2

t0 |A|1−
1
t05g

min

{
|A||B||C|

q
2n2− (2t0−1)n+1

2t0

, q
2n2

2t0 |A|1−
2

2t0

}
"

• e|B||C| . q2n
2−n§@o-t→∞§·���

|A+BC| & |A||B||C|
q2n2−n+ε §

Ù¥ε > 0"ù�.´²��"

§ 2.8 ½n2.10�y²

3y²½n2.10�c§·�I�e¡�½n§§U?
½n2.14�(J"

½n2.16. -C(n)´·K2.4¥�~ê"�A1, A2, A3, A4 ⊆Mn(Fq)"P

N(A1, A2, A3, A4)

�e��§�)�ê8§

a1a2 = a3 + a4§(a1, a2, a3, a4) ∈ A1 × A2 × A3 × A4"

@o·�k

N(A1, A2, A3, A4)

≤C(n)1/t

(
|A1||A2||A3|

1
2 |A4|

t+2
2t

q
n2

t

+ qn
2− (t−1)n+1

2t (|A1||A2||A3||A4|)
1
2

)
(2.37)

é2�?¿�tÑ¤á"
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y². T½n�y²�·K2.29Ùy²aq§�ùpØ2Kã"

y3·��±y²½n2.10"

½n2.10�y². �A ⊆ GLn(Fq)§B,C ⊆ Mn(Fq)"Ø���5§b�|B| & |C|"

2-A1 = A−1, A2 = A(B + C), A3 = B,A4 = C"d½n2.16§·�k

N(A−1, A(B + C), B, C)

≤C(n)
1
t

(
|A||A(B + C)||B| 12 |C| t+2

2t

q
n2

t

+ qn
2− (t−1)n+1

2t (|A||A(B + C)||B||C|)
1
2

)
"

(2.38)

ùéu?¿tþ¤á£��t´2��¤",��¡§é?¿a ∈ A, b ∈ B, c ∈ C§a1 =

a−1, a2 = a(b+ c), a3 = b, a4 = c±e�§�)

a1a2 = a3 + a4§(a1, a2, a3, a4) ∈ A1 × A2 × A3 × A4"

¤±

N(A−1, A(B + C), B, C) ≥ |A||B||C|" (2.39)

nÜØ�ª(2.38)Ú(2.39)§·�k

|A||B||C|

≤C(n)
1
t

(
|A||A(B + C)||B| 12 |C| t+2

2t

q
n2

t

+ qn
2− (t−1)n+1

2t (|A||A(B + C)||B||C|)
1
2

)
"

(2.40)

ùéu2�?¿�tþ¤á"¤±·�k

|A(B + C)| ≥ C4(n) · max
t´2��

{
min

{
q
n2

t |B|
1
2 |C|

1
2
− 1
t ,
|A||B||C|
q2n

2− (t−1)n+1
t

}}
§

Ù¥C4(n)´,���nk'�~ê"

5¿� |A||B||C|

q2n
2− (t−1)n+1

t

≥ |A||B||C|
q2n2−1

�q
n2

t |B| 12 |C| 12− 1
t ≤ qn

2
"eéu,�tk

q
n2

t B|
1
2 |C|

1
2
− 1
t &
|A||B||C|
q2n2−1 §
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=

|A||B|
1
2 |C|

1
2
+ 1
t . q2n

2+n2

t
−1§

@o½n2.10�(J'½n2.4�Ð"

• e|A||B| 12 |C| & q
5n2−n−1

2 §@o

|A(B + C)| & q
n2

2 |B|
1
2§

Ù¥q
n2

2 |B| 125gmin

{
q
n2

2 |B| 12 |C| 12− 1
2 , |A||B||C|

q2n
2− (2−1)n+1

2

}
"

• e|A||B| 12 |C|
1
2
+ 1
t0 . q

2n2+n2

t0
− (t0−1)n+1

t0 ��32�,��t0¦�|A||B|
1
2 |C|

1
2
+ 1

2t0 &

q
2n2+ n2

2t0
− (2t0−1)n+1

2t0 @o

|A(B + C)| & max

{
|A||B||C|

q
2n2− (t0−1)n+1

t0

, q
n2

2t0 |B|
1
2 |C|

1
2
− 1

2t0

}
,

Ù¥ |A||B||C|

q
2n2− (t0−1)n+1

t0

5gmin

{
|A||B||C|

q
2n2− (t0−1)n+1

t0

, q
n2

t0 |B| 12 |C|
1
2
− 1
t0

}
§q

n2

2t0 |B| 12 |C|
1
2
− 1

2t05

gmin

{
|A||B||C|

q
2n2− (2t0−1)n+1

2t0

, q
n2

2t0 |B| 12 |C|
1
2
− 1

2t0

}
"

• e|A||B| 12 |C| 12 . q2n
2−n§@o-t→∞§·�k

|A(B + C)| & |A||B||C|
q2n2−n+ε ,

Ù¥ε > 0"ù�.�²��"
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1 3 Ù p��¥æÈ�Ý�e.

§ 3.1 {0

¥æÈ£sphere packing¤̄ K��´XÛ3�mRn¥�;�/æÈ�Ó���

¥"ù�lÑAÛ¯KQ�Pq(J"ù�¯K8c®��(�(J�k1�§2�§

3�§8�§±924�"

• 31���ÿ§ù�¯K´²��§Ï�1��¥Ò´�ã"

• 32���ÿ§��æÈ�Ý´π/
√

12§æÈ�ª�8>/�"

• 33���ÿ§ù�¯KÒ´Í¶�mÊVß�§dHales[27])û"d����

æÈ�Ý´π/
√

18§æÈ�ª�8���æÈ£hexagonal closest packed§{

¡HCP¤Ú¡%á���æÈ£face-centered cubic§{¡FCC¤"

• 38���ÿ§ù�¯KdViazovska[81])û"d����æÈ�Ý´π4/384§

æÈ�ª�E8�"

• 324���ÿ§ù�¯KdCohn�<[8])û"d����æÈ�Ý´π12/12!§

æÈ�ª�Leech�"

���J�´§CohnÚElkies[7]ÏL�55y��{§�Ñ
¥æÈ�Ý�þ."

¦��(J�)û8�Ú24�¥æÈ¯KC½
Ä:"

-∆2(n)�îAp��mRn¥�Ó���¥���²£æÈ�Ý"3p���

¹§∆2(n)��Zþ.dKabatjanskĭıÚLevenštĕın[36]��µ∆2(n) ≤ 2(−0.599...+o(1))n"

CohnÚZhao[9]±9SardariÚZargar[70]?�ÚU?
~êÏf"e.�¡§∆2(n) ≥

2−n´²��§Ï��¥æÈ�����ÿ§ò�»C�V�Ò�±CX���
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m"Rogers[60]òe.U?�n2−n"Ball[1]�E
���Ý�2(n − 1)2−nζ(n)��

¥æÈ"8c®��Z�e.dVenkatesh[80]�Ñ§�(65963 + o(1))n2−n"

·��Ä�¥�æÈ�Ý"�k ∈ N§p ≥ 1�¢ê"P‖ · ‖2�`2�ê§=

‖(x1, x2, . . . , xk)‖2 =
√
x21 + x22 + · · ·+ x2k"

2-k = (k1, k2, . . . , km+1)÷v0 = k1 < k2 < · · · < km+1 = n"·�^

Bn
p,k(x, r) =

y :

(
m∑
j=1

∥∥(xkj+1 − ykj+1, xkj+2 − ykj+2, . . . , xkj+1
− ykj+1

)∥∥p
2

) 1
p

≤ r


L«Rn¥�»�r!¥%�x��¥§Ù¥x = (x1, x2, . . . , xn)§y = (y1, y2, . . . , yn)"

XJ�¥�¥%��:0§@o·�{P�Bn
p,k(r) = Bn

p,k(0, r)"ùp§k��^´�

�Rn¥��þ"kòRn¥��þxÚy©O�¤á�þxj :=
(
xkj+1, xkj+2, . . . , xkj+1

)
Úyj :=

(
ykj+1, ykj+2, . . . , ykj+1

)
"·�ÄkO�xjÚyj�m�`2ål§,�òù
å

l‖xj − yj‖2�¤��#��þ§2O�ù�#��þ�`p�ê"

3�Ù¥§·�o´b�^uæÈ��¥�NÈ�1§¿^rp,k,nL«NÈ�1�

�¥��»"·�^∆p,k(n)L«NÈ�1��¥���²£æÈ�Ý§=

∆p,k(n) = lim sup
R→∞

sup
P

vol(P ∩Bn
p,k(R))

vol(Bn
p,k(R))

§

Ù¥vol(P ∩ Bn
p,k(R))´Bn

p,k(R)¥��NÈ�1!¥%3P��¥¤CX�NÈ§þ

(.�H¤k�:8P ⊆ Rn§��¥%3P��¥pØU"

AO/§�k = kn := (0, 1, 2, . . . , n)"d�§

Bn
p,kn(x, r) =

y ∈ Rn :

(
n∑
j=1

|xj − yj|p
)1/p

≤ r


´Rn¥�`p¥"-∆p(n) := ∆p,kn(n)�`p¥���æÈ�Ý"∆p(n)�þ.Äkdvan

der CorputÚSchaake[79]��µ�p ≥ 2�§∆p(n) ≤ 1+n/p

2n/p
¶�1 ≤ p ≤ 2�§∆p(n) ≤

1+(1−1/p)n
2n/p

"�p ≥ 1.494 . . .�§Sah�<[69]�
�ê.�U?"Minkowski-Hlawka½

n[30]�Ñ
e.∆p,k(n) ≥ ζ(n)2−n+1§Ù¥ζ(n)´iùζ¼ê"3p ≥ 3��¹

e§RushÚSloane[68]U?
`p¥�Minkowski-Hlawka.§X∆3(n) ≥ 2−0.8226...n+o(n)"

é'u�I²¡é¡�?¿àN§Rush[64]�E
�Ý�2−n+o(n)��æÈ"�5§
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3p > 2��¹e§Elkies�<[17]é�¥�Minkowski-Hlawka.�
�ê.�U?"

¯¢þ¦��(J�·^u����àN"Rush[65–67]±9LiuÚXing[50]�}Á^

Å�è5�Ee."

·�Ì�'51 < p ≤ 2��e."3ù«�¹e§Minkowski-Hlawka.E,v

k�ê.�U?"Rogers[61]��
Ω(
√
n/2n)�e."Schmidt[71]��
Ω(n/2n)�

e."�5§Rogers[62]±9Schmidt[72]©Oé~êÏf�
U?"8c�Z�(J

dSchmidt[73]��§Ù¥�~êÏf�log
√

2 ≈ 0.346"·�é`p¥�æÈ�Ý�e

.Ω(n/2n)�Ñ
ü�#�y²"

½n3.1. é?¿1 < p ≤ 2§�3~êcp ∈ (0, 2)¦�

∆p(n) ≥ (1 + on(1))
log(2/cp) · n

2n
"

¯¢þ§·��(Øéþã½Â��¥�æÈ�Ý∆p,k(n)þ¤á"

½n3.2. é?¿p ∈ (1, 2]§�3~êcp ∈ (0, 2)¦�eã·K¤á"é?¿k =

(k1, k2, . . . , km+1)÷vkj ∈ N ∪ {0}�0 = k1 < k2 < · · · < km+1 = n§·�k

∆p,k(n) ≥ (1 + on(1))
log(2/cp) · n

2n
"

���k = (0, 1, 2, . . . , n)§½n3.1�±��d½n3.2íÑ"

½n3.2¥�e.�kÃ'"�k�ØÓ���ÿ§^uæÈ�àN�ØÓ"¤

±ù�(Ø�¿g´§���½1 < p ≤ 2§24n��'��§@oéu?¿

�k = (k1, k2, . . . , km+1)§��kj ∈ N ∪ {0}�0 = k1 < k2 < · · · < km+1 =

n§Bn
p,k(0, rp,k,n)�²£æÈ�Ýo´ì?�u log(2/cp)n

2n
"3ù�Ù¥§pÚk¬Ñy

3NõÎÒ�eI �§Ï�@
ÎÒ�pÚkk'"ØL§·�o´b�p´���

½�ê§¿�·��.�kÃ'£~X½n3.2§½n3.4§½n3.5§±9½n3.6¤"¤

±{üå�§eI¥�pÚk�±�Ñ"

ép > 2��¹§·���{��±�Ñe.Ωp(n/2
n)"�´ù�.ØX©

z[17]�(J"

·�ò^ü«�{y²½n3.2"3§ 3.3¥§·��Ñ1��y²"·���{

��f5�¥�.£hard superball model¤"ù��{dÚOÔnuÐ5"Jenssen

�<^T�{y²
�>ê�e.[33]ÚîAp�¥N�æÈ�Ý�e.[34]"3¦
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��©Ù¥§T�{�©O¡�f5¥X�.£hard cap model¤Úf5¥¡�

.£hard sphere model¤"�C§Fernández�<[22]òù��{��?U§U?
©

z[33]Ú©z[34]�(J¥�~êÏf"3§ 3.4¥§·��Ñ1��y²"1��y

²^�ã�Õáê"·��¬^���à5�Vg5�Ñ�î¥N¤�5�(J"

·��ïÄ
¥æÈ���ÝÚØå"·�¬3§ 3.5¥�Ñ½Â"ù
�Iï

þ
¥æÈ�´L§Ý"

§ 3.2 ��à�m

3�Ù¥§·�o´b�k´��î�4O��K�êS�£�±´k��§�

�±´Ã��¤"-p ≥ 1"éuk = (k1, k2, . . . , km+1)÷v0 = k1 < k2 < · · · <

km+1 = n§±9x = (x1, x2, . . . , xn) ∈ Rn§·�½Â

‖x‖p,k,n =

(
m∑
j=1

∥∥(xkj+1, xkj+2, . . . , xkj+1

)∥∥p
2

)1/p

=

(
m∑
j=1

‖xj‖p2

)1/p

§

Ù¥xj = (xkj+1, xkj+2, . . . , xkj+1
)"éuk = (k1, k2, . . . , km+1, . . .)÷v0 = k1 <

k2 < · · · < km+1 < · · ·£d�w,klimj→∞ kj = ∞§Ï�kjÑ´�K�ê¤§±

9x = (x1, x2, x3, . . .)§·�½Â

‖x‖p,k =

(
∞∑
j=1

∥∥(xkj+1, xkj+2, . . . , xkj+1

)∥∥p
2

)1/p

=

(
∞∑
j=1

‖xj‖p2

)1/p

§

Ù¥xj = (xkj+1, xkj+2, . . . , xkj+1
)"Pd¤k÷v‖x‖p,k <∞�x�¤�8Ü�`p,k"

·K3.1. é?¿k = (k1, k2, . . . , km+1, . . .)÷v0 = k1 < k2 < · · · < km+1 < · · ·§±

9?¿p ≥ 1§`p,k´��D��5�m§Ù¥�ê�‖ · ‖p,k"

y². ?�x = (x1, x2, . . .),y = (y1, y2, . . .) ∈ `p,kÚa ∈ R§-

xj = (xkj+1, xkj+2, . . . , xkj+1
)§

yj = (ykj+1, ykj+2, . . . , ykj+1
)"
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·�k

‖x+ y‖p,k =

(
∞∑
j=1

‖xj + yj‖p2

)1/p

≤

(
∞∑
j=1

(‖xj‖2 + ‖yj‖2)p
)1/p

≤

(
∞∑
j=1

‖xj‖p2

)1/p

+

(
∞∑
j=1

‖yj‖p2

)1/p

=‖x‖p,k + ‖y‖p,k <∞§

(3.1)

Ù¥1��Ø�Ò´Ï�`2�êäkn�Ø�ª§1��Ø�Ò´Ï�MinkowskiØ

�ª (
∞∑
j=1

(Aj +Bj)
s

)1/s

≤

(
∞∑
j=1

Asj

)1/s

+

(
∞∑
j=1

Bs
j

)1/s

§ (3.2)

Ù¥(Aj)j∈NÚ(Bj)j∈N´�K¢êS�§s ≥ 1£e0 < s ≤ 1§@oòØ�ª(3.2)�

Ø�ÒC���§Ø�ªE,¤á¤",��¡§

‖ax‖p,k =

(
∞∑
j=1

‖axj‖p2

)1/p

=

(
∞∑
j=1

ap‖xj‖p2

)1/p

=|a|

(
∞∑
j=1

‖xj‖p2

)1/p

<∞"

(3.3)

¤±3Ï~�\{Úê¦e§̀ p,k´���5�m§

w,§é?¿x ∈ `p,k§·�k‖x‖p,k ≥ 0§¿�XJ‖x‖p,k = 0§@oé?¿j§

þkxj = 0§=x = 0"·�®²y²
‖ · ‖p,käk�àg5£�ª(3.3)¤Úg�\

5£Ø�ª(3.1)¤"¤±‖ · ‖p,k(¢´���ê"

aq/§‖x‖p,k,n´Rn¥��ê"éux,y ∈ Rn§½Âdp,k,n(x,y) := ‖y −

x‖p,k,n�Rn¥xÚy�m�`p,kål"éuÃ�S�x,y ∈ `p,k§½Âdp,k(x,y) :=

‖y − x‖p,k�`p,k¥�xÚy�m�`p,kål"
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½Â3.1. ·�¡��äk�ê‖ · ‖�D��5�m´��à�£uniformly convex¤§

XJéuz��ε ∈ (0, 2]§Ñk~êδ(ε) > 0§¦�e‖x‖ = ‖y‖ = 1Ú‖x− y‖ ≥ ε§

K
∥∥x+y

2

∥∥ ≤ 1− δ(ε)"

XJ·�Pk∞ = (0, 1, 2, 3, . . .)§@o`p,k∞Ò´Ï~�`
p�m"©z[6]�Ñ
±

e½n"

½n3.3 ([6]). é?¿p > 1§`p,k∞´��à�"e1 < p ≤ 2§�δp,k∞(ε)éA½

Â3.1¥�~ê§@o·��±�δp,k∞(ε) = 1−
(
1−

(
ε
2

)q)1/q
§Ù¥q = p/(p− 1)´

�Ý�ê"

½n3.3�±�Xeí2"

·K3.2. é?¿k = (k1, k2, . . . , km+1, . . .)÷v0 = k1 < k2 < · · · < km+1 < · · ·§±

9é?¿p > 1§`p,k�m´��à�"e1 < p ≤ 2§�δp(ε)éA½Â3.1¥�~ê§

@o·��±�δp(ε) = 1−
(
1−

(
ε
2

)q)1/q
§Ù¥q = p/(p− 1)´�Ý�ê"

5P3.1. δp(ε)�À��kÃ'"

·K3.2�y²�½n3.33©z[6]¥�y²aq"Ïd·�Äk�Ñ±eÚn"

TÚn´©z[6]¥½n2�í2"

Ún3.1. éuXþ½Â�`p,k�m§ep ≥ 2§@oéu?¿��xÚy§·�kXe

n�Ø�ª£Ù¥q´�Ý�ê§q = p/(p− 1)¤"

2
(
‖x‖pp,k + ‖y‖pp,k

)
≤ ‖x+ y‖pp,k + ‖x− y‖pp,k ≤ 2p−1

(
‖x‖pp,k + ‖y‖pp,k

)
¶ (3.4)

2
(
‖x‖pp,k + ‖y‖pp,k

)q−1 ≤ ‖x+ y‖qp,k + ‖x− y‖qp,k¶ (3.5)

‖x+ y‖pp,k + ‖x− y‖pp,k ≤ 2
(
‖x‖qp,k + ‖y‖qp,k

)p−1
" (3.6)

e1 < p ≤ 2§ò±þØ�ª�Ø�ÒC���§Ø�ªE,¤á"
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y². {üå�§3TÚn�y²¥§·�P` = `p,k§‖ · ‖ = ‖ · ‖p,k"Äk§5¿�

éu?¿p§Ø�ª(3.4)�1��Ø�Ò�1��Ø�Ò�d§Ø�ª(3.5)�Ø�

ª(3.6)��d"̄ ¢þ§-x+ y = ξ,x− y = η§·�k

‖x+ y‖p + ‖x− y‖p ≤ 2p−1(‖x‖p + ‖y‖p)

⇔‖ξ‖p + ‖η‖p ≤ 2p−1(‖(ξ + η)/2‖p + ‖(ξ − η)/2‖p)

⇔‖ξ‖p + ‖η‖p ≤ 2−1(‖ξ + η‖p + ‖ξ − η‖p)

⇔2(‖ξ‖p + ‖η‖p) ≤ ‖ξ + η‖p + ‖ξ − η‖p§

±9

2(‖x‖p + ‖y‖p)q−1 ≤ ‖x+ y‖q + ‖x− y‖q

⇔2(‖(ξ + η)/2‖p + ‖(ξ − η)/2‖p)q−1 ≤ ‖ξ‖q + ‖η‖q

⇔21−p(q−1)(‖ξ + η‖p + ‖ξ − η‖p)q−1 ≤ ‖ξ‖q + ‖η‖q

⇔‖ξ + η‖p + ‖ξ − η‖p ≤ 2(‖ξ‖q + ‖η‖q)p−1"

·�Äké1 < p ≤ 2��¹y²Ø�ª(3.5)§=

2(‖x‖p + ‖y‖p)q−1 ≥ ‖x+ y‖q + ‖x− y‖q" (3.7)

·�(²§éuα,β ∈ Rk§k

2 (‖α‖p2 + ‖β‖p2)
q−1 ≥ ‖α+ β‖q2 + ‖α− β‖q2" (3.8)

XJαÚβ¥k��´0§@oØ�ª(3.8)w,¤á"yb�‖α‖2 ≥ ‖β‖2 > 0"3Ø

�ª(3.8)ü>Ó�Ø±‖α‖q2§¿|^�ê��àg5§Ø�ª(3.8)z�

2

(∥∥∥∥ α

‖α‖2

∥∥∥∥p
2

+

∥∥∥∥ β

‖α‖2

∥∥∥∥p
2

)q−1
≥
∥∥∥∥ α

‖α‖2
+

β

‖α‖2

∥∥∥∥q
2

+

∥∥∥∥ α

‖α‖2
− β

‖α‖2

∥∥∥∥q
2

" (3.9)

-a = α
‖α‖2§b = β

‖α‖2"@o‖a‖2 = 1�‖b‖2 ≤ 1§d�Ø�ª(3.9)�du

2 (1 + ‖b‖p2)
q−1 ≥ ‖a+ b‖q2 + ‖a− b‖q2§

=

2 (1 + ‖b‖p2)
q−1 ≥

(
‖a‖22 + ‖b‖22 + 2a · b

)q/2
+
(
‖a‖22 + ‖b‖22 − 2a · b

)q/2
§
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=

2 (1 + ‖b‖p2)
q−1 ≥

(
1 + ‖b‖22 + 2a · b

)q/2
+
(
1 + ‖b‖22 − 2a · b

)q/2
§

Ù¥a · b�Ï~�SÈ"�‖b‖2 = b ∈ [0, 1]§K

|a · b| ≤ ‖a‖2 ‖b‖2 = b"

Ø�b�a · b ∈ [0, b]"�Ä¼ê

g(x) = (1 + b2 + 2x)q/2 + (1 + b2 − 2x)q/2§x ∈ [0, b]"

�x ∈ [0, b]�§Ï�q ≥ 2§·�kg′(x) = q(1+b2+2x)q/2−1−q(1+b2−2x)q/2−1 ≥ 0"

¤±max g(x) = g(b) = (1 + b2 + 2b)q/2 + (1 + b2− 2b)q/2 = (b+ 1)q + (1− b)q"ù�

Ò�Iy²

2 (1 + bp)q−1 ≥ (1 + b)q + (1− b)q" (3.10)

©z[6]®²y²
Ø�ª(3.10)£�©z[6]�½n2¤"¤±Ø�ª(3.8)¤á§

y3·�y²Ø�ª(3.7)"�x = (x1,x2, . . .) = (x1, x2, . . .),y = (y1,y2, . . .) =

(y1, y2, . . .) ∈ `§Ù¥

xj = (xkj+1, xkj+2, . . . , xkj+1
)§

yj = (ykj+1, ykj+2, . . . , ykj+1
)"

Ø�ª(3.7)��´

2

(
∞∑
j=1

(‖xj‖p2 + ‖yj‖p2)

)q−1

≥

(
∞∑
j=1

‖xj + yj‖p2

) q
p

+

(
∞∑
j=1

‖xj − yj‖p2

) q
p

" (3.11)

3C�Ø�Ò����MinkowskiØ�ª(3.2)¥§�Aj = ‖xj + yj‖q2§Bj = ‖xj −

yj‖q2§s = p/q ≤ 1"ù��{§Ø�ª(3.11)�m>Ò´(
∞∑
j=1

Asj

)1/s

+

(
∞∑
j=1

Bs
j

)1/s

≤

(
∞∑
j=1

(Aj +Bj)
s

)1/s

=

(
∞∑
j=1

(‖xj + yj‖q2 + ‖xj − yj‖q2)
p/q

)q/p

§

(3.12)
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�âØ�ª(3.8)qk

≤

(
∞∑
j=1

(
2 (‖xj‖p2 + ‖yj‖p2)

q−1
)p/q)q/p

= 2

(
∞∑
j=1

(‖xj‖p2 + ‖yj‖p2)

)q/p

"

Ï�q/p = q − 1§¤±·��¤
Ø�ª(3.5)31 < p ≤ 2��y²"

y3·�3p ≥ 2�y²Ø�ª(3.5)"·�ÄkI�y²C�Ø�Ò����

Ø�ª(3.11)§=

2

(
∞∑
j=1

(‖xj‖p2 + ‖yj‖p2)

)q−1

≤

(
∞∑
j=1

‖xj + yj‖p2

)q/p

+

(
∞∑
j=1

‖xj − yj‖p2

)q/p

"

(3.13)

Aj§BjÚsE�¤�c¡�Ó��"2|^MinkowskiØ�ª(3.2)§·�Ò��Ø�

ª(3.13)�m>� (
∞∑
j=1

Asj

)1/s

+

(
∞∑
j=1

Bs
j

)1/s

≥

(
∞∑
j=1

(Aj +Bj)
s

)1/s

=

(
∞∑
j=1

(‖xj + yj‖q2 + ‖xj − yj‖q2)
p/q

)q/p

"

(3.14)

·�®²é1 < p ≤ 2��¹y²
Ø�ª(3.8)§§q�du

‖α+ β‖p2 + ‖α− β‖p2 ≥ 2 (‖α‖q2 + ‖β‖q2)
p−1"

��pÚq±�§·�k

‖α+ β‖q2 + ‖α− β‖q2 ≥ 2 (‖α‖p2 + ‖β‖p2)
q−1§

ép ≥ 2¤á"¤±Ø�ª(3.14)

≥

(
∞∑
j=1

(
2 (‖xj‖p2 + ‖yj‖p2)

q−1
)p/q)q/p

= 2

(
∞∑
j=1

(‖xj‖p2 + ‖yj‖p2)

)q−1

"

¤±§·��¤
Ø�ª(3.5)3p ≥ 2��y²"
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��§·�y²Ø�ª(3.4)"-p ≥ 2§�ÄØ�ª(3.4)�1��Ø�Ò"̄ ¢

þ§ù�±dØ�ª(3.6){üíÑµéux, y ≥ 0§·�k

2(xq + yq)p−1 ≤ 2p−1(xp + yp)" (3.15)

©z[6]®²�Ñ
Ø�ª(3.15)�y²£�©z[6]¥½n2�y²¤"éu1 < p ≤ 2�

�¹§dØ�ª(3.15)�

2(xq + yq)p−1 ≥ 2p−1(xp + yp)" (3.16)

Ø�ª(3.4)�1��Ø�Ò£I�C���§Ï�d�1 < p ≤ 2¤�±dØ�

ª(3.6)£I�C�Ø�Ò��¤ÚØ�ª(3.16)íÑ"

y3·��±y²·K3.2"

·K3.2�y². �p ≥ 2�§3Ø�ª(3.4)¥-‖x‖p,k = ‖y‖p,k = 1§·�k

‖x+ y‖pp,k + ‖x− y‖pp,k ≤ 2p"

e‖x− y‖p,k ≥ ε§K ∥∥∥∥x+ y

2

∥∥∥∥
p,k

≤ (1− (ε/2)p)1/p"

¤±·��±�δ(ε) = 1−(1−(ε/2)p)1/p"aq/§�1 < p ≤ 2�§�âØ�ª(3.5)§

·��±�δ(ε) = 1− (1− (ε/2)q)1/q"

§ 3.3 f5�¥�.

�½p > 1, n ∈ N§±9k = (k1, k2, . . . , km+1)÷v0 = k1 < k2 < · · · < km+1 =

n§·��ÄBn
p,k(0, rp,k,n)�²£æÈ"éu��k.��ÿ8S ⊆ Rn§P

Pt,p,k(S) = {{x1,x2, . . . ,xt} ⊆ S : dp,k,n(xi,xj) ≥ 2rp,k,n∀i 6= j}

�S¥¤k�±�¤æÈ�ÃSt�|�¤�8Ü"

Sþt�¥%�;.f5�¥�.£canonical hard superball model¤�Pt,p,k(S)¥

þ!�ÅÀ����t�|Xt,p,k"Sþ�;.f5�¥�.��©¼ê£partition

function¤�

ẐS,p,k(t) =
1

t!

ˆ
St
1Dp,k(x1,x2,...,xt)dx1dx2 · · · dxt§ (3.17)
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Ù¥éux1,x2, . . . ,xt ∈ Rn§Dp,k(x1,x2, . . . ,xt)L«¯�

/é?¿i 6= j§þkdp,k,n(xi,xj) ≥ 2rp,k,n0"

SþºÝ£fugacity¤�λ�o;.f5�¥�.£grand canonical hard superball

model¤����ÅÃS:8X§Ù¥X3¯�

/é?¿ØÓ�x,y ∈ X§þkdp,k,n(x,y) ≥ 2rp,k,n0

�^�eÑlrÝ�λ�Ñt©Ù"�é{`§·�Äkl{0, 1, 2, . . .}¥±�'

uλtẐS,p,k(t)�VÇÀ�t§,�·�lPt,p,k(S)¥þ!/À�X"Sþ�o;.f5

�¥�.��©¼ê�

ZS,p,k(λ) =
∞∑
t=0

λtẐS,p,k(t)§ (3.18)

Ù¥·��ẐS,p,k(0) = 1"XJS´k.�§@oZS,p,k(λ)Ò´��'uλ�õ�ª"

f5�¥�.�Ï"æÈ�ÝαS,p,k(λ)�S¥�¥%ê8�Ï"§¿dS�NÈ

IOz§=

αS,p,k(λ) =
ES,p,k,λ|X|

vol(S)
"

d?±9�Ù�Y�Øã¥§PS,p,k,λÚES,p,k,λ©OéASþºÝ�λ�o;.f5�

¥�.¥�VÇÚÏ""

Ï"æÈ�Ý�±L«¤IOz�éê�©¼ê��ê"

αS,p,k(λ) =
1

vol(S)

∞∑
t=1

t · PS,p,k,λ(|X| = t)

=
1

vol(S)

∞∑
t=1

t · λtẐS,p,k(t)

ZS,p,k(λ)

=
1

vol(S)

λ · (ZS,p,k(λ))′

ZS,p,k(λ)

=
λ

vol(S)
(logZS,p,k(λ))′"

(3.19)

d?±9�Ù�Y�Øã¥§log xo´L«x�g,éê"

Ún3.2. Bn
p,k(R) ⊆ Rn�ì?Ï"æÈ�Ý´���¥æÈ�Ý���e."�Ò

´`§é?¿λ > 0§·�k

∆p,k(n) ≥ lim sup
R→∞

αBnp,k(R),p,k(λ)"
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y². �â∆p,k(n)�½Â§k

∆p,k(n) = lim sup
R→∞

sup
X∈P

|X|
(R/rp,k,n)n

§

Ù¥P�Bn
p,k(R)¥�»�r = rp,k,n��¥/¤�¤kæÈ�¤�8Ü§(R/rp,k,n)n

´Bn
p,k(R)�NÈ"3T�.¥§�
¥%�U¬3Bn

p,k(R)�>.?§ù
¥%ØA

�3æÈ¥"ØL§·��±òBn
p,k(R)��»��*�§¦�ù
¥%EU/¤æ

È"�é{`§XJX´lBn
p,k(R)þ��.¥ÀÑ�:8§@oX´Bn

p,k(R+100)¥

���æÈ"d�

∆p,k(n) ≥ lim sup
R→∞

EBnp,k(R),p,k,λ(|X|)
((R + 100)/rp,k,n)n

= lim sup
R→∞

EBnp,k(R),p,k,λ(|X|)
((R + 100)/rp,k,n)n

· ((R + 100)/rp,k,n)n

(R/rp,k,n)n

= lim sup
R→∞

EBnp,k(R),p,k,λ(|X|)
(R/rp,k,n)n

= lim sup
R→∞

αBnp,k(R),p,k(λ)"

½n3.4. é?¿p ∈ (1, 2]§�3~êcp ∈ (0, 2)¦�eã·K¤á"-S ⊆ Rn�k

.�ÿ8§�NÈ��§@oé?¿k = (k1, k2, . . . , km+1)÷v0 = k1 < k2 < · · · <

km+1 = n§±9?¿λ ≥ n−1c−np §·�k

αS,p,k(λ) ≥ (1 + on(1))
log(2/cp) · n

2n
"

5P3.2. ½n3.4¥�~êcp�nÚkÃ'"

dÚn3.2Ú½n3.4�±��íÑ½n3.2"

Ún3.3. -S ⊆ Rn�k.�ÿ8§¿�NÈ��§Ï"æÈ�ÝαS,p,k(λ)�λî�

4O"

y². |^�ª(3.19)§·�k

λ · vol(S) · α′S,p,k(λ)

=λ ·
(
λ · (ZS,p,k(λ))′

ZS,p,k(λ)

)′
=λ ·

(
(ZS,p,k(λ))′ + λ · (ZS,p,k(λ))′′

ZS,p,k(λ)
− λ · [(ZS,p,k(λ))′]2

(ZS,p,k(λ))2

)
"
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Ï�

λ · (ZS,p,k(λ))′

ZS,p,k(λ)
= vol(S) · αS,p,k = ES,p,k,λ|X|

�

λ · λ · (ZS,p,k(λ))′′

ZS,p,k(λ)

=λ2 ·
∑∞

t=2 t(t− 1)λt−2ẐS,p,k(t)

ZS,p,k(λ)

=
∞∑
t=2

t(t− 1)PS,p,k,λ(|X| = t)

=ES,p,k,λ[|X|(|X| − 1)]§

¤±

λ · vol(S) · α′S,p,k(λ)

=ES,p,k,λ|X|+ ES,p,k,λ[|X|(|X| − 1)]− (ES,p,k,λ|X|)2

=Var(|X|) > 0"

(3.20)

¤±αS,p,k(λ)î�4O"

·�^FVS,p,k(λ)L«f5�¥�.�gdNÈ£free volume¤�Ï""�é{

`§FVS,p,k(λ)´S¥�X�ål���2rp,k,n�:¤Ó�NÈ'�Ï""

FVS,p,k(λ) =
ES,p,k,λ [vol({y ∈ S : dp,k,n(y,x) ≥ 2rp,k,n∀x ∈ X})]

vol(S)
"

Ún3.4. -S ⊆ Rn�k.�ÿ8§¿�NÈ��"K

αS,p,k(λ) = λ · FVS,p,k(λ)"
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y². �âαS,p,k(λ)ÚFVS,p,k(λ)�½Â§·�k

αS,p,k(λ)

=
ES,p,k,λ|X|

vol(S)

=
1

vol(S)

∞∑
t=0

(t+ 1) · PS,p,k,λ(|X| = t+ 1)

=
t+ 1

vol(S)ZS,p,k(λ)

∞∑
t=0

ˆ
St+1

λt+1

(t+ 1)!
1Dp,k(x0,x1,...,xt)dx0dx1 · · · dxt

=
λ

vol(S)ZS,p,k(λ)

∞∑
t=0

ˆ
St+1

λt

t!
1Dp,k(x0,x1,...,xt)dx0dx1 · · · dxt

=
λ

vol(S)ZS,p,k(λ)

∞∑
t=0

ˆ
St

λt

t!

(ˆ
S

1Dp,k(x0,x1,...,xt)dx0

)
dx1 · · · dxt"

-Y = vol({y ∈ S : dp,k,n(y,x) ≥ 2rp,k,n∀x ∈ X})"K

ES,p,k,λ (Y |X = {x1,x2, . . . ,xt}) =

ˆ
S

1Dp,k(x0,x1,...,xt)dx0"

¤±

λ · FVS,p,k(λ)

=
λ

vol(S)
· ES,p,k,λ (Y )

=
λ

vol(S)
· ES,p,k,λ [ES,p,k,λ (Y |X = {x1,x2, . . . ,xt})]

=
λ

vol(S)

∞∑
t=0

λt

ZS,p,k(λ)

1

t!

ˆ
St

ˆ
S

1Dp,k(x0,x1,...,xt)dx01Dp,k(x1,...,xt)dx1 · · · dxt

=
λ

vol(S)ZS,p,k(λ)

∞∑
t=0

ˆ
St

λt

t!

(ˆ
S

1Dp,k(x0,x1,...,xt)dx0

)
dx1 · · · dxt

=αS,p,k(λ)§

Ù¥�t = 0�§1Dp,k(x1,x2,...,xt) ≡ 1£Ï�d�ẐS,p,k(0) = 1¤"

y3·��Äe¡ù��ÜÁ�µklSþºÝ�λ�f5�¥�.¥À��

�:8X§2Õá/lS¥À��:v"·�½Â���Å8Ü

T = {x ∈ Bn
p,k(v, 2rp,k,n) ∩ S : dp,k,n(x,y) ≥ 2rp,k,n∀y ∈ X ∩Bn

p,k(v, 2rp,k,n)c}"

(3.21)
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�é{`§TdS¥ù��:¤�¤µù
:3Bn
p,k(v, 2rp,k,n)¥§¿�vk�

Bn
p,k(v, 2rp,k,n)	¡�:{�/¤��¥%"

Ún3.5. -S ⊆ Rn�k.�ÿ8§¿�NÈ��"K

αS,p,k(λ) = λ · E
[

1

ZT,p,k(λ)

]
(3.22)

�

αS,p,k(λ) ≥ 2−n · E
[
λ · (ZT,p,k(λ))′

ZT,p,k(λ)

]
§ (3.23)

Ù¥±þü�Ï"Ñ´'u±þ½Â��ÜÁ�"

y². |^Ún3.4§·�k

αS,p,k(λ) = λ · FVS,p,k(λ)

=
λ

vol(S)
·
ˆ
S

P[dp,k,n(x,y) ≥ 2rp,k,n,∀x ∈ X]dy

= λ · E(1T∩X=∅)

= λ · E
[

1

ZT,p,k(λ)

]
§

�����Ò^�f5�¥�.��mMarkov5µ3X ∩ Bn
p,k(v, 2rp,k,n)c�^�

e§X ∩Bn
p,k(v, 2rp,k,n)�©Ù�Tþ�f5�¥�.�Ó"

é?¿x ∈ S§P(x ∈ Bn
p,k(v, 2rp,k,n)) = vol(Bn

p,k(v, 2rp,k,n) ∩ S)/vol(S) ≤

2n/vol(S)"¤±

αS,p,k(λ) =
ES,p,k,λ|X|

vol(S)

≥ 2−nE(|X ∩Bn
p,k(v, 2rp,k,n)|)

= 2−nE(αT,p,k(λ) · vol(T))

= 2−n · E
[
λ · (ZT,p,k(λ))′

ZT,p,k(λ)

]
"

Ún3.6. -S ⊆ Rn�k.�ÿ8"K

logZS,p,k(λ) ≤ λ · vol(S)" (3.24)
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?�ÚXJS�NÈ��§K

αS,p,k(λ) ≥ λ · e−λ·E[vol(T)]" (3.25)

y². �âZS,p,k(λ)�½Â§·�k

ZS,p,k(λ) =
∞∑
t=0

λtẐS,p,k(t)

=
∞∑
t=0

λt

t!

ˆ
St
1Dp,k(x1,x2,...,xt)dx1dx2 · · · dxt

≤
∞∑
t=0

λt

t!

ˆ
St
dx1dx2 · · · dxt

=
∞∑
t=0

λt

t!
(vol(S))t

= eλ·vol(S)"

�éê�·���Ø�ª(3.24)"

éuØ�ª(3.25)§·�|^�ª(3.22)ÚØ�ª(3.24)"¤±

αS,p,k(λ) = λ · E
[

1

ZT,p,k(λ)

]
≥ λ · E

[
e−λ·vol(T)

]
≥ λ · e−λ·E[vol(T)]§

Ù¥����Ø�Ò´Ï�JensenØ�ª"

5P3.3. 3©z[34]¥§Ún3.3-3.6´�éîAp�¥ó�"¯¢þù
Úné

·�ùp½Â��¥�·^"

�Ä¼ê

h(x) =

(
x

4
+

1

2
− 1

x

)q
+

(
x+ 2

4

)q
− 1"

5¿��x ≥ 1.5�§h(x)ëY§�h(2) = 1/2q > 0§¤±�3xp ∈ (1.5, 2)¦�é?

¿x ∈ [xp, 2]Ñkh(x) > 1/3q"·�ò3e¡ù�Ún�y²¥^�xp"

Ún3.7. é?¿p ∈ (1, 2]§�3��~êcp ∈ (0, 2)¦�eã·K¤á"é?¿n ∈

NÚk = (k1, k2, . . . , km+1)÷v0 = k1 < k2 < · · · < km+1 = n§�S ⊆ Bn
p,k(2rp,k,n)�

ÿ"@o

E
[
vol(Bn

p,k(u, 2rp,k,n) ∩ S)
]
≤ 2 · cnp§ (3.26)
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Ù¥u´S¥þ!�ÅÀ��:"AO/§

αS,p,k(λ) ≥ λ · e−λ·2·cnp" (3.27)

5P3.4. ½n3.4¥�~êcp=�ùp�~êcp"¤±·�^Ó��ÎÒ"

y². w,§·��±b�S�NÈ��"·�k

E
[
vol(Bn

p,k(u, 2rp,k,n) ∩ S)
]

=
1

vol(S)

ˆ
S

ˆ
S

1dp,k,n(u,v)≤2rp,k,ndvdu

=
2

vol(S)

ˆ
S

ˆ
S

1dp,k,n(u,v)≤2rp,k,n · 1‖v‖p,k,n≤‖u‖p,k,ndvdu

≤2 max
u∈Bnp,k(2rp,k,n)

ˆ
S

1dp,k,n(u,v)≤2rp,k,n · 1‖v‖p,k,n≤‖u‖p,k,ndv

≤2 max
u∈Bnp,k(2rp,k,n)

vol
(
Bn
p,k(u, 2rp,k,n) ∩Bn

p,k(0, ‖u‖p,k,n)
)
"

�
y²Ø�ª(3.26)§�Iy²�3~êcp ∈ (0, 2)¦�é?¿n,k§±9é?

¿u ∈ Bn
p,k(0, 2rp,k,n)§·�k

vol
(
Bn
p,k(u, 2rp,k,n) ∩Bn

p,k(0, ‖u‖p,k,n)
)
≤ cnp"

é?¿n,k§±9?¿u ∈ Bn
p,k(0, 2rp,k,n)§e‖u‖p,k,n ≤ xp · rp,k,n§K

vol
(
Bn
p,k(u, 2rp,k,n) ∩Bn

p,k(0, ‖u‖p,k,n)
)
≤ vol

(
Bn
p,k(0, ‖u‖p,k,n)

)
≤ xnp"

2�Ä‖u‖p,k,n ≥ xp·rp,k,n��¹"é?¿x ∈ Bn
p,k(u, 2rp,k,n)∩Bn

p,k(0, ‖u‖p,k,n)§

·�k‖x − u‖p,k,n ≤ 2rp,k,n�‖x‖p,k,n ≤ ‖u‖p,k,n ≤ 2rp,k,n"e‖x − u‖p,k,n ≤

xp · rp,k,n½‖x‖p,k,n ≤ xp · rp,k,n§�â�ê��àg5Úg�\5§·�k∥∥∥∥x− 1

2
u

∥∥∥∥
p,k,n

=
1

2
‖2x− u‖p,k,n ≤

1

2

(
‖x− u‖p,k,n + ‖x‖p,k,n

)
≤ xp + 2

2
rp,k,n"

(3.28)

y3b�‖x − u‖p,k,n ≥ xp · rp,k,n�‖x‖p,k,n ≥ xp · rp,k,n"�½1 < p ≤ 2"

-δp(ε) = 1−
(
1−

(
ε
2

)q)1/q
"�â·K3.2§é?¿k = (k1, k2, . . .)Ú?¿x,y ∈ `p,k§

e‖x‖p,k = ‖y‖p,k = 1�‖x − y‖p,k ≥ ε§@o
∥∥x+y

2

∥∥
p,k
≤ 1 − δp(ε)"é?¿n ∈
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NÚk = (k1, k2, . . . , km+1)÷v0 = k1 < k2 < · · · < km+1 = n§ÏL31n��I

�Vþ0§·��±òRn¥�:xw¤´`p,k̃¥�:§ùpk̃ = (k1, k2, . . . , km+1, n +

1, n+ 2, . . .)"d�‖x‖p,k,n = ‖x‖p,k̃"3�e5�y²¥§·�ò^�ê‖ · ‖p,k5O

��ê‖ · ‖p,k,n"

P‖x − u‖p,k = a§‖x‖p,k = b§‖u‖p,k = c"·�®²b�xp · rp,k,n ≤ a ≤

2rp,k,n�xp · rp,k,n ≤ b ≤ c ≤ 2rp,k,n"Ï�
∥∥x−u

a

∥∥
p,k

=
∥∥x
b

∥∥
p,k

= 1§¿�∥∥∥∥x− ua − x
b

∥∥∥∥
p,k

=

∥∥∥∥−ua +

(
1

a
− 1

b

)
x

∥∥∥∥
p,k

≥
∥∥∥∥−ua

∥∥∥∥
p,k

−
∥∥∥∥(1

a
− 1

b

)
x

∥∥∥∥
p,k

=
c

a
−
∣∣∣∣b− aa

∣∣∣∣
≥xp

2
− |b− a|

a
§

(3.29)

¤±d`p,k���à5�� ∥∥∥∥ x−ua + x
b

2

∥∥∥∥
p,k

≤ 1− δp(εp)§ (3.30)

Ù¥εp := xp
2
− |b−a|

a
≥ xp

2
− 2−xp

xp
= 1 + xp

2
− 2

xp
"�δp(εp) ≥ δp

(
1 + xp

2
− 2

xp

)
"3Ø

�ª(3.30)üàÓ�¦a§�n���∥∥∥∥1 + a
b

2
x− 1

2
u

∥∥∥∥
p,k

≤ a(1− δp(εp))"

Ïd§ ∥∥∥∥x− 1

2
u

∥∥∥∥
p,k

=

∥∥∥∥1 + a
b

2
x− 1

2
u+

1− a
b

2
x

∥∥∥∥
p,k

≤
∥∥∥∥1 + a

b

2
x− 1

2
u

∥∥∥∥
p,k

+

∥∥∥∥1− a
b

2
x

∥∥∥∥
p,k

≤ a(1− δp(εp)) +
|b− a|

2

≤
(

2(1− δp(εp)) +
2− xp

2

)
rp,k,n

=

[
2−

(
2δp(εp)−

2− xp
2

)]
rp,k,n"

(3.31)
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Ï�

2δp (εp)−
2− xp

2
= 2

[
1−

(
1−

(εp
2

)q)1/q]
− 1 +

xp
2

= 1− 2
(

1−
(εp

2

)q)1/q
+
xp
2

≥ 1− 2

(
1−

(
1 + xp

2
− 2

xp

2

)q)1/q

+
xp
2

= 1− 2

(
1−

(
1

2
+
xp
4
− 1

xp

)q)1/q

+
xp
2
§

¿�âxp�½Â

1−
(

1

2
+
xp
4
− 1

xp

)q
≤
(
xp + 2

4

)q
− 1

3q
§

¤±

2δp (εp)−
2− xp

2
≥ 1− 2

(
1−

(
1

2
+
xp
4
− 1

xp

)q)1/q

+
xp
2

≥ 1 +
xp
2
−
((

1 +
xp
2

)q
− 2q

3q

)1/q

> 0"

(3.32)

-c′p = max
{
xp+2

2
, 2−

(
2δp(εp)− 2−xp

2

)}
"�âØ�ª(3.32)§·���c′p < 2"

�âØ�ª(3.28)ÚØ�ª(3.31)§·���

Bn
p,k(u, 2rp,k,n) ∩Bn

p,k(0, ‖u‖p,k,n) ⊆ Bn
p,k(u/2, c′prp,k,n)"

¤±

vol
(
Bn
p,k(u, 2rp,k,n) ∩Bn

p,k(0, ‖u‖p,k,n)
)
≤ vol

(
Bn
p,k(u/2, c′prp,k,n)

)
= (c′p)

n"

-cp = max{xp, c′p}§·�Ò�¤
y²"

dØ�ª(3.25)ÚØ�ª(3.26)�±���ª(3.27)"

y3·��±y²½n3.4"

½n3.4�y². -S ⊆ Rn�k.�ÿ8§¿�NÈ��"-cp�Ún3.7¥�~ê§

±9α = αS,p,k(λ)"dJensenØ�ªk

α = λ · E
[

1

ZT,p,k(λ)

]
≥ λ · e−E logZT,p,k(λ)§
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ùp�Ï"´'uc¡½Â��ÜÁ��§¿�1���Ò´du�ª(3.22)"

,��¡§·�k

α ≥ 2−n · E
[
λ · Z ′T,p,k(λ)

ZT,p,k(λ)

]
= 2−n · E [vol(T) · αT,p,k(λ)]

≥ 2−n · E
[
λ · vol(T) · e−λ·2·cnp

]
≥ 2−n · E

[
logZT,p,k(λ) · e−λ·2·cnp

]
= 2−n · e−λ·2·cnp · E [logZT,p,k(λ)]"

òùü�e.(Üå5§¿-z = E [logZT,p,k(λ)]§·�k

α ≥ inf
z

max
{
λ · e−z, 2−n · e−λ·2·cnp · z

}
"

Ï�λ · e−z�z4~§2−n · e−λ·2·cnp · z�z4O§§������e(.3§����

�ÿ��§=α ≥ λe−z
∗
§Ù¥z∗´�§

λ · e−z = 2−n · e−λ·2·cnp · z

�)"�é{`§

z∗ = W (λ2ne2λc
n
p )§ (3.33)

Ù¥W (x)´Lambert-W¼ê"éux > 0§w = W (x)½Â��§wew = x���)"

¤±

w = log x− log(log x− logw) = log x− log log x− log

(
1− logw

log x

)
"

�x→∞�§

W (x) = log x− log log x+O

(
log log x

log x

)
"

·��λ = n−1c−np "¤±�n → ∞�§λ2ne2λc
n
p = 1

n

(
2
cp

)n
e2/n → ∞"�

ª(3.33)z�

z∗ = W (λ2ne2/n)

= log λ+ n log 2− log n− log log(2/cp) +O(log(log n/n))"
(3.34)
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¤±

α ≥ λe−z
∗

= (1 +O(log n/n))
log(2/cp) · n

2n
"

Ï�α�λ4O§ù�.é¤kλ ≥ n−1c−np þ¤á"ùÒ�¤
y²"

3þãy²¥§XJ·��λ = n−1c−n§Ù¥c ∈ [cp, 2)§@o·�k

αS,p,k(e−n log c) =αS,p,k(c−n) ≥ αS,p,k(n−1c−n) ≥ (1 + on(1))
(log 2− log c) · n

2n
§

=

αS,p,k(e−nt) ≥ (1 + on(1))
(log 2− t) · n

2n
§ (3.35)

Ù¥t ∈ [log cp, log 2)"

§ 3.4 ½n3.2�,�«y²

3ù�!§·�Ø¦^f5�¥�.§�Ñ½n3.2�,�«y²"y²g�5

gu©z[42]�6.1!"·��½p ∈ (1, 2]Úk§¿-n´��¿©��ê"�Bå�§

3ù�!§·�{z�
ÎÒµBn(R) = Bn(0, R) := Bn
p,k(R) = Bn

p,k(0, R)§rn :=

rp,k,n§B
n(x, rn) := Bn

p,k(x, rp,k,n)§‖ · ‖ := ‖ · ‖p,k,n§d(·, ·) := dp,k,n(·, ·)"

-Bn(R)´¥%30!�»�R��¥"�Ä3Bn(R)¥æÈBn(x, rn)�¯K"

-ε´�����¢ê£·�ò3�¡(½ε¤§Cε := [0, ε]n´��á�N§±9L̃ε :=

(εZ)n´���"Cε + L̃εÁë
��m§¤±§�y©
B
n(R)"-Lε = {x ∈ L̃ε :

Cε + x ⊆ Bn(R)}"·�ke¡ù�Ún"

Ún3.8. {Cε + x : x ∈ Lε}CX
Bn(R− 2n
p+2
2p ε)"

y². b�(ØØé§@o�3ỹ = (y1, y2, . . . , yn) ∈ Bn(R−2n
p+2
2p ε)¦�é?¿x ∈

Lε§Ñky /∈ Cε + x"-x̃ = (x1, x2, . . . , xn) ∈ L̃ε¦�é?¿1 ≤ i ≤ n§Ñ

k0 ≤ yi−xi ≤ ε"�é{`§ỹ ∈ Cε+ x̃"�âỹ�À�§·���Cε+ x̃ * Bn(R)"

,��¡§é?¿z ∈ Cε + x̃§·�k

‖z‖ ≤ ‖z − y‖+ ‖y‖ ≤

(
m∑
j=1

‖(ε, ε, . . . , ε)‖p2

)1/p

+R− 2n
p+2
2p ε"
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5¿�‖(ε, ε, . . . , ε)‖p2 = (ε2 + ε2 + · · · + ε2)p/2 ≤ np/2εp§Ï��õkn�ε"¿

�
∑m

j=1 ‖(ε, ε, . . . , ε)‖
p
2 ≤ n(p+2)/2εp§Ï�m ≤ n"¤±

‖z‖ ≤

(
m∑
j=1

‖(ε, ε, . . . , ε)‖p2

)1/p

+R− 2n
p+2
2p ε ≤ R− 2n

p+2
2p ε+ n

p+2
2p ε < R"

ùéu¤kz ∈ Cε + x̃þ¤á"¤±Cε + x̃ ⊆ Bn(R)§gñ�Ïd�(Ø¤á"

XJ·�PN := |Lε|§@o·��±ÏLÚn3.85�ON���§=

vol
(
Bn(R− 2n

p+2
2p ε)

)
≤ N · vol(Cε) ≤ vol (Bn(R))§

�d/§ (
R− 2n

p+2
2p ε

εrn

)n

≤ N ≤
(
R

εrn

)n
"

¤±N = (1− oR(1))
(

R
εrn

)n
"

�{Cε+x : x ∈ Lε} = {C1, C2, . . . , CN}"·�lz��Ci¥?¿À���:vi§

¿�E��9ÏãG"3ãG¥§V (G) = {v1,v2, . . . ,vN}§viÚvj�mk�^>�

�=�d(vi,vj) < 2rn"¤±XJ·�3B
n(R)¥¦�Uõ/æÈ�»�rn��¥§

@où
�¥�êþ¬�u�uα(G)§Ù¥α(G)´G�Õáê"�é{`§

∆p,k(n) ≥ lim
R→∞

α(G)

(R/rn)n
" (3.36)

|^Ún3.2�y²¥��E|§·�3ùpÓ��±�Ñ@
3Bn(R)�>.NC

�:¤�5�K�"

Ún3.9. G¥?¿��º:�Ýê�õ� 1+on(1)
1−oR(1)

(
2rn
R

)n
N"

y². ·�^N [x] = N(x) ∪ {x}L«x�4��£dxÚx��:�¤�8Ü¤"·

�(²§é?¿x ∈ V (G)§k

Bn(x, 2rn−2n
p+2
2p ε)∩Bn(0, R−2n

p+2
2p ε) ⊆

⋃
vi∈N [x]

Ci ⊆ Bn(x, 2rn+2n
p+2
2p ε)" (3.37)

éu1���¹'X§�y ∈ Bn(x, 2rn − 2n
p+2
2p ε) ∩Bn(0, R− 2n

p+2
2p ε)"dÚn3.8§

�3���Ii¦�y ∈ Ci"¤±d(y,vi) ≤ n
p+2
2p ε"Ï�d(x,y) ≤ 2rn − 2n

p+2
2p ε§¤
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±d(x,vi) ≤ 2rn − 2n
p+2
2p ε+ n

p+2
2p ε < 2rn§=vi ∈ N [x]"éu1���¹'X§éu

÷vvi ∈ N [x]��Ii§�y ∈ Ci"·�kd(y,vi) ≤ n
p+2
2p ε�d(x,vi) < 2rp,k,n"¤

±d(y,x) ≤ 2rp,k,n + 2n
p+2
2p ε"ùÒ�¤
(²�y²"

Ï�Ci�mpØU§�â±þ�(²§·�k

vol

 ⋃
vi∈N [x]

Ci

 =|N [x]|εn ≤ vol(Bn(x, 2rn + 2n
p+2
2p ε)) =

(
2rn + 2n

p+2
2p ε

rn

)n

§

(3.38)

=

|N [x]| ≤
(

1

εrn

)n
(2rn + 2n

p+2
2p ε)n =

1 + on(1)

1− oR(1)

(
2rn
R

)n
N§

Ù¥·�À�ε÷vn
p+2
2p ε/rn < n−2"

PD := 1+on(1)
1−oR(1)

(
2rn
R

)n
N§K := 1

10

(
2
cp

)n
§Ù¥cp´Ún3.7¥�~ê"̂ G[N(x)]

L«G�dN(x)�Ñ�fã"·�k±eÚn"

Ún3.10. �RÚnÑ¿©�"é?¿x ∈ V (G)§G[N(x)]�²þÝ�õ´D
K
"

y². Äk§D
K

= 10(1+on(1))
( cp
ε

)n
"�S ′ =

⋃
vi∈N(x)Ci§N(x) = {x1,x2, . . . ,xt}§

Ù¥t = |N(x)|"¤±vol(S ′) = tεn"�â½Â§G[N(x)]�²þÝ�õ´

1

t

t∑
i,j=1

1d(xi,xj)≤2rn =
εn

vol(S ′)

t∑
i,j=1

1d(xi,xj)≤2rn" (3.39)

�âÈ©�½Â§·�k

lim
ε→0

ε2n
t∑

i,j=1

1d(xi,xj)≤2rn =

ˆ
S′

ˆ
S′
1d(u,v)≤2rndudv§

�é{`§é?¿δ > 0§�3ε0(δ)§��ε < ε0(δ)§@o·�Òk

ε2n
t∑

i,j=1

1d(xi,xj)≤2rn ≤
ˆ
S′

ˆ
S′
1d(u,v)≤2rndudv + δ" (3.40)

3Ún3.9�y²¥§·���S ′ ⊆ Bn(x, 2rn + 2n
p+2
2p ε)"�S = 2rn

2rn+2n
p+2
2p ε

S ′"
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KS ⊆ Bn(x, 2rn)§¿�ˆ
S′

ˆ
S′
1d(u,v)≤2rndudv

=

(
2rn + 2n

p+2
2p ε

2rn

)2n ˆ
S

ˆ
S

1
d(u,v)≤2rn·2rn/(2rn+2n

p+2
2p ε)

dudv

≤

(
2rn + 2n

p+2
2p ε

2rn

)n

vol(S ′)

vol(S)

ˆ
S

ˆ
S

1d(u,v)≤2rndudv

=(1 + on(1))
vol(S ′)

vol(S)

ˆ
S

ˆ
S

1d(u,v)≤2rndudv§

(3.41)

Ù¥·�À�ε¿©�§¦�

(
2rn+2n

p+2
2p ε

2rn

)n
= 1 + on(1)"~X§XJ·��ε÷

vn
p+2
2p ε/rn < n−2§@o

(
2rn+2n

p+2
2p ε

2rn

)n
<
(
1 + 1

n2

)n
< e1/n = 1 + on(1)"

3Ún3.7�y²¥§·�k
ˆ
S

ˆ
S

1d(u,v)≤2rndudv ≤ 2vol(S)cnp" (3.42)

nÜ�ª(3.39)ÚØ�ª(3.40)-(3.42)§G[N(x)]�²þÝ�õ´

εn

vol(S ′)

t∑
i,j=1

1d(xi,xj)≤2rn

≤ 1

vol(S ′)εn

(ˆ
S′

ˆ
S′
1d(u,v)≤2rndudv + δ

)
≤ 1

vol(S ′)εn

(
(1 + on(1))

vol(S ′)

vol(S)

ˆ
S

ˆ
S

1d(u,v)≤2rndudv + δ

)
≤ 1

vol(S ′)εn
(
(1 + on(1)) · 2cnpvol(S ′) + δ

)
=(1 + on(1)) · 2

(cp
ε

)n
+

δ

vol(S ′)εn
"

(3.43)

�e5·��Ñvol(S ′)���e."3�¹'X(3.37)¥§·�k⋃
vi∈N [x]

Ci ⊇ Bn(x, 2rn − 2n
p+2
2p ε) ∩Bn(0, R− 2n

p+2
2p ε)"

PVlower := vol
(
Bn(x, 2rn − 2n

p+2
2p ε) ∩Bn(0, R− 2n

p+2
2p ε)

)
"eBn(x, 2rn−2n

p+2
2p ε) ⊆

Bn(0, R− 2n
p+2
2p ε)§K

Vlower ≥ vol
(
Bn(x, 2rn − 2n

p+2
2p ε)

)
=

(
2rn − 2n

p+2
2p ε

rn

)n

= (1− on(1))2n"
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eBn(x, 2rn − 2n
p+2
2p ε) * Bn(0, R− 2n

p+2
2p ε)§@o·�k

Bn(x, 2rn − 2n
p+2
2p ε) ∩Bn(0, R− 2n

p+2
2p ε) ⊇ Bn

(
y, rn − 2n

p+2
2p ε
)
§

Ù¥y :=
(

1− rn
‖x‖

)
x"�
y²ù�§·�?�z ∈ Bn

(
y, rn − 2n

p+2
2p ε
)
§k

d(z,y) ≤ rn − 2n
p+2
2p ε"¤±

d(x, z) ≤ d(x,y) + d(y, z) ≤ rn + rn − 2n
p+2
2p ε = 2rn − 2n

p+2
2p ε"

¿�

d(0, z) ≤ d(0,y) + d(y, z) ≤ ‖x‖ − rn + rn − 2n
p+2
2p ε ≤ R− 2n

p+2
2p ε§

Ï�x ∈ Bn(0, R)"Ïd

Vlower ≥ vol
(
Bn
(
y, rn − 2n

p+2
2p ε
))

=

(
rn − 2n

p+2
2p ε

rn

)n

= 1− on(1)"

nþ§·�k

vol(S ′) = vol

 ⋃
vi∈N [x]

Ci

− εn ≥ Vlower − εn ≥ 1− on(1)"

¤±§XJ·��δ = cnp§ε ≤ min{ε0(cnp ), rn/n
2+ p+2

2p }§@odØ�ª(3.43)§·

���G[N(x)]�²þÝ�õ´

(1 + on(1)) · 2
(cp
ε

)n
+

δ

vol(S ′)εn

≤(1 + on(1)) · 2
(cp
ε

)n
+

cnp
(1− on(1))εn

<5
(cp
ε

)n
<
D

K
§

(3.44)

Ù¥n¿©�"5¿�ù�x�À�Ã'§ùÒ�¤
y²"

�âÚn3.9ÚÚn3.10§·���ãG���Ý�D§¿�z��d,�:��

:�Ñ�fã�²þÝÑ�õ�D/K"·�¡ù��ã´ÛÜDÕ£locally sparse¤
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�"�âHurleyÚPirot3©z[58]¥�(J§G�/Úê�õ�(1 + oK(1)) D
logK
"¤

±G�Õáêα(G)��´

(1− oK(1))
N

D
logK =(1− on(1))

1− oR(1)

1 + on(1)

(
R

2rn

)n
log

(
1

10

(
2

cp

)n)
=(1− on(1))(1− oR(1))

(
R

rn

)n
log(2/cp) · n

2n
§

(3.45)

±9

∆p,k(n) ≥ lim
R→∞

α(G)

(R/rn)n
= (1− on(1))

log(2/cp) · n
2n

"

ùÒ�¤
½n3.2�y².

§ 3.5 ��ÝÚØå�e.

3ù�!§·�ïÄæÈ���ÝÚØå"

�Bn
p,k(R)´æÈ�«�§V = vol(Bn

p,k(R)) = (R/rp,k,n)n"½Â

fp,k,n(α) = lim
V→∞

1

αV
log

ẐBnp,k(R),p,k(bαV c)
V bαV c/bαV c!

�æÈ���Ý£entropy density¤"�Ä3Bn
p,k(R)¥��Ý�α��ÅæÈ"^

5æÈ��¥�NÈ´1§¤±�kbαV c�¥%"V bαV c/bαV c!ïþ
3Bn
p,k(R)¥

À�bαV c�ÃS:�¤k�U5§ẐBnp,k(R),p,k(bαV c)ïþ
bαV c�ÃS:�±�

¤æÈ�¤k�U5"Ø±αV�±�yfp,k,n(α)�^5æÈ��¥�NÈÃ'"¤

±fp,k,n(α)ïþ
�Ý�α�æÈ�´L§Ý"·�2½Â

gp,k,n(λ) = lim
V→∞

1

V
logZBnp,k(R),p,k(λ)

�æÈ�Øå£pressure¤"gp,k,n(λ)ïþ
ºÝ�λ�æÈ�´L§Ý"·�ke�

½n"

½n3.5. �cp´½n3.4¥�~ê"�λ ∈ (2−n, c−np ]�§·�k

gp,k,n(λ) ≥

((
log 2 + 1

n
log λ

)2
2

+ on(1)

)
n2

2n
" (3.46)

3½n3.5¥§log 2 + 1
n

log λ ∈ (0, log 2− log cp]"
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½n3.6. �cp´½n3.4¥�~ê"�3α = (1 + on(1)) log(2/cp)·n
2n

¦�

fp,k,n(α) ≥ −(1 + on(1)) log(2/cp) · n"

½n3.5Ú½n3.6�y²©O�©z[34]�½n4Ú½n5aq"�
��5§·

�3ùp�Î�Ñy²"

½n3.5�y². ·��±�Ñ

1

V
logZBnp,k(R),p,k(λ) = lim

ε→0

ˆ λ

ε

1

V

(
logZBnp,k(R),p,k(x)

)′
dx

= lim
ε→0

ˆ λ

ε

αBnp,k(R),p,k(x)

x
dx

≥
ˆ λ

2−n

αBnp,k(R),p,k(x)

x
dx§

Ù¥1���Ò|^
�ª(3.19)§����Ø�Ò|^
�È¼ê��K5"�x =

e−nt"�x = λ�§t = − 1
n

log λ¶�x = 2−n�§t = log 2"Ï�λ ∈ (2−n, c−np ]§¤

±[− 1
n

log λ, log 2] ⊆ [log cp, log 2]"·��±|^Ø�ª(3.35)5�OαBnp,k(R),p,k(e−nt)

�e."·�k

ˆ λ

2−n

αBnp,k(R),p,k(x)

x
dx =− n

ˆ − 1
n
log λ

log 2

αBnp,k(0,R),p,k(e−nt)dt

=n

ˆ log 2

− 1
n
log λ

αBnp,k(R),p,k(e−nt)dt

≥n (1 + o(1))

ˆ log 2

− 1
n
log λ

(log 2− t) · n
2n

dt

=

((
log 2 + 1

n
log λ

)2
2

+ on(1)

)
n2

2n
"

-VªuÃ¡§·�Ò��
Ø�ª�ª(3.46)"

3y²½n3.6�c§·�k�Ñ��'ufp,k,n(α)�{ü�¯¢µ�Ý��§ù

��æÈÒ��"

Ún3.11. fp,k,n(α)�α4~"

y². eα > ∆p,k(n)§Ké���V§kẐBnp,k(R),p,k(bαV c) = 0"¤±�α > ∆p,k(n)�§

fp,k,n(α) = 0"
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�0 < α1 < α2 ≤ ∆p,k(n)§-V1ÚV2÷vα1V1 = α2V2£¤±V1 > V2¤"·�(

²§

1

α1V1
log

ẐBnp,k(R1),p,k(bα1V1c)

V
bα1V1c
1 /bα1V1c!

>
1

α2V2
log

ẐBnp,k(R2),p,k(bα2V2c)

V
bα2V2c
2 /bα2V2c!

§ (3.47)

Ù¥V1 = (R1/rp,k,n)n§V2 = (R2/rp,k,n)n£¤±R1 > R2¤"�
y²Ø�ª(3.47)§

�Iy²
ẐBnp,k(R1),p,k(bα1V1c)

V
bα1V1c
1

>
ẐBnp,k(R2),p,k(bα2V2c)

V
bα2V2c
2

"

|^Ø�ª(3.17)ÚẐS,p,k(t)�½Â§·�I�y²
´
Bnp,k(R1)t

1Dp,k(x1,x2,...,xt)dx1dx2 · · · dxt
V t
1

>

´
Bnp,k(R2)t

1Dp,k(x1,x2,...,xt)dx1dx2 · · · dxt
V t
2

§

(3.48)

Ù¥t = bα1V1c = bα2V2c"�ÄØ�ª(3.48)�m>
´
Bnp,k(R2)t

1Dp,k(x1,x2,...,xt)dx1dx2 · · · dxt
V t
2

"

-yi = (R1/R2)xi, i = 1, . . . , t"@o
´
Bnp,k(R2)t

1Dp,k(x1,x2,...,xt)dx1dx2 · · · dxt
V t
2

=

´
Bnp,k(R1)t

1D′p,k(y1,y2,...,yt)dy1dy2 · · · dyt
V t
1

§

(3.49)

Ù¥D′p,k(y1,y2, . . . ,yt)L«¯�/é?¿i 6= j§Ñkdp,k,n(yi,yj) ≥ R1

R2
· 2rp,k,n0"

Ø�ª(3.48)��>´¯�/lBn
p,k(R1)¥þ!�Ñt�:§üü�mål�u

�u2rp,k,n0�VÇ§Ø�ª(3.48)�m>´¯�/lBn
p,k(R1)¥þ!�Ñt�:§

üü�mål�u�uR1

R2
· 2rp,k,n0�VÇ"�ö�¯��¹cö�¯�§=

1Dp,k(x1,x2,...,xt) ≥ 1D′p,k(x1,x2,...,xt)"

¤±Ø�ª(3.48)¤á§(²�y"

3Ø�ª(3.47)ü>§-V1ªuÃ¡§·���

fp,k,n(α1) > fp,k,n(α2)"

ùÒ�¤
y²"
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��§·��Ñ½n3.6�y²"

½n3.6�y². �ÄBn
p,k(R)¥�æÈ"PV = vol(Bn

p,k(R)) = (R/rp,k,n)n"b�é

?¿λ ∈ [c−np , 2c−np ]§ÑkVar(|X|) ≥ V 3/2"|^Ún3.3�y²¥��ª(3.20)§·

�k

αBnp,k(R),p,k(2c−np ) =

ˆ 2c−np

0

α′Bnp,k(R),p,k(x)dx

=

ˆ 2c−np

0

Var(|X|)
xV

dx

≥
ˆ 2c−np

c−np

Var(|X|)
xV

dx

≥V 1/2(log 2− 1) > 1"

gñ"¤±�3λ ∈ [c−np , 2c−np ]¦�Var(|X|) < V 3/2"

·�À�λ ∈ [c−np , 2c−np ]¦�Var(|X|) < V 3/2"|^ChebyshevØ�ª§·�k

PBnp,k(R),p,k,λ

(∣∣∣|X| − EBnp,k(R),p,k,λ(|X|)
∣∣∣ ≥ V 4/5

)
≤ Var(|X|)

V 8/5
< V −1/10"

¤±

PBnp,k(R),p,k,λ

(∣∣∣|X| − EBnp,k(R),p,k,λ(|X|)
∣∣∣ ≤ V 4/5

)
≥ 1− V −1/10"

5¿�|X|´���ê"²þ5w§�3���ê

t ∈
[
EBnp,k(R),p,k,λ(|X|)− V 4/5,EBnp,k(R),p,k,λ(|X|) + V 4/5

]
¦�

PBnp,k(R),p,k,λ (|X| = t) ≥ 1− V −1/10

b2V 4/5c
≥ 1

V
§

Ù¥V´'���ê"£�

PBnp,k(R),p,k,λ (|X| = t) =
λtẐBnp,k(R),p,k(t)

ZBnp,k(R),p,k(λ)
"

¤±

ẐBnp,k(R),p,k(t) ≥ 1

V λt
ZBnp,k(R),p,k(λ) ≥ 1

V λt
"

,��¡§�â½n3.4ÚαBnp,k(R),p,k(λ)�½Â§·�k

EBnp,k(R),p,k,λ(|X|) = αBnp,k(R),p,k(λ) · V ≥ (1 + on(1))
log(2/cp) · n

2n
· V"
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�ε´�����ê£·�3�¡¬À�ε�nk'§��VÃ'¤§

α = (1 + on(1))
log(2/cp) · n

2n
− ε"

¤±éu'���V§·�k

α ≤ (1 + on(1))
log(2/cp) · n

2n
− V −1/5 ≤ t

V
"

dÚn3.11��

fp,k,n(α) = lim
V→∞

1

αV
log

ẐBnp,k(R),p,k(bαV c)
V bαV c/bαV c!

≥ lim
V→∞

1

t
log

ẐBnp,k(R),p,k(t)

V t/t!
"

O�Ñ

lim
V→∞

1

t
log

ẐBnp,k(R),p,k(t)

V t/t!
≥ lim

V→∞

1

t
log

t!

V t+1λt

= lim
V→∞

1

t
log

t!

V t+1
− log λ

≥ lim
V→∞

1

t
log

t!

V t+1
+ n log cp − log 2"

�V →∞�§t→∞"¤±dStirlingúª��

lim
V→∞

1

t
log

t!

V t+1
= lim

V→∞

1

t
log

√
2πt(t/e)t

V t+1

= lim
V→∞

(
1

t
log
√

2πt+ log(t/V )− 1− 1

t
log(1/V )

)
= lim

V→∞
log(t/V )− 1

≥ log

(
(1 + on(1))

log(2/cp) · n
2n

)
− 1

=(− log 2 + on(1))n"

Ïd

fp,k,n(α) ≥ (− log 2 + on(1))n+ n log cp − log 2 = −(1 + on(1)) log(2/cp) · n"

À�ε = on

(
log(2/cp)·n

2n

)
¦�α = (1 + on(1)) log(2/cp)·n

2n
− ε = (1 + on(1)) log(2/cp)·n

2n
=

�"
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1 4 Ù p�`p¥��>ê�e.

§ 4.1 {0

PSn−1�Rn¥�ü ¥¡"�>ê£kissing number¤�¯K´��õUkõ

��pØU�²£Sn−1 +xÓ��Sn−1��"ù´��Q�Pq(J�lÑAÛ

¯K"ù�¯K8c®��(�(J�k1�§2�§3�§4�§8�§±924�"

• 31�Ú2���ÿ§ù�¯K´²��§Ï�1��¥Ò´�ã§2�����

>ê�6"

• 33���ÿ§ù�¯KÒ´Í¶�Gregory-Newton¯K§dSchütteÚvan der

Waerden[74])û£d	§©z[47]�Ñ
,�«y²¤"d�����>ê�12"

• 34���ÿ§ù�¯KdMusin[53])û§¦í2
Delsarte�{"d����

�>ê�24"

• 38�Ú24���ÿ§ù�¯KdLevenštĕın[48]§±9OdlyzkoÚSloane[55]Õá

)û"���>ê©O�240Ú196560"

^K2(n)L«Sn−1����>ê"3p��§K2(n)��Zþ.dKabatjanskĭı

ÚLevenštĕın[36]��µK2(n) ≤ 20.401n(1+o(1))"|^¥¡CX��{§Shannon[75]

ÚWyner[84]��
e.K2(n) ≥ c
√
n(2/
√

3)n"�C§Jenssen�<[33]òe.U?

�Ω
(
n3/2(2/

√
3)n
)
"Fernández�<[22]q?�ÚU?
~êÏf"

3ù�Ù§·��Ä`p¥����>ê"éup ≥ 1§PSn−1p (R)�Rn¥�»

�R!¥%�0�`p¥§=S
n−1
p (R) := {x ∈ Rn : ‖x‖p = R}§Ù¥`p�ê‖ · ‖p½Â

�‖x‖p = (
∑n

i=1 |xi|p)
1/p
§x = (x1, x2, . . . , xn)"3�>ê¯Kþ§·�Ø«©¥

73



\{|Ü�lÑAÛ¥eZ¯K�ïÄ

¡Ú¥N"·�{PSn−1p = Sn−1p (1)"-Kp(n)�Sn−1p ����>ê"Minkowski-

Hadwiger½n[26]�Ñ
þ.Kp(n) ≤ 3n − 1"3p ≥ 2�§Sah�<[69]éù�.�


U?"�p31�2�m�§®��þ.é�"

3e.�¡§LarmanÚZong[46]y²
Kp(n) ≥ (9/8)n(1+o(1)) = 20.1699n(1+o(1))"

Xu[85]U?
¦��(J§~XK3(n) ≥ 20.4564n(1+o(1))"·��ó�?�ÚU?


Xu�(J"Ï�·��(JvkwªL�ª§¤±·�3ùp�Ñ�
ê�(

Jµ

K1(n) ≥ 20.1247n(1+o(1)) + 20.1825n(1+o(1)) + 20.1554n(1+o(1)) + · · ·¶

K2(n) ≥ 20.2059n(1+o(1)) + 20.1381n(1+o(1)) + 20.0584n(1+o(1)) + · · ·¶

K3(n) ≥ cn20.4564n(1+o(1)) + 20.1562n(1+o(1)) + 20.0425n(1+o(1)) + · · ·"

·�éù
(J�Ñ�
)º"3K2(n)�e.¥§20.2059n(1+o(1))��Xu¤��

�e.�Ó§¤±·��U?´V\
�
{�20.1381n(1+o(1)) +20.0584n(1+o(1)) + · · ·"

3K3(n)�e.¥§20.4564n(1+o(1))�Xu¤���e.�Ó§¤±·��U?´3Ä

�þ¦
Ïfn¿V\
�
{�"

·��g´5u?ènØ"���>êKp(n)���ål�1�`p¥¡è��

�Äê��£�Ún4.1¤"·�lSn−1p þÀ���lÑ�8ÜX"|^?ènØ¥

�g�§·��±é�X���'���f8§Ù¥�:üü�målØ�u1"ù

Ò�Ñ
Kp(n)���e."

§ 4.2 U?�Gilbert-Varshamov..

PAp(n, d)�Sn−1p �f8���Äê§Ù¥�:üü�m�`pål���2d"�

Ò´`§

Ap(n, d) := max{|C| : C ⊆ Sn−1p ¿�dp(x,y) ≥ 2d,∀x,y ∈ C}§

Ù¥dp(x,y) := ‖x − y‖p´xÚy�m�`pål"�é{`§Ap(n, d)´��ål

�2d�`p¥¡è£spherical code¤���Äê"·�ke¡ù�{ü�Ún"

Ún4.1. Sn−1p ����>ê�uAp(n, 1/2)"
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y². �Bå�§Pk1 = Kp(n)§k2 = Ap(n, 1/2)"

b�Sn−1p , Sn−1p + x1, S
n−1
p + x2, . . . , S

n−1
p + xk1/¤���>ê��."é?

¿i§XJdp(0,xi) > 2§@oSn−1p + xiÚS
n−1
p Òvk�:¶XJdp(0,xi) < 2§@

oSn−1p +xiÚS
n−1
p Ò¬U"¤±§é?¿i§Ñkdp(0,xi) = 2§d�1

2
xi ∈ Sn−1p "?

�Ú§ei 6= j§@odp(xi,xj) ≥ 2§=dp(
1
2
xi,

1
2
xj) ≥ 1"Ïd{1

2
x1,

1
2
x2, . . . ,

1
2
xk1}´

����ål�1�`p¥¡è§=k2 ≥ k1"

,��¡§b�{x1,x2, . . . ,xk2}´����ål�1�`p¥¡è"@oS
n−1
p +

2x1, S
n−1
p + 2x2, . . . , S

n−1
p + 2xk2pØU§¿�é?¿i§S

n−1
p + 2xi�S

n−1
p 3xi?

��"¤±k1 ≥ k2"Ún�y"

éu��êm ≤ n£·�¬3��(½m��¤§·�48/½ÂRn�f8

xJ (m,n)"½Âm1 := m§±9

J1(m,n) :=

{
u = (u1, u2, . . . , un) ∈ {0,±1}n :

n∑
i=1

|ui|p = m

}
"

b�·�®²½Â
miÚJi(m,n)"@o·�½Â

mi+1 := bmi/2
pc (4.1)

±9

Ji+1(m,n) :=

{
u = (u1, u2, . . . , un) ∈ {0,±(m/mi+1)

1/p}n :
n∑
i=1

|ui|p = m

}
"

�?1�1rÚ§mr < 2p�§TL§Ê�"¤±·�k{m1 > m2 > . . . >

mr}ÚJ (m,n) = {J1(m,n), J2(m,n), . . . , Jr(m,n)}"·�ke¡ù�·K"

·K4.1. éu±þ½Â�J (m,n)§·�ke¡ù
5�"

1. ei 6= j§KJi(m,n) ∩ Jj(m,n) = ∅"

2. é?¿1 ≤ i ≤ rÚ?¿u ∈ Ji(m,n)§u��I¥TÐkn−mi�0"

3. é?¿1 ≤ i ≤ r§

|Ji(m,n)| =
(
n

mi

)
2mi" (4.2)
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4. é?¿1 ≤ i ≤ rÚ?¿u ∈ Ji(m,n)§u�`p�ê´m1/p"

5. ei 6= j§@oé?¿u ∈ Ji(m,n)Úv ∈ Jj(m,n)§·�kdp(u,v) ≥ m1/p"

y². co^5�´²��"

·�y²���^5�"�u = (u1, u2, . . . , un) ∈ Ji(m,n)§v = (v1, v2, . . . , vn)

∈ Jj(m,n)§Ù¥1 ≤ i < j ≤ r"Ø���5§b�u1 = u2 = · · · = umi =

(m/mi)
1/p§umi+1 = umi+2 = · · · = un = 0"�é{`§u = (m/mi)

1/p · 1mi0n−mi"

éu1 ≤ k ≤ mi§·�kvk ∈ {0,±(m/mj)
1/p}§±9

|uk − vk|p

≥min
{
|(m/mi)

1/p − 0|p, |(m/mi)
1/p − (m/mj)

1/p|p, |(m/mi)
1/p + (m/mj)

1/p|p
}

= min
{
|(m/mi)

1/p − 0|p, |(m/mi)
1/p − (m/mj)

1/p|p
}

= min

{
m

mi

,
m

mi

· |1− (mi/mj)
1/p|p

}
=
m

mi

min
{

1, |1− (mi/mj)
1/p|p

}
"

Ï�j > i§¤±mj ≤ mi+1 = bmi
2p
c ≤ mi

2p
"¤±mi/mj ≥ 2p§¿�

|uk − vk|p ≥
m

mi

min
{

1, |1− (mi/mj)
1/p|p

}
≥m
mi

min
{

1, |1− (2p)1/p|p
}

=
m

mi

"

l

dp(u,v)p =
n∑
k=1

|uk − vk|p ≥
mi∑
k=1

|uk − vk|p ≥
mi∑
k=1

m

mi

= m"

ùÒ�¤
y²"

é?¿i§PJ ′i(m,n)´Ji(m,n)�÷v5�

/é?¿u,v ∈ J ′i(m,n)§Ñkdp(u,v) ≥ m1/p0

�����f8"Ï�·�®²y²�i 6= j�§eu ∈ J ′i(m,n) ⊆ Ji(m,n)§v ∈

J ′j(m,n) ⊆ Jj(m,n)§Kdp(u,v) ≥ m1/p§¤±

1

m1/p

r⋃
i=1

J ′i(m,n) :=

{
x ∈ Rn : m1/px ∈

r⋃
i=1

J ′i(m,n)

}
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´����ål�1�`p¥¡è"Ïd

Ap(n, 1/2) ≥

∣∣∣∣∣ 1

m1/p

r⋃
i=1

J ′i(m,n)

∣∣∣∣∣ =

∣∣∣∣∣
r⋃
i=1

J ′i(m,n)

∣∣∣∣∣ =
r∑
i=1

|J ′i(m,n)|" (4.3)

éu1 ≤ i ≤ rÚu ∈ Ji(m,n)§½Â

Bi,n(u,m) :=
{
v ∈ Ji(m,n) : dp(u,v) < m1/p

}
�Ýþ�m(Ji(m,n), ‖·‖p)¥��»�m1/p!¥%�u�m`p¥"5¿�Bi,n(u,m)�

Äê�¥%uÃ'"XJ·�^Bi,n(m)5L«Bi,n(u,m)�Äê§@o

Bi,n(m) =
∑

2t+2px<mi

(
mi

t

)(
n−mi

t

)(
mi − t
x

)
2t" (4.4)

|^þãÎÒ§·�ke¡ù�½n"§´|J ′i(m,n)|�Gilbert-Varshamov.."

½n4.1. é?¿1 ≤ i ≤ r§·�k

|J ′i(m,n)| ≥
⌈
|Ji(m,n)|
Bi,n(m)

⌉
=

⌈(
n
mi

)
2mi

Bi,n(m)

⌉
" (4.5)

·�á��±��e¡ù�íØ§¿�§´·��Ì�(J"

íØ4.1.

Ap(n, 1/2) ≥ max
1≤m≤n

r∑
i=1

⌈(
n
mi

)
2mi

Bi,n(m)

⌉
" (4.6)

5P4.1. 3©z[85]�Ún2.1¥§Ap(n, 1/2)�e.´

max
1≤m≤n

⌈(
n
m1

)
2m1

B1,n(m)

⌉
"

¤±íØ4.1�
U?"

½n4.1�y². �½i§PJ =
⌈
|Ji(m,n)|
Bi,n(m)

⌉
"·�lJi(m,n)48/À:"Äk§·�

lJi(m,n)?À�:u1"b�·�®²À
u1,u2, . . . ,uk§Ù¥k < J"8Ü

Ji(m,n) \

(
k⋃
j=1

Bi,n(uj,m)

)

77



\{|Ü�lÑAÛ¥eZ¯K�ïÄ

�Äê��´

|Ji(m,n)| −
k∑
j=1

|Bi,n(uj,m)| = |Ji(m,n)| − kBi,n(m) > 0"

¤±·��±lJi(m,n) \
(⋃k

j=1Bi,n(uj,m)
)
¥ÀÑ�:uk+1§¦�é?¿1 ≤ j ≤

k§Ñkdp(uk+1,uj) ≥ m1/p"��k < J§ù�L§Ò�±��±Ye�"�ª§

·���
Ji(m,n)���f8{u1,u2, . . . ,uJ}§Ù¥�:üü�m�`pål��

´m1/p"¤±|J ′i(m,n)| ≥ J"

§ 4.3 �p'����ê�(J

éuíØ4.1�e.§q�vk��wªL�ª"Ïd§3ù�!§·��Ñp'

����ÿ�ê�(J"3©z[85]¥§Xu�Ñ


max
1≤m≤n

⌈(
n
m1

)
2m1

B1,n(m)

⌉
�e."ØL·�E,I��OØ�ª(4.6)m>�{�"

½Â

Fp(σ) =

(
n
bσnc

)
2bσnc∑

2t+2px<bσnc
(bσnc

t

)(
n−bσnc

t

)(bσnc−t
x

)
2t
, σ ∈ (0, 1)"

d�ª(4.1)-(4.4)ÚØ�ª(4.6)§·�k

Ap(n, 1/2) ≥ max
0<σ<1

r∑
i=1

Fp

( σ

2(i−1)p

)
"

4.3.1 r��

·�Äk�Or���"b�éu,�k§km = d2kp + 2(k−1)p + · · ·+ 2pe"@o

m1 = m = d2kp + 2(k−1)p + · · ·+ 2pe

∈
[
2kp + 2(k−1)p + · · ·+ 2p, 2kp + 2(k−1)p + · · ·+ 2p + 1

]
"

O��

m2 =
⌊m1

2p

⌋
∈
[
b2(k−1)p + 2(k−2)p + · · ·+ 1c, b2(k−1)p + 2(k−2)p + · · ·+ 1 + 2−pc

]
⊆
[
2(k−1)p + 2(k−2)p + · · ·+ 2p, 2(k−1)p + 2(k−2)p + · · ·+ 1 + 2−p

]
§
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±9

m3 =
⌊m2

2p

⌋
∈
[
b2(k−2)p + 2(k−3)p + · · ·+ 1c, b2(k−2)p + 2(k−3)p + · · ·+ 2−p + 2−2pc

]
⊆
[
2(k−2)p + 2(k−3)p + · · ·+ 2p, 2(k−2)p + 2(k−3)p + · · ·+ 2−p + 2−2p

]
"

¤±

mk ∈
[
2p, 2p + 1 + 2−p + · · ·+ 2−(k−1)p

]
§

¿�

mk+1 ∈
[
1, 1 + 2−p + 2−2p + · · ·+ 2−kp

]
⊆ [1, 2)"

¤±em = d2kp+2(k−1)p+ · · ·+2pe§Kmk+1 = 1§r = k+1"5¿�d2kp+2(k−1)p+

· · ·+2pe ∈ [2kp, 2(k+1)p)",��¡§em ∈ [2kp, d2kp+2(k−1)p+ · · ·+2pe)§@omk�

U¬'2p�"nþ§·���r = blog2pmc+ 1½r = blog2pmc"

4.3.2 Fp(σ)�ì?1�

3ù�f!§·�ïÄFp(σ)�ì?1�"

½ÂH(σ)��¼ê§

H(σ) =

 0§ eσ = 0½σ = 1¶

−σ log2 σ − (1− σ) log2(1− σ)§ e0 < σ < 1"

·�ke¡�½n"

½n4.2 ([85]).

lim
n→∞

1

n
log2 Fp(σ) ≥ min

0≤y≤min{σ/2,1−σ}
fp(σ, y)§

Ù¥

fp(σ, y)

=(σ − y)

(
1−H

(
σ − 2y

2p(σ − y)

))
+H(σ)− σH

(y
σ

)
− (1− σ)H

(
y

1− σ

)
"
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4.3.3 éuA½�p�ê�(J

Pgp(σ) = min0≤y≤min{σ/2,1−σ} fp(σ, y)"·��Ñ�
A½�p�ê�(J"

�p = 1�§g1(σ)3σ0 = 0.2605������0.1825"¤±

A1(n, 1/2) ≥ max
0≤σ≤1

r∑
i=1

F1

( σ

2i−1

)
≥

r∑
i=1

F1

(
2σ0
2i−1

)
≥ F1 (2σ0) + F1 (σ0) + F1

(σ0
2

)
+ · · ·

≥ 2g1(2σ0)·n(1+o(1)) + 2g1(σ0)·n(1+o(1)) + 2g1(σ0/2)·n(1+o(1)) + · · ·

= 20.1247n(1+o(1)) + 20.1825n(1+o(1)) + 20.1554n(1+o(1)) + · · ·"

¦+20.1247n(1+o(1)) + 20.1554n(1+o(1)) + · · · = o(20.1825n(1+o(1)))§·�E,�3ù
�§

Ï�§�U?
±c�(J"

5P4.2. 3©z[77]¥§Talata���
A1(n, 1/2) ≥ 20.1825n(1+o(1))"

�p = 2�§g2(σ)3σ0 = 0.3881������0.2059"¤±

A2(n, 1/2) ≥ max
0≤σ≤1

r∑
i=1

F2

( σ

22(i−1)

)
≥

r∑
i=1

F2

( σ0
4i−1

)
≥ F2 (σ0) + F2

(σ0
4

)
+ F2

(σ0
42

)
+ · · ·

≥ 2g2(σ0)·n(1+o(1)) + 2g2(σ0/4)·n(1+o(1)) + 2g2(σ0/16)·n(1+o(1)) + · · ·

= 20.2059n(1+o(1)) + 20.1381n(1+o(1)) + 20.0584n(1+o(1)) + · · ·"

3ê�(J¥§·�E,�320.1381n(1+o(1)) + 20.0584n(1+o(1)) + · · ·ù
�"
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�p = 2.1�§g2.1(σ)3σ0 = 0.9998������0.2163"¤±

A2.1(n, 1/2)

≥ max
0≤σ≤1

r∑
i=1

F2.1

( σ

22.1(i−1)

)
≥

r∑
i=1

F2.1

( σ0
4.2871i−1

)
≥F2.1 (σ0) + F2.1

( σ0
4.2871

)
+ F2.1

( σ0
4.28712

)
+ · · ·

≥2g2.1(σ0)·n(1+o(1)) + 2g2.1(σ0/4.2871)·n(1+o(1)) + 2g2.1(σ0/18.3792)·n(1+o(1)) + · · ·

=20.2163n(1+o(1)) + 20.1944n(1+o(1)) + 20.0995n(1+o(1)) + · · ·"

·�E,�320.1944n(1+o(1)) + 20.0995n(1+o(1)) + · · ·ù
�"

§ 4.4 �p'����ê�(J

�3���.�p0 ≈ 2.1£ùp·�¿Ø'%p0�(��¤§¦��p > p0�§

Fp(σ)3σ = 1������"�σ = 1�§m = n§·�ò�Ñ,��e."

-m = n"£�Ø�ª(4.3)ÚØ�ª(4.5)§·�k

Ap(n, 1/2) ≥
r∑
i=1

|J ′i(n, n)|

= |J ′1(n, n)|+
r∑
i=2

|J ′i(n, n)|

≥ |J ′1(n, n)|+
r∑
i=2

⌈(
n
mi

)
2mi

Bi,n(n)

⌉

= |J ′1(n, n)|+
r∑
i=2

Fp

(
1

2p(i−1)

)
"

¯¢þ§·��±·�U?|J ′1(n, n)|�e."

4.4.1 |J ′1(n, n)|�U?e.

£�J1(n, n)ÚJ ′1(n, n)�½Â"J1(n, n) = {±1}n§¿�J ′1(n, n)´{±1}n���

f8§Ù¥�:üü�m�`pål��´n
1/p"éuu,v ∈ {±1}n§-dH(u,v) :=

|{i : ui 6= vi}|�§��m�Hammingål"·�ke¡ù�{ü�Ún"
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Ún4.2. é?¿u,v ∈ {±1}n§·�k

(dp(u,v))p = 2p · dH(u,v)"

Ïd§·��Ié�{±1}n������f8§Ù¥�:üü�m�Hammingå

l���dn/2pe"£�B1,n(u, n)�½Â§·�k

B1,n(u, n) =
{
v ∈ {±1}n : dp(u,v) < n1/p

}
= {v ∈ {±1}n : 2p · dH(u,v) < n}

= {v ∈ {±1}n : dH(u,v) ≤ dn/2pe − 1}"

¤±B1,n(n) = |B1,n(u, n)| =
∑dn/2pe−1

k=0

(
n
k

)
"e¡ù�½n�Ñ
|J ′1(n, n)|���

�Ð�e."

½n4.3 ([35]). �3���~êc¦�

|J ′1(n, n)| ≥ c
2n

B1,n(n)
log2B1,n(n)"

5¿�§dStirlingúª§·�k

lim
n→∞

1

n
log2B1,n(n) = H

(
1

2p

)
"

¤±

|J ′1(n, n)| ≥ c
n2n

B1,n(n)
= cn2n(1−H(2−p)+o(1))§

Ù¥c´,�~ê£�U�pk'§��nÃ'¤"

4.4.2 éuA½�p�ê�(J

��c��§-gp(σ) = min0≤y≤min{σ/2,1−σ} fp(σ, y)"·�3ùp�Ñ�
A½

�p�ê�(J"
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�p = 2.2�§·�k

A2.2(n, 1/2)

≥ |J ′1(n, n)|+
r∑
i=2

F2.2

(
1

22.2(i−1)

)
≥cn2n(1−H(2−2.2)+o(1)) + F2.2 (0.2176) + F2.2 (0.0474) + · · ·

≥cn2n(1−H(2−2.2)+o(1)) + 2g2.2(0.2176)·n(1+o(1)) + 2g2.2(0.0474)·n(1+o(1)) + · · ·

=cn20.2442n(1+o(1)) + 20.1913n(1+o(1)) + 20.0915n(1+o(1)) + · · ·"

�p = 3�§·�k

A3(n, 1/2)

≥ |J ′1(n, n)|+
r∑
i=2

F3

(
1

23(i−1)

)
≥cn2n(1−H(2−3)+o(1)) + F3 (0.1250) + F3 (0.0156) + · · ·

≥cn2n(1−H(2−3)+o(1)) + 2g3(0.1250)·n(1+o(1)) + 2g3(0.0156)·n(1+o(1)) + · · ·

=cn20.4564n(1+o(1)) + 20.1562n(1+o(1)) + 20.0425n(1+o(1)) + · · ·"

�p = 4�§·�k

A4(n, 1/2)

≥ |J ′1(n, n)|+
r∑
i=2

F4

(
1

24(i−1)

)
≥cn2n(1−H(2−4)+o(1)) + F4 (0.0625) + F4 (0.0039) + · · ·

≥cn2n(1−H(2−4)+o(1)) + 2g4(0.0625)·n(1+o(1)) + 2g4(0.0039)·n(1+o(1)) + · · ·

=cn20.6627n(1+o(1)) + 20.1083n(1+o(1)) + 20.0145n(1+o(1)) + · · ·"

§ 4.5 ?�Ú�?Ø

3©z[69]¥§Sah�<��
��'uØÓ�`p¥¡è�m�Ø�ª§=é?

¿1 ≤ q ≤ pÚd ∈ (0, 1]§kAp(n, d) ≤ Aq(n, d
p/q)"¤±

A2(n, d) ≤ Ap(n, d
2/p)§e1 ≤ p ≤ 2§ (4.7)
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�

Ap(n, d) ≤ A2(n, d
p/2)§ep ≥ 2" (4.8)

Sah�<|^Ø�ª(4.8)��
Ap(n, d)�þ.£p ≥ 2¤"

,��¡§Swanepoel[76]|^Ø�ª(4.7)��
Ap(n, 1/2)�e.£1.62107 <

p ≤ 2¤"3@��§A2(n, d)��Ze.k¤U?§¤±·�3ùp�#ù�ae

."·�keã½n§§´8c®�A2(n, d)£d ∈ (0, 1)¤��Ze."

½n4.4 ([22]). �½θ ∈ (0, π/2)§K

A2(n, sin(θ/2)) ≥ (1 + o(1)) ln
sin θ√

2 sin(θ/2)
· n ·
√

2πn cos θ

sinn−1 θ
"

�1 < p ≤ 2�§·�k

Ap(n, 1/2) ≥ A2(n, (1/2)p/2)"

-sin(θ/2) = 2−p/2"Kcos(θ/2) =
√

1− 2−p§sin θ = 21−p/2√1− 2−p§cos θ = 1 −

21−p"¤±

Ap(n, 1/2) ≥ A2(n, (1/2)p/2)

= A2(n, sin(θ/2))

≥ (1 + o(1)) ln
√

2− 21−p · n ·
√

2πn(1− 21−p)

(21−p/2
√

1− 2−p)n−1
"

(4.9)

²Lê�O�§�p ∈ (1.9948, 2]�§Ø�ª(4.9)�Ñ�e.'Ø�ª(4.6)�Ñ�e

.�Ð"
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1 5 Ù k��þ��qã/

§ 5.1 {0

lÑAÛ¥�Nõ¯KÑ¯��8Ü���Äê§¦�ù�8Ü¥7½¬k

,«�½�(�"Falconerß�B´Ù¥��"Falconerß���´XJRd���

f8E�Hausdorff�êî��ud/2§@oE¥?¿ü:�m�ål�¤�8Üäk

�LebesgueÿÝ"8c®��Z�(J�±ë�©z[14, 15, 24]"

�Fq�q�����"3k��¥§Erdős-Falconerål¯K¯�´Fdq�f8E�

��Äê§¦�ål8Ü

∆(E) := {‖x− y‖ : x,y ∈ E}

ÓFq��'~§Ù¥éux = (x1, x2, . . . , xd) ∈ Fdq§‖x‖ := x21 + x22 + · · · + x2d"

3©z[32]¥§IosevichÚRudnevy²
�3��~êC§XJ|E| ≥ Cq(d+1)/2§@

o∆(E) = Fq"Ó�¦��y²3���¹e§|E| ≥ Cqd/2´��7�^�"Hart�

<[28]y²
3Ûê�ê�§(d + 1)/2´�Z��ê"3©z[5]¥§Chapman�<

y²
XJE ⊆ F2
q§q ≡ 3 (mod 4)§�|E| ≥ q4/3§@o|∆(E)| ≥ cq"ù�(JU?


2����ê(d + 1)/2"Bennett�<[2]�Xòù�(Øí2�?¿�þ�2��

5�m"3���óê�ê�§�êd/2´Ä¿©§E,k�ïÄ"

Iosevich�<[31]�	
ål8�û8

∆(E)

∆(E)
:=
{a
b

: a ∈ ∆(E), b ∈ ∆(E) \ {0}
}
§

¿��Xe½n"

½n5.1 ([31]). �E ⊆ Fdq§�d´�u�u2�óê"e|E| ≥ 9qd/2§K

∆(E)

∆(E)
= Fq"
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½n5.2 ([31]). �E ⊆ Fdq§�d´�u�u3�Ûê"e|E| ≥ 6qd/2§K

∆(E)

∆(E)
⊇ F+

q ∪ {0}§

Ù¥F+
qL«Fq¥��"�g�{�8Ü"

½n5.1�(Ø¿�Xé?¿r ∈ F∗q§�3x,y,x′,y′ ∈ E§¦�‖y′ − y‖ =

r‖x′ − x‖ 6= 0"�é{`§K|E|�¹�é�Ý'�r�>"(�/`§·�k±e½

Â"

½Â5.1. �G = (V,E)´��ã§V = {1, 2, . . . , n}§E ⊆
(
V
2

)
"éuFdq���f

8E§·�¡E�¹�é�q'�r�ãG§XJ�3ØÓ�x1,x2, . . . ,xn ∈ EÚØÓ

�y1,y2, . . . ,yn ∈ E§¦�é?¿{i, j} ∈ E§Ñk‖yi − yj‖ = r‖xi − xj‖ 6= 0"

5P5.1. �d = 2�−1Ø´Fq��g�{�§dxi 6= xj�±íÑ‖xi − xj‖ 6= 0"3

Ù¦�¹§k�U¬Ñyxi 6= xj�‖xi − xj‖ = 0"�
;�²���¹§·�3½

Â5.1¥\þ
^�‖xi − xj‖ 6= 0"

�C§Rakhmonov[59]�éA½�ãG§�	
E���Äê^�"�Bå�§·

��Ñ�
ãa�Ä�½Â"éu��g,ên§·�^[n]L«8Ü{1, 2, . . . , n}"

½Â5.2. �G = (V,E)´��ã§Ù¥V = [n]§E ⊆
(
[n]
2

)
"

• en = k + 1�E = {{1, 2}, {2, 3}, . . . , {k, k + 1}}§K¡G´�^k�´»£k-

path¤"

• en = k + 1�E = {{1, 2}, {1, 3}, . . . , {1, k + 1}}§K¡G´��k(£k-star¤"

• en = k�E = {{1, 2}, {2, 3}, . . . , {k − 1, k}, {k, 1}}§K¡G´��k�£k-

cycle¤"

PF∗q�Fq¥��"���¤�8Ü"Rakhmonov��
e�(Ø"

½n5.3 ([59]). er ∈ F∗p§p´���ê�p ≡ 3 (mod 4)§E ⊆ F2
p�|E| > (

√
3 + 1)p§

KE�¹�é�q'�r�2�´»"

½n5.4 ([59]). er ∈ F∗p§p´���ê�p ≡ 3 (mod 4)§E ⊆ F2
p�|E| > 4

√
3p3/2§

KE�¹�é�q'�r�4�"
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3ù�Ù§·�'5k(Ú4�´»ùüa�¹"·��Ì�(J´±e½n"

½n5.5. �q´��Û�ê��§E ⊆ Fdq§�k ≥ 2��ê"

• eq ≥ 5§d ≥ 2�óê§r ∈ F∗q§�E�Äê��´
(
31 + 10

(
k
2

))
qd/2§KE�¹�

é�q'�r�k("

• ed ≥ 3�Ûê§r ∈ F+
q§�E�Äê��´

(
4 +
√

3
(
k
2

))
qd/2§KKE�¹�é�

q'�r�k("

½n5.6. �q´��Û�ê��§�E ⊆ Fdq"

• eq ≥ 5§d�2½4§r ∈ F∗q§�E�Äê��´36q(2d+1)/3§KE�¹�é�q'

�r�4�´»"

• ed = 3§r ∈ F+
q§�E�Äê��´9q(2d+1)/3§KE�¹�é�q'�r�4�´

»"

• ed = 5§r ∈ F+
q§�E�Äê��´12q3§KE�¹�é�q'�r�4�´»"

• eq ≥ 5§d ≥ 6�óê§r ∈ F∗q§�E�Äê��´313qd/2§KE�¹�é�q'

�r�4�´»"

• ed ≥ 7�Ûê§r ∈ F+
q§�E�Äê��´313qd/2§KE�¹�é�q'�r�4�

´»"

5P5.2. ½n5.5Ú½n5.6¥�~êÏf´��B��§¿Ø�½´�`�"

·�¬3§ 5.2y²½n5.5§3§ 5.3y²½n5.6"

±e´·���{"£�½Â5.1§x1,x2, . . . ,xn�Ø�Ó§y1,y2, . . . ,yn��

Ø�Ó"XJ·�#N�
xi£½yi¤�Ó§@o·�¬���éòz�ã"·�k

�òz�ã�ê8 =oê−òz�ã�ê8"

�E�Äê'���§oê¬'�õ§¿�òz�ã¬�é��"ù��{EÒ¬�

¹�é�q'�r�ã"y²L§¥·��^��
ãØóä"

87



\{|Ü�lÑAÛ¥eZ¯K�ïÄ

§ 5.2 ½n5.5�y²

3ù�!§·�ïÄE���Äê§¦�E¬�¹�é�q'�r�k(§¿y²

½n5.5"

-

Sk(r) ={(x1,x2, . . . ,xk+1,y1,y2, . . . ,yk+1) ∈ E2k+2 :

‖yi − y1‖ = r‖xi − x1‖ 6= 0, i = 2, 3, . . . , k + 1}"

P

Aij = {(x1,x2, . . . ,xk+1,y1,y2, . . . ,yk+1) ∈ Sk(r) : xi = xj}§

A′ij = {(x1,x2, . . . ,xk+1,y1,y2, . . . ,yk+1) ∈ Sk(r) : yi = yj}§

±9

B ={(x1,x2, . . . ,xk+1,y1,y2, . . . ,yk+1) ∈ Sk(r) :

xi 6= xj,yi 6= yj,∀1 ≤ i < j ≤ k + 1}"

N´wÑ

Sk(r) =

( ⋃
2≤i<j≤k+1

(Aij ∪ A′ij)

)⋃
B

�

|B| = |Sk(r)| −

∣∣∣∣∣ ⋃
2≤i<j≤k+1

(Aij ∪ A′ij)

∣∣∣∣∣"
5¿�∣∣∣∣∣ ⋃

2≤i<j≤k+1

(Aij ∪ A′ij)

∣∣∣∣∣ ≤ ∑
2≤i<j≤k+1

∣∣Aij ∪ A′ij∣∣ =

(
k

2

) ∣∣Ak,k+1 ∪ A′k,k+1

∣∣
¿� ∣∣Ak,k+1 ∪ A′k,k+1

∣∣ = |Ak,k+1|+ |A′k,k+1| −
∣∣Ak,k+1 ∩ A′k,k+1

∣∣"
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²LO�§·�k

|Ak,k+1|

=|{(x1, . . . ,xk,xk+1,y1, . . . ,yk,yk+1) ∈ E2k+2 : xk = xk+1,

‖yi − y1‖ = r‖xi − x1‖ 6= 0, i = 2, 3, . . . , k + 1}|

=|{(x1, . . . ,xk,y1, . . . ,yk,yk+1) ∈ E2k+1 :

‖yi − y1‖ = r‖xi − x1‖ 6= 0, 2 ≤ i ≤ k, ‖yk+1 − y1‖ = r‖xk − x1‖}|

≤|{(x1, . . . ,xk,y1, . . . ,yk) ∈ E2k : ‖yi − y1‖ = r‖xi − x1‖ 6= 0, 2 ≤ i ≤ k}|

· |{yk+1 : yk+1 ∈ E}|

=|E| · |Sk−1(r)|"

(5.1)

aq/§|A′k,k+1| ≤ |E| · |Sk−1(r)|§
∣∣Ak,k+1 ∩ A′k,k+1

∣∣ = |Sk−1(r)|"¤±·�k

|B| =|Sk(r)| −

∣∣∣∣∣ ⋃
2≤i<j≤k+1

(Aij ∪ A′ij)

∣∣∣∣∣
≥|Sk(r)| −

(
k

2

) ∣∣Ak,k+1 ∪ A′k,k+1

∣∣
≥|Sk(r)| −

(
k

2

)
(2|E| · |Sk−1(r)| − |Sk−1(r)|)

=|Sk(r)| −
(
k

2

)
(2|E| − 1) |Sk−1(r)|"

(5.2)

·��E��9ÏãG§Ù¥V (G) = E × E = {(x,y) : x,y ∈ E}"V (G)¥�ü

�:(x,y)Ú(x′,y′)�mk�^>�ë��=�‖y′ − y‖ = r‖x′ − x‖ 6= 0"ØJw

ÑG´ûÐ½Â�§¿�|E(G)| = |S1(r)|/2"?�Ú§·�k

|Sk(r)| =|{(x1,x2, . . . ,xk+1,y1,y2, . . . ,yk+1) ∈ E2k+2 :

‖yi − y1‖ = r‖xi − x1‖ 6= 0, i = 2, 3, . . . , k + 1}|

=|{(x1,y1,x2,y2, . . . ,xk+1,yk+1) ∈ V (G)k+1 :

(x1,y1)�(xi,yi)��, i = 2, 3, . . . , k + 1}|

=
∑

(x1,y1)∈V (G)

(deg(x1,y1))
k"

(5.3)

£�HölderØ�ª(
∑n

i=1 a
α
i )1/α(

∑n
i=1 b

β
i )1/β ≥

∑n
i=1 aibi"3HölderØ�ª¥§-ai =
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(deg(x,y))k−1§bi = 1§n = |V (G)|§±9α = k/(k − 1)§·���

|Sk(r)|(k−1)/k|V (G)|1/k ≥ |Sk−1(r)|§

=

|Sk(r)| ≥
1

|V (G)|1/(k−1)
|Sk−1(r)|k/(k−1) =

1

|E|2/(k−1)
|Sk−1(r)|k/(k−1)"

3HölderØ�ª¥§-ai = deg(x,y)§bi = 1§n = |V (G)|§±9α = k − 1§·��

�

|Sk−1(r)|1/(k−1)|V (G)|(k−2)/(k−1) ≥ |S1(r)|§

=

|Sk−1(r)|1/(k−1) ≥ |E|(4−2k)/(k−1)|S1(r)|"

¤±Ø�ª(5.2)z�

|B| ≥|Sk(r)| −
(
k

2

)
(2|E| − 1) |Sk−1(r)|

≥|Sk−1(r)| ·
(

1

|E|2/(k−1)
|Sk−1(r)|1/(k−1) − 2

(
k

2

)
|E|+

(
k

2

))
≥|E|−2|Sk−1(r)| ·

(
|S1(r)| − 2

(
k

2

)
|E|3 +

(
k

2

)
|E|2
)
"

(5.4)

e|S1(r)| − 2
(
k
2

)
|E|3 ≥ 0§=|S1(r)| ≥ 2

(
k
2

)
|E|3§K|Sk−1(r)| > 0£Ï�|S1(r)| > 0¤

�|B| ≥
(
k
2

)
|Sk−1(r)| > 0"ù¿�XE�¹�é�q'�r�k("

3�¤½n5.5�y²�c§·��I�±e½n"§�±d©z[31]�(2-7)§(2-

9)§(3-2)§±9(3-3)��"

½n5.7 ([31]). �E ⊆ Fdq§|E| ≥ qd/2§S1(r)Xþ½Â"

• ed ≥ 2�óê�r ∈ F∗q§K

|S1(r)| ≥ q−1|E|4 − 2|E|3 − qd−1|E|2 − 4q−2|E|4 − 4q(d−2)/2|E|3"

• ed ≥ 3�Ûê�r ∈ F+
q§K

|S1(r)| ≥ q−1|E|4 − 2|E|3 − 2qd−1|E|2 − q−2|E|4 − 2q(d−3)/2|E|3"

y3·��±�¤½n5.5�y²"
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½n5.5�y². �âØ�ª(5.4)§·��Iy²|S1(r)| − 2
(
k
2

)
|E|3 ≥ 0"

�¹1µq ≥ 5§d ≥ 2�óê§�r ∈ F∗q"

�|E| = tqd/2§Ù¥t ≥ 31 + 10
(
k
2

)
"d½n5.7§·�k

|S1(r)| − 2

(
k

2

)
|E|3

≥q2d−1t4 − 2t3q3d/2 − q2d−1t2 − 4q2d−2t4 − 4q2d−1t3 − 2

(
k

2

)
t3q3d/2

≥t2qd
(
t2qd−1 − 2tqd/2 − qd−1 − 4

5
qd−1t2 − 4qd−1t− 2

(
k

2

)
tqd/2

)
=

1

5
t2q3d/2

((
t2 − 20t− 5

)
q(d−2)/2 − 10t− 10

(
k

2

)
t

)
≥1

5
t2q3d/2

((
t2 − 21t

)
q(2−2)/2 − 10t− 10

(
k

2

)
t

)
≥1

5
t2q3d/2

(
t2 − 31t− 10

(
k

2

)
t

)
≥ 0"

(5.5)

�¹2µd ≥ 3�Ûê§�r ∈ F+
q"

�|E| = tqd/2§Ù¥t ≥ 4 +
√

3
(
k
2

)
"d½n5.7§·�k

|S1(r)| − 2

(
k

2

)
|E|3

≥q2d−1t4 − 2t3q3d/2 − 2q2d−1t2 − q2d−2t4 − 2q(4d−3)/2t3 − 2

(
k

2

)
t3q3d/2

=t2q2d−1
(
t2 − 2tq(2−d)/2 − 2− q−1t2 − 2q−1/2t− 2

(
k

2

)
tq(2−d)/2

)
≥t2q2d−1

(
t2 − 2t · 3(2−3)/2 − 2− 3−1t2 − 2 · 3−1/2t− 2

(
k

2

)
t · 3(2−3)/2

)
=

2

3
t2q2d−1

(
t2 −
√

3t− 3−
√

3t−
√

3

(
k

2

)
t

)
=

2

3
t2q2d−1

((
t− 2

√
3−
√

3

(
k

2

))
t− 3

)
≥2

3
t2q2d−1

((
4− 2

√
3
)(

4 +
√

3
)
− 3
)
> 0"

(5.6)

§ 5.3 ½n5.6�y²

3ù�!§·�ïÄE���Äê§¦�EU�¹�é�q'�r�4�´»§¿
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y²½n5.6"

-

Pk(r) ={(x1,x2, . . . ,xk+1,y1,y2, . . . ,yk+1) ∈ E2k+2 :

‖yi+1 − yi‖ = r‖xi+1 − xi‖ 6= 0, i = 1, 2, . . . , k}"

·��	k = 4��¹"P

A1 = {(x1,x2, . . . ,x5,y1,y2, . . . ,y5) ∈ P4(r) : x1 = x3}§

A′1 = {(x1,x2, . . . ,x5,y1,y2, . . . ,y5) ∈ P4(r) : y1 = y3}§

A2 = {(x1,x2, . . . ,x5,y1,y2, . . . ,y5) ∈ P4(r) : x1 = x4}§

A′2 = {(x1,x2, . . . ,x5,y1,y2, . . . ,y5) ∈ P4(r) : y1 = y4}§

A3 = {(x1,x2, . . . ,x5,y1,y2, . . . ,y5) ∈ P4(r) : x1 = x5}§

A′3 = {(x1,x2, . . . ,x5,y1,y2, . . . ,y5) ∈ P4(r) : y1 = y5}§

A4 = {(x1,x2, . . . ,x5,y1,y2, . . . ,y5) ∈ P4(r) : x3 = x5}§

A′4 = {(x1,x2, . . . ,x5,y1,y2, . . . ,y5) ∈ P4(r) : y3 = y5}§

A5 = {(x1,x2, . . . ,x5,y1,y2, . . . ,y5) ∈ P4(r) : x2 = x5}§

A′5 = {(x1,x2, . . . ,x5,y1,y2, . . . ,y5) ∈ P4(r) : y2 = y5}§

A6 = {(x1,x2, . . . ,x5,y1,y2, . . . ,y5) ∈ P4(r) : x2 = x4}§

A′6 = {(x1,x2, . . . ,x5,y1,y2, . . . ,y5) ∈ P4(r) : y2 = y4}§

±9

C ={(x1,x2, . . . ,x5,y1,y2, . . . ,y5) ∈ P4(r) : xi 6= xj,yi 6= yj,∀1 ≤ i < j ≤ 5}"

N´wÑ

P4(r) =

(
6⋃
i=1

(Ai ∪ A′i)

)⋃
C

�

|C| = |P4(r)| −

∣∣∣∣∣
6⋃
i=1

(Ai ∪ A′i)

∣∣∣∣∣ ≥ |P4(r)| −
6∑
i=1

|Ai ∪ A′i|"
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²LO�§·�k

|A1| =|{(x1, . . . ,x5,y1, . . . ,y5) ∈ E10 :

‖yi+1 − yi‖ = r‖xi+1 − xi‖ 6= 0, i = 1, 2, 3, 4,x1 = x3}|

=|{(x2, . . . ,x5,y1, . . . ,y5) ∈ E9 : ‖y2 − y1‖ = r‖x2 − x3‖,

‖yi+1 − yi‖ = r‖xi+1 − xi‖ 6= 0, i = 2, 3, 4}|

≤|{y1 : y1 ∈ E}| · |{(x2, . . . ,x5,y2, . . . ,y5) ∈ E8 :

‖yi+1 − yi‖ = r‖xi+1 − xi‖ 6= 0, i = 2, 3, 4}|

=|E| · |P3(r)|"

(5.7)

aq/§éui = 1, 2, . . . , 5§Ñk|Ai|, |A′i| ≤ |E| · |P3(r)|",��¡§·�k

|A6 ∪ A′6|

=|{(x1, . . . ,x5,y1, . . . ,y5) ∈ P4(r) : x2 = x4½y2 = y4}|

=|{(x1, . . . ,x5,y1, . . . ,y5) ∈ P4(r) : x2 = x4�y2 6= y4}|

+ |{(x1, . . . ,x5,y1, . . . ,y5) ∈ P4(r) : x2 6= x4�y2 = y4}|

+ |{(x1, . . . ,x5,y1, . . . ,y5) ∈ P4(r) : x2 = x4�y2 = y4}|

:=I + II + III"

(5.8)

O���

I =|{(x1, . . . ,x5,y1, . . . ,y5) ∈ E10 :

‖yi+1 − yi‖ = r‖xi+1 − xi‖ 6= 0, i = 1, 2, 3, 4,x2 = x4,y2 6= y4}|

=|{(x1, . . . ,x5,y1, . . . ,y5) ∈ E10 : x2 = x4,y2 6= y4,

‖yi+1 − yi‖ = r‖xi+1 − xi‖ 6= 0, i = 1, 2, 4, ‖y4 − y3‖ = r‖x2 − x3‖}|

≤|{(x1,x2,x4,x5,y1, . . . ,y5) ∈ E9 : x2 = x4,y2 6= y4,

‖y2 − y1‖ = r‖x2 − x1‖ 6= 0, ‖y3 − y2‖ = ‖y4 − y3‖ 6= 0,

‖y5 − y4‖ = r‖x5 − x4‖ 6= 0}| · |{x3 : x3 ∈ E}|

=|{(x1,x2,x4,x5,y1, . . . ,y5) ∈ E9 : x2 = x4,y2 6= y4,

‖y2 − y1‖ = r‖x2 − x1‖ 6= 0, ‖y3 − y2‖ = ‖y4 − y3‖ 6= 0,

‖y5 − y4‖ = r‖x5 − x4‖ 6= 0}| · |E|"

(5.9)
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XJ·�Py2 = (u1, u2, . . . , ud)§y3 = (v1, v2, . . . , vd)§y4 = (w1, w2, . . . , wd)§Ù

¥(u1, u2, . . . , ud) 6= (w1, w2, . . . , wd)§@o‖y3 − y2‖ = ‖y4 − y3‖z�

(v1 − u1)2 + (v2 − u2)2 + · · ·+ (vd − ud)2

=(v1 − w1)
2 + (v2 − w2)

2 + · · ·+ (vd − wd)2§

=

2(w1 − u1)v1 + 2(w2 − u2)v2 + · · ·+ 2(wd − ud)vd =
d∑
i=1

w2
i −

d∑
i=1

u2i" (5.10)

��y2 6= y4§�§(5.10)'uy3�)o´�õkq
d−1�",��¡§y3 ∈ E"¤±

|{(x1,x2,x4,x5,y1, . . . ,y5) ∈ E9 : x2 = x4,y2 6= y4,

‖y2 − y1‖ = r‖x2 − x1‖ 6= 0, ‖y3 − y2‖ = ‖y4 − y3‖ 6= 0,

‖y5 − y4‖ = r‖x5 − x4‖ 6= 0}|

≤|{(x1,x2,x4,x5,y1,y2,y4,y5) ∈ E8 : x2 = x4,y2 6= y4,

‖y2 − y1‖ = r‖x2 − x1‖ 6= 0, ‖y5 − y4‖ = r‖x5 − x4‖ 6= 0}|

·min
{
qd−1, |E|

}
=|{(x1,x2,x5,y1,y2,y4,y5) ∈ E7 : y2 6= y4,

‖y2 − y1‖ = r‖x2 − x1‖ 6= 0, ‖y5 − y4‖ = r‖x5 − x2‖ 6= 0}|

·min
{
qd−1, |E|

}
≤|{(x1,x2,x5,y1,y2,y4,y5) ∈ E7 : ‖y2 − y1‖ = r‖x2 − x1‖ 6= 0,

‖y5 − y4‖ = r‖x5 − x2‖ 6= 0}| ·min
{
qd−1, |E|

}
"

(5.11)

�
��8Ü

{(x1,x2,x5,y1,y2,y4,y5) ∈ E7 : ‖y2 − y1‖ = r‖x2 − x1‖ 6= 0,

‖y5 − y4‖ = r‖x5 − x2‖ 6= 0}

�Äê�þ.§·�ÄkÀ�(x1,x2,y1,y2) ∈ E4§¦�‖y2−y1‖ = r‖x2−x1‖ 6= 0§

¤±(x1,x2,y1,y2)�k|P1(r)|«ÀJ",�§·�lE¥Àx5Úy4§¦�‖x5−x2‖ 6=

0§�õk|E|2«ÀJ"��§·�Ày5 ∈ E¦�‖y5 − y4‖ = r‖x5 − x2‖"XJ·�

^S(x, t)5L«¥%�x!�»�t�¥¡§=S(x, t) := {y ∈ Fdq : ‖y − x‖ = t}§
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@oy5 ∈ S(y4, r‖x5 − x2‖)"e¡ù�½n�Ñ
|S(x, t)|�(��§§�±l©

z[49]�½n6.26Ú½n6.27�Ñ"

½n5.8 ([49]). �S(x, t)´Fdq¥¥%�x!�»�t�¥¡"

• ed´óê§K

|S(x, t)| = qd−1 + µ(t)q(d−2)/2ψ
(
(−1)d/2

)
§

Ù¥µ(t) = q − 1et = 0§µ(t) = −1et ∈ F∗q§±9ψ´Fq��gA�"

• ed ≥ 3�Ûê§K

|S(x, t)| = qd−1 + q(d−1)/2η
(
(−1)(d−1)/2t

)
§

Ù¥η´F∗q��gA�§�η(0) = 0"

ed = 2§3½n5.8¥-x = y4§t = r‖x5−x2‖ 6= 0§·���y5�õkq
d−1 +

q(d−2)/2«ÀJ"d�qd−1 + q(d−2)/2 = qd−1
(
1 + q−d/2

)
≤ qd−1

(
1 + 1

3

)
≤ 1.5qd−1"

ed ≥ 3§3½n5.8¥-x = y4§t = r‖x5 − x2‖ 6= 0§·���y5�õkq
d−1 +

q(d−1)/2«ÀJ"d�qd−1 + q(d−1)/2 = qd−1
(
1 + q(1−d)/2

)
≤ qd−1

(
1 + 1

3

)
≤ 1.5qd−1"

¤±y5�ÀJo´�õk1.5qd−1«",��¡§duy5 ∈ E§¤±y5�ÀJ�õ

k|E|«"nþ§·�k

I ≤|E| ·min
{
qd−1, |E|

}
· |P1(r)| · |E|2 ·min

{
1.5qd−1, |E|

}
=|E|3 · |P1(r)| ·min

{
qd−1, |E|

}
·min

{
1.5qd−1, |E|

}
"

(5.12)

�2 ≤ d ≤ 4�§min
{
qd−1, |E|

}
· min

{
1.5qd−1, |E|

}
≤ qd−1 · 1.5qd−1 = 1.5q2d−2"

�d ≥ 5�§min
{
qd−1, |E|

}
·min

{
1.5qd−1, |E|

}
≤ |E| · |E| = |E|2"¤±

I ≤

 1.5|E|3 · q2d−2 · |P1(r)|§ e2 ≤ d ≤ 4¶

|E|5 · |P1(r)|§ ed ≥ 5"
(5.13)

aq/§

II ≤

 1.5|E|3 · q2d−2 · |P1(r)|§ e2 ≤ d ≤ 4¶

|E|5 · |P1(r)|§ ed ≥ 5"
(5.14)
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��§·�O�

III =|{(x1,x2,x3,x5,y1,y2,y3,y5) ∈ E8 : ‖y2 − y1‖ = r‖x2 − x1‖ 6= 0,

‖y3 − y2‖ = r‖x3 − x2‖ 6= 0, ‖y5 − y2‖ = r‖x5 − x2‖ 6= 0}|

≤|{(x1,x2,x5,y1,y2,y5) ∈ E6 : ‖y2 − y1‖ = r‖x2 − x1‖ 6= 0,

‖y5 − y2‖ = r‖x5 − x2‖ 6= 0}| · |{x3 : x3 ∈ E}| · |{y3 : y3 ∈ E}|

=|E|2 · |P2(r)|"

(5.15)

ò�ª(5.8)§Ø�ª(5.13)-(5.15)(Üå5§·���

|A6 ∪ A′6| ≤

 3|E|3 · q2d−2 · |P1(r)|+ |E|2 · |P2(r)|§ e2 ≤ d ≤ 4¶

2|E|5 · |P1(r)|+ |E|2 · |P2(r)|§ ed ≥ 5"
(5.16)

¤±

|C|

≥|P4(r)| −
6∑
i=1

|Ai ∪ A′i|

≥|P4(r)| −
5∑
i=1

(|Ai|+ |A′i|)− |A6 ∪ A′6|

≥

 |P4(r)| − 10|E| · |P3(r)| − 3|E|3 · q2d−2 · |P1(r)| − |E|2 · |P2(r)|§ e2 ≤ d ≤ 4¶

|P4(r)| − 10|E| · |P3(r)| − 2|E|5 · |P1(r)| − |E|2 · |P2(r)|§ ed ≥ 5"

(5.17)

·��E��9ÏãG§Ù¥V (G) = E × E = {(x,y) : x,y ∈ E}"ü�

:(x,y)Ú(x′,y′)�mk�^>�ë��=�‖y′ − y‖ = r‖x′ − x‖ 6= 0"·�k

|Pk(r)| =|{(x1, . . . ,xk+1,y1, . . . ,yk+1) ∈ E2k+2 :

‖yi+1 − yi‖ = r‖xi+1 − xi‖ 6= 0, 1 ≤ i ≤ k}|

=|{(x1,y1,x2,y2, . . . ,xk+1,yk+1) ∈ V (G)k+1 :

(xi,yi)�(xi+1,yi+1)��, 1 ≤ i ≤ k}|

:=wk(G)§

(5.18)

Ù¥·�^wk(G)L«G¥��k�Ï £́walk¤"±eü�½n�Ñ
ØÓ�wk(G)�

m�'X§§�©Od©z[3]Ú©z[44]�Ñ"
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½n5.9 ([3]). éuãGÚ��êk§·�k

w1(G)k ≤ w0(G)k−1 · wk(G)" (5.19)

½n5.10 ([44]). éuãGÚ�K�êaÚb§·�k

w2a+b(G) · wb(G) ≤ w0(G) · w2(a+b)(G)" (5.20)

3Ø�ª(5.19)¥�k = 4§·���|P1(r)|4 ≤ |P0(r)|3 · |P4(r)|"3Ø�ª(5.19)

¥�k = 2§·���|P1(r)|2 ≤ |P0(r)| · |P2(r)|"3Ø�ª(5.20)¥�a = b = 1§·

���|P3(r)| · |P1(r)| ≤ |P0(r)| · |P4(r)|"3Ø�ª(5.20)¥�a = 0Úb = 2§·��

�|P2(r)|2 ≤ |P0(r)| · |P4(r)|"5¿�|P0(r)|TÐ´G�º:ê"¤±

|P4(r)| ≥ |E|−6|P1(r)|4§ (5.21)

|P2(r)| ≥ |E|−2|P1(r)|2§ (5.22)

|P4(r)| ≥ |E|−2|P3(r)| · |P1(r)|§ (5.23)

±9

|P4(r)| ≥ |E|−2|P2(r)|2" (5.24)

5.3.1 2 ≤ d ≤ 4��¹

�2 ≤ d ≤ 4�§Ø�ª(5.17)z�

|C| ≥|P4(r)| − 10|E| · |P3(r)| − 3|E|3 · q2d−2 · |P1(r)| − |E|2 · |P2(r)|

≥ (0.96536|P4(r)| − 10|E| · |P3(r)|) +
(
0.02357|P4(r)| − 3|E|3 · q2d−2 · |P1(r)|

)
+
(
0.01105|P4(r)| − |E|2 · |P2(r)|

)
:=I ′ + II ′ + III ′"

(5.25)

�âØ�ª(5.23)§·�k

I ′ =0.96536|P4(r)| − 10|E| · |P3(r)|

≥|E|−2|P3(r)|
(
0.96536|P1(r)| − 10|E|3

)
"

(5.26)
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�âØ�ª(5.21)§·�k

II ′ =0.02357|P4(r)| − 3|E|3 · q2d−2 · |P1(r)|

≥|E|−6|P1(r)|
(
0.02357|P1(r)|3 − 3q2d−2|E|9

)
"

(5.27)

�âØ�ª(5.24)Ú(5.22)§·�k

III ′ =0.01105|P4(r)| − |E|2 · |P2(r)|

≥|E|−2|P2(r)|
(
0.01105|P2(r)| − |E|4

)
≥|E|−4|P2(r)|

(
0.01105|P1(r)|2 − |E|6

)
"

(5.28)

b�|P1(r)| > 5.03023q(2d−2)/3|E|3"K0.02357|P1(r)|3 − 3q2d−2|E|9 > 0§¤±3

Ø�ª(5.27)¥§II ′ > 0",	§

0.96536|P1(r)| − 10|E|3

>0.96536 · 5.03023q(2d−2)/3|E|3 − 10|E|3

≥0.96536 · 5.03023 · 3(2·2−2)/3|E|3 − 10|E|3

>0.1|E|3 > 0"

(5.29)

¤±3Ø�ª(5.26)¥§I ′ > 0"

√
0.01105|P1(r)| − |E|3

>
√

0.01105 · 5.03023q(2d−2)/3|E|3 − |E|3

≥
√

0.01105 · 5.03023 · 3(2·2−2)/3|E|3 − |E|3

>0.09|E|3 > 0"

(5.30)

¤±3Ø�ª(5.28)¥§III ′ > 0"

5.3.2 d = 5��¹

�d = 5�§Ø�ª(5.17)z�

|C| ≥|P4(r)| − 10|E| · |P3(r)| − 2|E|5 · |P1(r)| − |E|2 · |P2(r)|

≥ (0.16|P4(r)| − 10|E| · |P3(r)|) +
(
0.82|P4(r)| − 2|E|5 · |P1(r)|

)
+
(
0.01|P4(r)| − |E|2 · |P2(r)|

)
:=I ′′ + II ′′ + III ′′"

(5.31)
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�f!5.3.1aq§·�k

I ′′ =0.16|P4(r)| − 10|E| · |P3(r)|

≥|E|−2|P3(r)|
(
0.16|P1(r)| − 10|E|3

)
§

(5.32)

II ′′ =0.82|P4(r)| − 2|E|5 · |P1(r)|

≥|E|−6|P1(r)|
(
0.82|P1(r)|3 − 2|E|11

)
§

(5.33)

±9

III ′′ =0.01|P4(r)| − |E|2 · |P2(r)|

≥|E|−2|P2(r)|
(
0.01|P2(r)| − |E|4

)
≥|E|−4|P2(r)|

(
0.01|P1(r)|2 − |E|6

)
"

(5.34)

b�|P1(r)| > 1.34609|E|11/3§�|E| ≥ 12q3"@o0.82|P1(r)|3 − 2|E|11 > 0§d

�3Ø�ª(5.33)¥§II ′′ > 0",	§|P1(r)| ≥ 1.34609 · (12q3)
2/3 |E|3 ≥ 63.49|E|3"

¤±

0.16|P1(r)| − 10|E|3

>0.16 · 63.49|E|3 − 10|E|3

>0.15|E|3 > 0§

(5.35)

l3Ø�ª(5.32)¥§I ′′ > 0"

√
0.01|P1(r)| − |E|3

>
√

0.01 · 63.49|E|3 − |E|3

>5|E|3 > 0§

(5.36)

l3Ø�ª(5.34)¥§III ′′ > 0"

5.3.3 d ≥ 6��¹

�d ≥ 6�§Ø�ª(5.17)z�

|C| ≥|P4(r)| − 10|E| · |P3(r)| − 2|E|5 · |P1(r)| − |E|2 · |P2(r)|

≥ (0.0191|P4(r)| − 10|E| · |P3(r)|) +
(
0.98|P4(r)| − 2|E|5 · |P1(r)|

)
+
(
0.0009|P4(r)| − |E|2 · |P2(r)|

)
:=I ′′′ + II ′′′ + III ′′′"

(5.37)
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�f!5.3.1aq§·�k

I ′′′ =0.0191|P4(r)| − 10|E| · |P3(r)|

≥|E|−2|P3(r)|
(
0.0191|P1(r)| − 10|E|3

)
§

(5.38)

II ′′′ =0.98|P4(r)| − 2|E|5 · |P1(r)|

≥|E|−6|P1(r)|
(
0.98|P1(r)|3 − 2|E|11

)
§

(5.39)

±9

III ′′′ =0.0009|P4(r)| − |E|2 · |P2(r)|

≥|E|−2|P2(r)|
(
0.0009|P2(r)| − |E|4

)
≥|E|−4|P2(r)|

(
0.0009|P1(r)|2 − |E|6

)
"

(5.40)

b�|P1(r)| > 1.26844|E|11/3�|E| ≥ 313qd/2"@o0.98|P1(r)|3 − 2|E|11 > 0§d

�3Ø�ª(5.39)¥§II ′′′ > 0",	§|P1(r)| ≥ 1.26844·(313q3)
2/3 |E|3 ≥ 526.27|E|3"

¤±

0.0191|P1(r)| − 10|E|3

>0.0191 · 526.27|E|3 − 10|E|3

>0.05|E|3 > 0§

(5.41)

l3Ø�ª(5.38)¥§I ′′′ > 0"

√
0.0009|P1(r)| − |E|3

>
√

0.0009 · 526.27|E|3 − |E|3

>10|E|3 > 0§

(5.42)

l3Ø�ª(5.40)¥§III ′′′ > 0"

5.3.4 �¤½n5.6�y²

y3·��±�¤½n5.6�y²"

½n5.6�y². �¹1µq ≥ 5§d�2½4§�r ∈ F∗q"
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�Xf!5.3.1¥¤`§·��Iy²|P1(r)| > 5.03023q(2d−2)/3|E|3"ù��

{§|C| ≥ I ′ + II ′ + III ′ > 0§¤±E�¹�é�q'�r�4�´»"

�|E| = tq(2d+1)/3§Ù¥t ≥ 36"5¿�P1(r) = S1(r)"¤±·��±^½n5.7§

O��

|P1(r)| − 5.03023q(2d−2)/3|E|3

≥q−1|E|4 − 2|E|3 − qd−1|E|2 − 4q−2|E|4 − 4q(d−2)/2|E|3 − 5.03023q(2d−2)/3|E|3

≥t4q(8d+1)/3 − 2t3q2d+1 − t2q(7d−1)/3 − 4t4q(8d−2)/3 − 4t3q5d/2 − 5.03023t3q(8d+1)/3

=t2q(8d+1)/3 ·
(
t2 − 2tq(−2d+2)/3 − q(−d−2)/3 − 4t2q−1 − 4tq(−d−2)/6 − 5.03023t

)
≥t2q(8d+1)/3 ·

(
t2 − 2t · 5(−2·2+2)/3 − 5(−2−2)/3 − 4t2 · 5−1 − 4t · 5(−2−2)/6 − 5.03023t

)
≥t2q(8d+1)/3

(
0.2t2 − 7.1t− 0.2

)
≥t2q(8d+1)/3 ((0.2 · 36− 7.1) · 36− 0.2) > 0"

(5.43)

�¹2µd = 3§�r ∈ F+
q"

�Xf!5.3.1¥¤`§·��Iy²|P1(r)| > 5.03023q(2d−2)/3|E|3"

�|E| = tq(2d+1)/3§Ù¥t ≥ 9"�â½n5.7§·�k

|P1(r)| − 5.03023q(2d−2)/3|E|3

≥q−1|E|4 − 2|E|3 − 2qd−1|E|2 − q−2|E|4 − 2q(d−3)/2|E|3 − 5.03023q(2d−2)/3|E|3

≥t4q(8d+1)/3 − 2t3q2d+1 − 2t2q(7d−1)/3 − t4q(8d−2)/3 − 2t3q(5d−1)/2 − 5.03023t3q(8d+1)/3

=t2q(8d+1)/3 ·
(
t2 − 2tq(−2d+2)/3 − 2q(−d−2)/3 − t2q−1 − 2tq(−d−5)/6 − 5.03023t

)
≥t2q(8d+1)/3 ·

(
t2 − 2t · 3(−2·3+2)/3 − 2 · 3(−3−2)/3 − 1

3
t2 − 2t · 3(−3−5)/6 − 5.03023t

)
≥t2q(8d+1)/3

(
2

3
t2 − 5.95479t− 0.3205

)
≥t2q(8d+1)/3

(
2

3
· 81− 5.95479 · 9− 0.3205

)
> 0"

(5.44)

�¹3µd = 5§�r ∈ F+
q"

�Xf!5.3.2¥¤`§�Iy²|E| ≥ 12q3�±íÑ|P1(r)| > 1.34609|E|11/3"
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�|E| = tq3§Ù¥t ≥ 12"�â½n5.7§·�k

|P1(r)| − 1.34609|E|11/3

≥q−1|E|4 − 2|E|3 − 2qd−1|E|2 − q−2|E|4 − 2q(d−3)/2|E|3 − 1.34609|E|11/3

≥t4q11 − 2t3q9 − 2t2q10 − t4q10 − 2t3q10 − 1.34609t11/3q11

=t2q11
(
t2 − 2tq−2 − 2q−1 − t2q−1 − 2tq−1 − 1.34609t5/3

)
≥t2q11

(
t2 − 2

9
t− 2

3
− t2

3
− 2

3
t− 1.34609t5/3

)
=t2q11

(
2

3
t2 − 8

9
t− 2

3
− 1.34609t5/3

)
≥t2q11

(
2

3
t2 − 17

18
t− 1.34609t5/3

)
≥t3q11

(
2

3
t− 17

18
− 1.34609t2/3

)
=t3q11

(
t2/3

(
2

3
t1/3 − 1.34609

)
− 17

18

)
≥t3q11

(
122/3

(
2

3
· 121/3 − 1.34609

)
− 17

18

)
> 0"

(5.45)

�¹4µq ≥ 5§d´�u�u6�óê§�r ∈ F∗q"

�Xf!5.3.3¥¤`§�Iy²|E| ≥ 313qd/2�±íÑ|P1(r)| > 1.26844|E|11/3"

�|E| = tqd/2§Ù¥t ≥ 313"�â½n5.7§·�k

|P1(r)| − 1.26844|E|11/3

≥q−1|E|4 − 2|E|3 − qd−1|E|2 − 4q−2|E|4 − 4q(d−2)/2|E|3 − 1.26844|E|11/3

≥t4q2d−1 − 2t3q3d/2 − t2q2d−1 − 4t4q2d−2 − 4t3q2d−1 − 1.26844t11/3q11d/6

=t2q2d−1
(
t2 − 2tq(2−d)/2 − 1− 4t2q−1 − 4t− 1.26844t5/3q(6−d)/6

)
≥t2q2d−1

(
t2 − 2t · 5(2−6)/2 − 1− 4t2 · 5−1 − 4t− 1.26844t5/3 · 5(6−6)/6)

=t2q2d−1
(

1

5
t2 − 102

25
t− 1− 1.26844t5/3

)
≥t2q2d−1

(
1

5
t2 − 49

12
t− 1.26844t5/3

)
=t3q2d−1

(
t2/3

(
1

5
t1/3 − 1.26844

)
− 49

12

)
≥t3q2d−1

(
3132/3

(
1

5
· 3131/3 − 1.26844

)
− 49

12

)
> 0"

(5.46)
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�¹5µd´�u�u7�Ûê§�r ∈ F+
q"

�Xf!5.3.3¥¤`§�Iy²|E| ≥ 313qd/2�±íÑ|P1(r)| > 1.26844|E|11/3"

�|E| = tqd/2§Ù¥t ≥ 313"�â½n5.7§·�k

|P1(r)| − 1.26844|E|11/3

≥q−1|E|4 − 2|E|3 − 2qd−1|E|2 − q−2|E|4 − 2q(d−3)/2|E|3 − 1.26844|E|11/3

≥t4q2d−1 − 2t3q3d/2 − 2t2q2d−1 − t4q2d−2 − 2t3q(4d−3)/2 − 1.26844t11/3q11d/6

=t2q2d−1
(
t2 − 2tq(2−d)/2 − 2− t2q−1 − 2tq−1/2 − 1.26844t5/3q(6−d)/6

)
≥t2q2d−1

(
t2 − 2t · 3(2−7)/2 − 2− 1

3
t2 − 1√

3
2t− 1.26844t5/3 · 3(6−7)/6

)
≥t2q2d−1

(
2

3
t2 − 1.2894t− 1.05621t5/3

)
=t3q2d−1

(
t2/3

(
2

3
t1/3 − 1.05621

)
− 1.2894

)
≥t3q2d−1

(
3132/3

(
2

3
· 3131/3 − 1.05621

)
− 1.2894

)
> 0"

(5.47)

§ 5.4 ?�Ú�?Ø

3©z[23]¥§Greenleaf�<�	
Rd¥��qã/�¯K§¿y²XJ��

;8E�Hausdorff�ê�u,��.�sk,d§@oÒ¬�3Nõé(k+1)�:��q

ã/§Ù¥�q'�r"Rakhmonov3©z[59]¥��Ä
Fdp¥��q(d+ 1)ü/"

�â½Â§2(TÐ´2�´»"¤±'u�q�3�´»�¯KEk�)û"Ù

¥���J:´§·�Ã{é���Ü·�Ø�ª5£ãw3(G)Úw2(G)�'X"
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1 6 Ù Ù¦3ï¯K

�Ùò{�0��<3ôÖÆ¬Æ Ïm�Ù¦ïÄ�K"Ù¥Ü©�KE?

uïÄ�ã§ÿ�/¤���ïÄ¤J"�u�Ì§·�éù
�KÚ8c�?Ð

�{�0�"

§ 6.1 GrassmannianCXè

�V±5§�ä?èÉ�
�þ�'5"3©z[43]¥§KötterÚKschischang

ïá
�«#�Å�è�.§¡�~�è£constant-dimension code¤§Ù¥�è

i´k��þ��5�m�k�f�m"éuf�mUÚV§½Â§��m�ål

�ds(U, V ) = dim(U + V )− dim(U ∩ V ) = dim(U) + dim(V )− 2 dim(U ∩ V )"

EtzionÚZhang[20]ïÄ
�5�mf�m�æÈ£packing¤�CX£covering¤§

¿Ú\GrassmannianCXè£covering Grassmannian code¤�Vg"��ëê�α-

(n, k, δ)cq�GrassmannianCXèC£{¡α-(n, k, δ)cqè¤´Fnq��
k�f�m�¤

�8Ü§Ù¥?¿α�èiÑUÜ¤���ê���k + δ�f�m"3α = 2��

¹e§GrassmannianCXèÒ´~�è"·�^Bq(n, k, δ;α)L«α-(n, k, δ)cqè��

�Äê"��ëê�t-(n, k, λ)q�f�mæÈC´Fnq��
k�f�m�¤�8Ü§

¦�Fnq�?¿t�f�m�õ��¹3C�λ�¤
¥"�λ = 1�§f�mæÈÒ

´~�è"·�^Aq(n, k, t;λ)L«ëê�t-(n, k, λ)q�f�mæÈ���Äê"©

z[20]y²
f�mæÈÚGrassmannianCXè��d5µ

Bq(n, k, δ;α) = Aq(n, n− k, n− k − δ + 1;α− 1)"

¤±T¯K=z�ïÄ,
ëê��eBq(n, k, δ;α)�þe."

$^õ«ØÓ�óä§·��Ñ
3AÏëêeBq(n, k, δ;α)�þe."
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• ·�ïáå
�ã�GrassmannianCXè�m�éX§¿ÏL�ã��{�Ñ


Bq(n, k, δ;α)�þ."

½n6.1. �n§k§δ§±9αÑ´��ê§÷vα ≥ 2±9δ ≤ (α− 1)k§K

Bq(n, k, δ;α) ≤ (α− 1)

[
n
h

]
q[

k
h

]
q

§

Ù¥h = bk + 1− δ
α−1c"

½n6.2. Bq(n, 3, 3; 3) ≤
(

1 + 1

2[32]q−1

)
[n2]q
[32]q
"

½n6.3. Bq(n, k, δ; 3) ≤
(

1 + 1

2[kh]q−1

)
[nh]q
[kh]q
§Ù¥h = bk + 1− δ

2
c"

½n6.4. �n§k§δ§±9αÑ´��ê§÷vα ≥ 3±9δ ≥ (α− 1)(k − 1)§K

Bq(n, k, δ;α) = O
(
q(1+

1
bα/2c)n

)
"

½n6.5. �n§k§δ§±9αÑ´��ê§÷v3 ≤ α ≤
[
k
1

]
q
±9δ ≥ (α− 1)(k −

1) + 1§K

Bq(n, k, δ;α) ≤ (α− 1)

[
n
1

]
q[

k
1

]
q

+ 1
"

½n6.6. Bq(n, 2, 2; 3) = o(q2n)"

½n6.7. �n§k§δ§±9αÑ´��ê§÷vα ≥ 3±9δ > α− 2§K

Bq(n, k, δ;α) = O
(
q(1+

1
bα/2c )(k−1)n

)
"

• ÏLäN��E§·��Ñ
Bq(n, k, δ;α)�e."

½n6.8. �nÚkÑ´��ê§÷vk ≥ 2±9n ≥ 2k + 1§KB2(n, k, k + 1; 3) ≥

2n−2k+1"

½n6.9. �n§k§±9γÑ´��ê§÷vk ≥ 3dγ
2
e±9n ≥ 2k+γ§KB2(n, k, k+

γ; 3) ≥ 2b
n−2k+1
k+1

cb k
dγ/2e c"

½n6.10. �n§k§±9γÑ´��ê§÷vγ + 1 ≤ k < 3dγ
2
e±9n ≥ 2k + γ§

KB2(n, k, k + γ; 3) ≥ 22bn−2k+1
k+1

c"
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½n6.11. �nÚkÑ´��ê§÷vn ≥ 3k§KB2(n, k, 2k; 3) ≥ 2b
n−k
k
c"

½n6.12. �n§k§±9γÑ´��ê§÷vn ≥ 2k + γ§KBq(n, k, k + γ; 3) ≥

qb
n−2k+1
k+1

cb k
γ
c"

• �n'���§ÏLVÇ�{§·��Ñ
Bq(n, k, δ;α)�e."

½n6.13. eα ≥ 3�gcd(α−1, δ−1) = 1§KBq(n, k, δ;α) = Ω
(
q(k−

δ−1
α−1

)nn
1

α−1

)
"

ù
(ØU?
c<�(J"

ù�ó�=òuL35IEEE Transactions on Information Theory6"

§ 6.2 k��þ��5�m¥�SÈó

3k��¥§Erdős-Falconerål¯K¯�´Fdq�f8E���Äê§¦�ål

8Ü

∆(E) := {‖x− y‖ : x,y ∈ E}

ÓFq��'~§Ù¥éux = (x1, x2, . . . , xd) ∈ Fdq§‖x‖ := x21 + x22 + · · ·+ x2d"òå

l�¤Ù¦���$�§·�E,�±JÑÓ��¯K"½ÂEþ�SÈ8Ü

Π(E) := {x · y : x, y ∈ E}"

3©z[28]¥§Hart�<y²
e�(J"

½n6.14. �E ⊆ Fdq§t ∈ F∗q§K

|{(x, y) ∈ E × E : x · y = t}| = |E|
2

q
+R(t)§

Ù¥|R(t)| ≤ |E|q(d−1)/2"

íØ6.1. �E ⊆ Fdq÷v|E| ≥ Cq(d+1)/2§Ù¥C´~ê§K

Π(E) ⊇ F∗q"
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ù�¯K�±�ã(Üå5"�E ⊆ Fdq§·��±������ãKE§Ùº

:8�E"·�?�Ú�KE�z�^>D�§=>{x, y}���x · y"Ïd§í

Ø6.1Ò´`§��|E| ≥ Cq(d+1)/2§@oé?¿t ∈ F∗q§·�Ñ�±3KE¥é��^

��t�>"½n6.14`²ù��>k |E|
2

q
(1 + o(1))^"·��±òù�¯K��

�g,�í2µ�½,«�.§·�´Ä�±3KE¥é�?¿���A�.º©

z[10]�Ñ
'u2´»�(Ø"

½n6.15. �E ⊆ Fdq§½Â

Πα,β(E) := {(x, y, z) ∈ E3 : x · y = α, y · z = β}"

ed ≥ 2§E ≥ q(d+1)/2§¿�α, β ∈ F∗q§K

|Πα,β(E)| = |E|
3

q2
(1 + o(1))"

·��Ä���´»§¡�SÈó£dot product chain¤§¿�·�#N��5

gØÓ�8Ü"(�/`§éuA1, A2, . . . , Ak+1 ⊆ Fdq§-

Π(A1, A2, . . . , Ak+1) = {(x1 ·x2, x2 ·x3, . . . , xk ·xk+1) ∈ Fkq : xi ∈ Ai, 1 ≤ i ≤ k+ 1}"

·�k±e(J"

½n6.16. �d ≥ 1Úk ≥ 2þ��ê§�3~êC = C(k)¦�eã·K¤á"

eA1, A2, . . . , Ak+1 ⊆ Fdq÷v|Ai||Ai+1| ≥ Cqd+k−1§K

Π(A1, A2, . . . , Ak+1) ⊇ (F∗q)k"

·��O��Ää£tree¤��¹"

ù�¡�ó�E3�n¥"

§ 6.3 (Z/NZ)nþ�Furstenberg8

Kakeyaß�dF�êÆ[Soichi Kakeyau1917cJÑ"Rn¥���Kakeya8

�¹?¿��þ�ü �ã"Kakeyaß�´�Rn¥�?¿Kakeya8�Hausdorff�

êÚMinkowski�êþ�n"ù�ß��NÚ©ÛkX��éX"ù�¡�ïÄ�±

108



Ù¦3ï¯K

ë�©z[29, 38–41, 82]"Wolff[83]JÑ
k��þ�Kakeya¯K"Fnqþ�Kakeya

8�¹?¿��þ��^��"Dvir[16]â»5/¦^õ�ª�{)û
k��þ

�Kakeya¯K§y²
Fnq¥�Kakeya8�Äê���Cnq
n"�C§DharÚDvir[12]±

9Dhar[11]$^í2��õ�ª�{)û
(Z/NZ)nþ�Kakeya¯K"

éu�ên > k ≥ 1Úm ≥ 1§·�¡S ⊆ Fnq´��(k,m)-Furstenberg8§

XJéuFnq�?¿k�f�mW§Ñ�3W���²£�S����m�:"·�

^K(q, n, k,m)L«Fnqþ�(k,m)-Furstenberg8���Äê"¤±(1, q)-Furstenberg

8Ò´Kakeya8§¿�K(q, n, 1, q) ≥ Cnq
n"EllenbergÚErman[18]y²


K(q, n, k,m) ≥ Cn,km
n/k"

Dhar�<[13]|^õ�ª�{�Ñ
,�«y²"

·��	(Z/NZ)n�Furstenberg8§Ù¥NÃ²�Ïf"�K ((Z/NZ)n , k,m)

´(Z/NZ)nþ�(k,m)-Furstenberg8���Äê"·�k±e(J

½n6.17. �N = p1p2 · · · pr§Ù¥p1, p2, . . . , pr�pØ�Ó��ê"K

K
(
(Z/NZ)n , k,Nk

)
≥ Nn∏r

i=1

(
1 + pi−1

pki

)n"
8c§ùÜ©ó�E3�n¥"

109





ë�©z

[1] K. Ball. A lower bound for the optimal density of lattice packings. Internat. Math.
Res. Notices, (10):217–221, 1992.

[2] M. Bennett, D. Hart, A. Iosevich, J. Pakianathan, and M. Rudnev. Group actions
and geometric combinatorics in Fdq . Forum Math., 29(1):91–110, 2017.
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