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Abstract

Extremal combinatorics is among the most active branches in dis-

crete mathematics, dealing with problems that are often motivated by

questions in other areas such as information theory and discrete ge-

ometry. This thesis focuses on various problems in extremal combina-

torics and related fields, including Turán problems, Ramsey problems,

Erdős-Falconer problems, and some new problems on extremal graph

theory and permutation codes. We use many powerful and deep tool-

s including random algebraic method, dependent random choice and

Szemerédi regularity lemma to attack several conjectures and open

problems in the literature.

In Chapter 1 , we will briefly introduce the backgrounds of prob-

lems discussed in this thesis and summarize our main contributions

towards these problems.

In Chapter 2 , we focus on Turán problem, which is one of the

most important problems in extremal combinatorics. The main prob-

lem is to determine the maximum number of edges in a graph which

does not contain a fixed forbidden subgraph. The celebrated Erdős-

Stone-Simonovits gives an asymptotic solution when the forbidden

subgraph H has chromatic number at least 3. Hence the interesting

cases occur when H is bipartite, which has been widely studied as de-

generate Turán problems. In contrast to the simple graph case, there

are only a few results for the hypergraph Turán problems. We obtain
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several new results on Turán problems of di↵erent forbidden substruc-

tures. Firstly, using the random algebraic method, we determine the

Turán number of complete bipartite r-uniform hypergraph K(r)
s,t for

s � t. Furthermore, we develop the random multi-hypergraph con-

structions and obtain some tight lower bounds for Turán number of

some hypergraphs. As a corollary of our main results, we demon-

strate sharpness of the constant in the famous Kövári-Sós-Turán the-

orem, which was obtained in 1954. Thirdly, since the random alge-

braic method usually requires some constant to be very large due to

the so-called Lang-Weil bound from algebraic geometry, we give some

algebraic constructions of extremal graphs and hypergraphs for cer-

tain substructures, including the 1-subdivision of complete bipartite

graphs and Berge theta hypergraphs. These improve the correspond-

ing results obtained by Conlon, Janzer and Lee, and He and Tait,

respectively. Finally, we also study a weighted version of Turán prob-

lems and show some new results such as characterizing the extremal

structure of clique-free graphs and proposing a generalized version of

the Erdős-Stone-Simonovits theorem for weighed graphs under two

types of vertex-induced weight functions.

In Chapter 3 , we consider a new extremal problem recently

proposed by Conlon and Tyomkyn, which aims to find two or more

vertex-disjoint color isomorphic copies of some given graph in proper

edge colorings of complete graphs. We show two new results on this

new topic. Firstly, we provide an explicit proper edge coloring of

v



complete graph Kn with linear number of colors such that there is

no 3-fold color isomorphic copies of C4. This improves the previously

known results obtained by the random algebraic method and Lovász

Local Lemma. Secondly, we prove that any proper edge-coloring of

Kn with ⌦(n1+ 1
2t�3 ) colors must contain two color isomorphic copies

of the 1-subdivision of complete graph Kt, which completely answers

the question posed by Conlon and Tyomkyn in a stronger form.

In Chapter 4 , we consider a new variant of the famous Erdős-

Falconer distance problem under Hamming distance, which aims to

quantify the extent to which large sets must determine many distinct

Hamming distances. Recently, finite field analogs of classical prob-

lems in harmonic analysis, geometry and combinatorics have received

much attention because of the relative technical transparency a↵ord-

ed by the discrete setting. Our work significantly improves Yazici’s

asymptotic results for the Erdős-Falconer problem under Hamming

distance, and we further obtain more general results on this topic.

Unlike using Fourier analytical method as usual, our main tools in-

clude the celebrated dependent random choice, linear algebra method

and some results from additive number theory and coding theory.

In Chapter 5 , we consider the multicolor Ramsey problems.

Ramsey theory refers to a large body of deep results in mathemat-

ics which have a common theme: find uniform substructures in large

combinatorial structures. It is now one of the most central research

topics in modern combinatorics. The problem we study is the mul-
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ticolor Ramsey problem. Using the random block constructions and

random blowup argument, we obtain improved lower bound for mul-

ticolor Ramsey number of small odd cycles versus a large clique. In

particular, our results improve the previously known lower bound ob-

tained by Alon and Rödl.

In Chapter 6 , we study some theoretical problems in permu-

tation codes under permutation block distance. Permutation codes

under several di↵erent metrics are widely used due to their various

applications. Studying the maximum size of codes under given condi-

tions is one of the basic problems in coding theory. For permutation

codes, we first establish a connection between permutation codes and

independent sets in a corresponding graph and then study the bounds

of the independence number of the graph. By this graph theoretic

approach, we improve the Gilbert-Varshamov type bound asymptoti-

cally. We also propose a new encoding scheme based on certain con-

structions of binary constant weight codes and apply some methods

from extremal set theory to obtain an upper bound of a new type,

which beats the sphere-packing type bound in certain situations.

In Chapter 7 , we briefly introduce several other topics still under

investigation.

Key words: Extremal combinatorics, Turán problems, Ram-

sey problems, color isomorphic, Erdős-Falconer problems, permutation

codes, random algebraic method, random multi-hypergraphs, proba-

bilistic method, polynomial resultant.
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Chapter 1 ⁄Û
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,A(r–òóá„äèfá„"r–òóá„"Ååá>Í"Èu„á!

"TuránØKß8c<ÇÆkÉÈ¥L"(Jß0Èuá„á!"TuránØ

Kß'Çê36ö~D+"(J"'X`ß3)˚$H = Kt"ØK

$ßTurán [172]J—$òág,"Ì2ØKß=((%!r–òóá„

K(r)
t " TuránÍ",)Ó8èéß.t > r > 2ûßE,vk?¤òá~f

$&%{/)˚ß=¶ÎÏCø¬˛"(Jèô(%!(("Èu˘áØ

KßÕ#"Í![Erdős [60]È?¤òáAœú%")˚J¯500{3"

]¸ß)È?øòÑú%e")˚êYJ¯$1000{3"]¸"TuránØ

K",òá#á"ˇ–¥2¬TuránØK"òÑ5`ß2¬TuránØKë

3ÔƒºÍex(n, T,H)ßŸL´3ná2:Öÿù$f„H"„•ß,ò

áA(„(-T"åU"ÅåÍ8"3ÅC"òü%;ÿ© [9]•ß|‹

Í![Alon⁄ShikhelmanX⁄/Ôƒ$„á!"2¬TuránØKßøÖ

⁄u$å˛"$YÔƒÛä"

6Èÿ”"Béf(-ß'Ç3„á!⁄á„á!"Turán.ØK

˛#$$òX,#(J"3˘pß'Ú,fiø{áQ„'Ç§#$"#

(J"

• |^ë"ìÍê{ß'Ç$&$2¬TuránÍex(n, T , K(r)
s,t )"òÑe

.ßŸ•Bé"á„K(r)
s,t¥dMubayi⁄Verstraëte[148]32004c(¬

2
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"%!'‹r–òóá„"

&n1.1. -#$Ír > 3"Èu?¤â#!#$Ít⁄?¤â#!‰

kvá$:⁄e^>!r–òóá„Tß!3~Íc = c(r, t)ß¶&'s >
cûßk

exr(n, T , K(r)
s,t ) = ⌦(nv� e

t )"

|^„ÿÛ‰⁄ò)|‹OÍê{ß'ÇÑ$&$.Tè,)A

((-ûßÜ'Ç§$"ex(n, T , K(r)
s,t )"òÑe.§ö,"˛.(

J"

&n1.2. -#$Ír > 3"È?¤#$Ítß—¨!3òá~Ís(r, t)ß

¶&'s > s(r, t)ûßk

exr(n,K
(r)
s,t ) = ⇥(nr� 1

t )"

&n1.3. -#$Ír > 3ßa = 1±9b < t"È?¤#$Ítß—¨!

3òá~Ís0(r, t)ß¶&'s > s0(r, t)ûßk

exr(n,K
(r)
a,b , K

(r)
s,t ) = ⇥(na+b(r�1)�ab

t )"

• 'Çu–$ë"ı#á„-E"ê{ß|^˘áê{ß'Ç$&$

'u%!'‹r–òóá„!%!r‹r–òóá„⁄r–òó"Berge.

thetaá„"TuránÍ"e.(J"AO/ß'Ç"(Jå±â—X

eÌÿß.tø©åûß.u1954c"Õ#"Kövári-Sós-Turán(n

ex(n,Ks,t) = O(t
1
sn2� 1

s )•ß'ut"ÏC/¥;""‰N"(JX

e"

3



4ä|‹9ŸÉ'+ç•eZØK"Ôƒ

&n1.4. Èu#$Ís1, s2, . . . , sr�1⁄r > 2ß'sr¥òáø©å!~

Íûßk

exr(n,K
(r)
s1,s2,...,sr) = ⌦(s

1
s1s2...sr�1
r n

r� 1
s1s2...sr�1 )"

&n1.5. È#$Ít⁄r > 2ß's¥òáø©å!~Íûßk

exr(n,K
(r)
s,t ) = ⌦(s

1
tnr� 1

t )"

Ìÿ1.1. Èuâ#!#$Ísß'tø©åûßk

ex(n,Ks,t) = ⇥(t
1
sn2� 1

s )"

&n1.6. -` > 2èâ##$Íß'tø©åûßk

exr(n,⇥
B
`,t) = ⌦`,r(t

1
`n1+ 1

` )"

• 34ä„ÿ•ß((5"4„-E¥ö~‰k]‘5"ØK"è$-

E((5"4„ß'Çmu$ò´49&ıë™(™"ê{ßßå±

k5/(('Ç-E"„!ˆá„•¥ƒ+3A("f(-"'Ç"

Ãá(Jù)K3,t1"1gø©„K 0

3,t1"TuránÍ⁄3–òó" Berge.

thetaá„⇥B
3,t2"Ç5TuránÍ"e.(JßŸ•t1 = 25ßt2 = 217"

äè'6ß~Ít1U?$Bukh⁄Conlon3©z[34]•â—"ë"ìÍ

-E§$&"(Jßø6ÈConlon!Janzer⁄Lee3©z[47]•J—"

ØK#$$wÕ"?–ß)~Ít2KU?$He⁄Tait3©z[36]•"

(J"'Ç"‰N(JXe"

&n1.7. ex(n,K 0

3,25) = ⇥(n
4
3 )"

&n1.8. exlin3 (n,⇥B
3,217) = ⇥(n

4
3 )"

4
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• 'ÇJ¯$òá"("w™-Eßâ—$'u%!3‹3–òóá„K(3)
2,2,7

"TuránÍ"e.(Jex3(n,K
(3)
2,2,7) > 1

27n
19
7 +o(n

19
7 )"'Ç"-Eƒ

uÕ#"Norm„ßl(Jø¬˛`ßT(JU?$œLV«ê{º

$"e.⌦(n
73
27 )"‰N"(JXe"

&n1.9.

ex3(n,K
(3)
2,2,7) >

1

27
n

19
7 + o(n

19
7 )"

• 3\{ºÍp!"(#ºÍeß'Ç&ƒ$ë(TuránØK"ò´#

C´ØK"ƒkß'Çèx$TØKeÿù$%!f„K`"4„(-"

?ò⁄/ß'Çy"$ƒu¸´a."2:p!(#ºÍeßë(„

á!"Erdős-Stone-Simonovits(n"‰N5`ß-w : V (Kn) !

[0,1)è2:(#ºÍß>(#w+: E(Kn) ! [0,1)¥d\{º

Íw+(uv) = w(u)+w(v)â—"XJ'Çb92:(#¥ÿ”"ßøÖ

¥k.""Èuâ("„Hß'ÇÚ\{ºÍp!e'uH"TuránÍ

(¬è

ex(n,w+, H) := max{w+(G) | G ✓ Kn, Gÿù$Häèf„}ß

Ÿ•w+(G) :=
P

e2E(G)

w+(e)"|^(-„ÿê{⁄Õ#"Szemerédi

.K⁄n*Û‰ß'Ç$&Xe(J"

&n1.10. Èuâ#!#$Í` > 3ßk

ex(n,w+, K`) = max
P

X

P2P

(n� |P |)w(P )ß

Ÿ•©yP¨"HÚV (Kn)©y§`�1‹!§kåUú"ß,#ß|P |

¥ P •$:!áÍß±9w(P ) :=
P
v2P

w(v)"

5
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&n1.11. Èuâ#!„Hß-w : V (Kn) ! [0, S]è$:!#&º

ÍßŸ•Sèòá#~Í"@o'n ! 1ßk

ex(n,w+, H) = max
R

X

P2R

(n� |P |)w(P ) + o(n2)ß

Ÿ•©yR¨"HÚV (Kn)©y§�(H)� 1‹!§kåUú""

31'Ÿ•ß'ÇÚÈ˛„(J?1çç[/0/"

'Ç3'uTuránØK"ÃK•ß8cò5>&$4üÿ©"Ÿ•ß

'u%!'‹r–òóá„"(n1.1!1.2!1.3⁄'uK(3)
2,2,7"(n1.9Æu

L35SCIENCE CHINA Mathematics6"'uë"ı#á„-E§$

&"(n1.4!1.5!1.6ÆuL35European Journal of Combinatorics6"

'uK3,t1"ògø©„"(n1.7⁄Berge.thetaá„⇥B
3,t2"(n1.8ß'

ÇÆ%›vñ5SCIENCE CHINA Mathematics6"'uë(TuránØK

"(n1.10⁄1.11ÆuL35Discrete Mathematics6"

§ 1.2 !~>X⁄e/⁄”#f„ØK

'Ç°òá>X⁄¥.~(proper)"ß¥çXJ¸^ÿ”">‰k

˙5'È"2:ß@o˘¸^>7,(/§ÿ”"Ù⁄"Cc5ß3

.~>X⁄e"%!„•œÈÁÙ(-"ØK$&$2ç"Ôƒ"~

Xß3Montgomery!Pokrovskiy⁄SudakovÅC"òë‚ª5Ôƒ§J

•[146]ß¶Çy"$Õ#"Ringelflé"Ringelflé"òá*d"Q„å

±L´èß3òáA(".~>X⁄"K2n+1•È&?¤‰kn^>ÁÙ

‰(-"Ü&ƒœÈ6å"A(f(-ø„ÿ”ßConlon⁄Tyomkyn[49]

m©Ôƒòá#a."4ä„ÿØKßŸ8"¥3.~>X⁄"%!„

•È&â(f„"¸á!ıá2:ÿÉ#"/⁄”-B!"çO(/`ß

6
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Èu.7Ík, n > 2⁄òáâ("„Hß-fk(n,H)L´Å1".7Ícß

¶$+3ÈKn"X⁄Íèc".~>X⁄êYß̃ v>X⁄$"Kn•ÿ

ù$ká2:ÿÉ#Ö/⁄”-"„H"B!"äèòá4ä„ÿØKß

±eØK¥ö~g,""

ØK1.1. â#òá„H⁄òá$Ík > 2ß'n ! 1ûß(#fk(n,H)!

ä"

3©z[49]•ßConlon⁄Tyomkyny"$Nı'uºÍfk(n,H)"

òÑ(Jß'Ç,fiŸ•ò)(JXe"

&n1.12 ([49]). (i) Èu?¤vá:ße^>!â#„Hßk

fk(n,H) = O(max{n, n
kv�2
(k�1)e})"

(ii) Èu?¤ù&Û%äèf„!„Hß—!3#$Ík = k(H)˜v

fk(n,H) = ⇥(n)"

'uConlon⁄TyomkynJ—"˘á#ØKß'Çò5$&$¸ê

°"#(Jß6È"„a©Oè,›è4"Û3C4⁄%!„Kt"1gø©

„"e°'ÇÚ,—ø{á£„'Ç"#(J"

• Conlon⁄Tyomkyn3©z[49]¶^ë"ìÍê{"C´y"$.k¥

òáö~å"~Íûßfk(n,C4) = ⇥(n)"¶ÇJ—$òá˙mØKß

'uf2(n,C4) = ⇥(n)¥ƒ§·"'ÇœLâ—$òáÈKn"((5

X⁄ºÍßy"$Xe(n

&n1.13. f3(n,C4) = ⇥(n)"

7
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AO/ß'Ç"(JèU?$kcÆ3"dÕ#"Lovász¤‹⁄

n§$&"˛.O(n
5
4 )"

• ¶^Lovász¤‹⁄nßConlon⁄Tyomkyn[49]y"$XJ e(H) >
2v(H) � 2ßK f2(n,H) = ⇥(n)"¶ÇJ—$òá˙mØKß'

ue(H) > 2v(H)� 2˘á^á¥ƒ¥;""è$£â¶Ç"ØKß'

ÇÔƒ$ºÍf2(n,Ht)ßŸ•Ht¥%!„Kt"1gø©„"'Çy"

$Xe(n"

&n1.14. f2(n,Ht) = ⌦(n1+ 1
2t�3 )"

'Ç"(JøõXt > 3ûß=ke(H) > 2v(H)� 2t"^áßø

ÿUâ—f2(n,H) = ⇥(n)"˘á(J%7/£â$ Conlon⁄ Ty-

omkynJ—"˙mØKßøÖØ¢˛ß'Çy"$çr"(ÿ"

'Ç3.~>X⁄e/⁄”-f„ØK"Ôƒ•ß5>&$2üÿ

©ßŸ•'u/⁄”-"Û3ØK"(n1.13Æ%uL35SIAM Journal

on Discrete Mathematics6ß'u/⁄”-"%!„"1gø©„"(

n1.14Æ%uL35Discrete Mathematics6"

§ 1.3 ƒuHamming›˛"Erdős-FalconerÂlØK

Õ#"Erdős-FalconerÂlØKë3˛zòá8‹kıåûß‚U

(%8‹S"3É((å˛ÿ”"Âl"~Xß3%;"ÓAp$òm

•ßErdős-Falconerfléå±Q„èßXJòáRd"f8"Hausdor↵ë

ÍáL d
2 ß@od˘á8‹"3É§˚("Ó™Âl8‹" Lebesgueˇ

›è."Falconer[72]ƒky"$.òá;8A ✓ Rd"Hausdor↵ëÍå

u d+1
2 ûßA•3É§˚("ÓAp$Âl87,‰k."Lebesgueˇ

8
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›"ÅCßkNıÔƒÛä3A("ë›^áeU?$˘áòÑ"Kä(

JßÎÑ©z[29, 54, 55, 68, 97, 104, 183]⁄Ÿ•"Î&©z")3l—ò

m•ßErdős-FalconerØKè…&$Èı'5"Iosevich⁄Rudnev [109]ƒ

ky"$òákÅçï˛òm˛"f8A ✓ Fd
qXJ˜v|A| > 2q

d+1
2 ß@

o8‹A•"3ÉU4((Fq•§kåU"Âl"k'kÅç&.•"

daØKß'ÇÔ-÷ˆå±Î&©z [1, 92, 105, 107, 125, 185]9Ÿ

•"Î&©z"

3Erdős-FalconerÂlØK˘áÃK•ß'Çƒk&ƒkÅç"ï

˛òm•ƒu HammingÂle"Erdős-FalconerØK"|^V«ê{⁄

Íÿ9?Ënÿ•"eZ(Jß'Ç$&$Xe(n"

&n1.15. '#q > 4ßë›n™u%°å"Èu?ø!#'~0 < ↵ < 1ß

!3òáÜ↵⁄qk'!~Í� = �(↵, q) > 0ß¶&Fn
q!òáf8I ✓

Fn
q˜v|I| > q(1��)·nß@of8I•!"É¸¸Ém(§!ÿ”Hamming

Âlñ%¨k↵n´"

Ü©z [185]•¶^F·ì©¤ê{ÿ”ß'ÇÃá$^"¥|‹

Í!É'"ê{ß3,´ß›˛å±é—F·ì©¤ê{3˛zLß•

+36ıõî"":"d$ß'Çâ—$� = �(↵, q)"òÑ(˛(Jß̆

)(J¨ù6uÍÿ⁄?Ënÿ•Æ3"(J"

'Ç?ò⁄&ƒ$Erdős-FalconerØK3„ÿ/°"Ì2ß˘áÌ

2ØKë3lFn
q"f8•È&Nıÿ”"DkÉ*HammingÂl"'

‹„"'Ç"Ãá(Jå±L„Xe"

&n1.16.-Hè˜vex(n,H) = O(n)!"‹„"XJA ✓ Fn
q˜v|A| >

q(1�c)nßŸ•c = c(q,H) > 0è=Üq⁄HÉ'!~Íß@oA¨ù&

9
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⌦(n)áÿ”!Âl„Hß˜vzáÂl„H!>!HammingÂl—É

*"

'ÇÑèx$˛„ÎÍc⁄„H!=·5±9F"È&"ÿ”Âl

„Í8ÉmÉ'5"3y"T(n"Lß•ß'ÇÑ$&$òáÕ#

"Delsarteÿ*™"Ì2ßŸ!=è¥k-""3˘p'ÇÈŸk?1

{¸"£„ßÈuf8A ✓ Fn
q⁄òáÉÍp"'Ç(¬„G(A, p)":8

èV (G(A, p)) = Aß̧ á2:a,b 2 AÎ>.Ö=.ßÇ"HammingÂ

ldH(a,b) ⌘ 0 (mod p)"'Ç"Ì2(Jå±L´Xe"

&n1.17. -A ✓ Fn
qßÈuâ#!ÉÍp⁄â#!˜vex(n, F ) 6 cn2�s

!"‹„Fß˘p~Íc > 0ß0 < s 6 1"XJ„G(A, p)ÿù&Fäèf

„ßKk

|A| 6
✓
c0

p�1X

i=0

(q � 1)i
✓
n

i

◆◆ 1
s

ß

Ÿ•c0 = max{4c, 2c+ 1}"

|^(n1.17ß'Çå±-./ò,(n1.16•ÈH"TuránÍÏC

(J"á¶"31oŸ•'ÇÚÈ˘)(J?1çç[/£„"

'Ç3Erdős-FalconerØK"ÃK•Æ>&2üÿ©ßŸ•'uƒ

uHammingÂleErdős-FalconerØK"(n1.15 ÆuL3 5SIAM

Journal on Discrete Mathematics6˛"k'„ÿ/°?ò⁄"Ì2(

n1.16⁄'uDelsarteÿ*™"Ì2(n1.17Æ›vñ5Journal of Com-

binatorial Theory, Series A6"

§ 1.4 ıá¤%Ü$&„"ı/⁄RamseyÍ

RamseynÿF"£„"¥/%!"!S¥ÿ+3"0ßÜÈ{`ß

F"%yòáv4å"(-oUù$,)A("f(-"3„ÿ•ßÕ

10



⁄Û

#"Ramsey(n[158]wä'ÇßÈu?¤„H—+3òág,ÍN¶$

È%!„KN">â?¤"ı#/⁄ßT/⁄$"KN•—¨ù$¸⁄"

f„H"k$˘ò(5Q„$ß©¤˘aÅ1g,Í"(˛(JB§è

$7áRamseynÿ•"òáÿ%ØK"¶+3L4"80{ckå˛Í!

[–mÈT(˛ØK"Ôƒß0l(Jø¬˛`ß8c'ÇE,3É$

+"

Èuâ("„H⁄òá.7Íkßı/⁄RamseyÍRk(H;Km)ç"

¥Å1"ÍNß¶$^k + 1´Ù⁄ÈKN"z^>/⁄$ßKNáo¨ù

$kÙ⁄!¥,á1 6 i 6 k"¸⁄Hßáo¨ù$Ù⁄!¥k + 1"¸

⁄Km"8cÅ#á"ØK¥'/⁄"È5RamseyÍØKR1(Km;Km)ß

ŸÅ@"nÿ.2
m

2 6 R1(Km;Km) 6 22m¥dErdős[58]±9 Erdős⁄

Szekeres[67]â—"0¥ßL4"lõ{c•ß<ÇÈTØK"nÿ.=U

â—ö~á1"U? [42, 159, 164]"Èu6å"/⁄Ík > 2ßConlon⁄

Ferber#$$‚ª5"§J [45]ß¶^/‹"ë"ìÍê{ß¶ÇU?$

ı/⁄È5RamseyÍRk(Km;Km)"nÿe."ÅCßWigderson[182]

⁄Sawin [160]©OœLÿ”"ê{UY/U?$Rk(Km;Km)"nÿe

."

)ÈuöÈ5"ú%ß8cÆ3"(JèÈ+"òáö~‚—"(

J¥Alon⁄Rödl3©z [7]•y"$Rk(K3;Km) = ⇥(mk+1poly logm)"

”*¥3˘ü©z•ß¶ÇÑâ—$'uıá¤3Ü%!„"ı/⁄

RamseyÍòÑ"e.Rk(C2`+1;Km) = ⌦(m
k

2`�1+1/(logm)k+
2k

2`�1 )"'

Ç|^ë")‰ê{±9Mubayi⁄Verstraëte3©z[149]J—"ë"´

¨-Eß©O$&$.H¥C5⁄C7ûßı/⁄RamseyÍRk(H;Km)"e

.(J"

11
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&n1.18. Èuâ#!#$Íkß±9m ! 1ßk

Rk(C5;Km) = ⌦
�
(

m

logm
)
3k
8 +1

�
ß

Ü

Rk(C7;Km) = ⌦
�
(

m

logm
)
2k
9 +1

�
"

l(Jø¬˛`ß'Ç"e.wÕ/U?$Alon⁄ Rödl3©z[7]•

â—"ÈA(J"

˘ëÛä8cÆuLu5Discrete Mathematics6"

§ 1.5 ´|›˛e"òÜË

-Snèn3É˛"òÜ+ßòÜËç"¥‰k,)A(6Â"Sn"

f8"du3ÿ”"A^|µ"dÂßƒuà´ÿ”Âl›˛e"òÜ

ËØK(2çÔƒ"cŸ¥Cc5ß:X Kendall ⌧›˛!Ulam ›˛⁄

Cayley›˛e"òÜËß37+;X⁄!ƒœ|#ˇS⁄9+"ùNõ

êY•$&$2ç"A^ÜÔƒ[37, 73, 101, 123, 180, 189]"3˘)Â

l›˛eß?Ëë3@.=†Üÿ!¥†Üÿ"3©z[41]•ß Chee⁄

Vu0/$2¬Cayley›˛ßå±ù)˛„›˛äèŸAœú%",)ß̧

áòÜÉm"2¬CayleyÂlœ~ÿN¥OéßœdÉAòÜË"-E

È(J"3©z [184]ßYang!Schoeny⁄Dolecek⁄\$´|Âl"V

gß¶ÇuyòÜÉm"´|Âlå±{¸/OéßøÖTÂlÜ2¬

CayleyÂl‰kÉ”"/"œL›˛i\"ê{ßå±Ú2¬ Cayley›

˛eòÜË"-EØK=Üè´|›˛eòÜË"-EØK"3?Ën

ÿ•ßÔƒ?Ë•ËiáÍ"nÿ.⁄â—–"?Ë-E~~¥Å#á

12
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"¸áØK"3©z [184]•ßäˆâ—$ò)%;nÿ.£X Gilbert-

Varshamov.e.⁄•Wø˛.§⁄´|›˛eòÜË"eZ-E"

Èu.7Ín⁄dß'Ç°C ✓ Snèòáƒu´|Âle" (n, d)-

òÜËßXJÈu?¤¸á8‹C•"ÿ”"òÜ�, ⇡ 2 CßßÇ"´|

Âl—˜vdB(�, ⇡) > d",$ß'ÇPCB(n, d)èòá(n, d)-òÜËU

ù$"ÅåËiÍ8"|^4ä|‹•"ê{ß'Ç$&$eZU?"

nÿ.Å⁄?Ë"-E"ƒkß'Ç3ÏCø¬eßU?$%;Gilbert-

Varshamov.e.ßU?"Ã›åVè⌦(log n)5"‰N"(JXe"

&n1.19. 'd > 3èâ#!#$Íßn ! 1ß@o

CB(n, d) = ⌦(
n! log n

nd�1
)"

3ÏCø¬˛ßŸè&;!Gilbert-Varshamov.e.!⌦(log n)&"

Ÿgß'ÇJ—$ò´#"òÜË-EßT-E…'3~#Ë"-

E§Èuß'Ç"‰N(Jå±L„Xe"

&n1.20. 'dèâ#!#$Íßn ! 1ß@o!3òáËiáÍè

⇥( n!
n2d�2 )! (n, d)-òÜË"

Ü©z[184]•Æ3"-EêYÉ'ß'ÇÚ(n, d)-òÜË"Ëiá

ÍJp$⇥(n2d�4)5"

1nß'Çâ—$'uCB(n, d)"òá#.˛.ßŸ(JXe"

&n1.21. Èu#$Ín⁄dßk

CB(n, d) 6
�n
d

��n
d

�
(n� d)!

�n�1
n�d

� "
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l(Jø¬˛5`ß.41ÂldÉÈ:CË,nûß'Çâ—"#

˛.`u%;"•Wø˛."

˘ëÛäÆ%uL35Designs, Codes and Cryptography6"

§ 1.6 ~^Œ“⁄(!

3„ÿÉ'"ØK•ßÈu„G2:x"›Íß'ÇòÑ&§dG(x)ß

øÖXJG¥òŸ"ß'Çè¨{&§d(x)"'ÇòÑ^NG(x)5L´

„G•2:x"/ÿ8‹"'ÇòÑ^�(G)L´„G"Åå›Íß̂ �(G)

L´„G"Å1›Í"Èu„G⁄f8X ✓ V (G)ß'ÇòÑ^G[X]L´

d8‹Xp!"f„"Œ“⌦(·)!O(·)!!(·)!⇥(·) ⁄o(·)L´ßÇœ~"

ÏC$¬"Ÿß©•åU+3"AœP“ß¨3ÈA"Ÿ!•Øk)B

Ÿ‰N"ø¬"òÑ'Ç¨¶^logL´±2è."ÈÍß±9¶^lnL´

g,ÈÍ"

du!©•SNØıß7N˛w'ÇåU¨#E¶^ò)i1!Í

!Œ“ß0¥'Çå±%y"¥ß3záÿ”"1!•ßzái1⁄Í!

Œ“"$¬—¨¥òŸ"fl""
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Chapter 2 eZTuránØK"#(J

§ 2.1 {0

-Hèâ("r–òóá„ß'Ç^exr(n, T ,H)L´ná2:Öÿù

$ H äèfá„" r–òóá„•§Uù$"ÅıT"Í8"AO¥ßX

JT¥ò^>ßKexr(n, T ,H)*du%;"TuránÍ exr(n,H)"òÑ.

r = 2ûß'Çœ~¶^ ex(n, T,H)5{P ex2(n, T,H)"aq/ß'Ç

œ~¶^ex(n,H)5{P ex2(n,H)"

TuránÍ"Ôƒ34ä„ÿ•”kö~#á"/†"TuránØK•

Å8P"(JÉò¥dMantel[139]3 1907câ—"ß¶y"$ná2:

„•ßXJŸ>ÍáL n2

4ßKT„7,¨ù$n5/K3äèŸf„"T

(J$5( Turán[171]Ì2&ÿù$%!„K`"ú%ßœdòÑ°É

èTurán(n" Erdős-Stone-Simonovits(n[65, 66]K¥Turán(nÌ

2"ÏCá!ßßU4%!â—$òáÿù$â(ö'‹f„"„UP

k"Åå>Í"Bollobás3Õä [21]•Ú Erdős-Stone-Simonovits(n

£„è/4ä„ÿ"ƒ!(n0",)ß. H¥'‹„ûß ex(n,H)"

ÏC/"((%9ô$&)˚"òáÅg,"~f¥%!'‹„ Ks,tß

Kövari!Sós⁄ Turán [128]"òáÕ#(JL"Èu?¤.7Í t > sß

'Ç—k ex(n,Ks,t) = O(n2� 1
s )")'ue.ß Erdős!Rényi⁄ Sós

[64]⁄ Brown [31]©Oy"$ s = 2⁄ s = 3û"ö,ÏCe."Èuç

15
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òÑ" s⁄tßKollár!Rónyai⁄ Szabó [126]ƒky"$.t > s!+1ûk

ex(n,Ks,t) = ⌦(n2� 1
s )")$'us⁄t"^á( Alon!Rónyai⁄ Szabó

[8]`zèt > (s � 1)! + 1"ƒu [18]•"ò)ìÍA¤"é{ß Bukh

[33]â—$.t'så$ıûßÿù$%!'‹„Ks,t"„"#-EßT-

EòÑ(§èë"ìÍ-E"¶"-Eèâ—$ÏCø¬˛ö,"e.

(Jex(n,Ks,t) = ⌦(n2� 1
s )"

,òáö~#á"'‹„¥Û3ß'uÛ3"TuránÍex(n,C2`)"

4ä(Jƒkd Erdős [57]Ôƒß,$¥ Bondy⁄ Simonovits [27]â—

$òÑ˛. ex(n,C2`) 6 100`n1+ 1
`"ÅCßBukh⁄Jiang [35]Ú˛.U?

è ex(n,C2`) 6 80
p
` log `n1+ 1

`",)ßÈu?¤` /2 {2, 3, 5}ßex(n,C2`)

"ÏC/Ñ—¥ô3"ßûÎÑ©z [31, 64, 181]"(J")ÈuòÑ` /2

{2, 3, 5, 7}ß8cÅ–"e.(Jd Lazebnik! Ustimenko⁄ Woldar

[131]$&ß)ex(n,C14)8cÆ3Å–e.(JåÎ&©z [169]"

du'uÛ3"TuránÍÆ3"(JÿıßœdÔƒÜÛ3‰kÉ

q(-"„aè¥ö~#á""'Ç-theta„⇥`,t¥d¸á/("‡:ß

±9t^S‹:ÿ#",›è`"Î:¸á‡:"¥ª§|§"„"du

ÿòŸex(n,C2`) = ⌦(n1+ 1
` )¥ƒ H§·ßœdÈex(n,⇥`,t)"Ôƒ¨

w$ö~#á" Faudree⁄Simonovits [74]ƒkâ—$òÑÎÍ`"˛

. ex(n,⇥`,t) = O`,t(n1+ 1
` )"ÅCßConlon [43]y"$.t¥òáv4

å"~Íûß˛„˛."ÏC/¥;""É$Bukh⁄Tait [36]Ôƒ$

ex(n,⇥`,t)3`/(Ötö~åût"ÏC1èßøÖ.`è¤Íûß¶Ç?ò

⁄(($TuránÍÈt"ù65".`⁄tÉÈ61ûßVerstraëte⁄ Willi-

ford [176]y"$ex(n,⇥4,3) > (12 � o(1))n
5
4 ßøÖ˘á(JåUøõ

XC8" TuránÍ"ÏC/è¨¥⇥(n
5
4 )"
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Ü{¸„"ú%É'ßá„á!"TuránØK"ÏC(JKÈ+"~

XßÈu?¤t > r > 3ß=¶¥'u%!r–òóá„"TuránÍexr(n,K
(r)
t )

"ÏCäE,ô3"ÿ$%!á„$ßèkò)Ÿß"6è»ó"á

„(-(2ç/Ôƒ"-K(r)
s1,s2,...,sr¥òá%!r‹r–òóá„ßŸzò

‹"(:Í©Oès1, s2, . . . , srßMubayi [147]flˇ exr(n,K
(r)
s1,s2,...,sr) =

⇥(n
r� 1Qr�1

i=1 si )ßŸ•s1 6 s2 6 · · · 6 sr"3”òüÿ©•ßäˆ3s1 =

s2 = · · · = sr�2 = 1øÖ(i) sr�1 = 2, sr > 2ß(ii) sr�1 = sr =

3ß(iii) sr�1 > 3, sr > (sr�1 � 1)!"ú%ey"$Ÿflé¥È""Å

Cß|^ë"ìÍê{ßMa!Yuan⁄Zhang [137]y"$XJsr9åu

s1, s2, . . . , sr�1ûß̆ áfléè¥.(""

)äè„á!"Û33á„˛"Ì2ßBerge.3CB
k è…&$2ç

/'5"Győri [99]ƒkâ—$ex3(n,CB
3 )"ÏC(Jß:XBollobás⁄

Győri [22]y"$ex3(n,CB
5 ) = O(n

3
2 )"òÑ/ßGyőri⁄Lemons [100]â

—$òÑ"˛. exr(n,CB
2`) = O(n1+ 1

` )⁄exr(n,CB
2`+1) = O(n1+ 1

` )Èu

§k` > 2⁄r > 3˛§·"3©z [96]•ß'Çå±36.2 6 r 6
6ûßexr(n,CB

4 ) = ⇥(n
3
2 )ß0.r > 7û8cE¥ô%!òŸ""çò

Ñ/ßÈu§kr, ` > 3ß̨ .¥ƒ¥;"E¥òámò"˙mØK"È

uBerge.3"çı4ä(Jß'ÇÔ-÷ˆÎ& [86, 113, 175]9Î&

©z"

”*/ß'Çå±Útheta„Ì2&á„˛"duexr(n,CB
2`)"7(

ÏC(JÈ+ßœdÔƒá„á!"theta(-è¥È#á""-Berge.

thetaá„⇥B
`,tdò|ÿ”"2: x, y, v11, · · · , v

1
`�1, · · · , v

t
1, · · · , v

t
`�1 ⁄

ò|ÿ”"> e11, · · · , e
1
` , · · · , e

t
1, · · · , e

t
` |§ßŸ•˜vÈu1 6 i 6 t

⁄2 6 j 6 ` � 1ßk{x, vi1} ✓ ei1, {v
i
j�1, v

i
j} ✓ eij±9{vi`�1, y} ✓ ei`"

17
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ÅCßHe⁄Tait [102]Ôƒ$exr(n,⇥B
`,t)"ÏC1èß¶Çy"Èu/(

"`⁄rß+3òáÈå"~Ítß¶$exr(n,⇥B
`,t) = ⇥(n1+ 1

` )"

Èuá„á!"2¬TuránØKß.Tÿ¥ò^>ûßexr(n, T ,H)ê

k"("(J".r = 2ûßÈAu„á!"2¬TuránÍex(n, T,H)ßŸ

• H⁄T¥â("„"3 [9]•ßAlon⁄ShikhelmanX⁄/Ôƒ$4ä

ºÍex(n, T,H) ßø3%!„!%!'‹„⁄‰*,)„˛º$$Nı

(J"$5ßMa!Yuan ⁄ Zhang [137]U?$¶Ç"ò)(J"¶Ç

y"Èu?¤.7Ía < s, b 6 s⁄t > f(a, b, s)ßex(n,Ka,b, Ks,t) =

⇥(na+b�ab

s )"3”òüÿ©•ß¶ÇÑâ—$'ueZÿ”"(- T

"exr(n, T , K(r)
s1,s2,...,sr�1,sr)"òÑe."Èu„⁄á„á!TuránØK"

çı4ä(Jß'ÇÔ-÷ˆÎ&ò)n„[80, 81, 121]9ŸÎ&©z"

'Ç3TuránØK˛"#(Jdoá‹©|§"1ò‹©'Ç'5

dMubayi⁄ Verstraëte [148](¬"%!'‹r–òóá„K(t)
s,t"¶^ë"

ìÍê{ß.s � tûß'Ç(($'u%!'‹r–òóá„K(t)
s,t"Turán

Í"ÏC/ßøÖß'Çè$&$ò)á„á!2¬TuránØK"ò)#

"nÿ."Ÿgß'Çu–$ò´°èë"ı#á„-E"ê{ßßå±

êœ'Çº$'u%!'‹r–òóá„⁄%!r‹r–òóá„"TuránÍ

"e.(J"AO/ß'Ç"(Jå±Ì—ß.tö~åûß.u1954c"

Õ#"Kövári-Sós-Turán(nex(n,Ks,t) = O(t
1
sn2� 1

s )•ß'ut"ÏC

/è¥;""duìÍA¤+ç•Õ#"Lang-Weil.ßBukh"ë"ìÍ

ê{œ~á¶,á~Íö~å"ƒudß'Çâ—$ò)ìÍ-E5Uı

˘´~Íù65"'Ç&ƒ"Béf(-ù)Berge.thetaá„⁄%!

'‹„"1gø©„"d$ß'Çâ—$òá3–òóá„"ìÍ-Eßß‰

k⌦(n
19
7 )^>ßøÖÿù$%!3‹3–òóá„K(3)

2,2,7"Å$ß'Ç&ƒ$

18
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òádBennett!English⁄Talanda-FisherJ—"2:p!\(Turán.

ØK [15]"'ÇÃá&ƒ¶Ç3\{(#ºÍe"˙mØKßøèxÿ

ù$K`"4„(-"ƒu˘)(Jß'Ç?ò⁄/y"$Õ#"Erdős-

Stone-simonovits(n"3¸´a."2:p!(#ºÍe"Ì2(J"

:e4'ÇÚ©1!/ç[£„'Ç&ƒ"ØKßÉ'"+µ±9

'Ç#$"‰N(J"

2.1.1 'u$&#‹r–òóá„"TuránØK

32004cßMubayi⁄Verstraëte [148]&ƒ$%!'‹„3á„/

°"ò´Ì2ß'Ç°dá„(-è%!'‹r–òóá„"

&¬2.1 (%!'‹r–òóá„). -X1, X2, . . . , Xtètáå$èr�1Ö¸

¸ÿ(!8‹ß-Yèòás"8‹ßÖYÜ
S
i2[t]

XièÿÉ("&("‹r–

òóá„K(r)
s,t!$:8#¬è(

S
i2[t]

Xi)[YßŸ>!8‹è{Xi[{y} : i 2

[t], y 2 Y }"

3©z [148]•,Mubayi⁄Verstraëteâ—$.s 6 tûexr(n,K
(r)
s,t )"

eZnÿ."~Xß¶Çy"$ex3(n,K
(3)
2,t ) = ⇥(n2)ß±9.n

3 > t >
s > 3ûkex3(n,K

(3)
s,t ) = O(n3� 1

s )"¶ÇèœL-Ey"$.t > (s �

1)! > 0ûß ex3(n,K
(3)
s,t ) = ⌦(n3� 2

s )"3©z [69]•, Ergemlidze!

Jiang⁄Methuku(($.t ! 1ûß4Åäg(t) = lim
n!1

ex3(n,K
(3)
2,t )

(n2)
=

⇥(t1+o(1))"

'Ç*2&.r > 3ßs 6= tûßK(r)
s,t andK

(r)
t,s¥ÿ”-""Mubayi⁄

Verstraëte3©z [148]•ç—¶Ç"(JÈ¸´ú%”û-^ßœd¶

Ç=&ƒ$t > s"ú%"'ÇKÚ?ò⁄&ƒs > tûß'uK(r)
s,t"Turán

Í"ÏC1è"
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'Ç"1òá(Jâ—$exr(n, T , K(r)
s,t )"òÑe.ßX±e(n

§´ßŸ•Tå±¥?ø"òár–òóá„"

&n2.1. -#$Ír > 3"Èu?¤â#!#$Ít⁄?¤â#!‰kvá

$:⁄e^>!r–òóá„Tß!3~Íc = c(r, t)ß¶&'s > cûßk

exr(n, T , K(r)
s,t ) = ⌦(nv� e

t )"

è$y"(n 2.1ß'ÇÃáIá¶^Bukh3©z [33]•J—"ë

"ìÍê{"

'Ç:e5â—.r > 3ßs > t > 2û'uK(r)
s,t"TuránÍ"˛.ß

˘å±¿äÈ Mubayi⁄ Verstraëte [148, (n1.4](J"Ì2"

&n2.2. -#$Ís > t > 2ßKk

exr(n,K
(r)
s,t ) = O(nr� 1

t )"

å±w—ß.(n2.1•T¥ò^>ûß(‹(n2.1⁄(n2.2ß'Ç

“å±$&±e'u%!'‹r–òóá„TuránÍ"ÏC/"

Ìÿ2.1. -#$Ír > 3"È?¤#$Ítß—¨!3òá~Ís(r, t)ß¶

&'s > s(r, t)ûßk

exr(n,K
(r)
s,t ) = ⇥(nr� 1

t )"

.T¥òá61"%!'‹r–òóá„K(r)
a,bßŸ•a = 1ßb < tß@

o'Çå±$&±eá„á!"2¬TuránØKexr(n,K
(r)
a,b , K

(r)
s,t )"ÏC

/"
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&n2.3. -#$Ír > 3ßa = 1±9b < t"È?¤#$Ítß—¨!3ò

á~Ís0(r, t)ß¶&'s > s0(r, t)ûßk

exr(n,K
(r)
a,b , K

(r)
s,t ) = ⇥(na+b(r�1)�ab

t )"

„á!"2¬TuránØK"(JÆkeZÔƒÛäßçÑ©z [9,

70, 83, 87]"0¥Èuá„á!"2¬TuránØKßÆ3"Ôƒ(JK

ö~D+"8c'Ç=(("ÏC(JÃádMa!Yuan⁄Zhang3©z

[137]•â—.)'Ç"(n 2.3Kâ—$ò)#"U4((ÏC/"á„

á!"2¬TuránÍ"(J"

2.1.2 ë#ı$á„#E

duBukh[33]â—"ë"ìÍê{¨¶^ìÍA¤•Õ#"Lang-

Weil(nß3¢SA^•o¥¨á¶Ÿ•,)ÎÍö~åßœd((È

åÎÍÏC/è¥Èkø¬"ØK"…Bukh⁄Tait[36]3theta„˛"(

J"Èuß'ÇÔƒ$ná#á"Èñßù)%!r‹r–òóá„!%!

'‹r–òóá„⁄Berge.thetaá„"'Ç"Ãágé¥-Eë"ı#

á„"e°'Ç,fi3˘òÃK˛'Ç"Ãá'z"

• $&r‹r–òóá„µ

&n2.4. Èu#$Ís1, s2, . . . , sr�1⁄r > 2ß'sr¥òáø©å!~

Íûßk

exr(n,K
(r)
s1,s2,...,sr) = ⌦(s

1
s1s2...sr�1
r n

r� 1
s1s2...sr�1 )"

œL(‹ [137, ⁄n3.1]•â—"˛.(Jß'Çå±uyT(

J'u~Ísr"/¥;""
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• $&#‹r–òóá„µ

&n2.5. È#$Ít⁄r > 2ß's¥òáø©å!~Íûßk

exr(n,K
(r)
s,t ) = ⌦(s

1
tnr� 1

t )"

œL(‹(n 2.2•â—"˛.(Jß'Çå±uyT(J'u

~Ís"/¥;""

(n 2.4⁄(n 2.5˛Uâ—±eÌÿßTÌÿøõX.u1954c

"Kövári-Sós-Turán(n [128]'uø©å"~Ít"/¥;""

Ìÿ2.2. Èuâ#!#$Ísß'tø©åûßk

ex(n,Ks,t) = ⇥(t
1
sn2� 1

s )"

• Berge.thetaá„µ ÈuòÑ`ß©z[36]â—$òÑ"˛.(J

ex(n,⇥`,t) = O`(t1�
1
`n1+ 1

` ) "ÅC Gerbner! Methuku⁄ Palmer

[84]Kâ—$3tv4åûBerge.thetaá„ØK"˛."

&n2.6 ([84]). Èuâ#!#$Í` > 2ß'tø©åûßk

exr(n,⇥
B
`,t) = O`,r(t

r�1� 1
`n1+ 1

` )"

è,'Ç6ûÑÿU((±˛˛.'uø©å"~Ít¥ƒ¥;

"ß0¥|^'Ç"ë"ı#á„-Eß'Çå±$&Xe(J

&n2.7. -` > 2èâ##$Íß'tø©åûßk

exr(n,⇥
B
`,t) = ⌦`,r(t

1
`n1+ 1

` )"
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2.1.3 TuránØK•"(&5ìÍ#E

Èuâ("„!ˆá„ßâ—ÏCø¬˛;"TuránÍ"e.¥4

ä„ÿ•Å‰]‘5"ØKÉò"lê{˛`ß8cœ~k±en´a

."-Eê{µ

• V«ê{µV«ê{ö~œ^Ö¥uA^ß0œ~øÿU3TuránØ

K•â—ÏCø¬e;"e."~XßÈu‰kaá2:⁄b^>"â

('‹„Hß~^"V«ê{U4â— ex(n,H) = ⌦(n
2b�a

b�1 )"'X

.H = Ks,tøÖs 6 tûßdê{êUâ—ex(n,Ks,t) = ⌦(n2� s+t�2
st�1 )ß

˘øÿö,Æ3"˛.ex(n,Ks,t) = O(n2� 1
s )"

• (&5#Eµ((5-Eœ~U4â—TuránØK•ÏCø¬˛;"

e.(Jßß~~w$ö~|©ß0¥êUA^3,)Aœú%e"

~Xß'Çå±ÚkÅç˛ï˛òm•":¿è„"2:ßXJ¸á

2:˜vkÅç•",)êß|ßK(¬ßÇ¥É/""¶^˛„g

¥ß.s = 2, 3ûß©z [31, 64]©Oâ—$ex(n,Ks,t);"e."È

us"òÑäßAlon!Kollár!Rónyai⁄ Szabó [8, 126]-E$DK

á!"Norm„ß$&.t > (s� 1)! + 1ûß ex(n,Ks,t) = ⌦(n2� 1
s )"

d$ß|^kÅA¤ß Benson [16]⁄ Singleton [163]31966c©O

â—$ÿ$C6⁄ÿ$C10"4„-E"d$ßÑkò)Ÿß"((5

-Eßå±çÑ©z [44, 130, 143, 181]"

• ë#ìÍê{µë"ìÍê{(‹$V«ê{"(%5⁄ìÍ(-

((5"A:ßÅ–¥d Blagojevic!Karasev⁄ Bukh [18]J—ß,

$dBukh [33]â—$3TuránØK•"{'¢y"3Bukh [33]"ë

"ìÍê{•ßœ~2:8¥kÅç˛"ï˛òmß>8dıáë"
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ıë™(("Tê{ÆA^u%!'‹„ [33]!theta „ [43]⁄Ÿ¶

A´a."á„ [102, 137]"

Èu˘‹©SNß'Ç"Å–ƒ"å±L„Xe"

ØKµXJ'Çå±¶^ Bukh [33]"ë"ìÍ-E5º$,áâ

((-H"TuránÍ;"ÏCe.ß'ÇUƒ”*â—'u˘á(-H"

"((5-EQ&d$ß.X'Ç˛°J&"ßë"ìÍê{œ~Iáò

)ÎÍö~åß'ÇUƒœL((5-Eº$ç–"ÎÍÉ'5Q&

'Ç"˘áƒ"øö:~ß‚'Ç§3ßCAc5—y$¸´‰k⁄

'ÇÉ”ƒ""((5-E"Ÿò¥Verstraëte⁄Williford [176]¶^œ

LìÍ-Eßâ—$òáÿù$⇥4,3Ö‰k⌦(n
5
4 )^>"4„ßÜConlon

[43]"(JÉ'ßwÕUı$~Í"ù65"Ÿ'¥Pohoata⁄Zakharov

[155]Ì2$Alon!Kollár!Rónyai⁄Szabó [8, 126]"Ûäßøy"$

exr(n,K
(r)
s1,s2,...,sr) = ⌦(n

r� 1
s1s2···sr�1 )È§k˜vsr > ((r�1)(s1 · · · sr�1�

1))! + 1 ".7Í s1, . . . , sr §·ß˘wÕ/U?$Ma!Yuan⁄Zhang

[137](J•"~Íù65"

3˘ò‹©•ß'ÇÃá'5¸aBé(-"1òa¥%!'‹„

K3,t"1gø©„"̆ p'Ç°„H"1gø©„¥ç^,›è2"S‹ÿ

É#¥ª5OÜH">$§º$"„ßœ~^H 0!sub(H)L´"3©z

[47]•ßConlon! Janzer⁄Leey"$.2 6 s 6 tûßkex(n,K 0

s,t) =

O(n
3
2�

1
2s )"(‹©z [34]•"ë"ìÍ-Eß¶ÇÑy"ß.t9'såûß

¶Ç$&"'uTuránÍ"˛.¥;""3”òüÿ©•ß¶Ç"(J—

$±eØKµ

ØK2.1. Èu?¤#$Ís > 2ß¶˜vex(n,K 0

s,t) = ⌦(n
3
2�

1
2s )!Å$
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!#$Ít"

s = 2"ú%É.u&ƒtheta„⇥4,t".X'Çc°§J&"ß

Verstraëte ⁄ Williford[176]â—$òáìÍ-Eßy"$ex(n,⇥4,3) =

⌦(n
5
4 )"̆ p'Ç&ƒs = 3$ú%ßøy"±e(J"

&n2.8. ex(n,K 0

3,25) = ⇥(n
4
3 )"

3©z [34]•ßë"ìÍê{•Æ3"t"Å1ä'us•çÍ?O

O,ßåVè t = sO(s2) "'Ço—/;éuyß.s = 3ûß¶Ç"-E

â—'ut"çå6èt ⇡ 1056"'ÇÚ˘áU©Íi?1$åÃ›/U

?"

Ÿgß'Ç&ƒ'uBerge.thetaá„⇥B
`,t"Ç5TuránØK"'Ç

(¬ßr–òóBerge.thetaá„⇥B
`,tdÿ”"2:x, y, v11, · · · , v

1
`�1, · · · , v

t
1,

· · · , vt`�1 ⁄ò|ÿ”">e11, · · · , e
1
` , · · · , e

t
1, · · · , e

t
`|§ßŸ•.1 6 i 6

t±92 6 j 6 `� 1ûß:⁄>"'X˜v{x, vi1} ✓ ei1, {v
i
j�1, v

i
j} ✓ eij±

9{vi`�1, y} ✓ ei`"XJzÈá>Åıkòá˙52:ßKá„°èÇ5

/"â(òár–òóá„FßF"Ç5TuránÍòÑPèexlinr (n,F)ßL

´ná:"ÿù$Fäèfá„"r–òóÇ5á„"Åå>Í"ÈN¥w

—exlinr (n,F) 6 exr(n,F)"

ÅCßHe⁄Tait [102]y"$Xe˛."

exr(n,⇥
B
`,t) 6 cr,`,tn

1+ 1
`ß

Ÿ•cr,`,t¥ê⁄r, `, tk'"~Í"”ûß¶Çèy"$

exr(n,⇥
B
`,t) = ⌦`,r(n

1+ 1
` )ß

Ÿ•t¥9åu`"~Í"
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œdÈg,/áØßÈu` > 3ß¥ƒ+3U?"-E5`"t(`)å

±(¿Jèòá‹n"˛".` = 3, 'ÇœLw™-Ey"±e(J"

&n2.9. exlin3 (n,⇥B
3,217) = ⇥(n

4
3 )"

'Ç3L 2.1•,—$8cÆ3"'uBukh"ë"ìÍê{⁄((

5-Eê{"~Í'6"

Bé(-H ~Í'X

ë"ìÍê{ ((5-E

ex(n,Ks,t) = ⌦(n2� 1
s ) t � s

4s [18] t > (s� 1)! + 1 [8]

ex(n,⇥`,t) = ⌦(n1+ 1
` ) t = `

O(`2) [43] ` = 4, t > 3[176]

exr(n,K
(r)
s1,...,sr ) = ⌦(n

r� 1
s1···sr�1 ) sr > (

r�1Q
i=1

si)
O(

r�1Q

i=1
si)

[137] sr > ((r � 1)(s1 · · · sr�1 � 1))! + 1 [155]

ex(n, sub(Ks,t)) = ⌦(n
3
2� 1

2s ) t = s
O(s2) [34] s = 3, t >>> 25

exlinr (n,⇥B

`,t
) = ⌦(n1+ 1

` ) t = `
O(`2) [34] ` = 3, t >>> 217

L 2.1 'uBukh"ë"ìÍê{⁄((5-Eê{"~Í'6

ÿ$˛°J&"¸aìÍ-Eß'ÇÑ&ƒ$.H¥òá%!r‹r–

òóá„K(r)
s1,s2,...,sr"TuránØKßŸå±wä¥'u%!'‹„TuránØ

K",òá*–"Xc°§JßMubayi[147]flˇ exr(n,K
(r)
s1,s2,...,sr) =

⇥(n
r� 1Qr�1

i=1 si ) ßŸ•s1 6 s2 6 · · · 6 sr"AO¥.s1, s2, . . . , sr'61

ûßexr(n,K
(r)
s1,s2,...,sr)"ØK3…'5"~XßKatz!Krop⁄ Maggioni

[120]y"$ex3(n,K
(3)
2,2,2) = ⌦(n

8
3 )ß˘ò(JU?$dV«ê{$&"

e.":e5ß'ÇÚU?ex3(n,K
(3)
2,2,7)e.(JßXe§´"

&n2.10.

ex3(n,K
(3)
2,2,7) >

1

27
n

19
7 + o(n

19
7 )"

3˘ÉcßÆ3Å–"e.(Jex3(n,K
(3)
2,2,7) = ⌦(n

73
27 )¥œLV«

ê{º$""'Ç"(n2.10œLòá((5-EU?$T(J"5ø
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&ß Mubayiflé"˛.‹©¥dErdős[59]y""ß§±U?e.(J

¥çk-Öç‰k]‘5"‹©"

2.1.4 ':p)"ë!TuránØK

ë(„œŸ3|‹`z⁄<ÛúU+ç"A^)(2çÔƒ"CA

õc5ß34ä„ÿ+ç—y$ò)'uë(„"ØK"~XßŸ•ò

áØK¥((3ná2:˛"ë(„•§I">Íß±%yßù$ç(a

."f„"Bondy⁄Fan [25, 26]m©$ÈdaØK"ÔƒßøÚò)'

u!(„•'u¥ª⁄3"%;(nÌ2&ë(„˛"d$dNı©z

[79, 133, 186]â—$ÈBondy-Fan(J"ò)É'Ì2"

”*ßèkNı©z•â—$ò)%;(n"ë(á!"Bondy!

Broersma!van den Heuvel⁄Veldman[24]â—$Ore(n"\(á!Ì

2ßqXBollobás⁄Scott [23] Ôƒ$ë(kï„"aqØK"Mathew

⁄ Sunitha[141]Ì2$„ÿ•Õ#"Menger(nßß36⁄3‰nÿ"

Nı+ç•—uûXñ'#á"ä^"ÈuTurán.ØK"Ì2ßBondy

⁄ Tuza[28]Ôƒ$7Íë(á!"TuránØKßøÖâ—$Turán(n"

Ì2"3[28]•ß¶ÇÑÈ,)ú%e"4„(-?1$èx"

ÅCßBennett!English⁄Talanda-Fisher[15]J—$ò´#.ë(

Turán ØKßŸ•>"(#d'È"2:§p!"TØK"8"¥3B

éâ(f„H"ú%e((G"Åå">(#É⁄ßøèx4„"(-"

¶Ç&ƒ$¸´a."2:p!ºÍß~X¶{ºÍ⁄Å1>(#ºÍ"

œÇ/`ß>"(#å±(¬è2:(#"¶»!ˆÅ1ä"3˘¸á

p!ºÍeß¶Çèx$ÿ$k%!f„K`"4„(-"|^˘)(Jß

¶Ç)˚$ò)ı‹„"TuránØKßøOé$,)‰"Åå#5Í"¶

ÇÑ3\{ºÍeJ—$òá#"TuránØKäè˙mØK"
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3˘pß'Çƒk'5dBennett!English⁄Talanda-FisherJ—"

\{ºÍe#"TuránØK"'Çy"ßXJ§k2:(#—¥ÿ”"ß

øÖÓÇè.ß@oÿù$K`"4„F7,¥%!(`�1)‹„"̆ á(J

Ú•y3$©"(n 2.13•"d$ß'Çy"$ƒu\{ºÍ⁄¶{ºÍ

e4„(-Ém"-…"¶^Szemerédi.K⁄n⁄OÍ⁄nß'Ç?ò

⁄â—$Õ#"Erdős-Stone-Simonovits(n3ƒu\{ºÍ⁄¶{º

Í"ë(á!Ì2"l'Ç"(J•å±w—ßÈu/⁄Í�(H) > 3"

?økÅ„Hßè$$&‰kÅå(#É⁄øÖÿù$Häèf„""

„ß'ÇêIl%!(�(H) � 1)‹„•œÈ=å"˘á(JÚ•y3(

n 2.14•"

2.1.5 $Ÿ"(#

du!ŸSN6ıß'Ç3˘p`"à!"(-"

3§ 2.2•ß'ÇÚ{á0/ë"ìÍê{"3§ 2.3•ß'Ç¨#:

'5%!'‹r–òó"á„É'"TuránØK"ƒk'Ç¨œLë"ì

Íê{y"(n 2.1ß,$'Ç¨3§ 2.4•â—ò)òÑ"˛.ßù)y

"Ìÿ2.1⁄(n2.3"

3§ 2.5•ß'ÇÃá|^ë"ı#á„-Eê{5y"'Ç"Ãá

(Jßù)'u%!"r‹r–òó"á„ß%!'‹r–òóá„±9Berge

.thetaá„"TuránØK"e.(J"

3§ 2.6•ß'ÇÚâ—ò)'uıë™(™"ƒ:3£ß̆ ¥'Ç

ìÍ-E•¶^"ÃáE‚"3§ 2.7!•ß'Çâ—$(n 2.8"y""

'Ç¨3§ 2.8•y"(n 2.9",$ß'Ç¨3§ 2.9•â— ex3(n,K
(3)
2,2,7)

"òáU?e."

3§ 2.10•ß'Ç¨k0/ƒu\{ºÍ"ë(TuránØK"ò)(
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¬⁄ƒ!Ø¢"3§ 2.11•ß'Çƒk¨y"ÿù$n5/K3"(Jß,

$'ÇœL8B{5$&ÿù$òÑ%!f„K`"(J",$ß'Ç¨?

ÿ3\{ºÍ⁄¶{ºÍeœÈ&4„(-"ÿ”¸—"Erdős-Stone-

Simonovits(n"ë(á!3§ 2.12•â—ßTy"¨|^&Szemerédi

.K⁄n⁄OÍ⁄n"

Å$ß'uÉ'TuránØK"ò)5P⁄ô)˚"˙mØKß'Ç

Ú8•,3§ 2.13•"

§ 2.2 ë#ìÍê{{0

3TuránØK"-EØK˛ß%;"ê{Ãák¸´µ

1. V«ê{µö~œ^Ö¥uA^ß0œ~ÿ¨â—;"ÏC(Jß(

Jÿ4r"

2. ìÍê{µß~~Uâ—$;"ÏC(Jß0ê3,)Aœú%ek

5ß-^âåÿ2"

'Ç{á£=ß3á„TuránØK•|^V«ê{å±$&Xe(J"

-H¥òá‰kvá2:⁄e^>"r–òóá„"©z[32]•|^V«ê

{å±$&

exr(n,H) = ⌦(n
er�v

e�1 )"

'X`ß.H = K(r)
s,tßV«ê{Bå±â—Xee.(J

exr(n,K
(r)
s,t ) = ⌦(nr� 1

t
�

(r�1)t2�rt+1

st2�t )"

ÅCßBukh [33]ßß(‹$±˛¸´%;ê{ßJ—$ë"ìÍ-

E"é{"̆ áé{•ß'Ç¨^2:8V = Fs
q ⇥ Fs

q5-Eòá„ßê
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I¿Jòá!ıá‰kA(5ü"ë"ıë™

f 2 Fq[x1, x2, . . . , xs, y1, y2, . . . , ys]

5(¬òÈ:(x, y)3„•¥ƒÎ>ßœ~ßXJf(x, y) = 0ßK'Ç¨

(¬(x, y)Î§ò^>"Tê{o=$V«ê{"(%5⁄ìÍ(-((

5ß8cÆ(§ıA^u%!'‹„ [33]!theta „ [43]⁄Ÿ¶A´a.

"á„ [102, 137]"

è$A^Të"ìÍê{ß'ÇIáÔ·ıë™Üá„"ÈX"

Èuzái 2 [r]ß-X
i = (X i

1, X
i
2, . . . , X

i
t) 2 Ft

q"&ƒ3Fq˛

krtáC˛"ıë™f 2 Fq[X
1,X2, . . . ,Xr]"'Ç`˘*òáıë™f3

X
i ˛"›ÍÅıètdßXJß"zá¸ë™'uX

i"›ÍÅıètdß=

'Çk (X i
1)

↵1(X i
2)

↵2 · · · (X i
t)

↵t ˜v
tP

j=1
↵j 6 td"d$ß°ıë™fèÈ

°"ßXJÈuzá1 6 i 6 j 6 rßÚX
iÜX

j#ÜÿKèf"ä"èê

BÂÑß'Çå±ÚÈ°ıë™"ç¿èx
�Ft

q

r

�
",$â(òáÈ°ıë

™fß'Çå±(¬òár–òóá„GfXeµ2:8V (Gf) = Ft
qßzár3

|{u1, u2, . . . , ur} 2
�V
r

�
/§Gf">.Ö=.f(u1, u2, . . . , ur) = 0"

'ÇòÑ¨^ë"ıë™5L´lPd•˛!ë"¿J"ıë™"d

uë"ıë™"~Íë¥lFq•˛!ë"¿#"ßœdå±ÈN¥/y

"ßÈu?¤/("r38‹(v1, v2, . . . , vr)ßë"ıë™f—˜v

P[f(v1, v2, . . . , vr) = 0] =
1

q
"

3'Ç¢S-Eë"á„ûß'Ç"/>5K¨⁄ıë™"":k

'ßœdß'Ç~~å±^ìÍA¤•"ìÍq(algebraic variety)5£

„ò)f(-"‰N/ß-F̄qèFq˛"ìÍ4çßKÈuâ("ò|ıë
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™f1, f2, . . . , fsßòáìÍq“/X

W = {x 2 F̄t
q : f1(x) = f2(x) = · · · = fs(x) = 0}"

è“¥`ßìÍqå±wäò|ıë™"˙5ä"8‹"-W (Fq) =

W \ FqßXJ˛„ÎÍs⁄t±9ıë™"ÅågÍ—±Mè˛.ßK'

Ç°W"E,›ñıM"

Èuzá1 6 i 6 rß-P ✓ Fq[X
1,X2, . . . ,Xr]L´záX

i›ÍÅ

ıètd"§kÈ°ıë™"8‹",$'ÇlP•˛!ë"¿Jòáı

ë™fßø-G = GfèÜÉ'È"r–òóá„"y3'ÇIá0/©z

[33]⁄ [137]•"¸á#á⁄n"1òá⁄n¥ë"ìÍ-E"'Ößß

J¯$ö~ÿ1w"V«©Ÿ")1'á⁄nÚêœ'ÇOé,)ú%

e"A(Øá"V«"

⁄n2.1 ([33]). Èu?¤t⁄dß—!3~Íc > 0¶&Xe#K§·: b

&f1(Y ), f2(Y ), . . . , ft(Y )ètáFt
q˛›ÍÉıtd!ıë™ß@oÈuXe

8‹

W = {y 2 Ft
q : f1(y) = f2(y) = · · · = ft(y) = 0},

Kk|W | < cß$ˆ|W | > q � c
p
q"

⁄n2.2 ([137]). â#òá8‹U ✓
�Ft

q

r

�
ß'Ç-V ✓ Ft

qèù&§kU•

r "|!"É§(§!8‹"b&
�
|U |

2

�
< qß

�
|V |

2

�
< q±9|U | 6 td"X

Jf¥òálP•¿)!ë%ıë™ßKk

P[f(u1, u2, . . . , ur) = 0, 8{u1, u2, . . . , ur} 2 U ] = q�|U |"

§ 2.3 exr(n, T , K(r)
s,t )"e.

'Ç!!"8I¥œLë"ìÍ-Ey"(n 2.1"Èuâ(".

31



4ä|‹9ŸÉ'+ç•eZØK"Ôƒ

7Ít⁄r > 3ß±9‰kvá2:⁄e^>"r–òóá„Tß3!!•ß'

Ç©™PÎÍd = (r � 1)t2 � t + e + 1"'Ç-q¥òáv4å"ÉÍ

òßFq¥q/"kÅç"'Çë"˛!/¿Jòáıë™f 2 Pø4GU˛

ò1!"5Kß§èÜıë™fÉ'È"r–òóá„Gf"-n = qtèG"

2:áÍßŸ•qv4å"5ø&ßè,'Ç3˘p=&ƒq¥ÉÍò"

ú%ß0'Çå±¶^Bertrand˙9`"È§k.7ÍnßT(ÿE,§

·"'ÇÚy"31˛ø¬eß̆ áë"á„G¨ù$å˛"Tß±9ö

~+"K(r)
s,t",$'Çå±¶^£ÿê{5ªÄK§kd3"K(r)

s,tßl)

º$òá#"á„G
0ß̆ á#"á„G

0ÿù$K(r)
s,täèfá„ßøÖG

0E

,ù$å˛T"

duTkvá2:⁄e^>ßœdÈN¥2y
�v
2

�
< qß

�e
2

�
< q±

9e < t((r � 1)t2 � t + e + 1) = td",$d⁄n2.2ßÈuâ("vá2

:ß̆ *"vá2:/§T"V«*u 1
qe"y3'Ç^XL´èT3G•"

Í8ß'Çå±$&X"œ"è

E[X] = ⌦

✓
1

qe

✓
qt

v

◆◆
= ⌦(qtv�e) = ⌦(nv� e

t )"

'Ç-RèK(r)
1,t"/(ëI“"B!ßÈu1 6 j 6 t⁄i 2 [r � 1]ß'

ÇÚŸ2:L´èa⁄uijß̃ vu1j , u
2
j , . . . , u

r�1
j /§tÿ”"(r � 1)3|"

y3'Ç/(G•ò|2:S,wi
jßŸ•1 6 j 6 t±9i 2 [r � 1]"

-W¥G•R"B!-§"8‹ßøÖ¶$Èu1 6 j 6 t⁄i 2 [r �

1]ßwi
jÈAuuij"'ÇF"U4Ü:;O|W |"å1ß0Ø¢˛'ÇÈJ

Ü:;O|W |ßœd'Ç=)4&ƒ|W |
d"ä"5ø&ß|W |

dìL"¥

©n$W•dáB!R$/§"kS8‹"Í8ßAOá5ø"¥ß̆ Ÿ

•R"˘)B!•åU¥¨+3#E"<sú%"§±'ÇIá,—T
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kS8‹•§kd3åU"zá§?P"ÿJ$&P7,¥e,8‹K•

"ò?ßŸ•

K := {K(r)
1,t , K

(r)
2,t , . . . , K

(r)
d,t }"

Èuâ("P 2 Kß'Ç-Nd(P )L´èR 2 W"dáB!©3òÂ

$ß±P"/™—y3G"§kåU"kS8‹oÍ"N¥w—Nd(P ) =

O(n|P |�t(r�1))ßŸ•|P |¥P•"2:Í"duP">Íèe(P ) = t(|P |�

t(r � 1)) 6 tdøÖqv4åßd⁄n2.2ßd3(-P—y3G•"V«

¥q�e(P )"œL±˛©¤ß'Çk

E[|W |
d] =

X

P2K

Nd(P )q�e(P ) =
X

P2K

O(qt(|P |�t(r�1)))q�e(P ) = O(1)"

5ø&ßW•"ô(/("2:8‹d˜v±eêß|

f(w1
j , w

2
j , . . . , w

r�1
j , x) = 0

"2:x 2 Ft
q§|§ßŸ•1 6 j 6 t"œèf(w1

j , w
2
j , . . . , w

r�1
j , ·)"›Í

Åıètdßd⁄n2.1ß'Çk|W | < cß!ˆ|W | > q � c
p
q > q

10ßŸ

•c"ä=#˚ut⁄d"œLÍ0å1ÿ*™ß'Ç$&

P[|W | > c] = P[|W | > q

10
] = P[|W |

d > (
q

10
)d] 6 E[|W |

d]

( q
10)

d
=

O(1)

qd
"

Èu1 6 j 6 t±9i 2 [r � 1]ßò|:8S,wi
j(°è¥Ä"ßX

JŸÈA"8‹W˜v|W | > c"-BL´G•Ä"S,"Í8ß'Çk

E[B] 6 [t(r � 1)]!

✓
n

t(r � 1)

◆
O(1)

qd
= O(q(r�1)t2�d) = O(qt�e�1)"

y3'ÇlzáÄS,•4Kòá2:ß$&òá#"á„G
0ßw,G

0ÿ

2ù$?¤ÄS,ß§±.s > cûG
0“ÿ2ù$K(r)

s,t$"5ø&ßdu
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zá2:Åı+3uO(nv�1)á3Gpÿ”"T•ß§±(£ÿ"TB!

oÍÅıèO(nv�1) · B"œdG
0•ê{"T"Í8"œ"ñ+è

⌦(nv� e

t )� E[B] ·O(nv�1) = ⌦(nv� e

t )"

”ûßèÈN¥2yê{"2:Í8ñ+èn�O(n1� e+1
t ) = n� o(n)"

œdß.s > cûß“¨+3òáÿù$K(r)
s,t"r–òóá„ßŸk

ñıná2:ßøÖkñ+⌦(nv� e

t )áT"B!"ñdß'Ç“%§$(

n2.1"y""

§ 2.4 'uK(r)
s,t"TuránØK"˛.

k$(n2.1•"ö~òÑ"e.(Jß'Çy3F"U4$&ò)

Éö,"˛.(J"3!!•ß'Çâ—exr(n,K
(r)
s,t )⁄ exr(n,K

(r)
a,b , K

(r)
s,t )

3ò(^áe"ÏC/"

2.4.1 exr(n,K
(r)
s,t )"˛.

exr(n,K
(r)
s,t )"˘á˛.(Jå±wä¥Mubayi⁄Verstraëte [148,

(n1.4]"òáÌ2"3'Çy"(n2.2Écß'ÇIá0/'ÇÚ¨

^&"òádErdős⁄Kleitman[63]â—"⁄n"

⁄n2.3 ([63]). -G¥òárná$:!r–òóá„"KGù&òár‹!

fá„G
0ß̃ vG

0!zò‹!$:Í˛ènßøÖke(G 0) > r!
rre(G)"

'Ç^z(n,K(r)
s,t )L´ÿù$K(r)

s,t"r‹r–òóá„U‰k""Åå

>ÍßŸ•zò‹"2:Í˛èn"d⁄n2.3ßè$y"(n2.2ß'Çy

3êIáy"z(n,K(r)
s,t ) = O(nr� 1

t )=å"

34



eZTuránØK"#(J

#n2.2!y%. 'Ç-A1, A2, . . . , Ar�1, B¥ÿù$K(r)
s,t"r‹r–òóá

„H"zò‹:8ßøÖz‹•2:"Í8˛èn"b9HkáLc0s,tn
r� 1

t^

>ßŸ•c0s,t¥d%;"Kövári-Sós-Turán(nâ—" [128]"ÜÈ{`ß

XJòá'‹„"zò‹˛kná:ßøÖŸ>ÍáLc0s,tn
2� 1

tßKT'

‹„¨ù$òá%!'‹„Ks,täèf„"w,ßc0s,t⁄n¥!'"":Xß

'Ç&ƒ2:8‹èA1 ⇥A2 ⇥ · · ·⇥Ar�1"%!(r � 1)‹(r � 1)–òó

á„K(r�1)
n,n,...,n"©z [17]•"(Jç—ßK(r�1)

n,n,...,nå±?1%{ö,©)ß

œd'Çå±ÈA1⇥A2⇥ . . .⇥Ar�1"(r� 1)3|©)§nr�1

n = nr�2á

ö,M1,M2, . . . ,Mnr�2"-Hi¥dù$Mi•"ò)(r � 1)3|"á>

§p!"H"fá„"ä‚|ç1nß7,+3,áiß¶$Hiù$$á

Lc0s,tn
2� 1

t^>":e5'Ç32:8Ar�1[B˛-Eòá9œ'‹„Giß

Ÿ>8Xe(¬è

{(ar�1, b) : 9(a1, a2, . . . , ar�2), ai 2 Ai, (a1, a2, . . . , ar�1, b) 2 E(Hi)}"

duc0s,t"(¬⁄5üß'Çå±uyGi¨ù$òáKs,t˜vŸ3B•k

s á2:ß3Ar�1•kt2:ß0˘á%!'‹„¨œLMip!—K(r)
s,tß

˘“ÜHÿù$K(r)
s,t"b9ÉgÒ"ñdßy"%."

2.4.2 exr(n,K
(r)
a,b

, K(r)
s,t )"˛.

due.Æ%dë"ìÍê{â—ßè$y"(n2.3ß'ÇêIá

y"±e⁄n"'Ç"y"g¥aqu©z[9]•"y"ê{"

⁄n2.4. 'b < tûßk

exr(n,K
(r)
1,b , K

(r)
s,t ) = O(nb(r�1)� b

t
+1)"

35



4ä|‹9ŸÉ'+ç•eZØK"Ôƒ

y%. -Gèná2:Öÿù$K(r)
s,t"r–òóá„"Èuá„G•":v 2

V (G)ß'Ç-N(v)L´8‹

N(v) = {(b1, b2, . . . , br�1)|bi 2 V (G), (v, b1, b2, . . . , br�1) 2 E(G)}"

'Ç:e4ÈG•K(r)
1,b"Í8?1OÍß'ÇuyG•K(r)

1,b"Í8ñıè

X

v2V (G)

✓
|N(v)|

b

◆
6 1

b!

X

v2V (G)

|N(v)|b 6 1

b!
n1� b

t (
X

v2V (G)

|N(v)|t)
b

t

6 (1 + o(1))
n1� b

t

b!

✓�
(s� 1)(t(r � 1))! + (t(r � 1)� 1)!

�
nt(r�1)

◆ b

t

= O(nb(r�1)� b

t
+1)"

'ÇIáÈ˛„"ò)ÿ*™?17á")B"ƒk'Çkÿ*™0 <

p 6 q,
mP
i=1

xpi 6 m1�p

q (
mP
i=1

xqi )
p

q"Ÿgß'Ç^Í¸g"ê{;O
P
A

�
|N(v)|

t

�
"

ç‰N/`ß'Ç&ƒrIá;O"‹©©§¸¨ß=
P
A

�
|N(v)|

t

�
=

P
T2T1

|N(T )| +
P
T2T2

|N(T )| ßŸ•T1ù)$§ktá:ÿ#"(r � 1)3

|ßT2 Kù$$Ÿ¶a."tá(r � 1)3|",$ßN(T )ù$$§k

U⁄záT•"(r� 1)3|/§á>":"Èu1ò‹©
P
T2T1

|N(T )|ß'

Ç*2&ßÈuzáT 2 T1ßXJN(T )•áLs � 1á:ß@o'Ç“

UÈ&K(r)
s,tß˘¨Ü'Ç"b9gÒ")Èu1'‹©

P
T2T2

|N(T )|ß'

Ç5ø&|N(T )| < nøÖT•:"Í8¨ÓÇ1ut(r � 1)ßœd'Ç

k
P
T2T2

|N(T )| < (1 + o(1))(t(r � 1)� 1)!nt(r�1)"ñdßy"%."

§ 2.5 ë#ı$á„#E

3!!•ß'ÇÚœLë"ı#á„"-Eß5â—ÈuAaÿ”

"á„T"TuránÍexr(n, T )"ò)e."3˘pß'Ç{á`"'Ç"
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Ãágé"'ÇƒkœL‹øeZáë"á„5-Eòáë"ı#á„"

'Ç"8I¥`"˘áı#á„1˛ø¬˛ù$Nı^>ßøÖêù$

È+"f(-Tßèù$È+"ı#>"Èuÿ”"Béá„(-Tß'

ÇÚ(¬ÉA"Ä(-ßø;OßÇ"Í˛"Å$ß'ÇÚlzáÄ(-

•Ìÿòá2:øÌÿ§kı#>±º$òá#"á„ßTá„“ÿ¨

ù$Täèf(-"ßøÖ‰k˝œ">Í"

'Ç"y"Ãáù$ná#á"⁄@"ƒkß'Ç-E"ë"ı#

á„¥ıáë"á„"øß̆ )ë"á„¥dò)gÍkÅ"ë"ıë

™(¬""œd⁄n2.2å±êœ'Ç©O;O.~">⁄ı#>"Í8

œ""Ÿgßduÿ”ë"á„Ém"’·5ß.'ÇIá;O,)(-

"Í8œ"ûß⁄n2.2E,k5ß¶+ı#á„•˘)(-">åU5

guÿ”"1©ë"á„ß0˘øÿKè'Ç";O"1nááÉ¥ßd

uë"á„¥dgÍkÅ"ë"ıë™(¬"ß'Çå±-./(¬ı

#á„•"Ä(-ßøÖ'Çå±rÄ(-"8‹w§¥ò´‰kìÍ

5ü"8‹"ß̆ *"{ß⁄n2.1(‹Í0å1ÿ*™å±êœ'Ç5

ÅõÄ(-"Í8œ""

:e4ß'ÇÚ©n1!©Oy"ÈA(-"(n"

2.5.1 $&r‹r–òóá„

3!1!•ß'Ç&ƒ%!r‹r–òóá„K(r)
s1,s2,...,sr"TuránÍe.

ØKß'Ç"-EÃáƒu©z[137]•§-E"ë"á„"

&¬2.2 ([137]). â##$Ís1, s2, . . . , sr�1⁄rß'Ç-b =
r�1Q
i=1

sißt =

r�1P
i=1

sißs = b(t� 1) + 2±9d = bs"-N = qbß'ÇlPd•˛!ë%Ö

’·/¿)ıë™f"'Ç#¬Ná:!r–òóá„GXeµG!$:8
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èV (G) = Fb
qßr"|{v1, v2, . . . , vr}Î>'Ö='f(v1, v2, . . . , vr) = 0"

'ÇlPd•’·ë"/¿#háÈ°ıë™f1, f2, . . . , fhßøÚßÇ

'È"á„L´èG1,G2, . . . ,Gh"-ḠèdG1,G2, . . . ,Ghø3òÂ/§"

ı#á„"3ı#á„Ḡ•ß-T¥K(r)
s1,s2,...,sr�1,1"ëI“"/(B!ß'

ÇÚŸ2:L´èu⁄vijßŸ•1 6 i 6 r � 1±91 6 j 6 sißøÖ

Iá˜vvi1, v
i
2, . . . , v

i
si3”ò‹•"Èu1 6 i 6 r � 1ß'Ç/(ò|

2:wi
1, w

i
2, . . . , w

i
si,˘)2:¨ä‚T"/(ëI“"B!)/§bÿ”

"(r � 1)3|"duı#á„•z^>—kåU5.uh´ÿ”"1©

á„Gkßœdò5kñıhb•ÿ”a."ëI“"T"'Ç-p¥òá.

7ÍßW¥T"B!xßßù$Ḡ•/("2:S,wi
1, w

i
2, . . . , w

i
sißŸ

•1 6 i 6 r � 1"'Ç°2:S,èwi
1, w

i
2, . . . , w

i
sièòáp-ÄS,ßX

JÈA8‹W"å1è|W | > p"-Bp¥Ḡ•§kp-ÄS,"8‹"

⁄n2.5. !3~Íp⁄CßßÇ=)˚us1, s2, . . . , sr�1, rß¶&

E[|Bphb|] 6 ChbN 1� 2
b"

y%. /(ò´a.I 2 [h]bß°2:S,{wi
1, w

i
2, . . . , w

i
si : 1 6 i 6

r� 1}è(p, I)-ÄS,ßXJŸÈA8‹WI"å1è|WI | > pßŸ•˘p

"pÚ3$°(("œèa."oÍ¥hbß'Çdœ""Ç55ßå±$

&(p, I)-ÄS,"Í8œ"¥O(N 1� 2
b )"

:e4'Ç#:&ƒX¤;O8‹WI"å1"'ÇuyÈJÜ:;

O|WI |ßœd'Ç=)&ƒ|WI |
s"5ø&|WI |

så±L´5gWI"T"sá

B!©:$"kS8‹"Í˛ßøÖ˘)T•ö/("@á:åU¥É

”"ßœd˘)8‹"zá§?—å±¥e,8‹

K := {K(r)
s1,s2,...,sr�1,1, K

(r)
s1,s2,...,sr�1,2, . . . , K

(r)
s1,s2,...,sr�1,s}
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•"3É"Èuâ("P 2 Kß'Ç-Ns(P )¥—y3T 2 WI"sáB

!©3òÂ$/§"kS8‹¥P"Í˛"5øP•ö/(2:"áÍ

¥|P | � tß§±Ns(P ) = O(n|P |�t)",$ßP">8å±å±/("a

.I)&§

E(P ) = E(P1) [ E(P2) [ · · · [ E(Ph)ß

Ÿ•E(Pi)ù$5.u¸áá„Gi•">ßŸ•i = 1, 2, . . . , h"œèë"

á„G1,G2, . . . ,Gh—¥(’·˛!¿#"ßœdßd⁄n2.2ß'Çk

E[|W |
s] =

X

P2K

Ns(P )
hY

i=1

qe(Pi) =
X

P2K

O(N |P |�t) · qb(|P |�t) = O(1)"

/(ò´a.IßWI äèòáìÍqßù$$§k˜vbáêß"

êß| fk(w1
j1, w

2
j2, . . . , w

r�1
jr�1

, x) = 0":x 2 Fb
qßŸ•1 6 i 6 r � 1±

91 6 ji 6 sißøÖÈu‰N"ò^>(w1
j1, w

2
j2, . . . , w

r�1
jr�1

, x)ßk"¿#=

=#˚ua.I"5ø&ßduzáë"ıë™fk(w1
j1, w

2
j2, . . . , w

r�1
jr�1

, x)—

¥lPd•¿#"ßœd'Çå±$&záWI"E,›—¥kÅ"ßøÖ

¶Ç"E,›˛ÿáLbs"d⁄n2.1ß'Çå±uyßáok|WI | 6 cIß

áok|WI | > q
2":X'Çå±^Í0å1ÿ*™4õõXeV«

P[|WI | > cI ] = P[|WI | >
q

2
] = P[|WI |

s > (
q

2
)s] 6 E[|WI |

s]

(q2)
s

=
O(1)

qs
"

-p = max
I2[h]b

cIß(p, I)-ÄS,"Í8œ"ñıèt!N t
·
O(1)
qs = O(N 1� 2

b )"

œèo5"a.Íkhb,2dœ""Ç55ßT⁄n$y"

:e4'Çáy"'ur‹r–òóá„"Ãá(n"

#n2.4!y%. -ḠèX˛(¬"ë"ı#á„. N¥$&ßḠ•>Í"

œ"èh
q

�N
r

�
"-eML´ı#>"Í8ß'Çå±$&Xe'uı#>Í
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8"œ"

E[eM ] 6
✓
N

r

◆ hX

i=2

✓
h

i

◆
q�i = O(N r� 2

b )"

?ò⁄/ßd⁄n2.5ßphb-ÄS,"Í8ñıèChbN 1� 2
b":Xß'Ç£

ÿ§k"ı#>ß±9'ÇÚlzáphb-ÄS,•£ÿòá:ßl)$&

òá#"á„G
0"duá„•zá:ñı(ù$3ÿáLO(N r�1)^>

•ßœdßá„G
0•>"Í8œ"ñ+è

h

q

✓
N

r

◆
�

✓
N

r

◆ hX

i=2

✓
h

i

◆
q�i

�O(N r�1)ChbN 1� 2
b"

.srv4åûß'Çå±¿#h = (srp )
1
bß˘*±5ßB¨+3òáÿù

$K(r)
s1,s2,...,sräèfá„"r–òóá„ßÖŸ¨‰k ⌦(s

1
s1s2...sr�1
r n

r� 1
s1s2...sr�1 )

^>"ñdß(n 2.4Æy"%."

2.5.2 $&#‹r–òóá„

3˘ò1!•ß'ÇÚÃá&ƒ%!'‹r–òóá„K(r)
s,t"Turán

Í"e.ØKß'ÇƒkÚ|^§ 2.3•"-E"

&¬2.3. â##$ÍtÜrß'Ç-N = qtßm = (r � 1)t2 � t + 2ß

±9d = mtß'ÇlPd•˛!ë%’·/¿)ıë™f"'Ç#¬ò

áNá:!r–òóá„HXe: H!$:8èV (H) = Ft
qßH•!r"|

{v1, v2, . . . , vr} 2
�Ft

q

r

�
(§ò^>'Ö='f(v1, v2, . . . , vr) = 0"

,$'ÇlPd•˛!¿Jhá’·ë"È°ıë™f1, f2, . . . , fhßø

ÚßÇ'È"á„PèH1,H2, . . . ,Hh"-H̄dá„H1,H2, . . . ,Hhø3

òÂ/§""ı#á„"3ı#á„H̄•ß-R¥K(r)
1,t"/(ëI“B

!ß'ÇÚŸ2:L´èa⁄uijßŸ•1 6 j 6 tßi 2 [r � 1]ßøÖ˜
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vu1j , u
2
j , . . . , u

r�1
j /§táÿ”"(r�1)-3|ßÈAuR"/(IPB!"

dR"z^>—å±·uháÿ”"1©á„HkßœdR"â(IPB!

o5kht´a."y3Èu1 6 j 6 t⁄i 2 [r � 1]ß'Ç/(ò|H̄•

"2:S,wi
j"-W¥R3H̄•"B!xß˜vÈ§k1 6 j 6 t⁄i 2

[r � 1]ßwi
jÈAuuij"XJÈA"8‹W˜v|W | > pß'Ç°˘*"2

:S,¥p-Ä"S,"

⁄n2.6. !3~Íp = p(t, r)ÜC = C(t, r)¶&

E[|Bpht|] 6 Chtqt�2"

y%. /(,´a.J 2 [h]tß'Ç°ò|2:S,{w1
j , w

2
j , . . . , w

r�1
j :

1 6 j 6 t}¥(p, J)-Ä"ßXJßÈA"8‹WJ˜v|WJ | > pßŸ

•p"‰NÍä¨3$Yâ—":e4'Çáy"(p, J)Ä"S,Í8ñ

ıèO(qt�2)"

ƒu⁄c°ú%aq"1œß'Ç¿J4;O|WJ |
m)öÜ:;O

|WJ | !="5ø&ß|WJ |
mìLX§kWJ•máR"B!§|§"!‹

åU"kS8‹"Í8ßŸ•duzáB!R•ÿ/(":åU7)#

Eßœd'ÇIá,—§kåU©§"(-LßœL*2ß'ÇuyåU

©§"(-L7,¨·3Xe8‹

L := {K(r)
1,t , K

(r)
2,t , . . . , K

(r)
m,t}"

Èuâ("L 2 Lß'Ç^Nm(L)L´R 2 WJ"máB!"U4©§"

kS8‹èL"ú%oÍ"5ø&ßduL•ÿ/(2:"áÍ¥|L| �

t(r � 1)ß§±Nm(L) = O(qt(|L|�t(r�1)))",òê°ßä‚a.J 2 [h]tß

>8E(L)å±&§

E(L) = E(L1) [ E(L2) [ · · · [ E(Lh)ß
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Ÿ•E(Li)ù$5.u1©á„Hi•">ßi = 1, 2, . . . , h"qœè˘)

ë"á„H1,H2, . . . ,Hh¥(’·˛!¿#"ßœdd⁄n2.2ß'Çå

±$&

E[|WJ |
m] =

X

L2L

Nm(L)
hY

i=1

q�e(Li) =
X

L2L

O(qt(|L|�t(r�1)))q�e(L) = O(1)"

'Çå±w&ßWJå±wäù$§k±e˜vêß|":x 2 Ft
q"ìÍ

qµ

fk(w
1
j , w

2
j , . . . , w

r�1
j , x) = 0ß

Ÿ•1 6 j 6 tß,$ßêß|pk"¿#=#˚u>"©Ÿa.Jß±

9fk¥^u(¬ë"á„Hk"ë"ıë™"N¥uyßËözák 2 [h]ß

ë"ıë™fk(w1
j , w

2
j , . . . , w

r�1
j , x)"gÍñıêkdßœdßìÍqWJ"

E,›¥k.".u¥ß'ÇBå±¶^⁄n2.1ß$&Èu8‹WJ ,áo

k|WJ | 6 cJßáok|WJ | > q
2ßŸ•cJ¥òáê⁄d±9a.JÉ'"~

Í":XßA^%;"Í0å1ÿ*™ß'Çå±$&

P[|WJ | > cJ ] = P[|WJ | >
q

2
] = P[|WJ |

m > (
q

2
)m] 6 E[|WJ |

m]

(q2)
m

=
O(1)

qm
"

y3ß'Ç-p = max
J2[h]t

cJß@o(p, J)Ä"S,"Í8œ"ñıè(t(r �

1))!N t(r�1)
·
O(1)
qm = O(qt�2)",òê°ßduÿ”">©Ÿa.J 2 [h]tê

kht´ß@oä‚œ""Ç55ß⁄n2.6$y"

:e4'ÇÚy"'u%!'‹r–òóá„"(J"

#n2.5!y%. -H̄èX˛(¬"ë"ı#á„"d⁄n2.2å$ßH̄•

>Í"œ"èh
q

�N
r

�
"'Ç-eML´#>"Í8ß'Çå±;O#>Í8

"œ"è

E[eM ] 6
✓
N

r

◆ hX

i=2

✓
h

i

◆
q�i = O(N r� 2

t )"
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'ÇÆ%3⁄n2.6•Æ%y"$ßpht-Ä"S,Í8ñıèChtqt�2":

X'Çå±£ÿ§k"#>ßøÖ3zápht-Ä"S,•£ÿòá:ßl

)$&òá#"á„H
0"œèzáá„•"2:ñıêUù$3O(N r�1)

^>•ßœdH
0•>"Í8ñ+è

h

q

✓
N

r

◆
�

✓
N

r

◆ hX

i=2

✓
h

i

◆
q�i

�O(N r�1)Chtqt�2"

.sv4åûß'Ç-h = (sp)
1
tß@o“¨+3òáÿù$K(r)

s,t"á„ßø

ÖŸ‰k⌦(s
1
tnr� 1

t )^>"ñdß(n2.5Æy"%."

2.5.3 Berge.thetaá„

Å$ß'Çáy"'uBerge.thetaá„"(J"ƒk'ÇÑ¥á

â—¸áë"á„"-E"

&¬2.4. â##$Ír⁄`ß'Ç-d = r`2ßN = q`ß'ÇlPd˛!ë

%’·/¿)`(r � 1) � 1áÈ°ıë™f1, f2, . . . , f`(r�1)�1"-FèX

e#¬!rNá:!r‹r–òóá„µ:8èráÿÉ”!F`
qß=V (F) =

{V1, V2, . . . , Vr}ßÈuvi 2 Viß1 6 i 6 rßr"|{v1, v2, . . . , vr}/§ò

^F•!>'Ö='

f1(v1, v2, . . . , vr) = · · · = f`(r�1)�1(v1, v2, . . . , vr) = 0"

'Ç¨’·˛!ë"/¿#háë"á„F1,F2, . . . ,FhßøÖ-F̄è

˘háá„"ø|§"ë"á„"@oÈuë"ı#á„F̄⁄.7Ípß'

Ç°òÈ:(x, y)¥p-Ä":ÈßXJ3+3ñ+kp^Î:$x⁄y""

,›ñıè`"Berge.¥ª"@o:e4'ÇƒkIá;OF̄•ph`Ä"

:È"Í8ß='ÇIáâ—e„⁄n"
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⁄n2.7. -Bph`L´dF̄•§kph`-Ä!:È|§!8‹"@o!3~

Íp = p(r, `)⁄C = C(r, `)ß¶&

E[|Bph`|] 6 Ch`q`(2�r)"

y%. -`0 6 `è.7Íß2-K = (k1, k2 . . . , k`0) 2 [h]`0èòá/("

á>|§a."‰N/`ß'Ç°ò^>8èe1, e2, . . . , e`0"Berge.¥

ª"a.è(k1, k2, . . . , k`0)ßXJÈu1 6 j 6 `0ßß">ej 2 E(Fkj)"

â(òá/("a.K = (k1, k2, . . . , k`0) 2 [h]`0ß'Ç°(x, y)¥(p,K)-

Ä":ÈßXJ+3ñ+p^a.èK"Berge.¥ªÎ::x⁄y"du

o5"ÿ”a.êk
P
`06`

h`0 6 `h`´ß§±'ÇIáâ"¥ßy"Èzò

áâ("a.Kß—+3~Íp = p(r, `)¶$(p` , K)-Ä":È"Í8ÿ

áLOr,`(q`(2�r))"

'Çƒká;O¸á:Ém6·"Berge.¥ª"Í8œ""-x⁄

yè F̄ •òÈ/(":ß2-K = (k1, k2, . . . , k`0)èò´/("a."'

ÇPSKèÎ::x⁄y"a.èK"Berge.¥ª"8‹"'ÇuyßÜ:

;O|SK |E,¥òáö~(J"Øúßœd'Ç=)&ƒ4;O|SK |
r`ß

5ø&|SK |
r` L´"¥Úr`áa.èK"øÖÎ:x⁄y"Berge.¥ª

©3òÂ$§/§"(-"Í8"'ÇIá5ø&ß̆ )Berge.¥ª©

3òÂß¥kåU7)Èı:"#E"ßÿL'Çå±%yzòá©n

$"(-•ß>"Í8ñı¥r``0"

-P`0,mL´˛„8‹•ß>Íñıèm"Berge.¥ª"Í8"5

ø&ß?¤òáF̄•·3©:$"‹8p"m^>"YmßŸ>8—å±

ä‚a.K)L´§

E(Ym) = E(Ym,1) [ E(Ym,2) [ · · · [ E(Ym,h)ß
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Ÿ•E(Ym,i)ù$§k.gë"á„Fi•">ßi = 1, 2, . . . , h"qœèë

"á„F1,F2, . . . ,Fh˛¥˛!ë"’·¿#"ßœdd⁄n2.2ß'Çå

±$&.m 6 r`2ûß?¤òáA("Ym(ù$3F̄"V«¥

hY

i=1

qe(Ym,i)(1�`(r�1)) = qm(1�`(r�1))"

œdß'Çk

E[|SK |
r`] =

r`2X

m=1

P`0,mq
m(1�`(r�1))"

:e4'Çá|^He⁄Tait3©z[102]•"òá(ÿß=¶Çy"$±

e˛.

P`0,m = O`0,r(q
m(`0(r�1)�1))"

œd'Çå±$&

E[|SK |
r`] =

r`2X

m=1

P`0,mq
m(1�`(r�1)) 6

r`2X

m=1

1 = CK ,

Ÿ•ßÅ$òáÿ*™§·¥œè`0 6 `"

:e4'Çáy"|SK |áo¨È1ß=(òá~Íâõõ4ßáo

¨ö~å"0¥ß3˘áØK•ß'ÇôUÈ&ö~‹-"˙5ä8‹5

Ü:L´SKßœd'Ç!{Ü:rSK&§ìÍq"?)ß'ÇIákc

[/©¤ò2SK"(-AA"

dBerge.¥ª"(¬ßSK•,›è`0"záBerge.¥ªù$ò,

ÿ%2:⁄>ßX(x, e1, v1, e2, . . . , v`0�1, e`0, y)"œd'Çå±ÚBerge¥

ª8ä‚záÿ%2:vi§3"‹?1y©"œdÈu/(a.KßSKå

±ä‚záÿ%2:§·"‹ßy©èÿÉ#"8"ÚSt1,t2,...,t`0�1L´è

lx&y"Berge¥ª|§"8‹ß¶$1iáÿ%2:vi 2 Vti"XJ'Ç
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Ú�¿è5g[r]`0�1"`0 � 13|ß@o'Çå±ÚSK &è

SK =
[

�2[r]`0�1

SK,�ß

øÖN¥w—˘¥ò|ÿÉ#"8‹"ø8"

y3'Ç/(ò|SK,�ß'ÇÚ,›è`0"?øBerge.¥ª•"ÿ

%2:L´èv1, v2, . . . , v`0�1ß>ej•"öÿ%2:èw
kj
1 , w

kj
2 , . . . , w

kj
r�2ß

Ÿ•ej¥Fkj•">"̆ p'ÇIá(%öÿ%2:¥ä‚ßÇ§3‹)

¸S"ß=ßXJwi
s1 2 Vt1⁄wi

s2 2 Vt2ßks1 < s2ß@ot1 < t2"

:e4'Ç(¬ìÍqTK,�è

{z 2 F`0(r�1)�1
q : fk1

i,1(z) = · · · = f
k`0
i,`0

(z) = 0, 1 6 i 6 `0(r � 1)� 1}ß

Ÿ•f
kj
i,j¥1já^u(¬ë"á„Fkj"ë"ıë™ßøÖßz 2 F`0(r�1)�1

q

¨3HS,(v1, . . . , v`0�1, w
k1
1 , . . . , wk1

r�2, . . . , w
k`0
1 , . . . , w

k`0
r�2)"5ø&ß̆

pzz—¥òáï˛ßŸ•ÿ%2:3cßöÿ%2:3$"

'Ç:Xçòfl/–mLàıë™fk1
i,1(z) = fk2

i,2(z) = · · · = f
k`0
i,`0

(z)"

fk1
i,1(z) = fk1

i (x, v1, w
k1
1 , . . . , wk1

r�2)ß

fk2
i,2(z) = fk2

i (v1, v2, w
k2
1 , . . . , wk2

r�2)ß

· · ·

f
k`0
i,`0

(z) = f
k`0
i (v`0�1, y, w

k`0
1 , . . . , w

k`0
r�2)ß

Ÿ•1 6 i 6 `0(r�1)�1"5ø&ß.�/(ûß§köÿ%2:"^S¥

/("ßœd'Çèä‚�/(f
kj
i "ÎÍ^S"'X`ßb9v`0�1 2 V1±

9y 2 V3ß@o'Çå±Úf
k`0
i,`0

(z)&§

f
k`0
i,`0

(z) = f
k`0
i (v`0�1, w

k`0
1 , y, w

k`0
2 . . . , w

k`0
r�2)"
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ÈN¥w—SK,� ✓ TK,�"0¥TK,�ÿ=ù$SK,�•"§kBerge.¥ªß

ßè¨ù$ò)Úz"ú%ßœdè$º$SK,�ß'ÇIárÚz"ú

%èxòŸ"XJTK,�ù$Úz"irx = v0, v1, v2, . . . , v`0�1, v`0 = yß

@oÈu0 6 a < b 6 `0ß'Ç(¬

Da,b , TK,� \ {v0, . . . , v`0, w
k1
1 , . . . , w

k`0
r�2 : va = vb}"

'Ç-D , S
a,b

Da,b"œèìÍq"ø8è¥ìÍqß§±'ÇåÑDè

¥òáìÍqßøÖ˜vD"E,›¥k.Å""

y3'Çå±¶^⁄n2.15©¤SK,� = TK,� \ D$"Èu?øa

.K⁄� 2 [r]`0�1ß—¨+3òá~Íc(K, �)ßßù6uK⁄�ß¶$á

ok|SK,�| 6 c(K, �)ßáok|SK,�| > q
2"du|SK | =

P

�2[r]`0�1

|SK,�|ß

XJ+3�¶$|SK,�| > c(K, �),@o|SK | > |SK,�| > q
2ßƒK|SK | 6

c(K, `0, r)ßŸ•~Íc(K, `0, r)#˚u`0⁄r"Å$ßœLÍ0å1ÿ*

™ß'Ç$&

P[|SK | > c(K, `0, r)] = P[|SK | >
q

2
] = P[|SK |

r` > (
q

2
)r`]

6E(|SK |
r`)

(q2)
r`

=
CK

(q2)
r`

= O`0,r(q
�r`)"

-p , `max
`06`

c(K, `0, r)ß'Çå±$&(p` , K)-Ä":È"Í8œ"ñı

è
CK(rN)2

( q2 )
r` = Or,`(q`(2�r))"2/œœ""Ç55ß'Ç“%7/y"$

⁄n2.7"

#n2.7!y%. .` > 2ûß'Ç-F̄èX˛(¬"ë"ı#á„"ä‚

⁄n2.7ß+3~Íp = p(r, `)ÜC = C(r, `)¶$ph`-Ä:È"Í8œ"

ñıèCh`q`(2�r)"'Ç-FèÚF̄•"§kı#>£ÿ$$&"{¸á

„"
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œèF1,F2, . . . ,Fh¥’·˛!ë"¿#"ß@od⁄n2.2ßF̄•"

>Í"œ"èhq`+1 = h(Nr )
1+ 1

`"'Ç2-Yèı#>"Í8ßå±œL

e™;O#>"Í8œ"µ

E[Y ] 6 N r
hX

i=2

✓
h

i

◆
(

1

q`(r�1)�1
)i = o(N)"

,$'Çå±4KF•§k"ph`-Ä:È$&òá#"á„F
0"œèz

á2:Åı3O(nr�1)^>pßÅıkO(nr�1)|Bph`|>(Ìÿ"œdßê

e">"Í8œ"ñ+è

E[e(F 0)] > h(
N

r
)1+

1
` � 2N r�1E[|Bph`|]�N r

hX

i=2

✓
h

i

◆
(

1

q`(r�1)�1
)i"

ƒu˛„?ÿß.tv4åûß-h = ( tp)
1
`ß+3ná2:ß⌦r,`(t

1
`n1+ 1

` )

^>ßøÖÿù$⇥B
`,t"á„F

0"ñdß'Ç"Ãá(n$y"

§ 2.6 ìÍ#E"ÃáÛ‰µıë™(™

3!1!•ß'ÇÃáÚ0/'Ç3¶^ìÍê{º$4„"-E

•ß§á^&"ò)ÃáÛ‰"

-qèÉÍòßs⁄tè.7ÍßFqèq/"kÅç"3ìÍ-E•ß

'ÇòÑ¨˘*-Eòá„Gßß"2:8èFt
qß¸á2:u, v 2 Ft

qÎ

§ò^>"^á¥ßfi(u, v) = 0 È§ki = 1, 2, . . . , s§·ßŸ•fi 2

Fq[x1, ..., x2t]"è$y"Gÿù$,á(-ß'Çƒk/(Aá2:ß,

$;O˘)2:Ém",)f(-"áÍ£~Xß&ƒtheta graph ⇥k,tß

'ÇIáy"3?ø¸á/(2:ÉmÅıkt�1á,›èk"¥ªß)

Èu%!'‹„Ks,tß'ÇIáy"È?¤"sá2:ßßÇÅıkt�1á
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˙5/:§"l˘)^áß'ÇòÑå±$&òX,êß

F1(x1, . . . , xm) = · · · = Fm(x1, . . . , xm) = 0"

£òÑ5`ßATkm áêß⁄m áC˛§ßŸ•Fj (j = 1, 2, . . . ,m)5

gfi (i = 1, 2, · · · , s)"XJ-Ek5ßK˛„êßkkÅıá)ß='

Çå±`"e,8‹

W = {x 2 Fm
q : F1(x) = · · · = Fm(x) = 0}"

"ë›dim(W ) = 0"Õ#"Bézout(nwä'ÇßW"å1…FigÍ"

¶»"Åõ"

&n2.11 (Bézout(n).-Fi 2 Fq[x1, . . . , xm] for i = 1, . . . ,m"XJò

áìÍqW = {x 2 Fm
q : F1(x) = · · · = Fm(x) = 0}!ë›dim(W ) =

0ß@o'Çk

|W | 6
mY

i=1

deg(Fi)"

òÑ5`ßBézout(nøvkâ—Wå1"ÅZ˛.",òê°ß

OéW"ëÍøÿN¥"0¥Èu,)A(ú%ß'Çå±œLÜ:û

ÿC˛5((W"å1"

.Béf„ÉÈ'61ûß'X`ß&ƒ(n2.12•theta„⇥4,t"

ØKß'Çå±$&êß|(2.1)-(2.3)ß̆ )ıë™"gÍ©Oè2!3⁄3ß

œd˘´ú%å±œL<ÛOé5%§"0¥.Bé(-C$E,ûß'

X§ 2.8•"⇥B
3,tß'Ç¨$&êß|(2.66)-(2.73)ß˘)ıë™"gÍ©

Oè2!2!2!3!3⁄3"ûÿ5áC˛$ßÅ™ıë™"gÍè40£Ñê

ß(2.74))ß̆ A5¥ÿåUœLFƒOé$&""ÈuK 0

3,t"ú%è¥a
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q""œd'Ç⁄\$ıë™"(™(resultant)ß¶$˘)Oé/°"Ø

Kßå±œLOé"^á5)˚Ÿ•ò)ú%"

è$êB÷ˆß'Ç£=ò)'uıë™(™"ƒ:3£"-Fè

òáçßF[x]èXÍ3F•"ıë™Ç"'Çâ—(™"(¬Xe"

&¬2.5. -f(x), g(x) 2 F[x]ßf(x) = amxm + · · · + a1x + a0ßg(x) =

bnxn + · · ·+ b1x+ b0ß@of⁄g!(™å±^e&(m+ n)⇥ (m+ n)›

,!1&™#¬ß
0

BBBBBBBBBBBBBBBBBBB@

a0 b0

a1 a0 b1 b0

a2 a1
. . . b2 b1

. . .

... a2
. . . a0

... b2
. . . b0

am
... . . . a1 bn

... . . . b1

am
. . . a2 bn

. . . b2
. . . ... . . . ...

am bn

1

CCCCCCCCCCCCCCCCCCCA

| {z }
n

| {z }
m

,

òÑ'ÇPèR(f, g)"

¸áıë™"(™kXe#á5ü"

⁄n2.8. [78, #n3.18] XJgcd(f(x), g(x)) = h(x)ßŸ•deg(h(x)) >
1ß@o'ÇkR(f, g) = 0"AO/ßXJf⁄g3F˛k˙*äß@o'

ÇkR(f, g) = 0"

.'Ç&ƒıC˛ıë™ûß'Çå±aq/(¬(™ßøÖ.'Ç

/(òáC˛ûß̨ °"⁄nE,§·"Èu?øf, g 2 F[x1, . . . , xn]ß'
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Ç-R(f, g; xi)L´f⁄gÉÈuC˛xi"(™ß@o'ÇkR(f, g; xi) 2

F[x1, . . . , xi�1, xi+1, ..., xn]"

~2.1. 'Ç#ƒe&êß|µ

f = xy � 1 = 0,

g = x2 + y2 � 4 = 0"

Úf⁄g¿è±xèC˛!ıë™ßŸXÍè±yèC˛!ıë™ß,''

Çå±Oé&/

R(f, g; x) = det

0

BBB@

y 0 1

�1 y 0

0 �1 y2 � 4

1

CCCA
= y4 � 4y2 + 1"

d⁄n2.8ß'ÇêIá)êßy4 � 4y2 + 1 = 0ß“å±)&'êß|•

!y©˛"

äèòá9=ß'ÇÚÈ±e(n•§„"(Jâ—òá#"y"ß

T(n¥dVerstraëte⁄Williford3©z[176]•â—"̆ pß'Ç£=±

e(¬ßòátheta„⇥k,t¥dÎ:¸á/(‡:"táS‹ÿÉ#",›

èk"¥ª§|§"„"

&n2.12 ([176]). ex(n,⇥4,3) = ⌦(n
5
4 )"

y%. -qè¤ÉÍò"„Gqè(¬32:8V = F4
q˛"„ß2:u =

(u1, u2, u3, u4) 2 V⁄2:v = (v1, v2, v3, v4) 2 VÎ§ò^>.Ö=

.u 6= vøÖ˜vêß|

u2 + v2 = u1v1ß
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u3 + v4 = u1v
2
1ß

u4 + v3 = u21v1"

l˛°"êß|ßÈN¥w—XJr, s 2 V¥ÿ”"2:ßøÖßÇ

kòá5”"/ÿß@or1 6= s1"å±Oé$&Gqkn := q4á2:

⁄⌦(n
5
4 )^>":e4'Çáy"T„Gqÿù$⇥4,3äèf„"b9Gqù

$òá⇥4,3äèf„ßŸ•T⇥4,3">8è

{au, uv, vw, wb, ax, xy, yz, zb, ad, de, ef, fb}"

'Çƒk&ƒŸ•"òá,›è8"3{au, uv, vw, wb, ax, xy, yz, zb}"

dGq"(¬ß'ÇdXeêß|

a2 + u2 = a1u1, a3 + u4 = a1u
2
1, a4 + u3 = a21u1ß

u2 + v2 = v1u1, v3 + u4 = v1u
2
1, v4 + u3 = v21u1ß

w2 + v2 = w1v1, v3 + w4 = v1w
2
1, v4 + w3 = v21w1ß

w2 + b2 = w1b1, b3 + w4 = b1w
2
1, b4 + w3 = b21w1ß

z2 + b2 = z1b1, b3 + z4 = b1z
2
1, b4 + z3 = b21z1ß

z2 + y2 = y1z1, y3 + z4 = y1z
2
1, y4 + z3 = y21z1ß

x2 + y2 = y1x1, y3 + x4 = y1x
2
1, y4 + x3 = y21x1ß

x2 + a2 = x1a1, a3 + x4 = a1x
2
1, a4 + x3 = a21x1"

'Çå±©OlÜ>8áß•m8á⁄m>8áêß•$&Xe™f

f1 := a1u1 � u1v1 + v1w1 � w1b1 + b1z1 � z1y1 + y1x1 � x1a1 = 0ß

(2.1)
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f2 := a1u
2
1 � u21v1 + v1w

2
1 � w2

1b1 + b1z
2
1 � z21y1 + y1x

2
1 � x21a1 = 0ß

(2.2)

f3 := a21u1 � u1v
2
1 + v21w1 � w1b

2
1 + b21z1 � z1y

2
1 + y21x1 � x1a

2
1 = 0"

(2.3)

Úzáfi(i = 1, 2, 3)¿ä'uC˛u1"ıë™ßK'Çå±Oé$

&

R(f1, f2; u1) = g1(a1 � v1)ß

R(f1, f3; u1) = g2(a1 � v1)ß

Ÿ•

g1 :=� a1b1w
2
1 + 2a1b1w1x1 � 2a1b1x1z1 + a1b1z

2
1 + a1v1w

2
1

� 2a1v1w1x1 + a1v1x
2
1 � a1x

2
1y1 + 2a1x1y1z1 � a1y1z

2
1

+ b21w
2
1 � 2b21w1z1 + b21z

2
1 � b1v1w

2
1 + 2b1v1w1z1 � b1v1z

2
1

� 2b1w1x1y1 + 2b1w1y1z1 + 2b1x1y1z1 � 2b1y1z
2
1 + 2v1w1x1y1�

2v1w1y1z1 � v1x
2
1y1 + v1y1z

2
1 + x21y

2
1 � 2x1y

2
1z1 + y21z

2
1ß

g2 =a1b1w1 � a1b1z1 � a1v1w1 + a1v1x1 � a1x1y1 + a1y1z1 � b21w1

+ b21z1 + b1v1w1 � b1v1z1 � v1x1y1 + v1y1z1 + x1y
2
1 � y21z1"

œè2:a⁄2:v¥kòá˙5/:"ßœda1 6= v1ßl)'Çå±$

&g1 = g2 = 0":Xß'Çå±rg1⁄g2¿ä'uC˛x1"ıë™ß@o

'Çk

R(g1, g2; x1) := (b1 � y1)(w1 � z1)
2(v1 � y1)(v1 � b1)

(a1 � y1)(a1 � b1)(a1 � v1 + b1 � y1)"
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5ø&ßbÜy(±9wÜzßvÜbßaÜy)‰kòá˙5/:ßœd'Çka1 =

b1!v1 = y1!a1 + b1 = v1 + y1§·"'Ç©ú%?ÿXe"

XJa1 = b1ß@oì\f1⁄f2'Çå±$&R(f1, f2; u1) = (z1 �

x1)(v1� y1)(a1� y1)(a1� v1)"qœèx⁄z(±9a⁄yßa⁄v)¥kòá˙

5/:"ß§±'Ç7,kv1 = y1"2Úa1 = b1⁄v1 = y1ì\f1⁄f3ß@

o'ÇkR(f1, f3; u1) = (z1�x1)(w1�z1)(a1�v1)3 = 0ß̆ ¨⁄zÜx(±

9w⁄zßa⁄v)k˙5/:ÉgÒ"œdß'Çka1 6= b1"̂ aq"?ÿ

'Çèå±y"v1 6= y1ß̆ p'ÇÿK„$"

œdß'Çk

a1 + b1 = v1 + y1"

,$ßdu,›è8"Û3‰kÈ°5ßœd'Çèk

u1 + z1 = x1 + w1" (2.4)

⇥4,3•5ù$3áÿ”",›è8"Û3 {au, uv, vw, wb, ax, xy, yz, zb}ß

{au, uv, vw, wb, ad, de, ef, fb}⁄ {ax, xy, yz, zb, ad, de, ef, fb}"@o'

Çå±$&a1 + b1 = v1 + y1 = v1 + e1 = y1 + e1"œd'Çkv1 = y1 =

e1±9a1+b1 = 2v1"2Ú˘)êß|ì\f1ß'Çå±$&(a1�v1)(u1+

w1�x1� z1) = 0"qœèa⁄v¥kòá˙5/:"ßœda1 6= v1"§±

êU¥u1+w1 = x1+ z1"2(‹(2.4)ß'Çuyu1 = x1ß0˘¥w,ÿ

åU"ßœèu⁄xè¥k˙5/:""ñdß'Ç“y"$T(n"

§ 2.7 ÿù&K 0

3,25"4„#E

!1!•ß'Ç;5u-Ená:"ÿù$K 0

3,25"„ßøÖT„‰

kñ+⌦(n
4
3 )^>"'ÇƒkIá7%¿#ò)ÎÍ⁄8‹ßè'Ç"
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4„-Eä¡="-Fpèp/kÅçßŸ•p > 11¥òá¤ÉÍøÖ˜

vp ⌘ 5 (mod 6)"-8‹

S = {x : x 2 {1, 2, . . . ,
p� 5

6
} and x ⌘ 1 (mod 3)} ✓ Fp"

'Ç¨Iá^&±e⁄n"

⁄n2.9. Èu?¤!x, y, z, t 2 Sß'Çkx + y 6= 0ßx + y + z + t 6=

0ßx+ 5y 6= 0±9x2 + xy + y2 6= 0"

y%. œèx, y, z, t 2 FpßøÖx, y, z, t 2 {1, 2, . . . , p�5
6 }ß§±'Ç

kx + y 6= 0ßx + y + z + t 6= 0±9x + 5y 6= 0"5ø&ßdup ⌘ 5

(mod 6)ß�3¥òá&pø¬e"'göê{ßœdßx2 + xy + y2 =

(x+ y
2)

2 + 3(y2)
2
6= 0"

:e4ß'ÇÚâ—ÿù$K 0

3,25"4„Gp"‰N-E"

#E2.1. 'ÇÚGp!$:8#¬èV := S ⇥ Fp ⇥ FpßŸ•:x =

(x1, x2, x3) 2 V⁄:y = (y1, y2, y3) 2 VÉÎ!^á¥x 6= yøÖ˜

v

x2 + y3 = x1y
2
1ß

x3 + y2 = x21y1"

â(?¤òá:x = (x1, x2, x3) 2 Vßd˛°"êß|åÑßÈu

˜vêß"yßy1 2 Så±çò/((y2⁄y3"qœèx 6= yßœdzá:

"›Íñ+èp�5
18 �1 = p�23

18 "œdß'Çå±é$ßGpkn := d
p�5
18 ep

2á

:ß±9ñ+ 1
18⇥18⇥2(p� 23)(p� 5)p2 = ⌦(n

4
3 )^>"@o:e5ß'Ç

"?÷“¥áy"Gpÿù$K 0

3,25äèf„"'Çky"Xeòá{¸"

⁄n"
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⁄n2.10. XJx 6= y 2 Vkòá˙*(:ß@o'Çkßx1 6= y1ßx2 6=

y2±9x3 6= y3"

y%. bX`x⁄ykòá˙5/:uß@odGp"(¬å±$&Xeêß

|ß

x2 + u3 = x1u
2
1ß (2.5)

x3 + u2 = x21u1ß (2.6)

y2 + u3 = y1u
2
1ß (2.7)

y3 + u2 = y21u1" (2.8)

'Ç©m?ÿ'Çáy""n´ú%"

ú!1µx1 6= y1"

Èu˘´ú%ßXJx1 = y1ß@odêß(2.5)⁄(2.7)ß'Çkx2 =

y2ß”nßdêß(2.6)⁄(2.8)ß'Çkx3 = y3ß̆ “¨!óx = yß̆ w

,¥ÿåU"ßddß'Çy"$x1 6= x2"

ú!2µx2 6= y2"

Èu˘´ú%ßXJx2 = y2ß@odêß(2.5)⁄(2.7)ß'Çd(x1�

y1)u21 = 0ß@o“¨kx1 = y1ßc°'ÇÆ%y"$˘¥ÿåU""œ

dx2 6= y2"

ú!3µx3 6= y3"

Èu˘´ú%ßXJx3 = y3ß@odêß(2.6)⁄(2.8)ß'Çku1(x21�

y21) = 0"œèx1 6= y1ß§±êU¥x1 + y1 = 0ß̆ ¨⁄⁄n2.9gÒ"ñ

dß⁄n$y"

Èuâ("náÿ”":a, b, c 2 Vß'Çy3;O˜vx, y, z, wà

ÿÉ”ßøÖax, xw, by, yw, cz, zw˛-§„Gp">"S,(x, y, z, w) 2
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V 4 "Í8"ä‚%!'‹„"1gø©„"(-ß'Çå±uyß'Çê

Iáy"ñıê+324áÿ”"˜v˛„^á"S,=å"ä‚„Gp"

(¬ß'Çå±$&e,êß

a2 + x3 = a1x
2
1ß a3 + x2 = a21x1ß

w2 + x3 = w1x
2
1ß w3 + x2 = w2

1x1ß

b2 + y3 = b1y
2
1ß b3 + y2 = b21y1ß

w2 + y3 = w1y
2
1ß w3 + y2 = w2

1y1ß

c2 + z3 = c1z
2
1ß c3 + z2 = c21z1ß

w2 + z3 = w1z
2
1ß w3 + z2 = w2

1z1"

Úx2, x3, y2, y3, z2, z3l˛„êß•û4ß'Çå±$&±eêß

f1 := a2 � w2 � x21(a1 � w1) = 0ß (2.9)

f2 := a3 � w3 � x1(a
2
1 � w2

1) = 0ß (2.10)

f3 := b2 � w2 � y21(b1 � w1) = 0ß (2.11)

f4 := b3 � w3 � y1(b
2
1 � w2

1) = 0ß (2.12)

f5 := c2 � w2 � z21(c1 � w1) = 0ß (2.13)

f6 := c3 � w3 � z1(c
2
1 � w2

1) = 0" (2.14)

:e4ß'ÇÚ©ná1!©O?ÿà´ÿ”"ú%",$ß'Ç"

‹©Oé¨/œOé"^áMAGMAßS¢yß'ÇÚìË&3$©

z[187]"N7":e4"y"•ßz.'ÇIá^&MAGMAßSß'

Ç—¨⁄^©z[187]•ÈA"ßSìË"
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2.7.1 ú!1µa1 = b1$a1 = c1$b1 = c1

'Çƒk?ÿa1 = b1!a1 = c1!b1 = c1u)"ú%ß'ÇIáy

"Xe⁄n"

⁄n2.11. (1) XJa1 = b1ß@oa2 6= b2 øÖa3 6= b3"

(2) XJa1 = c1ß@oa2 6= c2 øÖa3 6= c3"

(3) XJb1 = c1ß@ob2 6= c2 øÖb3 6= c3"

y%. 3˘pß'Ç=Iy"1ò´ú%ßê{¸´”nå$"XJa2 =

b2ß@odêß(2.9)⁄(2.11)ß'Çå±$&x21 = y21ßœdáox1 = y1ß

áokx1 = �y1ß̆ ¨⁄⁄n2.9±9⁄n2.10ÉgÒ"

XJa3 = b3ß@odêß(2.10)⁄(2.12)ß'Çkx1 = y1ß˘”*

¨⁄⁄n2.9gÒ"ñdßT⁄ny"%."

b9a1 = b1ß@oêß(2.9)-(2.14)å±&§

f1 := a2 � w2 � x21(a1 � w1) = 0ß

f2 := a3 � w3 � x1(a
2
1 � w2

1) = 0ß

f3 := b2 � w2 � y21(a1 � w1) = 0ß

f4 := b3 � w3 � y1(a
2
1 � w2

1) = 0ß

f5 := c2 � w2 � z21(c1 � w1) = 0ß

f6 := c3 � w3 � z1(c
2
1 � w2

1) = 0"

'ÇÚfi(i = 1, 2, . . . , 6)¿ä'uC˛x1, y1, z1, w1, w2, w3"ıë

™"d©z[187]N7A•"MAGMA Program 1ß'Çå±$&

R(f1, f2; x1) = g1 · (a1 � w1)ß
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R(f3, f4; y1) = g2 · (a1 � w1)ß

R(f5, f6; z1) = g3 · (c1 � w1)"

d⁄n2.10ß'Çka1 6= w1±9c1 6= w1"@oßg1 = g2 = g3 = 0±9

R(g1, g2;w2) = g4 · (a1 � w1)(a1 + w1)
2ß

R(g1, g3;w2) = g5"

2d⁄n2.9⁄⁄n2.10ß'Çka1 + w1 6= 0øÖa1 � w1 6= 0ß@o

kg4 = g5 = 0"y3'Ç-h = R(g4, g5;w3)ß@oh¥'uC˛w1Ög

Íñè8"ıë™"'Çå±rh&§h =
P8

i=0 hiwi
1"œLOé'Çå±

$&

h8 = �(a2 � b2)
2(a1 � c1)"

qd⁄n2.11ß'Çka2 6= b2"XJa1 6= c1ß@o'uw1ñıêk8á

)"Èuâ("w1ßg4¥'uC˛w3"gÍè1"ıë™"'Çå±rg4&

§g4 = s1w3 + s0ßŸ•s1 = a3 � b3 6= 0"œdw3ñıêk1á)"X

Jw1⁄w3â(ß@oêe"§kC˛—¨(çò(("œd˘´a."

S,(x, y, z, w)ñıêUk8(= 8⇥ 1)´"

)XJa1 = c1ß@o'Çå±œLOé$&g5 = g6 · (a1�w1)(a1+

w1)2"y3'Ç-h0 = R(g4, g6;w3)ß@oh0¥òá'uC˛w1"gÍ

è3"ıë™"u¥'Çå±Úh0&äh0 =
P3

i=0 kiw
i
1"y3'ÇÚki(i =

0, 1, 2, 3)¿äC˛a2"ıë™ß@oä‚©z[187]N7A•"MAGMA

Program 2ß'Çk

R(k0, k3; a2) = 4(b3 � c3)
2(a3 � c3)(a3 � b3)"
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@od⁄n2.11ßR(k0, k3; a2) 6= 0ßKk0⁄k3ÿåU”ûè0"œdß'

uw1ñıêk3á)"”˛°ú%aqß/(w1$ß'uw3ñıêk1á

)")Ößò?w1⁄w3â(ß@oêe"C˛“—¨(çò(("œd˘

´a."S,(x, y, z, w)ñıêUk3(= 3⇥ 1)´"

œdßXJa1 = b1!ˆa1 = c1!ˆb1 = c1ßñıêUk8´˜v^

á"S,(x, y, z, w)"

2.7.2 ú!2µa1 6= b1ßa1 6= c1, b1 6= c1#a2 = b2$a2 = c2$b2 = c2

ÿîòÑ5ß'Çb9a2 = b2"@oêß(2.9)-(2.14)å±&§

f1 := a2 � w2 � x21(a1 � w1) = 0ß

f2 := a3 � w3 � x1(a
2
1 � w2

1) = 0ß

f3 := a2 � w2 � y21(b1 � w1) = 0ß

f4 := b3 � w3 � y1(b
2
1 � w2

1) = 0ß

f5 := c2 � w2 � z21(c1 � w1) = 0ß

f6 := c3 � w3 � z1(c
2
1 � w2

1) = 0"

'Çå±rfi(i = 1, 2, . . . , 6)¿è'uC˛x1, y1, z1, w1, w2, w3"ıë

™"ä‚©z[187]N7A•"MAGMA Program 3ß'Çå±$&

R(f1, f2; x1) = g1 · (a1 � w1)ß

R(f3, f4; y1) = g2 · (b1 � w1)ß

R(f5, f6; z1) = g3 · (c1 � w1)"

5ø&ßa⁄w(±9b⁄wßc⁄w)kòá˙5/:ßd⁄n2.10ß'Ç

ka1 6= w1(±9b1 6= w1ßc1 6= w1)"u¥ß'Çkg1 = g2 = g3 = 0±9

R(g1, g2;w2) = g4ß
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R(g1, g3;w2) = g5ß

R(g4, g5;w3) = h · (a1 � w1)
2(a1 + w1)

4ß

Ÿ•h¥òá'uC˛w1"gÍè10"ıë™"d⁄n2.9⁄⁄n2.10ß'

Çda1 6= w1±9a1 + w1 6= 0ß@oh = 0"'Çå±Úh&§h =
P10

i=0 hiwi
1ßŸ•

h10 = (a2 � c2)
2(a1 � b1)

2"

XJa2 6= c2ßKh10 6= 0"œdßw1Åık10á)"Èu?¤/(

"w1ßg4⁄g5¥'uw3"gÍè2"ıë™"'Çå±Úg4⁄g5&èg4 =
P2

i=0 siw
i
3⁄g5 =

P2
i=0 tiw

i
3ß)$'Çks2 = s02 · (a1 � b1)⁄t2 = t02 ·

(a1 � c1)"u¥'Çå±Oé$&s02 � t02 = (b1 � c1)(a1 + b1 + c1 +w1)"

ä‚⁄n2.9⁄⁄n2.10ß'Çks02 � t02 6= 0"œdßs2⁄t2•ñ+kòá

ÿè0ßKw3 Åık2á)"XJâ(w1⁄w3ß@o§kê{"C˛—¨

(çò(("œdßÈu˘´ú%ßÅık20(= 10⇥ 2)´åU˜v^á

"(x, y, z, w)S,"

XJa2 = c2ß@ohi = 0Èui = 6, 7, 8, 9, 10—§·"'Çå±

Úh4⁄h5¿è'uC˛a1"ıë™ßä‚©z[187]N7A•"MAGMA

Program 4ß'Çå±$&

R(h4, h5; a1) = 80(b1 � c1)
2(a3 � b3)

4(a3 � c3)
4(b3 � c3)

4"

XJR(h4, h5; a1) 6= 0ßKh4⁄h5•ñ+kòáÿè0"œd'uw1Å

ık5á)"Èu?¤/("w1ßœLÜ˛„aq"?ÿßÈuw3ßÅı

k2á)"XJâ(w1⁄w3ß@o§kê{"C˛—U(çò(("œdß

Èu˘´ú%ßÅık10(= 5⇥ 2)´˜v^á"S,(x, y, z, w)"
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XJR(h4, h5; a1) = 0ß@oÿîòÑ5/ß'Çå±b9a3 = b3"

ä‚©z[187]N7A•"MAGMA Program 5ß'Çå±$&

g4 = (a3 � w3)
2(a1 � b1) · g

0

4ß

Ÿ•g04 = �w2
1 + (a1 + b1)w1 + a21 + a1b1 + b21"@odêß(2.10)ßX

Ja3 = w3ßKa21 = w2
1ß0˘¥ÿåU""œda3 6= w3⁄a1 6= b1ß@

ow1Åık2á)"Èu?¤/("w1ßg5¥'uw3"'gıë™"'Ç

å±Úg5&èg5 =
P2

i=0 tiw
i
3ß̆ *'Çkt2 = t02 · (a1� c1)"'Çå±O

é$&g04� t02 = (b1� c1)(a1+ b1+ c1+w1)"ä‚⁄n2.9⁄⁄n2.10ß'

Çkg04�t02 6= 0"œdßÈuw3Åık2á)"XJâ(w1⁄w3ß@o§k

ê{"C˛¨(çò((""œdßÈu˘´ú%ßÅık4(= 2⇥ 2)´

ÿ”"(x, y, z, w)S,"

œdßXJa1 6= b1ßa1 6= c1ßb1 6= c1±9a2 = b2!a2 = c2!b2 =

c2ßñıêUk20´˜v^á"S,(x, y, z, w)"

2.7.3 ú!3µa1 6= b1ßa1 6= c1ßb1 6= c1#a2 6= b2ßa2 6= c2Öb2 6= c2

Èu˘´ú%ß'ÇƒkIáXe"9œ5⁄n"

⁄n2.12. XJGpù&òá⇥3,3 = {da, db, dc, ax, by, cz, wx, wy, wz}ä

èf„ß@o'Çka1y1 � a1z1 � b1x1 + b1z1 + c1x1 � c1y1 = 0"

⁄n2.12!y%. 5ø&da, ax, xw,wy, yb, bd-§$òá,›è6"Û3ß

@oä‚„Gp"(¬ß'Çk

d3 + a2 = d21a1ß a3 + d2 = a21d1ß (2.15)

a2 + x3 = a1x
2
1ß x2 + a3 = x1a

2
1ß (2.16)

x3 + w2 = x21w1ß w3 + x2 = w2
1x1ß (2.17)
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w2 + y3 = w1y
2
1ß y2 + w3 = y1w

2
1ß (2.18)

y3 + b2 = y21b1ß b3 + y2 = b21y1ß (2.19)

b2 + d3 = b1d
2
1ß d2 + b3 = d1b

2
1" (2.20)

u¥'Çå±œLOé$&

f1 := d21a1 � a1x
2
1 + x21w1 � w1y

2
1 + y21b1 � b1d

2
1 = 0ß

f2 := d1a
2
1 � a21x1 + x1w

2
1 � w2

1y1 + y1b
2
1 � b21d1 = 0ß

Ÿ•f1œL(2.15)-(2.20)Ü>6áêß$&ßf2K¥d(2.15)-(2.20)m>6

áêß$&"'Çrf1, f2¿ä'uC˛a1, u1, v1, b1, x1, w1"ıë™ß@

oœLOéå±$&

R(f1, f2; b1) =(a1 � w1)(x1 � y1)(d1 � y1)(d1 � x1)

(d21a1 + d21w1 � d1a1x1 � d1a1y1 + d1x1w1 + d1w1y1

� a1x
2
1 � a1x1y1 � a1y

2
1 + x21w1 + x1w1y1 � w1y

2
1)"

2k⁄n2.10±9f1 = f2 = 0ß'Çk

d21a1 + d21w1 � d1a1x1 � d1a1y1 + d1x1w1 + d1w1y1 � a1x
2
1 � a1x1y1�

a1y
2
1 + x21w1 + x1w1y1 � w1y

2
1 = 0"

”*/ßda, ax, xw,wz, zc, cdè-§òá,›è6"Û3ß'Ç”*k

d21a1 + d21w1 � d1a1x1 � d1a1z1 + d1x1w1 + d1w1z1 � a1x
2
1 � a1x1z1�

a1z
2
1 + x21w1 + x1w1z1 � w1z

2
1 = 0"

œL˛°¸áêßß'Çå±$&

(d1 + x1)(w1 � a1)y1 � (w1 + a1)y
2
1
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= (d1 + x1)(w1 � a1)z1 � (w1 + a1)z
2
1"

d˛™Oéå$ß

d1 + x1
w1 + a1

=
y1 + z1
w1 � a1

"

du⇥3,3"(-‰kÈ°5ß'Çk

w1 + a1
d1 + x1

=
b1 + c1
d1 � x1

"

œL˛„¸áêßß'Çå±$&

g1 = (y1 + z1)(b1 + c1)� (w1 � a1)(d1 � x1) = 0"

2g|^⇥3,3"È°5ß'ÇÑå±$&

g2 = (x1 + z1)(a1 + c1)� (w1 � b1)(d1 � y1) = 0ß

g3 = (x1 + y1)(a1 + b1)� (w1 � c1)(d1 � z1) = 0"

'Çy3åÚgi(i = 1, 2, 3¿ä'uC˛d1, w1"ıë™"ä‚©z[187]N

7A•"MAGMA Program 6ß'Çå±$&

R(g1, g2; d1) = h1 · (a1 + b1 + c1 � w1)ß

R(g1, g3; d1) = h2 · (a1 + b1 + c1 � w1)"

5ø&ßœèa1, b1, c1, w1 2 SßKw1 2 {1, 2, . . . , p�5
6 }Ökw1 ⌘ 1

(mod 3)ßøÖÑka1 + b1 + c1 2 {3, . . . , p�5
2 }±9a1 + b1 + c1 ⌘ 0

(mod 3)"œda1+ b1+ c1�w1 6= 0"2dh1 = h2 = 0ß'Çå±Oé$

&R(h1, h2;w1) = (y1+ z1)(a1y1�a1z1� b1x1+ b1z1+ c1x1� c1y1) = 0"

œdka1y1 � a1z1 � b1x1 + b1z1 + c1x1 � c1y1 = 0"
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5P2.1. 3˛°!y%•ßÈud 2 Vß'ÇÿIá^ád1 2 S"œdß

XJd1 2 F⇤

p \ SßK⁄n 2.12E,§·"

d⁄n2.10å3ßXJd, a, b, c, x, y, z, w-§òá⇥3,3øÖŸ>8è

{da, db, dc, ax, by, cz, wx, wy, wz}ß

@o'Çka3 6= b3"

‰Û2.1. XJa1y1 � a1z1 � b1x1 + b1z1 + c1x1 � c1y1 = 0±9a3 6= b3ß

@oñıêk24´˜v^á!S&(x, y, z, w)"

‰Û2.1!y%. XJf7 = a1y1 � a1z1 � b1x1 + b1z1 + c1x1 � c1y1 = 0ß

@o'Çå±rf7⁄êß(2.9)-(2.14)•"fi(i = 1, 2, . . . , 6)—¿è'u

C˛x1, y1, z1, w1, w2, w3"ıë™"'Ç-g1 = f1 � f3ßg2 = f1 � f5±

9g3 = f2 � f4"ä‚©z[187]N7A•"MAGMA Program 7ß'Çå

±$&

R(g1, g2;w1) = g5ß

R(g1, g3;w1) = g6 · (x1 � y1)ß

R(f7, g5; x1) = h1 · (y1 � z1)ß

R(f7, g6; x1) = h2ß

R(h1, h2; z1) = (b1 � c1)
3(a1 � b1)

6(a1y
2
1 � b1y

2
1 � a2 + b2)

2
· sß

Ÿ•s¥òá'uy1"gÍè8"ıë™"

XJa1y21 � b1y21 � a2 + b2 = 0ß@odêß(2.9)⁄(2.11)ß'Çå

±$&

0 = f1 � f3
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= a2 � b2 � x21(a1 � w1) + y21(b1 � w1)

= a2 � b2 � (x21 � y21)(a1 � w1) + y21(b1 � a1)"

@o'Ç¨!—(x21�y21)(a1�w1) = 0ß̆ ¨⁄Æ35ügÒ"œda1y21�

b1y21 � a2 + b2 6= 0"

:Xß'Çå±Ús&ès =
P8

i=0 siy
i
1ß,$'Çå±Oé$&s8 =

s08 · (b1 � c1)3(a1 � c1)4(a1 � b1)4ßs7 = s07 · (b1 � c1)3(a3 � b3)(a1 �

c1)3(a1 � b1)3"'ÇÚs08⁄s07¿è'ua1"ıë™ß,$d⁄n2.9ß'Ç

kR(s07, s
0

8; a1) = (b1 + c1)(b1 + 5c1)(b21 + b1c1 + c21) 6= 0"œdßÈuy1ß

Åık8á)"Èu?¤â("y1ßh1¥z1"3gıë™"'Çå±Úh1&

èh1 =
P3

i=0 siz
i
1ßKks3 = (a1� c1)(a1� b1)2 6= 0"œdßz1Åık3á

)"XJâ(y1⁄z1ß@o§kê{"C˛—¥çò((""œdßÈu

˘´ú%ßÅık24(= 8⇥ 3)´ÿ”"(x, y, z, w)S,"

y3'ÇÚêß(2.9)-(2.14)•"fi (i = 1, 2, . . . , 6)¿è'uC˛

x1, y1, z1, w1, w2, w3 "ıë™"ä‚©z[187]N7A•"MAGMA Pro-

gram 8ß'Çå±$&

R(f1, f2; x1) = g1 · (a1 � w1)ß

R(f3, f4; y1) = g2 · (b1 � w1)ß

R(f5, f6; z1) = g3 · (c1 � w1)"

d⁄n2.10ß'Çka1 6= w1±9c1 6= w1"@oœLOé'Çå±$&

R(g1, g2;w2) = g4ß

R(g1, g3;w2) = g5ß
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R(g4, g5;w3) = h · (a1 � w1)
2(a1 + w1)

4ß

Ÿ•h¥òá'uw1gÍè10"ıë™"d⁄n2.9ß'Çka1 +w1 6= 0ß

@oh = 0"'Çå±Úh&§h =
P10

i=0 hiwi
1"

XJhi´ñ+kòáÿè0ß@ow1Åık10á)"Èu?¤/(

"w1ßg4⁄g5¥w3"gÍè2"ıë™"'Çå±Úg4⁄g5©O&§g4 =
P2

i=0 siw
i
3ßg5 =

P2
i=0 tiw

i
3ß@os2 = s02 ·(a1�b1)±9t2 = t02 ·(a1�c1)"

'Çå±Oé$&s02�t02 = (b1�c1)(a1+b1+c1+w1)"ä‚⁄n2.9⁄⁄

n2.10ß'Çks02 � t02 6= 0"œdßs2⁄t2•ñ+kòáÿè0ß@ow3Å

ıêk2á)"XJâ(w1⁄w3ß@o§kê{"C˛¨(çò(("œ

dßÈu˘´ú%ßÅık20(= 10⇥ 2)´ÿ”"(x, y, z, w)S,"

XJÈu0 6 i 6 10ßhi = 0ß@o'Çå±Úhi¿ä'uC

˛b2, c2, c3"ıë™"œLOé'Çå±$&

h10 = (a1b2 � a1c2 � a2b1 + a2c1 + b1c2 � b2c1)
2"

-h0

10 = a1b2 � a1c2 � a2b1 + a2c1 + b1c2 � b2c1"ä‚©z[187]N7A•

"MAGMA Program 8ß'Çå±$&

R(h0

10, h8; c2) = (a2 � b2)(a1 � b1) · k1ß

R(h0

10, h6; c2) = (a2 � b2)(a1 � b1) · k2ß

R(k1, k2; c3) = (b1 � c1)
4(a1 � c1)

4(a1 � b1)
4
· r21ß

R(k1, k2; b2) = (b1 � c1)
2(a1 � c1)

2(a1 � b1) · r
2
2ß

Ÿ•r1 =

a31a2�a31b2+a21a2b1�a21b1b2�a1a2b
2
1+a1b

2
1b2�a2b

3
1�a23+2a3b3+b31b2�b23ß

(2.21)
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r2 = a21b3 � a21c3 � a3b
2
1 + a3c

2
1 + b21c3 � b3c

2
1" (2.22)

œLOé'Çå±$&

R(h0

10, h8; b2) = (a2 � c2)(a1 � c1) · k3ß

R(h0

10, h6; b2) = (a2 � c2)(a1 � c1) · k4ß

R(k3, k4; c3) = (b1 � c1)
4(a1 � c1)

2(a1 � b1)
4
· r23ß

Ÿ•

r3 =a41a2 � a41c2 � 2a21a2b
2
1 + 2a21b

2
1c2 � a1a

2
3 + 2a1a3b3 � a1b

2
3

+ a2b
4
1 + a23c1 � 2a3b3c1 � b41c2 + b23c1" (2.23)

y3'Ç-d1 :=
a3�b3
a21�b21

ßd2 := a21(
a3�b3
a21�b21

)�a3ß±9d3 := a1(
a3�b3
a21�b21

)2�

a2"œèr1 = r2 = r3 = 0(Ñêß(2.21)ß(2.22)±9(2.23))ßœLOé'

Çå±$&

a2 + d3 = a1d
2
1ß a3 + d2 = a21d1ß

b2 + d3 = b1d
2
1ß b3 + d2 = b21d1ß

c2 + d3 = c1d
2
1ß c3 + d2 = c21d1"

¥Ñd = (d1, d2, d3)¥2:a, b, c"òá˙5/:ßœd'Çå±$

&ßd, a, b, c, x, y, z, w5”|§òá⇥3,3"d⁄n2.12⁄‰Û2.1ßÈu˘

´ú%ßÅık24´ÿ”"(x, y, z, w)S,"

5P2.2. 5ø/d1ÿò#¨3S´ß@o¨¶&d 62 Vß1¥ä‚5

P2.1ß'ÇEU+y”)!(ÿ"Ø¢˛3˘p'Çøÿò#Iá⁄
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\((⇥3,3"5ø/XJ:d = (d1, d2, d3)˜v˛„'ua, b, c!êß|ß

@o⁄n2.12!(ÿù,¥§·!"

œdßXJa1 6= b1ßa1 6= c1ßb1 6= c1ßa2 6= b2ßa2 6= c2ß±

9b2 6= c2ßÅık24´ÿ”"˜vá¶"(x, y, z, w)S,"

2.7.4 &n2.8"y!

ƒuc°ná1!"?ÿß'Çå±$&ßÈu?¤â(ná2

:a, b, c 2 Vßñık24´ÿ”"˜vax, xw, by, yw, cz, zwèGp•">

"S,S,(x, y, z, w)"&ƒ&K 0

3,25"(-ß'Ç“Æ%`"$Gp¥ÿ

ù$K 0

3,25äèf„""ñdß7á(ny"%."

§ 2.8 ÿù&⇥B
3,217"Ç5á„#E

3!!•ß'ÇÃááâ—òáná2:Öÿù$⇥B
3,217"3–òóÇ

5á„ßøÖŸ‰k⌦(n
4
3 )^>"ƒk'ÇIáâò)¡=5"O3Û

ä"

-pèòáø©å"ÉÍß-Fpèp/kÅç"'Ç-

T1 = {2, 3, . . . ,
p� 1

2
}ß

T2 = {
p+ 3

2
, . . . , p� 1}ß

T3 = Fp \ {�x2 : x 2 Fp}ß

T4 = {x : x 2 Fp, x
2
� 4x+ 1 = 0 or 3x� 1 = 0 or 3x� 2 = 0}ß

T5 :=

{x : x 2 Fp, x
5
�

12757

10872
x4 +

1123

3624
x3 +

289

1359
x2 �

49

453
x�

2

151
= 0}"
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œèp¥ø©å"ÉÍßœd˛°"záTi—¥˚(¬""5øT1 [ T2 [

{0, 1, p+1
2 } = Fpß|T3| =

p�1
2 "@o¨+3i 2 {1, 2}¶$|Ti \ T3| > p�7

4 "

ÿîòÑ5ß'Çb9|T1\T3| > p�7
4 "-S1 = (T1\T3)\(T4[T5)ßS2 =

Fp \ {0, 1}"du|T4| 6 4 ⁄|T5| 6 5ß@o|S1| > p�43
4 "

:e4'ÇO3â—òá3‹3–òóÇ5á„"-E"Èu1 6 i 6
3ß-Vi = S1 ⇥ S2 ⇥ S2 ⇥ {i}"V1 [ V2 [ V3Ú¥'Çá„"2:

8"â(x1, x2, x3 2 S1⁄a 2 F⇤

pß-e(x1, x2, x3, a)èd/X(x1, x2x3 +

a, x22x3 + a, 1)!(x2, x3x1 + a, x23x1 + a, 2)⁄(x3, x1x2 + a, x21x2 + a, 3)˘

*ná:-§"á>"

&¬2.6. 'Ç#¬á„HßŸ$:8è

V (H) = {(b, c, d, i) : b 2 S1, c, d 2 S2, 1 6 i 6 3}"

Ÿ>8è

E(H) = {e(x1, x2, x3, a) : e(x1, x2, x3, a) ✓ V (H)}"

ä‚(¬ß'Çå±·è$&Xe/K"

"K2.1. H¥òáÇ5á„"

y%. -x1, x2, x3, y1, y2, y3 2 S1ßa, b 2 F⇤

p"XJ |e(x1, x2, x3, a) \

e(y1, y2, y3, b)| = 2 ßÿîòÑ5/ß'Çå±b9c¸á:É”"@

o'Çk

x1 = y1ß (2.24)

x2x3 + a = y2y3 + bß (2.25)

x22x3 + a = y22y3 + bß (2.26)
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x2 = y2ß (2.27)

x3x1 + a = y3y1 + bß (2.28)

x23x1 + a = y23y1 + b" (2.29)

Úx2 = y2(êß(2.27))ì\êß(2.25)⁄(2.26)ß:XœLOéê

ß(2.25)-(2.26)ß'Çk

(x2 � x22)x3 = (x2 � x22)y3"

5ø&ßx2 6= 0, 1ß'Çkx3 = y3ßKa = b"œd¨!óe(x1, x2, x3, a) =

e(y1, y2, y3, b)ß̆ ¨Üb9gÒ"œdßH7,¥Ç5""

N¥w—H"2:Íèn := 3|S1|(p�2)2ßÖñ+k|S1|
3(p�13) =

⌦(n
4
3 )^>"!!:e4"Ãá?÷èß'ÇÚy"H¥ÿù$⇥B

3,217""

'Ç°Berge.3,¥ªv1, e1, v2, e2, v3, e3, v4"a.è (i1, i2, i3, i4)

.ßXJÈu1 6 j 6 4ßvj 2 Vij"”nß'Ç°Berge.4,"3

v1, e1, v2, e2, v3, e3, v4, e4, v1 "a.è (i1, i2, i3, i4) .ßXJÈu1 6 j 6
4ßvj 2 Vij"

œLÈ°5ßÿîòÑ5/ß'ÇêIá&ƒn´Berge.3,¥

ªµ(1, 2, 1, 2).ß(1, 2, 3, 1).⁄(1, 2, 3, 2)."'Ç"â{¥ßâ(¸á

‡:$ß'ÇÚ;O˘¸á‡:Émn´a."Berge.3,¥ª"Í˛

˛Å"3e©•ß'Çä‚a.Ú?ÿ©èná1!"

2.8.1 (1, 2, 1, 2).Berge.3$¥ªµñık8^

'ÇƒkIáòá'uBerge.4,"3"⁄n"

⁄n2.13. H•ÿ!3(1, 2, 1, 2).!Berge.4'!%"
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y%. 'Ç^áy{ßb9 (u1, v1, w1, 1), e(x1, x2, x3, a1), (u2, v2, w2, 2),

e(y1, y2, y3, a2), (u3, v3, w3, 1), e(z1, z2, z3, a3), (u4, v4, w4, 2),

e(t1, t2, t3, a4), (u1, v1, w1, 1) -§$òáBerge.4,"3"@odá„H

"(¬ß'Çk

u1 = x1 = t1ß (2.30)

v1 = x2x3 + a1 = t2t3 + a4ß (2.31)

w1 = x22x3 + a1 = t22t3 + a4ß (2.32)

u2 = x2 = y2ß (2.33)

v2 = x3x1 + a1 = y3y1 + a2ß (2.34)

w2 = x23x1 + a1 = y23y1 + a2ß (2.35)

u3 = y1 = z1ß (2.36)

v3 = y2y3 + a2 = z2z3 + a3ß (2.37)

w3 = y22y3 + a2 = z22z3 + a3ß (2.38)

u4 = z2 = t2,ß (2.39)

v4 = z3z1 + a3 = t3t1 + a4ß (2.40)

w4 = z23z1 + a3 = t23t1 + a4" (2.41)

œLOé'Çå±$&e,êß"

f1 := x2x3 � x3x1 + t3x1 � z2t3 + z2z3 � z3y1 + y3y1 � x2y3 = 0ß

f2 := x2x3 � x22x3 � z2t3 + z22t3 = 0ß

f3 := x3x1 � x23x1 � y3y1 + y23y1 = 0ß

f4 := z3y1 � z23y1 � t3x1 + t23x1 = 0ß
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f5 := x2y3 � x22y3 � z2z3 + z22z3 = 0ß

Ÿ•f1¥lêß(2.30)!(2.31)!(2.33)!(2.34)!(2.36)!(2.37)!(2.39)⁄

(2.40) •$&ßf2 K¥lêß(2.31)!(2.32)⁄(2.39)•$&ßf3K¥lê

ß(2.34) ⁄(2.35) •$&ßf4lêß(2.30)!(2.36)!(2.40)⁄(2.41)•$

&ß±9f5¥lêß(2.33)!(2.37)⁄(2.38)•$&"

:e4'ÇÚfi¿è'ux1, x2, x3, y1, y3, z2, z3, t3"ıë™ßœLO

é'Çå±$&

g1 = R(f3, f4; x1)ß

g2 = R(f2, f5; x2)ß

h = R(g1, g2; x3)"

ä‚©z[187]N7B•"MAGMA Program 9ßıë™hå±(œ™©

)§

h = t23z
2
3z

4
2y

2
3y

2
1(z3 � t3)

2(z2 � 1)4(y3 � z3)
2"

œèh¥lıë™fi$5"ß§±Ÿ7,¥"ıë™"œdkz2 =

1!ˆz3 = t3!ˆy3 = z3"

XJz2 = 1ß@oku4 = 1ßd8‹S1"(¬ß̆ ¨⁄(u4, v4, w4, 2) 2

V2ÉgÒ"

)XJz3 = t3ß@odêß(2.40)⁄(2.41)ß'Çkz1(z3 � z23) =

t1(z3 � z23)"5ø&ßz3 � z23 6= 0ßKz1 = t1ßœda3 = a4"˘¨!

óe(z1, z2, z3, a3) = e(t1, t2, t3, a4)ß̆ w,ÿU§·"

XJy3 = z3ß@odêß(2.37)Ü(2.38)ß'Çky2 � y22 = z2 �

z22 6= 0"œèx2 = y2 and z2 = t2'Çkx2 � x22 = t2 � t22"l
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êß(2.31)⁄(2.32)•'Çå±$&x3 = t3"2rx3 = t3⁄y3 = z3ì

\f1•ß'Çå±$&

(x2 � z2)(x3 � y3) = 0"

XJx3 = y3ß@o¨!óz3 = t3ß˘¥ÿåU""XJx2 = z2ß@

ox2 = t2±9a1 = a4ß˘“¨!óe(x1, x2, x3, a1) = e(t1, t2, t3, a4)˘

w,è¥ÿåU""n˛§„ßH•ÿ+3(1, 2, 1, 2)."Berge.4,"

3"

:e4'Ç&ƒ(1, 2, 1, 2).Berge.3,¥ª"ú%"Èu?¤â

("(b1, c1, d1, 1) 2 V1⁄(b2, c2, d2, 2) 2 V2•ßb9+3(u1, v1, w1, 2) 2

V2!(u2, v2, w2, 1) 2 V1ße(x1, x2, x3, a1)!e(y1, y2, y3, a2)⁄e(z1, z2, z3, a3)

¶$(b1, c1, d1, 1),!e(x1, x2, x3, a1)!(u1, v1, w1, 2)!e(y1, y2, y3, a2) !

(u2, v2, w2, 1)!e(z1, z2, z3, a3)!(b2, c2, d2, 2) /§òáBerge.3,¥ª"

@oä‚H"(¬ß'Çk

b1 = x1ß (2.42)

c1 = x2x3 + a1ß (2.43)

d1 = x22x3 + a1ß (2.44)

u1 = x2 = y2ß (2.45)

v1 = x3x1 + a1 = y3y1 + a2ß (2.46)

w1 = x23x1 + a1 = y23y1 + a2ß (2.47)

b2 = z2ß (2.48)

c2 = z3z1 + a3ß (2.49)

d2 = z23z1 + a3ß (2.50)
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u2 = y1 = z1ß (2.51)

v2 = y2y3 + a2 = z2z3 + a3ß (2.52)

w2 = y22y3 + a2 = z22z3 + a3" (2.53)

@o'Çå±l˛„êß|•$&e,êß

f1 := x2x3 + a1 � c1 = 0ß

f2 := x22x3 + a1 � d1 = 0ß

f3 := z3y1 + a3 � c2 = 0ß

f4 := z23y1 + a3 � d2 = 0ß

f5 := x3b1 + a1 � y3y1 � a2 = 0ß

f6 := x23b1 + a1 � y23y1 � a2 = 0ß

f7 := x2y3 + a2 � b2z3 � a3 = 0ß

f8 := x22y3 + a2 � b22z3 � a3 = 0ß

Ÿ•f1dêß(2.43)$&ßf2dêß(2.44)$&ßf3dêß(2.49)⁄(2.51)$

&ßf4dêß(2.50)⁄(2.51)$&ßf5dêß(2.42)⁄(2.46)$&ßf6dê

ß(2.42)⁄(2.47)$&ßf7dêß(2.45)!(2.48)⁄(2.52)$&ßf8K¥dê

ß(2.45)!(2.48)⁄(2.53)$&"

:e4'ÇqIáòá{¸"⁄n"

⁄n2.14.

(1) Èu1 6 i 6 2±91 6 j 6 3ß'Çkbi, ci, di, ui, vi, wi, xj, yj, zj 62

{0, 1}"

(2) c1 6= d1, x2 6= b2, c2 6= d2"
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(3) x2 + b2 6= 1, x22 � x2 + c1 � d1 6= 0, b1 + b22 6= 0"

y%. ±˛(ÿ˛å±lH"(¬•Ü:Ì—"'o=y"x22�x2+ c1�

d1 6= 0"XJx22� x2+ c1� d1 = 0ß@odêßf1⁄f2ß'Çkc1� d1 =

(x2 � x22)x3ß̆ ˘!óx3 = 1ß̆ ¥ÿåU""

5P2.3. ''Ç#ƒ¸áıë™!(™ûß'Çå±k©)@,ö"œ

f"

:e4'Çå±Úfi¿ä'uC˛x2, x3, y1, y3, z3, a1, a2, a3"ıë

™ßœLOé'Çå±$&Xeıë™"

g1 = R(f1, f2; a1), g2 = R(f5, f6; a1),

g3 = R(f1, f5; a1), g4 = R(f3, f4; a3),

g5 = R(f7, f8; a3), g6 = R(f3, f7; a3),

g7 = R(g3, g6; a2), g8 = R(g1, g2; x3),

g9 = R(g1, g7; x3), g10 = R(g4, g5; z3),

g11 = R(g5, g9; z3), g12 = R(g8, g10; y1),

g13 = R(g8, g11; y1).

ä‚©z[187]N7B•"MAGMA Program 10ßıë™g12⁄g13å±?

1Xe©)µ

g12 = y3x2(x2 � 1)g14ß

g13 = y3x2(x2 � 1)g15"

˘*'Çå±$&R(g14, g15; y3) =

b1x
2
2(c1 � d1)(x2 � 1)2(x2 � b2)(x2 + b2 � 1)(x22 � x2 + c1 � d1)g16ß
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Ÿ•g16¥òá'ux2gÍè4"ıë™"

d⁄n2.14ß'Çkb1x22(c1�d1)(x2�1)2(x2�b2)(x2+b2�1)(x22�

x2 + c1 � d1) 6= 0"qœèg16¥lfi$&"ß'Çkg16 = 0"'Ç

å±rg16&§g16 = h4x42 + h3x32 + h2x22 + h1x2 + h0"'Çå±`

"h4, h3, h2, h1, h0ÿåU!è0"ƒK"{ß'Çå±Úhi¿è'uC˛

b1, c1, d1, b2, c2, d2 "ıë™ß)$h0å±?1Xe©)

h0 =(�b1c
2
1 + 2b1c1d1 � b1c1b

2
2 + b1c1b2 � b1d

2
1 + b1d1b

2
2 � b1d1b2 � b42c2

+ b42d2 + 2b32c2 � 2b32d2 � b22c2 + b22d2) · h5"

‰Û2.2. g17 := �b1c21+2b1c1d1�b1c1b22+b1c1b2�b1d21+b1d1b22�b1d1b2�

b42c2 + b42d2 + 2b32c2 � 2b32d2 � b22c2 + b22d2 6= 0"

‰Û2.2!y%. XJg17 = 0ß@oä‚©z[187]N7B•"MAGMA

Program 11ß'Çk

R(g17, h1; d2) =b32(b2 � 1)3(c1 � d1)b1·

(b1c1 � b1d1 � c1b
2
2 + d1b2 + b22c2 � b2c2),

R(g17, h1; c2) =b42(b2 � 1)4(c1 � d1)b1(b1c
2
1 � 2b1c1d1 + b1d

2
1 + c1b

4
2

� c1b
3
2 � d1b

3
2 + d1b

2
2 � b42d2 + 2b32d2 � b22d2)"

œd'Çk

b1c1 � b1d1 � c1b
2
2 + d1b2 + b22c2 � b2c2 = 0ß

b1c
2
1 � 2b1c1d1 + b1d

2
1 + c1b

4
2 � c1b

3
2 � d1b

3
2 + d1b

2
2

� b42d2 + 2b32d2 � b22d2 = 0"
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'Ç-t1 = b1, t2 = b2, t3 = c1�d1
b2�b22

, a4 = d1�b2c1
1�b2

"ÈN¥2yß'Çk

(b1, c1, d1, 1), (b2, c2, d2, 2) 2 e(t1, t2, t3, a4) "̆ *B¨+3 (1, 2, 1, 2).

"Berge.4,"3ß̆ ¨⁄⁄n2.13ÉgÒ"ñdßT‰ÛÆy."

œLOé'Çå±$&

R(h1, h5; c1) = b62b
3
1(c2 � d2)

2(b2 � 1)6(b1 + b22)
2"

d⁄n2.14ß'ÇkR(h1, h5; c1) 6= 0ß˘¥ÿåU""œdß'Çå±

$&h4, h3, h2, h1, h0ÿåU—¥0"5ø&ßg16 = h4x42 + h3x32 + h2x22 +

h1x2 + h0ßKx2 ÅıêUk4á)"

Èu?¤/("x2ß'Ç&ƒıë™g15ßß¥'uy3"ıë™ßÖ

gÍè2"'ÇÚg15&èg15 =
P2

i=0 liy
i
3ßŸ•l2 = b2x32(x2 � 1)(x2 �

b2) 6= 0"œdß.x2â(ûßy3Åıêk2á)"XJâ(x2 ⁄y3ß@o

§kê{"C˛—¥çò((""œdßÈu?¤â("(b1, c1, d1, 1) 2

V1, (b2, c2, d2, 2) 2 V2ßÅık4 ⇥ 2 = 8á(1, 2, 1, 2)."Berge.3,¥

ªßÖ(b1, c1, d1, 1), (b2, c2, d2, 2)¥Ÿÿ%2:"

2.8.2 (1, 2, 3, 1).Berge.3$¥ªµñık108^

Èu?¤â("(b1, c1, d1, 1), (b2, c2, d2, 1) 2 V1ßb9+3Xe2

:⁄> (u1, v1, w1, 2) 2 V2 ! (u2, v2, w2, 3) 2 V3 ⁄ e(x1, x2, x3, a1) !

e(y1, y2, y3, a2) ⁄ e(z1, z2, z3, a3) ß¶$ (b1, c1, d1, 1) ! e(x1, x2, x3, a1)

! (u1, v1, w1, 2) ! e(y1, y2, y3, a2) ! (u2, v2, w2, 3) ! e(z1, z2, z3, a3) ⁄

(b2, c2, d2, 1) /§Berge.3,"¥ª"

@odH"(¬ß'Çå±$&

b1 = x1ß (2.54)
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c1 = x2x3 + a1ß (2.55)

d1 = x22x3 + a1ß (2.56)

u1 = x2 = y2ß (2.57)

v1 = x3x1 + a1 = y3y1 + a2ß (2.58)

w1 = x23x1 + a1 = y23y1 + a2ß (2.59)

b2 = z1ß (2.60)

c2 = z2y3 + a3ß (2.61)

d2 = z22y3 + a3ß (2.62)

u2 = y3 = z3ß (2.63)

v2 = y1y2 + a2 = z1z2 + a3ß (2.64)

w2 = y21y2 + a2 = z21z2 + a3" (2.65)

d˛'Çå±$&Xeêß

f1 := x2x3 + a1 � c1 = 0ß (2.66)

f2 := x22x3 + a1 � d1 = 0ß (2.67)

f3 := z2y3 + a3 � c2 = 0ß (2.68)

f4 := z22y3 + a3 � d2 = 0ß (2.69)

f5 := x3b1 + a1 � y3y1 � a2 = 0ß (2.70)

f6 := x23b1 + a1 � y23y1 � a2 = 0ß (2.71)

f7 := y1x2 + a2 � b2z2 � a3 = 0ß (2.72)

f8 := y21x2 + a2 � b22z2 � a3 = 0ß (2.73)
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Ÿ•f1dêß(2.55)$&ßf2dêß(2.56)$&ßf3dêß(2.61)$&ßf4d

êß(2.62)$&ßf5dêß(2.54)⁄(2.58)$&ßf6dêß(2.54)⁄(2.59)$

&ßf7dêß(2.57)!(2.60)⁄(2.64)$&ßf8dêß(2.57)!(2.60)⁄(2.65)

$&"

:e4'ÇIáXe{¸"5ü"

⁄n2.15.

(1) Èu1 6 i 6 2⁄1 6 j 6 3ßbi, ci, di, ui, vi, wi, xj, yj, zj 62 {0, 1}"

(2) c1 6= d1ßc2 6= d2ßb1 + b2 6= 1"

(3) b21 � 4b1 + 1 6= 0ß2b2 6= 1ß3b2 6= 1"

(4) b52 �
12757
10872b

4
2 +

1123
3624b

3
2 +

289
1359b

2
2 �

49
453b2 �

2
151 6= 0"

y%. ˘)5ü˛å±lH"(¬Ü:Ì—ß'Ç˘p“ÿK„ç["y

"$"

y3'Çå±rfi¿è'ux2, x3, y1, y3, z2, a1, a2, a3"ıë™ßœ

LOé'Çå±$&Xeıë™

g1 = R(f1, f2; a1)ß g2 = R(f5, f6; a1)ß

g3 = R(f1, f5; a1)ß g4 = R(f3, f4; a3)ß

g5 = R(f7, f8; a3)ß g6 = R(f3, f7; a3)ß

g7 = R(g3, g6; a2)ß g8 = R(g1, g2; x3)ß

g9 = R(g1, g7; x3)ß g10 = R(g4, g5; z2)ß

g11 = R(g5, g9; z2)ß g12 = R(g10, g11; y3)ß

g13 = R(g8, g11; y3)"
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@oä‚©z[187]N7B•"MAGMA Program 12ßıë™g12⁄g13å

±(©)è

g12 = b2y1x2 · g14ß

g13 = y1x
2
2(x2 � 1)2 · g15"

œLOé'Çå±$&

g16 := R(g14, g15; y1) = b52(b2 � 1)8x92(x2 � 1) · g217g18ß (2.74)

Ÿ•g17 = x32 + x22c1 + x22b
2
2 � 2x22b2 � x22c2 � x22 � x2d1 � x2b32 +2x2b2 +

x2c2�b1c1+b1d1+b32�b22±9g18¥òá'ux2gÍè24"ıë™"'Ç

å±rg18&§g18 =
P24

i=0 hixi2"'Ç‰Ûhi (0 6 i 6 24)ÿåU—¥0ß

ƒKß'Çå±È—6áXÍµ

h0 = b22(b2 � 1)2(c1 � d1)
10b51 · k0ß

h1 = b2(b2 � 1)(c1 � d1)
9b51 · k1ß

h2 = (c1 � d1)
8b41 · k2ß

h3 = (c1 � d1)
7b41 · k3ß

h4 = (c1 � d1)
6b31 · k4ß

h24 = (c2 � d2)b
4
2(b2 � 1)2 · k5"

,$'Çrki (i = 0, 1, 2, 3, 4, 5)¿ä'ub1, b2, c1, c2, d1, d2"ıë™ß'

ÇKå±$&±eıë™

R(k0, k1; d1) = (c2 � d2)b
2
2(b2 � 1)2 · k6ß

R(k0, k5; d1) = k7ß
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R(k0, k2; d1) = (c2 � d2)b
3
2(b2 � 1)3b1 · k8ß

R(k0, k3; d1) = (c2 � d2)b
2
2(b2 � 1)3 · k9ß

R(k0, k4; d1) = (c2 � d2)b
3
2(b2 � 1)3b1 · k10ß

R(k6, k7; d2) = (c1 � c2) · k11ß

R(k6, k8; d2) = (c1 � c2)b
2
1(b1 � 1)2(b1 � b2)(b1 + b2 � 1) · k12ß

R(k6, k9; d2) = (c1 � c2)b
4
1(b1 � 1)3(b1 � b2)(b1 + b2 � 1) · k13ß

R(k6, k10; d2) = (c1 � c2)b
4
1(b1 � 1)4(b1 � b2)(b1 + b2 � 1) · k14"

‰Û2.3. 'Çkb1 6= b2ßc1 6= c2"

‰Û2.3!y%. XJb1 = b2ß@o'Çå±rŸì\k05$&k15ß±9

ì\k15$&k16"2Úk15⁄k16©)$å±$&

k15 = b2(b2 � 1) · k17ß

k16 = b2(b2 � 1) · k18"

œLOé'Çå±$&R(k17, k18; c1) = (c2 � d2)(b2 �
1
3)(d1 � d2)ßœ

dd1 = d2"”nß'Çå±Oé$&c1 = c2"̆ “¨!ó (b1, c1, d1, 1) =

(b2, c2, d2, 1) ß̆ w,¥ÿåU""

aq/ß'Çå±Ì—c1 6= c2ß'Ç“ÿK„[!$"ñd'Ç"

‰Û2.3Æy"%."

y3'Çå±Oé$&

k19 = R(k11, k12; c1)ß

R(k12, k13; c1) = b21(b1 � b2)
2(b21 � 4b1 + 1)2 · k20ß

R(k12, k14; c1) = b31(b1 � b2)
3(b21 � 4b1 + 1)3 · k21ß
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k22 = R(k19, k20; b1)ß

k23 = R(k19, k21; b1)ß

Ÿ•ıë™ki(i = 22, 23)å±(©)è

k22 = b892 (b2 � 1)20(b2 �
2

3
)17(b2 �

1

3
)10·

(b52 �
12757

10872
b42 +

1123

3624
b32 +

289

1359
b22 �

49

453
b2 �

2

151
)4 · k24,

k23 = b912 (b2 � 1)30(b2 �
2

3
)26(b2 �

1

3
)15·

(b52 �
12757

10872
b42 +

1123

3624
b32 +

289

1359
b22 �

49

453
b2 �

2

151
)6 · k25"

l•å±w&ß'ÇkR(k24, k25; b2) 6= 0ßl)7)gÒ"œdßä

‚(2.74)ßx2ñık24+3=27á)"

y3Èu?¤/("x2ßg15¥'uy1"ıë™ßŸgÍè4"'Ç

rg15&§g15 =
P4

i=0 liy
i
1ß,$'Çkl4 = b2(b2 � 1)x42(x2 � 1)2 6= 0"

œdßÈuy1Åık4á)")Öò?x2⁄y1â(ß@o§kê{"C˛

—¥çò((""

œdßÈu?¤â("(b1, c1, d1, 1), (b2, c2, d2, 1) 2 V1ßÅık27⇥

4 = 108á(1, 2, 3, 1)."Berge.3,¥ªßøÖ˜v2:(b1, c1, d1, 1)⁄

2:(b2, c2, d2, 1)¥ßÇ"ÿ%2:"

2.8.3 (1, 2, 3, 2).Berge.3$¥ªµñık36^

Èuâ("(b1, c1, d1, 1) 2 V1ß(b2, c2, d2, 2) 2 V2ßb9+3¸á2

:(u1, v1, w1, 2) 2 V2 ß (u2, v2, w2, 3) 2 V3±9n^> e(x1, x2, x3, a1)

! e(y1, y2, y3, a2) ⁄ e(z1, z2, z3, a3) ¶$(b1, c1, d1, 1)!e(x1, x2, x3, a1)

! (u1, v1, w1, 2) ! e(y1, y2, y3, a2) ! (u2, v2, w2, 3) ! e(z1, z2, z3, a3)

⁄(b2, c2, d2, 2)-§òáBerge.3,¥ª"
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ä‚á„H"(¬ß'Çk

b1 = x1ß (2.75)

c1 = x2x3 + a1ß (2.76)

d1 = x22x3 + a1ß (2.77)

u1 = x2 = y2ß (2.78)

v1 = x3x1 + a1 = y3y1 + a2ß (2.79)

w1 = x23x1 + a1 = y23y1 + a2ß (2.80)

b2 = z2ß (2.81)

c2 = z3z1 + a3ß (2.82)

d2 = z23z1 + a3ß (2.83)

u2 = y3 = z3ß (2.84)

v2 = y1y2 + a2 = z1z2 + a3ß (2.85)

w2 = y21y2 + a2 = z21z2 + a3" (2.86)

d˛'Çå±$&Xeêß

f1 := x2x3 + a1 � c1 = 0ß

f2 := x22x3 + a1 � d1 = 0ß

f3 := y3z1 + a3 � c2 = 0ß

f4 := y23z1 + a3 � d2 = 0ß

f5 := x3b1 + a1 � y3y1 � a2 = 0ß

f6 := x23b1 + a1 � y23y1 � a2 = 0ß

f7 := y1x2 + a2 � z1b2 � a3 = 0ß
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f8 := y21x2 + a2 � z21b2 � a3 = 0ß

Ÿ•f1dêß(2.76)$&ßf2dêß(2.77)$&ßf3dêß(2.82)⁄(2.84)$

&ßf4¥dêß(2.83)⁄(2.84)$&ßf5dêß(2.75)⁄(2.79)$&ßf6d

êß(2.75)⁄(2.80)$&ßf7dêß(2.78)!(2.81)⁄(2.85)$&ßf8dê

ß(2.78)!(2.81)⁄(2.86)$&":e4'ÇIáXe{¸0#á"⁄n"

⁄n2.16.

(1) Èu1 6 i 6 2±91 6 j 6 3ß'Çkbi, ci, di, ui, vi, wi, xj, yj, zj 62

{0, 1}"

(2) c1 6= d1ßc2 6= d2ßx2 6= b2"

(3) x22 � x2 + c1 � d1 6= 0"

y%. 'Ç2˘p=y"x2 6= b2ßŸß"Aëå±œLH"(¬Ü:$

&"5ø&ßXJx2 = b2ß@oky2 = z2"ä‚3v2⁄w2˛"êßß'Ç

ky1 = z1ß@oa2 = a3"˘¨!óe(y1, y2, y3, a2) = e(z1, z2, z3, a3)ßl

)7)gÒ"

'Çå±Úfi¿ä'uC˛x2, x3, y1, y3, z1, a1, a2, a3"ıë™ßœ

LOéå±$&

g1 = R(f1, f2; a1)ß g2 = R(f5, f6; a1)ß

g3 = R(f1, f5; a1)ß g4 = R(f3, f4; a3)ß

g5 = R(f7, f8; a3)ß g6 = R(f3, f7; a3)ß

g7 = R(g3, g6; a2)ß g8 = R(g1, g2; x3)ß
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g9 = R(g1, g7; x3)ß g10 = R(g4, g5; z1)ß

g11 = R(g4, g9; z1)ß g12 = R(g8, g10; y1)ß

g13 = R(g8, g11; y1)"

@oä‚©z[187]N7B•"MAGMA Program 13ßıë™g12⁄g13å

±(©)è

g12 = y23(y3 � 1)2x2 · g14ß

g13 = y3(y3 � 1)x2(x2 � 1) · g15"

u¥ß'Çk

R(g14, g15; y3) = x22(x2 � 1)2 · g16ß

Ÿ•g16¥'ux2"gÍè18"ıë™"å±ÚŸ&äg16 =
P18

i=0 hixi2"

œLOé'Çå±$&ß

h0 = (c1 � d1)
10b51(b1 � 1) 6= 0"

œd'ux2ñık18á)"

Èuâ("x2ßg14¥òá'uy3"gÍè2"ıë™"u¥'Çå±

Úg14&§g14 =
P2

i=0 liy
i
3ß@ol2 = x22(x2 � 1)2l02"'ÇÑå±rli¿è

'ux2, b1, b2, c1, c2, d1, d2"ıë™ßä‚©z[187]N7B•"MAGMA

Program 14ß'ÇkR(l0, l02; b1) =

(c2 � d2)
2b2(c1 � d1)

2x22(x2 � 1)4(x2 � b2)(x
2
2 � x2 + c1 � d1)

2
6= 0"

œd'uy3ñı=k2á)"XJx2⁄y3â(ß@oêe"§kC˛—¨

(çò(("
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œdßâ( (b1, c1, d1, 1) 2 V1 ⁄ (b2, c2, d2, 2) 2 V2 ßñık

18 ⇥ 2 = 36´(1, 2, 3, 2) .Berge.3,¥ªß˜vßÇ"ÿ%2:è

(b1, c1, d1, 1) ⁄ (b2, c2, d2, 2) "

2.8.4 &n2.9"y!

5ø&'Ç-E"á„è3‹á„ßb9¸á/(‡:3”ò‹•ß

@oÿîòÑ5/ß'Çå±b9(b1, c1, d1, 1), (b2, c2, d2, 1) 2 V1"@o

¨+3¸´a."Berge.3,¥ª:(1, 2, 3, 1).⁄(1, 3, 2, 1)."ä‚c

°"?ÿß̆ *"Berge.3,¥ªñıêk108⇥ 2 = 216^"

b9¸á/(‡:ÿ3”ò‹•ß@oÿîòÑ5/ß'Çå±b

9(b1, c1, d1, 1) 2 V1⁄(b2, c2, d2, 2) 2 V2"@o¨+3n´a."Berge

.3,¥ª:(1, 2, 1, 2).ß(1, 2, 3, 2).⁄(1, 3, 1, 2)."ä‚c°"?ÿß

˘*"Berge.3,¥ªñıêk8 + 36⇥ 2 = 80^"

n˛§„ßHÿ¨ù$⇥B
3,217"ñdß'Ç“%7/y"$(n2.9"

§ 2.9 'uex3(n,K
(3)
2,2,7)e."U?

-H¥òár–òóá„ßŸ2:Í8èvß>Íèe > 0"Ü:A^

V«ê{[32]å±â—exr(n,H) > cn↵ßŸ•↵ = r� vr
e�1ßcÜn!'"̆

*“â—e.ex3(n,K
(3)
2,2,7) = ⌦(n

73
27 )"3!!•ß'Ç¨y"(n2.10ß

§ı/ÚçÍ73
27U?è

19
7"'Ç"-E|^$Norm„"É'-EßøÖ

'Ç"-E¥òá((5"-E"

ƒk'ÇIáò)¡=5"`""-Fqèq/"kÅçßFqrèŸ*

ç"Èux 2 FqrßŸNormºÍNormr(x) å±((¬è

Normr(x) =
r�1Y

i=0

xq
i

"
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KNormr(x) 2 Fq"'ÇIá©z[126]•"e,(J"

⁄n2.17 ([126]). XJ(D1, d1), . . . , (Ds, ds)èFqs�1 ⇥ F⇤

q•ÿ”!"Éß

@oe&sáêß!êß|

Norms�1(Di +X) = dix, 1 6 i 6 s

ñıêk(s� 1)!á)(X, x) 2 Fqs�1 ⇥ F⇤

q"

'ÇÑIáe,⁄n"

⁄n2.18. -mèø©å!$Íßk = b
p
mc � 1±9` = b

k
2c"2-

S1 = {0, 1, 2, . . . , `� 1}ß

S2 = {0, k, 2k, . . . , (`� 1)k}ß

S3 = {0, k + 1, 2(k + 1), . . . , (`� 1)(k + 1)}

èZm˛!\5f8"@oÈu1 6 i 6= j 6 3ß'Çk|Si + Sj| =

|Si||Sj| = `2"

y%. ƒkö~N¥2yß|S1 + S2| = `2"

:XßÈuâ("x 2 ZmßXJx = i + j(k + 1)ßŸ•0 6 i, j 6
` � 1ß@o'Çkx = (i + j) + jkß@oñıêkò|)(i, j)ßœ

d|S1 + S3| = `2"”nåy|S2 + S3| = `2"

#n2.10!y%. -qèòá¤ÉÍòß2-k = b
p
q � 1c � 1±9` =

b
k
2c"-

S1 = {0, 1, 2, . . . , `� 1}ß

S2 = {0, k, 2k, . . . , (`� 1)k}ß
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S3 = {0, k + 1, 2(k + 1), . . . , (`� 1)(k + 1)}

èZm"\5f8"d⁄n2.18ßÈu1 6 i 6= j 6 3ß'Çk|Si + Sj| =

|Si||Sj| = `2"

-gèFq•"!13ßÈu1 6 i 6 3ß-8‹Bi = {gj : j 2 Si}"

-á„Gè3–òóá„ßŸ:8èAi = Fq3 ⇥ BißŸ•i = 1, 2, 3"È

ui = 1, 2, 3ß3á2:(Di, di) 2 Ai/§ò^á>"^áèNorm3(D1 +

D2 +D3) = d1d2d3"

N¥2y"¥ßGkn := 3`q3 = 3
2q

7
2+o(q

7
2 )á2:ß±9ñ+ (`q3)3

q >
1
27n

19
7 + o(n

19
7 )^>"

:e4'ÇIáy"Gÿù$K(3)
2,2,7äèf„"áÉßXJG•+3

òáK(3)
2,2,7ßÿîòÑ5/ß'Çå±b9(Di, di) 2 A1ß(Ej, ej) 2 A2ß

(Xk, xk) 2 A3 -§òáK(3)
2,2,7ßŸ•i, j 2 [2]ßk 2 [7]"'Ç-Tij :=

Di + Ejß2-tij = diejß@oÈui, j 2 [2]Ük 2 [7]ß'Çk

Norm3(Tij +Xk) = tijxk"

˘øõXÈui, j 2 [2]ßêß|

Norm3(Tij +X) = tijx

kñ+7á)(X, x)"

dBi"(¬ß'Çk|{tij : i, j 2 [2]}| = 4"œdÈui, j 2 [2]ß'

Çå3(Tij, tij)¥àÿÉ”"3É"d⁄n2.17ßñıêk(4� 1)! = 6á

)ßÜc°?ÿ$—"ñ+k7á)"(ÿgÒ"l)'Çy"$Gÿù

$K(3)
2,2,7äèf„"ñdß(n2.10$y"
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5P2.4. 'ÇÉ&çÍ19
7ATÑkU?!òmßœd'Çøvk„Â}

¡`z'Ç(J•!Ãë!XÍ 1
27"

§ 2.10 \{ºÍp)"ë!TuránØK

'ÇƒkÚ0/ò)'u\{ºÍp!"ë(TuránØK"ƒ!V

g⁄ØK"

-w : V (Kn) ! [0,1)è2:(#ºÍß>(#w+: E(Kn) !

[0,1)¥d\{ºÍw+(uv) = w(u)+w(v)â—"3˘ò‹©•ß'Ço

¥b92:(#¥ÿ”"ßøÖ¥k.""Èuâ("„Hß'ÇÚ\{

ºÍp!e'uH"TuránÍ(¬è

ex(n,w+, H) := max{w+(G) | G ✓ Kn, Gÿù$Häèf„}ß

Ÿ•w+(G) :=
P

e2E(G)

w+(e)"'Ç°F¥'uH"4„ßXJ˜v

w+(F ) = max{w+(G) | G ✓ Kn, Gÿù$Häèf„}"

,$ße,5ü¥ÈN¥$&"µ

w+(G) =
nX

i=1

dG(vi)w(vi)ß

Ÿ•dG(vi)è:vi3„G•"›Í"|^˘á˙™ß'Ç$&±e'u4

„•2:›©Ÿ"/K"

"K2.2. Èuâ#!Hßb&F¥'uH!4„ßÈu$:u, v 2 V (F )ß

XJ w(u) > w(v) ß@o'Çkd(u) > d(v)"

y%. b9+3¸á2:u, v 2 V (F )˜vw(u) > w(v)0¥d(u) < d(v)"

ƒk'Çå±#Ü2:u⁄2:v"(#ßl)$&òá#„F 0"çÓ
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>/`ß'Çå±Ìÿ§k1!ÜuÜv'È">ßøV\{ux : x 2

NF (v)}⁄{vy : y 2 NF (u)}&E(F 0)•"d$ßXJuv!=¥F•"ò

^>ß'ÇÚ3F 0•%3uv"5ø&ßdˆäÿ¨çUF"(-"du

w(u)d(v) + w(v)d(u) > w(u)d(u) + w(v)d(v),

“¨kw+(F 0) > w+(F )ß̆ ÜF¥'uH"4„"b9ÉgÒ"

/K2.2L"ßXJ'ÇéÅåzw+(G)ß(#6å"2:ATÜç

ı"2:É/":e4'ÇÚm©y"'Ç'u˘áØK"¸ê°(J"

§ 2.11 ƒu\{ºÍp)eBé$&f„"4„

2.11.1 Bén)/K3"ú!

'Çƒk&ƒBén5/K3"ú%ß=&ƒ4äex(n,w+, K3)"'

Ç¨ky"Xe⁄n"

⁄n2.19. ex(n,w+, K3) =

max
16r6n�1

(
(n� r)

rX

i=1

w(vi) + r
nX

j=r+1

w(vj)

)
ß

Ÿ•w(v1) > w(v2) > · · · > w(vn)"

3˘pß'Çy"$òáÉÈçr"(Jß=XJ§k2:(#—

¥ÿ”"øÖÓÇè.ß@o?¤!n5/"4„—7L%!'‹„"5

ø&ß⁄n 2.19åde,/K·=$y"

"K2.3. XJF¥'un1/K3!4„ß@oF¥òá&("‹„"

y%. b9F¥'un5/K3"4„ß0Fÿ¥%!'‹„ßÿîòÑ5

/å±b9 w(v1) > w(v2) > · · · > w(vn)"-(d(v1), d(v2), . . . , d(vn))è
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F •2:"›ÍS,"d/K2.2ß'Çkd(v1) > d(v2) > · · · > d(vn)"

@o'Çå±-Eòá#"%!'‹„F 0 = L [ RßŸ•R¥v1"/:

8‹ß=|L| = n� d(v1)ß|R| = d(v1)"@o'Çk

w+(F
0) = d(v1)

X

vi2L

w(vi) + (n� d(v1))
X

vi2R

w(vi)ß

±9

w+(F
0)�w+(F ) =

X

vi2L

(d(v1)�d(vi))w(vi)+
X

vi2R

(n�d(v1)�d(vi))w(vi)"

*2&R•"zá2:u1—ÿUÜR•?¤Ÿ¶"2:u2É/ßƒK"

{ß{u1, u2, v1} ¨/§òán5/"̆ á*2wä'ÇßXJvi 2 Rß@

od(vi) 6 n� d(v1)"œL˛°"©¤ßdu§k2:(#—¥ÓÇ."

øÖFÿ¥'‹„ß'Ç$&w+(F 0)�w+(F ) > 0ß̆ ¨ÜF¥'un5

/K3"4„"b9ÉgÒ"Ø¢˛ßXJÈuvi 2 L—kd(vi) = d(v1)±

9Èuvi 2 Rßd(vi) = n � d(v1)ß@oF¥%!'‹„!ˆF¨ù$n

5/"œdßXJF¥'uK3"4„ß@oF7,¥%!'‹„ßy"%

."

5P2.5. 3#K2.3!y%•ß'Çê¥(E+òá#„F 0ß¶&F 0•

!zá$:!›Í—åu$*uF•!›Í"á5ø!¥ßF 0ÿ7¥4

„"d#K2.2ß'Ç02ßá(Eòá4„F = L [ Rß'ÇATr$

:v1, v2, . . . , vrò/LßøÚê{!$:ò\RßŸ•r!ä)˚u$:#

&ºÍ"

2.11.2 Bé$&f„K`"ú!

3˛ò1!•ß'Çy"$ƒu\{ºÍßXJ§k2:(#—Ó

Çè.Öÿ”ßK?¤!n5/"4„—¥%!'‹„"Èg,/áØ
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3BéòÑ%!f„K`û¥ƒkaq"(JßŸ•K`¥`á2:"%!

f„ß'Ç:e4áâ˘ág,"ØKòáí("âE"ƒk'Çy"

Xe⁄n"

⁄n2.20. XJG¥'uK`!4„ß@oGò#¥òá&((`� 1)‹„"

y%. 3/K2.3"y"•ß'Çy"$XJFÿù$n5/äèf„ß@

o'Çå±-Eòá%!'‹„F 0¶$w+(F 0) > w+(F )ßXJFè¥ò

á%!'©„ßK*™å±§·":e5ß'ÇÚœLÈ`8By"ÿù

$K`"„èkaq(J"çO(/`ß'ÇÚy"XJGÿù$K`ß@

o'Çå±-Eòá%!(` � 1)‹„G̃¶$w+(G̃) > w+(G)ßXJGè

¥òá%!(`� 1)‹„ßK*™å±§·"

b9˛„(ÿÈ` � 1§·ß@o'Ç&ƒÿù$K`"4„G"ú

%"èêBÂÑß'ÇÚdi := d(vi)L´èvi3G•"›Í"ÿîòÑ5ß

'Çb9w(v1) > w(v2) > · · · > w(vn)"ä‚/K2.2ß'Çkd1 > d2 >
· · · > dn"-N(v1)èv13G•"/:8‹ßG[N(v1)]èG•dN(v1)p!

"f„"@o|N(v1)| = d1ßøÖG[N(v1)]¥ÿù$K`�1"ßƒK¨Ì

—G•ù$K`"§±œL8Bb9ß+3òá%!(`� 2)‹„MßŸ2:

8èN(v1)ß¶$w+(M) > w+(G[N(v1)])ß)Öêk.G[N(v1)]¥òá

%!(`� 2)‹„û*“‚§·",$'Çå±-Eòá#„G̃ = (V, Ẽ)ß

Ÿ>8d±e¸‹©|§µ

Ẽ = {uv | v 2 V \N(v1), u 2 N(v1)} [ E(M)"

'Çå±$&

w+(G̃) =
X

vi2V (G)\N(v1)

d1w(vi) + w+(M) +
X

vi2N(v1)

(n� d1)w(vi)"
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˘*ò5ß'Çå±rw+(G̃)� w+(G)&§w+(G̃)� w+(G) =

X

vi2V (G)\N(v1)

(d1 � di)w(vi) + (w+(M)� w+(G[N(v1)]))

+
X

vi2N(v1)

�
n� d1 � |NG\N(v1)(vi)|

�
w(vi)"

X'Ç§3ßÈuvi 2 V (G) \ N(v1)ß'Çd1 > diß±9w+(M) >
w+(G[N(v1)])ßÑk|NG\N(v1)(vi)| 6 n � d1ß§±'Çå$w+(G̃) >
w+(G)",$ßèÈN¥w&XJw+(G̃) = w+(G)ß@oGè¥òá%

!(`� 1)‹„"ñdßT⁄nÆy"%."

5ø&ß˛°y"p"G̃èÿò(¥4ä„ßX¤Úná2:y©

è` � 1á‹©#˚u2:(#ºÍ"|^⁄n2.20ß'Ç‰ÛXJ§k

2:(#—¥ÓÇ."ßøÖàÿÉ”{ß@o'uK`"?¤4„—7

L¥%!(`� 1)‹„"œdß'Çå±·=º$'Ç"Ãá(JßXe§

´"

&n2.13. ex(n,w+, K`) =

max
P

X

P2P

(n� |P |)w(P )ß

Ÿ•©yP¨"HÚV (Kn)©y§`�1‹!§kåUú"ß,#ß|P | ¥

P •$:!áÍß±9w(P ) :=
P
v2P

w(v)"

:e4'ÇÚ'Ç"(JÜ[15]•"aq(J?1'6"'Ç- w :

V (Kn) ! [0,1)è2:(#ºÍß¶{ºÍe">(#è w⇡: E(Kn) !

[0,1) d w⇡(uv) = w(u) · w(v) â—"¶Çy"$3¶{ºÍeßÿù

$K`"4„7L¥%!(`� 1)‹„"
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"K2.4. [15] ex(n,w⇡, K`) =

max
P

X

P,P 0
2P

P 6=P 0

w(P )w(P 0),

Ÿ•©yP¨"HÚV (Kn)©y§`�1‹!§kåUú"ß±9w(P ) :=
P
v2P

w(v)"

wÂ5¸´ú%"(J¥ò*"ß='uK`"4„—¥%!(` �

1)‹„"Èg,/áØ˘¸´4„"(-¥ƒ%!É”"e°'Ç–´

òá{¸"~fßøÈ˘áØKâ—ƒ("âY"

~2.2. -$:!#& w(v1, v2, v3, v4, v5, v6) = (41, 33, 29, 13, 11, 7)"@

oƒu¸´ÿ”ºÍeßÿù&n1/!4„((åÑe„"

v1

v2

v3

v4

v5

v6

v2

v3

v6

v1

v4

v5

5P2.6. 3\{ºÍ!ú"eß#K2.2wä'Ç#&2å!$:ATÜ

çı!$:É("X„§´ß#&2å!$:ò3Ü˝ßŸ•ù&!$:

%um˝"'3¶{ºÍ!ú"eßÈuâ#!$:#&ºÍß§k$:

!#&É⁄¥'#!ß,'œLÖ‹-ñ)]ÿ*™ßÅ`!¸—¥Å$

zzá‹©Ém!#&*…"3~2.2•ß6á$:!o#&è134ß*!

Å$äè4ßK'Ç&/X„§´!4„(("
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§ 2.12 ë!„á$"Erdős-Stone-Simonovits&n

3(n2.13•ß'Ç&ƒ$3vkâ(å1"%!f„K`"ú%eß

((4„(-"ØK"'ÇÆ%y"ßÈuâ("2:(#ºÍßXJ

§k2:(#—¥ÿ”"ÖÓÇè.ßK'uK`"?¤4„—7L¥%

!(`�1)‹„"y3'ÇÚrT(JÌ2&Bé?øf„˛5ß'Ç"(

Jå±wä¥%;"Erdős-Stone-Simonovits(n"ë(„á!Ì2"

'Çƒk£=%;"Erdős-Stone-Simonovits(nß'Ç- �(H)

è„H"/⁄Íß=È„H.~:/⁄§I"Å+/⁄Í"

&n2.14 (Erdős-Stone-Simonovits(n). '#òá„Hß'n ! 1ßk

ex(n,H) =

✓
1�

1

�(H)� 1
+ o(1)

◆✓
n

2

◆
"

3'Ç"\{ºÍp!"ë(TuránØK•ßXJ§k"2:(#

˛¥ÓÇ."ßøÖ¥k."ß@o'Çå±$&ex(n,w+, H)"ÏC(

JXe"

&n2.15. Èuâ#!„Hß-w : V (Kn) ! [0, S]è$:!#&ºÍß

Ÿ•Sèòá#~Í"@o'n ! 1ßk

ex(n,w+, H) = max
R

X

P2R

(n� |P |)w(P ) + o(n2)ß

Ÿ•©yR¨"HÚV (Kn)©y§�(H)� 1‹!§kåUú""

y"(n2.15Écß'ÇIá0/'ÇÚ¨^&"Szemerédi.K⁄

n"

⁄n2.21 (Szemerédi.K⁄n). Èu?¤m, ✏ > 0ß—¨!3òá$

ÍM¶&e&5ü§·"XJ„Gkn > má:ß@o!3òá$Ík˜
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vm 6 k 6 Mß±9òá©yPÚV (G)©yèk+1‹ß=V0, V1, . . . , Vkß

˜vÈu1 6 i < j 6 kßk|Vi| = |Vj|ß'|V0| < ✏n"@oA+§

k0 6 i < j 6 k!:È(Vi, Vj)((#ú"oÍÿáL✏k2á:È)ß—˜v

Èuzáf8A ✓ Vi⁄f8B ✓ VjßŸ•|A| > ✏|Vi|ß|B| > ✏|Vj|ß'Ç

—kß ����
e(A,B)

|A| · |B|
�

e(Vi, Vj)

|Vi| · |Vj|

���� < ✏ß

Ÿ•e(A,B)èòá$:3A•ß,òá$:3B•!>!Í8"

-X⁄YèV•ÿÉ#"f8ß'Ç(¬'u:È(X, Y )"ó›è

d(X, Y ) :=
e(X, Y )

|X| · |Y |
ß

,$'Ç°òÈ:8X⁄Y¥✏-.K"ßXJÈu§k˜v|A| > ✏|X|ß

|B| > ✏|Y |"f8A ✓ X⁄B ✓ Yß'Ç—k
����
e(A,B)

|A| · |B|
�

e(Vi, Vj)

|Vi| · |Vj|

���� = |d(X, Y )� d(A,B)| 6 ✏"

'Ç§òáÚV©§k + 1á8‹(V0, V1, . . . , Vk)"©yè✏-.K"©yß

XJ˜v

1. |V0| < ✏nßøÖÈu§k1 6 i < j 6 kß'Ç—k|Vi| = |Vj|"

2. ÿ$ñı✏k2á:ÈßŸß§k1 6 i < j 6 k":ÈVi, Vj—¥✏-.K

""

y3'Ç0/Szemerédi.K⁄n"òáA^ßTA^3[127]•J

—ßè—y3%;"„ÿ"â÷[53]•"-Gk✏-.K©y{V0, V1, . . . , Vk}ß

V0è…~8‹ß|V1| = |V2| = · · · = |Vk| = `"â(d 2 [0, 1]ß-R¥

(¬3{V1, V2, . . . , Vk}˛"„ßŸ•¸á2:Vi⁄Vj3R•Î>.Ö=
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.ßÇ3G•/§ó›ñ+èd"✏-.K:È"'ÇÚR°èG'uÎÍ

è✏!`⁄d".Kz„"â(s 2 NßÚR"zá2:ViOÜèsá2:"

8‹V s
i ßøÚz^>OÜèÈA"s38‹Ém"%!'‹„ßÅ™$

&"„Ú^RsL´ß'Çœ~°RsèR"s-)‰„"e°"⁄nwä'

ÇRs"f„3,)^áeèå±3G•È&"

⁄n2.22. [53] Èu§kd 2 (0, 1]⁄� > 1ß—¨!3✏0 > 0˜vXe5

üµXJÈ?¤„G,H¥òáÅå›�(H) 6 �!„ßs 2 Nß±9R¥

'uG!ÎÍè✏ 6 ✏0!̀ > 2s
d�!#Kz„"Kk

H ✓ Rs ) H ✓ G.

k$˘)Û‰3Fß:e4'Ç“å±m©y"(n2.15$"

#n2.15!y%. b9nø©åß@oÈu?ø¢Ít > 0ß'Ç-✏ = t
9Tß

Ÿ•

T = max
e2E(Kn)

w+(e)"

b9G¥Kn"f„øÖGÿù$H"'Ç'uG⁄✏A^Szemerédi.K⁄

nßŸ•m > 1
✏"'Ç¨$&òá✏-©yµ{V0, V1, . . . , Vk}ßŸ•|V0| <

✏nøÖ|V1| = |V2| = · · · = |Vk| = `"K-RèG".Kz„ß=|V (R)| =

kßÖÈuz1 6 i < j 6 kßVi⁄Vj3R•Î>.Ö=.Vi⁄Vj3G•

¥✏-.K"øÖ>ó›ñ+è10✏"'Çy3(¬òáºÍf : V (R) !

[0,1)¶$f(Vi) =
P

v2Vi
w(v)

|Vi|
"-Fèƒu:8V (R)"%!„ß|V (F )| =

kßß"2:(#ÜRÉ”"

duH¥‰k/⁄Í�(H)ßÖ�(H) 6 �"kÅ„ß@oH¥,

á%!�(H)‹„"f„"'Ç36R¥ÎÍè✏".Kz„":e5'Ç
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‰ÛR¥ÿù$K�(H)"ßƒK¨+3~Ísß¶$H ✓ Rs"ÈN¥u

2` = n�|V0|

k > 2s
(10✏)�ß̆ ¥dunv4å"œdßd⁄n2.22$&H ✓ Gß

˘ÜGÿù$HÉgÒ",$ä‚(n2.13•'uÿù$K`"4„"(

Jß'Çk

X

e2E(R)

w+(e) 6 max
P

X

P2P

(k � |P |)f(P )ß

Ÿ•©yP¨3HÚV (F )©y§�(H)�1‹"§kåUú%"'Ç-Ĝè

R"|Vi|-)‰„ß‰N/`ß'ÇœLÚR"zá2:OÜè|Vi|á2:"

’·85-EĜßøÖz^3ÈA"’·8Ém">(OÜè%!'‹

„"ĜÜG‰kÉ”"2:(#ß'Çk

X

e2E(Ĝ)

w+(e) = |Vi|
2max

P

X

P2P

(k � |P |)f(P )

6max
P

X

P2P

(n� |P | · |Vi|)
X

Vi2P

w(Vi)

6max
R

X

P2R

(n� |P |)w(P )ß

Ÿ•©yR¨3HÚV (Kn)©y§�(H) � 1‹"§kåUú%"@ow

,'Çk
X

16i<j6k

X

e2E0

w+(e) 6
X

e2E(Ĝ)

w+(e)ß

Ÿ•E 0
✓ E(G)ù$$§kG•˜v>ó›ñ+è10✏"✏-.KÈ (Vi, Vj)

Ém"§k>ß̆ p1 6 i, j 6 k"

œL˛„©¤ß'Çå±Ú§k·3>8E(G)!0¥ÿ·3E(Ĝ)"

>?1©aXeµ

1. >(x, y) 2 Vi ⇥ VjßŸ•(Vi, Vj) (1 6 i, j 6 k)ÿ¥✏-.K""
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2. >(x, y) 2 Vi ⇥ VjßŸ•(Vi, Vj)Ém">ó›1u10✏"

3. >(x, y) 2 Vi ⇥ VißŸ•0 6 i 6 k"

4. >(x, y) 2 V0 ⇥ VißŸ•1 6 i 6 k"

œèT¥Åå">(#Íßœd'Çå±;O·3>8E(G)!0¥ÿ·

3E(Ĝ)">"o(#
P

e2E(G)\E(Ĝ)

w+(e)

<
h
✏k2

⇣n
k

⌘2
+ 10✏

✓
k

2

◆⇣n
k

⌘2
+ k

⇣n
k

⌘2
+

✓
✏n

2

◆
+ ✏n

⇣n
k

⌘
k
i
T < tn2"

œL˛„©¤ß'Çk

X

e2E(G)

w+(e) 6 max
R

X

P2R

(n� |P |)w(P ) + tn2"

œèt¥å±?ø#"ßñdß(n2.15Æy"%."

ÈuBennett!English⁄Talanda-Fisher3©z[15]•0/"ƒu¶

{ºÍp!(#"TuránØKßœL/K2.4⁄(n2.15"y"ß'Çèå

±$&Xe"Ì2ß'Ç3˘pÿ2K„Ÿ‰N"y""

&n2.16. Èuâ#!„Hß'Ç-w : V (Kn) ! [0, S]è$:#&ºÍß

Ÿ•Sèòá#~Í"'n ! 1ßk

ex(n,w⇡, H) = max
R

X

P,P 0
2R

P 6=P 0

w(P 0)w(P ) + o(n2)ß

Ÿ•©yR¨"HÚV (Kn)©y§�(H) � 1‹!§kåUú"ß±9

w(P ) =
P
v2P

w(v)"
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§ 2.13 o(Ü–"

3!Ÿ•ß'ÇÔƒ$eZ#áÖk-"Turán.ØKß3˘p'

ÇÚÈò)(Jâòá{¸"o(ßøÖÈô5"Ôƒêï⁄ØKâò

)–""ƒkß'ÇÔƒ$%!'‹„§ÈA"á„TuránØK"¸á*

–"1òáÈñ¥%!'‹r–òóá„"©z[148]•"äˆ0/$˘´

(-ßøâ—$exr(n,K
(r)
s,t )"ò)òÑnÿ."¶ÇÑJ—$'u3–ò

óá„"flé"3˘p'ÇÚ¶Ç"fléÌ2&òÑ"r > 3"

flé2.1. -s, tè˜v2 6 s 6 t!#$Íß@ok

exr(n,K
(r)
s,t ) = ⇥(nr� 2

s )"

è,'ÇE,!{2y˘áfléß0kò)y‚å±|±˘áflé"

'X`ßErgemlidze!Jiang⁄Methuku3©z[69]•y"ex4(n,K
(4)
2,t ) >

(1+o(1)) t�1
8 n3"0—<ø8"¥ßCFßBradač!Gishboliner!Janzer⁄

Sudakov3©z[30]•y"$ß'Ç"flé2.13r > 3èÛÍ"ú%¥ÿ

.(""

d$ß3©z[148]•ßäˆç—¶Ç"(Jå±”û-^ut >
s⁄s > tßœdè{¸ÂÑß¶Ç=&ƒ$t > s"",)ß.s9å

utûß-'ÇØÁ"¥ß'ÇœLë"ìÍ-Eº$$exr(n,K
(r)
s,t ) =

⌦(nr� 1
t )"”ûß'ÇÑº$$.T¥ò^>!r–òóá„K(r)

1,bßb < tûß

2¬TuránÍexr(n, T , K(r)
s,t );"ÏC/"œÈçıÜ'Çâ—"e.§

ö,"~f¨¥Èk-"ØK"

|^ë"ı#á„-E"ê{ß'Ç(($'u%!r‹r–òóá„

⁄%!'‹r–òóá„"TuránÍÈu,áå~Í"ù65"AO/ß'
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Ç"(Jå±Ì—%!'‹„"(Jß̆ øõX.gu1954c"Kövári-

Sós-Turán(n•ßÈuå~Ít""ÏC(J¥;""

0¥ß'Ç!{(('uBerge.thetaá„aq"(Jß=.tÈå

ûß¥ƒkexr(n,⇥B
`,t) = ⇥`,r(tr�1� 1

`n1+ 1
` )&'Çj&˘á(J¥È"ß

˘è¥k~f|†"ß~XßGerbner!Methuku⁄Vizer3©z[85]•"

(J(($ex3(n,⇥B
2,t) = (1+ o(1))16(t� 1)

3
2n

3
2"d$ßÈuò)ÉÈ6

1"`⁄tß((exr(n,⇥B
`,t)è¨Èk-"

'ÇœL((5ìÍ-Eßâ—$'uK 0

3,25"TuránÍ⁄⇥B
3,217"Ç

5TuránÍ";"ÏC(J"'Ç"Ãá.è/|^$ıë™(™".,ß

'ÇÉ&˘p"ÎÍ25⁄217E,kU?"òm"±9.X'Ç3§ 2.6•

J&"ßıë™(™å±)˚ò)<ÛOéJ±?n"ú%"'ÇÉ&

ıë™(™å±^5-Eçı"4„ßÈ&çı˘*"~f¨Èk-"

Å$ß'Ç&ƒdBennett!English⁄Talanda-Fisher3©z[15]•

0/"2:p!ë(TuránØK"'Ç"'zÃá8•3ƒu\{ºÍ"

ë(TuránØK˛"'Çƒk£„$3\{ºÍeÿù$K`"4„(-ß

øç—$ÜÉc¶{ºÍe4„"…”"ƒu%!„"(Jß'Ç?ò⁄

â—$¸´2:p!(#ºÍeë(„á!"Erdős-Stone-Simonovits

(n"Ì2"3ô5"Ôƒ•ß'ÇF"È&çıå±|^˘)(J"

A^"
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Chapter 3 !~>X⁄e/⁄”#f„ØK

§ 3.1 {0

Cc5ß3.~>X⁄"%!„•œÈÁÙ(-"ØK$&$2ç

"Ôƒ"~Xß3Montgomery!Pokrovskiy⁄SudakovÅC"òë‚ª

5Ûä[146]•ß¶Çy"$Õ#"RingelfléßTfléŸ•òá£„4

93A(".~>X⁄$"K2n+1•È&?¤‰kn^>"ÁÙ‰(-"

ÑkÈı'u3.~>X⁄•œÈ6å(-"ÿ©ßåÑ©z[56, 144,

145, 156]"ÅCßConlon⁄Tyomkyn[49]Ôƒ$òa#"4ä„ÿØKß

TØKë3.~>X⁄"%!„•È&,)â(„"¸á!ıá2:ÿ

É#"/⁄”-f„"

Èuk, n > 2⁄òáâ("„Hß'Ç(¬fk(n,H)èÅ17Ícß

¶$+3Kn"c´Ù⁄.~>X⁄êYß˜vX⁄$"Knÿù$ká2

:ÿÉ#/⁄”-"f„B!H"g,/ß'ÇIá&ƒ±eØK"

ØK3.1. â##$Ík > 2⁄òá„Hß'n ! 1ûß(#fk(n,H)!

ä"

3©z[49]•ßConlon⁄TyomkynX⁄/Ôƒ$˘áØK"¶Ç

ƒkÈfk(n,H)"5ü?1$Nık^"*2"~Xßfk(n,H)'un¸

N4Oß0¨'uk¸N4~"d$ßfk(n,H)3È„H#f„"ø¬
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˛¥¸N4~"ßÓÇ/`ß.H 0¥H"f„ûß'Çkfk(n,H) 6
fk(n,H 0)"d$ßduKn"zá.~>X⁄ñ+¶^n�1Ù⁄ßœdn�

1 6 fk(n,H) 6
�n
2

�
"¶^Lovász¤‹⁄n⁄Bukh"ë"ìÍê{[33]ß

¶Çy"$±e(J"

&n3.1 ([49]). (i) Èu?¤vá:ße^>!â#„Hßk

fk(n,H) = O(max{n, n
kv�2
(k�1)e})"

(ii) Èu?¤ù&Û%äèf„!„Hß—!3#$Ík = k(H)˜v

fk(n,H) = ⇥(n)"

Conlon⁄TyomkynÑÔ-.HèÛ3ûÔƒfk(n,H)"5ø&ß(

n3.1%$X±e¸á'uÛ3C4"(Jß1òá¥fk(n,C4) = O(n
2k�1
2k�2 )ß

1'á¥ß+3òá7Ík¶$fk(n,C4) = ⇥(n)"duLang-Weil(n

[129]ßë"ìÍê{$&"~Ík¨ö~åßœd¶ÇJ$Xe˙mØ

Kß.H = C4ûß¥ƒkf2(n,C4) = ⇥(n)&

'Ç3!!•"1òá(J¥'ufk(n,C4)"'Ç}¡;OÅ17

Íkß¶$fk(n,C4) = ⇥(n)ß'ÇœL((5ìÍ-Eâ—±e(J"

&n3.2. f3(n,C4) = ⇥(n)"

˘á(JU?$d(n3.1º$"˛.O(n
5
4 )ß”ûß'Ç"(Jè

NJ¯$)NU4f2(n,C4) = ⇥(n)"y‚"Conlon⁄Tyomkyn[49]è

y"$f2(n,C6) = ⌦(n
4
3 )"ÅCßJanzer[111]mu$ò´#ê{5œÈ

â(,›"Û3ßäèŸ•òë(Jß¶Çy"$çèòÑ"e.(J"

&n3.3 ([111]). -k, ` > 2èâ#!#$ÍßKk

fk(n,C2`) = ⌦(n
k

k�1 ·
`�1
` )"
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(n3.1â—$XJe(H) > 2v(H)�2ßK f2(n,H) = ⇥(n)"Conlon

⁄ Tyomkyn3©z[49]•J—$òá˙mØKß'ue(H) > 2v(H) �

2˘á^á¥ƒ¥;""è$£â¶Ç"ØKß'ÇÔƒ$ºÍf2(n,Ht)ß

Ÿ•Ht¥%!„Kt"1gø©„"'Çy"f2(n,Ht) = ⌦(n1+ 1
2t�3 )ß̆ á

(JøõX.t > 3ûße(H) > 2v(H) � 2tÿUâ—f2(n,H) = ⇥(n)"

˘á(J%7/£â$ Conlon⁄ TyomkynJ—"˙mØKßøÖØ¢

˛ß'Çy"$çr"(ÿ"

&n3.4. -t > 3è'#!#$ÍßKk

f2(n,Ht) = ⌦(n1+ 1
2t�3 )"

(n3.4L"f2(n,Ht)ën•áÇ5O,"œèe(Ht) = 2v(Ht) �

2t±9v(Ht) = t(t+1)
2 ß'Ç"(JL"ß.t™u!°åûße(H) >

(2� o(1))v(H)øÿò(U4Ì—f2(n,H) = ⇥(n)"

§ 3.2 'u/⁄”#Û%C4"#(J

3!!•ß'ÇÚy"(n3.2"'Ç"y"¨ƒu±eg¥"'Ç

ƒk¿JòáçKßø-EòáND⇡ : V ! KßŸ•V = V (Kn)",$

'Ç¿JòáÈ°ıë™P 2 K[x, y]ßø^P (⇡(a), ⇡(b))è>ab?1X

⁄"'Çë3L"ß3˘´X⁄êYeß'Çº$">X⁄3záÙ⁄a

•Åå›Í—¥k."£œdœLÕ#"Vizing(nß'ÇU4º$.~

">X⁄§":e4ßÈuâ(A,B ✓ Kß-P (A,B)L´{P (a, b) : a 2

A, b 2 B}"'ÇF"î8"å1|P (⇡(V ), ⇡(V ))|¥O(n)ß±9ß'ÇI

áy"'Ç3˘áX⁄êY•ÿåUÈ&Èı/⁄”-Ö:ÿÉ#"Û

3C4(-"
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XJK¥òáAAè0"çß@oä‚È°á!"Elekes-Ronyai(

n[118]ß'Ç"È°ıë™P (x, y)¨/Xf(u(x)+u(y))!f(u(x)u(y))ß

Ÿ•f, u¥K[x]•",á¸C˛ıë™",)ß3˘´ú%eß/⁄”-

"Û3C4XJ'6+ß“¨øõX8‹u(⇡(V ))‰k6$"\5!¶5U

˛ß̆ ¨!óî8"å1|P (⇡(V )), ⇡(V ))|è⇥(⇡(V )2)ßl)¶$⇡(V ) =

O(n
1
2 )"œdÙ⁄a"Åå›Í¥⌦(n

1
2 )ß̆ “øõXT>X⁄êYÿ2

¥.~"$"

'ÇœL¿J-."kÅçFpäèçK5)˚˘áØKßøÖ'Ç

¿J'Ç"ıë™PèR˛"*–ıë™"̆ øõXßXJ'ÇÚıë™

¿èR[x, y]•"òá3ÉßøÖ⇡ : V ! RßœL¸D⇡ßå±`">X⁄

¥.~"ßøÖ3X⁄$"%!„•ÿ¨kÈı/⁄”-"Û3C4"øÖ

î|P (⇡(V ), ⇡(V ))|è⇥(n2)"y3ßœL#p = O(n)ßÚÙ⁄—ND&Fpß

Úêœ'Çy"|P (⇡(V ), ⇡(V ))|èO(n)"œLc[¿Jıë™P (x, y)!

2:ND⇡⁄AApßø|^ıë™"5üß'ÇBå±y"ß'Ç"X⁄

êY¥.~"ßX⁄$"%!„•Ù/⁄”-"Û3C4(-ÿ¨5ı"

e°'ÇÚâ—˘á(J"ç[y""

#n3.2!y%. -p ⌘ 5 (mod 6)èø©å"ÉÍß-8‹

A =
n
1, 2, . . . ,

jp� 1

3

ko

èFp"f8"

'Ç`"òeXd¿JÉÍp ⌘ 5 (mod 6)"8""Ãá¥è$

¶�3§èòá&pöê{"ä‚'gpá#ßXJr⁄s¥¤ÉÍßXJr ⌘

1 (mod 4)ßÚr⇤(¬èrßXJr ⌘ 3 (mod 4)ßK(¬r⇤è�r"@os¥

òá&r"'gê{.Ö=.r⇤¥òá&s"'gê{"Úg(JA^&
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r = 3 ⁄s = pß'Çw&�3¥òá&p"'gê{.Ö=.p¥&3"'

gê{ß=p ⌘ 1 (mod 3)"k$˘ò:`"ß:e4'Çáâ—'Ç"

X⁄êYß±9–mÉ'5ü"y""

-Gè(¬3A˛"%!„ß'Ç-P (x, y) = x2 + xy + y2 2

Fp[x, y]"-P ⇤(A,A)è…Åõ"î8ß̆ ç"¥ß

P ⇤(A,A) = {P (a, b) : a, b 2 A, a 6= b}"

:e4'Ç(¬X⁄ºÍ

� : E(G) ! P ⇤(A,A)ß

˜vÈz|x, y 2 Aßx 6= yß'Çâ>xy/˛Ù⁄P (x, y)"5ø&ßd

ux2 + xy + y2 = (x + y
2)

2 + 3
4y

2ß±9'ÇÆ%`"L�3¥&p"'g

öê{ßœdw,kx2 + xy + y2 6= 0"œdP ⇤(A,A) ✓ F⇤

p"

:e4ß'Çá`">X⁄�¥.~""b9ka 2 F⇤

pß¶$xy⁄xz

"Ù⁄˛èa"è“¥`ß'Çkx2+xy+ y2 = a⁄x2+xz+ z2 = a"œ

d(y�z)(x+y+z) = 0"ä‚'Ç-E"2:8A"(¬ßx+y+z 6= 0"

˘øõXy = zß!—gÒ"œdß'Çy"$¸^ÿ”">xy⁄xzÿU

(DÉÉ”"Ù⁄ß=/⁄�¥.~""

-a, b, c, d 2 F⇤

p˜va 6= bßb 6= cßc 6= dßd 6= a"b9Ù⁄a, b, c, dè

òá,›è4"Û3x, y, z, w 2 A">"Ù⁄ß@o'Çk

x2 + xy + y2 = aß (3.1)

y2 + yz + z2 = bß (3.2)

z2 + zw + w2 = cß (3.3)

w2 + wx+ x2 = d" (3.4)
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œLêß(3.1)⁄(3.2)ß'Çå±$&

y =
a� b

x� z
� x� z" (3.5)

”nßœLêß(3.3)⁄(3.4)'Çå±$&

w =
c� d

z � x
� z � x" (3.6)

Úêß(3.5)⁄(3.6)©Oë\&êß(3.1)•(3.4)ß'Çå±$&

x2 + x
⇣a� b

x� z
� x� z

⌘
+
⇣a� b

x� z
� x� z

⌘2
= aß (3.7)

x2 + x
⇣ c� d

z � x
� z � x

⌘
+
⇣ c� d

z � x
� z � x

⌘2
= d" (3.8)

3êß(3.7)⁄(3.8)•âò){¸"Ü3u 7! x+ zßv 7! x� zß'Çå

±$&v 6= 0ß±9k

v4 + 3u2v2 � 6(a� b)uv � 2(a+ b)v2 + 4(a� b)2 = 0ß (3.9)

v4 + 3u2v2 � 6(c� d)uv � 2(c+ d)v2 + 4(c� d)2 = 0" (3.10)

b9a � b = c � dß@odêß(3.9)⁄(3.10)ß'Çå±$&a +

b = c + dßœd'Çka = c⁄b = d"@odêß(3.5)⁄(3.6)ß'Ç

ky +w + 2x+ 2z = 0ß”nßä‚È°5'Çkx+ z + 2y + 2w = 0"

˘“¨¶$x+ z = y + w = 0ßÜ8‹A"(¬ÉgÒ"

@o'Ç“ka� b 6= c� d"œLêß(3.9)⁄(3.10)'Çå±$&

uv =
(a+ b� c� d)v2

3(c� d� a+ b)
+

2

3
(c� d+ a� b)" (3.11)

r(3.11)ò\êß(3.9)ßøÖ¶XÍ3(c� d� a+ b)2ß'Çå±$&

k2v
4 + k1v

2 + k0 = 0ß (3.12)
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Ÿ•

k2 = 4(a2 � ab� 2ac+ ad+ b2 + bc� 2bd+ c2 � cd+ d2)ß

k1 = 4(a� b� c+ d)(a2 � 2ac� 3ad� b2 + 3bc+ 2bd+ c2 � d2)ß

k0 = 4(a� b� c+ d)2·

(a2 � 2ab� ac+ ad+ b2 + bc� bd+ c2 � 2cd+ d2)"

ƒk'Çb9k2 = k1 = k0 = 0ßœèa� b� c+ d 6= 0ß'Çk

a2 � ab� 2ac+ ad+ b2 + bc� 2bd+ c2 � cd+ d2 = 0ß (3.13)

a2 � 2ab� ac+ ad+ b2 + bc� bd+ c2 � 2cd+ d2 = 0" (3.14)

@olêß(3.13)⁄(3.14)å±w—ß(a� d)(b� c) = 0ß̆ w,¨Üb 6=

c⁄d 6= a"cJÉgÒ"5ø&ßv = x� z±9x, z 2 A"œdßXJki

(i = 0, 1, 2)•ñ+kòáÿ¥0ßK(AA) \ {0}•"vÅık4á)"0¥

XJv")Íñ+è3"{ßK¨+3¸á)v1⁄v2ß¶$v1 + v2 = 0"3

˘´ú%eß'Ç-x1, z1, u1¥'uv1"ÈA)ß(x2, z2, u2)è'uv2"

ÈA)"@ov21 = v22ßdêß(3.11)ß'Çku1v1 = u2v2"œdu1 = �u2"

5ø&ßduvi = xi � zi±9ui = xi + ziß'Çkx1 � z1 = �x2 + z2±

9x1 + z1 = �x2 � z2"@o'Çå±$&x1 + x2 = 0ß̆ ÜA"-EÉ

gÒ"

œdß¢S˛(A�A)\{0}•"'uvÅıêUk2á)"@oÈu?

¤â("vßdêß(3.11)å3uèkçò)"5ø&x = u+v
2 ±9z = u�v

2 ß

@odêß(3.5)⁄(3.6)ßy⁄w¨(x⁄z§çò(("œdß>"Ù⁄

èa, b, c, d"/⁄”-"Û3C4ÅıêUd2á"ñdß'Ç“%7/y

"$'Ç"(n"
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§ 3.3 'u/⁄”#$&„"1gø©„"#(J

3!!•ß'Çáy"(n3.4"

b9C = �n1+ 1
2t�3ßŸ•�¥òáv41"~Í"2b9nv4å"

è$êB'Ç"y"ß'ÇÑÚb9n¥4"5Í"ƒkß'ÇIá±e

⁄nßßÚêœ'Ç-E'Ç§Iá"9œ„"

⁄n3.1.â#òá'uG = Kn!>!#~C-/⁄�ßë%/)òáV (G)

*‹y©ßÚŸ©y§4‹ß=X1!X2!X3⁄X4"KG•/X{x1x3, x2x4}

!¸⁄ö$!Í8œ"ñ%è 1
64

P
c2�

�ec
2

�
ßŸ•ecL´G•Ù⁄èc!>

!Í8ß±9xi 2 Xißi = 1, 2, 3, 4"

⁄n3.1!y%. â(òá'uG = Kn">".~C-/⁄�ßë"/#ò

áV (G) *‹y©ßÚŸ©y§4‹µX1!X2!X3⁄X4"5ø&ßG">

å±±¸´ÿ”"ê™i\&X1⁄X3ÉmßÈuX2⁄X4”*è¥k¸

´ê™ßøÖòÈâ(">å±±¸´ê™i\X1⁄X3±9X2⁄X4É

m"œdßâ(¸⁄ö,ßŸ/™è{x1x3, x2x4}"V«è

23 ·

� n�4
h�1,h�1,h�1,h�1

�
� n
h,h,h,h

� =
1

32
·

(n� 4)4

n(n� 1)(n� 2)(n� 3)
> 1

64
ß

Ÿ•xi 2 Xißi = 1, 2, 3, 4ß±9h = n
4",$2|^œ""Ç55ß'Ç

“y"$T⁄n"

:e4'Ç-Eòá9œ„GXe"â(òá'uG = Kn">"

.~C-/⁄�ß'Ç¿Jr:8V (G)y©§X1!X2!X3⁄X4ß˜v/

X{x1x3, x2x4}"¸⁄ö,"Í8ñ+è
1
64

P
c2�

�ec
2

�
ßŸ•ecÙ⁄èc"

>"Í8ß±9xi 2 Xißi = 1, 2, 3, 4"-Gèòá'‹„ßŸ•:8
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èV (G) = (X1 ⇥X2)[ (X3 ⇥X4)ß2:(x1, x2) 2 X1 ⇥X2⁄(x3, x4) 2

X3 ⇥X4Î>.Ö=.{x1x3, x2x4} -§òá„G•"¸⁄ö,"ÿJ2

yß|V (G)| = n2

8ß±9G">Í*uG•/X{x1x3, x2x4}"¸⁄ö,"

Í8"œdß'Çk

|E(G)| > 1

64

X

c2�

✓
ec
2

◆
> n4

512C
>

|V (G)|
3
2�

1
4t�6

512�
ß

Ÿ•1'áÿ*™'Ç|^$
�x
2

�
"‡5ß±9*™

P
c2�

ec =
�n
2

�
"

ä‚9œ„G"(¬ßG"2:¥kSÈ"XJS"ãIÿ*uT"?

¤ãIßK°kSÈS⁄TÿÉ#"'Ç"ÿ%?÷¥ß'ÇÚy"Gù$

òáHt"B!ßøÖ˜vŸ2:¥àÿÉ#""e,⁄nÈu(%Ht•

"2:àÿÉ#¨ö~k^"

⁄n3.2. ÈuG•!?ø$:S⁄G•!?ø$:vßG•ÅıêUkòá

$:T˜vST ¥G•!ò^>ß'Öv3T•"

⁄n3.2!y%. ÿîòÑ5/ß'Çå±b9S = (s1, s2) 2 X1 ⇥X2±

9 v 2 X3"XJ+3¸áÿ”"2:T1 = (v, t1)⁄T2 = (v, t2)ß¶

$T1⁄T2—ÜS3G•Î>ß@oÈuG•">s2t1⁄s2t2"Ù⁄“¨É

”ß̆ Ü.~>/⁄"(¬gÒßñdT⁄n$y"

XJ max
v2V (F )

deg(v) 6 K · min
v2V (F )

deg(v)ßK°F¥òáK-A5.K

"„"?ò⁄/ß'Ç`F¥òá1Ô'‹„ßXJV (F ) = A [ B˜

v
1
2 |B| 6 |A| 6 2|B|"'ÇÚ¶^±e⁄nßßÆ3NıØK•(¶^ß

çÑ©z[47, 48, 110, 116, 166]"

⁄n3.3. È?¤~Í0 < ↵ < 1ß—¨!3n0¶&ßXJn > n0ßc > 1ß

±9F¥òáná$:!ñ%cn1+↵^>!„ß@oF¨ù&òáK-A+#
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K!&Ô"‹f„F 0ßF 0kmá$:ß̃ vm > n
↵(1�↵)
2(1+↵)ß±9k|E(F 0)| >

c
10m

1+↵ß˘pK = 60 · 21+
1
↵2"

-GèX˛(¬"9œ„"œL⁄n3.3ß'Çå±È&òáK-A

5.K"1Ô'‹f„G0˜v|V (G0)| = n1 > |V (G)|
↵(1�↵)
2(1+↵)⁄|E(G0)| >

c0
10n

1+↵
1 ßŸ•↵ = t�2

2t�3ßK = 60 ·21+
1
↵2ßc0 =

1
512� > 1"du~Í�(¿J

$v41ßc1 =
c0
10¥òáv4å"~Í"è$y"'Ç"Ãá(JßêI

y"3G0•+3Ht"B!ßŸ•"THt"2:¥àÿÉ#"ßœèXJ

'ÇUÈ&òá3G0•"2:¸¸ÿÉ#"Htß@o'Ç“å±3G•

È&¸á2:ÿÉ#"/⁄”-"HtB!ß̆ *BU4y"'Ç"Ãá

(J"

&n3.5. -G0èX˛°#¬!G!f„ß@oG0¨ù&$:¸¸ÿÉ(

!Htäèf„"

3y"˛„(nÉcß'ÇIáò)È'Çy"k^"9œ5(ÿ"

dK-A5.K1Ô'‹„"(¬ß-G0 = A [ Bß|B| = mßG0•zá

:"›Í¨0u�⁄K�ÉmßŸ•� > c1m
t�2
2t�3ßc1å±èv4å"~Í"

,$'Ç32:8A˛(¬òá9œ(#„WAßŸ•WA•":Èuv"

(#¥dG0(u, v) = |NG0(u) \ NG0(v)|"kû'Çè¨Ú:Èuv"(#

&èW (u, v)"d$ßÈuA"f8Uß'Çr8‹"(#&èW (U) =
P

uv2(U2)
dG0(u, v)"'u3G0˛(¬"(#„WAÉ'"⁄nåÑ©z[48]"

⁄n3.4 ([48]). -G0 = A[Bè"‹„ßŸ•|B| = mßA•:!Å$›

Íñ%è�"@oßÈ?¤˜v�|U | > 2m!f8U ✓ Aß'Ç—k

W (U) =
X

uv2(U2)

dG0(u, v) >
�2

2m

✓
|U |

2

◆
"
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'ÇUY&ƒG0˛"(#„WA"Èuÿ”"2:u, v 2 AßXJ1 6
W (u, v) < 2

�t
2

�
ß'Ç“°>uv¥î"(light)ßXJW (u, v) > 2

�t
2

�
ß'

Ç“°>uv¥&"(heavy)"œL⁄n3.2ß'Çå±w&ßXJWA•k

!d#>|§"Kt"B!ßKG0•ò(¨+3Ht"B!ßŸ•Ht"2:

¸¸ÿÉ#"ƒu±˛*2ß'Çå±$&±e⁄n"

⁄n3.5. XJG0•ÿ!3˜v$:¸¸ÿÉ(!Ht!B0ß@oÈu?

¤˜v|U | > 8tm
� ⁄|U | > 2!f8U ✓ Aßp3f„WA[U ]•î>!Í8

ñ%k �2

16t3m

�
|U |

2

�
"

⁄n3.5!y%. d⁄n3.4ßÈ?¤˜v|U | > 8tm
� "f8U ✓ Aß'Çk

W (U) > �2

2m

✓
|U |

2

◆
> �2

8m
|U |

2 > 8t2m"

-B = {b1, b2, . . . , bm}±9hi := |N
G
0(bi)|"'Ç2-G

0
èG0"p!f„

G0[U,B]"y3b9Èu,áißhi > 2(t�1)"duG0ÿù$˜v2:¸¸

ÿÉ#"Ht"B!ß§±3(#„WA[NG
0(bi)]•vkd#>/§"Kt"

œdä‚%;"Turán(nßWA[NG
0(bi)]•"î>"Í8ñ+è

1

t� 1

✓
hi

2

◆
> h2

i

4(t� 1)
"

?ò⁄/ß5ø&

X

i:hi<2(t�1)

✓
hi

2

◆
< 4t2m 6 W (U)

2
ß

˘“øõX
X

i:hi>2(t�1)

✓
hi

2

◆
> W (U)

2
"

113



4ä|‹9ŸÉ'+ç•eZØK"Ôƒ

dî>"(¬ßzò^î>ñı—y32
�t
2

�
á8‹N

G
0(bi)•ßœdß'Ç

å±$&WA[U ]•î>"oÍ8ñ+è

1

2
�t
2

�
X

i:hi>2(t�1)

h2
i

4(t� 1)
> W (U)

8t3
> �2

16t3m

✓
|U |

2

◆
"

ñdßT⁄ny"%."

k$˘á¡=5"Û‰Ü(ÿßy3'Ç“å±y"(n3.4$"Ø

¢˛ß'ÇêIáy"(n3.5“v4$"˘p£=òeßG0•"2:¥

kSÈßXJS"ãIÿ*uT"?¤ãIßK°S⁄T"2:3V (G0)•

¥ÿÉ#""

#n3.5!y%. 'Ç"8I¥3G0•È&Ht"B!ßŸ•ò‹"2:è

u1, u2, . . . , utß,ò‹•ßÈuzá1 6 i < j 6 tß2:vi,jèui⁄uj"

˙5/:"ƒkßXJ'ÇU43G0•È&Ht"B!ß@oä‚⁄n3.2ß

'Ç36Èu?¤1 6 i < j 6 tßui⁄uj¥ÿÉ#"ßœèßÇk5”

"/ÿvi,j"”*ßvi,j⁄vi,k¥ÿÉ#""œd'ÇêIáy"Èu?¤ÿ

”"i, j, k, `ßvi,j⁄vk,`¥ÿÉ#""

'Çƒk^48-E5$&˜vXe5ü":u1, u2, . . . , ut�1 2 A"

(i) Èuÿ”"i, j 6 t� 1ßui⁄uj-§WA•"ò^î>"

(ii) Èuÿ”"i, j, k 6 t� 1ß3G0•kNG0(ui)\NG0(uj)\NG0(uk) =

;"

(iii) Èÿ”"i, j, k, ` 6 t�1ßNG0(ui)\NG0(uj)":⁄NG0(uk)\NG0(u`)

•":—¥àÿÉ#""
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(iv) Èuzá1 6 i 6 t� 1ß̃ vÈuzáj 6 ißuju—¥î>":u"

Í8ñ+è( �2

64t3m)
i
· |A|"

.X'Ç˛°§?ÿ"ß5ü(i)!(ii)⁄(iv)kœu'Ç3G0•È&Ht"

B!ß)5ü(iii)U4êœ'Çy"THt"2:3G0•¥àÿÉ#""

duG0¥1Ô"±9m¥v4å"ß§±k|A| > m
2 > 8tm

� "ä‚⁄

n3.5ßA•ñ+k �2

16t3m

�
|A|

2

�
^î>"§±ä‚|ç1nß'Çå±¿J,

á2:u1 2 A¶$î>u1u"Í8ñ+è
�2

16t3m(|A|�1) > �2

64t3m |A|"b9

Èu2 6 ` 6 t� 1ß'ÇÆ¿J$‰k·5(i)!(ii)!(iii)⁄(iv)"`� 1á

: u1, u2, . . . , u`�1"'Ç-U0è˜vÈuzáj 6 `� 1ßuju—¥î>"

:u 2 A-§"8‹"œL5ü(iv)ß'Çk|U0| > ( �2

64t3m)
`�1

|A|"'Ç2

-Ud‰k±e5ü"u 2 U0-§µ

• Èu§k1 6 i < j 6 `�1ß3G0•kNG0(ui)\NG0(uj)\NG0(u) = ;"

• Èu§kàÿÉ”"1 6 i, j, k 6 ` � 1ßNG0(ui) \ NG0(uj)•":

ÜNG0(uk) \NG0(u)•":àÿÉ#"

:e5'Çy"|U0\U |"ÿUÈåß̆ øõX'Ço¥å±%y|U |v4

å"ƒkßduWA•">uiuj—¥î"ßœdkW (ui, uj) < 2
�t
2

�
",ò

ê°ßduG0¥K-A5.K"ß§±B•zá2:"›ÍÅıèK�ß̆

øõX˜vÈu§kÿ”"1 6 i < j 6 `� 1ß—kNG0(ui)\NG0(uj)\

NG0(u) 6= ;"2:u 2 A"Í˛ñıè
�`�1

2

�
· 2
�t
2

�
·K�"

:e5ßÈu?¤"i, j, k 6 `�1ßbX(x, y) 2 NG0(ui)\NG0(uj)Ú

á('Ç¿äHt•"vi,jß@oä‚⁄n3.2ßzáx⁄y(ù$3ñıò

áNG0(uk)":•"œdßÈu?¤â("i, j, k 6 `�1ßñık4
�t
2

�
áB•

":ßÚ[9ÿ¨('Ç^5¿äHt•":vk,`ßøÖß'ÇálU0Ìÿ§
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k˘):3A•"/:"5ø&ß'ÇIáÈ§kÿ”"i, j, k 6 `�1?1

˘*"Ìÿˆäßœd'Ç¨lU0•ÌÿKñı
�`�1

2

�
·(`�3)·4

�t
2

�
·K�á

:"œd|U0 \ U | 6
�`�1

2

�
· 2

�t
2

�
·K� +

�`�1
2

�
· (` � 3) · 4

�t
2

�
·K�"qœ

èm¥ø©å"ß§±'Çk

(
�2

64t3m
)`�1

|A| > 2

✓
`� 1

2

◆
·(`�3)·4

✓
t

2

◆
·K�+2

✓
`� 1

2

◆
·2

✓
t

2

◆
·K�ß

˘øõX

|U | > |U0|

2
> 1

2
(

�2

64t3m
)`�1

|A|"

,$ß'Ç5ø&ß� > c1m
t�2
2t�3Èu,áø©å"~Íc1§·ßœdßÈ

u?¤2 6 ` 6 t� 1ß'Çk

1

2
(

�2

64t3m
)`�1

|A| > 8tm

�
"

d⁄n3.5⁄|ç1nßò(+3,áu` 2 U¶$kñ+ �2

16t3m(|U |� 1) >
( �2

64t3m)
`
|A|^î">Üu`'È"@oñdßÈu2 6 ` 6 t � 1ß'Ç“

Æ%¿#$-.":u`ß@o'Ç%§$Èu:u1, u2, . . . , ut�1"48-

E"

y3ß'ÇP` = t�1ß@o+3òá˜v|V | > ( �2

64t3m)
t�1

· |A|"8

‹V ✓ Aß¶$Èzái 6 t�1±9v 2 Vßkuivèî">"Å$ß'ÇI

áy"+3òá:ut 2 V ß̃ vÈu?¤i < j < tßNG0(ui)\NG0(uj)\

NG0(ut) = ;ß±9Èu?¤ÿ”"i, j, k < tßNG0(ui) \ NG0(uj)•":

⁄NG0(uk)\NG0(ut)•":¥ÿÉ#""|^Üc°"Ìÿê{É”ß'

Ç¨ÌÿñıÿáL
�t�1

2

�
· (t � 3) · 4

�t
2

�
·K� +

�t�1
2

�
· 2

�t
2

�
·K�áV•

":"@o'Ç“å±uyßò(¨+3˜vá¶"2:utßœè|V | >
( �2

64t3m)
t�1

· |A| >
�t�1

2

�
· (t� 3) · 4

�t
2

�
·K� +

�t�1
2

�
· 2
�t
2

�
·K�"ƒu˛„
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?ÿßB¨+3òáHt˜v2:¸¸ÿÉ#"ñdß'Ç"(nÆy"

%."

§ 3.4 o(Ü–"

è,(n3.2"y"wÂ5'6–*ß0'Ç¢S˛^&$ò)ıë

™(™"géê{"Èu?¤ıë™f, g 2 K[x1, . . . , xn]ß-R(f, g; xi)L

´f⁄g'uC˛xi"(™"@o3(n3.2"y"•ßêß(3.1)!(3.2)!

(3.3)⁄ (3.4)Ø¢˛Uâ!—Fp[x, y, z, w]˛"±eoáıë™µ

f1(x, y, z, w) = x2 + xy + y2 � a = 0ß

f2(x, y, z, w) = y2 + yz + z2 � b = 0ß

f3(x, y, z, w) = z2 + zw + w2
� c = 0ß

f4(x, y, z, w) = w2 + wx+ x2 � d = 0"

œL|^aqu'Ç3c°&&"ê{5Oé f5(x, z) := R(f1, f2; y)⁄

f6(x, z) := R(f3, f4;w)±9g(x) := R(f5, f6; z)ß'Çå±$&g(x) =

0ß±9g(x)¥òá'uC˛x2"'gıë™ß.,ß̆ è⁄êß(3.12)"

(Jaq"@o'ÇêIá©¤g(x)=å%§y"ß˘aqu'Ç3ê

ß(3.12)•Èuk0, k1, k2"?n"˘á~fè`"ß'Ç3TuránØK•

§|^L"ıë™(™ê{ß3Èı4ä„ÿØK•ß—‰kA^"d

Â"

'uºÍfk(n,H)"ØKß©z[49, 111]•kAák-"(J⁄ê

{")'ÇÃá'5$H¥Û3C4±9%!„Kt"1ògø©„"ú%ß

ÈuHtß'Çy"$f2(n,Ht) = ⌦(n1+ 1
2t�3 )"5ø&'Ç"(n3.1â—

$ f2(n,Ht) = O(n1+ 2
t )ßœdß((çÍ�¶$f2(n,Ht) = ⇥(n�)Ú¨
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¥ö~k-Ö‰k]‘5"ØK"

(n3.1(i)Ñ`"$XJH¥òá'‹„ße(H) > k
k�1 |H| �

2
k�1"

{ßkfk(n,H) = ⇥(n)")'Ç"Ãá(JL"ß.k = 2ûß̆ á(n

ÿU(U?è/Xµe(H) > 2|H| � 2tøõXf2(n,H) = ⇥(n)"*fß

˘£â$Conlon⁄TyomkynJ—"˙mØK"@o.k > 3ûß˛„^

á¥ƒå±U?Q&̆ Ú¥áÈk-"ØK"

3%;"TuránØK•ßkòáÕ#"fléGäknçÍflé[81,

flé1.6]ß̆ áfléQ„"¥ßÈuzáknÍr 2 (1, 2)ß—¨+3¸á

‹„Hß¶$ex(n,H) = ⇥(nr)"̆ áfléE,9ô(%!)˚ßÈu˘

áflé".c?–ß̆ ÎÑ©z[47, 112, 114, 115, 119]±9Ÿ•"Î&

©z"'u'Ç&ƒ"3˘áÃKßÆ3(JL"ßf2(n,H)èN+3å

óÉq"ú%"œdß'Ç@è±eflé¥kø¬""

flé3.1. ÈuzáknÍr 2 (1, 2)ß—!3òá"‹„Hß¶&

f2(n,H) = ⇥(nr)"

118



Chapter 4 ƒuHamming›˛"Erdős-FalconerÂlØK

§ 4.1 {0

%;"Erdős-Falconerflé£„"¥ßXJRd"f8"Hausdor↵ë

ÍáLd
2ß@oÂl8"Lebesgueˇ›è."Tflé"1òá‚ª5(

JdFalconer3©z[72]•â—ßßy"$Èud > 2ßXJRd•f8

"Hausdor↵ëÍåud+1
2 ßKÓ™Âl8"V?Çˇ›è."l@ûÂß

deZÔƒÛäœLÿ”"ê{U?$˘ò(JßåçÑ©z[29, 55, 68,

97, 104, 183]⁄Ÿ•"Î&©z•"(J"

ÅCßN⁄©¤!A¤⁄|‹!•%;ØK"kÅçá!ØK…&$

Èı'5"3©z[109]•ßIosevich⁄RudnevÔƒ$Erdős-FalconerÂl

ØK"kÅçá!ßømu$F·ì©¤ê{5Ôƒda|‹ØK"k'

Ó™Âl⁄É'A¤ØK"çı©zßåÎ&©z[1, 92, 105, 107, 125]9

ŸÎ&©z"ÅCßYazici[185]3kÅç"pëï˛òmFn
q˛&ƒ$aq

"ÂlØK"Yazici¶^F·ì©¤ê{y"$XJ|I| > qn�1

n

�n
n

2

��n

2
n

4

�
ßŸ

•4 | nßKI ":(($§k"ÛÍHammingÂl0 < d < n� 2"'Ç

?ò⁄.\Ôƒ$YaziciJ—"˘áØKßøwÕ/U?$ŸÏCø¬˛

"(J"

d$ßErdős-FalconerØKkòá„ÿ˛k-"Ì2ßë33Rd"

åf8•È&‰k5(›˛"„(-"èêBÂÑß'Ç^„ÿ"äÛ5
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£„˘)ØK"Èuâ("„G = (V,E)ßXJÈuz^>e 2 E —kò

áÉ'"ÂldeßK'Ç°„GèÂl„"XJ+3i\� : V (G) ! Xß

¶$Èuz^>uv 2 Eß�(u)⁄�(v)"Âl*uduvßK'Ç°f8Xù

$Âl„G"*ÂB!"Erdős-FalconerØK"˘´„ÿá!Ì2ë3u

ÔƒßÈuâ("„Hß.òá!òm"f8Akıåûßå±%yAù

$å˛ÿ”"'uH"*ÂB!"'u˘áÃKÈık-"ÔƒÛä"~

Xß3Ó™òm•ßBennett!Iosevich⁄Taylor[14]y"ßÈuzáë›

åud+1
2 ";8A ✓ Rd•ß—¨+3òám´m(a, b) ✓ Rß¶$Èuz

á` 2 (a, b)ßA¨ù$?ø,›"¥ª"*ÂB!ßŸ•˘^¥ª•z^

>"Ó™Âl.–—¥`"d$ßÑNıŸ¶#á"„xè(2çÔƒß

~XÛ3[93]!*>n5/[106]*"ÉA/ßkÅçá!"ØKè…&$

2ç'5"~XßÅCIosevich⁄Parshall[108]â—$ÉÈD’„"òÑ

(˛(J"çO(/`ß¶ÇL"Èuâ("n, t 2 NßXJA ✓ Fn
q˜

v|A| > 12n2q
d�1
2 +tß@oAù$§kÅå›èt"ná:"„*ÂB!"

Ÿ{Nıa."„aèk(Ôƒß~Xk-¸X/[13, 39]!¥ª[12]⁄%

!„[177]*")'ÇÚ3HammingÂle&ƒ3kÅç"pëï˛ò

mFn
q•"aqØK"

:e4'ÇÚ‰N0/'Ç&ƒ"ØK±9'Ç#$"eZ(J"

-Fqèq/"kÅçßŸ•q > 4¥ÉÍò"£'Ç¨3$°"?ÿ

•;„èüoq /2 {2, 3}§"Èu¸á3Fn
q•3É a = (a1, a2, . . . , an)⁄

b = (b1, b2, . . . , bn)ßa⁄bÉm"HammingÂlå±(¬è dH(a, b) =
nP

i=1
dH(ai, bi)ßŸ•XJai 6= bißKdH(ai, bi)*u1ßƒKè0"-I¥Fn

q"

f8ßIå±wä¥,›èn"q3Ëi"3?Ënÿ•ß'Çœ~3q¥

/("øÖn ! 1"b9e&ƒ‰NØK"'ÇÚ3!!•?n"1ò
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áØK¥ß|I|Iákıåûß‚å±%yI"Âl8�(I)ù$ö~ıÿ”

"HammingÂl"èêBÂÑß'Ç3HammingÂleâ—Xe(¬"

&¬4.1. -IèFn
q!f8ß'Ç°Ièòá↵-ÂlËßXJI•"É§˚

#!HammingÂl8�(I)ù&ñ%↵náÿ”!HammingÂl"'ÇP

ºÍI(n, q,↵)èÅ$åU!|I|ß˜vêá|I| > I(n, q,↵)ßKI7,¥ò

á↵-ÂlË"

@oßFn
q•Hamming›˛eErdős-FalconerÂlØKå±&§Xe

/™"

ØK4.1. Èuâ#!ÉÍòqß⁄òá¢Í0 < ↵ < 1ß(#I(n, q,↵)!

ä"

3T*:eßYazici"(J[185]É.uI(n, q, 12 �
1
n) 6

qn�1

n

�n
n

2

��n

2
n

4

�
ß

Ÿ•4 | n"'ÇÚ'5˘áºÍ"ÏC1èß=b9q¥/("øÖn !

1"'Ç"Ãá(JL"ßÈu?ø".'~0 < ↵ < 1ß—+3~

Í� = �(↵) > 0ß¶$XJ|I| > q(1��)·nßKI7,¥↵-ÂlË"

&n4.1. -q > 4èòáÉÍò"Èu?¤â#!0 < ↵ < 1ß!3òá

#!~Í� = �(↵) > 0ß¶&

qHq(↵�
1
n
)·n�o(n) 6 lim

n!1

I(n, q,↵) 6 q(1��)·nß

Ÿ•ßHq(x) = x logq(q � 1)� x logq x� (1� x) logq(1� x)"

'ÇÚ3!!•&ƒ"1'áØK¥ßƒuHammingÂleßÈu

â("„Hßf8A ✓ Fn
qkıåûßå±%yA•ù$å˛ÿ”"H"

*ÂB!"û5øßÈu‰ke(H)^>"„Hß§kåU"Âl„H"Í
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˛Åıène(H)"d$ßXJ'Çá¶H"§k>"HammingÂl—É”ß

@oÅıknáåU"*ÂB!"'Ç"Ãá(J8•3'‹„˛ß.ò

á'‹„H˜vex(n,H) = O(n)ßøÖH">"HammingÂl—É”

"{ß'ÇkXe(J"̆ p'ÇÚex(n,H)L´èH"TuránÍß=ná

:Öÿ$kHäèf„"„"Åå>Í"

&n4.2. -Hè˜vex(n,H) = O(n)!"‹„"XJA ✓ Fn
q˜v|A| >

q(1�c1)nßŸ•c1 = c1(q,H) > 0è=Üq⁄HÉ'!~Íß@oA¨ù&

⌦(n)áÿ”!*ÂB0Hß̃ vzá*ÂB0H!>!HammingÂl—

É”"

Õ#"Erdős-Stone-Simonovits(n [65, 66]â—$'uH"Turán

Í ex(n,H)"ÏC(J",)ß.H¥òá'‹„ûßá((ex(n,H)"

7(ÏC(J¥‰k]‘5""kò)Æ3"„aßŸTuránÍ'un•

Ç5O,"~Xß¥ª⁄ö,[62]ß‰kká2:"‰[2–4]ß(„K1,t[128]"

çòÑ/ßAlon!Krivelevich⁄Sudakov[6]y"ßÈu,ò‹"Åå›ÿ

áL1"'‹„Hß'Çkex(n,H) = O(n)"œd'Çå±k±eÜ:

"Ìÿ"

Ìÿ4.1.

(1) -t > 1è#$ÍßK1,tè(„"K!3↵2 > 0ßXJA ✓ Fn
q˜

v|A| > q(1�c2)nßŸ•c2 = c2(q, t,↵2) > 0è,á=Üq, t,↵2É'

!~Í"KAù&↵2náÿ”!*ÂB0K1,tßÖŸ>!HammingÂ

l—É”"

(2) -m > 1è#$ÍßTmèm^>!‰"K!3↵3 > 0ßXJA ✓ Fn
q˜

v|A| > q(1�c3)nßŸ•c3 = c3(q,m,↵3) > 0è,á=Üq, t,↵3É'!
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~Í"KAù&↵3náÿ”!*ÂB0TmßÖŸ>!HammingÂl—

É”

(3) -s > 1è#$ÍßMsès^>!ö$"K!3↵4 > 0ßXJA ✓ Fn
q˜

v|A| > q(1�c4)nßŸ•c4 = c4(q, s,↵4) > 0è,á=Üq, s,↵4É'!

~Í"KAù&↵4náÿ”!*ÂB0MsßÖŸ>!HammingÂl—

É”"

(4) -H = H1[H2è"‹„Ö˜vH1•:!Åå›è1.@o!3↵5ßX

JA ✓ Fn
q˜v|A| > q(1�c5)nßŸ•c5 = c5(q,H,↵5) > 0è,á=

Üq,H,↵5É'!~Í"KAù&↵5náÿ”!*ÂB0HßÖH!>

!HammingÂl—É”"

c°'ÇJ&ßÈuòá„HßXJ'Çá¶H§k>" Hamming

Âl—É”ß@oÅıknáåU"*ÂB!"̆ øõXß.Fn
q"f8à

&,áKäûß'Çå±È&‰kex(n,H) = O(n)"'‹„H".'~

Í8""§kåU*ÂB!"Ÿ§k>"HammingÂl—É”"Ø¢˛

'Çèå±&ƒçòÑ"'‹„ß⁄çòÑ"Âl©,":e5'Çy

"ßXJ'Çÿá¶H"§k>—kÉ”"HammingÂlß@oÈu?

¤â("'‹„ß'ÇÑ¥å±È&⌦(n)Í8ÿ”"H"*ÂB!"

&n4.3. Èuâ#!"‹„Hß!3,á↵6ßXJA ✓ Fn
q˜v|A| >

q(1�c6)nßŸ•c6 = c6(q,H,↵6) > 0è=Üq,H,↵6É'!~Íß@oA¨

ù&↵6náÿ”!H!*ÂB0"

!!•:e4"SNÚ˘*S¸µ3§ 4.2ß'ÇÚ0/eZ'ÇÚ

á^&"5gÿ”+ç"Û‰Ü(ÿß˘)+çù$$4ä|‹!ßÍ
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ÿ⁄?Ënÿ*"(n4.1"y"Ú•y3§ 4.3•"3§ 4.4•ß'ÇÚÃ

á0/øy"òá&á!"Delsarte"Ì2ß˘á(Jÿ$È'Ç:e

4"y"ÈkêœßŸ!=è¥k-""(n4.2⁄(n4.3"y"Ú•y

3§ 4.5•"Å$ß'ÇÚ3§ 4.6Èò)'Ç@èkdä"ØK–m?ÿß

ø3eeZ˙mØKäè?ò⁄"Ôƒêï"

§ 4.2 ò)É'"Û‰

3!!•ß'ÇÚ{á0/5gnáÿ”+ç"É'Û‰⁄(Jß

ßÇÈy"'Ç"(JÈk^"'Çƒk0/ò)?Ënÿ"ƒ:3£ß

~XHamming•"N»Oé⁄áËê{"Ÿg¥Õ#"É'ë"¿Jê

{ßß34ä|‹!•ÂX#áä^"Å$'ÇÚ0/òáÍÿ•"#

á(J9ŸÉ'Ìÿ"

4.2.1 ?Ënÿ•"Û‰

4.2.1.1 Hamming•"N»

?Ënÿ"ƒ!ØK¥ßÈuâ("41Âld⁄Ë,nßØq3Ë"

ËiÍ8å±kıå&Å%;"nÿ.ù)kGilbert-Varshamov.⁄•

Wø.ßøÖ¸ˆ—#˚uâ(åª"Hamming•"N»"̆ p'Ç£

=òeßòáFn
q•åªèw"Hamming•Bq(n,w)¥§k,›ènøÖ˜

vHamming#˛ñıw"q3Ëi"8‹"@oHamming•Bq(n, pn)"

N»è V olq(n, pn) =
pnP
i=0

�n
i

�
(q � 1)i"'Çå±$&V olq(n, pn)"e.

⁄˛.Xe"

"K4.1. -q > 3è#$Í±90 6 p 6 1 � 1
qèòá¢Í"@oÈuø
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©å!nßk

qHq(p)·n�o(n) 6 V olq(n, pn) 6 qHq(p)·nß

Ÿ•Hq(x) = x logq(q � 1)� x logq x� (1� x) logq(1� x)"

y%. 'Çƒkâ—˛.V olq(n, pn) 6 qHq(p)·n"y"ß&ƒXeÿ*™

1 =(p+ (1� p))n

=
nX

i=0

✓
n

i

◆
pi(1� p)n�i

>
pnX

i=0

✓
n

i

◆
pi(1� p)n�i

=
pnX

i=0

✓
n

i

◆
(q � 1)i(1� p)n(

p

(q � 1)(1� p)
)i

>
pnX

i=0

✓
n

i

◆
(q � 1)i(1� p)n(

p

(q � 1)(1� p)
)pn

=
pnX

i=0

✓
n

i

◆
(q � 1)i(

p

q � 1
)pn(1� p)(1�p)n"

'ÇÈ˛„ÿ*™âeZ)Bµ1òáÿ*™¥du'Ç3¶⁄ë•Ì

ÿ$ò)ëß1'áÿ*™¥du p
(q�1)(1�p) 6 1ßœè'Çb9$q >

3ßp 6 1� 1
q±9pn > 1"qœèk

q�Hq(p)·n = (
p

q � 1
)pn(1� p)(1�p)nß

@o˛°Å$òá™føõX

V olq(n, pn) · q
�Hq(p)·n 6 1"

˘“â—$'Ç(°"˛.ß@o:e4'Çáy"e.V olq(n, pn) >
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qHq(p)·n�o(n)"'ÇƒkIá%;"Stirling;OXeµ

p

2⇡n(
n

e
)n 6 n! 6

p

2⇡n(
n

e
)ne�(n)ß

Ÿ•�(n) = 1
12n"qœè

✓
n

pn

◆
=

n!

(pn)!(n� pn)!

> (ne )
n

(pne )
pn( (1�p)n

e )(1�p)n
·
e��(pn)��(n�pn)

p
2⇡p(n� pn)

=
`(n)

ppn(1� p)(1�p)n
ß

Ÿ•`(n) = e��(pn)��(n�pn)
p

2⇡p(n�pn)
"@oy3'Çk

V olq(n, pn) >
✓
n

pn

◆
(q � 1)pn

>
(q � 1)pn

ppn(1� p)(1�p)n
· `(n)

>qHq(n)·n+log
q
(`(n))"

ñdß'uHamming•N»"˛e.˛Æy"%."

5P4.1. ºÍHq(p)kò,2–!5ü"~XßÈu?¤$Íq > 3⁄¢

Í0 6 p 6 1� 1
qßHq(p) < 1"d#ßTºÍ'up¸N4Oß'¨'uq¸

N4~"

5P4.2. #ƒåªèd
↵n�1

2 e!Hamming•Bq(n, d
↵n�1

2 e)"Hamming ›

˛è‰kn1ÿ*™ßœd'Çå±&/|�(Bq(n, d
↵n�1

2 e))| 6 ↵n� 1"

(‹#K4.1ß'Ç&/#n4.1•â—!e.(J"
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4.2.1.2 áËê{

Éc'ÇJ&ß?Ënÿ"ƒ!ØK¥ßÈuâ("41Âld⁄Ë

,nßØòáË"ËiÍ8å±kıå&è$)˚?Ënÿ"ƒ!ØKß

kNı.uÿ”nÿgé""nÿ.(J—ßXPlotkin.!Griesmer.

⁄Johnson."k'?Ënÿ"nÿ."çı&Eßå±Î&"â÷[173]

⁄Ÿ•"Î&©z"aquË"(¬ßXJòáf8A ✓ Fn
q"?ø¸á

3ÉÉm"Âl—ÿáLdßK°A¥‰kÅåÂld"áË(Anti-code)"

áËê{œ~^u-Eà&Griesmer."?Ë"AO¥ßÅåáË"7

(Là™å^uÌ!?Ënÿƒ!ØK"˛.ß)Öå±'%;"•W

øË$&ç–"(J"ÅCßÿ”òm⁄›˛˛"áËØK(2çÔƒß

å±Î&©z[71, 140, 161, 162]"

'Ç:e5á0/òá'uq3Ë"áË(Jß˘á(JÈ'Ç"

y"è¥ö~#á""'ÇPCr(t)è8‹

Cr(t) := {c 2 Fn
q : |{i : 1 6 i 6 t+ 2r, ci = 1}| > t+ r}"

FranklÜTokushige3©z[77]y"$3ò(^áeßCr(t)¥˜v4åÂ

lèn� t"ö'34åáË"

⁄n4.1 ([77]). -q > 3è#$Íß-r := b
t�1
q�2cß@o'n > t +

2rûßCr(t)è4åÂlèn� t!4åáË"?ò⁄/ß

|Cr(t)| = qn�t�2r
rX

i=0

✓
t+ 2r

i

◆
(q � 1)i"

@oƒu'Çc°ÈHamming•N»";Oß'Çå±$&XeÌ

ÿ"
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Ìÿ4.2. -q > 3±91
2 < � < 1"2-t := (1�↵

2 ) · n±9r := b
t�1
q�2c"X

Jn > t+ 2rßKk

|Cr(t)| 6 q(1�(1�Hq(�))(
1�↵

2 ))·n"

y%. d/K4.1ß'Çk|Cr(t)| 6 qn�(1�Hq(
r

t+2r ))(t+2r)"qœèt + 2r >
(1�↵

2 ) · n±9Hq(p)'up¸N4OßœdTÌÿ§·"

5P4.3. c°'ÇJ/ß3'Ç!Ãá(J•ß'ÇÚ&#q > 4ßœ

è'q = 2ûßÅåáË#–¥Hamming•",òê°ß'q = 2ûßå

±(EËC := {c :
nP

i=1
ci ⌘ 0 mod 2}ßå±uyŸå$è⌦(2n)1¥

ŸHammingÂl8�(C)=ù&å+n
2áÿ”!Âl"d#ß'q = 3ûß

XJ'Ç!'~↵ < 1
3ß@ot+2rkåUåun"''Çÿ%(J!y%

q'2ù6˘á(Jßœd'Çè+|^Ìÿ4.25y%⁄n4.7ß'Ç“

&#+q > 4"

4.2.2 É'ë#¿Jê{

É'ë"¿Jê{¥ò´ö~rÂ"V«ê{"Ÿ@œá!(Nı

|Ôƒ<?y"⁄A^ß~XGowers[89]3è,›è4"Szemerédi(n

J¯$#"y""Lß•^&$Tê{"l@ûÂßÉ'ë"¿J34

ä„ÿ!Ramseynÿ!\5|‹!⁄|‹A¤•—y$òX,Ø<"A

^"ñ$)çı&Eßå±Î&ö~ç¶"n„[75]±9Ÿ•"Î&©z"

3˘pß'ÇIá^&òáöÈ°á!"É'ë"¿J⁄nßè$%7

5ß'ÇèÚÈŸ?1{¸"y""

⁄n4.2. -H = (A [ B,E)è˜v|A| = nß|B| = m±9>Íe(H) =

Cnm!"‹„"@oÈuòáâ#!#$Ítß¨!3òáå$è|A0
| >

Ct(n+1)
2 !f8A0

✓ A˜vA0•!?¤:È—kñ%Cmn�
1
tá˙*(:"
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y%. 'ÇklB•˛!ë"Ö’·/¿Jtá2:-§8‹Tß̆ p'Ç

å±#N#E¿#"@oœLœ""Ç55ß'Çk

E
⇥
|N(T )|

⇤
=
X

a2A

�NB(a)

m

�t > n1�t

✓X

a2A

�NB(a)

m

�◆t

= Ctnß

˘p'Ç^&$f(z) = zt"‡5ß±9é¸g"1n":e4ß-YL´

˜v˙5/:Í8+uCmn�
1
t":È(a1, a2) ✓ N(T )"Í8ß5ø&˘

pY¥òáë"C˛"Èu˘*â(":È(a1, a2)ßß¥N(T )"f8"

V«¥
�
|NB(a1)\NB(a2)|

m

�t
"œèÅık

�n
2

�
á:È˜v|NB(a1)\NB(a2)| <

Cmn�
1
tßœd'Çå±Oéë"C˛Y"œ"

E[Y ] <

✓
n

2

◆✓
|NB(a1) \NB(a2)|

m

◆t

=
Ct(n� 1)

2
"

'Ç2|^ògœ""Ç55ßå±$&

E[|N(T )|� Y ] > Ctn�
Ct(n� 1)

2
=

Ct(n+ 1)

2
"

œd+3,áT"¿Jß¶$|N(T )| � Y > Ct(n+1)
2 "y3'Çlz|˜

v˙5/:Í8ÿáLCmn�
1
t":È•Ìÿòá:ß,$-A0¥%L˘

*Ìÿˆä$ê{":-§"f8ßÈN¥w—A0•ñ+k
Ct(n+1)

2 á:ß

øÖzáA0•":È—ñ+kCmn�
1
tá˙5/:"@oñdßT⁄ny

"%."

5P4.4. 3˘áá0!É'ë%¿J⁄n•ß'ÇÿIáH¥òá»ó

„"=Cÿ7¥òá~Íß~Xß'Çå±¿JC = ⇥(nc)ßŸ•cå±¥

òáKÍ"3˘´ú"eß'Ç3¢SA^•ßêIá+yCt(n+1)
2 > 2±

9Cmn�
1
t > 2=å"
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4.2.3 Vinogradov.&n

\5Íÿ•"Nı%;ØK—å7XÈA(8‹A⁄B"⁄8(sum

set)"–mÔƒ"~Xß-N2 = {1, 4, 9, 16, · · · }¥§k1êÍ"8‹ß

Õ#".ÇKFo1ê⁄(nQ„"¥4N2 = Nß=ßzág,Í—å

±L´§oá1êÍ"\⁄"2-P = {2, 3, 5, 7, · · · }¥§kÉÍ"8

‹ß™#•$"xCn‚fléQ„"¥ß2Pù$§kåu2"ÛÍ"8

cßfléÑ9ô)˚"è$ç–/n)⁄)˚xCn‚fléßkòá

Õ#"Vinogradov(n[178]ßŸ£„"¥ß(2 · N + 1) \ 3P¥kÅ"ß

=záv4å"¤Í—¥náÉÍÉ⁄"k'\{Íÿ"çı&Eßå

±Î&"â÷[153]⁄[168]±9Ÿ•"Î&©z"ÅCß¶^Green3©

z[91]•⁄\"=£1nßMatomäki!Maynard⁄Shao[142]y"$Xe

"òáVinogradov.(nÌ2"

&n4.4 ([142]). -✓ > 11
20ß@ozáø©å!¤Ín—å±2L´èn

áÉÍÉ⁄n = p1+p2+p3ßøÖ˜vÈui 2 {1, 2, 3}—k|pi�
n
3 | 6 n✓"

Baker!Harman⁄Pintz[11]y"$3´m[x, x+ x0.525]•o¨+3

ÉÍßœd'Çå±$&±e"Ìÿ"

Ìÿ4.3. -✓ > 11
20ß@ozáø©å!ÛÍnå±2L´§oáÉÍÉ

⁄n = p1+ p2+ p3+ p4ßøÖ˜vÈui 2 {1, 2, 3, 4}—k|pi�
n
4 | 6 n✓"

§ 4.3 œÈ?ø!'~Í˛"HammingÂl

3!!•ß'ÇÃáÚ%7/Q„(n4.1"y""=3òáFn
q"f

8•ßœÈ?ø.'~Í8"HammingÂl"Xc°"©¤ß'Ç"y

"Úƒuq > 4èÉÍò±9n™u!°å"b9"
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4.3.1 *,"ÉÍHammingÂl"'35

'Çƒky".|I|å&ò(ß›ûßŸHammingÂl8�(I)•!

¨ù$§kÿ@oå"ÉÍ"èdß'ÇIá.u©z[10]•"òá(

J"

⁄n4.3 ([10]). -p¥òáÉÍß2-8‹I ✓ Fn
q"XJ

|I| >
sX

i=0

(q � 1)i
✓
n

i

◆

±9s > p� 1ß@o�(I)•¨!3"Éd 2 �(I)¶&d ⌘ 0 mod p"

:e4'ÇÚ|^T(J`"ßX¤3A("´mpœÈÉÍÂl"

⁄n4.4. Èuâ#!¢Í0 < ↵ < 1⁄1
2 < � < 1ß'Ç-IèFn

q!f8ß

˜v|I| > q(1�
(1�↵)(1�Hq(�))

2 )·n"XJp¥òá˜v (1�↵)·n
2 < p < � · n!É

Íß@oI!HammingÂl8�(I)•ò#¨ù&p"

y%. b9|I| > q(1�
(1�↵)(1�Hq(�))

2 )·nß'Çk;O±e'ux"ÿ*™ß

n� x

2
< p < � · (n� x)ß

@oß'Çk

n� 2p < x < n�
p

�
< (1�

1� ↵

2�
) · n"

y3'Ç¿Jòá´m[n� 2p, n�
p
� ]•"xß,$'ÇrI•"3É—w

än,"ï˛ß'Ç&ƒI•˜v§kcxá©˛—É”"3É-§"f

8ß'ÇPèIn�x"@oN¥$&

|In�x| > q(1�
(1�↵)(1�Hq(�))

2 )·n�x"
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du� < 1ß±9x < (1� 1�↵
2� ) · n < (1� 1�↵

2 ) · nßœd'Çk

(1�Hq(�)) · (n� x) > (
(1�Hq(�)(1� ↵))

2
) · n"

@oß

q(1�
(1�↵)(1�Hq(�))

2 )·n�x > qHq(�)·(n�x) >
�(n�x)X

i=0

(q � 1)i
✓
n� x

i

◆
"

@o'ÇåÑp < � · (n � x)ß:Xß2d⁄n4.3ß̈ +3,á3Éd 2

�(In�x)˜vd ⌘ 0 mod p"dup > n�x
2 ßœd'Çk�(In�x)7,¨ù

$ÉÍp"Å$ßœè�(In�x) ✓ �(I)ßl)�(I)è¨ù$ÉÍp"ñdß

T⁄ny"%."

4.3.2 œÈ*,"HammingÂl

c°1!"(J%y$.8‹Iå&ò(ß›ûß�(I)•ò(¨+

361"ÉÍÂl":e5'ÇÚ(‹?Ënÿ•"~^ˆä⁄c°J

&"Íÿ(Jß5œÈ�(I)•"61"HammingÂl"

ƒk'ÇƒuHammingÂl"A5ß5(¬¸á©O5gFn1
q ⁄Fn2

q

"3Éc1, c2"Ü⁄"

&¬4.2. Èu¸áÿÉ(!fòmFn1
q ⁄Fn2

q ß'Ç#¬'uc1 2 Fn1
q ⁄

c2 2 Fn2
q !Ü⁄c1�c2èFn1+n2

q •!"É"‰N/`ßXJ'ÇÚc1⁄c2¿

èÈAfòm˛!ï˛ß@oc1 � c2!1iá†ò!ãIè

(c1 � c2)i =

8
><

>:

(c1)iß XJ i 2 [1, n1]

(c2)iß Ÿß"

aq/ß'Çå±#¬¸áf8I1 ✓ Fn1
q ÜI2 ✓ Fn2

q !Ü⁄è

I1 � I2 = {c1 � c2 : c1 2 I1, c2 2 I2}"
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e°'Çáâ—Èu'Ç7áØK"y"Å#á"òá⁄nßßè

'Ç|^61"ÂlœÈçå"ÂlJ¯$åU"

⁄n4.5. Èuâ##$Ín1ßn2ßd1⁄d2ß-I1 2 Fn1
q ÜI2 2 Fn2

q èàg

fòm˛!f8"2-�1ß�2⁄tè˜ve&^á!Í"

• XJ|I1| > �1qn1ß@od1 2 �(I1)ß

• XJ|I2| > �2qn2ß@od2 2 �(I2)ß

• 2�1�
�t
2 > qn1"

@oÈu?¤˜v|I| > (2�1)
1
t qn1+n2!f8I ✓ Fn1+n2

q ßI!HammingÂ

l8�(I)¨ù&d1 + d2"

y%. &ƒâ("f8I ✓ Fn1+n2
q ßŸ•|I| > (2�1)

1
t qn1+n2"&ƒ'

‹„H = (A [ B,E)ßŸ•:8A = Fn1
q ßB = Fn2

q ßÈu¸á2

:a 2 A⁄b 2 BßXJa � b 2 Iß@oßÇ3H•Î>"N¥w

—ßH">Íñ+èe(H) > (2�1)
1
t qn1+n2"d⁄n4.2ß+3òáf8A0

✓

AßŸ•ñ+k�1(qn1 + 1)á2:ß¶$z|:È(a1,a2) ✓ A0ñ+

k(2�1)
1
t qn2�

n1
t á˙5/:"ä‚�1˜v"5üß+3òÈ(a1,a2) ✓ A0¶

$dH(a1,a2) = d1ß:X'Ç/(˘*"òÈ:(a1,a2)ßŸ˙5/:"

8‹NB(a1,a2)˜v

|NB(a1,a2)| > (2�1)
1
t qn2�

n1
t > �2q

n2"

œdß+3:È(b1, b2) ✓ NB(a1,a2)˜vdH(b1, b2) = d2"̆ *ß'ÇB

È&$òÈ3É(a1�b1,a2�b2) ✓ I˜vdH(a1�b1,a2�b2) = d1+d2"

ñdßT⁄nÆy"%."
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y3'ÇO3y"�(I)•ù$3ò„´mS"§kHammingÂl"

˘p'Ç&ƒTÂl¥ÛÍ"ú%ßœèÛÍ"ú%'¤ÍE,$ıßø

Ö'Çy"ÛÍú%"ç{å±11A^ñ¤Íú%"lÌÿ4.3å±w

—ß'Çå±%yòáø©å"ÛÍg,Íå±&§oáA5É*"É

ÍÉ⁄"

⁄n4.6. -✏ > 0èø©$!¢Íß 1
2 < � < 1"@oÈuâ#!˜

v(1�↵
2 ) · n 6 d 6 (� � ✏) · n!#$ÍdßXJf8I ✓ Fn

q˜v|I| >

q(1�
(1�↵)4(1�Hq(�))

4

3·217 )·n@okd 2 �(I)"

y%. du(1�↵
2 ) · n 6 d 6 (� � ✏) · nß@odÌÿ4.3ß'Çå±rÛÍ

Âld&§

d = d1 + d2 + d3 + d4ß

Ÿ•dièÉÍßøÖ˜vÈzái 2 {1, 2, 3, 4}ß—k|di �
d
4 | 6 d✓ß˘

p✓ > 11
20",òê°ß'Çå±Ún&§

n = n1 + n2 + n3 + n4ß

˜vÈuzái 2 {1, 2, 3, 4}ß|ni �
n
4 | 6 1".,ßXJ'Çb94 | nß

@on1 = n2 = n3 = n4ßÿL˘)ÿKè'Ç"?ÿ"

5ø&ßœè'Ç"ØKÔ·3n ! 1"b9eßœd'Çå±Ü

:$&'uzádi".Xeµ

di >
d

4
� d✓ > (

1� ↵

8
) · n� d✓ > (

1� ↵

4
) · niß

di 6
d

4
+ d✓ 6 (

� � ✏

4
) · n+ d✓ 6 � · ni"

:e4'ÇÚå"òmFn
q©y§4ápÿÉ#"fòmFn1

q ßFn2
q ßFn3

q ÜFn4
q "
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⁄n4.4wä'ÇßXJIi 2 Fni

q ˜v|Ii| > q(1�
(1�↵)(1�Hq(�))

2 )·niß@o�(Ii)ù

$§kÉÍÂldi 2 ((1�↵
2 ) · ni, � · ni)ßÈ§ki 2 {1, 2, 3, 4}—§·"

@o:e4'Çá38‹�(I1 � I2)•œÈÂld1 + d2"êBÂÑß

'ÇrI1 � I2{&èI1,2"'ÇÃá¨|^⁄n4.5ßƒkß'Çá2yX

e^á"

• |I1| > q(1�
(1�↵)(1�Hq(�))

2 )·n1ß

• |I2| > q(1�
(1�↵)(1�Hq(�))

2 )·n2ß

• 2 · q�(
(1�↵)(1�Hq(�))

4 )·n1 · q(
(1�↵)(1�Hq(�))

4 )·n2t1 > qn1"

)˛„1náÿ*™ß'Çå±9t1 := d
8

(1�↵)(1�Hq(�))
e"{¸Oé$ß'

Çå±uyXJ|I1,2| > q(1�
(1�↵)2(1�Hq(�))

2

128 )·(n1+n2)ß@o�(I1,2)¨ù$Â

ld1 + d2":Xß'Ç2¶^⁄n4.5ß=ß'ÇIá2yXe^á"

• |I1,2| > q(1�
(1�↵)2(1�Hq(�))

2

128 )·(n1+n2)ß

• |I3| > q(1�
(1�↵)(1�Hq(�))

2 )·n3ß

• 2 · q(1�
(1�↵)2(1�Hq(�))

2

128 )·(n1+n2) · q(
(1�↵)(1�Hq(�))

4 )·n3t2 > qn1+n2"

”*ß'Çå±9t2 := d
16

(1�↵)(1�Hq(�))
e"'Ç{PI1,2,3 := I1�I2�I3ß”

n'Çå±$&XJ|I1,2,3| > q(1�
(1�↵)3(1�Hq(�))

3

3·211 )·(n1+n2+n3)ß@o�(I1,2,3)¨

ù$Âld1 + d2 + d3":e4ß'ÇÚÅ$òg¶^⁄n4.5ßœL(@

±e^áµ

• |I1,2,3| > q(1�
(1�↵)3(1�Hq(�))

3

3·211 )·(n1+n2+n3)ß

• |I4| > q(1�
(1�↵)(1�Hq(�))

2 )·n4ß
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• 2 · q(1�
(1�↵)3(1�Hq(�))

3

3·211 )·(n1+n2+n3) · q(
(1�↵)(1�Hq(�))

4 )·n4t3 > qn1+n2+n3"

œL{¸"ÿ*™Oéß'Çå±9t3 := d
24

(1�↵)(1�Hq(�))
e"@o'Çå±

$&ßXJ|I| > q(1�
(1�↵)4(1�Hq(�))

4

3·217 )·nß@okd = d1+d2+d3+d4 2 �(I)"

ñdßT⁄ny"%."

5P4.5. 'dè¤Íûß'Çå±œL#n4.4&/aq!(J"duz

áø©å!¤Íå±©)§3áå$É*ÿı!ÉÍÉ⁄ßœddè¤Í

!ú"?ÿÂ5¨çN¥"l˛z(J!1›5wß|I|!Käèí#¨

$u⁄n4.6•!Käß'Ç˘p“ÿ2&E/[1¤Íú"!y%+"

4.3.3 œÈ*å"HammingÂl

è$$&?ø.'~Í8"HammingÂlß'ÇÑIáœÈ'6

å"HammingÂl"§±Å$ò⁄ß'Çá}¡œÈ6å"HammingÂ

lß‰N/`ß'Çáy"·3´m[(� � ✏) · n, (1+↵
2 ) · n]"Âl"+3

5"̆ p'Ç£=±e'ÇÆ%3⁄n4.1⁄⁄n4.6•y""(J"

• XJI 2 Fn
q˜v|I| > q(1�f1(

1�↵

2 ))·nß@o�(I)¨ù$,áÂld 2

((1+↵
2 ) · n, n]ßŸ•f1(

1�↵
2 ) = (1�Hq(��✏))·(1�↵)

2 "

• XJI 2 Fn
q˜v|I| > q(1�f2(

1�↵

2 ))·nß@o�(I)¨ù$§k3´m[(1�↵
2 )·

n, (� � ✏) · n]•"ÂlßŸ•f2(
1�↵
2 ) = (1�↵)4(1�Hq(�))4

3·217 "

'Ç"8I¥y"e,⁄n"

⁄n4.7. -c, ✏ > 0èø©$!¢Í±91
2 < � < 1"@oÈuâ#!

˜v(� � ✏) · n 6 d 6 (1+↵
2 ) · n!#$ÍdßXJI ✓ Fn

q˜v|I| >

q(1�
(1�↵)·f1(

(1�↵)(��✏�c)
4 )·f2(

��✏

2 �c)

32 )·nß@od 2 �(I)"
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y%. 'Ç3˘pE,b9dèÛÍß).dè¤Íûy"¥aq""'Ç

ƒkÚòmFn
q©y§¸áÿÉ#"fòmFn1

q ⁄Fn2
q ßŸ•n = n1 + n2"

,$ß'un1ßn2⁄dß'ÇIáXe^áµ

• |n1 +
(��✏)·n2

2 � d| 6 1"

•
n
4 6 n1 6 (1+↵)·n

2 "

:e4'Çáy"ß+3,áÂld̄ 2 [(1� (1�↵)·(��✏�c)
4 ) · n1, n1]"aq

u⁄n4.5"y"ß'Ç&ƒòá'‹„H = (A [ B,E)ßŸ•:8A =

Fn1
q ßB = Fn2

q ßa 2 A⁄b 2 BÎ>"^á¥a � b 2 I"@oä‚^áß

'Ç36e(H) > q�(
(1�↵)·f1(

(1�↵)(��✏�c)
4 )·f2(

��✏

2 �c)

32 )·n
· qn"|^⁄n4.2ß'Ç

9t = d
4

(1�↵)·f2(
��✏

2 �c)
eß'Çå±È&f8A0

✓ AßŸå1˜v

|A0
| >q�(

(1�↵)·f1(
(1�↵)(��✏�c)

4 )·f2(
��✏

2 �c)

32 )·nt
· (qn1 + 1)

2

>q�
f1(

(1�↵)(��✏�c)
4 )·n
8 · (qn1 + 1)

2

>q�
f1(

(1�↵)(��✏�c)
4 )·n
4 · qn1

>q(1�f1(
(1�↵)(��✏�c)

4 ))·n1ß

Ÿ•ßÅ$òáÿ*™¥dun1 > n
4"|^⁄n4.1ß¨+3,á:

È(a1,a2) ✓ A0˜vdH(a1,a2) = d̄ 2 [(1 �
(1�↵)·(��✏�c)

4 ) · n1, n1]"?

ò⁄/ß'Ç&ƒ:È˛„(a1,a2) ✓ A038‹B = Fn2
q •"˙5/:

8NB(a1,a2)"|^⁄n4.2ß'Çk

|NB(a1,a2)| >q�
(1�↵)·f1(

(1�↵)(��✏�c)
4 )·f2(

��✏

2 �c)·n
32 · |A|�

1
t · |B|

>q�
2n1
t
+n2
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>q
�2(1�↵)f2(

��✏

2 �c)·n1
4 +n2

>q(1�f2(
��✏

2 �c))·n2ß

Ÿ•ßÅ$òáÿ*™§·¥dun1

n2
= n1

n�n1
6 1+↵

1�↵ < 2
1�↵"@oy3'

ÇÆ%y"$�(NB(a1,a2))ù$zá´m[(��✏
2 � c) · n2, (� � ✏) · n2]•

"Âl$"ƒu'Çm©"b9|n1 +
(��✏)·n2

2 � d| 6 1ß'Çå±w

&d � d̄ 2 [(��✏
2 � c) · n2, (� � ✏) · n2]ßœd7,¨+3:È(b1, b2) 2

NB(a1,a2)˜vdH(b1, b2) = d � d̄"u¥'Ç“^|/È&$òÈ:

È(a1 � b1,a2 � b2) ✓ I˜vdH(a1 � b1,a2 � b2) = d"ñdßT⁄n

y"%."

4.3.4 &n4.1"y!

ƒuc°n‹©"?ÿßy3'ÇÚ%7/å±y"(n4.1"

⁄n4.4ß⁄n4.6±9⁄n4.75”â—$´m[ (1�↵)·n
2 , (1+↵)·n

2 ]•z

áÂl"+35ßäè˛z"(Jß'Çå±Ú(n4.1•"ÎÍ�#ä

è

min{
(1� ↵) · f1(

(1�↵)(��✏�c)
4 ) · f2(

��✏
2 � c)

32
,
(1� ↵)4 · (1�Hq(�))4

3 · 217
}"

@oñdß'Ç"(n4.1Æy"%."

§ 4.4 Delsarteÿ+™"Ì2

è$y"(n4.2⁄(n4.3ß!!•'ÇÃááâ—òáDelsarteÿ

*™"„ÿá!Ì2"˘áÌ2ÿ$¨Èy"'Ç"Ãá(JJ¯êœ

$ß'ÇÉ&ß!=è¥Èkø¬""'Çƒk£=%;"Delsarteÿ*

™[51, 52]"
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&n4.5 ([51, 52]). -A ✓ Fn
qßXJ8‹A•!"É¸¸Ém˚#!ÿ

”!HammingÂl!Í8ñıèsßKk

|A| 6
sX

i=0

(q � 1)i
✓
n

i

◆
"

Frankl[76]ƒkâ—$˛„%;ÿ*™"&á!"Ì2ß)$˘á

Ì2q(Babai!Snevily⁄Wilson[10]?ò⁄rz"Ø¢˛ß'ÇÆ%3

⁄n4.3•JÂL˘á(Jß3˘pß'ÇÚŸ&§Xe/™µ

&n4.6 ([10]). -pèòáÉÍß2-8‹A ✓ Fn
q"XJÿ!3?¤:

È(a,b) 2 A˜vdH(a,b) ⌘ 0 (mod p)ßKk

|A| 6
p�1X

i=0

(q � 1)i
✓
n

i

◆
"

Grolmusz⁄Sudakov[95]È˛„(J?1$k-"Ì2ß‰N/`ß

ßÇƒuká3ÉÉm"HammingÂlßy"$Ü˛™aq"˛."Å

CßCorreia!Sudakov⁄Tomon[150]èâ—$ö~k-"Ì2(J")

3˘pß'Ç–´$˛„ÿ*™3„ÿ/°˛"òáÌ2"'ÇƒkI

á⁄\Hamming&p„"Vg"

&¬4.3 (Hamming&p„). -8‹A ✓ Fn
q±9pèòáÉÍ"'Ç#

¬ƒu8‹A˛!Hamming'p„ßPèG(A, p)ßƒkŸèòá{¸„ß

:8V (G(A, p)) = Aß¸á$:a,b 2 AÎ>'Ö='dH(a,b) ⌘ 0

(mod p)"

:e4'Çáy"e,⁄nßß3'ÇÃá(J"y"•èÂX#

á"ä^"
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⁄n4.8. -A ✓ Fn
qßÈuâ#!ÉÍp⁄â#!˜vex(n, F ) 6 cn2�s!

"‹„Fß˘p~Íc > 0ß0 < s 6 1"XJHamming'p„G(A, p)ÿù

&Fäèf„ßKk

|A| 6
✓
c0

p�1X

i=0

(q � 1)i
✓
n

i

◆◆ 1
s

ß

Ÿ•c0 = max{4c, 2c+ 1}"

y%. Èuzá3Éa 2 Fqß'Ç-✏(x, a)è'uC˛x"knıë™ß̃

vÈu§kx 2 Fqß

✏(x, a) =

8
<

:
0ß XJx = aß

1ß XJx 6= a"

5ø&ıë™
✓
x� 1

p� 1

◆
=

(x� 1)(x� 2) · · · (x� p+ 1)

(p� 1)!

kXe5üµÈ?¤.7Íbß'Çk

✓
b� 1

p� 1

◆
⌘

8
<

:
1 (mod p)ß XJb ⌘ 0 (mod p)ß

0 (mod p)ß XJb 6⌘ 0 (mod p)"

'Çå±rFn
q˛"3É¿än,"ï˛ß@oÈua 2 Aß'Çå±

(¬ıC˛ıë™

fa(x) = f(a1,a2,...,an)(x1, x2, . . . , xn) :=

✓ nP
i=1

✏(xi � ai)� 1

p� 1

◆
"

5ø&faèlFn
qND&knÍ"knıë™ß±9fa"zòë—¥òá

ù$ñıp � 1áÿ”C3xi"¸ë™ß,$'Ç36záC˛xi˛"ç

Íñıèq � 1"œdßfa(ù$3òáñıd
p�1P
i=0

�n
i

�
(q � 1)iá¸ë™‹

§"fòm•"
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*2&ß
nP

i=1
✏(xi, ai) = dH(x, a)ßœd'Çk

fa(x) ⌘

8
<

:
1 (mod p)ß if dH(x, a) ⌘ 0 (mod p)ß

0 (mod p)ß if dH(x, a) 6⌘ 0 (mod p)"

y3ß'Ç-IèG(A, p)"Åå’·8ßPŸå1è↵(G(A, p))"d©

z[94]•"(Jß'Çå±^„"1˛›5â—Åå’·Í"e.ß‰N

/`ß'Çk|I| > |A|

1+dave
"˘øõXXJs = 1ß@ok|I| > |A|s

1+2cß±

9XJ0 < s < 1ß@ok|I| > |A|
s

4c "œdßÈu?¤’·8•"òÈ:

È(a,b) 2 I, dH(a,b) ⌘ 0 (mod p).Ö=.a = b"y3'Ç&ƒıë

™fòmV := span{fa : a 2 I}ßòê°ßdim(V ) 6
p�1P
i=0

�n
i

�
(q� 1)iß,

òê°ß{fa}a2I3Fp˛Ç5!'"œèXJ
P
a2I

�afa¥òá"ıë™ß@

oßÈu?¤b 2 Iß'Çk
P
a2I

�afa(b) ⌘ �bfb(b) ⌘ 0 (mod p)"̆ ø

õXÈu§kb 2 Iß3kÅçFp•—k�b = 0"@o{fa}a2I3knç

˛è¥Ç5!'"ßøÖdim(V ) = |I|"n˛§„ß'Çk

|A| 6
✓
c0

p�1X

i=0

(q � 1)i
✓
n

i

◆◆ 1
s

ß

Ÿ•c0 = max{4c, 2c+ 1}"

§ 4.5 i\#‹Âl„

3!!•ß'ÇÚy"(n4.2⁄ 4.3"è$Bu%÷ß'ÇÚö~

ç[/y"1òá(nßÈu1'á(nß'Ç¨8—ò)#E"[!"

±9ß'ÇÚç[;„¸´(J"y"Ém"-…"

4.5.1 i\Âl„"g¥

˘p'Çk{¸0/i\Âl„"{ág¥"Èuâ('‹„(
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-HßŸ˜vex(n,H) = O(n)"'ÇF""$&Kä|A| > q(1�c)nßø

Öc = c(q,H)¥òá‹-"~Íß¶$XJA ✓ Fn
qß@oA¨ù$Èı

ÿ”"Âl„H"1ò⁄ß'ÇIáÈ&>"Âl—¥”òáÉÍ"Â

l„H"èdß'ÇÚ¶^⁄n4.85y"⁄n4.9"Ÿgß'ÇÚ3[n]•

È&òá»ó"´mIß,$Èuzá·3T´m"7Íd 2 Iß'Çå

±i\Âl„H"*ÂB!ßøÖŸz^>"HammingÂl—¥d"¶^

|^(n4.4!ˆÌÿ4.3ß'Çå±Úzá7Íd 2 I—y©èná!o

áA5É*"ÉÍßøÖ'ÇÚ7áòmFn
qèy©§ná!oáÿÉ#

"fòmß,$'Çå±œL⁄n4.4⁄⁄n4.95È&å˛"/3(-0"

Å$ß'Ç¶^É'ë"¿Jßß¨îHYò*ßr'ÇÈ&"/3(

-0 3òÂßl)º$å˛'ÇIá"Âl„H"'Ç^e„/ñ/L

à$X¤?1/ Î0"ˆäßÑ„4.1"

„ 4.1 / Î0"ˆä

4.5.2 &n4.2"y!

|^'Çc°y""⁄n4.8'Çå±r⁄n4.4?1XeÌ2"

⁄n4.9. -Hè˜vex(n,H) = cn!"‹„ßŸ•c = c(H) > 0"È

uâ#!¢Í0 < � < 1
2⁄

1
2 < � < 1 �

1
qß-A ✓ Fn

qè˜v|A| >

q(1��(1�Hq(�)))n+✏!f8ßŸ•✏ = logq(1 + 2c)"@oXJp¥òá˜
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v�n < p < �n!ÉÍßKAù&z^>!HammingÂl˛èp!Âl

„H!*ÂB0"

y%. -A ✓ Fn
qè˜v|A| > q(1��(1�Hq(�)))n+✏"òáf8ß-aè˜v

n� 2p < a < n�
p

�
< (1�

�

�
)n

"òá.7Í"'Çl´m(n � 2p, n �
p
� )/(,.7ÍaßrFq•"3

É¿ä,›èn"ï˛ß,$&ƒ˜vcaá©˛—É”"3É-§"f

8An�a ✓ A"N¥w—ß'Çk

|An�a| > q(1��(1�Hq(�)))n+✏�a"

du� < 1� 1
q±9a < (1� �

� )n < (1� �)nß'ÇBk

(1�Hq(�))(n� a) > (1�Hq(�))�n"

œdß'Çå±$&

q(1��(1�Hq(�)))n+✏�a > qHq(�)(n�a)+✏ > (1 + 2c)

�(n�a)X

i=0

(q � 1)i
✓
n� a

i

◆
"

'Ç36ßp < �(n�a)ß@oœL⁄n4.8ßAn�a¨+3òáòá'‹"

Âl„H˜vŸz^>"HammingÂl—¥&p{0""Å$ßdu'Ç

c°9($p > n�a
2 èòáÉÍßœd'Çå±(%z^>"HammingÂ

lT–“ò(¥p"duAn�a"(¬ê™ß'Ç“y"$Aù$z^>

"HammingÂl˛èp"Âl„H"*ÂB!"ñdßT⁄ny"%."

⁄n4.4⁄⁄n4.9©O$`"$A ✓ Fn
qå&ò(ß›ß@oA¨ù

$å˛z^>"HammingÂl—¥ÉÍ""'‹Âl„Hß±9A"Â
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l8¨ù$å˛"ÉÍÂl":e5ß'ÇÚ¶^É'ë"¿J5?1

©:"‰N/`ß'ÇIáy"Xe⁄nßT⁄nå±wä¥⁄n4.5"

Ì2"

⁄n4.10.-H = U[Wèòáâ#!"‹„"Èuâ#!#$Ín1ßn2ß

d1±9d2ß'Ç-A1 ✓ Fn1
q ßA2 ✓ Fn2

q "2-�1ß�2⁄t˜vXe^á"

• XJ|A1| > �1qn1ß@oA1!HammingÂl8�(A1)¨ù&d1"

• XJ|A2| > �2qn2ß@oA2¨ù&òáz^>!HammingÂl—¥d2

!Âl„H!*ÂB0"

• 2�1�
�t
2 > qn1"

@oÈu?¤˜v|A| > (2�1)
1
t qn1+n2!f8A ✓ Fn1+n2

q ßA¨ù&òá

z^>!HammingÂl—¥d1 + d2!Âl„H!*ÂB0"

y%. Èuâ(˜v|A| > (2�1)
1
t qn1+n2f8A ✓ Fn1+n2

q ß'Ç(¬$ò

á9œ"'‹„F = F1[F2ßŸ•:8F1 = Fn1
q ß:8F2 = Fn2

q ß̧ á2

:a 2 F1⁄b 2 F2Î>"^áèa�b 2 A"ä‚^á'Çå±w—ß9œ

„F•>"Í8ñ+è(2�1)
1
t qn1+n2"@oœLÉ'ë"¿Jê{$&"

⁄n4.2ß̈ +3òáñ+k�1(qn1 + 1)á2:"f8F 0

1 ✓ F1ß¶$Ÿ•

"zá:È(a1, a2) ✓ F 0

1˛ñ+k(2�1)
1
t qn2�

n1
t á˙5/:"2ä‚^á

•�1"5üß̈ +3:È(a1, a2) ✓ F 0

1ß¶$dH(a1, a2) = d1"y3'Ç

/(˘*òÈ:È(a1, a2)ßŸ3:8F2•"˙5/:8‹NF2(a1, a2)˜

v

|NF2(a1, a2)| > (2�1)
1
t qn2�

n1
t > �2q

n2"
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œd8‹NB(a1, a2)•¨ù$H"*ÂB!ß̃ v˘áH"2:8èU1[

W1ßøÖŸ>"HammingÂl˛èd2ß=ß?¤>uw"HammingÂ

ldH(u,w) = d2ßŸ•u 2 U1ßw 2 W1"@oy3'Çå±3A•

È&òá#"Âl„H""*ÂB!XeµŸ2:8¥U [WßŸ•U =

{a1 � u : u 2 U1}ßW = {a2 �w : w 2 W1}"øÖÈN¥2yßTÂl

„•z^>"HammingÂl˛èd1 + d2"

:e4'ÇÚy"±e(Jß̆ `"'Çå±38‹[n]•È&òá

6è»ó"´m[s1n, s2n]ß,$ÈuzáT´m"7Íd 2 [s1n, s2n]ß

.Fn
q"f8Aå&ò(ß›ûßA•Úù$z^>"HammingÂl—¥d

"'‹„H"*ÂB!ßÜÈ{`ßAù$.'~Í8"§kåU"˜v

z^>"HammingÂl—¥d"*ÂB!Hß=X(n4.2§´"@*"

AO/ß'ÇÚêy"dèÛÍ"ú%ß)dè¤Í/ú%?ÿÉÈçN

¥ßøÖ|A|"Käò(¨'dèÛÍ"ú%ç1"

&n4.7. -H = U [ Wèòá"‹„ßß!TuránÍ˜vex(n,H) 6
cnßŸ•c > 0èòá~Í"-� > 0èø©$!¢Íß0 < � < 1

2±

91
2 < � < 1� 1

q"@oÈuzá˜v(� + �)n < d < (� � �)n!ÛÍdß

XJ8‹A ✓ Fn
q˜v|A| > q(1�

�
4(1�Hq(�))

4

24 )nß@o8‹A¨ù&òáz^

>!HammingÂl—¥d!Âl„H!*ÂB0"

y%. du(�+�)n < d < (���)nß@odÌÿ4.3'Çå±rÛÍd&

ä

d = p1 + p2 + p3 + p4ß

˜vpièÉÍßøÖÈuzái 2 {1, 2, 3, 4}ß|pi �
d
4 | 6 d✓ßŸ•✓ > 11

20"
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”ûß'Çå±rn<§4áå1ÉC"oá7Í"⁄ß=k

n = n1 + n2 + n3 + n4ß

˜vÈuzái 2 {1, 2, 3, 4}ß|ni �
n
4 | 6 1"

.n ! 1ûßÈuzái 2 {1, 2, 3, 4}ß'Ç—k

pi >
d

4
� d✓ > (� + �)n

4
� d✓ > �niß

pi 6
d

4
+ d✓ 6 (

(� � �)n

4
) + d✓ 6 �ni"

:e5'ÇÚFn
q©§oáÿÉ#"fòmFn1

q ßFn2
q ßFn3

q ⁄Fn4
q "⁄n4.4L

"ßÈuzái 2 {1, 2, 3, 4}ßXJAi 2 Fni

q ˜v|Ai| > q(1��(1�Hq(�)))niß@

oÈuzá·3´m(�ni, �ni)•"ÉÍpißAi"HammingÂl8�(Ai)

—¨ù$pißd$ß⁄n4.9L"ßXJAi 2 Fni

q ˜vÈui 2 {1, 2, 3, 4}ß

|Ai| > q(1��(1�Hq(�)))ni+✏ß@o.✏ = logq (2c+ 1)ßÈuzá·3´

m(�ni, �ni)•"ÉÍßAiù$òáz^>"HammingÂl—¥pi"Âl

„H"*ÂB!"

:e4ß'Çéy"Èuzá/Xp1 + p2"7ÍßŸ•Èui 2

{1, 2}ßpi 2 (�ni, �ni)ß'Çå±3A1 � A2•È&H"*ÂB!ßŸ

z^>"HammingÂl—¥p1 + p2"èêBÂÑß'ÇÚA1 � A2{P

èA1,2"@oè$¶^⁄n4.10r1"Âl 3òÂß'ÇƒkIá2y

±e^á"

• |A1| > q(1��(1�Hq(�)))n1+✏ß

• |A2| > q(1��(1�Hq(�)))n2ß

• 2 · q((�(1�Hq(�)))n1�✏)t1 · q�(�(1�Hq(�)))n2 > qn2"

146
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˘pß'Ç9(t1 := d
2

�(1�Hq(�))
e=å"%L{¸"Oéß'Ç$&ßX

J|A1,2| > q(1�
�
2(1�Hq(�))

2

4 )(n1+n2)ß@o'Çå±3A1,2•È&H"*ÂB

!ßŸz^>"HammingÂl—¥p1 + p2":X'Ç2g|^⁄n4.10ß

œL9(t2 := d
4

(�(1�Hq(�)))2
eß'Çå±(%±e^á§·

• |A1,2| > q(1�
�
2(1�Hq(�))

2

4 )(n1+n2)ß

• |A3| > q(1��(1�Hq(�)))n3ß

• 2 · q((
�
2(1�Hq(�))

2

4 )(n1+n2))t2 · q�(�(1�Hq(�)))n3 > qn3"

'Ç{PA1,2,3 = A1 � A2 � A3ß”n'Çå±$&ßXJ|A1,2,3| >

q(1�
�
3(1�Hq(�))

3

8 )(n1+n2+n3)ß@oA1,2,3ù$H"*ÂB!ß˜vŸz^>"

HammingÂl—¥p1+p2+p3"2g|^⁄n4.10ß-t3 := d
6

(�(1�Hq(�)))3
eß

'Çå±2y

• |A1,2,3| > q(1�
�
3(1�Hq(�))

3

8 )(n1+n2+n3)ß

• |A4| > q(1��(1�Hq(�)))n4ß

• 2 · q((
�
3(1�Hq(�))

3

8 )(n1+n2+n3))t3 · q�(�(1�Hq(�)))n4 > qn4"

@o'Çå±$&ßXJ|A| > q(1�
�
4(1�Hq(�))

4

24 )(n1+n2+n3+n4)ß@oA¨ù

$H"*ÂB!ßŸz^>"HammingÂl—¥d = p1 + p2 + p3 + p4"

@oñdßT(ny"%."

4.5.3 &n4.3"y!

è$y"(n4.3ß'ÇIá^&e°"⁄nßß"ä^⁄⁄n4.9a

q"
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⁄n4.11. -Hè˜vex(n,H) = cn2�s!"‹„ßŸ•c = c(H) >

0ß0 < s < 1"'Ç-⌘ > 0èø©$!òáÍßÈuâ#!˜vHq(�) <

sÜ0 < � < � � ⌘ < 1 �
1
q!¢Í�⁄�ß'Ç-A ✓ Fn

qè˜v|A| >

q(1��(1�
Hq(�)

s
))n+✏ with ✏ =

log
q
4c

s !f8ßk =: b 1�c"@oXJÉÍp˜

v�n
k < p < �nßK!3òáÂl„Hß¶&ßz^>!HammingÂl

ù&u {p, 2p, . . . , kp}•"

y%. -A ✓ Fn
qè˜v|A| > q(1��(1�

Hq(�)
s

))n+✏"8‹ßaè˜v

n� (k + 1)p < a < n�
p

�
< (1�

�

k�
)n

".7Í"/(,á´m(n�(k+1)p, n� p
� )•".7Ía"'Ç&ƒA"

f8An�aßŸ˜vzáAn�a•"3É—kÉ”"caá©˛(˘p'Çr

Ÿ•3É¿è,›èn"ï˛)"N¥2yß'Çk

|An�a| > q(1��(1�
Hq(�)

s
))n+✏�a"

duk� 6 1±9a < (1� �
k� )n 6 (1� �)nßœd'Çk

(1�
Hq(�)

s
)(n� a) > (1�

Hq(�)

s
)�n"

l)'Çk

q(1��(1�
Hq(�)

s
))n+✏�a > q

Hq(�)
s

(n�a)+✏ >
✓
4c

�(n�a)X

i=0

(q � 1)i
✓
n� a

i

◆◆ 1
s

"

'Ç36ßp < �(n�a)ßœdœL⁄n4.8ßAn�a•+3òáÂl„Hß¶

$ßz^>"HammingÂl—&p{0"øÖßdup > n�a
k+1ßœd'Ç3

6z^˘*"Âl„H•">"HammingÂl˛ù$u {p, 2p, . . . , kp}"

Å™ßduAn�a ✓ Aß'Ç"⁄n$y"
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5ø&.0 < s < 1ûßXJ'Çá¶Hq(�) < 1ß@o�ÉÈ5`

Iáö~1"œL„4.2å±ÈÎÍÉm"'ukçÜ*"@£":e5ß

'ÇÚä‚c°"?ÿê{ßâ—(n4.3"{áy""

„ 4.2 H5(x) with 0 < x < 4
5 , s =

1
4 , � = 0.08333 · · ·

#n4.3!{áy%. Èuòá˜vTuránÍèex(n,H) = cn2�s"'‹

„H⁄òá˜v|A| > q(1�c6)n"f8A ✓ Fn
qß'Ç:e4"8I¥38

‹A•i\å6⌦(n)Í8"ÿ”"Âl„H"*ÂB!"⁄n4.11wä

'ÇßXJ|A| > q(1��(1�
Hq(�)

s
))n+✏ßŸ•✏ =

log
q
4c

s ±9k = b
1
�cß@oÈ

u?¤ÉÍp˜vp 2 (�nk , �n)ß—¨+3òáÂl„Hß˜vŸz^>

˛"HammingÂl˛ù$38‹{p, 2p, · · · , kp}•"|^Ìÿ4.3ß'Ç

å±ÚzáÛÍd 6 (� � �)nLà§oáå1:C"ÉÍÉ⁄ß=d :=

p1 + p2 + p3 + p4ß˜v|pi �
d
4 | < d✓Èzái = 1, 2, 3, 4˛§·ßŸ

•✓ > 11
20"ÿîòÑ5/ß'Çå±b9p1 6 p2 6 p3 6 p4"?ò⁄/ß

ÿ*™kp1 + p2 + p3 + p4 6 n7,§·ßœèd + (k � 1)p1 < n"Ü(

n4.2"y"aqß'Çå±ıg|^⁄n4.10ßøÖ(‹'Çc°Æ%y

""9œ5⁄n4.4⁄⁄n4.11"Èuzá˜v (�+�)n
k < d < (���)n"Û
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Íß'Ç/(ò´\{L´d := p1+p2+p3+p4ßŸ•p1 6 p2 6 p3 6 p4"

Å™'Çå±y"ßXJòá8‹A ✓ Fn
q˜v|A| > q(1�c6)nß@oA¨ù

$H"*ÂB!ßŸz^>"HammingÂl—¥/Xd + (j � 1)p1".

7ÍßŸ•j 2 {1, 2, . . . , k}"˘“â—$å6⌦(n)´ÿ”"Âl„H"

*ÂB!"‰N"OéLß'Ç“ÿ3dK„"

§ 4.6 o(Ü–"

3˘pß'Ç{á/o('Ç§â"Ûäßø?ÿò)èNå±UY

.\Ôƒ"ØK"ƒkß3ƒuHammingÂleErdős-FalconerØK•ß

'Ç3b9q¥/("ßÖn™u!°å"ú%eßy"$Èu?ø".

'~0 < ↵ < 1ß'Ç—UÈ&ÈA"� = �(↵) > 0ß¶$'Çå±%yß

?¤kÅç"ï˛òm"f8I ✓ Fn
qêá˜v|I| > q(1��)·nß'Ç“U3

ŸÂl8•È&↵n áÿ”"HammingÂl"Ÿ•'u� = �(↵) > 0"

(˛(J¨ù6uÍÿ⁄?Ënÿ•"Aá(J"ô5"Ôƒ•ßXJ

U4¶^ÿ”"é{4U?�(↵)"(˛(Jß̆ ¨¥Èk-"Øú"

ÈuÓ™Âl⁄HammingÂle"Erdős-Falconer.ØKßßÇÉ

m+3ò)k-"-…"~Xß3Ó™ÂleßMurphy⁄Petridis[151]y

"+3òáf8E ✓ F2
q¶$|E| = q

4
3⁄

|�(E)|
q 6 1

2ß3˘pq ! 1"3'

Ç"ØK•ß'Çvk°91
2'~"˘´Åõ"d$ßGuth⁄Katz[98]y

"$òáØ§±3"(Jß¶Çy"$1°˛"?¤ná:"8‹U4ñ

+â—⌦( n
log n)´ÿ”"Âl"@o3HammingÂleßaq"ØKå±

£„èßI ✓ Fn
q"å1Iáıåß‚U%y�(I)ñ+ù$⌦( n

log n)áÿ”

"HammingÂl&⁄n4.4L"ßòáå1áLq
(1+Hq(1/2))·n

2 =åßŸ•˘

p"9(¥n ! 1"'Ç@èßU?˘òØK"(Jè¥Èkø¬""
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ÿ$Ó™Âl⁄HammingÂlÉ$ßÑkNıŸ¶ÿ”"Âl›˛

3?Ënÿ⁄A^•uûX#áä^"§±'Ç@èß3ç2ç"òm

)ökÅç•ÔƒErdős-Falconera.ØKèÚ¨Èk-"'Ç,—$Ÿ

•ò)±¯?ò⁄Ôƒ"1òá'ÇF"&ƒ"òm¥òÜ+ßduò

ÜË3DNA+;⁄9+*à´A^•"dÂ)$&$2ç"Ôƒ"'Ç

òÑrn/òÜ+•"òÜL´§òáï˛⇡ = (⇡(1), ⇡(2), . . . , ⇡(n))"

1. HammingÂlµ'Çå±ÚòÜË¿èE‹~#Ë"A~£ÎÑ©

z[40, 179]§"|^˘á'Xß'Çå±$&Ü(n4.1aq"(Jß=

XJòáf8C ✓ Sn˜v|C| > (n!)1��,Ÿ•� = �(↵) > 0ß@o˘

á8‹å±((↵ · náÿ”"HammingÂl"XJF"U?˘ò(

JßåUIákÿ”"ê{"

2. Kendall ⌧-Âlµâ(òáòÜ⇡ = (⇡(1), ⇡(2), . . . , ⇡(n))ßòáÉ

/=ò¥ç¸áÉ/†ò"ÍË⇡(i), ⇡(i+ 1)"†ò#Ü"=ò$"

òÜ“C§$(⇡(1), . . . , ⇡(i� 1), ⇡(i+ 1), ⇡(i), ⇡(i+ 2), . . . , ⇡(n))"

@oKendall ⌧ -ÂldK(�, ⇡)Kç"¥Úò´òÜ=Üè,ò´òÜ

§I"Å1É/=òÍ"3©z[180]•kÈı'uTÂleòÜË

"(JßŸ•å±3,)^áe((ÅåáË",)ß'Ç3!!•

J&"ê{3TÂleøÿU$&–"(Jßœè3Kendall ⌧ -Âl

eß3ÉÉmJ±^Ü⁄5?1 Î"

3. ´|Âlµâ(òáòÜ⇡ = (⇡(1), ⇡(2), . . . , ⇡(n))ß'Ç(¬AA

8A(⇡)èA(⇡) , {(⇡(i), ⇡(i + 1)) : 1 6 i 6 n � 1}"@o´|Âl

å±^e™L´µ

dB(�, ⇡) = |A(⇡) \ A(�)|"
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´|Âleßâ(åª"•"N»Æk"("Oéê{(å±ÎÑ©

z[184])ß0¥'Çøÿ$)ƒuTÂle"ÅåáË"(-AA"

'ÇèÈLee› £̨kûè°èzig-zag›˛!ˆ`1âÍ§a,-ß̆ aÂl

›˛è3Èı¢SA^•uûX„åä^"d$ßkòáÕ#"Golomb-

Welchflé£ÎÑ©z[103]⁄ÅC"?–[132, 188]§“¥ƒu˘á›˛"

Èu?ø¸áËu = (u1, u2, . . . , un) 2 Zn⁄v = (v1, v2, . . . , vn) 2 Znß

ßÇÉm"LeeÂl((¬è

dL(u,v) =
nX

i=1

|ui � vi|"

,)ß.'Ç&ƒLee›˛e"Erdős-FalconerØKûßú%¨ç<ßœ

è'Çê36X¤;OLeeÂle•"N»"œd'ÇIáçı"#g¥

5n)˘áØK"

'Ç?ò⁄Ôƒ$Erdős-FalconerØK3„ÿá!"Ì2ß3'Ç

"y"Lß•'Çâ—Delsarteÿ*™3„ÿ/°˛"òá#Ì2ß0

'Çêâ—$˘á4äØK"˛.ßÿ36ß¥ƒ¥;"d$ß'Ç3˘

áÌ2ØK•Ê^"ê{ê-^u'‹„ßœdÈuö'‹„Uƒº$

aq"(J&̆ )—Ú¥ô5ä$#:Ôƒ"ØK"
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Chapter 5 ıá¤%Ü$&„"ı/⁄RamseyÍ

§ 5.1 {0

Èuâ("„H⁄òá.7Íkßı/⁄RamseyÍRk(H;Km)ç$

¥Å1"ÍNß¶$^k + 1´Ù⁄ÈKN"z^>/⁄$ßKNáo¨ù

$kÙ⁄!¥,á1 6 i 6 k"¸⁄Hßáo¨ù$Ù⁄!¥k + 1"¸

⁄Km"!!'ÇÃáÔƒ.H¥¤3C2`+1Öm ! 1ûßRk(H;Km)"

e."Èuk = 1ßErdős!Faudree!Rousseau⁄Schhelp[61]y"$˛.

R1(C`;Km) = O(m1+ 1
t )ßŸ•t = d

`
2e� 1".t = 1ûßAjtai!Komlós⁄

Szemerédi[5]â—$U?"˛.R1(C3, Km) = O( m2

logm)"T˛.$5(

Sudakov[165]±9Li⁄Zang[134]©OÌ2ß¶Çy"$R1(C2`+1;Km) =

O( m1+1/`

log1/` m
)"'uö,"e.(JßR1(C3, Km) = ⌦( m2

logm)3©z[124]•

(y""d$ßœL„˛ë"Lßê{ßBohman⁄Keevash[19]y"$

R1(C`;Km) = ⌦(m
(`�1)/(`�2)

logm )"Èu` 2 {5, 6, 7, 10}ßMubayi⁄Verstraëte

[149]œLÿ”"ê{â—$R1(C`;Km)8cÅ–"e.".k > 2ß

Alon⁄Rödl3©z[7]•y"$Rk(C3;Km) = ⇥(mk+1poly logm)±9

òÑ"˛. Rk(C2`+1;Km) = ⌦(m1+ k

2`�1/(logm)k+
2k

2`�1 )"Èu6å"`ß

Keevash!Long⁄Skokan[122]ÅCy"$.m > 3ß` > C logm
log logmßŸ

•C > 1ûßR1(C`, Km) = (` � 1)(m � 1) + 1"k'RamseyØK"ç

ı(Jß'ÇÔ-÷ˆÎ&n„[46, 157]⁄Ÿ•"Î&©z"…ÅC"
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©z[182]•"ë"”7ê{"Èuß'ÇU?$.H©OèC5!C7ûß

Rk(H;Km)"e.(JßŸ•'Ç"-Eé{è…©z[149]•-E"È

u"

&n5.1. Èuâ#!#$Íkß±9m ! 1ß

Rk(C5;Km) = ⌦
�
(

m

logm
)
3k
8 +1

�
ß

Ü

Rk(C7;Km) = ⌦
�
(

m

logm
)
2k
9 +1

�
"

'Ç"(JU?$Éc"e.Rk(C5;Km) = ⌦(m
k

3+1poly logm)⁄

Rk(C7;Km) = ⌦(m
k

5+1poly logm)".k = 1ûßMubayi⁄Verstraëte

[149]y"$ R1(C5;Km) = ⌦
�
m

11
8

�
⁄ Rk(C7;Km) = ⌦

�
m

11
9

�
"

§ 5.2 &n5.1"y!

'Ç"1ò⁄¥-ÔòáQÿù$C5èÿù$6å’·8"„"T

-EƒuMubayi⁄VerstraëteÅC"Ûä[149]"œL(q, q3)/2¬8>/

"+35£ÎÑ©z[50, 88, 174]§å±â—ß+3òá'‹„G = A[Bß

:8"å1è|A| = (q+1)(q8+ q4+1)⁄|B| = (q3+1)(q8+ q4+1)ß¶

$A•"zá2:"›Í˛èq3+1ßB•zá2:"›Íèq+1ßŸ•q¥

ÉÍòßøÖG"å,(Girth)ñ+è12ß=ßG•ÿ+3,›1u12"3"

Èuòá2:a 2 Aß'Çå±ÚŸ/:8‹NG(a)˛!ë"/y©è¸

‹©Sa⁄Taß,$'Ç3Sa⁄TaÉm-Eòá%!'‹„"'ÇÈA•"

§k2:?1˛„ˆäß̆ *"{ß'ÇÅ$¨32:8B˛$&òá#

„FßŸ•V (F ) = B"5ø&ß#„F•vkı#>ß̆ ¥œèG¥•ÿ

ù$C4"d$ßF•èÿù$C5ßƒK"{ßä‚„F"(¬ßF•"C5¨
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p!—G•7)C10"B!ß̆ “¨⁄„G"å,^áÉgÒ"”nßF•

èÿù$n5/K3":e5ß'Ç‰Ûßÿ+3å1èt = (1+o(1))q8"

’·8˘òØá"u)V«¥.""'Çáy"˘á‰Ûßƒk-I¥F"

f8ß˜v|I| = t"Èu:a 2 Aß'Ç9ta = |I \ NG(a)|ßÈN¥w

—I \NG(a)¥òáF•"’·8"V«è

P[e(I \NG(a)) = 0] = 21�ta"

qœèGÿù$C4ßœdÈuzá:a 2 A5`ßc°J&"©y—¥

’·""5ø&ßzáB•":"›Í—¥q + 1ßœd'Çk
P
a2A

ta =

(q + 1)tßn˛ßI3F•-§’·8"V«è

P[e(I) = 0] =
Y

a2A

21�ta = 2
|A|�

P
a2A

ta
= 2|A|�(q+1)t"

-XèF•å1èt"’·8"Í˛"duf8Iò5k
�
|F |

t

�
áÿ”"¿

Jß@oä‚œ""Ç55ßF•å1èt"’·8"Í8"œ"è

E[X] =

✓
|F |

t

◆
P[e(I) = 0] =

✓
|F |

t

◆Y

a2A

2|A|�(q+1)t

6 2t log2 |F |+|A|�(q+1)t = 2|A|�(q+o(q))t < 1"

y3'Ç/(òá„Fß˜vFÿù$C3⁄C5ßøÖÿù$å1èt =

(1 + o(1))q8"’·8ß5ø&ß̨ „?ÿÆ%y¢$˘*"F"+35"

:e5ß'Ç°F 0¥„F"r-)‰ßXJF 0¥œLÚF"zá2:OÜè

å1èr"’·8ß±9ÚF"z^>OÜè%!'‹„Kr,r5º$""'

Ç‰Ûß3F 0•å1èm"’·8"Í˛Åıèt
�
|F |

t

��rt
m

�
"è$`"˘ò

:ß'Çuyßdu3F•vkå1èt"’·8ßœdÅıêk
P
t06t

�
|F |

t0

�
á

ÿ”"´¨ù$F 0•"’·8"d$ßF 0•å1èm"’·8"zá2
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:—¥l˘)´¨•"rt0á:•7)"ß̆ ¥œèzá´¨.–ù$rá

2:"duÈuv4å"qß'Çk
P
t06t

�
|F |

t0

��rt0
m

�
6 t

�
|F |

t

��rt
m

�
ßœdT‰Û

§·"

,$'Çy"32:8V (F 0)˛+3k+1á„F1, F2, . . . , Fk, Fk+1ß

¶$.1 6 i 6 kûFiÜF 0”-ßøÖFk+1¥:8èV (F 0)ß>8d§

kÿ·u?¤„Fi">-§ßŸ¢å±ÚŸwä÷„"d$ßFk+1ÿ

ù$Km"è$y"˘ò:ß'Ç3V (F 0)˛’·/¿JF 0"káë"B

!F1, F2, . . . , Fkß˘pzáë"B!Fi¥œLë"¸,F 0"2:$&"

„"@o„Fk+1d±˛5K((ß=Fk+1¥F1 [ F2 [ · · · [ Fk"÷"È

uV (F 0)•|M | = m"/(f8MßM3?¤Fi•/§’·8"V«Å

ıè t

(|F |
t )(

rt

m)

�
|F 0

|

m

�
ß?M3Fk+1•-§òáÏ"V«ñıè

✓
t(|F |

t )(
rt

m)
(|F 0|

m )

◆k

"

œdß'ÇêIáy"Fk+1•Km "Í8"œ"ñıè
✓
|F 0

|

m

◆✓
t
�
|F |

t

��rt
m

�
�
|F 0|
m

�
◆k

< 1"

@o'ÇêIáy"

tk ·

✓
|F |

t

◆k

<

�r|F |

m

�k�1

�rt
m

�k "

'Ç9(r := ck(
|F |

t )
k�1 = (1+o(1))ckq3(k�1)ßm := t log t = dkq8 log qß

Ÿ•ck, dk > 0è-."~Í"@o.tø©åßc > 0è/("~Íûß|

^;O(nx)
x <

�n
x

�
< (enx )

x±9tct < (log t)t log tß'Çk

tk ·

✓
|F |

t

◆k

< t(1+o(1)) (13t+8)k
8 <

(t log t)t log t

tt log t
<

mm

tmemkcmk
k

<

�r|F |

m

�k�1

�rt
m

�k "

œdß
�
|F 0

|

m

�✓ t(|F |
t )(

rt

m)
(|F 0|

m )

◆k

< 1§·"œdß̃ v'Çá¶"Fk+1+3"V

«¥.""
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Å$ß'Ç/($§I"òG„S,F1, F2, . . . , Fk+1ßX˛§„"

-N := |F 0
| = r|F |ßÈuz^>ß'Ç&ƒß§3"Fi•Å1"@á

Íi 2 {1, 2, . . . , k}ßøÚ˘^>/§1i´Ù⁄"d$ßXJÿ+3˘

*"iß'Ç^Ù⁄k + 1â˘^>/⁄"œL˛°"©¤ß'Çå±w

&Èu1 6 i 6 kßKN´ÿ¨ù$Ù⁄èi"¸⁄C5ßœèF¥Qÿù

$C3èÿù$C5")ÖKNèÿù$Ù⁄èk + 1"¸⁄Km"Å$ßœ

Lì\N = r|F | = ⌦(q3k+8)⁄m = dkq8 log q?1{¸"Oéß'Ç

kRk(C5;Km) = ⌦
�
( m
logm)

3k
8 +1

�
"ñdß'Ç“y"%'u¤3C5"(

J"

œLaq"©¤ß'Çèå±$&Rk(C7;Km)"e."Ÿ•ß'Ç

3y"•§I"å,ñ+è16"„å±lRee-Tits"l>/-E•$&

£'uT-Eå±ÎÑ©z[50, 88, 174]§ßduy"ö~aqß'Ç2g

ÿK„‰N"[!"ñdßT(nÆy"%."

§ 5.3 o(Ü–"

3©z[182]•ßWigdersonç—ë"p!f„ê{⁄ë")‰ê{

óÉÉ'ß—¥çòÑ"ë"”7ê{µe"‰N/™"'Ç”ø˘ò

*:ßøÖ3,´ø¬˛'Çå±Úë"p!f„⁄ë")‰¿è”ò

áÈñ?1Í!/°˛"?n"3'Ç#(J"y"•ß'Çç†–¶

^ë")‰ê{ß¢S˛ß'Çèå±œLë"”7ê{5º$É”"

ÏCe."3˘pß'ÇIáç—"¥ßë")‰ê{kò("¤Å5ß

~Xß.„H¥'‹„ûß'Ç˘p^&"ë")‰ê{“ÿUs5$ß

ÿö¿JŸ¶ê™5(¬˘p§¢"/)‰0"

,$ßq5éáº$Rk(C2`+1;Km);"ÏC(J¥òá4è(J
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"Øúß=¶ÈuÅ{¸"ú%R1(C5;Km)è¥Xd"8cÆ3Å–"

˛.R1(C5;Km) = O( m3/2
p
logm

)å±ÎÑ©z[38]"Èuı⁄ú%ß'Çfl

ˇRk(C5;Km) = O(m
k

2+1poly logm)ß¶+'Çy3Ñ!{y"ß0'

ÇÉ&˘á˛.¥§·"ßœd˘Ú¥òáä$UY&ƒ"ØK"
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Chapter 6 ´|›˛e"òÜË

§ 6.1 {0

-Snè§k,›èn"òÜ-§"8‹"òÜËç¥Sn"‰k,)

A(6Â^áf8"3[184]•ßYang!Schoeny⁄Dolecek⁄\$´|›

˛e"òÜËßT›˛OéÂ5ö~êBßøÖÜ2¬Cayley›˛‰k

É”"/Í"œL›˛i\ê{ß¶ÇÚ2¬Cayley›˛•"?Ë-E

ØK=Üè´|›˛eòÜË"-EØK"|^ò)OÍê{⁄?Ën

ÿ"ƒ!géß¶ÇÑº$$ò)'uòÜË•ËiÅåÍ8"nÿ.ß

~XGilbert-Varshamov.e.⁄•Wø.˛.ß”ûß¶Çèâ—$e

Zƒu´|›˛e"òÜË"-E"

3!!•ß'ÇÚ?ò⁄&ƒ´|›˛eSn•"òÜËØK"ƒkß

'Ç£=ò)ƒu´|›˛e"òÜË"(¬⁄ò)ƒ!ú%"

-[n]L´{1, 2, 3, . . . , n}"⇡ = (⇡(1), ⇡(2), . . . , ⇡(n))¥3[n]˛"

òáòÜß'ÇòÑ°ÉèòÜ"ï˛L´{"Œ“�L´òÜ"E‹"

‰N5`ßÈu¸áòÜ�⁄⌧ßßÇ"E‹ßPè� � ⌧ß=È§ki 2

[n]ßk� � ⌧(i) = �(⌧(i))"dˆäe"§kòÜ/§ö#Ü+SnßÖ˜

v|Sn| = n!",$ßÈuòáòÜ�•I“li&j"fS,&è � [i : j] ,
(�(i), �(i+ 1), . . . , �(j))"

&¬6.1. òáòÜ⇡ 2 Sn2°è4$!ß'Ö='vk⇡•!ÎY"Éß
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3¸†òÜe = (1, 2, . . . , n)•è¥ÎY!"=ßÈu§k!1 6 i 6 n�1ß

'Ç—k⇡(i+ 1) 6= ⇡(i) + 1",#ß'ÇP§kSn•!4$!òÜ(§

!8‹èDn"

:e4'Çáâ—òÜË"´|›˛"(¬"

&¬6.2. 'Ç°¸áòÜ⇡1, ⇡2 2 Sn!´|ÂldB(⇡1, ⇡2)*udßX

Jdè˜v

⇡1 = ( 1, 2, . . . , d+1) , ⇡2 =
�
 �(1), �(2), . . . , �(d+1)

�
,

!#$ÍßŸ•� 2 Dd+1ß±9Èu0 = i0 < i1 < · · · < id < id+1 =

n⁄1 6 k 6 d+ 1ßk k = ⇡1 [ik�1 + 1 : ik]"

˛„(¬L"ßè$Ú⇡1C§⇡2ßò´ê{¥ƒkÚ⇡1©§d+1„ß

=k ⇡1 = ( 1, 2, . . . , d+1)ß,$ä‚òÜ� 2 Dd+1?1´|/°˛

"ˆä"2|^�•"6Â5`"dB(⇡1, ⇡2) = d.Ö=.d+ 1¥⇡1Iá

"Å1ˆägÍ".,ß'Ç”*¨a˙&ß̆ á(¬3èÿ4Ü*ßœ

dYang!Schoeny⁄ Dolecek3©z [184]•È&$,ò´Làê™ß=

'Çå±œLòÜ"AA8(characteristic set)5ö~w™/L´¸áò

ÜÉm"´|Âl"

&¬6.3. òáòÜ⇡ 2 Sn!A38A (⇡)å±2#¬è⇡•§kÎYÈ|

§!8‹ß=k

A (⇡) , {(⇡ (i) , ⇡ (i+ 1)) | 1 6 i < n}"

5ø&ßòÜ"AA8*duœL3ná2:˛"kïMóÓ¥ª5

L´òÜß=ß⇡ÈA"MóÓ¥ª¥{(x, y)|x, y 2 [n], (x, y) 2 A(⇡)}"
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e°"é{Ú3'Ç"y"•%~¶^"â(A(⇡)"òáf8ßÈAu

Tf8"kï>¨-§ıákï¥ª"ÿ#ø£:·"2:vèÚ(¿è

±vm©⁄(Â"¥ª§",$å±œLÚ˘)kï¥ªÎ:§kïMó

Ó¥ª5º$⇡ßáÉß'Çå±6‰—=):È-§"8‹!{äèò

áAA8"f8"

-Pnè8‹{(i, j)| i 6= j, i 2 [n], j 2 [n]}"@ok|Pn| = n(n�1)"

ÈuzáòÜ⇡ 2 SnßŸÈA"AA8A (⇡)èPn"å1è|A (⇡)| = n�

1"f8"́ |›˛å±œLAA85LAß,$å±!—T›˛"ò)

ƒ!·5"̆ )(ÿ3©z[184]•Æâ—"

⁄n6.1. ÈuòÜ⇡1, ⇡2 2 Snß

dB (⇡1, ⇡2) = |A (⇡1) \ A (⇡2)|"

⁄n6.2. Èu⇡1, ⇡2, ⇡3 2 Snß´|ÂldB˜v±eAá5üµ

1. (È°5) dB (⇡1, ⇡2) = dB (⇡2, ⇡1)"

2. (Ü&£ÿC5) dB (⇡3 � ⇡1, ⇡3 � ⇡2) = dB (⇡1, ⇡2)"

3. (n1ÿ*™) dB (⇡1, ⇡3) 6 dB (⇡1, ⇡2) + dB (⇡2, ⇡3)"

'Ç3˘pâ—±e´~ß̆ Ú–´X¤UÏ˛„¸´ÿ”ê™O

é¸áòÜÉm"´|Âl"

~6.1. -⇡1 = (4, 8, 3, 2, 6, 7, 5, 1, 9)ß⇡2 = (6, 7, 8, 3, 2, 5, 1, 9, 4)"@o

¶Ç!A38©O¥

A(⇡1) = {(4, 8), (8, 3), (3, 2), (2, 6), (6, 7), (7, 5), (5, 1), (1, 9)}ß

A(⇡2) = {(6, 7), (7, 8), (8, 3), (3, 2), (2, 5), (5, 1), (1, 9), (9, 4)}"
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œd'Çå±&/

dB(⇡1, ⇡2) = |A (⇡1) \ A (⇡2)| = |{(4, 8), (2, 6), (7, 5)}| = 3"

'bX'Ç|^#¬6.25OédB(⇡1, ⇡2)ß@oƒkß'Ç&kœ

È ißŸ•1 6 i 6 4ß±9òá9œòÜ� 2 D4Xeµ

 1 = (4)ß 2 = (8, 3, 2)ß 3 = (6, 7)ß 4 = (5, 1, 9)ß� = (3, 2, 4, 1)"

dd'Çå±&/

⇡1 = ( 1, 2, 3, 4)ß

⇡2 = ( �(1), �(2), �(3), �(4))ß

œdß'Çå±w—dB(⇡1, ⇡2) = 3"

0¥'ÇIá5ø&ßœ~ú%eßÈ˘*" i⁄�5Oé¸áòÜ

Ém"´|Âl¥ö~(J"ß0¥Là¸áAA8Ém"-…w,¨

N¥$ı":e5'Ç0/´|›˛e"òÜË"

&¬6.4. Èu#$Ín⁄dß°C ✓ Snèòáƒu´|Âle! (n, d)-

òÜËßXJÈu?¤¸á8‹C•!ÿ”!òÜ�, ⇡ 2 Cß'Ç—k

dB(�, ⇡) > d",#ß'ÇPCB(n, d)èòá(n, d)-òÜËUù&!Åå

ËiÍ8"

?Ënÿ•Åƒ!"ØK“¥Ôƒòáâ(^á"?ËUù$"

ÅåËiÍ8ßœdÔƒCB(n, d)"nÿ(J¥ö~#á""CB(n, d)"

%;˛.⁄e.Æ3©z[184]•J—ß=%;"•Wø˛.⁄Gilbert-

Varshamov.e."'Ç36ß˘¸a%;"nÿ.—¨±ƒu´¨Â

leÉÈA"•"N»;O$&"œd'Çá0/˘ê°"ƒ!ú%"
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&¬6.5. Èuâ#!$Ín!t⁄â#!•%⇡ 2 Snß±⇡è•%!t-´

|•2#¬è§k˜vdB (⇡, �) 6 t!òÜ� 2 Sn/§!8‹"'ÇÚ

±⇡è•%!t-´|•L´èbB (n, t, ⇡)"

5ø&ßä‚´|›˛"Ü1£ÿC5ßbB (n, t, ⇡)"å1Ü•%⇡"

¿#!'ßœd'Çå±Ú˘*"•"N»L´è|bB (n, t) |"ÈuTN

»ß8cÆkXe;Oµ

⁄n6.3. [184] Èu#$Ín⁄tß't 6 n�
p
n� 1ß

tY

i=1

(n� i) 6 |bB (n, t)| 6
tY

i=0

(n� i)"

œdßÈA"•Wø˛.⁄Gilbert-Varshamov.e.“å±dd

â—µ

⁄n6.4. [184] Èu#$Ín⁄tß'Ç-d = 2t + 1ß@o'Çå±â—

'uCB(n, d)!Xenÿ."

n!

|bB (n, 2t)|
6 CB(n, d) 6

n!

|bB (n, t)|
"

3©z[184]•ßäˆJ—$A´(n, d)-òÜË"-EßŸ•d = 2t+

1ßËiáÍè n!
q2d�3ßŸ•n(n � 1) 6 q 6 2n(n � 1)¥òáÉÍ"d

$[184]•Ñâ—$ò)"("X⁄5?Ë-E⁄)Ëé{"

3˘áÃK•ß'Ç$&$eZU?"nÿ.Å⁄?Ë"-E"ƒ

kß'Ç3ÏCø¬eßU?$%;Gilbert-Varshamov.e.ßU?"

Ã›åVè⌦(log n)5"‰N"(nXe"

&n6.1. 'd > 3èâ#!#$Íß-n ! 1ß@o¨!3òáƒu´

¨›˛!(n, d)-òÜËßŸËiáÍñ%è

CB(n, d) = ↵(Gn,d) >
n!

10�
(log2��

1

2
log2(

P (n, d)

3
)) = ⌦(

n! log n

nd�1
)"
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3ÏCø¬˛ßŸè&;!Gilbert-Varshamov.e.!⌦(log n)&"

Ÿgß'Ç3§ 6.4¨J—$ò´#"òÜË-EßßÚ[184]•â—

"?Ë-E"ËiáÍJp$⇥(n2d�4)5"

1nß'Çâ—$òá#"a."˛.(Jß̆ á˛.3d6åûß

¨`u%;"•Wø.ß'Ç3$°¨â—ò)‰N"È'"

&n6.2. Èu#$Ín⁄dß

CB(n, d) 6
�n
d

��n
d

�
(n� d)!

�n�1
n�d

� "

!!"Ÿ{‹©Xe"3§ 6.2•ß'ÇÚ0/$ò)4ä„ÿÉ'

"nÿ⁄(Jß)$'ÇÚÔ·$òÜË⁄,áA("„"’·8Ém

"ÈA'X"Gilbert-Varshamov.e."ÏCU?Ú3§ 6.3 •?10

/"3§ 6.4•ß'ÇÃá0/…'3~#ËÈu§$&"#"?Ë-E

êY"§ 6.5•'ÇÚy"(n6.2"Å$ß'ÇÚ3§ 6.6È'Ç"(J?

1o("

§ 6.2 „ÿ".

'Ç3˘p{á"0/eZ„ÿÉ'"SN"òá{¸„GòÑd

2:8V (G)⁄>8E(G)|§"z^>kòÈ2:-§"2:v"/:8

‹3˘pPè�(v)"v"/:„¥d�(v)p!"f„"|�(v)|"å1°è

2:v"›Í"̆ p'Ç”*P�(G)è„G"Åå2:›Í"„"’·8

¥„"2:8"òáf8ßÖ˜vŸ•zá2:È—ÿÎ>"G•Åå’

·8"å1°è’·Íß'ÇPè↵(G)"

3!!•ß'ÇÚ⁄\òÜË⁄ÈA"„"’·8Ém"'X"'

ÇƒkÚ§kˇ¿Ëi"8‹äè„"2:8£~Xß.'Ç&ƒ,›
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èn"'3Ëûß2:8å±¥{0, 1}nß±9.'Ç&ƒòÜËûßT2:

8“¥Sn§"̧ á2:Î>ß.Ö=.3ÈA"›˛eß¶ÇÉm"Âl1

ud",$'Çå±ÚT„"?¤’·8äè˜v41Âl^á"?Ëß

œèz¸áÿ”"Ëi"Âlÿ1ud"œdß'Ç3„"’·8⁄41

Âlèd"?ËÉmÔ·$ÈX"u¥ßÔƒ?Ë"ËiáÍß“å±œL

©¤ÈA„"’·8"å1"̆ ´ê{Æ%3Ôƒı´?ËØK•uû$

#á"ä^"'X3HammingÂle"òÜË"Gao!Yang⁄Ge [82] &

ƒ$.41Âldâ(Ön™u!°åûßÚGilbert-Varshamov.e.U

?$⌦(log n)5"Tail!Vardy⁄Verstraëte[167]3 d
n/(Ön™u!°åß

ÚGilbert-Varshamov.e.Jpå⌦(n)5"ÅCßWang!Zhang⁄Ge

[180]|^/⁄ê{©¤$Åå’·8Íßy"$.41Âld/(Ön™

u!°åûßèå±ÚGilbert-Varshamov.e.Jp$⌦(n)5"

˘p'Ç0/ò)'u¤‹D’„"Åå’·8Í"(J"'Çå

±*2&ß.òá„"zá2:"/:8—¥’·8ûß@oT„¥ÿ

ù$n5/K3""Ajtai!Komlós⁄Szemerédi[5]â—$ÿù$n5/"

„•ßÅå’·8Í"e."̆ ¥òáö~%;"(JßŸê{è¥⁄Â

$Ramseynÿ"%«u–"

⁄n6.5. -G¥òáÅå›Íè�!„"XJGÿù&n1/K3äèf

„ßKk

↵(G) > |V (G)|

8�
log2�"

5ø&ß̨ °"⁄n•ßÿù$n5/˘á^áÉÈ'6rß'Ç

å±-.ò,òe^áß'X`ßXJòá„ù$"n5/oÍ8ÿ@

oıß'Çèå±$&ÉÈ6–"Åå’·8Í"e.;Oß˘á(J
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"y"å±ÎÑ"·[20]"

⁄n6.6. -G¥òáÅå›Íè�!„"XJGù&ñıTán1/K3ß

Kk

↵(G) > |V (G)|

10�
(log2��

1

2
log2(

T

|V (G)|
))"

5ø&ß.2:"/:8p!"f„'6D’ûßòá„•"n5

/Í8“¨ÉÈ6+"Jiang⁄Vardy[117]Ú˛„(JÌ2Xe"

⁄n6.7. -G¥òáÅå›Íè�!„"XJÈ?¤òáG•!$:v 2

V (G)ßdß!(:8p3!f„ñıêù&P^>ßKk

↵(G) > |V (G)|

10�
(log2��

1

2
log2(

P

3
))"

§ 6.3 ÏCe."U?

3'Çy"'Ç"ÃáÏC(JÉcß'Çuyß3ò)AœÎÍ

ú%eß'Çå±%!((CB(n, d)"ä"

&n6.3. Èu#$Ínße&(J§·"

• CB(n, 1) = n!"

• CB(n, 2) = (n� 1)!"

• CB(n, n� 1) 6 nßŸ•*™§·'Ö=/n /2 {3, 5}"

y%. 1. 1òá¥1Ö"ßêá¿#§kSn•"3É=åßœd'Ç

kCB(n, 1) = n!"
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2. ÈN¥2y"¥ßÈu?¤¸áòÜ⇡⁄�ßdB(⇡, �) = 1.Ö=.�

¥⇡"ÃÇ£†"ÜÈ{`ßXJ⇡ = (⇡(1), . . . , ⇡(n))ÖdB(⇡, �) =

1ßK�“¨/X� = (⇡(t), . . . , ⇡(n), ⇡(1), . . . , ⇡(t�1))ßŸ•tè,á

˜v2 6 t 6 n".7Í"3ÃÇ£†"ˆäeßSn(y©è(n�1)!á

*daßzáaå(°èÃÇòÜ"œLlzá*da•¿Jòá?

øòÜß'Ç“$&$òáËiáÍè(n� 1)!"(n, 2)-òÜË"

3. Èu(n, n� 1)-òÜË•"?ø¸áÿ”òÜ⇡⁄�ßä‚⁄n6.1ßß

Ç"AA8¥ÿÉ#""duzáAA8—¥Pn"(n � 1)-3f8ß

)|Pn| = n(n � 1)ßœdËi"Í˛Åıèn"'Ç2&ƒ#&*“

"ú%ß'ÇÚ©XeAaú%?1?ÿ"

(a) b9n¥ÛÍßPn = 2p".1 6 i 6 pß(¬a2i�1 := 2i � 1ß±

9.1 6 i 6 p� 1ß(¬a2i := 2p� 2i"=ß(a1, a2, . . . , an�1) :=

(1, 2p � 2, 3, 2p � 4, . . . , p, . . . , 4, 2p � 3, 2, 2p � 1)"@oÈu

zá1 6 i 6 nß1iáËiè(i, i + a1, i + a1 + a2, . . . , i +
P

limitskj=1aj, . . . , i +
n�1P
j=1

aj)ßŸ•záÍ8—#ÿ±n$"{

Í£˘p'Ç¨¶^nß)ÿ¥0§"N¥2yßÈu1 6 i 6
p � 1ß'Çk

2iP
j=1

aj ⌘ �i (mod n)ß±9Èu1 6 i 6 pß'

Çk
2i�1P
j=1

aj ⌘ i (mod n)"œdÈu1 6 k 6 nß
kP

j=1
aj3&nø

¬e¥àÿÉ”""§±˛°(¬"˘)náòÜB¥Sn•"Ë

i"Èu˜vd� c ⌘ ak (mod n)"zÈ(c, d)ßßê—yògß3

1iáËi•ßŸ•c ⌘ i+
k�1P
j=1

ajßd ⌘ i+
kP

j=1
aj"

(b) b9n¥¤Í"@oè$-Eå1èn"(n, n�1)-òÜËß'Ç&
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ƒ3n+1á2:[n][{1}-§"%!kï„"Èuzá⇡ßŸAA

8A(⇡)èìLná2:-§"kïMóÓ¥ª"?ò⁄/ß'ÇÚ

>(1, ⇡(1))⁄(⇡(n),1)V\&A(⇡) •",$záòÜÈAuò

á3[n][ {1}•"kïMóÓ3"œdßå1èn"(n, n� 1)-ò

ÜË"+35*du3[n][{1}˛"%!kï„•"MóÓ3©

)"MóÓ3©)¥òáÈÕ#"ÔƒÃKß3©z[170]•"ä

ˆÆ%y"ßÈu¤Ín > 7ßn + 1á2:"%!kï„˛">

å±y©ènákïMóÓ3"

œdß'Çy"$CB(n, n � 1) 6 nßŸ•*™§·.Ö=&n /2

{3, 5}",$ßèö~N¥2yßCB(3, 2) = 2±9CB(5, 4) = 4ßçÑ

~6.2•â—"-E"

~6.2 ((3, 2)-òÜË⁄(5, 4)-òÜË).

2

41 2 3

3 2 1

3

5

2

6666664

1 2 3 4 5

2 4 1 5 3

3 1 4 2 5

4 3 5 2 1

3

7777775

5P6.4. 'n + 1¥ÉÍûß'ÇÑå±â—å$èn!(n, n � 1)-ò

ÜË!,ò´(EßÜ˛°y%•!ÿ”"#ƒòÜË{(i, 2i, . . . , (n �

1)i, ni) : 1 6 i 6 n}ßzáÍË“)'n + 1'!Í"ÈN¥.yßz

È(a, b)T–—yòg£—y31iáËi•ßŸ•i ⌘ (b � a) (mod n +

1)§"

3)˚$˛„˘)Aœú%É$ß'Ç:e5ÚóÂuU? CB(n, d)
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"ÏCe.ßŸ•d > 3¥òá/(~Íß)n¨™u!°å"'Ç"g¥

¥©¤ÈA¤‹D’„"Åå’·8Í"'Çkâ—±e„"(¬ß'

ÇÆ%3cò!•åV)BLXd(¬"^ø"

&¬6.6. Èuâ#!#$Ín⁄d > 3ß'Ç#¬(n, d)-´|òÜ„Gn,dè

‰k$:8Sn±9>8{(⇡, �) : ⇡ 6= �, dB(⇡, �) < d}"

'Çå±r´|›˛e"(n, d)-òÜË"ËiwäGn,d•’·8"

2:"ÉáßGn,d•"?¤’·8è—¥(n, d)-òÜË"è$œL¶^⁄

n6.7"„ÿê{$&CB(n, d)"e.ß'ÇIá.\ÔƒGn,d"ò)Î

Í"

-Hn,dèd¸†òÜ(1, 2, 3, . . . , n)"/:8p!"f„ß-R(n, k)

¥Sn•"§k˜vÜ¸†òÜ"´|ÂlT–èkß=è

R(n, k) = {� 2 Sn : dB(�, id) = k}"

@op!f„Hn,d‰k2:8V (Hn,d) =
d�1S
k=1

R(n, k)"'ÇuyßR(n, k)

"å1Æ%3©z[152]•(.\Ôƒ$ß˘pß'Ç⁄^Ÿ•"Xe(

J"

⁄n6.8. [152] Èu$Í1 6 k 6 n� 1ß

|R(n, k)| = k!

✓
n� 1

k

◆ kX

i=0

(�1)k�i (i+ 1)

(k � i)!
"

.aè/(.7Íß)n™u!°åûß'Çk
�n
a

�
= ⇥(na)ßœdß

Èu1 6 k 6 d � 1ß'Çk|R(n, k)| = ⇥(nk)"§±ßÏCø¬˛'Ç

k|bB(n, d � 1)| =
d�1P
k=0

|R(n, k)| = ⇥(nd�1)ß̆ p'ÇùŒ9(dè/(

.7Íß)n¨™u!°å"
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:e4'ÇIáA^⁄n6.7ß'ÇÆ%k|V (Gn,d)| = n!øÖGn,d¥

òá.K„ßÖŸ›Í˛è� = bB (n, d� 1)� 1 = ⇥(nd�1)"y3'Ç

áOé"P (n, d)ß=p!f„Hn,d•">Í"‰N/`ß'ÇIá$&

òá‹n"˛."

⁄n6.9. Èu'#!d > 3ß'n™u%°åûßP (n, d) = O(n2d�3)"

y%. R(n, k)•"2:áÍ"ÏC/è⇥(nk)"œdoN5`ßò?k1 +

k2 6 2d� 3ß@o/X⇡ 2 R(n, k1)⁄� 2 R(n, k2)˘*¸á:Î§">

"oÍñı¥¥⇥(nk1+k2) = O(n2d�3)ßœdßè$y"⁄nß'ÇêI

á'5/X⇡ 2 R(n, d�1)⁄� 2 R(n, d�1)˘*¸á:Î§">=å"

?ò⁄&ƒ˘*"⇡⁄�"AA8ß'Çk|A(id)\A(⇡)| = |A(id)\

A(�)| = d�1"-x(⇡, �)èA(id)•Qÿù$3A(⇡)!èÿù$3A(�)•

"ÎYÈ"Í8ß=ß

x(⇡, �) = |
�
A(id) \ A(⇡)

�
\
�
A(id) \ A(�)

�
|"

Èu/("⇡ 2 R(n, d � 1)ß̃ vx(⇡, �) = x"òÜ� 2 R(n, d �

1)"Í8Åıè⇥
��d�1

x

�� n�d
d�1�x

��
= ⇥(nd�1�x)"̆ ¥œèA(id)\A(�)T

–ù$A(id) \ A(⇡)•"xÈß±9A(id) \ A(⇡)•"d � 1 � xÈßø

ÖA(id) \ A(�)"zòá-."¿JêUp!~ÍÍ˛"òÜ�"qœ

è|R(n, d� 1)| = ⇥(nd�1)±9·3R(n, d� 1)":⇡, � 2 R(n, d� 1)É

m">ÍÅıè⇥(n2d�3)ßŸ•1 6 x(⇡, �) 6 d� 1"œdßè$y"⁄

nß'ÇêIá'5Î:⇡ 2 R(n, d� 1)⁄� 2 R(n, d� 1)">ßøÖ˜

vx(⇡, �) = 0"y3'Ç‰Ûß¢S˛˘*">øÿ+3"

œèx(⇡, �) = 0ßKk
�
A(id) \A(�)

�
⇢

�
A(⇡) \A(�)

�
ßœd'Ç

¨k dB(⇡, �) > d�1"̆ ûXJ⇡⁄�Î>ß@o7,kdB(⇡, �) = d�1ß
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±9

A(id) \ A(�) = A(⇡) \ A(�)ß

”ûÑk

A(id) \ A(⇡) = A(�) \ A(⇡)"

&8cèéßƒu˘¸á˙™ß'Çå±*2&⇡!�⁄¸†òÜ

U4p!—$n^ÿ”"MóÓ¥ªßøÖvkò^lêù$3ò^¥

ª•£~XßXJêkò^l—y3A(⇡)•ßKäá$A(id) \ A(�) =

A(⇡)\A(�)"^á§"@o'Çêe"?÷¥y"ß̆ *"náÿ”"M

óÓ¥ª¥ÿåU+3""

y3&ƒA(⇡) \ A(�)•"n � dÈ3É"3:8è[n]"„•ßI

P§kkï>(x, y)ßŸ•(x, y) 2 A(⇡) \ A(�)ßøÚd„PèG"5ø

&ßA(⇡)\A(�)⁄A(id) \A(�)"ø8¥A(⇡)ßŸÈAu⇡"kïMóÓ

¥ª"œdG¥dáÿÉ#"kï¥ª"ø8£˘påU+3:·2:ßè

$êBÂÑßzá:·2:è(@è¥ò^kï¥ª§ßŸ•1j^¥ª

PèPj = (xj ! · · · ! yj)ßL´±xjmfiß±yj(óßŸ•1 6 j 6 d"

⁄òÜ⇡ÈA"kïMóÓ¥ªå±wä¥˘)¥ª"GÈßÿîòÑ5

/ß'Çå±ÚŸ&§P1 ! P2 ! · · · ! Pd"Èu1 6 j 6 d� 1ßdu

Î:Pj">5gA(id) \ A(�)ß̆ “øõXxj+1 = yj + 1"

ñdßdu�ÈA"kïMóÓ¥ªè¥œLA(id) \A(⇡) •"d�

1^>Î:Pj/§"ß@okêk¸´ú%"1ò´ú%¥.x1 6= yd +

1ûßêkò´Aœ"ê™œLÈAuÎYÈ">Î:Pjß=� = ⇡",ò

´ú%¥.x1 = yd + 1ßøÖÈAu�"kïMóÓ¥ª"/™èPt !

Pt+1 ! · · · ! Pd ! P1 ! · · · ! Pt�1",)ßdud > 3ß@o�⁄⇡Ú5
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êd�2^>{(yj, xj+1)|j 6= t�1, 1 6 j 6 d�1}ß̆ w,Üx(⇡, �) = 0g

Ò"

œdß'Çy"$ß'Ç'5"Å$òa>ß=ß/XÎ:⇡ 2

R(n, d � 1)⁄� 2 R(n, d � 1)!Ö˜vx(⇡, �) = 0">ø¨ÿ+3ß

œd„Hn,d•">oÍèP (n, d) = O(n2d�3)"ñdßT⁄nÆy"%

."

@oy3'Ç“å±|^⁄n6.75$&'uCB(n, d)"#"e.$"

#n6.1!y%. |^„ÿ"*:ß%;"Gilbert-Varshamov.e.è

AGV (n, d) :=
n!

1 +�(n, d)
= ⇥(

n!

nd�1
)"

|^⁄n6.7⁄⁄n6.9ß'Çk

↵(Gn,d)

AGV (n, d)
>

n!
10�(n,d)(log2�(n, d)� 1

2 log2(
P (n,d)

3 ))
n!

1+�(n,d)

> 1

10
log2(

�(n, d)q
P (n,d)

3

) > 1

10
log2(

cbnd�1

csnd� 3
2

) = c log(n)"

œd'Çk

↵(Gn,d)

AGV (n, d)
= ⌦(log(n))ß

Ÿ•cbßcs⁄c˛èÜn!'"~Í"ñdßT(nÆy"%."

§ 6.4 ƒuıë™"òÜË#E

3!!•ß'Çâ—ò´ƒuıë™"òÜË-Eß̆ á-E…©

z[90]•%;"'3~#Ë-E"Èu"'ÇÆ3Pn = {(x, y) : x 6=

y, x, y 2 [n]}±9|Pn| = n(n� 1)"ä‚Bertrandb&ßo¨+3òáÉ
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Í˜v
n(n�1)

2 6 q 6 n(n� 1)ß̆ p'Ç“9q > n(n�1)
2 è˘*"òáÉ

Í"

-V : P ! FqèlP&kÅçFq"òáNDß˜vÈuÿ”"

È(x, y)⁄(x0, y0)ßV(x, y) = V(x0, y0).Ö=.x0 = yÖy0 = x"@oV¨

3H
n(n�1)

2 áC˛ßÖ˘*"ND¥+3"ßœè'Çb9$kÅç"/

˜vq > n(n�1)
2 "

@oÈuòáòÜ⇡ 2 Snß'Ç-VÚAA8A(⇡) = {(⇡(i), ⇡(i+

1)) | 1 6 i < n}ND&8‹{V((⇡(i), ⇡(i + 1)) | 1 6 i < n}ß

5ø&ß$ˆ¥Fq"(n � 1)3f8-§"8‹"'ÇP˘n � 1á3É

è�1, �2, . . . , �n�1"

y3'Ç(¬òálSn&Fd�1
q "NDFXeµ

F (⇡) = (F1(⇡), F2(⇡), ..., Fd�1(⇡))ß

Ÿ•

F1(⇡) =
X

16i6n�1

�iß

F2(⇡) =
X

16i<j6n�1

�i�jß

F3(⇡) =
X

16i<j<k6n�1

�i�j�k,

...

e°'uTND"(nÈ'Ç"-Eö~'Ö"

&n6.5.Èu?¤¸áÿ”!òÜ⇡, � 2 SnßXJF (⇡) = F (�)ßKdB(⇡, �) >
d"
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y%. 'Ç|^áy{ßb9+3¸áÿ”"òÜ⇡, � 2 Snß¶$F (⇡) =

F (�)±9dB(⇡, �) = � < d"dudB(⇡, �) = |A(⇡) \ A(�)| = |A(�) \

A(⇡)|ßœdVÚ8‹A(⇡) \A(�)ND&òáf8{↵1,↵2, . . . ,↵�}ßaq

/ßVÚ8‹A(�) \ A(⇡)ND&òá,f8{�1, �2, . . . , ��}"

dF (⇡) = F (�)ß'Çå±$&Xeêß|

⇣1 =
X

16i6�

↵i =
X

16i6�

�iß

⇣2 =
X

16i<j6�

↵i↵j =
X

16i<j6�

�i�jß

. . .

⇣d�1 =
X

i1<...<id�1

↵i1 . . .↵id�1 =
X

i1<...<id�1

�i1 . . . �id�1"

&ƒıë™x� � ⇣1x��1 + ⇣2x��2
� · · · + (�1)�+1⇣� =

Q
16i6�(x�

↵i) =
Q

16i6�(x � �i)"@o{↵1,↵2, . . . ,↵�}⁄{�1, �2, . . . , ��}•"3É

˛èTıë™"":ß@oduÿ”"":ñıêUd�áßœdß̆ ¸

á8‹“¨É”"

&ƒ2:3[n]˛"kï%!„ßŸ•záòÜÈAudŸAA8

â—"kïMóÓ¥ª"y3⇡ìL"¥ª⁄�ìL"¥ª¨5êA(⇡)\

A(�)•"n�1��kï>"duNDV"5üß'Çå±$&ß>8EÈA

" {↵1,↵2, . . . ,↵�} = {�1, �2, . . . , ��}¥çò((""œdßâ(A(⇡) \

A(�)p>"êïß@oêkçò"ò´¿{5¿JE•>"êïß̂ ±º

$MóÓ¥ª"œd⇡¨Ü�É”ß̆ Ü⇡Ü�ÿÉ”"b9ÉgÒ"

n˛?ÿß'Ç“å±$&òá'u(n, d)-òÜË"ıë™-E"

174



´|›˛e"òÜË

&n6.6. Èuzá"Éf 2 Fd�1
q ßCf(n, d) := {⇡|⇡ 2 Sn, F (⇡) = f}è

òáƒu´|›˛e!(n, d)òÜË"

&ƒ§kï˛f 2 Fd�1
q ß,${Cf(n, d) : f 2 Fd�1

q }¥Sn"òáy

©ßŸ•zá‹©Cf(n, d)—¥´|›˛e"(n, d)-òÜË"'Çå±b

9 Cfmax(n, d)¥Ÿ•"ÅåËiáÍß@oä‚|ç1nß'Çå±$

&|Cfmax(n, d)| > n!
|Fd�1

q |
= n!

qd�1 = ⇥( n!
n2d�2 )"3[184]•ßYang!Schoeny⁄

Dolecek-E$òáå1è n!
q2d�3 = ⇥( n!

n4d�6 )"ß)'Ç"-EÚòÜË"

ËiáÍJ,$⇥(n2d�4)5"

§ 6.5 ò´#."˛.

3!!•ß'ÇÚœL©¤Ëi"AA85º$òa#"˛."È

uzáòÜ⇡ 2 Snßß"AA8A(⇡) = {(⇡(i), ⇡(i + 1))|1 6 i < n}

¥Pn"òán� 13f8"PI(⇡1, ⇡2) = |A(⇡1) \ A(⇡2)|ßK'Çk

⁄n6.10. Èuzá⇡1, ⇡2 2 SnßdB(⇡1, ⇡2) > d'Ö=' I(⇡1, ⇡2) 6
n� d� 1"

˛„⁄n¥w,""â(òá(n, d)-òÜËCß-F¥Ëi"§kA

A8A(⇡)-§"8‹ß=ßF := {A(⇡)|⇡ 2 C}"'ÇÚËiÍ8"˛.

ØK=zè±e4ä8‹ØKµ¶Pn"(n� 1)3f8-§"f8xF"

f8Í84åäßŸ•˜v8x•zÈf8"#8ñıèn � d � 1",

$'ÇO3y"(n6.2"

#n6.2!y%. -T (n, d)¥ÈuAA8A(⇡)"§kåU"(n�d)3f8

-§""8x"záA(⇡) 2 Fù$
�n�1
n�d

�
˘*"f8"@oä‚⁄n6.10ß

'Çå±36ßT (n, d)•"?¤(n� d)3f8—ù$3ÅıòáËi"
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AA8•"œd|F|
�n�1
n�d

�
6 |T (n, d)|"@o'ÇêIá;O|T (n, d)|"˛

.=å"'ÇÈzá8‹A 2 T (n, d)ß&ƒòán ⇥ n›CM = (mi,j)ß

Ÿ•

mi,j =

8
><

>:

1ß XJ:È(i, j) 2 Aß

0ß Ÿß"

duA¥,áA(⇡)"(n�d)3f8ßœd›CAT.–ù$n�dá/10"

±9z1!z,"#˛—ñıè1",$ßÿ”"A"Í˛˛.å±(ln�

d1!n � d,•¿#f›C5-EòÜ›C"ê™"¿JÍ§õõ"œ

dß'ÇkT (n, d) 6
� n
n�d

�� n
n�d

�
(n� d)!"l)'Çk|F| 6 (nd)(

n

d)(n�d)!

(n�1
n�d)

"

ñdßT(ny"%."

œL⁄n6.3⁄⁄n6.4ß'Ç36ßXJt 6 n�
p
n� 1ß@o'Ç

P%;"•Wø.èASP (n, 2t+ 1)ß̃ v

n!
tQ

i=0
(n� i)

6 ASP (n, 2t+ 1) 6 n!
tQ

i=1
(n� i)

"

r'Çl˛„(n•$&"˛.
(nd)(

n

d)(n�d)!

(n�1
n�d)

PèAnew(n, d)"

Ìÿ6.1. â#nád = 2t+1ßXJt 6 n�
p
n�1ßn·

tQ
i=0

(n� i) 6 d·d!±

9d 6 n� 1ßKkAnew(n, d) 6 ASP (n, d)"

3L6.1•ß'Ç,—$ò)1ÎÍ"ú%BuJ¯Ü*"@£ß±

L"(n6.2•â—"#a.˛.ß3dÉÈ:Cnûß̈ –u%;"•W

ø˛."AOä$5ø"¥ßdL•"•Wø.XJw´"¥,áäxß

@o¢S"•Wø.ÿ1uL•w´"ä"£~Xß£13,9§Ë"å1˛.
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èxßŸ•x > 40320"˘øÿò(L"(13,9)Ë"å1è˛Åè40320"

'Ç"#(JL"(13,9) Ë"å1˛Åè24787ß̆ (¢¥È•Wø."

U?"§

L 6.1 #.˛.Ü•Wø."'6

n d •Wø. (n6.2 n d •Wø. (n6.2

13 9 > 40320 24787 18 11 > 479001600 262461363

15 11 > 362880 44672 18 13 > 39916800 1423607

16 11 > 3628800 762415 19 11 > 6227020800 5263805324

17 11 > 39916800 13771113 19 13 > 479001600 28551213

17 13 > 3628800 74696 20 13 > 6227020800 601078154

§ 6.6 o(Ü–"

3˘ò‹©•ß'ÇÔ·$òÜËÜ´|òÜ„"’·8Ém"

ÈA'X"¶^˘´ê{ß.41Âld/(Ön™u!°åûß'Ç

ÚGilbert-Varshamov.3ÏCø¬eJp$⌦(log n)5"Èu˛.ß'

Ç;"$òÜ"´|ÂlÜŸAA"#8Ém"'Xß|^˘ò'Xß

(‹ò)OÍ"é{ß'ÇÌ!—$'uËiå1"òá#a."˛.ß

.dÉÈ:Cnûß#"˛.¨du%;"•Wø˛."d$ß'Çâ—

$òáƒuıë™"òÜË"-EßßÚÆ3-E•'uËiÍ8"(

JJp$⇥(n2d�4)5"'u´|Âle"òÜËßEkå˛ä$&¢"

ØKß'ÇAO'%Ÿ•¸áØKµ

• 3ÏCø¬eß=.41Âld/(Ön™u!°åûßUƒ$&Jp

%;"Gilbert-Varshamov.⌦(n)5"e.&

177



4ä|‹9ŸÉ'+ç•eZØK"Ôƒ

• Uƒ$&ç–"w™?Ë-Eß±9â—ÉA")ËêY&

178



Chapter 7 Ÿß3ÔØK

3!!•ßÚ{á0/!<3Ù÷D¨œm"3ÔëKÜ?–"Å

uüÃ⁄Ôƒ?–ß'ÚêÈ˘)ëK?1{á0/"

'u2¬theta„"TuránØK

3ÅC"òë'uTuránØK"Ûä•[135]ßLiu⁄Yang⁄\$2

¬theta„"VgßŸ‰N"(¬Xe"

&¬7.1 (2¬theta„). -k1, k2, . . . , k`è¤Û5É”!#$ÍßÖ1ñı

—yòg"'Ç#¬2¬theta„⇥k1,k2,...,k`è'#!¸á:⁄`^Î4¸á

'#!:!pÿÉ(Ö'›©Oèk1, k2, . . . , k`!¥ª*”|§!„"

3©z[135]•ßLiu⁄Yangy"$Xe˛.(J"

&n7.1. -k1, k2, . . . , k`è¤Û5É”!#$ÍßÖ1ñı—yògßK

k

ex(n,⇥k1,k2,...,k`) = O(n1+ 1
k⇤ )ß

Ÿ•k⇤ = 1
2 min
16i<j6`

(ki + kj)"

òáÈg,"ØK¥ß̨ „˛.3üoú%e¥;"ß=Èu=)

ÎÍk1, k2, . . . , k`ß'ÇU4$&ex(n,⇥k1,k2,...,k`) = ⇥(n1+ 1
k⇤ )&8c'

Ç$&$eZÎÍa.eßÏCø¬˛;"(J"
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/⁄”#"knçÍflé

CFß'ÇJ"flé3.1k$ò)#"?–"3©z[136]•ßäˆy

"$Èu1Ô‰.„(rooted balanced tree)"ò„"Xe(J"

&n7.2. -T¥ráä!:ßaáöä$:ßb^>!&Ô‰.„ßŸó›

è⇢T = b
aß2PŸkgò„èT k"b&2a > bß@o!3#$ÍK0ß¶&

f2(n, T
K0) = O(n

2a
b )"

@o:e4"ØK¥ß̨ „˛.3üoú%e¥;""3”òü©

z•ßäˆy"$%!'‹„"1gø©„K
0

s,tå±J¯;"ÏCe.ß

=kßf2(n,K
0

s,t) = ⇥(n1+ 1
s )"

'Ç8c$&eZA("1Ô‰/„H"ò„H`ß'uf2(n,H`)Ï

Cø¬e;"e.(J"

ƒu/⁄ØKµee"?ËÖ'X⁄*O

!Ç3‰"Ö+(Caching)ØK£„"¥ßòá+;Ná©á"—÷

Ïß©áå19(è¸†1ßœL!D("2¬&6ÜKá^rÉ'È"z

á^ràg"Ö+93"N˛èM"'Ç"Ö+êY©è¸á/„µò

¥Í‚"òò/„(Placement phase)ß3Í‚I¶˛61"òsû„ß

|^k{Â"œ&].ßïzá^r"Ö+93•òòå1ÿáLM"

Í‚#'¥Í‚"©u/„(Delivery phase)ßb(3Í‚I¶p5œß

zá^rë"ï—÷Ïû¶òá%7"©áß—÷Ïn‹&ƒ˘)I¶ß

œL2¬"/™D—å1èR"Í‚ß±˜v§k^r"Iá"òá{¸

"&.å±Ñe„"Å1Ö"g¥¥ßà^r©OÖ+zá©á"M
N'
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„ 7.1 ?ËÖ+X⁄{„

~"Í‚ß3Í‚©u/„—÷Ï2Úà^r§"î"àg(1� M
N )‹©

"Í‚DáuòßdûR = K · (1 � M
N )"èJpD—5«ß2014cß?

0¢2ø"Ali⁄Niesen[138]|^3‰?Ë"géßME5/J—$?Ë

Ö+êY"3òò/„ßà^r"Ö+Uò(?Ë5#+;ßº$¤‹Ö

+O4#3©u/„ß|^Æk"Ö+&EÉm"'Xß9O§I2¬S

N"ò("?Ë|‹ß¶$ıá^rå±”ûl¸g"&E•»Ë$&

§I"‹©&Eßl)$&!¤Ö+O4ß0¥Ÿ¤Å3ußáÚzá©

á*©èòáëX^rÍ˛K)•çÍO,"ÎÍßØ§±3ßçÍ?O

"©yß3é{˛¥J±¢y""œdßÔƒAá#áÎÍÉm"6Â'

Xß±99O‹n"?ËÖ+X⁄3A^+ç¥õ©#á"ØK"

'Ç|^©z[154]•J—"#./⁄ØKßâ—$òáX⁄/èx

?ËÖ+X⁄"µe"3'Çµeeß'Çå±ÚÖ+X⁄"9OØK

=zèA(òm"/⁄ØK"3'Ç"µeeß'Çå±ö~(%/ä

‚Iá¿Jÿ”"òm4?19OX⁄"8cß̆ ‹©ÛäE37n•"
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quences. Combinatorica, 19(1):55–63, 1999.

[78] P. A. Fuhrmann. A polynomial approach to linear algebra. Universitext.

Springer, New York, second edition, 2012.

[79] J. Fujisawa. Weighted degrees and heavy cycles in weighted graphs. Discrete

Math., 309(23-24):6483–6495, 2009.
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Birkhäuser/Springer Basel AG, Basel, 1998. [2011 reprint of the 1998 orig-

inal] [MR1725957].
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