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Abstract

This thesis involves various problems in the area of algebraic coding theory, algebraic com-

binatorics, lattice tilings and their applications in information theory. This dissertation aims to

investigate these problems via a combinatorial perspective, with applications of tools from abstract

algebra, algebraic number theory and character theory.

In Chapter 2, two special shapes for tilings are considered. One includes the cross, semi-cross

and quasi-cross. Some physical effects that limit the reliability and performance of multilevel

flash memories induce errors that have low magnitudes and are dominantly asymmetric. This

motivated the application of the asymmetric limited magnitude error model in flash memory, and

the asymmetric limited magnitude codes are equivalent to the lattice tiling problems by cross,

semi-cross and quasi-cross. For this problem, we present a new construction of quasi-perfect

codes, which generalizes most of the previously known constructions. We also give a new general

construction of perfect codes, and obtain some new parameters of perfect codes. Meanwhile, we

prove some nonexistence results for perfect codes. In particular, we have completely solved the

problems left by Schwartz (European J. Combin., vol. 36, pp.130-142, Feb. 2014). The other

is the sphere under lp metric. In 1970, Golomb and Welch posed the long standing conjecture

which states that there is no perfect r error correcting Lee codes of length n for n ≥ 3 and r > 1.

We prove some nonexistence results for perfect codes in Zn under the lp metric. In particular,

our results further substantiate the Golomb-Welch conjecture. Since it is widely believed that the

Golomb-Welch conjecture is true, constructing codes close to perfect makes sense. We then give

an algebraic construction of quasi-perfect lp codes.

In Chapter 3, we consider the theory of self-orthogonal codes and their applications in quan-

tum codes. Self-dual codes are special classes of self-orthogonal codes, and they are one of the

most interesting classes of linear codes, since they have strong connections with several other areas

including lattices, designs, projective planes and invariant theory. Generally, it is hard to construct

self-dual codes with relatively large minimum distance. We construct several classes of self-dual

V



úô�ÆÆ¬Æ Ø©

codes by using double circulant configuration and fourth power residues, which are a generaliza-

tion of the quadratic double circulant self-dual codes. Numerical experiments show that some of

our codes have better parameters than previously known codes. Quantum codes were introduced to

protect quantum information from decoherence during quantum computations and quantum com-

munications. A powerful construction of quantum codes is employing classical codes with certain

self-orthogonality. We use classical constacyclic codes and generalized Reed-Solomon codes to

construct several classes of quantum MDS codes. We also present a construction of classical linear

codes based on certain classes of polynomials. Through these classical linear codes, we obtain

some new quantum codes which have better parameters than the ones available in the literature.

In Chapter 4, we consider two other problems related to information theory. One is semi-

regular relative difference sets. Semi-regular relative difference sets have been extensively studied

due to their close connections with mutually unbiased bases. The research is concentrated on two

aspects — non-existence and existence results. There has been much research on (pa, pb, pa, pa−b)

relative difference sets with p a prime, while there are only a few results on (mn, n,mn,m) relative

difference sets with gcd(m,n) = 1. The nonexistence results on (mn, n,mn,m) relative difference

sets with gcd(m,n) = 1 have only been obtained for the following five cases: (1) m = p, n =

q, p > q; (2) m = pq, n = 3, p, q > 3; (3) m = 4, n = p; (4) m = 2 and (5) n = p, where

p, q are distinct odd primes. For the existence results, there are only four constructions of semi-

regular relative difference sets in groups of size not a prime power with the forbidden subgroup

having size larger than 2. We present some more non-existence results on (mn, n,mn,m) relative

difference sets with gcd(m,n) = 1. In particular, our result is a generalization of the main result

of Hiramine’s work (J. Combin. Theory Ser. A, 117(7):996–1003, 2010). Meanwhile, we give a

construction of non-abelian (16q, q, 16q, 16) relative difference sets, where q is a prime power with

q ≡ 1 (mod 4) and q > 4.2× 108. The other is Grassmannian packings. The problem of packing

n-dimensional subspaces of Rm was introduced by Conway, Hardin and Sloane in 1996. The goal

is to find a set of n-dimensional subspaces such that they are as far apart as possible. It can be

seen as a generalization of the problem of spherical codes or equiangular lines. We present three

constructions of optimal packings in Grassmannian spaces from difference sets and latin squares.

In Section 5, we briefly introduce some other works.

Keywords: Perfect code, flash memory, self-dual code, quantum code, semi-regular relative dif-

ference set, Grassmannian packing
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�V ´Zn ���f8§V ���²£´V + x = {v + x : v ∈ V }"XJT = {V + l :

l ∈ L}, L ⊆ Zn /¤Zn ���©�§@o·�¡T´Zn ����i"XJL�´���§

·�K¡T´����i"312Ù§·�òïÄü«/G��i"�«´�i/§��i

/ÚO�i/§,�«´Lee¥"

�m, k1, k2�÷v0 ≤ k1 ≤ k2��ê"XJ���n�8ÜB ⊆ Zm÷vµ¤k�8Ü

{ab (mod m) : a ∈ [−k1, k2]∗}, b ∈ B,

kk1 + k2 ��"�§�§�üüØ�§·�K¡B´��©)8"·�Pù��©

)8�B[−k1, k2](m)8"��B[−k1, k2](m) 8¡��{�§XJn = m−1
k1+k2

"XJq 6≡ 1

(mod k1 + k2)�n = b q−1
k1+k2

c§K¡B´O�{�"�i/§��i/ÚO�i/���i

�35¯K�du�{©)8��35¯K"

,��¡§ð�´�«�´�5�;ì§=ä>êâ�Ø¬¿�"du§���

5§�;�Ýp�k�é�p�5d'§Ï�c�5��2�A^uF~)¹¥"ð

��Ì�":´Ù�k�>Ö�\�>ÖÞØùü�L§�Øé¡5"�\>Ö�L§

�±3ü��;ü�þ?1§�´XJ�ÞØ���;ü�þ�>Ö�{§I�éÙ¤

3���«¬?1>ÖÞØâ1"ù�Øé¡5��3,�A½�«¬þ�)wÍ��

Ø"¿�§�ww«��ð��Ø�þ?����i18���Ã'§��Ø¬wÍ�

u²;�Øþ?"Ïd§·�knd�rk�þ?�Ø�.A^�ð�þ§|^©)

8�±�Ek�þ?�Øè"3ùp§|^��©)8B[−k1, k2](n)���è�±Å�Î

Òa ∈ {0, 1, . . . , n− 1}3DÑ¥C¤a+ e��§Ù¥−k1 ≤ e ≤ k2"

3©)8¯Kþ"Äk§|^©��g�§·��Ñ
e¡�O�{©)8��E"

½n1.1. �p´���ê§k1, k2, t´÷v0 ≤ k1 ≤ k2§t|gcd(k1, k2)Ú
k1+k2
t
|(p− 1)��ê"

éu0 ≤ i ≤ t− 1§�Ti = {x|x ≡ i (mod t), x ∈ [−k1, k2]∗}§K|Ti| = k1+k2
t
"�g´�p�

1
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��g ≡ 1 (mod t)§�θ = gcd{indg(k) | k ∈ [−k1, k2]∗}"XJéu0 ≤ i ≤ t− 1§

|{ indg(k)

θ
(mod

k1 + k2
t

) | k ∈ Ti}| =
k1 + k2

t

�v´÷vv|θ§ v(k1+k2)
t
|(p− 1)±9gcd( θ

v
, k1+k2

t
) = 1���ê§K{

g
v(k1+k2)

t
i+j (mod tp) | i ∈ [0,

t(p− 1)

v(k1 + k2)
− 1], j ∈ [0, v − 1]

}
´��O�{B[−k1, k2](tp) 8"AO/§XJt = 1§Kþ¡�8Ü´�{B[−k1, k2](p)

8"

Ó�§·���Ñ
�
�ÛÉ�{©)8�Ø�35(J"ùÜ©ó�®²uL3

5IEEE Transactions on Information Theory6"

Ùg§·��Ñ
e¡��{©)8��E§·���Eí2
8c®��ý�Ü©

�E"

½n1.2. �p = (k1 + k2)nm+ 1´���ê±9g´�p��"�

A = {indg(i) (mod (k1 + k2)n) : i ∈ [−k1, k2]∗}.

XJ�3�����n�f8A′ ⊆ Z(k1+k2)n ÷vZ(k1+k2)n = A + A′ ´��1-òU©)§K

�3���{B[−k1, k2](p)8"

½n1.3. �p = 2knm+ 1´���ê�g´�p��"�

A = {indg(i) (mod kn) : i ∈ [1, k]}.

XJ�3�����n�f8A′ ⊆ Zkn ÷vZkn = A + A′ ´��1-òU©)§K�3��

�{B[−k, k](p)8"

·��UYïÄ
�ÛÉ�{©)8�Ø�35¯K§)û
�ÛÉ�{B[−1, 3](m)8

3©z [134]¥¢3e5�¯K"·���Ñ
��©)83Àâ;�èþ�A^"ùÜ©

ó�®²�5IEEE Transactions on Information Theory6�Â"

��§5¿��ÛÉ�{©)8�+�1-òU©)�m�éX"·���)û


�k1 + k2�Ûê�§�ÛÉ�{B[−k1, k2](m)8��35¯K"=y²


½n1.4. �1 ≤ k1 < k2Úk1 + k2´Ûê�§Ø�3�ÛÉ�{©)8"

2
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�k1 + k2�óê�§·��Ñ
�ÛÉ�{B[−k1, k2](m)8�3��
7�^�"·

��ÐÚ/ïÄ
ÛÉ�{B[−k1, k2](m)8��35¯K"ùÜ©ó�®²Ýv�5IEEE

Transactions on Information Theory6"

3Lee¥��i¯Kþ"GolombÚWelchß�3Lee�êe��{è��3ue��

¹µ¥�»r = 1½öLee�m��ên = 1, 2"3ù�¯Kþ§·�y²
e¡�(J"

½n1.5. �r ≤ n§pn,r =
∑r

t=1 2t
∑r−t+1

j=1 j2
(
r−j
t−1

)(
n−1
t−1

)
§kn,r = |Bn

1 (r)| =
∑min{n,r}

i=0 2i
(
n
i

)(
r
i

)
"

XJkn,r ≡ 3½6 (mod 9)§pn,r ≡ 0 (mod 3)±9kn,r Ã²�Ïf§KØ�3���5�

{(n, r) Leeè"

du�[Ñ@�Golomb-Welch ß�´é�§@o��E�C�{�èÒk¿Â
"

·��Ñ
��O�{lp è��ê�E§Ù¥p = 1, r = 2±92 ≤ p < ∞, r = 21/p"ùÜ

©ó�®²�5IEEE Transactions on Information Theory6�Â"

1.2 ggg������èèè999ÙÙÙ333þþþfffèèè¥¥¥���AAA^̂̂

géóè´�5è¥����aè§§ÚéõÙ¦+�k��éX§'Xµ�§

�O§�K²¡ÚØCnØ",��k¿g�è´pg�{è§��5`§§�èÇ'

��§4�ål'���kk��Èè�{"·�(Üùü«è§|^VÌ��.Úo

g�{�E
Aagéóè§§�´�gVÌ�géóè�í2",	§êâL²·�

�E�è'�c®���Ðè�ëê�Ð"ùÜ©ó�®²uL35IEEE Transactions on

Information Theory6"

þfè3þfO�ÚþfÏ&¥k��A^"glCalderbank�<uy�±|^F2

½F4þ�²;g��è5�Eþfè±5§éõþfè��EÑ5
"e¡�½n´�~

^���þfè�E�{"

½n1.6. ( [8] Hermitian �E) XJC ´��÷vC⊥H ⊆ C �[n, k, d]q2 �5è§K�3�

�[[n, 2k − n,≥ d]]q þfè"

·�Äk|^~Ì�è�E
Aa#�þf4�ål�©è"ùÜ©ó�®²uL3

5IEEE Transactions on Information Theory6"

Ùg§5¿�2ÂReed-Solomonè�½´��4�ål�©è"·�ÏLïÄ§�S
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3(�§�Ñ
Aa#�þf4�ål�©è"ùÜ©ó�®²uL35Designs, Codes

and Cryptography6"

��§�
Uõ2ÂReed-Solomonè�è��u�uqù�":§|^D�{§�±

í22ÂReed-Solomonè��E�����5è�ëê��'�Ð"Äud§·�|^

�
AÏ�õ�ª§��
�
'®�(Jëê�Ð�þfè"ùÜ©ó�®²uL3

5IEEE Transactions on Information Theory6"

1.3 ÙÙÙ¦¦¦���&&&EEEØØØ���'''������KKK

314Ù§·��Ä
ü�Ù¦�&EØ�'�¯K"��´��K�é�8§,�

�´GrassmannianW¿"

�G´��uv�k�+§��N ´G���v�f+"G������k�f8D¡

�´G¥�éuN�(u, v, k, λ)�é�8§XJ�r1r
−1
2 �õ8§Ù¥r1, r2 ∈ D§r1 6= r2§

�¹8ÜG\N¥z���TÐλg�Ø�¹N¥��"XJ+G´��+(���+)§KD

¡���(���)�é�8"XJk = vλ§KD¡���K�é�8"

�C§du�üüÃ Ä�m�;�éX§��K�é�8�2�/ïÄ"8c'

u(pa, pb, pa, pa−b) �é�8kéõ�ïÄ§,(mn, n,mn,m) �é�8ïÄ%'��§

Ù¥gcd(m,n) = 1"314Ù§·�Äky²
e¡��Ø�35(J"

½n1.7. �m,n´÷vgcd(m,n) = 1��ê"XJm,n÷ve¡���^�µ

1. m = 2lm′§lÚm′´Ûê§±92´�ng�Ý�"

2. m = 2p§p = 1½öp´��Û�ê§±9pn´�png�Ý�"

3. m´��Û�ê�mn´�mng�Ý�"

K3��+G = Zm ×H¥Ø�3(mn, n,mn,m)�é�8§Ù¥H ´��n2��é�8"

AO/§XJm´Ã²�Ïf��ê§KØ�3��(mn, n,mn,m)-�é�8"

·���E
�a���(16q, q, 16q, 16) �é�8§Ù¥q ´���ê�÷vq ≡ 1

(mod 4)Úq > 4.2× 108"ùÜ©ó�®²Ýv�5Journal of Algebraic Combinatorics6"

�FL«�R½öC"Fm¥�ÏL�:�N ^ØÓ��8Ü§^���þx1, · · · , xN
L«§XJ�3a ∈ R¦�

|〈xi, xj〉| = aé¤ki 6= j,

4



1 XØ

K8Ü´�����8Ü§~êaL«ù
��m�ú��"du�þf&EØ�m�'

X§���¯K�C��
�þ�'5"���¯K�Ì�8�´�Eäk������

��"314Ù§·�|^�È�8�Ñ�aCd¥����O(d2)����"

;�X�§n-�f�m�W¿�®�ïÄ [34,42,130]"§�8�´3Fm¥é���n-�

f�m8ÜU1, . . . , UN§¦�§��müü¦�U/�"ù
W¿¯K3?ènØÚþf

&EnØÑkA^"·�y²
?¿����8Ñ�±�Ñ��üX.W¿"

½n1.8. XJ3+(G, ·)¥�3��ëê�(v, k, λ)��8D§K3¢Grassmannian �

mGR(v, k)¥�3v��ê�k�¢f�m/¤��üX.W¿"

du�8kéõ��E§·���éõ#��`W¿Ã¡a",	§·��|^�8

�Ñ
©z [21]¥��E��#)º"Ó�§·��|^Latin��Ñ
�a�`W¿"

½n1.9. b�3i18{0, 1, · · · , st − 1}þ�3����st�é¡Latin�L÷ve¡�^

�µ

(1) éum = 0, s, 2s, · · · , s(t− 1)§L(x, x) = m)��ê´s¶

(2) éum = 0, s, 2s, · · · , s(t − 1)§i = 0, 1, · · · , st − 1§�u(i) ´L(i, u(i)) = m ��

�)"Ké,�a|st§a ≤ s§·�k{(i − u(i)) (mod st) : i = 0, 1, · · · , st − 1} =

{0, a, · · · , st− a}�z�ja (j = 0, 1, · · · , st
a
− 1)TÑyag"

K3EGrassmannian�mGC(st, s(t+1)
2

)¥§�3t2��ê� s(t+1)
2
�Ef�m/¤��üX

.W¿"

ùÜ©ó�®²�5Designs, Codes and Cryptography6�Â"
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2 ���iii999ÙÙÙ333&&&EEEØØØ¥¥¥���AAA^̂̂

�V ´Zn ���f8§V ���²£´V + x = {v + x : v ∈ V }"XJT = {V + l :

l ∈ L}, L ⊆ Zn /¤Zn ���©�§@o·�¡T´Zn ����i"XJL�´���§

·�K¡T´����i"©z [79]¥ke¡�½n"

½n2.1. [79] �S ⊆ Zn ¦�|S| = m"�3��'uS�Zn ��i��=��3���

�m�Abel+GÚ��Ó�φ : Zn 7→ G¦�φ��3S þ´��V�"

Ïd§����i¯K�±=z¤��k�+¥�¯K"3ù�Ù§·�òÆSü«

/G��i"�«´�i/§��i/ÚO�i/§Äuþ¡�½n§�i/§��i/

ÚO�i/�i¯K�±=z¤©)8¯K"·�ò32.1!ÆS©)8��EÚ�35"

,�«´Lee¥§Lee¥�i¯K�du�{Leeè��35"·�ò32.2!ÆSLeeè"

2.1 ©©©)))888

2.1.1 000���

ð�´�«�´�5�;ì§=ä>êâ�Ø¬¿�"du§���5§�;�Ýp

�k�é�p�5d'§Ï�c�5��2�A^uF~)¹¥§'X�<O�Å§ê

iÑªÂ�ì§£Ä>{�"

�
ÿþð���;�Ý§õ�PÁü��^5O\z�ü���;'A�êþ"Ï

d§z�õ�PÁü��;log2(q)�'A�������q�lÑi18þ���ÎÒ"

ð��Ì�":´Ù�k�>Ö�\�>ÖÞØùü�L§�Øé¡5"�\>Ö�L§

�±3ü��;ü�þ?1§�´XJ�ÞØ���;ü�þ�>Ö�{§I�éÙ¤3

���«¬?1>ÖÞØâ1"ù�Øé¡5��3,�A½�«¬þ�)wÍ��Ø"

¿�§�ww«��ð��Ø�þ?����i18���Ã'§��Ø¬wÍ�u²;

�Øþ?"Ïd§·�knd�rk�þ?�Ø�.A^�ð�þ [28,94]"

©)8�@Ñy3ïÄ��i��ÿ [74,142–144,147,148]"du§�3�´�5?èþ�

7



úô�ÆÆ¬Æ Ø©

A^£ë�©z [20,46,94–96,133,134,160]¤§§�q��
2��'5"3ùp§|^��©)

8B[−k1, k2](n)���è�±Å�ÎÒa ∈ {0, 1, . . . , n − 1} 3DÑ¥C¤a + e��§Ù

¥−k1 ≤ e ≤ k2"

�{©)8�ïÄÌ��)�35ÚØ�35(J"éu�35§©z [95]�Ñ


��k1 = 0��{©)8��E"3©z [96]¥§Kløve �<�Ñ
��éuk1 = k2�

�{©)8�E"©z [133,160]ïÄ
éu1 ≤ k1 < k2�©)8��E"éuØ�35

(J§Woldar [156]�Ñ
�
éuk1 = 0�XÛÉ��{©)8�3�7�^�"3©

z [133,134]¥§Schwartz�Ñ
�
éu1 ≤ k1 < k2��{©)8�3�7�^�"

3ùÜ©§·�Äk�Ñ�a#�O�{©)8Ú�
#��{©)8��E§·�

��Eí2
8c®��ý�Ü©�E"éuØ�35§·���)û
�k1 + k2�Ûê

�§�ÛÉ�{B[−k1, k2](m)8��35¯K"�k1 + k2�óê�§·��Ñ
�ÛÉ�

{B[−k1, k2](m)8�3��
7�^�"·��ÐÚ/ïÄ
ÛÉ�{B[−k1, k2](m)8�

�35¯K"AO/§·���)û
�{B[−1, 3](m)83©z [134]¥¢3e5�¯K"

2.1.2 OOO���óóó���

3ù��!§·��Ñ�
½ÂÚ�
½n"e¡�½Âò3ù�Ü©��¦^"

• éu��Û�êp§���p��g§Ú��ØU�p�Ø��êb§�3�����

�êl ∈ [0, p − 2]¦�gl ≡ b (mod p)"¯¢þ§§´béAuÄ.g ��ê§¿�P

�indg(b)"

• éu?¿���êm§�Zm��m�ê��Z∗m = Zm \ {0}"

• �a, b�÷va ≤ b��ê§P

[a, b] = {a, a+ 1, a+ 2, . . . , b}±9

[a, b]∗ = {a, a+ 1, a+ 2, . . . , b}\{0}.

2.1.2.1 ©)8

�m, k1, k2�÷v0 ≤ k1 ≤ k2��ê"XJ���n�8ÜB ⊆ Zm÷vµ¤k�8Ü

{ab (mod m) : a ∈ [−k1, k2]∗}, b ∈ B,

kk1 + k2 ��"�§�§�üüØ�§@o·�¡B���©)8"·�Pù��

©)8�B[−k1, k2](m)8"XJ�3�����n �B[−k1, k2](m) 8§Kkn ≤ m−1
k1+k2

"

8



2 �i9Ù3&EØ¥�A^

��B[−k1, k2](m) 8¡��{�§XJn = m−1
k1+k2

"w,§���{8�k3m ≡ 1

(mod k1 + k2)��3"XJm 6≡ 1 (mod k1 + k2)�n = b m−1
k1+k2

c§K¡B ´O�{�"

���{B[−k1, k2](m) 8¡��ÛÉ� XJgcd(m, k2!) = 1"ÄK�{§8Ü¡�

ÛÉ�"XJéu?¿��êp|m§�3,�÷v0 < k ≤ k2��êk ¦�p|k§K�

{B[−k1, k2](m)8¡�XÛÉ�"©z [73]¥y²
§ïÄ�{©)8�IïÄ�ÛÉ�

{©)8ÚXÛÉ�{©)8"

·�ò^�e¡ü��{©)8��E"

½n2.2. [134] XJ�3���{B[−k1, k2](m) 8Ú,���êd|m§gcd(d, k2!) = 1§

K(k1 + k2)d|(m− d)§��3���{B[−k1, k2](m/d)8"

½n2.3. [160]�B1´��B[−k1, k2](m1)8ÚB2´��B[−k1, k2](m2)8§Ù¥gcd(m2, k2!) =

1"�

B1 �B2 = {c+ rm1 : c ∈ B1, r ∈ [0,m2 − 1]} ∪ {m1c : c ∈ B2}.

K

1. B1 �B2´��B[−k1, k2](m1m2)8¶

2. |B1 �B2| = m2|B1|+ |B2|¶

3. XJB1ÚB2Ñ´�{�§KB1 �B2´�{�"

�âþ¡ü�½n§N´wÑ�3���ÛÉ�{B[−k1, k2](m)8��=�é?¿�

Øm��êp§�3���ÛÉ�{B[−k1, k2](p)8"

e¡�Ún´©z [73]¥½n1.2.1�AÏ�/"

Ún2.4. [73] XJm|n��3���{B[−k1, k2](m)Ú���{B[−k1, k2](n)8§K�3

���{B[−k1, k2](n/m)8"

2.1.2.2 +�1-òU©)

�G´��k�+��AÚB �G�f8§XJéuG¥?¿��g§�3����

�a ∈ AÚb ∈ B ¦�g = a+ b§K·�¡G = A+B ´+G���1-òU©)"

��f8A ⊆ Zm ¡�´±Ï�§XJ½8N(A) = {g ∈ Zm : A + g = A}´Zm �

���²�f+"·�I�©z [149]¥�e¡ü�Ún"

9
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Ún2.5. [149] XJG = A + B ´��1-òU©)�gcd(k, |A|) = 1§KG = kA + B ´�

�1-òU©)"

Ún2.6. [149]b�Zn = A+B ´��1-òU©)"XJ

1. |A|´���ê�§½ö

2. n ´e¡,�ê�Ïfµuev, u2v2, u2vw, uvwz§Ù¥u, v, w, z ´�êÚe ´��

ê§

KA½B ´±Ï�"

·�ke¡�Ún"

Ún2.7. b�Zm = A + B ´��1-òU©)"XJ|A| = q ´���ê�§K�3,

�l|m
q
¦�A (mod lq)´Zlq¥���q�±Ïf8"

y². �n = m
q
§·�én�Ïf^8B{"

XJA´Znq ¥�±Ïf8§Ky²(å"ÄK§du|A|´�ê�§�âÚn2.6§B

3Znq¥´±Ï�"K�3����e ∈ Z∗nq ¦�B+ e = B§ÏdB´〈e〉��
�8�¿§

Ù¥〈e〉´Znq ¥de)¤�f+"·��±rB ��B = 〈e〉 + C§Ù¥C ´�8�L�§

KZnq = A+ 〈e〉+C"b�|〈e〉| = s§dus|C| = n§·�ks|n"KZn
s
q = A+C§ùp8

ÜAÚC ´�n
s
q �"XJA3Zn

s
q ´±Ï�§K·��I�l = n

s
"ÄK�{§·�E

þ¡�Ú½��Ê�"dunk�§�3l|n¦�A (mod lq)´Zlq ¥���q�±Ïf8"

2.1.3 ©©©)))888������EEE

2.1.3.1 O�{©)8

e¡��E´é©z [160]¥�E�í2�y²´aq�"�Öö�B§·��Ñy

²"

½n2.8. �p´���ê§k1, k2, t´÷v0 ≤ k1 ≤ k2§t|gcd(k1, k2)Ú
k1+k2
t
|(p− 1)��ê"

éu0 ≤ i ≤ t− 1§�Ti = {x|x ≡ i (mod t), x ∈ [−k1, k2]∗}§K|Ti| = k1+k2
t
"�g´�p�

10



2 �i9Ù3&EØ¥�A^

��g ≡ 1 (mod t)§�θ = gcd{indg(k) | k ∈ [−k1, k2]∗}"XJéu0 ≤ i ≤ t− 1§

|{ indg(k)

θ
(mod

k1 + k2
t

) | k ∈ Ti}| =
k1 + k2

t

�v´÷vv|θ§ v(k1+k2)
t
|(p− 1)±9gcd( θ

v
, k1+k2

t
) = 1���ê§K{

g
v(k1+k2)

t
i+j (mod tp) | i ∈ [0,

t(p− 1)

v(k1 + k2)
− 1], j ∈ [0, v − 1]

}
´��O�{B[−k1, k2](tp) 8"AO/§XJt = 1§Kþ¡�8Ü´�{B[−k1, k2](p)

8"

y². b�

rg
v(k1+k2)

t
i1+j1 ≡ sg

v(k1+k2)
t

i2+j2 (mod tp),

Ù¥r, s ∈ [−k1, k2]∗, i1, i2 ∈ [0, t(p−1)
v(k1+k2)

− 1]Új1, j2 ∈ [0, v − 1]"5¿�g ≡ 1 (mod t)§·

�kr ≡ s (mod t)§Ïd�30 ≤ l ≤ t− 1¦�r, s ∈ Tl"

du

rg
v(k1+k2)

t
i1+j1 ≡ sg

v(k1+k2)
t

i2+j2 (mod p),

·�k

indg(r) +
v(k1 + k2)

t
i1 + j1 ≡ indg(s) +

v(k1 + k2)

t
i2 + j2 (mod p− 1).

éþª�v§·���

j1 ≡ j2 (mod v),

duj1, j2 ∈ [0, v − 1]§lj1 = j2"Ïd§·�k

indg(r) ≡ indg(s) (mod
v(k1 + k2)

t
)

�
indg(r)
v

≡ indg(s)
v

(mod
(k1 + k2)

t
).

5¿�gcd( θ
v
, k1+k2

t
) = 1§·�kr = s§�i1 = i2"

e¡§·�Þ�
~f"

~2.9. �p = 73§k1 = 2§k2 = 2 Út = 2"Kg = 5 ´�p ��"O���indg(1) = 0§

indg(2) = 8§indg(−1) = 36Úindg(−2) = 44"Ïdθ = 4�·�k

indg(−1)

4
≡ 1 (mod 2),

indg(1)

4
≡ 0 (mod 2),

11
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Ú
indg(−2)

4
≡ 1 (mod 2),

indg(2)

4
≡ 0 (mod 2).

K3½n2.8¥�v = 4§8Ü

{58i+j (mod 146) | i ∈ [0, 8], j ∈ [0, 3]}

´��O�{B[−2, 2](146)8"

~2.10. �p = 557§k1 = 2§k2 = 6Út = 2"Kg = 3´�p��"O���indg(1) = 0§

indg(2) = 363§indg(3) = 1§indg(4) = 170§indg(5) = 207§indg(6) = 364§indg(−1) = 278

Úindg(−2) = 85"Ïdθ = 1�·�k

indg(−1) ≡ 2 (mod 4), indg(1) ≡ 0 (mod 4),

indg(3) ≡ 1 (mod 4), indg(5) ≡ 3 (mod 4),

Ú

indg(−2) ≡ 1 (mod 4), indg(2) ≡ 3 (mod 4),

indg(4) ≡ 2 (mod 4), indg(6) ≡ 0 (mod 4).

K3½n2.8¥�v = 1§8Ü

{34i (mod 1114) | i ∈ [0, 138]}

´O�{B[−2, 6](1114)8"

L2-1�Ñ
�
÷v½n2.8^��ëê"lêâ5w§�k1+k2
t
´óê�§kÃ¡

õ��êp÷v½n2.8�^�"

·��uy�0 < k1 ≤ k2§k1 + k2 ≤ 12§t|gcd(k1, k2)Ú
k1+k2
t
´Ûê�§é?¿��

êp ≤ 5000þØ÷v½n2.8�^�"Ïd·��Ñe¡�ß�"

ß�2.11. �p ´�ê§k1, k2, t ´÷v0 < k1 ≤ k2§t|gcd(k1, k2) Ú
k1+k2
t
|(p − 1) ��

ê"éu0 ≤ i ≤ t − 1§�Ti = {x|x ≡ i (mod t), x ∈ [−k1, k2]∗}"�g ´�p ���

�g ≡ 1 (mod t)§�θ = gcd{indg(k) | k ∈ [−k1, k2]∗}"XJéu0 ≤ i ≤ t − 1§|{ indg(k)
θ

(mod k1+k2
t

) | k ∈ Ti}| = k1+k2
t
§Kk1+k2

t
´óê"

12



2 �i9Ù3&EØ¥�A^

L 2-1 |^½n2.8�E�O�{B[−k1, k2](tp)8§Ù¥t ≥ 2

k1 k2 t p

2 2 2 7, 11, 19, 23, 31, 43, 47, 59, 67, 71

2 6 2 557, 653, 677, 1373, 1733, 1877, 1997, 2237, 2693, 3413

4 4 2 5, 29, 53, 101, 149, 173, 197, 269, 293, 317

4 8 2 1171, 3511, 4003, 9319, 12907, 15031, 17851, 21787, 22051, 24223

3 3 3 23, 31, 47, 71, 79, 103, 127, 151, 167, 191

3 9 3 941, 5981, 6221, 12941, 18749, 19421, 26669, 27509, 28901, 29021

2.1.3.2 �{©)8

·�Äk�Ñü�{ü����E"

½n2.12. �p = (k1 + k2)nm+ 1´���ê±9g´�p��"�

A = {indg(i) (mod (k1 + k2)n) : i ∈ [−k1, k2]∗}.

XJ�3�����n�f8A′ ⊆ Z(k1+k2)n ÷vZ(k1+k2)n = A + A′ ´��1-òU©)§K

�3���{B[−k1, k2](p)8"

y². �

B = {gb+(k1+k2)ni : b ∈ A′, i ∈ [0,m− 1]}.

K|B| = mn�N´wÑB · [−k1, k2]∗ = Z∗p"ÏdB ´���{B[−k1, k2](p)8"

½n2.13. �p = 2knm+ 1´���ê�g´�p��"�

A = {indg(i) (mod kn) : i ∈ [1, k]}.

XJ�3�����n�f8A′ ⊆ Zkn ÷vZkn = A + A′ ´��1-òU©)§K�3��

�{B[−k, k](p)8"

13
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y². �

B = {gb+kni : b ∈ A′, i ∈ [0,m− 1]}.

·�äóB ´���{B[−k, k](p)8"

b�

rgkni1+j1 ≡ sgkni2+j2 (mod p),

Ù¥r, s ∈ [−k, k]∗§i1, i2 ∈ [0,m− 1]Új1, j2 ∈ A′"K·�k

indg(r) + kni1 + j1 ≡ indg(s) + kni2 + j2 (mod p− 1).

òþª�kn§·���

indg(r) + j1 ≡ indg(s) + j2 (mod kn).

dukn|p−1
2
§j1, j2 ∈ A′ ÚZkn = A + A′ ´��1-òU©)§·�kj1 = j2 Úr = s ½

ör = −s"

XJr = s§Ki1 ≡ i2 (mod 2m) �i1 = i2"XJr = −s§Kkni1 ≡ kni2 + p−1
2

(mod p− 1)§lp−1
2
|kn(i1 − i2)�i1 6= i2"�Ò´m|(i1 − i2)�i1 6= i2§gñ"

µØ2.14. 3½n2.12¥§XJA = {0, n, 2n, . . . , (k1 + k2 − 1)n}§�÷v1-òU©)^�§

·��±�A′ = [0, n− 1]"ùÒ´©z [95,160]¥��E"éu½n2.13�´aq�"

�
��#��{©)8§·�½Â8Ü

S(2k, 2m+1k) :={{0, 2j, 4j, . . . , 2(k − 1)j, 2mkj, (2mk + 2)j, . . . , (2mk + 2(k − 1))j} :

j ∈ [1, 2mk], gcd(j, 2m+1k) = 1}.

Ún2.15. éu?¿�A ∈ S(2k, 2m+1k)§�3���2m�8ÜA′ ⊂ Z2m+1k ÷vA + A′ =

Z2m+1k ´��1-òU©)"

y². �A = {0, 2j, 4j, . . . , 2(k − 1)j, 2mkj, (2mk + 2)j, . . . , (2mk + 2(k − 1))j}§Ù¥j ∈

[1, 2mk]�gcd(j, 2m+1k) = 1"K·��±�

A′ = {2kji1 + i2 : i1 ∈ [0, 2m−1 − 1], i2 ∈ [0, 1]}.

14
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(Ü½n2.12§2.13ÚÚn2.15§·�ke¡ü�íØ"

íØ2.16. �p = 2m(k1 + k2)n+ 1´���ê§k1 + k2´óê�g´�p�����"XJ

{indg(i) (mod (k1 + k2)2
m) : i ∈ [−k1, k2]∗} ∈ S(k1 + k2, (k1 + k2)2

m),

K�3���{B[−k1, k2](p)8"

L 2-2 |^íØ2.16����{B[−k1, k2](p)8��
~f

k1 k2 m p

1 3 2 241, 1489, 3793, 17041, 22993, 26161, 33457, 35569, 39313, 45553

1 3 3 19681, 29473, 34273, 79777, 88609, 88801, 96097, 97441, 142369, 155809

1 3 4 577, 13249, 20161

1 5 2 34729

2 4 2 313, 6073, 11497, 12889, 23497, 34057, 36313, 42409, 46633, 49081

2 4 3 38449, 77041, 79633

3 5 2 78241

2 6 3 307009

íØ2.17. �p = 2m+1kn+ 1´���ê§k´��óê�g´�p��"XJ

{indg(i) (mod 2mk) : i ∈ [1, k]} ∈ S(k, 2mk),

K�3���{B[−k, k](p)8"

L2-2 Ú2-3 ©O�Ñ
�
÷víØ2.16 Ú2.17 ¥^���
ëê"(Ü½n2.3§

L2-2Ú2-3§·��±��Ã¡õ�#��{©)8"

2.1.4 ���{{{©©©)))888���ØØØ���333555(((JJJ

3ù��!§·�ò�Ñ�
#��ÛÉ�{©)8ÚXÛÉ�{©)8�Ø�35

15
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L 2-3 |^íØ2.17����{B[−k, k](p)8��
~f

k m p

6 2 134161, 189169

6 3 86689

(J"

2.1.4.1 �ÛÉ�{©)8

½n2.18. �1 ≤ k1 < k2Úk1 + k2´Ûê�§Ø�3�ÛÉ�{©)8"

y². �â½n2.2§·��Iy²éu�êp ≡ 1 (mod k1 + k2)§Ø�3�{©)

8B[−k1, k2](p)"�g ´���p���"XJ�3���{B[−k1, k2](p) 8B§�A =

{indg(i) : i ∈ [−k1, k2]∗}§C = {indg(i) : i ∈ B}§KZp−1 = A + C"du|A| = k1 + k2

´Ûê§�âÚn2.5§·�kZp−1 = 2A + C"K|2A| = |A|"5¿�0, p−1
2
∈ A§·�

k|2A| < |A|§gñ"

éuk1 = 0½ö1 ≤ k1 ≤ k2 �k1 + k2 ´óê§wå5o´�3,�n§¦��3�

ÛÉ�{B[−k1, k2](n)8 [95,96,133,160]"�e5§·�òé,
k1 §k2§�Ñ�
�ÛÉ�

{B[−k1, k2](n)8�3�^�"

½n2.19. �k, p´Û�ê§g ´���p���±9µ = gcd{indg(j) : j ∈ [−1, k]∗}"K�

3���{B[−k, k](p)8��=�

p ≡ 1 (mod 2µk)�|{ indg(j)
µ

(mod k) : j ∈ [1, k]}| = k.

y². XJp ≡ 1 (mod 2µk)�|{ indg(j)
µ

(mod k) : j ∈ [1, k]}| = k§K(J�l©z [96]¥�

�"

XJB ´���{B[−k, k](p) 8§�A = {indg(j) : j ∈ [−k, k]∗}§A′ = {indg(j) :

j ∈ [1, k]} ÚC = {indg(j) : j ∈ B}"KZp−1 = A + C ÚA = A′ + {0, p−1
2
}"ÏdZp−1 =

A′ + {0, p−1
2
} + C"lZ p−1

2
= A′ + C"5¿�|A′| = k ´��Û�ê§�âÚn2.7§�

3���êl¦�kl|p−1
2
�A′ 3Zkl´±Ï�"duindg(1) = 0§·�kA′ (mod kl) = {il :

16
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i ∈ [0, k − 1]}"Kl = µ§

p ≡ 1 (mod 2µk)�|{ indg(j)
µ

(mod k) : j ∈ [1, k]}| = k.

aq/§·�ke¡�(J"

½n2.20. �k, p´Û�ê§g ´�p���±9µ = gcd{indg(j) : j ∈ [1, k]}"K�3��

�{B[1, k](p)8��=�

p ≡ 1 (mod µk)�|{ indg(j)
µ

(mod k) : j ∈ [1, k]}| = k.

µØ2.21. 3½n2.19Ú2.20¥§êµØ�6ug�ÀJ [95,96]"

e¡�½n´éu?¿k1, k2���(J"

½n2.22. �p´��Û�ê§k1, k2´÷vgcd(k1 + k2,
p−1
k1+k2

) = 1��ê"�g´�p��

�±9µ = gcd{indg(j) : j ∈ [−1, k2]
∗}"K�3���{B[−k1, k2](p)8��=�

p ≡ 1 (mod µ(k1 + k2))�|{
indg(j)
µ

(mod k1 + k2) : j ∈ [−k1, k2]∗}| = k1 + k2.

y². XJp ≡ 1 (mod µ(k1 + k2))�|{ indg(j)
µ

(mod k1 + k2) : j ∈ [−k1, k2]∗}| = k1 + k2§K

�35(J�d©z [95,96,160]�"

XJB ´���{B[−k1, k2](p)8§�A = {indg(j) : j ∈ [−k1, k2]∗}ÚC = {indg(j) :

j ∈ B}"KZp−1 = A + C"dugcd(k1 + k2,
p−1
k1+k2

) = 1§�âÚn2.5§·�kZp−1 =

p−1
k1+k2

A + C§K|A| = | p−1
k1+k2

A|"XJgcd(µ, k1 + k2) > 1§K p−1
k1+k2

A ¥¤k��Ñ

´ p−1
k1+k2

gcd(µ, k1 + k2)��ê"Ïd

| p− 1

k1 + k2
A| ≤ p− 1

p−1
k1+k2

gcd(µ, k1 + k2)
=

k1 + k2
gcd(µ, k1 + k2)

< k1 + k2 = |A|,

gñ"lgcd(µ, k1 + k2) = 1"5¿�µ|(p− 1)§·�kp ≡ 1 (mod µ(k1 + k2))"

du|A| = | p−1
k1+k2

A|§Kéu?¿�a, b ∈ A, p−1
k1+k2

a 6≡ p−1
k1+k2

b (mod p− 1)§�Ò´a 6≡ b

(mod k1 + k2)"dugcd(µ, k1 + k2) = 1§K a
µ
6≡ b

µ
(mod k1 + k2)"Ïd·�k

|{ indg(j)
µ

(mod k1 + k2) : j ∈ [−k1, k2]∗}| = k1 + k2.

17
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e¡�Ún´í��{B[−k1, k2](p)8�35^����kåóä"

Ún2.23. �p´�ê§k1, k2 ´÷v1 ≤ k1 ≤ k2 ��ê§�M = [−k1, k2]∗"XJB ´�

{B[−k1, k2](p)8§KB ÷ve¡�^�µ

1. éu?¿�a ∈ Z∗p§|B ∩ aM | = 1¶

2. XJi ∈ B§K−i,±2i, · · · ,±k2i /∈ B"

y². 5¿�B ´�{���=�|B|(k1 + k2) = p− 1�¦Èbm, b ∈ B,m ∈ M ´ØÓ�

�"�"

(i) ·��Iy²éz��a ∈ Z∗p �3����é(b,m) ÷vb = am§Ù¥b ∈ B

Úm ∈M"

XJ�3b1, b2 ∈ B§m1,m2 ∈ M ¦�b1 = am1 Úb2 = am2§Km2b1 = m2am1 =

m1b2"duB ´�{�§·�äób1 = b2�m1 = m2"l·�k��5"

éu?¿�b ∈ B§m ∈ M§�3�����a ∈ Z∗p ¦�b = am"du|B|(k1 + k2) =

p− 1§ùy²
é?¿�a ∈ Z∗p�3���é(b,m)¦�b = am§Ù¥b ∈ B Úm ∈M"

(ii)�i ∈ B Úm ∈ [2, k2]§Km · i = 1 · (mi)"�â�{8B �¦È���5§·�ä

ómi 6∈ B"aq/§éui ∈ BÚm ∈ [1, k2]§·�km · i = (−1) · (−mi)§Ïd−mi 6∈ B"

e¡�ü�½n�Ñ
�{B[−1, 3](q)ÚB[−2, 4](q)8�3���7�^�"

½n2.24. �p´/X4n+1��ê§�〈4, 6〉´Z∗p¥d4Ú6)¤�f+"XJ〈4, 6〉
⋂
{±2,±3} 6=

∅§KØ�3���{B[−1, 3](p)8"

y². �p´/X4n+1��ê§B´���{B[−1, 3](p)8ÚM = {−1, 1, 2, 3}"�±B =

B∪−B"b�1 ∈ B§K−1,±2,±3 /∈ B§l±2,±3 /∈ ±B"XJr ∈ BK−r,±2r,±3r /∈

B"Ïd6r ∈ B ½ö−6r ∈ B"

XJ6r ∈ B§O���−4r,−9r ∈ B"aq/§XJ−6r ∈ B§K4r, 9r ∈ B"l§

〈6, 4, 9〉 = 〈6, 4〉 ⊆ ±B"Ïd〈4, 6〉 ∩ {±2,±3} ⊆ ±B ∩ {±2,±3} = ∅§ù�·��b�g

ñ"
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3©z [134]¥§�öy²
§éuq ≤ 1000§Ø
®���E [160]§ÚØ
�U�

q = 81, 89, 97, 241, 405, 445, 457, 485, 577, 729, 881, 937, 941,

Ø�3�{B[−1, 3](q)8"éuq = 941§·��±ÏL½n2.8�E�{B[−1, 3](q)8"é

u�e�12��/§·��±|^½n2.24üØK4�"�Ò´§·�ke¡�íØ"

íØ2.25. éuq ≤ 1000§Ø
®���E [160]§ÚØ
�U�

q = 81, 97, 241, 405, 457, 485, 577, 729,

Ø�3�{B[−1, 3](q)8"

y². ·��Iy²éuq = 89, 445, 881, 937§Ø�3�{B[−1, 3](q)8"

éuq = 89, 881, 937§(Ø��d½n2.24��§éuq = 445 = 5 × 89§(Ød½

n2.24Ú2.2��"

½n2.26. �p´/X6n+ 1�Û�ê§�〈6, 8〉´Z∗p¥d6Ú8)¤�f+"XJ〈6, 8〉
⋂

{±2,±3,±4} 6= ∅§KØ�3�{B[−2, 4](p)8"

y². �p ´/X6n + 1 ��ê§B ´���{B[−2, 4](p) 8ÚM = {−2,−1, 1, 2, 3, 4}"

�±B = B ∪−B"b�1 ∈ B§K−1,±2,±3,±4 /∈ B§±9±2,±3,±4 /∈ ±B"XJr ∈ B

K−r,±2r,±3r,±4r /∈ B"�âÚn2.23§8Ü{6r, 8r}¥TÐk�����¹3B ¥�8

Ü{−6r,−8r}¥TÐk�����¹3B¥"K·�k〈6, 8〉 ⊆ ±B"l〈6, 8〉
⋂
{±2,±3,

± 4} ⊆ ±B ∩ {±2,±3,±4} = ∅§ù�·��b�gñ"

�â½n2.26§éu/X6n + 1±9p ≤ 1000��êp§Ø
®���E [160]§ÚØ


�U�

p = 37, 181, 241, 313, 337, 349, 409, 421, 541, 877, 919, 937,

Ø�3�{B[−2, 4](p)8"

½n2.27. �p = (k1 + k2)m+ 1´���ê�g´�p��"b�

1. k1 + k2´�ê�§½ö
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2. p− 1´e¡ê���Ïfµuev, u2v2, u2vw, uvwz§Ù¥u, v, w, z´�ê�e´��

ê"

�A = {indg(i) : i ∈ [−k1, k2]∗}"XJ�3���{B[−k1, k2](p) 8§K�3l|m¦�A

(mod (k1 + k2)l)´Z(k1+k2)l¥���(k1 + k2)�±Ïf8"

y². ·�ém�Ïf^8B{"

XJA3Z(k1+k2)m´±Ï�§Ky²(å"ÄK�{§du�3���{B[−k1, k2](p)

8§K�3�����m�8ÜC ¦�A + C = Zp−1"5¿�|A| = k1 + k2 ´�ê�½

öp − 1 ´e¡ê���Ïfµuev, u2v2, u2vw, uvwz§Ù¥u, v, w, z ´�ê�e ´�

�ê"K�âÚn2.6§C 3Z(k1+k2)m ¥´±Ï�"Ïd�3����e ∈ Z∗(k1+k2)m ¦

�C + e = C§lC ´〈e〉��
�8�¿§Ù¥〈e〉´Z(k1+k2)m¥de)¤�f+"·�

�±rC�¤C = 〈e〉+D§Ù¥D´�8�L�"KZ(k1+k2)m = A+〈e〉+D"b�|〈e〉| = s§

dus|D| = m·�ks|m"KZ(k1+k2)
m
s

= A + D§Ù¥A ÚD ´�(k1 + k2)
m
s
�"XJA

3Z(k1+k2)
m
s
¥±Ï§K·��l = m

s
=�"ÄK§·�UYþ¡�Ú½"dum´k�

�§�3l|m¦�A (mod (k1 + k2)l)´Z(k1+k2)l¥���(k1 + k2)�±Ïf8"

�â½n2.27ÚO�Å|¢§·�ke¡�(J"

½n2.28. 1. éun = 97, 457Ú485§Ø�3���{B[−1, 3](n)8"

2. éun = 37, 349Ú877§Ø�3���{B[−2, 4](n)8"

éu�{B[−1, 3](n) 8§(ÜL2-2§íØ2.25 Ú½n2.28§·���)û
©

z [134]¥�e��ÛÉ�/"

2.1.4.2 ÛÉ�{©)8

e¡�Ún´©z [58]¥(J�í2�y²´aq�"�Öö�B§·��Ñy²"

Ún2.29. �k1, k2´�ê§1 ≤ k1 < k2§k2 ≥ 3§n = k1 + k2 + 1"XJnØ´�ê§KØ

�3���{B[−k1, k2](n2)8"

y². b�Z∗n2 = [−k1, k2]∗S"S ¥�n p�����ê´ϕ(n2)/ϕ(n) = n"ÏdS =

{x, a1, a2, · · · , an}§Ù¥gcd(x, n) > 1�gcd(ai, n) = 1éui = 1, · · · , n"
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XJjn ∈ Z∗n2§1 ≤ j ≤ n− 1äk/ªiak§Ù¥i ∈ [−k1, k2]∗§Kjn ≡ iak (mod n2)"

Ïdn|i§�|i| ≤ k2 < ngñ"ln, 2n, · · · , (n−1)n´−k1x (mod n2), · · · ,−x (mod n2), x

(mod n2), · · · , k2x (mod n2)�����"Ïd�31 ≤ i ≤ n − 1¦�x = in"du�3

���êj§1 ≤ j ≤ n − 1§¦�jin ≡ n (mod n2)§�Ò´ji ≡ 1 (mod n)§·��±b

�x = n"Ïd·�òb�S = {n, a1, a2, · · · , an}"�e5§·��y²©¤n«�¹"

�/1: n = pqm§Ù¥pÚq´ØÓ�ê§p < q§�m ∈ Z"

�d = q2m"dun - d§¤±n < d < n2§d|n2"N´wÑd 6≡ in (mod n2)"Ïdb

�d ≡ iaj (mod n2)éu,�i ∈ [−k1, k2]∗"�l = n2

d
§w,l < n"K·�k0 ≡ ld ≡ liaj

(mod n2)"dugcd(aj, n) = 1§Kli ≡ 0 (mod n2)§�|i|, l < ngñ"

�/2: n = 2k§Ù¥k ≥ 3"

b�[−k1, k2]∗{2k, a1, · · · , a2k} = Z∗22k"K[−k1, k2]∗{a1, · · · , a2k} = P§Ù¥P =

Z22k\(2k{0, 1, · · · , 2k − 1})§Z22k ¥Ø´2k �ê�@
��"�A = {a1, · · · , a2k}"

�p = t2k−1 ∈ P"Kt ´Ûê"5¿�tkϕ(2k+1) = 2k «À��{"Pp = ma§Ù

¥m ∈ [−k1, k2]∗ �a ∈ A"dua ´Ûê§Km ´2k−1 ��ê"5¿�|m| ≤ k2 < 2k§

Km = 2k−1"Ïd§éuÛêt§�3a ∈ A¦�t2k−1 ≡ 2k−1a (mod 22k)§�Ò´t ≡ a

(mod 2k+1)"dutTÐk2k «ÀJÚA¥k2k ���§�2k+1�z�ÛÓ{aT�¹A¥

����"

�q = u2k−2 ∈ P§Ù¥u´Ûê"Pq = u2k−2 = ma§Ù¥m ∈ [−k1, k2]∗ �a ∈ A"

Km�½´2k−2�Ûê�§du5 · 2k−2 > 2k§K�om = 2k−2§�om = 3 · 2k−2"

�a0 ´A¥?¿��"�ÄP ¥��9 · 2k−2a0 (mod 22k)"ù���äk/ª2k−2a1

½3·2k−2a1éu,�a1 ∈ A"éu1�«�/9·2k−2a0 ≡ 3·2k−2a1 (mod 22k)§Ïd3a0 ≡ a1

(mod 2k+2)"Ïd��2k−2a1kü«L«/ª§gñ"

éu1�«�/§9 · 2k−2a0 ≡ 2k−2a1 (mod 22k)§¿�X9a0 ≡ a1 (mod 2k+2)"·�

^a1�Oa0Eþ¡�?Ø"éuz���êr§�3ar ∈ A¦�9ra0 ≡ ar (mod 2k+2)"

éuz�k§q2
k−2 ≡ 2k+1 + 1 (mod 2k+2)"Ïdéur = 2k−2§·�k9ra0 ≡ ar

(mod 2k+2)Úa0 ≡ ar (mod 2k+1)"duA¥ØÓ����2k+1 ´ØÓ�§·�ka0 = ar§

K9ra0 ≡ a0 (mod 2k+2)§�qr ≡ 2k+1 + 1 (mod 2k+2)gñ"

�/3: n = pk§Ù¥p´Û�ê�k ≥ 2"

éuù«�/§�©z [148] Theorem 3.2"

Ún2.30. XJ�3�{B[−1, k](m) 8�b��3���êa > 0 Ú�êp ÷vp|m§
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p|a(1 + k) + 1Úa|p− 1§Ka(k + 1) + 1|m"

y². �S = {s1, · · · , sn} ´���{B[−1, k](m) 8§b�éu1 ≤ i ≤ t, p|si Úé

ut + 1 ≤ i ≤ n, p 6 |si"·�äóéut + 1 ≤ i ≤ n§|{j : p|jsi}| = a(k+1)−(p−1)
ap

"ù�I

�y²α = a(k+1)−(p−1)
a

´����p�Ø��u�uk ��ê"dua|p − 1§α ´�ê"

�âp|a(1 + k) + 1Úgcd(a, p) = 1§·�kp|α"N´wÑα < k �e���p�Ø�ê

´α+p > k"Ïd〈p〉 = {0}∪{jsi : j ∈ [−1, k]∗, i ∈ [1, t]}∪{(hp)si : h ∈ [1, a(k+1)−(p−1)
ap

], i ∈

[t+ 1, n]}§l

n(k + 1) + 1

p
= |〈p〉| = 1 + (k + 1)t+

a(k + 1)− (p− 1)

ap
(n− t).

¤±(a+a(k+1)t+ t−n)(1−p) = 0"·�kn− t = a+a(k+1)t"Ïdm = 1+n(k+1) =

(a(k + 1) + 1)(t(k + 1) + 1)"

aq/§·�ke¡�Ún"

Ún2.31. XJ�3�{B[−2, k](m)8�b��3�êa > 0ÚÛ�êp¦�p|m§p|a(2 +

k) + 1§a|p− 1Úa < p− 1"Ka(k + 2) + 1|m"

Ún2.32. XJ�3���{B[−1, k](m)8§Ù¥k + 2´Üê"K

• gcd(k + 2,m) = 1§½ö

• k + 2|m�gcd(k + 2, m
k+2

) = 1"

y². b�gcd(k + 2,m) > 1"�âÚn2.30§�a = 1 Úp ´gcd(k + 2,m) �?¿�

Ïf§·�kk + 2|m"du�3�{B[−1, k](m) 8Ú�{B[−1, k](k + 2) 8§�âÚ

n2.4§�3�{B[−1, k]( m
k+2

)8"XJgcd(k + 2, m
k+2

) > 1§·�Eþ¡�?Ø§���

{B[−1, k]( m
(k+2)2

)8"K�âÚn2.4§·�k�{B[−1, k]((k+ 2)2)8§�Ún2.29gñ"

Ún2.33. �n, k1, k2 ´÷v1 ≤ k1 < k2 ��ê"XJB ´���{B[−k1, k2](n)8"

�Z′n = {i : i ∈ Zn, gcd(i, n) = 1}§M(n) = {i : i ∈ [−k1, k2]∗, gcd(i, n) = 1}�B(n) = {i :

i ∈ B, gcd(i, n) = 1}"KZ′n = M(n) ·B(n)�éu?¿�a ∈ Z′n§|B(n) ∩ aM(n)| = 1"
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y². N´wÑZ′n = M(n) · B(n)�ϕ(n) = |M(n)||B(n)|"·��Iy²éz��a ∈ Z′n§

�3����é(b,m)÷vb = am§Ù¥b ∈ B(n)Úm ∈M(n)"

XJ�3b1, b2 ∈ B(n)§m1,m2 ∈ M(n) ¦�b1 = am1 �b2 = am2§Km2b1 =

m2am1 = m1b2"duZ′n = M(n) · B(n)§·�kb1 = b2 �m1 = m2"·�y²
�

�5"

éu?¿�b ∈ B(n)§m ∈M(n)§�3���a ∈ Z′n¦�b = am"du|M(n)||B(n)| =

ϕ(n)§ùy²
?¿�a ∈ Z′n �3���é(b,m)§Ù¥b ∈ B(n) Úm ∈ M(n) ¦

�b = am"

y3·�rþ¡����{A^�XÛÉ�{B[−1, k](m)ÚB[−2, k](m)8þ"

½n2.34. XJk = 3, 4, 5, 6, 8, 9, 10§KØ
�U�m = k+2§Ø�3XÛÉ�{B[−1, k](m)

8"

y². ·�©�¹y²"

• k = 3"éuù«�/§�©z [73] Theorem 2.0.5"

• k = 4"éuù«�/§·�km = 2u3v§Ù¥uÚv´�K�ê"duk+ 2 = 6§�

âÚn2.32��m = 1½6"

• k = 5"éuù«�/§·�km = 5u §Ù¥u ´�K�ê÷v5u ≡ 1 (mod 6)"

XJu ≥ 1§�âÚn2.33§�3B ⊆ Z′5u ¦�Z′5u = B · M Ú|B ∩ M | = 1§Ù

¥Z′5u = {i : i ∈ Z5u , gcd(i, 5) = 1}ÚM = {−1, 1, 2, 3, 4}"Ø���5§b�1 ∈ B§

K−1,±2,±3,±4 6∈ B"3Ún2.33¥�a = 2,−2, 3,−3, 4,−4§·�kµ

{6, 8}¥TÐk���¹3B ¥,

{−6,−8}¥TÐk���¹3B ¥,

{6, 9, 12}¥TÐk���¹3B ¥,

{−6,−9,−12}¥TÐk���¹3B ¥,

{8, 12, 16}¥TÐk���¹3B ¥,

{−8,−12,−16}¥TÐk���¹3B ¥.

XJ6 ∈ B§K−6, 8, 9, 12 6∈ B§Ïd−8, 16 ∈ B§ù�|B ∩ 8M | = 1gñ"
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aq�§XJ8 ∈ B§K6,−8, 12, 16 6∈ B§Ïd−6 ∈ B"l−12 6∈ B§−16 ∈ B§

ù�|B ∩ −8M | = 1gñ"ÏdØ�3XÛÉ�{B[−1, 5](m)8"

• k = 6"éuù«�/§·�km = 2u3v5w §Ù¥u, v, w �K"duk + 2 = 8§

�âÚn2.32§·�k2u = 1 ½8"�âÚn2.4§�3�{B[−1, 6](3v5w) 8"X

Jv ≥ 1§K3Z3v5w¥�32 · 3v−15w ����3 p�3[−1, 6]∗¥k5 ����3

p�§Ïdw ≥ 1"XJw ≥ 1§K3Z3v5w¥�34 · 3v5w−1 ����5 in p�

3[−1, 6]∗ ¥k6 ����5 p�§Ïdv ≥ 1"lv = w = 0 ½v, w ≥ 1"X

Jv, w ≥ 1§K�âÚn2.33§�3B ⊆ Z′3v5w ¦�Z′3v5w = B ·M Ú|B ∩M | = 1§Ù

¥Z′3v5w = {i : i ∈ Z3v5w , gcd(i, 15) = 1}ÚM = {−1, 1, 2, 4}"Ø���5§b�1 ∈

B§K−1,±2,±4 6∈ B"du|B∩2M | = 1§K8 ∈ B"aq�§du|B∩(−2)M | = 1§

·�k−8 ∈ B"ù�|B ∩ 8M | = 1gñ"ÏdØ�3XÛÉ�{B[−1, 6](m)8§Ø


m = 8"

• k = 8"éuù«�/§dum ≡ 1 (mod 9)§·�km = 2u5v7w §Ù¥u, v, w

´�K�ê"duk + 2 = 10§�âÚn2.32§·�k2u5v = 1 ½10"dÚn2.4§

�3�{B[−1, 8](7w) 8"XJw ≥ 1§K3Z7w¥�36 · 7w−1 ����7 p�

3[−1, 8]∗¥k8����7p�§K8|6 · 7w−1§gñ"ÏdØ
m = 10§Ø�3XÛ

É�{B[−1, 8](m)8"

• k = 9"éuù«�/§dum ≡ 1 (mod 10)§·�km = 3u7v §Ù¥u, v �

K"XJu ≥ 1§K3Z3u7v ¥�32 · 3u−17v ����3 p�3[−1, 9]∗¥k7 �

���3 p�§Ïdv ≥ 1"XJv ≥ 1§K3Z3u7v¥k6 · 3u7v−1 ����7p�

3[−1, 9]∗¥k9 ����7 p�§Ïdu ≥ 1"lu = v = 0 ½u, v ≥ 1"X

Ju, v ≥ 1§�âÚn2.33§�3B ⊆ Z′3u7v ¦�Z′3u7v = B ·M Ú|B ∩M | = 1§Ù

¥Z′3u7v = {i : i ∈ Z3u7v , gcd(i, 21) = 1} ÚM = {−1, 1, 2, 4, 5, 8}"Ø���5§b

�1 ∈ B§K−1,±2,±4,±5,±8 6∈ B"3Ún2.33¥�a = 2,−2, 4,−4§·�kµ

{10, 16}¥TÐk���¹3B ¥,

{−10,−16}¥TÐk���¹3B ¥,

{16, 20, 32}¥TÐk���¹3B ¥,

{−16,−20,−32}¥TÐk���¹3B ¥.

XJ10 ∈ B§K−10, 16 6∈ B§Ïd−16 ∈ B"K−20, 32,−32 6∈ B§l20 ∈ B§ù

�|B ∩ 10M | = 1gñ"
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éu�/16 ∈ B�aq?Ø"ÏdØ�3XÛÉ�{B[−1, 9](m)8"

• k = 10"éuù«�/§·�km = 2u3v5w7x§Ù¥u, v, w, x�K"duk+ 2 = 12§

dÚn2.32��2u3v = 1½12"�âÚn2.4§�3�{B[−1, 10](5w7x)8"XJw ≥

1§3Z5w7x¥�34 · 5w−17x����5p�3[−1, 10]∗¥�39����5p�§Ï

d9|4 · 5w−17x§gñ"lw = 0"XJx ≥ 1§K3Z7x¥�36 · 7x−1 ����7p

�3[−1, 10]∗¥k10����7p�§¤±10|6 · 7x−1§gñ"ÏdØ
m = 12§Ø

�3XÛÉ�{B[−1, 10](m)8"

½n2.35. XJk = 3, 4, 6§KØ
�U�m = k + 3§Ø�3XÛÉ�{B[−2, k](m)8"

y². ·�©�¹y²"

• k = 3"XJ�3��XÛÉ�{B[−2, 3](m) 8§Km = 2u3v"XJv ≥ 1§�

âÚn2.31§�a = 1 Úp = 3§·�k6|m"|^�Ún2.32aq?Ø��v = 0

½1"XJv 6= u§Ku > v"�âÚn2.4§�3��XÛÉ�{B[−2, 3](2u−v) 8"

5¿�3Z2u−v¥k2u−v−1 ����2 p�3[−2, 3]∗¥k3 ����2 p�"·�

k3|2u−v−1§gñ"ÏdØ
m = 6§Ø�3XÛÉ�{B[−2, 3](m)8"

• k = 4"dum ≡ 1 (mod 6)§ÏdØ�3XÛÉ�{B[−2, 4](m)8"

• k = 6"XJ�3��XÛÉ�{B[−2, 6](m)8§Km = 3u5v"XJu ≥ 1§�â

Ún2.31§�a = 1Úp = 3§·�k9|m"|^�Ún2.32aq?Ø��u = 0½2"

XJv ≥ 1§�âÚn2.4§�3��XÛÉ�{B[−2, 6](5v) 8"5¿�3Z5v¥

k4 · 5v−1����5p�3[−2, 6]∗¥k7����5p�§·�k7|4 · 5v−1§gñ"

ÏdØ
m = 9§Ø�3XÛÉ�{B[−2, 6](m)8"

µØ2.36. 3©z [134]¥§Ø
k�A��/§�öû½
¤k��{B[−1, 3](n) 8é

un ≤ 1001Ú�{B[−2, 3](n)8éun ≤ 1251"(Ü½n2.18§2.34Ú2.35§·�y²


Ø�3XÛÉ�{B[−1, 3](n)8ÚØ
n = 6§Ø�3�{B[−2, 3](n)8"
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5¿�Schwartz [133] �E
�aXÛÉ�{B[−1, 2](4l)8"Äuþ¡�(J§·��

Ñe¡�ß�"

ß�2.37. �k1, k2´÷v1 ≤ k1 < k2Úk1 + k2 ≥ 4��ê§KØ
�U�m = k1 + k2 + 1§

Ø�3XÛÉ�{B[−k1, k2](m)8"

2.1.5 333ÀÀÀâââ;;;���èèèþþþ���AAA^̂̂

Àâ;�èÌ�A^uÃ�"�õ�Àâ&�"��èiÒ´Zn���f8I§I �

þÒ´��|I|"éu��èiI§�

d(I) = {a− b (mod n) : a, b ∈ I}

�I¥ü������8Ü"5¿�0 ∈ d(I)"�d∗(I)�d(I)��"�§�Ò´I¥ØÓ�

����8Ü

d∗(I) = d(I)\{0}.

M �èi�8Ü

C = {I1, I2, . . . , IM}

¡���nþ�ω�Àâ;�è§XJé¤k�j 6= k§

d∗(Ij) ∩ d∗(Ik) = ∅

Úé¤k�j ∈ [1,M ]k|Ij| = ω"·�Pù��è�(n, ω)-Àâ;�è"

~2.38. �n = 15§ω = 3"o�èi{0, 5, 10}, {0, 1, 2}, {0, 7, 11}, {0, 6, 12} /¤�

�(15, 3)-Àâ;�è"·��±�y

d∗({0, 5, 10}) = {5, 10},

d∗({0, 1, 2}) = {1, 2, 13, 14},

d∗({0, 7, 11}) = {4, 7, 8, 11},

d∗({0, 6, 12}) = {3, 6, 9, 12},

´Ø��"
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�½��ênÚω§�Ä¤k���nþ�ω�Àâ;�è"Ù¥äk�õèiêþ

�Àâ;�è¡�´�`�§�èiêþP�M(n, ω)"Àâ;�è�Ì�¯KÒ´é¤

k�nÚω§û½M(n, ω)"~f2.38L²M(15, 3) ≥ 4"

��èiI ¡�´��� XJI ¥���3Zn¥/¤��ê�§�Ò´�3,

�i ∈ Zn§

I = {0, i, 2i, . . . , (ω − 1)i}.

��i¡�ù�èi�)¤�"éu��di)¤���èiI§§���8Ü�

d(I) = {0,±i,±2i, . . . ,±(ω − 1)i}.

��±i,±2i, . . . ,±(ω − 1)i 3Zn ¥Ø�½ØÓ"Ïd|d∗(I)| ≤ 2ω − 2§XJ±i,±2i, . . . ,

±(ω − 1)i´ØÓ�§K�ª¤á"��þ�ω�èiI ´É~�XJ|d∗(I)| < 2ω − 2"

XJ��Àâ;�èC �¤kèiÑ´���§K·�`C ´���§�§�)¤�8Ü

P�Γ(C)"

XJC ´����n§þ�ω§�ÃÉ~èi���Àâ;�è§KC �)¤�8

Ü/¤��B[−(ω − 1), ω − 1](n)8"�L5§XJ�3��B[−k, k](n)8§�§�,�

èC �)¤�8Ü§KéA�èC ´����n§þ�k + 1§�ÃÉ~èi���Àâ

;�è"Ïd§·�ke¡�(J"

½n2.39. XJ�3�����m�B[−k, k](n)8§KM(n, k + 1) ≥ m"

e¡�(JÚ½n2.3aq§´Àâ;�è���48�E"

½n2.40. [119] �ω ≥ 3§�n1, n2 Ús´÷vs|n1§Úé¤k�l ∈ [2, ω − 1]kgcd(l, n2) = 1

���ê"�C1´���¹m1�É~èiI1, . . . , Im1 ���(n1, ω)-Àâ;�è�÷v

Zn1\ ∪m1
j=1 d

∗(Ij) ⊇
n1

s
Zn1 .

�C2´km2�èi�(sn2, ω)-Àâ;�è"Kd

Γ(C) = {i+ jn1 : i ∈ Γ(C1), j ∈ [0, n2 − 1]} ∪ {(n1/s)k : k ∈ Γ(C2)}

)¤���n1n2�èC´��km1n2 +m2�èi���(n1n2, ω)-Àâ;�è"

�½��f8I ⊆ Zn§5¿�½8N(I) = {g ∈ Zn : I + g = I}´Zn ���f+"

©z [138] y²
é?¿�f8I ⊆ Zn kd(I) ⊇ N(d(I))"3Ó��©Ù¥§§���Ñ


M(n, ω)�����þ."
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½n2.41. [138] �C ´��(n, ω)-Àâ;�è"XJC¥�3E �É~èiI1, I2, . . . , IE§K

|C| ≤
n− 1 +

∑E
j=1(|N(d(Ij))| − 1)

2ω − 2
.

,	§¦�û½
éõ�M(n, ω)��"|^aq��{§·���e¡�½n"�

Öö�B§·��Ñy²"

½n2.42. �ω ≥ 3"b�n´÷v(2ω − 2)|(n− 1)Úgcd(n, (2ω − 2)!) = 1��ê"XJ�

3���{B[−(ω− 1), ω− 1](n)8Ú���êt÷vω ≤ t ≤ 2ω− 2�gcd(t, (ω− 1)!) = 1§

KM(tn, ω) = t n−1
2ω−2 + 1"

y². XJ�3���{B[−(ω − 1), ω − 1](n)8§K�3��k n−1
2ω−2��É~èi��

�(n, ω)-Àâ;�èC1"�C2 ´����¹��d1)¤�èi�(t, ω)-Àâ;�è"A

^½n2.40§Ù¥s = 1§n1 = n§n2 = t§·�����kt n−1
2ω−2 + 1�èi�(tn, ω)-Àâ

;�è"

e¡�Iy²?¿�(tn, ω)-Àâ;�è�õ�¹t n−1
2ω−2 +1�èi"�C´��(tn, ω)-

Àâ;�è"b�C¥kE �É~èiIj, j ∈ [1, E]"é?¿�j§�Nj ´d(Ij)�½8"

Kdu|Nj| ≤ |d(Ij)| ≤ 2ω − 2§Nj ���î��u2ω − 1"

·�äóZtn����u2ω − 1�f+G´

〈n〉 = {0, n, 2n, . . . , (t− 1)n}

�f+"ÄK�{§�3a ∈ G§§ØU�n�Ø"Kdugcd(n, (2ω− 2)!) = 1§a3Ztn¥

���u2ω − 2§ù�|G| < 2ω − 1gñ"

Ïdé?¿�j§·�kNj ⊂ 〈n〉"�â½n2.41§·���

|C| ≤
tn− 1 +

∑E
j=1(|Nj| − 1)

2ω − 2

≤ tn− 1 + t− 1

2ω − 2

≤ t
n− 1

2ω − 2
+
t− 1

ω − 1
.

duω ≤ t ≤ 2ω − 2§·�kM(tn, ω) = t n−1
2ω−2 + 1"

du·�32.1.3.2�!��
Ã¡õ�#��{©)8§K�â½n2.42§·�û½


Ã¡õ�M(n, ω)��"
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2.2 lp���êêêeee������{{{ÚÚÚOOO���{{{èèè

2.2.1 000���

Lee�ê�Vg�@´3?n�DÑ�&�¯K�Ú\� [104,151]";�X§AaLee�

ê¿Âe�è�2�ïÄ£ë�©z [2,6,13,25,47,48,62,78]¤"3ùÜ©§·�ò�'53Znþ�

�{ÚO�{lpè"3©z
[62]¥§GolombÚWelchß�3Lee�êe��{è��3ue

��¹µ¥�»r = 1½öLee�m��ên = 1, 2"Ø
¢SA^§Golomb-Welchß�´

L�45cù�+�ïÄ�Ì�Äå"¦+3ù�+�kéõ©Ù§�ù�ß����)

û"

3©z [67] ¥§Gravier �<)û
Golomb-Welch ß��3 �Lee �m�/"4��/

�Špacapan [140] 3O�Å��Ïe)û"©z [77] y²
éu3 ≤ n ≤ 5Úr > 1§Ø�3�

{Leeè"Horak [76]y²
�{Leeè3n = 6Úr = 2e�Ø�35"3©z [80]¥§Horak

ÚGrošek�Ñ
��#�?nù�ß��óä§¿�y²
éu7 ≤ n ≤ 11Úr = 2§�

5�{LeeèØ�3"

�k�
ïÄ<
�Ä
ù�ß����ê�/"3©z [62]¥§GolombÚWelchy

²
�r ≥ rn�§�{Lee èØ�3§Ù¥rn vkäN�Ñ5"�5§Post [124] y²


�r ≥
√
2
2
n− 1

4
(3
√

2− 2)Ún ≥ 6�§Ø�3�5�{è"3©z [107]¥§Lepistöy²
�

��{Leeè7L÷vn ≥ (r + 2)2/2.1§Ù¥r ≥ 285"

¦+Golomb-Welchß��vk���)û§��[Ñ@�§´�(�"Ïd§��E

@
�C�{�èÒk¿Â
 [2]"3©z [80]¥§HorakÚGrošek�E
�
n = 3��O

�{Leeè"¦��y²
�õkk��r§¦�3Zn¥�3��O�{rÅ�Leeè"

�C§�{Leeè�Vg�í2��{lpè§Ù¥p ≥ 2 [26]"�±y²éun = 2, 3

Úp = 2§�k3n = 2±9r = 1,
√

2, 2, 2
√

2Ún = 3±9r = 1,
√

3�§�3�5�{è"

��±y²éun = 2Úr´�ê�§XJr > 2±92 ≤ p <∞§Ø�3���{lpè"�

5Strapasson�< [146]�Ä
O�{è§¿�û½
éup = 2Ún = 2, 3�§�5O�{è

�3�¤k�»"

3ùÜ©§·�òUYþ¡�ïÄ"·�y²
�5�{lp è��
Ø�35(J§

Ù¥p = 1½ö2 ≤ p < ∞, r = 21/p, 31/p"Ó�§·���Ñ
��O�{lp è��ê�

E§Ù¥p = 1, r = 2±92 ≤ p <∞, r = 21/p"
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2.2.2 OOO���óóó���

Zn þ���èC ´Zn���f8"XJèC �Ó�´���§KC¡����5

è"du�5è�k�Uk��k��Èè�{§Ïd�5èäk���^"ü�

:x = (x1, x2, · · · , xn) ∈ Zn, y = (y1, y2, · · · , yn) ∈ Zn�lpål½Â�

dp(x, y) := (
n∑
i=1

|xi − yi|p)
1
p ,

Ù¥1 ≤ p < ∞"XJp = 1§Kl1 ål�¡�Leeål§¿��A�è¡�Leeè"Znþ

�èC�4�åldp(C)½Â�

dp(C) := min{dp(x, y) : x, y ∈ C, x 6= y}.

Znþ¥%�x = (x1, x2, · · · , xn)§�»�r�¥½Â�

Bn
p (x, r) := {z ∈ Zn : dp(x, z) ≤ r}.

�x = 0�§·�rBn
p (0, r)P�Bn

p (r)"

�
½ÂC ⊆ Zn3lp�êe�W¿�»ÚCX�»§Ù¥1 ≤ p < ∞§·�Äk½

ÂZnþlp�êe�ål8Ü

Dp,n = {d ∈ R : �3z1, z2 ∈ Zn¦�dp(z1, z2) = d}.

N´wÑ5Dp,n ⊆ {0, 1, 21/p, 31/p, · · · }±9D1,n = {0, 1, 2, 3, · · · }"D2,n®²�©z
[26]��

û½Ñ5
§���5`§¿ØN´�û½8ÜDp,n"�e5§·�òr8ÜDp,n ¥��

�P�

Dp,n = {dp,n,i : i = 0, 1, 2, · · · , Údp,n,0 < dp,n,1 < dp,n,2 < · · · }.

èC ⊂ Zn 3lp �êe�W¿�»´���r ∈ Dp,n ¦�é?¿�x, y ∈ C§

Bn
p (x, r)

⋂
Bn
p (y, r) = ∅¤á"èC ⊂ Zn3lp�êe�W¿�»òP�rp(C)"

èC ⊂ Zn 3lp �êe�CX�»´���r ∈ Dp,n ¦�
⋃
c∈C(c + Bn

p (r)) = Zn"

èC ⊂ Zn3lp�êe�CX�»òP�Rp(C)"

��lp�êe�(n, r) èC ⊆ Zn ¡�´�{�XJrp(C) = Rp(C) = r"��lp�ê

e�(n, r) èC ⊆ Zn ¡�´O�{�XJ�3�êi ¦�rp(C) = r = dp,n,i �Rp(C) =

dp,n,i+1"

,��½Âlp�{è��ª´�i"�V ´Zn���f8"V ���E���´V�

��²£V +x = {v+x : v ∈ V }§Ù¥x ∈ Zn"XJV �E��8ÜT = {V + l : l ∈ L},
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L ⊆ Zn§/¤Zn ���y©§KT¡���'uV�Zn �i"T ¡�����iX

JL /¤���"w,§èC ´lp �{è��=�{Bn
p (rp(C)) + c : c ∈ C} /¤��'

uBn
p (rp(C))�Zn�i"

5¿�XJ�3V ⊆ Zn ÚC ⊆ Zn ¦�éu,�i§Bn
p (dp,n,i) $ V $ Bn

p (dp,n,i+1)¤á

±9{V + c : c ∈ C}/¤��'uV�Zn�i§K8ÜC ´Znþ�O�{lpè§�·�r

ù��èP�lp�êeO�{(n, dp,n,i, |V |)è"

e¡�½n´lp���
[80] Theorem 11§§��À�½n2.1���íØ"

½n2.43. éu�êi§XJ�3����M�Abel+G÷v|Bn
p (dp,n,i)| < M < |Bn

p (dp,n,i+1)|

Ú��Ó�φ : Zn 7→ G¦�φ��3Bn
p (dp,n,i)´��ü�±9φ��3Bn

p (dp,n,i+1)´��

÷�§K�3��lp�êeO�{(n, dp,n,i,M)è"

2.2.3 ØØØ���333555(((JJJ

2.2.3.1 p = 1

3ù��!§·��Ä�{Leeè�Ø�35"Bn
1 (r)���´¯¤±�� [62] §·�

r§P�kn,rµ

kn,r := |Bn
1 (r)| =

min{n,r}∑
i=0

2i
(
n

i

)(
r

i

)
.

�
��·��Ì�(J§·�I�e¡�Ún"

Ún2.44. [152] x1 + x2 + · · ·+ xk ≤ n3Z>0¥)��ê´
(
n
k

)
"

Ún2.45.
∑t

i=1

∑
xi ≥ 1∑t

i=1 xi ≤ r

x2i yi =
∑r−t+1

j=1 j2
(
r−j
t−1

)∑t
i=1 yi"

y². duxi ≥ 1�
∑t

i=1 xi ≤ r§Kéu1 ≤ i ≤ tk1 ≤ xi ≤ r − t + 1"éuz�1 ≤ j ≤

r − t + 1§�âÚn2.44§xi = j 9
∑

1 ≤ k ≤ t

k 6= i

xk ≤ r − j 3Z>0 ¥)��ê´
(
r−j
t−1

)
"Ï

d
∑t

i=1

∑
xi ≥ 1∑t

i=1 xi ≤ r

x2i yi =
∑r−t+1

j=1 j2
(
r−j
t−1

)∑t
i=1 yi"

Ún2.46.
∑

c1,··· ,cn∈{±1}(
∑n

i=1 cibi)
2 = 2n

∑n
i=1 b

2
i .
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y².

∑
c1,··· ,cn∈{±1}

(
n∑
i=1

cibi)
2

=
∑

c1,··· ,cn∈{±1}

(
n∑
i=1

b2i + 2
∑

1≤i<j≤n

cibicjbj)

= 2n
n∑
i=1

b2i + 2
∑

c1,··· ,cn∈{±1}

∑
1≤i<j≤n

cicjbibj

= 2n
n∑
i=1

b2i + 2
∑

1≤i<j≤n

(1 · 1 · bibj + 1 · (−1) · bibj + (−1) · 1 · bibj + (−1) · (−1) · bibj)

= 2n
n∑
i=1

b2i .

Ún2.47.
∑

1≤l1<l2<···<lt≤n
∑t

i=1 xli =
(
n−1
t−1

)∑n
i=1 xi.

y². du1 ≤ l1 < l2 < · · · < lt ≤ n§XJi ∈ {l1, l2, · · · , lt}§KéÙ¦t− 1�ê�3
(
n−1
t−1

)
«ÀJ"Ïdéu1 ≤ i ≤ n, xi3�ª�>Ñy

(
n−1
t−1

)
g§(Ø¤á"

·�ke¡�½n"

½n2.48. �r ≤ n§pn,r =
∑r

t=1 2t
∑r−t+1

j=1 j2
(
r−j
t−1

)(
n−1
t−1

)
"XJkn,r ≡ 3½6 (mod 9)§pn,r ≡

0 (mod 3)±9kn,r Ã²�Ïf§KØ�3���5�{(n, r) Leeè"

y². XJkn,r = |Bn
1 (r)| ≡ 3 or 6 (mod 9)§pn,r ≡ 0 (mod 3) ±9kn,r Ã²�Ïf"@

oz���kn,r �Abel +þÓ�uÌ�+Zkn,r"�â½n2.1§·�I�y²Ø�3Ó

�φ : Zn 7→ Zkn,r ¦�φ ��3B
n
1 (r) þ´��V�"5¿�z�Ó�φ : Zn 7→ Zkn,r

Ñd�φ(ei), i = 1, · · · , n��û½§Ù¥ei, i = 1, · · · , n, ´Zn ��|IOÄ",	X

J{
∑t

i=1±bliφ(eli) : 1 ≤ t ≤ r, 1 ≤ l1 < l2 < · · · < lt ≤ n, bli ≥ 1,
∑t

i=1 bli ≤ r} 6=

Zkn,r\{0}§Kφ ��3Bn
1 (r)þØ´��V�"Ïd§·��Iy²éZkn,r�z�n�

8(a1, · · · , an)§k

{ t∑
i=1

±bliali : 1 ≤ t ≤ r, 1 ≤ l1 < l2 < · · · < lt ≤ n, bli ≥ 1,
t∑
i=1

bli ≤ r
}
6= Zkn,r\{0}.
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ÄK�{§·�k

r∑
t=1

∑
1≤l1<l2<···<lt≤n

∑
bli ≥ 1∑t

i=1 bli ≤ r

(
t∑
i=1

±bliali)2 ≡
kn,r−1∑
i=1

i2 (mod kn,r). (2-1)

þª��>�±�¤

r∑
t=1

∑
1≤l1<l2<···<lt≤n

∑
bli ≥ 1∑t

i=1 bli ≤ r

∑
cl1 ,··· ,clt∈{±1}

(
t∑
i=1

clibliali)
2

=
r∑
t=1

2t
∑

1≤l1<l2<···<lt≤n

∑
bli ≥ 1∑t

i=1 bli ≤ r

t∑
i=1

b2lia
2
li

=
r∑
t=1

2t
∑

1≤l1<l2<···<lt≤n

t∑
i=1

∑
bli ≥ 1∑t

i=1 bli ≤ r

b2lia
2
li

=
r∑
t=1

2t
∑

1≤l1<l2<···<lt≤n

r−t+1∑
j=1

j2
(
r − j
t− 1

) t∑
i=1

a2li

=
r∑
t=1

2t
r−t+1∑
j=1

j2
(
r − j
t− 1

) ∑
1≤l1<l2<···<lt≤n

t∑
i=1

a2li

=
r∑
t=1

2t
r−t+1∑
j=1

j2
(
r − j
t− 1

)(
n− 1

t− 1

)
(
n∑
i=1

a2i )

=pn,r(
n∑
i=1

a2i ),

Ù¥1���ª�âÚn2.46§1n��âÚn2.45§1Ê��âÚn2.47"�â²�

Úúª§·�k
∑kn,r−1

i=1 i2 = (kn,r−1)kn,r(2kn,r−1)
6

"l·��b���3 | kn,r§3 | pn,r§�

N´wÑXJkn,r ≡ 3½6 (mod 9)§k3 - (kn,r−1)kn,r(2kn,r−1)
6

§ù�ªf(2-1)gñ§�Ò

´pn,r(
∑n

i=1 a
2
i ) ≡

(kn,r−1)kn,r(2kn,r−1)
6

(mod kn,r)"

ÏL�Äþ¡½n3�»�r = 3Úr = 4��/§·�ke¡�íØ"

íØ2.49. XJn ≡ 12½21 (mod 27) ±9kn,3 Ã²�Ïf§KØ�3�5�{(n, 3) Lee

è"
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y². �â½n2.48§·�I�y²kn,3 ≡ 3½6 (mod 9) ±9pn,3 ≡ 0 (mod 3)"�â½

Â§·�k

kn,3 =
3∑
i=0

2i
(
n

i

)(
3

i

)
= 1 + 6n+ 4

(
n

2

)(
3

2

)
+ 8

(
n

3

)
= 1 + 6n2 +

4n(n− 1)(n− 2)

3
.

@okn,3 ≡ 3½6 (mod 9) �du3 + 18n2 + 4n(n − 1)(n − 2) ≡ 9½18 (mod 27)"Ï

dkn,3 ≡ 3½6 (mod 9)��=�n ≡ 1, 11, 12, 19, 20½21 (mod 27)"

aq/§·�k

pn,3 =
3∑
t=1

2t
4−t∑
j=1

j2
(

3− j
t− 1

)(
n− 1

t− 1

)

= 2
3∑
j=1

j2 + 4
2∑
j=1

j2
(

3− j
1

)(
n− 1

1

)
+ 8

(
n− 1

2

)
= 28 + 24(n− 1) + 4(n− 1)(n− 2).

Kpn,3 ≡ 0 (mod 3)��=�n ≡ 0 (mod 3)"

l�k�n ≡ 12½21 (mod 27)�§·�kkn,3 ≡ 3½6 (mod 9) ±9pn,3 ≡ 0

(mod 3)"

íØ2.50. XJn ≡ 3, 5, 21½23 (mod 27)§n ≥ 4 �kn,4 Ã²�Ïf§KØ�3�5�

{(n, 4) Leeè"

y². �â½n2.48§·��Iy²kn,4 ≡ 3½6 (mod 9)Úpn,4 ≡ 0 (mod 3)"�â½Â§

·�k

kn,4 =
4∑
i=0

2i
(
n

i

)(
4

i

)
= 1 + 8n+ 4

(
n

2

)(
4

2

)
+ 8

(
n

3

)(
4

3

)
+ 16

(
n

4

)
= 1 + 8n+ 12n(n− 1) +

16n(n− 1)(n− 2)

3
+

2n(n− 1)(n− 2)(n− 3)

3
.

Kkn,4 ≡ 3½6 (mod 9)�du3 + 24n + 36n(n − 1) + 16n(n − 1)(n − 2) + 2n(n − 1)(n −

2)(n− 3) ≡ 9½18 (mod 27)"Ïdkn,4 ≡ 3½6 (mod 9)��=�n ≡ 3, 4, 5, 13, 21, 22½23

(mod 27)"
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aq/§·�k

pn,4 =
4∑
t=1

2t
5−t∑
j=1

j2
(

4− j
t− 1

)(
n− 1

t− 1

)

= 2
4∑
j=1

j2 + 4
3∑
j=1

j2
(

4− j
1

)(
n− 1

1

)
+ 8

2∑
j=1

j2
(

4− j
2

)(
n− 1

2

)
+ 16

(
n− 1

3

)

= 60 + 4(n− 1)
3∑
j=1

j2(4− j) + 4(n− 1)(n− 2)
2∑
j=1

j2
(

4− j
2

)
+

8(n− 1)(n− 2)(n− 3)

3

= 60 + 80(n− 1) + 28(n− 1)(n− 2) +
8(n− 1)(n− 2)(n− 3)

3
.

Kpn,4 ≡ 0 (mod 3)�du180 + 240(n− 1) + 84(n− 1)(n− 2) + 8(n− 1)(n− 2)(n− 3) ≡ 0

(mod 9)"Ïdpn,4 ≡ 0 (mod 3)��=�n ≡ 1, 3½5 (mod 9)"

Ïd�k�n ≡ 3, 5, 21½23 (mod 27) �§·�kkn,4 ≡ 3½6 (mod 9) Úpn,4 ≡ 0

(mod 3)"

µØ2.51. �r = 2�§kn,2 = 2n2 + 2n + 1�pn,2 = 4n + 6§Ø�3�ên÷v½n2.48¥

�^�"Ïd·�Ã{|^½n2.48��'u�5�{(n, 2) Leeè�Ø�35(J"

L2-4 �Ñ
�
÷v½n2.48^���
�ê"¯¢þ§·�uy�r = 3 Ún ≤

5000�§k265��ê÷v½n2.48�^�§±9�r = 4Ún ≤ 5000�§k734��ê÷

v½n2.48¥�^�"wå5§kéõëê(n, r)÷v½n2.48¥�^�"

L 2-4 �5�{(n, r) Leeè�Ø�3(J

r n

3 21, 39, 48, 66, 75, 93, 120, 129, 156, 174, 183, 201, 210, 228, 255, 291

4 5, 21, 23, 32, 48, 50, 59, 75, 77, 84, 86, 102, 104, 111, 113, 129, 131, 138

µØ2.52. 3 [80], HorakÚGrošekß�§éu?¿�n ≥ 2Úr > 0XJ�3��|Bn
1 (r)|�

+G Ú��Ó�φ : Zn 7→ G ÷vφ ��3Bn
1 (r) þ´V�§K�3��Ó�φ : Zn 7→

Z|Bn
1 (r)| ¦�φ��3B

n
1 (r)þ´��V�"XJß�´�(�§K3½n2.48¥§kn,r Ã

²�Ïf�^�ÒØI�
"
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2.2.3.2 2 ≤ p <∞

�Lee�êØÓ§�3Ã¡õ��»Ú�ê§¦��{lp (2 ≤ p < ∞)è�3"~X

éun < (1 + 1/r)p§�3�{(n, n
1
p r) lpè

[26]"3ù��!§·�ïÄéu�»����

{lp (2 ≤ p < ∞)è�Ø�35"5¿�éu���nÚr§¥Bn
p (r)���·����'

��§�´�»2
1
p Ú3

1
p �~�AÏ"du��ên�½�§3lp�êe§ù
�»�¥�

��Ñ´�Ó�£=�pÃ'¤§�N´�Ñ

kn,2,p := |Bn
p (2

1
p )| = 2n2 + 1Úkn,3,p := |Bn

p (3
1
p )| = 1 + 2n2 +

4n(n− 1)(n− 2)

3
.

½n2.53. XJn ≡ 5½8 (mod 9)Úkn,2,pÃ²�Ïf§KØ�3�5�{(n, 21/p) lpè"

y². y²�½n2.48aq§·��Iy²Zkn,2,p¥?¿n�8Ü(a1, · · · , an)k{
± ai,±aj ± ak : 1 ≤ i ≤ n, 1 ≤ j < k ≤ n

}
6= Zkn,2,p\{0}.

ÄK�{§·�k

2
n∑
i=1

a2i + 2
∑

1≤i<j≤n

((ai + aj)
2 + (ai − aj)2) ≡

kn,2,p−1∑
i=1

i2 (mod kn,2,p).

�Ò´

(4n− 2)
n∑
i=1

a2i ≡
(kn,2,p − 1)kn,2,p(2kn,2,p − 1)

6
(mod kn,2,p).

XJn ≡ 5½8 (mod 9)§Kkn,2,p ≡ 3½6 (mod 9) �3 | (4n − 2)"Ïd3 | kn,2,p �3 -
(kn,2,p−1)kn,2,p(2kn,2,p−1)

6
§gñ"

½n2.54. XJn ≡ 11, 12, 20½21 (mod 27)Úkn,3,pÃ²�Ïf§KØ�3�5�{(n, 31/p)

lpè"

y². y²�½n2.48aq§·��Iy²éuZkn,3,p�?¿n�8Ü(a1, · · · , an)k{
±ai,±aj1±aj2 ,±al1±al2±al3 : 1 ≤ i ≤ n, 1 ≤ j1 < j2 ≤ n, 1 ≤ l1 < l2 < l3 ≤ n

}
6= Zkn,3,p\{0}.

ÄK�{§·�k

2
n∑
i=1

a2i + 2
∑

1≤i<j≤n

((ai + aj)
2 + (ai − aj)2) + 2

∑
1≤i<j<k≤n

((ai + aj + ak)
2 + (ai + aj − ak)2+

(ai − aj + ak)
2 + (ai − aj − ak)2) ≡

kn,3,p−1∑
i=1

i2 (mod kn,3,p).
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�Ò´

(4n2 − 8n+ 6)
n∑
i=1

a2i ≡
(kn,3,p − 1)kn,3,p(2kn,3,p − 1)

6
(mod kn,3,p).

XJn ≡ 11, 12, 20½21 (mod 27)§Kkn,3,p ≡ 3½6 (mod 9) Ú3 | (4n2 − 8n + 6)"Ï

d3 | kn,3,pÚ3 - (kn,3,p−1)kn,3,p(2kn,3,p−1)
6

§gñ"

L2-5�Ñ
�
�5�{lpè��
Ø�3(J§Ù¥2 ≤ p <∞"¯¢þ§·�u

y�r = 21/p Ún ≤ 5000§k1073�ê÷v½n2.53�^�§±9�r = 31/p Ún ≤ 5000§

k701�ê÷v½n2.54�^�"

L 2-5 �5�{(n, r) lpè�Ø�3(J§Ù¥2 ≤ p <∞

r n

21/p 5, 8, 14, 17, 23, 26, 32, 35, 41, 44, 50, 53, 59, 62, 68, 71, 77, 80, 86, 89, 95, 98

31/p 11, 12, 20, 21, 38, 39, 47, 48, 65, 66, 74, 75, 92, 93

µØ2.55. 5¿�éuÙ¦�»§·��±��aq�(J"�´du·�é8

ÜDp,nÚBn
p (r)�(������§Ù¥2 ≤ p <∞§·�éJ����(J"

µØ2.56. 1. XJ·�P�Zm �¦{�+�Rm§Kþ¡ü��!·�^�Ì�E|

´À���Ó�χ : Rm → Rm§Ù¥χ(a) = a2"À�Ù¦Ó��U�±��Ù¦(

J"

2. ·��c3µØ2.51¥�Ñ·���{Ã{���5�{(n, 2) Leeè�Ø�35(

J"�C§Kim [93] |^À�χ(a) = a2ky²
�
'u�5�{(n, 2) Leeè�Ø�

35(J"

2.2.4 OOO���{{{lpèèè

3ù��!§·��ÑO�{(n, 2, q) Lee èÚO�{(n, 21/p, q) lp è����ê�

E"�â½n2.43§XJ|Bn
1 (2)| < q < |Bn

1 (3)|��3����q �Abel +GÚ��Ó

�φ : Zn 7→ G¦�φ��3Bn
1 (2)þ´��ü�§φ��3Bn

1 (3)þ´��÷�§K�3�

�O�{(n, 2, q) Leeè"aq/§XJ|Bn
p (2

1
p )| < q < |Bn

p (3
1
p )|��3����q �Abel
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+GÚ��Ó�φ : Zn 7→ G¦�φ��3Bn
p (2

1
p )þ´��ü�§φ��3Bn

p (3
1
p )þ´��

÷�§K�3��O�{(n, 21/p, q) lpè"·��ÑéuO�{(n, 2, q) Leeè§XJ�ên

´�½�§Kq��§è��C�{"éuO�{(n, 21/p, q) lpè�´aq�"

2.2.4.1 p=1

½n2.57. �q = 2nm + 1´���ê�n,m´÷vn ≡ 1 (mod 6), n ≥ 7Ún + 1 < m <

3n+ 2(n−1)(n−2)
3

��ê"�g´�q���§P

S :={1, 2}
⋃
{1 + g2mk, 1− g2mk : 1 ≤ k ≤ n− 1

2
},

T :={1, 2, 3}
⋃
{1 + g2mk, 1− g2mk, 1 + 2g2mk, 1− 2g2mk, 2 + g2mk, 2− g2mk : 1 ≤ k ≤ n− 1

2
}⋃

{1 + g2mk + g2ml, 1 + g2mk − g2ml, 1− g2mk + g2ml, 1− g2mk − g2ml : 1 ≤ k ≤ n− 1

3
,

2k ≤ l ≤ n− 1− k}.

XJ|{indg(i) (mod m) : i ∈ S}| = n+ 1�|{indg(i) (mod m) : i ∈ T\{0}}| = m§K�3�

�O�{(n, 2, q) Leeè"

y². N´wÑ|Bn
1 (2)| < q < |Bn

1 (3)|"�e5§·�òy²�3��Ó�φ : Zn 7→ Zq ¦

�φ��3Bn
1 (2)þ´��ü�±9φ��3Bn

1 (3)þ´��÷�"·��Iy²3Zq ¥

�3n�8(a1, · · · , an)¦�

|
{

0,±ai,±2ai,±aj ± ak : 1 ≤ i ≤ n, 1 ≤ j < k ≤ n
}
| = kn,2, (ü�){

0,±ai,±2ai,±3ai,±aj1 ± aj2 ,±2aj1 ± aj2 ,±aj1 ± 2aj2 ,±ak1 ± ak2 ± ak3 : 1 ≤ i ≤ n,

1 ≤ j1 < j2 ≤ n, 1 ≤ k1 < k2 < k3 ≤ n
}

= Zq (÷�) .

�ai = g2mi, i = 1, 2, · · · , n"K·�k

{±g2mi,±2g2mi,±g2mj ± g2mk : 1 ≤ i ≤ n, 1 ≤ j < k ≤ n}

= S · {±g2mi : 1 ≤ i ≤ n}

= S · {gmi : 1 ≤ i ≤ 2n}.

du|S| = n+ 1Ú|{indg(i) (mod m) : i ∈ S}| = n+ 1§K|S · {gmi : 1 ≤ i ≤ 2n}| = 2n(n+

1) = kn,2 − 1"5¿�0 6∈ S · {gmi : 1 ≤ i ≤ 2n}§Ïd|
{

0,±g2mi,±2g2mi,±g2mj ± g2mk :
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1 ≤ i ≤ n, 1 ≤ j < k ≤ n
}
| = kn,2"du|{indg(i) (mod m) : i ∈ T\{0}}| = m§·�k

{±g2mi,±2g2mi,±3g2mi,±g2mj1 ± g2mj2 ,±2g2mj1 ± g2mj2 ,±g2mj1 ± 2g2mj2 ,

± g2mk1 ± g2mk2 ± g2mk3 : 1 ≤ i ≤ n, 1 ≤ j1 < j2 ≤ n, 1 ≤ k1 < k2 < k3 ≤ n}

⊇ (T\{0}) · {±g2mi : 1 ≤ i ≤ n}

⊇ (T\{0}) · {gmi : 1 ≤ i ≤ 2n}

⊇ Zq\{0},

Ïd

{
0,±g2mi,±2g2mi,±3g2mi,±g2mj1 ± g2mj2 ,±2g2mj1 ± g2mj2 ,±g2mj1 ± 2g2mj2 ,

± g2mk1 ± g2mk2 ± g2mk3 : 1 ≤ i ≤ n, 1 ≤ j1 < j2 ≤ n, 1 ≤ k1 < k2 < k3 ≤ n
}

= Zq.

µØ2.58. 3©z [25]¥§éu?¿�÷vp ≥ 7 Úp ≡ ±5 (mod 12)��ê§�ö�E


��O�{(2[p
4
], 2, p2) Lee è"du½n2.57¥�O�{Lee è��êÑ´Ûê§Ïd½

n2.57�Ñ
�aäk#ëê�O�{Leeè"

L2-6�Ñ
�
O�{(n, 2, q) Leeè"·�5©Ûe·��E�ù
O�{Leeè

�¬�"

~2.59. �n = 7, q = 197, g = 2§�â½n2.57§·�����O�{(7, 2, 197) LeeèC§

Ù¥|V | = 197"5¿�|B7
1(2)| = 113±9|B7

1(3)| = 575§K|V | = 197��CW¿¥Ø

´CX¥§Ïdèé�C�{"

~2.60. �n = 31, q = 4093, g = 2§�â½n2.57§·�����O�{(31, 2, 4093) Lee

èC§Ù¥|V | = 4093"5¿�|B31
1 (2)| = 1985±9|B31

1 (3)| = 41727§K|V | = 4093��C

W¿¥Ø´CX¥§Ïdèé�C�{"
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L 2-6 O�{(n, 2, q) Leeè

n 7 7 19 19 25 25 25 25 31 31 31

q 197 211 2129 2357 5651 5701 5851 6451 4093 5333 7937

g 2 2 3 2 2 2 2 3 2 2 3

2.2.4.2 2 ≤ p <∞

½n2.61. �q = 2nm + 1´���ê�n,m´÷vn ≡ 1 (mod 6), n ≥ 7Ún + 1 ≤ m <

n+ 2(n−1)(n−2)
3

��ê"�g´�q��§P

S :={1}
⋃
{1 + g2mk, 1− g2mk : 1 ≤ k ≤ n− 1

2
},

T :={1}
⋃
{1 + g2mk, 1− g2mk : 1 ≤ k ≤ n− 1

2
}
⋃
{1 + g2mk + g2ml, 1 + g2mk − g2ml,

1− g2mk + g2ml, 1− g2mk − g2ml : 1 ≤ k ≤ n− 1

3
, 2k ≤ l ≤ n− 1− k}.

XJ|{indg(i) (mod m) : i ∈ S}| = nÚ|{indg(i) (mod m) : i ∈ T\{0}}| = m§K�3��

O�{(n, 21/p, q) lpè"

y². y²�½n2.57�y²aq§·��Iy²3Zq¥�3n�8(a1, · · · , an)¦�

|
{

0,±ai,±aj ± ak, : 1 ≤ i ≤ n, 1 ≤ j < k ≤ n
}
| = kn,2,p,{

0,±ai,±aj1 ± aj2 ,±ak1 ± ak2 ± ak3 : 1 ≤ i ≤ n, 1 ≤ j1 < j2 ≤ n, 1 ≤ k1 < k2 < k3 ≤ n
}

= Zq.

�ai = g2mi, i = 1, 2, · · · , n"K

{±g2mi,±g2mj ± g2mk : 1 ≤ i ≤ n, 1 ≤ j < k ≤ n}

= S · {±g2mi : 1 ≤ i ≤ n}

= S · {gmi : 1 ≤ i ≤ 2n}.

du|S| = nÚ|{indg(i) (mod m) : i ∈ S}| = n§K|S·{gmi : 1 ≤ i ≤ 2n}| = 2n2 = kn,2,p−1"

5¿�0 6∈ S · {gmi : 1 ≤ i ≤ 2n}§Ïd|
{

0,±g2mi,±g2mj ± g2mk, : 1 ≤ i ≤ n, 1 ≤ j < k ≤

n
}
| = kn,2,p"du|{indg(i) (mod m) : i ∈ T\{0}}| = m§·�k

{±g2mi,±g2mj1 ± g2mj2 ,±g2mk1 ± g2mk2 ± g2mk3 : 1 ≤ i ≤ n, 1 ≤ j1 < j2 ≤ n, 1 ≤ k1 < k2 < k3 ≤ n}

⊇ (T\{0}) · {±g2mi : 1 ≤ i ≤ n}

⊇ (T\{0}) · {gmi : 1 ≤ i ≤ 2n}

⊇ Zq\{0},
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Ïd

{
0,±g2mi,±g2mj1 ± g2mj2 ,±g2mk1 ± g2mk2 ± g2mk3 : 1 ≤ i ≤ n, 1 ≤ j1 < j2 ≤ n,

1 ≤ k1 < k2 < k3 ≤ n
}

= Zq.

L2-7�Ñ
�
O�{(n, 21/p, q) lp è§Ù¥2 ≤ p < ∞"e¡·�5©Ûe·��

E�O�{lpè�¬�"

~2.62. �n = 31, q = 4093, g = 2§�â½n2.61§·�k��O�{(31, 21/p, 4093) lp

èC§Ù¥|V | = 4093"5¿�|B31
p (21/p)| = 1923Ú|B31

p (3
1
p )| = 37883§K|V | = 4093��

CW¿¥Ø´CX¥§Ïdèé�C�{"

L 2-7 O�{(n, 21/p, q) lpè§Ù¥2 ≤ p <∞

n 19 19 25 31 31 31 31 31

q 2129 2357 5651 4093 5333 6883 7937 8123

g 3 2 2 2 2 2 3 2
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3.1 oooggg���{{{VVVÌÌÌ���gggéééóóóèèè

3.1.1 000���

géóè´�k¿g��a�5è§§�¹éõÍ¶�Å�è§'X*ÐHamming

è§*ÐGolay è§±9,
*Ð�g�{è"ù
è3êâDÑ¥k��A

^ [60,121,150]"géóè��éõÙ¦+�kér�éX§�)\5þfè [23]§�O [9,10]§

�KAÛ [103]§� [35]§ØCþnØ [120]"Ïd§�EÐ�géóè´����ïÄ¯K"

8ckéõ©Ù�åu©a½ö�Egéóè£ë�©z [5,17,19,57,69,71,81,82,128]¤"

,�ak��è´�g�{è"§�èÇ�C1/2�ké��4�ål"§�k��

ék��Èè�{—-��Èè§��ÈèÌ�´Äuù«èäké��gÓ�+"�Ð

�ïÄöÌ�'5�g�{è§y3®²k�
pg�{è�ïÄ
 [30,43,136]"

Karlin [91] ïá
géóè��g�{è�éX"¦|^�g�{5�E��VÌ

�è"�5§Pless [123]|^�g�{5�En�VÌ�è§�Ñ
Í¶�Pless é¡è"

32002c§Gaborit [55]JÑ
�g�{VÌ�è§§�¹
Karlin��E±9Plessé¡è"

GaboritÓ���E
GF(4)§GF(5)§GF(7)ÚGF(9)þ�#�géóèÃ¡a"

·��8I´|^pg�{§AO´og�{§5�EVÌ�géóè"·��

Ñ
3GF(2)§GF(3)§GF(4)§GF(8) ÚGF(9) þ#�géóèÃ¡a§Ù¥k
èäk

'±c�Ð�ëê"'Xn�[124, 62, 24] géóè, o�[76, 38, 19] géóè, GF(8) þ

�[58, 29, 18]géóè±9GF(9)þ�[58, 29, 18]géóè"·���Ä
ù
è�gÓ�

+"�Ü©�¤kO�Ñ´33.40 GHz CPUþ^MAGMA V2.20-4 [16]�¤�"

3.1.2 ½½½ÂÂÂÚÚÚ������(((JJJ

3.1.2.1 géóè

k��GF(q)þ��n§�ê�k��5èC ��´GF(q)n þ�k-�f�m§Ù¥q´
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���ê�"èC ���)¤Ý
G´��k × n�Ý
�§�1Ü¤��è"Euclidean

SÈ½Â�

(x, y) =
n∑
i=1

xiyi,

Ù¥x = (x1, . . . , xn)Úy = (y1, . . . , yn)"éu����n��5èC§è

C⊥ = {x ∈ GF(q)n|(x, c) = 0é¤kc ∈ C}

�¡�§�Euclideanéóè"C⊥ ´���5è§¿�·�kdim(C) + dim(C⊥) = n"C

¡�Euclideang��XJC ⊆ C⊥§ÚEuclideangéóXJC = C⊥"3ù�Ü©§·�

`géóÑL«Euclideangéó"5¿���géóè�è�no´óê±9�ê´n/2"

Ïd§·���Ør��géóè��ê�Ñ5"

ü�èix = (x1, . . . , xn) Úy = (y1, . . . , yn) �m�£Hamming¤ål§P�d(x, y)§

´x�y�äkØÓêi� ���ê"��èix = (x1, . . . , xn)�£Hamming¤þw(x)

´w(x) = d(x, 0)§��èC �4�åld(C)½Â�d(C) = min{d(x, y)|x 6= y ∈ C}"@o

éugéóè§·�ke¡�(J"

½n3.1. [82,117,126,128] �C ´GF(q)þ�è��n§4�ål�d(C)�géóè"@o·�

k

(i) XJq = 2§K

d(C) ≤

4b n
24
c+ 4; XJn 6≡ 22 (mod 24),

4b n
24
c+ 6; XJn ≡ 22 (mod 24).

(ii) XJq = 3§Kd(C) ≤ 3b n
12
c+ 3"

(iii) XJq = 4§Kd(C) ≤ 4b n
12
c+ 4"

(iv) d(C) ≤ bn
2
c+ 1éuq 6= 2, 3, 4"

èC �¡�4��XJþ¡��ª¤á"��géóè¡�´�`�XJ§äkTè

�����U�4�ål"��4�èg,´���`è"

3.1.2.2 pg�{§©�§©�ê

�p´��Û�ê§γ ´GF(p)¥����"�N > 1´p− 1�Ïf"·�½ÂGF(p)

�N �©�aC0, C1, . . . , CN−1µ

Ci =

{
γjN+i|0 ≤ j ≤ p− 1

N
− 1

}
,
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Ù¥0 ≤ i ≤ N − 1"�Ò´`C0 ´�p�N g�{a§�Ci = γiC0§1 ≤ i ≤ N − 1"é

u÷v0 ≤ m,n < N ��êm,n§N �©�ê½Â�

(m,n)N = |(Cm + 1)
⋂

Cn|.

e¡�Úno(
©�ê��
Ä�5�"

Ún3.2. [12]�p = ef + 1�Û�ê"K

1. �i ≡ i′ (mod e)�j ≡ j′ (mod e)�§(i, j)e = (i′, j′)e"

2.

(i, j)e = (e− i, j − i)e

=

(j, i)e; XJf ´óê,

(j + e/2, i+ e/2)e; XJf ´Ûê.

3.
∑e−1

i=0 (i, j)e = f − δj§Ù¥XJj ≡ 0 (mod e)§Kδj = 1§ÄKδj = 0"

3e©§·�I�e¡�d���½���û½�4�©�ê�°(�"

½n3.3. [12]�p´��/Xp = 8l + 5��ê"�g´p�����"K4�©�ê�

(0, 0)4 = (2, 0)4 = (2, 2)4 =
p− 7 + 2x

16
,

(0, 1)4 = (1, 3)4 = (3, 2)4 =
p+ 1 + 2x− 4y

16
,

(0, 2)4 =
p+ 1− 6x

16
,

(0, 3)4 = (1, 2)4 = (3, 1)4 =
p+ 1 + 2x+ 4y

16
,

(1, 0)4 = (1, 1)4 = (2, 1)4 = (2, 3)4 = (3, 0)4 = (3, 3)4 =
p− 3− 2x

16
,

Ù¥xÚydeª��û½

p = x2 + y2, x ≡ 1 (mod 4), y ≡ g
p−1
4 x (mod p).

µØ3.4. �
�B§3�e5�Ù!¥§·�PA := (0, 0)4, B := (0, 1)4, C := (0, 2)4, D :=

(0, 3)4±9E := (1, 0)4"
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3.1.2.3 ��(J

�p´/X4k+1�Û�ê§§¤éA�4�©�a�C0, C1, C2ÚC3"�m0§m1§m2§

m3Úm4´GF(q)¥���"·�e¡½ÂGF(q)þ�p× p�Ý
Cp(m0,m1,m2,m3,m4)§

§dcij, 1 ≤ i, j ≤ p|¤§Ù¥

cij =



m0; XJj = i,

m1; XJj − i ∈ C0,

m2; XJj − i ∈ C1,

m3; XJj − i ∈ C2,

m4; XJj − i ∈ C3.

·�½ÂInÚJn©O�n×n�ü Ý
Ú�1Ý
"KCp(1, 0, 0, 0, 0) = IpÚCp(1, 1, 1, 1, 1) =

Jp"PA1 := Cp(0, 1, 0, 0, 0)§A2 := Cp(0, 0, 1, 0, 0)§A3 := Cp(0, 0, 0, 1, 0)ÚA4 := Cp(0, 0, 0, 0, 1)"

5¿�4�©�a/¤��4a�(Ü�Y [40]§·�ke¡�(J"

Ún3.5. XJp´/X8l + 5�Û�ê§K

A1 = At3�A2 = At4,

A2
1 = AA1 +BA2 + CA3 +DA4,

A2
2 = DA1 + AA2 +BA3 + CA4,

A2
3 = CA1 +DA2 + AA3 +BA4,

A2
4 = BA1 + CA2 +DA3 + AA4,

A1A2 = A2A1 = AA1 + EA2 +DA3 +BA4,

A1A3 = A3A1 = (2l + 1)Ip + AA1 + EA2 + AA3 + EA4,

A1A4 = A4A1 = EA1 +DA2 +BA3 + EA4,

A2A3 = A3A2 = BA1 + EA2 + EA3 +DA4,

A2A4 = A4A2 = (2l + 1)Ip + EA1 + AA2 + EA3 + AA4,

A3A4 = A4A3 = DA1 +BA2 + EA3 + EA4.

y². (Ø���lAi�½ÂÚ½n3.3��"

3e©·��I�e¡�(J"
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Ún3.6. XJp´/X8l + 5�Û�ê§K

(m0Ip +m1A1 +m2A2 +m3A3 +m4A4)(m0Ip +m1A1 +m2A2 +m3A3 +m4A4)
t

= a0Ip + a1A1 + a2A2 + a3A3 + a4A4,

Ù¥

a0 =m2
0 + (

p− 1

4
)(m2

1 +m2
2 +m2

3 +m2
4),

a1 = a3 =m0m3 +m0m1 + (m1m3 +m2
1 +m2

3)A+ (m2m4 +m1m2 +m3m4)B +m1m3C+

(m2m4 +m2m3 +m1m4)D + (m1m2 +m3m4 +m1m4 +m2m3 +m2
2 +m2

4)E,

a2 = a4 =m0m4 +m0m2 + (m2
2 +m2

4 +m2m4)A+ (m1m3 +m2m3 +m1m4)B +m2m4C+

(m1m2 +m3m4 +m1m3)D + (m1m4 +m2m3 +m1m2 +m3m4 +m2
1 +m2

3)E.

y². (J���dÚn 3.5��"

��B§·�P

−→m :=(m0,m1,m2,m3,m4) ∈ GF(q)5,

D0(
−→m) :=m2

0 + (
p− 1

4
)(m2

1 +m2
2 +m2

3 +m2
4),

D1(
−→m) :=m0m3 +m0m1 + (m1m3 +m2

1 +m2
3)A+ (m2m4 +m1m2 +m3m4)B +m1m3C+

(m2m4 +m2m3 +m1m4)D + (m1m2 +m3m4 +m1m4 +m2m3 +m2
2 +m2

4)E,

D2(
−→m) :=m0m4 +m0m2 + (m2

2 +m2
4 +m2m4)A+ (m1m3 +m2m3 +m1m4)B +m2m4C+

(m1m2 +m3m4 +m1m3)D + (m1m4 +m2m3 +m1m2 +m3m4 +m2
1 +m2

3)E.

½Â3.7. �Pn(R)ÚBn(α,R)´©OéAue¡/ª�)¤Ý
�èµ(
In R

)
,

Ú 
α 1 · · · 1

−1

In+1
... R

−1

 ,

Ù¥α ∈ GF(q)±9R´��n× n�Ì�Ý
"èPn(R)ÚBn(α,R)©O¡�XXXVVVÌÌÌ���èèè

Ú���>>>VVVÌÌÌ���èèè"
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�

Pp(
−→m) := Pp(m0Ip +m1A1 +m2A2 +m3A3 +m4A4),

Bp(α,
−→m) := Bp(α,m0Ip +m1A1 +m2A2 +m3A3 +m4A4).

K±Pp(
−→m)ÚBp(α,

−→m)�)¤Ý
�è¡��oooggg���{{{VVVÌÌÌ���èèè"

ù��!�Ì�(J´µ

½n3.8. �p´/X8l + 5�Û�ê§q´���ê�"�α ∈ GF(q)§−→m ∈ GF(q)5"K

1. ±Pp(−→m)�)¤Ý
�è´GF(q)þ�géóè��=�µ

(a) D0(
−→m) = −1,

(b) D1(
−→m) = 0,

(c) D2(
−→m) = 0;

2. ±Bp(α,
−→m)�)¤Ý
�è´GF(q)þ�géóè��=�µ

(a) α + p = −1,

(b) −α +m0 + p−1
4

(m1 +m2 +m3 +m4) = 0,

(c) D0(
−→m) = −2,

(d) D1(
−→m) = −1,

(e) D2(
−→m) = −1.

y². (J�d

Pp(
−→m)Pp(

−→m)t = Ip +D0(
−→m)Ip +D1(

−→m)A1 +D2(
−→m)A2 +D1(

−→m)A3 +D2(
−→m)A4,

±9

Bp(α,
−→m)Bp(α,

−→m)t = Ip+1 +


α + p S · · ·S

S
... X

S

 ,

��§Ù¥X = Jp + D0(
−→m)Ip + D1(

−→m)A1 + D2(
−→m)A2 + D1(

−→m)A3 + D2(
−→m)A4 ÚS =

−α +m0 + p−1
4

(m1 +m2 +m3 +m4)"
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3.1.3 AAA���2������þþþ���oooggg���{{{VVVÌÌÌ���gggéééóóóèèè

3.1.3.1 GF(2)þ�géóè

3ù��!§·�3GF(2)þ�Eü�géóèÃ¡a"·�k�Ñe¡ü�Ún"

Ún3.9. �p´/X16k + 5�Û�ê§Ù¥k ´���K�ê"�g ´p����½��

�"XJp = x2 + y2, x ≡ 1 (mod 4), y ≡ g
p−1
4 x (mod p)"@o�3t§s¦�x = 8t + 1§

y = 4s+ 2�k ≡ t (mod 2)"AO/§·�ke¡��ª¥���¤áµ

1. A ≡ C ≡ D ≡ E ≡ 0 (mod 2), B ≡ 1 (mod 2)§

2. A ≡ B ≡ C ≡ E ≡ 0 (mod 2), D ≡ 1 (mod 2)"

y². �p = 16k + 5 = x2 + y2, x ≡ 1 (mod 4), y ≡ g
p−1
4 x (mod p)"Kx2 ≡ 1 (mod 8)§

�y2 ≡ 4 (mod 8), y ≡ 2 (mod 4)"

b�x = 4m+ 1Úy = 4s+ 2§@o

16k + 5 = 16m2 + 8m+ 1 + 16s2 + 16s+ 4,

�Ò´§

2k = 2m2 +m+ 2s2 + 2s,

¤±m ≡ 0 (mod 2)§@o�3t¦�m = 2t"

Ïd

2k = 8t2 + 2t+ 2s2 + 2s,

�Ò´§

k − t = 4t2 + s2 + s,

·�kk ≡ t (mod 2)"

l§�â½n 3.3§XJy ≡ 2 (mod 8)§@o

A ≡ C ≡ D ≡ E ≡ 0 (mod 2), B ≡ 1 (mod 2).

XJy ≡ 6 (mod 8)§@o

A ≡ B ≡ C ≡ E ≡ 0 (mod 2), D ≡ 1 (mod 2).
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Ún3.10. �p´��/X16k+ 13�Û�ê§Ù¥k´���K�ê"b�g´p����

�"XJp = x2 +y2, x ≡ 1 (mod 4), y ≡ g
p−1
4 x (mod p)"@o�3�êt, s¦�x = 8t+ 5,

y = 4s+ 2�k + t ≡ 1 (mod 2)"AO/§·�ke¡��ª¥���¤áµ

1. A ≡ C ≡ D ≡ 0 (mod 2), B ≡ E ≡ 1 (mod 2)§

2. A ≡ B ≡ C ≡ 0 (mod 2), D ≡ E ≡ 1 (mod 2)"

y². �p = 16k + 13 = x2 + y2, x ≡ 1 (mod 4), y ≡ g
p−1
4 x (mod p)"·�kx2 ≡ 1

(mod 8)§¤±y2 ≡ 4 (mod 8), y ≡ 2 (mod 4)"

b�x = 4m+ 1Úy = 4s+ 2§@o

16k + 13 = 16m2 + 8m+ 1 + 16s2 + 16s+ 4,

lk

2k + 1 = 2m2 +m+ 2s2 + 2s,

¤±m ≡ 1 (mod 2)§l�3�êt¦�m = 2t+ 1"

Ïd§

2k + 1 = 8t2 + 8t+ 2 + 2t+ 1 + 2s2 + 2s,

�Ò´`§

k = 4t2 + 5t+ s2 + s+ 1,

¤±k + t ≡ 1 (mod 2)"

Ïd�â½n 3.3§XJy ≡ 2 (mod 8)§@o

A ≡ C ≡ D ≡ 0 (mod 2), B ≡ E ≡ 1 (mod 2).

XJy ≡ 6 (mod 8)§@o

A ≡ B ≡ C ≡ 0 (mod 2), D ≡ E ≡ 1 (mod 2).

y3·�ke¡�½nµ

½n3.11. �p´��Û�ê§Ke¡�(Ø¤áµ
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1. XJp/X16k + 5§K3GF(2)þ±Bp(0, 1, 0, 1, 1, 1)�)¤Ý
�è´��2p + 2�

géóè¶

2. XJp/X16k + 13§K3GF(2)þ±Pp(0, 0, 1, 1, 1)�)¤Ý
�è´��2p�gé

óè"

y². XJp/X16k + 5§KdÚn 3.9§·�k

α + p = 16k + 5 ≡ 1 (mod 2),

− α +m0 + (
p− 1

4
)(m1 +m2 +m3 +m4) ≡ 0 (mod 2),

D0(1, 0, 1, 1, 1) = 1 + (4k + 1)(1 + 1 + 1) ≡ 0 (mod 2),

D1(1, 0, 1, 1, 1) = 1 + A+ 2B + 2D + 4E ≡ 1 (mod 2),

D2(1, 0, 1, 1, 1) = 2 + 3A+B + C +D + 3E ≡ 1 (mod 2).

d½n 3.8§3GF(2)þ±Bp(0, 1, 0, 1, 1, 1)�)¤Ý
�è´��2p+ 2�géóè"

ep/X16k + 13§KdÚn 3.10§·�k

D0(0, 0, 1, 1, 1) = (4k + 3)(1 + 1 + 1) ≡ 1 (mod 2),

D1(0, 0, 1, 1, 1) = A+ 2B + 2D + 4E ≡ 0 (mod 2),

D2(0, 0, 1, 1, 1) = 3A+B + C +D + 3E ≡ 0 (mod 2).

d½n 3.8§3GF(2)þ±Pp(0, 0, 1, 1, 1)�)¤Ý
�è´��2p�géóè"

dDirichlet½n�§�3Ã¡õ�/X16k + 5½16k + 13��ê§Ïd½n 3.11¥�

ü�a´Ã¡a"dù
�E���è�Ü©´4��§�`�½ö8c®��Ðëê�

è£�L 3-1¤"AO/§è[12, 6, 4]Ú[122, 61, 20]Ó����
®��Ðëê����5

è [63]"L3-1�Ñ
�
d½n 3.11�E�è"

µØ3.12. 3e¡�L¥§·�ò^®®®������ÐÐÐ5L«è3�Aëêe��
®��Ð�4

�ål§¿�^������±±±ccc5L«è�4�ål'®�(J�Ð"

3.1.3.2 GF(4)þ�géóè

3ù��!§·��ÑGF(4)þgéóè�o�Ã¡a�E"�ζ ´GF(4)����§

÷vζ2 + ζ + 1 = 0§@o·�ke¡�½n"
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L 3-1 GF(2)þdPp(0, 0, 1, 1, 1)ÚBp(0, 1, 0, 1, 1, 1)�E�è

è �E µØ

[12, 6, 4] B5(0, 1, 0, 1, 1, 1) 4��

[26, 13, 6] P13(0, 0, 1, 1, 1) �`� [56]

[58, 29, 10] P29(0, 0, 1, 1, 1) �`� [56]

[108, 54, 16] B53(0, 1, 0, 1, 1, 1) ®��Ð [56]

[122, 61, 20] P61(0, 0, 1, 1, 1) ®��Ð [72]

½n3.13. �p´/X16k + 5��ê§K3GF(4)þ±Pp(0, 1, ζ2, 1, ζ)�)¤Ý
�è´�

�2p�géóè"

y². XJp´/X16k + 5��ê§KdÚn 3.9�

D0(0, 1, ζ
2, 1, ζ) = (4k + 1)(1 + ζ + 1 + ζ2) ≡ 1 (mod 2),

D1(0, 1, ζ
2, 1, ζ) = 3A+ C + (3ζ2 + 3ζ)E ≡ 0 (mod 2),

D2(0, 1, ζ
2, 1, ζ) = C ≡ 0 (mod 2).

ÏL½n 3.8§·���3GF(4)þ±Pp(0, 1, ζ
2, 1, ζ)�)¤Ý
�è´��2p�géóè"

½n3.14. �p´/X16k+5��ê"b�©�ê(0, 1)4´Û�"K3GF(4)þ±Bp(0, ζ, 1, ζ
2, 0, 0)

�)¤Ý
�è´��2p+ 2�géóè"

y². XJp ´/X16k + 5 �Û�ê�©�ê(0, 1)4 ´Û�§�Ò´B = (0, 1)4 ≡ 1

(mod 2)"@o�âÚn3.9§·�k

α + p = 16k + 5 ≡ 1 (mod 2),

− α +m0 + (
p− 1

4
)(m1 +m2 +m3 +m4) ≡ 0 (mod 2),

D0(ζ, 1, ζ
2, 0, 0) = −4kζ2 ≡ 0 (mod 2),

D1(ζ, 1, ζ
2, 0, 0) = ζ + A+ ζ2B + E ≡ 1 (mod 2),

D2(ζ, 1, ζ
2, 0, 0) = 1 + ζA+ ζ2D + ζE ≡ 1 (mod 2).

d½n 3.8§3GF(4)þ±Bp(0, ζ, 1, ζ
2, 0, 0)�)¤Ý
�è´��2p+ 2�géóè"
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½n3.15. �p´/X16k+13�Û�ê"b�©�ê(0, 1)4´Û�§K3GF(4)þ±Pp(ζ, ζ, ζ, ζ2, 0)

ÚBp(0, ζ, 1, ζ, ζ, ζ
2)�)¤Ý
�è©O´��2pÚ2p+ 2�géóè"

y². XJp ´/X16k + 13 �Û�ê±9©�ê(0, 1)4 ´Û�§�Ò´B = (0, 1)4 ≡ 1

(mod 2)"dÚn 3.10§·���

D0(ζ, ζ, ζ, ζ
2, 0) = ζ2 + (4k + 3)(2ζ2 + ζ) ≡ 1 (mod 2),

D1(ζ, ζ, ζ, ζ
2, 0) = ζ + ζ2B + C +D + E ≡ 0 (mod 2),

D2(ζ, ζ, ζ, ζ
2, 0) = ζ2 + ζ2A+ 2B + ζD + ζ2E ≡ 0 (mod 2).

�â½n 3.8§3GF(4)þ±Pp(ζ, ζ, ζ, ζ
2, 0)�)¤Ý
�è©O´��2p�géóè"

du·�k

α + p = 16k + 13 ≡ 1 (mod 2),

− α +m0 + (
p− 1

4
)(m1 +m2 +m3 +m4) ≡ 0 (mod 2),

D0(ζ, 1, ζ, ζ, ζ
2) = (4k + 4)ζ2 ≡ 0 (mod 2),

D1(ζ, 1, ζ, ζ, ζ
2) = −1 + (2 + ζ)B + ζC + (1 + 2ζ2)D + (2ζ2 + ζ)E ≡ 1 (mod 2),

D2(ζ, 1, ζ, ζ, ζ
2) = −ζ + (ζ + 2ζ2)B + C + (1 + 2ζ)D + (1 + 2ζ2)E ≡ 1 (mod 2).

�â½n 3.8§3GF(4)þ±Bp(0, ζ, 1, ζ, ζ, ζ
2)�)¤Ý
�è©O´��2p + 2�géó

è"

L3-2 �Ñ
�
dþ¡�n�½n)¤�è�~f§¤k�èÑ´4��½ö®

��Ðëê�è"AO/§è[76, 38, 19]äk'±c�Ð�ëê [65]",	§è[74, 37, 18]

Ú[76, 38, 19]���
���5è��Ðëê [63]"

3.1.3.3 GF(8)þ�géóè

3ù��!§·��ÑGF(8)þgéóè����E"�ζ ´GF(8)þ����§÷

vζ3 + ζ + 1 = 0§@o·�ke¡�½n"

½n3.16. �p´/X16k + 13�Û�ê§@oGF(8)þ±Pp(ζ5, ζ, ζ3, ζ2, ζ3)�)¤Ý
�è

´��2p�géóè"
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L 3-2 GF(4) þdPp(0, 1, ζ
2, 1, ζ), Pp(ζ, ζ, ζ, ζ

2, 0), Bp(0, ζ, 1, ζ
2, 0, 0) ÚBp(0, ζ, 1, ζ, ζ, ζ

2)�E�

è

è �E µØ

[10, 5, 4] P5(0, 1, ζ
2, 1, ζ) 4��

[26, 13, 8] P13(ζ, ζ, ζ, ζ
2, 0) ®��Ð [56]

[58, 29, 15] P29(ζ, ζ, ζ, ζ
2, 0) ®��Ð [56]

[60, 30, 16] B29(0, ζ, 1, ζ, ζ, ζ
2) ®��Ð [65]

[74, 37, 18] P37(0, 1, ζ
2, 1, ζ) ®��Ð [65]

[76, 38, 19] B37(0, ζ, 1, ζ
2, 0, 0) ��±c [65]

y². XJp = 16k + 13§@odÚn 3.10�

D0(ζ
5, ζ, ζ3, ζ2, ζ3) = (4k + 2)ζ + 1 ≡ 1 (mod 2),

D1(ζ
5, ζ, ζ3, ζ2, ζ3) = ζ2 + A+ ζ2B + ζ3C + ζ2D ≡ 0 (mod 2),

D2(ζ
5, ζ, ζ3, ζ2, ζ3) = ζ6A+ ζB + ζ6C + ζD + ζE ≡ 0 (mod 2).

�â½n 3.8§·���GF(8)þ±Pp(ζ
5, ζ, ζ3, ζ2, ζ3)�)¤Ý
�è´��2p�géó

è"

L3-3�Ñ
�
ù«è�~f"Ù¥è[26, 13, 10]��
���5è��Ðëê [63]§

¿�è��58�è´#�"

L 3-3 GF(8)þdPp(ζ
5, ζ, ζ3, ζ2, ζ3)�E�è

è �E µØ

[26, 13, 10] P13(ζ
5, ζ, ζ3, ζ2, ζ3) ®��Ð [65]

[58, 29, 18] P29(ζ
5, ζ, ζ3, ζ2, ζ3)

3.1.4 AAA������3������þþþ���oooggg���{{{VVVÌÌÌ���gggéééóóóèèè

3.1.4.1 GF(3)þ�géóè

3ù��!§·��ÑGF(3)þgéóè�ü��EµBp(1, 1, 0, 1, 2, 1)ÚBp(1, 1, 0, 0, 1, 1)§

·���Ñ
�
ù
�E�~f"·�Äk�Ñe¡�Ún"

54



3 g��è9Ù3þfè¥�A^

Ún3.17. �p´/X24k + 13�Û�ê§Ù¥k ´�K�ê"b�g ´p���"XJp =

x2 + y2, x ≡ 1 (mod 4), y ≡ g
p−1
4 x (mod p)"K�3�êm, n÷vm ≡ 2 (mod 3) ½

ön ≡ 1 (mod 3)§¦�x = 4m+ 1§y = 4n+ 2"¿�k

1. XJm ≡ 2 (mod 3)§KA ≡ 0 (mod 3)§C+1 ≡ 0 (mod 3)Ú2B+C+2D+2E ≡ 0

(mod 3)¶

2. XJn ≡ 1 (mod 3)§K2 +A+B+ 2E ≡ 0 (mod 3)Ú2 +A+D+ 2E ≡ 0 (mod 3)"

y². b�m 6≡ 2 (mod 3)§K

24k + 13 = 16m2 + 8m+ 1 + 16n2 + 16n+ 4,

�Ò´`

3k + 1 = 2m2 +m+ 2n2 + 2n.

du

2m2 +m =

0; XJm ≡ 0, 1 (mod 3),

1; XJm ≡ 2 (mod 3),

�

2n2 + 2n =

0; XJn ≡ 0, 2 (mod 3),

1; XJn ≡ 1 (mod 3).

Ïdn ≡ 1 (mod 3)"

XJm ≡ 2 (mod 3)§K4A = p−7+2x
4

= 24k+13−7+8m+2
4

≡ 0 (mod 3) �16(C + 1) =

24k + 13 + 1 − 6x + 16 ≡ 0 (mod 3)"duA ÚC + 1 ´�ê§·�kA ≡ 0 (mod 3)

ÚC + 1 ≡ 0 (mod 3)"¿�

2(2B + C + 2D + 2E)

=
2p+ 2 + 4x

4
+
p+ 1− 6y

8
+
p− 3− 2x

4

= 21k −m+ 11

≡ 0 (mod 3),

±92B + C + 2D + 2E ´�ê§l2B + C + 2D + 2E ≡ 0 (mod 3)"
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XJn ≡ 1 (mod 3)§K

2(2 + A+B + 2E)

= 4 +
p− 7 + 2x

8
+
p+ 1 + 2x− 4y

8
+
p− 3− 2x

4

= 12k − 2n+ 8

≡ 0 (mod 3),

�

2(2 + A+D + 2E)

= 4 +
p− 7 + 2x

8
+
p+ 1 + 2x+ 4y

8
+
p− 3− 2x

4

= 12k + 2n+ 10

≡ 0 (mod 3).

du2 + A + B + 2E Ú2 + A + D + 2E ´�ê§·�k2 + A + B + 2E ≡ 0 (mod 3)

Ú2 + A+D + 2E ≡ 0 (mod 3)"

��þ¡Ún���A^§·�ke¡�½n"

½n3.18. �p ´/X24k + 13��ê"@op = x2 + y2§Ù¥x = 4m + 1§y = 4n + 2

�m, n´÷vm ≡ 2 (mod 3)½ön ≡ 1 (mod 3)��ê"¿�·�k

1. XJm ≡ 2 (mod 3)§@oGF(3)þ±Bp(1, 1, 0, 1, 2, 1)�)¤Ý
�è´géóè¶

2. XJn ≡ 1 (mod 3)§@oGF(3)þ±Bp(1, 1, 0, 0, 1, 1)�)¤Ý
�è´géóè"

y². �p´/X24k + 13�Û�ê"b�m ≡ 2 (mod 3)§KdÚn 3.17§·�k

α + p = 24k + 14 ≡ 2 (mod 3),

− α +m0 + (
p− 1

4
)(m1 +m2 +m3 +m4) ≡ 0 (mod 3),

D0(1, 0, 1, 2, 1) = 36k + 19 ≡ 1 (mod 3),

D1(1, 0, 1, 2, 1) = 2 + 4A+ 3B + 3D + 6E ≡ 2 (mod 3),

D2(1, 0, 1, 2, 1) = 2 + 3A+ 2B + C + 2D + 8E ≡ 2 (mod 3).

�â½n 3.8§GF(3)þ±Bp(1, 1, 0, 1, 2, 1)�)¤Ý
�è´géóè"
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b�n ≡ 1 (mod 3)§@odÚn 3.17§·�k

α + p = 24k + 14 ≡ 2 (mod 3),

− α +m0 + (
p− 1

4
)(m1 +m2 +m3 +m4) ≡ 0 (mod 3),

D0(1, 0, 0, 1, 1) = 12k + 7 ≡ 1 (mod 3),

D1(1, 0, 0, 1, 1) = 1 + A+B + 2E ≡ 2 (mod 3),

D2(1, 0, 0, 1, 1) = 1 + A+D + 2E ≡ 2 (mod 3).

�â½n 3.8§GF(3)þ±Bp(1, 1, 0, 0, 1, 1)�)¤Ý
�è´géóè"

L3-4�Ñ
ù
è��
~f"5¿�L3-4¥¤k�èÑ��
���5è��Ð

ëê [63]"

L 3-4 GF(3)þdBp(1, 1, 0, 1, 2, 1)ÚBp(1, 1, 0, 0, 1, 1)�E�è

è �E µØ

[28, 14, 9] B13(1, 1, 0, 1, 2, 1) 4��

[76, 38, 18] B37(1, 1, 0, 0, 1, 1) ®��Ð [56]

[124, 62, 24] B61(1, 1, 0, 0, 1, 1) ®��Ð [63]

3.1.4.2 GF(9)þ�géóè

3ù��!§·��ÑGF(9)þgéóè�ü�Ã¡a��E"�ζ ´GF(9)¥���

�§÷vζ2 + 2ζ + 2 = 0§K·�ke¡�Ún"

Ún3.19. �p´/X24k + 5�Û�ê§Ù¥k ´�K�ê"KC ≡ 0 (mod 3)�2 + B +

D + 2E ≡ 0 (mod 3)"

y². �p = x2 + y2�x ≡ 1 (mod 4)"b��3�êm¦�x = 4m+ 1"XJp = 24k+ 5§

@o�â½n 3.3k

16C = p+ 1− 6x = 24k + 6− 6x ≡ 0 (mod 3).
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duC ´�ê§KC ≡ 0 (mod 3)"aq�§·�k

2 +B +D + 2E

= 2 +
p+ 1 + 2x

8
+
p− 3− 2x

8

= 2 +
p− 1

4

= 6k + 3

≡ 0 (mod 3).

@o·�ke¡�½n

½n3.20. �p´/X24k+5�Û�ê§Ù¥k´�K�ê"K3GF(9)þ±Pp(ζ2, ζ, ζ7, ζ, ζ7)

�)¤Ý
�è´��2p�géóè"

y². XJp = 24k + 5§dÚn 3.19·�k§

D0(ζ
2, ζ, ζ7, ζ, ζ7) = 2,

D1(ζ
2, ζ, ζ7, ζ, ζ7) = ζ7 + ζ3B + ζ2C + ζ3D + ζ7E ≡ 0 (mod 3),

D2(ζ
2, ζ, ζ7, ζ, ζ7) = ζ5 + ζB + ζ6C + ζD + ζ5E ≡ 0 (mod 3).

�â½n 3.8§GF(9)þ±Pp(ζ
2, ζ, ζ7, ζ, ζ7)�)¤Ý
�è´��2p�géóè"

éup´/X24k + 13�Û�ê§·�ke¡�½n"

½n3.21. �p´/X24k + 13�Û�ê"@op = x2 + y2§Ù¥x = 4m + 1§y = 4n + 2§

m, n´÷vm ≡ 2 (mod 3)½ön ≡ 1 (mod 3)��ê"XJm ≡ 2 (mod 3)K3GF(9)þ

±Pp(ζ2, 1, ζ7, ζ5, ζ7)�)¤Ý
�è´��2p�géóè"

y². XJp = 24k + 13�m ≡ 2 (mod 3)§�âÚn 3.17k

D0(ζ
2, 1, ζ7, ζ5, ζ7) = 2 + (6k + 3)ζ5 ≡ 2 (mod 3),

D1(ζ
2, 1, ζ7, ζ5, ζ7) = ζ5 + 2A+ ζ5C ≡ 0 (mod 3),

D2(ζ
2, 1, ζ7, ζ5, ζ7) = ζ5 +B + ζ6C +D + E ≡ 0 (mod 3).
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d½n 3.8§·�kGF(9)þ±Pp(ζ
2, 1, ζ7, ζ5, ζ7) �)¤Ý
�è´��2p �géóè"

L3-5�Ñ
þ¡ü��E��
~f"Ù¥è[10, 5, 6]Ú[58, 29, 18]��
���5

è��Ðëê [63]"

L 3-5 GF(9)þdPp(ζ
2, ζ, ζ7, ζ, ζ7)ÚPp(ζ

2, 1, ζ7, ζ5, ζ7)�E�è

è �E µØ

[10, 5, 6] P5(ζ
2, ζ, ζ7, ζ, ζ7) 4��

[26, 13, 10] P13(ζ
2, 1, ζ7, ζ5, ζ7) ®��Ð [65]

[58, 29, 18] P29(ζ
2, ζ, ζ7, ζ, ζ7) ®��Ð [63]

µØ3.22. éup = 24k + 13 = x2 + y2§Ù¥x = 4m + 1§y = 4n + 2§m, n´÷vn ≡ 1

(mod 3)��ê"·��&�U�Ñ�A�VÌ�è��E"�´÷vù�^�����

ê´37§�3GF(9)þû½[74, 37]géóè�4�ål´(J�"

µØ3.23. ·���U��GF(2)§GF(3)§GF(4)§GF(8)ÚGF(9)þ�Ù¦XVÌ�£�>

VÌ�¤è§3ùp·���Ñ@
äkÐ�4�ål�è"

3.1.5 gggÓÓÓ���+++

3ù�Ù!§·�y²�
'uVÌ�è�gÓ�+�(J"·�Äk�ÄGF(q)þ

±Bp(0,m0,m1,m2,m3,m4)�)¤Ý
�è�gÓ�+§Ù¥p´/X8k + 5��ê�q´

���ê�"d©z [55]§·��ÄGF(q)þ�ê�p + 1��5�mVp+1 Ú§��|Ä�

þµe∞ = (1, 0, . . . , 0), e0 = (0, 1, . . . , 0), . . . , ep−1 = (0, 0, . . . , 1)"�g´GF(p)�����

χ(a) =



m0; XJa = 0,

m1; XJa = g4iéu,�i,

m2; XJa = g4i+1éu,�i,

m3; XJa = g4i+2éu,�i,

m4; XJa = g4i+3éu,�i.
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·�½Â�^3Vp+1þ�C�Spµ

e∞Sp =

p−1∑
j=0

ej, eiSp =

p−1∑
j=0

χ(j − i)ej, i = 0, . . . , p− 1.

éuGF(p)¥?¿���b§·�½Â £C�S(b)µ

e∞S(b) = e∞, eiS(b) = ei+b, i = 0, . . . , p− 1.

éus 6= 0§·�½ÂogC�T (s4)µ

e∞T (s4) = e∞, eiT (s4) = eis4 , i = 0, . . . , p− 1.

K·�ke¡�·K"

·K3.24. éu?¿�b ∈ GF(p)§0 6= s ∈ GF(p)±9GF(q)þ�C�Spkµ

SpS(b) = S(b)SpÚSpT (s4) = T (s4)Sp.

y². �
y²�ª§·��I�©OO��ª��>Ú�ª�m>�^3Ä�þþ�(

Jµ

e∞SpS(b) =

p−1∑
j=0

ejS(b) =

p−1∑
j=0

ej+b,

e∞S(b)Sp = e∞Sp =

p−1∑
j=0

ej.

du�jH{GF(p)�§j + bH{��GF(p)§þ¡ü��ª��"éui = 0, . . . , p− 1§

eiSpS(b) =

p−1∑
j=0

χ(j − i)ejS(b) =

p−1∑
j=0

χ(j − i)ej+b,

eiS(b)Sp = ei+bSp =

p−1∑
j=0

χ(j − i− b)ej,

ùü��þ���"ÏdSpS(b) = S(b)Sp"

du

e∞SpT (s4) =

p−1∑
j=0

ejT (s4) =

p−1∑
j=0

ejs4 ,

e∞T (s4)Sp = e∞Sp =

p−1∑
j=0

ej,
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¿�éui = 0, . . . , p− 1§

eiSpT (s4) =

p−1∑
j=0

χ(j − i)ejT (s4) =

p−1∑
j=0

χ(j − i)ejs4 ,

eiT (s4)Sp = eis4Sp =

p−1∑
j=0

χ(j − is4 − b)ej,

ÏdSpT (s4) = T (s4)Sp"

e¡·�½Âde¡�C�)¤�+R(p) (päk/ª8k + 5)µ

1. Ì� £µx 7→ x+ b§Ù¥b3GF(p)¥§

2. ogC�µx 7→ s4x§Ù¥s 6= 03GF(p)¥"

@o·�ke¡�(Jµ

½n3.25. GF(q)þ?¿±Bp(0,m0,m1,m2,m3,m4)�)¤Ý
�è3+R(p)Ó��^3)

¤Ý
Bp(0,m0,m1,m2,m3,m4)üÜ©´ØC�"

y². duBp(0,m0,m1,m2,m3,m4) =
(
I Sp

)
. @o�^?¿�S(b)ÚT (s4)¥�C

�M§�â·K 3.24·�k(
I Sp

) M 0

0 M

 =
(
M SpM

)
=
(
M MSp

)
= M

(
I Sp

)
.

ùÒy²
(Ø"

½n3.26. GF(q)þ±Pp(m0,m1,m2,m3,m4)�)¤Ý
�è�gÓ�+�¹����

�p(p−1)
4
�+"

y². �âÌ� £µx → x + bÚogC�µx → s4x��E§Ù¥b3GF(p)¥§s 6= 0

3GF(p)¥"¦��±Ó��^3)¤Ý
�üÜ©�ØC§¿�¦�/¤����

�p(p−1)
4
�+"l(Ø¤á"

3.1.6 ������oooggg���{{{oooÌÌÌ���gggéééóóóèèè

3ù�Ù!§·�½Âog�{oÌ�è"Ó�·��������géóè�Ã¡

a"
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½Â3.27. �Fn(R1, R2)´±/X
R1 R2

I2n

Rt
2 Rt

1

 ,

�)¤Ý
�è§Ù¥R1, R2 ´n × n Ì�Ý
"èFn(R1, R2) ¡�oooÌÌÌ���èèè"b�p

´��/X8k + 5 �Û�ê§R1 ÚR2 /Xm0Ip + m1A1 + m2A2 + m3A3 + m4A4§Ù

¥mi ∈ GF(q)§i = 0, 1, 2, 3, 4, 5"@oèFp(R1, R2)¡�oooggg���{{{oooÌÌÌ���èèè"

·�ke¡�½n"

½n3.28. �p´/X16k + 13�Û�ê§KGF(2)þ±Fp(A4, Ip + A2 + A3 + A4)�)¤Ý


�è´��4p�géóè"

y². XJpäk/ª16k + 13§K

Fp(A4, Ip + A2 + A3 + A4)Fp(A4, Ip + A2 + A3 + A4)
t = I2p +

 X Y

Y X

 ,

Ù¥X = (1+A+2B+2D+5E)(A1+A3)+(2+4A+B+C+D+3E)(A2+A4)+(16k+13)Ip

±9Y = 2A4(Ip + A2 + A3 + A4)"@o�âÚn 3.10§3GF(2)þFp(A4, Ip + A2 + A3 +

A4)Fp(A4, Ip + A2 + A3 + A4)
t = 0"¤±GF(2)þ±Fp(A4, Ip + A2 + A3 + A4)�)¤Ý


�è´��4p�géóè"

~3.29. �p = 13"A^½n 3.28·�����[52, 26, 10]géóè§�§´�`� [56]"

3.1.7 ooo(((

géóè3êâDÑ¥k^A^§�´��E��äk��4�ål�géóè´

ØN´�"·�$�vuy��ì?Ð�géóèÃ¡a§=¦§®²�y²�3 [112,116]"

�k¶�géóè´�g�{VÌ�géóè§§�4�ålk��²��. [24]"3ù�

Ù!§·�|^og�{�E
A�géóè�Ã¡a"§�¥k
è�ëê'®�(J

�Ð"êâw«§�4�ål�Uk��aq��g�{VÌ�géóè�."

·����k��È�g�{è��{´��Èè§§´|^ù�èäk��gÓ�

+5Èè� [115]"33.1.5!§·�y²
·��E�è�äk��gÓ�+"¤±é�U
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·��è�k��éÐ�Èè�{"

,�����Ñ5�´33.1.6!§·�^og�{�
����oÌ�géóè��

�Ã¡a"�,·���±3Ù¦�þ�Ñaq��E"duè�¬C�é�§·�v{

�Ñ?Û�~f§�·�E�&ù
�EU
��Ð�géóè"

3.2 þþþfffèèè

3.2.1 000���

þfÅ�è3þfO�ÚþfÏ&¥k��^"3©z [22,23]¥§Calderbank�<u

y�±|^F2½F4þ�²;g��è5�Eþfè"ùé¯�í2�����/
[8,127]"

gd��§|^²;Euclideang��è½Hermitiang��è§éõþfè®²��EÑ

5
 [3,32,141]"

�q ´���ê�§��[[n, k, d]]q þfè´�Cqn þ4�ål�d�qk �f�m§§

Uuyd− 1�þf�ØÚÅ��õbd−1
2
c�þf�Ø"�²;?ènØaq§þf?èn

Ø���Ø%?Ö´�EäkÐ�ëê�þfè"e¡�½n�Ñ
þfè4�ål�e

."

½n3.30. ( [92,97]þfSingleton.)äkëê[[n, k, d]]q �þfè÷v

2d ≤ n− k + 2.

����þfSingleton.�þfè¡�þf4�ål�©è"Ò�²;�5è��§

þf4�ål�©è�´�a��þfè"�Eþf4�ål�©è®²¤�CAcþ

fènØ���¥%�K"8ckéõ�{��Eþfè§e¡�½n´�~^���

�E�{"

½n3.31. ( [8] Hermitian �E) XJC ´��[n, k, d]q2�5è÷vC
⊥H ⊆ C§K�3�

�[[n, 2k − n,≥ d]]qþfè"

�²;�5èaq§þfè�k�û�K"

½n3.32. ( [51]�û�K)b��3��[[n, k, d]]q þfè"@o
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1. (fè)�3��[[n, k − 1,≥ d]]q þfè¶

2. (\�)�3��[[n+ 1, k,≥ d]]q þfè¶

3. (eB)�3��[[n− 1, k,≥ d− 1]]q þfè¶

4. �3��[[n, k, d− 1]]q þfè"

éuþf4�ål�©è§·�ke¡�íØ"

íØ3.33. XJ�3��Hermitian g��[n, k, n − k + 1]q24�ål�©è§K�3�

�[[n, n− 2k, k + 1]]q þf4�ål�©è"

8c§'uþf4�ål�©èkéõ�ïÄó�£ë�©z [14,31,50,64,66,86,88–90,101,102,110,162]¤"

,§��Eäkè�n > q + 1Ú4�åld > q
2
�þf4�ål�©è´ØN´�"3

ùÜ©§·�ò©O|^~Ì�èÚ2ÂReed-Solomonè��Eþf4�ål�©è"

ÄuReed-Solomonè§�±�E��Ð�Hermitiang��èa"�´��q�Reed-

Solomonè�è�´�u�uq"|^D���{§<�¤õí2
Reed-Solomonè¿�

E
Aaè��uq�Ð��5è£ë�©z [49,87,111,145,158]¤",§ù
è��5`¿Ø

´Hermitiang���"3ùÜ©§·�Äk|^D���{�Ñ���5è��E§,�

û½§��éóè"ù�§·���Hermitiang��èÚ#�þfè"k
þfè�ëê

'®��3�L� [45,63]¥�ëêÐ"

3.2.2 OOO���óóó���

PFq �q�k��§Ù¥q ´���ê�"Fqþ��n��5è´Fnq�f�m"�½

ü��þx = (x0, x1, · · · , xn−1), y = (y0, y1, · · · , yn−1) ∈ Fnq§·�éü«SÈa,�"�«

´EuclideanSÈ§½Â�

〈x, y〉E =
n−1∑
i=0

xiyi.

�q = l2§Ù¥l´���ê�§K·��±�Ä§��HermitianSÈ§½Â�

〈x, y〉H = x0y
l
0 + x1y

l
1 + · · ·+ xn−1y

l
n−1.

èC �Euclideanéóè½Â�

C⊥E = {x ∈ Fnq | 〈x, y〉E = 0é?¿�y ∈ C}.
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aq�§èC �Hermitianéóè½Â�

C⊥H = {x ∈ Fnq |〈x, y〉H = 0é?¿�y ∈ C}.

���5èC ¡�Euclidean (Hermitian)g��XJC ⊆ C⊥E (C ⊆ C⊥H)"

éu�þx = (x1, · · · , xn) ∈ Fnq2§�xi = (xi1, · · · , xin)"éuFnq2�f8ÜS§½ÂSq �

8Ü{xq| x ∈ S}"@oN´��éuFq2þ��5èC §·�kC⊥H = (Cq)⊥E"Ïd§C

´Hermitiang����=�C ⊆ (Cq)⊥E§�Ò´`§Cq ⊆ C⊥E"

3.2.2.1 ~Ì�è

b�gcd(n, q) = 1"éuη ∈ F∗q2§����n�q2��5èC ¡�´η ~Ì��XJ§

3η~Ì� £C�e´ØC�µ

(c0, c1, · · · , cn−1)→ (ηcn−1, c0, · · · , cn−2).

XJ·�rèic = (c0, c1, · · · , cn−1)�du§�õ�ªL«c(x) = c0+c1x+· · ·+cn−1xn−1§

@o��Fq2þ��n�η~Ì�èC �duû�Fq2 [x]/〈xn − η〉���n�§Ù¥xc(x)é

Auc(x)�η~Ì� £"d	Fq2 [x]/〈xn − η〉´��Ìn���§¿�C dxn − η�Ä�

Ïfg(x))�"3ù«�¹e§g(x)¡�C �)¤õ�ª�PC = 〈g(x)〉"XJη = −1§

·�¡ù��è�æÌ�è"

�η ∈ Fq2 ´����rgü �"dugcd(n, q) = 1§@o3Fq2�,�*�¥�3�

���(rn)gü �ω÷vωn = η"N´�yeª

xn − η =
n−1∏
i=0

(x− ω1+ir).

�Ω = {1 + ir|0 ≤ i ≤ n− 1}"éuz��j ∈ Ω§�Cj ´�¹j��rn�q
2©��8"

�C´Fq2þ��ndg(x))¤�η~Ì�è"@o8ÜZ = {j ∈ Ω|g(ωj) = 0}¡�C �½Â

8"N´wÑC �½Â8´�rn�q2©��8��
¿§�dim(C) = n − |Z|"N´O�

ÑC⊥H �½Â8´Z⊥H = {j ∈ Ω| − qj (mod rn) /∈ Z}"

aquÌ�è§~Ì�è�kBCH."

½n3.34. ( [11,159] ~Ì�è�BCH.)�C ´Fq2þ���n�η~Ì�è§Ù¥η´��rg

ü �"�ω´Fq2�,�*�¥�����(rn)gü �÷vωn = η"b�C�)¤õ�

ª���¹38Ü{ω1+ri|i1 ≤ i ≤ i1 + d− 2}¥"@oC�4�ål��´d"
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e¡�Ún�Ñ
���{�O��Fq2þ��n�η~Ì�è´Ä�¹§�Hermitiané

óè"

Ún3.35. [90] �r ´q + 1��Ïf�η ∈ F∗q2 ���r"�C ´Fq2þ��n§½Â8�Z ⊆

Ω�η~Ì�è§@oC �¹§�Hermitian éóè��=�Z
⋂

(−qZ) = ∅§Ù¥−qZ =

{−qz (mod rn)|z ∈ Z}"

3.2.2.2 2ÂReec-Solomonè

e¡·�0�2ÂReed-Solomon è�Ä�VgÚ5�"�Fq ¥�n �ØÓ�

�a1, · · · , an±9Fq¥�n��"�v1, · · · , vn"éu1 ≤ k ≤ n§·�½Âè

GRSk(a,v) := {(v1f(a1), · · · , vnf(an))| f(x) ∈ Fq[x]Údeg(f(x)) < k},

Ù¥a = (a1, · · · , an)Úv = (v1, · · · , vn)"èGRSk(a,v)¡�Fqþ�2ÂReed-Solomonè"

¯¤±���2ÂReed-SolomonèGRSk(a,v)´äkëê[n, k, n− k + 1]q�4�ål�©

è"e¡�Ún�Ñ
���{�O��2ÂReed-Solomonè´Ä´Hermiang���"

Ún3.36. �a = (a1, · · · , an) ∈ Fnq2Úv = (v1, · · · , vn) ∈ (F∗q2)n§KGRSk(a,v) ⊆ GRSk(a,v)⊥H

��=�〈aqj+l,vq+1〉E = 0é¤k0 ≤ j, l ≤ k − 1"

y². 5¿�GRSk(a,v) ⊆ GRSk(a,v)⊥H��=�GRSk(a,v)q ⊆ GRSk(a,v)⊥E"w,GRSk(a,v)q

k�|Ä{(vq1a
iq
1 , · · · , vqnaiqn )|0 ≤ i ≤ k − 1}§ÚGRSk(a,v)k�|Ä{(v1ai1, · · · , vnain)|0 ≤

i ≤ k − 1}"¤±GRSk(a,v)q ⊆ GRSk(a,v)⊥E ��=�
∑n

i=1 v
q+1
i aqj+li = 0é¤k0 ≤ j, l ≤

k − 1"

5¿�Ún3.36´Rains [127]Ú\�eBè�A~§�´éu·�e¡��E5`§Ú

n3.36®²v

"

3.2.3 |||^̂̂~~~ÌÌÌ���èèè���EEEþþþfff444���ååålll���©©©èèè

3.2.3.1 �� q2+1
5
�þf4�ål�©è

�q´/X10m+3½10m+7�Û�ê�§Ù¥m´����ê"�n = q2+1
5
§r = q+1

�η ∈ Fq2 ´����rgü �"e¡§·�^Fq2þ���n�η~Ì�è��Eþfè"

Äk§·�I�e¡�Ún"
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Ún3.37. [90] �n = q2+1
5
§s = q2+1

2
�r = q + 1"@oΩ = {1 + ri|0 ≤ i ≤ n− 1}´q2©�

�8�Ø�¿µ

Ω = Cs
⋃

Cs+n(q+1)/2

⋃
(

n/2−1⋃
j=1

Cs−(q+1)j),

Ù¥Cs = {s}§Cs+n(q+1)/2 = {s + n(q + 1)/2} �éu1 ≤ j ≤ n/2 − 1§Cs−(q+1)j =

{s− (q + 1)j, s+ (q + 1)j}"

Ún3.38. 1. b�q ´/X10m + 3�Û�ê�§Ù¥m ´��ê"XJC ´Fq2þ�

�n = q2+1
5
§½Â8´Z =

⋃δ
j=0Cs−(q+1)j�η~Ì�è§Ù¥η ´��rgü �§

0 ≤ δ ≤ 3m§KC⊥H ⊆ C"

2. b�q ´/X10m + 7�Û�ê�§Ù¥m´��ê"XJC ´Fq2þ��n = q2+1
5
§

½Â8´Z =
⋃δ
j=0Cs−(q+1)j�η~Ì�è§Ù¥η´��rgü �§0 ≤ δ ≤ 3m+1§

KC⊥H ⊆ C"

y². ·�ò�y²1�Ü©§1�Ü©�±aq�y²"·��½q = 10m + 3

Ú0 ≤ δ ≤ 3m"�âÚn 3.35§·��Iy²Z
⋂

(−qZ) = ∅"b��3�ê0 ≤ i ≤ j ≤ δ

¦�Cs−(q+1)i = −qCs−(q+1)j"

�/1: s− (q + 1)i ≡ −q(s− (q + 1)j) (mod (q + 1)n)"

ÏLO���
q2 + 1

2
≡ i+ qj (mod

q2 + 1

5
).

duq = 10m+ 3§·�k

10m2 + 6m+ 1 ≡ i+ (10m+ 3)j (mod 20m2 + 12m+ 2).

5¿�0 ≤ i+ (10m+ 3)j ≤ 3m+ 30m2 + 9m < 3(10m2 + 6m+ 1)§·�k

10m2 + 6m+ 1 = i+ (10m+ 3)j,

�Ò´

i = 10m2 + 6m+ 1− (10m+ 3)j.

XJj ≤ m§@oi ≥ 3m+ 1§gñ"

XJj ≥ m+ 1§@oi ≤ −7m− 2§gñ"

�/2: s− (q + 1)i ≡ −q(s+ (q + 1)j) (mod (q + 1)n).
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éuù«�/§·�k

q2 + 1

2
≡ i− qj (mod

q2 + 1

5
).

duq = 10m+ 3§·�k

10m2 + 6m+ 1 ≡ i− (10m+ 3)j (mod 20m2 + 12m+ 2).

N´�y3m ≥ i− (10m+ 3)j ≥ −30m2 − 9m > −3(10m2 + 6m+ 1)§l

−(10m2 + 6m+ 1) = i− (10m+ 3)j,

Ïd

i = (10m+ 3)j − (10m2 + 6m+ 1).

XJj ≤ m§Ki ≤ −3m− 1§gñ"

XJj ≥ m+ 1§Ki ≥ 7m+ 2§gñ"

½n3.39. (1) �q ´/X10m + 3�Û�ê§K�3q �[[ q
2+1
5
, q

2+1
5
− 2d + 2, d]]þf4�

ål�©è§Ù¥2 ≤ d ≤ 6m+ 2´óê"

(2) �q ´/X10m + 7�Û�ê§K�3q �[[ q
2+1
5
, q

2+1
5
− 2d + 2, d]]þf4�ål�©

è§Ù¥2 ≤ d ≤ 6m+ 4´óê"

y². 5¿�Ø
Cs ÚCs+n(q+1)/2§z�q
2©��8kü���§K�âHermitian�EÚ

Ún3.38§(Ø¤á"

µØ3.40. 3©z [90]¥, Kai�<�E
e¡üaþf4�ål�©è"

1. XJq´/X20m+3½20m+7�Û�ê�§K�3��q�[[ q
2+1
5
, q

2+1
5
−2d+2, d]]þ

f4�ål�©è§Ù¥2 ≤ d ≤ q+5
2
´óê"

2. XJq´/X20m−3½20m−7�Û�ê�§K�3��q�[[ q
2+1
5
, q

2+1
5
−2d+2, d]]þ

f4�ål�©è§Ù¥2 ≤ d ≤ q+3
2
´óê"

w,§·��(Jk���4�ål"
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3.2.3.2 �� q2−1
2t
�þf4�ål�©è

�q´/X2tm + 1�Û�ê�"�n = q2−1
2t
Úr = 2"du2n|(q2 − 1)§@oéz�÷

v1 ≤ i ≤ 2n�Ûêi§�2n�q2©��8Ci�Ci = {i}"

Ún3.41. �q ´/X2tm + 1�Û�ê�Ún = q2−1
2t
"XJC ´����n§½Â8

�Z =
⋃δ
j=0C1+2j�q2�æÌ�è§Ù¥0 ≤ δ ≤ (t+ 1)m− 1§@oC⊥H ⊆ C"

y². �âÚn3.35§·��Iy²Z
⋂

(−qZ) = ∅"b��3�ê0 ≤ i ≤ j ≤ δ ÷

vC1+2i = −qC1+2j§�Ò´

1 + 2i ≡ −q(1 + 2j) (mod
q2 − 1

t
).

duq = 2tm+ 1§·�k

(2tm+ 1)(1 + 2j) + 1 + 2i ≡ 0 (mod 4tm2 + 4m).

5¿�0 < (2tm+ 1)(1 + 2j) + 1 + 2i < (t+ 1)(4tm2 + 4m)§·�k

(2tm+ 1)(1 + 2j) + 1 + 2i = x(4tm2 + 4m),

Ù¥1 ≤ x ≤ t"þª�du

1 + 2i = x(4tm2 + 4m)− (2tm+ 1)(1 + 2j).

XJj ≥ mx§K1 + 2i ≤ 2mx− 2mt− 1 < 0§gñ"

XJj ≤ mx− 1§K1 + 2i ≥ 2mx+ 2mt+ 1§gñ"

½n3.42. �q´/X2tm+ 1�Û�ê�§K�3��q�[[ q
2−1
2t
, q

2−1
2t
− 2d+ 2, d]]þf4�

ål�©è§Ù¥2 ≤ d ≤ (t+ 1)m+ 1"

y². 5¿�z�q2-©��8�k����§�âHermitian�EÚÚn3.41§(Ø¤á"

µØ3.43. �t = 1Úq = 2m+ 1"|^½n 3.42§�3��q�[[ q
2−1
2
, q

2−1
2
− 2d+ 2, d]]þf

4�ål�©è§Ù¥2 ≤ d ≤ q"ù�(J®²3©z [90]¥Ñy"
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µØ3.44. �m´��Ûê±9q = 2tm+ 1"|^½n3.42§�3��q�[[m(q + 1),m(q +

1)− 2d + 2, d]]þf4�ål�©è§Ù¥2 ≤ d ≤ (t + 1)m + 1ù�(J®²3©z [90] ¥

Ñy"

µØ3.45. �q ≡ 1 (mod 4)"b�m´��Ûê±9q = 4tm + 1"�â½n3.42§�3�

�q�[[2m(q + 1), 2m(q + 1)− 2d+ 2, d]]þf4�ål�©è§Ù¥2 ≤ d ≤ 2(t+ 1)m+ 1"

ù�(J�3©z [90]¥Ñy"

µØ3.46. ½n3.42��©z [31]Õá���"

3.2.3.3 �� q2−1
2t1t2
�þf4�ål�©è

3ù�Ù!§·��E�
�� q2−1
2t1t2
�q�þf4�ål�©è§Ù¥q ´Û�ê�§

(2t1)|(q − 1)§t2|(q + 1)±9t2´Ûê"�n = q2−1
2t1t2
Úr = 2"du2n|(q2 − 1)§Kéz�÷

v1 ≤ i ≤ 2n�Ûêi§�2n�q2©��8Ci�Ci = {i}"

Ún3.47. 1. �q´/X30m+ 11�Û�ê�Ún = q2−1
30
"XJC ´����n§½Â8

�Z =
⋃δ
j=2m+1C1+2j�q2�æÌ�è§Ù¥2m+ 1 ≤ δ ≤ 10m+ 2§KC⊥H ⊆ C"

2. �q ´/X30m + 19 �Û�ê�Ún = q2−1
30
"XJC ´����n§½Â8�Z =⋃δ

j=m+1C1+2j�q2�æÌ�è§Ù¥m+ 1 ≤ δ ≤ 9m+ 4§KC⊥H ⊆ C"

3. �q ´/X12m + 5 �Û�ê�Ún = q2−1
12
"XJC ´����n§½Â8�Z =⋃δ

j=2m+1C1+2j�q2�æÌ�è§Ù¥2m+ 1 ≤ δ ≤ 7m+ 1§KC⊥H ⊆ C"

y². ·�ò�y²1�Ü©§Ù¦Ü©�aq��"·��½q = 30m + 11Ú2m + 1 ≤

δ ≤ 10m + 2"�âÚn3.35§·��Iy²Z
⋂

(−qZ) = ∅"b��3�ê2m + 1 ≤ i ≤

j ≤ δ¦�C1+2i = −qC1+2j§�Ò´

1 + 2i ≡ −q(1 + 2j) (mod
q2 − 1

15
).

XJq = 30m+ 11§·�k

(30m+ 11)(1 + 2j) + 1 + 2i ≡ 0 (mod 60m2 + 44m+ 8).

5¿�2(60m2 + 44m+ 8) < (30m+ 11)(1 + 2j) + 1 + 2i < 10(60m2 + 44m+ 8),K

(30m+ 11)(1 + 2j) + 1 + 2i = x(60m2 + 44m+ 8),
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Ù¥3 ≤ x ≤ 9"5¿�4m+ 3 ≤ 1 + 2i ≤ 20m+ 5"þª�du

1 + 2i = x(60m2 + 44m+ 8)− (30m+ 11)(1 + 2j), 3 ≤ x ≤ 9.

éu�/3 ≤ x ≤ 4"XJj ≥ mx+ 1§K1 + 2i ≤ −2m− 1"XJj ≤ mx§K1 + 2i ≥

36m+ 13"gñ"

éu�/5 ≤ x ≤ 7"XJj ≥ mx + 2§K1 + 2i ≤ 4m + 1"XJj ≤ mx + 1§

K1 + 2i ≥ 20m+ 7"gñ"

éu�/8 ≤ x ≤ 9"XJj ≥ mx + 3§K1 + 2i ≤ −12m − 5"XJj ≤ mx + 2§

K1 + 2i ≥ 26m+ 9"gñ"

½n3.48. (1) �q´/X30m + 11�Û�ê�§K�3��q�[[ q
2−1
30
, q

2−1
30
− 2d + 2, d]]þ

f4�ål�©è§Ù¥2 ≤ d ≤ 8m+ 3"

(2) �q ´/X30m + 19�Û�ê�§K�3��q�[[ q
2−1
30
, q

2−1
30
− 2d + 2, d]]þf4�å

l�©è§Ù¥2 ≤ d ≤ 8m+ 5"

(3) �q´/X12m+ 5�Û�ê�§K�3��q�[[ q
2−1
12
, q

2−1
12
− 2d+ 2, d]]þf4�ål

�©è§Ù¥2 ≤ d ≤ 5m+ 2"

y². 5¿�z�q2©��8�k����§�âHermitian�EÚÚn3.47§(Ø¤á"

3.2.4 |||^̂̂222ÂÂÂReed-Solomonèèè���EEEþþþfff444���ååålll���©©©èèè

3.2.4.1 q�þf4�ål�©è§Ù¥q = 2am+ 1

3ù�Ù!§·��Äq�þf4�ål�©è§Ù¥q = 2am+ 1"·�ÄkI�e

¡�Ún"

Ún3.49. �q ´/X2am + 1�Û�ê�§ω ´Fq2 ¥����½����±9n = q2−1
2a
"

�at = (ω2a+t, ω4a+t, · · · , ω2na+t) ∈ Fnq2 Úu = (1, ωa, · · · , ω(n−1)a) ∈ Fnq2"@oé?¿

�0 ≤ j, l ≤ (a+ 1)m− 1§·�k〈aqj+lt ,uq+1〉E = 0"
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y². é?¿�0 ≤ j, l ≤ (a+ 1)m− 1§·�k

〈aqj+lt ,uq+1〉E =
n−1∑
i=0

ω[2a(i+1)+t](qj+l)ωia(q+1) = ω(t+2a)(qj+l)

n−1∑
i=0

ω2ai(qj+l+ q+1
2

).

·�äó2a(qj + l + q+1
2

) 6≡ 0 (mod q2 − 1)"ÄK�{qj + l = r q+1
2
§·�km(q +

1)| r+1
2

(q + 1)"K�3���êr1 ¦�r = 2mr1 − 1"Ïdqj + l = (2mr1 − 1) q+1
2

=

mr1q + (r1 − a)m− 1 = (mr1 − 1)q + (a+ r1)m§�0 ≤ j, l ≤ (a+ 1)m− 1gñ"l·�

k

〈aqj+lt ,uq+1〉E = ω(t+2a)(qj+l)

n−1∑
i=0

ω2ai(qj+l+ q+1
2

) = 0.

y3·�y²e¡�½n"

½n3.50. �q ´/X2am + 1 �Û�ê�"Kéz�1 ≤ b ≤ 2a§�3��[[bm(q +

1), bm(q + 1)− 2d+ 2, d]]q þf4�ål�©è§Ù¥2 ≤ d ≤ (a+ 1)m+ 1"

y². �at = (ω2a+t, ω4a+t, · · · , ω2na+t) ∈ Fnq2 Úu = (1, ωa, · · · , ω(n−1)a) ∈ Fnq2 , Ù¥n =

m(q + 1) = q2−1
2a
"�a = (a1, a2, · · · , ab)±9v = (u,u, · · · ,u︸ ︷︷ ︸

b times

)"

5¿�XJω2ai1+j1 = ω2ai2+j2§Ù¥1 ≤ i1, i2 ≤ n Ú1 ≤ j1, j2 ≤ b§Ki1 = i2

Új1 = j2"Ïd�þa¥���´üüØÓ�"

@oéu0 ≤ j, l ≤ (a+ 1)m− 1§�âÚn3.49§·�k

〈aqj+l,vq+1〉E =
b∑
i=1

〈aqj+li ,uq+1〉E = 0.

Ïdéu1 ≤ k ≤ (a + 1)m§GRSk(a,v) ⊆ GRSk(a,v)⊥H"l�âíØ3.33§(Ø¤á"

AO/§�b = 1§·���e¡�íØ§§�´©z [31,163]¥�Ì�(J"

íØ3.51. �q´/X2am+ 1�Û�ê�"@o�3��[[m(q + 1),m(q + 1)− 2d+ 2, d]]q

þf4�ål�©è§Ù¥2 ≤ d ≤ (a+ 1)m+ 1"

Ún3.49¥��þat ¥���/¤F∗q2 �f+����8"e¡�ÚnÚÚn3.49a

q§ØLÀ���þ´�Kat¥q + 1���"
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Ún3.52. �q´/X2am+ 1�Û�ê�§ω´Fq2 ¥�½����±9n = q2−1
2a
− q − 1"

�bt = (ω2a+t, ω4a+t, · · · , ωq−1−2a+t, ωq−1+2a+t, · · · , ω2q−2−2a+t, · · · , ωq2−q+2a+t, · · · , ωq2−1−2a+t) ∈

Fnq2"K�3�þw ∈ (F∗q2)n¦�é?¿0 ≤ j, l ≤ (a+ 1)m− 2§k〈bqj+lt ,wq+1〉E = 0"

y². �A´��(m−2)×(m−1)�Ý
§Ù¥Aij = ωaj(q+1)(2i−1) ∈ Fqéu1 ≤ i ≤ m−2

Ú1 ≤ j ≤ m− 1"@o�3c ∈ Fm−1q ¦�A · ct = 0"5¿�ÏLíØÝ
A�1j′�§�

{�Ý
¦±
∏

j 6=j′ ω
aj(q+1) ´��VandermondeÝ
§Ïd�þc�¤k���""l

·��±rcL«¤c = (ωa1(q+1), · · · , ωam−1(q+1))"

e¡�wi = (ωa1+i
q−1
2 , · · · , ωam−1+i

q−1
2 ) Úw = (w0,w1, · · · ,wq)"@oéu0 ≤ j, l ≤

(a+ 1)m− 2§·�k

〈bqj+lt ,wq+1〉E

=
m−1∑
i=1

ωai(q+1)

q−1
2∑

s=0

ω[2s(q−1)+t+2ai](qj+l) −
m−1∑
i=1

ωai(q+1)

q−1
2∑

s=0

ω[2s(q−1)+q−1+t+2ai](qj+l)

=ωt(qj+l)(1− ω(q−1)(qj+l))
m−1∑
i=1

ωai(q+1)+2ai(qj+l)

q−1
2∑

s=0

ω2s(q−1)(qj+l).

5¿�
q−1
2∑

s=0

ω2s(q−1)(qj+l) =

0; XJ q+1
2

- (qj + l),

q+1
2

; XJ q+1
2
|(qj + l).

b�qj + l = r q+1
2
"XJr´óê§Kω(q−1)(qj+l) = 1§Ïd〈bqj+lt ,wq+1〉E = 0"

XJr´Ûê§·�äór 6≡ 2m− 1 (mod 2m)"ÄK�{§�r = 2mx+ 2m− 1§@

oqj+ l = (2mx+ 2m− 1) q+1
2

= [(x+ 1)m− 1]q+ (a+x+ 1)m§ù�0 ≤ j, l ≤ (a+ 1)m− 2

gñ"Ïd2a(qj + l) (mod q2 − 1) ∈ {ar(q + 1)|1 ≤ r ≤ 2m− 3, r´Ûê}"·�k

〈bqj+lt ,wq+1〉E =
q + 1

2
ωt(qj+l)(1− ω(q−1)(qj+l))

m−1∑
i=1

ωai(q+1)+2ai(qj+l) = 0,

Ù¥����ª´�â�þc�½Â"

�âÚn3.49Ú3.52§·�ke¡�½n"

½n3.53. �q ´��/X2am + 1�Û�ê�"@oéu÷vb, c ≥ 0§1 ≤ b + c ≤ 2a±

9b ≥ 1½öm ≥ 2��êb, c§�3��[[(bm+ c(m− 1))(q + 1), (bm+ c(m− 1))(q + 1)−

2d+ 2, d]]q þf4�ål�©è§Ù¥2 ≤ d ≤ (a+ 1)m"
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y². �at = (ω2a+t, ω4a+t, · · · , ω2n1a+t) ∈ Fn1

q2§u = (1, ωa, · · · , ω(n1−1)a) ∈ Fn1

q2§bt =

(ω2a+t, ω4a+t, · · · , ωq−1−2a+t, ωq−1+2a+t, · · · , ω2q−2−2a+t, · · · , ωq2−q+2a+t, · · · , ωq2−1−2a+t) ∈ Fn2

q2§

Úw´Ún3.52¥½Â���n2��þ§Ù¥n1 = m(q+1) = q2−1
2a
Ún2 = (m−1)(q+1) =

q2−1
2a
−q−1"�a = (a1, a2, · · · , ab,bb+1,bb+2, · · · ,bb+c)±9v = (u,u, · · · ,u︸ ︷︷ ︸

b times

,w,w, · · · ,w︸ ︷︷ ︸
c times

)"

5¿�XJω2ai1+j1 = ω2ai2+j2§Ù¥1 ≤ i1, i2 ≤ n1 Ú1 ≤ j1, j2 ≤ b§@oi1 = i2

�j1 = j2"Ïd�þa¥���´üüØÓ�"

@oéu0 ≤ j, l ≤ (a+ 1)m− 2§�âÚn3.49Ú3.52§·�k

〈aqj+l,vq+1〉E =
b∑
i=1

〈aqj+li ,uq+1〉E +
b+c∑
i=b+1

〈bqj+li ,wq+1〉E = 0.

Ïdéu1 ≤ k ≤ (a + 1)m− 1§GRSk(a,v) ⊆ GRSk(a,v)⊥H"l�âíØ3.33§(Ø¤

á"

3.2.4.2 q�þf4�ål�©è§Ù¥q = 2am− 1

3ù�Ù!§·��Äq�þf4�ål�©è§Ù¥q = 2am− 1"·�Äky²e

¡�Ún"

Ún3.54. �q ´/X2am − 1 �Û�ê�§ω ´Fq2 ¥�½����±9n = q2−1
2a
"

�at = (ω2a+t, ω4a+t, · · · , ω2na+t) ∈ Fnq2 Úu = (1, ω2a−1, ω2(2a−1), · · · , ω(n−1)(2a−1)) ∈ Fnq2"@

oéu0 ≤ j, l ≤ (a+ 1)m− 3§·�k〈aqj+lt ,uq+1〉E = 0"

y². éu0 ≤ j, l ≤ (a+ 1)m− 3§·�k

〈aqj+lt ,uq+1〉E

=
n−1∑
i=0

ω(2a−1)i(q+1)ω[t+2a(i+1)](qj+l)

=ω(t+2a)(qj+l)

n−1∑
i=0

ωi[(q+1)(2a−1)+2a(qj+l)].

·�äó(q+ 1)(2a− 1) + 2a(qj+ l) 6≡ 0 (mod q2− 1)"ÄK�{§q+1
2a
|(qj+ l)§�qj+ l =

r q+1
2a
"·�k(q2 − 1)|(q + 1)(r + 2a − 1)§l(q − 1)|(r + 2a − 1)"K�3�êr1 ¦

�r = r1(q − 1)− 2a + 1"@o·�kqj + l = rm = [r1(q − 1)− 2a + 1]m = (r1m− 2)q +
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(2a+ 1− r1)m− 2§ù�0 ≤ j, l ≤ (a+ 1)m− 3gñ"Ïd

〈aqj+lt ,uq+1〉E

=ω(t+2a)(qj+l)

n−1∑
i=0

ωi[(q+1)(2a−1)+2a(qj+l)]

=ω(t+2a)(qj+l)

n−1∑
i=0

ω2ai[
(q+1)(2a−1)

2a
+(qj+l)]

=0.

y3·�y²e¡�½n"

½n3.55. �q ´/X2am − 1 �Û�ê�"Kéz�1 ≤ b ≤ 2a§�3��[[bm(q −

1), bm(q − 1)− 2d+ 2, d]]q þf4�ål�©è§Ù¥2 ≤ d ≤ (a+ 1)m− 1"

y². �at = (ω2a+t, ω4a+t, · · · , ω2na+t) ∈ Fnq2 Úu = (1, ω2a−1, ω2(2a−1), · · · , ω(n−1)(2a−1)) ∈

Fnq2§Ù¥n = m(q − 1) = q2−1
2a
"�a = (a1, a2, · · · , ab)Úv = (u,u, · · · ,u︸ ︷︷ ︸

b times

)"

5¿�XJω2ai1+j1 = ω2ai2+j2§Ù¥1 ≤ i1, i2 ≤ n Ú1 ≤ j1, j2 ≤ b§@oi1 = i2

�j1 = j2"Ïd�þa¥���´üüØÓ�"

@oéu0 ≤ j, l ≤ (a+ 1)m− 3§�âÚn3.54§·�k

〈aqj+l,vq+1〉E =
b∑
i=1

〈aqj+li ,uq+1〉E = 0.

Ïdéu1 ≤ k ≤ (a+ 1)m− 2§GRSk(a,v) ⊆ GRSk(a,v)⊥H"K�âíØ3.33§(Ø¤á"

AO/§�b = 1½ö4a´�ÛêÚb = 2§·�ke¡ü�íØ§§�´©z [153]¥

�Ì�(J"

íØ3.56. �q´/X2am− 1�Û�ê�"@o�3��[[m(q − 1),m(q − 1)− 2d+ 2, d]]q

þf4�ål�©è§Ù¥2 ≤ d ≤ (a+ 1)m− 1"

íØ3.57. �q ´/X2am − 1 �Û�ê�§Ù¥a ´��Ûê"@o�3��[[2m(q −

1), 2m(q − 1)− 2d+ 2, d]]q þf4�ål�©è§Ù¥2 ≤ d ≤ (a+ 1)m− 1"
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�
�E�õ�þf4�ål�©è§·�I�e¡�Ún [88]"

Ún3.58. [88] �A´Fq2 þ��n − 1�(n − 1) × nÝ
"�§Ax = 03Fq k���")

��=�A(q)ÚA´1�d�§Ù¥A(q)´rA�¤k���qg�"

K·�ke¡�Ún"

Ún3.59. �q´/X2am− 1�Û�ê�±9n = q2−1
2a
− q + 1"�bt = (ω2a+t, ω4a+t, · · · ,

ωq+1−2a+t, ωq+1+2a+t, · · · , ω2q+2−2a+t, · · · , ωq2−q−2+2a+t, · · · , ωq2−1−2a+t) ∈ Fnq2"@o�3w ∈

(F∗q2)n¦�éu0 ≤ j, l ≤ (a+ 1)m− 4§k〈bqj+lt ,wq+1〉E = 0"

y². �ω´Fq2 ¥�½����"�A´(m−2)× (m−1)Ý
�Aij = ω2aj(m−3+(q−1)(i−1))

éu1 ≤ i ≤ m− 2, 1 ≤ j ≤ m− 1"

duéu1 ≤ i ≤ m − 2§k(m − 3 + (q − 1)(i − 1))q ≡ (m − 3 + (q − 1)(m − i − 2))

(mod q2 − 1)§@oA(q)ÚA´1�d�"�âÚn3.58§�3c ∈ Fm−1q ¦�A · ct = 0"5

¿�ÏLíØÝ
A¥?¿�1§�e�Ý
´VandermondeÝ
§Ïd�þc�¤k�

��""Ïd·��±rcL«¤c = (ωa1(q+1), · · · , ωam−1(q+1))"

�w = (ωa1 , · · · , ωam−1 , ωa1−(m−3), · · · , ωam−1−(m−3), · · · , ωa1−(m−3)(q−2), · · · , ωam−1−(m−3)(q−2)) ∈

(F∗q2)n. Kéu0 ≤ j, l ≤ k − 1 ≤ (a+ 1)m− 4§·�k

〈bqj+lt ,wq+1〉E =
m−1∑
i=1

ωai(q+1)+2ai(qj+l)

q−2∑
s=0

ω(q+1)(qj+l−m+3)s.

5¿�

q−2∑
s=0

ω(q+1)(qj+l−m+3)s =

0; XJ(q − 1) - (qj + l −m+ 3),

q − 1; XJ(q − 1)|(qj + l −m+ 3).

b�qj + l −m + 3 = t(q − 1)§·�äót 6≡ m − 2,m − 1 (mod m)"ÄK�{§X

Jt ≡ m − 2 (mod m)§�t = rm + m − 2,§K0 ≤ r ≤ a"XJr ≤ a − 1§Kqj + l =

t(q − 1) + m − 3 = (mr + m − 3)q + (q − mr − 1) = (mr + m − 3)q + (2a − r)m − 2 ±

9(2a − r)m − 2 > (a + 1)m − 4§gñ"XJr = a§Kqj + l = t(q − 1) + m − 3 =

(am + m − 3)q + (am − 2) �am + m − 3 > (a + 1)m − 4§gñ"aq�§t 6≡ m − 1

(mod m)"Ïdqj + l (mod q2−1
2a

) ∈ {t(q − 1) +m− 3|0 ≤ t ≤ m− 3}"l

〈bqj+lt ,wq+1〉E = (q − 1)
m−1∑
i=1

ωai(q+1)+2ai(qj+l) = 0,
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Ù¥����ªd�þc�½Â��"

y3§·�y²e¡�½n"

½n3.60. �q´/X2am−1�Û�ê�"@oéu÷vb, c ≥ 0§1 ≤ b+ c ≤ 2a±9b ≥ 1

½m ≥ 2��êb, c§�3��[[(bm+ c(m− 1))(q− 1), (bm+ c(m− 1))(q− 1)− 2d+ 2, d]]q

þf4�ål�©è§Ù¥2 ≤ d ≤ (a+ 1)m− 2"

y². �at = (ω2a+t, ω4a+t, · · · , ω2n1a+t) ∈ Fn1

q2§u = (1, ω2a−1, ω2(2a−1), · · · , ω(n1−1)(2a−1)) ∈

Fn1

q2§bt = (ω2a+t, ω4a+t, · · · , ωq+1−2a+t, ωq+1+2a+t, · · · , ω2q+2−2a+t, · · · , ωq2−q−2+2a+t, · · · , ωq2−1−2a+t) ∈

Fn2

q2 Úw ´dÚn3.59 ½Â���n2 ��þ§Ù¥n1 = q2−1
2a
Ún2 = q2−1

2a
− q + 1"

�a = (a1, a2, · · · , ab,bb+1,bb+2, · · · ,bb+c)Úv = (u,u, · · · ,u︸ ︷︷ ︸
b times

,w,w, · · · ,w︸ ︷︷ ︸
c times

)"

5¿�XJω2ai1+j1 = ω2ai2+j2§Ù¥1 ≤ i1, i2 ≤ n1 Ú1 ≤ j1, j2 ≤ b§Ki1 = i2

�j1 = j2"Ïd�þa¥���üüØÓ"

@oéu0 ≤ j, l ≤ (a+ 1)m− 4§�âÚn3.54Ú3.59§·�k

〈aqj+l,vq+1〉E =
b∑
i=1

〈aqj+li ,uq+1〉E +
b+c∑
i=b+1

〈bqj+li ,wq+1〉E = 0.

Ïdéu1 ≤ k ≤ (a + 1)m− 3§GRSk(a,v) ⊆ GRSk(a,v)⊥H"l�âíØ3.33§(Ø¤

á"

e¡�Ún´ÚÚn3.59aq�(J"

Ún3.61. �q ´/X2am − 1 �Û�ê�§Ù¥a ´Ûê±9n = q2−1
a
− q + 1"�bt =

(ωa+t, ω2a+t, · · · , ωq−a+1+t, ωq+a+1+t, · · · , ω2q+2−a+t, · · · , ωq2−q−2+a+t, · · · , ωq2−1−a+t) ∈ Fnq2"

@o�3w ∈ (F∗q2)n¦�〈bqj+lt ,wq+1〉E = 0éu0 ≤ j, l ≤ (a+ 1)m− 3"

y². �ω´Fq2 ����½����"�A´(2m−2)× (2m−1)Ý
�Aij = ωa(i(q−1)−1)j

éu1 ≤ i ≤ 2m− 2, 1 ≤ j ≤ 2m− 1"

duéu1 ≤ i ≤ 2m− 1§ka(i(q− 1)− 1)q ≡ a((2m− 1− i)(q− 1)− 1) (mod q2− 1)§

@oA(q) ÚA´1�d�"�âÚn3.58§�3c ∈ F2m−1
q ¦�A · ct = 0"duíØKÝ


A�?Û��§�e�Ý
´��VandermondeÝ
§K�þc�¤k���""Ïd

·��±rcL«¤c = (ωa1(q+1), · · · , ωa2m−1(q+1))"
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�v = (ωa1 , · · · , ωa2m−1 , ωa1+1, · · · , ωa2m−1+1, · · · , ωa1+q−2, · · · , ωa2m−1+q−2) ∈ (F∗q2)n"K

é0 ≤ j, l ≤ k − 1 ≤ (a+ 1)m− 3§·�k

〈bqj+lt ,wq+1〉E =
2m−1∑
i=1

ωai(q+1)+ia(qj+l)

q−2∑
s=0

ω(q+1)(qj+l+1)s.

5¿�

q−2∑
s=0

ω(q+1)(qj+l+1)s =

0; XJ(q − 1) - (qj + l + 1),

q − 1; XJ(q − 1)|(qj + l + 1).

b�qj+l+1 = t(q−1)§Kt 6≡ 0, 2m−1 (mod 2m)"ÄK�{§XJt ≡ 0 (mod 2m)§

�t = 2rm"Kqj + l = t(q − 1) − 1 = (2rm − 1)q + (2a − 2r)m − 2�min{2rm − 1, (2a −

2r)m− 2} > (a+ 1)m− 3§gñ"aq�§t 6≡ 2m− 1 (mod 2m)"Ïd

n∑
i=1

vq+1
i aqj+li = (q − 1)

m−1∑
i=1

ωai(q+1)+ia(qj+l) = 0,

Ù¥����ªd�þc�½Â��"

@o·��±��e¡�½n"

½n3.62. �q ´/X2am − 1 �Û�ê�§Ù¥a ´Ûê"Kéu÷vc1, c2, c3 ≥ 0§

0 ≤ c1 + c2 ≤ a§0 ≤ c1 + c3 ≤ aÚc1 + c2 + c3 ≥ 1��êc1, c2, c3§�3��[[(c1(2m −

1) + (c2 + c3)m)(q− 1), (c1(2m− 1) + (c2 + c3)m)(q− 1)− 2d+ 2, d]]q þf4�ål�©è§

Ù¥2 ≤ d ≤ (a+ 1)m− 1"

y². �at = (ω2a+t, ω4a+t, · · · , ω2n1a+t) ∈ Fn1

q2§u = (1, ω2a−1, ω2(2a−1), · · · , ω(n1−1)(2a−1)) ∈

Fn1

q2§bt = (ωa+t, ω2a+t, · · · , ωq−a+1+t, ωq+a+1+t, · · · , ω2q+2−a+t, · · · , ωq2−q−2+a+t, · · · , ωq2−1−a+t) ∈

Fn2

q2 Úw´dÚn3.61½Â��Ý�n2��þ§Ù¥n1 = m(q−1) = q2−1
2a
Ún2 = (m−1)(q−

1) = q2−1
a
−q+1"�a = (b1,b2, · · · ,bc1 , ac1+1, ac1+2, · · · , ac1+c2 , ac1+a+1, ac1+a+2, · · · , ac1+a+c3)

Úv = (w,w, · · · ,w︸ ︷︷ ︸
c1 times

,u,u, · · · ,u︸ ︷︷ ︸
c2+c3 times

)"

5¿�XJω2ai1+j1 = ω2ai2+j2§Ù¥1 ≤ i1, i2 ≤ n1 Ú1 ≤ j1, j2 ≤ b§Ki1 = i2

�j1 = j2"Ïd�þa¥���üüØÓ"

éu0 ≤ j, l ≤ (a+ 1)m− 3§�âÚn3.54Ú3.61§·�k

〈aqj+l,vq+1〉E =

c1∑
i=1

〈bqj+li ,wq+1〉E +

c1+c2∑
i=c1+1

〈aqj+li ,uq+1〉E +

c1+a+c3∑
i=c1+a+1

〈aqj+li ,uq+1〉E = 0.
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Ïdéu1 ≤ k ≤ (a + 1)m− 2§GRSk(a,v) ⊆ GRSk(a,v)⊥H"l�âíØ3.33§(Ø¤

á"

3.2.4.3 q�þf4�ål�©è§Ù¥q = 2am− 1�gcd(a,m) = 1

3ù�Ù!§·��Äq �þf4�ål�©è§Ù¥q = 2am − 1�gcd(a,m) = 1"

Äk§·�y²e¡�Ún"

Ún3.63. �q ´/Xq = 2am − 1�Û�ê�§Ù¥gcd(a,m) = 1"�ω ´Fq2 ¥�½�

���§f ∈ {0, 1}�s, t´÷v0 ≤ s ≤ m, 0 ≤ t ≤ a − 1Ús + t ≥ 1��ê"�bi,f =

(ω2a+i(q+1)+f , ω4a+i(q+1)+f , · · · , ω2as+i(q+1)+f ), ci,f = (ω2m+i(q+1)+f , ω4m+i(q+1)+f , · · · , ω2mt+i(q+1)+f )

±9af = (b0,f , c0,f ,b1,f , c1,f , · · · ,bq−2,f , cq−2,f )§K�3v ∈ (F∗q2)(s+t)(q−1) ¦�éu0 ≤

j, l ≤ am+ s+ t− 3§〈aqj+lf ,vq+1〉E = 0"

y². �ω ´Fq2 ¥�½����"-A´(s + t − 1) × (s + t)�Ý
§Ù¥éu1 ≤ i ≤

s+ t− 1, 1 ≤ j ≤ s§Aij = ω2aj(s+t−2+(q−1)(i−1))Úéu1 ≤ i ≤ s+ t− 1, s+ 1 ≤ j ≤ s+ t§

Aij = ω2mj(s+t−2+(q−1)(i−1))"

duéu1 ≤ i ≤ s + t − 1§k(s + t − 2 + (q − 1)(i − 1))q ≡ (s + t − 2 + (q − 1)(s +

t − 1 − i)) (mod q2 − 1)§KA(q) ÚA ´1�d�"�âÚn3.58§�3c ∈ Fs+tq ¦�A ·

ct = 0"5¿�íØA�?¿1j′�§�e�Ý
¦±
∏

j1 6=j′ ω
2aj1(s+t−2)

∏
j2 6=j′ ω

2mj2(s+t−2)

´��Vandermonde Ý
§Ïd�þc ¤k�I�""l·��±rc L«¤c =

(ωe1(q+1), · · · , ωes+t(q+1))"

y3�ui = (ωe1+i, · · · , ωes+t+i)Úv = (u0,u−(s+t−2), · · · ,u−(s+t−2)(q−2))§@oéu?

¿�0 ≤ j, l ≤ am+ s+ t− 3§·�k

〈aqj+lf ,vq+1〉E

=
s∑
i=1

q−2∑
k=0

ω(2ai+k(q+1)+f)(qj+l)ω(ei−(s+t−2)k)(q+1) +
t∑
i=1

q−2∑
k=0

ω(2mi+k(q+1)+f)(qj+l)ω(es+i−(s+t−2)k)(q+1)

=ωf(qj+l)(
s∑
i=1

ω2ai(qj+l)+ei(q+1) +
t∑
i=1

ω2mi(qj+l)+es+i(q+1))

q−2∑
k=0

ωk(q+1)(qj+l−s−t+2).

5¿�

q−2∑
k=0

ωk(q+1)(qj+l−s−t+2) =

0; XJ(q − 1) - (qj + l − s− t+ 2),

q − 1; XJ(q − 1)|(qj + l − s− t+ 2).
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XJqj+l−s−t+2 = r(q−1)§·�äó0 ≤ r ≤ s+t−2½öam ≤ r ≤ am+s+t−2"

ÄK�{§XJr > s+ t− 2§Kqj+ l = r(q− 1) + s+ t− 2 = (r− 1)q+ q+ s+ t− r− 2 =

(r−1)q+2am+s+ t−r−3"du0 ≤ j, l ≤ am+s+ t−3§·�kam ≤ r ≤ am+s+ t−2"

5¿�ω2ai(am(q−1)) = ω2mi(am(q−1)) = 1§·�k

〈aqj+lf ,vq+1〉E

=ωf(qj+l)(q − 1)(
s∑
i=1

ω2ai(r(q−1)+s+t−2)+ei(q+1) +
t∑
i=1

ω2mi(r(q−1)+s+t−2)+es+i(q+1))

=0,

Ù¥����ªd�þc�½Â��"

l·�ke¡�½n"

½n3.64. �q´/Xq = 2am− 1�Û�ê�§Ù¥gcd(a,m) = 1"@oéu÷v1 ≤ c ≤

2(a + m − 1)��êc§�3��[[c(q − 1), c(q − 1) − 2d + 2, d]]qþf4�ål�©è§Ù

¥2 ≤ d ≤ am+ c1 − 1,

c1 =

c; XJ1 ≤ c ≤ a+m− 1,

b c
2
c; XJa+m ≤ c ≤ 2(a+m− 1).

y². XJ1 ≤ c ≤ a + m − 1§-c = s + t ¦�0 ≤ s ≤ m, 0 ≤ t ≤ a − 1"�bi =

(ω2a+i(q+1), ω4a+i(q+1), · · · , ω2as+i(q+1))§ci = (ω2m+i(q+1), ω4m+i(q+1), · · · , ω2mt+i(q+1))"�a =

(b0, c0,b1, c1, · · · ,bq−2, cq−2)"

XJa + m ≤ c ≤ 2(a + m − 1), c1 = b c
2
c§�c1 = s1 + t1 ±9c − c1 = s2 + t2 ¦

�0 ≤ s1, s2 ≤ m, 0 ≤ t1, t2 ≤ a−1"�bi,0 = (ω2a+i(q+1), ω4a+i(q+1), · · · , ω2as1+i(q+1))§ci,0 =

(ω2m+i(q+1), ω4m+i(q+1), · · · , ω2mt1+i(q+1))§bi,1 = (ω2a+i(q+1)+1, ω4a+i(q+1)+1, · · · , ω2as2+i(q+1)+1)

Úci,1 = (ω2m+i(q+1)+1, ω4m+i(q+1)+1, · · · , ω2mt2+i(q+1)+1)"�a = (b0,0, c0,0,b1,0, c1,0, · · · ,

bq−2,0cq−2,0,b0,1, c0,1,b1,1, c1,1, · · · ,bq−2,1, cq−2,1)"

XJω2ai1+j1(q+1) = ω2mi2+j2(q+1)§Ù¥1 ≤ i1 ≤ m§1 ≤ i2 ≤ a− 1Ú0 ≤ j1, j2 ≤ q− 2"

@oω2ai1−2mi2+(j1−j2)(q+1) = 1§Ïd(q + 1)|(2ai1 − 2mi2)§�Ò´(2am)|(2ai1 − 2mi2)"l

a|mi2§ù�gcd(a,m) = 1gñ"Ïd�þa���üüØÓ"

l�âíØ3.33ÚÚn3.63§(Ø¤á"
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3.2.4.4 q�þf4�ål�©è§Ù¥q = 2am+ 1Úgcd(a,m) = 1

3ù�Ù!§·��Äq�þf4�ål�©è§Ù¥q = 2am+ 1Úgcd(a,m) = 1"

Ún3.65. �q ´/Xq = 2am + 1�Û�ê�§Ù¥gcd(a,m) = 1"�ω ´Fq2 ¥��½�

��§f ∈ {0, 1}§�s, t ´÷v0 ≤ s ≤ m, 0 ≤ t ≤ a − 1 Ús + t ≥ 1��ê"�bi,f =

(ω2a+i(q−1)+f , ω4a+i(q−1)+f , · · · , ω2as+i(q−1)+f )§ci,f = (ω2m+i(q−1)+f , ω4m+i(q−1)+f , · · · , ω2mt+i(q−1)+f )

±9af = (b0,f , c0,f ,b1,f , c1,f , · · · ,bq,f , cq,f )"@o�3v ∈ (F∗q2)(s+t)(q+1)¦�éu0 ≤ j, l ≤

am+ s+ t− 1§〈aqj+lf ,vq+1〉E = 0"

y². �ω ´Fq2 ¥��½���"-A´(s + t − 1) × (s + t)�Ý
§Ù¥éu1 ≤ i ≤

s+ t− 1, 1 ≤ j ≤ s§Aij = ω2aj((q+1)i− q+1
2

) ∈ Fq Úéu1 ≤ i ≤ s+ t− 1, s+ 1 ≤ j ≤ s+ t§

Aij = ω2mj((q+1)i− q+1
2

) ∈ Fq"@o�3c ∈ Fs+tq ¦�A ·ct = 0"5¿��íØÝ
A�1j′�

�§�e�Ý
¦±
∏

j1 6=j′ ω
aj1(q+1)

∏
j2 6=j′ ω

mj2(q+1)´��Vandermonde Ý
§Ïd�þc

�¤k�I�""l·��±rcL«¤c = (ωe1(q+1), · · · , ωes+t(q+1))"

�ui = (ωe1+i
q−1
2 , · · · , ωes+t+i

q−1
2 ) Úv = (u0,u1, · · · ,uq)§@oéu?¿�0 ≤ j, l ≤

am+ s+ t− 1§·�k

〈aqj+lf ,vq+1〉E

=
s∑
i=1

q∑
k=0

ω(2ai+k(q−1)+f)(qj+l)ω(ei+k
q−1
2

)(q+1) +
t∑
i=1

q∑
k=0

ω(2mi+k(q−1)+f)(qj+l)ω(es+i+k
q−1
2

)(q+1)

=ωf(qj+l)(
s∑
i=1

ω2ai(qj+l)+ei(q+1) +
t∑
i=1

ω2mi(qj+l)+es+i(q+1))

q∑
k=0

ωk(q−1)(qj+l+
q+1
2

).

5¿�

q∑
k=0

ωk(q−1)(qj+l+
q+1
2

) =

0; XJ(q + 1) - (qj + l + q+1
2

),

q + 1; XJ(q + 1)|(qj + l + q+1
2

).

XJqj+ l+ q+1
2

= r(q+1)§·�äó1 ≤ r ≤ s+t−1½öam+1 ≤ r ≤ am+s+t−1"

XJr < am+1§Kqj+ l = r(q+1)− q+1
2

= (r−1)q+r+am"du0 ≤ j, l ≤ am+s+t−1§

·�k1 ≤ r ≤ s + t− 1"XJr ≥ am + 1§Kqj + l = r(q + 1)− q+1
2

= rq + r − am− 1§

81



úô�ÆÆ¬Æ Ø©

Ïdam+ 1 ≤ r ≤ am+ s+ t− 1"5¿�ω2ai(am(q−1)) = ω2mi(am(q−1)) = 1§·�k

〈aqj+lf ,vq+1〉E

=ωf(qj+l)(q + 1)(
s∑
i=1

ω2ai(r(q+1)− q+1
2

)+ei(q+1) +
t∑
i=1

ω2mi(r(q+1)− q+1
2

)+es+i(q+1))

=0,

Ù¥����ªdc�½Â��"

(ÜÚn3.36§3.65ÚHermitian�E§·�ke¡�½n"

½n3.66. �q´/Xq = 2am + 1�Û�ê�§Ù¥gcd(a,m) = 1"@oéu÷v1 ≤ c ≤

2(a+m− 1)��êc§�3��[[c(q + 1), c(q + 1)− 2d+ 2, d]]q þf4�ål�©è§Ù

¥2 ≤ d ≤ am+ c1 + 1,

c1 =

c; XJ1 ≤ c ≤ a+m− 1,

b c
2
c; XJa+m ≤ c ≤ 2(a+m− 1).

3.2.4.5 o(

þf4�ål�©è´�a��þfè"3ùÜ©§|^2ÂReed-Solomon è

ÚHermitian �E§·��E
Nõ#�äk��4�ål�þf4�ål�©è"3

L3-6§·��Ñ
·�ùÜ©�E�þf4�ål�©è" le¡�µØ¥�±w�§

·��E�þf4�ål�©è�¹éõ±c�(J§��)
éõ#�þf4�ål�

©è"

µØ3.67. (1) �Ä/X[[a(q + 1), a(q + 1) − 2d + 2, d]]q �äk��4�ål�þf4�

ål�©è"3©z [31,90] ¥§�ö�E
�aþf4�ål�©è§Ù¥a = q−1
λ
§

4�ål´2 ≤ d ≤ q+1
2

+ q−1
λ
§±9λ´q − 1�óÏf"3·���E¥§a1Ø

=�±�a = q−1
λ
§Ù¥λ´q − 1�óÏf(�b = 1)§Ó���±�a = q−1

λ
§Ù¥λ

´q − 1�ÛÏf(�b = 2Úm¦� q−1
2m
´Ûê)"�?�Ú§a��±´Ø�Øq − 1

��ê(�b - (q − 1))"

(2) a2�Ñ
�õ/X[[a(q + 1), a(q + 1)− 2d+ 2, d]]q �äk��4�ål�þf4�

ål�©è"
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L 3-6 þf4�ål�©è

a è� 4�ål

1
n = bm(q + 1),

2 ≤ d ≤ q+1
2

+m
m| q−1

2
, bm ≤ q − 1

2

n = (bm+ c(m− 1))(q + 1),

2 ≤ d ≤ q−1
2

+mm| q−1
2

, b, c ≥ 0, (b+ c)m ≤ q − 1

Úb ≥ 1 or m ≥ 2

3
n = bm(q − 1),

2 ≤ d ≤ q−1
2

+m
m| q+1

2
, bm ≤ q + 1

4

n = (bm+ c(m− 1))(q − 1),

2 ≤ d ≤ q−3
2

+mm| q+1
2

, b, c ≥ 0, (b+ c)m ≤ q + 1

Úb ≥ 1 or m ≥ 2

5

n = (c1(2m− 1) + (c2 + c3)m)(q − 1),

2 ≤ d ≤ q−1
2

+mm| q+1
2

, c1, c2, c3 ≥ 0, 0 ≤ c1 + c2 ≤ q+1
2m

,

0 ≤ c1 + c3 ≤ q+1
2m
Úc1 + c2 + c3 ≥ 1

6

n = c(q − 1), 2 ≤ d ≤ q−1
2

+ c1,

q = 2am− 1, gcd(a,m) = 1, c1 =

c; XJ1 ≤ c ≤ a+m− 1,

b c
2
c; XJa+m ≤ c ≤ 2(a+m− 1).

1 ≤ c ≤ 2(a+m− 1)

7

n = c(q + 1), 2 ≤ d ≤ q+1
2

+ c1,

q = 2am+ 1, gcd(a,m) = 1, c1 =

c; XJ1 ≤ c ≤ a+m− 1,

b c
2
c; XJa+m ≤ c ≤ 2(a+m− 1).

1 ≤ c ≤ 2(a+m− 1)

(3) �Ä/X[[a(q − 1), a(q − 1) − 2d + 2, d]]q �äk��4�ål�þf4�ål�©

è"3©z [90,153]¥§�ö�Ä
�aþf4�ål�©è§Ù¥a|(q + 1)"3·�

��Ea3¥§�êaØ=�±´q + 1�Ïf§��±Ø´q + 1�Ïf"

(4) a4Ú5�Ñ
�õ/X[[a(q − 1), a(q − 1)− 2d + 2, d]]q �äk��4�ål�þf

4�ål�©è"
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(5) a6 (a7)´�a/X[[c(q−1), c(q−1)−2d+2, d]]q (�éA�[[c(q+1), c(q+1)−2d+

2, d]]q)�äk��4�ål�þf4�ål�©è"é?¿�1 ≤ c ≤ 2(a + m − 1)§

Ù¥q = 2am− 1 (�éA�q = 2am+ 1) gcd(a,m) = 1"¦+éu,
c§���þf

è�U��¹3a3, 4Ú5 (�A�a1Ú2)¥§��,�´U��éõ#�þfè"

3.2.5 |||^̂̂,,,


õõõ���ªªªaaa���EEEþþþfffèèè

3ù��!§·�ò�Ñ��#�²;�5è��EÚ�aþfè"3ù���!§

·�ò�½e¡�Vg"

• �q = pα1§Ù¥p´���ê±9α1´��ê"

• �m´����ê÷vgcd(q,m) = 1Úordm(q) = pα2§�Ò´`§pα2 ´�����

êl¦�m|(ql − 1)"

• �t = pα2 Ús = pα2−1"

3.2.5.1 õ�ªè

5¿�ordm(q) = t"é?¿�a ∈ Zm = {0, 1, · · · ,m− 1}§�¹a�q©��8Ca ½Â

�

Ca := {aqj (mod m) | 0 ≤ j ≤ t− 1}.

e¡·�À�äk���Ý�q©��8��L�µ

A := {max(Ca) | 0 ≤ a ≤ m− 1, |Ca| = t},

Ù¥max(Ca)´8ÜCa¥����"·�½Âe¡�õ�ª"

½Â3.68. éuz�a ∈ AÚz�÷v0 ≤ k ≤ s− 1��êk§½Â

ea,k(x) =
t−1∑
j=0

γq
j+k

xq
ja,

Ù¥γ ´Fqs/Fq �½��K�§�Ò´§8Ü{γ, γq, · · · , γq
s−1}/¤Fqs��|Fq Ä"

�Um ´dF∗qt �mgü �/¤�f+"�e5§·�b�þ¡�õ�ªÑ´½Â

3Umþ"�P := {ea,k(x) | a ∈ A, 0 ≤ k ≤ s− 1}"·�ke¡�(J"
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Ún3.69. õ�ªea,k(x)äke¡�5�µ

(i) éua ∈ AÚ0 ≤ k ≤ s− 1§õ�ªea,k(x)�Xê3Fqs ¥�gê�ua"

(ii) éua ∈ AÚ0 ≤ k ≤ s− 1§õ�ªea,k(x)3Fq þ�5Ã'"

(iii) éu¤k�β ∈ Um§ea,k(β) ∈ Fq"

(iv) éu¤k�u ∈ (Fqs
⋂
Um)

⋃
{0}§ea,k(u) = 0"

(v) |P | = m−gcd(m,qs−1)
p

"

y². (i). (Øw,"

(ii). b�
∑

a∈A
∑s−1

k=0 ca,kea,k(x) = 0§Ù¥ca,k ∈ Fq"Kxa �Xê´
∑s−1

k=0 ca,kγ
qk = 0§

du8Ü{γ, γq, · · · , γqs−1} /¤Fqs��|FqÄ§Ïdca,k = 0 (0 ≤ k ≤ s − 1)"Ïdé

ua ∈ AÚ0 ≤ k ≤ s− 1§õ�ªea,k(x)3Fq þ�5Ã'"

(iii). �β ∈ Um§K

(ea,k(β))q = (
t−1∑
j=0

γq
j+k

βq
ja)q =

t−1∑
j=0

γq
j+k+1

βq
j+1a =

t−1∑
j=1

γq
j+k

βq
ja + γq

t+k

βq
ta =

t−1∑
j=0

γq
j+k

βq
ja,

Ïdea,k(β) ∈ Fq"

(iv). w,ea,k(0) = 0"�u ∈ Fqs
⋂
Um§K

ea,k(u) =
t−1∑
j=0

γq
j+k

uq
ja =

t

s

s−1∑
j=0

γq
j+k

uq
ja = p

s−1∑
j=0

γq
j+k

uq
ja = 0.

(v). N´�y|Ca| < t��=�m|a(qs − 1)§�Ò´`§ m
gcd(m,qs−1) |a"duz�äkt��

��q©��8éAus�õ�ª§·�k|P | = m−gcd(m,qs−1)
p

"

�
�Ñ·���E§�

• L ⊆ A, S :=
⋃
a∈LCa, A :=

⋃
a∈ACa,

• P (S) := {ea,k(x) | a ∈ (S
⋂
A), 0 ≤ k ≤ s− 1},

• V (S) := spanFq
(P (S)),

• {β1, β2, · · · , βn}´Um\(Um
⋂

F∗qs)3Fqs þüüØ�Ý����LX"
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w,n = m−gcd(m,qs−1)
p

"

µØ3.70. éu·�AÏÀJ�õ�ªÚ:§·��Ñ�
)º"

1. ·�F"�ErUm N��Fq�õ�ª"�âþ¡�Ún§õ�ªea,k(x) (a ∈ A,

0 ≤ k ≤ s− 1)÷vù
^�"ù
õ�ª��3©z [87,145]¥uy"

2. duéu¤k�u ∈ (Fqs
⋂
Um)

⋃
{0}§ea,k(u) = 0§�
�EÐ��5è§·�r:

8À3Um\(Um
⋂

F∗qs)¥"�âõ�ªea,k(x)�½Â§·�kea,k(u) = ea,k(u
qs)éu

¤k�u ∈ Um\(Um
⋂

F∗qs)"Ïd·�ÀJ�:´Um\(Um
⋂

F∗qs)3Fqs þüüØ�Ý

����LX"

3. 5¿�·�®²�E
m−gcd(m,qs−1)
p

�õ�ªÚm−gcd(m,qs−1)
p

�:"

·���E´µ

·K3.71. �

C(S) := {(f(β1), f(β2), · · · , f(βn)) | f ∈ V (S)}.

KC(S)´��[n, k, d]qè§Ù¥n = m−gcd(m,qs−1)
p

§k = |P (S)|§d ≥ dm+1−c
p
e§c´8ÜS¥

����"

y². ·��Iy²d ≥ dm+1−c
p
e"��¡§�âÚn3.69§f(u) = 0 éu¤k�u ∈

(Fqs
⋂
Um)

⋃
{0}",��¡§XJβi´f(x)����§K§¤k�p�Ý�βi, · · · , βq

s(p−1)

i

�´f(x)��"Ïdf(x) 3{β1, β2, · · · , βn}¥�õkdeg(f(x))−gcd(m,qs−1)−1
p

��"l§

�Hammingþ��´n− c−gcd(m,qs−1)−1
p

= m+1−c
p
"

µØ3.72. þ¡��5è�E´©z [145]¥�EIV���í2"

3.2.5.2 #�þfè

3ù��!§·�ò|^õ�ªè�E#�þfè"Äk§·�û½èC(S)�éó

è"�Ca = {m− i | i ∈ Ca}ÚS =
⋃
a∈S Ca§·�k

·K3.73. C(S)�Euclideanéóè´C(R)§Ù¥R = A\S"
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y². dudim(C(S)) + dim(C(R)) = n§·��I�y²C(S)�z�èi�C(R)�z�

èi´���"

éua ∈ S§b ∈ RÚ0 ≤ k1, k2 ≤ s− 1§·�k

n∑
i=1

ea,k1(βi)eb,k2(βi)

=
n∑
i=1

(
t−1∑
j=0

γq
j+k1βq

ja
i )(

t−1∑
l=0

γq
l+k2βq

lb
i )

=
n∑
i=1

t−1∑
j=0

t−1∑
l=0

γq
j+k1+ql+k2βq

ja+qlb
i

=
t−1∑
j=0

(
t−1∑
l=0

(
n∑
i=1

γq
j+k1+qk2βq

ja+b
i )q

l

)

=
t−1∑
j=0

(
s−1∑
l1=0

p−1∑
l2=0

(
n∑
i=1

γq
j+k1+qk2βq

ja+b
i )q

l1+l2s)

=
t−1∑
j=0

s−1∑
l1=0

γq
j+k1+l1+qk2+l1 (

p−1∑
l2=0

(
n∑
i=1

βq
ja+b
i )q

l1+l2s).

5¿�

p−1∑
l2=0

(
n∑
i=1

βq
ja+b
i )q

l1+l2s

=
∑
β∈Um

βq
ja+b −

∑
β∈Fqs

⋂
Um

βq
ja+b

=

0; XJgcd(m, qs − 1) - qja+ b,

−gcd(m, qs − 1); XJgcd(m, qs − 1)|qja+ b,

·�k
n∑
i=1

ea,k1(βi)eb,k2(βi)

=− gcd(m, qs − 1)
t−1∑
j=0

gcd(m,qs−1)|qja+b

s−1∑
l1=0

γq
j+k1+l1+qk2+l1

=− gcd(m, qs − 1)p
s−1∑
j=0

gcd(m,qs−1)|qja+b

s−1∑
l1=0

γq
j+k1+l1+qk2+l1

=0.
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�
A^·��(J��Eþfè§·��I��ÄC(S)�Hermitianéó"

·K3.74. �q = l2§KC(S) �Hermitianéóè´C(R)§Ù¥R = A\lS§lS = {ls | s ∈

S}"

y². w,C(S)�Hermitianéóè´C(lS)�Euclideanéóè"�â·K3.73��(Ø¤

á"

e¡·��Ñ·��Ì�(J

½n3.75. �q = p2e´���ê�§Ù¥p´�ê±9e´����ê"XJ�3�êmÚ

��8ÜS ÷ve¡�^�µ

1. gcd(q,m) = 1�ordm(q) = pb§Ù¥b ≥ 1´����ê¶

2. L ⊆ A§S =
⋃
a∈LCa, A =

⋃
a∈ACa§S

⋃
peS ⊇ A§Ù¥Ca ´�m�q©��8

ÚA = {max(Ca) | 0 ≤ a ≤ m− 1, |Ca| = pb}§

K�3��[[n, k, d]]pe þfè§Ù¥n = m−gcd(m,qp
b−1−1)

p
§k = 2|S|−m+gcd(m,qp

b−1−1)
p

§d ≥

dm+1−c
p
e§Úc´8ÜS¥����"

y². �â·K3.74§·�kC(A\peS) = C(S)⊥H"XJS
⋃
peS ⊇ A§KC(S)⊥H ⊆ C(S)"

A^½n3.33Ú·K3.71§(Ø¤á"

L3-7�Ñ
�
d½n3.75���þfè§Ù¥max(S)´8ÜS¥����"3L3-

8¥§·�|^�û�K(½n3.32)��3��L [45]¥�þfè?1'�"L3-8Ú3-9w

«
·����þfè'�c�ëê�Ð"

µØ3.76. éu�½�pÚe§½n3.75¥�mkÃ¡õ«ÀJ('X§�m = qp
b − 1éu

,�b)"�´§��5`§·�Ã{û½´Ä�3�²��S (S 6= A)¦�S
⋃
peS ⊇ A"

L3-7w«éuz�m§Skéõ«ÀJ§�éA�þfè�ëê'±c�(J�Ð"

e¡·��Ñ��~f5)º·���E"
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~3.77. �q = 4§m = 15"Kord15(4) = 2§Ïdt = 2Ús = 1"�15�4©��8�

C0 = {0}, C1 = {1, 4}, C2 = {2, 8}, C3 = {3, 12}, C5 = {5},

C6 = {6, 9}, C7 = {7, 13}, C10 = {10}, C11 = {11, 14}.

@oA = {4, 8, 9, 12, 13, 14}§·�ke¡�8�õ�ªµ

e4(x) = x4 + x, e8(x) = x8 + x2, e9(x) = x9 + x6,

e12(x) = x12 + x3, e13(x) = x13 + x7, e14(x) = x14 + x11.

�γ ´F16 ¥����½����"·��{γ, γ2, γ3, γ6, γ7, γ11}��U15\F∗4 3F4þ�üü

Ø�Ý������LX"

XJ·��S = C1

⋃
C2

⋃
C6§K2S = C7

⋃
C11

⋃
C3"�V (S)´dõ�ªe4(x), e8(x),

e9(x))¤���F4�þ�m§Kè{(f(γ), f(γ2), f(γ3), f(γ6), f(γ7), f(γ11)) | f ∈ V (S)}´

��[6, 3, 4]4 Hermitianéó�¹è"Ïd·�����[[6, 0,≥ 4]]2þfè"

3.2.5.3 o(

3ù�Ù!§|^õ�ªè§·��E
�
ëê'±cÐ�þfè"õ�ªè��

�µe�µ

1. �F = Fq, K = Fqs , E = Fqt¶

2. �S = {a1, ..., an}��E ���f8¶

3. À�fi(x) ∈ K[x], 1 ≤ i ≤ k§¦�fi(aj) ∈ F éu¤k�i, j§±9fi(x) (1 ≤ i ≤ k)

3F þ�5Ã'¶

4. �V = span〈fi(x) : 1 ≤ i ≤ k〉F¶

5. KC := {(f(a1), · · · , f(an)) | f ∈ V }´��F þ�[n, k]�5è"

|^õ�ªè��Eþfè�Ì�J:´��ØN´û½§�éóè"
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L 3-7 #�þfè

q m max(S) þfè q m max(S) þfè

4 15 9 [[6, 0,≥ 4]]2 4 15 13 [[6, 4,≥ 2]]2

4 255 226 [[120, 40,≥ 15]]2 4 255 229 [[120, 48,≥ 14]]2

4 255 230 [[120, 52,≥ 13]]2 4 255 233 [[120, 60,≥ 12]]2

4 255 234 [[120, 64,≥ 11]]2 4 255 237 [[120, 72,≥ 10]]2

4 255 241 [[120, 80,≥ 8]]2 4 255 242 [[120, 84,≥ 7]]2

4 255 245 [[120, 92,≥ 6]]2 4 255 246 [[120, 96,≥ 5]]2

4 255 249 [[120, 104,≥ 4]]2 4 255 250 [[120, 108,≥ 3]]2

4 255 253 [[120, 116,≥ 2]]2 9 104 90 [[32, 12,≥ 5]]3

9 104 94 [[32, 16,≥ 4]]3 9 104 98 [[32, 22,≥ 3]]3

9 104 101 [[32, 28,≥ 2]]3 9 728 704 [[240, 198,≥ 9]]3

9 728 707 [[240, 204,≥ 8]]3 9 728 709 [[240, 208,≥ 7]]3

9 728 713 [[240, 214,≥ 6]]3 9 728 716 [[240, 220,≥ 5]]3

9 728 718 [[240, 224,≥ 4]]3 9 728 722 [[240, 230,≥ 3]]3

9 728 725 [[240, 236,≥ 2]]3 16 85 67 [[40, 12,≥ 10]]4

16 85 71 [[40, 16,≥ 8]]4 16 85 73 [[40, 20,≥ 7]]4

16 85 75 [[40, 22,≥ 6]]4 16 85 77 [[40, 26,≥ 5]]4

16 85 79 [[40, 30,≥ 4]]4 16 85 81 [[40, 34,≥ 3]]4

16 85 83 [[40, 38,≥ 2]]4 16 255 203 [[120, 36,≥ 27]]4

16 255 209 [[120, 40,≥ 24]]4 16 255 211 [[120, 44,≥ 23]]4

16 255 213 [[120, 48,≥ 22]]4 16 255 215 [[120, 52,≥ 21]]4

16 255 217 [[120, 56,≥ 20]]4 16 255 219 [[120, 60,≥ 19]]4

16 255 220 [[120, 62,≥ 18]]4 16 255 225 [[120, 66,≥ 16]]4

16 255 227 [[120, 70,≥ 15]]4 16 255 229 [[120, 74,≥ 14]]4

16 255 231 [[120, 78,≥ 13]]4 16 255 233 [[120, 82,≥ 12]]4

16 255 235 [[120, 86,≥ 11]]4 16 255 237 [[120, 90,≥ 10]]4

16 255 241 [[120, 94,≥ 8]]4 16 255 243 [[120, 98,≥ 7]]4

16 255 245 [[120, 102,≥ 6]]4 16 255 247 [[120, 106,≥ 5]]4

16 255 249 [[120, 110,≥ 4]]4 16 255 251 [[120, 114,≥ 3]]4

16 255 253 [[120, 118,≥ 2]]4
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L 3-8 þfè'�

L3-7¥�þfè |^�û�K L [45]¥�þfè

[[240, 220,≥ 5]]3 [[238, 220,≥ 3]]3 [[238, 216, 3]]3

[[40, 16,≥ 8]]4 [[40, 2, 8]]4

[[40, 20,≥ 7]]4 [[40, 8, 7]]4

[[40, 22,≥ 6]]4 [[40, 14, 6]]4

[[40, 26,≥ 5]]4 [[40, 20, 5]]4

[[40, 30,≥ 4]]4 [[40, 26, 4]]4

[[40, 34,≥ 3]]4 [[40, 32, 3]]4

[[120, 52,≥ 21]]4 [[117, 52,≥ 18]]4 [[117, 49, 14]]4

[[120, 56,≥ 20]]4 [[117, 56,≥ 17]]4 [[117, 49, 14]]4

[[120, 60,≥ 19]]4 [[117, 60,≥ 16]]4 [[117, 49, 14]]4

[[120, 62,≥ 18]]4 [[117, 62,≥ 15]]4 [[117, 49, 14]]4

L 3-9 þfè'�

L3-7¥�þfè L [63]¥�þfè

[[120, 40,≥ 15]]2 [[120, 40, 14]]2

[[120, 48,≥ 14]]2 [[120, 48, 13]]2

[[120, 52,≥ 13]]2 [[120, 52, 12]]2

[[120, 60,≥ 12]]2 [[120, 60, 11]]2

[[120, 64,≥ 11]]2 [[120, 64, 10]]2

[[120, 72,≥ 10]]2 [[120, 72, 9]]2
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4 ÙÙÙ¦¦¦���&&&EEEØØØ���'''������KKK

4.1 (mn, n,mn,m)���ééé���888§§§ÙÙÙ¥¥¥gcd(m,n) = 1

4.1.1 000���

�G´��uv�k�+§��N ´G���v�f+"G������k�f8D¡

�´G¥�éuN�(u, v, k, λ)�é�8XJ�r1r
−1
2 �õ8§Ù¥r1, r2 ∈ D§r1 6= r2§

�¹8ÜG\N¥z���TÐλg�Ø�¹N¥��"XJ+G´��+(���+)§KD

¡���(���)�é�8"XJk = vλ§KD¡���K�é�8"

�C§©z [61]3��K���é�8�üüÃ Ä�mïá
éX"©Ùy²
X

J�3����K��(mn, n,mn,m) �é�8§K3Cmn¥�3n + 1 �üüÃ ��

Ä"Ñuù�éX§·�ÆS��K(mn, n,mn,m)�é�8"éu(pa, pb, pa, pa−b)�é

�8kéõ�ïÄ§Ù¥p ´���ê§ë�©z [114,125,131]"3ù�Ù!§·�Ì�'

5(mn, n,mn,m)�é�8§Ù¥gcd(m,n) = 1"

��K�é�8�ïÄÌ�8¥3�8��35¯Kþ"éuØ�35(J§Ma

3©z [113]¥y²
Ø�3��(pq, q, pq, p) �é�8§Ù¥p, q ´ØÓ��ê�p > q"

3©z [109]¥§Leung§Ma ÚTan y²
Ø�3��(3pq, 3, 3pq, pq) �é�8§Ù¥p, q

´�u3 �ØÓ�ê"3©z [54] ¥§Feng ÚXiang y²
Ø�3(2p, p, 2p, 2) �é�8§

Ù¥p ´Û�ê§±9Ø�3��(4p, p, 4p, 4) �é�8Ù¥p > 4 ´Û�ê"�5§

Hiramine [75] í2
Feng–Xiangó����(J§y²
XJ����(2n, n, 2n, 2)�é�

8�3§KnØ
�
�/	�½´2��g"3©z [52]¥§FengÏL+��Ñ
�
'

u(pm, p, pm,m)�é�8�Ø�35Ú(�5(J§Ù¥p´��Û�êÚgcd(p,m) = 1"

éu�35(J§�Ü©®����K�é�8Ñäkëê(pa, pb, pa, pa−b)§Ù¥p´��

�ê"â·�¤�§�koa�E���K�é�8¤3�+���Ø´�ê��B�+

����u2"3©z [38,108]¥§�ö�E
�aäkëê(p2t(p + 1), p + 1, p2t(p + 1), p2t)

��é�8§Ù¥t´����ê�p = 2½p´��Mersenne�ê"3©z [54]¥§Feng

ÚXiang �E
�aäkëê(4q, q, 4q, 4) �����é�8§Ù¥q ´��Û�ê�§
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�q ≡ 1 (mod 4)Úq > 9"3©z [52]¥§Feng�Ñ
��(p(p+ 1), p, p(p+ 1), p+ 1)�é

�8��E§Ù¥p´��Mersenne�ê"

ù�Ù!�Ì�8�´UYù�ïÄ"·�ò�Ñ�
'u(mn, n,mn,m)�é�8

�Ø�35(J§Ù¥gcd(m,n) = 1"·��ò�E�a���(16q, q, 16q, 16)�é�8§

Ù¥q´���ê�÷vq ≡ 1 (mod 4)Úq > 4.2× 108"

4.1.2 OOO���óóó���

4.1.2.1 �é�8Ú+�

e¡�Ún3ïÄ��K�é�8�´�~k^"

Ún4.1. [125] �R ´G¥�éuN�����(m,n,m,m/n) �é�8"Kexp(G)|m ½

öG = Z4§n = 2"

�G ´��k�+"+�Z[G] ´��äkÄ{g | g ∈ G} �gd��+"éu?

¿�8ÜA§A¥��áuG (A �U´��õ8)§·�rA �du+�¥����

�
∑

g∈G dgg§Ù¥dg ´g 3A ¥Ñy�gê"�?¿�A =
∑

g∈G dgg ∈ Z[G]§·�½

ÂA(−1) =
∑

g∈G dgg
−1§Ù¥g−1´g3+G¥�_�"+��\{Ú¦{©O½Â�µ∑

g∈G

agg +
∑
g∈G

bgg =
∑
g∈G

(ag + bg)g,

Ú ∑
g∈G

agg
∑
g∈G

bgg =
∑
g∈G

(
∑
h∈G

ahbh−1g)g.

|^+��ó§��+G¥�éuf+N �(m,n, k, λ)�é�8D�±L«¤µ

DD(−1) = k1G + λ(G−N),

Ù¥1G´+G�ð��"

éu��k���+G§§�A�+P�Ĝ"é?¿�A =
∑

g∈G dgg Úχ ∈ Ĝ§½

Âχ(A) =
∑

g∈G dgχ(g)"e¡��üúªL²A��d§�A��χ(A)û½§Ù¥χH

{Ĝ"

Ún4.2. �G´����+"XJA =
∑

g∈G dgg ∈ Z[G]§K

dh =
1

|G|
∑
χ∈Ĝ

χ(A)χ(h−1),
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é¤k�h ∈ G"

4.1.2.2 êØ�£

éu����êm§·�^ζmL«C¥�����m-gü �"

½Â4.3. �m = pam′§Ù¥gcd(p,m′) = 1"Kp¡�´�mg�ÝXJ�3���êj ¦

�pj ≡ −1 (mod m′)"��Üên¡�´�mg�ÝXJn�z��ÏfÑ´�mg�Ý

�"

e¡�Ún�ë�©z [132]"

Ún4.4. �p´���ê§m = pam′ ´÷vp - m′ ��ê"�P ´Z[ζm]¥p��n�Ï

f"XJσ ∈ Gal(Q(ζm)/Q)§�3,���êj§÷vσ(ζm′) = ζp
j

m′§Kσ(P ) = P"

·�ke¡�íØ"

íØ4.5. �p´���ê§m = pam′ ´÷vp - m′ ��ê"XJp´�mg�Ý�§Kp

3Q(ζm)/Q¥�©)+�¹σm : ζm → ζ−1m "

e¡�Ún�ë�©z [132]"

Ún4.6. �a ∈ Z[ζm]´�§xx = n���)§Ù¥n´����ê"XJσ ∈ Gal(Q(ζm)/Q)

�½n3Q(ζm)¥�¤k�n�Ïf§K�3,�ü �ε¦�σ(a) = εa"

�τ ´xx = 2 3Z[ζn] ���)§Ù¥n ´Ûê"�ρ ´τ �?¿���n�Ïf§

Kρ|τ �ρ|τ"XJρ = ρ§K23Z[ζn]¥©Ü§gñ"Ïdρ 6= ρ§·�k��©)(2) =

ρ1 · · · ρrρ1 · · · ρr"�ρi = ρi+r"K(τ) = ρi1 · · · ρir �(τ) = ρi1+r · · · ρir+r§8Ü{i1, · · · , ir}¡

���τ �/ª"·�ke¡�Ún"

Ún4.7. [83] �τ1 Úτ2 ´xx = 23Z[ζn]¥�ü�)§Ù¥n´Ûê"K§�äk�Ó�/

ª��=�§�����ü �"
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4.1.3 ������KKK���ééé���888���ØØØ���333555(((JJJ

3ù��!§·�òy²�
'u(mn, n,mn,m) �é�8�Ø�35(J§Ù

¥gcd(m,n) = 1"

½n4.8. �m,n´÷vgcd(m,n) = 1��ê"XJm,n÷ve¡���^�µ

1. m = 2lm′§lÚm′´Ûê§±92´�ng�Ý�"

2. m = 2p§p = 1½öp´��Û�ê§�pn´�png�Ý�"

3. m´��Û�ê�mn´�mng�Ý�"

K3��+G = Zm ×H¥Ø�3(mn, n,mn,m)�é�8§Ù¥H ´��n2��é�8"

AO/§XJm´Ã²�Ïf��ê§KØ�3��(mn, n,mn,m)-�é�8"

y². �G = 〈g〉 ×H§Ù¥|H| = n2 Úgm = 1"b�D´��+G¥�éu���n�f

+N���(mn, n,mn,m)�é�8"dugcd(m,n) = 1§·��±b�N ⊆ H"K

DD(−1) = mn+m(G−N). (4-1)

PD = D0 + D1g + · · · + Dm−1g
m−1 ∈ Z[G]§Ù¥Di ⊆ H§0 ≤ i ≤ m − 1"5¿

�|D||N | = |G| �XJ�3d1, d2 ∈ D Ún1, n2 ∈ N ¦�d1n1 = d2n2§duN´��f

+§Kn1/n2 = d2/d1 ∈ N"Ïdd1 = d2 Ún1 = n2"lDN = G"�Ò´(D0 + D1g +

· · ·+Dm−1g
m−1)N = H +Hg + · · ·+Hgm−1"K·���

D0N = D1N = · · · = Dm−1N = H, (4-2)

|D0| = |D1| = · · · = |Dm−1| = n. (4-3)

�âªf(4-1)§·���

DD(−1) = (D0 +D1g + · · ·+Dm−1g
m−1)(D

(−1)
0 +D

(−1)
1 gm−1 + · · ·+D

(−1)
m−1g)

= mn+m(H −N) +mHg + · · ·+mHgm−1.

�Ò´

m−1∑
i=0

DiD
(−1)
i = mn+m(H −N), (4-4)

m−1∑
i=0

DiD
(−1)
i+k = mH, éu1 ≤ k ≤ m− 1, (4-5)
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Ù¥eI´�m�"

�χ ´+H ����²�A�"XJχ|N = 1§K�âªf(4-2)§χ(D0) = χ(D1) =

· · · = χ(Dm−1) = 0"

�e5§·�b�χ|N 6= 1"�χ(Di) = ηi (0 ≤ i ≤ m− 1)"�âÚn4.1§exp(G)|mn§

Kexp(H)|n§¤±ηi ∈ Z[ζn]"�âªf(4-4)Ú(4-5)§eª¤á"

m−1∑
i=0

ηiηi = mn, (4-6)

m−1∑
i=0

ηiηi+k = 0, éu1 ≤ k ≤ m− 1, (4-7)

Ù¥eI´�m�"éu0 ≤ j ≤ m − 1§O��ª(4-6)+ζ−jm · (ªf(4-7)�1���ª) +

· · ·+ ζ
−j(m−1)
m · (ªf(4-7)�1(m− 1)��ª)§·�k

(m−1∑
i=0

ζ ijmηi
)(m−1∑

i=0

ζ ijmηi
)

= mn, 0 ≤ j ≤ m− 1.

PAj =
∑m−1

i=0 ζ ijmηi§Kéu0 ≤ j ≤ m − 1§AjAj = mnÚAj ∈ Z[ζmn]"e¡§·��â

·�½n�^�©¤n«�¹?Ø"

�/1: m = 2lm′§lÚm′´Ûê§±92´�ng�Ý�"

5¿�A0 ∈ Z[ζn]"�P ´2 3Z[ζn] ¥?¿��n�Ïf"du2 ´�n g�Ý�§

�âíØ4.5§·�kσ−1(P ) = P"�vP (a) ´���÷vP i|a ��êi"�vP (A0) = t§

KvP (A0) = t"ÏdvP (mn) = vP (A0) + vP (A0) = 2t"5¿�2 3Q(ζn) ¥Ø©Ü§·�

kvP (mn) = vP (2l) = l´Ûê§gñ"

�/2: m = 2p§p = 1½p´��Û�ê§�pn´�png�Ý�"

dupn ´�pn g�Ý�"�âÚn4.5§σ−1 : ζpn → ζ−1pn �½pn �¤k�n�

Ïf"�pn =
∏r

i=1 p
ei
i §Ù¥pi§1 ≤ i ≤ r ´�ê"�ωpn =

∏r
i=1(

√
(−1)

pi−1

2 pi)
ei§

Kωpn ∈ Z[ζpn] = Z[ζ2pn] Úωpnωpn = pn"éu?¿�i ∈ {1, 2, · · · , r}§Ìn�(1 − ζpeii )

´Z[ζpeii ] ¥��n��(pi) = (1 − ζpeii )ϕ(p
ei
i )§(

√
(−1)

pi−1

2 pi) = (1 − ζpeii )
ϕ(p

ei
i

)

2 "du�n

�(1 − ζpeii )´pi 3Z[ζpeii ]�Ïf�§3Z[ζpn]¥Ø©Ü§·��±rpi 3Z[ζpn]¥��n

�©)��µ(pi) = (
∏

λ %i,λ)
ϕ(p

ei
i )§Ù¥¤k��n�%i,λ Ñ´ØÓ��%i,λ = %i,λ"K·

�k(pn) =
∏r

i=1(
∏

λ %i,λ)
ϕ(p

ei
i )ei �(ωpn) =

∏r
i=1(
∏

λ %i,λ)
ϕ(p

ei
i

)ei
2 "

duAjAj = mn = 2pn �Aj ∈ Z[ζpn] éu0 ≤ j ≤ m − 1"'�ü>��n�©

)§�Ä�pn3Z[ζpn]����n�XJ�ØAj §K§��ØAj �k�Ó��ê§·�

kAj ∈ (ωpn)"Ïd�3���ê�êBj ∈ Z[ζpn]¦�Aj = Bjωpn�BjBj = 2.
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5¿�éu0 ≤ j ≤ m− 1§Aj =
∑m−1

i=0 ζ ijmηi"K

Aj + Aj+p = 2

p−1∑
i=0

ζ2ijm η2i = ωpn(Bj +Bj+p).

XJBj ÚBj+pØäk�Ó/ª§K�3��2��n�Ïf�ØBj �Ø�ØBj+p§gñ"

Ïdé?¿�0 ≤ j ≤ p − 1§Bj ÚBj+p äk�Ó/ª"�âÚn4.7§§�����ü 

�"b�Bj+p = µjBj§Ù¥µj ∈ Z[ζpn]´��ü �"5¿�

Aj − Aj+p = 2

p−1∑
i=0

ζ(2i+1)j
m η2i+1 = ωpnBj(1− µj).

K

Bj

p−1∑
i=0

ζ(2i+1)j
m η2i+1 = ωpn(1− µj),

¤±Bj|(1−µj)"b�µj´����l-gü �"XJl��kü�ØÓ��Ïf§K1−µj
´��ü §gñ"XJl´���ê�q|(pn)§K(1− µj)|q§gñ"Ïdl = 1½2"�Ò

´éu0 ≤ j ≤ p− 1§Aj+p = Aj ½Aj+p = −Aj"

XJp = 1§N´��η0 = 0½η1 = 0"

XJp > 1§P

S1 = {j : 0 ≤ j ≤ p− 1, Aj+p = Aj},

S2 = {j : 0 ≤ j ≤ p− 1, Aj+p = −Aj}.

5¿�S1

⋃
S2 = {0, 1, · · · , p− 1}"XJS1 = {0}§KA0 = Ap�A1 = −Ap+1"·�k

p−1∑
i=0

η2i+1 = 0Ú

p−1∑
i=0

ζ2imη2i = 0.

dum = 2p�p´��Û�ê§·�kη0 = η2 = · · · = η2p−2"KA0 = pη0"ÏdA0A0 =

p2η0η0 = 2pn§ù�gcd(p, 2n) = 1gñ"éu�/S2 = {0}´aq�"ÏdXJ0 ∈ Si§

K|Si| ≥ 2"

XJéu,�1 ≤ t ≤ p− 1§0, t ∈ S1§K

p−1∑
i=0

η2i+1 = 0,

p−1∑
i=0

ζ
t(2i+1)
2p η2i+1 = 0.
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ù�Ñ
η1 = η3 = · · · = ηm−1 = 0"aq/§XJ0, t ∈ S2 é,�1 ≤ t ≤ p − 1§·�

kη0 = η2 = · · · = ηm−2 = 0"

l·�y²
é?¿�i ∈ {0, 2, · · · , 2p − 2}§j ∈ {1, 3, · · · , 2p − 1} Ú?¿Hþ

�A�χ§χ(DiDj) = 0"�âÚn4.2§O���DiDj = H"�Wk = supp(DkD
(−1)
k )§

k = 0, 1, · · · ,m − 1§Ù¥éu
∑

h∈H ahh ∈ Z[H]§supp(
∑

h∈H ahh) = {h : ah 6= 0}"b

��3���ð��h ∈ Wi ∩Wj"K�3a, b ∈ Di Úc, d ∈ Dj ¦�h = ab−1 = cd−1"

duad = bc ÚDiDj = H§·�ka = b Úc = d§ù�h �ÀJgñ"ÏdWi ∩Wj =

{1}"�âªf(4-4)§�3��©�H − N = T1 ∪ T2 ÷v
∑p

i=0D2iD
(−1)
2i = pn + mT1

Ú
∑p

i=0D2i+1D
(−1)
2i+1 = pn + mT2"du�3,�Hþ�A�χ ÷vχ(Di) = 0 éui =

0, 2, · · · , 2m − 2 ½öχ(Di) = 0 éui = 1, 3, · · · , 2m − 1§·�kpn = −mχ(Ti) éu,

�i ∈ {1, 2}"ln = −2χ(Ti)§gñ"

�/3: m´Û�ê�mn´�mng�Ý�

��/2aq�?Ø§·�kωn ∈ Z[ζn]¦�ωnωn = nÚAj ∈ (ωn) (0 ≤ j ≤ m−1)"5

¿�Aj =
∑m−1

i=0 ζ ijmηi§·�kmηi ∈ (ωn) (0 ≤ i ≤ m− 1)"dugcd(m,n) = 1§Kηi ∈ (ωn)

(0 ≤ i ≤ m− 1)"b�ηi = ωnτi§Ù¥τi ∈ Z[ζn]"�âªf(4-6)Ú(4-7)§·�k

m−1∑
i=0

τiτi = m,

m−1∑
i=0

τiτi+k = 0, éu1 ≤ k ≤ m− 1,

Ù¥eI´�m�"éu0 ≤ j ≤ m − 1§�Bj =
∑m−1

i=0 ζ ijmτi"Kéu0 ≤ j ≤ m − 1§

BjBj = m"éu0 ≤ k ≤ m − 1§�σk : ζn → ζn, ζm → ζkm"�âÚn4.4§σk �½m

3Q(ζmn)¥�¤k�n�"�âÚn4.6§�3,�ü �ε ∈ Q(ζmn)¦�

σ0(B1) = εB1. (4-8)

5¿�B1 =
∑m−1

i=0 ζ imτi =
∑m−2

i=0 ζ im(τi−τm−1)Ú{ζ im : i = 0, 1, · · · ,m−2}/¤Q(ζmn)/Q(ζn)

��|Ä"Pε = ζamζ
b
n§�âªf(4-8)§·�k

m−1∑
i=0

τi −mτm−1 = ζamζ
b
n(
m−1∑
i=0

ζ imτi),

�Ò´ζm−am (
∑m−1

i=0 τi − mτm−1) = ζbn(
∑m−1

i=0 ζ imτi)"dum ´�ê§·�kζ
b
nτ0 = ζbnτ1 =

· · · = ζbnτm−a−1 = ζbnτm−a+1 = · · · = ζbnτm−1"Ïdτ0 = τ1 = · · · = τm−a−1 = τm−a+1 =

· · · = τm−1"KB1 = ζm−am (τm−a − τ0) ÚB0 = (m − 1)τ0 + τm−a"�ωm =

√
(−1)

m−1
2 m"
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5¿�ωmωm = m§BjBj = m Úm ´�mn g�Ý�§K��/2aq?Ø§�3ü 

�α, α1 ∈ Z[ζmn]¦�B0 = ωmα§B1 = ωmα1"½Âβ = α1ζ
a
m§K

B0 = τm−a + (m− 1)τ0 = ωmα,

B1ζ
a
m = τm−a − τ0 = ωmα1ζ

a
m = ωmβ.

Ïdmτ0 = ωm(α − β)§¤±ωm|(α − β)"5¿�(ωm) = (1 − ζm)
m−1

2 §±9αÚβ ´ü 

�"ù�Ñ
α = β§Ïdτ0 = 0"

Ïd·�y²
é?¿�Hþ�A�χ§�õ�3��0 ≤ i ≤ m − 1÷vχ(Di) 6= 0"

Ké?¿�0 ≤ i 6= j ≤ m − 1·�kχ(DiDj) = 0"�â��/2aq�?Ø§�3��

©�H − N = S0 ∪ · · · ∪ Sm−1§�éu0 ≤ i ≤ m − 1§DiD
(−1)
i = n + mSi"du�3,

�Hþ�A�χ÷vχ(Di) = 0é,�0 ≤ i ≤ m− 1§·�kn = −mχ(Si)§gñ"

µØ4.9. �m = 2§n = pr ´��Û�ê�"A^½n4.8 (^�2)§Ø�3���

�(2pr, pr, 2pr, 2)-�é�8"ù�(JÑy3©z [75]¥"

4.1.4 ���aaa���������(16q, q, 16q, 16)���ééé���888

3ù��!§·��E�a3���16q2����+p�(16q, q, 16q, 16) �é�8§

Ù¥q´Û�ê�§q ≡ 1 (mod 4)�q > 4.2× 108"

·���EÄuWeil½n"�½���ê�q ≡ 1 (mod r)Ú�����g ∈ Fq§·�

^Cr
0 5L«¦{f+{gir : 0 ≤ i < (q − 1)/r}§ÚCr

j 5L«C
r
0 3Fq ¥��8§�Ò´§

Cr
j = gj · Cr

0§0 ≤ j < r"e¡�(JÑy3©z [18,29]¥§´Weil½n���A^"

Ún4.10. �q ≡ 1 (mod r)´��÷vØ�ª

q −

[
l−2∑
i=0

(
l

i

)
(l − i− 1)(r − 1)l−i

]
√
q − lrl−1 > 0

��ê�"K§é?¿�½�l-�8(j1, j2, . . . , jl) ∈ [0, r− 1]lÚ�½�Fq¥üüØÓ�l-�

8(c1, c2, . . . , cl)§�3����x ∈ Fq ¦�éz�i ∈ [1, l]§x+ ci ∈ Cr
ji
"

éu�ê�q = pn§n ≥ 1§p´Û�ê§�F∗q = Fq\{0}§Tr : Fq → Fp´ýé,¼ê"
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Fqþ��gA�η½Â�

η(x) =


1, XJx´Fq ¥�"²��;

0, XJx = 0;

−1, XJx´Fq ¥�²��.

éuu ∈ F∗q§·�½Â

S(u) :=
∑
x∈Fq

ζTr(ux2)
p .

KN´wÑS(u) = η(u)S(1)ÚS(1)S(1) = q"

�e5§·�b�q ≡ 1 (mod 4)§e ∈ Fq ÷ve2 = −1"�½��s2, s8 ∈ F∗q§·�½

Â

s1 =
1 + e

2
+

1− e
2

s2, s3 =
1− e

2
+

1 + e

2
s2, s4 =

1 + e

2
+

1− e
2

s8,

s5 =
1− e

2
s2 +

1 + e

2
s8, s6 =

1− e
2

+ s2 +
e− 1

2
s8, s7 = 1 +

1 + e

2
s2 +

−1− e
2

s8,

s9 =
1− e

2
+

1− e
2

s2 + es8, s10 = 1 + s2 − s8, s11 =
1 + e

2
+

1 + e

2
s2 − es8,

s12 =
1− e

2
+

1 + e

2
s8, s13 = 1 +

1− e
2

s2 +
e− 1

2
s8, s14 =

1 + e

2
+ s2 +

−1− e
2

s8,

s15 =
1 + e

2
s2 +

1− e
2

s8.

Ún4.11. XJq > 4.2× 108§K�3s2, s8 ∈ F∗q ÷v

η(s1) = η(s2) = η(s4) = η(s5) = η(s6) = η(s8) = η(s9) = η(s10) = η(s15) = 1,

η(s3) = η(s7) = η(s11) = η(s12) = η(s13) = η(s14) = −1.

y². XJ1−e
2
, 1+e

2
, e ∈ C2

0§K^�η(s1) = 1, η(s3) = −1 �du 2
1−es1 = 1+e

1−e + s2 ∈ C2
0

Ú 2
1+e

s3 = 1−e
1+e

+ s2 ∈ C2
1"du0, 1+e

1−e ,
1−e
1+e
´F∗q ¥ØÓ��§�âÚn4.10§·��±é

�s2 ∈ F∗q ¦�s1, s2 ∈ C2
0 Ús3 ∈ C2

1"é?¿�Û�ê�q > 4.2× 108§����s2�û½


§·�2g|^Ún4.10���·�¤I����s8"éu1−e
2
, 1+e

2
, e�Ù¦�/§y²

´aq�"

|^þ¡�e, si ∈ F∗q, (1 ≤ i ≤ 15)"�H = Fq × Fq§N = {0} × Fq ≤ H§Ú

G = 〈x, y,H : x4 = y4 = 1, xy = yx, (u, v)x = (u, ev), (u, v)y = (u, ev)é?¿�(u, v) ∈ H〉,
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Ù¥(u, v)xL«x−1(u, v)x"�s0 := 1§½Â

D :=
3∑
i=0

3∑
j=0

D4j+ix
iyj ∈ Z[G],

Ù¥Di = {(z, 1
si
z2) : z ∈ Fq}"

½n4.12. �q ´�ê�÷vq ≡ 1 (mod 4) Úq > 4.2 × 108"KD ´��G ¥�éuN

�(16q, q, 16q, 16)�é�8"

y². �
y²½n§·�òy²

DD(−1) = 16q + 16(G−N). (4-9)

½ÂD
(−xjyk)
i =

∑
d∈Di

x−jy−kd−1xjyk"5¿�é?¿�h ∈ H§A^h→ h−1§·�k

DiD
(−x)
j → x3DjD

(−x3)
i x3, DiD

(−y)
j → y3DjD

(−y3)
i y3,

DiD
(−xy)
j → x3y3DjD

(−x3y3)
i x3y3, DiD

(−x2y)
j → x2y3DjD

(−x2y3)
i x2y3,

DiD
(−x3y)
j → xy3DjD

(−xy3)
i xy3, DiD

(−xy2)
j → x3y2DjD

(−x3y2)
i x3y2.

K�ª(4-9)�due¡�+�Z[H]¥��ªµ

15∑
i=0

DiD
(−1)
i = 16q + 16(H −N), (4-10)

D0D
(−x)
1 +D1D

(−x)
2 +D2D

(−x)
3 +D3D

(−x)
0 +D4D

(−x)
5 +D5D

(−x)
6 +D6D

(−x)
7 +

D7D
(−x)
4 +D8D

(−x)
9 +D9D

(−x)
10 +D10D

(−x)
11 +D11D

(−x)
8 +D12D

(−x)
13 +D13D

(−x)
14 +

D14D
(−x)
15 +D15D

(−x)
12 = 16H, (4-11)

D0D
(−x2)
2 +D1D

(−x2)
3 +D2D

(−x2)
0 +D3D

(−x2)
1 +D4D

(−x2)
6 +D5D

(−x2)
7 +D6D

(−x2)
4 +

D7D
(−x2)
5 +D8D

(−x2)
10 +D9D

(−x2)
11 +D10D

(−x2)
8 +D11D

(−x2)
9 +D12D

(−x2)
14 +D13D

(−x2)
15 +

D14D
(−x2)
12 +D15D

(−x2)
13 = 16H, (4-12)

D0D
(−y)
4 +D1D

(−y)
5 +D2D

(−y)
6 +D3D

(−y)
7 +D4D

(−y)
8 +D5D

(−y)
9 +D6D

(−y)
10 +D7D

(−y)
11 +

D8D
(−y)
12 +D9D

(−y)
13 +D10D

(−y)
14 +D11D

(−y)
15 +D12D

(−y)
0 +D13D

(−y)
1 +D14D

(−y)
2 +

D15D
(−y)
3 = 16H, (4-13)

D0D
(−xy)
5 +D1D

(−xy)
6 +D2D

(−xy)
7 +D3D

(−xy)
4 +D4D

(−xy)
9 +D5D

(−xy)
10 +D6D

(−xy)
11 +

D7D
(−xy)
8 +D8D

(−xy)
13 +D9D

(−xy)
14 +D10D

(−xy)
15 +D11D

(−xy)
12 +D12D

(−xy)
1 +D13D

(−xy)
2 +

D14D
(−xy)
3 +D15D

(−xy)
0 = 16H, (4-14)
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D0D
(−x2y)
6 +D1D

(−x2y)
7 +D2D

(−x2y)
4 +D3D

(−x2y)
5 +D4D

(−x2y)
10 +D5D

(−x2y)
11 +D6D

(−x2y)
8 +

D7D
(−x2y)
9 +D8D

(−x2y)
14 +D9D

(−x2y)
15 +D10D

(−x2y)
12 +D11D

(−x2y)
13 +D12D

(−x2y)
2 +D13D

(−x2y)
3 +

D14D
(−x2y)
0 +D15D

(−x2y)
1 = 16H, (4-15)

D0D
(−x3y)
7 +D1D

(−x3y)
4 +D2D

(−x3y)
5 +D3D

(−x3y)
6 +D4D

(−x3y)
11 +D5D

(−x3y)
8 +D6D

(−x3y)
9 +

D7D
(−x3y)
10 +D8D

(−x3y)
15 +D9D

(−x3y)
12 +D10D

(−x3y)
13 +D11D

(−x3y)
14 +D12D

(−x3y)
3 +D13D

(−x3y)
0 +

D14D
(−x3y)
1 +D15D

(−x3y)
2 = 16H, (4-16)

D0D
(−y2)
8 +D1D

(−y2)
9 +D2D

(−y2)
10 +D3D

(−y2)
11 +D4D

(−y2)
12 +D5D

(−y2)
13 +D6D

(−y2)
14 +

D7D
(−y2)
15 +D8D

(−y2)
0 +D9D

(−y2)
1 +D10D

(−y2)
2 +D11D

(−y2)
3 +D12D

(−y2)
4 +D13D

(−y2)
5 +

D14D
(−y2)
6 +D15D

(−y2)
7 = 16H, (4-17)

D0D
(−xy2)
9 +D1D

(−xy2)
10 +D2D

(−xy2)
11 +D3D

(−xy2)
8 +D4D

(−xy2)
13 +D5D

(−xy2)
14 +D6D

(−xy2)
15 +

D7D
(−xy2)
12 +D8D

(−xy2)
1 +D9D

(−xy2)
2 +D10D

(−xy2)
3 +D11D

(−xy2)
0 +D12D

(−xy2)
5 +D13D

(−xy2)
6 +

D14D
(−xy2)
7 +D15D

(−xy2)
4 = 16H, (4-18)

D0D
(−x2y2)
10 +D1D

(−x2y2)
11 +D2D

(−x2y2)
8 +D3D

(−x2y2)
9 +D4D

(−x2y2)
14 +D5D

(−x2y2)
15 +

D6D
(−x2y2)
12 +D7D

(−x2y2)
13 +D8D

(−x2y2)
2 +D9D

(−x2y2)
3 +D10D

(−x2y2)
0 +D11D

(−x2y2)
1 +

D12D
(−x2y2)
6 +D13D

(−x2y2)
7 +D14D

(−x2y2)
4 +D15D

(−x2y2)
5 = 16H. (4-19)

�
y²ù
�ª§·�òy²��^Hþ�?¿��A�§ù
�ª��>Úm>äk

�Ó��"N´�yéuH�²�A�´�(�"�e5§·��ÄH ��²�A�"5

¿�H �?���²�A�χ�±��

χg,h(g
′, h′) = ζTr(gg′+hh′)

p , é?¿�(g′, h′) ∈ H,

éu,�(g, h) ∈ H§(g, h) 6= (0, 0)"

XJh = 0§Kχg,0(Di) = 0Úχg,0´3N þ²��"N´wÑd�¤k��ª¤á"

XJh 6= 0§Kχg,h3N þ�²�§O���

χg,h(Di) =
∑
y∈Fq

ζ
Tr(gy+ h

si
y2)

p = η(h)η(si)S(1)ζ
−Tr( g

2si
4h

)
p .

N´�yd��ª(4-10)¤á"éu�ª(4-11)–(4-19)§·�ò�y²�ª(4-11)§Ù¦�

ª�y²´aq�"5¿�χg,h(16H) = 0§·��Iy²χg,h(�ª(4-11)��>) = 0"�
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âsi§0 ≤ i ≤ 15�ÀJ§N´��eª

η(s0s1s2s3) = η(s4s5s6s7) = η(s8s9s10s11) = η(s12s13s14s15) = −1,

s0 − s2
s1 − s3

=
s1 − s3
s2 − s0

=
s4 − s6
s5 − s7

=
s5 − s7
s6 − s4

=
s8 − s10
s9 − s11

=
s9 − s11
s10 − s8

=
s12 − s14
s13 − s15

=
s13 − s15
s14 − s12

=
1

e
.

duχg,h(D
−x
i ) = χg,eh(Di) = η(eh)η(si)S(1)ζ

Tr( g
2si
4eh

)
p Úg2s1

4eh
− g2s0

4h
= g2s3

4eh
− g2s2

4h
§·�k

χg,h(D0D
(−x)
1 ) + χg,h(D2D

(−x)
3 )

=η(h)η(s0)S(1)ζ
−Tr( g

2s0
4h

)
p η(eh)η(s1)S(1)ζ

Tr( g
2s1
4eh

)
p + η(h)η(s2)S(1)ζ

−Tr( g
2s2
4h

)
p η(eh)η(s3)S(1)ζ

Tr( g
2s3
4eh

)
p

=η(es0s1)qζ
Tr( g

2s1
4eh
− g2s0

4h
)

p + η(es2s3)qζ
Tr( g

2s3
4eh
− g2s2

4h
)

p

=0.

aq�§·��±y²

χg,h(D1D
(−x)
2 ) + χg,h(D3D

(−x)
0 ) = 0, χg,h(D4D

(−x)
5 ) + χg,h(D6D

(−x)
7 ) = 0,

χg,h(D5D
(−x)
6 ) + χg,h(D7D

(−x)
4 ) = 0, χg,h(D8D

(−x)
9 ) + χg,h(D10D

(−x)
11 ) = 0,

χg,h(D9D
(−x)
10 ) + χg,h(D11D

(−x)
8 ) = 0, χg,h(D12D

(−x)
13 ) + χg,h(D14D

(−x)
15 ) = 0,

χg,h(D13D
(−x)
14 ) + χg,h(D15D

(−x)
12 ) = 0.

y²(å"

µØ4.13. |^MAGMA [16]§·�uyéu¤k��ê�q ≡ 1 (mod 4) �353 ≤ q <

1.2 × 106§�3s2, s8 ∈ F∗q ÷vÚn4.11¥�^�§l�3�A��é�8"¢�L²

é¤k��ê�q ≡ 1 (mod 4)�q ≥ 353§�U�3s2, s8 ∈ F∗q ÷vÚn4.11¥�^�"

4.2 Grassmannian���mmmWWW¿¿¿���|||ÜÜÜ���EEE

4.2.1 000���

�FL«�R½öC"Fm¥�ÏL�:�N ^ØÓ��8Ü§^���þx1, · · · , xN
L«§XJ�3a ∈ R¦�

|〈xi, xj〉| = aé¤k�i 6= j,

Kù�8Ü¡������8Ü§~êa��´ù
��m�ú��"
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����@´dHaantjes [70]31948cÚ\�"du�þf&Eïá
éX [4,135]§¦+

���®²�ïÄ
éõc§�C���qÚå
�þ�'5"

Cm¥����êþ�õ´m2 [41]§��þ���Rmþ�§ù�êþ�õ´m(m+1)
2

[106]"

ØØ´3Eê½¢ê�/§��úm¯K´µù�þ.UÄ�Ã¡õ�m ��"3©

z [99]¥§König 3Cmþ�E
m2 − m + 1 ����§Ù¥m − 1 ´�ê�"de Caen [39]

3Rmþ�E
2(m+ 1)2/9����§Ù¥(m+ 1)/3´4��g�ü�"�C§Jedwab�

< [84,85]ÚGreaves�< [68]|^üüÃ Ä8Ü�Ñ
�
äk��êþ������E"

;�X�§n-�f�m�W¿�®�ïÄ [34,42,130]"§�8�´3Fm¥é���n-�

f�m8ÜU1, . . . , UN§¦�§�¦�U��"ù
W¿¯K3?ènØ
[7] Úþf&En

Ø [161] ÑkA^"

Grassmannian �mGF(m,n) ´Fm �¤kn-�f�m8Ü"éuFm���n-�f�

mU§�A´U���n ×m)¤Ý
§Ù¥§�1*¿¤��U"KlFm �U ����

K�±L«¤Ý
PU = A∗A§Ù¥A∗L«A��Ý=�½ö3¢ê�/eÒ´A�=�"

éuFm¥ü�n-�f�mU, V§§��uål½Â�

d2(U, V ) = n− tr(PUPV ).

rf�mL«¤�KÝ
¿Ø�6uf�m�Ä�ÀJ§�·��±rGrassmannian�

¹N��Hilbert-Schmidt�êe�é¡½Hermitian m × mÝ
�m"(JÝ
òéAu

±1
2
I�%§

√
m
2
��»�¥þ"Ïd§z��uåle�GrassmannianW¿ÑéAu��

¥è"l¥è�üX.Ú�õ¡NRankin.�±=£�GrassmannianW¿þ"P

dF(m) =


(m+2)(m−1)

2
, XJF = R;

m2 − 1, XJF = C.

KéuN ≤ dF(m) + 1§·�küX..µ

mini 6=jd2(Ui, Uj) ≤
n(m− n)

m

N

N − 1
,

Ù¥�ª3üX.�¤á§=§?¿ü�f�m�ål´��~ê"

éuN > dF(m) + 1§·�k�õ¡N.µ

mini 6=jd2(Ui, Uj) ≤
n(m− n)

m
.

XJ�ª¤á§KN ≤ 2dF(m)"·�rþ¡�?Øo(Xe"
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½Â4.14. �U´Fm (F = C or R)¥n-�f�mU1, . . . , UN 8Ü"KU¡�GF(m,n)�üX

.W¿§XJN ≤ dF(m) + 1�mini 6=jd2(Ui, Uj) = n(m−n)
m

N
N−1"U¡�GF(m,n)��õ¡N

W¿§XJN > dF(m) + 1�mini 6=jd2(Ui, Uj) = n(m−n)
m
"üX.W¿Ú�õ¡NW¿Ñ¡

��`W¿"

¦+GrassmannianW¿®²�ïÄ
20c§�E,�ké���`W¿��EÑ5"

©z [34]�Ñ
�
�`W¿�~f"3©z [21,137]¥§�ö|^Clifford+ÚBarnes-Wall�

�Ñ
�
�`W¿��E"3©z [98]¥§KocákÚNiepel|^HadamardÝ
�Ñ
A

a�`W¿"�CBodmannÚHaas [15] |^üüÃ ÄÚ«¬�O�E
�a�õ¡NW

¿"

3©z [99]¥§�ö|^�8��E���§�©z [84,85]¥�(J�±|^�é�8

��"|^�85�E������Ì�g�´|^|{|χ(D)| : χ ∈ Ĝ\{χ0}}| = 1 (½ö2)"

3ùÜ©§·�òí2ù��{¿�|^�È�8�Ñ�aCd ¥����O(d2)���

�"�X§·��Äp�f�m"·�|^�8�ÑüX.W¿�ü��E"du�8k

éõ��E§·���éõ#��`W¿Ã¡a"AO/§·��Ñ
©z [21]¥��E�

��#)º"Ó�§·��|^Latin��Ñ
�a�`W¿"

4.2.2 OOO������£££

�G ´��k�+"+�Z[G] ´��äkÄ{g | g ∈ G} �gd��+"éu?

¿�8ÜA§A¥��áuG (A �U´��õ8)§·�rA �du+�¥����

�
∑

g∈G dgg§Ù¥dg ´g 3A ¥Ñy�gê"�?¿�A =
∑

g∈G dgg ∈ Z[G]§·�½

ÂA(−1) =
∑

g∈G dgg
−1§Ù¥g−1´g3+G¥�_�"+��\{Ú¦{©O½Â�µ

∑
g∈G

agg +
∑
g∈G

bgg =
∑
g∈G

(ag + bg)g,

Ú ∑
g∈G

agg
∑
g∈G

bgg =
∑
g∈G

(
∑
h∈G

ahbh−1g)g.

éu��k�+G§½Â§�A�+�Ĝ"Ĝ�ð��¡�ÌA�§P�χ0"é?¿

�A =
∑

g∈G dggÚχ ∈ Ĝ§½Âχ(A) =
∑

g∈G dgχ(g)"e¡�5�´¯¤±��"
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½n4.15. (��'X)�G´��v§ü ��e���+"K

∑
χ∈Ĝ

χ(g) =

0, XJg 6= e;

v, XJg = e,

±9 ∑
g∈G

χ(g) =

0, XJχ 6= χ0;

v, XJχ = χ0.

���v�+(G, ·)������k�f8D ¡�(G, ·)¥���(v, k, λ)�8§XJ¦

Èd1 · d−12 �¹G¥z��ü �TÐλg§Ù¥d1, d2 ∈ D"^+���ó§·�k

DD(−1) = (k − λ)1G + λG,

Ù¥1G´G�ü �"

�â½Â§XJD´(G, ·)¥���(v, k, λ)�8§Ké?¿��ü �x ∈ G§k

|D ∩ (D · x)| = λ

�

k(k − 1) = λ(v − 1).

��+(G,+)¥����8D ¡����Hadamard�8XJ§äkëê(q, q−1
2
, q−3

4
)

�G´D§−DÚ{0G}�¿§Ù¥0G ´��+G�ü �"�±y²���Hadamard�

8�3��=�q ≡ 3 (mod 4)´���ê�"

�G = A × B ´ü�+AÚB ��È§Ù¥|A| = aÚ|B| = b (a, b ≥ 2)"����k

�8ÜD ⊆ G ÷vG\{A ∪ B} ¥z���TÐ�±^λ (≥ 1) «�ªL«¤d−11 d2§Ù

¥d1, d2 ∈ D"�?�Ú§b�A∪B¥vk�ü ��±ùoL«"K·�¡D´G¥�

��(a, b, k, λ)�È�8"^+���ó§G¥���(a, b, k, λ)�È�8�±L«¤µ

DD(−1) = (k + λ)1G + λ(G− A−B).

�È�8�±w¤´�8�í2"éu�õ�ù
|Üé��£§�ë�©z [125]"

4.2.3 ���������������������EEE

3ù��!§·�|^�8�Ñ�������E"·�Äk�Ñ�����E"
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½n4.16. �Bi = (bi1, · · · , bim) (1 ≤ i ≤ s)´n ×mÝ
§Ù¥bij ∈ Fn (F = C or R)"b

��3a, d, e, f ∈ RÚb, c ∈ F¦�e¡�^�¤áµ

1. éu?¿�1 ≤ i ≤ s, 1 ≤ j ≤ m§〈bij, bij〉 = a"

2. éu?¿�1 ≤ i ≤ s, 1 ≤ j 6= k ≤ m§〈bij, bik〉 = b"

3. éu?¿�1 ≤ i 6= k ≤ s, 1 ≤ j ≤ m§〈bij, bkj〉 = c"

4. éu?¿�1 ≤ i 6= k ≤ s, 1 ≤ j 6= l ≤ m§|〈bij, bkl〉| = d"

5. |b+ f 2| = |c+ e2| = d"

K3Fn+m+s¥�3���ms����"

y². ·��Ee¡�Ý
§Ù¥§��ò�¤¤I�����"

M =



B1 B2 · · · Bs

eIm eIm · · · eIm

fJm
−→
0 · · · −→

0
−→
0 fJm · · · −→

0
...

... . . . ...
−→
0

−→
0 · · · fJm


,

Ù¥Im´m×mü Ý
§
−→
0 = (0, 0, · · · , 0︸ ︷︷ ︸

m

)ÚJm = (1, 1, · · · , 1︸ ︷︷ ︸
m

)"

e¡·��Ñ��÷v½n4.16^��Ý
��E"�G = F+
q × F∗q§K8ÜD =

{(x, x) ∈ F+
q × F∗q|x ∈ F∗q} ´G þ�éuN1 = {(0, x)|x ∈ F∗q} ÚN2 = {(x, 1)|x ∈ F+

q }

�(q, q − 1, q − 1, 1)�È�8 [59]"^+���ó§·�k

DD(−1) = q · 1G +G−N1 −N2,

Ù¥D(−1)L«éAu8Ü{(−x, y−1) : (x, y) ∈ D}�+�¥���"

XJχ´��+���A�§�â½n4.15§·�k

χ(DD(−1)) =



(q − 1)2, XJχ = χ0;

1, XJχ|N1 = χ0Úχ 6= χ0;

0, XJχ|N2 = χ0Úχ 6= χ0;

q, XJχ|N1 6= χ0Úχ|N2 6= χ0.
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?�Ú§·�O���

χ(D) =

−1, XJχ|N1 = χ0Úχ 6= χ0;

0, XJχ|N2 = χ0Úχ 6= χ0.

½n4.17. �q ´���ê��s ≤ q ´����ê"K3C2q−2+s¥�3���(q − 1)s�

���"

y². �Xþ¡�PÒ§N´wÑĜ ∼= F̂+
q ×F̂∗q"�F̂+

q = {ψ1, · · · , ψq}§F̂∗q = {χ1, · · · , χq−1}

±9PD = {d1, d2, · · · , dq−1}"éu1 ≤ i ≤ s§�Bi = (ψiχk(dj))1≤j≤q−1
1≤k≤q−1

,Kbij = (ψiχj(d1),

· · · , ψiχj(dq−1))>§Ù¥A> L«A �=�"·�k〈bij, brt〉 = ψiψ
−1
r χjχ

−1
t (D)§KÝ
Bi

÷v½n4.16¥�^�§Ù¥a = q − 1, b = −1, c = 0, d =
√
q, f =

√
1 +
√
q Úe = 4

√
q"

Ïd(Ø¤á"

AO/§·�ke¡�íØ"

íØ4.18. 3C3q−2¥�3���q2 − q����§Ù¥q´���ê�"

4.2.4 üüüXXX...GrassmannianWWW¿¿¿���nnn������EEE

4.2.4.1 1���E

½n4.19. XJ3+(G, ·)¥�3��ëê�(v, k, λ)��8D§K3¢Grassmannian �

mGR(v, k)¥�3v��ê�k�¢f�m/¤��üX.W¿"

y². �eg (g ∈ G)´Rv ��|IO��Ä"�U1´d

ed, d ∈ D

Ü¤�k-�f�m"KÏL��eg 7→ eg·h (h ∈ G)§·��U��,	v − 1�f�mUh"

�D = {d1, · · · , dk}§Ph´Uh��KÝ
�Eh = (ed1·h, · · · , edk·h)"KE∗h ´Uh�)¤

Ý
§§�1´Uh���Ä"ÏdPh = EhE
∗
h"
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éuü�ØÓ�f�mUg ÚUh§·�O���

d2(Ug, Uh) = k − tr(PgPh)

= k − tr(EgE∗gEhE
∗
h)

= k − tr((E∗gEhE
∗
h)Eg)

= k − tr((E∗gEh)(E
∗
gEh)

∗)

= k − |(D · g) ∩ (D · h)|

= k − λ.

5¿�k(k − 1) = λ(v − 1)§Rv ¥v�k-�f�m�üX..�µ

minU 6=V d2(U, V ) ≤ k(v − k)

v

v

v − 1
= k − λ.

·���~f5`²·���E

~4.20. �v = 7ÚD = {1, 2, 4}"KD´(Z7,+)¥���(7, 3, 1)�8"f�mU0d
0 1 0 0 0 0 0

0 0 1 0 0 0 0

0 0 0 0 1 0 0

 ,

)¤�Ù¦f�mÏLÌ��I��"N´�yzéf�mk�Ó�ål"

e¡§·�ÏL®���8§�ÑAa�`W¿"

~4.21 (�Hadamard �8 [122]). �Hadamard �8´äkëê(q, q−1
2
, q−3

4
) ��8�G ´D,

−D Ú1G �¿§Ù¥q ≡ 3 (mod 4) ´���ê�"�â½n4.19§éz��ê�q ≡ 3

(mod 4)§3¢Grassmannian�mGR(q, q−1
2

)¥�3q ��ê� q−1
2
�¢f�m/¤��ü

X.W¿"

~4.22 (äkSinger ëê��8 [139]). ���8¡�äkSinger ëêXJ§�ëêäk/

ª( q
m−1
q−1 ,

qm−1−1
q−1 , q

m−2−1
q−1 )§Ù¥q ´���ê�Úm´����ê"8ckéõäkSinger

ëê��8��E"�â½n4.19§é?¿��ê�q Ú��êm§3¢Grassmannian�

mGR( q
m−1
q−1 ,

qm−1−1
q−1 )¥�3 qm−1

q−1 ��ê�
qm−1−1
q−1 �¢f�m/¤��üX.W¿"
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~4.23 (McFarland�8 [118]). McFarland�8´äkëê(qm+1(1+ qm+1−1
q−1 ), qm qm+1−1

q−1 , qm qm−1
q−1 )

��8§Ù¥q´���ê��m´����ê"K�â½n4.19§é?¿��ê�qÚ�

�êm§3¢Grassmannian�mGR(qm+1(1 + qm+1−1
q−1 ), qm qm+1−1

q−1 )¥�3qm+1(1 + qm+1−1
q−1 )�

�ê�qm qm+1−1
q−1 �¢f�m/¤��üX.W¿"

��§·��Ñ�
µØ"

µØ4.24. 1. dukéõ�8§'XµMenon �8 [37]§©��8 [105]§Ì)�ê�

8 [155]��§|^½n4.19§·��±���õ��`W¿"

2. �Hadamard�8kéõØ�d�E [154]§Ïdé�Óëê·�kéõÀJ"éÙ¦

�8�´aq�"

4.2.4.2 1���E

3ù��!§·��Ñ1���`W¿��E"·�Äk�Ñe¡�½Â"

½Â4.25. ��N×N Ý
H¡�EHadamardÝ
§XJé?¿j, k = 1, 2, · · · , N§|Hjk| =

1�HH∗ = NIN§Ù¥IN ´ü Ý
"

é?¿g,êN§EHadamardÝ
þ�3"~XµH = (e2πi(j−1)(k−1)/N)j,k=0,··· ,N−1 ´

��N ×N EHadamardÝ
"

½n4.26. é?¿�ê�q ≡ 3 (mod 4)§3EGrassmannian�mGC(q, q−1
2

)¥§�3 q(q+1)
2
�

�ê� q−1
2
�Ef�m/¤��üX.W¿"

y². �q ≡ 3 (mod 4) ´���ê�§k = q−1
2
§(G,+) ´��q ���+±9D =

{d1, d2, · · · , d q−1
2
}´(G,+)¥ëê�(q, q−1

2
, q−3

4
)��Hadamard�8"K−D�´���8
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�D ∪ (−D) ∪ {0G} = G"é?¿��ð��x ∈ G§·�k

|D ∩ (−D + x)|+ |(D + x) ∩ −D|

=|(D ∪ −D) ∩ ((D ∪ −D) + x)| − |D ∩ (D + x)| − | −D ∩ (−D + x)|

=q − 2− q − 3

4
− q − 3

4

=
q − 1

2
.

�C = 1+
√
q+2√
q+1

�eg (g ∈ G) ´Cq �IO��Ä"�H = (Hij)0≤i,j≤ q−1
2
´��

EHadamardÝ
§·�b�é?¿i, j§Hi0 = H0j = 1"�Ut0 (0 ≤ t ≤ q−1
2

)´d

edi +HitCe−di , di ∈ D

Ü¤� q−1
2

-�f�m"éz�Ut0§ÏL��eg 7→ eg+h (h ∈ G)§·����q − 1�f�

mUth"

�Pth ´Uth ��KÝ
±9Ath = (
ed1+h+H1tCe−d1+h√

1+C2 , · · · , edk+h+HktCe−dk+h√
1+C2 )"KA∗th

´Uth�)¤Ý
§Ù¥§�1´Uth�IO��Ä"ÏdPth = AthA
∗
th"

duD∩(−D) = ∅§é?¿�t 6= s§·�kA∗thAsh = diag(1+C
2H1tH1s

1+C2 , · · · , 1+C2HktHks

1+C2 )"

Kéü�f�mUtg ÚUsg (t 6= s)§·�k

d2(Utg, Usg) =
q − 1

2
− tr(PtgPsg)

=
q − 1

2
− tr(AtgA∗tgAsgA

∗
sg)

=
q − 1

2
− tr((A∗tgAsgA

∗
sg)Atg)

=
q − 1

2
− tr((A∗tgAsg)(A

∗
tgAsg)

∗)

=
q − 1

2
− 1

(1 + C2)2

k∑
i=1

(1 + C2HitHis)(1 + C2HitHis)

=
q − 1

2
− 1

(1 + C2)2

k∑
i=1

(1 + C2HitHis + C2HitHis + C4)

=
q − 1

2
− q − 1

2

1 + C4

(1 + C2)2
+

2C2

(1 + C2)2

=
(q + 1)2

4(q + 2)
.

�Eth1 = (
ed1+h√
1+C2 , · · · ,

edk+h√
1+C2 ) ÚEth2 = (

H1tCe−d1+h√
1+C2 , · · · , HktCe−dk+h√

1+C2 )§KAth = Eth1 +

Eth2"duD ∩ (−D) = ∅§·�kE∗th1Eth2 = 0"é?¿�g 6= h§A∗tgAsh = E∗tg1Esh1 +
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E∗tg1Esh2 + E∗tg2Esh1 + E∗tg2Esh2"K

tr((A∗tgAsh)(A
∗
tgAsh)

∗)

=tr((E∗tg1Esh1)(E
∗
tg1Esh1)

∗ + (E∗tg1Esh2)(E
∗
tg1Esh2)

∗ + (E∗tg2Esh1)(E
∗
tg2Esh1)

∗ + (E∗tg2Esh2)(E
∗
tg2Esh2)

∗).

éü�f�mUtg ÚUsh (g 6= h)§|^�Hadamard�8�5�§·�k

d2(Utg, Ush)

=
q − 1

2
− tr(PtgPsh)

=
q − 1

2
− tr(AtgA∗tgAshA

∗
sh)

=
q − 1

2
− tr((A∗tgAshA

∗
sh)Atg)

=
q − 1

2
− tr((A∗tgAsh)(A

∗
tgAsh)

∗)

=
q − 1

2
− tr((E∗tg1Esh1)(E

∗
tg1Esh1)

∗ + (E∗tg1Esh2)(E
∗
tg1Esh2)

∗ + (E∗tg2Esh1)(E
∗
tg2Esh1)

∗+

(E∗tg2Esh2)(E
∗
tg2Esh2)

∗)

=
q − 1

2
− |(D + g) ∩ (D + h)| 1 + C4

(1 + C2)2
− (|(D + g) ∩ (−D + h)|+ |(D + h) ∩ (−D + g)|) C2

(1 + C2)2

=
q − 1

2
− q − 3

4

1 + C4

(1 + C2)2
− q − 1

2

C2

(1 + C2)2

=
(q + 1)2

4(q + 2)
.

éuCq¥� q(q+1)
2
� q−1

2
�f�m§·�O���§�üX..µ

minU 6=V d2(U, V ) ≤
q−1
2

(q − q−1
2

)

q

q(q+1)
2

q(q+1)
2
− 1

=
(q + 1)2

4(q + 2)
.

µØ4.27. 1. �½n4.26 aq�(J®²Ñy3©z [21,98]¥"3ù��!§·�|^

�Hadamard�8�Ñ��#�ù«�`W¿��E"

2. ¯¢þ§b�(G,+)¥kü�äk�Óëê(v, k, λ)��8÷ve¡^�µ

(a) D1 ∩D2 = ∅¶

(b) é?¿��ð��x ∈ G§�3,�~êµ§|D1∩(D2+x)|+|(D1+x)∩D2| = µ¶

(c) �3σ ∈ Aut(G)§D2 = σ(D1)"
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KrDÚ−DU¤D1ÚD2§Kþ¡��E�k�"Ø3�´§XJ�8D1, D2÷v

þ¡�^�§KD1, D2�½äk�Hadamardëê��8"ù�:�ÏLe¡�©Û

��"

XJD1, D2 ´÷vþ¡^��ü��8§Ké?¿��ð��x ∈ G§|(D1 ∪D2) ∩

((D1 ∪D2) + x)| = µ+ 2λ"ÏdD1 ∪D2�´���8"ÏL�8�Ä��ª§·�

k

k(k − 1) = λ(v − 1),

2k(2k − 1) = (µ+ 2λ)(v − 1).

Ïd(v − 1)|gcd(k(k − 1), 2k(2k − 1))§lv − 1 ≤ 2k ≤ v"Ïdk = v−1
2
§�D1, D2

´äkëê(v, v−1
2
, v−3

4
)��8"

4.2.4.3 1n��E

3ù��!§·�ÏLLatin��Ñ���`W¿��E"

½Â4.28. ����n§i18�{0, 1, · · · , n − 1} �Latin �L ´��n × n 
�÷vz

�i13z1z�þTÐÑy�g"����n �Latin �L ´é¡�XJé?¿

�0 ≤ i, j ≤ n− 1§L(i, j) = L(j, i)"

'uLatin�®²kéõ�ïÄ"�'?Ð�ë�©z [33]"e¡·��Ñ·��Ì�

�E"

½n4.29. b�3i18{0, 1, · · · , st − 1}þ�3����st�é¡Latin�L÷ve¡�^

�µ

(1) éum = 0, s, 2s, · · · , s(t− 1)§L(x, x) = m)��ê´s¶

(2) éum = 0, s, 2s, · · · , s(t − 1)§i = 0, 1, · · · , st − 1§�u(i) ´L(i, u(i)) = m ��

�)"Ké,�a|st§a ≤ s§·�k{(i − u(i)) (mod st) : i = 0, 1, · · · , st − 1} =

{0, a, · · · , st− a}�z�ja (j = 0, 1, · · · , st
a
− 1)TÑyag"

K3EGrassmannian�mGC(st, s(t+1)
2

)¥§�3t2��ê� s(t+1)
2
�Ef�m/¤��üX

.W¿"
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y². �âé¡Latin��5�Ú1��^�§·�k2|s(t+ 1)"

�ω´����st-gü �"éum = 0, s, 2s, · · · , s(t− 1)Úl = 0, 1, · · · , t− 1§·�

½ÂÝ


(Rm,l)i,j =

ω
(i−j)l, XJL(i, j) = m;

0, Ù¦�/,

Ù¥0 ≤ i, j ≤ st− 1"

N´�yRm,l÷ve¡�^�µ

(1) R∗m,l = Rm,l¶

(2) tr(Rm,l) = s¶

(3) R2
m,l = I"

�e5§·�O��(m, l) 6= (m′, l′)�§tr(Rm,lRm′,l′)��"XJm 6= m′§KduRm,l

ÚRm′,l′ ��" �Ø�§tr(Rm,lRm′,l′) = 0"XJm = m′§�â1��5�§·�k

tr(Rm,lRm′,l′) =
st−1∑
i=0

ω(i−u(i))(l−l′) = a

st
a
−1∑

i=0

ωai(l−l
′) = 0.

�Pm,l = 1
2
(Rm,l + I)§dRm,l�5���

(1) P ∗m,l = Pm,l¶

(2) tr(Pm,l) = s(t+1)
2
¶

(3) P 2
m,l = Pm,l¶

(4) éu(m, l) 6= (m′, l′)§·�ktr(Pm,lPm′,l′) = s
2

+ st
4
"

�Um,l´éAu�KÝ
Pm,l�f�m§Kü�f�m�m�ål´

d2(Um,l, Um′,l′) =
s(t+ 1)

2
− tr(Pm,lPm′,l′) =

st

4
.

éuCst¥t2� s(t+1)
2
�f�m�4�ål�üX..´µ

minU 6=V d2(U, V ) ≤
s(t+1)

2
(st− s(t+1)

2
)

st

t2

t2 − 1
=
st

4
.

Ïd§3EGrassmannian �mGC(st, s(t+1)
2

) ¥§t2 �Ý
Pm,l (m = 0, s, 2s, · · · , s(t − 1),

l = 0, 1, · · · , t− 1)/¤��üX.W¿"
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µØ4.30. �s = 1§t´��Ûê§L(i, j) = (i+j) (mod t)"�â½n4.29§3EGrassmannian

�mGC(t, t+1
2

)¥§�3t2 ��ê� t+1
2
�Ef�müX.W¿"ù�(J®²Ñy3©

z [98]¥"

y3·��Ñ��÷v½n4.29�é¡Latin���E"�G(n) = {0, 1, · · · , n− 1}§s

´���óê�t´���Ûê"½Âfs(x, y) : G(s)×G(s)→ G(s)�

fs(x, y) =


0, XJx = y;

a+ 1, XJa ∈ G(s− 1), {x, y} = {a, s− 1};

a+ 1, XJa, x, y ∈ G(s− 1), x 6= y, x+ y ≡ 2a (mod s− 1).

�gt(x, y) = (x + y) (mod t) ´lG(t) × G(t) �G(t) �N�"K·�½ÂLs,t(x, y) :

G(st)×G(st)→ G(st)µ

Ls,t(sx1 + x2, sy1 + y2) = sgt(x1, y1) + fs(x2, y2)éux1, y1 ∈ G(t), x2, y2 ∈ G(s).

N´�yLs,t(x, y)÷ve¡�^�µ

(1) Ls,t(x, y) = Ls,t(y, x)¶

(2) éum = 0, s, 2s, · · · , s(t− 1)§Ls,t(x, x) = m�)��ê´s¶

(3) é?¿�i, k ∈ G(st)§�3���j ∈ G(st)¦�Ls,t(i, j) = k"

Kéum = 0, s, 2s, · · · , s(t− 1)§i ∈ G(t)Új ∈ G(s)§�3���u(i) ∈ G(t), u(j) ∈

G(s)¦�Ls,t(si+j, su(i)+u(j)) = m"�âLs,t(x, y)�½Â§·�ku(i) = (m
s
−i) (mod t)

�u(j) = j"Ïd{(si+ j−su(i)−u(j)) (mod st) : i ∈ G(t), j ∈ G(s)} = {0, s, 2s, · · · , s(t−

1)}�z�ks (k = 0, 1, · · · , t− 1)Ñysg"l§Ls,t(x, y)/¤��÷v½n4.29¥^�

�é¡Latin�"·�ke¡�íØ"

íØ4.31. é?¿��óêsÚ�Ûêt§3EGrassmannian�mGC(st, s(t+1)
2

)¥§�3t2�

�ê� s(t+1)
2
�Ef�m/¤��üX.W¿"

4.2.5 ooo(((

3©z [99] ¥§König|^�8§3Cd¥�E
���d2 − d+ 1����§Ù¥d− 1

´�ê�"�C§Jedwab �< [84,85] |^üüÃ Ä�E
äk��������8
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Ü"§��(J�±�4.2.3�!@�|^�é�8��"ù�óä���´|{|χ(D)| :

χ ∈ Ĝ\{χ0}}| = 1 (½ö2) XJD ´+G ¥��8(½ö�é�8)"5¿�XJD ´�

��È�8§K|χ(D)| (χ ∈ Ĝ\{χ0})�n��"3ùÜ©§·�3Cd¥�Ñ
����

�O(d2)����"ù��{��±í2§XJ·��±é���+G¥���f8D÷

v|χ(D)| (χ ∈ Ĝ\{χ0})�����"

34.2.4�!¥§·��Ñ
n�üX.GrassmannianW¿"Äu1���E§?¿�

���8þ�gÄ�Ñ��üX.GrassmannianW¿"1���E´|^�Hadamard�

8�Ñ
©z [21]¥��E���#)º"1n��E´|^AÏ�Latin��Ñéõ#�

üX.GrassmannianW¿"
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