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Abstract

There is a long history of the interactions between information science and combinatoric-

s. Information science provides problems and stimulates the development of combinatorics in a

concrete applicational level while maturity of various fields of combinatorics offers theoretical

supports to information scientific researches. Essentially, problems arising from information sci-

ence may be turned into extremal configuration problems in combinatorics. This dissertation aims

to investigate several problems arising from information science via a combinatorial perspective,

with applications of tools from graph theory, probabilistic methods and extremal combinatorics.

In Section 1, we will briefly introduce the backgrounds of several problems arising from

information science and summarize our main contributions towards these problems.

In Section 2, we will focus on permutation codes and snake-in-the-box codes in permuta-

tion groups. These are widely used in areas such as power line communications, block ciphers

and rank modulation schemes for flash memories. We turn the problem of analyzing the number

of codewords into a graph theoretic problem and construct proper colorings of certain graphs to

analyze the independence number. In this way we can improve the lower bound on the number

of codewords for permutation codes under Hamming metric or Kendall’s τ -metric. The problem

of snake-in-the-box codes under Kendall’s τ -metric differs significantly in permutation groups of

odd or even order. In S2n+1 we give a rigourous proof of a construction given by Horovitz and

Etzion, and propose a better construction with a slight modification. In S2n+2 we get a nontrivial

construction by merging several replicas of a snake in S2n+1, which is asymptotically optimal.

In Section 3, we focus on collusion-secure codes and related hash families, arising from digital

fingerprints. We turn the problem of deciding the number of codewords into a hypergraph theoretic

problem and make use of results concerning the independence number of certain hypergraphs. In

this way we improve the lower bounds of perfect hash families, frame-proof codes and separable

codes with certain parameters. Our work is known to be the first application of this hypergraph

approach.
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In Section 4, we analyze when an invertible binary matrix contains the largest ratio of 2 × 2

invertible submatrices. The original motivation of this purely combinatorial problem can be traced

to the Turing Award winner Ron Rivest, who proposes all-or-nothing transforms, a preprocessing

to add additional securities for block ciphers. Via integer programming and probabilistic analyses,

we completely solve this problem and offer explicit constructions via cyclotomies.

In Section 5, we focus on minimal size of unextendible product bases in a given multipartite

Hilbert space, which is one of the most fundamental problems in quantum information theory and

has wide applications in various areas of quantum information theory. We determine the precise

value of the minimal size of unextendible product bases for some parameters, by applying sever-

al graph-theoretic tools including orthogonal representations of graphs, connectivity of circulant

graphs and 1-factorizations of graphs.

In Section 6, we briefly introduce some other topics still under investigation.

Keywords: permutation codes, snake-in-the-box codes, independent set, separating hash families,

collusion-secure codes, all-or-nothing transforms, unextendible product bases

VI



��� ããã

2-1 d T5�� T7 ................................................................................................................ 25

2-2 ò�ó(Ü¤£ó§M5 = 57 .................................................................................... 26

2-3 M [x]-ó�..................................................................................................................... 26

2-4 ã G7ÚéA� Hamiltonian� C7 .............................................................................. 30
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Transactions on Information Theory6.
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1.3 ©©©|||���èèè���ýýý???nnn))))))AONTCCC���

AONTC��@dã(ø�Ì Ron RivestJÑ [101]§±��¦^©|�è�c�ý?

nÚ½§�©|�èJø
���	�S�5"1-AONT�±3©|�è�¦^�cJø

���¡�/�C�£package transform¤0�ý?nL§"b�·���\��²©´

(x1, . . . , xs).Äk/d�� 1-AONT§òÙ=z� (y1, . . . , ys) = φ(x1, . . . , xs).�5²�´ φ

ù�C���¿ØI�´���"�e5^��©|�èé (y1, . . . , ys)?1\�§òÙ=

z¤�© zi = eK(yi)§1 ≤ i ≤ s§Ù¥ eK �L\�¤¦^�¼ê"�©��Âö�±é

�©?1)�§2|^� 1-AONT�_C� φ−1���©�²©"�´§éu?Û���

fö
ó§���²©¥�?¿� &E§Ñ7Lé�©)�£'X¡¦|¢��{¤�

��N� (y1, . . . , ys)�&Eâ�±"�ó�§du 1-AONT�5�§==Ü©�»Èéu

��²©¥�?¿� &Evk?Û�Ï"3ù«¿Âþ§1-AONT�A^�©|�èJ

ø
���	�S��o"

,
§¯K�£����þ�§��ÎÜ AONTC��¦�Ý
¿Ø�3"XÛ�E

��¦þ�C AONTC��¦���Ý
º Stinson�< [43] òd¯K=z�e¡��d¯

KµN�����_���Ý
¥k��'~��_ 2 × 2fÝ
§ù����'~��

õ�ºéuù���X{�|Ü¯K§Stinson�<�ïÄß�ù����'~��4��

3§�Ñ
Ùe.þ.©O� 0.492Ú 0.625§¿ÏLÃX|Ü�O��{��
�½�Ý


�E�ª"

�©��)û
d¯K§y²d���'~�=� 0.5.äN
ó§Äk·�ïá
î

��xd¯K�`)��ê5y§¿ÏLéÙtµ�55y�Cq¦)§��
d'~�

þ. 0.5.?
§ÏLÝ
��Å�E§9±��Ý�{�©Û§·�y²
d'~�e.

� 0.5.ü�¡(Ü��
·���ª(Ø"Ó�§·��JÑ
äN��Ý
��Y§Ì

��EÚ½|^
Ü·ëêe�©�a§9±N�Ú½±�y�E�Ý
���_"�ó

�®Ýv�5Discrete Mathematics6.

1.4 þþþfff&&&EEE¥¥¥���ØØØ���***ÐÐÐ¦¦¦ÈÈÈÄÄÄ

Ø�*Ð¦ÈÄ£Unextendible Product Bases¤ [15,51] ´þf&E¥��Ä�¯K�

�§§3þf&E�Ãõ+�kX2��A^§Xé BoundÅ����E§�EØ��

��f§�E$�Ý�ÛÜØ�«©f�m§y²ÃÅ��e�þf�Û�5�y��

�35��"ù
A^�¦·��ïÄ3�½�õÜF�ËA�m¥�Ø�*Ð¦È

4



1 XØ

Ä���5�¯K"- fm(k1, . . . , km)�L
⊗m

i=1 Cki ¥�5���� UPB���§Alon

� Lovász [5] Çkuy
d¯K���|ÜA5§|^ã���L«ù�óä§�x


fm(k1, . . . , km) =
∑m

i=1(ki − 1) + 1ù��²�e.����¿©7�^�"gd��§=

k Feng§Chen§Johnston�<3d¯KþkÙ§"(�ó� [61,80,81]"

�©nÜ|^ã���L«!Ì�ã�ëÏ5!ã� 1-Ïf©)�eZãØóä§

û½
�X�ëêe���5�Ø�*Ð¦ÈÄ����O(�"Ù¥�)
éu

f(2, 2, 4k − 1) = 4k + 2ù�úm¯K�)û"Ù§¤)û��aëê§�k"éuþf&

E¥�Ø�*Ð¦ÈÄ���'�ÃõïÄ�KkÔn¿Âe��z"�ó�®Ýv�

5Physical Review A6.
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2 ������èèè������///èèè

2.1 000���

�Ù�ïÄÌK´��+þ���è��/è"du3>å�Eâ!©|�è!ð�

¥�üSN��+��A^§��è��/è�Ï±5��
2�'5��\ïÄ"

- Sn� n���þ���+"����è��þ´��+ Sn���f8§�3�½

�,«åle÷v�½���^�"éu��è�@�ïÄ�±J�u [47,63]"ld§�â

äNA^�µ�ØÓ§<�m©ïÄ�«��ål¿Âe���è"'u��è¥�Ü©

�­��ål§�ë�nã [46]"�Ù¥§·�Ì��Ä�´Ç²ålÚ Kendall’s τ -ål"

Ç²åle���è�ïÄ�,å§
uÙ3>å�þ�êâDÑ [97] ±93©|�

è [44] ¥�A^"·�{�0�Ù3>å�DÑ+��A^�µ">å�êâDÑ¥�Ì

��n«D(�µéªÇkK��[È5Ä�D(£X5g>f���D(¤!á�mó

ÀD(!pdxD(£�µD(¤"3¯õDÚ�êâDÑx0�¥£'X>{�DÑ�

¥(DÑ�¤§pdxD(´éXÚK����D(",
§3>å�DÑ¥%´,	ü

«D(��wÍ"3 [62] Ú [125] ¥äNJÑ
^Ç²åle���èéù«D(?1Å�

��Y"Ç²åle���è�ïÄ�Ø%¯K§´?Ø3�½� Sn Ú�½�4�ål

de§���èiê8 AH(n, d)§±9��½�Cd�`��è�äN�E"

Kendall’s τ -åle���è�ïÄ�,å§
uCc5ð�Eâ�uÐ"ð�´�«

�´�5�;ì§�±?1>f�\�>fÞØ"du§¦^Æ·�§Ôn|5Ð§�;

�Ýp�k�é�p�5d'§Ï
�c�5��2�A^uF~)¹�¥§X U�!�

Å¥�PÁ�!ÃÅ¥��;k�Ãõ�;0�"{
ó�§ð�´±Ù���;ü�þ

�>Ö5L«��;&E�§Ù�k�>Ö�\�>ÖÞØùü�L§�Øé¡5´ð�

���"�"�\>Ö�L§§�±3ü��;ü�þ?1§�´XJ�ÞØ���;ü

�þ�>Ö�{§%Ø�ØéÙ¤3���«¬?1>ÖÞØ"���Ú½´I�ké�

�«¬�&E?1�°§2ÞØK��«¬�>Ö§��òØ��ÞØ�ü��	�Ù§

�A�;�&E­#�\"ù��L§Q�Ñ�þ�m§qéð��¦^Æ·k4��

7
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�"Ïd§XJ±��;ü�þ�>Ö�ýéê���&E�;��ª�{§3>Ö�\

L§¥d3�>ÖÄÑy�ò´���~5Ã�¯K"ùq¦�y¢¥�êâ�\²~�

æ��ú��Ú�Ú�ö�§Åìò>ÖN��¤��\�8I�",	§ð�¥�Ó�

¡�X>Ö��¦�Ö��Z6�¯K"�
)ûþã(J§ [76] ¥JÑ
M#5�/ü

SN�0�ª"&E��;òØ2Äu��;ü�þ�>Ö�ýéê�§
´Äu��«

¬þ���;ü��m�>Öê����üS"=§XJ·�k n��;ü�§Ùþ�>

Öþ©O� c1, c2, . . . , cn ∈ R§K¡ù�«¬�;
 σ ∈ Sn §cσ(1) > cσ(2) > · · · > cσ(n) ù

�����"3ù«e�e§XJ>Ö�m==k����Ø§���¿Ø¬�5üSþ

�K��{§@o·�Ò�e
�)ûù�¯K�æ�"�,§��Øv
�§¬�5ü

Sþ��Ï�{§ù«�ØE´I�?n�"�
u�½Å�ù«�Ø§I�½Â�
Ü

·�ål"��+þ�eZ«ålÑ�±^5�éù«�Ø§Ø Kendall’s τ -ål [10,27,77,95]

�	§�k Ulamål [60] Ú l∞-ål [84,118]"Kendall’s τ -åle���è�ïÄ�Ø%¯

K��§´?Ø3�½� Sn Ú�½�4�ål de§���èiê8 AK(n, d)§±9�

�½�Cd�`��è�äN�E"

ÑuþãÓ���Ï§©z [76] ±9��� [56] Ú [129] ?�ÚJÑ§3ð��üSN�

�ª¥��#N�>Ö�\ö�´r���;ü��>þN���p§ù¡���/í�

ºà0ö�"ù?�Ú;�
3>Ö�\L§¥d3�>ÖÄÑ�ºx"ò Kendall’s τ -å

le���è�ì/í�ºà0ö�5ü�¤�|�Xè´ð�N��ª¥,��Ø%¯

K"�Xè�@3 [69]¥�XÚJÑ§[103]´dïÄ�K���éÐ�nã"3�½åle

�±uÿ���Ø��Xè�¡��/è"·��8I´3 Kendall’s τ -åle�Eèiê

8¦þõ��/è"

�Ù�(�Xe"1 2.2�!ò�[0��Ù¤�9�½ÂÎÒ§±9®��'uÇ

²åle���è!Kendall’s τ -åle���è!Kendall’s τ -åle��/è��'ïÄ

(J"1 2.3�!ò?ØÇ²åle���è§ÏL|^ã�/Úê5©ÛÕáê���

�{§�ÑÇ²åle���èèiê8 AH(n, d)�#�e."1 2.4�!?Ø Kendall’s

τ -åle���è§�´^aq��{�Ñ AK(n, d)#�e.§¿�Ñ
Ù§A�"((

J"��ü�!òéu Kendall’s τ -åle��/èÐmïÄ§Ù¥1 2.5�!?Ø S2n+1

þ��/§�)
éu/ Horovitz-Etzion�E0��15�î�y²§¿9±,
N��

�
d3��Ð��/è��E�Y¶1 2.6�!?Ø
 S2n+2þ��/§|^�c S2n+1

��/è�Ä:?1E��©�§��
�²���/è�E§3ì?¿Âe���`"

��§1 2.7�!é�Ù?1o("

8



2 ��è��/è

2.2 ýýý���óóó���

��!¥·��Ñ��è��/è��'½Â§¿{�nã�'��X�®�(J"

P [n]�8Ü {1, 2, . . . , n}.- π = [π1, π2, . . . , πn]� [n]þ���������§òz� i ∈ [n]

N�� π(i) = πi.���ù«L«�{¡�Ù���þþþLLL«««"éu?¿ x ∈ [n]§π−1(x)�L

X x3 π ¥� ��I",��k^�L«����{�ÙÌÌÌ���LLL«««§=r�����

âÙ;�L«¤eZ�Ø��Ì�;��¦È§~X�þL« [3, 4, 5, 2, 1, 6]�duÌ�

L« (1, 3, 5)(2, 4)(6).éuü��� σ Ú π§§��EÜ§P� σπ§´é?¿ i ∈ [n]÷

v σπ(i) = σ(π(i))�ù���"¤k��3ù«EÜ$�e�¤���+ Sn§|Sn| = n!§

¡� [n]þ�������+++"P ε , [1, 2, . . . , n]�ù�+¥�N�"éu��ÃS��êSé

1 ≤ x < y ≤ n§XJ π−1(x) > π−1(y)§K¡ù�éê�¤ π¥��|___SSS"- I(π)��

� π¥�_Sê�Ú"π¡���Û��½ó��§�ûu I(π)�Ûó5"

2.2.1 ÇÇÇ²²²ååållleee���������èèè

éuü��� σ Ú π§½Â§��ÇÇÇ²²²ååålll�§���þL«¥Ø�Ó� ��ê

8§=

dH(σ, π) = |{i ∈ [n] : σi 6= πi}|.

éu 1 ≤ d ≤ n§e C ⊂ Sn ¥�?Ûü��� σ, π ∈ C �m�Ç²ål÷v

dH(σ, π) ≥ d§K¡ C ���Ç²åle� (n, d)-������èèè"P AH(n, d)����Ç²ål

e� (n, d)-��è�èiê8§��d����è�¡��`�"AH(n, d)��9éA�

�`è��E´Ì��ïÄ8I"|^Ä��|ÜE|§k±e(Ø¤á"

½n1. • AH(n, 2) = n!¶

• AH(n, 3) = n!/2¶

• AH(n, n) = n¶

• AH(n, d) ≤ nAH(n− 1, d)¶

• AH(n, d) ≤ n!/(d− 1)!.

,
§éu 4 ≤ d ≤ n− 1§û½ AH(n, d)��´(J�"e¡o(�
'u AH(n, d)

�þe.�­��®�(J"XÓïÄÙ§�ª���è��§�k��Ä�´¥W¿.

9
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�þ.Ú Gilbert-Varshamov.�e."

- D(n, k) £k = 0, 1, . . . , n¤�L Sn ¥�N� ε�Ç²ålT� k �¤k���8

Üµ

D(n, k) = {π ∈ Sn : dH(π, ε) = k}.

D(n, k)����

|D(n, k)| =
(
n

k

)
Dk,

Ù¥ Dk � k��üê"

éu?Û���� π ∈ Sn§± BH(π, r)5L«± π �¥%��»� r�ÇÇÇ²²²¥¥¥§½

Â� BH(π, r) , {σ ∈ Sn : dH(σ, π) ≤ r}.w,§�»� r�Ç²¥���¿Ø�6u¥%

� �§·�PÙ��� BH(r)µ

BH(r) =
r∑

k=0

|D(n, k)|.

éuÇ²åle���è§Ù Gilbert-Varshamov.e. [67,123]Ú¥W¿.�þ. [94]X

e"

½n2.
n!

BH(d− 1)
≤ AH(n, d) ≤ n!

BH(bd−1
2
c)
.

��½ d§n→∞�§ [66]¥ée.�Ñ
U?"

½n3. [66]- d�½§n→∞§K

AH(n, d) ≥ Ω(log n
n!

BH(d− 1)
).

��§Tait§Vardy Ú Verstraëte 3 [117] ¥�Ä
 d/n �½���¹§Ó�U?


Gilbert-Varshamov.e."

½n4. [117] - d/n����½�'~§0 < d/n < 0.5§K� n→∞�k

AH(n, d) ≥ Ω(n
n!

BH(d− 1)
).

�Ç²åle���è�'�Ù§ïÄó��)µÄuÅ�è [49,64,74] Ú|Ü�O [38,41]

��
�E��è��ª§é�k�½gÓ����è��{|¢üÑ [22,75,106]§Äu�5

5yÚ��½5y�þ. [23,24,54,119]§^VÇ�{ïÄ��è�. [82]§±9lCX�»�

Ý��'©Û [29,107]"

10



2 ��è��/è

2.2.2 Kendall’s τ -ååållleee���������èèè

éu���� π = [π1, π2, . . . , πn] ∈ Sn§��/������NNN���0ö���´é��ü�

 � πi � πi+1 �m���§1 ≤ i ≤ n − 1§l
�� [π1, . . . , πi−1, πi+1, πi, πi+2, . . . , πn]

ù�#���"ü��� σ Ú π �m� Kendall’s τ -ååålll [83]§P� dK(σ, π)§´rÙ¥

��=z�,���¤I�������N�ö��ê8"~X§π1 = [1, 2, 3, 4, 5] Ú

π2 = [2, 3, 1, 5, 4] �m� Kendall’s τ -ål� 3§äN�C�L§�±�µ [1, 2, 3, 4, 5] →

[2, 1, 3, 4, 5] → [2, 3, 1, 4, 5] → [2, 3, 1, 5, 4]. Kendall’s τ -ål���{²�êÆL�ªX

e [77]µ

dK(σ, π) = |{(i, j) : σ−1(i) < σ−1(j) ∧ π−1(i) > π−1(j)}|.

éu 1 ≤ d ≤
(
n
2

)
§e C ⊂ Sn ¥�?Ûü��� σ, π ∈ C �m� Kendall’s τ -ål

÷v dK(σ, π) ≥ d§K¡ C ��� Kendall’s τ -åle� (n, d)-��è"P AK(n, d)��

�� Kendall’s τ -åle� (n, d)-��è�èiê8§��d����è�¡��`�"

AK(n, d)��9éA��`è��E´Ì��ïÄ8I"²��(Ø�)µAK(n, 2) = n!
2
§

éA�`èi��NÛ��½�Nó��¶éu d ≥ 2
3

(
n
2

)
§k AK(n, d) = 2ù�²�(

Ø [27]"Ù§�¹e§éu 3 ≤ d ≤ 2
3

(
n
2

)
§û½ AK(n, d)��´(J�"e¡o(�
'u

AK(n, d)�þe.�­��®�(J"

�þ©aq§�Äk�Ä¥W¿.�þ.Ú Gilbert-Varshamov.�e."éu?Û

���� π ∈ Sn§± BK(π, r)5L«± π �¥%��»� r � Kendall’s τ -¥¥¥§½Â�

BK(π, r) , {σ ∈ Sn : dK(σ, π) ≤ r}.w,§�»� r� Kendall’s τ -¥���¿Ø�6u¥

%� �§·�PÙ��� BK(r).¥W¿.�þ.Ú Gilbert-Varshamov.�e.Xeµ

½n5. [77]

n!

BK(d− 1)
≤ Ak(n, d) ≤ n!

BK(bd−1
2
c)
.

éuål� dK(σ, π) = 1�ü��� σ Ú π§±�ö�¥%��»� r � Kendall’s

τ -VVV¥¥¥§½Â� DB(σ, π, r) , B(σ, r) ∪ B(π, r).P DBn,r � Sn¥¥%3N�Ú�� (1, 2)

��»� r�V¥"3 d�óê�§ [27]¥|^/è-�è0�{�Ñ
éue.�U?"

½n6. [27]XJ��è C ⊂ Snk4�Kendall’s τ -ål d§���èA ⊂ Snk4�Kendall’s

τ -ål d− 1§Kk |C| · |A| ≤ n!.AO/§Ï�DBn,r´��4�ål� 2r+ 1��è§K

11
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k

AK(n, 2(r + 1)) ≤ n!

|DBn,r|
.

Ö¿`²�:"Ø
þãé��è�þ.k¤ëì�	§Ïé Sn ¥3 Kendall’s τ -å

le�`��è���´ék��¯K"�*þ§�»� r �¥é�U´4�ål� 2r

��`��è§�»� r�V¥é�U´4�ål� 2r + 1��`��è",
ù��*

þÎÜ���·K�==3 r = 1��±y²§3 r ≥ 2�´Ä¤á´��úm¯K [27]"

e.�¡§Äk`²·��±�X­�ÄÛê de� AK(n, d)§Ï�ke¡ù�{ü

%k^�¯¢ [77]µ

Ún7. [77]é?¿��ê nÚ t ≥ 1§k AK(n, 2t) ≥ 1
2
AK(n, 2t− 1).

3 [10] ¥éue.k��­��U?§Ù�{´éu©z [77] ¥|^ Leeåle�è�

E Kendall’s τ -åle� (n, 3)-��è��{���í2"éu�½� t§ù�í2�±�

EÑèiê8�� Kendall’s τ -åle�`� (n, 2t+ 1)-��èèiê8�~ê'~?O�

è"

½n8. [10] -m = ((n− 2)t+1 − 3)/(n− 3)§Ù¥ n− 2��ê�"Kk

AK(n, 2t+ 1) ≥

n!/(t(t+ 1)m), t�Ûê¶

n!/(t(t+ 2)m), t�óê"

©z [10]¥3ì?¿Âe�Ä AK(n, d)µ

½n9. [10]- C(d) = limn→∞
lnAK(n,d)

lnn!
� Kendall’s τ -åle4�ål� d�èi�èÇ"K

k

C(d) =


1, XJ d = O(n);

1− ε, XJ d = Θ(n1+ε), 0 < ε < 1;

0, XJ d = Θ(n2).

� Kendall’s τ -åle���è�'�Ù§ïÄó�§��±�m^S§�)µÄuè

i� á��½ò��E|��
485�.��E [77]§ÄuDÚÅ�è��
��è�

�E9{ü�Èè�{ [95]§�55y���½5y. [90]§XÚ��è [28,132]§±9,
ë

êeÅ�ü��Ø��{è�Ø�35 [27].

12



2 ��è��/è

2.2.3 Kendall’s τ -ååållleee������///èèè

e¡÷^ [131] � [73]�½Â�ÎÒ0�ð�üSN�¥��/è"

�½8Ü S ��� S g�þ�C�8 T ⊂ {f |f : S → S}§½Â S þ�6uC�8 T

�èiê8�M ����XXXèèè�XeS�µC = (c0, c1, . . . , cM−1)§d S ¥M �ØÓ���

£¡�èi¤¤|¤§�éuz� j ∈ [M − 1]�3C� tj ∈ T ¦� cj = tj(cj−1).XJ�	

�¦�3C� t ∈ T ¦� c0 = t(cM−1)§K¡ù���Xè¡�Ì��"ùp·�=�Ä

Ì���Xè"

3ð��üSN�¥§� S = Sn§C�8 T d¤¢�/ííí���ºººààà0ö�¤�¤§=

T = {t2, t3, . . . , tn}§Ù¥ ti�½Â�

ti([a1, . . . , ai−1, ai, ai+1, . . . , an]) = [ai, a1, . . . , ai−1, ai+1, . . . , an].

��dXþ½Â�/í�ºà0ö�¤�¤�S�¡�===���SSS���"��Ð©��

� π0 Ú��=�S� tx1 , tx2 , . . . , txl§xi ∈ {2, 3, . . . , n}§1 ≤ i ≤ l �Ó½Â
����

π0, π1, . . . , πl−1, πl§Ù¥ πi = txi(πi−1)§1 ≤ i ≤ l.e πl = π0 �éu 0 ≤ i < j ≤ l − 1k

πi 6= πj§Kù�S�´��Ì���Xè"XJ·�Ø�Äål���{§@o3
[76] ¥

JÑ
ò¤k Sn ¥���ü�¤Ì���Xè��{"Ú\ål���{§3�½ål

e�±uÿ���Ø��Xè�¡����///èèè£££Snake-in-the-box codes¤¤¤"��þ��/è

Ì�3 Kendall’s τ -ålÚ l∞-åleÐmïÄ§�©O{P� K-�Ú l∞-�"ïÄ8I´

3�½�åle�Eèiê8¦þõ��/è"éu l∞-��ïÄó�Ì��) [131]Ú [128]§

�©ò¿Ø�9é l∞-��?Ø§
´��9k' K-��U?ó�"

éu K-�§YehezkeallyÚ Schwartz3 [131] ¥JÑ§==3Ûê �Iþ�/í�º

à0ö�§�±�½���Ûó5£X�´��+ An¥���¤"ù
Ó«Ûó5���

*d�m Kendall’s τ -ål��� 2"u´§�,�GÑ�UÛ�uÓ«Ûó5���ù�

��d§�·��±��
3�E��21éål?1�y�æ�"
�§3 [131] ¥Ó�

`²
§ù«�d¿Ø�;§Ï�µ

•e C ´ (n,M,K)-�/è§KkM ≤ |Sn|
2
¶

•e C ´ (n,M,K)-�/è§�Ù=�S�¥�¹����óê �Iþ�/í�º

à0ö�§KkM ≤ |Sn|
2
− 1

n−1

(bn/2c−1
2

)
.

ùÒé«·�§éuÛê����+ S2n+1§�±Ø�Ä3óê �Iþ�/í�º

à0ö�"Äud§YehezkeallyÚ Schwartz3 [131] ¥Äk�Ñ
�«48�E�ª§�

±ÏL Kendall’s τ -åle� S2n−1 ¥èiê8� M2n−1 ��/è�� S2n+1 ¥èiê8

13
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�M2n+1 = (2n + 1)(2n − 1)M2n−1 ��/è"��§Horovitz� Etzion [73] U?
cö�

48�E§��M2n+1 = ((2n + 1)2n− 1)M2n−1§48�å:´ S5¥èiê8� 57��

/è"¦�Ó�JÑ
��Ø�6u48����E�ª§8I� S2n+1 ¥èiê8�

(2n+1)!
2
− 2n + 1��/è§�¿vkî�y²ù�g´��(5§
==´éu S7 � S9

/ÏO�Å|¢��
n��è"Horovitz� Etzionß�¦���E�ªéu���Ûê

���+ S2n+1 Ñ´�(�§¿òd��
��úm¯K"Ó�§¦�JÑ�,�úm¯

K´´Äk�Ð��E�ª"

3óê����+ S2n+2 þ§XJE,j±þã�K§K���� ��±ØÄ§�

�þE�´�� S2n+1 þ��
®§è���
1

4n+4
|S2n+2|§·�¡ù����~o÷�(

J´²��"@o§XJ�3 S2n+2 þ���Ð§Ò7Lkóê �Iþ�/í�ºà0

ö�§?
���¥QkÛ��§�kó��§3ål�uÿþq¬�5æ�"y²½Ä

@ S2n+2þk' S2n+1þ����/è´
[73] ¥¤JÑ�q�úm¯K"

2.3 ÇÇÇ²²²ååållleee���������èèèèèèiiiêêê888���eee...

��!¥§·�|^ãØ�g�U? AH(n, d)�e."-ã G¥�:8� V (G)§>

8� E(G)§ek> {u, v} ∈ E(G)K¡ü�º: uÚ v´���"ã���ÕÕÕááá888´:8

���f8§ÙS?¿ü:Ø��"ã���Õá8���¡�ã�ÕÕÕáááêêê§P� α(G).

ïÄèiê8ÚïÄ�A�ã�Õáê�mkg,�'é"±��!�Ä� AH(n, d)�

~§-ã GH �:8éAu��+ Sn§ü�º:�ë��=�§�éA�èi�Ç²ål

�õ� d− 1.u´§��Ç²åle� (n, d)-��è=éAudã¥���Õá8"ÏL

ù��éX§Òr�7èiê8�¯K=��éA�ã�Õá8���¯K§?
kÃõ

ãØóä�|^"ù«�{�@Ñy3 JiangÚ Vardy�ó�¥ [78]§¦�|^ù«�{U

?
��Å�è� Gilbert-Varshamov.e."c©¤ã�Ç²åle���è�®�(J

½n 3Ú 4�´ÏLù«g�¤��"

·�ùp�Äã�Õáê�ã�/Úê�m���{ü�'é"ã������~~~£££:::¤¤¤

///ÚÚÚ§´�éz�º:D��«ôÚ§¦�?¿���:ØÓÚ"ã�///ÚÚÚêêê χ(G)´�

����ê k§¦�^ k «ôÚ�±éã��~/Ú"�½���~/Ú§d½Â��§

/Ó�«ôÚ�:¤|¤�8Ü´ã���Õá8"K·�k

Ún10. α(G) ≥ |V (G)|/χ(G).

14



2 ��è��/è

u´§éÕáê α(G)�e.�©Û�±dé/Úê χ(G)þ.�©Û��"e¡·�

äNÐmé AH(n, d)�e.�©Û"

½n11. é�½��ê n§d§Ú��Ø�u n��ê p§k

AH(n, d) ≥ n!

pd−2
.

y². Xþ�EãGH .- Zp = Z/pZ�� p��{a�"ò����þL«À��� n×1

���þ"�ÄN�

f : Sn → Zd−1p ,

òz��� σ ∈ SnN��

f(σ) = Aσ (mod p),

Ù¥ A´Xe�� (d − 1) × n����Ý
£x1, x2, . . . , xn � {0, 1, . . . , p − 1}¥pØ�

Ó��ê¤µ 
1 1 · · · 1

x1 x2 · · · xn
...

... . . . ...

xd−21 xd−22 · · · xd−2n

 .

·�(¡ù����N�´���~/Ú"éu?¿ü�/�Ó�ôÚ v ∈ Zd−1p �

�� σÚ π§·�k Aσ ≡ Aπ ≡ v (mod p).u´ A(σ − π) ≡ 0 (mod p).b� σÚ π�m

�Ç²ål�u d§K3 σ − π ù��þ��¥�õk d − 1��I�""K A¥�3X

Zp-�5�'� d − 1�"
Ñu���Ý
 A�5�§´�Ù?¿ d − 1�´ Zp-�5Ã

'�§gñ"nþ§�ÓXÚ�ü:¿Ø��§u´·��E�/Ú´ã GH ����~

/Ú"

e¡Oê�e¤^�ôÚê8 T .N���8� Zd−1p �¢Sþ�þ�1� ´~ê

1 + 2 + · · ·+ n (mod p).u´ T ≤ pd−2.KdÚn 10��

|AH(n, d)| ≥ n!

pd−2
.

� d�½§- nªuÃ¡�§�Ä·����e.�ì?5�"¦^±eÎÒ5{z

���Qã�é'"3��!{e�Ü©§P AH(n, d)�½n 11¥·�¤���e.§

15
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AGVH (n, d)�²;� Gilbert-Varshamov.e.§ÃH(n, d)�3©z [66] ¥¤���e.£�

´ÏLÕá8�©Û�{¤�¤"

íØ12. � d�½§- nªuÃ¡�§k

AH(n, d)

AGVH (n, d)
= Ω(n).

y². du�üê Dk = bk!
e

+ 1
2
c§K

BH(d− 1) =
d−1∑
k=0

|D(n, k)| =
d−1∑
k=0

(
n

k

)
Dk = Θ(nd−1).

¯¤±� [33] é?¿��ê n�3�ê p÷v n ≤ p ≤ 2n§

AH(n, d) ≥ n!

pd−2
≥ n!

(2n)d−2
.

u´

AH(n, d)

AGVH (n, d)
≥ BH(d− 1)

(2n)d−2
= Ω(n).

¯¢þ§3���ëê nþ·����.�LyÑéÐ�(J"~Xéu d = 5Ú

8 ≤ n ≤ 20§L 2-1�Ñ
·��(J AH(n, d)��c�Ð�(J ÃH(n, d)�é'"�é

�Ð�(J±\oiNL«"

nþ¤ã§·�éuÇ²åle��è�e.�U?�µ

½n13. � d�½§- nªuÃ¡�§k

AH(n, d) ≥ Ω(n
n!

BH(d− 1)
).

���Ö¿`²ü:"Äk§�C,�°Õá�ïÄ [79] ¥���
��!�Ó�(

J§�'�
ó·���{��{ü²
",	§�`²·��(J��c Tait§Vardy

Ú Verstraëte [117]�½n 4�é'"¦��é��/´3 d/n��½�'~� 0 < d/n < 0.5

�§�Ä AH(n, d)�ì?Ly"·��(J�é� d�½§- nªuÃ¡���/§K'

~ d/n´ªu"�"¤±`§,«¿Âþ§·��(J´�¦��(J´p�Ö¿�"

16
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L 2-1 éu 8 ≤ n ≤ 20§AH(n, 5)� ÃH(n, 5)�m�'�

n AH(n, 5) ÃH(n, 5)

8 30 90

9 272 509

10 2726 3386

11 29990 25885

12 218025 223378

13 2834328 2147724

14 17744410 22767826

15 266166164 263832788

16 4258658637 3317928906

17 72397196844 45006297715

18 933426695688 655021291542

19 17735107218083 10181693092799

20 199959070286565 168351610362186

2.4 Kendall’s τ -ååållleee���������èèèèèèiiiêêê888���...

��!å·�ò5¿å=£� Kendall’s τ -ålþ"Äk´Ó�|^ãØ�g�U?

AK(n, d)�e.§äNL§�´ÏL�Eã�/Ú�Y5éÕáê?1©Û"�e5´Ù

§�
"(�(J"

2.4.1 AK(n, d)���eee...

3½n 8¥®²��§AK(n, d)�e.�¥W¿þ.3ì?¿Âe´¬Ü�§V�=

k~ê?O��å [10]"·�é AK(n, d)�e.�U?Ò´� �§��m��åù�~

ê"¯¢þ§·��Ã{��þ� [10] ��§U?´Äu����
{ü�?U"

éu���� π ∈ Sn§½Â§�___SSS���þþþ� xπ = (xπ(1), xπ(2), . . . , xπ(n−1)) ∈ Zn! ,

Z2 × Z3 × · · · × Zn§ÙL�ª�µ

xπ(i) = |{j : j < i+ 1, π−1(j) > π−1(i+ 1)}|, 1 ≤ i ≤ n− 1.

=§xπ(i) ∈ Zi+1Oê
/i+ 10�/y0¤|¤�_S�ê8§1 ≤ y ≤ i._S�þ�¤k

��\Ú=���_Sê I(π).w,§����N�éu xπ ¬Ú\��Ç²­þ�/10

17
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��Ø"äN
ó§XJ����þL«¥këYü����� aÚ b§a < b§K��§

� ����N�ò¬� xπÚ\�Ø e+b§=31 b− 1 þ� +1§Ù{ �� 0��þ"

��§XJkëYü����� bÚ a§a < b§K��§� ����N�ò¬� xπ Ú

\�Ø e−b§=3 b− 1 þ� −1§Ù{ �� 0��þ"t���C�(Ü3�åÚ\


�Ø�þ e§dz��Ø©OÚ?��Ø�þ\\¤/¤"- ω(e)��þ e����ýé

��\Ú§5¿�3 e�|ÜL§¥kd3��K-�§¤± ω(e)´��ýé�Ø�L t

��ê"

�Ø%�óä´eãÍ¶�d Bose� ChowlaJÑ�Ún [26]µ

Ún14. [26]- q��ê�§m = qt+1−1
q−1 .K�3 q+1��guZm��ê j1 = 0, j2, . . . , jq+1§

¦�§�¥?Û t�£�­EÀ�¤�\Ú

ji1 + ji2 + · · ·+ jit (1 ≤ i1 ≤ i2 ≤ · · · ≤ it ≤ q + 1)

3�m�e�ØÓ"

� q + 1 = n− 1.·�m©©Û AK(n, 2t + 1).-ã GK �:8éAu��+ Sn.ü�

º:�ë��=�§�éA�èi� Kendall’s τ -ål�õ� d − 1.u´§�� Kendall’s

τ -åle� (n, d)-��è=éAudã¥���Õá8"y3éz�:�/Ú§ôÚ�

(c1, c2) ∈ Z2t+1 × Zm.

½n15. 3þãëêe§éz�º:¤�L��� π ∈ Sn§- c1(π) ≡ I(π) (mod 2t + 1)§

c2(π) ≡
∑n−1

i=1 jixπ(i) (mod m).Kéu?Ûü�ål� dK(π, σ) < 2t+ 1��� πÚ σ§k

(c1(π), c2(π)) 6= (c1(σ), c2(σ)).

y². -�þ e = xπ − xσ �ü����_S�þ�m��"Ï� dK(π, σ) < 2t + 1§K

|ω(e)| ≤ 2t.XJ |ω(e)| 6= 0§Kw, c1(π) 6= c1(σ).ÄK§|ω(e)| = 0§@o c2(π)− c2(σ)�

m���üã\Ú��§zã\Ú©O� {j1, . . . , jq+1}¥� s��ê�Ú§s ≤ t§üã

�mvk­E"d Bose-Chowla½n��§ù��´�"�§¤± c2(π) 6= c2(σ).

u´þã/Ú´éã GK ����~/Ú"�`²�´§3 BargÚ Mazumdar [10] �

y²¥��þ�´�E
��/Ú�Y§¦�¤^�/Ú´�UÓ�«©¤k�����

¤�5��Ø�þ§,
ù«Ó�5���
¦��/Úê§Ø�Ø��
 t(t+ 1)m£�

t�Ûê�¤½ö t(t + 2)m£� t�óê�¤§ù'·���{¥�ôÚê8 (2t + 1)m�

õ"·�¤�����?U§��þ´r/Ú�ªC¤��ôÚSé§5©O^±«©Ø
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Ó��Ø�þ§�ûu |ω(e)|´Ä�""ù���?UÂ�
éÐ��J"nþ§·��

/Ú�Y�Ñ


½n16. -m = ((n− 2)t+1− 1)/(n− 3)§Ù¥ n− 2��ê�"K AK(n, 2t+ 1) ≥ n!
(2t+1)m

.


éu AK(n, 2t)§dþã(JÚÚn 7�g,��µ

½n17. -m = ((n− 2)t − 1)/(n− 3)§Ù¥ n− 2��ê�"K AK(n, 2t) ≥ n!
2(2t−1)m .

��·�J9§þãEk�½U?�m"3·��µee§·�?n |ω(e)| 6= 0��

Ø�§�ª´O������_Sê� 2t+ 1��"ù�ê8�±?�Ú �oº·�?

�Ú^ Bose� Chowla3 [26] ¥JÑ�,��Ún"¢Sþü�Ún¦^å5��J´a

q�§cö��J�é�Ð�
§ØL�e5�J9��öéu���©Û��B|"

Ún18. [26] - q = pn ����ê�§K·��±é� q ��"��ê£�u qt¤d1 =

1, d2, . . . , dq ¦�e�\Ú

di1 + di2 + · · ·+ dit (1 ≤ i1 ≤ i2 ≤ · · · ≤ it ≤ q)

3� qt − 1�e�ØÓ"

dÚn¥��ê d1 = 1, d2, . . . , dq ��EXe"- α1 = 0, α2, . . . , αq �L Fpn ¥�¤

k��"- y�*� Fpnr ¥������"� ydi = y + αi§i = 1, 2 . . . , q§Ù¥ di < pnr.

K�ê8 {di}1≤i≤q =Ún¤I���ê"§d��� y�À�§½ö�d�`d± Fpn �

Xê� rgØ��õ�ª�À�¤��û½"·�y3Ï"ù�Ø��õ�ªk
N�Ð

�5�"

± AK(n, 5) �~"I�± Fpn �Xê� 2 gØ��õ�ª§P� y2 = ay + b§

a, b ∈ Fpn . y3·�?�Ú�¦éA��ê8 {di}1≤i≤q ÷v§Ù¥?¿n��\Ú�

p2n − 1�""½=§é?¿ i, j, k ∈ Fpn k (y + i)(y + j)(y + k) 6= 1.�±u�ù�due

¡�¯Kµ

Problemµé?Û�ê� pn§´Ä�3 a, b ∈ Fpn ¦�

• y2 = ay + b� Fpn þ�Ø��õ�ª§

19
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•e¡± i, j, k���ê��§3 F3
pn ¥Ã)" a2 + b+ ai+ aj + ak + ij + ik + jk = 0

ab+ ib+ jb+ kb+ ijk = 1

ÏLO�Å|¢§�,Ï"� a� b3 F5Ú F7þ¿Ø�3§�éu 11§13§17§19§

23(¢é�
Ï"��"·�ß�éuÃ¡õ��ê§Ï"� a� b´�3�"

éu�ê n§3 a� b�3��ÿ§�±é·��/Ú�Y�
NN�"- c̃1(π) ≡

I(π) (mod 3)§
Ø2´� 5.éu?¿ü�ål dK(σ, π) < 2t + 1��� σÚ τ§c̃1(σ) =

c̃1(π)� ω(xπ − xσ) = 0Ó�¤á�����U5´§§��_S�þ xσ Ú xπ ��Tk

n �/10§Ù{�/00"�d a� bÀ��N\�5�§�±�y c2(σ) 6= c2(π).u´

ÏLù���N§·��±re.�¥W¿þ.�m�~ê�å?�Ú �"

2.4.2 ÙÙÙ§§§'''uuu AK(n, d)���"""((((((JJJ

�,´ò AK(n, d)�¯K=z�ãþ�Õá8¯K5w�"ùpI�'uã�Õáê

�,	��(Ø"ã G���gggÓÓÓ���´ f : V (G) → V (G)ù���V�§¦�é?¿ü

: u, v ∈ V (G)§(f(u), f(v)) ∈ E(G)��=� (u, v) ∈ E(G).eéuã¥?Ûü: uÚ v§

�3��gÓ� f : V (G) → V (G)¦� f(u) = v§K¡ G�:::DDD444�"éu:D4ãk

±e(Ø [68]µ

Ún19. XJ G´:D4�§G′´ G���p�fã"K·�k

α(G)

|V (G)|
≤ α(G′)

|V (G′)|
.

3Ún 19 ¥§ [27] ¥¦^�/è-�è0�{éAuÏé��p�fã G′ §÷v

α(G′) = 1§�8I´¦ |G′| ¦þ�"��g,�í2´aÑ α(G′) = 1 ù���"=§

�XÚn 19¤�Ñ�§·���þ´�|¢p�fã G′§¦� α(G′)/|G′|ù�'~¦

þ�"����éu5�~f§·��±°(û½ AK(5, 3) ��"3 [27] ¥®²y²


20 ≤ AK(5, 3) ≤ 23.e¡`²§20´O(��"

½n20.

AK(5, 3) = 20.

20



2 ��è��/è

y². éuAK(5, 3)¤éA�ã§�G′ = {[1, 2, 3, 4, 5]§[1, 2, 3, 5, 4]§[1, 2, 4, 3, 5]§[1, 2, 4, 5, 3]§

[1, 2, 5, 3, 4]§[1, 2, 5, 4, 3]§[2, 1, 3, 4, 5]§[2, 1, 3, 5, 4]§[2, 1, 4, 3, 5]§[2, 1, 4, 5, 3]§[2, 1, 5, 3, 4]§

[2, 1, 5, 4, 3]}.�±�yù
:)¤�p�fã÷v α(G′) = 2§u´ AK(5,3)
5!
≤ α(G′)

|G′| = 2
12
§

íÑ AK(5, 3) ≤ 20§?
��û½
 AK(5, 3) = 20.

�,ù==´��{ü�~f§�´ù«é/è-�è0�{�*Ð½N3Ù§ëê

e§$�3Ù§�«èi�ïÄ¥�¬kd3�A^"

,k�
3 n = 5Ú n = 6e�"((J§/d|¢ã���Õá8��{¤�Ñ"

·�|^ Ashay Dharwadker [48] ¤ï���{§|¢Ñ
Ü©(J§'�c®��e. [27]

�Ð"ù
��3e¡�(Ø¥§¿NéA�è�~f"d�{¤V«§ù
�½N´°

(�§�"yî��êÆy²"

½n21.

AK(5, 4) ≥ 12,

AK(6, 3) ≥ 101, AK(6, 4) ≥ 64, AK(6, 5) ≥ 25,

AK(6, 6) ≥ 20, AK(6, 7) ≥ 11, AK(6, 8) ≥ 7.

Kendall’s τ -åleèiê8� 12� (5,4)-��èµ

[1, 2, 3, 4, 5], [1, 3, 5, 4, 2], [1, 4, 5, 2, 3], [2, 1, 5, 4, 3], [2, 4, 3, 1, 5], [3, 4, 5, 1, 2],

[3, 5, 2, 1, 4], [4, 1, 3, 2, 5], [4, 2, 5, 1, 3], [5, 1, 2, 3, 4], [5, 2, 4, 3, 1], [5, 4, 1, 3, 2].

Kendall’s τ -åleèiê8� 101� (6,3)-��èµ

[1, 2, 3, 4, 6, 5], [1, 2, 5, 4, 3, 6], [1, 2, 6, 4, 3, 5], [1, 2, 6, 5, 3, 4], [1, 3, 2, 6, 5, 4], [1, 3, 4, 6, 2, 5],

[1, 3, 5, 2, 4, 6], [1, 3, 6, 5, 4, 2], [1, 4, 2, 5, 6, 3], [1, 4, 3, 2, 5, 6], [1, 4, 5, 6, 3, 2], [1, 4, 6, 2, 3, 5],

[1, 5, 2, 3, 6, 4], [1, 5, 3, 4, 6, 2], [1, 5, 6, 4, 2, 3], [1, 6, 4, 3, 5, 2], [1, 6, 5, 3, 2, 4], [2, 1, 3, 5, 6, 4],

[2, 1, 4, 3, 5, 6], [2, 1, 4, 6, 5, 3], [2, 3, 1, 6, 4, 5], [2, 3, 4, 1, 5, 6], [2, 3, 6, 4, 5, 1], [2, 4, 3, 5, 6, 1],

[2, 4, 5, 1, 6, 3], [2, 4, 6, 1, 3, 5], [2, 5, 1, 6, 4, 3], [2, 5, 3, 1, 6, 4], [2, 5, 4, 3, 1, 6], [2, 5, 6, 3, 4, 1],

[2, 6, 1, 3, 4, 5], [2, 6, 1, 5, 4, 3], [2, 6, 3, 5, 1, 4], [2, 6, 4, 5, 1, 3], [3, 1, 2, 4, 5, 6], [3, 1, 4, 5, 6, 2],

21



úô�ÆÆ¬Æ Ø©

[3, 1, 5, 6, 2, 4], [3, 1, 6, 2, 4, 5], [3, 2, 4, 6, 1, 5], [3, 2, 5, 1, 4, 6], [3, 2, 5, 6, 4, 1], [3, 2, 6, 1, 5, 4],

[3, 4, 1, 2, 6, 5], [3, 4, 2, 5, 6, 1], [3, 4, 5, 1, 2, 6], [3, 4, 6, 5, 1, 2], [3, 5, 6, 4, 2, 1], [3, 6, 1, 4, 5, 2],

[3, 6, 4, 2, 1, 5], [3, 6, 5, 2, 1, 4], [4, 1, 2, 3, 6, 5], [4, 1, 3, 6, 5, 2], [4, 1, 5, 3, 2, 6], [4, 1, 6, 5, 2, 3],

[4, 2, 1, 5, 3, 6], [4, 2, 3, 6, 1, 5], [4, 2, 6, 5, 3, 1], [4, 3, 2, 1, 5, 6], [4, 3, 5, 6, 2, 1], [4, 3, 6, 1, 2, 5],

[4, 5, 1, 2, 6, 3], [4, 5, 2, 3, 6, 1], [4, 5, 3, 1, 6, 2], [4, 5, 6, 2, 1, 3], [4, 6, 2, 1, 5, 3], [4, 6, 3, 2, 5, 1],

[4, 6, 5, 1, 3, 2], [5, 1, 2, 4, 6, 3], [5, 1, 4, 3, 2, 6], [5, 1, 6, 2, 3, 4], [5, 2, 1, 3, 4, 6], [5, 2, 3, 4, 6, 1],

[5, 2, 4, 6, 1, 3], [5, 2, 6, 1, 3, 4], [5, 3, 1, 2, 4, 6], [5, 3, 1, 6, 4, 2], [5, 3, 2, 6, 1, 4], [5, 3, 4, 2, 1, 6],

[5, 3, 4, 6, 1, 2], [5, 4, 1, 6, 3, 2], [5, 4, 2, 1, 3, 6], [5, 4, 6, 3, 2, 1], [5, 6, 1, 3, 4, 2], [5, 6, 3, 2, 4, 1],

[5, 6, 4, 1, 2, 3], [6, 1, 2, 3, 5, 4], [6, 1, 2, 4, 5, 3], [6, 1, 3, 4, 2, 5], [6, 1, 5, 4, 3, 2], [6, 2, 4, 3, 1, 5],

[6, 2, 5, 1, 3, 4], [6, 2, 5, 4, 3, 1], [6, 3, 1, 5, 2, 4], [6, 3, 2, 1, 4, 5], [6, 3, 2, 5, 4, 1], [6, 3, 4, 5, 2, 1],

[6, 4, 1, 2, 3, 5], [6, 4, 3, 1, 5, 2], [6, 4, 5, 2, 3, 1], [6, 5, 1, 2, 4, 3], [6, 5, 4, 3, 1, 2].

Kendall’s τ -åleèiê8� 64� (6,4)-��èµ

[1, 2, 3, 5, 6, 4], [1, 2, 4, 6, 5, 3], [1, 3, 2, 4, 6, 5], [1, 3, 4, 5, 6, 2], [1, 4, 2, 3, 5, 6], [1, 5, 2, 6, 4, 3],

[1, 5, 4, 3, 2, 6], [1, 5, 6, 3, 4, 2], [1, 6, 2, 5, 3, 4], [1, 6, 3, 4, 2, 5], [1, 6, 4, 5, 2, 3], [2, 1, 5, 4, 3, 6],

[2, 1, 6, 3, 4, 5], [2, 3, 1, 4, 5, 6], [2, 3, 5, 6, 1, 4], [2, 3, 6, 4, 1, 5], [2, 4, 1, 3, 6, 5], [2, 4, 6, 5, 1, 3],

[2, 5, 1, 6, 3, 4], [2, 5, 4, 3, 6, 1], [2, 6, 1, 5, 4, 3], [2, 6, 5, 3, 4, 1], [3, 1, 5, 2, 4, 6], [3, 1, 6, 5, 4, 2],

[3, 2, 1, 6, 5, 4], [3, 2, 5, 4, 1, 6], [3, 4, 2, 1, 6, 5], [3, 4, 5, 1, 2, 6], [3, 5, 4, 6, 2, 1], [3, 5, 6, 1, 2, 4],

[3, 6, 1, 2, 4, 5], [3, 6, 2, 5, 4, 1], [3, 6, 4, 5, 1, 2], [4, 1, 5, 6, 3, 2], [4, 1, 6, 2, 3, 5], [4, 2, 1, 5, 6, 3],

[4, 2, 3, 5, 1, 6], [4, 2, 6, 3, 1, 5], [4, 3, 1, 6, 5, 2], [4, 3, 6, 2, 5, 1], [4, 5, 1, 2, 3, 6], [4, 5, 2, 6, 3, 1],

[4, 5, 3, 6, 1, 2], [4, 6, 5, 1, 2, 3], [5, 1, 3, 2, 6, 4], [5, 1, 4, 6, 2, 3], [5, 2, 3, 1, 4, 6], [5, 2, 4, 1, 6, 3],

[5, 3, 1, 4, 6, 2], [5, 3, 2, 6, 4, 1], [5, 4, 3, 2, 1, 6], [5, 6, 1, 2, 3, 4], [5, 6, 3, 4, 1, 2], [5, 6, 4, 2, 1, 3],

[6, 1, 2, 4, 3, 5], [6, 1, 3, 5, 2, 4], [6, 2, 3, 1, 5, 4], [6, 2, 4, 3, 5, 1], [6, 3, 4, 2, 1, 5], [6, 4, 1, 3, 5, 2],

[6, 4, 2, 1, 5, 3], [6, 4, 5, 3, 2, 1], [6, 5, 1, 4, 3, 2], [6, 5, 3, 2, 1, 4].
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Kendall’s τ -åleèiê8� 25� (6,5)-��èµ

[1, 2, 3, 4, 6, 5], [1, 3, 5, 4, 2, 6], [1, 5, 4, 6, 2, 3], [1, 6, 3, 5, 2, 4], [2, 1, 4, 5, 6, 3], [2, 3, 6, 4, 5, 1],

[2, 5, 4, 3, 6, 1], [2, 6, 1, 5, 3, 4], [3, 1, 6, 4, 2, 5], [3, 2, 1, 5, 6, 4], [3, 5, 4, 2, 6, 1], [4, 1, 3, 6, 5, 2],

[4, 2, 3, 1, 5, 6], [4, 2, 6, 5, 1, 3], [4, 3, 6, 2, 5, 1], [4, 5, 1, 2, 3, 6], [5, 2, 1, 3, 4, 6], [5, 3, 1, 6, 4, 2],

[5, 4, 6, 3, 1, 2], [5, 6, 1, 2, 3, 4], [6, 1, 4, 5, 3, 2], [6, 2, 4, 1, 3, 5], [6, 3, 2, 5, 1, 4], [6, 3, 4, 5, 1, 2],

[6, 5, 2, 4, 3, 1].

Kendall’s τ -åleèiê8� 20� (6,6)-��èµ

[1, 2, 3, 4, 6, 5], [1, 5, 4, 3, 6, 2], [1, 6, 3, 5, 2, 4], [1, 6, 4, 2, 5, 3], [2, 1, 5, 4, 6, 3], [2, 3, 4, 5, 6, 1],

[2, 6, 4, 1, 3, 5], [2, 6, 5, 3, 1, 4], [3, 2, 1, 5, 6, 4], [3, 4, 5, 1, 6, 2], [3, 6, 1, 4, 2, 5], [3, 6, 5, 2, 4, 1],

[4, 3, 2, 1, 6, 5], [4, 5, 1, 2, 6, 3], [4, 6, 1, 3, 5, 2], [4, 6, 2, 5, 3, 1], [5, 1, 2, 3, 6, 4], [5, 4, 3, 2, 6, 1],

[5, 6, 2, 4, 1, 3], [5, 6, 3, 1, 4, 2].

Kendall’s τ -åleèiê8� 11� (6,7)-��èµ

[1, 2, 3, 4, 5, 6], [1, 5, 4, 3, 6, 2], [2, 1, 6, 5, 4, 3], [2, 6, 3, 4, 5, 1], [3, 4, 5, 6, 1, 2], [3, 5, 2, 1, 6, 4],

[4, 3, 2, 1, 6, 5], [4, 5, 2, 1, 6, 3], [5, 6, 1, 2, 3, 4], [6, 1, 3, 4, 2, 5], [6, 5, 4, 3, 2, 1].

Kendall’s τ -åleèiê8� 7� (6,8)-��èµ

[1, 2, 3, 6, 4, 5], [1, 4, 5, 6, 2, 3], [2, 4, 5, 3, 1, 6], [3, 4, 6, 2, 1, 5],

[3, 5, 1, 4, 2, 6], [5, 2, 6, 1, 3, 4], [6, 5, 4, 3, 1, 2].

2.5 Kendall’s τ -ååållleee S2n+1¥¥¥������///èèè

��!ò?Ø3 Kendall’s τ -åleÛê���+ S2n+1¥��/è��'¯K"äN

©�n�Ü©"�´éu Horovitz-Etzion�/è�EL§��[£�§�´é¦���Y

��15�Ñ
î��y²§n´Äu¦���Y?1�N§��
d3��`�Y"

2.5.1 Horovitz-Etzion���///èèè������EEE

Horovitz� Etzion3 [73]¥�Ñ����E�8I´ S2n+1 ¥èiê8�� M2n+1 =

(2n+1)!
2
− 2n + 1��/è"¦�ß�ù��Yéu���Ûê 2n + 1 ≥ 5��1§¿ÏL

O�Å|¢é S5§S7� S9�Ñ
y¢"
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c©®`²§·�ò/í�ºà0ö���^uÛê �Iþ§��L§ØUC��

�Ûó5"=�±��Ä��+ A2n+1¥���XÛü�¤¦þ���/è"Äk§ò�

�+ A2n+1 �â��ü kSé
©
¤�Ø��aaa"=§��IP� [x, y]�a�¹


¤k�ê1� � a2n = x�" � a2n+1 = y��� π = [a1, a2, . . . , a2n+1] ∈ A2n+1.oO

k 2n(2n + 1)�a§z�a¥k (2n−1)!
2
�ó��"?�Úòz�a©
¤� (2n−2)!

2
�fff

aaa§©
�â�µ��¥�c 2n− 1���UÙÌ�'X�¤��fa"P [x, y]a¥�

z�fa� [α] − [x, y]§Ù¥ α´c 2n − 1������Ì�üS"£e©¥z����

�þL«¥ÑyF1i1 α, β, γ . . .�§§�L
��ê§�,��U´ü��êi§Ù

��ÚäN�¹=
êi�lþe©íä��¤"~X§S7 ¥���a [1, 2]�¹
¤k

± a6 = 1Ú a7 = 2Â���� π = [a1, a2, . . . , a7]§§Ù¥���fa [3, 4, 5, 6, 7] − [1, 2]

�¹
e¡ 5���µ[3, 4, 5, 6, 7, 1, 2]§[7, 3, 4, 5, 6, 1, 2]§[6, 7, 3, 4, 5, 1, 2]§[5, 6, 7, 3, 4, 1, 2]

Ú [4, 5, 6, 7, 3, 1, 2].w,§ù���fa��´���/è§¤k�/í�ºà0ö�þ

�^u1 2n− 1� �þ"·�òù«Ð©(�¡������óóó"

e�Ú´òeZ�ó|Ü3�å/¤������/è"���ù�8I§·�I�

�
ò�ó?1|Ü��{§ù
�{de¡� 3-�ã�Ñ"dÜ©´��E�Ø%"

Xe½Â�Ü 3-�ã H2n+1 = (V2n+1, E2n+1).ã�:8éAu S2n+1¥�¤ka [x, y].

éuØÓ� x, y, z ∈ [2n+ 1]§�^¶� 〈x, y, z〉�>�¹
n�º: [x, y]§[y, z]Ú [z, x].

dãþ���Cq)¤ä T2n+1´���¹Ø% [2, 1]�	¤kº:�ä"~X§·��±

� T5 �¹XeÊ^>µ〈1, 2, 3〉§〈1, 2, 4〉§〈1, 2, 5〉§〈1, 5, 3〉§〈2, 3, 5〉§〈1, 3, 4〉§〈2, 4, 3〉§

〈1, 4, 5〉§〈2, 5, 4〉. T2n+1 �±3 T2n−1 �Ä:þ48½Â��§¤�	V\�>�µéu

2 ≤ x ≤ 2n− 2�� 〈x, x+ 1, 2n〉§éu 2 ≤ x ≤ 2n− 2�� 〈x, x+ 1, 2n+ 1〉§±9,	

�> 〈1, 2, 2n〉§〈1, 2n, 2n− 1〉§〈1, 2n+ 1, 2n− 1〉§〈1, 2n, 2n+ 1〉§〈2, 2n+ 1, 2n〉.3 [73]¥

Ñy�ã 2-1«¿
ÏL T5 �� T7 �L§"ã¥�¢�Ý/Ú���L
 T5 ¥�>Ú

:§J�Ý/ÚV���L
��� T7¤V\�>Ú:"

3½Â
Cq)¤ä T2n+1 ��§·�m©Qãdù�ä¤�«�òeZ�ó(Ü¤

��� K-���{"Ð©��óÀ��?Û� [α]− [1, 2].U^S�Ä T2n+1¥�>"5¿

�X [73] ¥¤J9§ØÓ��>�^SòéA
ØÓ�(Ü^S§�¦����ª� K-�

�ØÓ"·�ùp�>�^S�lþ©48½ÂL§¥�^S"����^> 〈x, y, z〉�§

®�E� K-�¥òTT�¹ [x, y]§[y, z]§[z, x]ùn�a¥�����a¥��^�ó"

Ø���5b�®�E� K-�¥®K\
�ã [x, y]-�ó"y3�ò�ã [y, z]-�óÚ�

ã [z, x]-�ó�i?�"ò®�E� K-�3,� [β, z, x, y]��� �äm§Ù¥ β �L


��¥�c 2n − 2���"ù�� �7,�3§Ï�®K\ K-�¥� [x, y]-�óg
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ã 2-1 d T5�� T7

�´��3c 2n− 1� �þÌ��(�"·�UXeö��i?�ã [y, z]-�óÚ�ã

[z, x]-�ó"3ä:?§���/í�ºà0ö� t2n+1§���� [y, β, z, x].?
ò��

± [y, β, z, x]mÞ� [β, y, z, x]� [z, x]-�ó�\"2��gö� t2n+1 �� [x, β, y, z]§Y

þ§¤3��� [y, z]-�ó§± [β, x, y, z]Â�"��2��gö� t2n+1 £� [z, β, x, y]§

ùTT´�kä:��;����"��«~§ã 2-2¥�Ñ
 S5¥Ud�{¤�E��

��� 57� K-��L§"3H{�Cq)¤ä�¤k>��§�±���� K-�§�¹


Ø% [2, 1]�	�z�a¥TÐ�^�ó"�c�(�§·�¡���^£££óóó"éuþ

ã�½�Cq)¤ä�>�H{^S§�±l?Û�^Ð©�ó [α]− [1, 2]m©���^

£ó§K·�±e3ØÚå· �cJe§^Ó��PÒ [α]− [1, 2]5L«ù^£ó"k

����¡ù^£ó� c[α].3 [73]¥y²§Uþã�ª§Ø% [2, 1]a�	�¤k���±

©
�*dØ��£ó�¥"

��8c·��k (2n−2)!
2
^£ó§ºX
Ø% [2, 1]a�	�¤k��"e�ÚK´

XÛ|^{e� [2, 1]a¥���§5r�£óGéå5����� K-�"[73]¥y²
e

¡�Ún"
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ã 2-2 ò�ó(Ü¤£ó§M5 = 57

Ún22. éu�ê 3 ≤ x ≤ 2n + 1§- α� [2n + 1]\{x, 1, 2}ù
��þ�����"e

[α, 1, x, 2]Ú [α, 2, 1, x]�¹uØÓ�£ó�¥§K�±ÏL�ó [α, x] − [2, 1]5KÜùü

^£ó"

þãKÜL§¡���M [x]-óóó���"r�ó [β]− [2, 1]¡�óóó���000���§Ù¥ β �Óu

[α, x]���Ì�üS"ó�L§Xã 2-3¤«"

[a1, a2, . . . , a2n−2, x, 2, 1]
t2n+1

[1, a1, a2, . . . , a2n−2, x, 2]

} ��£ó
[a1, a2, . . . , a2n−2, 1, x, 2]

t2n+1

[2, a1, a2, . . . , a2n−2, 1, x]

} ��£ó
[a1, a2, . . . , a2n−2, 2, 1, x]

t2n+1

[x, a1, a2, . . . , a2n−2, 2, 1]

ã 2-3 M [x]-ó�

3 [73] ¥§�öØ\y²/JÑ§XJ x ∈ {3, 4, 5}K�� [α, 1, x, 2]Ú [α, 2, 1, x]�

¹uÓ�^£ó�¥§u´¿vkM [3]-ó�§M [4]-ó�½öM [5]-ó�"ùÙ¢´d�

cÀ½�)¤ä�(�Ú>�H{^S¤û½�"·�e¡�[y²ù�:§¿�ã3

x > 5��
'uM [x]-ó��5�"

½n23. éu x = 3, 4, 5Ø�3M [x]-ó�"éu x ∈ {2t, 2t + 1}§t ≥ 3§²dó�0�

[π] − [2, 1]�M [x]-ó�ò [(3, x)π] − [1, 2]Ú [σπ] − [1, 2]ùü^£óKÜ§Ù¥ σ´��
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��§§�Ì�L«/X σ = (5, 6, . . . , 2t− 1, x).

y². dCq)¤ä¤�«�KÜ�5K§¿�Xéu T2n+1¥�?Û�^> 〈x, y, z〉§�

ó [β, x]− [y, z]§[β, y]− [z, x]§[β, z]− [x, y]nö�KÜ3Ó�^£ó�¥"u´�±ÏL

£ó¥��^�ó$������ÅÚ�í£ó�¶i"

~X§éu x = 3. ·�AO/rNÑêi/40� �§ò�� [α, 1, 3, 2] �¤

π1 = [β, 4, γ, 1, 3, 2]. π1 � π2 = [γ, 1, β, 4, 3, 2]äáuÓ�^�ó�¥"dCq)¤ä¥�

> 〈2, 4, 3〉��§d�ó��¹ π3 = [γ, 1, β, 3, 2, 4]��ó3Ó�^£ó¥"?
§π3 �

π4 = [β, 3, γ, 1, 2, 4]äáuÓ�^�ó�¥"��dCq)¤ä¥�> 〈1, 2, 4〉��§d£

ó¥¹k [β, 3, γ, 4, 1, 2].Xd·��íÑ5§�� [α, 1, 3, 2]��¹3 c[β, 3, γ, 4]ù�£ó

�¥"

aq/§ò�� [α, 2, 1, 3]�¤ σ1 = [β, 4, γ, 2, 1, 3]. σ1� σ2 = [γ, 2, β, 4, 1, 3]äáuÓ

�^�ó�¥"dCq)¤ä¥�> 〈1, 3, 4〉��§d�ó��¹ σ3 = [γ, 2, β, 3, 4, 1]�

�ó3Ó�^£ó¥"?
§σ3 � σ4 = [β, 3, γ, 2, 4, 1]äáuÓ�^�ó�¥"��d

Cq)¤ä¥�> 〈1, 2, 4〉��§d£ó¥¹k [β, 3, γ, 4, 1, 2].Xd·��íÑ5§��

[α, 2, 1, 3]��¹3 c[β, 3, γ, 4]ù�£ó�¥"nþ·���§�� [α, 1, 3, 2]� [α, 2, 1, 3]

3Ó�^£ó�¥"

éu x = 4, 5 kaq�©ÛL§"�� [α, 1, 4, 2] = [β, 5, γ, 1, 4, 2] Ú [α, 2, 1, 4] =

[β, 5, γ, 2, 1, 4]Ñ3Ó�^£ó c[β, 4, γ, 5]�¥"�� [α, 1, 5, 2] = [β, 3, γ, 1, 5, 2]Ú [α, 2, 1, 5]

= [β, 3, γ, 2, 1, 5]Ñ3Ó�^£ó c[β, 5, γ, 3]�¥"u´éu x = 3, 4, 5§¿Ø�3M [x]-ó

�"

{e�©Û�´aq�"éu x ∈ {2t, 2t+ 1}§t ≥ 3§ó�0� [π]− [2, 1] = [α, x]−

[2, 1]§rNÑêi/30� �§P [α, 1, x, 2]� [β, 3, γ, 1, x, 2].K·��±3§¤3�£

ó¥�gé�Xe��µ[γ, 1, β, 3, x, 2]§[γ, 1, β, x, 2, 3]§[β, x, γ, 1, 2, 3]§[β, x, γ, 3, 1, 2].d

u [π] = [α, x] = [β, 3, γ, x]§K��§¤3�£ó� [(3, x)π]− [1, 2].

�í�� [α, 2, 1, x]¤3�£ó�¶i�é
ó'�E,§·�^��8B��ª

?1`²"Äk�Ä8B�Ð©�/ x ∈ {6, 7}.rNÑêi/50� �§P [α, 2, 1, x]

� [β′, 5, γ′, 2, 1, x]§K·��±3§¤3�£ó¥�gé�Xe��µ[γ′, 2, β′, 5, 1, x]§

[γ′, 2, β′, x, 5, 1]§[β′, x, γ′, 2, 5, 1]§[β′, x, γ′, 5, 1, 2].du [π] = [α, x] = [β′, 5, γ′, x]§K��§

¤3��ó� [(5, x)π]− [1, 2].b�®²é¤k�ê 5 < x < 2t�y§�Ä x ∈ {2t, 2t+ 1}.

rNÑêi/2t − 10Ú/2t − 20� �§P [α, 2, 1, x]� [β′, 2t − 1, ω′, 2t − 2, γ′, 2, 1, x]

£�,��U´,	�«/ª§��cª¥� 2t − 1 Ú 2t − 2 � �§y²´�q
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�§Ñ�¤§K�±3§¤3�£ó¥�gé�Xe��µ[ω′, 2t − 2, γ′, 2, β′, 2t − 1, 1, x]§

[ω′, 2t−2, γ′, 2, β′, x, 2t−1, 1]§[γ′, 2, β′, x, ω′, 2t−2, 2t−1, 1]§[γ′, 2, β′, x, ω′, 2t−1, 1, 2t−2]§

[β′, x, ω′, 2t − 1, γ′, 2, 1, 2t − 2].d8B��§������¤3�£ó� c[(5, 6, . . . , 2t −

3, 2t− 2)[β′, x, ω′, 2t− 1, γ′, 2t− 2]]§�du c[(5, 6, . . . , 2t− 3, 2t− 2)(2t− 2, 2t− 1, x)π] =

c[(5, 6, . . . , 2t− 1, x)π].

½Â�Üã G2n+1 = (V2n+1, E2n+1)§Ù¥:8éAX¤k£ó"ü�º:�ë��

=�§��L�£ó�m�±XÚn 22@��KÜ"ù^>þk��ÎÎÎÒÒÒM [x]£L«

ùü�£ód��M [x]-ó�¤KÜ¤Ú��IIIPPP [α, x] − [2, 1]£�Ñó�0��¶¡¤"

ò¤k�óKÜ��� K-��¯K§==z�3ã G2n+1 ¥Ïé���>�IPØÓ�

)¤ä T2n+1 �¯K"�>�IPØÓù��¦§´�
Ó�¦þKÜ�õ�£��{

��¤ [2, 1]-�ó"��ù«ÎÜ^��)¤ä(¢�3§K�±ÏL�ù�äþ�>

¤���KÜL§§ò¤k£óÚ�üØ���¤k [2, 1]-�óKÜ¤�� K-�§�Ý

��M2n+1 = (2n+1)!
2
− 2n + 1. Horovitz� Etzion [73] ß�ù«)¤ä(¢�3§��é S7

Ú S9 �¤
O�Å|¢"e¡·��Ì��z=´²(�EÑ5ù��)¤ä§l
ò

Horovitz� Etzion��E�Y�.Ö¿��"�5¿�´§�X3 [73] ¥¤J9�§d)

¤ä�z^>û½
�����KÜö�§�´H{d)¤ä�>�^S´vk���§

·��±?¿Süù
>�^S§?
U^S?1KÜö�§�ª�¬��ØÓ� K-�"

¤±§=B�½
)¤ä§éu�[�KÜL§�?ØQ�¡qvk7�"���;�¯

�==´ù����>IPØÓ�)¤ä��35"

,	I�ýkµØ��:´§ Horovitz� EtzionXd�E� K-�k��k^�5�µ

§�=�S�¥=�3�ê1n Ú" þ�/í�ºà0ö�§t2n−1� t2n+1.

2.5.2 Horovitz-Etzion���///èèè���îîî���yyy²²²

kl S7 ù�~f\Ã5w�e��y²�g´"ã G7 �¹Xe 12�:§éAu 12

^£ó£Ci,j ù«/ª�ÎÒ�·¶ò3�©)º¤µ
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c1 = [5, 6, 7, 3, 4]− [1, 2] , C2,3, c2 = [6, 7, 5, 3, 4]− [1, 2] , C1,2,

c3 = [7, 5, 6, 3, 4]− [1, 2] , C3,1, c4 = [7, 6, 3, 5, 4]− [1, 2] , C2,1,

c5 = [7, 3, 5, 6, 4]− [1, 2] , C4,1, c6 = [3, 5, 7, 6, 4]− [1, 2] , C4,3,

c7 = [5, 7, 3, 6, 4]− [1, 2] , C4,2, c8 = [3, 6, 5, 7, 4]− [1, 2] , C2,4,

c9 = [5, 3, 6, 7, 4]− [1, 2] , C3,4, c10 = [6, 5, 3, 7, 4]− [1, 2] , C1,4,

c11 = [6, 3, 7, 5, 4]− [1, 2] , C1,3, c12 = [3, 7, 6, 5, 4]− [1, 2] , C3,2.

12�ó�0�£[2, 1]-�ó¤Xe£Li,j ù«/ª�ÎÒ�·¶ò3�©)º¤µ

η1 = [5, 7, 6, 3, 4]− [2, 1] , L3,2, η2 = [6, 5, 7, 3, 4]− [2, 1] , L1,3,

η3 = [7, 6, 5, 3, 4]− [2, 1] , L2,1, η4 = [6, 7, 3, 5, 4]− [2, 1] , L1,2,

η5 = [3, 5, 6, 7, 4]− [2, 1] , L3,4, η6 = [6, 3, 5, 7, 4]− [2, 1] , L1,4,

η7 = [7, 5, 3, 6, 4]− [2, 1] , L4,1, η8 = [7, 3, 6, 5, 4]− [2, 1] , L3,1,

η9 = [3, 6, 7, 5, 4]− [2, 1] , L2,3, η10 = [5, 6, 3, 7, 4]− [2, 1] , L2,4,

η11 = [3, 7, 5, 6, 4]− [2, 1] , L4,2, η12 = [5, 3, 7, 6, 4]− [2, 1] , L4,3.

d½n 23§G7 ¥�>þ�ÎÒ=k M [6] Ú M [7]. ²d�� M [6]-ó�§ó�0�

[α]− [2, 1]òKÜ [(36)α]− [1, 2]Ú [(56)α]− [1, 2]ùü^£ó"aq/§²d��M [7]-ó

�§ó�0� [α]− [2, 1]òKÜ [(37)α]− [1, 2]Ú [(57)α]− [1, 2]ùü^£ó"þ¡�Ñ£

óÚó�0��^SÙ¢� [73]¥´���§«O3u¦�rz�£ó [α]− [1, 2]½ó�0

� [α]− [2, 1]¥� α±/30mÞ5�§
·�´±/40��(�5�§ùÌ�´��©

©Û�B|"

y3�)º�e Ci,j � Li,j ÎÒ�¹Â"ùÙ¢´Äu/60Ú/70� �é£óÚ

ó�0�?1�­·¶"éuz�£ó [α] − [1, 2]½ó�0� [α] − [2, 1]§·�®²3 α

��{¥ò/40�½3
" "b�/60Ñy31 i §/70Ñy31 j  §K α��

�û½£Ï�������I�´ó��§K/30Ú/50� ���z¤§Kù�£ó

½ó�0�©O�P� Ci,j ½ Li,j§1 ≤ i, j ≤ 4� i 6= j.�e53�ã¥�\~{ò3

� 4e?1"²d��M [6]-ó�§ó�0� Li,j ¤KÜ�ü£ó� Ck,j Ú Cl,j§Ù¥ k

Ú l� {1, 2, 3, 4}\{i, j}¥�@ü��"aq/§²d��M [7]-ó�§ó�0� Li,j ¤K
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Ü�ü£ó� Ci,k Ú Ci,l§Ù¥ k Ú l� {1, 2, 3, 4}\{i, j}¥�@ü��"ddxÑ G7 X

ã 2-4¤«"e�Ú8I´l¥Ïé���>IÒØÓ�)¤ä T7.�d§·���r�

�¦§Ïéã¥���>IÒØÓ� Hamiltonian� C7§?
íØù���?Û�^>Ñ

ò������)¤ä"ù�rz��¦3�¡�©Û¥�UNyÑÙ¿Â"���{X

eµéuó�0� Li,j§j ≡ i− 1 (mod 4)§À�|^§�M [6]-ó�¤éA�>§=éX

Ci+1,i−1 Ú Ci+2,i−1 �>¶éuÙ§z�ó�0�§À�|^§�M [7]-ó�¤éA�>§

=§ó�0� Li,i+1 ²dM [7]-ó�¤éA�´éX Ci,i+2 Ú Ci,i+3 �>§ó�0� Li,i+2

²dM [7]-ó�¤éA�´éX Ci,i+1 Ú Ci,i+3 �>"¤��� Hamiltonian�Xã 2-4¤

«"íØ�¥?¿�^>����)¤ä§±d)¤ä��«�KÜö�=�����Ý

��M7 = 2515�K-�§�¹
¤k£ó±9Ø%�^�	�¤k [2, 1]-�ó""��Ê

���=´�íØ�@^>�IP¤éA� [2, 1]-�ó¥�@Ê���"

i \ j 1 2 3 4

1

2

3

4

i \ j 1 2 3 4

1

2

3

4

ã 2-4 ã G7ÚéA� Hamiltonian� C7

3ù�Ð©�~f��§�e5éu T2n+1 ��EòÏL48�E��ª�¤"48

��15�6u [73] ¥�uy"

Ún24. é?¿ n ≥ 4§ã G2n+1�¹
 (2n− 3)(2n− 2)°Ø���� G2n−1Ó��fã§

ùz°fã¡���/ÜÜÜ0"3ü�ØÓ�Ü�m�>þ�ÎÒ=�M [2n]ÚM [2n+ 1].

c[*	 G2n+1 �(�"éuz�£ó [α] − [1, 2]Úó�0� [α] − [2, 1]§ò α�¤

r/40�u1 (2n − 1) � ��/ª"- Ci,j ½ Li,j ©OL« α ¥/2n031 i  �

/2n + 1031 j  ¤éA�¤k£ó½¤kó�0��8Ü§i, j ∈ {1, 2, . . . , 2n − 2},

i 6= j.d½n 23§Li,j ¥?Û��ó�0�²dM [x]-ó�§x /∈ {2n, 2n + 1}§¤éA�

>´ Ci,j SÜ��^>",	§éu�½��é iÚ j§Ci,j ¥�¤k£ó§\þ Li,j ¥¤

kó�0�²dM [x]-ó�¤éA�>§x /∈ {2n, 2n+ 1}§ù
:�>�Ó�¤
� G2n−1
Ó����fã"½=§ùÒ´þ©Ún 24¤`���/Ü0"
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2½Â�Ü#�ã§Ĝ2n+1 = (V̂2n+1, Ê2n+1)§Ù¥:éAu {Ci,j : 1 ≤ i, j ≤ 2n−2, i 6=

j}§=z�/Ü0"éu?¿ü�£ó c1 ∈ Ci,j Ú c2 ∈ Ci′,j′§Ù¥ Ci,j Ú Ci′,j′ Ø�Ó§X

J c1 � c2 3 G ¥k>�ë§K3 Ĝ2n+1¥ò: Ci,j Ú Ci′,j′ ë�^kXÓ�ÎÒ�IP�

>"dÚn 24§Ĝ2n+1¥�>=kM [2n]ÚM [2n+ 1]ùü«ÎÒ"

½n25. Ĝ2n+1¥�3 Hamiltonian� Ĉ2n+1§Ù¥?¿ü^>�IP5
uØÓ� Li,j .

y². �y²¥�\~{ò3� 2n − 2 e?1"éuó�0�8Ü Li,j§j ≡ i − 1

(mod 2n− 2)§·�l¥]À��/3031 (i− 2) §/2n− 1031 (i− 3) �ó�0

�§§²d��M [2n]-ó�§KÜ
 Ci−2,j Ú Ci−3,j ¥��g��£ó"ù3ã Ĝ2n+1 ¥

éAu�^ë( Ci−2,i−1Ú Ci−3,i−1�>"éuó�0�8Ü Li,j§j ≡ i− 2 (mod 2n− 2)§

·�l¥]À��/3031 (i − 1) §/2n − 1031 (i + 1) �ó�0�§§²d�

�M [2n + 1]-ó�§KÜ
 Ci,i−1 Ú Ci,i+1 ¥��g��£ó"ù3ã Ĝ2n+1 ¥éAu�

^ë( Ci,i−1 Ú Ci,i+1 �>"éuÙ§z�ó�0�8Ü Li,j§·�l¥]À��/303

1 (j + 1) §/2n− 1031 (j + 2) �ó�0�§§²d��M [2n+ 1]-ó�§KÜ


Ci,j+1 Ú Ci,j+2 ¥��g��£ó"ù3ã Ĝ2n+1 ¥éAu�^ë( Ci,j+1 Ú Ci,j+2 �>"

�u���§þã�>�¤
Ĝ2n+1 ¥��� Hamiltonian� Ĉ2n+1§Ù¥?¿ü^>�I

P5
uØÓ� Li,j .

����«~§Ĝ9¥�ÎÜ�¦� Hamiltonian�Xã 2-5¤«"

i \ j 1 2 3 4 5 6

1

2

3

4

5

6

ã 2-5 Ĝ9¥� Hamiltonian�«~

3±þO��Ä:þ§·��±ÏL8B��{`²ã G2n+1 ¥7�3�>IPØÓ

�)¤ä"8B�Ú½Xe"íØ Ĉ2n+1 ¥�?Û�^>§�� Ĝ2n+1 ¥���?¿ü^
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>�IP5
uØÓ� Li,j �)¤ä"Kù�äþÓ^
z� Li,j ¥�õ��ó�0�"

d8Bb�§Ci,j ù�£ó8Üg���� G2n−1Ó����/Ü0§ÙSÜk)¤ä§�

>�IÒ5g Li,j ¥¤kØÓ�ó�0�"ÏL��½� [n]g�þ�V�§�N���

��)�ä§�>�IÒ¤éA�ó�0�¿Ø�¹@�®²� Ĉ2n+1 Ó^�ó�0�"

�ÛÜ Ci,j �SÜdù��)¤äëÏ§ò�ÛÜ Ci,j À���:�ã Ĝ2n+1 �d)¤ä

ëÏ§u´nþ¤ã§·�éuã G2n+1é�
�>IPØÓ�)¤ä"

±þ§�¤
éu�Ý���M2n+1 = (2n+1)!
2
− 2n+ 1� Horovitz-Etzion�/è�î

�y²"

2.5.3 ééé Horovitz-Etzion���///èèè���UUU???

òY Horovitz-Etzion�/è��Eg�¿\±�N§·�ò3�e5�Ñ���`�

�E§�� S7¥èiê8�M7 = 2517� K-�§'M7 = 2515� Horovitz-Etzion�/è

O\
 2�èi"ký�XeÚn"

Ún26. é?¿���� π ∈ S2n+1§k t−12n−3t2n−1t
−1
2n−3(π) = t−12n−1t2n−3t

−1
2n−1(π).

y². � π = [a1, a2, . . . , a2n+1].

t−12n−3t2n−1t
−1
2n−3(π)

= t−12n−3t2n−1[a2, a3, . . . , a2n−3, a1, a2n−2, a2n−1, a2n, a2n+1]

= t−12n−3[a2n−1, a2, a3, . . . , a2n−3, a1, a2n−2, a2n, a2n+1]

= [a2, a3, . . . , a2n−3, a2n−1, a1, a2n−2, a2n, a2n+1].

t−12n−1t2n−3t
−1
2n−1(π)

= t−12n−1t2n−3[a2, a3, . . . , a2n−3, a2n−2, a2n−1, a1, a2n, a2n+1]

= t−12n−1[a2n−2, a2, a3, . . . , a2n−3, a2n−1, a1, a2n, a2n+1]

= [a2, a3, . . . , a2n−3, a2n−1, a1, a2n−2, a2n, a2n+1].

ý��Ú½�X Horovitz� Etzion��E�Ó"ÄkòØ% [2, 1]ù�a�	�¤k

��©
�� 12 ^£ó§¤"����� 12 �5ga [2, 1] ¥��ó§z��Ý� 5.
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ã 2-6 S7¥�Ý�M7 = 2517� K-�

HorovitzÚ Etzion��{´òù
�ó��ó�0�5é£ó?1KÜ§ù�ÃØXÛö

�o¬{e�^�óvk¦^"���g´§XJkò [2, 1]ù�a�¥���k1ü�

Ñ�� K-�¬N�ºù�du��� S5 ¥� K-�§c©ã 2-2¥®²£ã
 S5 ¥�Ý

� 57� K-�"�����N� f : {1, 2, 3, 4, 5} → {3, 4, 5, 6, 7}§2��nþV\/20Ú

/10§Kò S5¥ K-�=z�
 S7¥d [2, 1]ù�a�¥����¤� K-�"�	�¦N

� f �ÀJ��y)¤� K-�¥��ó��"

e�Ú´òù 12 ^£ói\ù� K-��¥"dÚn 22 ¤�Ñ§XJd K-��

¥këYü��� [α, x, 2, 1] Ú [x, α, 2, 1]§x ∈ {6, 7}§K�±ò�¹ [1, α, x, 2] Ú�¹

[2, α, 1, x]�£ói\Ù¥§¡�����1�i\"XJ�±é� G7 �����§Ù¥

z^>éA�Ñ´�1�i\§KòX����� 2517� K-�"G7¥ØÓ����ê8

éõ§,
z���¥�8^>´ÄÑéAu�1�i\´I�u��§ù´du�c�

E� K-�¥kéõ�/í�ºà0ö� t3 ��3"oÑ/`§/í�ºà0ö� t5 �õ§

KéA��1i\�õ§�kÏu·�Ïé�Ü·���"·��±|^Ún 26§=é?

¿ π ∈ S7k t−13 t5t
−1
3 (π) = t−15 t3t

−1
5 (π)§5é�c�E� K-���
/¿Ö0"¿Ö�L§
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´òl t3(π)� t−13 t5(π)ù�ã}�e5§òä:üÞ� π� t5(π)¿Ü§2òàe5�@

ãi\� t−15 t3(π)� t3t
−1
5 t3(π)�m"þãL§��� t−15 t3(π)Ú t3t

−1
5 t3(π)Ø3¤�e�

¡ãSÜ�{��1"ù��¿ÖL§� K-��=�S��¥Ú\
�õ� t5§Ó��

vkUC�k�3� t5.y3�±Xã 2-6¤«¤é/ò 12^£ó?1i\"

·�ß�ù��g´éu¤kÛê���+Ñ�¤á"§d3��15r��6u

Horovitz� Etzion¤�E� K-��(�"c©®J9§ Horovitz� Etzion¤�E� S2n−1

¥� K-��=�S�¥�k t2n−1 � t2n−3.lù��� K-�Ñu§À�Ü·���N�

f : {1, 2, . . . , 2n − 1} → {3, 4, . . . , 2n + 1}§2��nþV\/20Ú/10§K��
��

S2n+1¥�d [2, 1]ù�a�¥����¤�K-�§=�S�=�¹ t2n−1Ú t2n−3.�þ©a

q§·��±|^Ún 26§=é?¿ π ∈ S2n+1k t−12n−3t2n−1t
−1
2n−3(π) = t−12n−1t2n−3t

−1
2n−1(π)§

5é�c�E� K-���
/¿Ö0"¿Ö�L§´òl t2n−3(π)� t−12n−3t2n−1(π)ù�ã

}�e5§òä:üÞ� π � t2n−1(π)¿Ü§2òàe5�@ãi\� t−12n−1t2n−3(π)�

t2n−3t
−1
2n−1t2n−3(π)�m"þãL§��� t−12n−1t2n−3(π)Ú t2n−3t

−1
2n−1t2n−3(π)Ø3¤�e�

¡ãSÜ�{��1"ù��¿ÖL§� K-��=�S��¥Ú\
�õ� t2n−1§Ó

��vkUC�k�3� t2n−1.²L¿©õ�N���§3���ü���[α, x, 2, 1]Ú

[x, α, 2, 1]�m=�?1,é£ó�i\§Ù¥ x > 5.du G2n+1�¥kNõ���þãN

�kér�ÅÄ5§Kù
W*�yâ4·�knd�&§�±é�����Ù¤k>Ñ

éAu�1���",
î��êÆy²k�©Û"

nþ¤ã§·�kXeß�£¿é 2n+ 1 = 7�Ñ
y²¤

ß�27. é?¿�ê n ≥ 3§�3 S2n+1¥� K-�§���ÝM2n+1 = (2n+1)!
2
− 2n+ 3.

2.6 Kendall’s τ -ååållleee S2n+2¥¥¥������///èèè

��!ò?Ø3 Kendall’s τ -åleóê���+ S2n+2¥��/è��'¯K"3c

©ý�ó�Ü©®J9
d¯K3óê�ÚÛê�þ�ØÓ�?"XJ�,�3Ûê �

Iþ�/í�ºà0ö�§K���" ØÄ§@d� S2n+2¥��/è��þÒ´ S2n+1

¥��/è§ù´²��(J§èiê8�Ø¦<¿"e����²�� S2n+2 ¥��/

è§Ò7L�»Ûó���m�9æ§=I�,
�ÿ3óê �Iþ�/í�ºà0ö

�"

·�òÄu S2n+1 ¥� Horovitz-Etzion.� K-�§�E S2n+2 ¥��/è"Äk2g

rN­��e Horovitz-Etzion.� K-����­�5�"
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Ún28. [73] é?¿�ê n ≥ 2§S2n+1 ¥� Horovitz-Etzion .� K-����Ý M2n+1 =

(2n+1)!
2
− 2n+ 1.Ù=�S�¥=�¹ t2n−1� t2n+1.

éu�� π ∈ S2n+2§P π↓ ∈ S2n+1 �ò π ¥���/2n + 20íØ��¤����

�"éu�� π ∈ S2n+1§P π↑,i ∈ S2n+2 �� π ¥r��/2n + 20�\�1 i� �þ

¤�����§1 ≤ i ≤ 2n+ 2.

ò?¿�^Ð©� S2n+1 ¥� Horovitz-Etzion.� K-�P� π1, π2, . . . , πM2n+1 . �


/ù§·��e5��E� S2n+2 ¥��´ò Horovitz-Etzion.� K-���X�/E�

¬0Géå5¤���"Äk£ã1��E�¬"

l�� π1
↑,1Ñu"�e5�=�S�¥z�ö��À��Ì±eü«5K"

•5K1µ�����/2n+ 20K�1 2n− 2 �§Òá=��gö� t2n−2§=r�

�/2n+ 20í�ºà"ù«ö�eëY�ü���/X π↑,2n−2Ú π↑,1§Ù¥ π ∈ S2n+1.

•5K2µÄK§ëìÐ©� S2n+1 ¥� Horovitz-Etzion.� K-��=�S�"éu

��/2n + 20Ø31 2n− 2 þ��� π ∈ S2n+2§�Ä§éA��� π↓ ∈ S2n+1. π↓ 3

Ð©� S2n+1¥� Horovitz-Etzion.� K-�¥Ñy§�3Ù¥§�e����´dò,�

��§'X`/x0§í�ºà¤���"@o3ò��E��¥·��íÓ����"d

u� K-��=�S�¥=k t2n−1Ú t2n+1§�y3/2n+ 20´�±3c 2n− 2� �þ

�§¤±#�=�S�¥éA�ö�¢� t2n Ú t2n+2.,	§��/2n + 20� ��I

��ù���ö�
\�"u´ù«ö�eëY�ü���/X πs↑,i Ú πs+1
↑,i+1§Ù¥ πs Ú

πs+1�Ð©� S2n+1¥� Horovitz-Etzion.� K-�¥�ü�ëY���§1 ≤ i ≤ 2n− 3.

u´1��E�¬d±e���¤µ

π1
↑,1, π

2
↑,2, π

3
↑,3, . . . , π

2n−2
↑,2n−2, π

2n−2
↑,1 , π2n−1

↑,2 , . . . , π
M2n+1

↑,2n−5.

þã������� π
M2n+1

↑,2n−5 ´N´dþã5K�±Ï5±9M2n+1 ��¤íä��

�§=�âuM2n+1 ≡ −2 (mod 2n− 3).y3·�UY÷^þãü^5K��1��E�

¬Xeµ

π1
↑,2n−4, π

2
↑,2n−3, . . . , π

M2n+1

↑,2n−7,

Ó�§�e5�E�¬�g�µ

π1
↑,2n−6, π

2
↑,2n−5, . . . , π

M2n+1

↑,2n−9,
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π1
↑,2n−8, π

2
↑,2n−7, . . . , π

M2n+1

↑,2n−11,

· · · · · · · · · · · ·

π1
↑,6, π

2
↑,7, . . . , π

M2n+1

↑,3 ,

π1
↑,4, π

2
↑,5, . . . , π

M2n+1

↑,2n−2.

d?6Ê"�d��·�®²k
 n − 2ãE�¬"XJ�,Uþã5K�{�e

5���A� π
M2n+1

↑,1 §�·�d�UC¤e¡�g´"y3ÃÀK1�^5K§
´î

��Ì1�^5K5�E���ãE�¬"=§��/2n + 20òØ2�í�ºà"�e

5���� π1
↑,2n−1 Ú π2

↑,2n.{e�Ü©� πk↑,pk§Ù¥ {pk}3≤k≤M2n+1 �üNØ~��êS

�§��u 2n� 2n + 2.Ï�Ð©� K-��=�S�¥kNõ t2n+1§KéN´�y


pM2n+1 = 2n + 2§=d�®²��
 π
M2n+1

↑,2n+2.��§'X`3Ð©� K-�¥l πM2n+1 �

� π1 ´ÏLò�� xí�ºà¤���§@o#������Ú�´íù���§��

π1
↑,2n+2.Ì���¤�òg,¤á§Ï�é������ π1

↑,2n+2� t2n+2§£�
�m©�

π1
↑,1.�E�."

½n29. éu n ≥ 4§þã�E�� S2n+2¥� K-�§�ÝCq�� 1
4
|S2n+2|.

y². £�'u dK(σ, π)���L�ª [77]µ

dK(σ, π) = |{(i, j) : σ−1(i) < σ−1(j) ∧ π−1(i) > π−1(j)}|.

|^dªé¤�E��/è¥���u�Ùüü�m�ål"dK(σ, π) ≥ dK(σ↓, π↓)§Ke

σ↓Ú π↓ØÓ�{§@Ï�§�Ñy3�Ð©��/è¥§K´� dK(σ↓, π↓) ≥ 2.


� σ↓ � π↓ �Ó�§K§��m� Kendall’s τ -ålT�/2n + 20ù���� �

�I��"éuÐ©��/è¥�?¿�� π ∈ S2n+1§½Â I(π) = {1 ≤ i ≤ 2n + 2 :

π↑,i´¤�E��/è¥�����}.·��Iy² I(π)Ø�¹ëY��ê"~X§d�

E�ªw,k I(π1) = {1, 4, 6, 8, . . . , 2n− 4, 2n− 1, 2n+ 2}.

éuØ% π1�	��� π§����E�¬éu I(π)��z=���üÕ�êi x§

Ù¥ x ∈ {2n, 2n + 1, 2n + 2}.Ù§E�¬éu I(π)��z¥vk�u 2n − 2��ê"u

´�±�Ñ����E�¬�K�§�'5uc¡ n− 2�E�¬§òù
E�¬©OP

� R1, . . . , Rn−2.éu 1 ≤ j ≤ n− 3§�±�ye�¯¢µ

•e π↑,i ∈ Rj§4 ≤ i ≤ 2n− 3§K π↑,i−2 ∈ Rj+1¶

•e π↑,1 ∈ Rj � π↑,2n−2 ∈ Rj§K π↑,2n−4 ∈ Rj+1¶
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•e π↑,2 ∈ Rj§K π↑,2n−3 ∈ Rj+1¶

•e π↑,3 ∈ Rj§K π↑,1 ∈ Rj+1 � π↑,2n−2 ∈ Rj+1§���~	´ π
M2n+1

↑,3 ∈ Rn−3§�´

π
M2n+1

↑,1 /∈ Rn−2).

|^±þ¯¢�u�§éuÐ©��/è¥�?¿�� π ∈ S2n+1§I(π)Ø�¹ëY

��ê"nþ¤ã§¤�E��/è¥���üü� Kendall’s τ -ål��� 2.

�e5���e¤�E� K-���Ý"z�E�¬�Ý���k��Ð©�/è�

�Ý§=M2n+1§Kkµ

M2n+2 ≈ (n− 1)M2n+1 ≈
1

4
|S2n+2|.

��·�?Ø�e n = 1, 2, 3� S2n+2¥� K-�§ùA��¹¿Ø��ÎÜþã�µ

e"

éu n = 1§{ü�Ãóö�=����`�M4 = 8.«~Xeµ

1|4|2|3|4|1|3|2
2|1|4|2|3|4|1|3
3|2|1|4|2|3|4|1
4|3|3|1|1|2|2|4

ã 2-7 M4 = 8.

éu n = 2§·�Äuþ��!¥�Ý� 57� S5 ¥� K-�§5�E S6 ¥� K-�"

òþã�E¥�1�^5K��?U§ò5K¥�/2n− 2 = 20U�/30"ù�=��

�e¡¤«���M6 = 142� S6¥� K-�"ã«¥�FIPX1��E�¬�å© 

�"

éu n = 3§�Ä S8¥��/"Óþ§�±?U1�^5K§ò5K¥�/2n− 2 =

40U�/50"K1��E�¬�Ð©��� π1
↑,4.�
;�ålþ�Àâ§��y¤À

��Ð©� Horovitz-Etzion. K-� π1, π2, . . . , πM7 kXe5�µÙ=�S��1n�ö�

� t7§½= π4 = t7(π
3).ÏLù«�	��y§�¦�1��E�¬�å©�A���/

X π1
↑,4§π

2
↑,5§π

3
↑,6§π

4
↑,7.��8�=´¦¯r��/80í�e�§±;�Ó�Ñy π↑,5Ú

π↑,6 ù�|���d3�U5"Xd§·�=��
 S8 ¥��� K-�§d S7 ¥� K-�

�üãE�¬¤�¤"
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ã 2-8 M6 = 142

2.7 ���(((

�Ù�ïÄÌK´��+þ���è��/è"éuÇ²åleÚ Kendall’s τ -ål

e���è§ÏL|^ã�/Úê5©ÛÕáê����{§©OU?
ü«è�#�

e."�,/Ú�Y´²(�§�´Ïéèiê8�õ�ôÚ¿Ø�*§q�EIé¤

k��?1H{/Ú��2?1Oê'�"u´l�E¿Âþù§ùE´���ê�m

��E�{§�B|��E�{k�&¢"éu�/è�ïÄ§3Ûê�Úóê���

+þk²w«O§·�3ü��¡Ñ©O�Ñ
�½í?"�C§3©z [72] ¥^Éu

Horovitz-Etzion�/è�g´§��
Ûê�þ��{�/è§l
3Ûê�þ�.)û


d¯K"
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3 êêêiii���«««µµµÜÜÜ***-SSS���èèè999���'''MMMFFF¼¼¼êêêxxx

3.1 000���

3êi�¬����o¯K¥§�¬�uÙö�±3êi�¬¥N\�
èi��ê

i�«"ùò¦�uÙö3uy���¬�§�±ÏLN�¤i\�êi�«
J���

��
Þ",
§õ���ö�?1�Ï!Ü*ôÂ§ÏLé�gêi�¬�|Ü
�Ñ

���¬§ù�Ó�ò�g�êi�«�
�Ü§\�
J���
Þ�JÝ"�
-|

ù«Ü*ôÂ§Cc5�OÑéõÜ*-S�è§'X�Á�è!�(½5I�è!Jl

è!�©lè��"©lMF¼êx´�a­��|Ü(�§3�«Ü*-S�è�ïÄ

¥kX­��A^"Ï~5`§�«Ü*-S�è½ö´�aAÏëêe�©lMF¼ê

x§½ö���'�©lMF¼êx¤p��Ñ"éuÜ*-S�è9Ù�'MF¼êx

�ïÄ�Ì�8I´3�½�ëêe�E��èiê8¦þõ�è§½ö´����ß�

E§½ö´^VÇ�{`²Ù�35"�Ù¥§·�ò?Øù
è��.��ã�m�é

X§|^�ã�Õá8�(Jé�
|Ü(��e.?1U?"AO/§ù�����{

ò©OA^u�{MF¼êx!�Á�èÚ�©lè"Ò·�¤�§ù«|^�ã�.�

�{ÿáÄg"Äk0�Ù�'½Â��µ"

3.1.1 ©©©lllMMMFFF¼¼¼êêêxxx

oÑ/ù§��MF¼êx´l½Â� Y ��� Q��x¼ê�8Ü"

½Â30. �½��ê N§nÚ q§�� (N ;n, q)-MMMFFF¼¼¼êêêxxx´��d N �¼ê¤�¤�8

Ü F§¼ê�½Â� Y ���� n§�� Q���� q.

�Qã{B§��P½Â� Y � {1, 2, . . . , n}§�� Q� {1, 2, . . . , q}.g,/§��

(N ;n, q)-MF¼êx�±^��N ×n
�A5£ã§Ù¥�IéAu½Â� Y§1Ié

Au��¼ê f ∈ F .3éAu¼ê f ù�1ÚéAu y ∈ Y �ù��þ§
�¥���
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. ¶¡ ë�©z

wi = 1§?¿ i �{MF¼êx
[6,11,17,20,50]

[96,114,121,127]

{1, w} �Á�è
[18,25,35,40,57]

[58,88,102,104,110,112,130]

{w,w} S��Á�è [39,40,112]

{1, 1, 1}� {2, 2} �(½5I�è [4,9,71,110,122]

{1, . . . , 1, w} r�©lMF¼êx [102]

L 3-1 ©lMF¼êx�AÏ�/

� f(y) ∈ Q.·�¡ A�dMF¼êx�ÝÝÝ


LLL«««§òÝ
L«¥�z�¡���èi"

½Â31. ��©©©lllMMMFFF¼¼¼êêêxxx SHF(N ;n, q, {w1, w2, . . . , wt}) ´÷ve�^����

(N ;n, q)-MF¼êx Fµéu?¿Ø��8Ü C1, C2, . . . , Ct ⊂ {1, 2, . . . , n}§ |C1| =

w1, |C2| = w2, . . . , |Ct| = wt§�3����¼ê f ∈ F ¦�é?¿ i 6= j k

{f(y) : y ∈ Ci} ∩ {f(y) : y ∈ Cj} = ∅.

¡d©lMF¼êx�...� {w1, w2, . . . , wt}§.���� w =
∑t

i=1wi .

éA/§��©lMF¼êx SHF(N ;n, q, {w1, w2, . . . , wt})�Ý
L« Aò÷ve

ã5�µé?¿Ø�����8Ü C1, C2, . . . , Ct§|C1| = w1, |C2| = w2, . . . , |Ct| = wt§�

3 A¥,�1 r¦�é?¿ i 6= j k

{A(r, y) : y ∈ Ci} ∩ {A(r, y) : y ∈ Cj} = ∅.

©lMF¼êx®�2�ïÄ§cÙ´�������/e"þã��ª�½Â�@

d Stinson�<¤JÑ [112]"Nõëêe�©lMF¼êx�A^u�èÆþ�©Û§cÙ

´éuÜ*-S�è"¯¢þ§Nõ2�ïÄ�|Ü(�´A½ëêe�,«©lMF¼

êx"·�òù
|Ü(�9Ù�'�ë�©z�uL 3-1.

éu�½����� q ÚA½�. {w1, . . . , wt}§·�a,�u n Ú N �êþ'

X"=§éu�½� N§·������� n.éuý�õê�.§éJ°(�x n�

���§
ïÄÙþe.´�é�y¢���ïÄ´� [19,88,110,113,115].�C§BazrafshanÚ

Trung [12,13] éõêkc®��þ.�ÑU?§$�ÏL(½5��Ey²
� N �C.
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����§k
(J´;�"|^VÇ�{¥���Ä�E|/íØ�{0§Stinson�

< [113] �Ñ
���35�y²§��
?¿.�©lMF¼êx3Ù§ëê�½�� n

�����e."

3.1.2 ���©©©lllèèè

�©lè´�«AÏ�Ü*-S�è§d ChengÚMiao [37]¤½Â§^5-|Ü*ö�

²þôÂüÑ"

½Â32. éu�ê N§n§q§- Q�i1L {1, 2, . . . , q}.¡ C = {c1, c2, . . . , cn} ⊂ QN ��

� (N, n, q)-è§XJz� ci����� N �èi"

- c(i) �L�þ c ∈ QN �1 i  §1 ≤ i ≤ N . éu?¿è C ⊂ QN§½Â C(i) =

{c(i) ∈ Q|c ∈ C}, 1 ≤ i ≤ n. éu?¿è���f8 C0 ⊂ C§½ÂÙ������èèè� desc(C0) =

{x ∈ Qn|x(i) ∈ C0(i), 1 ≤ i ≤ n}.½=§èi8Ü desc(C0)�¹
�±dPk C0 ¥èi�

�|Ü*^r¤)¤� n�|§desc(C0) = C0(1)× · · · × C0(n).

½Â33. b� C ��� (N, n, q)-è§�ê t ≥ 2. eéu?¿� C1§C2 ⊂ C§|C1| ≤ t§

|C2| ≤ t� C1 6= C2§k desc(C1) 6= desc(C2)§K¡ C ��� t-���©©©lllèèè"½=§�3��

���I i§1 ≤ i ≤ N§¦� C1(i) 6= C2(i).

�½ N§q§t§·�a,�uïÄ�©lè���èiê8 n.Ø3�´§�©lè�

�E�~(J§8c=k'uè�� 2Ú 3���` 2-�©lè��E"éuÙ§ëê§

�©lèèiê8�þe.�mké��õ�"�C§GaoÚ Ge [65] ©OÏLVÇ�{Ú

|ÜE|U?
 2-�©lè�þe.§$�y²3 N �½§q'���§¦��e.´ì

?�`�"

�Ù�(�Xe"31 3.2�!¥§·�ïáè�¯K��ãÕá8¯K��''é§

0��©¥ò��9�'u�ãÕá8��
(J"31 3.3!3.4!3.5�!§òA^ù@

�{©OU?,
ëêe��MF¼êx!�Á�è!�©lè�e."1 3.6�!é�

Ù?1o("
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3.2 èèèiiiêêê888¯̄̄KKK���£££���¤¤¤ããã���ÕÕÕááá888���éééXXX

3�!¥§·�0�èiê8¯K�£�¤ã�Õá8�m�éX"

���ãd:8�>8|¤§P V ���k��º:8§E �>8§z^>´ V ��

�f8"���ã=´z^>ê8þ� 2��ã"�ã���Õá8´:8���f8§

Ø�¹�ã¥�?Û�^>"�ã�Õáê=����Õá8���"

¤¢è§�±w�Ù��¤3�Ä:8Ü£'X~��§¤k n� q��þ¤¥�÷

v�½^���f8"�½^��U´�é��èi�§'X4�Ç²­þ§½ö´�é

õ�èi�m�§'Xü�èi�m�ål"?ènØ���¯KÒ´ïÄ÷v�½��

½^����f8���"y3·�òèiê8¯K=z��ã��óþ5£ã"-Ä:

8Ü¥�z�����ã¥���:§:8�?¿f8�¤�^>��=�éA�èi�

Ó�Ñy¬�����^�½^�"ùp>�À�´3/4�0¿Âe�§½=�^>¥

?¿íØ�:��§{e�:éA�èi�Ó�ÑyØ¬���½^�"d�ã���Õ

á8¤éA�èiK��¤ÎÜ�¦�è§u´èiê8¯K=z¤�
ÏédéA�ã

¥�Õá8�¯K"~X§XJ����½^�´?¿ü�èi�m�4�ål�u�u

d§KéA�ã¥ü:�mk>��=�§��ål�u d.ù���{®²kõg¦^§

'X JiangÚ Vardy [78] ±9�� VuÚWu [126] ^ Bollobás��éÛÜDÕã�Õáê��

�(Ø§©OU?
��5��èÚ q �è� Gilbert-Varshamov.e."Gao�< [66] |

^ LiÚ Rousseau [89] ���Õáê�(JU?
Ç²åle��è� Gilbert-Varshamov.

e.",	�~f=´þ�Ù¥·�éuü«åle���èe.�U?"þã�¤k~

fÑ´�kèi�müü�ålù���§¤±Ñ´3ÊÏã��.þö��"�Ù¥·

��Ä�¯K¥§è��½�¦Ñò�9õuü�èi§K·�I�3�ã�.e�Ä¯

K"

'u�ã�Õáê�kéõïÄ(J [1,2,53,85,98].·�ò|^�´ Duke�< [53] ¤JÑ

�e."3Qã¦��½n�c§·�k�Ñ�ãþ��
Vg�ÎÒ"-�ã H(V , E)

�:8� V§>8� E .e¤k>���þ� k§K¡H� k-�ã"éu?¿: v§½Â v

�Ýê��¹: v�>�ê8§L«� d(v).H{¤k:���� d(v)��¡�H���

Ý§P�∆(H).éu:8��� w�f8W§½ÂW � w-Ý��¹W �>�ê8"3

�� k-�ãH¥§é?¿�ê j§2 ≤ j ≤ k − 1§�8��� j ��éÃS�> {e, e′}¡

��� (2, j)-�"H¥� (2, j)-��ê8P� sj(H).

½n34. [53] - H = (V , E)� n�:þ� k-�ã§÷v ∆(H) ≤ tk−1§Ù¥ t � k.eéu
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j = 2, 3, . . . , k − 1�3 γ > 0÷v

sj(H) ≤ n · t2k−j−1−γ (3-1)

Kk

α(H) ≥ c(k, γ) · n
t
· (ln t)

1
k−1

Ù¥ c(k, γ)����6u kÚ γ �~ê"

AO/§·�� t = ∆1/(k−1)§éþã½n¥��êÜ©�­#�Ü£ùp k �´�

��½�~ê¤§K���

α(H) ≥ c(k, γ) · n

∆
1

k−1

· (ln ∆)
1

k−1 . (3-2)

�e5§·�ò|^þã½n©Û�{MF¼êx!�Á�èÚ�©lè�e."

3.3 ���{{{MMMFFF¼¼¼êêêxxx

��©lMF¼êx SHF(N ;n, q, {w1, w2, . . . , wt})§eÙ.�éu?¿ ik wi = 1§

K¡����{MF¼êx§P� PHF(N ;n, q, t).£ÁéuMF¼êx�Ý
L«§·�

¡Ý
�z������èi"éu�½� N§q Ú t§·��������èiê8 n.

5¿�d�©l��¦§vkü�èi´���Ó�"

�EéA��ã�. H(V , E)Xe"-:8 V �Ä:8Ü QN§?¿ t�:�¤�^

>��=�§�Ø�©l§½=éu?¿��I i ∈ [N ]§ù t�:¥���ü�: xÚ y

éA�©þ� xi = yi.Kd�ã¥������ n�Õá8=éAu���{MF¼êx

PHF(N ;n, q, t).

�|^½n 34§·�I�O�e¡ü�ê�"é QN ¥�?¿ t��þ§XJ§�

31 i þ�©þüü�Ø�Ó§K·�¡§�333111 i���IIIþþþ���ÉÉÉ"éu 1 ≤ j ≤ t − 1§

0 ≤ m ≤ N§éu, j �:|¤�8Ü§XJù j �:TÐ3m��Iþ�É§K¡��

�� (j,m)-|"P Ct(j,m)� (j,m)-|�ê8§P Dt(j,m)�¤k (j,m)-|��� j-Ý"

·�y3O�ùü�êþ§|^8BÚ�üg��{"

Ún35. éu 2 ≤ j ≤ t− 1§0 ≤ m ≤ N§k

Ct(j,m) =
1

j!
qN
(
N

m

)
ϕmj (qj−1 − ϕj)N−m,

Ù¥ ϕj =
∏j−1

i=1 (q − i).
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y². |^8B{y²"�O� Ct(2,m)§�IOêTÐ3 m��Iþ�É�ÃS:é�

ê8"Äk?¿�½1��:§ùk qN «ÀJ"é1��:�ÀJ©AÚ§ÄkÀ½ m

��I§ùk
(
N
m

)
«ÀJ�ª¶3ù
 �þ§1��:A� Q¥�1��:Ø�Ó��

�§
3Ù§ N −m� �þA��1��:�Ó���"5¿�:é�ÃS5§z�

Sé¢SþXdO�
üg"nþk Ct(2,m) = 1
2
qN
(
N
m

)
(q − 1)m.

éu���½� (j,m)-|§P� A§ÏLíØù j �:¥�?Û��§Ñ�±���

� (j − 1, l)-|§P� B§Ù¥ l ≥ m.¡ B� A���f|"·�éù��Sé (A,B)�

ê8?1ügØÓ�Oê"w,§z� (j,m)-| Ak j �f|§KSéê8� jCt(j,m).

��«O��ªXe"ÄkÀ��� (j−1, l)-|B§Ù¥ l ≥ m§2O�¦�A = {v}
⋃
B

� (j,m)-|�: v�ê8"éu�½� (j − 1, l)-| B§lù j − 1�:���É� l��

I¥À�Ñm�§,�XeÀJ v:"3 B¥� j − 1�:®²k¤­E�@ N − l��

Iþ§éA� v �©þ�±´?��¶3¤ÀÑ� m��Iþ§��± A3ù
�Iþ

�É§KéA� v �©þ�gk q − j + 1«ÀJ�ª¶3{e� l −m��Iþ§��

B ¥� j − 1�:3d�É§�¦� A3ù
�IþØ2�É§KéA� v�©þ�gk

j − 1«ÀJ�ª"oO� v�ê8�
(
l
m

)
qN−l(q − j + 1)m(j − 1)l−m.K·�k�ª

jCt(j,m) =
N∑
l=m

Ct(j − 1, l)

(
l

m

)
qN−l(q − j + 1)m(j − 1)l−m.

u´8B�L§Xeµ

Ct(j,m)

=
1

j

N∑
l=m

Ct(j − 1, l)

(
l

m

)
qN−l(q − j + 1)m(j − 1)l−m

=
1

j!
q2N(q − j + 1)m

N∑
l=m

(
N

l

)(
l

m

)
q−l(j − 1)l−mϕlj−1(q

j−2 − ϕj−1)N−l

=
1

j!
q2N(q − j + 1)m

N∑
l=m

(
N

m

)(
N −m
l −m

)
q−l(j − 1)l−mϕlj−1(q

j−2 − ϕj−1)N−l

=
1

j!
q2N−m(q − j + 1)m

(
N

m

)
ϕmj−1

N−m∑
l=0

(
N −m

l

)
q−l(j − 1)lϕlj−1(q

j−2 − ϕj−1)N−m−l

=
1

j!
q2N−m(q − j + 1)m

(
N

m

)
ϕmj−1(q

j−2 − ϕj−1 +
(j − 1)ϕj−1

q
)N−m

=
1

j!
qN
(
N

m

)
ϕmj (qj−1 − ϕj)N−m.
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Ún36. éu 2 ≤ j ≤ t− 1§0 ≤ m ≤ N§k

Dt(j,m) ≤ 1

(t− j)!
q(t−j)(N−m)(qt−j − φj)m,

Ù¥ φj =
∏t−1

i=j (q − i).AO/§Dt(1, N) < 1
(t−1)!(q

t−1 − φ1)
N .

y². é t− j �8B"éu�½��� (j,m)-| A§Ù j-Ý��¦� A
⋂
B = ∅� A

⋃
B

�¤�ã¥��^>� (t−j)�8ÜB�ê8"8B�å©�Dt(t−1,m) ≤ qN−m(t−1)m§

ù´du� j = t− 1�§B=��üÕ�: v÷vµ3¤�½� t− 1�:�É�@m�

�Iþ§éA� v�©þ=���ù t− 1�:¥�,��Ó¶3Ù§� N −m��Iþ§

� t− 1�:�©þ®keZ­E§d�éA� v�©þ�?�"

�½�� (j,m)-| A§·�éSé (B, v)?1Oê§Ù¥ B ´�� (t − j)�:|¤

�8Ü§A
⋃
B �¤�ã¥��^>§� v � B ¥���:"- Dt(A)L« A� j-Ý"

w,§d½Â�dê��u (t− j)Dt(A).Oê�,��ª´kê v§5¿� v¬Ñyuþ

ãSé�¥��=�eãü�^�¤á"

1)3 A¥� j �:¤�É� m��IÙ¥� k�þ§éA� v �©þ�Éu j �:

��§
3,	m− k��Iþ§éA� v�©þ���� j �:¥�,��Ó"

2)3Ù§� N −m��Iþ§� j �:�©þ®keZ­E§d�éA� v �©þ

�?�"

u´o�k qN−m
(
m
k

)
(q − j)kjm−k �Ü·� v.?
 A

⋃
{v}´�� (j + 1, k)-|§Ù

(j + 1)-Ý=�u�Oê� (B, v)�ê8"5¿� k = 0�§þãL§�U¬�� Ag��

��:�� v§ù´�üØ��/§Ïd·�ke¡�Ø�ª§
��ªµ

(t− j)Dt(j,m) <
m∑
k=0

Dt(j + 1, k)

(
m

k

)
qN−m(q − j)kjm−k.
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8B�L§Xeµ

Dt(j,m)

<
1

t− j

m∑
k=0

Dt(j + 1, k)

(
m

k

)
qN−m(q − j)k(j)m−k

<
1

(t− j)!
qN−mjm

m∑
k=0

(
m

k

)
q(t−j−1)(N−k)(q − j)kj−k(qt−j−1 − φj+1)

k

=
1

(t− j)!
q(t−j)N−mjm

m∑
k=0

(
m

k

)
q(t−j−1)(−k)(q − j)kj−k(qt−j−1 − φj+1)

k

=
1

(t− j)!
q(t−j)N−mjm(

(q − j)(qt−j−1 − φj+1)

jqt−j−1
+ 1)m

=
1

(t− j)!
q(t−j)(N−m)(qt−j − φj)m.

y3�±?1 ∆Ú sj(H)�O�§j = 2, 3, . . . , t− 1.

∆ = Dt(1, N) <
1

(t− 1)!
(qt−1 − φ1)

N .

sj(H) <
N∑
m=0

Ct(j,m)

(
Dt(j,m)

2

)

<
1

j!

1

(t− j)!2
qNq2(t−j)N

N∑
m=0

(
N

m

)
(q2(t−j))−mϕmj (qj−1 − ϕj)N−m(qt−j − φj)2m

=
1

j!

1

(t− j)!2
qNq2(t−j)N(ϕj(1−

φj
qt−j

)2 + qj−1 − ϕj)N

=
1

j!

1

(t− j)!2
qN(q2t−j−1 − 2qt−jϕjφj + ϕjφ

2
j)
N .

dªf (3-2)§éu q ����µ�3γ > 0§éu?¿ j = 2, 3, . . . , t − 1k sj(H) ≤

qN∆
2t−j−1−γ

t−1 .

~X§� t = 3 �§·�k ∆ < 1
2
(q2 − (q − 1)(q − 2))N ∼ (3q − 2)N§s2(H) <

1
2
qN(q2 + 4q − 4)N§��^�=z�

(q2 + 4q − 4)N < (3q − 2)3N/2.

ù3 q = 3, 4, . . . , 15�¤á§Kù«�¹e�±�Ñ

α(H) ≥ c
qN

(3q − 2)N/2
N

1
2 .
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u´·�keã½n§ò Stinson�< [113] �(JJp
 N
1
2 �"

½n37. éu¿©�� N Ú q = 3, 4, . . . , 15§��

n ≤ c

(
q2

3q − 2

)N
2

N
1
2 ,

Ù¥ c���~ê§K�3�{MF¼êx PHF(N ;n, q, 3).

� t = 4�§·�k

∆ <
1

6
(q3 − (q − 1)(q − 2)(q − 3))N ∼ (6q2 − 11q + 6)N ,

s3(H) <
1

6
qN(3q3 + 7q2 − 27q + 18)N ,

s2(H) <
1

2
qN(q4 + 25q3 − 85q2 + 96q − 36)N .

��^��

(3q3 + 7q2 − 27q + 18)N < (6q2 − 11q + 6)
4N
3 ,

(q4 + 25q3 − 85q2 + 96q − 35)N < (6q2 − 11q + 6)
5N
3 .

ù3 q = 4, 5, . . . , 31�¤á§Kù«�¹e�±�Ñ

α(H) ≥ c
qN

(6q2 − 11q + 6)N/3
N

1
3 .

u´·�keã½n§ò Stinson�< [113] �(JJp
 N
1
3 �"

½n38. éu¿©�� N Ú q = 4, 5, . . . , 31§��

n ≤ c

(
q3

6q2 − 11q + 6

)N
3

N
1
3 ,

Ù¥ c���~ê§K�3�{MF¼êx PHF(N ;n, q, 4).

éu��� t�aq?1ù��L§"

3.4 2-���ÁÁÁ���èèè

�� 2-�Á�è´.� {1, 2}�©lMF¼êx"�þ��!aq§·��E��ã

± QN �:8"�ã¥�>�éc��~f5`��E,�
"ù´du§3�c�{M
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F¼êx�¯Kþ§�ã¥�>�z�º:�/ ´�Ó�§
3 2-�Á�è��/e§

du.¥k/10Ú/20�©§Kz^>¥�:kØÓ�¿Â"AO/§n�: (a, b, c)

�¤�^>��=�eã^�����¤á"

• ∀i ∈ [N ]§ai = bi½ ai = ci¶

• ∀i ∈ [N ]§bi = ai½ bi = ci¶

• ∀i ∈ [N ]§ci = ai½ ci = bi.

�âÑrNz�:��Ú§òþãn«>©OP� ((b, c), a)§((a, c), b)Ú ((a, b), c).

5¿�ùn«�¹¢Sþ´Ø��"ù´du§�^ ((a, b), c).�>%¹
�3 i¦�

ai = ci 6= biù�¯¢§u´§Ø¬Ó�´�^ ((a, c), b).�>"

é?Ûº: a§ÄkÀ�º: b§� aTÐ3 N − i��Iþ�Ó§i = 1, 2, . . . , N .

Kéuz� i�
(
N
i

)
(q − 1)i «éu b�À��ª"3À½��Sé (a, b)�§O��¦�

(a, b, c)|¤>�: c�ê8"½=§(a, b)� 2-Ý"

�/1µ((a, b), c).�>"

3ù«�/e§éu� ai = bi� N − i��I§ci��Ó���"éuÙ§��I j§

cj �±�� aj ½ bj .5¿�·��¦ c 6= a§c 6= b§K�k 2i − 2«é c�À�"

�/2µ((b, c), a).�>"

3ù«�/e§éu� ai = bi � N − i��I§ci ���?¿"éuÙ§��I j§

aj 6= bj§cj ��Óu aj .5¿�·��¦ c 6= a§K�k qN−i − 1«é c�À�"

�/3µ((a, c), b).�>"

��/ 2´���"

nþ§�½���TÐ3 N − i��Iþ�ÓSé (a, b)� 2-Ý� 2i + 2qN−i − 4.

3�½ a�§þã�OêL§¥éuz^> (a, b, c)Oê
üg"Kk§

∆ =
1

2

N∑
i=1

(
N

i

)
(q − 1)i(2i + 2qN−i − 4) ∼ (2q − 1)N

�

s2(H) =
1

2
qN

N∑
i=1

(
N

i

)
(q − 1)i

(
2i + 2qN−i − 4

2

)
∼ qN(q2 + q − 1)N .
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�$^½n 34§I�÷v§�3 γ > 0¦�§

s2(H) ≤ qN∆3/2−γ,

=

(q2 + q − 1)N < (2q − 1)
3N
2 .

� q = 3���^�¤á§d���Ñ

α(H) ≥ c
qN

(2q − 1)N/2
N

1
2 .

u´·�keã½n§ò Stinson�< [113] �(JJp

√
N �"

½n39. éu¿©�� N§��

n ≤ c
√
N

(
9

5

)N
2

,

Ù¥ c���~ê§K�3è�� N �n� 2-�Á�è§èiê8� n.

3.5 ���©©©lllèèè

3��!¥·�©Û 2-�©lè�e."�,Uì½Â§t-�©lè���´�éu

?¿� C1, C2 ⊂ C§|C1| ≤ t§|C2| ≤ t§C1 6= C2.�3 t = 2ù��/e§N´©Û�Ñ [37]

�I���uØ�� C1, C2 ⊂ C§|C1| = 2§|C2| = 2=�"

�E�� 4-�ã H(V , E)§Ù¥ V E,´ QN . éuo�: (a, b, c, d)§XJéu

∀j = 1, 2, . . . , nk {aj, bj} = {cj, dj}§K§�|¤�^>"5¿�ù�½Â¥� 4�:�

´©�ü|�§L«� ((a, b), (c, d)).�>"

é?¿: a§ÄkÏé�§Ó|�Ó� b§T� a 3 N − i ��Iþ�Ó§i =

1, 2, . . . , N .éuz� ioOk
(
N
i

)
(q− 1)i«éu b�À�"éu�½�Sé (a, b)§O��

¦� ((a, b), (c, d))�¤�^>�Sé (c, d)�ê8"éu� ai = bi � N − i��I§ci Ú

di��´Ó���Ó���"éuÙ§�I§ak 6= bk§K ck 3 ak Ú bk üö�m��"�

� ck �½�Ù¥��§K dk I�,	���"2�Ä�é¡5±9 c 6= a, b��¦§k

∆ =
N∑
i=1

(
N

i

)
(q − 1)i(2i−1 − 1) ∼ (2q − 1)N .

�e5§�±*	� s3(H) = 0.ù´Ï�XJkü^> (a, b, c, d)Ú (a, b, c, e)�{§

�Ä>SÜÄuØÓ©|�e¡ü«�/µ
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�/1µ((a, b), (c, d))Ú ((a, b), (c, e))§ùw,�íÑ d = e.

�/2µ((a, b), (c, d))Ú ((a, c), (b, e))§l1�^>�©|��3,
�Iþ aÚ c�

©þ�Ó§
 béA�©þÉu§�§ù`²1�^>@«/ª´Ø�U�3�"

þã s3(H) = 0ù�¯¢�Ó�{z
O� s2(H)ù�?Ö§Ï�·��±�Äu�

��½�Sé (a, b)§5O��uùü:�>�ê8§,�?1\Ú§
Ø^ú%­EO

�"éu�½�TÐ3 N − i��Iþ�Ó�:é (a, b)§©OOêe¡üa>"

�/1µ((a, b), (c, d))§dþ©�©Û��da.�>�ê8� 2i−1 − 1.

�/2µ((a, c), (b, d))§3 ak 6= bk � i��Iþ§I�k ck = bk Ú dk = ak.éuÙ§

� N − i��Iþ§éA� cÚ d�©þ���Ó�?¿��=�"2�5¿�y c 6= b§

K�k qN−i − 1«ÀJ"

s2(H) =
N∑
i=1

qN
(
N

i

)
(q − 1)i

(
2i−1 + qN−i − 2

2

)/
2

∼ qN(q2 + q − 1)N .

�$^½n 34§I�÷v§�3γ > 0¦�§

s2(H) ≤ qN∆5/3−γ

=

(q2 + q − 1)N < (2q − 1)5N/3.

3 q = 2, 3, . . . , 26���^�¤á§�í�Ñ

α(H) ≥ c
qN

(2q − 1)N/3
N

1
3 .

u´·�keã½n§ò Gao�< [65]�(JJp
 N
1
3 �"

½n40. éu¿©�� N§q = 2, 3, . . . , 26§��

n ≤ c
qN

(2q − 1)N/3
N

1
3 ,

Ù¥ c���~ê§K�3 (N, n, q)− 2-�©lè"
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3.6 ooo(((

�Ù¥·�0�
|^�ã�Õáê5�Ä|Ü(��e.ù��{§¿òÙ^3


é�{MF¼êx!�Á�èÚ�©lè�e.U?þ"·��&d�{k�õ�^É�

/§��¤ïÄ�|Ü(�éA��ã�>8����"J:3u§¤æ��ãØóä¥

,
ëêO��w(J"é�ã�Õáê�ïÄ��´�~kd��¯K§XÛòù�¡

�Ù§ïÄ(J£X©z [85]¤(¹$^�´��&?��K"
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¯̄̄KKK

4.1 000���

�Ù�Ä�¯K§{
ó�´��X{�|Ü¯K"�Ä3������_Ý
�

¥§�õkõ�'~� 2× 2�_fÝ
"

ù�¯K����ÄÅ�J��ã(ø�Ì Ron Rivest3 [101] ¥¤JÑ� AONTC�

£All-or-nothing transforms¤§^5��¦^©|�è�c���ý?nL§"Stinson [111]ò

�k Rivest�Ð�O�S�5�µUC�Ã^�S�5�µ§�� Stinson�<q3 [43] ¥

?�ÚJÑ
2Â� AONT�Vg§½ÂXeµ

½Â41. - X ���k��i18"- s�����ê§�ÄN� φ : Xs → Xs.éudN

��?¿�� s�|�Ñ\§'X` x = (x1, . . . , xs)§φòÙN�¤��� s�|�ÑÑ§

'X` y = (y1, . . . , ys)§Ù¥ xi, yi ∈ X§1 ≤ i ≤ s.XJeã5�¤á§K¡N� φ��

�Ã^�S�� AONTCCC���µ

• φ´V�"

•XJÑÑ� y1, . . . , ys¥?Û s− t����½e5§KÑ\� xi (1 ≤ i ≤ s)¥�?

Û t �&E xi (1 ≤ i ≤ s)3&EnØ�¿Âe�´��Ã{û½�"

·�òù��N� φP� (t, s, v)-AONT§Ù¥ v = |X|. �� sÚ v�lþe©²wí

½�§ÎÒ¥òÙ�Ñ§{P� t-AONT.

Rivest 3 [101] ¥¤JÑ�§=éAuþã½Â3 t = 1 ��AÏ�/"1-AONT �

±3©|�è�¦^�cJø���¡�/�C�£package transform¤0�ý?n

L§"b�·���\��²©´ (x1, . . . , xs). Äk/d�� 1-AONT§òÙ=z�

(y1, . . . , ys) = φ(x1, . . . , xs).�5²�´ φù�C���¿ØI�´���"�e5^��

©|�èé (y1, . . . , ys)?1\�§òÙ=z¤�© zi = eK(yi)§1 ≤ i ≤ s§Ù¥ eK �L

\�¤¦^�¼ê"�©��Âö�±é�©?1)�§2|^� 1-AONT�_C� φ−1
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���©�²©"�´§éu?Û���fö
ó§���²©¥�?¿� &E§Ñ7

Lé�©)�£'X¡¦|¢��{¤���N� (y1, . . . , ys)�&Eâ�±"�ó�§d

u 1-AONT�5�§==Ü©�»Èéu��²©¥�?¿� &Evk?Û�Ï"3ù

«¿Âþ§1-AONT�A^�©|�èJø
���	�S��o"ù«�{�ò�*Ð

�3 [30,45]¥k�'ïÄ"AONT�3�èÆ�¡kÃõÙ§A^"'X§§�A^3�ä

?è [31,70]§S�êâDÑ [124]§|Z6Eâ [99]§S��©Ùª��; [91,109]§S����©

��Y [100]�"

,
§1-AONT�5�¿ØU�yÑ\�õ &E��5|Ü´ÄkÜ©&E�d3

�³§'X`§k�½�UÏLeZÑÑ�&E§��Ñ\�&E¥,ü� ���5U

\�O(�"�éù«d3�ºx§Stinson�<JÑ
 t-AONTù�Vg"aqþ©¤

ã§XJ|^�� t-AONT3©|�è�¦^�cé²©?1ý?n§K?¿�föe�

��'u²©�?Û t &E�?ÛÙ�¼ê|Ü�Ü©&E§Ò7L���é�©)�

�� (y1, . . . , ys)¥õu s− t&Eâ1"

�5� AONT�ïÄ��É��à"-i1L�k�� Fq.Ùþ��� (t, s, q)-AONT

�¡��5�§XJz� yi Ñ´ (x1, . . . , xn)��� Fq-�5¼ê"K§�±�L«��

� Fq þ� s × s��_Ý
M . t-AONT�1��5�=�¦M �?¿ t × tfÝ
�´

�_�"3 [43] ¥�Ñ§� q ≥ 2s�§÷vù�5��Ý
´�3�",
§�·���

3 F2 þ�Äaq�¯K�§N´uy§éu s > 1§¿Ø�3�5� (1, s, 2)-AONT§é

u s > 2§�¿Ø�3�5� (2, s, 2)-AONT.u´ D’Arco�<JÑ�¯K´XÛ����

¦þPk t-AONT5��Ý
§½=§é�½���ê t ≤ s§3�� s�����_Ý


M ¥§�õkõ�'~� t���_fÝ
ºe©¥§·�J�Ý
�_Ñ´3 F2 þ5

�Ä�"÷^ [43]¥�ÎÒ§·�kµ

Nt(M) = M ��_ t× t-fÝ
ê8§

Rt(M) =
Nt(M)(

s
t

)2 ,

Rt(s) = max{Rt(M) : M ´�� s× s�_��Ý
}"

3 [43]¥y²
 R1(s) = 1− s−1
s2
§Ó��©Û
 R2(s)�þe.§¿ß� lims→∞R2(s)

ù�4���3� u 0.494 Ú 0.625 �m"�Ù�8I=��)ûù�¯K§�Ñ

lims→∞R2(s) = 0.5.�Ù�(�Xe"31 4.2�!·�©Ûïá�ê5y§±©Û R2(s)

�þ.§�� lims→∞R2(s) ≤ 0.5.31 4.3�!·�|^VÇ�{©Û R2(s)�e.§�

� lims→∞R2(s) ≥ 0.5.31 4.4�!·��Ñ��Äu©���E�~f"1 4.5�!é

�Ù?1o("
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u�èÆ�µ��_Ý
¯K

4.2 ÄÄÄuuu���êêê555yyy���þþþ...©©©ÛÛÛ

��!¥·�©Û lims→∞R2(s)�þ."3©Ûþ.��±6��°^�§�ÑÝ


�N���_���"�� 2× 2���Ý
�_��=�§�Xe/ª��µ 1 0

0 1

 ,

 0 1

1 0

 ,

 1 1

1 0

 ,

 1 1

0 1

 ,

 1 0

1 1

 ,

 0 1

1 1

 .

�½���ê c§kéTÐ�¹ c�/10�Ý
?1©Û§©Ûù
/10A�XÛ©

Ù§±¦� 2× 2��_fÝ
ê8¦þõ"éu 1 ≤ i ≤ n§- xi�1 i1�­þ£­þ

=�/10�ê8§eÓ¤§- yi�1 i��­þ"éu 1 ≤ i < j ≤ n§- zi,j �1 iÚ1 j

1���ê§½Â� zi,j = |{k : Mi,k = Mj,k = 1}|.Ø%g,���
∑n

i=1 xi =
∑n

i=1 yi = c

�	§|^IO��üg��{§�±����N\���
∑

1≤i<j≤n zi,j =
∑n

i=i

(
yi
2

)
.K

d1 iÚ1 j 1¤Jø� 2× 2�_Ý
�ê8�

zi,j(xi − zi,j) + zi,j(xj − zi,j) + (xi − zi,j)(xj − zi,j) = xixj − z2i,j.

u´·��I�ée¡��ê5y¯K?1¦)"

maximize :
∑

1≤i<j≤s

xixj − z2i,j

subject to :
∑
1≤i≤s

xi =
∑
1≤i≤s

yi = c,

∑
1≤i<j≤s

zi,j =
∑
1≤i≤s

(
yi
2

)
,

xi, yi, zi,j ∈ N, 1 ≤ i < j ≤ s,

c ∈ N, 0 ≤ c ≤ s2.

d5y��`�§Ø±
(
s
2

)2
=� R2(s)���þ."ù�þ.´Ä�±°(��¿Ø

´��w,�¯K§Ï�÷vëê xi, yi, zi,j ��_Ý
¿Ø�½�3"��5`§éz�

s�û½��� R2(s)�O(�´(J�§I�äN¯KäN©Û"e¡·�± s = 10�

���~f"

P��õ­8Ü�.� an1
1 . . . ankk �LXdõ­8Ü¥z��� ai Ñy ni g"éu

s = 10ù��/§�ê5y¤���`�� 1216§éA�1­8Ü��­8Ü�.Ñ´

8278§��ê8Ü�.� 54441.�´§÷vù�ëê�Ý
´Ø�3�§Ï�ü�­þ�
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8�1���ê7,��� 6§ù���ê8Ü�.�gñ"@oò
¦Ùg§d5y�

1��`� 1215�±31­8Ü��­8Ü�.� 710 ���ê8Ü�.� 530415 ��

�"�½ S = {1, 2, 4}§�Xe��Ý
M§Mi,j = 1��=� i − j /∈ S (mod 10).dÝ


ÎÜþã�¦"¤±·��� R2(10) = 1215
2025

= 0.6.

1 1 1 1 1 1 0 1 0 0

0 1 1 1 1 1 1 0 1 0

0 0 1 1 1 1 1 1 0 1

1 0 0 1 1 1 1 1 1 0

0 1 0 0 1 1 1 1 1 1

1 0 1 0 0 1 1 1 1 1

1 1 0 1 0 0 1 1 1 1

1 1 1 0 1 0 0 1 1 1

1 1 1 1 0 1 0 0 1 1

1 1 1 1 1 0 1 0 0 1


¦+éz� s ��é� R2(s) �O(�´���¡�§�éu·��8IÏé

lims→∞R2(s)�þ.
ó§éù��ê5y�Cq�¦)=�"

½n42. lims→∞R2(s) ≤ 0.5.

y². �Äù��ê5y�tµ�55y"w,§���3z�8Ü {xi}1≤i≤s§{yi}1≤i≤s
Ú {zi,j}1≤i<j≤s Ñ¦þ²þ©Ù���"½=§éu�½� c§xi = yi = c

s
§zi,j = c(c−s)

s2(s−1)

�8I¼ê��
(
s
2

)
( c

2

s2
− c2(c−s)2

s4(s−1)2 ).ù��3 c = 3s+
√
8s4−16s3+9s2

4
���"u´ì?¿Âe

� c ∼
√
2s2

2
�±�� lims→∞R2(s) ≤ 0.5.

4.3 ÄÄÄuuuVVVÇÇÇ���{{{���eee...©©©ÛÛÛ

3��!¥§·�|^VÇ�{©Û lims→∞R2(s)�e."3
[43] ¥®²JÑ5�Å

�E��{§±VÇ p =
√

1
2
�Ý
�z���/10§���mÕáÓ©Ù§¤���Ý


� 2 × 2�_fÝ
ê8�Ï"K� 1
2

(
s
2

)(
s
2

)
.,
§¦�¿vkòdg´UYe�§v

k�Ä´Ä�3���_Ý
§Ù 2 × 2�_fÝ
ê8��ù�Ï"�"¢Sþ§kü

«�ª5)ûù�¯K§�«�{ò3e��!�äN�E¥�ÑN!�ª§,�«�{

òXe©¤ã§nÜ|^
��IO���Ý�{±9 [42] ¥���rå�(Ø"
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Ún43. [42] - M ����Å� s × s ��Ý
§z�Ý
��ÕáÓ©Ù§ÑlVÇ

Pr[Mi,j = 1] = p(s)§Pr[Mi,j = 0] = 1−p(s).XJéu?Û d(s)→∞kmin{p(s), 1− p(s)}

≥ (log s+ d(s))/s§K Pr[M �_]ªCu��~ê c ≈ 0.28879.

½n44. éu?¿ ε > 0, �3¿©�� S§¦�é?¿ s > S§�3�_Ý
 M ÷v

R2(M) > 1
2
− ε.Ïd§lims→∞R2(s) ≥ 0.5.

y². éu 1 ≤ i < j ≤ s§1 ≤ k < l ≤ s§- Xi,j;k,l ��Å¯�/d1 i11 j 1Ú1 k

�1 l��Ó)¤� 2× 2fÝ
�_0��«Cþ§½=§Xi,j;k,l = 1��=�d¯�u

)§ÄK Xi,j;k,l = 0.- X =
∑

1≤i<j≤s
∑

1≤k<l≤sXi,j;k,l. X ´éo�� 2× 2�_fÝ
�

Oê"-Ý
�z��ÕáÓ©Ù§±VÇ p�/10.dÏ"��55��

E[X] =
∑

1≤i<j≤s

∑
1≤k<l≤s

E[Xi,j;k,l] =

(
s

2

)2

(4p3(1− p) + 2p2(1− p)2) =

(
s

2

)2

(2p2 − 2p4).

�VÇ p =
√

1
2
§�±òÏ"���z� E[X] = 1

2

(
s
2

)2. �e5�Ä�ÅCþ X ���"

5¿�ü��«Cþ X1 := Xi1,j1;k1,l1 Ú X2 := Xi2,j2;k2,l2 �m�����

Cov[X1, X2] = E[(X1−E[X1])(X2−E[X2])] =
1

4
(Pr[X1 = X2]−Pr[X1 6= X2]) =

1

4
(2 Pr[X1 = X2]−1).

ù�����äN��âü�fÝ
��8��
©�±en«�/µ

1)ü�fÝ
Ø�"Kü��«Cþ�pÕá§���� 0.

2)ü�Ý
k��ú���§�e5�O�2©XeüÜ©µ

•- A�¯�/ú��� 00§d¯�u)�VÇ� 1− p§3d�/e§

Pr[X1 = 1 | A] = Pr[X2 = 1 | A] = p2(1− p) + p3 =
1

2
,

Pr[X1 = X2 | A] = Pr[X1 = 1 | A] Pr[X2 = 1 | A] + Pr[X1 = 0 | A] Pr[X2 = 0 | A]

=
1

2
× 1

2
+

1

2
× 1

2
=

1

2
.

•- B�¯�/ú��� 10§d¯�u)�VÇ� p§3d�/e§

Pr[X1 = 1 | B] = Pr[X2 = 1 | B] = 3p2(1− p) + p(1− p)2 =
1

2
,

Pr[X1 = X2 | B] = Pr[X1 = 1 | B] Pr[X2 = 1 | B] + Pr[X1 = 0 | B] Pr[X2 = 0 | B]

=
1

2
× 1

2
+

1

2
× 1

2
=

1

2
.
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Kù«�/e����E,� 0.

3) ü�Ý
kü�ú��£ü�ú��½öÓ1§½öÓ�¤"5¿�éuz�

Xi,j;k,l§Ù§���uü�ú����«Cþê8� 4(s− 2).u´�õk 2(s− 2)
(
s
2

)2
�ù

��ÃSé"�e5�O�2©XenÜ©µ

•- C �¯�/üú���� 10§d¯�u)�VÇ� p2§3d�/e§

Pr[X1 = 1 | C] = Pr[X2 = 1 | C] = 2p(1− p) = 2p− 1,

Pr[X1 = X2 | C] = Pr[X1 = 1 | C] Pr[X2 = 1 | C] + Pr[X1 = 0 | C] Pr[X2 = 0 | C]

= (2p− 1)2 + (2− 2p)2 = 9− 12p.

•üú���� 0£d¯�u)VÇ� (1− p)2¤§d�/eX1ÚX2o� 0§Pr[X1 =

X2] = 1;

•- D�¯�/üú����� 1,��� 00§d¯�u)�VÇ� 2p(1 − p)§3

d�/e§

Pr[X1 = 1 | D] = Pr[X2 = 1 | D] = p2 + pq = p,

Pr[X1 = X2 | D] = Pr[X1 = 1 | D] Pr[X2 = 1 | D] + Pr[X1 = 0 | D] Pr[X2 = 0 | D]

= p2 + (1− p)2 = 2− 2p.

Kù«Sé�m�����

1

4
(p2 × (17− 24p) + (1− p)2 × 1 + 2p(1− p)× (3− 4p)) =

3

4
− p.

�e5�±O� X ���Xe"

Var[X] =
∑

1≤i<j≤s

∑
1≤k<l≤s

Var[Xi,j;k,l] + 2(s− 2)

(
s

2

)2

× (
3

4
− p) ∼ s5.

e¡|^�'ÈÅØ�ª"é?¿ λ > 0§Pr[|X − E[X]| ≥ λσ] ≤ 1
λ2
§Ù¥ σ =√

Var[X] �IO�"é?¿� ε > 0§�� λσ = ε
(
s
2

)2. d σ ∼ s5/2 �� λ ∼ s3/2. K

Pr[|X − E[X]| ≥ ε
(
s
2

)2
] ≤ 1

s3
→ 0 (s → ∞). u´éu¿©�� s§dÚn 43 ��§

Pr[M �_] + Pr[X > (1
2
− ε)

(
s
2

)2
] > 0.u´é?¿� ε > 0k R2(s) >

1
2
− ε.nþ¤ã§

lims→∞R2(s) ≥ 0.5.
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±þ�½n 42Ú½n 44(Üå5��
·��Ì�(Øµ

½n45. - R2(s)��� s× s�_��Ý
¥ 2× 2�_fÝ
���'~§Kkµ

lim
s→∞

R2(s) = 0.5.

4.4 CCCqqq���`̀̀���ÝÝÝ


���²²²(((���EEE

þ��!�VÇ©Û==´���35(Ø§¿vk�äN�EÝ
��ª"���

��Åz�{¿Øy¢§Ï�3ÅÚû½z����O�^�Ï"���´é(J�"�

�!¥§·�?Ø�«²(�ECq�`�Ý
��ª"

d�EL§Äk�¹��Ì�Ú½§�E M �Ø%(�§�e5´��N�Ú½§

±�y��¤�E�Ý
M (¢��_�§Ó�3ì?¿Âe¿ØK� R2(M)��"

£Áéuþ.�y²§�`�Ý
ATkþï�1­§þï��­§þï���ê"

£Áe.�y²§Ý
¥o��/10�ê8I��Cu
√

1
2
s2.�ECq�`Ý
�I�

±dü^�OK"

-S� {1, 2, . . . , s}���f8"·��Eù��Ý
M§Mi,j = 1��=� i−j /∈ S,

(mod s).þã�ü^OK§J«·�ATµ

•À��f8 S ���� (1−
√

1
2
)s.

• - ∆(S) �õ­8Ü {x − y : x, y ∈ S, x 6= y}. - mi � i 3 ∆(S) ¥�­ê§

1 ≤ i ≤ s− 1.ù
­êA��C���Ó"

�E�Ø%'�=�Ïéù�Ü·� S§éuù�¯K§©�´���~k^�óä"

¢Sþ§3 [43] ¥§Ù�öÒ¦^
 4�©��E
�X�Ý
§��
 R2(M) ≈ 0.492.

·���¦���ª§æ^ 7�©�"·��(J�\�C 0.5§Ï�é'
ó·�� S

����\�C (1−
√

1
2
)s.

4.4.1 ÌÌÌ���ÚÚÚ½½½µµµÄÄÄuuu©©©���������EEE

- p��ê§γ �?¿�½��� Fp¥����"- N > 1� p− 1���Ïf"½

Â Fp� N �©�a C0, C1, . . . , CN−1�

Ci =

{
γjN+i | 0 ≤ j ≤ p− 1

N
− 1

}
,
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Ù¥ 0 ≤ i ≤ N − 1.½=§C0 ´� p� N g�{§Ci = γiC0§1 ≤ i ≤ N − 1.éu�ê

i, j§0 ≤ i, j < N§N �©�ê�½Â�

(i, j)N = |(Ci + 1)
⋂

Cj|.

e¡�ÚnV)
©�ê��
Ä�5�"

Ún46. [16]- p = ef + 1�Û�ê"

• (i, j)e = (i′, j′)e§e i ≡ i′ (mod e)� j ≡ j′ (mod e).

• (i, j)e =

(j, i)e, e f �óê¶

(j + e/2, i+ e/2)e, e f �Ûê"

•
∑e−1

i=0 (i, j)e = f − δj ,Ù¥� j ≡ 0 (mod e)� δj = 1§ÄK δj = 0.

3d�!¥§·�o´b� p = 7f + 1��ê"·�I�e¡�'u 7�©�ê�(

Ø"

Ún47. [86,87]e p ≡ 1 (mod 7)§Kéu 0 ≤ i, j ≤ 6k limp→∞
(i,j)7
p

= 1
49

.

·��½Ý
M ′ = (mij)� F2þ��� p× pÝ
§1���IP� Fp§�

mij =

1, e j − i ∈ C0

⋃
C1;

0, Ù§�¹.

-M �M ′�ÖÝ
£0éAu 1§1éAu 0¤"

Äk�ÄÝ
M ′.w,§1 i1� i21¥¤�¹� 2× 2�_Ý
�ê8�d i1 − i2¤

û½"K�I�Ä1 0� i1"½Â

ni = {j | m0j = mij = 1}.

K�O���

ni = |(C0

⋃
C1)

⋂
((C0

⋃
C1) + i)|

= |C0

⋂
(C0 + i)|+ |C0

⋂
(C1 + i)|+ |C1

⋂
(C0 + i)|+ |C1

⋂
(C1 + i)|

= |i−1C0

⋂
(i−1C0 + 1)|+ |i−1C0

⋂
(i−1C1 + 1)|+ |i−1C1

⋂
(i−1C0 + 1)|+ |i−1C1

⋂
(i−1C1 + 1)|.
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- i−1C0 = Cm§Ù¥ 0 ≤ m ≤ 6§K i−1C1 = Cm+1.dÚn 46§·�k

ni = |Cm
⋂

(Cm + 1)|+ |Cm
⋂

(Cm+1 + 1)|+ |Cm+1

⋂
(Cm + 1)|+ |Cm+1

⋂
(Cm+1 + 1)|

= (m,m)7 + (m,m+ 1)7 + (m+ 1,m)7 + (m+ 1,m+ 1)7,

= (m,m)7 + 2(m,m+ 1)7 + (m+ 1,m+ 1)7.

3 M �1 0� i1§b�k

 0

0

Ñy a0 g§

 0

1

Ñy a1 g§

 1

0

Ñy a2

g§

 1

1

Ñy a3g"5¿�M �M ′�ÖÝ
§Kk

a0 = nj,

a1 = a2 = 2f − nj,

a3 = p− 4f + nd = 3f + 1 + nj.

u´·���

a1a2 + a1a3 + a2a3 = 16f 2 − 6fnj + 4f − n2
j − 2nj.

¤±§M ¥� 2× 2�_fÝ
�ê8oO�

p(p− 1)

14

6∑
m=0

(16f 2 − 6fnj + 4f − n2
j − 2nj)

=
p(p− 1)

14

6∑
m=0

(16f 2 + 4f − (6f + 2)((m,m)7 + 2(m,m+ 1)7 + (m+ 1,m+ 1)7)−

((m,m)7 + 2(m,m+ 1)7 + (m+ 1,m+ 1)7)
2).

dÚn 47��§é?¿ 0 ≤ m ≤ 6§� f ªuÃ¡�§ (m,m)7
f

= (m,m+1)7
f

= 1
7
.u´k

lim
p→∞

2

7p(p− 1)

6∑
m=0

(16f 2 + 4f − (6f + 2)((m,m)7 + 2(m,m+ 1)7 + (m+ 1,m+ 1)7)−

((m,m)7 + 2(m,m+ 1)7 + (m+ 1,m+ 1)7)
2)

= lim
f→∞

2

7(7f + 1)7f

6∑
m=0

(16f 2 + 4f − (6f + 2)(
4f

7
+ o(f))− (

4f

7
+ o(f))2)

=
1200

2401
.
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4.4.2 NNN���ÚÚÚ½½½

E,I�©Ûþã�E�Ý
´Ä��´�_�"·�(¡§=BM ��¿Ø�_

�{§·��±ÏL
NN�òÙ=z¤����_Ý
§�Ó�3ìC¿ÂeØK�

R2(M)��"

Ún48. z���Ý
M �±ÏLN!Ùé��þ���¦�¤����_Ý
"

y². æ^êÆ8B{"ÄkòM1,1 ù���½�/10§3b½®²ò k �Ìfª£P

� Pk¤N�¤�_�cJe§�ÄXÛÀJ Mk+1,k+1 ù��"O� Pk+1 �1�ª�§

�â1 (k + 1) 1?1Ðm"��\Ú¥�¹
�� det(Pk) ×Mk+1,k+1. du®²b½

det(Pk) 6= 0§K�±ÏLN�Mk+1,k+1���±�y det(Pk+1) 6= 0.

du�õN�
 p���§z����¹u (p− 1)(p− 1)� 2× 2fÝ
�¥§¤±

��N�Ú½¤K��� 2× 2fÝ
ê8�õ� p(p− 1)2 ∼ p3 = o(p4).éu¿©��p,

ì?¿Âþù�Ø��±�Ñ§ØK� R2(M)��"

nþ¤ã§ÏL©��Ì�Ú½9±3é��þ�N�Ú½§�±���X�Cq�

`�Ý
µ

½n49. é?¿�ê p§p ≡ 1 (mod 7)§þã�E�ÑÝ
Mp§÷v

lim
p→∞

R2(Mp) =
1200

2401
≈ 0.4997917.

4.5 ���(((

�Ùy²
 lims→∞R2(s) = 0.5§��£�
 D’Arco�<¤JÑ�¯K"éd¯K

�?�Úg�´��Ä����_ t × tfÝ
ê8"�ÅÀ�9±��Ý�{�?Ø

E¬�Ñ¯K���e.§'X lims→∞R3(s) ≥ 0.38817£z��ÕáÓ©Ù§±VÇ

p ≈ 0.63056À��/10¤"�´§éþ.�?Ø§aq�^�ê5y��{�?nÑw(

J",
·�ßÿé?Û t ≤ s§lims→∞Rt(s)�O(�é�UÒ´ÏLVÇ�{¤U©Û

���e."éA��`�Ý
A��±X²ï5§=?¿ r ≤ t�£1¤���ê��

spr§Ù¥ p�VÇ©Û¥¤���z��/10��`VÇ"
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5.1 000���

C�LEê�"3Üþ�m
⊗m

i=1 Cki ¥����þ v§XJ�±�¤ v = v1 ⊗ v2 ⊗

· · · ⊗ vm ù��/ª§Ù¥ vi ∈ Cki§@o·�¡ù��þ v���XXX���"XJù��©

)Ø�3§K¡��ÅÅÅ������"éuü�
⊗m

i=1 Cki ¥�X��þ u = u1 ⊗ u2 ⊗ · · · ⊗ umÚ

v = v1 ⊗ v2 ⊗ · · · ⊗ vm§½Â§��SÈ�

(u,v) =
m∏
i=1

(ui,vi),

u´ (u,v) = 0��=��3�����I i§¦� (ui,vi) = 0 .

3©z [15] � [51]¥§ÄgJÑ
Ø�*Ð¦ÈÄ�Vg"3
⊗m

i=1 Cki (ki ≥ 2)¥��

�ØØØ���***ÐÐÐ¦¦¦ÈÈÈÄÄÄ£Unextendible product bases§±e{¡� UPB¤§´ddÜþ�m¥e

Z�"X��þ¤|¤�8Ü F§÷vµ

•£���½¤ F ¥�?Ûü�X��þ��¶

•£Ø�*Ð�½¤Ø�3
⊗m

i=1 Cki ¥����"X��þ§� F ¥�¤k�þ�

�"

Ø%�Ð3 [51,105,108] ¥é BoundÅ����Eù�ÄÅ�	§Ø�*Ð¦ÈÄ3þf

&E�Ãõ+�¥k­�A^§�)µ�EØ����f [120]§)¤Ãþf��� BellØ

�ª [7,8]§�E$�Ý�ÛÜØ�«©f�m [52]§±9ÃÅ��e�þf�Û�5�y�

��35 [14]"

þãþf&E¥�ÃõA^ÚÑ
 UPB ���5�¯K"- fm(k1, . . . , km) �L⊗m
i=1 Cki ¥�5���� UPB���"¡z� Cki ���ÛÛÛÜÜÜ���mmm"�ÛÜ�m�ê8

m�dþe©²(�½�§·�3PÒ¥�ÑK§§= f(k1, . . . , km) .

©z [15] 3JÑd½Â�Ó��á=JÑ
d¯K�²�e. f(k1, k2, . . . , km) ≥∑m
i=1(ki − 1) + 1.b� F =�¹ vj = vj,1 ⊗ · · · ⊗ vj,m, vj,s ∈ Cks , 1 ≤ j ≤

∑m
i=1(ki − 1),
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1 ≤ s ≤ mù
�þ"ò�I8 J = {1, 2, . . . ,
∑m

i=1(ki − 1)}y©� m�üüØ��f

8 J1, J2, . . . , Jm§¦� |Js| = ks − 1, 1 ≤ s ≤ m. Ïé���"�þ us ∈ Cks �z� vj,s,

j ∈ Js Ñ��§ù���þw,�3§Ï� {vj,s}j∈Js ùx�þ==UÜ¤ Cks ��²�

f�m"?
§·������"X��þ u = u1 ⊗ · · · ⊗ um �¤k vj Ñ��§ù�½

Â¥�Ø�*Ð�½�gñ"u´§f(k1, k2, . . . , km) ≥
∑m

i=1(ki − 1) + 1¤á" Alon�

Lovász3 [5] ¥�Ñ
d²�e.����¿©7�^�µ

½n50. [5] - m ≥ 2� 2 ≤ k1 ≤ · · · ≤ km. K f(k1, . . . , km) >
∑m

i=1(ki − 1) + 1��=�

(k1, . . . , km)÷veã�/��µ

1) m = 2� k1 = 2¶

2)
∑m

i=1(ki − 1) + 1�Ûê����� ki�óê"

éuþã1�«�/§Feng [61]�Ñ
 f(2, k) = 2k.éu1�«�/§f(k1, . . . , km) ≥∑m
i=1(ki − 1) + 2§O(���©Û��(J"·�Äk�Þ�
®�(JXe"

Äk§¤kÛÜ�m��Ýþ� 2 ��/3þf&E¥¹É'5"- f(2[t]) �L

(C2)
⊗
t ¥5���� UPB���"� t�Ûê�§½n 50�Ñ
 f(2[t]) = t + 1.��

Feng [61]�Ñ
 f(2[4]) = 6±9é?Ûg,êmk f(2[4m+2]) = 4m+ 4.�� Johnston��

)û
{e��/"þã(Jo(Xeµ

½n51. [5,61,80,81] - f(2[t])�L (C2)
⊗
t¥5���� UPB���§Kk

1)e t�Ûê§K f(2[t]) = t+ 1¶

2)e t = 4½ t ≡ 2 (mod 4)§K f(2[t]) = t+ 2¶

3)e t = 8§K f(2[t]) = t+ 3¶

4)Ù§�/e§f(2[t]) = t+ 4.

3¤kÛÜ�m��Ýþ� 2�ù��/)û��§g,
,�Ä�e���/´

=k�����ÛÜ�m��/"b�k t ≥ 2��Ý� 2�ÛÜ�m§,k���Ý

� s ≥ 3�ÛÜ�m§- f(2[t], s)�Ld�/e5���� UPB���"� t + s�óê

�§½n 50�Ñ
 f(2[t], s) = t+ s.Ød�	§Feng [61]�Ñ
 f(2[2], 3) = 6, f(2[2], 5) = 8,

f(2[3], 4) = 8Ú f(2[4], 5) = 10ùA�"(�~f"Chen� Johnston [36] ò f(2, 2, 5) = 8ù

�(Jüz�Xe����(Øµ

½n52. [36] éu��ê kk f(2, 2, 4k + 1) = 4k + 4.
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g,/§e��I��Ä)û�¯K�û½ f(2, 2, 4k − 1)��§ù�3 [36] ¥���

��úm¯Kµ´́́ÄÄÄ���±±±òòò f(2, 2, 3) = 6***ÐÐÐ������ f(2, 2, 4k − 1) = 4k + 2ùùù������������(((

ØØØººº

±þ¤�Þ��'u��5� UPB�8c=k�(J"ÙïÄ�{¦^��´X{

�|ÜE|"I�`²�´§ [36] ��ö}Á|^
�êAÛ�g���E UPB��þ§

¿�Ñ
���é��aëê�(Ø"�,¦��(J��(5ÎÜ��§�´¦�Äu

�êAÛ�y²´Øî>�"u´·�6�¿ØU��«@¦��(Ø��(5"

3�Ù§·�ò£8�X{�|ÜÃ{§|^�)ã���L«!Ì�ã�ëÏ5!

ã� 1-Ïf©)�ãØóä"·��1��(J´éuþã'u f(2, 2, 4k − 1)¯K��

½�£�"

½n53. éu��ê kk f(2, 2, 4k − 1) = 4k + 2.

1��(J´�é���� f(2[t], s)�¯K"·��Ñe¡�½n§)û
d¯K�

���/"

½n54. éu��ê t§s§t ≥ 3� s ≥ 3§XJ t+s+1´ 4��ê§Kk f(2[t], s) = t+s+1.

3ïÄd½n�L§¥§éu�'ãØóä�?�Ú¿©A^�±��e¡����

E,�(J"�,d(Ø/ªþw�,Ï§,
§U¿©NyÑ·���Yéu��5�

UPBù�¯KïÄ��^"

½n55. - t����Ûê"- a1, a2, . . . , ak ��x�Ûê§b����óê"b�±eü

�^�����¤áµa1, a2, . . . , ak ¿Ø���Ó½ t ≥ 3.XJ t+
∑k

i=1(ai − 1) + b+ 1´

4��ê§Kk f(2[t], a1, . . . , ak, b) = t+
∑k

i=1(ai − 1) + b+ 1.

�Ù�(�Xe"31 5.2�!§·�ò{�0��'â�¿?Ø��5� UPB��

E�Ä�g´"31 5.3�!§duÙg´��©�wÍØÓ§·�òüÕ�Ñ½n 53�

y²"1 5.4�!ò0��
ãØóä§Ì��7Ì�ã�ëÏ5"|^ù
óä§·�

31 5.5�!?1½n 54Ú 55�y²"1 5.5�!é�Ù?1o("
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5.2 ýýý���óóó���

�½��
⊗m

i=1 Cki ¥���� n� UPB§·��±�E�xã Gi§i = 1, . . . ,m§

^59ÏÀúzùx�þ�m���'X"z�ã Gi �:8 V �¹
 n �:§é

Auù| UPB ¥� n ��þ"3�Ù�¥§·�±oNL«�: v �éA��þ

v = v1 ⊗ v2 ⊗ · · · ⊗ vm, vi ∈ Cki . ü�: v � u 3ã Gi ¥k�^>�ë��=�

(vi,ui) = 0.u´ã Gi ¢Sþ�L
1 i�ÛÜ�mþ���'X§�¡�ù�ÛÜ�m

þ�������ããã"w,§�N��ã�¿´����ã Kn.��5� UPB��E�Ä�g´

�¹±en��¡"

• éuz�ÛÜ�m Cki À��ÜÐÐÐ©©©ããã Hi.zÜÐ©ã�:8 V �¹
 n�:§é

Auù| UPB¥� n��þ"�¤kÐ©ã�¤
����ã Kn��|Ø�¿"

• 3z�ÛÜ�mCki¥§éÐ©ãHi�z�:D����þ§¦�Hi¥?¿��ü

:¤D���þ��"éz�º: v§PÙ3ÛÜ�m Cki ¥¤�D���þ� vi.

�E����� n�UPB§Ù¥z�º: véA�X��þ� v = v1⊗v2⊗· · ·⊗vm.

Kù� UPB�z���ã Gi��¹ Hi���Üfã"u´�N��ã�¿�Xý

Ï��´����ã Kn.

• y²þã�E÷vØ�*Ð�½"3z�ÛÜ�m Cki ¥§éu:8�?��f8

Si ⊂ V§XJ§¤éA��þØUÜ¤��ÛÜ�m Cki §K·�¡��ØØØ���ÚÚÚ���"

u´�±é����"�þ wi ∈ Cki � {v : v ∈ Si}ù�x�þ���"y²���

E� UPB�(÷vØ�*Ð�½§�Óu`²§éu?Û�| S1, S2, . . . , Sm�À�

£Ù¥z� Si ´Xþ¤½Â���Ø�Ú�f8¤§§��¿8Ø�u��:8 V .

�5¿�´§·�¿Ø�½��y Gi = Hi§�´���¹e§Ø�*Ð�½¬r�

�¦ Gi = Hi¤á"

nþ¤ã§éu UPB��EQ�À�Ü·�Ð©ã§q��âÐ©ã3z�ÛÜ�

m¥À�Ü·��þ"Ù¥�öÀ�Ü·��þù�¯K�é'�5Ã"3 LovászïÄ

ã��àNþ�©Ù [92] ¥¤JÑ�ã���L«ù�Vg§éuù�¯K��Ïé�"

�½�Üã G(V,E)§Ù¥ V �L:8§E �L>8§§333 Rdþþþ���������LLL«««´��N�µ

f : V → Rd§¦�Ø���:þ��þ��"u´§ÄuÐ©ã Hi 5ÀJÜ·��þ¦

Ù��ãGi�¹Hiù�¯K§�duÏéHi�ÖãH iþ�����L«�¯K"ã�

��L«ù�Vg�ã�ëÏ5���'"éu��ëÏã§XJ�K,
 k�:9�'
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�>��¬¦�ù�ãØ2ëÏ§,
�K?¿�u k�:9�'�>��{e�ã�,

ëÏ§@o·�¡ù�ã´ k-ëëëÏÏÏ�" Lovász§Saks� Schrijver [93] y²
eã(Ø"

Ún56. [93]-ãG�º:ê� n§KG´ k-ëÏ���=��3ãG���3 Rn−kþ�

��L«§¿�¦�?¿ n− k��þ�5Ã'"

þãÚn�r��?Ø13u§éX
ã�ëÏ5���L«ùü��¡§�cÙ3

u§éuù|��L«Jø
�õ��5Ã'5��'&E§ùéu��Ø�*Ð�½�

©Ûké��Ï"~X§3½n 50�y²¥§AlonÚ Lovász [5] À�
Ü·�Ð©ã Hi§

Ù¥z�H iÑ´ (n− ki)-ëÏ�§n =
∑m

i=1(ki− 1) + 1.KéA��þÀ��dÚn 56�

y"��§�y²Ø�*Ð�½�¤á§�I�`²z�Ø�Ú8 Si���Ø�L ki − 1

=�§ùÓ�´dÚn 56¤�y�"

·�y3Xúu²�e.Ø�����/§�
y²e�����
∑m

i=1(ki − 1) + 2

�±��§·�Äk©Û�eXJù« UPB�3�{§§���ãA�÷vN��5�"

z���ã Gi���Ýê��� ki − 1§ÄKe deg(v) < ki − 1§K·��±é����

"�þ wi ∈ Cki¦�§� {ui : u� v3 Gi¥��}
⋃
{vi}���"?
§��X��þ

v1 ⊗ · · · ⊗ vi−1 ⊗wi ⊗ vi+1 ⊗ · · · ⊗ vmò�ù�b½� UPB¥�¤k�þ��§ù�Ø�

*Ð�½�gñ"z���ã Gi���Ýê�õ� ki − 1§ÄK·��±ÏLaqué²

�e.�©Û�{��gñ"u´§3éuÐ©ã�ÀJ¥§·��¦éz�: v§TÐ

3��Ð©ã¥Ýê� deg(v) = ki§Ù§ã¥�� deg(v) = ki − 1.

éu����Ý� ki �Ð©ã Hi 
ó§ÙéA��þ�D��é(J§Ï�d�·

�òÃ{/ÏÚn 56�9Ï"u´§��g,��{Ò´��Ù¥��Ð©ã� ki-�K

�§Ù§�� (ki − 1)-�K�"3ý�õê®��(J±9�e5é½n 54Ú 55�y²

¥Ò0�
ù���{",
§k
�/e§�kÀJ��K�Ð©ã§âU©Û��Ï

"� UPB��3"e��!éu f(2, 2, 4k − 1) = 4k + 2�y²=´ù���¹��"Ä

ud(J��éAÏ5§±9§�y²�Ù§(J�y²kwÍØÓ§·�ò§ü���

�!"

5.3 ½½½nnn 53���yyy²²²

��!¥·�ò?Ø f(2, 2, 4k− 1).� k = 1�§f(2, 2, 3) = 6®d Feng�Ñ�E [61]"

y3·�òéu��� k ≥ 2é½n 53Ðmy²"
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v4k+1

v4k+2 v7 v8 v9

v10

v1 v2 v3 v4

v5 v6

←���´→

ã 5-1 Ð©ã H1

⋃
H2.

éü����ÛÜ�m§À�Ð©ã H1� H2§P H3� 4k − 1�Ý�ÛÜ�m�Ð

©ã":8L«� V = {v1, v2, . . . , v4k+2}.cüÜÐ©ã�¿3ã 5-1¥xÑ§¢��L

H1¥�>§J��L H2¥�>"{e�l v10� v4k+1���´»��xÑ"- H1k±

eo^>µv1 ∼ v5§v2 ∼ v5§v3 ∼ v6§v4 ∼ v6.- H2 k±eÊ^>µv1 ∼ v7§v3 ∼ v7§

v2 ∼ v8§v4 ∼ v8§v5 ∼ v6.{e�H1¥� 2k−2^>ÚH2¥� 2k−3^>�Ó�¤
l v8

� v7 ��^���´»"Ø���5§�½d´»� v8 ∼ v9 ∼ · · · ∼ v4k+1 ∼ v4k+2 ∼ v7.

K H3��°(�û½Ñ§=¤±ã�Öã§H3 = H1

⋃
H2.

éuH1ÚH2þ¤AD���þ´w
´��"=I�ÄÀ� C4k−1¥�Ü·��þ

±÷v H3¤�½���'X"3{e�y²¥·�^ vi ∈ C4k−1L«é: vi¤D���

þ"5¿�?Û s ≤ 4k��þI�Ü¤���Ý� s− 1½ s��m§ÄK��é²�e

.�©ÛòéN´���Ø�*Ð�½�Àâ�gñ"

Äk'53ã H3 ¥z�º: vi ��� Ni. N9 = V \{v8, v9, v10} �¹
4k − 1 �

º:§éA��þI�Ü¤�� 4k − 2-��f�m"aq/§N10 = V \{v9, v10, v11}

�¹
 4k − 1 �º:§éA��þI�Ü¤�� 4k − 2-��f�m"§���8

N9

⋂
N10 = V \{v8, v9, v10, v11} �¹
 4k − 2 �º:"·�(¡ù
éAu N9

⋂
N10 �

�þA�Ü¤���Ý� 4k − 3��m"ù´duXJ�ê�±�� 4k − 2�{§@

o v8 Ú v11 üöÑ�±�¤ V\{v8,v9,v10,v11} ��5|Ü"K V\{v9,v10} �¹


4k ��þ§�==Ü¤
�� 4k − 2-��m§ùò���Ø�*Ð�½�gñ"ù

�g´òYe�§·�©O�Ä N9

⋂
N10

⋂
N11§N9

⋂
N10

⋂
N11

⋂
N12§. . . ����

N9

⋂
N10

⋂
· · ·
⋂
N4k+2 ¤©OÜ¤��m��ê. �ª�(Ø´d {v1,v2,v3,v4,v5,v6}
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Ü¤��m��Ý� 5.u´·�Aù�À��þµ

v1 = (1, 0, 0, 0, 0, 0, . . . , 0),

v2 = (0, 1, 0, 0, 0, 0, . . . , 0),

v3 = (0, 0, 1, 0, 0, 0, . . . , 0),

v4 = (0, 0, 0, 1, 0, 0, . . . , 0),

v5 = (1, 1, 0, 0, 1, 0, . . . , 0),

v6 = (0, 0, 1, 1, 1, 0, . . . , 0).

�e5·�ÀJ v7� v8µ

v7 = (1, 0, 1, 0,−1, λw7),

v8 = (0, 1, 0, 1,−1, τw8),

Ù¥ w7 � w8 � C4k−6 ¥��þ§λ � τ ´�½��"ëê"��§Ù§�þ/X

vi = (0, 0, 0, 0, 0,wi), 9 ≤ i ≤ 4k + 2§Ù¥wi ∈ C4k−6.�±u���§H3¤�¦����

½¥§�9 v1, . . . ,v6�®²�Ü÷v"

�� w7 � w8 Ø���{§@o·�Ò�±ÏLN!Xê λ Ú τ �À�§¦�

(v7,v8) = 1 + λτ(w7,w8) = 0.u´{e�ó�==´ÀJ w7, . . . ,w4k+2§¦�Ù��'

X÷v H3¥{e�>"�du`§Ïé�ã C = v7 ∼ v8 ∼ v9 ∼ · · · ∼ v4k+1 ∼ v4k+2 ∼ v7

3 C4k−6 þ�����L«"�d­#�ÄÚn 56��^"�ã C k 4k − 4�º:"d

u�´�� 2-ëÏ�ã§KÚn 56�y
 C 3 C4k−6 þ�����L«§�Ó��y


{w7, . . . ,w4k+2}ù 4k − 4��þ¥�?¿ 4k − 6��5Ã'"

��·�y²¤�E� UPB÷vØ�*Ð�½"1��Ø�Ú8 S1 � {v1, v2}½ö

{v3, v4}½ö?¿��ü:8"1��Ø�Ú8 S2� {v1, v3}½ö {v2, v4}½ö?¿��ü

:8"é1n�Ø�Ú8���^�deãÚn�Ñ"

Ún57. éþã¤�E��þ§À�Ü·� λ � τ§�¦�1n�Ø�Ú8 S3 ÷vµ

|S3| ≤ 4k − 1��Ò¤á�7Lk |S3

⋂
{v1, v2, v3, v4}| ≥ 3.

y². òþã�þü¤����� (4k + 2)× (4k − 1)�Ý
 A§Ù¥Ý
1 i1éAu�

þ vi.·�`²?¿� (4k)× (4k − 1)�fÝ
 A′��� 4k − 1.'� A′� A¿b½¤"

��ü1��I� iÚ j.
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XJ8Ü X = {1, 2, 3, 4, 5, 6}\{i, j}���� |X| ≥ 5§K|^�I�¹u X �?¿

Ê1éÝ
�Ð�1C�¥��{C�§K�±òcÊ�¥Ù§ ��Ü�"§òÝ


A′ =z¤�©¬Ý


 B 0

0 C

§Ù¥ B ´�� 5� 5 × 5�Ý
§C ´�� 4k − 6�

(4k − 5)× (4k − 6)�Ý
"ÄK§� |X| = 4�§|^�I� {9, . . . , 4k + 2}�1éÝ


�Ð�1C�¥��{C�§Ó��±òÝ
 A′ =z¤�©¬Ý


 B 0

0 C

§Ù¥ B

´�� 5� 6× 5�Ý
§C ´�� 4k− 6� (4k− 6)× (4k− 6)�Ý
"u´§A�?¿

(4k)× (4k− 1)�fÝ
 A′��� 4k− 1§ù�du`?ÛØ�Ú8 S3÷v |S3| ≤ 4k− 1.

�e5·��Ä A �?¿ (4k − 1) × (4k − 1) �fÝ
 A′§ïÄ§Û�¬´�

÷��"b½¤"��n1��I� i, j, l. XJ |{i, j, l}
⋂
{1, 2, 3, 4}| = 3§½öXJ

{i, j} ⊂ {1, 2, 3, 4} � l ∈ {7, 8}§K�þãaq§|^�I� {9, . . . , 4k + 2} �1éÝ


�Ð�1C�¥��{C��íÑ rank(A′) = 4k − 1. XJ {i, j} ⊂ {1, 2, 3, 4} �

l ∈ {9, . . . , 4k + 2}§@o3�þÀ�¥Ø
[��{§¬k rank(A′) < 4k − 1�ºx"

ù«d3�ºx==��Xe¡ù«�¹))�éÝ
�Ð�1C�§MF"u¦þò

Ý
=z�©¬Ý
��§%Ø�®/uy§1Ô�1l1�U�C���5�'�ü

1 (v, λw)Ú (γv, τw)§Ù¥ τ/λ = γ§��
 rank(A′) < 4k − 1.,
§5¿�·��

c�±
Xê λ� τ �(¹5§����å´§��¦È��½�~ê"@oÏLéù

ü�ëê�N!§'XN�� αλÚ τ/α§K�c�Ð�1C�L§¬ò1Ô�1l1C

���5Ã'�ü1 (v, αλw)Ú (γv, τ/αw).dun�| {i, j, l}�ê8´k��§z�

À�=éAu��é τ/λ¤B����§Ko�¤B����k�§o�±kÜ·�N

!ëê��ª"nþ¤ã§XJ |S3| = 4k − 1K7k |{i, j, l}
⋂
{1, 2, 3, 4}| ≤ 1§�du

|S3

⋂
{v1, v2, v3, v4}| ≥ 3.

u´§ÃØN�À�Ø�Ú8 S1§S2Ú S3§§��¿8òØ¬´��:8 V .Ø�*

Ð�½�`²�.§ù|�þ�¤·�¤��� UPB§�¤
é½n 53�y²"

��«~§·��Ñ C2
⊗

C2
⊗

C7¥������ 10� UPBµ

v1 = a⊗ e⊗ (1, 0, 0, 0, 0, 0, 0), v2 = a⊗ f ⊗ (0, 1, 0, 0, 0, 0, 0),

v3 = b⊗ e⊗ (0, 0, 1, 0, 0, 0, 0), v4 = b⊗ f ⊗ (0, 0, 0, 1, 0, 0, 0),

v5 = a⊥ ⊗ h⊗ (1, 1, 0, 0, 1, 0, 0), v6 = b⊥ ⊗ h⊥ ⊗ (0, 0, 1, 1, 1, 0, 0),

v7 = c⊗ e⊥ ⊗ (1, 0, 1, 0,−1, 2, 0), v8 = d⊥ ⊗ f⊥ ⊗ (0, 1, 0, 1,−1,−1/2,−1/2),

v9 = d⊗ g⊥ ⊗ (0, 0, 0, 0, 0, 0, 1), v10 = c⊥ ⊗ g ⊗ (0, 0, 0, 0, 0, 1,−1).
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5.4 ãããØØØóóóäääµµµÌÌÌ���ããã���ëëëÏÏÏ555ÚÚÚããã��� 1-ÏÏÏfff©©©)))

��!¥·�0��
ãØ�'�óä§±��©©Û UPB�ÐO�"£Á31 5.2

�!¤ã�Ä�g´�¥§·��¦TÐ��Ð©ã� ki-�K�"3ù�ãþD�Ü·

��þ´��5Ã�¯K",
§k���~{ü�A~"3�����ÛÜ�mþ§X

J:�ê8÷v n = 4k�{§K�±À½�� 2-�K�Ð©ã))k° K2,2�¿"�ù�

Ð©ãD��þ��{´w
´��"|^ùÜã�{§¯KK=z�§�Äò����

ã Kn©)¤eZ�ã§Ù¥���þã k° K2,2�¿§,	�ã�Öã�kûÐ�ëÏ

5�±¦�Ún 56�±|^"Ì�ãÎÜ·���¦"

�½ Zn���é¡�f8 S ⊆ Zn£é¡�¿g´XJ g ∈ S @o −g ∈ S¤§ÌÌÌ���ããã

Γ(Zn, S)k n�º:§éAu Zn�����§Ù¥k> g ∼ h��=� g− h ∈ S.Ì�ã

´�Kã§�Ýê�8Ü S ���"XJ��Ì�ã�ëÏÝ��u§�Ýê§K¡§kkk

������ëëëÏÏÏ555"��Ì�ãk��ëÏ5�¿©7�^�d BoeschÚ Tindell3 [21] Theorem

1¥�Ñ§�´|^¦���IO5�½��äN�Ì�ã´Äk��ëÏ5��´Ø�

¢S�§Ï�¦��IO�é n�¤kýÏf�Å�u�"u´·�I��
Ù§�½�

�äN�Ì�ã´Äk��ëÏ5�E|�{"e¡�ÐÚ(J3 [5] ¥�Ñ"

Ún58. éu 2t ≤ n§Ì�ã Γ(Zn, T = {±1, . . . ,±t})´ |T |-ëÏ�"éu 2t ≤ n− 3§Ì

�ã Γ(Zn, S = Zn\(T
⋃
{0}))´ |S|-ëÏ�"

·��e5�Ñ,	n�k' Z4k þ�Ì�ã�ëÏ5�Ún§ù
Ñò3�e

5Ì�½n�y²¥^�"ò:8IP� V = {v0, v1, . . . , v4k−1}�e©¥�Iþ�\~

{Ñ3� 4k ¿Âe$�"éu�Ü©:8 W ⊂ V Ú���ê8Ü B§½Â W + B �

{vj+b : vj ∈ W, b ∈ B}.

Ún59. éu�êmÚ p§1 ≤ m§p < 2k§m < 2k−p§m 6= p§Ì�ãΓ(Z4k, {±1, . . . ,±m}⋃
{±(2k − p), . . . ,±(2k − 1), 2k})´ (2m+ 2p+ 1)-ëÏ�"

y². -B = {±1, . . . ,±m}
⋃
{±(2k−p), . . . ,±(2k−1), 2k}

⋃
{0}.XJdã� (2m+2p+1)-

ëÏ§K�38ÜW ⊂ V ÷vW + B 6= Z4k§|W | ≥ 2� |(W + B)\W | ≤ 2m+ 2p.e¡

`²ù¬��gñ"

=y² m > p ��¹"ÄK·��±��CÄ§- B′ = B + 2k = {±(2k −
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1), . . . ,±(2k−m)}
⋃
{±p, . . . ,±1, 0}

⋃
{2k}§ù���
mÚ p��Ú"d |(W+B)\W | =

|(W +B′)\W |§K·��±ò±e�©ÛL§�^u (W +B′)\W =�"

Ø���5b� 0 /∈ (W + B).K {v1, . . . , vm, v2k−p, . . . , v2k+p, v4k−m, . . . , v4k−1}¥�z

�:ÑØ´W ¥�:"�±é�ù���Im < z < z′ < 4k −m¦�µ

• vz ∈ W �éz��m < i < z§vi /∈ W .

• vz′ ∈ W �éz�� z′ < j < 4k −m§vj /∈ W .

{e�?Ø�ûu vz Ú vz′ � �§©ü«�¹?1"

�/1µm < z < z′ < 2k − p§½=§�� {v2k−p, . . . , v4k−1} � W vkú�:"

u´�±é�XeØÓ� (W + B)\W ¥�:µ{vz−m, . . . , vz−1}§{vz′+1, . . . , vz′+m}§

{vz′+2k−p, . . . , vz′+2k+p}§�O 2m + 2p + 1�:"ù=��
� |(W + B)\W | ≤ 2m + 2p

�gñ"é¡�,���/ 2k + p < z < z′ < 4k −mÓ��Ìd©Û"

�/2µÄK§m < z < 2k − p� 2k + p < z′ < 4k − m.K�±?�Úé�ù��

�I y§z ≤ y < 2k − p§vy ∈ W �é?¿ y < j < 2k − p§vj /∈ W .aq/�±é�

�I y′§2k + p < y′ ≤ z′§vy′ ∈ W �é?¿ 2k + p < j < y′§vj /∈ W .u´�±é�

XeØÓ� (W + B)\W ¥�:µ{vz−m, . . . , vz−1}§{vy+1, . . . , vy+m}
⋃
{vy′−m, . . . , vy′−1}§

{vz′+1, . . . , vz′+m}.Ù¥1��8Ü½ö�¹
 2m�ØÓ�:£� y+m < y′−m�¤§½

ö§�¹
�ã {v2k−p, . . . , v2k+p} . u´·�é�
 m + min{2m, 2p + 1} + m > 2m + 2p

�:§2g��
� |(W +B)\W | ≤ 2m+ 2p�gñ"

Ún60. éu�ê 1 ≤ m < k− 1§Ì�ã Γ(Z4k, {±1,±2, . . . ,±m}
⋃
{±k})´ (2m+ 2)-ë

Ï�"

y². - B = {±1, . . . ,±m}
⋃
{±k}

⋃
{0}.XJdã� (2m+ 2)-ëÏ§K�38ÜW ⊂ V

÷vW +B 6= Z4k§|W | ≥ 2� |(W +B)\W | ≤ 2m+ 1.e¡`²ù¬��gñ"

Ø���5b� 0 /∈ (W +B).K {v1, . . . , vm, vk, v3k, v4k−m, . . . , v4k−1}¥�z�:ÑØ

´W ¥�:"�±é�ù���Im < z < z′ < 4k −m¦�µ

• vz ∈ W �éz��m < i < z§vi /∈ W .

• vz′ ∈ W �éz�� z′ < j < 4k −m§vj /∈ W .

d�·��±é� {vz−m, . . . , vz−1} ⊂ (W+B)\W � {vz′+1, . . . , vz′+m} ⊂ (W+B)\W§

�O 2m�ØÓ�:"XJ z > k§K,�±é� vz−k ∈ (W + B)\W .ÄK z < k§@o

7�3 vi§z < i ≤ k§áu (W + B)\W§Ï� vz ∈ W � vk /∈ W .aq/�±é� vz′+k
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½ö��: vj§3k ≤ j < z′§©O�ûu´ z′ < 3k �´ z′ > 3k.nþo�é�
��

(2m+ 2)�ØÓ� (W +B)\W ¥�:§��
� |(W +B)\W | ≤ 2m+ 1�gñ"

Ún61. éu�ê 0 ≤ m < k − 1§0 ≤ p < k − 1§m 6= p§Ì�ã Γ(Z4k, {±1, . . . ,±m}⋃
{±k}

⋃
{±(2k − p), . . . ,±(2k − 1), 2k})´ (2m+ 2p+ 3)-ëÏ�"

y². - B = {±1, . . . ,±m}
⋃
{±k}

⋃
{±(2k − p), . . . ,±(2k − 1), 2k}

⋃
{0}. XJdã�

(2m+ 2p + 3)-ëÏ§K�38ÜW ⊂ V ÷vW + B 6= Z4k§|W | ≥ 2� |(W + B)\W | ≤

2m+ 2p+ 2.e¡`²ù¬��gñ"

=y²m > p��¹"ÄK·��±��CÄ§- B′ = B + 2k±��
mÚ p��

Ú"d |(W +B)\W | = |(W +B′)\W |§K·��±ò±e�©ÛL§�^u (W +B′)\W

=�"

Ø���5b� 0 /∈ (W + B).K {v1, . . . , vm, vk, v2k−p, . . . , v2k+p, v3k, v4k−m, . . . , v4k−1}

¥�z�:ÑØ´W ¥�:"�±é�ù���Im < z < z′ < 4k −m¦�µ

• vz ∈ W �éz��m < i < z§vi /∈ W .

• vz′ ∈ W �éz�� z′ < j < 4k −m§vj /∈ W .

{e�?Ø�ûu vz Ú vz′ � �§©ü«�¹?1"

�/1µm < z < z′ < 2k − p§½=§�� {v2k−p, . . . , v4k−1}� W vkú�:"u

´�±é�XeØÓ� (W + B)\W ¥�:µ{vz−m, . . . , vz−1}, {vz′+1, . . . , vz′+m}§vz′+k§

{vz′+2k−p, . . . , vz′+2k+p}§�O 2m + 2p + 2 �:",��:�±�À�� vz−k£XJ

k < z < z′ < 2k− p¤½ö vz′+3k£XJm < z < z′ < k¤2½ö,� vj§z < j < z′£XJ

m < z < k < z′ < 2k− p¤"é¡�,���/ 2k+ p < z < z′ < 4k−mÓ��Ìd©Û"

�/2µÄK§m < z < 2k − p � 2k + p < z′ < 4k − m. K�±?�Úé�ù�

��I y§z ≤ y < 2k − p§vy ∈ W �é?¿ y < j < 2k − p§vj /∈ W . aq/�

±é��I y′§2k + p < y′ ≤ z′§vy′ ∈ W �é?¿ 2k + p < j < y′§vj /∈ W . u

´�±é�XeØÓ� (W + B)\W ¥�:µ{vz−m, . . . , vz−1}§{vz′+1, . . . , vz′+m}§A =

{vy+1, . . . , vy+m}
⋃
{vy′−m, . . . , vy′−1}.

� |A| ≥ 2p + 2 �§�I2�	é� (W + B)\W ¥���:"ù�:�±�À

�� vz−k£XJ k < z¤½ö,� vj§z < j < y£XJ z < k < y¤½ö vz′+k£XJ

z′ < 3k¤½ö,� vj′§y′ < j′ < z′£XJ y′ < 3k < z′¤2½ö vz+k£3�c���

	§Kk z < y < k � 3k < y′ < z′§vz+k ù�:¿Ø�¹3�c¤��:¥§Ï�

y +m < z + k < y′ −m¤"
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� |A| = 2p + 1�§ù==3 y = 2k − p − 1� y′ = 2k + p + 1�â¬u)"d�

I�2�	é� (W + B)\W ¥�ü�:"Ù��±� vz−k£XJ k < z¤½ö,� vj§

z < j < y£XJ z < k < y¤"Ù��±� vz′+k£XJ z′ < 3k¤½ö,� vj′§y
′ < j′ < z′

£XJ y′ < 3k < z′¤"

nþo�é�
�� (2m + 2p + 3)�ØÓ� (W + B)\W ¥�:§��
� |(W +

B)\W | ≤ 2m+ 2p+ 2�gñ"

3ý�Ðù
�Ì�ãëÏ5�'�(Ø��§·�l��O�Ð?1½n 54Ú

55 �y²���Ú"���ý�SN´'uã� 1-Ïf©)"éuk 2n �º:�ã

G = (V,E)§§��� 1-ÏÏÏfff£½¡����{��¤´ G¥� n^üüÃú�:�>"

G� 1-ÏÏÏfff©©©)))´�ò��>8 E©)�Ø�¿ {E1, . . . , El}¦�z� EiÑ´ã G��

� 1-Ïf"3 [61] ¥�Ñ§�¯K¥kõ����ÛÜ�m�§1-Ïf©)´©Û UPB�

���B�óä§Ï��� 1-Ïf�±^5�,���ÛÜ�m�Ð©ã"·�I�eã

Ún"

Ún62. [116] éz�óê��C��+ GÚ§�?Ûé¡f+ S§p4ã Γ(G,S)k 1-Ï

f©)"

5.5 ½½½nnn 54ÚÚÚ 55���yyy²²²

��!¥§·�ò|^�c?Ø��E UPB�Ä�g´§±9þ��!¥�ãØó

ä§5y²½n 54Ú 55.

½n 54�y². - t+s+1 = 4k.é��AÏ���ÛÜ�m§À�Ð©ã�Γ(Z4k, {±k})§

ùTÐ´ k° K2,2�¿"- H �ÛÜ�m Cs�Ð©ã"·�Äk�Ä t´Ûê s´óê

ù��/"- p = t+1
2

.

XJ p + 1 > k§À� H � Γ(Z4k, {±(p + 1), . . . ,±(2k − 1), 2k})§§� Γ(Z4k, {±k})

�>¿Ø­E"dÚn 58§ÙÖãH = Γ(Z4k, {±1, . . . ,±p})´ (t+ 1)-ëÏ�§u´2d

Ún 56§·��±é� H 3 Rs þ�����L«§��y?¿ s��þ´�5Ã'�"

Ù§����m�Ð©ã�¿=� Γ(Z4k, {±1,±2, . . . ,±(k − 1),±(k + 1), . . . ,±p}).ù�

:´�1�§Ï�dÚn 62dã�±
©� t− 1° 1-Ïf"Ø�*Ð�½´÷v�§Ï

�µéuAÏ�@���ÛÜ�m§��Ø�Ú8����õ� 2¶s��ÛÜ�mþ�
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Ø�Ú8����õ� s − 1¶Ù§���mþ§z�Ø�Ú8Ñ=´ü:8"u´ÃØ

N�À�ù
Ø�Ú8§§��¿8����õ� t+ s.

XJ p+ 1 ≤ k§À�H � Γ(Z4k, {2k,±(2k− 1), . . . ,±(k+ 1),±(k− 1), . . . ,±p})§§

� Γ(Z4k, {±k})�>¿Ø­E"dÚn 58§ÙÖã H = Γ(Z4k, {±1, . . . ,±(p− 1),±k})´

(t + 1)–ëÏ�§u´2dÚn 56§·��±é� H 3 Rs þ�����L«§��y?

¿ s��þ´�5Ã'�"{e�©ÛÓþ"

� t�óê s�Ûê�§- q = s+1
2

.Ð©ãH�À�½ö´Γ(Z4k, {±1, . . . ,±(q−1)})§

½ö´ Γ(Z4k, {±1, . . . ,±(k− 1),±(k+ 1), . . . ,±q})§©O�ûu q− 1 < k½ö q− 1 ≥ k.

éA��þD�òdÚn 58§Ún 61ÚÚn 56¤�y"{e�y²Óþ"

½n 55�y². -8I�� 4k.é��AÏ���ÛÜ�m§À�Ð©ã� Γ(Z4k, {±k})§

ùTÐ´ k ° K2,2 �¿"éu�Ý� b = 2(p + 1) �ÛÜ�m§XJ p < k KÀ�Ù

Ð©ã� Γ(Z4k, {±(2k − p), . . . ,±(2k − 1), 2k})§ÄK p ≥ k ��� Γ(Z4k, {±(2k − p −

1), . . . ,±(k − 1),±(k + 1),±(2k − 1), 2k}). éuz��Ûê�Ý�ÛÜ�m§À�ÙÐ

©ã/X Γ(Z4k, {±a,±(a + 1), . . . ,±(b − 1),±b})§½öØ�;��¬k��Ð©ã/X

Γ(Z4k, {±a, . . . ,±(k − 1),±(k + 1), . . . ,±b}).�y±þ¤kã�>vk­E"{e�¤k

��ÛÜ�m�Ð©ã�¿ò´�c¤À�¤kã�¿�Öã"

éA��þ�D�±9Ø�*Ð�½�÷vò÷^½n 54�y²g´§¿A^Ú

n 56§Ún 58§Ún 59§Ún 60§Ún 61ÚÚn 62.��I��	5¿�´§Ún 61

¥kX m 6= pù���"u´§·�Ø#Nk/X Γ(Z4k, {±m + 1, . . . ,±(k − 1),±(k +

1), . . . ,±(2k −m− 1)})�Ð©ã"3 a1, a2, . . . , ak ¿Ø���Ó½ö t ≥ 3��ÿ§N´

uyù�:�±ÏL3Ð©ã�À��¥;�K"

5.6 ���(((

Ø�*Ð¦ÈÄ£UPB¤3þf&E¥kX2��A^"�Ù¥§·��Ñ
�
'

u��5� UPB����#(J"·�Äkéu f(2, 2, 4k − 1) = 4k + 2´Ä¤áù�ú

m¯K�Ñ
�½�£�"��·��Ñ
�X�'u,
AÏÌ�ã�ëÏ5�(Ø§

¿/Ïù
(Øû½
�X�ëêe���5� UPB����O(�"ù
(J½Né

�«þf&E�Ù§nØ¯Kk¤�Ï"

d¯K�J:3uN�Ü·À�Ð©ã±9N�ÄuÐ©ã¤�¦���'X

D�Ü·��þ§
éu,� k �ÛÜ�mþ� k-�KÐ©ãcÙ(J"XJk�
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���5�?nù«Ð©ãþ��þ�D���Y�{§{e�ó�/dÚn 56 �

9Ïò��{ü"'X§·��±`² f(3, 4, 4) = 10. Ð©ã©OÀ� Γ(Z10, {±3})§

Γ(Z10, {±4, 5})Ú Γ(Z10, {±1,±2}).cüÜãþ�þ�D��dÚn 56�y"31n�

ÛÜ�mþ§�þ v1, . . . ,v10 �±�À�� (1, 0, 0, 0)§(0, 1, 0, 0)§(0, 0, 1, 0)§(1, 0, 0, 1)§

(1, x, 0, 1)§(1,−2/x,−4/x,−1)§(3,−1, 4−x, 3−x)§(1, 2,−1, 1)§(0, 1, 1,−1)§(0, 0, 1, 1)§

Ù¥ x = 3
√

2− 2.ù==´��Ãó|¢Ñ�(J§����g´k����ïÄ"

76



6 ÙÙÙ§§§333ïïï¯̄̄KKK

�ÙÖ¿{�0�3ôÖÆ¬Æ Ïm�Ù§ïÄó�§ù
�K½ÌK� lu�

©¤?Ø�4��.¯K§½Ïÿ3ïÄÐÚ�ã
�/¤���¤J"�u�Ì§�é

ù
�K�?Ð�{�0�
Ø2ÐmØã"

6.1 iiiÎÎÎ(((éééèèè

iÎ(éè£Symbol-pair codes¤�ïÄ�µ
up�Ý�;���,å"�,?è

L§EÓu ~§�3p�Ý�;��þ§Ö�&E��éü� �Ö�´ØB�§g,

�í2´òè�¤é�?1Ö�"Å��ª�l�kéü� ��Å�C�éù���Ö

��Sé?1Å�"éd¯K��@ïÄ5g CassutoÚ Blaum [32]. Chee�< [34] JÑ
i

Î(éè� Singleton..§¿}Á�E
�
��dþ.�è§¡�MDSiÎ(éè"

·�éd¯K��z�§34�(éål d = 5�§��/é¤k�1�è� n�

E
 MDSiÎ(éè",©OÏLk�AÛ�óäÚ�ê­��óä§éu4�(é

ål d� 6Ú 7���Ñ
�a#� MDSiÎ(éè��E"�ó�®Ýv�5IEEE

Transactions on Information Theory6.

6.2 ©©©ÜÜÜ­­­EEEèèè

�XB�ªpé����£Äpé��¯�uÐ§<�é�;�I¦FÃO�"��

°þ�;�Ì�)û�Y§©Ùª�;�w,,å§§æ^�*Ð�XÚ(�§|^õ�

�;ÑÖì©ú�;KÖ§|^ �ÑÖì½ �;�E§Ø=Jp
XÚ���5!�

^5Ú�;�Ç§
�´u*Ð"Ó�§©Ùª�;�äJø/n �þ©Ñ��;!

:§±9éÙ���;�¯§ü$
êâ�¯��ò"©Ùª�;XÚÏ~I��yü�

�Ä��5Uµêâ�FÈ5Ú�^5"êâ�FÈ5´�3XÚ¥�;�êâØ¬Ï�

[È�!:�æ
��¿�§ÃX^��æ��¶
�^5¿�XXÚòU
9��£ê

âé�"©Ùª�;XÚÌ��6êâP{Eâ5�yùü�5U§ùÒ�5
Nõ?è
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�¡�¯K"g 2007c Dimakis�<JÑ
2)è£Regenerating codes¤��§�«Äu

ØÓI¦�?è¯K�ÑØ¡"

©Ù­Eè£Fractional repetition codes¤Ò´3©Ùª�;ïÄ¥¤JÑ��«è [55]"

3©z [59]¥§Etzionòd¯K=z�Xe���aquã=.¯K�4�ãØ¯Kµ�½

�ê d ≥ 3§n ≥ 3§n− 1 ≤ k ≤
(
n
2

)
§e�Ü d−�K�ã�?¿ n�º:¤p��fã¥

�õk k ^>§@où�ã���kõ�:ºPd�`�� η(n, d, k).��éd¯K�Ð

Ú}Á§EtzionC���)û
 3 ≤ n ≤ 5��/ [59]"���ÿ�)û�¯K� η(5, d, 5).

·�éd¯K��z´�Ñ
 η(5, d, 5)��
#�(J"Ì���{��EAÏ�Ì

�ã§¦�ã¥ØÑyn�/Ú�²��o>/"ù�du�¦�Ì�ã�)¤8÷v,


aqu�8(��^�"�ó�E3� Tuvi Etzion�Ç�Ü�eUYÐm¥"

6.3 SSS������EEE���ååålll

S��E�ål£Duplication distance¤�ïÄ�µ
ué)Ô?zL§¥ DNAS�

��'5�m�&¢"é?Û����S�§��E�L§´òÙS?¿�ã?1E��

��\�T�Ù��� �§Xé 101011�1n�Ê ?1E�§�� 101011011.��

�ö�¡����E�L§"¡��vk?Û��üã­E�S���S�§3��¿Â

e=k {0, 1, 01, 10, 010, 101}.é?¿��S� s§P f(s)�lÙ�S�²L�ÚÚE��

/¤S� s���Úê"é�½��ê n§f(n)�LH{¤k n�S� s¥� f(s)���

�"

Bruck�<é f(n)�ì?.�ÐÚïÄ [3] òd�(½� n��5?O§limn→∞
f(n)
n

�����3 0.045Ú 0.53125�m"·�éd¯K��z��O
ü«�{é?¿S�

s�O f(s)�þ.§?
ÏLé'ü��{�`�§ïá
��êÆ5y¯K"�ª�ò

þ.?U� 1
3
.�ó�E3� Jehoshua Bruck�Ç�Ü�eUYÐm¥"
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[98] K. T. PHELPS AND V. RÖDL, Steiner triple systems with minimum independence number,

Ars Combin., 21 (1986), pp. 167–172.

[99] A. PROANO AND L. LAZOS, Packet-hiding methods for preventing selective jamming at-

tacks, IEEE Trans. Dependable Secure Comput., 9 (2012), pp. 101–114.

[100] J. RESCH AND J. PLANK, AONT-RS: Blending security and performance in dispersed stor-

age systems, in Proc. 9th USENIX Conference on File and Storage Technologies (FAST),

2011, pp. 191–202.

[101] R. L. RIVEST, All-or-nothing encryption and the package transform, in Fast Software En-

cryption, Springer, 1997, pp. 210–218.

[102] P. SARKAR AND D. R. STINSON, Frameproof and IPP codes, in Progress in cryptology—

INDOCRYPT 2001 (Chennai), vol. 2247 of Lecture Notes in Comput. Sci., Springer, Berlin,

2001, pp. 117–126.

[103] C. SAVAGE, A survey of combinatorial Gray codes, SIAM Rev., 39 (1997), pp. 605–629.

[104] H. G. SCHAATHUN AND G. D. COHEN, A trellis-based bound on (2, 1)-separating codes,

in Cryptography and coding, vol. 3796 of Lecture Notes in Comput. Sci., Springer, Berlin,

2005, pp. 59–67.

[105] Ł. SKOWRONEK, Three-by-three bound entanglement with general unextendible product

bases, J. Math. Phys., 52 (2011), pp. 122202, 32.

[106] D. H. SMITH AND R. MONTEMANNI, A new table of permutation codes, Des. Codes Cryp-

togr., 63 (2012), pp. 241–253.

[107] , Permutation codes with specified packing radius, Des. Codes Cryptogr., 69 (2013),

pp. 95–106.

87



úô�ÆÆ¬Æ Ø©

[108] P. Ø. SOLLID, J. M. LEINAAS, AND J. MYRHEIM, Unextendible product bases and ex-

tremal density matrices with positive partial transpose, Physical Review A, 84 (2011), p.

042325.

[109] Y.-J. SONG, K.-Y. PARK, AND J.-M. KANG, The method of protecting privacy capable of

distributing and storing of data efficiently for cloud computing environment, in Computers,

Networks, Systems and Industrial Engineering, 2011, pp. 258–262.

[110] J. N. STADDON, D. R. STINSON, AND R. WEI, Combinatorial properties of frameproof

and traceability codes, IEEE Trans. Inform. Theory, 47 (2001), pp. 1042–1049.

[111] D. R. STINSON, Something about all or nothing (transforms), Des. Codes Cryptogr., 22

(2001), pp. 133–138.

[112] D. R. STINSON, T. VAN TRUNG, AND R. WEI, Secure frameproof codes, key distribution

patterns, group testing algorithms and related structures, J. Statist. Plann. Inference, 86

(2000), pp. 595–617.

[113] D. R. STINSON, R. WEI, AND K. CHEN, On generalized separating hash families, J. Com-

bin. Theory Ser. A, 115 (2008), pp. 105–120.

[114] D. R. STINSON, R. WEI, AND L. ZHU, New constructions for perfect hash families and

related structures using combinatorial designs and codes, J. Combin. Des., 8 (2000), pp.

189–200.

[115] D. R. STINSON AND G. M. ZAVERUCHA, Some improved bounds for secure frameproof

codes and related separating hash families, IEEE Trans. Inform. Theory, 54 (2008), pp.

2508–2514.

[116] R. A. STONG, On 1-factorizability of Cayley graphs, J. Combin. Theory Ser. B, 39 (1985),

pp. 298–307.

[117] M. TAIT, A. VARDY, AND J. VERSTRAETE, Asymptotic improvement of the gilbert-

varshamov bound on the size of permutation codes, arXiv preprint arXiv:1311.4925, (2013).

[118] I. TAMO AND M. SCHWARTZ, Correcting limited-magnitude errors in the rank-modulation

scheme, IEEE Trans. Inform. Theory, 56 (2010), pp. 2551–2560.

88



ë�©z

[119] H. TARNANEN, Upper bounds on permutation codes via linear programming, European J.

Combin., 20 (1999), pp. 101–114.

[120] B. M. TERHAL, A family of indecomposable positive linear maps based on entangled quan-

tum states, Linear Algebra and its Applications, 323 (2001), pp. 61–73.

[121] D. TONIEN AND R. SAFAVI-NAINI, Recursive constructions of secure codes and hash fam-

ilies using difference function families, J. Combin. Theory Ser. A, 113 (2006), pp. 664–674.

[122] T. VAN TRUNG AND S. MARTIROSYAN, New constructions for IPP codes, Des. Codes

Cryptogr., 35 (2005), pp. 227–239.

[123] R. R. VARSHAMOV, Estimate of the number of signals in error correcting codes, Doklady

Akademii Nauk Sssr, 117 (1957), pp. 739–741.

[124] R. VASUDEVAN, A. ABRAHAM, AND S. SANYAL, A novel scheme for secured data transfer

over computer networks, Journal of Universal Computer Science, 11 (2005), pp. 104–121.

[125] A. J. H. VINCK, Coded modulation for power line communications, in AE Int. J. Electron.

and Commun, 2011, pp. 45–49.

[126] V. VU AND L. WU, Improving the Gilbert-Varshamov bound for q-ary codes, IEEE Trans.

Inform. Theory, 51 (2005), pp. 3200–3208.

[127] H. WANG AND C. XING, Explicit constructions of perfect hash families from algebraic

curves over finite fields, J. Combin. Theory Ser. A, 93 (2001), pp. 112–124.

[128] X. WANG AND F.-W. FU, Constructions of snake-in-the-box codes under l∞-metric for

rank modulation, arXiv preprint arXiv:1601.05539, (2016).

[129] Z. WANG AND J. BRUCK, Partial rank modulation for flash memories, in Information The-

ory Proceedings (ISIT), 2010 IEEE International Symposium on, IEEE, 2010, pp. 864–868.

[130] C. XING, Asymptotic bounds on frameproof codes, IEEE Trans. Inform. Theory, 48 (2002),

pp. 2991–2995.

[131] Y. YEHEZKEALLY AND M. SCHWARTZ, Snake-in-the-box codes for rank modulation, IEEE

Trans. Inform. Theory, 58 (2012), pp. 5471–5483.

89



úô�ÆÆ¬Æ Ø©

[132] H. ZHOU, M. SCHWARTZ, A. JIANG, AND J. BRUCK, Systematic error-correcting codes

for rank modulation, IEEE Trans. Inform. Theory, 61 (2015), pp. 17–32.

90



���ööö{{{{{{

• Ü�è§I§úô�ÆêÆ�ÆÆ�Æ¬)§��µ��c.

• Ï&/�µ¥Iúô�É²½úô�Æ���«êÆ�ÆÆ�§310027.

• éX�ªµ(+86)18811713631§rexzyw@163.com

• ��²{µ

2007.9–2011.6§úô�Æ���Æ�§úô�ÆêÆ�ÆÆ�§êÆ�A^êÆ;

�§nÆÆ¬.

2011.9–8§úô�ÆêÆ�ÆÆ�§A^êÆ;�§nÆÆ¬§ïÄ��µ|Üê

Æ�?è�èÆ.

• ïÄ,�µ4�|ÜÆ§|Ü�O§?ènØ.

91





ôôôÖÖÖÆÆÆ¬¬¬ÆÆÆ   ÏÏÏmmmÌÌÌ���ïïïÄÄÄ¤¤¤JJJ

1. Yiwei Zhang, Gennian Ge (2015), “Snake-in-the-box codes for rank modulation under K-

endall’s τ -metric”, IEEE Transactions on Information Theory, vol. 62, no. 1, pp. 151-158,

Jan. 2016. (ZJU TOP100)

2. Xin Wang, Yiwei Zhang, Yiting Yang, Gennian Ge (2015), “New bounds of permutation

codes under Hamming metric and Kendall’s τ -metric”, submitted.

3. Yiwei Zhang, Gennian Ge (2015), “Snake-in-the-Box codes for rank modulation under K-

endall’s τ -metric in S2n+2”, submitted.

4. Yiting Yang, Yiwei Zhang, Gennian Ge (2015), “New lower bounds for secure codes and

related hash families: a hypergraph theoretical approach”, submitted.

5. Yiwei Zhang, Tao Zhang, Xin Wang, Gennian Ge (2015), “Invertible binary matrix with

maximum number of 2-by-2 invertible submatrices”, submitted.

6. Yiwei Zhang, Yiting Yang, Gennian Ge (2015), “New results on the minimum size of unex-

tendible product bases”, submitted.

7. Baokun Ding, Gennian Ge, Jun Zhang, Tao Zhang, Yiwei Zhang (2016), “New constructions

of MDS symbol-pair codes”, submitted.

8. Yiwei Zhang, Gennian Ge, Tuvi Etzion, “New results on an extremal hypergraph problem

related to fractional repetition codes”, in preparation.

9. Yiwei Zhang, Gennian Ge, Jehoshua Bruck, “On duplication distances”, in preparation.

93


	ÖÂ  Ð»
	Õª  Òª
	Abstract
	²å  Í¼
	±í  ¸ñ
	Ä¿  ´Î
	1Ð÷ÂÛ
	1.1 ÖÃ»»ÂëÓëÉßÐÎÂë
	1.2 Êý×ÖÖ¸ÎÆ£ººÏÄ±-°²È«ÂëÓë¹þÏ£º¯Êý×å
	1.3 ·Ö×éÃÜÂëµÄÔ¤´¦Àí¡ª¡ªAONT ±ä»»
	1.4 Á¿×ÓÐÅÏ¢ÖÐµÄ²»¿ÉÀ©Õ¹³Ë»ý»ù

	2ÖÃ»»ÂëÓëÉßÐÎÂë
	2.1 ½éÉÜ
	2.2 Ô¤±¸¹¤×÷
	2.2.1 ººÃ÷¾àÀëÏÂµÄÖÃ»»Âë
	2.2.2 Kendall's -¾àÀëÏÂµÄÖÃ»»Âë
	2.2.3 Kendall's -¾àÀëÏÂµÄÉßÐÎÂë

	2.3 ººÃ÷¾àÀëÏÂµÄÖÃ»»ÂëÂë×ÖÊýÄ¿µÄÏÂ½ç
	2.4 Kendall's -¾àÀëÏÂµÄÖÃ»»ÂëÂë×ÖÊýÄ¿µÄ½ç
	2.4.1  AK(n,d) µÄÏÂ½ç
	2.4.2 ÆäËü¹ØÓÚ AK(n,d) µÄÁãÐÇ½á¹û

	2.5 Kendall's -¾àÀëÏÂ S2n+1 ÖÐµÄÉßÐÎÂë
	2.5.1 Horovitz-Etzion ÉßÐÎÂëµÄ¹¹Ôì
	2.5.2 Horovitz-Etzion ÉßÐÎÂëµÄÑÏ¸ñÖ¤Ã÷
	2.5.3 ¶Ô Horovitz-Etzion ÉßÐÎÂëµÄ¸Ä½ø

	2.6 Kendall's -¾àÀëÏÂ S2n+2 ÖÐµÄÉßÐÎÂë
	2.7 Ð¡½á

	3Êý×ÖÖ¸ÎÆ£ººÏÄ±-°²È«Âë¼°Ïà¹Ø¹þÏ£º¯Êý×å
	3.1 ½éÉÜ
	3.1.1 ·ÖÀë¹þÏ£º¯Êý×å
	3.1.2 ¿É·ÖÀëÂë

	3.2 Âë×ÖÊýÄ¿ÎÊÌâÓë£¨³¬£©Í¼µÄ¶ÀÁ¢¼¯µÄÁªÏµ
	3.3 ÍêÃÀ¹þÏ£º¯Êý×å
	3.4 2-·ÀÎÜÏÝÂë
	3.5 ¿É·ÖÀëÂë
	3.6 ×Ü½á

	4Ô´ÓÚÃÜÂëÑ§±³¾°µÄ¿ÉÄæ¾ØÕóÎÊÌâ
	4.1 ½éÉÜ
	4.2 »ùÓÚÕûÊý¹æ»®µÄÉÏ½ç·ÖÎö
	4.3 »ùÓÚ¸ÅÂÊ·½·¨µÄÏÂ½ç·ÖÎö
	4.4 ½üËÆ×îÓÅµÄ¾ØÕóµÄÃ÷È·¹¹Ôì
	4.4.1 Ö÷Òª²½Öè£º»ùÓÚ·ÖÔ²µÄ¹¹Ôì
	4.4.2 µ÷Õû²½Öè

	4.5 Ð¡½á

	5Á¿×ÓÐÅÏ¢ÖÐµÄ²»¿ÉÀ©Õ¹³Ë»ý»ù
	5.1 ½éÉÜ
	5.2 Ô¤±¸¹¤×÷
	5.3 ¶¨Àí 53 µÄÖ¤Ã÷
	5.4 Í¼ÂÛ¹¤¾ß£ºÑ�»·Í¼µÄÁ¬Í¨ÐÔºÍÍ¼µÄ 1-Òò×Ó·Ö½â
	5.5 ¶¨Àí 54 ºÍ 55 µÄÖ¤Ã÷
	5.6 Ð¡½á

	6ÆäËüÔÚÑÐÎÊÌâ
	6.1 ×Ö·û½á¶ÔÂë
	6.2 ·Ö²¿ÖØ¸´Âë
	6.3 ÐòÁÐµÄ¸´ÖÆ¾àÀë

	²Î¿¼ÎÄÏ×
	×÷Õß¼òÀú
	¹¥¶Á²©Ê¿Ñ§Î»ÆÚ¼äÖ÷ÒªÑÐ¾¿³É¹û

