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Abstract In 1987, Hartman showed that the necessary condition v = 4 or 8 (mod 12)
for the existence of a resolvable SQS(v) is also sufficient for all values of v, with 23 pos-
sible exceptions. These last 23 undecided orders were removed by Ji and Zhu in 2005 by
introducing the concept of resolvable H-designs. In this paper, we first develop a simple but
powerful construction for resolvable H-designs, i.e., a construction of an RH(g?") from an
RH((2g)"), which we call group halving construction. Based on this construction, we provide
an alternative existence proof for resolvable SQS(v)s by investigating the existence problem
of resolvable H-designs with group size 2. We show that the necessary conditions for the
existence of an RH(2"), namely, n = 2 or 4 (mod 6) and n > 4 are also sufficient. Mean-
while, we provide an alternative existence proof for resolvable H-designs with group size 6.
These results are obtained by first establishing an existence result for resolvable H-designs
with group size 4, that is, the necessary conditions n = 1 or 2 (mod 3) and n > 4 for the
existence of an RH(4") are also sufficient for all values of n except possibly n € {73, 149}.
As a consequence, the general existence problem of an RH(g") is solved leaving mainly
the case of ¢ = 0 (mod 12) open. Finally, we show that the necessary conditions for the
existence of a resolvable G-design of type g" are also sufficient.
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1 Introduction

A Steiner quadruple system of order v, denoted by SQS(v), is an ordered pair (X, 55), where
X is a set of cardinality v, and B is a set of 4-subsets of X, called blocks, with the property
that every 3-subset of X is contained in a unique block. It is well known that an SQS(v)
exists if and only if v = 2 or 4 (mod 6) [5].

If (X, B) is an SQS(v), then P C B is a parallel class if P is itself a partition of X.
(X, B) is said to be resolvable, denoted by RSQS(v), if B can be partitioned into r(v) =
w parts P1, P2, ..., Pr(y), such that each part P; is a parallel class. In this case, we
call P1|P,|...|Pr) aresolution of B.

The necessary conditions for the existence of an RSQS(v) are that v = 4 or 8 (mod
12) or v = 1 or 2. In 1977, the only orders for which an RSQS(v) was known were v = 2",
and the only recursive construction known was the doubling construction (i.e., a construc-
tion of an RSQS(2v) from an RSQS(v)). In 1978, Booth [1] and Greenwell and Lindner
[4] provided the first examples with v not a power of two by constructing an RSQS(20)
and an RSQS(28). More examples were given by Hartman [6], where he constructed
RSQS(g + 1) for all prime powers ¢ = 7 (mod 12) with ¢ < 379, and RSQS(4p) for
p €{19,43,127, 199,223,271, 1603} [7].

The main recursive theorems for RSQS (v), i.e., two tripling constructions were provided
by Hartman in [8,9], both of which assume some subsystem structures on the input systems.
Using the doubling and two tripling constructions together with a large number of initial
designs, Hartman [9] proved by induction that the necessary condition v = 4 or 8 (mod 12)
for the existence of a resolvable SQS(v) is also sufficient for all values of v, with 23 possi-
ble exceptions. These last 23 undecided orders were removed by Ji and Zhu [12] by using
resolvable H-designs and resolvable candelabra systems (the concept is defined in Sect. 2).

Let v be a non-negative integer, ¢ be a positive integer and K be a set of positive integers.
A group divisible t-design of order v with block sizes from K, denoted by GDD(z, K, v), is
atriple (X, G, B) such that

(1) X is a set of v elements (called points);

(2) G ={Gy, G, ...}isasetof nonempty subsets (called groups) of X which partition X;

(3) B is a family of transverses (called blocks) of G, each of cardinality from K, where a
transverse is a subset of X intersects any given group in at most one point;

(4) every t-element transverse T of G is contained in a unique block.

The type of the GDD(¢, K, v) is defined as the list (|G||G € G). If a GDD has n; groups of
size gi, 1 < i < r, then we use the notation g|'g5*--- g to denote the group type. Mills
in [14] used H(n, g, k, t) design to denote the GDD(z, k, ng) of type g". In this paper, we
use H(g)"'g5” - - - g¢") to denote the GDD(3, 4, > n;g;) of type g} g5> - -+ g¢" for short. An
H(1") is actually an SQS(n).

For the existence of H-designs, Mills [14] showed that forn > 3, n # 5, an H(g") exists
if and only if ng is even and g(n — 1)(n — 2) is divisible by 3, and that for n = 5, an H(g?)
exists if g is divisible by 4 or 6. Recently, Ji [11] improved these results by showing that an
H(g>) exists whenever g is even, g # 2 and g # 10, 26 (mod 48).

An H(g") is said to be resolvable, denoted by RH(g"), if its block set can be parti-
tioned into parallel classes. When ¢ = 1, an RH(1") is an RSQS(n), which exists for all
n =4,8 (mod 12). Recently, Zhang and Ge [16] established the existence of an RH(6") for
all even integers n > 4. We summarize the results as follows:

Theorem 1.1 The necessary conditions gn = 0 (mod 4), g(n — 1)(n — 2) = 0 (mod 3)
and n > 4 for the existence of an RH(g") are also sufficient for each g € {1, 6}.
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Existence of resolvable H-designs 83

The remainder of this paper is organized as follows. In Sect. 2, we will describe several
recursive constructions for resolvable H-designs based on the theory of uniformly resolvable
candelabra systems and resolvable H-frames. In particular, we will introduce a simple but
powerful construction—group halving construction, as well as a product construction and
three tripling constructions. Combining several initial designs together with the recursive
methods established in Sect. 2, we give an almost complete solution to the existence prob-
lem of an RH(4") in Sect. 3. In Sect. 4, by the group halving construction, we show that
the necessary conditions n = 2 or4 (mod 6) and n > 4 for the existence of an RH(2")
are also sufficient. Hence, we provide an alternative existence proof for resolvable SQS(v)s.
Meanwhile, we will also provide an alternative existence proof for resolvable H-designs with
group size 6. As a consequence, the general existence problem of an RH(g") is solved leaving
mainly the case of g = 0 (mod 12) open. Finally, we show that the necessary conditions for
the existence of a resolvable G-design of type g" are also sufficient.

2 Recursive constructions

In this section, we shall describe several recursive constructions for resolvable H-designs.
In particular, we will develop a group halving construction and three tripling constructions,
which play a key role in the sequel.

2.1 Standard recursive constructions

Lemma 2.1 [12] There exists an RH(g*) for any positive integer g.

Lemma 2.2 [12] (Weighting Construction) Suppose that there exists an RH(g"). Then there
is an RH((mg)™) for any positive integer m.

Let s be a non-negative integer. A candelabra t-system (or ¢t-CS) of order v and block
sizes from K, denoted by CS(¢, K, v), is aquadruple (X, S, G, .A) that satisfies the following
properties:

(1) X is a set of v elements;

(2) S is an s-subset (called the stem of the candelabra) of X

(3) G ={Gy, Gy, ...} is a set of non-empty subsets of X\ S, which partition X\S;

(4) Ais acollection of subsets of X, each of cardinality from K;

(5) every t-subset T of X with [T N (SUG;)| < ¢, for all i, is contained in a unique block
of A, and no ¢-subset of S U G;, for any i, is contained in any block of .A.

The group type of at-CS(X, S, G, A) is defined as the list (|G||G € G : |S]). If az-CS has n;

groups of size g;, 1 <i < r, and stem size s, then we use the notation (g} g5> -~ g/ : 5) to

denote the group type. A candelabra system with r = 3 and K = {4} is called a candelabra

quadruple system and denoted by CQS(g}' g5 - &' : 5).

ACS(, K,v)(X, S, G, A) is said to be resolvable, denoted by RCS(t, K, v), if the block
set A can be partitioned into several parts, each being a partition on X or a partition on
X\(G U §) for some G € G (called a partial parallel class). An RCS(t, K, v) is called
uniform, denoted by URCS(z, K, v) if all the blocks in each resolution class have the same
size. If K = {4}, it is denoted by RCQS, for which the number of parallel classes on X is
(26eg G2 — 2.Geg |G|?)/6 and the number of partial parallel classes on X\ (G U S) is
|G|(|IG| + 2|S| — 3)/6 foreach G € G.

Theorem 2.3 [13] For each integer n > 2, there exists an RCQS(3(22”_1)/3 2 1).
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For non-negative integers ¢, g, k, and ¢, an H(q, g, k, t) frame (as in [10]), denoted by
HF(q, g, k. t), is an ordered four-tuple (X, G, B, F) with the following properties:

1. X is a set of gg points;

2. G={G1, G2, ..., G4} is an equipartition of X into g groups;

3. Fisafamily {F;} of subsets of G called holes, which is closed under intersections. Hence
each hole F; € F is of the form F; = {G;,, Gj,, ..., G; }, and if F; and F; are holes
then F; N F; is also a hole. The number of groups in a hole is its size; and

4. Bis a set of k-element transverses of G with the property that every 7-element transverse
of G, which is not a 7-element transverse of any hole F; € F is contained in precisely one
block of 5, and no block contains a ¢t-element transverse of any hole.

If an HF(q, g, 4, 3) has n holes of size m + s, which intersect on a common hole of size
s, then we denote such a design by HF(m" : s) with group size g, or shortly by HF, (m" : s).
If an HF(q, g, 4, 3) has only one hole of size s, then we call it an incomplete H-design of
type (g9 : g°%), denoted by IH(g? : g°).

AnHF,(m" : 5)(X, G, B, F) with F = {F; : 0 < i < n} and Fj the common hole of size
s is said to be resolvable, denoted by RHF, (m" : s), if its block set can be partitioned into
(nmg%(m + 2s — 3) + n(n — 1)(mg)?)/6 parts with the following properties:

(1) Foreach hole F;, 1 < i < n, there are exactly mg?(m 4 2s — 3)/6 parts, each being a
partition of X\ (Ugcr, G);
(2) There are n(n — 1)(mg)?/6 parts, each being a parallel class on X.

An TH(g"™™s : ¢%)(X, G, B, F) with the only hole F of size s is said to be resolvable,
denoted by IRH(g" ™™ : g%), if its block set can be partitioned into (m +s — 1) (m +s —2) g2/6
parts, (s — 1)(s — 2)g2/6 of which are partitions of X\(Ugep G), and m(m + 25 — 3)g%/6
of which are parallel classes on X.

The construction given below is a generalization of the fundamental construction for
3-wise balanced designs.

Theorem 2.4 Suppose that (X, S, T, A) is a 3-CS(m" : s) and oo € S. Let K| = {|A] :
o0 € Ae Aand Ky = {|A] : oo & A € A}. If there exists an HFg(tk‘_1 : a) for each
ki € Ky and an H((gt)k2)f0r each ky € K, then there exists an HF ;((tm)" : t(s — 1) +a).
Furthermore, if the 3-CS(m" : s) is uniformly resolvable, and each of HF, (=1 a) and
H((gt)kz)forkl € Ky andky € K isresolvable, then the resultant HF ¢ ((tm)" : t (s —1)+a)
is also resolvable.

Proof Suppose (X, S, T, A) is the given URCS(m" : s), where I' = {Gy, ..., G,} and
A has a resolution A = (J;;<, Q) J Q with each member of Q; being a partition of
X\(G; U S) and each member of Q being a partition of X. Define G;’j = {x} x {j} x Zg.
Let X' = ((X\{o0}) x Z; x Zg) U ({oo} x Z, x Z,),G" = {G;,j cx € X\{oo},j €
Z,}U{G’oo’j 1€ Zy,F={F :0<i < n}, where Fy = {G;’j cx € S\[oo},j €
Z,}U{G;O!j cj€Zsband F; = {G;‘j x €Gi,jeZyUFyforl <i <n. Wewill
construct an RHF ((tm)" : (s — 1) + a) on X" with group set G’ and hole set F.

For each B € A and oo € B, construct an RHFg(t|B|_1 1 a)on X% = ((B\{o0}) x Z; x
Zy) U ({00} x Zg x Zg) with group set G = {th.i :x € B\{o0},j € Z;} U {Géo,j :
j € Z,} and hole set Fg = {Fy : x € B}, where F, = {G;’j :j € Z;} U Fy with
Fso = {G:)o, IE Jj € Z,} being the common hole of size a. Denote its block set by Cp, which
has a resolution {Cp(x, j) : x € B\{o0},1 < j < tgz(t +2a—-3)/6}U{Cp(l) :1 <<
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Existence of resolvable H-designs 85

(IB] = 1)(|B| —2)(tg)*/6} with each Cg (x, j) being a partition of X/B\(UGeFX G) and each
Cp(l) being a parallel class on X'y.

Foreach B € Aand oo ¢ B, construct an RH((g#)!8!) on X'y = B x Z; x Zg with group
set G = {{x} x Z; x Zg : x € B} and block set Cp, which can be partitioned into parallel
classes Cp(l), 1 <1 < (|B| — 1)(|B| — 2)(1g)?/6.

Then A" = |Je4Cp is the block set of the required design. We need to partition the
blocks into resolution classes.

For each member Q € Q;,1 < i < n, suppose its block size is kp. Then Pp(l) =
UBeQ Cp(1) is a partition of X/\(UGeF,- G)forl <1< (kg — (kg — 2)(1g)%/6.

For each x € UGeF,- G, 1 <i <n P = UBeA,oogB Cp(x, j) is a partition of
X'\(Uger, G) for1 < j < 1g*(t +2a — 3)/6.

For each member Q € Q, suppose its block size is kg. Then Pé () = UBGQ Cg(l)isa
partition of X' for 1 <1 < (kg — (kg — 2)(1g)?/6.

Thus we obtain an RHF, ((tm)" : t(s — 1) + a). ]

The following theorem is stated in [16].

Theorem 2.5 [16, Lemmas 3.3 and 3.4] Suppose that there exists an RHFg(m" : s). If there
exists an IRH(g"™ S : g%), then there exists an IRH(g"™" S : g"™5). Furthermore, if there is
an RH(g"™ "), then there is an RH(g"" ).

2.2 Product construction and group halving construction

A regular graph (V, E) of degree k is said to have a one-factorization if the edge set E can
be partitioned into k parts E = Fi|F>|...|Fj so that each F; is a partition of the vertex set
V into pairs. The parts F; are called one-factors.

Theorem 2.6 (Product Construction) If there exist both an RH(g™) and an RH(g"), then
there exists an RH(g™") and an IRH(g™" : g").

Proof Let (X, G, B) be the given RH(g"™), where G = {Go,..., Gn—1}. Applying
Lemma 2.2, we construct an RH((ng)™) on X’ = X x Z,, with the group setG’' = {G; X Z,, :
0 <i <m — 1} and block set A.

For each i,0 < i < m — 1, construct an RH(g") on G; x Z, with group set {G; x {l} :
| € Z,} and block set C;, which has a resolution P;(k), 1 <k < (n—1)(n — 2)g2/6.

Since an RH(g") exists, gn is double even. For each i,0 < i < m — 1, let Fio=
{F f, L F 2—1y) be a one-factorization of the complete multiple-graph on G; x Z,, with n
parts {G; x {l} : ] € Z,}. Let

D:{{a,b,c,d}:{a,b}eF},{c,d}eF;’,OEi £i'<m—1,1<j<gn-1},

then B = AU (Uf”:I)ICi) U D is the block set of an H(g™") on the group set G = {G; x {l} :

leZ,,0<i<m-—1}.1Itis clear that u;"z})lcl- has a resolution Q(k) = UT:BI Pi(k),1 <

k<mn-—1mn-— 2)g2 /6. It remains to show that D can be partitioned into parallel classes.
Foreach j,1 < j < g — 1), let

D; = {{a,b,c,d} : {a, by € Fi, {c,d} € FI,0<i #i <m—1},and
D; = {{{a.b}. {c.d}} : {a.b} € Fi {c.d} e FI .0<i#i' <m—1).
If we regard each pair in F}, 0 <i < m — 1 as a vertex, we may construct a multi-partite

complete graph I'; on the vertex set X ; = U;";OI F j’ with partite set {F; :0<i<m-—1},
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where two different vertices connect if and only if they are from different factors Fi. Hence,
Dj is the edge set of I';. That is to say we obtain a GDD(2, 2, gnm /2) of type (gn/2)™ on
X; with group set {F : 0 <i < m — 1} and block set D;.

It is well-known that there always exists a resolvable GDD(2, 2, gnm /2) of type (gn/2)™
when gnm/2 is even (see [3]). Hence, we can partition the block set D; of our resulting
GDD(2, 2, gnm/2) of type (gn/2)™ into parallel classes on X; Therefore, D; can also be
partitioned in parallel classes of X’. So does D = U< j<g(n—1yD;. Thus, the desired H(g"")
is resolvable.

Foreachi,0 <i <m — 1, B'\C; is the block set of an incomplete design IRH(g"" : g")
on X’ with group set G” and hole set {G; x {I}: ] € Z,}. O

With a similar proof to that of Theorem 2.6, we have the following doubling construction.
Here, we just need to fill with the trivial design RH(g2) having no blocks.

Theorem 2.7 (Doubling Construction) If there exists an RH(g"), then there exists an
RH(g?*) and an IRH(g* : g").

The following construction for resolvable H-designs is simple but powerful.

Theorem 2.8 (Group Halving Construction) If there exists an RH((2g)"), then there exists
an RH (gz").

Proof Let (X, G, B) be the given RH((2¢)") with G = {Go, ..., G,_1}. Therefore, gn is
even. Halve each group G; into G;o and G;1,0 <i < n — 1. We will construct an RH(gz")
on the group set G’ = {Gijl0<i <n-—1,j=0,1} as follows.

Foreachi,0 <i <n—1,let 71 = {F!, ..., Fé} be a one-factorization of the bipartite
graph on G;o U G;;. Let

D=1{{a,b,c,d}:{a,b} e Fi,{c,d}e F',0<i#i <n—1,1<j<g},

then B’ = B U D is the block set of an H(g>") on the group set G’. With a similar proof to
that of Theorem 2.6, it is clear that D can be partitioned into parallel classes. This completes
the proof. O

2.3 Three tripling constructions

Our first tripling construction is on resolvable H-frames, which is a generalization of the
tripling construction for resolvable CQSs developed in [12].

Theorem 2.9 (Tripling Construction I) Suppose there exists an RHF, (n3 : s), then there
exists an RHF g ((3n)3 : 9).

Proof Start witha CQS(33 : 1) (asin [12]) on ZoU{oo} with groups G; = {i,i+3,i+6},0 <
i < 2 and stem {oo}, whose block set B is generated by the following 9 base blocks under
the automorphism group ((0 3 6)(14 7)(2 5 8)(00)).

Aot {0,1,2,00}, {0,4,8,00}, {0,5,7, 00},

A {1,3,2,6}, {1,3,5,7}, {2,6,5,7},

Az {4,7,5,8},  {3,6,5,8}, {3,6,4,7}

View each base block as an ordered quadruple given above so that each block B € B is
ordered.
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Since an RHF, (n3 : s) exists, both gn and gs are even. We separate the proof into the
following two cases:

Case (1): When g is even, we will construct an RHFg((3n)3 :s)on X = (Zg X Zy X
Zgn/2)U ({00} X Zs X Zgs2) with groups G (x, j) = {x} x Za x {j, j+n, ..., j+(5 —Dn},
x €Z9,0<j<n-—1,and G(o0, j) :{oo}sz><{j,j+s,...,j+(§—1)s},0fj <
s—1,and three holes F; = {G (i, j), G(i+3, j),G(@{i+6,j):0<j<n—-1}US,0<i <2,
which intersect on a common hole § = {G(c0, j): 0 < j <s —1}.

For each block B € B containing oo, construct an RHFg(n3 :s)on Xp = ((B\{o0}) x
Zy x Zgns2)U({oo} x Zy x Zgs/2) with group set {G(x, j) : x € B\{oo},0 < j <n—1}US,
three holes {G(x, j) : 0 < j <n —1}U S, x € B\{oo} and a common hole S. Denote its
block set by Ap, which has a resolution {Pg(x,/) : x € B\{oo},1 <[ < n(n + 25 —
3)g2/6YU{Pp(r',r,h) 11, r € Za, 1 < h < (gn)?/4} such that each P (x, ) is a partition
of (B\{00, x}) X Z2 X Zgp/2 and each Pp (r', r, h) is a parallel class on Xp.

For each block B = {a, b, c,d} € B and co ¢ B, we shall construct a special H((gn)4)
on B X Zy X Zgy 2 with groups {x} X Zy X Zg,2, x € B. Denote

Cpki, ) = {(a, i), (b,i +K), (c, j). (d, j +K)}and Cp (k) = {Cp (k. i, j) 1 i, j € Za},

then Cj; = Cj(0) UCy (1) is the block set of an H(2*) on B x Z,.Foreach A € Cly, construct
an RH((gn/2)4) on A X Zg, 2 with groups {a} x Zg, /2, a € A. Denote its block set by B(A)
and the (gn)2/4 parallel classes by P(A, h),1 <h < (gn)2/4. Then, Cp = UAE% B(A) is
the block set of the desired H((gn)*).

Let D = (UpeB,co¢BCB) U (UpeB,00eBAp). By Theorem 2.4, D is the block set of an
HFg(((3n)3 : 5)). It remains to show the resolvability. This HFg(((3n)3 : s5)) should be
partitioned into 9g2n? parallel classes on X and g2n(3n + 2s — 3)/2 partial parallel classes
on (Zo\G;) x Zp X Zgyp foreachi,0 <i < 2.

Foreachi,0 < i < 2,let P(i,x,]) = UgeB,{x,00)cBPp(x,1),1 <1 < n(n 4 2s —
3)g2/6, x € G;. Theneach P(i, x, 1) is a partition of (Z9\G;) X Z2 X Zgy /2. The other gzn2
partial parallel classes on (Z9\G;) x Z3 x Zg;, 2 can be obtained as follows. Denote the three
base blocks of A by Bg, Bj, By inorder. For0 <i <2, letB; ={3j+B; : 0 < j <2},
and for r',r € Zy, let P(i,r',r) = {Cx(1,7',r) : B € B;}. Then P(i,r',r) is a partial
class on (Z9\G;) x Z>. Note that for 0 < i < 2,Up ez, P(i,7',7) = Upep,C(1). Let
P(i,r',r,h) = Upepir.ryP(A, h). Then, these P(i, r', r, h)s withr’,r € Zyand 1 <h <
(gn)?/4 are g2n? partial parallel classes on (Zo\G;) X Z3 X Zgy2.

Now we give the required 9g2n? parallel classes on X. Denote the three base blocks of
A1 by Apg, A1, A in order. Let Dy = Ao, D1 = A1 +3 ={4,6,8,1}, D, = A, +6 =
{8, 3,2, 4}. Let A(i, 0) be as follows and A(i, j) ={3j + B : B € A(i,0)} for0 < j <2.

A(1,0) = {{0,4, 8, o0}, Ag, A1, Ar},
A2,0) = {{0, 1,2, o0}, By, By, B>},
A(0,0) = {{0, 5,7, oo}, Dy, D1, D2}.

Let

P'Q,j,rr)y= {C1’40+3j(0, r'r'+r), C141+3j(0, r'+1,r), C;Xz+3j(0’ r'4+r+1,r+1)},
P2, jr',r) ={Cl3;0. 7" +r, 1), Clp 15,0, r, 7" +1), Clp 5.0, r +1, 7" +r+ 1)},
PO, j,r,r)= {C2)0+3j(1”'/’ r'4r), Cbl+3j(l,r’+r +1,r), C/Dz+3j(1’ 1, +

r+ 1D}
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Let P'(i,j,r',r,h) = UaeprjrnP(A k) and P"(i, j,r',r,h) = Pg(',r,h) U
P'(i, j,r',r, h), where B € A(i, j) and oo € B. Then P"(i, j,r',r,h) for 0 < i,j <
2, r',reZ) 1 <h< (gn)2/4 are the desired 9g2n2 parallel classes on X.

So D has the resolution {P (i, x,l) : 0 <i <2, x € G;,1 <l <nn+2s — 3)g2/6} U
(PG, r',r,h):0<i<27r,reZyl<h<(@gn?4U{P'G jr rh):0<ij<
2,7, r € Zo, 1 <h < (gn)?/4}, and the HFg(((?m)3 :5)) is resolvable.

Case (2): When g is odd, both n and s must be even, we will construct an RHFg((f‘}n)3 X))
on X with groups G'(x, k, j) = {x} x {k} x {j, j + %] + (g — l)%},x € Zo, k €
73,0 < j <5 —1,and G'(00,k, j) = {oo} x {k} x {j, j+ 5.....] +(g— D3} ke
75,0 < j <5 — 1, and three holes F/ = {G'(i, k, j), G'(i + 3.k, j), G'(i + 6.k, j) : k
€7,,0<j< %—1}US’,O < i < 2,whichintersecton acommonhole 8’ = {G’ (00, k, j) :
keZ,0<j=<5—1}

For each block B € B containing 0o, construct an RHF, (n3:s)on Xg = ((B\{oo}) x
Zy X Zgnj2) U ({00} X Zy X Zgg2) with group set {G'(x,k, j): x € B\{oo},k € Z5,0 <
Jj <5 —1}US, three holes {G'(x,k, j) : k € Z2,0 < j < 5 -1} U5, x € B\{oc}
and a common hole S’. Denote its block set by .Ap, which has a resolution {Pg(x,1) : x €
B\{oo}, 1 <l <n(n+2s—3)g%/6}U{Ps(r',r,h) : v, r € Zs,1 < h < (gn)?/4} such
thateach Pp(x, [) is a partition of (B\{00, x}) X Z3 X Z,, /> and each Pg (r', r, h) is a parallel
class on Xp.

The remaining proof of this case is the same as that of Case (1). O

Next, we give two tripling constructions for resolvable H-designs. They are generalizations
of those for resolvable Steiner quadruple systems proposed by Hartman in [8,9], which have
played an important role in the construction of RSQS(v). We need the following notations.

For x € Z,, we define |x| by

x| = x, if 0<x <n/2,
= x, if n/2 <x <n.

Forn>2and L C {1,2,..., [n/2]}, define G(n, L) to be the regular graph with vertex set
Z, and edge set E given by {x, y} € E ifand only if |[x — y| € L.
The following lemma is proved by Stern and Lenz in [15].

Lemma 2.10 Let L € {1,2,...,n}. Then G(2n, L) has a one-factorization if and only if
2n/gcd(j, 2n) is even for some j € L.

The construction given below is a variation of the construction for resolvable candelabra
quadruple systems in [9].

Theorem 2.11 Suppose that n > 1,s = 1,2 (mod 3) and 3s > 5n. There exists an
RHF4((3n)3 : s).

Proof Letn > 1,5 = 1,2 (mod 3) and 3s > 5n. Take ¥ = {oc0g, 001, ..., 0045—1} and
let X = (Z12, x Z3) UY. We will construct an RHF4((3n)3 1 8)(X, G, B, F) with groups
G, j) ={(+3kn, j): k€ Z4},i € Z3,, j € Z3,and G(00, j) = {o0sk+j 1 k € Z4},0 <
Jj < s —1, and three holes F; = {G(i, j) : i € Z3,} U S,0 < j < 2, which intersect on
a common hole § = {G(oo, j) : 0 < j < s — 1}. In the sequel we shall write x; for the
ordered pair (x,i) € Z12, X Z3.

Let h = (12n — 45)/2. Since 3s > 5n, his even and h < 8n/3. As in [9, Theorem 2.1],
let

Hf ={{9n—i,9n—3+i}:2<i<3n+1,i # 0 (mod 3)}, and
Hf ={{3h —i,3n+i}: 1 <i <3n—2,i #0 (mod 3)}.
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It is easy to check that |H['| = 2n and |H5| = 2n — 1. Let H; be any subset of H* of
cardinality 7/2,i = 1,2 and H = H; U H», which satisfies the following properties:

(1) |Hl=h=(2n—4s)/2 <8n/3.

(2) The pairs in H are disjoint, i.e., | U{x,y]gH{x, v} = 2h.

(3) LetLH ={|ly—x|:{x,y} e H},then |LH|=hand LH N {3,6,...,6n}=40.
(4) The distances between members of H; are odd.

S) {x,y}={1,2} (mod 3) for each {x, y} € H.

Since H) ¢ H 1* and all distances between members of H 1* are odd, the graph G (12n, {1, 2,
..., 6n}\(LH | J{3n, 6n})) has a one-factorization F||F>|...|Fi2n—2n—4 by Lemma 2.10.
Let Fion—2n—3|F1an—2n—2| F12n—2n—1 be a one-factorization of the graph G (12n, {3n, 6n}).
Then it is not difficult to see that F|F3|...|Fi2,—2,—1 1s a one-factorization of the graph
G(12n,{1,2,...,6n}\LH). Using the above set of pairs H and the one-factorization of
the graph G(12n, {1, 2, ...,6n}\L H), Hartman [9, Theorem 2.1] constructed a resolvable
RCQS((121)3 : 4s) on X with group set {Z12, x {i} : i € Z3} and stem Y, as well as the
block set B’ and its resolution P containing the following 6n(12n — 2h — 1) partitions of
Ziogn X {i +1,i + 2} foreachi € Z3:

Pi ok = {xi+1, Yit1, Zi+2, tig2} : {x, y} is the mth member of F,,
{z, t} is the (m + k)th member of F,,,m = 1,2, ..., 6n},

whereu =1,2,...,12n —2h —1,andk =0,1,...,6n — 1.

Foreachi € Z3,let B; be the union of partitions P; ,, x with 12n—2h—3 < u < 12n—2h—1
and 0 < k < 6n — 1. Then we have that B = B’\(Uie% Bi) is the block set of the
desired RHF4((3n)3 : ) on X with group set G and hole set F, where B has a resolution
PUPiuk:12n—2h -3 <u<12n—-2h—-1,0<k <6n-—1,i € Z3}. O

As a consequence of Theorem 2.11, we have our second tripling construction as follows.

Corollary 2.12 (Tripling Construction II) Let n = s (mod 3),s = 1or2 (mod 3) and
l4s > 5n. If there exists an IRH(4" : 4%), then there exists an IRH(4>'=2 : 4") and an
IRH(43" 725+ 45).

To construct resolvable H-frames with group size 6, the concept of resolvable B-pairing
was introduced in [16]. To show our third tripling construction, we adapt the concept to the
case of group size 4 and call it B4-pairing as follows.

For non-negative integers n and s, a Bgs-pairing, Ba(n,s) consists of four subsets
D, Ry, Ry, Ry of Z4(3”+S) and three subsets PRy, PR, PR, of Z4(3n+s) X Z4(3n+s) with
the following properties for each i € {0, 1, 2}:

(1) Cardinality and symmetry conditions

@) D] =4s,|Ri| = 4n,
(b) D=-D.

(2) Partitioning conditions

(a) PR; is a partition of R; into pairs, thus |PR;| = 2n,
(®)  Za@n+s)y = DU RoU R U Ry.

(3) Pairing conditions
LetL; ={lx —y|: {x,y} € PR;}and N = {3n +5,2(3n + )},
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(a) NN L,‘ = @,
(®) |Li| = 2n,
(c) the complement G; of the graph G(4(3n + s), L; U N) has a one-factorization.
Let So, S1, S2, Ro, R, R2 be subsets of Zy3,1s) and PSo, PSy, PSy be subsets of
Z4Gnts) X Z4a3n+s)- A Ba-pairing B4(n, s) with D, R;, PR;, i € {0, 1, 2}, is said to be resolv-
able, denoted by RB4(n, s), if the following properties are satisfied for each i € {0, 1, 2}:
(1) Cardinality and symmetry conditions

(©) |Si] = 4n, [R;| = 2n.
(2) Partitioning conditions

(c) PS; is a partition of S; intgpairs, thgs |PS;| = 2n,
D) Zem+s)y =DUR USUR;41 U—R;_1.

(3) Pairing conditions
Let O; ={|x —y|: {x,y} € PS;},

d NNO; =0,
(e) |10;| =2n, L; N O; = @, and all members of O; are odd,
(f) the complement G; of the graph G(4(3n+s), L; U O; U N) has a one-factorization.
The following theorem gives the relation between By-pairings and H-frames with group
size 4. A similar one for the case of group size 6 was proved in [16]. Hence, we omit the
proof here.

Theorem 2.13 [f there exists a Ba(n, s), then there exists an HF4((3n + $)3 : 5). Further-
more, if the B4(n, s) is resolvable, then the HF4((3n + $)3 1 ) is resolvable.

Lemma 2.14 If D, R;, PR;, S;, PS;, R;,i €{0,1, 2} form an RBy(n, s) with the property
{0,3n + 5,2(3n + 5),3(3n + s)} C D, then there exists an RHF4((3n + $)3 1 s) with a
sub-design RH(4%).

Proof Using the given RB4(n, s), we construct an RHF4((3n + P :s)onX = {a; 1 a €
ZaGnts), 1 € {0, 1,2}) U{oog, 001, ..., 00451} with groups G (i, j) = {(k(3n +5) + j)i :
0<k=<3},ie{0,1,2},0<j<3n+s5s—1,G(00,j)={o0ks4+; :0<k <3},0<j <
s — 1, three holes Fi4; = FoU{G(, j):0<j <3n+s—1},i € {0, 1,2} and a common
hole Fyp = {G(oc0, j) : 0 < j < s — 1}, as well as the block set B containing the following
blocks (see the details in [16]):

§ = {{ooj, (a+d), (b—d)1,(c+d)}: a+b+c=0(mod4(3n +5)),
d is the jth member of D,0 < j <4s — 1}.

Since k(3n + s) € D for each k,0 < k < 3, without loss of generality we may assume
k(3n + s) is the (ks)th element of D. Let
8o = {{ooks, (@ +d)o, (b —d)1, (c+d)2}:a+b+c=0(mod 4(3n +5)),a,b,c €
{iBn+s):0<i<3},disthe (ks)th member of D and 0 < k < 3}.
Note that 8y C & and 8 forms the block set of an RH(4%) with the group set {{(k(3n +s)); :
0<k=3}:ie{0,1,2}}U{{ooks : 0 < k < 3}} and parallel classes {{00(+j1k1g)s, (( +

2)Bn+15))o, (j+8)Bn+s)1,((k+g)Bn+s))}:g€ Z4},i +j+k=0(mod 4).
Hence, the RHF4((3n + $)3: s) contains a subdesign RH(44). O

Combining Theorem 2.13, Lemma 2.14 and the existence results of resolvable B4-pairings
established in the next subsection, we obtain the following theorem.
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Theorem 2.15 Suppose thatn > 0 and s > 1. There exists an RHF4((3n + s)3 : 5). When
(n,s) # (1, 1), there exists an RHF4((3n + $)3 1 5) witha sub-design RH(4%).

As a consequence of Theorem 2.15, we have our third tripling construction as follows.

Corollary 2.16 (Tripling Construction III) Let n = 2s (mod 3) and s > 1. If there exists an
IRH (4" : 45), then there exist both an IRH(43"~25 : 4") and an IRH(43"=25 : 4%). Further-
more, if there exists an RH(4") or an RH(4%), then there exists an RH (43"=2%) as well as an
IRH(4%"'=25 4% when (n, s) # (5, 1).

2.4 Construction of resolvable B4-pairings

In order to construct resolvable Bs-pairings, we describe a special class of B4-pairings with
extra properties. Suppose that D, R;, PR;,i € {0, 1,2} form a B4(n, s) on Z4(3,+s). If there
exist three subsets Ag, A1, Ay of Z4(3,45) and three subsets PAg, PA1, PAj of Z43p45) X
Z4(3n+s) satisfying the following conditions for each i € {0, 1, 2}:

(1) Ri =—R;, A; C R, |Ai] = 2n,
(2) PA; is a partition of A; into pairs. Let Olf ={lx —y|: {x,y} € PA;},

(@) 0[] =n,all 0y, 01, O} are disjoint and of odd members,
(b) (U,Zz o) (N U(U,-zzoLi)) =,

then let

So=A1UA, S1 =AgU(—A2), S = (—Ag) U (—Ay),
PSy=PAUPAy, PSi = PAgU(—PAy), PS) = (—PAg) U(—PA)),
Ro = —(Ro\Ao). R = R|\A; and Ry = —(Ry\Ay).

It is readily checked that D, R;, PR;, S;, PS;, R;,i €{0, 1,2} form an RB4(n, s).
Now, we are in a position to construct RB4(n, s) for any n > 9 and s > 1. We list the
components D, PR;, PA;,i € {0, 1, 2} for shortor D, PR;, PS;, R;,i € {0, 1, 2} fully.

Lemma 2.17 For each pair of integers n > 0 and s > 1, there exists an RB4(n, s).

Proof Whenn = 0, we take D = Z4@3n45) and R; = §; = R; = @ foreachi € {0, 1,2).
Whenn > 0, s > 0, the desired R B4(n, s) is constructed directly as follows:

(1) For s odd and n even, let

D={Bn+s)j:0<j<3lU{Brn+s)i+j:0<i<31<j<(s—-1))/2
or3n+(s—1)/24+1<j<3n+s—1},
PRy={{j,—j}:—1D/24+1<j<(s—1)/24+norBn+s)+(s—1)/24+n+1 <
J=Bn+s)+(s—1)/2+2n},

PRy ={{j,—j}: (s—1)/242n+1 < j < (s—1)/243nor Bn+s)+(s—1)/2+1 <
j<@Bn+s)+(s—1)/2+n},

PRy ={{j,—j}: (s = 1)/24n+1=j <(s—1)/2+2n0r Gn+s)+ (s —1)/2
+2n+1<j<@Bn+s)+—1)/2+3n},
PAy={(s—=1/2+j.8n+3s—(s—1)/2—j}:1=j=n}
PAI={{(s—=D/24+2n+j,4n+s+ G —-1)/2—j}:1<j<n—1}U{{10n —
(s—1/2—=1,10n — (s — 1)/2 — 2}},
PAy={{(s—=1D)24n+j,6n+s+(—1)/24+2—j}:2<j<nfU{{(s—1)/2
+n+1,1ln+4s — (s — 1)/2 — 2}}.
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(2) For s even and n even, let

D={Bn+s5)j,Bn+5)/24+Bn+s)j:0<j<3lU{@Bn+s)i+j:0<ic<
3,1<j<(s—2)/2o0r3n+s/24+1<j<3n+s—1},
PRy=1{{j,—j}: (s =224 1< j<(s—2/2+nor(s—2)/2+n+1=<j <
2n+ (s —2)/2+1land j # (3n +s)/2},

PR ={{j,—j}:2n+(s—2)/242 < j <3n+s/2o0r3n+s+(s—2)/24+n+1<
j<3n+s+G6—-2)/2+2n+1and j #3n+s+ 3n+s)/2},

PRy ={{j,—j}:3n+s+(6—-2)/24+1<j<3n+s+(—2)/2+norS5n+
s+ —=2)24+2<j<6bn+s+(s—2)/2},
PAy={s—-2)2+j,—-2)2+2n+1—j}:1<j<nandj #n/2}U
{1ln+3s+ (s +2)/2,10n + (s +2)/2 + 35 — 1}},

PA = ({(s—2)/2+2n+1+j,8n+25+(s+2)/2—j}:1<j<nand j #
n/2YU{10n +3s+ (s +2)/2—-2,3n+s+ (s —2)/2 +2n + 1}},
PA={Bn+s+6—-2)/24+j,Tn+2s+(+2)/2—-1—j}:1=<j<n}

(3) For s even and n odd,

(3.1) n >3 o0dd, let
D={CBn+s5)j:0=<j<3U{Bn+s)i+j:0<i=<31=<j<=
(s—2)2o0r3n+(s—2)/24+2<j<3n+s—1JU{£((s —2)/24+ 1),
+6n+s+ (s —2)/2+ 1)},

PRy={{j,—j}: (s—=2)/242 < j < (s—2)/2+n+1lor(s—2)/24+2n+2 <
Jj<(—=2)/243n+1},

PR ={{j,—j}:(s=2)/24n+2<j<(s—2)/2+2n+lor(5n+s)
+6—=2)24+1<j<0Bn+s)+(—2)/2+n},

PRy ={{j,—j}:3n+s+(—-2)24+1<j<3n+s+6—-2)/2+
nor3n+s+(s—2)/24+n+1<j<3n+s+(s—2)/2+2n},
PAo={{(s—2)2+2n+ j,10n+4s — (s —2)/2—1—j}:2 < j <n}
Uf(s—2)/24+3,(s —2)/2+3n+ 1},

PAL ={s—-2)2+n+j,n+s+(s—2)/24+2—j}:2<j<n}
U{{Sn+s+(6—-2)/2+1,1In+4s — (s —1)/2 —2}},
PA={{(s—=2)/2+3n+s+j,5n+s+(—-2)/24+1—j}:1<j<n}

(3.2) n=1,let
D={34s)j:0<j<3lU{B4+s)i+,j:0<i<3,1<j<(s—2)/2
or34+(s—2)/242<j <34s—1JU{Ex((s—2)/2+1), =((s —2)/2+2)},
PRo={{j,—j}:(s—=2)/24+3<j<(s—2)/2+4)},

PR ={{j,—j}:34+s+(6—-2)/24+1<j<34+s+(s—2)/2+4+2},
PRy ={{j,—j}:34+s4+(6—-2)/24+3<j<34+s5+(s—-2)/2+4},
PAy={{(s =2)/24+3,(s —2)/2 4+ 4}},

PA ={83+s+(s—2)/24+2,8+2s+ (s +2)/2}},
PA={{34+s5s+(6—2)/2+3,5+2s +(s+2)/2}}.

(4) For s odd and n odd,

(4.1) s >3 0dd and n > 3 odd, let
D={Bn+s)j,Bn+s5)/2+Bn+s)j:0<j<3lU{Brn+s)i+j:0<
i<3,1<j<(@=3)/20r3n+(s—-3)2+3<j<3n+s—1}U{E£((s—
3)/2+1),£@n+s+3n+ (s —3)/2+2)},

PRy ={{j,—j}:(s=3)242<j<(s—3)2+n+lor(s—3)/24+n+2 <
J<2n+(s—3)/2+2and j # (Bn+s)/2},
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PRy ={{j,—j}:2n+(s—3)/24+43<j <3n+(s—3)/24+20r3n+s+ (s —
3)/24+n+1<j<3n+s+(—-3)/24+2n+1and j #3n+s+ Bn+s)/2},
PR, ={{j,—j}:3n+s+(—3)/24+1<j<3n+s+(—3)/2+nor5n+
s+ —=3)2+2<j<bn+s+(—-3)/2+1},
PAy={{(s —3)/2+j,(s—-3)/2+2n+3—j}:2<j<n+1landj #
n+3—m+3)/2U{{lln+3s+(s+3)/2—2,10n+ (s +3)/2 + 3s — 2}},
PA ={{(s—=3)/24+2n+2+j,8n+2s+(s+3)/2—j}: 1 <j<nandj #
m—10D/24+2}U{{l0n+3s+(s+3)/2—-4,3n+s+ (s —3)/2+2n + 1}},
PA={Bn+s+G—-3)2+j,Tn+2s+(+3)/2—-1—j}:1<j<n}

(4.2) s >3 0ddand n = 1 odd, let
D={3+5)j,B3+)2+@B+s)j:0<j<3lU{B+si+j:0<ic<
3,1 <j<(—=3)/2034++3)/2<j<34+s—1}JU{E£((s—-3)/2+
1), £((s — 3)/2 +2)),
PRo={{j,=Jj}:(s+3)/24+1=<j=<(s+3)/2+2},
PRi={{j,—j}:34+s+6—-3)/2+1<j<34+s+(—-3)/2+2},
PRy={{j,—j}:3+s+G6+3)/2+1<j<3+s+(+3)/2+1},
PAy={{(s+3)/2+1,(s +3)/2+2}},
PA\={3+s+(G—-3)/2+1,7+2s+ (s +3)/2}},
PA={3+s+G6+3)/2+1,7+2s+ (s —3)/2}}.

(4.3) Fors =1 andn > 3 odd, let
D={@Bn+1i:0<i <3},
PRy ={{j,—jl: 1 <j<m+D2orBn+1)24+n+1<j<3n}uU
{j,—j—1}:3n+14+m+1)/24+1<j<3n+14+QCn+1)/2—-1}U{{3n+
1+Gn+1)/2,3Cn+1)—n+1)/2—1}},
PRy ={{j,—j}:3n+14+1<j<3n+1+m+1)/20r3n+1+ 3n+
DR24+n+1<j<2Bn+DH-1JU{j,—j—1}:n+DR2+1=<j<
BGn+D/2—-1}U{{Bn+1)/2,4Bn+1) —(n+ 1)/2 — 1}},
PRy ={{j,—j}: BGn+1)/2+1 < j < Bn+1)/24nor3n+1+GBn+1)/2+1
Jj<3n+1+@Bn+1)/2+n},
PAy={{j,—j—1}:3n+14+n+1/24+1<j<3n+1+GCBn+1)/2—
BU{{n+1)/2-1,4CBn+1) — (n+ 1)/2}},
PA ={{j,—j—1}:(n+1)/24+1<j<Bn+1)/2—-1}U{{3n+2, 3n+3}},
PA, ={{Bn+1)/2+1+/,3@n+1)—Bn+1)/2—j}:1<j<(m+1)/2}U
{Bn+1+Gn+1)/2+),3n+14+Gn+1)/24n—j}: 1 < j < (n—-3)/2}UV,
where V={{3n+ 14+ @Bn+1)/24+n,3Bn+1)— 3n+1)/2 —n + 1}} for
n>5and V = {{17,22}} whenn = 3.

(44) Fors =1andn =1, let
D ={0, 1,8, 15},
PRy = {{2,3},{4,6}}, PRy = {{5, 11}, {9, 14}}, PR, = {{7, 13}, {10, 12}},
PSy = {{7,10}, {9, 14}}, PS; = {{6, 7}, {10, 13}}, P.S, = {{2, 3}, {6, 9}},
Ry = {4,14}, Ry = {5, 11}, R, = {3, 4)}. O

IA

3 Existence of RH(4")

In this section, we shall establish the existence of resolvable H-designs with group size 4 by
using the recursive constructions developed in Sect. 2. First, we need the following initial
designs.
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Lemma 3.1 There exists an RH(4°).

Proof Let the point set be Z»o, and the group set be {{j, j + 5, + 10,j + 15} : j =
0, 1,...,4}. We list the base blocks as follows, which are developed by adding 2 modulo 20:

(3,4,7,11}  {6,10,17,18} {0,2,9,13} {5,8,19,1} {12, 14,15, 16}
{8,9,16,17) {11,19,0,2} {18,4,12,15} {3,6, 10,14} {1,5,7, 13}
{1,7,9,18} {11, 13, 14,15} {19,5,6, 12} {8,10,2,4} {16,17,0,3}
(1,12, 18, 19}

Each of the first three rows forms a parallel class. The last block covers the four residues
modulo 4, hence gives a parallel class by adding 4 modulo 20. O

Lemma 3.2 There exists an RH(47).

Proof Let the point set be Z»g, and the group set be {{j, j +7,j + 14,j + 21} : j =
0,1,---,6}. We list the base blocks as follows, each of which is developed by adding 2
modulo 28:

(3,7,11,23} {27,9,15,17} {13,14,19,1} {2,4,10,20} {18,22, 26, 6}
(24,0,5,16) {8, 12,21,25)

{0,1,9,12}  {21,25,2,10} {18,20,5, 14} {22,24,27,4} {13,15,17,23}
{16,19,7,8} {26,3,6,11}

(3,6,18,21} {8,9,19,24} {20,5,7,11} {10,15,16,0} {4, 14,17, 1}
{25,2,12, 13} {22,23,26,27}

(2,4,6,24}  {1,5,7,23}  {9,12,20,21} {16,18,22,0} (3,8, 11,13}
(10,15, 19, 27} {14, 17, 25, 26}

(3,4,7,8)  {21,26,2,13) {22,23,24,25} {14, 17,20, 11} {18, 19,0, 9}
{27,1,10,12} {16,5,6,15}

2,7,13,24)  {(5,7,22,24) {7,12,13,18} {12,18,21,27} {13, 15, 16, 18}

The seven blocks in the ith and (i 4 1)th rows form a parallel class foreachi =1, 3,5, 7, 9.
Each block of the last row covers the four residues modulo 4, hence gives a parallel class by
adding 4 modulo 28. O

Lemma 3.3 There exists an RHF4(3° : 2).

Proof We first construct an HF, (3% : 2) on Z3p U {00y, . . ., 003}, with groups G’j ={j,j+
15},j=0,1,...,14, G’oo,, = {00, 0042}, 1 = 0, 1, five holes F] = {G/, G;+5, G:'-Ho} U
S’.i =0,1,...,4 and a common hole §' = {GZ,OO, Gy, ). We list below the set of base

blocks B = A U ©, which will be developed under the automorphism group («’), where
o' =(0123...2829).

A:{0,1,13,22}{0,3,4,7} {0, 14,16, 27} {0, 6, 18, 19}
{0,3,6,24} {0,19,21,22}{0,1,2,8} {0, 11,19,27}

{0,2,29, 000} {0,4,22, 000} {0,7, 16,000} {0,6, 17,000}
{0,3,12, 001} {0,2,24,001} {0, 16,29, 001} {0,4, 11, co1}
{0, 19, 28, 002} {0, 13,27, 002} {0, 8, 26, 002} {0, 6,7, 002}
{0,3,9, 003} {0,22,29, 003} {0, 14, 26, 003} {0, 11, 13, 003}

©:{0,2,18,28) {0,5,14,18) {0,1,14,19} {0,2,25,27)
{0,3,8,25}  {0,7,12,28} {0,7,14,25} {0,1,6,25}
{0,10, 19,26} {0,9,10,29} {0, 12,20,22} {0,6, 16,22}
{0,3,20,23} {0,21,25,26} {0,7,17,24} {0, 10,21, 28}
(0,20, 24,26} {0,13,17,21}
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For each block B = {a, b, ¢, d} € B/, construct an RH(2*) with group set {{x,x} : x €
B}, where x’ = x +30 when x € Z3) or x’ = 00,44 when x = o00;, and block set Apg having
a resolution Pg(1) = {{a, b,c,d}, {d’,b’,c',d"}}, Pg(2) = {{a,b,c,d'},{d’, b, c,d}},
Pg(3) = {{a,b',c,d'},{a’,b,c',d}}, Pg(4) = {{a,b',c’,d},{d’,b,c,d'}}. Let B =
UpepAg. It is clear that B is the set of base blocks of an HF4(3° : 2) on X =
Zeo U {00, ..., 007} with the group set G; = {j + 15k : 0 < k < 3},j = 0,1,
<o, 14, Gog; = {o0iqok 1 0 < k < 3},i = 0,1, five holes F; = {G;, Giys, Giti0} U
S,i € Zs, a common hole § = {Gy, G} and an automorphism group («), where
a=(0123...2829)(30313233...58 59). Now, we need to give the resolution. The
design should contain 16 x 30 parallel classes on X and 8 x 4 partial parallel classes on
X\(UgeF, G) foreachi € Zs.

Note that each block B € A covers all but one, say j, distinct residues modulo 5. Then for
eachi € {1, 2,3,4}andafixeds € Zs, Pp(i) gives a partial parallel class on X\(Uger;,,G)
when developed by the automorphisms {a>*** : k € Zg}. That is, Upca.Ap gives 32 partial
parallel classes on X \(Ugcr, G) for each i € Zs when developed under (o).

Then we shift each block B € Ugcg.Ap by a suitable automorphism «p € (o). The
result is listed below, where the blocks in each of the four consecutive rows, namely the ith,
(i + Dth, (i +2)thand (i + 3)throws fori € {4k +1:k=0,1,..., 15}, form a parallel
class.

{1,37,38, 000} {3,44,46, 003} {6,40,28, 004} {34,7,16,00s} {32,8,9, 006}
(30, 11, 13, 007} {31, 36, 45,49} {35, 10,19, 53} {15,20,59,33} {57,29,52,24}
(18,51,26,43) {47,50,25,12} {55,27, 54, c0p} {17,48,23,42} {4,41,21,58}
(39,22,56,0} {2,5, 14, 001}

(32,6,24, 004} {2,5,44,005) {3,9,40, 006} {8,19,51,007} {35,10,49,23}
(11,46, 55,29} {33,38,17,21} {57,28,41,16} {12,13,48,37} {59,39, 18,25}
(36,43,20,1} {0,4,22,000) {56,30,7,001} {26,45,54, 005} {50,27, 34,15}
(52,53,58,47) (31,42, 14, 003}

(55,26,9,44) {10,12,5,7)  {54,57, 14,17} {13, 49,30, oo} {4, 46, 24, 56}
(37,43,23,29) {52,25,31, 003} {45, 48,27, 001} {33, 39, 50, 004} {8, 20, 28, 0}
(19,35, 18, 005} {51, 59, 47, 006} {2, 40, 58, 002} {42, 15,21, 007} {36, 38, 1, 3}
(34,11, 16,32} {22,53,6,41)

{1,15,27, 003} {32,39, 48, co4) {34, 36, 58, 0os} {40, 59, 38, 006} {51, 35, 47, 007}
{2,3,16,21}  {10,41,54,29} {17,49, 12,44} {53,25, 18,50} {56,5,6,55}
{7,20,24,28} {9,52,26,30} {14, 46,43, 000} {0,4, 11,001} {45,22,57, 13}
{23,33,42,19) {31,37, 8, 002}

(45,28, 12, 006} {52, 58, 38,44} {39,25,8, 005} {43,19,29,35} (4,41, 16,32}
(21,27,7,13}  {53,0,10,47} {33,9,50, c0p} {15,22,59,40} {55,17, 54, 003}
{1,34,51,24} {23,56,31,18) {49,5,48, 001} {3,46,30, 002} {42, 14,11, 004}
{57,6,37,26) {36,20,2, 007}

(51,58,33,49) {50,42, 19, 003} {8, 40,2, 005} {20, 57, 36, o0p} {48, 24, 34, 10}
(31,11,22,59} {3,6,53,56)  {43,46,52, 007} {4,44,23,30} {0, 37, 14,55}
(17,25, 13, 000} {27,29, 21, 001} {32,9, 18, 004} {16, 54, 12, 00} {1, 38, 45, 26)
(7,47,28,35)  {15,5,39,41}

(17,20,25, 12} {2,53,27,58} {30, 34,22, cop} {44, 47, 23, 003} {37,9, 1, cos}
{18,21,56,43} {3,46,50,24} (26,59, 16,49} {5,36,41,0}  {38,45,55,32}
[48,39, 13, 14} {6,19,33, 006} (28,31,40, 001} {10,29,8, 002} {52, 54,51, 004}
(15,57,35,7)  {42,4, 11, 007}

(24, 1,40, 004} {10,30,4,36} {33,6,53,26} {11,0,39, 006} {59,32,49,52}
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(54,8, 50, 003}
(5, 38, 14, 007}
(35, 25,29, 31}
{0,7, 12,28}

(16,18, 41,43} {56,42, 55, cos} {46, 48, 15, 0o} {47, 21, 58, 001}
{19,22,9,12} {7,28,2,3}  {20,27,37,44} {57,17,51,23}
{45, 34, 13, 002}

(23,55, 47, 001} {18, 58, 39, 16}

(34,44, 53,30} (20,33, 17, 006}

{41,21,32,9}  {31,11,50,27) {24,4,45,52} {19,29,8,15} {22,36,48, 003}
{40, 42, 35,37} {13,26, 10, 002} {57,3, 14, 004} {25,59, 6,005} {2,54, 1, 007}
{43,146, 51,38} {49, 56,5, 000}

(16, 18, 40, 005} {23,9,22, 001} {49,56, 1,17} {41,54,8, 005} {31,5,53, 000}
{10,2,39, 007} {55,3,21, 006} {52,4,12,44} {45,57,35,37} {15,28,32,36}
(51,42,46,47) {14,6, 13,003} {27,59,26, cos} {48, 19, 24,43} {38, 20, 58, 0}

{34,25,29,30} {50,33,7,11}
(36,25, 4, 006} {8, 11,17, 003}
[47,19, 41, 001} {28, 34, 44, 20}

{30, 50, 54, 56}
(32,45, 49, 53}

{21, 58, 38, 15} {27, 29, 26, oop}
{43, 35,42, co7} {40, 23, 37, 002}

(24,31, 10, 004} {51,22,57,16} {0,6,46,52)  {48,1,5,39} (33,7, 14, cos}
{59,9,18,55) {3,12,13,2}
(27,36,37,26} {23,30,35,21} {39,47,5, 002} {46,32, 15, 001} {53, 54,29, 18}

{57,34,41,52} {59,43,25, 003} {16, 2,45, 005} {40, 50, 1, 8} {19, 55, 6, 004}

{7,17,56,33}) {3,9,20,000) (31,44, 58, 0o} {10, 13,49, co7} {4, 24, 28, 0}
(48,38, 12, 14} {42,51,22, 11}
{0,34,52, 000} {30,3,42, 001} {1,7,8,002} {2,13,15, 003} {31,35,53, 004}

{33, 36, 45, cos} {32, 38, 39, oo} {44, 55,57, oo7} {24, 26, 12,22} {18, 50, 6, 46}

(56,28, 14,54} {41,43,29,9) {19,21,37,47} {49,58,59,48} {11,20,51,40}
(25,5,16,23) {10, 17,27, 4}

{0,7,16, 000}  {30,32,24, 001} {33,9,40, 002} {31, 12,44, 003} {1, 5, 53, 004}

(2,35, 14, 005} {3,39, 10, 006} {15, 56,28, co7} {50, 52, 38,48} {55,27,43,23}
{19,51,37,17) {8,13,22,26) {6,41,20,54} {58,59,42,47} {4,11, 18,29}

(36,46, 57,34} (25,45, 49,21}

(30,7, 46, 000} {0,34,41,001) {31,20,59, 002} {3,36,42, 003} {2, 8,49, cos}

{43, 47, 54, 00s) {1,9, 57, 006}
(37,14,21,32} {24,33,4,53)

(29,13, 55, 007} {38, 39, 22, 27}

{50, 23, 28, 45)

{10, 11, 16, 5}

{6, 18,56,58} {19,40, 44, 15}

(26, 17,51,52} {48,25,35, 12}

{30, 36, 17, 00p} {0,46,59, 001} (51,29, 47, c0s} {5, 57, 34, 003}
(3,7,44, 005} {16,35, 14, 006} (23,37, 19, 007} {24, 25, 38, 43}
{53,26,31, 18} {27,4,39,55) {48,21,8,41} {50,32, 10, 12}
(54, 15,49, 20} {45,52,2,9}

{11, 13, 40, 004}
(1,33, 56, 28)
(6,42, 22,58}

As a corollary of the Tripling Construction III, we obtain

Theorem 3.4 If there exists a constant M > 6, such that for everyn = 1,2 (mod 3) in the
range M < n < 3M, there exists an IRH(4" : 417), then for every n = 1,2 (mod 3) and
n > M, there exists an IRH(4" : 417).

Proof First, we claim that there exists an IRH(4!7 : 4%) foreach s € {1,2, 4, 5, 7}. Applying
the Tripling Construction III with (n, s) = (7, 2) and an RH(47) in Lemma 3.2, we obtain
an RH(4'7), an IRH(4!7 : 4%) and an IRH4!7 : 47). An IRH4!7 : 4°) can be constructed
by applying Theorem 2.5 with an RHF4(3% : 2) in Lemma 3.3 and an RH(4°) in Lemma 3.1.
The designs with a hole of sizes 1 or 2 are actually an RH(4'7).

The above statement yields that the existence of an IRH(4" : 417y implies the existence
of an IRH(4" : 4%) for all s € {1,2,4,5,7,17}. We proceed the proof by induction.
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Let n > 3M and n = 1,2 (mod 3). Assume that for each ', M < n’ < n,n’ =
1,2 (mod 3), there exists an IRH(4"/ : 417). Write n = 3m — 2s, where s =7,5,1,17,4,2
when n = 1,2,4,5,7,8 (mod 9), respectively. It is easy to check that M < m < n,
m = 1,2 (mod 3). Applying the Tripling Construction III, the conclusion then follows. 0O

Lemma 3.5 For each integer n = 1,2 (mod 3),n > 4 and n ¢ {73, 149, 181, 599}, there
exists an RH(4").

Proof Let L be the list of pairs (n, s) such that an IRH(4" : 4%) is known. For every two
pairs (n, s) and (', s’), define (n,s) < (n',s') if n < n'or,n = n’ and s < s'. We will
compute the output of the Tripling Constructions I, IT and III, the Doubling Construction and
the Product Construction by a computer programme, which involves the following steps:

Step 1: Initialize L. Let L = {(4, 1), (4,2), (5, 1), (5,2), (7, 1), (7,2), (13, 1), (13, 2),
(13,5), (19, 1), (19, 2), (41, 1), (41, 2)}. The designs with 13 groups can be con-
structed by applying Tripling Construction III with (n, s) = (5, 1). The designs
with 19 or 41 groups are constructed directly based on the corresponding block
sets appeared in [2, Lemmas 5.4 and 5.2]. In order to save space, we post these
two designs on the new results website for Handbook of Combinatorial Designs
[18] maintained by Professor Jeff Dinitz of the University of Vermont. Sort L in
ascending order. Let (n, s) be the smallest pair in L.

Step 2:  Check whether (n, s) satisfies Tripling Construction III’s condition, i.e., n =
2s (mod 3) and (n, s) # (5,1). If not, go to Step 3. If yes, update L by add-
ing pairs (3n — 2s, n), (3n — 2s,4) and (3n — 2s, k) for all k such that (n, k) € L.
Sort the updated L in ascending order, then go to Step 4.

Step 3:  Check whether n —s = 0 (mod 3). If not, go to Step 4. If yes, writen —s = 3" -1,
suchthat? > sand3 tf,ors < ¢ < 3sand3|r. Check whether (+s, ) satisfies Tri-
pling Construction III’s condition, i.e., t +s = 25 (mod 3) and (¢ +s, s) # (5, 1),
or Tripling Construction II’s condition, i.e., t = 0 (mod 3) and 9s > 5¢. If yes,
update L by adding pairs (3n —2s, n) and (3n —2s, k) for all k such that (n, k) € L.
Furthermore, add (3n — 2s,4) into L if (¢ + s, s) satisfies Tripling Construction
III’s condition. Sort the updated L in ascending order, then go to Step 4.

Step 4:  Apply the Doubling Construction and the Product Construction. Update L by add-
ing the pair (2n, k) for all k such that (n, k) € L. For each m such that (m, 1) € L,
update L by adding pairs (mn, n), (mn, m) and (mn, k) forall k such that (n, k) € L
or (m, k) € L.Sortthe updated L in ascending order. Let (n, s) be the next smallest
pair in the updated L, then go to Step 2.

The programme was run with n < 2000 and s < 64, and produced two results as follows:

Result 1:  Foreachn = 1,2 (mod 3) and 4 < n < 1285, there exists an RH(4"") with four
possible exceptions {73, 149, 181, 599}.
Result 2:  There exists an IRH(4" : 417) foralln = 1, 2 (mod 3) and 1285 < n < 3855.

By Theorem 3.4, there exists an IRH(4" : 417) for all n = 1,2 (mod 3) and n > 1285.
Hence there exists an RH(4") by Theorem 2.5. This completes the proof. O

Lemma 3.6 There exists an RH(4") for each n € {181, 599}.

Proof For n = 181, there exists an RCQS(1!3 : 1) obtained from an RSQS(16). By
Theorem 2.15, there exists an RHF4(43 : 1), thus an RHF4(123 : 1) exists by Tripling
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Construction I. Applying Theorem 2.4 with an RH(48%) and an RCQS(1" : 1), we get an
RHF4 (123 : 1). Then applying Theorem 2.5 with an RH(413), we obtain an RH(4!81).

For n = 599, there exists an RCQS(17 : 1) obtained from an RSQS(8). By Theo-
rem 2.15, there exists an RHF4(85° : 4). Applying Theorem 2.4 with the RCQS( 17 : 1), the
RHF4(85% : 4) and an RH(340%), we get an RHF, (857 : 4). Applying Theorem 2.5 with an
IRH(@4% : 4% gives the desired RH(4°%9). Here, the input IRH(4% : 4%) can be constructed
by applying Tripling Construction III with (1, s) = (31, 2) and an RH(43!). O

Combining Lemmas 3.5 and 3.6, we obtain the main result in this section.

Theorem 3.7 The necessary conditions n = 1 or 2 (mod 3) and n > 4 for the existence
of an RH(4") are sufficient except possibly for n € {73, 149}.

4 Conclusions

The existence problem for resolvable Steiner quadruple systems is a challenging one in com-
binatorial designs theory. A complete solution was obtained by a joint effort of Hartman [8,9]
and Ji and Zhu [12] over twenty years long. In this section, we will provide an alternative
existence proof for resolvable SQS(v)s. This new proof is beneficial not only from the tripling
constructions, but also from the Group Halving Construction developed in this paper.

First, we establish the existence result of resolvable H-designs with group size 2. As a
corollary of Theorem 3.7, we have the following result by the Group Halving Construction.

Lemma 4.1 There exists an RH(2") for eachn = 2,4 (mod 6) and n ¢ {146, 298}.
Lemma 4.2 There exists an RH(2'%°) and an RH(2%%%).

Proof An RH(2'46) was constructed in [12]. For RH(22%®), there exists an RHF,(13 : 1)
which is actually an RH(2*). By the Tripling Construction I, there is an RHF,(9? : 1) and
an RHF,(273 : 1). Applying Theorem 2.4 with an RCQS(3> : 1) from Theorem 2.3, an
RHF>(93 : 1) and an RH(18%), we get an RHF,(27° : 1). Start from an URCS(1'! : 1) with
block sizes k € {4, 6}, which is obtained from an RG(62) (see [16]). Applying Theorem 2.4
again with an RHF» (27! : 1) and an RH(54%) for k € {4, 6}, we get an RHF, (27! : 1).
Applying Theorem 2.5 with an RH(22%), we get an RH(22%%). Here, the input RH(54%) can
be obtained from an RH(6°) (see [16]) by applying the Weighting Construction with m = 9.

O

Combining Lemmas 4.1 and 4.2, we obtain

Theorem 4.3 The necessary conditions n = 2 or 4 (mod 6) and n > 4 for the existence
of an RH(2") are also sufficient.

As a consequence of Theorem 4.3, we have the following corollary by the Group Halving
Construction.

Corollary 4.4 The necessary condition v = 4 or8 (mod 12) for the existence of an
RSQS(v) is also sufficient.

As the other consequence of Theorem 4.3, we reestablish the existence result for resolv-
able H-designs with group size 6. The following construction was proved in [16], which is
similar to but much stronger than the Product Construction in Theorem 2.6.

Lemma 4.5 Suppose that there exist both an RH(g*") and an RH(g>"). Then there exists an
RH(gz’“).
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Theorem 4.6 There exists an RH(6") for each n = 0 (mod 2) and n > 4.

Proof For each n = 2 or4 (mod 6) and n > 4, there exists an RH(6") by applying the
Weighting Construction with an RH(2") from Theorem 4.3 and m = 3.

For n = 6, there exists an RH(6°) [16]. For each n = 6k and h > 2, the proof proceeds
by induction. Assume that for each n’ = 0 (mod 6) and n’ < n, there exists an RH(6”/).
Thus there exists an RH(6%) for each k = 0 (mod 2) and k < n. By Lemma 4.5, an RH(6")
exists since there exists an RH(6°) and an RH(6%"). ]

As a corollary of Theorem 4.6, we have the following result by the Group Halving Con-
struction.

Theorem 4.7 The necessary conditions n = 0 (mod 4) and n > 4 for the existence of an
RH(3") are also sufficient.

According to the necessary conditions for the existence of an RH(g") and by the Weight-
ing Construction, the general existence problem of RH(g") depends on the solution of the
following six cases, which have been listed in [16]:

(1) g=1landn =4,8 (mod 12),
(2) g=2andn = 2,4 (mod 6),
(3) g=3andn =0 (mod 4),
4) g=4andn=1,2 (mod 3),
(5) g=6andn =0 (mod 2),

(6) g=12andn € N.

For Case (1), an RH(1") is actually an RSQS (1), whose existence has been solved completely
[9,12]. For Cases (2) and (4), the existence of RH(2"*) and RH(4") were studied in this paper.
For Cases (3) and (5), the existence of RH(g") was established in Theorems 4.7 and 4.6,
respectively. Hence, the whole problem can be reduced to the odd orders of n in Case (6) and
the two remaining orders of n = 73, 149 in Case (4), which will be an interesting topic for
further investigation. Now, Theorem 1.1 can be updated as follows.

Theorem 4.8 The necessary conditions gn = 0 (mod 4), g(n — 1)(n — 2) = 0 (mod 3)
and n > 4 for the existence of a resolvable H-design of type g" are also sufficient for each
g=1,2,3,5,6,7,9,10, 11 (mod 12), and also sufficient for each g = 4, 8 (mod 12) with
two possible exceptions n = 73, 149.

As an application of the above existence result of resolvable H-designs, we give a complete
solution to the existence problem of resolvable G-designs.

A G-design of order v with block sizes from K, denoted by G (¢, K, v), is atriple (X, G, A)
that satisfies the following properties:

(1) X is aset of v elements;

3) G ={G1, Gy, ...} is aset of nonempty subsets of X, which partition X;

(4) Ais afamily of subsets of X, each of cardinality from K;

(5) every t-subset T of X with |T N G;| < t, for all i, is contained in a unique block, and
no ¢-subset of G;, for any i, is contained in any block.

The type of the G(¢, K, v) is defined as the list (|G||G € G). In this paper, we denote
a G(3, {4}, v) of type g" by G(g") for short. Recently, Zhuralev et al. [17] investigated the
existence of such designs (called group divisible Steiner quadruple systems as in [17]). A
table was provided that includes existence results when the number of points is not more than
24. They also proved the following theorem in [17].
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Theorem 4.9 There exists a G(g") ifand only if g = 1 and n = 2o0r4 (mod 6), or g is
even and g(n — 1)(n —2) = 0 (mod 3).

A G(g") is said to be resolvable, denoted by RG(g"), if its block set can be partitioned
into parallel classes. It is clear that the necessary conditions for the existence of an RG(g")
are g =landn =4 or 8§ (mod 12), or giseven, gn =0 (mod 4) and g(n — 1)(n —2) =
0 (mod 3). The following lemma was proved in [16].

Lemma 4.10 [16] If there exists an RH(g?') with g even, then there exist both an RG((2g)")
and an RG(g%).

Lemma 4.11 [f there exists an RG(g"), then there exists an RG((2mg)") for any positive
integer m.

Proof Let (X, G, B) be the given RG(g") with G = {G, G2, ..., G,} and B having a reso-
lution P;, 1 <i <r,wherer = ((gn—1)(gn —2) — (g —1)(g —2))/6.Let X' = X X Zo,
and G;( = Gj X Zom, 1 < k < n. We will construct an RG((2mg)™) on X’ with group set
G ={G,:1<k=<n).

For each block B € B, construct an RH((2m)*) on B x Z,, with group set {{x} x Zy, :
x € B} and block set .Ap having resolution classes Pp(j), 1 < j < 2m)2.

Let I" be a multi-partite complete graph on the vertex set X with partite set G. Denote its
edge set by E. Then E is the block set of a GDD(2, 2, gn) of type g on X with group set G.
Since an RG(g") exists, gn is even. There exists a resolvable GDD(2, 2, gn) of type g" by
[3],i.e., E has aresolution {Q; : 1 <i < g(n — 1)} on X.

Foreachx € X,let 7* = {F", ..., I3, _,} be a one-factorization of the complete graph
on {x} X Zy,. For each edge {x, y} € E, let

Eeyy = a b,c,d) - {a, b} € Ff {e,dy € Fl, 1 <k <2m —1}.

Then C = (Upep AB) U(U{x’y}eE E(x,y)) is the block set of the required G((2mg)"). We
need to give its required resolution classes.

Foreach P;,1 <i <, Pl.’,j = UBeP,- Pg(j) is a parallel class of X', where 1 < j <
(2m)>.

For each Q;,1 < i < g(n — 1), and for each pair of k,/ with 1 < k < 2m — 1 and
0<l<m-—1,

Q:.,k,l = U {{a, b, c,d} : where {a, b} is the jth member of F}| and
(x.y}eQ;
{c.d} is the (j + [)th member of F}, 1 < j < m}

is a parallel class of X’.
Thus we obtain an RG((2mg)™). O

We close this section by the following theorem.

Theorem 4.12 The necessary conditions g = 1 and n = 4 or 8 (mod 12), or g is even,
gn =0 (mod 4) and g(n — 1)(n — 2) = 0 (mod 3) for the existence of an RG(g") are also
sufficient.

Proof According to the necessary conditions for the existence of an RG(g"), we partition
the parameters into seven classes as follows:
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(1) g=1landn =4,8 (mod 12),

(2) g=2(mod 12)andn = 2,4 (mod 6),
(3) g=4(mod 12) andn = 1,2 (mod 3),
(4) g=6(mod 12) and n = 0 (mod 2),

(5) g=8(mod 12) andn = 1,2 (mod 3),
(6) g=10(mod 12) andn = 2,4 (mod 6),
(7) g=0(mod 12)andn € N.

For Case (1), an RG(1") is actually an RSQS (), whose existence has been solved completely
[9,12]. For Cases (2), (4) and (6), an RG(g") can be obtained by applying Lemma 4.10 with
an RH(g"). For Cases (3), (5) and (7), we continue to partition them into two subcases (A)
g = 4,20, 12 (mod 24) and (B) g = 16, 8,0 (mod 24). For Subcase (A), an RG(g") can
be obtained by applying Lemma 4.10 with an RH((g/2)*"). For Subcase (B), the existence
of an RG(g") can be obtained by applying Lemma 4.11 with an RG(4") or an RG(12"). O

Acknowledgments The authors thank the two anonymous referees for their helpful comments. They also
thank Professor Zhu Lie and Dr. Ji Lijun of Suzhou University for their important suggestions on this problem
and Professor Jeff Dinitz of the University of Vermont for posting two small resolvable H-designs on the new
results website for Handbook of Combinatorial Designs, Second Edition. Research supported by the National
Outstanding Youth Science Foundation of China under Grant No. 10825103, National Natural Science Foun-
dation of China under Grant No. 10771193, Specialized Research Fund for the Doctoral Program of Higher
Education, Program for New Century Excellent Talents in University, and Zhejiang Provincial Natural Science
Foundation of China under Grant No. D7080064.

References

Booth T.R.: A resolvable quadruple system of order 20. Ars Combin. 5, 121-125 (1978).
. Cao H., Ji L., Zhu L.: Construction for generalized Steiner systems. Des. Codes Cryptogr. 45 185-197
(2007).
3. Colbourn C.J., Dinitz J.H.: CRC Handbook of Combinatorial Designs. CRC Press Inc., Boca Raton
(2007).
4. Greenwell D.L., Lindner C.C.: Some remarks on resolvable quadruple systems. Ars Combin. 6, 215-221
(1978).
Hanani H.: On quadruple systems. Canad. J. Math. 12, 145-157 (1960).
Hartman A.: Resolvable Steiner quadruple systems. Ars Combin. 9, 263-273 (1980).
Hartman A.: Kirkman’s trombone player problem. Ars Combin. 10, 19-26 (1980).
Hartman A.: Tripling quadruple systems. Ars Combin. 10, 255-309 (1980).
Hartman A.: The existence of resolvable Steiner quadruple systems. J. Combin. Theory Ser. A 44, 182-206
(1987).
10. Hartman A., Mills W.H., Mullin R.C.: Covering triples by quadruple: an asymptotic solution. J. Combin.
Theory Ser. A 41, 117-138 (1986).
11. JiL.: An improvement on H design. J. Combin. Des. 17, 25-35 (2009).
12. Ji L., Zhu L.: Resolvable Steiner quadruple systems for the last 23 orders. SIAM J. Discrete Math. 19,
420-430 (2005).
13. Meng Z., Ji L., Du B.: Uniformly resolvable three-wise balanced designs with block sizes four and six.
Discrete Math. (to appear). doi:10.1016/j.disc.2009.06.015.
14. Mills W.H.: On the existence of H designs. Congr. Numer. 79, 129-141 (1990).
15. Stern G., Lenz H.: Steiner triple systems with given subspaces, another proof of the Doyen—Wilson
Theorem. Boll. Unione Mat. Ital. (5) 17-A, 109-114 (1980).
16. Zhang X., Ge G.: Maximal resolvable packings and minimal resolvable coverings of triples by quadruples.
J. Combin. Des. (to appear). doi:10.1002/jcd.20234.
17. Zhuralev A.A., Keranen M.S., Kreher D.L.: Small group divisiable Steiner quadruple systems. Electron.
J. Combin. 15 (2008), no. 1, Research paper 40, 14 pp.
18. http://www.emba.uvm.edu/~dinitz/hcd/Appendix_ZG.pdf.

o —

O XN

@ Springer


http://dx.doi.org/10.1016/j.disc.2009.06.015
http://dx.doi.org/10.1002/jcd.20234
http://www.emba.uvm.edu/~dinitz/hcd/Appendix_ZG.pdf

	Existence of resolvable H-designs with group sizes2, 3, 4 and 6
	Abstract
	1 Introduction
	2 Recursive constructions
	2.1 Standard recursive constructions
	2.2 Product construction and group halving construction
	2.3 Three tripling constructions
	2.4 Construction of resolvable B4-pairings

	3 Existence of RH(4n)
	4 Conclusions
	Acknowledgments
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /Description <<
    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [5952.756 8418.897]
>> setpagedevice


