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Abstract An H-designis said to be (1, @)-resolvable, if its block set can be partitioned into
a-parallel classes, each of which contains every point of the design exactly « times. When
o = 1, a (1, a)-resolvable H-design of type g" is simply called a resolvable H-design and
denoted by RH(g"), for which the general existence problem has been determined leaving
mainly the case of g = 0 (mod 12) open. When o = 2, a (1, 2)-RH(1") is usually called a
(1, 2)-resolvable Steiner quadruple system of order n, for which the existence problem is far
from complete. In this paper, we consider these two outstanding problems. First, we prove
that an RH(12") exists for all n > 4 with a small number of possible exceptions. Next, we
give a near complete solution to the existence problem of (1, 2)-resolvable H-designs with
group size 2. As a consequence, we obtain a near complete solution to the above two open
problems.

Keywords (1, @)-resolvable - Candelabra ¢-systems - H-designs - H-frames -
Steiner systems
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1 Introduction

Let v be a non-negative integer, ¢ be a positive integer and K be a set of positive integers. A
group divisible t-design of order v with block sizes from K, denoted by GDD(z, K, v), is a
triple (X, G, B) such that
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(1) X is a set of v elements (called points);

(2) G ={Gy, G, ...}isasetof nonempty subsets (called groups) of X which partition X;

(3) B is a family of transverses (called blocks) of G, each of cardinality from K, where a
transverse is a subset of X intersects any given group in at most one point;

(4) every t-element transverse T of G is contained in a unique block.

The type of the GDD(z, K, v) is defined as the list (|G||G € G). If a GDD has n; groups of
size gi, 1 < i < r, then we use the notation g}'g5”...g " to denote the group type. Mills
in [8] used H(n, g, k, t) design to denote the GDD(z, k, ng) of type g". In this paper, we use
H(g|'g5> ... &) to denote the GDD(3,4, > n;g;) of type g|'g5* ... g " for short.

For the existence of H(g"), Mills [8] showed that for n > 3,n # 5, an H(g") exists if
and only if ng is even and g(n — 1)(n — 2) is divisible by 3, and that for n = 5, an H(g5)
exists if g is divisible by 4 or 6. Recently, Ji [5] improved these results by showing that an
H(g>) exists whenever g is even, g # 2 and g # 10, 26 (mod 48). When g = 1, an H(1") is
normally called a Steiner quadruple system of order n, denoted by SQS(n). It is well known
that an SQS(n) exists if and only if n = 2 or 4 (mod 6) [1].

An H(g") is said to be (1, a)-resolvable, denoted by (1, o)-RH(g"), if its block set can
be partitioned into parts (called «-parallel classes), such that each point of the design occurs
in exactly o blocks in each part.

When o = 1, an a-parallel class is normally called a parallel class and the design is
said to be resolvable. An RH(1") is usually called a resolvable Steiner quadruple system
of order n, denoted by RSQS(n), which exists if and only if n = 4 or 8 (mod 12) [2,6].
For the general existence problem of resolvable H-designs, Zhang and Ge [10,11] recently
studied the existence of RH(g") when g € {2, 3,4, 6}. In [11], the authors concluded that
the existence problem of RH(g") for all admissible parameters was reduced to the two open
cases of n = 3 (mod 6) when g = 12 and n € {73, 149} when g = 4. We summarize these
results as follows:

Theorem 1.1 The necessary conditions gn = 0 (mod 4), g(n —1)(n —2) = 0 (mod 3) and
n > 4 forthe existence ofan RH(g") are sufficient foreachg = 1,2,3,5,6,7,9, 10, 11 (mod
12), and also sufficient for each g = 4, 8 (mod 12) with two possible exceptionsn = 73, 149.

A (1,2)-RH(1") is usually called a (1, 2)-resolvable Steiner quadruple system of order
n, denoted by RSQS(1, 2, n), of which the necessary conditions for the existence are n = 2
or 10 (mod 12). Hartman and Phelps [4] posed a question that: Whether the necessary con-
ditions for the existence of an RSQS(1, 2, n) are also sufficient? Recently, Meng, Ji and Du
[7] proved the nonexistence of an RSQS(1, 2, 10) and the existence of an RSQS(1, 2, n)
when n = 74 (mod 96). They also established a connection between an RSQS(1, 2, 2n) and
a (1,2)-RH(2") as follows.

Theorem 1.2 Ifthere existsa (1, 2)-RH(2") and n is odd, then there exists an RSQS(1, 2, 2n).

Motivated by the above two theorems, in this paper, we will investigate the existence of
resolvable H-designs with group size 12 and (1, 2)-resolvable H-designs with group size
2. The remainder of this paper is organized as follows. In Sect. 2, we will describe several
recursive constructions for (1, «)-resolvable H-designs based on the theory of uniformly
resolvable candelabra systems and (1, «)-resolvable H-frames. In Sect. 3, we first establish
a tripling construction for resolvable H-designs with group size 12, then combining with the
recursive methods in Sect. 2, we give an almost complete solution to the existence problem of
an RH(12"). In Sect. 4, we provide a product construction and two tripling constructions for
(1, 2)-resolvable H-designs with group size 2, then combining with several initial designs,
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we give an almost complete solution to the existence problem of a (1, 2)-RH(2"). As a con-
sequence, we prove that the necessary conditions for the existence of an RSQS(1, 2, n) are
also sufficient with a finite number of possible exceptions, which will be addressed in Sect. 5.

2 Standard recursive constructions

In this section, we shall describe several recursive constructions for (1, a)-resolvable
H-designs.

Lemma 2.1 (Weighting construction) Suppose that there exists a (1, «)-RH(g™). Then there
is a (1, ®)-RH((mg)") for any positive integer m.

Proof Let (X, G, B) be the given (1, «)-RH(g") with group set G = {Go, ..., G,—1} and
block set 5, which has aresolution P(i), 1 <i < (n—1)(n—2) g2 /6. For each positive inte-
germ, we will constructa (1, «)-RH((mg)") on X x Z,,, with groups G; X Z,,;, 0 <i <n—1
as follows.

For each block B € B, construct an RH(m*) on B x Z,,, with group set{{x}x Z,, : x € B}
and block set Ap, which has a resolution Pp(k), 1 < k < m?2. Such a design exists by [6].
Let B' = UgepAp. Then B’ is the block set of the desired (1, @)-RH((mg)"), which has a
resolution Q; x = UgepyPp(k) with 1 <i < (n — 1)(n —2)g?/6aand 1 <k <m?. O

Let s be a non-negative integer. A candelabra t-system (or ¢t-CS) of order v and block
sizes from K, denoted by CS(¢, K, v), is a quadruple (X, S, G, A) that satisfies the following
properties:

(1) X is a set of v elements;

(2) S isan s-subset (called the stem of the candelabra) of X

3) G ={Gy, G, ...}is aset of non-empty subsets of X\ S, which partition X\S;

(4) Ais acollection of subsets of X, each of cardinality from K;

(5) every t-subset T of X with |7 N (S U G;)| < t, for all i, is contained in a unique block
of A, and no #-subset of S U G;, for any i, is contained in any block of .A.

The group type of at-CS (X, S, G, A) is defined as the list (|G||G € G : |S|). Ifar-CS has n;

groups of size g;, 1 <i < r, and stem size s, then we use the notation (g} g5> ... g/ : 5) to
denote the group type. A candelabra system with r = 3 and K = {4} is called a candelabra

ny _np ne ., 5)

quadruple system and denoted by CQS(g, " g,” ... &r

ACS(, K,v)(X, S, G, A) is said to be resolvable, denoted by RCS(t, K, v), if the block
set A can be partitioned into several parts, each being a partition on X (called a parallel class)
or a partition on X\ (G UJS) for some G € G (called a partial parallel class). An RCS(t, K, v)
is called uniform, denoted by URCS(z, K, v) if all the blocks in each resolution class have the
same size. If K = {4}, itis denoted by RCQS, for which the number of parallel classes on X
is ((ZGEQ |G)? — Zceg |G|2)/6 and the number of partial parallel classes on X\ (G U S)
is |G|(|G| + 2|S| — 3)/6 for each G € G.

Lemma 2.2 [7] For each integer n > 2, there exists an RCQS(.’a(Zzn’l)/3 2 1).

For non-negative integers ¢, g, k and ¢, an H(q, g, k, t) frame (as in [3]), denoted by
HF(q, g, k, 1), is a quadruple (X, G, B, F) with the following properties:

1. X isasetof gg points;
2. G={Gy1,Gy,..., Gy} is an equipartition of X into g groups;
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3. Fisafamily {F;} of subsets of G called holes, which is closed under intersections. Hence
each hole F; € F is of the form F; = {G;,, G, ..., G;,}, and if F; and F; are holes
then F; N Fj is also a hole. The number of groups in a hole is its size; and

4. Bis aset of k-element transverses of G with the property that every ¢-element transverse
of G, which is not a 7-element transverse of any hole F; € F is contained in precisely
one block of 5, and no block contains a z-element transverse of any hole.

If an HF(q, g, 4, 3) has n holes of size m + s, which intersect on a common hole of size s,

then we denote such a design by HF(m" : s) with group size g, or shortly by HF, (m" : s). If

an HF(q, g, 4, 3) has only one hole of size s, then we call it an incomplete H-design of type

(g9 : g°%), denoted by IH(g? : g°).

An HF,(m" : s5) (X, G, B, F) with F = {F; : 0 < i < n} and Fj the common hole of
size s is said to be (1, a)-resolvable, denoted by (1, o)-RHF, (m" : ), if its block set can be
partitioned into (nmg?(m+2s —3)+n(n — 1)(mg)?) /6« parts with the following properties:

(1) Foreachhole F;, 1 <i < n, there are exactly mg2 (m + 2s — 3) /6« parts, each being a
partial «-parallel class of X\(UGGFI, G);
(2) There are n(n — 1)(mg)? /6« parts, each being an a-parallel class on X.

An TH(g""* : ¢%) (X, G, B, F) with the only hole F of size s is said to be (1, )-
resolvable, denoted by (1, «)-IRH(g" " : g%), if its block set can be partitioned into (m +
s—1D(m+s— 2)g2/6¢x parts, (s — 1) (s — 2)g2/6¢x of which are partial a-parallel classes of
X\(Uger G),and m(m +2s — 3)g? /6w of which are a-parallel classes on X. When o = 1,
a (1, a)-RHFg (m" : 5) and a (1, a)-IRH(g™ ™S : %) are simply denoted by RHF, (m" : s)
and IRH(g™" : g%), respectively.

The constructions given below are simple extensions of [11, Theorems 2.4 and 2.5].

Theorem 2.3 Suppose that (X, S, T, A)isa3-CS(m" : s)andoo € S. Let K1 = {|A]| : 00 €
AeAland Ky = {|A|:00 ¢ A € A} Iftheree)cistsanHF[g.(tkl_1 :a)foreachk, € K1 and
an H((gt)kz)for each ky € K, then there exists an HF o ((tm)" : t (s — 1) +a). Furthermore,
ifthe 3-CS(m" : s) is uniformly resolvable, and each of the HF (tF1=1 2 a) and the H((g1)*?)
is (1, a)-resolvable, ky € Ky and ky € K3, then the resultant HF ¢ ((tm)" : t(s — 1) +a) is
also (1, a)-resolvable.

Proof Suppose (X, S, T, A)isthe given URCS(m" : s5), whereI" = {G1, ..., G, } and Ahas
aresolution A = (|, -, -, Qi) U Q with each member of Q; being a partial parallel class on
X\(G;US) and each member of Q being a parallel class on X. Define G;_j = {x}x{j}xZ,.
Let X' = ((X\{o0}) x Z; x Zg) U ({oo} X Z, x Z,),G" = {G;’j :x € X\{oo},j €
Z,}U{Ggo’j 1 € Zy}, F ={F; : 0 <i < n}, where Fy = {G;’j cx € S\{oo},j €
Z,}U{Ggo’j 1 j € Zyand Fy = {G;’j :x € Gy, j€ZYUFyforl <i < n.We will
construct a (1, )-RHF, ((trm)" : t(s — 1) 4+ a) on X’ with group set G’ and hole set F.

For each B € A and oo € B, construct a (1, oz)-RHFg(t“‘!”’l T a)on X% = ((B\{oo}) x
Z; x Zg) U ({oo} x Z, x Z,) with group set G, = {G;’j :x € B\{oo},j € Z;}U {G;o,j :
j € Z,} and hole set Fg = {Fy : x € B}, where F, = {G;’j :j € Z;} U Fyo with
Fyo = {G;o’j 1 j € Z,} being the common hole of size a. Denote its block set by Cp,
which has a resolution {Cg(x, j) : x € B\{oo},1 < j < tg%(t + 2a — 3)/6a} U {Cp(]) :
1<l<(B|-1)(B|— 2)(tg)2/6a} with each Cp(x, j) being a partial o-parallel class on
X%\(UGeFX G) and each Cp(l) being an a-parallel class on X'y.

For each B € Aand oo ¢ B, constructa (1, )-RH((g1)!8) on Xy = B x Z; x Z, with
group set G = {{x} x Z; x Z, : x € B} and block set Cp, which can be partitioned into
a-parallel classes Cp(l), 1 <1 < (|B| — 1)(|B| — 2)(tg)2/6¢x.
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H-designs with the properties of resolvability or (1, 2)-resolvability 229

Then A" = |Jpc 4 Cp is the block set of the required design. We need to partition the
blocks into resolution classes.

For each member Q € Q;,1 < i < n, suppose its block size is kg. Then Pp(l) =
UBEQ Cp(l) is a partial o-parallel class of X/\(UGEF,- G)forl <1 < (kg — 1
(ko —2)(t8)*/6a.

Foreachx € Ugep, G, 1 =i < n, Py j = Upeca ooep Co(x, j) is a partial o-parallel
class of X/\(UG€F1' G)forl < j <1tg%(t 4+ 2a — 3)/6a.

For each member Q € Q, suppose its block size is kp. Then P’Q ) = UBEQ Cp(l)is an
a-parallel class of X’ for 1 <1 < (kg — 1)(kg — 2)(tg)*/6a.

Thus we obtain a (1, a)-RHFg ((tm)" : t(s — 1) + a). ]
Theorem 2.4 Suppose that there exists a (1, a)-RHF,(m" : s). If there exists a (1, a)-

IRH(g™** : g%), then there exists a (1, a)-IRH(g"™" S : g"+5). Furthermore, if there is a
(1, c)-RH(g"™5), then there is a (1, a)-RH(g""+*).

3 Resolvable H-designs with group size 12

In this section, we shall study the existence of resolvable H-designs with group size 12.

Theorem 3.1 (Product construction I) [11, Theorem 2.6] If there exist both an RH(g™) and
an RH(g"), then there exists an RH(g™") and an IRH(g™" : g").

A regular graph (V, E) of degree k is said to have a one-factorization if the edge set E
can be partitioned into k parts E = F1|F3|...|Fy so that each F; is a partition of the vertex
set V into pairs. The parts F; are called one-factors.

For x € Z,, we define |x| by

x| = x, if0<x<n/2,
R ifn/2 <x <n.

Forn>2and L C {1,2,...,|n/2]}, define G(n, L) be the regular graph with vertex set
Z, and edge set E given by {x, y} € E ifand only if |[x — y| € L.

The following lemma was stated by Stern and Lenz in [9].

Lemma 3.2 Let L C {1,2,...,n}. Then G(2n, L) has a one-factorization if and only if
2n/gcd(]j, 2n) is even for some j € L.

The concept of a resolvable B4-pairing has been defined in [11] to establish the tripling
construction for resolvable H-designs with group size 4. Here, for resolvable H-designs with
group size 12, a concept of Bj;-pairing is given below.

For non-negative integers n and s, a Bjs-pairing, Bi2(n,s) consists of four subsets
D, Ry, Ry, Ry of Z12(;+) and three subsets PRy, PRy, PRy of Z12(nt5) X Z12(1+s) With
the following properties for each i € {0, 1, 2}:

(1) Cardinality and symmetry conditions

(@ |D|=12s,|R;| = 4n,
(b) D=-D.

(2) Partitioning conditions

(a) PR;is a partition of R; into pairs, thus |PR;| = 2n,
) Zi@+s) = DU Ry U Ry U R;.
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(3) Pairing conditions
LetL; ={lx —y|:{x,y} € PRi}and N ={n+s5,2(n+5s),...,6(n +5)},
(a) NNL; =49,
(®) |Li| = 2n,
(c) the complement G; of the graph G(12(n + s), L; U N) has a one-factorization.

Let So, Si, S, Ro, R1, R» be subsets of Z12(n+s) and P Sy, PSi, PSy be subsets of
Z12(n+s) X Z12(n+s)- A Bip-pairing Bi(n, s) with D, R;, PR;,i € {0, 1,2}, is said to
be resolvable, denoted by RBj2(n,s), if the following properties are satisfied for each
i€{0,1,2}:

(1) Cardinality and symmetry conditions
(©) ISil =4n,|R;| = 2n.
(2) Partitioning conditions

(c) PS; is a partition of S; intogairs, thui|PSi| = 2n,
d) Z12(a4s) =DUR; US;UR; 11 U—R;_;.

(3) Pairing conditions
Let O; ={|x —y|: {x,y} € PS;},

d NNO; =9,
(e) |0;| =2n, L; N O; =, and all members of O; are odd,
(f) the complement G; of the graph G(12(n+s), L; U O; UN) has a one-factorization.

We have the following theorem as in [10,11].

Theorem 3.3 If there exists a B12(n, s), then there exists an HF 5 ((n + $)? 1 5). Further-
more, if the B1y(n, s) is resolvable, then the HF1,((n + $)3 1 5) is resolvable. Moreover, if
k(n+s) € D forallk,0 <k < 11, then the resultant RHF 1, ((n +5)3:9) hasa sub-design
RH(12%).

In order to construct an RBj2(n, s), as in [11], we shall construct a special Bj2(n, s) on
le(”+5)’ D, R;, PR;, with extra subsets A; of Z12(n+s) and PA; of Z12(n+s) X Z12(n+s)
satisfying the following conditions for each i € {0, 1, 2}:

(1) Ri=—R;, A; CR;, |Ai| =2n,
(2) PA; is a partition of A; into pairs. Let Olf ={lx —y|: {x,y} € PA;},

(@) |0!| =n,all O}, 01, O} are disjoint and of odd members,
(b)  (U_y0) NN UWU_ L) = 0.
Thus the Bi2(n, s) is resolvable with S = A} U A>, S| = Ag U (—A»), S = (—Ap) U
(—A1), PSo = PA{UPA,, PS; = PAgU (—PA), PS) = (—PAy) U(—PA}),Ry =
—(Ro\Ao), Ri = R{\Aj and Ry = —(Ry\A»).
The lemma below gives the construction of RBj>(n, s) for any n > 0 and s > 1, where
we list the components D, PR;, PA; for shortor D, PR;, PS;, R; for full, i € {0, 1, 2}.

Lemma 3.4 There exists an RBi»(n, s).

Proof Whenn =0, wetake D = Z1p(445) and R; = S; = R; =@. Whenn > 0,s > 0, the
desired RBj2(n, s) is constructed directly as follows:
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(1) For s odd and n even, let

D={(n+s)j:0<j<11}U{(n+s)i+j:0<i <11,n/241 < j <n/2+s—1},
PRy={{j,—j}:1<j<n/2or5(n+s)+1<j<5n+s)+n/2orn+s+1<
j<n+s+n/2orn+s+n/2+s=<j<2mn+s)—1},

PRy ={{j,—J}:2(n+s)+1 < j <2(n+s)+n/2or2(n+s)+n/2+s < j < 3(n+
s)—lord(n+s)+1 < j <4mn+s)+n/2ord(n+s)+n/2+s < j <S5n+s)—1},
PRy=1{{j,—j}:30n+5)+1<j<3(n+s)+n/20r3(n+s)+n/24s < j <
dn+s)—lorn/24+s<j<n+s—lorSn+s)+n/24+s <j<6n-+s)—1}.
PAy={j,7Tn+s)—j}:1=<j=<n/2}U{{S5t+s)+j,20n+s)—j}:1=

Jj < n/2},

PA ={{2(n+s)+j.5(n+s)—j}: 1 <j<n/2}U{{4(n+s)+j,3(n+s)—j}:
1 <j<n/2},

PAy={B(n+s)+j,4n+s)—j}: 1 <j<n/2}U{{n+s—j,8n+s)+]J:
1 <j=<n/2}}.

(2) For s even and n odd,

2.1) n >3, let
D={(n+j:0<j<I1U{n+9i+j:0<i<Ill<j<
(s—2)2orn+s—(s—2)2<j<n+s—-1}U{n+s)i+6—-2)/2+
IL,(n+s)i'—(—-2)/2-1:i=0,1,2,6,7,8,i’ =4,5,6,10, 11, 12},
PRy = {{j,—Jj} :s/24+1 < j <n+s/2or3n+s)+s/2 <j <
3n+s)+n+s/2—1},

PRy ={{j,—j} :n+s+s/2+1 <j<n+s+n+s/2or5n+s)+s/2 <
J=5(n+s)+n+s/2-1}
PRy={{j,—Jj}:2(n+s)+s/2+1<j<2(n+s)+n+s/2ordn+
S)+s/2<j<4n+s)+n+s/2—1}.

PAo={{s/2+j,n+s/2—j}: 1 <j<m-1D2}u{{Bn+s)+s/2—1+
7, 9(n+s)—s/2—j}: 1 <j<m—1)/2}U{{n+s/2,3(n+s)+n+s/2—2}},
PA ={{(n+s)+s/2+j,5n+s)+n+s/2—j}:1<j<n}

PAy ={{2(n+s)+s/2+ j,4n+s)+n+s/2—j}:1<j<n}

22) n=1,let
D = Zings )£ +9)i +5/2+1):0<i <35),
PRy={{s/2+1,11(s+1)+s/2},{s+1+s/24+1,10(s + 1) +5/2}},
PRy ={{2(s+1)+s/241,9(s+1)+s/2}, {3(s+1+s/2+1, 8(s+1)+s/2}},
PRy = {{4(s+1)+s/241, 7(s+1)+s/2}, {5(s+1)+s/24+1, 6(s+1)+s5/2}}.
PAy={{s/2+1,10(s + 1) + s/2}},

PA ={{2(s+1)+s/2+1,8(s+1)+s5/2}},
PAy={{4s+1)+s/2+1,6(s+1)+5/2}}.

(3) For s even and n even,

(3.1) n > 4, let

D={n+s)j:0<j<11}U{n+s)i+j:0<i<1l,n/24+1<j<
n/2+s—1},
PRy={{j,—j}:1<j<n/2orn/24+s<j<n+s—lor2n+s)+1=<

j<2m+s)+n/2or2(n+s)+n/2+s<j<3n-+s)—1},

PRy ={{j,—j}:n+s+1<j<n+s+n/2orn+s+n/2+s<j<
2m+s)—lorS(n+s)+1<j<5n+s)+n/2orSn+s)+n/2+s <
Jj<6n+s)—1},
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PRy, ={{j,—j}:3(n+s)+1<j <3(m+s)+n/2or3(n+s)+n/2+s <
j<4m+s)—lord(n+s)+1<j <4m+s)+n/2ord(n+s)+n/2+s <
Jj<5(n+s)—1}.

PAy={{j, 12(n+s)—1—j}:1<j<n/2—-1}U{{2(n+s)+ j, 10(n+
)—1—j}:1<j<n/2-13U{{n/2,11(n+s)+n/2—-1},{2(n+s) +
n/2,9(n+s) +n/2 —1}},

PAl={{n+s)+j, 1ln+s)—1—j}:1<j<n/2—-1}U{{50n+s)+
JyIn+s)—1—j}:1<j<n/2-1}U{{(n+s)+n/2,10(n+s)+n/2 —
1}, {5(n+s)+n/2,6(n+s)+n/2—1}},

PA ={{Bn+s)+j,9n+s)—1—j}:1<j<n/2-1}U{{d4n+s)+
J,8n+s)—1—j}:1<j<n2-1}U{{83(n+s)+n/2,8n+s)+n/2—
1}, {4mn+s)+n/2,7n+s) +n/2 — 1}}.

(3.2) s >2evenandn = 2, let

D={Q2+s)i+j:0<i<20r9<i<11,0<j<s+1JU{Q+s)i+]:
3<i<8,0<j<s/2—-2orj=s/24+1ors/24+4=<j<s+1},
PRy={{j,—j}:36s+2)+s5/2—-1<j<3(+2)+s/20r3(s+2)+
$/24+2<j<3(s+2)+s/2+3},

PRy ={{j,—j}:4s+2)+s5/2—1<j<4(s+2)+s/20rd(s+2)+
§/24+2<j<4(s+2)+s/2+3},

PRy ={{j,—j}:5(6+2)+s/2—1<j<506+2)+s/20r5(+2)+
s/242<j<50+2)+s/2+3}.
PAy={{3s+2)+s/2—-1,3(s+2)+s/24+2},{3(s +2) +5/2,9(s +
2) —s/2 = 3}},

PA ={{4(s+2)+5/2—-1,8(s +2) —s/2 =2}, {4(s +2) +5/2+2,8(s +
2) —s/2 =3},

PAy ={{5(+2)+5/2,7(s +2) —s/2 4+ 1}, {5(s +2) +5/2 +2,5(s +
2) 4+ s/2 + 3}}.

(3.3) Fors =2andn = 2, let

D={4i4+j:0<i<20r9<i<11,0<j<3}U{24}\{36},

PRy = {{12, 34}, {13, 36}, {14, 35}, {15, 33}},

PRy = {{16, 30}, {17, 32}, {18, 31}, {19, 29}},

PR, = {{20, 26}, {21, 28}, {22, 27}, {23, 25}}.

PAo={{13,36}, {14,35}},P A1 ={{17,32}, {18,31}}, P A»,={{21,28},{22,27}}.

(4) For s odd and n odd,
(4.1) s >3 0ddand n > 5 odd, let
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D={n+s)j,nm+s5)j+mn+s)/2:0<j<11}U{n+s)i+j:0<i<
11,1 <j<(s—3)/2orn+s—(s—3)/2<j<n+s—1}U{(n+s)i+(s—
3)/2+1, (n+s)i’"—(s—3)/2—1:i=0,1,2,6,7,8,i’ =4,5,6,10, 11, 12},
PRy={{j,—j}:(s=3)/24+2<j<(m+s)/2—1lor(n+s)/2+1=<j <
n+s—(—-3)/2—1lor3(n+s)+(—-3)2+1<j<3n+s)+n+
s)/2—1lor3(n+s)+n+s)2+1<j<4n+s)—(s—3)/2 -2},
PR ={{j,—j}:n+s+(6—-3)/242<j<n+s+n+s)/2—1lorn+s+
(n+s)24+1<j<2(m+s)—(s—=3)/2—1lor5(n+s)+(s—-3)/24+1<j <
S5(n+s)+(n+s)/2—1orS5(n+s)+(n+s)/24+1 < j < 6(n+s)—(s—3)/2-2},
PRy ={{j,—j}:2(n+s)+ (s —=3)/2+2<j<2(n+s)+n+s)/2—
lor2(n+s)+n+s)/2+1<j<3n+s)—(s—3)/2—1ord(n+s)+
(s—=3)2+1<j<d4n+s)+n+s)/2—lordn+s)+m+s)/2+1<
J=<5(n+s)—(s—3)/2-2}.
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PAy ={{s=3)2+1+4+j12n+s)—(s—-3)/2—-2—j}:1<j<
n—=3)/2}U{{3(n+s)+(—-3)/24+j,9Mn+s)—(s—=3)/2—1—j}:1<
J<m-=—D2}Uu{{in+s5)/2—-1,12(n+s) —(n+s5)/2 =2}, 3(n +s) +
n+s5)/2—1,9n+s)— (n+s)/2 —2}},
PAI={{n+s)+6—-3)2+1+j,1l(n+s)—(s—3)/2—-2—j}:1<
Jj<m=3)/2u{{5n+s)+6—-3)/2+j,T7n+s)—(—=3)/2—1—j}:
l1<j<m-01D2lU{{n+s)+n+s5)/2—-1,11n+s) —(n+s5)/2 —
2L, {5(n+s)+m+s)/2—1,7(n+s) — (n+s)/2—2}},
PA ={{2(n+s)+(—-3)/2+1+j,10(n+s)—(s—3)/2—-2—j}:1<
j<m=3)/2u{{dn+s)+6—-3)/2+j,8n+s)—(—=3)/2—1—j}:
I1<j<m-D2}u{2h+s)+n+s)/2—1,10n+5) — (n+5)/2 —
2L {dn+s)+m+5)/2—1,8n+s) — (n+s)/2 —2}}.

42) s=1landn =1 mod 4) and n > 5, let
D={n+1i:0<i<11},
PRy={{j,—j—1}:1<j<m+D)2—lor(n+1)+1 <j < (m+1)+{n+
D2-1U{{j,—j}:m+D/2+1<j<nor(n+1D)+n+1)/24+1<j <
2+ D) -1U{{(n+1)/2,12(n+1) =1}, {n+ D+ (n+1)/2, 11(n+1)—1}},
PRi={{j,—j—1}:2m+D+1<j<2n+1)+m+1)/2—1ord(n+
D+l <j<d4n+)+m+D2—-13U{j,—j}: 2+ D+n+1)/2+1 <
j<3n+1)—lordn+D+n+1/24+1<j<5n+1)—-1}U{{2(n+
D4+m+1/2, 10+ 1) —1}L{dn+ D+ m+1)/2,8(n+ 1) — 1}},
PRy ={{j,—j—1}:3(n+D+1<j<3mn+1)+n+1)/2—1lor5n+
D+1<j<5n+)+m+D2—13U{j,—j}:3m+D+m+1)/2+1 <
J<4m+D—lor5n+D)+m+D2+1<j<6(m+1)—1}U{{3(n+
D4+m+1/2,9n+1)—1}L, {5+ D+ m+1)/2,7n+ 1) — 1}}.
PAy={j,—j—1}:1 <j<m+D2—-1lor(n+1)+1=<j <
m+D+m+1)/2-13U{{n—1,n}},
PAI={{j,—j—-1}: 2+ D+1=<j<2m+1D)+@®m+1)/2—1ord4n+
D+l1<j<dn+D+m+D2-11U{2r+1D)+m+1/2+1,4n+
D+ (n+1)/2}},
PA={{j,—j—1}:3n+1)+1<j<3n+1)+m+1)/2—1or5n+
D+1<j<5n+D+m+D)2—-1}U{Bn+D+m+1)/2,5n+1)+
(n+1)/2+1}}.

(43) s=1andn =3 (mod 4) and n > 5, let
D={n+1i:0=<i=<1l},
PRy ={{j,—j—-1}:2<j=<m+D/2—-lor3n+1)+2=<j<
3n+D)+m+D2—-11U{{j,—j}:m+1)/2+1<j <nor3n+
D+mn+1D)24+1<j<d4mn+1)—1lorj=13n+1)+1}U{(n+
1)/2,12n+1) -2}, {83n+ D)+ m+1)/2,9n + 1) — 2}},
PRi={{j,—j—1}: (n+D)+2 < j < (mn+1)+m+1)/2—1or5n+1)4+2 <
J<5n+D+m+D2-1JU{{j,—j}: m+D+m+1D2+1<j<
2m+ 1) —lor5S(n+ D+ m+1D)/2+1<j<6(m+1)—-1JU{(n+1)+
m+1D/2,11(n+1) =2, {5n+D+n+1)/2,7n+ 1) — 2}},
PRy={{j,—j—1}:2n+D+2<j<2n+1)+m+1)/2—1ordn+
D+2<j<d4n+D)+m+D2—-13U{j,—j}: 2+ D+n+1)/2+1 <
J<3m+1)—lordn+1D)+m+1)/2+1<j=<5n+1)—-11U{{2(n+
D+m+1)/2,10n+1) =2}, {4n+ 1)+ n+1)/2,8n + 1) — 2}}.
PAy={{j,—j—-1}:2<j<@m+1D2—-1lor3n+1)+2<j <
3n+D+m+1)2—13JU{{n—6+J,n—j}:0 < j < 1JU{L,4(n+1)-2}},

@ Springer



234

X. Zhang, G. Ge

PAI={{j,—j—-1}:(n+D+2 < j < (n+1)+m+1)/2—1or5(n+1)+2 <
J<S5n+D)+m+D2-1}U{{n+D)+m+1)/24+j,5n+1)+ n+
D/2+3-j}:0=<j <2},
PA={{j,—j—1}: 2+ 1)+2<j<2n+1)+m+1)/2—1ordn+
D+2<j<4n+D+n+D2-1u{2l+D+n+1)/24+j,4n+
D+m+1)/24+3—-j}:0<j <2}

(4.4) Fors > 1odd and n = 3, let

D={n+s9j:0=<j=1}U{n+si+j:0=<i=<11,3<j<
stU{(n+s)i+j: @, Jj) €{0,1),(0,2),d,1),(1,2),2,1),2,2),9,s +
1),9,s+2),10,s+1),(10,s +2), (11, s + 1), (11, s + 2)}},

PRy ={{j,—jl:s+1<j<s+20r33+s)+1<j<3n+s)+
201383 +s)+s+1<j<3(n+s)+s+2}
PRi={{j,—j}:B+s)+s+1=<j<@B+s)+s+20r53+s)+1=
J<S5(n+s)+20r5@3+s)+s+1=<j<5mn+s)+s+2}

PRy ={{j,—Jj}:2B3+s)+s+1<j<2@B+s)+s+20rd4B3+s)+1<
j<4n+s)+2o0rd4B+s)+s+1<j<4n+s)+s+2}

PAog ={{s+1,3(s+3)+s+2}{s +2,3(s +3)+s+ 1}, {3 +3) +
1,3(s +3) + 2}},

PA ={(+3)+s+1,5(+3)+s+2},{(s+3)+s+2,5(+3)+s+
1} {5(s +3) + 1, 10(s + 3) + 2}},
PAY={{2s+3)+s+ 140 +3)+s+2}, {206 +3)+5s+2,4(s +3) +
s+ 1} {46 +3)+2,9s +3) + 1}

(4.5) Fors =1andn =3, let

D={4i+j:0<i<2o0r9<i=<ll,j=0,2}U{24}\{36},

PRy = {{1,47}, {3,45}, {12, 34}, {13, 36}, {14, 35}, {15, 33}},

PRy = {{9,39}, {11,37}, {16, 30}, {17, 32}, {18, 31}, {19, 29}},

PRy = {{5,43}, {7, 41}, {20, 26}, {21, 28}, {22, 27}, {23, 25}}.

P Ao = {{13,36}, {14, 35}, {3, 12}}, PA; = {{17, 32}, {18, 31}, {11, 30}},
PA; = {{21,28}, {22, 27}, {20, 23}}.

(4.6) Fors >3 oddandn =1, let

D=Zpsip\{E((n+s)i+j):0<i<2,1=<j=<2},

PRy ={{1,11(s + 1) + s}, {2, 11(s + 1) + 5 — 1},
PRi={G+D+1,106+ D +s}{s+1)+2,10(s + 1) +s — 1}},
PRy ={{2(s+ D)4+ 1,9+ 1) +s}, 26+ 1) +2,9s + 1) +s — 1}}.
PAy={{1,2}}, PA; = {{s + 1) + 1, 10(s + 1) + s — 1}},

PA ={26+ D+ 1,9 +1)+s—1}}.

(4.7) Fors =3 andn =1, let

D = Z4\{1,2,5,6,9, 10, 38, 39,42, 43, 46, 47},

PRy = {{5, 6}, {10, 39}}, PRy = {{42, 43}, {9, 46}}, PR>» = {{2, 47}, {1, 38}},
PSy = {{9, 46}, {2,47}}, PS1 = {{5, 38}, {1, 10}}, PS> = {{6, 39}, {42, 43}},
Ro = {9,46), Ry = (38,43}, Ry = {6, 47}.

(4.8) Fors =1andn =1, let
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D =1{0,1,2,3,4,5,12,19, 20,21, 22,23},

PRy={{6,7}, {8, 11}}, PR;={{9, 10}, {13, 18}}, PRy={{14, 17}, {15, 16}},
PSy = {{9, 16}, {10, 15}}, PS; = {{8, 15}, {11, 14}}, PS, = {{6, 13}, {9, 18}},
Ry ={7,8}, Ry = {13, 14}, R, = {6, 7}. o
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Combining Theorem 3.3 and Lemma 3.4, we obtain the following theorem.

Theorem 3.5 Suppose that n > 0 and s > 1. There exists an RHF 12((n + 5)3 : s5). When
(n,s) ¢ {(1,1),(2,2), (3, 1)}, there exists an RHF>((n + $) 1 s) having a sub-design
RH(12%).

Consequently, we have our first tripling construction for resolvable H-designs with group
size 12 as follows.

Corollary 3.6 (Tripling construction I) Let n > 0 and s > 1. If there exists an IRH(12" :
12%), then there exist both an IRH(123"=25 . 12" and an IRH(123"=25 : 125). Furthermore,
if there exists an RH(12™) or an RH(12%), then there exists an RH(123"=25) as well as an
IRH(123"725 : 12%) when (n, s) € {(3, 1), (5, 1), (6, 2)}.

Lemma 3.7 There exists an RH(12") for eachn =0, 1,2,4,5 (mod 6) and n > 4.

Proof Foreachn = 1or2 (mod 3),n > 4 and n € {73, 149}, an RH(12") can be obtained
by applying the Weighting construction with an RH(4") in Theorem 1.1 and m = 3. For
each n = 0 (mod 6) and n > 4, an RH(12") can be obtained by applying the Weighting
construction with an RH(6") in Theorem 1.1 and m = 2.

For the design RH(1273), it can be constructed by applying Tripling construction I with
(n,s) = (25, 1). For the design RH(12!4%), it can be obtained by applying Tripling con-
struction I with (n, s) = (51, 2). Here, the IRH(12°! : 12?) exists by Tripling construction
I with (n,s) = (23,9) and the IRH(1223 : 12°) exists by Tripling construction I with
(n,s) = (9, 2), where an RH(12°) is constructed in the Appendix. ]

Lemma 3.8 There exists an RHF2(3° : 2) and an IRH(12" : 12%) for each (n,s) €
{(13,5), (17, D}.

Proof Let (X, G, B, F) be an RHF4(3° : 2). Such a design was constructed in [11]. Let
X' =Xx273,G ={GxZ3:GeGland F' ={{G x Z3 : G € F}: F € F}. For each
block B € B, construct an RH(3%) on B x Z3 with block set .Ag. Then Upen Ap is the
block set of an RHF»(37 : 2) on X’ with group set ¢’ and hole set F.

An IRH(12"3 : 123) and an IRH(12'7 : 127) can be obtained by applying the Tripling
construction I with (n, s) = (5, 1) and (7, 2), respectively. ]

Lemma 3.9 There exists an IRH(12":12°) for all n = 35 faod 36) and s €
{1,2,4,5,6,7,11,17}.

Proof Foreachn = 36m—1, m > 1, start froma URCS(3, {4, 6}, 12m) of type (1'2"~1 : 1),
which is obtained from an RG(6*") (see [11]). Applying Theorem 2.3 with an RHF > (3%~ ! :
2) and an RH(36%) with k € {4, 6}, we get an RHF, (31271 . 2). Applying Theorem 2.4
with an RH(12%), we get an RH(12") and an IRH(12" : 12°). Here, the input designs
RHF, (31 :2) with k € {4, 6} are from Theorem 3.5 and Lemma 3.8. The designs with a
hole of sizes 1 or 2 are actually an RH(12"). The designs with a hole of sizes 11 or 17 exist
since we input an RHF5 (3! : 2) with k € {4, 6}, respectively when applying Theorem 2.3.
The design with a hole of size 7 exists since there exists an IRH(12!7 : 127) by Lemma 3.8.
For each s € {4, 6}, the design with a hole of size s exists since the input design RH(36%)
with a subdesign RH(12%) exists. ]
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As a corollary of the Tripling construction I, we obtain

Theorem 3.10 [f there exists a constant M > 7, such that for any odd integer n in the range
M < n < 3M, there exists an IRH(12" : 126), then for all odd integer n > M, there exists
an IRH(12" : 129).

Proof Itis clear that the existence of an IRH(12" : 12°) implies the existence of an IRH(12" :
12%) for all s € {1, 2, 6}. We proceed the proof by induction. Let n be an odd integer and
n > 3M. Assume that for all odd n’ in the range M < n’ < n, there exists an IRH(12" : 126).
Writen =3m —2-s,wheres = 1,6,2 whenn =1, 3, 5 (mod 6), respectively. It is simple
to check that m is odd and M < m < n. Then applying Tripling construction I gives the
conclusion. O

Lemma 3.11 For each odd integern > 5 andn ¢ {15, 21,27, 33, 39, 69, 75, 87, 105, 111,
129, 147, 189, 213, 231, 243, 321, 681}, there exists an RH(12™").

Proof Let L be the poset of pairs (n, s) such that an IRH(12" : 12*) is known. For every
two pairs (n, s) and (n/, s’), define (n,s) < (n',s’)ifn < n’or,n =n' ands < s’. We
will compute the output of the Tripling construction I and the Product construction I by a
computer programme, which involves the following steps:

Step 1: Initialize L. Let L = {(5, 1), (5,2),(7,1),(7,2), (9, 1), (9,2), (13, 1), (13,2),
(13, 5)} U{(n, s) : there exists an IRH(12" : 12*) in Lemma 3.9}. Sort L in ascend-
ing order. Let (n, s) be the smallest pair in L.

Step 2: Check whether (n, s) satisfies Tripling construction I’s condition, i.e., (n,s) &
{(3, 1), (5, 1), (6, 2)}. If not, go to Step 3. If yes, update L by adding pairs (3n —
2s,n), (3n —2s,4) and (3n — 2s, k) for all k such that (n, k) € L. Sort the updated
L in ascending order, then go to Step 3.

Step 3:  Apply the Product construction I. For each m such that (m, 1) € L, update L by
adding pairs (mn, n), (imn, m) and (mn, k) for all k such that (n, k) or (m, k) € L.
Sort the updated L in ascending order. Let (n, s) be the next smallest pair in the
updated L, then go to Step 2.

The programme was run with n < 2000 and s < 64, and produced two results as follows:

Result 1: For all odd n and 4 < n < 1102, there exists an RH(12") with eighteen possible
exceptionsn € {15, 21, 27, 33, 39, 69, 75, 87, 105, 111, 129, 147, 189, 213,231,
243, 321, 681},

Result 2: There exists an IRH(12" : 129) for all odd 7 in the range 1102 < n < 3306.

By Theorem 3.10, there exists an IRH(12" : 126) for all odd n > 1102. Hence there exists
an RH(12") by Theorem 2.4. This completes the proof. O

Lemma 3.12 There exists an RH(12") for each n € {189, 681}.

Proof Forn = 189, start from an RCQS(3” : 1). Applying Theorem 2.3 with an RHF (123 :
9) and an RH(144%), we get an RHF2(36° : 9). Applying Theorem 2.4 with an IRH(12* :
129), we get the desired RH(12!%9). Here, the RHF}2(123 : 9) exists by Theorem 3.5. The
IRH(12% : 12%) can be obtained by applying the Product construction with an RH(12%) and
an RH(12%).

For n = 681, start from an RCQS(17 : 1). Applying Theorem 2.3 with an RHF,(97° : 2)
from Theorem 3.5 and an RH((12 x 97)%), we get an RHF 5 (97 : 2). Applying Theorem 2.4
with an RH(12%9), we get an RH(12081). ]
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Combining Lemmas 3.7, 3.11 and 3.12, we obtain the main result in this section.

Theorem 3.13 The necessary conditions for the existence of an RH(12") are also sufficient
except possiblywhenn € {15,21,27,33,39,69, 75,87, 105, 111, 129, 147, 213, 231, 243,
321}

4 (1, 2)-resolvable H-designs with group size 2
In this section, we shall investigate the existence of a (1, 2)-RH(2"), for which the necessary
condition is n = 1, 2 (mod 3). First, we have the following lemma.

Lemma 4.1 [f there exists an RH(g") and g is even, then there exists a (1, 2)-RH(g").

Proof The number of parallel classes of an RH(g") is (n — 1)(n — 2)g2 /6, which is even
when g is even. Thus we can obtain exactly (n — 1)(n — 2)g?/12 2-parallel classes. This
completes the proof. O

As a corollary of Lemma 4.1, we have the following result.
Corollary 4.2 There exists a (1,2)-RHQ2") for eachn = 2, 4 (mod 6).
Lemma 4.3 [7] There exists a (1,2)-RH(2'3).

Now, we give direct constructions for several designs with small orders.
Lemma 4.4 There exists a (1,2)-RH(2") for each n € {7, 25}.

Proof For each given n € {7, 25}, let the point set be Z», and the group set be {{j, j + n} :
j=0,1,...,n—1}. We list below the base blocks of a (1, 2)-RH(2") which are developed
bya=012...n—2n—1)nn+1n+2...2n—22n — 1). Here, every n consecutive
blocks in the first m rows form a 2-parallel class. Each of the remaining blocks consists of
two members in every cycle of «, hence gives a 2-parallel class when developed by «.

n=7: m=2

{10, 13,8,9} {0,1,2,4} {0,8,9, 11} {3,5,6,7} {2,3,12,13} {4,6,10, 12}
{1,5,7,11}

{4,5,9, 10} {3,6,8,11} {2,4,12,7}

n=25: m =25

(25,7, 45,47} {25,27, 10,45}{26,3,4, 10} {26, 11, 14,20}{27, 12, 18, 24}{28, 11, 13, 18}
(31,22, 28,29}{30, 44, 3,29} {30,8,16,2} (33,41, 19,47}{39, 6,33, 12} {31, 15,4, 5}
(32,21,22,6} {34,16,0,8} {36, 13,40, 32}{38, 17, 34, 36}{40, 20, 35, 39}{49, 9, 37, 43}
(35,43, 46, 24}{38,44, 23,9} {19, 1, 14,41} {21,23,0,42} {7,17,48,5} ({1,42, 48,49}
(2,37, 15, 46}

(25,4,34,38}) {25,7, 14,21} {26,31, 8,38} {26,29, 41, 44}{29, 39, 45, 27}{30, 32, 40, 0}
(27,33, 43, 20}{28, 30, 31, 37}{37, 22, 28, 34}{32, 40, 42, 47}{35, 49, 33,9} {47, 39, 41, 45}
(36,43, 44, 35}{48, 49, 10, 36}{42, 46, 4,9} {18, 20, 46, 23}{0, 3, 15, 18} {1, 3, 11,21}
{16,24,2,5) {13,5,7,11} {24,8,22,48} {12, 15, 16, 19}{1,6, 12,17} {13,17,2,6}
(10, 14, 19, 23}

(25,28, 36, 47}{25, 34, 48, 49}{27, 16, 42, 26}{26, 33,42, 0} {27, 28,39, 41}{29, 32, 33, 36}
(29, 34, 40, 45}{30, 10, 41, 21}{43, 31, 35, 40}{47, 35, 38, 43}{44, 48, 3,32} (38,39, 18, 44}
{1,9,16,49} {7,17,23,30} {1,7,17,19} {12, 14, 15,46}{24, 15,21, 22}{24, 2, 10, 46}
{11,37,20,4} {5,12,13,4} {19,20,6,8) {23,3,18,22} {8,13,0,5} {14,2,31, 11}
(9,37, 45, 6}
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(25,29, 39, 43}{25, 32, 39, 21}{26, 41, 46, 47}{26, 31, 43, 23}{0, 2, 40, 22} {0, 8, 10, 40}
{1,27,8,20} {3,17,1,2} {7,11,3,30} {5,18,22,27} {7,20,23,28} {9,24,29,5}
{4,34,11, 16} {15, 48,30, 38}{6, 33, 46, 28} {16, 42, 48, 35}{18, 33, 13, 14}{19, 49, 36, 41}
(32,9,35,37} {12,17,44,49}{4, 34, 15,45} {24, 31, 44, 21}{10, 37, 38, 19}{6, 14, 42, 45}
(13,47, 36, 12}

{0,31,41,43} {0,31, 14,42} {1,27,35,44} (1,27, 13, 14} {2, 15,43,23} {2,32, 47,26}
{3,29,8,9}  {3,38,19,25} {5, 11,44,47} {6,45,21,30} {4, 11,45,28} {4,6,40,42}
(12,13, 49,25}{5,33,9,37} {18, 24,28, 39}{20, 48, 10, 38}{22, 32, 35, 16}{10, 24, 33, 34}
(23,40, 17, 46}{22, 36, 37, 21}{19, 46, 48, 15}{8, 39, 18,29} {12, 16, 26, 30}{7, 36, 41, 20}
(34,17, 49,7}

{0,4,37,42} {0,4,38,41} {0,1,30,31} {0,7,39,46} {0,27,3,30} {0,2,35,45}
{0,35,41,22} {0,33,35,15} {0,32,33,24} {0,32, 16,49} {0,26,37, 14} {0,27, 36, 13}
{0,29, 46,23} {0,3,29,32} {0,28,29,7} {0,5,36,41} {0,30,36, 16} {0,29,37,17}
{0,29, 38, 16} {0, 32, 14,46} {25,5,32, 12} {25,3,40, 18} {25,35, 16, 23}{25, 6, 16, 43}
{25,2,15,47) {25,1,7,44} {25,6,39, 17} {25,1,9,43) {25,7,8,49} {25,1, 12,39}
(25,2, 11,38} {25,1,37, 13} {25,28,4,7} {25.3,4,32} {25,30, 11, 16}{25,5, 11,41}
(25,38, 17,22}{25, 4, 12,42} {25, 6,35, 21} (25,38, 16, 21}{25,4, 13,41} {25,29, 14,18}
{25,1,30,6} {25,15,20,46}{25,5, 17,47} {25,27,3,5} (25,33, 15, 23}{25, 32, 20, 22}
(25,27, 15,22}{25, 1,32, 19} {25,41,22,23}{25, 31, 14, 17}{25, 1,34, 18} {25,27,4,21}
(25,27, 11, 13}{25, 29, 21, 23}{25, 3,29, 7} {25, 30, 20, 24}{25, 29, 13, 16} o

Lemma 4.5 There exists a (1,2)-RH(2") for eachn € {11, 19, 23, 29}.

Proof For each given n € {11, 19,23, 29}, let the point set be Z,, and the group set be
{{j,j+n}:j=0,1,...,n—1}. The desired (1, 2)-RH(2") is obtained by adding d mod-
ulo 27 to the base blocks as follows. Here, every n consecutive blocks in the first m rows
form a 2-parallel class on Z,,. Each of the remaining blocks consists of two odd and two
even members, hence gives a 2-parallel class when developed by adding 2 modulo Zj,, and
in total of % such classes when developed by adding d modulo Z,,.

n=11: d=2 m=4

{1,9,10, 11} {7,13,15,19} {1,5,9,17} {2,6,8,10}  {14,15,16,2} {3,4,6, 16}
{4,12, 14,20} {8,12,18,0} {17,19,21,5} {20,7, 11,13} {18,21,0, 3}

(5,12, 14, 18} {3,13, 15,16} {1, 3,6, 8} {5,9,10, 14} {2,4,9,11} {17,220, 21,2}
{12, 16, 17,21}{0, 6, 13,19} {20,1,4,7} {0,7,8,15} {10, 11,18, 19}

{3,8,13,20} {4,11,14,21} {0,3,12,15} {1,6,15,20} {3,4,9,10} {0,1,6,7}
{8,10, 11, 13} {3,12, 17,20}

n=19: d=2 m =20

{0,6,24,30} {2,8,30,35} {2,8,19,24} {4,12,15,26} {14,17,27,31}{11, 14,27, 29}
{3,26,34,0} {3,18,29,1} {4,19,20,34} {12, 20, 28, 33}{7,35,37,5} {23,32,36, 18}
{25, 28, 31, 37}{16, 17,23,9} {7,32,22,10} {6,13,21,5} ({36,10,22,1} {9, 11, 25,15}
{13,21, 33, 16}

{10, 26, 35, 36}{3, 11, 25, 32} {4, 11,22, 32} {15, 23,24,27}{0, 1, 13,27} {5,8, 15,29}
{0,4, 16,20} {14, 18,20, 17}{14, 18, 19, 16}{28, 8, 29, 30} {26,9,3,31} ({7,28,5,19}
{7,36,37,31} {35,22,34,2} {17,30,37,33}{9, 21, 23, 24} {21,33,6,1} {10, 12, 34,25}
{2,6,12, 13}

{7, 16, 34,24} {28,19,26, 10}{8,26,6,3} {7,13,27,31} {9, 30, 13, 17} {32, 30, 17, 24}
{21,1,23,34} {32,5,6,0} {29,9,16,37} {14,4,12,2} {8,36,12,29} {25,20, 11, 33}
{18,4,27,0} {14,15,22,18}{3,36,37,1} {20,28, 2,23} {33, 35,19, 10}{11, 15, 21, 22}
{31, 35,25, 5}
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{0,7,11,27} {35, 18,29, 13}{22, 12, 19, 36}{6, 18, 13, 20} {2, 35, 31,37} {6, 19, 30, 32}
{11, 15,37,27}{17,2,8,0}  {25,20, 15,5} {22,33,23,21}{14,25,5,7} {10, 12,26, 16}
{30, 34,24,4} {16,34,3,9} {26,33,10,17}{9,24,3,4} {23, 28,32, 21}{29, 36, 14, 1}
{8,31,28, 1}

{0,8,26,5} {1,9,27,6} {0,8,9,37} {6,15,32,33} {3,4,28,37} {4,5,14,1}
{20, 7, 12,19} {10, 14, 23,35}{34,7, 10, 21} {26, 16, 3, 11} {18, 29,20, 31}{27, 18, 23, 30}
{32, 33, 16, 17}{25, 22, 12, 11}{30, 13, 24, 21}{28, 2, 13, 17} {25, 36, 34, 19}{22, 29, 24, 31}
{2, 35, 36, 15}

{22,25,32,37}{0,7,32,17} {0,11,34,5} ({(28,34,19,37}{0, 1, 14,15} {33,8,5, 16}
{11, 28, 34,27}

n=23: d=2 m =20

{1,2,4,6} {1,2,5,15} {4,5,10,38} {7,8,14,16} {6,7,17,27} {8,9,21,25}
{10, 12, 16,40}{13, 15, 19,9} {11, 14, 20, 26}{17, 20, 29, 13}{18, 21, 36, 28}{19, 22, 40, 0}
(24,27, 11, 41}{30, 33, 23, 35}{26, 32, 44, 24}{(3, 12, 39, 37} {34, 43,41, 39}{42,22, 28, 18}
{38, 31, 42, 30}{32, 36, 44, 0} {33,37,45,25}{3, 34, 35, 23} {29, 45, 31,43}

{3,9,21,37} {9,18,36,8} {2,11,10,32} {11,20,28,0} {4,13,29,19} {0, 18, 8, 40}
{13, 31, 21, 23}{31, 12, 20, 28}{29, 10, 45, 39}{6, 33, 30,4} {35, 16, 40, 2} {12, 39, 33,27}
{24,5,7,23} {14,22,38,42}{37,26, 6,30} {15,1, 19,43} {35, 14,43, 17}{22, 1, 34, 44}
{42, 25,32, 16}{7, 36, 26, 38} {5,17,41,27} {3, 44, 34,24} {25, 15,41, 45}

{27, 35,5, 11} {35,24,2,26} {37,26,39,21}{2,37, 28,42} {4,39,21,3} {6,41,1,3}
{4,28, 30,42} {45, 23,25,43}{17, 30, 10, 36}{19, 32, 25, 17}{6, 19, 38, 34} {33,0, 32, 12}
{14,27,45,5} {16,9,31,7} {40, 33,41, 13}{36, 22, 40, 10}{29, 8, 20, 24} {31, 14,9, 23}
{18, 1, 15,29} {22,34, 12, 18}{43, 38, 8, 44} {20, 15, 11,7} {13, 44,0, 16}

{0,13,5,43} {13,39,45,7} {39,32,18,4} {43, 36, 15,37}{41, 34, 38, 24}{25, 4, 8, 12}
{0,25,45,19} {6,31,9,17} {29,12,24,36}{2,31, 11,35} {1,42,27,23} {6, 1, 22,20}
{8,3,35, 15} {26, 16,42, 14}{9, 40, 10, 26} {18, 3,20, 14} {28, 29, 32, 33}{41, 44, 34, 23}
{28, 17,21, 2} {37,30,38,33}{19, 44, 22,7} {21, 16,27,30}{10, 5, 11, 40}

{0,31,19,7} {0,31,35,21} {2,18,4,12} {2,3,4,5} {5,6,11,26} {7,8,15,42}
{12, 13,21, 6} {9,10,22,3} {8,11,14,17} {10, 13,22, 25}{15, 18, 33, 32}{17, 20, 41, 30}
{16, 19, 43, 44}{16, 25, 34, 43}{36, 45, 26, 35}{38, 1, 27, 30} {29, 42,41, 24}{1, 40, 37, 32}
{38, 33, 28, 23}{39, 34, 20, 23}{44, 29, 14, 45}{9, 40, 27, 36} {39, 24, 28, 37}

{9,18,17,14} {9,18,35,2} {9,18,34,1} {0,27,8,35} {0,27,16,43} {27,8,5,42}
{27,8, 13,6} {0,27,13,22} {27,8,10,3} {0,35,24, 13} {0, 35,2,37} {35,24, 15,34}
{35, 24, 39, 18}{35, 24, 30, 9} {0, 13,26, 39} {0, 13,6, 19} {13, 26,45, 10}{0, 13, 25, 14}
{13, 26, 44, 27}{0, 39, 32, 25} {0, 39, 18, 11} {39, 32, 43, 30}{0, 39, 29, 42} {0, 25, 4,29}
{0,25,8,33} {25,4,37,44} {25,4,41,26} {0,25,41,34} {0,29, 12,41} {0,29,24,7}
{29, 12, 19, 40}{29, 12, 31, 32}{0, 29, 31, 10} {29, 12, 38, 39}{0, 41, 26,21} {41,36, 11,28}
{0, 31, 32,17} {31, 16, 33, 38}{0, 31, 3, 44}

n=29: d=1 m =20

{0,5,13,15} {0,35,33,47} {2,15,1,41} ({1,34,52,42} {5,4,14,2} {3, 54,8, 40}
(3,12, 38,30} {6,7,23,49} {6,13,9,17} {4,53,25,23} {12,7,43,29} {8, 31,51, 11}
{9, 54, 20, 30} {10, 35,29, 41}{10, 11, 49, 55}{14, 21, 55, 39}{25, 16, 22, 26}{37, 32, 16, 44}
{52, 17,21, 43}{31, 18, 46, 26}{53, 20, 42, 18}{27, 48, 57, 37}{24, 36, 44, 57}{38, 28, 50, 56}
{24, 56, 32, 36}{51, 19, 47, 45}{50, 48, 28, 46}{33, 34, 39, 19}{40, 45, 22, 27}

{0, 19, 52,56} {0,17, 16,44} {1,4,55,19} {1,32,37,13} {2,45,22,28} {2,13,26, 10}
(3,21, 33,38} {4, 14,40, 17} {6,32,30,5} {3,11,55,54} {7,5,23,16} {10,54,6, 15}
{9,23,27,7} {8,48,18,52} {11,57,37,21}{20, 12, 18, 46}{12, 14, 56, 20}{15, 27, 31, 39}
{9, 53,29, 39} {28, 38,22,48}{51,42,24,34}{46, 41, 31, 43}{44, 45, 47, 33}{8, 51, 35, 29}
(36, 57, 35, 25}{41, 26, 50, 24}{50, 36, 53, 43}{47, 40, 49, 42}{49, 25, 34, 30}

{0, 8,30, 16} {0, 18,24,36} {1,8,22,40} {1,24,12,38} {2,47,21,29} {2,27,19, 17}
{3,10, 29,33} {3,52,11,39} {11,6,9,31} {4,27,48,28} {4,49,22,56} {5, 30, 15,21}
{13, 14, 25,9} {5, 16, 20, 36} {6, 25,53,49} {15, 32,54,26}{7, 10, 48,26} {17, 38, 14, 34}
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(20,51, 57,23}{28, 35, 12, 46}{19, 42, 41, 45}{57, 44, 37,7} {50, 23, 43, 31}{42, 53, 47, 39}
(44,37, 13, 56}{46, 51, 35, 54}{34, 52, 55, 43}{45, 55, 18, 50}{41, 40, 33, 32}

{0,49,4,10} {0,53,28,12} {1,26,35,57} {1,20,36,38} {2, 19, 15,29} {2.5,35, 17}
{5,40,44,3} {3,16,44,47} {7,40,4,25} {8,7,45,18} {6,15,21,32} {17,42,8,11}
(11,12, 6,27} {13,20,36,9} {22,13,9,52} {21, 16,46, 57}{22, 45, 23, 42}{27, 14, 34, 51}
{18, 26,37, 51}{31, 29, 48, 30}{37, 50, 25, 38}{10, 19, 24, 33}{28, 56, 31, 55}{33, 55, 54, 48}
{50, 30, 23, 39}{41, 47, 52, 24}{39, 53, 14, 34}{56, 46, 49, 43}{41, 43, 54, 32}

{0, 12, 43,35} {0,26, 11, 13} {0, 35,48, 25} {0,33,32,7} {0,4,17,37} {0,42, 19,55}
(0,40, 57,23} {0,46,9,25} {0,32,5,1}  {0,50,35,7} o

Lemma 4.6 There exists a (1,2)-IRHQ2'! : 29).

Proof Let the point set be Z»,, the group setbe {{j, j+ 11} : j =0, 1, ..., 10} and the hole
setbe {{j,j+ 11} : j = 6,7,...,10}. Firstly, we give the four partial 2-parallel classes
missing the hole as follows. Let P consist of the following six blocks.

{1,3,15,16} {2, 11, 12, 14} {4,5, 11, 13} {0,2, 5, 12} {0, 1, 14, 15} {3,4, 13, 16}

Letp = (0)(12345)678910)(11)(12 13 14 15 16)(17 18 19 20 21). Then g (P) fori =
1, 2, 3, 4 form the four partial 2-parallel classes.

Secondly, we list six 2-parallel classes on Z», as follows. Here the eleven blocks of every
two consecutive rows (the ith and the (i 4+ 1)throws fori =1, 3,5, ..., 11) form a 2-parallel
class.

(1,3,15,16} {0,1,8,9}  {7,8,11, 12} {4, 14, 18, 21}{4, 13,21, 17}{3, 9, 16, 18}
(2,10, 14, 19}{0, 2, 20, 17} {5,7, 12,19} {10, 6, 11, 15}{5, 6, 13, 20}

2,11, 12, 14}{4, 8, 11,20} {6, 10, 13, 16}{2, 10, 15, 20}{1,9, 13, 18} {3,6, 16,21}
{5,15,19, 17}{4, 7, 12,17} {0,5,7,8}  {0,3,21,18} {1,9, 14, 19}

{4,5,11,13} {0,4,17,19} {0,2,9,10} {7,6, 14,12} {3,7,15,21} {1, 10,11, 17}
(9,8, 16, 14} {1, 16,20, 18}{3, 6, 15,20} {5, 8, 13, 18} {2, 12,21, 19}

{0,2,5,12} {2,6,14,20} {3,10,15,17}{0, 1, 19,21} {8,9, 11, 13} {4,6, 16, 18}
(5,14, 17, 18}{3,7, 11, 19} {10,9, 12, 15}{1, 8, 13,20} {4,7, 16,21}

(0,1, 14,15} {2, 16, 19,20}{3, 13, 17, 20}{1, 7, 14,21} {5,9, 11,21} {0,3, 10, 6}
(8,7,15,13} {4,8,16,17} {2,6,11, 18} {4, 10, 12, 19}{5,9, 12, 18}

(3,4,13,16} {6,7,11,16} {2,9, 14,21} {5,8,12,17} {0, 5, 18,20} {3, 12,20, 21}
{2,8,15,17} {0,4,6,7) {9, 10, 11, 14}{1, 15, 18, 19}{1, 10, 13, 19}

Thirdly, the remaining twenty 2-parallel classes on Zj; are obtained by applying the
automorphism S to the following four initial 2-parallel classes. Here the eleven blocks of
every two consecutive rows (the ith and the (i 4+ 1)th rows fori = 1, 3, 5, 7) form an initial
2-parallel class.

(2,7,8,16)  {4,6,8,13}  {4,9,16,19}) {10, 12, 14, 18}{11, 14, 17, 20}{0, 15, 12, 18}
{2,6,15,21} {5,1,3,17}  {5,10,11,19} {0,1,7,20} {3,9, 13,21}
(13,14, 16, 18}{1,8, 11,18} {0,7,12,21} ({7,12,13,16} {2,8,10,11} {3,9, 15, 19}
{1,15,20,17} {4,5,20,17} {2,4,6,19) {3,5,9,10} {0,6, 14,21}
{1,3,6,19}  {2,6,10,12} {5,10,7,15} {3,4,17,18} {5,8,14,20} {0,9, 16,21}
{1,4,11,19} {2,12,17, 18} {13, 14,21,20}{0,9,7,13} {8, 11, 15, 16}
{10, 13, 15, 18}{16, 12, 17, 20}{11, 16, 20, 21}{1, 8, 14,17} {2,7,15,19} {6,9, 12, 13}
{0,1,5,10}  {0,2,18,19} {8, 11,14,21} {4,5,3,6)  {3,4,9,7) o
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Lemma 4.7 (Product construction II) Let p and q be odd integers. If there exist both a (1, 2)-
RH(2P) and a (1, 2)-RH(2%), then there exists a (1,2)-RH(271) and a (1, 2)-IRH(2P4 : 29).

Proof Let(X, G, B)bethe given (1, 2)-RH(27), where G = {Gy, ..., G, }. By the Weight-
ing construction, we can construct a (1,2)-RH((2¢)”) on X’ = X x Z, with group set
G'={G,=G; x Z;:0<i < p— 1} and block set A.
For each i,0 < i < p — 1, construct a (1,2)-RH(27) on G; x Z, with group set
{G; x{l} : I € Z,} and block set C;, which has a resolution P; (k), 1 <k < (g —1)(¢ —2)/3.
Foreachi,0 <i < p — 1, let Fi = {Fli, R Fé(qfl)} be a one-factorization of the
complete multiple-graph on G; x Z, with partite set {G; x {l} : [ € Z;}. Let

D={{a.b.c.d):{ab) e Flfcdye Fl.0<i#i'<p—1.1<j=<24q~- D)

then B = AU (Uf;olCi) U D is the block set of an H(277) on the group set G” = {G; x {l} :
le€Z,,0<i=<p—1}Itisclear that uf’z‘olc,- has a resolution Q (k) = Ufz_ol Pi(k), 1 <
k < (g — 1)(g — 2)/3. It remains to show that D can be partitioned into 2-parallel classes.
Let 7/ = {Fj,..., F(’pil)ﬂ} be a partition of the edge set of the complete graph on Z,,
such that each point of Z,, is contained in exactly two edges of F/, 1 <i < (p — 1)/2. For

each jandk,1 <j<(p—1)/2,0<k <q—1,let
Djx = {{a, b, c,d} : {a, b} is the mth member of F,
{c. d} is the (m + k)th member of F{ .1 <m <gq.{i.i'} € F}}.

It is clear that each D; ; is a 2-parallel class of X', Since D = Ul<j<(p—1)/2,0<k<g—1Dj ks
the desired H(277) is (1, 2)-resolvable.

Foreachi,0 <i < p—1, B'\(C; is the block set of an incomplete design (1, 2)-IRH(277 :
29) on X’ with group set G” and hole set {G; x {lI} : [ € Z,}. O

Theorem 4.8 (Tripling construction II) If there exists a (1, 2)-RHF2(g3 : s8), then there
exists a (1,2)-RHF»((3g)3 : s).

Proof Start with a CQS(3% : 1) (as in [6]) on Zg U {00} with groups G; = {i,i + 3,i + 6},
0 < i < 2 and stem {oo}, whose block set 5 is generated by the following 9 base blocks
under the automorphism group ((0 3 6)(1 4 7)(2 5 8)(00)).

Ax: {0, 1,2, 00},{0, 4, 8, 00},{0, 5, 7, oo},
A {1,3,2,6}, {1,3,5,7}, {2,6,5,7},
Ax: {4,7,5,8), {3,6,5,8}, {3,6,4,7}.

View each base block as an ordered quadruple given above so that each block B € B is
ordered.

We will constructa (1, 2)-RHF»((32)? : s) on X = (Zo x Z» x Zg)U({o0} x Zy x Zy) with
groups G(x, j) = {x} x Zay x{j},x € Zo, j € Zg,and G(00, j) = {00} x Z x {j}, j € Z;,
and three holes F; = {G(i, j),G({ + 3, j),G({ +6,j) : j € ZgJUS,0 <i <2, which
intersect on a common hole S = {G(o0, j) : j € Z}.

For each block B € B containing oo, construct a (1, 2)-RHF(g? : s) on Xz =
((B\{o0}) x Za x Zg)U({oo} x Zp x Zy) with group set {G (x, j) : x € B\{oo}, j € Z,}US,
three holes {G(x, j) : j € Zg} U S, x € B\{oo} and a common hole S. Denote its block set
by Ap, which has a resolution { Pg(x,1) : x € B\{oo}, 1 <[ < g(g+25—3)/3}U{Pp(m) :
1 < m < 2g%} such that each Pg(x, [) is a partial 2-parallel class on (B\ {00, x}) X Z» x Zg
and each Pp(m) is a 2-parallel class on X p.
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For each block B € BB and co ¢ B, we shall construct an RH((2g)4) on B x Zy X Zg
with groups {x} x Z> x Z,, x € B. Denote its block set by Cg and resolution classes by
Qp(m), 1 <m < 4g”.

Let D = (UpeB,0o¢BCB) U (UpeB,c0eBAB). By Theorem 2.3, D is the block set of an
HF>((32)? : ). It remains to show the resolvability. This HF2((3g)3 : s) should be parti-
tioned into 18g2 2-parallel classes on X and g(3g 4+ 25 — 3) partial 2-parallel classes on
(Zo\G;) x Zp x Zg foreachi,0 <i < 2.

For each i,0 < i < 2,let P(i,x,]) = UgeB,(x,00}cBPp(x,1),1 <1 < g(g + 25 —
3)/3,x € G;. Then each P(i, x,[) is a partial 2-parallel class on (Z9\G;) x Zp X Zj.
The other 2g2 partial 2-parallel classes on (Z9\G;) x Z> x Z, can be obtained as fol-
lows. Denote the three base blocks of Ay by By, By, By in order. For 0 < i < 2, let
Bi = {3j+ B; : 0 < j < 2}, then each B; is a partial 2-parallel class on Zo\G;. Let
P'(i,m) = Upep, Qp(m), 2g*> + 1 < m < 4g>. Then each P’'(i, m) is a partial 2-parallel
class on (Zo\G;) x Z x Z,.

Now we give the required 18g2 2-parallel classes on X. Denote the three base blocks of
A1 by Ag, A1, Az in order. Let Dy = Ag, D1 = A1 +3=1{4,6,8,1}and D) = A + 6 =
{8, 3, 2, 4}. Further, let

A0,0) = {{0, 4, 8, o0}, Ag, A1, Ar},
A(1,0) = {{0, 1,2, oo}, By, By, Bz},
A(2,0) = {{0,5,7, 00}, Dy, D1, D>}

and A(i, j) ={3j+B:B € A(i,0)} for0 <i,j <2.

Foreachi = 1,2, j =0,1,2and1 <m < 2g%,let P"(i, j, m) = (UBe A, j),00eB PB(1mM))
U (UpeA,j).cogp @p(m)). Foreach j = 0,1,2and 1 < m < 2g%, let P"(0, j,m) =
(UBeA(, j),00e8 P (M) U(Upe 40, j),00¢8 Q5 (m +2g%)). Then each P" (i, j, m) is a 2-par-
allel class on X.

So D has the resolution {P(i,x,]) : 0 <i <2,x € G;,1 <1 < g(g+2s—3)/3}U
{P'(i,m):0<i <228+ 1<m=<4g?}U{P"(i,j,m):0<i,j<21=<m=2g%,
and the HF»((3g)3 : s) is (1, 2)-resolvable. ]

To give the third tripling construction for (1, 2)-resolvable H-designs with group size 2,
we adapt the concept of resolvable B-pairing as follows. For non-negative integers n and s,
a resolvable simple pairing, RP(2n + 1, 2s) consists of subsets D, R;, S;, R;,i € {0, 1,2}
of Z12n+6+2s and subsets PR;, PS;,i € {0,1,2} of Z12y46+25 X Z12n+6+2s having the
following properties:

(1) Cardinality and symmetry conditions

(@) |D|=2s,|Ri|=I|Si|=4n+2,|Ril=2n+1,i€{0,1,2)},
(b) D= —D.

(2) Partitioning conditions

(@) PR; and PS; are partitions of R; and S; into pairs, respectively. Thus |PR;| =
[PSi|=2n+1,i € {0,1,2},

(b)  Ziznt6+2s = DIRoIR1|R2,

©)  Ziont+e+2s U Ziznte+2s o B -
=DU(D—€)URyU(Ry—€)USoU(So—€)URU(Ry —€)U(—R)U(—R;—¢€)
= DU(D—€)UR|{U(R| —€)US{U(S] —€)URgU(Ry—€)U(—R2)U(—Ry—¢€)
=DUD—€)URU(Ry—€)US U(Sr+6n+3+5s)UR{U(R| —€)U(—Ro)U

(—Ro — €), where € is some odd integer.
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(3) Pairing conditions
LetL; = {lx — y|: {x,y} € PR} and O; = {|x — y| : {x, y} € PS;},i € {0, 1,2},

(@ 6n+3+4+s¢(L;VUO0;),ie{0,1,2},

(b) |Li| =10;| =2n+1, L; N O; =@, and all members of O; are odd, i € {0, 1, 2},

(c) the complement G; of the graph G(12n + 6 4+ 25, L; U O; U {6n + 3 4 s}) has a
one-factorization.

Lemma 4.9 For each pair of integers k > 0 and s > 0, there exists an RP(2k + 1, 2s).

Proof Foreach given pairofintegersk > OQands > 0, we construct the desired RP(2k+1, 2s)
directly, which are separated into the following four cases:

(1) Fork > 1ands = 2m, take € = 6k + 2m + 3 and let

D={6k+2m+3)i+j:0<i<1,0<j<m—1lor 6k+m+4=<j<
6k +2m + 2} U {m, 12k + 3m + 6},
PRoy={{m+2+jm+4k+2—j}:0<j<2k—-1}U{{m+1,m+ 2k +2}},
PRy ={{m+4k+3+j.8k+3m+3—j}:0=<j <2k},

PRy ={{8k+3m+4+j,12k+3m+4—j}:0<j<2k—1}U{{10k +3m +
4,12k 4+ 3m 4+ 5}},

PSo={{m+4k+3+j, 10k +3m+4—j}:0=<j <2k},

PS ={{8k+3m+4+j,12k+3m+5—j}:0<j <2k},

PSy = {{6k+3m+4+j, 8k+3m+3—j}: 0 < j < k—1}U{{m+j, 8k+3m+3—j} :
0<j<k-—1}UP,where P = {{m+ k,m + 4k + 2}} when k is odd and
P = {7k +3m + 3, m 4+ 4k + 2}} when k is even.
Ro={m+2k+2+j:0<j <2kl

Ri={m+4k+3+j:0<j <2k},

Ry ={10k+3m+5+;:0<j <2k}

(2) Fork =0ands =2m, take € = 2m + 3 and let

D ={2m+3)i+j:0<i<1,0<j<m—lorm+4 < j <2m+2}U{m, 3m+6},
PRo={{m+1,3m+5}}, PRy = {{m+3,3m +3}}, PR, = {3m + 4, m + 2}},
PSo={{m+33m+4}}, PSi ={{m+1,m+2}}, PS, = {{m +2,3m + 3}},
Ro={m+2},Ry ={m+3}, R, = {3m +5}.

(3) Fork > 1lands =2m + 1, take € = 1 and let

D = {(6k+2m+4)i+j:0<i<1,0<j<morbk+m+4 < j < 6k+2m+3},
PRy={{m+4k+3+j,8k+3m+5—j}:0<j <2k},
PRi={{m+24+jm+4k+2—j}:0<j<2k—1}U{{m+1,m+2k+2}},
PRy ={{8k+3m+6+j, 12k+3m+6—j}:0<j<2k—1}U{{I0k+3m +
6, 12k + 3m + 7}},

PSo={{m+2k+24j,12k+3m+7—j}:0<j <2k},

PS; ={{4k+m+34+j, 10k +3m+6—j}:0<j <2k},

PS, = {{6k+3m+5+j, 8k+3m+4—j} : 0 < j < k—13U{{m~+j, 8k+3m—+5—j} :
0<j=<kj

Ro={3m+6k+5+j:0<j <2k},

Ri={m+2k+2+j:0<j <2k},

Ry={m+1+j:0<j <2k}
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(4) Fork=0ands =2m + 1, take ¢ = 1 and let

D={C2m+4)i+j:0<i<1,0<j<morm+4<j<2m+3},
PRy={{m+3,3m+5}}, PRy ={{m+1,m+2}}, PRy = {{3m +6,3m +7}},
PSo={{m+2,3m+7}}, PS| = {{m +3,3m +6}}, PS) = {{m, 3m + 5}},

Ro={3m+5,Ri={m+2},Ry={m+1}. m]

Lemma 4.10 There exists a (1,2)-RHF»((6n + 3 +s)3 : s) foreachn > 0 ands > 1. Fur-
thermore, there exists a (1,2)-RHF((6n + 3 + s)3 1 8) having a subdesign (1, 2)—RH(24)
when s is even.

Proof Let X = (Z12p+6+25 X Z3) U {009, 001, . .., 0025—1}. Define the groups G (i, j) =
{(k(bn+s+3)+i,j):k=0,1},i =0,1,...,6n+s+2, j € Z3, G(c0, j) = {00k :
k=0,1},j=0,1,...,s — 1 and the hole set 7 = {Fy, F1, F>, F3} with Fy = {G (o0, j) :
j=0,1,....,s—1}and F14; = FpU{G(,j):i=0,1,...,6n+s+2},j=0,1,2.

Let D, R;, R;,Si, PR;, PS;,i = 0,1,2 be an RP(2n + 1, 2s), which exists by
Lemma 4.9. Let Fi2k71|Fl.2k be a one-factorization of the graph G(12n + 6 + 2s, {m}),
where m is the k-th member of O; for | < k < 2n+4 1. Let F" 3| F 4| | F825t2pe g
one-factorization of the complement of the graph G(12n 4+ 6+ 2s, L; U O; U {6n + s + 3}).
Then it is natural that Fi1 |Fi2| ... |I~‘i8"+25+2 is a one-factorization of the complement of the
graph G(12n + 6 + 2s, L; U {6n + s + 3}).

We construct an HF, ((6n + 3 + 5)° : 5) (X, G, B, F) with the block set B consisting of
the following three parts:

(1) {o0j, (a,0), (b, 1), (c,2)}, where a + b + ¢ = d (mod 12n + 6 + 2s), d is the j-th
member of D and 0 < j < 2s.
2) {a+gq,i),(a+t,i), b, i+1),(c,i+2)},wherea+b+c =0 mod 12n + 6+ 2s),
{g,t} € PR; andi € Z3. ' )
3) {(a,i), (b,i),(c,i +1),(d,i+ 1)}, where {a, b} € Fij and {c,d} € F[J_H,i € Z3 and
j=12,...,8n+2s +2.
Now, we partition them into partial 2-parallel classes or 2-parallel classes.
First, we give the partial 2-parallel classes. Define F{ = {F/ (k) : 0 <k < 6n+s +2}.
Foreachi € Z3, let

Pi(j. k) = {{(a, i+ 1), (b.i + 1), (c.i +2), (d.i +2)} : {a. b} = F}, (m), {c, d}
= F/,,(m +k),0 <m < 6n+s + 2}, where

dn+3<j<8n+2s+2and0 <k <6n-+s+2.

Itis clear that P;(j, k) U Pi(12n+2s +5— j, k) withdn +3 < j <bn+s+2, 0<k <

6n + s + 2 form the (2n + s)(6n + s + 3) partial 2-parallel classes missing the hole F;.
Next, we give the 2(6n + 3 + 5)> complete 2-parallel classes. For each (a, b, ¢) such that

a+b+c=0@mod 12n 4+ 6 4+ 2s) and b is even, let P(a, b, ¢) be comprised of 4s blocks

from Part (6), 6(2n + 1) blocks from Part (p) and 6n + 3 blocks from Part (¢) as follows:
Part (4):

{00, (@a+d,0),(b—d, 1), (c+d, 2)},
{o0j, (@a+d,0),(b—d+e, 1), (c+d—e 2)},dis the j-thmemberof D,0 < j < 2s.
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Part (p):

{a+4¢,0),(@+10),b+u,l),(c—u,2)}and
{a+q,0),@+1t,0),b+u+e1),(c—u—e2)}fori =0;
{a—u,0,b+q,1),b+1t,1),(c+u,2)}and
{@a—u,0,b+q+e, D, b+t+¢€1),(c+u—e2)}fori =1;
{a4+u,0,®—u,l),(c+4q,2),(c+1,2)}and
{a+u,0),(b—u+el),(c+g—e€2),(c+t—¢2)fori =2;
where {g, t} is the j-th pair in PR; and u is the j-th member of Rj,1 < j<2n+1.
Part (¢): If a is even, then the blocks of Part (¢) are all those of the forms:
{(a+v,0), (a+v,0), b+t 1), B+, 1],
{(b+t+e, 1), b+t +€ 1), (c+w2),(+w,2)}
{c+w+6n+3+5,2),(c+w +6n+3+5,2),(@+v,0), (@+,0).

If a is odd, then the blocks of Part (¢) are all those of the forms:

{(a+v,0), (@+v,0),(b+1+e 1), (b+1 +¢€ D},
{(b+1, 1), b+1.1), (c+w,2), (c+w' 2}
{c+w+6n+3+s52),Cc+w +6n+3+s,2),(@a+0v,0), @+, 0}

The pairs {v, v'}, {t, t'} and {w, w’} above are the j-th (1 < j < 2n + 1) members of
PSp, PSy and PS,, respectively.

Thus the above HF, ((6n+3+s5)3 : 5)is (1, 2)-resolvable. ByLemma4.9, {0, 6n+s+3} C
D and € = 6n + s 4+ 3 when s is even. Without loss of generality we may assume 0 and
6n + s + 3 are the Oth and sth elements of D, respectively. Let

8o = {{ooks, (@ +d)o, (b —d)1,(c+d)2}:a+b+c=0@mod 12n + 6+ 25),a,b,c €
{0, 6n + s + 3}, d is the (ks)th member of D and 0 < k < 1}.

Note that 8y C & and 8o forms the block set of an RH(2#) with the group set {{0;, (6n+s+3);} :
i € {0, 1, 2}}U{{oco. 0o} and parallel classes {00+ +k+g)s» (i +8)(6n+s+3))o, ((+
g6n+s+3)1, (k+g)6n+s+3))}:g=0,1},i + j + k = 0 (mod 2), which is
a (1,2)-RH(2%) indeed. Hence, the (1,2)-RHF,((6n + s + 3)3 : s) contains a subdesign
(1, 2)-RH(2*%) when s is even. O

As a consequence, we have our third tripling construction for (1, 2)-resolvable H-designs
with group size 2.

Corollary 4.11 (Tripling construction IIl) Let n = 2s + 3 @mod 6) and s > 1. If there
exists a (1,2)-IRH(2" : 2%), then there exist both a (1,2)-IRH(2*"~2 : 2") and a (1, 2)-
IRH(23"=25 : 25). Furthermore, if there exists a (1, 2)-RH(2") ora (1, 2)-RH(2°), then there
exists a (1,2)-RH(23"~2) as well as a (1, 2)-IRH(23"~% : 2%) when s is even.

Lemma 4.12 There exists a (1,2)-IRHQ' : 2%) for each s € {1,2,4,7}, a (1,2)-
RHF>(12% : 1) and a (1, 2)-RHF>(15% : 2) for each k € {3, 5}.

Proof Applying the Tripling construction III with (n,s) = (7,2), there exists a (1, 2)-

RH(2'7),a (1,2)-IRH(2!7 : 27) and a (1, 2)-IRH(2'7 : 2*). The designs with a hole of sizes
1 or 2 are actually a (1, 2)-RH(2!7). By Lemma 4.10, there exists a (1, 2)-RHF, (43 : 1) and
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a(l, 2)-RHF2(53 : 2). Then there exists a (1, 2)-RH1-72(123 :1)anda (1, 2)-RHF2(153 :2)
by the Tripling construction II.

For the existence of a (1, 2)-RHF,(12° : 1) and a (1, 2)-RHF,(15° : 2), start from an
RCQS(35 : 1). Then applying Theorem 2.3 with a (1, 2)-RHF, (43 : 1) and a (1, 2)-RH(8%Y),
ora (1,2)-RHF» (5 : 2) and a (1, 2)-RH(10%) gives the desired (1, 2)-RHF, (125 : 1) and
(1,2)-RHF»(15° : 2), respectively. O

Lemma 4.13 There exists a (1,2)-IRH?2" : 2°) for each n = 17,37 (mod 60) and s €
(1,2,4,7,17}.

Proof For each n = 60m + 17 or 60m + 37, m > 0, start from an RCQS(1"=2/5 : 1)
obtained from an RSQS((n + 3)/5). Applying Theorem 2.3 with a (1, 2)-RHF,(5% : 2) and
a (1, 2)-RH(10%), we get a (1, 2)-RHF,(5"=2/5 : 2). Applying Theorem 2.4 with a (1, 2)-
RH(27), we get a (1,2)-RH(2"). The design with a hole of size 17 exists since we input a
(1,2)-RHF,(5° : 2) when applying Theorem 2.3. For each s € {1, 2, 4, 7}, there exists a
(1, 2)-IRH(2" : 2%) since a (1, 2)-IRH(2!” : 2%) exists by Lemma 4.12. O

Lemma 4.14 There exists a (1,2)-IRH(2":2°) for each n = 37 (mod 48) and s €
{1,2,4,13,37,61}.

Proof For each n = 48m + 37,m > 0, start from a URCS(3, {4, 6}, 4m + 4) of type
(1#m+3 . 1), which is obtained from a URSdm + 4) (see [11]). Applying Theorem 2.3
with a (1,2)-RHF,(125=1 : 1) and a (1, 2)-RH(24%) with k € {4, 6}, we get a (1,2)-
RHF, (12443 : 1). Applying Theorem 2.4 with a (1, 2)-RH(2'3), we get a (1, 2)-RH(2")
anda(1,2)-IRH(2" : 213). The designs with ahole of sizes 1 or2 are actually a (1, 2)-RH(2").
The designs with a hole of sizes 37 or 61 exist since we input a (1, 2)-RHF,(12% : 1) and a
(1, 2)-RHF» (125 : 1) when applying Theorem 2.3. The design with a hole of size 4 exists
since the input design (1, 2)-RH(24%) exists, which contains a subdesign (1, 2)-RH2Y. O

Lemma 4.15 There exists a (1,2)-IRHQ2" : 2°) for each n = 47 (mod 60) and s €
{1,2,4,7,17,47}.

Proof For each n = 60m + 47, m > 0, start from a URCS(3, {4, 6},4m + 4) of type
(1*m+3 . 1). Applying Theorem 2.3 with a (1, 2)-RHF»(15%=! : 2) and a (1, 2)-RH(30%)
with k € {4, 6}, we get a (1, 2)-RHF,(15%"*3 : 2). Applying Theorem 2.4 with a (1, 2)-
RH(2'7), we get a (1,2)-RH(2") and a (1, 2)-IRH(2" : 2'7). For each s € {1,2,4,7}, a
(1,2)-IRH(2" : 2%) exists since there exists a (1, 2)-IRH(2!7 : 25) by Lemma 4.12. The
design with a hole of size 47 exists since we input a (1, 2)-RHF,(15% : 2) when applying
Theorem 2.3. O

As a consequence of the Tripling construction III, we obtain

Theorem 4.16 [fthere exists a constant M > 7, such that for any integern = 1 or 5 (mod 6)
in the range M < n < 3M, there exists a (1,2)-IRHQ" : 2°) with s € {5, 17}, then for all
integern > M andn = 1 or 5 (mod 6), there exists a (1,2)-IRH(2" : 2°) with s € {5, 17}.

Proof 1tis clear that the existence of a (1, 2)-IRH(2" : 217y implies the existence of a (1, 2)-
IRH(2" : 2°%) forall s € {1, 2,4,7, 17} by Lemma 4.12. We proceed the proof by induction.
Letnbeaninteger,n = 1 or 5 (mod 6)andn > 3M. Assume that foralln’ = 1 or 5 (mod 6)
in the range M < n’ < n, there exists a (1, 2)-IRH(2”/ : 25/) with s’ € {5, 17}. Write
n=3m—2-s,wheres =7,17,4,5,1,2whenn =1,5,7,11, 13, 17 (mod 18), respec-
tively. Itis simple to check thatm = 1 or 5 (mod 6) and M < m < n.Then applying Tripling
construction III gives the conclusion. O
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Lemma 4.17 Foreachintegern =1 or5(mod 6),n > 7andn ¢ {41,55, 59, 61, 65, 73,
115, 131, 149, 173, 179, 185,193, 215, 235,281, 311, 335, 379, 389, 451, 491, 505, 509,
515,535, 541, 545, 547, 599, 671, 829, 839,929, 1103, 1121, 1153, 1315, 1415, 1459,
1465, 1531, 1535, 1571, 1601}, there exists a (1,2)-RH(2™).

Proof As in Lemma 3.11, let L be the poset of pairs (n, s) such that there exists a (1, 2)-
IRH(2" : 2%). We will compute the output of the Tripling constructions II and III, and the
Product construction II by a computer programme, which involves the following steps:

Step 1: [Initialize L.LetL = {(7, 1), (7,2), (11, 1), (11, 2), (11, 5), (13, 1), (13, 2), (19, 1),
(19, 2), (23, 1), (23, 2), (25, 1), (25,2), (29, 1), (29,2)} U {(n, s) : there exists a
(1, 2)-IRH(12" : 12%) in Lemmas 4.13—4.15}. Sort L in ascending order. Let (n, s)
be the smallest pair in L.

Step 2: Check whether (n, s) satisfies Tripling construction III’s condition, i.e., n = 2s +
3 (mod 6). If not, go to Step 3. If yes, update L by adding pairs (3n — 2s, n) and
(3n — 2s, k) for all k such that (n, k) € L. Furthermore, add pair (3n — 2s, 4) into
L if s is even. Sort the updated L in ascending order, then go to Step 4.

Step 3: Check whether n — s = 0 (mod 3). If not, go to Step 4. If yes, writen —s = 3* - ¢,
such thatz > sand 3 1, ors <t < 3s and 3|7. Check whether (¢ 4 s, 5) satisfies
the Tripling construction III’s condition, i.e., f = s + 3 (mod 6). If not, go to Step
4. If yes, update L by adding pairs (3n — 2s, n) and (3n — 2s, k) for all k such that
(n, k) € L. Furthermore, add (3n — 2s, 4) into L if s is even. Sort the updated L in
ascending order, then go to Step 4.

Step 4:  Apply the Product construction II. For each m such that (m, 1) € L, update L by
adding pairs (mn, n), (mn, m) and (mn, k) for all k such that (n, k) or (m, k) € L.
Sort the updated L in ascending order. Let (n, s) be the next smallest pair in the
updated L, then go to Step 2.

The programme was run with n < 7700 and s < 64, and produced two results as follows:

Result 1: Foralln,n = 1 or5 (mod 6) and 4 < n < 4289, there exists a (1, 2)-RH(2")
with possible exceptionsn € {41, 55,59, 61, 65,73, 115, 131, 149, 173, 179, 185,
193,215, 235,281, 311, 335, 379, 389, 451, 491, 505, 509, 515, 535, 541, 545,
547,599, 671, 829, 839,929, 1103, 1121, 1153, 1315, 1415, 1459, 1465, 1531,
1535, 1571, 1601}.

Result 2:  There exists a (1, 2)-IRH(2" : 2%) with s € {5, 17} forall n,n = 1 or 5 (mod 6)
in the range 4289 < n < 12867.

By Theorem 4.16, there exists a (1, 2)-IRH(2" : 2%) with s € {5, 17} foralln > 4289 and
n = 1or5 (mod 6). Hence there exists a (1, 2)-RH(2") by Theorem 2.4. This completes the
proof. O

Lemma 4.18 There exists a (1,2)-RH(2") for each n € {311,451, 671, 1531}.

Proof For each n € {311,671}, start from an RCQS(1"~D/10 : 1) which is obtained
from an RSQS((n — 1)/10 + 1). Applying Theorem 2.3 with a (1, 2)-RHF,(10% : 1) and
a (1,2)-RH(20%), we get a (1, 2)-RHF, (10¢—D/10 . 1y, Applying Theorem 2.4 with a
(1, 2)-RH2'), we get the desired (1, 2)-RH(2"). Here, the (1, 2)-RHF,(10% : 1) exists by
Lemma 4.10.

For n = 451, start from an RCQS(1'> : 1). Applying Theorem 2.3 with a (1,2)-
RHF,(303 : 1) and a (1, 2)-RH(60*), we geta (1, 2)-RHF, (30" : 1). Applying Theorem 2.4
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with a (1,2)-RH(231), we get a (1, 2)-RH(2*!). Here, the (1,2)-RHF, (303 : 1) exists by
applying the Tripling construction IT with a (1, 2)-RHF, (103 : 1).

For n = 1531, start from an RCQS(1!% : 1). Applying Theorem 2.3 with a (1,2)-
RHF, (113 : 2) and a (1,2)-RH(22%), we get a (1,2)-RHF,(11'3% : 2). Applying Theo-
rem 2.4 with a (1, 2)-RH(2'3), we get a (1, 2)-RH(2!53!). Here, the (1, 2)-RHF,(113 : 2)
exists by Lemma 4.10. O

Combining Lemmas 4.17 and 4.18, we get the main result in this section.

Lemma 4.19 The necessary conditions n = 1o0r2 tod 3) for the existence of a
(1,2)-RH(2") are also sufficient except for n = 5 and except possibly for n €
{41, 55, 59, 61, 65, 73,115, 131,149,173, 179, 185, 193, 215, 235, 281, 335, 379, 389, 491,
505, 509, 515, 535, 541, 545, 547, 599, 829, 839, 929, 1103, 1121, 1153, 1315, 1415, 1459,
1465, 1535, 1571, 1601}.

5 Conclusions

Combining Theorems 1.1 and 3.13, we have the following existence result for resolvable
H-designs.

Theorem 5.1 The necessary conditions gn = 0 @mod 4), g(n — 1)(n —2) = 0 @mod 3)
and n > 4 for the existence of a resolvable H-design of type g" are also sufficient ex-
cept possibly for g = 4,8 (mod 12) and n = 73,149, or for g = 0 fod 12) and
n € {15,21,27,33,39,69,75,87, 105, 111, 129, 147, 213, 231, 243, 321}.

Combining Theorems 1.2 and 4.19, we have a near complete solution to the existence
problem on RSQS(1, 2, 2n), which was stated in [4].

Theorem 5.2 The necessary conditions for the existence of an RSQS(1,2,2n), i.e, n =
1 or 5 (mod 6), are also sufficient except for n = 5 and possibly for n € {41, 55,59, 61, 65,
73,115,131, 149, 173, 179,185, 193, 215, 235, 281, 335, 379, 389, 491, 505, 509, 515, 535,
541, 545, 547, 599, 829, 839,929, 1103, 1121, 1153, 1315, 1415, 1459, 1465, 1535, 1571,
1601}.
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Appendix: the existence of small RH-designs
Lemma 3 There exists an RH(12%).
Proof In[8], Mills constructed an H(6%) on Z»7 x Z» with group set {{(m, 0), (m+9, 0), (m+

18,0), (m, 1), (m + 9, 1), (m + 18, 1)} : m € Zo}} and the following 42 forms of blocks,
where m € Zy7,a,b € Z.

@ Springer



H-designs with the properties of resolvability or (1, 2)-resolvability 249

{(m,a), (m+2,a), (m+5, b), (m+7, b)}, {(m, a), (m+5, b), (m+12, a+b), (m+20, a+b+1)}
{(m,a), (m+1, a), (m+5, b), (m+6, b)}, {(m, a), (m+5, b), (m+10, a+1), (m+21, a+b+1)}
{(m,a), (m+1, a), (m+7, b), (m+8, b)}, {(m, a), (m+5, b), (m+12, a+b+1), (m+17, a+1)}
{(m,a), (m+2, a), (m+8, b), (m+10, b)}, {(m, a), (m+6, b), (m+13, a+b+1), (m+19, a+1)}
{(m, a), (m+2,b), (m+12,b), (m+17, a)}, {(m, a), (m+1, b), (m+15, a+b+1), (m+17, a+1)}
{(m, a), (m+1, b), (m+2, a+b), (m+4, b)}, {(m, a), (m+1, b), (m+12, a+b+1),(m+14, b+1)}
{(m, a), (m+2, a+1), (m+5, b), (m+8, b)}, {(m, a), (m+2, a+1), (m+7, b),m+23, a+b+1)}
{(m, a), (m+3, a), (m+7, b), (m+20, a+b)}, {(m, a), (m+2, a+1), (m+6, b),(m+21, a+b+1)}
{(m,a), (m+4,b), (m+8, a), (m+15, a+b)}, {(m, a), (m+4, b), (m+8, a+1),(m+16, a+b+1)}
{(m, a), (m+1,a+1), (m+5, b), (m+6, b+1)}, {(m, a), (m+3, a), (m+16, b),(m+23, a+b+1)}
{(m, a), (m+3,a), (m+11,b), (m+14, b+1)}, {(m, a), (m+4, b), (m+14, b+1), (n+21, a+b)}
{(m,a), (m+1, a+1), (m+7, b), (m+38, b+1)}, {(m, a), (m+5, D), (m+10, a),(m+16, a+b+1)}
{(m,a), (m+6,b), (m+12, a+b), (m+19, a)}, {(m, a), (m+2, a+1), (n+10, b), (m+24, a+b)}
{(m,a), (m+2, a+1), (m+19, b), (m+22, b)}, {(m, a), (m+4, b), (m+10, a+b), (m+20, a+b)}
{(m,a), (m+1, b), (m+11,b), (m+12, a+b)}, {(m, a), (m+3, a), (m+15, b), (m+19, a+b+1)}
{(m, a), (m+1, b), (m+11, b+1), (m+13, a)}, {(m, a), (m+1, b), (m+14, b), (m+16, a+b+1)}
{(m, a), (m+1, b), (m+3, a+1),m+4, b+1)}, {(m, a),(m+3, a+1), (n+11, b), (m+15, a+b)}
{(m,a),(m+3, a+1), (m+8, b),(m+22, a+b)}, {(m, a), (m+1, b),(m+13, a+1),(m+15, a+b)}
{(m,a),(m+3, b), (m+6, b+1),(m+17, a+1)}, {(m, a), (m+5, b),(m+11, a+b),(m+19, a+b)}
{(m,a),(m+3, a+1),(m+7, b), (m+10, b+1)}, {(m, a), (m+3, b),(m+13, a+b+1),(m+17, a)}
{(m, a),(m+2, a),(m+6, b), (m+23, a+b+1)}, {(m, a), (m+1, b),m+2, a+b+1), (m+25, b)}

For each form of blocks, taking m = O and a, b € Z,, we get four blocks. Thus we get 168
base blocks of the H(6”) all together. Denote this set of base blocks by B”, which are developed
by (+1mod 27, —).Defineamap ¢ : (x, y) — 27y+x, foreachelement (x, y) € Zy7 X Z5.
Then B’ = ¢(B”) is the base block set of an H(6°) on Is4 = {0, 1, ..., 53} with group set
{{m,m+9,...,m+45} : m € Z9} and automorphism group ((0 1...26)(27 28...53)).

For each block B = {a, b, ¢, d} € B/, construct an H(2*) with group set {{x, x + 54} :
x € B}andblock set Ap = {{a+54i,b+54(i +k),c+54j,d+54(j +k)} : i, j, k € Z3}.
Let B = Upgep' Ap. It is clear that B is the set of base blocks of an H(129) on o3 =
{0, 1, ..., 107} with group set {{m, m +9,...,m+99} : m € Zg} and automorphism group
(o), wherea = (01...26)(2728...53)(5455...80)(8182...107). Now we need to show
the resolution.

Note that there are several blocks in B, each of which contains exactly one element in
each cycle of «. We first list below some of these blocks, each of which gives a parallel class
when developed under the automorphism group ().

{0,28, 59, 87} {0,28,61,89} {0,29,60,102} {0,30,61,91}
{0, 28, 88, 62} {0, 28, 56, 106} {0, 28, 84, 58} {0, 28, 95, 70}

{0, 28, 86, 60}
(0,29, 93,71}

(0,32, 66,98} {0, 32,93, 74}
{0,31, 89,70} {0, 30, 88, 64}
(27,1,57,85} {27, 1,65, 93}
(27,3, 67,98} {27,3,87,71}
(27,2,91,78} {27, 3,89, 76}
(54,83,7,50} {54, 82,32, 6)

{0, 29, 88, 77}
{27, 1,59, 87}
(27,1, 66, 95}
(27,3, 65,96}
(27,3, 88, 64}
(54,82, 34, 8)

{0, 30, 60, 98}
(27,1, 61, 89}
(27,1, 67,96}
{27,3,61,91}
{54,82,5,33)
(54,82,2,52)

{0,32,91, 75}
{27, 1, 83, 58}
(27,5, 93,74}
(27,1, 88, 62}
(54,82,7,35)
(54,82, 30, 4}

(54, 82,41, 16} {54, 82, 15, 44} {54, 83, 39, 17} {54, 86, 12, 44} {54, 86, 39, 20}
(54,85, 8,42} {54,83,34,23) {54,83,33,21} {54, 84, 6,44} {54,86,37,21}
(81,55,5,33) {81,55,7,35) {81,55,29,4} {81,55, 11,39}{81,55, 12,41}
(81,55, 13, 42}{81, 56, 12, 44} {81, 59, 39, 20} {81, 56, 10, 51} {81, 57,33, 17}
(81,59,37, 16} {81,57, 11,42} {81,57,7,37} {81,55,32,6} {81,55,34,8}
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(81,56, 37, 24}
{0, 59, 39, 98}
{0, 82, 41, 70}
{0, 56, 35,91}
{0, 62,41, 101}
{27,55,3, 85}
(27,83, 8, 64}
{0, 67, 34,98}
(54, 1,84, 31}
{54, 28, 86, 6}
(54,29, 93,17}
(54,32,91, 21}
{81, 1,59, 33}
(81,1, 67,42}
(81,3, 65,42}
{81,28,57,4)
{0, 82, 59, 33}
{0, 57, 87, 44}
{0, 82, 56, 52}
{0, 84, 60, 44}
(27,55, 83,4}
(27,59, 91, 16}
(27,57, 89, 22}
(54,28, 7,89}
(54,29, 6, 102}
(54,1, 32,87}
(54,31, 8,96}
{81,28,7, 62}
(81,29, 8, 64}

{81, 57, 35,22} {81, 57, 38, 15} {81,57, 34,10} {0, 55, 30, 85}

{0, 57, 33,98}
{0, 86, 39, 74}
{0, 86, 37,75}
(27,82, 5, 60}

{0, 59, 37,102} {0, 58, 35, 97}

{0, 83, 34, 77}
{0, 84, 34, 64}
{27,55,5, 87}

{0, 55,32, 87}
{0, 56, 32, 88} {0, 83, 33, 75}
(0,57, 34,101} {0,61, 40,98}
{27,82,7,62} {27,55,7,89}

(27,55, 11,93} {27, 55, 12,95} {27, 56, 12, 98} {27, 83, 6, 77}
(27,57,8,103) {27,57, 13,98} {27,57, 11,96} {27, 84, 15,73}

(27,82, 13, 69}
(54, 1,93, 41}
{54, 1, 88, 35}
(54,32, 93, 20}
{54, 30, 88, 10}
(81,28, 61,8}
(81,2, 66, 44}
{81, 30, 69, 19}
(81,28, 67,15}
{0, 82, 61, 35}
{0, 59, 91, 48}
{0, 82, 69, 44}
{0, 60, 94, 46}
(27,83, 59,7}
{27, 84, 69, 19}
(27,86, 65, 19}
{54, 1, 30, 85}
{54, 3,33, 98}
(54,1, 34, 89}
(54,2, 32, 88}
{81, 1,29, 58}
(81, 3,33, 71}

(27,84, 6,71}
(54,3, 87,44}
{54, 28, 88, 8}
(54,2, 86, 34}
(54,3, 88, 47}
{81,1,61,35)
(81,29, 62, 10}
{81, 30, 70, 23}
{81, 30, 60, 17}
{0, 55,93, 41}
{0, 84, 61,37}
{0, 85, 62, 42}
{0, 61,94, 44}
(27,83, 60, 23}
(27,84, 70, 23}
{27,57,92, 15}
(54, 1,42, 98}
{54,5,37, 102}
(54,28, 2, 106}
{54,2,35,91}
{81, 5,39, 74}
{81, 30, 15, 73}

(54,13, 33, 100} {54, 13, 34,98} {81, 1,34, 62}

{81,2,37,78)

(81,3, 35,76}

(81,30, 6,71}

(27,85, 10, 74} {27, 86, 11, 73}
{54,5,91,48} {54, 4,89, 43}
(54,28,84,4) {54,28,95, 16}
(54,29, 87,21} {54, 2, 89, 37}
(54,6,94,46} {54,7,94, 44}
{81,1,65,39} {81,1,66,41}
(81,2,64,51) {81,3,67,44)
(81,3,61,37) {54,13, 87,46}
(81,31, 64, 20} {81, 32, 65, 19}
{0, 55,96, 44} {0, 59,93, 44}
{0, 55, 86,33} {0, 55, 88, 35)
{0, 56, 86,34} {0, 56, 89, 37}
{0,62,95,47} {27,82,61,8}
(27, 83,62, 10} {27, 57, 87, 17}
{27,55,86,6) {0,67,87,46)
(27,57, 88, 10} {54, 28, 5, 87}
{54,5,39,98} {54,29,7, 104}
{54,4,35,97} {54,30,7,91}
(54,28, 15,98} {54, 32, 12, 98}
(54,30, 6,98} {54,3,34,101}
{81,29,5,61} {81,29,6,77}
{81, 30, 16, 77} {81, 1, 32, 60}
(81,28,3,58) {81,28, 13,69}
(81,31, 10, 74}{81, 3, 38, 69}

{81,3,34,64} {27,84,16,77} {0,67,33,100} {27,2, 64, 105}{27, 3, 62, 103}
(54,85, 35,16} {54,84,34,10} {0,82,34,62} {0,82,30,58) {54,8,95,47)
{81,28,59,6} {0,83,61,50} {0,83,60,48} {0,67,88,44} {27,82,57,4}
{54,8,41, 101} {81,28, 5,60}

Then we shift each of the remaining base blocks in B by a suitable automorphism o' for
some integer i. The result is listed below, where the blocks in each of the six consecutive
rows, namely the ith, (i + 1)th, ..., and (i + 5)throws fori € {6k+1:4=0,1,...,40},
form a parallel class.

{0,1,5,6)  {2,30,7,35)
(19,20, 48, 17}{21, 22, 51, 52}

{3,4,10, 11}
(23,24, 34,9}

(8,36, 15, 43}
(25,26, 37, 39}

{27, 28, 32, 33}{40, 41, 42, 38} {54,55,59, 60} {56, 84, 61, 89}
{62, 90, 69, 97}{66, 67, 68, 70} {73,74, 102, 71}{75, 76, 105, 106}{77, 78, 88, 63}

{80, 81,91, 92}{72, 107, 86, 93}{83, 85, 95, 100}{94, 96, 99, 101} {44, 45,103, 104}

(53,82, 31, 87}{50, 79, 29, 98}
{0,1,11,12} {2,3,42,17)

(14,19, 53, 31}{9, 38, 16, 32}
(24,27, 35, 39}{43, 45, 28, 33}
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{4,5, 18,47}

(6,7, 48, 50}

(15,44, 21,36} {23,26,29, 40}
(54,55, 65, 66} {56,57,95,97)

(12,13, 14, 16}
{18, 46, 47, 49}
(57,58, 64, 65}

(8, 10, 20, 25}
(13,41, 51,52}
(58,59, 98, 73}
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{60, 61, 74, 103} {62, 63, 104, 106}
{72,101, 77, 80} {83, 88, 93,99}
{34,91, 49, 107} {81, 30, 96, 46}

(0,5, 12, 47)
(25,27, 8,22}
(30, 31, 44, 46}
(72,74, 78,95}
{69, 98, 88,91}
(34,90, 40, 84}
{0,2, 8, 10}
(13,18, 24,5}
{46, 49, 32, 36}
{58,61,91, 102}
{77, 107, 85, 99}
{48, 104, 33, 92}
{0,30, 11, 15}
(17,20, 24, 10}
(25,27, 35, 49}
(69,72, 58,92}

{2,6,10,17}
(4,33, 23,26}

{43, 45, 49, 39}
(58, 87, 64, 106}

{70, 75, 82, 87}
{86, 90, 67, 102}

(9,11, 14, 16}
(15,20, 52, 36}
(54,56, 66, 71}
(57, 86, 76, 79}

{102, 103, 104, 100}{92, 97, 77, 85}

(37,94, 50, 81}
{1,31,9,23}

{22, 26, 30, 38}
(37,40, 52, 29}
{66, 70, 76, 59}
{95, 98,75, 88}
(67,41, 53,82}
(1,4, 16,47)

{8,9,40, 41}

(54,59, 65,73}
(62, 63, 94, 95}

{93, 67, 104, 106}{82, 57, 89, 105}
{101, 48, 103, 45}{39, 98, 78, 32}

{0, 28, 30, 4)
(8,37,47,25)

(24,26, 32, 34}
(65,93, 67, 90}
{71, 100, 81, 95}

(1,29, 12, 14}
(6,38, 18, 50}

(39, 40, 23, 52}
{58, 86, 88, 62}
{59,91,97, 105}

{43, 45, 102, 104}{44, 76, 82, 36}

{0,2,32,34}
{9, 39, 15, 53}
{46, 20, 22, 50}
(57,89, 69, 101}
(65,73, 106, 85}
{47,105, 28, 62}
{0,31,37,47)
(9, 12, 43,29}
{39, 13, 50, 52}
{59, 61, 94, 96}
{100, 74,75, 71}
{11,95, 22, 80}
{0, 6,12, 19}
(34,35, 14, 15)
(51,27, 4,44}
(57,60, 95,71}
{92, 66, 76, 104}
{79, 53, 81,29}
27,1, 12,41}
(33,11, 45, 26}
{49, 25, 6, 37}

(3,5, 36, 26}
(12, 44, 49, 6}
(54, 82, 94, 96}
{68, 100, 107, 61}
{103, 77, 64, 66}
{19, 81, 87, 40}
{1,32,36,17)
{16, 20, 10, 30}
(34,35, 49, 24}
{60, 90, 73, 77}
{92, 68, 76, 107}
(65, 40, 84, 33}
{1,7,21, 42}
(37,11, 17, 45}
(33, 36, 40, 26}
{62, 65, 105, 58}
{96, 99, 80, 83}
{90, 39, 106, 32}
(28,2, 14,43}
(31,8, 39, 46}
{54, 60, 66, 73}

(3, 6,43, 20}
(19,47, 51,25}
(54,56, 62, 64}
(63, 68, 73, 106}
(86, 87,93, 94}

(2,5, 13,43}
(21,22, 28,29}
{56, 60, 91, 99}
(68,96, 100, 74}
(31,33, 97, 102}

(3,31, 15, 17)
(9,41, 48,2}

(54,57, 61,74}
(64, 92,75,77)
{69, 99, 103, 79}

{4,33,37,25)
{24,29,7, 13}
(56, 84,97, 72}
{71,102, 79, 86}
{42, 17,75, 63}

(2,5,44,21)
(8, 14, 48, 27)

{54, 83, 86, 89}
[62,93, 99, 82}
{105, 81, 66, 70}

(3, 10, 43, 47}
(48,22, 50, 25)
(54, 86, 64, 70}
(69,72, 103, 89}

{64, 69,76,84} {71,100, 78, 94}
{89, 92, 105, 85} {22,79, 37, 68}

(13,42, 18,21}
{24,53,29, 32}
{55, 59, 63, 70}
{80, 83, 61, 75}

{1,3,7,51}
(19,48, 38, 41}
{60, 62, 65, 67}
(68,73, 105, 89}

{99, 101, 107, 82}{93, 96, 28, 35}

(11,15,21, 4}
(14,42, 16, 39}
(55, 84, 65,79}
(69,72, 80, 83}

(7,12, 17, 50}

(27,28, 34, 35}
(57,60, 97, 74}
{71,101, 78, 81}

{89, 90, 103, 105}{44, 45, 100, 96}

(3, 6,19, 53}

{18, 46, 52, 26}
(55, 85, 66, 70}
{79, 80, 86, 87}
(75, 81, 34, 42}

(5,33,46,21}
(11,42, 19, 53}
{55, 83, 89, 63}
(66,94, 78, 80}
{96, 70, 98, 73}

(8, 38,43, 30}
(16,48, 27, 35}
{55, 83, 70, 99}
{58, 60, 90, 92}
(67,95, 51,52}

{4,7,42, 18}
(45,19, 23,51}
(55,57, 88,78}

(7,37, 14, 44)
(23,51, 36, 38}
{61, 64,76, 107)
(71,77, 84, 90}
(83, 88, 12, 50}

(7,35,22,51)
(20,49, 27, 16}
(56, 84, 85, 87}
{72,101,106,68}
{10, 13, 107, 60}

(1,31, 14, 18}

{11,41, 45,21}
{59, 88, 98, 76}
{74,104, 80, 91}
(23,78, 10, 93}

(3, 6,46, 26}
(41,15, 25,53}
(58,87, 91,79}

{69, 101, 106, 63}{67, 98, 102, 56}

(64,97, 104, 85}

(5,13, 46, 52}
{49, 23, 24, 20}
(55,85, 93,97}
(73,77, 67,87}

{100, 101, 88, 63}{91, 94, 102, 78}

(29,3, 16, 18}
{44, 19, 24, 13}
{55, 62, 95, 99}

(30, 5, 15, 47}
{40, 42, 21, 23}
(85, 86, 63, 64}

{72,103, 28, 38}

(30,31, 8,9}
(28,2, 16, 18}
(56, 59, 98, 75}
(68,74, 61, 82}
(38,41, 107, 84}

(32,10, 17, 22}

{53, 4,9, 20}
{83, 57, 61, 89}
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(87,88, 67,68} {96,70, 76, 104}
{101, 78, 84, 94}{97, 75, 107, 59}
{100, 50, 81,7} {103, 51, 34,93}
(27,29,5,7)  {28,3,6,9}

{43,18,8,11} {39, 15,20, 34}
{41,42, 52,26} {81,55, 66,95}
(84,61, 92,99} {98,73,78, 67}

{98, 72,74, 102}
{35, 38, 69, 82}

(31,33, 10, 0}
{47, 24, 30, 40}
(82,56, 69, 71}
(94,96, 72, 74}

(80,90, 97, 103}{104, 105, 88, 62}{50, 51, 89, 64}
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(58,32, 45, 74}
(81,28, 39, 68}
{10, 65, 49, 105}
(80, 12, 87, 43}

(44, 45,73, 102}
{50, 78, 10, 66}
(35,90, 75, 23}

(59, 64, 44, 49}
(61,91, 42, 29}
(82, 83, 3, 32}
{106, 26, 10, 93}
{40, 70, 20, 104}

(3, 60, 18, 103}
(5,89, 43,101}
{49,104, 33, 61}
(69,98, 21, 36}
{92, 12, 68, 42}

(55,6, 67,48}
{84, 8,96, 23}
(88,9, 93, 42}
{80, 30, 34, 69}
(74,25, 86, 37}

(3, 86, 89, 38}
(27,56, 73, 22}
(34,90, 96, 44}
{42, 18, 107, 57}
{100, 48, 79, 15}

{59, 8, 16, 100}
(85,5, 19, 75}
(91,38, 51, 107}
(21, 106, 29, 64}
(3,61, 92,46}
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