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In this supplementary material, we show our constructions in d; ® da ®ds(ds > do > d; > 2) and d®d®d®d(d > 2)
are strongest nonlocal.
In d; ® do ® d3, where 2 < dy < ds < ds. let

A() :{|000>}7
Ay ={]i00) : 1 < i <dy — 1} J{[0i0) : 1 < < dp — 1} | J{|00i) : 1 < i <y — 1},

Ay :—{\/§(|OZ]>+|j0’L>+|Z]0>) :1<i,5<dy —1}U{ﬁ(|013>+|30z>):d1 <i<dy—1,1<j gdl—l}
1
U{ﬂ(|0ij>+|ij0>)11Si§d1—1,dlSjﬁdz—l}U{|Oij>:d1Si,jﬁdz—l}
1
U{ﬁ(|0ij>+|i0j>):1§i§d1—1,dggjgdg—l}UﬂOij}:dlgigdg—l,dggjgdg—l},

where |.A0‘ =1, |.A1| =dy +dy +ds — 3, |./42| = (dg = 1)(d3 = 1), and |.A0‘ == |./41| aF |./42| =dods +di — 1 =
S(dy,ds,ds). We denote |ag) = |000) and {|ai>}f:(°1l“d2’d3)_1 = A; |JA2. Then we can construct a set of orthogonal
states {‘¢i>}i€ZS(d1,d2,d3)? where

[v0) = |ao),

[tit1) = > WSy dydy)—11+1)s 1 € Ls(dy dp,dg)—1- (1)

J€Ls(dq,dg,dg)—1

Proposition 1 In d; ® do @ ds, 2 < dy < ds < ds, the set of orthogonal states {|¢i>}iEZs<d1,d2,d3) given by Eq. (1) is
strongest nonlocal.
Proof. Since {|wi>}iezs(d1,d2,d3) has a similar structure under the bipartitions {A;|A3As, As|A; Az, A3|A2A;}, we

only need to show that any OPLM {E} performed on AjAj is trivial. We assume that A; A3 performs an OPLM
{E}, then we have (1;|la, ® Eltp;) = 0 for i # j € Zg(a,,d,,ds)-

Note that {|¢o)} is spanned by {|ag)}, and {|wi>}f:((fl’d2’d3)71 is spanned by {|ai)}f:((fl’d2’d3)7l. Since (Yo|lg, ®
El;) = 0 for 1 < i < S(dy,da,ds) — 1, we have (a|la, ® Ela;) = 0 for 1 < ¢ < S(dy,ds,d3) — 1 by Block Zeros
Lemma. It implies that

(00|Elij) = (ij|E[00) = 0,  (i,7) € Za, X Zay \ {(0,0)}. (2)
Without loss of generality, we assume |o;) = [100). Then we have
(1|la, ® Ela;) =0, 2 <4< S(dy,dz,d3) —1;
(a|pi) #0, 1<i<S(dy,dz,d3) — 1.
Applying Block Trivial Lemma to {|z/1i>}f:(‘il’d2’d3)71, we obtain

(illa, ® Elay) =0, 1<i#j<S8(di,da,d3)—1;
<ai|HA1 ®E|al> = <aj|]IA1 ®E|aj>7 1<4 #] < S(d17d23d3) — L
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Now we prove that the off-diagonal elements of E are zeros, which is more involved. We can summarize it as follows:

Assume x1 = [i1j1), @2 = |iaje) € Za, X L4y, then |0x1), |0x2) € Zg, X Zg, X Ly, correspond to two states in
Awt(zy) and Ayy(z,). Denote the two states by ay,az, respectively. When xy # 3, one can check 0 = (a1 |E|ag) =
(0z1|I @ E|0z2) = (i1j1|E|i2j2)(Here we ignore the coefficients, which have no effect on the result). The detailed
process is as follows:

If |o;), |;) € Az, then we have

(i1J1|Elizg2) =0, wt(iy, j1) = wt(iz, jo) =1, (i1, 1) # (i2,)2) € Za, X L. (3)

If |o;) € A1, |aj) € A, then we have

—=({0izja2| + (j20ia| + (i2720])La, ® E]00i;)

V3

22j2|E‘021> 1§’61§d3—1, 1§i2,j2§d1—1,

0 =(00i1 |14, ® E—=(|0i2j2) + |j20ia) + |i2j20)) =

5%

0i1|Elizja) =

—

0

(|022j2> == |j2022> = ‘7/2]20>) \/§(<02232| == <]2022| 4= <12j20|)I[A1 ® E‘0210>

\[

210|E‘i2j2> = <22j2|E‘210> 1 < Zl < d2 — 1, 1 S ig,jg S d1 — 1,

(
(
(0i10[T4, ® E—=
(
(

1 . . )
((Oigga| + (j20i2|)I4, ® E|00i1)

0 =(00¢1|14, ® B 07 + |720i
1/La, \[(| 2J2) + [720i2)) = 7
1 1
— (01| Eligja) = —=(igja|E|0i1), 1<iy <ds—1,dy <ig<dy—1,1<jo<dj—1,
\/§< 1| |2J2> \@< 2]2| | 1> S 17 > a3 1 % 2 J2 1
1 1
0 =(0i10|I4, ® £ 07 + |5201 0%272| + (420i2])L4, ® E|07,0
(0i10[L4 \[(I 2j2) + 1520i2)) = \/5(< 2J2| + (j20i2|)L4, ® E|0i10)
1 1
— (10| Eligja) = —=(igja|E]i10), 1<i3 <dy—1,dy <ig<dy—1, 1< jo<dj—1,
\/5<1| |2J2> \/§<2]2||1> S S a2 1 2 2 J2 1
0= <0011|]IA1 ®RFE— (|012j2> aF |22j20>) (<012]2| aF <’Lg]20|)HA1 ® E|0021>
7 7
1 1
0i1| @ F ) i ® E|0i 1<i;<ds—1,1<i3<d;—1,d; <jos<dy—1,
( 1| \[\2]2> \/§<2]2| | 1> S 1] > a3 % i 13 )2 2
1
0=(07,0|I4, ® E 07 =+ |i2520 07 + (22720|)14, ® E|07;0
(0i10[La \/(| 2j2) + [i2720)) = \/§(< 22| + (i2520])La |01 0)
1
=<210|®E liaga) = (i2J2| ® Eli10), 1<i31<dy—1,1<is<d;—1,d; <jo<ds—1,
V2 V2
0:<0021|]IA1 ®E‘012]2> <0i2j2|HA1 ®E|0021>
=(0i1| ® Elizjo) = (i2je| ® E|0i1), 1<y <dg—1, dy <ig,jo <dy—1,
O=<0210|]IA1 ®E‘012]2> <0i2j2|HAl ®E|0210>
=(110] ® Eliaga) = (izj2| ® Ei10), 1<y <dy—1, dy <, jo <dy — 1,
1 o L 1 . L ;
0 =(00i1 |14, ® E\/§(|OZ212> + 1i20j2)) = ﬁ(<01232| + (i2052()1a, ® E|00i1)
=(0i1|Elizj2) = <1'2j2|E\0i1>» 1< <ds—1,1<143<dy —1, dp < jo < d3—1,
1
0 =(07:0|I4, @ E 0z =+ 220 0i972| + (12072])14, ® E|0770
(0i10L4, \[(| 2J2) + [i2072)) = \/5(( 22| + (i2072])L4, ® £0i10)
=<210|E‘22j2> <22j2|E‘210>, 1 S 21 S d2 — 1, 1 S i2 S d1 — 1, d2 S jg S d3 — 1,
0 =(004; |14, ® E|0izja) = (Oizj2|la, ® E]00iy)
:<011|®E|22j2> <22j2|®E|0i1>, 1<iy <dg—1,dy <ip<dy—1, dy §j2§d3—1,
0:<0’610|]IA1 ®E‘OZQ]2> <0i2j2|HA1 ®E|0210>
=(110| ® Elizje) = (iojo| ® E|110), 1<i3 <dy—1,di <ip <dy—1, dy <jo<ds—1.

It means that

(i171|Elizje) = (iaj2| Eli1j1) =0, wt(iy,j1) = 1, wt(iz, jo) = 2, (i1,51), (i2,J2) € Zgy X Za,- (4)



If |oy) € Az, |a;) € A, then we have

O
%\H
w

O

a\~§\~§\~§\m\mwé\m\m\m\mw

0=

O

o

x\mw

((Oirga] + (310i1| + (i1510])La, ® E—=(|0i2j2) + [j20i2) + |i2720))

\f
== ((i141|Elizg2) + (j1lj2)(0i1| E|0i2) + (j1]i2) (01| E|j20) + (i1]j2) (j10[E|0i2) + (i1]i2) (10| E|j20))

== (i141|Elizg2) + (j1lj2)(0i1| E|0iz) + (i1]i2)(j10|E|520))

—~
—~

iji|Bliaga), 1< i1,j1,02,52 <di — 1, (i1,51) # (i2,j2),

OJ\HOJ\HOJ\H

((Oiyg1| + (j10i1] + (i1510))[a, ® E—=(|0i2j2) + |j20i2))

\[

((Oizga| + (j20i2|)la, ® E—=(|0i1j1) + |j10i1) + |i1510))

\f
((i1g1|Elizja) + (j1lj2)(0i1| E|0i2) + (i1]j2)(510] E|0i2))
((i272|Elirj1) + (j2l71)(0i2| E|0i1) + (j2li1)(0i2| E|510))

(i171|Elizj2) = \/6<22]2‘E|21‘71>’ 1<i,i<di—1,d1 <ipg<dy—1,1< 4 <dy — 1,

((Oiyg1| + (j10i1] + (i1510))[a, ® E—=(|0i2j2) + |i2720))

\f

1
((Oigga| + (i2720|)L4, ® E—=(|0i1j1) + [j10i1) + |i1510))

7
((i1g1|Elizja) + (j1li2)(0i1| E]20) + (i1]i2)(j10| E|j20))
((i2g2|Elirj1) + (i2]j1)(0j2| E|0i1) + (ia]i1)(j20| E|710))
(t171|Elizja) = \/6<22]2\E|Z131>, 1<i,j1<di —1,1<is<dy —1,d1 —1< 755 <dy—1,

((Oirg1| + (510i1| + (i1510])La, ® E|0igj2)

=(0izja| ® E—=(|01j1) + |j10i1) + [i1510))
f

1 1

——(i1j1|Eli ioga| Eling1), 1<in,j1 <di—1, di <ig,jo <do—1,

\/§< 1J1|Elizga) = \/§< 2]2\ | 1]1> S 21,1 1 1 2,72 2

1

=——((02 + (71021 | + (217104, @ E 07 + |i90

\/§(< 11| + (j10i1] + (i1510[)La, \f(| 2j2) + [i20j2))

1

=—=((0i2j2| + (i2072|)1a, ® E—=(|0151) + [j1071) + |i1510))

\/> 1 \/>

%(<11J1|E|Z232> (J1li2)(0i1|E[0j2) + (i1(i2)(j10]E]|052))

%(<Z232|E|Z131> (i2]71)(072| E|0i1) + (i2[i1)(0j2| E]510))

1 1

=—(1 FEli iojo|Eling1), 1<i1,71<d1—1,1<13<d;1—1, dy <jo<d3g—1,

\/6< 1]1| | 2]2) \@< 2]2\ | 1]1> 1,J1 1 2 1 2 X J2 3
Z%(@mﬂ + (j10i1] + (i1510))14, ® E[0izj2)

(Oigga|la, ® E\[(|OZ1J1> + 141041) + |i1510))

(i151|Elizj2) = \/§<Z232‘E|21]1>7 1<i,51 <dy—1,dy1 <ig <dyg—1, dp < jop < dg — 1,

(<021]1| + (j10i1 )14, ® E—= (|OZ2]2> + |j20i2))

%
=5 ((151|Elizge) + (j1]72) (01| E|0iz))

=—(t1j1|Elizga), di <i1,ia <dp—1,1<j1,j0 <dy —1, (i1, 1) # (i2,2),

w\»—lw\)—l



1 1
0= E«O“Jl' + (j10d1])1a, ® E\f(|01232> + [i2720)) = \f(<022‘72| + (i2720))14, ® Ef(|02111> + [41041))
1 . . . 1 .. .. . .
§(<le1|E\Z232> (J1li2)(0i1|E]520)) = §(<Z2J2|E|11J1> + (i2/j1)(j20| E|0i1))
1 1 . _ . . . .
§<21]1|E|12J2> §<12]2\E|11]1>, di <3 <dy—1,1<j; <dy1 —1,1<i3<dy -1, dy < jp < dp — 1,
1 1
0= ﬁ(<011]1| + (j10i1])1a, ® E|0izj2) = (0izja|la, ® E\f(|0“ﬁ> + [41041))
1 1 .. . . . ..
E<Z1J1|E|22]2> \/5<22J2|E|Z1J1>, di <i1 <dpy—1, 1<j; <di—1, di <ig,jo <dyp—1,
1 1
0= ﬁ(<011]1| + (410i1]) L4, ® E\f(|01232> + [i2072)) = \f(<012j2| + (i2052()1a, ® E\[(|O“JI> + [51041))
1 . . ) 1 .. . . ; .
§(<2111|E\Z2J2> (J1li2)(0i1|E[0j2)) = §(<Z2J2|E|11J1> + (i2/51)(0j2| E|0i1))
1 1, . _ . . . .
§<le1|E|12]2> 2<Z2]2\E|11]1>, dy <i3<dp—1,1<51 <d1—1,1<i3<dy —1,dp < ja < d3g — 1,
1
0= ﬁ(<011]1| + (410i1])La, ® E|0izj2) = (Oizj2|la, ® Ef(IOzm) + [410i1))
1 1 .. . . . ) .
E<Z1J1|E|22]2> \/5<22J2|E|Z1J1>, dy <41 <dp—1,1<51 <di—1,di <ip<dp—1,dp < ja<d3—1,
1 1 1
0=——=((02 + (11510))[4, @ B 07 + |i9790 1171 Ei272) + (i1]i2) {710/ E| 520
\/5(< 11| + (i1510])La \[(| 2j2) + |i2j20)) = 2(( 1J1|Elizja) + (i1]iz)(j10|E]320))
1
§<le1|E|12]2> 1 <iy,ip <di —1, di < j1,j2 <do — 1, (i1,51) # (i2, J2),
1 1
— ({07171 11J1 A, 122 12J2|14, 11J1 11J1
0= \/§(<0 | + (i1510])1a, ® E|0izj2) = (0igja|l ®E\f(|0 ) + [i1710))
1 1 .. . . . ..
E<Z1J1|E|22]2> \/5<22J2|E|Z1J1>, 1< <dy—1,d1 <51 <dp— 1, dy <, 52 <dp — 1,
1 1
0 =—=((0irj1| + (11510))La, ® E—=(|0d2j2) + [i2052)) = —=((Oizj2| + (i20j2])La, ® E—=(|0151) + |i1510))
vz 7 V2 7
1 . ) 1 .. .. . . .
§(<2111|E\Z2J2> (i1]72) (10| E]0j2)) = §(<Z2J2|E|11J1> + (i2]i1) (02| E|510))
1 1
§<21j1|E|i2j2> = §<i2j2\E|i1j1>, 1< <di =1, di <51 <dp—1,1 <45 <dy — 1, dy < jp <d3z —1,
1 L.
0= ﬁ(@ll]ﬂ + (11710)La, ® E|0izj2) = (0izja|la, ® E\f(|0“‘71> + [i1510))
\/§<Z1]1|E|2232> ﬁ<22J2|E|Z1J1>, 1< <dy—1,d1 <j1<dy—1,dy <ip<dy—1, dy <jo<d3—1,
0 =(0i1j1|14, ® E\Ol2]2> = (i1j1|Blizga), di <i1,d2,51,02 < do—1, (i1, 71) # (42, j2),

=(
0 =(0i171 14, ® E\[(|02232> + 1i2052)) = —=((0izj2| + (i2052|)1a, ® E|0i1j1)

1
V2

1 . . 1 .. . .. ; .
:ﬁ<l1jl|E|22]2> = ﬁ<12]2|E|2131>7 dy <i1,51 <dp—1, 1 <ip <dy — 1, dy < jop < d3z — 1,
0 =(0i141|La, ® E|0izje) = <i1j1|E|i2j2> dy <i1,51 <da— 1, dy <ig <dyp— 1, dy < jp <d3z — 1,
1
0=-—-=((02171| + (10514, ® E 02 + |20
ﬁ« 11| + (1051 |)La, f(| 2j2) + [i2072))
1 L. . .
ﬁ(<21]1\E|l2]2> <21|12><0]1|E|0J2>)
ﬁ<11J1|E|22J2> 1 <iy,ip <dy — 1,dp <, jo < dg — 1, (i1, 51) # (i2,J2),
1 L.
0= 7(<01131| + (i1051)La, ® E|0izj2) = (Oizj2|la, ® E\f(|0“‘71> + 1i1051))
1 1 .. . . . ) .
ﬁ<lljl|E|2232> = ﬁ<22]2|E|Z1J1>, 1< <di—1,da <51 <dzg—1,dy <ig<dp—1, dy < jop <dz — 1,

<

i1j1la, ® E|0igj2) = (0igj2|la, ® E|0i1j1)
t1J1|Eliaga), di <102 <do —1, do < j1,J2 <dz—1, (i1,51) # (i2, j2).

=(
=



It means that

(t1J1|Elizga) =0, wt(iy,j1) = wt(iz, j2) = 2, (i1,51) # (i2,J2) € Zdy X L, (5)

By Egs. (2), (3), (4) and (5), we obtain that the off-diagonal elements of E are all zeros.
Next, we consider the diagonal elements of F. If |a;) € A;, then we have

(00| £100) = (01|14, ® Elag) = (a;|la, ® Elag) = (irju1|Elirj1), wt(is, 1) =1, (i1,41) € Zay X Zs- (6)

If |a;) € Ag, then we have (o1 |l4, ® Elag) = (4|14, ® Elay), i.e

1
(00| E100) =(ci|l4, ® E|a;) = \/§(<011J1| + (J10d1] + (31510)L4, ® E\f(|0“31> + 141041) + [i1510))
1 . . . . ..
§(<11J1|E|11]1> (041 E|0d1) + (j10|E]510)), 1<i4,j<d; —1,
1 1
(00| £00) Z\ﬁ(@iuﬂ + (7101 NI ® Eﬁ(\%ﬁ) +1510i1))
1 . . . .
§(<Z1]1|E|Z1]1> (0i1|E|041)), di <i3 <ds—1,1<j3 <d;—1,
1 1
(00| £]00) *\ﬁ(@iljﬂ + (i1710)I® ﬁ(\o’iljﬁ + 171510))
1 . . . .
§(<11J1|E|21]1> (10| E[j10)), 1<i<di—1,d1 <j<dy—1,

(00| E100) =(0i1 1[I ® E|0i151) = (i1j1|Elirg1), di <4,j <dp — 1,

1 1
(00| E|00) =—=((0i1j1| + (:101)I ® E(—=|0i141) + |91041))
V2 V2
1 . . . .
§(<Z1J1|E|21]1> (071|E|0j1)), 1<id3 <dy—1,ds <j1 <ds—1,
(00[|E]00) =(0i171 |1 ® |0i1j1) = (irg1|Elirgr), di <i1<dp—1, dy <jy <ds—1.

That is
(00|E|00) = (i1j1|Elirj1), wt(it, j1) =2, (i1,41) € Za, X Zg,. (7)

By Egs. (6), (7), we obtain that the diagonal elements of E are all equal. Thus E o< I. This completes the proof. O
Ind®d®d®d. Let

Ao :={|0000)},

Ay :={]i000), |0i00), [0040), |0004) }?=},

Ay 1= {\}g(mo@j) +[ij00)) 11 < d,j < d— 1} U {\[(|OZJO) +100i)) 11 <d,j <d— 1}
U {\/§(|OZOJ> +110j0)) : 1 <4,5 < d— 1} )

1
Ag = {Q(Oijk> + |k0ij) + |jk0i) + |ijk0)) 1 1 < 4,5,k < d — 1} :

where |Ao| = 1, |A1] =4(d — 1), |[Az] = 3(d — 1)?, and |A3| = (d — 1)3, and |Ag| + |A1] + |A2| + [As| =d® +d — 1 =
S(d, d,d,d).

e denoiie |ey) = [0000) snd {|O‘i}>f:(?’d’d’d)71 = A1 JA2JAs. Then we can construct a set of orthogonal states
{lvi) Yiezsa,a.0.4)» Where

|tho) = |ao)
|wi+1> = Z wS(d d,d,d)— |a]+1> 1€ ZS(d,d,d,d)—l' (8)

J€Zs(a,d,d,d)—1



Proposition 2 In d®@ d® d® d, d > 2, the set of orthogonal states {|1i)}iezs g .04 9iven by Eq. (8) is strongest

nonlocal.

Proof.  Since {[ti) }iczs(.4.4.0) has a similar structure under the cyclic permutation of the parties {A1, Az, Az, A4}
We only need to show any OPLM performed on A A3 A, is trivial. We assume that Ay A3 A4 performs an OPLM {E},
then we have (¢;|I4, ® E|v;) =0, 1 # j € Zs(4,4,d,d)-

Note that {|1o)} is spanned by {|ag)}, and {|¢Z>}S(d 4 d)=1 s spanned by {las) }i2g
0for 1 <i<S(dd,d,d) —

implies that

Without loss of generality, we assume |a;) =

Applying Block Trivial Lemma to {|1;)};~

(000|Elijik) = (ijk|E]000) = 0,
(a1|la, ® Elag) =0,
(i) #0

S(dddd) 1

(ailla, ® Ela;) =0,
(ailla, ® Ela;) =

If |o), |a;) € Ai, then we have

(i1J1k1|Eligjaks) = 0,

If |oy) € Ay, and |a;) € Ap

0

0=

0=

0=

0=

0=

0=

V2
V2

=L (0061 |Bliz05) =
_\f 1 2U72) =

1. .
:7<0210|E|022]2> =

1 . .
=—=(00i;| E|0igja) =

V2

=(000i1|T4, ® E7(|0022]2> + [i25200)) =

\[
<0021|E|012]2> = \[

<00021|HA1 QR F— (|012j20> a4 |]20012>)

\f

1
— (001 |E|0injo) = —
f

<00021|HA1 QR F— (|0120j2>

\f
V2

(00i10[L4, ® E—=(|00igj2) + |i25200)) =

\f
ﬁ

(10i220) + [5200i2)) =

7

(0041014, ® E—

\f
ﬁ

(|0i2042) + |i20520)) =

7

(0041014, ® E—

\[

1 o
<0210|E|220j2> =

V2

<02100|HA1 QFE— (|0022]2> == |22]200>)

7%
(1100 E|0dgjo) =

E\H
E

(oj|la, ® E|ay),

(0i2j2| E|00iy ),

(0i2j2| E|00iy ),

|i2020)) = 7

1 . . .
7<220j2|E|0021>,

(0izj2| £]0i10),

(0izj2| £]0i10),

1, .
— (i2042| E|0i10),

<0i2j2 |E]i100),

S(d,d,d,d)—

(i,5,k) € Zg x Zg x Zg \ {(0,0,0)}.
|1000). Then we have

2<i< S(d,d,d,d)—1

1< < S(d,d,d,d)— 1.

, we obtain

1<i+#j<8(dddd)—1

1<i#j<5(d,dd,d)—1.

wit (i1, j1, k1) = wt(ia, jo, k2) = 1, (41,71, k1) # (i2,j2,k2) € Za X Zq X Zq.

1 A .
ﬁ(<0012g2| + (i27200)L4, ® E|000i1)

7:17.7.27.].2 € Zd \ {0}7

1 .. . . .
\/§(<012]20| 4 <]20012D]IA1 ® E|OOOZ1>

Z.17j27j2 S Zd \ {0}7

1 o L .
(<0120j2| aF <ZQO]20D]IA1 X E|OOO7,1>

7;17j2aj2 S Zd \ {0})

1 .. .. .
(<0022]2| aF <’LQ]200D]L41 ® E|00110>

V2

Z.17j2aj2 € Zd \ {O}’

1 . P )
({0i2420] + (j200i2|)14, ® E]00i;0)

V2

i17j2aj2 € Zd \ {O}’

1

072072| + (i20720[)14, ® E[007,0
\/§(<232| (i20520[)14, 1007, 0)
i1,J2,J2 € Zq \ {0},

1 . . :
\/§(<0022]2| = <22]200D]IA1 ® E|0’L100>

Z.17j'27j2 € Zd \ {0}7

. Since (Yo|la, ®E|¢h) =
1, we have (a|l4, ® E|a;) = 0 for 1 < i < S(d,d,d,d) — 1 by Block Zeros Lemma. It

9)

(10)



1 .. . . .
0= <01100|HA1 QR FE— (|022j20> aF |j20012>) (<012j20| aF <]20012D]IA1 & E|01100>

f V2
1

=——(00¢1|E|0igjs) = —=(0iojs|E|i100), i1, 2,72 € Z 0},
ﬂ< 1|E|0izj2) f< 2J2|E|i100) 15J2,J2 a\ {0}

1

0= <01100|HA1 QK F— (|OZQO]2> aF |220j20>) (<0120j2| aF <i20j20‘)]IA1 X E|01100>
f V2
1 . . L.

:—<2100|E|22032> (12072|E]i100), i1,j2,j2 € Zq \ {0}.

V2 V2

It means that

(i1J1k1|Eliagake) = (i2joka|Elirjik) = 0, wt(iv, j1, k1) = 1, wt(iz, j2, k2) = 2, (i1,41,k1) # (i2, j2, k2) € Zg X Lg X ZLq.

(11)

If |o;) € A1, and |a;) € A3, we have

0=

/\

000i1 |14, ® E (\012]2]62) + |k20ioja) + [J2k20is) + |iz2jak20))

(<022j2/€2| e <]€2012]2| P <]2k2022| aF <12]2k20|)ﬂ,41 ® E|00011>

l\)\»—t

00%1|E§\12J2k2> = §<Z2J2/€2|E|0011> i1,12, j2, ko € Zq \ {0},

J

0 =(00i; 0|14, ® E (\012]27%) + |k20igj2) + |j2k20iz) + |i2j2k20))
*%(<01212k2| + (k20izj2| + (j2k20ia| + (i2j2k20])a, ® E|00i,0)

%<0210|E\z212k2> lnioho| BI0a0), i1, oo € 2\ {0},

0 =(04100[L4, ® ok (\0i2j2k2> + |k20iaj2) + |j2ka0iz) + [i2j2k20))

§(<012]2k2| a4 <I€2022]2| 4= <j2k‘2022| aF <22j2k’20|)ﬂ,41 ® E|02100>
1 . ; L
§<Z100|E liogoka) = (i2joka|E|i100), i1,i2,j2, k2 € Zq \ {0}.

Then we have

(t1j1k1|Eliagoka) = (iajoka|Elivjiki1) =0, wt(ir,j1,k1) = 1, wt(is, j2, k2) =3, (i1, 1, k1) # (i2, jo, k2) € ZqgxZLgxZLq.

0=

O

0=

(12)
If |a;), |a;) € Asg, then we have

E“OOZUN + (i15100))14, ® E\[(|002232> + [i2200)) = 2(<021]1|E|022]2> + (i1]i2) (j100| E]3200))
5( i1J1|E|0i2g2), i1, 71,92, J2 € Zq \ {0}, (i1, 1) # (i2,j2),

1 1
—— ({007 + (11510014, @ FE 0227520) + 72002 075520 + (720072 )4, ® FE 007 + [217100
\/5(< 11| + (i15100])La, \[(| 2J20) + [5200i2)) = \/§(< 2J20] + (j200i2 )14, \[(l 1j1) + [i17100))
§(<12320|E|0@1]1> (Jali1)(00d2| E[5100)) = §(<02131|E\@2J20> + (i1]72) (100 E]00i2))

1 . . 1, . . L
§<021]1|E\22J20> = §<22320|E|021J1>, i1, 71,192, J2 € Zq \ {0},

1
7(<0021]1‘ =4k <le100|)HA X EF— (|0220]2> + |220j20>) 7((0220]2| =+ <’LQO]20D]IA ® EF— (|0021]1> a4 |21j100>)
V2 ' \f V2 ' f

1 e . 1., . . e .
§(<021]1|E|120]2> (i1]i2) (7100 E|0520)) = §(<Z2OJ2|E\021J1> + (i2i1) (5100 £]0;20)
=(0i171|E|i2052) = (i2042|E|0i171), 1,751,192, J2 € Za \ {0},



O

<ﬁ~““‘<ﬁ~
() —~

(<0Z1]10\+<J100Z1|)HA1®E (1002520) + [720042)) = 5 ((i1710|Ei2j20) + {j1]52)(0041| £]00iz))

%
11710\ Ei2720), i1, j1,12,J2 € Zq \ {0}, (i1, 1) # (42, j2),

1
f \[(<0120j2| + (i20520|)[4, ® E—

1[42)(001| E1020)) = 5 ((12072| E]i1/10) + (i2]71)(020] E]0041))

O

(<021]10‘ aF <]100Z1|)HA1 QR F— (|0120]2> aF |120j20>) (|021]10> aF |]10021>)

f
=5 ((i1J10| E|i2072) +

=-(0i1j1|E|i20j2) =

l\?\i—‘l\D\H

(J
5(%2032|E|02111> i1, J1,12, J2 € Zq \ {0},

0= (10620j2) +[020420)) = 5 ({02041|Ei2072) + (i112)(0510| E]0520))

({01071 | + (410510])14, ® E—

ﬁﬂH

f
<110]1|E\12032> i1, 1,12, j2 € Za \ {0}, (i1,41) # (i2, j2)-

Then we have

\ —

(i1g1k1|Eligjoke) =0, wt(iy,j1, k1) = wt(iz, j2, ko) = 2, (i1, J1, k1) # (i2, J2, k) € Zg X Lg X ZLq. (13)

If |o;) € Ag, and |a;) € Ag, then we have
0= (<0021j1| =F <Z1j100|)HA1 &® E (‘022]2]@2) =F |k‘20’&2j2> =F |j2]€2022> =F |’L2j2]€20>>

((Odggaka| + (k20igja| + (j2k20iz| + (i2j2k20[)Ia, ® E (|00i1j1> + |i15100))

~5l-3l-

= (0@ 1| Elizgaks) + (i1]k2)(j100|E|0izj2) 4 (i1]j2) (j100| E|k20iz) 4 (i1]i2)(j100| E|j2k20))

)
)—‘S
[\}

= ((i2g2kz|E|0i171) + (ka|i1)(0izj2| £]j100) + (j2|i1)(k20iz2| E|j100) + (j2li1)(j2k20|E£]5100))

)
)—IS
[\&)

(0i1 1| Elizgoke) = (i2Joko|E|0i11), 1,741,102, j2, ko € Zqg \ {0},

R
N
<OZ1]10| + (510041 )14, ® E (\0i2j2k2> + |k20igja) + |j2k20i2) + |iajak20))

d

0=

—~

(0iggaka| + (k20izja| + (j2k20ia| + (i2j2k20[)I4, ® E (|0i1j10> + 15100i1))

mr%\

= ((i1J10| Elizgaka) + (j1|k2)(00i1|E|0izj2) + (j1|j2)(00i1|E|k20iz) + (j1iz)(00i1| E|j2k20))

o
r—\%
[\}

= ((i2j2k2| E|0i171) + (kalj1)(0i2j2|E]00i1) + (ja2|j1){k20i2| £]00i1) + (ja|j1)(j2k20[E]00i1))

o
r—*%
[\)

(i1J10|Elizjoko) = (i2J2k2|Eli110), i1, J1,12, j2, ko € Zq \ {0},

R
22
<0110]1| + (910510))4, ® E (\022]2k2> + |k20igga) + |j2ka0ia) + |i272k20))

%

0=

—_— o~

<012J2k‘2| + (k20igja| + (jak20ia| + (i272k20])1a, ® E (|0210]1> +1910510))

-5~ 5l

= ((31041| Eliggzks) + (i1]k2)(0410|E|0izj2) + (i1|j2) (0710 E|k20iz) + (i1]iz)(0710|E|j2k20))

o
HS
[\}

= ((i2j2k2|E|0i1j1) + (kali1)(0i2j2| £]0510) + (j2|i1)(k20i2| E|0510) + (j2li1)(j2k20|£]0510))

-5

1
— (51510 Bligjaks) = —— (izjaka|Elirj10y, i1, 71,42, j2, k2 € Za \ {O}.
2\/§<1J1| |izjaka) 2\/5<2J2 2|Eli1510), i1,J1,12, J2, k2 € Za \ {0}
That is

(t1j1kr|Eliajoka) = (iajoka|Elivjik1) =0, wt(i1,j1, k1) = 2, wt(is, jo, k2) = 3, (1,1, k1), (i2, j2, k2) € Zq X Zq X Zq.
(14)



If |oy), |a;j) € As, then we have

0 :§(<021J1k1| + (k10i171| + (j1k10d1]) + (i151K10])14, ® E§(|02232k2> + |k20izja2) + |j2k20i2) + |izjak20))

:Z(<11J1k1|E|12]2k2> + (k1|k2)(0i171|E|0izj2) + (ki|j2)(0i1j1|E|k20iz) + (ki1liz2){(0i1j1]|E]j2k20)

+ (j1|k2)(k10i1| E|0igga) + (jalj2) (k10i1|E|k20i2) + (j1]ke){k10i1|E|j2k20) + (i1]|k2)(j1k10|E|0izj2)
+ (i1]42) (j1510| E|k20iz) + (i1]i2)(j1k10| E|j2k20))

=1<Z1J1k1|E|2232/€2>, i1, J1, k1,92, jo, ko € Zg \ {0}, (i1, J1, k1) # (i2, j2, ko).
That is
(i1g1k1|Eligjoke) =0, wt(i1,j1, k1) = wt(iz, j2, k2) = 3, (i1, J1, k1) # (i2, J2, k) € Zg X Lg X ZLq. (15)

By Egs. (10), (11), (12), (13), (14), (15), we obtain that the off-diagonal elements of E are all zeros.
Next, we consider the diagonal elements of E. If |a;) € A, then we have

(000|E1000) = (a1|l4, ® Elay) = (a;|la, ® Elag) = (irjiki1|Eliijiky), wt(ii, j1, k1) =1, (i1,51,k1) € Za X Zg X Zg.

(16)
If |oa;) € Ag, then we have
(0001E1000) =(an[Ls, ® Elon) = (aulls, @ Elos) = 5 ({0iaulEl0irja) + 10011700}
= 5 ({iau0]Blis j20) + 0001 | EJ004)) = 5({6202| Blis07u) + (03201 EI0j20)),
wit(in, j1, k1) =2, (i1, j1, k1) € Za X Zq X Zq.
That is
(000 E[000) = (i1j1k1|Elinjiks), wt(in, i, k1) =2, (i1, j1, k1) € Za X Za X Za \ {0,0,0,0}. (17)
If |o;) € Ajg, then we have
(000|E1000) =(a1|La, ® Elar) = (ai|la, ® Elas)
Zi(@ljlkl\EVljlkl) + (0i171|E|0izj2) 4 (k10i1|E|k10i1) + (j1k10|E|j1£10)),
wt(in, 1, k) = 3, (i1, 41, k1) € Za X Zg X Zg.
That is
(000 E|000) = (irjuki1|Elirjrky), wi(in,ji, k1) =3, (i1, 41, k1) € Za X Za X Zg \ {0,0,0,0}. (18)

By Egs. (16), (17), (18), we obtain that the diagonal elements of E are all equal. Thus E o I. This completes the
proof. O



