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In this supplementary material, we show our constructions in d1⊗d2⊗d3(d3 ≥ d2 ≥ d1 ≥ 2) and d⊗d⊗d⊗d(d ≥ 2)
are strongest nonlocal.

In d1 ⊗ d2 ⊗ d3, where 2 ≤ d1 ≤ d2 ≤ d3. let

A0 :={|000⟩},

A1 :={|i00⟩ : 1 ≤ i ≤ d1 − 1}
⋃

{|0i0⟩ : 1 ≤ i ≤ d2 − 1}
⋃

{|00i⟩ : 1 ≤ i ≤ d3 − 1},

A2 :=

{
1√
3
(|0ij⟩+ |j0i⟩+ |ij0⟩) : 1 ≤ i, j ≤ d1 − 1

}⋃{
1√
2
(|0ij⟩+ |j0i⟩) : d1 ≤ i ≤ d2 − 1, 1 ≤ j ≤ d1 − 1

}
⋃{

1√
2
(|0ij⟩+ |ij0⟩) : 1 ≤ i ≤ d1 − 1, d1 ≤ j ≤ d2 − 1

}⋃
{|0ij⟩ : d1 ≤ i, j ≤ d2 − 1}⋃{

1√
2
(|0ij⟩+ |i0j⟩) : 1 ≤ i ≤ d1 − 1, d2 ≤ j ≤ d3 − 1

}⋃
{|0ij⟩ : d1 ≤ i ≤ d2 − 1, d2 ≤ j ≤ d3 − 1} ,

where |A0| = 1, |A1| = d1 + d2 + d3 − 3, |A2| = (d2 − 1)(d3 − 1), and |A0| + |A1| + |A2| = d2d3 + d1 − 1 =

S(d1, d2, d3). We denote |α0⟩ = |000⟩ and {|αi⟩}S(d1,d2,d3)−1
i=1 = A1

⋃
A2. Then we can construct a set of orthogonal

states {|ψi⟩}i∈ZS(d1,d2,d3)
, where

|ψ0⟩ = |α0⟩,

|ψi+1⟩ =
∑

j∈ZS(d1,d2,d3)−1

wij
S(d1,d2,d3)−1|αj+1⟩, i ∈ ZS(d1,d2,d3)−1. (1)

Proposition 1 In d1 ⊗ d2 ⊗ d3, 2 ≤ d1 ≤ d2 ≤ d3, the set of orthogonal states {|ψi⟩}i∈ZS(d1,d2,d3)
given by Eq. (1) is

strongest nonlocal.

Proof. Since {|ψi⟩}i∈ZS(d1,d2,d3)
has a similar structure under the bipartitions {A1|A2A3, A2|A1A3, A3|A2A1}, we

only need to show that any OPLM {E} performed on A2A3 is trivial. We assume that A2A3 performs an OPLM
{E}, then we have ⟨ψi|IA1

⊗ E|ψj⟩ = 0 for i ̸= j ∈ ZS(d1,d2,d3).

Note that {|ψ0⟩} is spanned by {|α0⟩}, and {|ψi⟩}S(d1,d2,d3)−1
i=1 is spanned by {|αi⟩}S(d1,d2,d3)−1

i=1 . Since ⟨ψ0|IA1
⊗

E|ψi⟩ = 0 for 1 ≤ i ≤ S(d1, d2, d3) − 1, we have ⟨α0|IA1
⊗ E|αi⟩ = 0 for 1 ≤ i ≤ S(d1, d2, d3) − 1 by Block Zeros

Lemma. It implies that

⟨00|E|ij⟩ = ⟨ij|E|00⟩ = 0, (i, j) ∈ Zd2
× Zd3

\ {(0, 0)}. (2)

Without loss of generality, we assume |α1⟩ = |100⟩. Then we have

⟨α1|IA1
⊗ E|αi⟩ = 0, 2 ≤ i ≤ S(d1, d2, d3)− 1;

⟨α1|ψi⟩ ≠ 0, 1 ≤ i ≤ S(d1, d2, d3)− 1.

Applying Block Trivial Lemma to {|ψi⟩}S(d1,d2,d3)−1
i=1 , we obtain

⟨αi|IA1 ⊗ E|αj⟩ = 0, 1 ≤ i ̸= j ≤ S(d1, d2, d3)− 1;

⟨αi|IA1
⊗ E|αi⟩ = ⟨αj |IA1

⊗ E|αj⟩, 1 ≤ i ̸= j ≤ S(d1, d2, d3)− 1.
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Now we prove that the off-diagonal elements of E are zeros, which is more involved. We can summarize it as follows:
Assume x1 = |i1j1⟩, x2 = |i2j2⟩ ∈ Zd2 × Zd3 , then |0x1⟩, |0x2⟩ ∈ Zd1 × Zd2 × Zd3 , correspond to two states in

Awt(x1) and Awt(x2). Denote the two states by α1, α2, respectively. When x1 ̸= x2, one can check 0 = ⟨α1|E|α2⟩ =
⟨0x1|I ⊗ E|0x2⟩ = ⟨i1j1|E|i2j2⟩(Here we ignore the coefficients, which have no effect on the result). The detailed
process is as follows:
If |αi⟩, |αj⟩ ∈ A1, then we have

⟨i1j1|E|i2j2⟩ = 0, wt(i1, j1) = wt(i2, j2) = 1, (i1, j1) ̸= (i2, j2) ∈ Zd2 × Zd3 . (3)

If |αi⟩ ∈ A1, |αj⟩ ∈ A2, then we have

0 =⟨00i1|IA1 ⊗ E
1√
3
(|0i2j2⟩+ |j20i2⟩+ |i2j20⟩) =

1√
3
(⟨0i2j2|+ ⟨j20i2|+ ⟨i2j20|)IA1 ⊗ E|00i1⟩

=⟨0i1|E|i2j2⟩ = ⟨i2j2|E|0i1⟩, 1 ≤ i1 ≤ d3 − 1, 1 ≤ i2, j2 ≤ d1 − 1,

0 =⟨0i10|IA1
⊗ E

1√
3
(|0i2j2⟩+ |j20i2⟩+ |i2j20⟩) =

1√
3
(⟨0i2j2|+ ⟨j20i2|+ ⟨i2j20|)IA1

⊗ E|0i10⟩

=⟨i10|E|i2j2⟩ = ⟨i2j2|E|i10⟩, 1 ≤ i1 ≤ d2 − 1, 1 ≤ i2, j2 ≤ d1 − 1,

0 =⟨00i1|IA1
⊗ E

1√
2
(|0i2j2⟩+ |j20i2⟩) =

1√
2
(⟨0i2j2|+ ⟨j20i2|)IA1 ⊗ E|00i1⟩

=
1√
2
⟨0i1|E|i2j2⟩ =

1√
2
⟨i2j2|E|0i1⟩, 1 ≤ i1 ≤ d3 − 1, d1 ≤ i2 ≤ d2 − 1, 1 ≤ j2 ≤ d1 − 1,

0 =⟨0i10|IA1
⊗ E

1√
2
(|0i2j2⟩+ |j20i2⟩) =

1√
2
(⟨0i2j2|+ ⟨j20i2|)IA1

⊗ E|0i10⟩

=
1√
2
⟨i10|E|i2j2⟩ =

1√
2
⟨i2j2|E|i10⟩, 1 ≤ i1 ≤ d2 − 1, d1 ≤ i2 ≤ d2 − 1, 1 ≤ j2 ≤ d1 − 1,

0 =⟨00i1|IA1
⊗ E

1√
2
(|0i2j2⟩+ |i2j20⟩) =

1√
2
(⟨0i2j2|+ ⟨i2j20|)IA1

⊗ E|00i1⟩

=⟨0i1| ⊗ E
1√
2
|i2j2⟩ =

1√
2
⟨i2j2| ⊗ E|0i1⟩, 1 ≤ i1 ≤ d3 − 1, 1 ≤ i2 ≤ d1 − 1, d1 ≤ j2 ≤ d2 − 1,

0 =⟨0i10|IA1 ⊗ E
1√
2
(|0i2j2⟩+ |i2j20⟩) =

1√
2
(⟨0i2j2|+ ⟨i2j20|)IA1 ⊗ E|0i10⟩

=⟨i10| ⊗ E
1√
2
|i2j2⟩ =

1√
2
⟨i2j2| ⊗ E|i10⟩, 1 ≤ i1 ≤ d2 − 1, 1 ≤ i2 ≤ d1 − 1, d1 ≤ j2 ≤ d2 − 1,

0 =⟨00i1|IA1
⊗ E|0i2j2⟩ = ⟨0i2j2|IA1

⊗ E|00i1⟩
=⟨0i1| ⊗ E|i2j2⟩ = ⟨i2j2| ⊗ E|0i1⟩, 1 ≤ i1 ≤ d3 − 1, d1 ≤ i2, j2 ≤ d2 − 1,

0 =⟨0i10|IA1 ⊗ E|0i2j2⟩ = ⟨0i2j2|IA1 ⊗ E|0i10⟩
=⟨i10| ⊗ E|i2j2⟩ = ⟨i2j2| ⊗ E|i10⟩, 1 ≤ i1 ≤ d2 − 1, d1 ≤ i2, j2 ≤ d2 − 1,

0 =⟨00i1|IA1
⊗ E

1√
2
(|0i2j2⟩+ |i20j2⟩) =

1√
2
(⟨0i2j2|+ ⟨i20j2|)IA1

⊗ E|00i1⟩

=⟨0i1|E|i2j2⟩ = ⟨i2j2|E|0i1⟩, 1 ≤ i1 ≤ d3 − 1, 1 ≤ i2 ≤ d1 − 1, d2 ≤ j2 ≤ d3 − 1,

0 =⟨0i10|IA1
⊗ E

1√
2
(|0i2j2⟩+ |i20j2⟩) =

1√
2
(⟨0i2j2|+ ⟨i20j2|)IA1 ⊗ E|0i10⟩

=⟨i10|E|i2j2⟩ = ⟨i2j2|E|i10⟩, 1 ≤ i1 ≤ d2 − 1, 1 ≤ i2 ≤ d1 − 1, d2 ≤ j2 ≤ d3 − 1,

0 =⟨00i1|IA1 ⊗ E|0i2j2⟩ = ⟨0i2j2|IA1 ⊗ E|00i1⟩
=⟨0i1| ⊗ E|i2j2⟩ = ⟨i2j2| ⊗ E|0i1⟩, 1 ≤ i1 ≤ d3 − 1, d1 ≤ i2 ≤ d2 − 1, d2 ≤ j2 ≤ d3 − 1,

0 =⟨0i10|IA1
⊗ E|0i2j2⟩ = ⟨0i2j2|IA1

⊗ E|0i10⟩
=⟨i10| ⊗ E|i2j2⟩ = ⟨i2j2| ⊗ E|i10⟩, 1 ≤ i1 ≤ d2 − 1, d1 ≤ i2 ≤ d2 − 1, d2 ≤ j2 ≤ d3 − 1.

It means that

⟨i1j1|E|i2j2⟩ = ⟨i2j2|E|i1j1⟩ = 0, wt(i1, j1) = 1, wt(i2, j2) = 2, (i1, j1), (i2, j2) ∈ Zd2
× Zd3

. (4)
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If |αi⟩ ∈ A2, |αj⟩ ∈ A2, then we have

0 =
1√
3
(⟨0i1j1|+ ⟨j10i1|+ ⟨i1j10|)IA1

⊗ E
1√
3
(|0i2j2⟩+ |j20i2⟩+ |i2j20⟩)

=
1

3
(⟨i1j1|E|i2j2⟩+ ⟨j1|j2⟩⟨0i1|E|0i2⟩+ ⟨j1|i2⟩⟨0i1|E|j20⟩+ ⟨i1|j2⟩⟨j10|E|0i2⟩+ ⟨i1|i2⟩⟨j10|E|j20⟩)

=
1

3
(⟨i1j1|E|i2j2⟩+ ⟨j1|j2⟩⟨0i1|E|0i2⟩+ ⟨i1|i2⟩⟨j10|E|j20⟩)

=
1

3
(⟨i1j1|E|i2j2⟩, 1 ≤ i1, j1, i2, j2 ≤ d1 − 1, (i1, j1) ̸= (i2, j2),

0 =
1√
3
(⟨0i1j1|+ ⟨j10i1|+ ⟨i1j10|)IA1 ⊗ E

1√
2
(|0i2j2⟩+ |j20i2⟩)

=
1√
2
(⟨0i2j2|+ ⟨j20i2|)IA1

⊗ E
1√
3
(|0i1j1⟩+ |j10i1⟩+ |i1j10⟩)

=
1√
6
(⟨i1j1|E|i2j2⟩+ ⟨j1|j2⟩⟨0i1|E|0i2⟩+ ⟨i1|j2⟩⟨j10|E|0i2⟩)

=
1√
6
(⟨i2j2|E|i1j1⟩+ ⟨j2|j1⟩⟨0i2|E|0i1⟩+ ⟨j2|i1⟩⟨0i2|E|j10⟩)

=
1√
6
⟨i1j1|E|i2j2⟩ =

1√
6
⟨i2j2|E|i1j1⟩, 1 ≤ i1, j1 ≤ d1 − 1, d1 ≤ i2 ≤ d2 − 1, 1 ≤ j2 ≤ d1 − 1,

0 =
1√
3
(⟨0i1j1|+ ⟨j10i1|+ ⟨i1j10|)IA1 ⊗ E

1√
2
(|0i2j2⟩+ |i2j20⟩)

=
1√
3
(⟨0i2j2|+ ⟨i2j20|)IA1

⊗ E
1√
2
(|0i1j1⟩+ |j10i1⟩+ |i1j10⟩)

=
1√
6
(⟨i1j1|E|i2j2⟩+ ⟨j1|i2⟩⟨0i1|E|j20⟩+ ⟨i1|i2⟩⟨j10|E|j20⟩)

=
1√
6
(⟨i2j2|E|i1j1⟩+ ⟨i2|j1⟩⟨0j2|E|0i1⟩+ ⟨i2|i1⟩⟨j20|E|j10⟩)

=
1√
6
⟨i1j1|E|i2j2⟩ =

1√
6
⟨i2j2|E|i1j1⟩, 1 ≤ i1, j1 ≤ d1 − 1, 1 ≤ i2 ≤ d1 − 1, d1 − 1 ≤ j2 ≤ d2 − 1,

0 =
1√
3
(⟨0i1j1|+ ⟨j10i1|+ ⟨i1j10|)IA1 ⊗ E|0i2j2⟩

=⟨0i2j2| ⊗ E
1√
3
(|0i1j1⟩+ |j10i1⟩+ |i1j10⟩)

=
1√
3
⟨i1j1|E|i2j2⟩ =

1√
3
⟨i2j2|E|i1j1⟩, 1 ≤ i1, j1 ≤ d1 − 1, d1 ≤ i2, j2 ≤ d2 − 1,

0 =
1√
3
(⟨0i1j1|+ ⟨j10i1|+ ⟨i1j10|)IA1 ⊗ E

1√
2
(|0i2j2⟩+ |i20j2⟩)

=
1√
2
(⟨0i2j2|+ ⟨i20j2|)IA1

⊗ E
1√
3
(|0i1j1⟩+ |j10i1⟩+ |i1j10⟩)

=
1√
6
(⟨i1j1|E|i2j2⟩+ ⟨j1|i2⟩⟨0i1|E|0j2⟩+ ⟨i1|i2⟩⟨j10|E|0j2⟩)

=
1√
6
(⟨i2j2|E|i1j1⟩+ ⟨i2|j1⟩⟨0j2|E|0i1⟩+ ⟨i2|i1⟩⟨0j2|E|j10⟩)

=
1√
6
⟨i1j1|E|i2j2⟩ =

1√
6
⟨i2j2|E|i1j1⟩, 1 ≤ i1, j1 ≤ d1 − 1, 1 ≤ i2 ≤ d1 − 1, d2 ≤ j2 ≤ d3 − 1,

0 =
1√
3
(⟨0i1j1|+ ⟨j10i1|+ ⟨i1j10|)IA1 ⊗ E|0i2j2⟩

=⟨0i2j2|IA1
⊗ E

1√
3
(|0i1j1⟩+ |j10i1⟩+ |i1j10⟩)

=
1√
3
⟨i1j1|E|i2j2⟩ =

1√
3
⟨i2j2|E|i1j1⟩, 1 ≤ i1, j1 ≤ d1 − 1, d1 ≤ i2 ≤ d2 − 1, d2 ≤ j2 ≤ d3 − 1,

0 =
1√
2
(⟨0i1j1|+ ⟨j10i1|)IA1 ⊗ E

1√
2
(|0i2j2⟩+ |j20i2⟩)

=
1

2
(⟨i1j1|E|i2j2⟩+ ⟨j1|j2⟩⟨0i1|E|0i2⟩)

=
1

2
⟨i1j1|E|i2j2⟩, d1 ≤ i1, i2 ≤ d2 − 1, 1 ≤ j1, j2 ≤ d1 − 1, (i1, j1) ̸= (i2, j2),
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0 =
1√
2
(⟨0i1j1|+ ⟨j10i1|)IA1

⊗ E
1√
2
(|0i2j2⟩+ |i2j20⟩) =

1√
2
(⟨0i2j2|+ ⟨i2j20|)IA1

⊗ E
1√
2
(|0i1j1⟩+ |j10i1⟩)

=
1

2
(⟨i1j1|E|i2j2⟩+ ⟨j1|i2⟩⟨0i1|E|j20⟩) =

1

2
(⟨i2j2|E|i1j1⟩+ ⟨i2|j1⟩⟨j20|E|0i1⟩)

=
1

2
⟨i1j1|E|i2j2⟩ =

1

2
⟨i2j2|E|i1j1⟩, d1 ≤ i1 ≤ d2 − 1, 1 ≤ j1 ≤ d1 − 1, 1 ≤ i2 ≤ d1 − 1, d1 ≤ j2 ≤ d2 − 1,

0 =
1√
2
(⟨0i1j1|+ ⟨j10i1|)IA1 ⊗ E|0i2j2⟩ = ⟨0i2j2|IA1 ⊗ E

1√
2
(|0i1j1⟩+ |j10i1⟩)

=
1√
2
⟨i1j1|E|i2j2⟩ =

1√
2
⟨i2j2|E|i1j1⟩, d1 ≤ i1 ≤ d2 − 1, 1 ≤ j1 ≤ d1 − 1, d1 ≤ i2, j2 ≤ d2 − 1,

0 =
1√
2
(⟨0i1j1|+ ⟨j10i1|)IA1 ⊗ E

1√
2
(|0i2j2⟩+ |i20j2⟩) =

1√
2
(⟨0i2j2|+ ⟨i20j2|)IA1 ⊗ E

1√
2
(|0i1j1⟩+ |j10i1⟩)

=
1

2
(⟨i1j1|E|i2j2⟩+ ⟨j1|i2⟩⟨0i1|E|0j2⟩) =

1

2
(⟨i2j2|E|i1j1⟩+ ⟨i2|j1⟩⟨0j2|E|0i1⟩)

=
1

2
⟨i1j1|E|i2j2⟩ =

1

2
⟨i2j2|E|i1j1⟩, d1 ≤ i1 ≤ d2 − 1, 1 ≤ j1 ≤ d1 − 1, 1 ≤ i2 ≤ d1 − 1, d2 ≤ j2 ≤ d3 − 1,

0 =
1√
2
(⟨0i1j1|+ ⟨j10i1|)IA1

⊗ E|0i2j2⟩ = ⟨0i2j2|IA1
⊗ E

1√
2
(|0i1j1⟩+ |j10i1⟩)

=
1√
2
⟨i1j1|E|i2j2⟩ =

1√
2
⟨i2j2|E|i1j1⟩, d1 ≤ i1 ≤ d2 − 1, 1 ≤ j1 ≤ d1 − 1, d1 ≤ i2 ≤ d2 − 1, d2 ≤ j2 ≤ d3 − 1,

0 =
1√
2
(⟨0i1j1|+ ⟨i1j10|)IA1

⊗ E
1√
2
(|0i2j2⟩+ |i2j20⟩) =

1

2
(⟨i1j1|E|i2j2⟩+ ⟨i1|i2⟩⟨j10|E|j20⟩)

=
1

2
⟨i1j1|E|i2j2⟩, 1 ≤ i1, i2 ≤ d1 − 1, d1 ≤ j1, j2 ≤ d2 − 1, (i1, j1) ̸= (i2, j2),

0 =
1√
2
(⟨0i1j1|+ ⟨i1j10|)IA1

⊗ E|0i2j2⟩ = ⟨0i2j2|IA1
⊗ E

1√
2
(|0i1j1⟩+ |i1j10⟩)

=
1√
2
⟨i1j1|E|i2j2⟩ =

1√
2
⟨i2j2|E|i1j1⟩, 1 ≤ i1 ≤ d1 − 1, d1 ≤ j1 ≤ d2 − 1, d1 ≤ i2, j2 ≤ d2 − 1,

0 =
1√
2
(⟨0i1j1|+ ⟨i1j10|)IA1

⊗ E
1√
2
(|0i2j2⟩+ |i20j2⟩) =

1√
2
(⟨0i2j2|+ ⟨i20j2|)IA1

⊗ E
1√
2
(|0i1j1⟩+ |i1j10⟩)

=
1

2
(⟨i1j1|E|i2j2⟩+ ⟨i1|i2⟩⟨j10|E|0j2⟩) =

1

2
(⟨i2j2|E|i1j1⟩+ ⟨i2|i1⟩⟨0j2|E|j10⟩)

=
1

2
⟨i1j1|E|i2j2⟩ =

1

2
⟨i2j2|E|i1j1⟩, 1 ≤ i1 ≤ d1 − 1, d1 ≤ j1 ≤ d2 − 1, 1 ≤ i2 ≤ d1 − 1, d2 ≤ j2 ≤ d3 − 1,

0 =
1√
2
(⟨0i1j1|+ ⟨i1j10|)IA1 ⊗ E|0i2j2⟩ = ⟨0i2j2|IA1 ⊗ E

1√
2
(|0i1j1⟩+ |i1j10⟩)

=
1√
2
⟨i1j1|E|i2j2⟩ =

1√
2
⟨i2j2|E|i1j1⟩, 1 ≤ i1 ≤ d1 − 1, d1 ≤ j1 ≤ d2 − 1, d1 ≤ i2 ≤ d2 − 1, d2 ≤ j2 ≤ d3 − 1,

0 =⟨0i1j1|IA1
⊗ E|0i2j2⟩ = ⟨i1j1|E|i2j2⟩, d1 ≤ i1, i2, j1, j2 ≤ d2 − 1, (i1, j1) ̸= (i2, j2),

0 =⟨0i1j1|IA1
⊗ E

1√
2
(|0i2j2⟩+ |i20j2⟩) =

1√
2
(⟨0i2j2|+ ⟨i20j2|)IA1 ⊗ E|0i1j1⟩

=
1√
2
⟨i1j1|E|i2j2⟩ =

1√
2
⟨i2j2|E|i1j1⟩, d1 ≤ i1, j1 ≤ d2 − 1, 1 ≤ i2 ≤ d1 − 1, d2 ≤ j2 ≤ d3 − 1,

0 =⟨0i1j1|IA1
⊗ E|0i2j2⟩ = ⟨i1j1|E|i2j2⟩, d1 ≤ i1, j1 ≤ d2 − 1, d1 ≤ i2 ≤ d2 − 1, d2 ≤ j2 ≤ d3 − 1,

0 =
1√
2
(⟨0i1j1|+ ⟨i10j1|)IA1

⊗ E
1√
2
(|0i2j2⟩+ |i20j2⟩)

=
1√
2
(⟨i1j1|E|i2j2⟩+ ⟨i1|i2⟩⟨0j1|E|0j2⟩)

=
1√
2
⟨i1j1|E|i2j2⟩, 1 ≤ i1, i2 ≤ d1 − 1, d2 ≤ i2, j2 ≤ d3 − 1, (i1, j1) ̸= (i2, j2),

0 =
1√
2
(⟨0i1j1|+ ⟨i10j1|)IA1 ⊗ E|0i2j2⟩ = ⟨0i2j2|IA1 ⊗ E

1√
2
(|0i1j1⟩+ |i10j1⟩)

=
1√
2
⟨i1j1|E|i2j2⟩ =

1√
2
⟨i2j2|E|i1j1⟩, 1 ≤ i1 ≤ d1 − 1, d2 ≤ j1 ≤ d3 − 1, d1 ≤ i2 ≤ d2 − 1, d2 ≤ j2 ≤ d3 − 1,

0 =⟨0i1j1|IA1
⊗ E|0i2j2⟩ = ⟨0i2j2|IA1

⊗ E|0i1j1⟩
=⟨i1j1|E|i2j2⟩, d1 ≤ i1, i2 ≤ d2 − 1, d2 ≤ j1, j2 ≤ d3 − 1, (i1, j1) ̸= (i2, j2).
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It means that

⟨i1j1|E|i2j2⟩ = 0, wt(i1, j1) = wt(i2, j2) = 2, (i1, j1) ̸= (i2, j2) ∈ Zd2
× Zd3

. (5)

By Eqs. (2), (3), (4) and (5), we obtain that the off-diagonal elements of E are all zeros.
Next, we consider the diagonal elements of E. If |αi⟩ ∈ A1, then we have

⟨00|E|00⟩ = ⟨α1|IA1 ⊗ E|α1⟩ = ⟨αi|IA1 ⊗ E|αi⟩ = ⟨i1j1|E|i1j1⟩, wt(i1, j1) = 1, (i1, j1) ∈ Zd2 × Zd3 . (6)

If |αi⟩ ∈ A2, then we have ⟨α1|IA1
⊗ E|α1⟩ = ⟨αi|IA1

⊗ E|αi⟩, i.e.,

⟨00|E|00⟩ =⟨αi|IA1
⊗ E|αi⟩ =

1√
3
(⟨0i1j1|+ ⟨j10i1|+ ⟨i1j10|)IA1

⊗ E
1√
3
(|0i1j1⟩+ |j10i1⟩+ |i1j10⟩)

=
1

3
(⟨i1j1|E|i1j1⟩+ ⟨0i1|E|0i1⟩+ ⟨j10|E|j10⟩), 1 ≤ i, j ≤ d1 − 1,

⟨00|E|00⟩ = 1√
2
(⟨0i1j1|+ ⟨j10i1|)I⊗ E

1√
2
(|0i1j1⟩+ |j10i1⟩)

=
1

2
(⟨i1j1|E|i1j1⟩+ ⟨0i1|E|0i1⟩), d1 ≤ i1 ≤ d2 − 1, 1 ≤ j1 ≤ d1 − 1,

⟨00|E|00⟩ = 1√
2
(⟨0i1j1|+ ⟨i1j10|)I⊗

1√
2
(|0i1j1⟩+ |i1j10⟩)

=
1

2
(⟨i1j1|E|i1j1⟩+ ⟨j10|E|j10⟩), 1 ≤ i ≤ d1 − 1, d1 ≤ j ≤ d2 − 1,

⟨00|E|00⟩ =⟨0i1j1|I⊗ E|0i1j1⟩ = ⟨i1j1|E|i1j1⟩, d1 ≤ i, j ≤ d2 − 1,

⟨00|E|00⟩ = 1√
2
(⟨0i1j1|+ ⟨i10j1|)I⊗ E(

1√
2
|0i1j1⟩+ |i10j1⟩)

=
1

2
(⟨i1j1|E|i1j1⟩+ ⟨0j1|E|0j1⟩), 1 ≤ i1 ≤ d1 − 1, d2 ≤ j1 ≤ d3 − 1,

⟨00|E|00⟩ =⟨0i1j1|I⊗ |0i1j1⟩ = ⟨i1j1|E|i1j1⟩, d1 ≤ i1 ≤ d2 − 1, d2 ≤ j1 ≤ d3 − 1.

That is

⟨00|E|00⟩ = ⟨i1j1|E|i1j1⟩, wt(i1, j1) = 2, (i1, j1) ∈ Zd2
× Zd3

. (7)

By Eqs. (6), (7), we obtain that the diagonal elements of E are all equal. Thus E ∝ I. This completes the proof. ⊓⊔
In d⊗ d⊗ d⊗ d. Let

A0 :={|0000⟩},
A1 :={|i000⟩, |0i00⟩, |00i0⟩, |000i⟩}d−1

i=1 ,

A2 :=

{
1√
2
(|00ij⟩+ |ij00⟩) : 1 ≤ i, j ≤ d− 1

}⋃{
1√
2
(|0ij0⟩+ |j00i⟩) : 1 ≤ i, j ≤ d− 1

}
⋃{

1√
2
(|0i0j⟩+ |i0j0⟩) : 1 ≤ i, j ≤ d− 1

}
,

A3 :=

{
1

2
(|0ijk⟩+ |k0ij⟩+ |jk0i⟩+ |ijk0⟩) : 1 ≤ i, j, k ≤ d− 1

}
,

where |A0| = 1, |A1| = 4(d− 1), |A2| = 3(d− 1)2, and |A3| = (d− 1)3, and |A0|+ |A1|+ |A2|+ |A3| = d3 + d− 1 =
S(d, d, d, d).

We denote |α0⟩ = |0000⟩ and {|αi}⟩S(d,d,d,d)−1
i=1 = A1

⋃
A2

⋃
A3. Then we can construct a set of orthogonal states

{|ψi⟩}i∈ZS(d,d,d,d)
, where

|ψ0⟩ = |α0⟩

|ψi+1⟩ =
∑

j∈ZS(d,d,d,d)−1

wij
S(d,d,d,d)−1|αj+1⟩, i ∈ ZS(d,d,d,d)−1. (8)
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Proposition 2 In d ⊗ d ⊗ d ⊗ d, d ≥ 2, the set of orthogonal states {|ψi⟩}i∈ZS(d,d,d,d)
given by Eq. (8) is strongest

nonlocal.

Proof. Since {|ψi⟩}i∈ZS(d,d,d,d)
has a similar structure under the cyclic permutation of the parties {A1, A2, A3, A4}.

We only need to show any OPLM performed on A2A3A4 is trivial. We assume that A2A3A4 performs an OPLM {E},
then we have ⟨ψi|IA1

⊗ E|ψj⟩ = 0, i ̸= j ∈ ZS(d,d,d,d).

Note that {|ψ0⟩} is spanned by {|α0⟩}, and {|ψi⟩}S(d,d,d,d)−1
i=1 is spanned by {|αi⟩}S(d,d,d,d)−1

i=1 . Since ⟨ψ0|IA1
⊗E|ψi⟩ =

0 for 1 ≤ i ≤ S(d, d, d, d) − 1, we have ⟨α0|IA1
⊗ E|αi⟩ = 0 for 1 ≤ i ≤ S(d, d, d, d) − 1 by Block Zeros Lemma. It

implies that

⟨000|E|ijk⟩ = ⟨ijk|E|000⟩ = 0, (i, j, k) ∈ Zd × Zd × Zd \ {(0, 0, 0)}. (9)

Without loss of generality, we assume |α1⟩ = |1000⟩. Then we have

⟨α1|IA1
⊗ E|αi⟩ = 0, 2 ≤ i ≤ S(d, d, d, d)− 1;

⟨α1|ψi⟩ ≠ 0, 1 ≤ i ≤ S(d, d, d, d)− 1.

Applying Block Trivial Lemma to {|ψi⟩}S(d,d,d,d)−1
i=1 , we obtain

⟨αi|IA1 ⊗ E|αj⟩ = 0, 1 ≤ i ̸= j ≤ S(d, d, d, d)− 1;

⟨αi|IA1 ⊗ E|αi⟩ = ⟨αj |IA1 ⊗ E|αj⟩, 1 ≤ i ̸= j ≤ S(d, d, d, d)− 1.

If |αi⟩, |αj⟩ ∈ A1, then we have

⟨i1j1k1|E|i2j2k2⟩ = 0, wt(i1, j1, k1) = wt(i2, j2, k2) = 1, (i1, j1, k1) ̸= (i2, j2, k2) ∈ Zd × Zd × Zd. (10)

If |αi⟩ ∈ A1, and |αj⟩ ∈ A2

0 =⟨000i1|IA1 ⊗ E
1√
2
(|00i2j2⟩+ |i2j200⟩) =

1√
2
(⟨00i2j2|+ ⟨i2j200|)IA1

⊗ E|000i1⟩

=
1√
2
⟨00i1|E|0i2j2⟩ =

1√
2
⟨0i2j2|E|00i1⟩, i1, j2, j2 ∈ Zd \ {0},

0 =⟨000i1|IA1
⊗ E

1√
2
(|0i2j20⟩+ |j200i2⟩) =

1√
2
(⟨0i2j20|+ ⟨j200i2|)IA1

⊗ E|000i1⟩

=
1√
2
⟨00i1|E|0i2j2⟩ =

1√
2
⟨0i2j2|E|00i1⟩, i1, j2, j2 ∈ Zd \ {0},

0 =⟨000i1|IA1
⊗ E

1√
2
(|0i20j2⟩+ |i20j20⟩) =

1√
2
(⟨0i20j2|+ ⟨i20j20|)IA1

⊗ E|000i1⟩

=
1√
2
⟨00i1|E|i20j2⟩ =

1√
2
⟨i20j2|E|00i1⟩, i1, j2, j2 ∈ Zd \ {0},

0 =⟨00i10|IA1 ⊗ E
1√
2
(|00i2j2⟩+ |i2j200⟩) =

1√
2
(⟨00i2j2|+ ⟨i2j200|)IA1 ⊗ E|00i10⟩

=
1√
2
⟨0i10|E|0i2j2⟩ =

1√
2
⟨0i2j2|E|0i10⟩, i1, j2, j2 ∈ Zd \ {0},

0 =⟨00i10|IA1
⊗ E

1√
2
(|0i2j20⟩+ |j200i2⟩) =

1√
2
(⟨0i2j20|+ ⟨j200i2|)IA1

⊗ E|00i10⟩

=
1√
2
⟨00i1|E|0i2j2⟩ =

1√
2
⟨0i2j2|E|0i10⟩, i1, j2, j2 ∈ Zd \ {0},

0 =⟨00i10|IA1
⊗ E

1√
2
(|0i20j2⟩+ |i20j20⟩) =

1√
2
(⟨0i20j2|+ ⟨i20j20|)IA1

⊗ E|00i10⟩

=
1√
2
⟨0i10|E|i20j2⟩ =

1√
2
⟨i20j2|E|0i10⟩, i1, j2, j2 ∈ Zd \ {0},

0 =⟨0i100|IA1
⊗ E

1√
2
(|00i2j2⟩+ |i2j200⟩) =

1√
2
(⟨00i2j2|+ ⟨i2j200|)IA1

⊗ E|0i100⟩

=
1√
2
⟨i100|E|0i2j2⟩ =

1√
2
⟨0i2j2|E|i100⟩, i1, j2, j2 ∈ Zd \ {0},
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0 =⟨0i100|IA1
⊗ E

1√
2
(|0i2j20⟩+ |j200i2⟩) =

1√
2
(⟨0i2j20|+ ⟨j200i2|)IA1

⊗ E|0i100⟩

=
1√
2
⟨00i1|E|0i2j2⟩ =

1√
2
⟨0i2j2|E|i100⟩, i1, j2, j2 ∈ Zd \ {0},

0 =⟨0i100|IA1
⊗ E

1√
2
(|0i20j2⟩+ |i20j20⟩) =

1√
2
(⟨0i20j2|+ ⟨i20j20|)IA1

⊗ E|0i100⟩

=
1√
2
⟨i100|E|i20j2⟩ =

1√
2
⟨i20j2|E|i100⟩, i1, j2, j2 ∈ Zd \ {0}.

It means that

⟨i1j1k1|E|i2j2k2⟩ = ⟨i2j2k2|E|i1j1k1⟩ = 0, wt(i1, j1, k1) = 1, wt(i2, j2, k2) = 2, (i1, j1, k1) ̸= (i2, j2, k2) ∈ Zd×Zd×Zd.
(11)

If |αi⟩ ∈ A1, and |αj⟩ ∈ A3, we have

0 =⟨000i1|IA1
⊗ E

1

2
(|0i2j2k2⟩+ |k20i2j2⟩+ |j2k20i2⟩+ |i2j2k20⟩)

=
1

2
(⟨0i2j2k2|+ ⟨k20i2j2|+ ⟨j2k20i2|+ ⟨i2j2k20|)IA1

⊗ E|000i1⟩

=⟨00i1|E
1

2
|i2j2k2⟩ =

1

2
⟨i2j2k2|E|00i1⟩, i1, i2, j2, k2 ∈ Zd \ {0},

0 =⟨00i10|IA1
⊗ E

1

2
(|0i2j2k2⟩+ |k20i2j2⟩+ |j2k20i2⟩+ |i2j2k20⟩)

=
1

2
(⟨0i2j2k2|+ ⟨k20i2j2|+ ⟨j2k20i2|+ ⟨i2j2k20|)IA1

⊗ E|00i10⟩

=
1

2
⟨0i10|E|i2j2k2⟩ =

1

2
⟨i2j2k2|E|0i10⟩, i1, i2, j2, k2 ∈ Zd \ {0},

0 =⟨0i100|IA1 ⊗ E
1

2
(|0i2j2k2⟩+ |k20i2j2⟩+ |j2k20i2⟩+ |i2j2k20⟩)

=
1

2
(⟨0i2j2k2|+ ⟨k20i2j2|+ ⟨j2k20i2|+ ⟨i2j2k20|)IA1 ⊗ E|0i100⟩

=
1

2
⟨i100|E

1

2
|i2j2k2⟩ = ⟨i2j2k2|E|i100⟩, i1, i2, j2, k2 ∈ Zd \ {0}.

Then we have

⟨i1j1k1|E|i2j2k2⟩ = ⟨i2j2k2|E|i1j1k1⟩ = 0, wt(i1, j1, k1) = 1, wt(i2, j2, k2) = 3, (i1, j1, k1) ̸= (i2, j2, k2) ∈ Zd×Zd×Zd.
(12)

If |αi⟩, |αj⟩ ∈ A2, then we have

0 =
1√
2
(⟨00i1j1|+ ⟨i1j100|)IA1

⊗ E
1√
2
(|00i2j2⟩+ |i2j200⟩) =

1

2
(⟨0i1j1|E|0i2j2⟩+ ⟨i1|i2⟩⟨j100|E|j200⟩)

=
1

2
⟨0i1j1|E|0i2j2⟩, i1, j1, i2, j2 ∈ Zd \ {0}, (i1, j1) ̸= (i2, j2),

0 =
1√
2
(⟨00i1j1|+ ⟨i1j100|)IA1

⊗ E
1√
2
(|0i2j20⟩+ |j200i2⟩) =

1√
2
(⟨0i2j20|+ ⟨j200i2|)IA1

⊗ E
1√
2
(|00i1j1⟩+ |i1j100⟩)

=
1

2
(⟨i2j20|E|0i1j1⟩+ ⟨j2|i1⟩⟨00i2|E|j100⟩) =

1

2
(⟨0i1j1|E|i2j20⟩+ ⟨i1|j2⟩⟨j100|E|00i2⟩)

=
1

2
⟨0i1j1|E|i2j20⟩ =

1

2
⟨i2j20|E|0i1j1⟩, i1, j1, i2, j2 ∈ Zd \ {0},

0 =
1√
2
(⟨00i1j1|+ ⟨i1j100|)IA1

⊗ E
1√
2
(|0i20j2⟩+ |i20j20⟩) =

1√
2
(⟨0i20j2|+ ⟨i20j20|)IA1

⊗ E
1√
2
(|00i1j1⟩+ |i1j100⟩)

=
1

2
(⟨0i1j1|E|i20j2⟩+ ⟨i1|i2⟩⟨j100|E|0j20⟩) =

1

2
(⟨i20j2|E|0i1j1⟩+ ⟨i2|i1⟩⟨j100|E|0j20⟩

=⟨0i1j1|E|i20j2⟩ = ⟨i20j2|E|0i1j1⟩, i1, j1, i2, j2 ∈ Zd \ {0},
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0 =
1√
2
(⟨0i1j10|+ ⟨j100i1|)IA1

⊗ E
1√
2
(|0i2j20⟩+ |j200i2⟩) =

1

2
(⟨i1j10|E|i2j20⟩+ ⟨j1|j2⟩⟨00i1|E|00i2⟩)

=
1

2
⟨i1j10|E|i2j20⟩, i1, j1, i2, j2 ∈ Zd \ {0}, (i1, j1) ̸= (i2, j2),

0 =
1√
2
(⟨0i1j10|+ ⟨j100i1|)IA1 ⊗ E

1√
2
(|0i20j2⟩+ |i20j20⟩) =

1√
2
(⟨0i20j2|+ ⟨i20j20|)IA1 ⊗ E

1√
2
(|0i1j10⟩+ |j100i1⟩)

=
1

2
(⟨i1j10|E|i20j2⟩+ ⟨j1|i2⟩⟨00i1|E|0j20⟩) =

1

2
(⟨i20j2|E|i1j10⟩+ ⟨i2|j1⟩⟨0j20|E|00i1⟩)

=
1

2
⟨0i1j1|E|i20j2⟩ =

1

2
⟨i20j2|E|0i1j1⟩, i1, j1, i2, j2 ∈ Zd \ {0},

0 =
1√
2
(⟨0i10j1|+ ⟨i10j10|)IA1

⊗ E
1√
2
(|0i20j2⟩+ |i20j20⟩) =

1

2
(⟨i10j1|E|i20j2⟩+ ⟨i1|i2⟩⟨0j10|E|0j20⟩)

=
1

2
⟨i10j1|E|i20j2⟩, i1, j1, i2, j2 ∈ Zd \ {0}, (i1, j1) ̸= (i2, j2).

Then we have

⟨i1j1k1|E|i2j2k2⟩ = 0, wt(i1, j1, k1) = wt(i2, j2, k2) = 2, (i1, j1, k1) ̸= (i2, j2, k2) ∈ Zd × Zd × Zd. (13)

If |αi⟩ ∈ A2, and |αj⟩ ∈ A3, then we have

0 =
1√
2
(⟨00i1j1|+ ⟨i1j100|)IA1

⊗ E
1

2
(|0i2j2k2⟩+ |k20i2j2⟩+ |j2k20i2⟩+ |i2j2k20⟩)

=
1√
2
(⟨0i2j2k2|+ ⟨k20i2j2|+ ⟨j2k20i2|+ ⟨i2j2k20|)IA1 ⊗ E

1

2
(|00i1j1⟩+ |i1j100⟩)

=
1

2
√
2
(⟨0i1j1|E|i2j2k2⟩+ ⟨i1|k2⟩⟨j100|E|0i2j2⟩+ ⟨i1|j2⟩⟨j100|E|k20i2⟩+ ⟨i1|i2⟩⟨j100|E|j2k20⟩)

=
1

2
√
2
(⟨i2j2k2|E|0i1j1⟩+ ⟨k2|i1⟩⟨0i2j2|E|j100⟩+ ⟨j2|i1⟩⟨k20i2|E|j100⟩+ ⟨j2|i1⟩⟨j2k20|E|j100⟩)

=
1

2
√
2
⟨0i1j1|E|i2j2k2⟩ =

1

2
√
2
⟨i2j2k2|E|0i1j1⟩, i1, j1, i2, j2, k2 ∈ Zd \ {0},

0 =
1√
2
(⟨0i1j10|+ ⟨j100i1|)IA1

⊗ E
1

2
(|0i2j2k2⟩+ |k20i2j2⟩+ |j2k20i2⟩+ |i2j2k20⟩)

=
1√
2
(⟨0i2j2k2|+ ⟨k20i2j2|+ ⟨j2k20i2|+ ⟨i2j2k20|)IA1 ⊗ E

1

2
(|0i1j10⟩+ |j100i1⟩)

=
1

2
√
2
(⟨i1j10|E|i2j2k2⟩+ ⟨j1|k2⟩⟨00i1|E|0i2j2⟩+ ⟨j1|j2⟩⟨00i1|E|k20i2⟩+ ⟨j1|i2⟩⟨00i1|E|j2k20⟩)

=
1

2
√
2
(⟨i2j2k2|E|0i1j1⟩+ ⟨k2|j1⟩⟨0i2j2|E|00i1⟩+ ⟨j2|j1⟩⟨k20i2|E|00i1⟩+ ⟨j2|j1⟩⟨j2k20|E|00i1⟩)

=
1

2
√
2
⟨i1j10|E|i2j2k2⟩ =

1

2
√
2
⟨i2j2k2|E|i1j10⟩, i1, j1, i2, j2, k2 ∈ Zd \ {0},

0 =
1√
2
(⟨0i10j1|+ ⟨i10j10|)IA1

⊗ E
1

2
(|0i2j2k2⟩+ |k20i2j2⟩+ |j2k20i2⟩+ |i2j2k20⟩)

=
1√
2
(⟨0i2j2k2|+ ⟨k20i2j2|+ ⟨j2k20i2|+ ⟨i2j2k20|)IA1 ⊗ E

1

2
(|0i10j1⟩+ |i10j10⟩)

=
1

2
√
2
(⟨i10j1|E|i2j2k2⟩+ ⟨i1|k2⟩⟨0j10|E|0i2j2⟩+ ⟨i1|j2⟩⟨0j10|E|k20i2⟩+ ⟨i1|i2⟩⟨0j10|E|j2k20⟩)

=
1

2
√
2
(⟨i2j2k2|E|0i1j1⟩+ ⟨k2|i1⟩⟨0i2j2|E|0j10⟩+ ⟨j2|i1⟩⟨k20i2|E|0j10⟩+ ⟨j2|i1⟩⟨j2k20|E|0j10⟩)

=
1

2
√
2
⟨i1j10|E|i2j2k2⟩ =

1

2
√
2
⟨i2j2k2|E|i1j10⟩, i1, j1, i2, j2, k2 ∈ Zd \ {0}.

That is

⟨i1j1k1|E|i2j2k2⟩ = ⟨i2j2k2|E|i1j1k1⟩ = 0, wt(i1, j1, k1) = 2, wt(i2, j2, k2) = 3, (i1, j1, k1), (i2, j2, k2) ∈ Zd × Zd × Zd.
(14)
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If |αi⟩, |αj⟩ ∈ A3, then we have

0 =
1

2
(⟨0i1j1k1|+ ⟨k10i1j1|+ ⟨j1k10i1|) + ⟨i1j1k10|)IA1

⊗ E
1

2
(|0i2j2k2⟩+ |k20i2j2⟩+ |j2k20i2⟩+ |i2j2k20⟩)

=
1

4
(⟨i1j1k1|E|i2j2k2⟩+ ⟨k1|k2⟩⟨0i1j1|E|0i2j2⟩+ ⟨k1|j2⟩⟨0i1j1|E|k20i2⟩+ ⟨k1|i2⟩⟨0i1j1|E|j2k20⟩

+ ⟨j1|k2⟩⟨k10i1|E|0i2j2⟩+ ⟨j1|j2⟩⟨k10i1|E|k20i2⟩+ ⟨j1|k2⟩⟨k10i1|E|j2k20⟩+ ⟨i1|k2⟩⟨j1k10|E|0i2j2⟩
+ ⟨i1|j2⟩⟨j1k10|E|k20i2⟩+ ⟨i1|i2⟩⟨j1k10|E|j2k20⟩)

=
1

4
⟨i1j1k1|E|i2j2k2⟩, i1, j1, k1, i2, j2, k2 ∈ Zd \ {0}, (i1, j1, k1) ̸= (i2, j2, k2).

That is

⟨i1j1k1|E|i2j2k2⟩ = 0, wt(i1, j1, k1) = wt(i2, j2, k2) = 3, (i1, j1, k1) ̸= (i2, j2, k2) ∈ Zd × Zd × Zd. (15)

By Eqs. (10), (11), (12), (13), (14), (15), we obtain that the off-diagonal elements of E are all zeros.
Next, we consider the diagonal elements of E. If |αi⟩ ∈ A1, then we have

⟨000|E|000⟩ = ⟨α1|IA1
⊗E|α1⟩ = ⟨αi|IA1

⊗E|αi⟩ = ⟨i1j1k1|E|i1j1k1⟩, wt(i1, j1, k1) = 1, (i1, j1, k1) ∈ Zd ×Zd ×Zd.
(16)

If |αi⟩ ∈ A2, then we have

⟨000|E|000⟩ =⟨α1|IA1
⊗ E|α1⟩ = ⟨αi|IA1

⊗ E|αi⟩ =
1

2
(⟨0i1j1|E|0i1j1⟩+ ⟨j100|E|j100⟩

=
1

2
(⟨i1j10|E|i1j10⟩+ ⟨00i1|E|00i1⟩) =

1

2
(⟨i10j1|E|i10j1⟩+ ⟨0j10|E|0j10⟩),

wt(i1, j1, k1) = 2, (i1, j1, k1) ∈ Zd × Zd × Zd.

That is

⟨000|E|000⟩ = ⟨i1j1k1|E|i1j1k1⟩, wt(i1, j1, k1) = 2, (i1, j1, k1) ∈ Zd × Zd × Zd \ {0, 0, 0, 0}. (17)

If |αi⟩ ∈ A3, then we have

⟨000|E|000⟩ =⟨α1|IA1 ⊗ E|α1⟩ = ⟨αi|IA1 ⊗ E|αi⟩

=
1

4
(⟨i1j1k1|E|i1j1k1⟩+ ⟨0i1j1|E|0i2j2⟩+ ⟨k10i1|E|k10i1⟩+ ⟨j1k10|E|j1k10⟩),

wt(i1, j1, k1) = 3, (i1, j1, k1) ∈ Zd × Zd × Zd.

That is

⟨000|E|000⟩ = ⟨i1j1k1|E|i1j1k1⟩, wt(i1, j1, k1) = 3, (i1, j1, k1) ∈ Zd × Zd × Zd \ {0, 0, 0, 0}. (18)

By Eqs. (16), (17), (18), we obtain that the diagonal elements of E are all equal. Thus E ∝ I. This completes the
proof. ⊓⊔


