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In this supplementary material, we show strongly nonlocal UPBs in four-partite systems.
Let

Ar = {1€)aln) Bl0)cl)p (015 6) € Zay1 X Zap—1 % Zap—1\{(0,0,0)}},
Az = A{l&)alds — V) slmk)clnep = (i,k,€) € Zay—1 X Zac—1 X Zap—-1 \ {(0,0,0)}},
Az = {l&)al&) Blér)cldp = )b+ (6,5, F) € Zay—1 X Zap—1 X Zac—1\{(0,0,0)}},
Ay = {|&) alds — 1)5|0)cldp — )p ¢ i € Za,—1 \ {0}},
As = {|da — V) alnj)slék)cnep = (G, k,€) € Zap—1 X Zag—1 X Zap—1 \ {(0,0,0)}},
Ag :=A{lda — 1) aln;)B|0)c|0)p : J € Zay—1\ {0}},
Az :={lda = 1)al0)sl&k)cldp = 1)p : k € Zac—1 \{0}},
As = {|da — 1) aldp — V)plde — Velndp : £ € Zap1 \ {0}},
By :={[ni)al&)plde — Lelnep : (4,5,€) € Zay—1 X Zag—1 X Zap-1\ {(0,0,0)}},
Ba := {|n:) al0) Bl&k)c|€e)p = (4K, €) € Zay—1 X Zag—1 X Zap—1 \ {(0,0,0)}},
By := {Imi)aln)plme)cl0)p = (6,5, %) € Zay1 X Zay—1 % Zae—1 \{(0,0,0)}},
Ba:= {[n:)al0)sldc — )cl0)p : i # 0 € Za, 1},
Bs == {10)al&) Blnk)clée)p = (5, K, 0) € Zay—1 X Zag—1 X Zap—1\ {(0,0,0)}},
By i= {|0)al¢)pldc — V)eldp = 1)p : j € Zay 1\ {0}},
By = {|0)alds — 1) slm)cl0)p : k € Zae—1 \ {0}},
Bs = {]0)40) 5|0} [&)p : € € Zap—1\ {O}},
F = {18:)alB)B|Br)c|Be)p : (i,7,k,€) € Zay—2 X Zay—2 X Lag—2 X Zap—2 \ {(0,0,0,0)}},
da—1 dp—1 do—1 dp—1
(Z i>> > (Z k>> (Z |€>> !
A\ 7=0 ¢ p

=0 B k=0 £=0

(o2

where [n,)x = 20X 2 wsl [t x, and &) x = S0 P wit |t +1)x for s € Zay_1, and X € {A, B,C, D}, |B)x =
fio_g ws |t +1)x for s € Zgy 2, and X € {A, B,C, D}.
Note that {|T]S>X}SEZ¢1X—17 {|§S>X}S€defl, and {|5s>X}seZdX,2 are three orthogonal sets, X € {A, B, C, D}, which

are spanned by {|t)x }9X72, {|t)x }X 71, and {|t)x }9X72, respectively. The 17 subsets A;,B; (i = 1,---,8), F in
A|BCD bipartition correspond to the 17 blocks of d4 x dgdcdp grid in Fig. 1.
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FIG. 1: The corresponding d4 x dgdcdp grid of A;,B; (i=1,---,8), F (Eq. (1)) in A|BCD bipartition. Moreover,
A; is symmetrical to B; for 1 < ¢ < 8.

Now, we show that the union of the states from the 17 subsets and {|S)} is a UPB.

Proposition 1 In da ® dp @ dc @dp, 3 <da < dp < dc < dp, the set of states US_,(A; UB;) UF U{|S)} given by
Eq. (1) is a UPB of size dadpdcdp — 16.

Proof. By Fig. 1, we know that the set of states US_;(A; U B;) UF U {|S)} has a similar structure for any
3<dy <dp <dc <dp. Without loss of generality, we only consider the case for dy = dg = do = dp = 3. Note
that in this case, F = ). For the same discussion as Example 3 in the main text, we proved it by contradiction.
Assume that there exists a product state [¢)) in the complementary space of the space spanned by the states in
US_1(A; UB;). Then we consider the matrix form of [¢)) in A|BCD, AB|CD and ABC|D bipartitions. First, we
consider A|BCD bipartition. We have

ap ap ap ag bo by by by co co co co do ey eo eo eo fo fo €0 eo go go €0 eo ho ho
M = ap ag ap Qo bo b() bo b() Co Cop Co Co d() S d1 C1 C1 C1 C1 bl bl bl b1 a; a1 a1 ap (2)
hi h1 e e g1 g1 €1 €1 f1 f1 er e1 €1 ep dy c1 ¢ cp ¢ by by by b1 a1 a1 a1 a4y

It satisfies
rank(M) =1, sum(M) =0. (3)

Then we consider AB|CD bipartition. We can rearrange the first row of M to the 3 x 9 matrix M, through (AB, CD)
coordinates of M, and rearrange the last row of M to the 3 x 9 matrix My through (AB,CD) coordinates of M,
where

_bo bo do bo bo ho ho Co Co
My = |fo a0 ao ey ey ey ey co co|, rank(Ms)=0or 1, (4)
_fo ap Qo €o €o €o €0 go 9o |

g1 g1 €1 €1 €1 €1 a1 a1 fl_
Moy=|c1 ¢1 e1 e1 e1 €1 a1 a1 fi|, rank(My)=0or 1, (5)
Cc1 C1 h1 hl bl bl dl b1 bl_

Next, we consider ABC|D bipartition. We can rearrange the first row of M to the 9 x 3 matrix N through
(ABC, D) coordinates of M, and rearrange the last row of M to the 9 x 3 matrix Ny through (ABC, D) coordinates
of M, where

[ho bo bo eo eo eo €0 fo fo
No= |ho by by ey €0 ey €9 ap ag| , rank(Ny)=0or 1, (6)
co cog dy co co go go ao Go

- 1T
ap a; g1 g1 c1 ¢ dy ¢ ¢
NO = (a1 aip €1 €1 er €1 b1 b1 h1 s rank(No) =0orl. (7)

_f1 fier ener en by by g

Assume ag # 0. Since rank(M) = 1, we have hy = e; and eg = s =dy = ¢1 = fo = b1 = go = a1 = ho. By Eq. (6),
we obtain eg = ¢g = by = dp.



(i) If eg # 0, then eg = ag by Eq. (4), and ey = g1 = e1 = f1 by Eq. (5). It is impossible for sum(M)=0.
(i) If eg = 0, then g1 = e; = f1 = 0 since rank(M) = 1. It is impossible for sum(M)=0.

Thus we have ag = 0. By the symmetry of M, we must have a; = 0.

Assume by # 0. Since rank(M) =1, wehave hy =e; =¢g1 =0,andeg=s=dy =c¢; = fo =by1 =go =a1 = hg = 0.
By Eq. (6), we obtain ¢y = dg = 0. Further, since rank(M) = 1, we have f; = 0. It is impossible for sum(M)=0. We
must have by = b; = 0.

Assume ¢g # 0. Since rank(M) =1, we have hy =e; = g1 = fi=0,andeg=s=di =c1 = fo=bi =go=a1 =
ho = 0. By Eq. (4), we obtain dg = 0. It is impossible for sum(M)=0. We must have ¢ = ¢; = 0.

Assume dg # 0. Since rank(M) =1, we have hy =e; =g1 = fi=0,andeg=s=dy =c1 = fo=bi =go=a1 =
ho = 0. It is impossible for sum(M)=0. We must have dy = d; = 0.

Assume h; # 0. Since rank(M) = 1, we have eg = s = fo = go = ho = 0. By Eq. (5), we obtain e; = g1 = f1 = 0.
It is impossible for sum(M)=0. We must have hg = h; = 0.

Assume e; # 0. Since rank(M) = 1, we have eg = s = fo = go = 0. By Eq. (7), we obtain f; = ¢y = 0. It is
impossible for sum(M)=0. We must have ¢y = e; = 0.

Assume g7 # 0. Since rank(M) = 1, we have s = fy = go = 0. By Eq. (5), we obtain f; = 0. It is impossible for
sum(M)=0. We must have go = g1 = 0.

Assume f; # 0. Since rank(M) = 1, we have s = fy = 0. It is impossible for sum(M)=0. We must have fo = f1 = 0.

Since sum(M) = 0, WE MUST HAVE s = 0. It is impossible for rank(M) = 1.

Thus [1)) must be an entangled state, and the set of states US_; (A; U B;) U {|S)} is a UPB. The proof for the case
da,dp,dc,dp > 3 is similar to above proof. a

Now, we show the strong quantum nonlocality for the above UPBs.
Proposition 2 In dy ®dp®@dc ®@dp, 3 <ds <dp < dc <dp, the UPBU;_,(A; UB;)) UF U{|S)} given by Eq. (1)
is strongly nonlocal.

Proof. Denote U := US_,(A; UB;) UFU{|S)}. Let B, C and D come together to perform a joint orthogonality-
preserving POVM {E = MM}, where E = (aijk,gmn)mez@ JyMmETag, kn€Lay, - Then the postmeasurement states
{Ia® M) : |¢) € U} should be mutually orthogonal.

Step 1 Since (&1|m)a # 0, applying Block Zeros Lemma to any two elements of Uf_; {A;(|€1)4), Bi(|m)a)}, we obtain

A£A>EA§A> =0, ywEgw =0, g Ega) =0, g E i =0, (8)

for 1 <i#j<4,1<k#¢<4 Next, we consider A5(|ds — 1)4) and A;(|&1)4). Then for (j,k,¢) € Zgy,_1 X
Zap—1 X Zap-1\{(0,0,0)}, and (m,n) € Zgy—1 X Zg,,—1, we have

B{nilc€klp el EInm) 5l0)clén)p =

dp—2 de—2 dp—2
(Z w;; Tt ) (Z wy " th (to +1|> <Z w;§t31 t3|> E

t1=0 to=0 t3=0
dB 2 dD 2
(Z w;rg41|t4 ) (Z wdD 1|t5—+-1>> =0.
t4=0 B D

We have shown that B(A)EA(A) =0for 1 <i<4by Eq. (8). It means that B(A)OA(A)EA(A) =0 for 1 <i<4. Then
i 1 i 5 1
Eq. (9) can be expressed by

dp—2 dc—3 dp—2
(Z wdjl > <Z w;:tzl t2+1|>D<Z w;Dé31 t3|>E

ti1=1 to=0 tz=1

dg—2 dp—2 (10)
(z w;";41|t4> |o>c(z w3;5_1|t5+1>> o

t4=0 B t5=0 D

ie.

dp—2dc—3dp—2dp—2dp—2

DD DD D wltwg M w e witt wit | plt|e(te + 1 n (ts| Elta) 510)c|ts + 1) p = 0, (11)

t1=1 to=0 t3=1 t4=0 t5=0



forany 1<j<dp—2,0<k<dc—-3,1<{<dp—2,0<m<dp—2,0<n<dp—2. It means that

[H] @ H} ® H} @ H, ® H5]X =0, (12)
where
Wdp—1 wdQB_l w((iiB__lm 1 1 (dl ;
2 4 Q(dB_Q) 1 w e w (S
wy Wy o Wy T de—1 o —1
H=| e | m= ° (13)
L . ‘ o2 (d. —-3) (d .—3)2
wgig_lz) wszl AR wl(idBB—lz) 1 wdcc—l wdcc—l
Wdp—1 w?lD*1 o w;l((%D__lQQ))
w? B w B ceew _D_
Hy=| o7t Temho meem (14)
d.—2 2d. -2 . d.—22
w((iDD_1 ) wd;—Dl ) wéDD_l )

Hy, = (wfl];gfl)i,jede_“ H; = (ngD—l)i,jEZdD—l and X is a column vector,
X = (p(tilc(t2 + Up(ts|Elta) B0)clts + 1) D) (1<t <dp—2, 0<ts<dc—3, 1<ts<dp—2 0<ts<dp—2, 0<ts<dp—2}-  (15)

Since Hy, Ho, H3, Hy, Hy are all full-rank matrices, it implies that HI ® H; ® H;[ ® Hy ® Hg is a full-rank matrix.
Then X =0, i.e.

s(tilc(tz + 1 p(ts|Elts) 50)c(|ts + 1)p = 0, (16)
for 1<t <dp—2,0<t3<dc—-3,1<t3<dp—2,0<t4<dp—2,0<t;<dp—2. It also means that

s E ) =0. (17)

A
By using As(|da — 1)4) and A;(]€1) ) for 1 < i < 4, we can also show that
]:(A>EA(_A) =0, (18)

for 1 < i < 4 by the same discussion as above. Further, by the symmetry of Fig. 1, we can also obtain that
;(A>EB§_A) =0, (19)
for 1 < j < 4. Thus, by Egs. (8), (18) and (19), E is a block diagonal matrix. It can be expressed by
E= EAY” ® EAgm @ EAgm @ EAE{‘” @ Era) @ EB£A> @ EBgm @ EBgm S EBY‘)' (20)

Step 2 Considering |S) and {|BO>A|Bj>B|Bk>c|,6’g>p}(j’k’£)ezd3_2Xch_2deD_2\{(070’0)} C F, where dp > 4. Then we
have

dp—1 do—1 dp—1
B ( > <z'1|> c ( > <i2|> D ( > <i3|> E|B;)518e)c|Be)p =

11=0 i9=0 i3=0

B (Bz: <i1|> c (Z <i2|> D (Dz: <i3|> E|B;)8lBr)c|Be)p = 0,

=1 ia=1 iz=1

(21)

for (j,k,0) € Zap—1 X Zgp—1 X Zap-1 \ {(0,0,0)}. Moreover, we have

dp—2 de—2 dp—2
(Z i1>> (Z |i2>> ( Z |i3>> = |Bo) B|Bo)c|Bo)D- (22)
B c D

i1=1 ia=1 is=1



Therefore, by using the states in {|S)} U {|60>A‘/Bj>B|Bk>c|5[>D}(j7k’g)€ZdBi2Xchizxde72\{(0_’070)}7 we obtain

B<ﬂ1|0<ﬁj|D<ﬁk‘E|5E>B|Bm>C|ﬁn>D = Oa for (iuja k) 7& (€7m7n) € Zd5’72 X ZdC*Q X ZClD*Q' (23)
Then there exists a real number e, s, for (r,s,t) € Zg,—2 X Zq,—2 X Zg,—2, such that

dp—3dc—3dp—3

Eram =Y Y. > eratlBr)n(Bel ®Bs)c (B @ 1By p(Brl. (24)

r=0 s=0 =0

Note that Eq. (24) also holds for dp = 3. Next, by using the states in A (|€1)4), we have

B(ilc(0[p(&|Elnk) B|0)c|€&)p =0, for (i,)) # (k. {) € Zap—1 X Zap-1. (25)
Then there exists a real number as; for (s,t) € Zg,—1 X Zq,—1 such that

dp—2dp—2

Eyo =3 O avln)sind @ 0)c(0] @ &) il (26)

s=0 t=0

In the same way, there exist real numbers ag ¢, bs ¢, Cs,t, D, €r.5,t5 G5 Gs,t> Ps ¢4 ts,¢ such that the operator

dB 2dD 2 dc—QdD—2
E= 3 S audnninl @ 00c0@ Eo@l + 3 3 budds — ilds —11® ndein @ mhoiml
s=0 t=0 s=0 t=0
dg—2dc—2
+ Z Z Cs,t|€s) B(&s| @ &) (€|l ® |[dp — 1) p(dp — 1| +pldp — 1) p{ds — 1| ®[0)c(0| ® |[dp — 1) p{dp — 1|
s=0 t=0

dp—3dc—3dp—3

)03 D sl B(Bel @ 1B (Bol @180 p(Bel + 4l0) 50| @ |de — 1) {de — 1] @ 10) 5 (0]

r=0 s=0 t=0

dp—2dc—2 dc—2dp—2
+ 30> gealne) sl @ Indeme @ 10)p(0[+ > Y hatl0)B(0] @ &) (el @ &) p (&l
s=0 t=0 s=0 t=0
dp—2dp—2
+ Y Y i€ &l @ lde — Delde =1 @ i) p(nel-
s=0 t=0

By using those states {|0)al&) [n;)cl&k) D} ijk) €Zay 1 xZap 1 x4y, 1\1(0,0,0)} = Bs, we have

B(&ilc il p (&l El&) BIMm)clén)p = 0, for (i,5,k) # (6, m,n) € Zay -1 X Zac—1 X Zap—1\{(0,0,0)}. (28)
There are three cases.

(i) Assume i 20,7 =0,k =0, =0,m # 0,n = 0. By Eq. (27), we have

0 =g(&lc(nolp (ol Elo) BIMm)cléo) p

dg—2
=(dp —1)* Y as0(&lns) 5(sléo) B + Wiy, —1p + wi, 1 (dp — 2)(de — 2)(dp — 2)*€0,0,0
s=0
:(dD — 1)211)(113_1 < Z as,0 — (dB - 1)(&070 + aLo)) + wéB_1p+ wZiB—l(dB — 2)(dc - 2)(dD — 2)260,070.
s=0
(29)
That is,
dp—2
dp — 1 < Z Qs,0 — dp — 1)(@0)0 + ai,0)> +p+ (dB — 2)(dc — 2)(dD — 2)260)070 =0. (30)
Since ¢ € Zg,—1 \ {0}, we obtain a1 = a0 =+ = aq,-2,0. Then Eq. (30) can be expressed by

—(dp — 1)*((dg — 2)ag,0 + a1,0) +p + (dp — 2)(de — 2)(dp — 2)*ep,0,0 = 0. (31)



(i)

Next, by using the states |S) and |0)4|&1)5|m)cléo)p € Bs, we have

0=p (BZ <i1|> c (Z <i2|> D (DZ: <i3|> E|&)Blm)cléo) (32)

i1=0 i2=0 i3=0

= —wddng(dB —1)(dp — 1)%ago + wdd}?:fp + ’wddg:f(dB —2)(de —2)(dp — 2)%eq,0,0-
That is
—(dg — 1)(dp — 1)?ag0 +p+ (dg — 2)(dc — 2)(dp — 2)%ep,0,0 = 0. (33)
Considering Egs. (31) and (33), it implies ago = a1,0. It means that ago = a1,0 =+ = agg_2,0 = a.

Next, we consider {[0)4(0)5[0)c|&i) D }iez,, \for = Bs and {|0)4l&;) Blmk) 1€} D} (jk,0)ezay, 1 xZag 1 xZayy -1\ {(0,0,0)}
= Bs. Then by the orthogonality-preserving POVM, we have

B{0lc(0lp(&IElE;) Blnk)clée) o = 0, (34)
for i € Zay 1\ {0} and (j,k, €) € Zay 1 X Zeap—1 % Zap—1 \ {(0,0,0)}. By Eq. (27), we obtain that

B{0lc(0]p (&l E|&0) BIno) c1€0) 0 = 0, (35)
for i € Zay 1\ {0} and (j, k, €) = (0,0,0), and

B{0lc{0lp (&l El&;) Blnk) ol€e)p = 0, (36)

for (j, k) € Zagy—1 X Zde—1 and £ € Zg,,—1 \ {0}. Further, by Eq. (27), we have

dp—2 dp—2
50lc (01 (&l BI&) BInk)cléo)p = (dp = 1)* D aso(nslé)s = aldp — 1) > (nsl¢) s
s=0 s=0
dp—2dp—2 ) . dp—2dp—2 )
=a(dp—1? > > Wil =aldp — 12wl >0 > Wil =0,
s=0 n=1 s=0 n=1

(37)
for (j, k) € Zgz—1 X Zq.—1. Thus by Eqs. (34), (35) (36) and (37), we have

B{0lc(Olp(&I|EIE)) BlInk)c|e)p = 0, (38)

for ¢ € Zgp-1 and (4,k,¢) € Zi,—1 X Zgo-1 X Za,—1- Thus, applying Block Zeros Lemma to
{10)Bl0)cl&i) D Yicza, -1 and {I&) Blmk) &) D}k 0)e2ay, 1 xZap 1 %24y, 1> WE ODtaIn that

g B = 0. (39)

Assume i £ 0,7 =0,k =0,£=0,m =0,n # 0. By Eq. (27), we have

dp—2
0 =5(&lc(molp (&l El&o) Blno)clén)p = wh, 1 (de — 1)%wy ", ( > bo = (dp —1)(boo + bo,n)> (40)

t=0
+ leBflwc?anp + WZqucfﬁ_l(dB —2)(dc — 2)2(dD —2)€0,0,0-

That is,
dp—2
(dc - 1)2 ( Z bO,t - (dD - 1)(b0,0 + bO,n)) +p + (dB - 2)(dc - 2)2(dD - 2)60)070 =0. (41)
t=0
Since n € Zg,,—1 \ {0}, we obtain by 1 =bg2 = -+ = bg,q,,—2. Then Eq. (41) can be expressed by

— (dc — 1)2((d]_‘) — 2)[)0,0 + b071) +p+ (dB — 2)(dc - 2)2(dD - 2)60,070 =0. (42)



(i)

Next, by using the states |S) and |0)4|&1)5|n0)c|é1)p € Bs, we have

0=p5 (BZ: <i1> c <Z <i2> D (Dz: <i3> El&1) slmo)cl€) p

i1=0 i2=0 i3=0
= —wiPTwiP " (de — 1)3(dp — 1)bo,o + wiE TTwiP " ip + wiP T TwiP T (dp — 2)(de — 2)*(dp — 2)eq,0,0-
(43)
That is
— (dc — 1)2(dD — 1)[)0’0 +p+ (dB — 2)(dc - 2)2(dD - 2)60’0’0 =0. (44)
Considering Eqgs. (42) and (44), it implies b o = bg,1. It means that by =bg1 =+ = bg,ap—2 = b.

Next, we consider {|0)aldp — 1)5|m:)c|0)p}icz,, _i\toy = Br and {]0)al&;)5lm)clée) D} ik.0)ezay 1 x 2
xZa,,-1\{(0,0,0)} = Bs. For the same discussion as Eqgs. (34), (35) (36) and (37), we obtain that

B{ds — el p(O|EI;) BlInk)clé&e)p = 0, (45)
fori € Zg,—1and (4,k,0) € Zg,—1XZgy—1%xZq,—1. Applying Block Zeros Lemma to {|d]3—1>13|m>c|0>p}iezdcf1
and {1€;) B1k) c1€6) D} .k 0) €2y 1 X By 1 %2y, 1 » WE Obtain that

B;A)EBéA) =0. (46)
Assume i = 0,5 =0,k #0,£ =0,m # 0,n = 0. By Eq. (27), we have
de—2
0 =5(lc(molp (&I El&o) BInm)cléo)p = wh, 1 (dp — 1) < > cor— (de —1)(coo + Co,m)> (47)
t=0
+ wgDﬂP + wqu(dB - 2)2(dc —2)(dp — 2)eq,0,0-
That is,
de—2
(dg — 1) ( > cox — (do —1)(coo + co,m)> +p+ (dg —2)*(de — 2)(dp — 2)eo.0,0 = 0. (48)
t=0
Since m € Zg.—1 \ {0}, we obtain ¢p1 = ¢cg2 = -+ = ¢p,dy—2. Then Eq. (48) can be expressed as
— (dB — 1)2((dc — 2)00,0 + 00,1) +p + (dB - 2)2(dc - 2)(dD - 2)60’0’0 =0. (49)
Next, by using the states |.S) and [0) 4|&o0)B|m1)clé1)p € Bs, we have
dg—1 de—1 dp—1
0=r5 (Z <i1|> c <Z <i2|> D ( Z <i3|> El&o)slm)cl|é)p
i1=0 i2=0 i5=0 (50)
= —wiP73(dp — 1)*(dc — 1)co0 + w3 “ip + wiR = (dp — 2)*(de — 2)(dp — 2)en0,0-
That is
— (dB — I)Q(dc — 1)80’0 +p+ (dB - 2)2(dc - 2)(dD — 2)607070 =0. (51)
Considering Egs. (49) and (51), it implies ¢go = ¢o,1. It means that cog =co1 =+ = co,dp—2 = C

Next, we consider {[0)al&)sldc — 1)cldp = 1)pliez,, oy = Bs and {[0)al&)Blmk)cl€e) D} (jk0)eza, -1 x
Zag 1%y, 1\{(0,0,0)} = Bs. For the same discussion as Egs. (34), (35) (36) and (37), we obtain that

B(&ilc(de — 1p(dp — 1|E|&;)Blmk)clée)p = 0, (52)

for i € Zgy—1 and (j,k,¢) € Zay—1 X Zao—1 X Zg,—1- Applying Block Zeros Lemma to {|&;)g|ldc — 1)c|dp —
Dptiez,, . and {|;)Blnk)c|€e) D}k 0)e2a, 1 xZay 1 %24y, 1> then we obtain that

BéA)EBéA) =0. (53)



Step 3 Considering |.S) and {‘0>A|§j>B|77k>C‘§£>D}(j,k,e)ezd3,1dec,ledD,l\{(o,o,o)} = Bs. By using Egs. (20), (39),
(46) and (53), we have the following equality

B (BZ_ <i1|> c (CZ_ <i2|> D (i <i3|> El&;) Blnk)clée) p

11=0 12=0 13=0
dp—1 dc—2 dp—1 (54)
=B (Z <il|) c (Z <i2|> D ( > <i3|> El&)Blmk)clée)p = 0.
i1=1 i2=0 iz=1

Moreover, we have

dp—1 do—2 dp—1

(Z |i1>> <Z |i2>> <Z Z'3>> = [0) BIm0)c1€0) - (55)

ir=1 B \iz=0 o \ig=1 D

Therefore, by using the states {|S)} U{|0)al&;)Blmk)clée) D} (k)ezay, 1 xZay 1 %74, 1\{(0,0,0)}, We have
B{&ilc(n;lp&lEle) Blnm)clén)p =0, for (i,j,k) # (6,m,n) € Zay—1 X Lac—1 X Lap-1- (56)

By Eq. (20), we know that A‘(LA)EB(A)\A‘(LA) =0, where _AiA) = {|dB - 1>B|O>C|dD — 1>D}7 .AiA) - BéA)_ Applying
5

Block Trivial Lemma to {[;) glnk)cl€e) D} (jk,0)€2a,, 1 %2, 1 %24, 1> WE have

EBéA) = kHBéA). (57)
; (4) (4) P — P
Next, for any ‘]>B|k>C|E>D E.Ai ﬁB5 fOI‘Z—l,2,3, we have ‘Hj)B‘k>c‘Z>D}E.AEA)\{|]’>B|k>c|€>D} =0 for i = 1,2,3
by Egs. (39), (46), (53) and (57). Applying Block Trivial Lemma to A;(|¢1)) for i = 1,2, 3, we have
E-AEA) = ki]IAEA). (58)

Since AEA) N BéA) # () for ¢ = 1,2,3, it implies that k; = k for ¢ = 1,2,3. Thus by Egs. (57) and (58), we have

E{U?=1A§A)}UBéA) = kH{U?=1A5A)}UBéA). (59)
By the he symmetry of Fig. 1, we can obtain that £ = kI. Thus E is trivial. Further, since the 17 subsets
U8 {A;, B;} U{F} in any bipartition of {A|BCD, D|ABC,C|DAB, B|[CDA} correspond to a similar grid as Fig. 1,
it implies that any of the party { BCD, ABC, DAB,CD A} can only perform a trivial orthogonality-preserving POVM.
This completes the proof. a

Note that the states in A; or B; (i = 1,...,8) in Eq. (1) are defined by the outermost layer of a d4 x dg x d¢ X dp
hypercube, and the states in F are just defined by all inner cells. By observing this, we can construct more strongly
nonlocal UPBs in d4 ® dp ® d¢ ® dp by continuing decompose F in Fig. 1 by the similar tiling method. Suppose we
are on the n-th layer from outside to inside, 0 < n < |94=2]. Let X,, := dx — 2n for X € {A, B,C}. Then we can



define the following states,

AP =(1e™) Al By e €YD ¢ (6,4,0) € Za, 1 X Zp,—1 % Zp, -1\ {(0,0,0)}},

AT =(16M) aldp — 1= n)plni™)elni™)p
(i,k,0) € Za,—1 X Lo, -1 X Zp,—1\1{(0,0,0)}},

AT ={1el) al€) BlEN ) clde =1 = n)p -
(i,4,k) €724, 1 X Zp, -1 X Zc,—1\{(0,0,0)}},
AT ={1€) aldp = 1= n)pln)cldp — 1= n)p : i € Za, 1\ {0}},
AT ={lda — 1 —n)aln") 5le)clnd™) b
(4, k,0) € Zp,—1 X Z¢,—1 X Zp, -1\ {(0,0,0)}},
ALY ={|da — 1= n)aln{™) sln)cln)p : j € Zp, 1\ {0}},
AP i={|da = 1=n)aln)pl&)eldp =1 =n)p : k € Ze, -1\ {0}},
ALY ={lda =1 = n)aldp — 1 = n)plde — 1 —n)eln™)p : €€ Zp, 1\ {0}},
B ={In{") 4l ) sldc — 1 = n)c|ni™)p -
(i,j,0) € Za, 1 X Zp, 1 X Zp, -1 \ {(0,0,0)}},
B ={In{") aln)lef™)olel™p (i k,0) € Za, 1 % Zo, 1 x Zp, 1\ {(0,0,0)}},
BSY ={ln{™) aln{™) sl )cl0)p + (6,5, k) € Za, -1 % Zp, -1 X L, -1\ {(0,0,0)}},
B ={In") aln) sldc — 1 = n)cln)p : i € Za, 1\ {0}},
B = {ln)ale”) sl )ole™ )b (G ko 0) € Zp, 1 X e, 1 x Zp, -1\ {(0,0,0)}},
By ={In)ale}" ) pldc — 1 = n)cldp —1—n)p : j € Zp, 1\ {0}},
B ={|n)aldp — 1 —n)pln")cln)p : k € Ze,—1 \ {0}},
B :={[n)aln)sln)cl&)p : €€ Zp, 1\ {(0,0,0)}},

)V ={18™) 418" 518 18
(i,5,k,€) € Za,—2 X ZLp,—2 X ZLc,—2 X Zp,-2\1{(0,0,0,0)}},

da—1 dp—1 do—1 dp—1 (60)
(0] (Zw] (Xw) (L)
i=0 A\ j=0 5 \ k=0 c \ 1=0 D
where [n{")x = f(z’;jnﬁwg(t yx, and €M)y = f(:"nJrn*ng(t "t + 1)x, for s € Zx, 1, and X €
{A,B,C, D}, |B"M)x = S Xnhns ;(ij;)u +1)x for s € Zx, _o, and X € {A, B,C, D}.

Note that {|n£n)>X}s€an o {|£én )X }sezx, 1, and {\Bsn >X}S€an72 are three orthogonal sets, X € {4, B,C},

which are spanned by {|t)x }in "2 {|t>X}ﬁntr"1 Loand {|t)x} ntn~? respectively. This extends the definition of
states for Eq. (1) from n =0 to general n. Now, we have the following theorem.

Theorem 3 In dy ® dp ® dc ®dp, 3 < da <dp <dc <dp, for any 0 <n < [44=2],

Uy = o (UL (A UB) UF™ U {]9)) (61)
given by Eq. (60) is a strongly nonlocal UPB of size dadpdc — 16(n + 1).

Theorem 3 can be easily obtained by induction on ¢ along with Proposition 1 and Proposition 2.



