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Abstract. Motivated by applications in combinatorial group testing for consecutive positives,
we investigate a block sequence of a maximum packing MP(¢, k, v) which contains the blocks exactly
once such that the collection of all blocks together with all unions of two consecutive blocks of this
sequence forms an error correcting code with minimum distance d. Such a sequence is usually called a
block sequence with consecutive unions having minimum distance d, and denoted by BSCU(¢, k, v|d).
In this paper, we show that the necessary conditions for the existence of BSCU(3, 4, v|4)s of Steiner
quadruple systems, namely, v = 2,4 (mod 6) and v > 4, are also sufficient, excepting v = 8§, 10.
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1. Introduction. Let V be a finite set of v elements and let X be a collection
of k-subsets of V with |X| = m. Let S = [zg,21,...,Zm—1] be a sequence of the
elements in X. The indices of the elements x; of S are considered modulo m. Define
y; = x; Uz;qq for each i, 0 <4 < m — 1. The sequence S is called a cyclic sequence
of X with consecutive unions having minimum distance d, denoted as CSCU(k, v|d),
if C ={x0,...,%m-1,%0,- -, Ym—1} has minimum distance d. Note that the distance
between any two sets « and y is defined as d(z,y) = [(x Uy) \ (z Ny)|. Furthermore,
a CSCU(k, v|d) is said to be mazimal if the number of elements in X is maximum for
given k, v, and d, denoted as MCSCU(k, v|d).

The concept of an MCSCU is motivated by the applications in combinatorial group
testing for consecutive positives. Group testing was proposed by Dorfman [3] in 1940s
to do large scale blood testing economically, and new applications of group testing
have been found recently such as DNA library screening, being error-prone, in which it
is desired to determine the set of all clones containing a specific sequence of nucleotides
in an economical and correct way. A clone is positive if it contains the specific sequence
and negative otherwise. One chooses arbitrarily a subset of clones called a group or
pool and tests all clones in the pool in one stroke by some chemical analysis. The
pool is positive when it contains at least one positive clone and negative otherwise.
Colbourn [1] developed some strategy for group testing when the clones are linearly
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ordered, and the positive clones form a consecutive subset of the set of all clones, the
typical example being the problem of locating a sequence-tagged site (or STS) among
ordered clones. Jimbo and his collaborators [16, 15, 17, 18] improved Colbourn’s
strategy by considering the error detecting and correcting capability of group testing
which is essential in view of applications such as DNA library screening. In particular,
Momihara and Jimbo [16, 15] suggested using MCSCUs of a combinatorial structure
called t-packings to correct false negative or false positive clones in the pool outcomes.
For more details of such applications, we refer the reader to [1, 4, 16, 15, 17, 18, 19]
and references therein.

A t-packing of order v, block size k, briefly P(t, k,v), is an ordered pair (V, B),
where V is a finite set of v elements called points, and B is a set of k-subsets of V'
called blocks, such that each t-tuple of distinct points of V is contained in at most
one block of B. In particular, a P(¢, k,v) is said to be mazimal, denoted MP(¢, k, v),
if the number of blocks is maximum for given ¢, k, and v. For v = 2,4 (mod 6), an
MP(3,4,v) is also called a Steiner quadruple system, briefly SQS(v). The existence of
an SQS(v) for every admissible v is proved by Hanani [5], Hartman [7, 8], and Lenz
[12].

It is known (see [16]) that a CSCU(k, v|d) of B is maximal if B is the block set of
an MP(|k—d/2|+1,k,v). A CSCU(k,v|d) of B which is the block set of an MP (¢, k, v)
is also called a block sequence of B with consecutive unions having minimum distance
d, briefly BSCU(t, k, v|d).

In the case of d = 2, Miiller and Jimbo [18] showed that there exists a BSCU(k, k, v
|2) for every v > vy, for the pairs of parameters k and vy, (k,vr) = (2,6),(3,8), (4,11),
(5,12),(6,17), and (7,19), without introducing the notion of block sequences of t-
packings. In the case of d = 3, Momihara and Jimbo [16] showed the existence
of a BSCU(2,3,v|3) for every v > 10. For the case of d = 4, it is clear that a
BSCU(3,4,v[4) forms an MCSCU(4,v|4). Momihara and Jimbo [15] recently showed
the existence of a BSCU(3, 4, v|4) for 47 small values v < 500 using the following two
constructions.

THEOREM 1.1. (see [15]). Let v be an integer satisfying v = 2,4 (mod 6) and
v > 14.

(1) If there exists a BSCU(3,4,v|4), then there exists a BSCU(3,4,2v|4) which
contains a sub-BSCU(3,4,v[4).

(2) If there exists a BSCU(3,4,v|4), then there exists a BSCU(3,4, 3v—2|4) which
contains a sub-BSCU(3,4, v|4).

It is not difficult to see [15] that if there exists a BSCU(3,4,v|4), then ev-
ery two consecutive blocks must be disjoint. Furthermore, there does not exist a
BSCU(3,4,v[4) for v < 11 except for v = 4, in which there is only one block. We call
such a BSCU(3,4,4(4) trivial.

In this paper, we write BSCU(3,4,v|4) of the block sets of Steiner quadruple
systems as BSCU(v) for brevity. The necessary conditions for the existence of a
BSCU(v) are v = 2,4 (mod 6) and v > 4. In the following sections, we will prove
that the above necessary conditions are also sufficient except for v = 8,10. Our main
tools are the recursive constructions used in the 3-design theory (see [9, 10, 11] for
detailed information).

2. Recursive constructions. Let v, s be two nonnegative integers, ¢ be a pos-
itive integer, and K be a set of positive integers. A candelabra t-system (or t-CS) of
order v and block sizes from K, denoted by CS(t, K,v), is a quadruple (X, S, G, A)
that satisfies the following properties:
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(1) X is a set of v elements (called points);

(2) S is an s-subset (called the stem of the candelabra) of X;

(3) G ={G1,Ga,...} is a set of nonempty subsets (called groups or branches) of
X \ S, which partition X \ S;

(4) A s a collection of subsets (called blocks) of X, each of cardinality from K;

(5) every t-subset T of X with |TN(SUG;)| < t for all 4 is contained in a unique
block of A, and no t-subset of S U G; for all i is contained in any block of A.

By the group type (or type) of a t-CS (X, 5,3, A) we mean the list (|G| | G €
G : |S|) of group sizes and stem size, where the stem size is separated from the group
sizes by a colon. If a ¢-CS has n; groups of size g;, 1 < i < r, and stem size s, then
we use the notation (g7 g52...g"" : s) to denote the group type. When ¢t = 3 and
K = {4}, such a system is usually called a candelabra quadruple system and denoted
for short by CQS(g7"g52 ... g0 : s).

A holey quadruple system of order v with a hole of order s, denoted by HSQS(v : s),
is a triple (X, S,.A) where X is a set of v elements (called points), S is an s-subset of
X, and A is a collection of 4-subsets (called blocks) of X such that every 3-subset T'
of X with T" Z S is contained in a unique block of A and no 3-subset of S is contained
in any block of A.

Let (X, S,G,A) bea CS(3, K, v) of type (977952 ... gl : ) with § = {001, 009,.. .,
005}, where s > 1. For 1 < i < s, let B, = {A\ {o0;} | o0; € A € A} and
T={Aec A| AnS = 0}. Then the (s + 3)-tuple (X \ S,G,B1,Bs,...,B,,T) is
called an s-fan design. If block sizes of B;, 1 < i < s, and 7 are from K; and Kr,
respectively, then the s-fan design is denoted by s-FG(3, (K1, ..., Ks, K1), > i, n:ig;)
of type g7 g52 ... gl .

A group divisible t-design of order v and block sizes from K, denoted by GDD(¢, K|,
v), is a triple (X, G, B) such that

(1) X is a set of v elements (called points);

(2) G = {G1,G>,...} is a set of nonempty subsets (called groups) of X which
partition X;

(3) B is a collection of subsets (called blocks) of X, each of cardinality from K,
such that each block intersects any given group in at most one point; and

(4) every t-subset T of X from ¢ distinct groups is contained in a unique block
of B.

The type of GDD(¢, K,v) is defined as the list (|G| | G € G). In this paper, we
consider only GDD(3,4,v) of type T and always write GDD(T") for brevity.

THEOREM 2.1. (see [14]). For u > 3,u # 5, a GDD(g") exists if and only if ug is
even and g(u —1)(u— 2) is divisible by 3. For u = 5, a GDD(g°) exists if g is divisible
by 4 or 6.

A CSCU(4,v|4) of B which is the block set of a CQS(g7'g52...g7 = s) will be
denoted by CSCU-CQS(¢7"g5?...g7" : s) in this paper. Similarly, we can define
CSCU-HSQS, CSCU-GDD, etc.

Now we apply the fundamental constructions in the 3-design theory, where “filling
in holes” and the “weighting method” are always useful (see [9]). First, we may think
of one CSCU (the master design) as a cycle which can be cut off at any place. Next,
we view the sequence of the other cut-off CSCU (the subdesign) as a segment and
insert it into some cut place of the master design to form a bigger cycle. Then we
calculate the number of the places in the master design where the obtained bigger
cycle is also a CSCU. If this number is positive, then the construction succeeds. We
explain it in detail as follows.
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For any k-subset sequence S = [xg, 1, ..., Zm—1] with length m, define
O'j(S) = [$j,213j+1, ey Tm—1,20y - - - ,xj_l],
S={roUx, 11 U2, ..., Zm 2UTp 1},
and
§ = {330 U T1,T1 U L2y ., Tm—2 U Tm—1,Tm—1 U 330}.

Let U,V be two finite sets with |U| = u and |V| = v, where U is not necessarily
disjoint with V. Let S = [bg, b1, ..., bp—1] be a CSCU(4, u|4) of B which is a collection
of 4-subsets of U with p = |B|, and let T = [ag, a1, ...,aq—1] be a CSCU(4,v[4) of A
which is a collection of 4-subsets of V' with ¢ = |A|. It is clear that [bN ¥ | < 2 and
laNa’| <2 for any distinct b,b’ € B and a,a’ € A. We may assume that, for any
b € B, we always have |[bNV| < 2. Then, for any a € A and b € B, we always have
[bNal < 2. We view S as a cycle, cut T between ag and a,—1, and keep the order fixed.
We insert T' = [ag, a1, ...,aq—1] into S between b;,_; and b; for some ¢, 0 <i < p—1,
and denote the bigger cycle [ag, a1, ...,aq-1,bi,bit1,...,bi—1] by S; = [T, 0%(S)]. Let
M=1{i|S;isaCSCU4,w|4) of BUA, 0 <i<p—1}, where w = |UUV], and
let |M| = m. If m > 0, then we obtain a bigger CSCU(4,w|4) from the two small
CSCUs. Next, we estimate the value of m.

Let C = AUBUT Uci(S)U D, where D = {ag Ub;_1,a4—1 Ub;}. We check the
distance between any two elements of C. First, we consider the case that agNb;_1 = 0
and aq_1 Nb; = (. In this case, we have the following conclusions:

Since T is a CSCU of A, we have

Case 1: d(a,a’) > 4 for any a,a’ € A,;

Case 2: d(c,c’) > 4 for any ¢,¢’ € T; and

Case 3: d(a,c) >4 foranya € Aand c€T.

Since S is a CSCU of B, we have

Case 4: d(b,b') > 4 for any b, b’ € B;

Case 5: d(c, ') > 4 for any ¢, € 0%(S); and

Case 6: d(b,c) > 4 for any b € B and ¢ € o*(5).

Since |CLO N bl| < 2, |aq,1 N bi,1| <2,and b;_1Nb; = (Z), we know that d(bifl,bi) =8,
d(agUb;_1,b;) > 6, and also

Case T: d(a() U bi—l, Qg—1 U bl) Z 4.

Since |a N b| < 2, we have

Case 8: d(a,b) > 4 for any a € A, b€ B.

Since |a] = 4, |b] = 4, and |¢c| = 8 for any a € A, b € B, and ¢ € T U 0i(S) U D, we
have

Case 9: d(a,c) >4 for any a € A and ¢ € ¢(S) U D; and

Case 10: d(b,c) > 4 for any b € B and ¢ € T U D.

Since [bN V| < 2 for any b € B, we have

Case 11: d(c,c/) >4 for c€ T and ¢’ € 0¢(S) U D.

Under the assumption that ag Nbi—1 = 0 and aq—1 Nb; = 0, we still need to
consider the values of d(c, ') for any ¢ € ¢i(S) and ¢ € D. Note that we should also
check the distance between any two elements of C' in the case that ag Nb;_1 # 0 or
Gg—1 n bl 75 (D

Let N(ag—1) ={k |0 <k <p—1, ag_1Nbg # 0 or d(ag—1Uby, c) < 4 for some ¢ €
S} and n(ag—1) = |N(ag—1)|- Alsolet afag—1)={k |0<Ek<p-—1, ag—1Nby # O}|.
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Then n(ag—1) = alag—1) + {k | 0 < k < p—1, ag_1 Nbx = 0, and d(ag_1 U
by, ¢) < 4 for some ¢ € §}| In order to estimate n(aq—1), we consider the case that
ag—1 Nby = 0. It is clear that for any index 0 <! <p—1, [(by Ubi41) Nag_1| < 4.

If there exists an index [ such that [(b; Ubj41) Nag—1] =4, ie., |bNag—1| = 2 and
|bl+1 ﬂaq_1| = 2, then if d(blUbH_l, Ag—1 Ubk) < 4, we should have |(blUbl+1)ﬂbk| > 3.
In the case that B is the block set of some 3-packing of order u, there is at most one
such k that |(b; Ubi11) Nbg| = 4, that is, by, = (byUbj41) \ ag—1, or there are at most 4
such k that |(b;Ub;1) Nbg| = 3, that is, by are obtained by choosing any three points
from the four points in (b; U bj41) \ ag—1 and the other one from the other points of
U, which implies that [{k |0 <k <p—1, ag_1Nbx =0, and d(ag—1 Ubs, bjUb;11) <
4} < 4.

If there exists an index [ such that [(b; U biy1) Nag—1] = 3, ie., |y Nag_1| = 2
and |biy1 Nag—1]| =1, or |by Nag—1| = 1 and |bj+1 N ag—1| = 2, then we should have
[(byUbi+1) Nbg| = 4 if d(bjUbj41,aq—1 Ubg) < 4. In the case that B is the block set of
some 3-packing of order u, there is at most one k such that |(b; Ub;41) Nbg| = 4, that
is, by, is obtained by choosing four points from (b; U byy1) \ ag—1. If there is another
k' such that |(by Ubjy1) Nbys| = 4, then by Nbir| > 3 because |(b; Ubiy1) \ ag—1| = 5,
which is a contradiction. In this case, we have [{k | 0 < k < p—1, aq1 Nby =
(), and d(aq,1 Ubk, by Ubiy) < 4}| <1

If |(b; Ubit1) Nag—1] < 2, then we can easily check that there is no k such that
d(b Ubjp1,a9-1 Ubg) <4, that is, [{k | 0 <k <p—1, ag_1 Nbx =0, and d(as—1 U
by, by U bl+1) < 4}| =0.

Therefore, if we define y(ag—1) = {1 | 0 <1 < p—1, |(by Ubit1) Nag_1| =
4}|, and 6(ag—1) = {1 |0 <1 < p—1, |(by Ubit1) Nag_1| = 3}|, then under the
condition that ag—1 N by = 0, there are at most 4y(aq—1) + d(ag—1) k such that
d(byUbi41,aq—1Ubg) < 4. So we have n(aq—1) < a(ag—1)+4v(ag—1)+d(ag—1). From
the definition of y(aq—1), we know that the existence of one such index ! in y(ag—1)
would imply both |b; Nag—1] = 2 and |bj41 Nag—1| = 2. Also, from the definition of
d(aq—1), the existence of one such index ! in §(ay—1) would imply |b; Nag—1| = 2 or
|biy1 N ag—1] = 2, but not both. Keeping in mind the possibilities of occurrences of
consecutive blocks in Z = {k | 0 < k < p—1, |by Nag—1]| = 2} and one block in =
followed by one block in {k | 0 <k <p—1, |bxNag—1]| =1}, we can know that these
would imply 2y(aq—1) + 0(ag—1) < 28(aq—1), since v and § are mutually exclusive,
where f(aq—1) = |Z].

Similarly, we can analyze the set N(ap) = {k | 0 < k < p—1, ag Nbx_1 #
0, or d(agUbg_1,c) < 4 for some ¢ € S}, where n(ag) = |N(ao)|.

Then from the definitions of M, N(ag), and N(aq—1), we immediately have that
M 2 Z,\ (N(a0) UN(a,1)) and m > p - nlao) — n(ag1) + [N(ao) N N(ag1)| >
p —n(ag) — n(ag—1) + |E|, where E C N(ag) N N(ag—1).

THEOREM 2.2. Suppose that there are both a CSCU-HSQS(u : v) and a BSCU(v).
Then there is a BSCU(u) when u > 44 and u > v.

Proof. Let S = [bg,b1,...,bp—1] be a CSCU-HSQS(u : v) on U and T =
[ag,a1,...,aq-1] be a BSCU(v) on V with V' C U. By the definition of an HSQS(u :
v), we know that for any of its blocks, say, b, we always have [bN V] < 2. We view
S as a cycle, cut T between a¢ and aq—1, and keep the order fixed. Next, insert
T = [ag, a1, ..., aq—1] into S between b;_1 and b; for some 7, 0 < i < p—1, and denote
the resultant cycle [ag, a1, ...,aq-1,bi,bit1,...,bi—1] by S; = [T,0%(S)]. Using the
same notation as above, we prove the theorem as follows.
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Since T is a BSCU(v), we have ag—1 Nag = 0 since they are consecutive. From
the balanced property of ¢-designs, we also have n(ag) = n(ag—1). Then m > p —
n(ag) = n(ay-1) > p — 2ag1) + 47(ag-1) +8(ag1)) > p — 2a(ag_1) — 86(ag—1)-
Here p = u(u — 1)(u — 2)/24 —v(v — 1)(v — 2)/24, a(ag—1) = 2(u — 1)(v — 2)/3 —
3(u—2)—2(v—1)(v—2)/3+ 3w —2), and #(ag—1) = 3(u — v). Then we have
m > p—2a(ag—1) — 88(ag—1) > 0 when u > 44 and v > v. This means that there is
a BSCU(u) when u > 44 and u > v. O

THEOREM 2.3. Suppose that there are both a CSCU-CQS(m™ : s) and a CSCU-
HSQS(m+ s :s). Then there are both a CSCU-HSQS(mn+s:m+s) and a CSCU-
HSQS(mn + s : s) when mn > 44, m + 2s > 5, and m > 2.

Proof. Let (X,S,{G1,...,G,},B) be the CQS(m™ : s). Then we construct an
HSQS(m + s : s) on SUGE, 1 < k < n, with S as the hole to obtain the desired
HSQS(mn+s: m+s) (or HSQS(mn+s : s), respectively). Let So = [bo, b1, .., bp—1]
be a CSCU-CQS(m™ : s) and T}, = [af, af,...,al_,] be a CSCU-HSQS(m + s : s) on
S U Gy. Note that for each block b € B, we have [bN (SUGy)| < 2. View Sp as a
cycle, and cut each T between af and a%_;. Then we insert each T}, into S between
bi,—1 and b;, one by one. Here, we require that iy, # iy if k # k'.

Using the same notation, we have that p = m?n(n — 1)(m +mn +3s — 3)/24. By
counting the number 7, of blocks in B containing a point € X, and the assumption
that m + 2s > 5, we know that r, < m(n — 1)(mn + m + 2s — 3)/6. By counting
the number r, , of blocks in B containing a pair of distinct points {z,y} of X, and
the assumption that m > 2, we also know that r;, > m(n — 1)/2. Then we have
max{a(af), a(ak_ 1)} <a=4xm(n—1)(mn+m+2s—3)/6—6xm(n—1)/2 and
max{fB(af), B(ak_,)} <B=6xm(n—1)/2for any 1 <k < n.

First, since my > p — a(ay) — 46(ap) — alag ;) —46(a;_y) > p—2a — 86 > 1,
there exists one i1, 0 < i; < p—1, such that S; = [...,b;,—1,71,b;y,...] is a CSCU.
Here, S; is obtained by inserting 77 into Sp between b;, —1 and b;,.

Next, we want to insert 75 into S; between b;,_1 and b;,, where 0 < iy < p—1
and ig 75 il, so that 52 = [ . 71)1‘1,17T1, bil, N 71)1‘2,1,112, biz, . ] is a CSCU. Since
[bN (S UGL)| <2 for each block b € Th U B, in order to estimate ms, the number of
suitable places that we can properly insert 75 into S1, we need only to compute the
numbers of the consecutive unions ¢ € S1 = 01 (So) U{a,_, Ubs,,ajUb;, —1}UT] such
that |eN a§| =3 and 4, j = 0,q—1, respectively, for the reason that ma > p’ —n’(a2) —
n'(ag_q) = p—1—(a'(ag) +4v'(a§) +0"(a§)) — (' (aF_y) +47'(ag_1) +0"(aZ_y)), where
O/(a%) ={k[0<k<p-1, benai # 0} = ala}), 7'(af) = [{I | [(cUci41)Naf| = 4},
§(af) = [{l | (cUciyr) Naj] = 3} for j =0 and ¢ — 1, and ;U ciqq € Sy It is
easy to know that there are no such unions in 7). We then consider the unions in
{ag_y Ubi,a Ubi, 1} U™ (Sp). For the unions in 0% (Sg), we know that 4+(a3) +
§(a?) < 46(a?) holds for j = 0,¢q — 1. For the unions in {aj_; Ub;,,afUbi, 1}, since
[(ag Uag_q)Naj| <2 for j=0,g—1,and ajNa;_, = 0, we know that the only
possible cases are the following: (1) both aéd U b;, and aj U b;, 1 intersect a? at
3 elements; (2) exactly one of aé_l Ub;, and aj U b;, 1 intersects a? at 4 elements,
and the other at less than 3 points; (3) exactly one of a} ; Ub;, and aj Ub;,
intersects a? at 3 elements, and the other at less than 3 points. In any case, we have
mo > p—1—2a—83—2 x4 > 1. This means that there exists at least one such
index ig 75 il so that 52 = [ “ey bilfl, Tl, bil, ey bizfl,Tg, bi2, . ] is a CSC‘U7 where
S is obtained by inserting 7% into S; between b;,_; and b;,.
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Suppose we have inserted T} into Si_1 for kK = 1,...,n — 1, and let S; denote
the obtained CSCU. We want to insert Ty, into Sy between b;, ., 1 and b;,, where
0 <ige1 <p—1and igys # 14 for any 1 <! < k. Similarly, we need only care about
the unions in %U{aéfl Ubg,, ... al_ Ubi,afUby,—1,...,afUb;, —1}. Then we have
mgyr1 > p—k —2a — 80 — 8k. It is easy to check that my > 1 for any 1 < k <n. So
there exist n distinct indices 0 < i1, %9, ...,%, < p—1 such that when we insert each T}
into Si_1 between b;, _1 and b;, , the obtained sequence is a CSCU-HSQS(mn + s : s)
when 1 <k <noraCSCU-HSQS(mn+s:m-+s) when 1 <k <n-—1 0

For a CQS (X, S,G,B), we may view S as a special group, that is, let S € G,
and we will write CQS (X, G, B) for convenience. If a block of size k intersects each
group in at most one point, we say it is k-partite (see [9]). For any design (X, G, B),
GDD, or CQS, let P be a permutation on X. For each G € G, if P(G) = G,
then the design (X, G, P(B)) is isomorphic to (X,G,B). For a point z € X, denote
by G, the group containing z. For a block B € B, let Pg = {[[,cp(z y) | y €
G, and (x y) is a transposition}. Note that each permutation in Pg permutes each
point of B to a point in the same group and leaves any other point invariant.

THEOREM 2.4. Let (X,G,B1,...,Be,7) be an e-FG(3, (K1,...,K.,K1),v) of
type gt gh? ... gl . Suppose that there exist a CQS(m* : s1) for any ky € K1, a
GDD(m*is}) for any k; € K; with 2 <i <e, and a GDD(m*) for any k € Kz. Then
there exists a CQS ((mg1)™ (mg2)"™ ...(Mmgr)" D> 1cice Si). Furthermore, if

(1) the block set of each ingredient design can be arranged into a CSCU, and for
any A € By, the ingredient CQS(m!4! : s1) contains a 4-partite block, and

(2) the master e-fan design has two disjoint blocks b,b' € T if e =0, orb e T
and b € By ife £ 0,
then there exists a CSCU-CQS ((mg1)™ (mg2)™ ... (mgr)"" : D 1 <;<. i) when m >
max{5,s; | 1 <i<e}ands; #1 for each 1 <i<e. -

Proof. Let I; = {0,1,...,1 — 1} for any positive integer [ and Iy = (). Denote
Gy =A{x} x I, for z € X, and Sj = {o0;} x I,; for 1 < j < e, where {oo; | 1 <j <
e}NX = . We construct the desired design on X’ = (X x I,,,) US with the group set
G ={Gx1I,, | G € G} and the stem S = S;USyU---US,. Clearly, (X x I,,)NS = 0.

For each block A € By, construct a CSCU-CQS(m|A| is1)on Xa=(AxI,)US
having {G,, | x € A} as its group set, Sy as its stem, and A4 as its block set. Denote
Gy ={G; |z € A} U{S1}.

For each block A € B;, 2 < j < e, construct a CSCU—GDD(m|A|s;) on X4 =
(AxIy,)US; having Ga = {G, | x € A} U{S;} as its group set and A4 as its block
set.

For each block A € 7, construct a CSCU-GDD(m!4l) on X4 = A x I,,, having
Ga = {G, | © € A} as its group set and A4 as its block set.

Let B = (Ui<i<eBBi)UT. Then UaepAa is the block set of a CQS ((mg1)™* (mg2)™?
oo (mgp)™ Y0 cice Si)- We try to find a CSCU of UpepAa.

First, by our assumption, when e # 0, we can arrange B into a sequence S’ =
[bo, b1, . ..,bp_1] where the blocks of B; are consecutive with b,_o € By being the
tail-end, b,—1 € 7, and bp,_2 Nby—1 = 0; when e = 0, we simply let b,_o Nb,_1 = 0.
Next, we replace each block b; by a cut CSCU T; = [ag, al,...,al. ] of Ap,, where
a} and aéi_l are the two ends, and ¢; = |Ap,|, 0 < i < p— 1. By the hypothesis and
the definition of a GDD, without loss of generality, we may assume that a}, intersects
each group in G4 in at most one point. Now we have the following claim.

CraM. There exists a set of permutations {o), € Py | 0 < k < p— 1} such that

in the cyclic sequence S = [o0(To), 01(T1); - -, 0p—1(Tp—1)], we have o1 (a2 )N

qr—1—1
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k—1

o 1) Uok(ag)) > 4 for any 0 <

op(ak) = 0 and d(crl_l(aélill_l) Uoy(ah),or—1(a
kJI<p—1,and |k -1 > 2.

We use a recursive method to prove this claim. Denote I'g = {0 € Pyo | af;;_ll_l N
o(aj) = 0} C P,. From the assumptions on af and b,—1, we know that |aj N

1 . . . . 1
P~ | £ 2. We consider all possible intersections of aJ and a’ " |. Let a) =
dp—1 1 0 qp—1 1 0

{($1, ll)v (an lQ)a (3:37 l3)a (3:4) 14)} and asp__ll—l = (ylv lll)v (y27 l/Q)a (y37 l/3)a (y4a l:l)} We
first consider the case that z; # oo; for any 1 < ¢ < 4and 1 < j < e If
{z1, 2, z3, 24} N {y1, Y2, y3, ya}| = 0, then [To| = m?; if [{@1, 22, 23, 24} N {y1, Y2, y3,
ys}| = 1, then |To| = (m — V)m3; if [{z1, 20, 23,24} N {y1,y2,y3,94}| = 2, then
ITo| = (m—1)*m?2. Next we consider the case that z; = co; for a unique 1 <7 < 4 and
aunique 1 < j < e, which implies that s; > 2. If |{z1, 2, x3, x4} " {y1, Y2, Y3, ya }| =0,
then |To| = s;m3; if [{z1, 22,23, 24} N {y1,y2,y3,ya}| = 1, then |To| = s;(m — 1)m?;
if [{z1, 22, 23,24} N {y1,92,y3,y4}| = 2, then |To| = s;(m — 1)>m. So we know that
ITo| > min{m?, (m—1)m?, (m—1)?m?, s;m3, sj(m—1)m? s;(m—1)*m |s; > 2} > 1.
Choose 09 € Ty and let Sp = {00(Tp)) be a noncyclic sequence of oo(Tp), that is,
(00(Tp)) is exactly the same as [0¢(T,)] except that o(al) is not considered as a
successor of o(ad ).

Similarly, we denote I'y = {o € Py | 09(ay, _1)No(ag) = 0} C P,i. Again, we con-
sider all possible intersections of af and o(a) ;). Let aj = {(x1,11), (x2,l2), (x3,13),
($4,l4)} and 00(0'2071) = {(ylvlll)ﬂ (y2all2)7 (yBalé)v (94712)}' If y; 7& Q5 for any 1 <
i <4and 1 < j < e, and all y; are distinct, then |I'y| = m* or (m — 1)m? or
(m —1)?m? or s;m? or sj(m — 1)m? or sj(m — 1)?m, with s; > 2 and 1 < j < e,
depending on whether |{z1,x2,zs, 24} N {y1,y2,ys,ya}| is equal to 0 or 1 or 2, and
whether |{z1,29, 23,24} N {oo; | 1 < j < e}| is equal to 0 or 1. If y; # oo, for
any 1 <i < 4and 1 < j < e and exactly two of y; are equal, then |I';| = m* or
(m—1)m3 or (m—2)m3 or (m—1)*m? or (m—2)(m—1)m? or s;m?> or s;(m—1)m? or
s;(m—2)m? or s;(m—1)?m or sj(m—2)(m—1)m, with s; > 2 and 1 < j < e, depend-
ing on whether [{z1, 22,23, 24} N {y1,Yy2,ys,ya}| is equal to 0 or 1 or 2, and whether
Hz1, 22, 23,24} N{o0; | 1 < j < e}|isequal to0or 1. If y; # oo, for any 1 < i < 4 and
1< j<e, and y;;, =i, and y;; = y;,, but these two values are not the same, then
IT1| = m* or (m—2)m? or (m —2)*m? or s;m? or s;(m —2)m? or s;(m — 2)*m, with
sj > 2and 1 < j <e, depending on whether [{z1, 2, 3, 24} N {y1, Y2, Y3, ya}| is equal
to 0 or 1 or 2, and whether |{z1, 22, 23,24} N {oo; | 1 < j < e}|isequal to 0 or 1. If
y; = 00; for a unique 1 < ¢ < 4 and a unique 1 < j < e, then all y; should be distinct,
and |I'1] = m?* or (m — 1)m? or (m — 1)?>m? or s;m® or s;(m — 1)m? or (s; — 1)m3
or s;(m —1)*m or (s; — 1)(m — 1)m?, with s; > 2, s; > 2, and 1 < i # j < e,
depending on whether |{z1,z2,zs, 24} N {y1,y2,ys,ya}| is equal to 0 or 1 or 2, and
whether [{z1, z2, 23,24} N {00, | 1 < j < e}|is equal to 0 or 1. In any case, we know
that |F1| > 1. Let 81 = <O’0(T0),O’1(T1)>, where o] € Fl.

Suppose that there exists a set of permutations {0y € P [0 <k <i—1<p-—2}

such that ox_1(ak " ;) Now(al) = 0 and d(or_1(a), ", _y) Uai(ah),on_1(al ' ) U
op(ak)) >4 forany 0 < k,l<i—1,and |k — 1| >2. Let S;_1 = (00(Tp),01(T1), - ..,
oi—1(Ti—1))-

For k = i, we try to find a permutation o; € Py; such that o, (azi__ll_l)ﬂai(ag) =

0 and d(oi,l(alelrl) Uao;(ab), Ul,l(afh__lrl) Uoy(al)) >4 forany 0 <1 <i—1.

Let af = {(z1,11), (x2,12), (x3,13), (x4, 1a)} and o5_1(al " 1) = {(y1, 1)), (y2,13),
(y3,13), (ya,13)}. Denote I'; = {0 € P,; oi—1(al ! _y) No(ah) =0} C Pi- We first

io1—1

a
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divide the problem into two possible cases.

(a) Suppose that {x1, z2,z3, 24} N {y1, y2,¥3, ya} = {o0;} for some j, 1 < j <e.
Then s; > 2. For convenience, let x4 = y4 = 00;. Then b;,b;—1 € Bj and |b; Nb;—1| <
1. In a way similar to the above analysis, we can prove that |T;| > (s; —1)(m—1)m? >
1. Now we choose o; o € I';, which satisfies that (71'71(0,2;71171) Noio(al) = 0. If there
exists an index I, 0 <1 < 4 — 1, such that d(ai_l(aéj_ll_l) Uaio(ad), crl_l(afnill_l) U
oi(al)) < 4, then exactly one of the two blocks {b_1,b;} belongs to Bj. The rea-
son is explained below. If b;_1,b; € Bj, then since b;_1,b; € B;, we know that
|(bz @] bi—l) n (bl—l @] bl)| < |bi‘ﬂ bl—1| + |bi_1 N bl_1| + |b1 n bl| + |b1‘_1 N bl| < 4, and
hence |(ai_1(a;__11_1) Uagio(ag)) N (al_l(alql_fl_l) Uoy(al))| < 6, which is impossible,

for in this case we would have d(ai_l(a;__ll_l) Uaio(ad), al_l(alql_fl_l) Uoy(ah)) > 4.

On the other hand, if bi_1,b; & Bj, then (00;,1§) & or—1(al " _;) Uai(ah) for any

Ij €1, s0 |(crl-_1(af1:_11_1) Uaio(ad)) N (crl_l(alql_}l_l) Uay(ah))| < 6, which is again

impossible. Then there are two cases to be considered: b;—1 € B;, b; € B; and b; € Bj,
bi—1 & B;. We first assume that b,—1 € B; and b, ¢ B;. Then clearly ol(aé) ns; =0.

Since we have supposed that d(ai,l(alelrl) U 0@0(@6),0;,1(@5{_1171) Ua(ah)) <

4, ie., |(oim1(al ! _) Uaiolah)) N (oi—i(al ' _1) U oi(ah))| > 7, we should have
l

that one of |0l,1(aq7_1171) N (051 (a;illfl) Uoio(ad))| and |oy(ab) N (051 (a;illfl) U
0i0(ad))| equals 4 and the other at least 3. Since bj_1 € Bj, then |b_; Nb;| < 1
and |b[,1 N bi,1| < 1, ie., |(bl,1 @] {OOJ}) n (bl Ubi_1U {OOJ})| < 3, which im-
plies that |U[,1(a27_1171) N (Ui,l(af];llfl) Uaio(ad))| < 3. Therefore, it is necessary

that |oy_1(a, " 1) N (oi1(al 1) Uoiolah))| = 3 and |oy(ah) N (o5-1(al ', ;) U

oi0(al))| = 4. Then we can let (7[,1(0,27_1171) = {(z1,05,0(l1)), (y1,11), (005, {), (%, %)}
and oy(ap) = {(22,0i0(12)), (23,045,0(13)), (¥2,13), (y3,13)}, where & € {oi0(la), 14}
If & = 0i0(l4), no permutation o € I'; satisfies that |(Ui,1(a;—}171) Uo(ad)) N
(ol,l(afhf_llfl) Uoi(ah))] > 7 except o = ;9. If & = [}, then all the permuta-
tions o;;1 € I'; which change (00, 0:,0(l4)) to every element in {oo;} x (Zs, \ {l}})
and fix the other three points in o; (a) satisfy that |(o;—1(a ", _;)U0ci1(0i0(ad)))N
(crl_l(aél_fl_l) Uoi(ah))| > 7. So for such a pair (bi—1,b;), there are at most (s; — 1)

o € T'; such that d(ai_l(afl:_ll_l) Uo(ah), al_l(alql_fl_l) Uaoy(ah)) < 4. Now we com-
pute the number of such pairs (b;—1,b;) or, equivalently, the number of such b;. There
are (g) — 2 =18 triples in {1, 2, 3,91, Y2, y3} excluding the two triples {z1, z2, 23}
and {y1,y2,y3}. Since each triple occurs in exactly one block of B, each block of
B contains exactly 4 triples, |b; N {z1,z2, 23} = 2, and |b; N {y1,y2,y3}| = 2, we
know that there are at most |18/4| = 4 such b;. From the assumption, we have
IT;| > (m — 1)m?(s; — 1) > 4(s; — 1), which implies that there exists at least one
permutation o; € I'; such that crl-_l(a;;_ll_l) Noi(al) = 0 and d(crl-_l(aéj_ll_l) U
oi(ab), crl_l(alql_fl_l) Ual(aé)) > 4 for any 0 <! < i—1. For the case that b, € B; and
bi—1 ¢ Bj, we can also prove, in the same fashion as above, that the same assertion
holds.

(b) Suppose that {1, 22,23, x4} N {y1,y2,Y3,ya} # {o0;} for any j, 1 < j <e.
We further divide this case into two possible subcases.

(b.1) y1 = y2 = w1 and y3 = @2, ie., oi-1(ag, 1) = {(z1,11), (21, 15), (22, 13), (ya,
U)}. If yg = a2, then |T;| > min{(m — 2)?m?2, (m — 2)*ms; | s; > 2} > 1. If ys # 2o,
then ;| > min{(m — 2)(m — 1)m?, (m — 2)(m — 1)ms; | s; > 2} > 1. In any

case, we know that |T’;] > 1. Assume that cri_l(a;f_ll_l) Noiolal) = 0. We now
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prove that d(o;— 1(afl 11 1)U Ui,o(aé),al_l(alqlill_l) U crl(ao)) >dfor0<i<i—1.

If {x1,22} C by, then |b; N (b;—1 Ub;)| = 2. Since al is 4-partite, we know that

|(cr1-_1(af1jl1 D Uaio(ad)) Noy(ah)] <2, which makes d(o;— 1(af1j11 DUaio(abh), o1

(alql_fl_l) Uoy(ah)) > 4. If {x1, 22} C by_1, then since y; = y2 = 71, we know that

b;—1 € B; and thus b;_; ¢ Bi, implying that aqlil_1 is a block in some ingredient
GDD and therefore is 4-partite. So |(o5_1(a’" > ) Uaoio(ad)) Noy_i(at )| <2,
need to conbider the case when {z1,22} ¢ b1 and {xl,a:z} Z b If yy = w0,
oio(ah),o-1(a Qg — D Uoi(ag)) > 4. If ys # x2, then |(o;-1(a i1 ) Uaio(ad)) N

Gi—1—1 q-1—1
which ensures that d(ai_l(az 11 D Uaio(ah),o—1(a fn L ) Uo(dh)) > 4. We still
then |(o;— 1(% _1) Uaio(ah)) Noi(ah)| < 2, which makes again d(o;_ 1(aqj11 )y

o ( Gg;_1—1
o1(ah)| < 3 and |(o;_1(a’” 11 D Uaio(ad))Noi-i(a fn .—1)| < 3, which also ensures

ai
that d(crl-_l(afh__ll_l) Uoio(af), Ul—l(alql}l_l) Uai(ap)) > 4.
(b.2) All cases except (b.1), that is, o;_ 1(alql 11 1) € {{(z1, 1)), (x1,15), (ys,15), (ya,

1)} {1, 10), (w2, 15), (s, 13), (ya, 1)}, { (w1, 10), (2, 15), (93, 13), (ya, 13) }, { (w1, 1), (w2,

15), (ys,15), (ya, 1) }}, where y; # x; for any ¢ anf j. A tedious calculation shows
that [Ts] > min{(m — 2)m?, (m — 2)m?s;, (m — 1)*m?, (m — 1)*ms;, (m — 1)m3, (m —
ym?2sj,m*, m3s; | s; > 2} > 2(m—2)m? > 1. Choose ;9 € I';. Theno;_1(a 171171)0
oio(al) = 0. If there exists an index I, 0 < [ < i — 1, such that d(o;_ 1(afz ' )u

oio(a),or-1(ay ", 1) Uoi(ap)) <4, then |(o;-1(a} ", 1) Uoio(ah))N (o 1(a’lq 1)U

o(@a)]>7. Let R={rCc X' |rC crl-_l(afh,_ll_l) Uaio(ah),r ¢ oi 1(% L 1) r¢

oio(ah), and |r| = 3}; then |R| < (3) x (§) x 2 = 48. Suppose that there are t; U's

such that |(Ui,1(af1;1171) Uaio(ad)) N (Ul,l(afh__llfl) Uo(al))| = 8 and ta I’s such

that |(0;—1(a fh_ll D Uaio(ad))n (Ul,l(afh__llfl) Uoy(al))| = 7. For the former case,

each block in {5;-1(a fh 11 1),01(al)} contains four triples from R. Even if there is
one point in one of these two blocks with its second component changed, we still have
|(i-1(ag, ", 1) Uaio(ad)) N (o1-1(aq, ", 1) Uoi(ap))| = 7, that is, d(os—1(ag, ', ;) U
ai0(ah)), (o1-1(a f;ll DUoy(al)) < 4. So there are at most max{4(m—1)+1, 3(m 1)+
(sj—1)+1|s; > 2} =4m—3 0 € I'; such that d(o;—1(ay 11 DUa(ad),or-1(a fh 1171)U
o1(ab)) < 4. For the latter case, one block in {o;_1(a fh_lrl),ol(ao)} contains four
triples and the other one contains only one triple from R. Even if the second compo-
nent of the uncommon point is changed in the block which contains only one triple

from R, we still have |(Ui_1(a2:_11_1) Uaiolah)) N (Ul_l(alql_}l_l) Uoy(ah))| > 7, that
i1

) Uoio(ad). (oi—1(al ! _y) Uai(ah)) < 4. So there are at most
max{m,s; | s; > 2} = m o € I'; such that d(o,_ 1(a2 11 D Uo(ah),o-1(a fn 11 1)U
o1(al)) < 4. Here, 8t; + 5t < |R| < 48. Since t; < |R|/8 < 6, we have t1(4m — 3) +

tom < t1(4dm—3)+(48—8t1)m/5 = t1(2.4m—3)+9.6m < 6(2.4m 3)+9.6m = 24m—
18. From the assumption that m > 5, we have 2(m —2)m? > 24m — 18, which implies
that there exists at least one permutation o; € I'; such that o1 (ay - 11 DNai(ad) =10

and d(oi—1(a ' 1) Uoiah), oi—1(al ' _y) Uoi(ah)) > 4 for any0<l<l—1
Then we set Si = (Si—1,0i(Ty)) for 1 <i<p-—2.

When k£ = p — 1, we want to find a permutation 0,1 € Pag‘l such that

iS, d(O’i_l (CL

) -1 -1 -1 )
op-2(ag, 1) Nop1(ag ) = 0, opaifag, ", 1) = ag 1, and d(op2(ag, ", 1) N

Up_l(ag_l),crl_l(aél_}l_l) Uoi(al)) > 4 for any 1 < | < p— 2. By assumption,
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bp—2 Nb,_1 = (0. This implies that crp_g(af;p__z2 0N crp 1(ah™") =0 for any 0, ; €
Pp-1. Denote I’y = {c€eP an o' )= aqp 1} Since b, 1 € 7 isreplaced

gp—1—1
by the cut CSCU T},—1 = [af)~ i a’fl, .. .,af;;llfl], then, as we said in section 1, we
have that af~" N af;;lrl = (). This, together with a(afl’;lrl) = af;;llfl, shows that

ITp—1] > (m—1)* > 1. Similar to the proofin (b.2), we can prove that there are at most
(24m — 18) o € T; such that d(op—s(a? > 1) No(ad™"),011(al, ", ) Uai(ah)) < 4
for some [, 1 <1 < p— 2. From the assumption, we have (m — 1)* > 24m — 18. Thus
we have proved the existence of o,_1.

Now we have finished the proof of the claim. For convenience, we use T} to denote
ok (Ty) for 0 < k <p—1. Then § = [Ty, T1,...,Tp—1] satisfies the conditions that
ab i Naf =0andd(a, ', _, Udh,al " Uaf) >4 forany 0 <k, 1<p-1,and
|k — 1| > 2. Next, we will prove S is actually a CSCU.

To do this, We should check the distance between any two elements of C' =
(Uf;ol b)) U (U T)u (U {aql _1Ua}}). Elements of C are classified into three
types.

Type I: a € A, for some i, 0 < i < p—1. If b; € By, we say that a belongs to
Type Icqs; otherwise, a belongs to Type Igpp.

Type II: ¢ € T; for some i, 0 < i < p—1. If b; € By, we say that ¢ belongs to
Type Ilcqs; otherwibe c belongs to Type Illgpp.-

Type III: ¢ € U, {aqt L Uab}.

Since the resultant design is a CQS, we easily know the following:

Case 1: d(a,a’) > 4 for any two distinct a,a’ from Type I;

Case 2: d(a,c) > 4 for any a from Type I and ¢ from Types II, III, respectively.
Since each T;, 0 <7 < p—1,is a CSCU, we have

Case 3: d(c,c’) >4 for any ¢,/ € T;, 0 <i < p— 1, from Type IL.

For each a € Ay, from Type Iapp, |a N Xy,;| < 2 when a € Ay, , so

Case 4: d(c,c’) > 4 for any ¢ € T; from Type llgpp and ¢’ € T; from Type I1I.
For each a € Ay, from Type Icqs, we know that b; € By and |a N Xj,| < 2 when
bj € By and a € Ay, so

Case 5: d(c, ') > 4 for any ¢, ¢ from Type Ilcgs.

If b; € By, then by the definition of a GDD and our special arrangement of B into
S = [bo, b1, .., bp—1], we know that [a Na’| <1 for any a € A, and a’ € A,
Case 6: d(c, afhfrl Uab) > 4 for any ¢ € T; from Type Ilgpp.
If b; € By, then |aﬂXb | <2 for any a € Ap,, so
Case 7: d(c, a, 11 L Uad) > 4 for any ¢ € T; from Type Ilcqs.

i—17

Since ao is 4- partlte we know that |a0 NXp,| <2forany 1 <i#j<p-1,and then
Case 8: d(c, a 11 1Uao)>4foraunyc€T and 1 <i#j<p-—1.
Since af Nal —Q) and |a S _iNal ] <2, we have
Case 9: d(a ', Uaj,a q_1UaZ+1)Z4,0§i§p—1.
From the property of S, we know that
Case 10: d(a,, L Uad, 51111 Lual) >4forli—1] >2.
Then we have proved that S is in fact a CSCU. O
THEOREM 2.5. In Theorem 2.4, if we change the condition (1) to be
(1") the block set of each ingredient design can be arranged into a CSCU with two
consecutive 4-partite blocks,
then there exists a CSCU-CQS ((mg1)™ (mg2)"* ... (mgr)"" : > 1,0 Si) when m >
max{4,s; | 1 <i<e} and s; #1 for each 1 <i <e. T
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Proof. Since the proof is similar to that of Theorem 2.4, we will look at only those
places which are different from Theorem 2.4.

First, without loss of generality, we may assume that both a and afh_l of T; =
lag,al, ... al ] are 4-partite for any i, 0 < i < p—1.

Remember that in the proof of Theorem 2.4, we need m = 5 only in Case (b.2).
So we can omit the proof for all cases except for (b.2). We divide Case (b.2) into two
subcases.

(b.2.1) If ; = oo, for some ¢ and j, 1 <i <4, 1< j <e, then |I';] > min{(m —
1)?2ms;, (m—1)m?s;,m3s; | s; > 2} = (m—1)?ms; > 1. Assume that Ui_l(aﬁ!:_ll_l)ﬂ
oio(ad) = 0. If there exists an index [, 0 < [ < i — 1, such that d(crl-_l(a;__ll_l) U
oi0(ab), ol,l(alql_fl_l) Uoy(al)) < 4, then, as we knew already in case (b.2) of The-

orem 2.4, |(oi,1(a2i__11_1) Uaio(ad)) N (ol,l(alql_fl_l) Uo(a)))| > 7. Again, let R =

{rcX'|rcC cri_l(a;__ll_l) Uaoiolah),r ¢ crl-_l(afh,__ll_l),r ¢ 0i0(al), and |r| = 3},
and then we know that |R| < (3) X (‘11) x 2 = 48. Suppose again that there are t; I’s
such that |(o;—1 (a;illfl) Uaio(ad))N(oi_1(alt )Uay(ah))| = 8 and ty I’s such that

q-1—1
[(oi-1 (a;ill71)Uoi70(a6))ﬁ(al,1 (afhf_lrl)UUl(alo)ﬂ = 7. For the former case, just as in

case (b.2) of Theorem 2.4, we can prove that there are at most 3(m—1)+(s; —1)+1 =
3m+s;—3 o € I'; such that d(oi,l(alelrl)UU(aé), Ulfl(af]?_llil)UU[ (af)) < 4. Sim-
ilarly, for the latter case, we can prove that there are at most max{m,s;} =mo €T}
such that d(oi,l(alelrl) Uo(ad), (7[,1(0,27_1171) Uoy(al)) < 4. Since 8t + 5ty < |R| <
48, we have t; < |R|/8 < 6, and t1 (3m+s;—3)+tam < t;(3m+s,;—3)+(48—8t1)m/5 =
t1(1.4m+s;—3)+9.6m < 6(1.4m+s;—3)+9.6m = 18m+6s;—18. From the assump-
tions that m > 4 and s; > 2, we have (m — 2)m28j > 18m + 6s; — 18, which implies
that there exists at least one permutation o; € I'; such that o;_1 (alqj_ll_l) Noi(al) =0
and d(cri_l(a;:_ll_l) Uaoi(al), crl_l(alql_fl_l) Uo(ah)) >4 forany 0 <1 <i—1.

(b.2.2) If z; # o0, for any ¢ and j, 1 <i <4, 1 < j <e, then the proof is exactly
the same as that for (b.2.1) except that s; is replaced by m. O

COROLLARY 2.6. Let m > 4 and gn > 16. Assume there exists a GDD(3,4,gn)
of type g". If there exists a CSCU-GDD(3,4,4m) of type m*, then there evists a
CSCU-GDD(3,4,gnm) of type (mg)™.

Proof. ITn a GDD(3, 4, gn) of type g", the number of blocks is Ao = W,

_ P-(n-2)
6

the number of blocks containing one point is Ay , and the number of

blocks containing two distinct points is Ao = M. There exist two disjoint blocks
if and only if Ag > (‘11) (M—1)— (3) (A2 — 1) + 1. This inequality is satisfied provided
that gn > 16. Then apply Theorem 2.5 with e = 0. d

THEOREM 2.7. There exists a CSCU-GDD(3,4,4q) of type g* for any g > 5.

Proof. Let X = Zy x Z,. We build a GDD(3,4,4g) of type g* on X with the
group set G = {{i} x Z; | i € Z4} and the block set B = {«(i,j,k) = {(0,4),(1,i+
J),(2,k), B k+j)} | 4,5,k € Zy}. Let T(j,k) = ((0,7,k),a(1, 4,k +1),...,a(g —
Ljk+g- 1)>7 Tj = <T(j,j),T(j,j + 1)7 . '7T(j7j - 1)>7 and S = [T07T17 s 7T.<7*1]'
It is clear that S = B if we view S as a block set. We will check that S is in fact a
CSCU.

It is easy to check that any two consecutive blocks in S are disjoint and d(a(%, j, k),
a(i’,j' k")) > 4 for any distinct (4,7, k) and (¢',5',k’). Let ¢; be the union of two
consecutive blocks. Then d(«a(s,j,k),c:) > 4 for any ¢; € 5. Thus we need only
consider the distance between any two unions. We separate the unions into the
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following three types.

Type L: ¢1(2,7,k) = a(i, j,k) Ua(i + 1,7,k +1),0<i<g—2,0< j,k < g—1.

Type II: ¢2(j,k) = alg — 1,4,k —2) Ua(0,4,k),0 < 5,k < g— 1.

Type I1I: ¢3(j) =alg— 1,5 — 1,7 —3)Ua(0,4,5),0<j < g—1.

We should check that any two unions from these three types have distance more
than or equal to 4. Let ngy be the number of points in ¢ (4,7, k) Nei (¢, j/, k') with
the first coordinate being g, where ¢ € Z;. Then n, < 2 for any ¢ € Z4. If there
are at least two ng’s of the ¢1(i, 4, k) N1 (7, 5/, k') having value no more than 1, then
ler (4,4, k) Ner (i, 57, k') < 6, which means that d(ci(i, 7, k), c1(¢', 5/, k")) > 4.

Case a: Two unions from Type I, say, ¢1 (4, j, k) = {(0,7), (0,i+1), (1,i+7), (1,i+
J+1),(2,k),(2,k+1), (3, k+7), (3, k+j+1)} and ¢1 (¢, 5/, k) = {(0,4), (0,4'+1), (1,4 +
3, (i + 3+ 1),(2,k), (2, + 1), 3,k +7), 3,k + 5"+ 1)}. We will show that
ler (2,4, k) Ner (7,77, k)| < 6 for any distinet (4, 7, k) and (¢, j', k). Note the fact that
ifl #1'and g > 5, then |[{l,I4+1}N{l',’+1}| < 1. Since each of the three parameters
{4,4,k} is related to two different first coordinates, it is easy to check that at least
two of the n,’s have value no more than 1. The details are listed below.

(1) When ¢ £/, j # j', and k # k', we have ng <1 and ns < 1.

(2) When i #£14,j#j,and k =k, then k+j #k" +j,s0n9 <1 and n3 < 1.

(3) When i #4', j = j', and k # k', we have ng < 1 and ng < 1.

(4) When i 44/, j=j',and k=% theni+j #4¢ +j,s0n9 <1and ny <1.

(5) When i =4/, j#j',and k £ k', then i+ j # 4 + j/, so n; <1 and ny < 1.

(6) Wheni =14, j#j,and k =k, theni+j#i +j and k+j#EKk + 75, so

ny <1and nz <1.

(7) When i =4/, j=j',and k # k', then k+j # k' + j/, so na <1, and n3 < 1.

Case b: Two unions from Type I and Type II, respectively, say, c¢1(i,7,k) =
{(0,4),(0,i+1),(1,i+4), (L, i+5+1),(2,k),(2,k+1),3,k+7),3,k+ji+1)} and
CQ(j/a k/) = {(ng_ 1)7 (Ov 0)7 (Lj/ - 1)7 (Lj/)a (27 K — 2)7 (25 k/)v (35 K +j/ - 2)7 (35 K+
7)}. Since 0 < i < g—2in ¢ (4,7, k), we know that ng < 1. Since g > 5, we have
Hk,k+1}N{k —2,K'} <1,ie, ne <1. Then d(c1 (3,5, k), ca(j', k') > 4.

Case c¢: Two unions from Type I and Type III, respectively, say, c¢1(i,7,k) =
{(0,4),(0,i+1),(1,i+4), (L,i+4+1),(2,k),(2,k+1),3,k+7),3,k+7i+1)} and
C3(j/) = {(ng_ 1)) (07 O)a (lvj/_Z)v (Lj/)v (2vj/_3)v (27j/)a (37 2j/_4)7 (35 2.]/)} Since
0<i<g—2andg >5,in a similar way, we can know that no <1 and n; < 1.

Case d: Two unions from Type II, say, c2(4, k) = {(0,9—1),(0,0), (1,5 —1),(1,5),
(27 k — 2)7 (27k)7 (37k +j - 2)7 (37k + ])} and 02(jlvkl) = {(ng - 1)7 (070)7 (le -
1), (1,4, 2,k —2),(2,k), (3, K + j' — 2),(3,k" + j')}, where (j,k) and (j', k') are
distinct. Similarly to Case a, we can show that there are at least two n,’s having
value no more than 1.

Case e: Two unions from Type II and Type III, respectively, say, c2(j, k) =
{(Oag_ 1)7 (07 0)7 (Lj_ 1)7 (17j)7 (27 k— 2)7 (27 k), (37 k+j - 2)7 (37 k+])} and CB(jI) =
{(0.9 = 1),(0,0), (1,5 = 2), (1), (2,5" = 3), (2, 7). (3,2)" — 4),(3,2)")}. It is readily
checked that at least one of the following assertions holds:

(e.1): n; <1 and ny <1;
(e.2): n; <1and ng <1.

Case f: Two unions from Type III, say, c¢3(j) = {(0,¢9 — 1), (0,0), (1,5 — 2), (1, 5),
(2,7-3), (2,3), (3,2j—4), (3,2))} and e5(5") = {(0, g1, (0,0), (1, 7'—2), (1,5"), (2,7~
3),(2,7), (3,25 — 4),(3,25")}, where j # j'. Similarly to Case a, we can prove that
there are at least two n,’s having value no more than 1. O
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3. Direct constructions. In this section, we directly construct some small
CSCUs which will be used in the recursive constructions. In order to save space,
we list only a few examples. The interested reader is referred to the authors or to
the new results website for Handbook of Combinatorial Designs [2] maintained by
Professor Jeff Dinitz of the University of Vermont for a copy of the detailed cyclic
sequences of blocks.

LEMMA 3.1. There exists a CSCU-CQS(g™ : s) for each (g,n,s) € {(4,4,2), (4,
4,4),(6,3,2),(6,3,4),(6,5,2),(6,5,4), (8,3,2), (12,3, 2), (12,3,4), (12,4, 2), (12,4,4)}.

Proof. We list only the sequence of a CSCU-CQS(4* : 2) on the point set X = Zg,
with the group set G = {{i,4+4,8+1¢,12+4} | i € Z,} and the stem S = {16,17}.

S =[{6,7,12,17},{4,10,11,16}, {12, 14,15, 17},{2, 5,7, 16}, {1, 6,8,10}, {2, 7,9, 17}, {5, 10, 15, 16},
{0,1,2,14}, {4,5,6, 10}, {1, 3, 14, 16}, {0, 6,9,10}, {1, 2, 15,17}, {3,6,9, 16}, {1,7, 10, 17}
{9,11,14, 16}, {3,5,6,17}, {2,4, 13,14}, {1,6, 11, 16}, {3, 13, 14, 17}, {1, 7, 11, 12}, {2, 8,9, 14},
{0,7,11,13},{2,5,12, 14}, {4,6, 7,8}, {0, 3,5,15}, {6, 10,12, 13}, {1, 3, 4,15}, {5, 7,8, 11}
{0,2,3,12},{4,7,9,11}, {3,8,13,15}, {0, 10, 11, 12}, {2, 5,9, 15}, {3, 4, 8,10}, {0, 6, 12, 15},
{2,4,8,11}, {3,9,12, 15}, {1,2,7, 13}, {4, 8,14,15}, {1, 3, 6,13}, {2, 4, 9, 10}, {0, 7, 12, 14},
{5,6,9,11}, {1,10,13, 15}, {3, 5,9, 14}, {0, 2, 10, 13}, {5, 6,8, 14}, {0, 1, 3, 7}, {2, 6, 8, 13},
{5,7,9,10}, {1,11,13, 14}, {2, 5,8, 10}, {3, 11, 12,13}, {0, 2, 5,6}, {3, 7, 8,9}, {1, 4, 10, 14},
{2,6,9,12}, {3,4,5,11}, {1,2,10,12},{0,3,9,11}, {1, 2, 4, 6}, {8, 10, 13, 14}, {3, 5, 7, 12},
{0,6,13,14},{1,3,8,11}, {0, 5, 10, 14}, {3,4, 7,13}, {9, 10,12, 14}, {4, 5,7, 15}, {1, 6, 12, 14},
{8,9,11,15}, {0, 3,4, 6}, {7,12, 13,15}, {4,6,9, 14}, {5,11,12, 15}, {0, 3,8, 14}, {4, 11,13, 15}
{0,7,8,10},{1,9,14, 15},{0,2,4, 7}, {3,6,8,12}, {0, 1, 11,15}, {2, 7, 8, 12}, {0, 4, 11, 14},
{1,7,8,15},{3,4,12,14},{0,7,9, 15}, {4, 6,11, 12}, {1, 3,9,10}, {8, 11,12, 14}, {1, 2, 3,5}
{0,4,10,15},{1,6,7,9},{0,2,8,15}, {4, 7,10,12},{1,2,9, 11}, {8, 10, 12,15}, {2, 3,9, 13},
{0,6,8,11}, {5,13, 14, 15}, {2, 3,6, 7}, {1, 5,10, 11}, {0, 4, 9,13}, {10, 11, 14, 15}, {5, 6,7, 13},
{2,4,12,15},{9,10,11,13},{1,5,8, 12}, {7,9, 13, 14}, {0, 1,4, 5}, {2, 6, 11, 15}, {3, 7, 10, 14},
{2,5,11,13},{1,4,9, 12}, {2, 3, 14, 15}, {0, 5, 8,13}, {2, 7,10, 15}, {0, 1, 12, 13}, {6, 7, 14, 15}
{4,5,8,9},{2,7,11,14}, {1,5, 6,15}, {8,9, 12,13}, {3, 6, 11,14}, {4, 5, 12,13}, {6, 7, 10, 11}
{0,1,8,9}, {3,6,10, 15}, {1,5,7,14},{6,9, 13,15}, {2, 3,10, 11}, {4, 5, 14, 16}, {2, 12, 13,17}
{0,1,10,16},{2,4,5,17}, {8,9, 10, 16}, {0, 1,6, 17}, {3, 5,10,13}, {6, 8,9, 17}, {12, 13,14, 16},
{5,8,15,17},{1,4, 7,16}, {0,5,9, 12}, {1,4,8,13}, {5, 10,12, 17}, {0, 2,9, 16}, {4, 10, 13,17}
{1,2,8,16}, {0,9,14, 17}, {4, 6, 13, 16}, {1, 8, 14, 17}, {5, 6, 12, 16}, {0, 13, 15, 17}, {7, 9, 12, 16},
{1,4,11,17}, {0, 3,13, 16}, {9, 11, 12,17}, {3, 5,8, 16}, {0, 2, 11, 17}, {1, 12, 15, 16}, {3,4,9, 17},
{0,6,7,16}, {1,3,12,17}, {0, 5, 11, 16}, {7, 8,13, 17}, {4, 9,15, 16}, {0, 5,7, 17}, {6, 8, 15, 16},
{0,3,10,17}, {8, 11, 13,16}, {4, 6, 15,17}, {7, 8, 14, 16}, {6, 11, 13,17}, {3, 10,12, 16}, {4, 7, 14, 17}
{2,11,12,16}, {9, 10,15, 17}, {2, 3, 4,16}, {8, 10,11,17}, {0, 14, 15, 16}, {2, 3, 8,17}, {7, 10, 13, 16},
{5,11,14,17},{2,13,15,16}]. O

LEMMA 3.2. There exists a CSCU-GDD(g") for each (g,u) € {(3,4), (4,4), (4,5),
(6,5), (6,6)}.

Proof. We list only two examples here. First, we list the sequence of a CSCU-
GDD(3*) on the point set X = Z15 with the group set G = {{i,4+1,8+1i} | i € Z4}.
S =[{0,1,2,3},{4,5,6,7},18,9,10,11}, {0,1,6,7},{4,5,10,11}, {8,9, 2, 3},{0, 1,10, 11},
{4,5,2,3},{8,9,6,7},{0,5,10,3},{4,9,2,7},{8,1,6,11}, {0, 5,2, 7}, {4,9,6, 11},
{8,1,10,3},{0,5,6,11}, {4,9,10,3},{8,1,2,7},{0, 9,6, 3}, {4,1,10, 7}, {8, 5,2, 11},

{0,9,10,7},{4,1,2,11},{8, 5,6, 3},{0,9,2,11}, {4, 1,6, 3}, {8, 5,10, 7}].
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Next, we list the sequence of a CSCU-GDD(4%) on the point set X = Z;5 with
the group set G = {{i,4+4,8 41,12+ i} | i € Z4}.

S =[{0,1,2,3},{4,5,6,7},{8,9,10,11},{12,13, 14, 15}, {0,1,6,7}, {4, 5,10, 11}, {8,9, 14, 15},
{2,3,12,13},{0,1,10, 11}, {4, 5, 14, 15}, {2, 3, 8,9}, {6, 7, 12,13}, {2, 3, 4, 5}, {0, 1, 14, 15},
{6,7,8,9},{10,11,12,13}, {0,2,5, 7}, {4, 6,9, 11}, {8, 10, 13,15}, {1, 3, 12,14}, {0, 5, 6, 11}
{4,9,10,15}, {3,8, 13,14}, {1,2,7, 12}, {0, 5, 10, 15}, {3, 4, 9,14}, {2, 7, 8,13}, {1,6, 11, 12}
{2,4,7,9},{6,8,11,13}, {1,10,12, 15}, {0, 3, 5, 14}, {4, 6, 13,15}, {0, 2,9, 11}, {1, 3,8, 10},
{5,7,12,14}, {0,6,9, 15}, {3, 4,10, 13}, {1, 7, 8,14}, {2, 5,11,12}, {0, 3,9, 10}, {4, 7, 13, 14},
{1,2,8,11}, {5,6,12, 15}, {2, 4,11, 13}, {1, 6, 8,15}, {3, 5,10,12}, {0, 7,9, 14}, {1, 3,4, 6},
{0,2,13,15}, {5, 7,8, 10}, {9, 11, 12, 14}, {0, 3,6, 13}, {1, 4, 7,10}, {5, 8, 11, 14}, {0, 7, 10, 13},
{5,9,12,15},{1,4, 11,14}, {2, 5,8, 15}, {3,6,9,12}, {1, 2,4, 15}, {0, 11, 13, 14}, {3, 5, 6, 8},
{7,9,10,12}]. O

LEMMA 3.3. There exists a CSCU-HSQS(v : s) for each (v, s) € {(16,4),(20,8),
(22,10), (26,10)}.

Proof. Here we list only the sequence of a CSCU-HSQS(16 : 4) on the point set
X = Zy6 with the hole set {0,1,2,3}.

S =[{3,4,11,12},{0,1,6,7},{8,9,10,11},{0,1,4,5},{2, 3,6, 7}, {8,9, 12,13}, {0, 2, 4, 6},
{8,9,14,15},{0,2,5, 7}, {8,10,12,14},{0, 3,4, 7}, {8, 10, 13,15}, {0, 3,5, 6}, {8, 11,12, 15},
{4,5,6,7},{8,11,13,14},{2, 3,4, 5},{12,13,14,15},{1, 3,5, 7}, {10, 11, 14, 15}, {1, 3,4, 6},
{10,11,12,13},{1,2,5,6},{9,11,13,15},{1, 2,4, 7}, {9, 11, 12, 14}, {0, 1, 10, 15}, {2, 7, 8,9},
{0,1,11,14},{2,7,10,15},{0,1,12,13}, {2, 7,11, 14}, {9, 10,12, 15}, {3, 6, 11, 14}, {0, 1, 8, 9},
{3,6,10,15},{2,7,12,13}, {4, 5,10, 15}, {3, 6, 8, 9}, {0, 2,12, 15}, {4, 5, 8,9}, {3, 6, 12, 13},
{4,5,11,14},{1, 3,12, 15}, {9, 10, 13, 14}, {5, 6, 12, 15}, {0, 2, 8, 10}, {4, 5, 12, 13}, {0, 2,9, 11},
{1,3,8,10},{0,2,13,14},{1, 3,9,11},{4,7,8,10}, {1, 3,13, 14}, {4, 7,9, 11}, {5, 6, 8, 10},
{2,4,9,13},{0,3,8,11}, {4,7,13,14},{1, 5, 10, 12}, {0, 3,9, 13}, {4, 7, 12, 15}, {5, 6, 13, 14},
{0,3,10,12}, {2,4, 8,11}, {0, 3,14, 15}, {5,6, 9,11}, {2, 4, 10, 12}, {1, 5,9, 13}, {0, 4, 8, 12},
{1,5,14,15}, {6, 7,10, 12}, {2,4, 14,15}, {1, 5, 8,11}, {6, 7,9,13}, {0, 4, 10, 14}, {6, 7, 8, 11},
{0,4,9,15},{2,6,11, 13}, {3, 5,8,12},{0,4, 11,13}, {6, 7, 14, 15}, {3, 5,11, 13}, {2, 6, 10, 14},
{3,5,9,15},{1,7,8,12}, {3, 5,10, 14}, {2, 6, 8,12}, {1, 7,10, 14}, {2, 6,9, 15}, {0, 5, 8, 13},
{1,7,9,15},{0,5,12,14}, {4, 6,11, 15}, {0, 5,9, 10}, {1, 7,11, 13}, {4, 6,12, 14}, {3, 7, 8,13},
{0,5,11,15},{4,6,8,13},{3,7,11, 15}, {4,6,9, 10}, {3, 7,12, 14}, {1, 2, 8,13}, {3, 7,9, 10},
{1,2,12,14},{0,6,13,15}, {1, 2,9, 10}, {0, 6, 8, 14}, {1, 2,11, 15}, {0, 6,9, 12}, {5, 7, 8, 14},
{1,4,13,15},{0,6,10,11}, {5,7,13,15}, {1, 4,9,12},{5,7,10,11}, {1, 4, 8,14},{5,7,9, 12},
{2,3,8,14},{1,4, 10,11}, {2, 3,13, 15}, {0, 7,9, 14}, {2, 3, 10, 11}, {0, 7, 8,15}, {1, 6,9, 14},
{0,7,11,12},{1,6,8,15},{2, 5,10, 13}, {3, 4, 8,15}, {1, 6, 10,13}, {2, 3,9, 12}, {0, 7, 10, 13},
{2,5,9,14},{3,4,10, 13}, {2,5,11,12},{3,4, 9,14}, {1,6, 11,12}, {2, 5,8, 15}]. 0

LEMMA 3.4. There exists a BSCU(v) for each v € {20,22,26, 34, 38}.
Proof. Here we show only the existence of a BSCU(20). Take X = Z19 U {c0} as

the point set. Let
A =[{0,4,5,6},{2,7,12,14}, {1, 3,4, 9}, {0, 8, 14,17}, {0, 1, 7,9}, {5, 11, 18, 2},
{07 17 37 7}7 {27 67 117 17}7 {007 17 107 13}7 {147 167 187 2}7 {77 157 07 6}7 {17 87 97 12}7
{5,6,13,15},{1,2,12,17}, {00, 8,9, 13}],

and S =[A,A+1,A+2,..., A+ 18], where additions are taken modulo 19. Then S
is the required BSCU(20). O
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4. Results obtained by recursion. First, we list some known results on 3-
designs. A t-wise balanced design (or t-BD) of order v and block sizes from K, denoted
by S(¢, K,v), is a pair (X, B), where X is a set of v elements (called points), B is a
collection of subsets (called blocks) of X, each of cardinality from K, such that every
t-subset of X is contained in a unique block of B. The set of all positive integers v
such that an S(¢, K, v) exists is denoted by Bi(K).

THEOREM 4.1. (see [13]). There exists a CQS(6™ : 0) for any positive integer n.

THEOREM 4.2. (see [5]). Bs({4}) ={v>0]v=2,4 (mod 6)}.

THEOREM 4.3. (see [11]). B3({4,5,6}) ={v > 0] v =10,1,2 (mod 4) and v #
9,13}.

LEMMA 4.4. (see [15]). There exists a BSCU(v) for v € {14, 16, 32,46, 56}.

LEMMA 4.5. If there exists a CSCU-GDD(g"), then there exists a CSCU-GDD
((mg)™) for any integer m > 3.

Proof. Combining Lemma 3.2 with Theorem 2.7, we know that there exists a
CSCU-GDD(m?) for any m > 3.

Let S = [b, ..., bg—1] be the CSCU-GDD(¢"). For any b; € S, there is a CSCU-
GDD(m?), denoted S;, on the point set b; x I,,, for any integer m > 3. Let S’ =
[So,...,S8q—1]. Then it is easy to check that S’ is a CSCU-GDD((mg)"). O

LEMMA 4.6. There exists a CSCU-CQS(12"™ : s) for each s € {8,10} and n > 4.

Proof. For each n = 0,1 (mod 3) and n > 4, there exists an S(3,4,2n + 2) by
Theorem 4.2. Deleting two points from this 3-BD yields a 2-FG(3, ({3}, {3}, {4}),2n)
of type 2". By counting the numbers of blocks in the S(3,4,2n + 2) containing ¢,
where t = 0, 1,2 common points, we can know that in the 2-FG(3, ({3}, {3}, {4}), 2n)
of type 2™, when n > 4, there exist two disjoint blocks with one of size 4 and the other
of size 3. For each s € {8,10}, applying Theorem 2.4 with a CSCU-CQS(63 : s — 6)
and a CSCU-GDD(6%), we obtain a CSCU-CQS(12" : s). Here, the ingredient designs
come from Theorem 2.7 and Lemma 3.1.

For any n = 2 (mod 3) and n > 5, there is a CQS(GTLT+1 : 0) by Theorem 4.1.
For n = 5,8,11, it can be checked from the detailed construction in [13] for each
of these CQS(6 = 0) that there exist two disjoint blocks a and b intersecting two
groups, say, g1 and gz, in two points, respectively. So there are two points y € g; and
z € go not covered by a and b. Choose x € aN g, and delete x,y. Then we obtain a
2-FG(3, ({3,5},{3,5},{4,6}),10) of type 2™ with two disjoint blocks a\ {z} € B; and
beT. For n > 14, let x,y be two points from different groups g, g, respectively,
and g be a group disjoint from a block containing z,y. By deleting = and y, we obtain
a 2-FG(3, ({3,5},{3,5},{4,6}),2n) of type 2" with two disjoint blocks g, \ {z} € B;
and g € 7. Then for each s € {8,10}, by applying Theorem 2.4 with a CSCU-
CQS(62 : s —6), a CSCU-CQS(6° : s —6), a CSCU-GDD(6%), and a CSCU-GDD(6%),
we obtain a CSCU-CQS(12™ : s), where the ingredient designs come from Theorem 2.7
and Lemmas 3.1 and 3.2. d

LEMMA 4.7. There exists a BSCU(v) for each v = 8,10 (mod 12) and v > 12.

Proof. For each v € {20,22,32, 34,46}, there is a BSCU(v) by Lemmas 3.4 and 4 4.
For v = 44, there is a BSCU(v) by applying Theorem 1.1.(1) with a BSCU(22).

For each v = 8,10 (mod 12) and v > 56, there is a CSCU-CQS(12" : s) where
v =12n+s,n >4, and s € {8,10} by Lemma 4.6. Then by applying Theorem 2.3 with
a CSCU-HSQS(12+s : s), we obtain a CSCU-HSQS(12n+s : 12+ s), and furthermore,
by applying Theorem 2.2 with a BSCU(12 + s), we obtain a BSCU(12n + s), where
the ingredient CSCU-HSQS comes from Lemma 3.3. O

LEMMA 4.8. There exists a CSCU-GDD(12%) for each u € {5,6}.
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Proof. From Lemma 3.2, we know that there exists a CSCU-GDD(4%). Applying
Lemma 4.5 with m = 3, we obtain a CSCU-GDD(12°).

From Theorem 2.1, we know that there exists a GDD(3%). Applying Corollary 2.6
with a CSCU-GDD(4%) from Lemma 3.2, we obtain a CSCU-GDD(126). O

LEMMA 4.9. There exists a CSCU-CQS(12™ : s) for each n € {5,8} and s €
{2,4}.

Proof. For each n € {5,8}, there is an S(3,5,3n + 2) in [6]. Deleting two points
gives a 2-FG(3, ({4}, {4}, {5}), 3n) of type 3™, which is also a 1-FG(3, ({4}, {4,5}),3n)
of type 3"™. By counting the numbers of blocks in the S(3, 5, 3n+2) containing ¢, where
t = 0,1, 2 common points, we can know that in the 2-FG(3, ({4}, {4}, {5}), 3n) of type
3", when n = 5,8, there exist two disjoint blocks with one of size 5 and the other of
size 4. For each s € {2,4}, by applying Theorem 2.5 with a CSCU-CQS(4* : 5), a
CSCU-GDD(4*), and a CSCU-GDD(4%), which come from Lemmas 3.1 and 3.2, we
obtain a CSCU-CQS(12" : s). O

LEMMA 4.10. There exists a CSCU-CQS(12™ : s) for s € {2,4} and n = 0,1,3
(mod 4), n > 17, n #8,12.

Proof. For each n = 0,1,3 (mod 4), n > 7, and n # 8,12, there exists an
S5(3,{4,5,6},n + 1) (X,B) by Theorem 4.3. Let x,y be two points of X, and
b1,b2,...,by be the blocks in B containing both = and y. Then {b1 \ {z,y},b2 \
{z,y},...,bw \ {z,y}} is a partition of X \ {z,y}, and 2 < |b; \ {z,y}| < 4 for
i=1,2,...,w. Let u € by \ {z,y}, v € b2\ {x,y}, and b be a block containing
both u and v. If w > 7, which would happen if n > 27, then there must exist one
bi \ {z,y}, say, i = ig, which is disjoint with b. Deleting u from this 3-BD yields a
1-FG(3,({3,4,5},{4,5,6}),n) of type 1™ with two disjoint blocks b\ {u} € By and
bi, € T. For each n = 1,3 (mod 6), there exists an S(3,4,n+ 1) by Theorem 4.2. By
counting the numbers of blocks in the S(3,4,n+1) containing ¢, where ¢t = 0, 1,2 com-
mon points, we can know that there exist two disjoint blocks b, b’ when n > 7. Deleting
one point & € b from this 3-BD yields a 1-FG(3, ({3}, {4}),n) of type 1" with two
disjoint blocks b\ {z} € By and ¥’ € 7. For n = 16, there exists an S(3,5,17) from [6].
By the same method as above, we know that there exists a 1-FG(3, ({4}, {5}),n) of
type 1™ with two disjoint blocks, one in By and the other in 7. For n = 20, 24, there
exist an S(3,6,22) and an S(3,6,26) from [6]. In a similar fashion, we can prove the
existence of two disjoint blocks in each of these two Steiner systems. Deleting two
points from one of these two disjoint blocks yields a 1-FG(3, ({4, 5}, {5,6}),n) of type
1™ with two disjoint blocks, one in By and the other in 7. For n = 11,17, 23, just as
in the proof of Lemma 4.6, we can know that there exist two disjoint blocks in the
CQS(GnT+1 : 0). Deleting one point from one of these two disjoint blocks yields a 1-
FG(3,({3,5},{4,6}),n) of type 1™ with two disjoint blocks, one in B; and the other in
7. Now for each s € {2,4}, by applying Theorem 2.4 with a CSCU-CQS(12" : s) and
a CSCU-GDD(12"*1) for each h € {3,4,5}, we obtain a CSCU-CQS(12" : s). Here,
the ingredient designs come from Theorem 2.7 and Lemmas 3.1, 4.8, and 4.9. o

LEMMA 4.11. There exists a BSCU(12n + s) for s € {2,4}, n=10,1,3 (mod 4),
n >4, andn # 12.

Proof. For each n = 0,1,3 (mod 4), n > 4, and n # 12, there exists a CSCU-
CQS(12™ : s) for s € {2,4} by Lemmas 3.1, 4.9, and 4.10. Then by applying The-
orem 2.3 with a CSCU-HSQS(12 + s : s) and Theorem 2.2 with a BSCU(12 + s),
we obtain a BSCU(12n + s). Here, the ingredient designs come from Theorem 1.1
and Lemmas 3.3 and 4.4, where the BSCU(14) in Theorem 1.1 is actually a CSCU-
HSQS(12+2: 2). O
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LEMMA 4.12. There exists a BSCU(48n + 26) for any n > 0.

Proof. A BSCU(26) was shown in Lemma 3.4. For each integer n > 1, as was
shown in the proof of Lemma 4.6, there exists a 2-FG(3, ({3}, {3},{4}),2(3n + 1))
of type 23"*+1 with two disjoint blocks, one being of size 4 and the other of size 3.
Applying Theorem 2.4 with a CSCU-CQS(83 : 2) and a CSCU-GDD(8*), we obtain a
CSCU-CQS(163"*1 : 10). Then by applying Theorem 2.3 with a CSCU-HSQS(26 : 10)
and Theorem 2.2 with a BSCU(26), we obtain a BSCU(48n+26). Here, the ingredient
designs come from Theorem 2.7 and Lemmas 3.1, 3.3, and 3.4. ]

LEMMA 4.13. There exists a BSCU(12n + s) for n € {1,3,12} and s € {2,4}.

Proof. For each v € {14, 16, 38}, there is a BSCU(v) by Lemmas 3.4 and 4.4. For
each v € {40, 148}, there is a BSCU(v) by applying Theorem 1.1.(1) with a BSCU(u)
for u € {20,74} in Lemmas 3.4 and 4.12, respectively.

For v = 146, there exists an S(3,6,26) in [6]. Deleting two points gives a 2-
FG(3, ({5}, {5}, {6}),24) of type 45, which is also a 1-FG(3, ({5}, {5,6}),24) of type
4%, Tt can be easily shown that this 2-FG(3, ({5}, {5}, {6}),24) has two disjoint
blocks with one of size 6 and the other of size 5. Applying Theorem 2.4 with a
CSCU-CQS(6° : 2), a CSCU-GDD(6°), and a CSCU-GDD(6°), we obtain a CSCU-
CQS(245 : 2). Then applying Theorem 2.3 with a CSCU-HSQS(26 : 2) and Theo-
rem 2.2 with a BSCU(26), we obtain a BSCU(146). Here, the ingredient designs come
from Theorem 1.1 and Lemmas 3.1 and 3.2, where the BSCU(26) in Theorem 1.1 is
actually a CSCU-HSQS(26 : 2). 0

LEMMA 4.14. There exists a BSCU(v) for v =28 (mod 48).

Proof. Combining Lemmas 4.11 and 4.13, we have the fact that there exists a
BSCU(12n + 2) for each n =1 (mod 2). Then apply Theorem 1.1.(1). O

5. Concluding remarks. Combining Lemmas 4.7 and 4.11-4.14, we have the
following conclusion.

THEOREM 5.1. The necessary conditions for the existence of a BSCU(v), namely,
v =24 (mod 6) and v > 4, are also sufficient, with two exceptions v = 8, 10.
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