Downloaded 05/20/19 to 218.22.21.24. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

SIAM J. DISCRETE MATH. (© 2019 Society for Industrial and Applied Mathematics
Vol. 33, No. 1, pp. 209-229

DECOMPOSITIONS OF EDGE-COLORED DIGRAPHS: A NEW
TECHNIQUE IN THE CONSTRUCTION OF CONSTANT-WEIGHT
CODES AND RELATED FAMILIES*

YEOW MENG CHEE', FEI GAOf, HAN MAO KIAH', ALAN CHI HUNG LINGS,
HUI ZHANGT, AND XIANDE ZHANGY

Abstract. We demonstrate that certain Johnson-type bounds are asymptotically exact for a
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1. Introduction. Binary constant-weight codes form an important class of codes
where every codeword has the same weight. A fundamental problem in this study is
to determine A(n,d,w), the maximum number of codewords in a constant-weight
code of length n with Hamming distance d and constant-weight w [24]. In recent
years, binary constant-weight codes have been generalized to constant-composition
codes and nonbinary constant-weight codes and have found applications in coding for
bandwidth-efficient channels [14], powerline communications [11, 8], and frequency
hopping [12]. More recently, the class of multiply constant-weight codes was intro-
duced in applications for physically unclonable functions [1] and simultaneous energy
and information transfer [29]. In these studies, quantities analogous to A(n,d, w) have
been defined, and these quantities are objects of interest.

Constant-weight codes have deep connections with many combinatorial objects
in design theory, such as Steiner systems and packing designs [24, 13]. In the 1970s,
Wilson [32, 33, 31, 34] demonstrated that the elementary necessary conditions for
the existence of balanced incomplete block designs, a special case of Steiner systems,
are asymptotically sufficient as well. His work, therefore, determined the size of an
optimal binary constant-weight code of weight w and distance 2w — 2, provided that
the length n is sufficiently large and satisfies certain congruence conditions. More
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recently, Keevash [21] demonstrated the existence of general Steiner systems. His
result implies that the Johnson bound for binary constant-weight codes is exact,
whenever the distance is fixed, and the code length is sufficiently large and satisfies
certain congruence conditions.

Since Wilson’s seminal work, there have been interesting developments in the
area of combinatorial designs. Wilson’s ideas have been generalized into Lamken and
Wilson’s theory of decomposition of edge-colored digraphs [23], and the theory has
been used extensively in establishing the asymptotic existence of many combinatorial
designs. Theoretical developments also extend Lamken and Wilson’s results to other
types of decompositions. Of particular interest is the class of superpure decompositions
[20].

Therefore, a natural question is whether these advanced techniques in the de-
composition of edge-colored digraphs are relevant in constructing optimal codes in
these generalizations. In this paper, we answer this question in the affirmative for
certain distances. Specifically, we construct families of optimal codes by establishing
the connection between these codes and the decompositions of edge-colored digraphs.

The rest of this paper is organized as follows. In section 2, we define relevant ter-
minology in detail, present the known results of these codes, and summarize our con-
tributions. In sections 3—-6, we establish the connections between these three classes of
codes and the decomposition of edge-colored digraphs, and prove that some bounds—
in particular, the Johnson-type bounds—can be reached for sufficiently large code
lengths. Related open problems are discussed in section 7.

2. Preliminary. The ring Z/qgZ is denoted by Z,. For positive integer n, the
set {1,2,...,n} is denoted by [n].

Let Zf denote the set of vectors whose elements belong to Z, and are indexed
by X. A g-ary code of length n is then a set C C Zg( with | X| = n. The support of a
vector u € Z;f7 denoted supp(u), is the set {x € X : u, # 0}. The Hamming weight of
u € ZY is defined as || u|| = [supp(u)|. The distance induced by this norm is called the
, for u,v € Z;(. A code C is said to have
distance d if d(u,v) > d for all distinct u,v € C. The composition of a vector u € Z;(
is the tuple W = [wy,...,wy—1], where w; = [{z € X : u, = i}|, where i € Z, \ {0}.
Unless mentioned otherwise, we always assume ¢ > 3 and wy > wg > -+ - > wqg_1.

Hamming distance, so that d(u,v) = H u—v

2.1. Constant-weight codes and constant-composition codes. A code C
is said to have constant-weight w if every codeword in C has weight w, and to have
constant-composition w if every codeword in C has composition w. We refer to a ¢g-ary
code of length n, distance d, and constant-weight w as a CWC(n, d, w),. If in addition,
the code has constant-composition w, then it is referred to as a CCC(n,d,w),. The
maximum size of a CWC(n, d, w), is denoted A4(n, d, w), while the maximum size of a
CCC(n,d,w)y is denoted Ay(n,d,w). Any CWC(n,d,w), or CCC(n,d, w), attaining
the maximum size is called optimal.

Consider a composition w and let w = Zg;ll w;. Then a CCC(n,d,w), is also a
CWC(n,d,w)q.

The following Johnson-type bounds for ¢g-ary constant-weight codes and constant-
composition codes have been derived.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 05/20/19 to 218.22.21.24. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

DECOMPOSITIONS OF EDGE-COLORED DIGRAPHS 211

LEMMA 2.1 (Svanstrom [26]; Svanstrom, Ostergard, and Bogdanova [28]).
Ay(n,d, @) < UAq(n —1.d,[wy —1,.. .,wq_l])J :
1
w

Ag(n,d,w) < {(q_l)”Aq(n —1,d,w— 1)J .

Applying the facts that A,(n, 2w, w) = |[n/w| and A,4(n, 2w, w) = [n/w] (see Fu,
Vinck, and Shen [16] and Chee, Ge, and Ling [6]) to Lemma 2.1, we have the following
upper bounds:

(1) Ay(n,2w — 2.70) < uf”lu ”J

2) Ag(n, 20 — 3,7) < {b hﬂ ﬂJ ft:r;:f
®) Ayn,2u = 2,0) < | U0 | 20 )

() Ayl 20— 3,0) < |42 | L= D

We list some previous asymptotic or exact results.

(i) Results for A4(n,d,w) are known

(a) for all w and d = 2w — 1 [4, 10];

(b) for all d where w < 3 [27, 4];

(c) for (¢q,d,w) = (3,5,4) [17].
(ii) Results for A,(n,d, w) are known
(a) for all w and d = 2w — 1 [9, 4];
(b) for all ¢ and (d,w) € {(3,2),(4,3),(5,3)} [9, 3, 7];
(c) for (¢q,d,w) € {(3,5,4),(3,6,4),(4,5,4)} [35, 37, 36].

Our contributions. In this paper, we show that the inequalities (1)—(4) are
exact provided that n is sufficiently large and n satisfies certain congruence conditions.
In other words, for any fixed composition @ or fixed weight w, we determine A,(n, d, @)
and Ag(n, d, w) for d € {2w—2,2w—3} when n is sufficiently large and satisfies certain
congruence conditions.

2.2. Multiply constant-weight codes. Consider a binary code C C ng]x[n] of
constant-weight mw and distance d. The code C is said to be of multiply
constant-weight w if for u € C, i € [m], the subword (u; ;);je[n) is of constant-weight
w. Denote such a code by MCWC(m,n,d,w). Similarly, the maximum size of an
MCWC(m,n,d,w) is given by M(m,n,d,w), and a multiply constant-weight code
attaining the maximum size is said to be optimal. The following bounds can be
derived from [1].

LEMMA 2.2 (Chee et al. [1]).

(5) M (m,n,2mw — 2,w) < {g {gH ,
(6) M(m,n,d,w) < {d/?—i—mi/?z/n — me '
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Our contributions. Again, we verify that the upper bound (5) in Lemma 2.2 is
exact provided n is sufficiently large for some cases, and the upper bound (6) is also
exact for a large range of parameters. In particular, we demonstrate the following:

(i) When distance d = 2mw — 2 for any fixed m and w, we determine M (m,n,d, w)
provided that n is sufficiently large and satisfies certain congruence conditions.

(ii) When distance d = 2(mw —\) for any fixed w and A, we determine M (m, n, d, w)
provided that n is some function of m and m is sufficiently large.

Next, we describe the main tool in our constructions of optimal codes.

2.3. Decomposition of edge-colored complete digraphs. Denote the set of

all ordered pairs of a finite set X with distinct components by ()2( ) An edge-colored
digraph is a triple G = (V,C, E), where V is a finite set of vertices, C' is a finite set of

colors, and F is a subset of (‘2/) x C. Members of E are called edges. The complete

edge-colored digraph on n vertices with r colors, denoted by Kff), is the edge-colored
digraph (V,C, E), where |V| =mn, |C| =r, and E = (‘2/) x C.

A family F of edge-colored subgraphs of an edge-colored digraph K is a decom-
position of K if every edge of K belongs to exactly one member of F. Given a family
of edge-colored digraphs G, a decomposition F of K is a G-decomposition of K if
each edge-colored digraph in F is isomorphic to some G € G. Furthermore, a G-
decomposition of K is said to be superpure if any two distinct edge-colored subgraphs
in F share at most two vertices.

Lamken and Wilson [23] exhibited the asymptotic existence of decompositions of
K for a fixed family of digraphs. Hartmann [20] later extended their results to
superpure decompositions. To state the theorems, we require more concepts.

Consider an edge-colored digraph G = (V,C, E) with |C| =r. Let ((u,v),c) € E
denote a directed edge from u to v, colored by c¢. For any vertex u and color ¢,
define the indegree and outdegree of u with respect to ¢ as the number of directed
edges of color ¢ entering and leaving w, respectively. Then for vertex w, we define
the degree vector of u in G, denoted by 7(u, @), as the vector of length 2r, 7(u, G) £
(in (u, G),outy (u, G), ..., in.(u, G),out, (u, G)). Define a(G) as the greatest common
divisor of the integers ¢ such that the 2r-vector (¢,¢,...,t) is a nonnegative integral
linear combination of the degree vectors 7(u,G) as u ranges over all vertices of all
digraphs G € G.

For each G = (V,C,E) € G, let u(G) be the edge vector of length r given by
w(G) = (my(G), ma(G),...,m.(G)), where m;(G) is the number of edges with color
¢ in G. We denote by 3(G) the greatest common divisor of the integers m such that
the r-vector (m,m, ..., m) is a nonnegative integral linear combination of the vectors
u(G), G € G. Then G is said to be admissible if (1,1,...,1) can be expressed as a
positive rational combination of the vectors p(G), G € G.

Below is the main theorem we allude to in our proofs.

THEOREM 2.3 (Lamken and Wilson [23]; Hartmann [20]). Let G be an admissible
family of edge-colored digraphs with r colors. Then there exists a constant ng (resp.,
ny) such that a (resp., superpure) G-decomposition of KT(LT) exists for every n > ng
(resp., n > ny) satisfying n(n —1) =0 (mod B(G)) andn —1=0 (mod a(G)).

We apply Theorem 2.3 to construct codes that meet the upper bounds (1)—(6).
To do so, we have two main steps.
(A) Define a family G of edge-colored digraphs on a set of  colors. We then show
that a G-decomposition of K,(Lr) results in a code of length n satisfying certain
weight and distance properties.
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(B) Compute a(G) and 8(G) and hence determine the congruence conditions that
n needs to satisfy.

In certain cases, it may not be easy to compute the exact values of a(G) and
B(G). In these cases, we then demonstrate that «(G) and 3(G) divide some o’ and /',
respectively. Observe that whenever o and §’ divide n— 1 and n(n — 1), respectively,
we have that a(G) and 5(G) also divide n — 1 and n(n — 1), respectively. Hence, we
may obtain a weaker version of Theorem 2.3.

COROLLARY 2.4. Let G be an admissible family of edge-colored digraphs with r
colors. Suppose that a(G) | o and B(G) | 5 for some o and B'. Then there exists a
constant ng (resp., ny) such that a (resp., superpure) G-decomposition of K exists
for every n > ng (resp., n > ny) satisfying n(n —1) = 0 (mod ') andn—1 =0
(mod o).

3. Asymptotic exactness of Johnson-type bounds for codes with con-
stant composition. Fix W = [wy,ws, ..., we—1] with w; > --- > w,_1 > 0, and let
w = Zf;ll w;. In this section, we construct infinite families of optimal CCC(n, d, @),
for d = 2w — 2 or d = 2w — 3 and establish the asymptotic exactness of (1) and (2).

3.1. When distance d = 2w — 2. Consider the following characterization
of codes of constant-weight w with distance 2w — 2. Note that since the constant-
composition codes are constant-weight codes, the lemma is applicable for both classes
of codes.

LEMMA 3.1. The following are necessary and sufficient for a code C of constant-
weight w to have distance 2w — 2:
(C1) For i € [q — 1], the ordered pairs in the set {(z,y) : uy = i,y € supp(u) \
{z}, for any u € C} are distinct; and
(C2) for any u,v € C, |supp(u) Nsupp(v)| < 2.

Proof. Suppose that a code C of constant-weight w has distance 2w — 2. Now
we show that (C1) and (C2) hold for C. For (C1), assume that for some i € [¢g —
1], an ordered pair (z,y) appears twice in the set {(z,y) : uy = 4,y € supp(u) \
{z}, for any u € C}. That means that there exist some distinct u,v € C, such that
up = vy =1, uy # 0, and v, # 0. Hence, d(u,v) < 2(w —2) + 1 < 2w — 2, which
contradicts the distance. For (C2), assume there exist distinct u,v € C such that
|[supp(u) N'supp(v)| > 3; then d(u,v) < 2w — |supp(u) Nsupp(v)| < 2w — 3 < 2w — 2,
which also causes a contradiction. Therefore, the conditions (C1) and (C2) hold for
the code C.

For the converse, suppose conditions (C1) and (C2) hold for a code C of constant-
weight w. Assume there exist distinet u,v € C such that d(u,v) < 2w — 3; then we
have either |supp(u) Nsupp(v)| = 2, uz = v, # 0, uy # 0, and v, # 0 for some z # y,
or |supp(u) Nsupp(v)| > 3, which contradict either condition (C1) or (C2). Therefore,
the distance of the code C is at least 2w — 2. |

Definition of the family G(w). For any fixed w, we define an edge-colored
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digraph G(w) = (V(w), C(w), E(w)), where
N

V(w) = {z;; i€ [qg—1],7 € [wil};
C(w) = [q—1j;

(7) E(@) é {((xijaxij’>7i) ) S [q - 1]’ (]7]/) € ([112}1]>}

U {((l‘ij7.’)3ilj/),i) : (i,il) S <[q; ”),j S [wi],j’ S [wi/]} .

Let s be the largest integer such that w; = wy = --- = w,. For each s+ 1 <i <
q—1, let G; be an edge-colored digraph with two vertices y;, z; and one directed edge
with color ¢ from y; to z;. Then G(w) = {G(W)} U{G; :s+1<i<qg—1}.

Ezample 3.2. Let ¢ = 3 and W = [wy, ws] = [3,2]. The edge-colored digraph G(w)
is given below, where the solid lines denote directed edges with color 1, the dotted

lines denote the directed edges with color 2, and “ <—= 7 (“ <> ”) denotes two
directed edges with the same color in each direction.

a1 % =2
Then G5 is the digraph yo > 29 , and the family of digraphs is given by G(w) =
{G(E)v GQ}

Construction of an optimal CCC(n,2w — 2,w),. Suppose a superpure
G(w)-decomposition of K™Y exists. For each F isomorphic to G(w), there is a
unique partition of the vertex set V(F) = Ug;ll S; so that all outgoing edges from x
in F' have color ¢ if and only if € S;. Then construct one codeword u with support
V(F) such that u, =i for € S;. Hence, u has composition w. Let C be the code
consisting of all the codewords u constructed in this way. Now, we check that C is the

desired code.!
Since we have a G(w)-decomposition of K,(Lq_l), for any ¢ € [¢ — 1], the pairs

(z,y) € ([g]) in the edges ((z,y),7) with color i are distinct; that is, the pairs in
{(z,y) : uy =i,y € supp(u) \ {z}, for any u € C} are all distinct by the definition of
G(w), and then (C1) of Lemma 3.1 is satisfied. Since the decomposition is superpure,
any distinct F, F' isomorphic to G(w) in the decomposition share at most two vertices,
that is, |V(F) N V(F’)] < 2. Let u,v € C be the codewords obtained from F and F’;
then we have |supp(u) Nsupp(v)| < 2, and (C2) is also met. Furthermore, since each
G(w) uses w1 (w—1) edges of color 1, and the total number of edges of color 1 in Kb
is n(n—1), we obtain that C is a CCC(n, 2w —2,w), code of size n(n — 1)/(w;(w—1))
by Lemma 3.1. The code C meets the upper bound in (1) and is therefore optimal.

'While we only use the G(w)’s in the construction of the codewords, the G;’s are needed to

)

ensure that every edge of K,(Lq_1 appears in the G(w)-decomposition.
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Ezample 3.3. Letw = [2,1]. Consider the following superpure G(w)-decomposition
of K

QNT/ 4 3h\<—;/ ) 1h<\—/;/ 3

le——=2 4<=—=5
Y, ./
 5; A
1.2 2.1 31 4> 2 53
1>3 24 3>5H 4.5 o= 4

The corresponding code is then given by {(0,1,2,1,0), (0,2,1,0,1), (1,0,1,2,0),
(1,1,0,0,2), (2,0,0,1,1)}, which is indeed an optimal CCC(5,4,[2,1])s.

Computation of a(G(w)) and B(G(w)). First, consider the digraph G(w).
Observe that for i, j € [g—1], k € [w;] we have in; (2, G(W)) = w;—1, out; (v, G(W)) =
w — 1, inj(z, G(W)) = wj, and outj(z,,, G(w)) = 0 for j # i. Consider G; for
s+ 1<i<qg—1. Then in;(z;, G;) = out;(y;,G;) = 1 and all other indegrees and
outdegrees are zero.

Let a = ged(wy,w). Pick t = |w/wq] so that 0 < w — tw; < wy. Observe also
that ¢ > s. Consider the vector

t
-t
v="" ), G@)) + % 3 r(@n, Gw)).

a
i=1

For j € [¢ — 1], let inj(v) and out;(v) denote the coordinates in v corresponding to
the summation of the indegrees or outdegrees with respect to color j. Then we have

Ww;j —wy wy(w—1)

1 = for j € [s],
(o) = < ) forst 1<,
J wwt+1;w+tw1 < wwat-H for ] =t+ 17
% otherwise,
% for j € [t],
out;(v) = § Lemtwdle=l) ool for j— ¢4,
0 otherwise.

Observe that the first 2s coordinates of v are wi(w — 1)/a and all other coordinates
have values at most wi(w — 1)/a. Adding to v a suitable nonnegative integral com-
bination of 7(y;, G;)’s and 7(z;, G;)’s, we get wy(w — 1)/a - (1,1,...,1). Hence, we
conclude that «(G(w)) divides wq(w — 1)/a.

Next, consider the edge vector p(G) with G € G(w). For G(w), m;(G(w)) =
wi(w — 1) for i € [¢ — 1], while for G; with s +1 < i < ¢—1, my(G;) = 1 and
m;(G;) = 0 for j # i. Consider the vector

q—1

o' = p(G) + Y (wi(w = 1) = mi(G(@)))u(Gy).

1=s+1
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Since each coordinate of v’ is wi(w — 1), we have that 8(G(w)) divides wy(w — 1).
It is obvious that mv’ is the all one vector of positive rational combination of
{u(G) : G € G(w)}. Hence, we have that G(w) is admissible.

Finally, applying Corollary 2.4, we obtain our first asymptotic result.

PROPOSITION 3.4. Fiz W and let w = Zq 1 w;. There exists an integer ng such
that

n(n —1)

A 2w —-2,W) = ——
(I(n7 w aw) wl(w . 1)

for all n > ng satisfying n(n —1) =0 (mod wy(w —1)) andn—1=0 (mod w;(w —

1)/a), where a = ged(wy, w).

3.2. When distance d = 2w — 3. We have the following analogous character-
ization of codes of constant-weight w with distance 2w — 3.

LEMMA 3.5. The following are sufficient for a code C of weight w to have distance
2w — 3:
(C3) Fori,j € [q — 1], the ordered pairs in the set {(x,y) : uy = i,uy = j,x #
y, for any u € C} are distinct; and
(C4) for any u,v € C, |supp(u) Nsupp(v)| < 2.

Proof. Suppose conditions (C3) and (C4) hold for a code C of weight w. Assume
there exist distinct u,v € C such that d(u,v) < 2w —4; then we have either [supp(u) N
supp(v)| = 2, uz = v, # 0 and u, = v, # 0 for some x # y, or [supp(u) Nsupp(v)| > 3,
which contradict either condition (C1) or (C2). Therefore, the distance of the code C
is at least 2w — 3. d

Definition of the family G*(w). For any fixed w, we define an edge-colored
digraph G*(w) = (V*(w), C*(w), E*(w)), where

V(@) 2 {x; i€ [g—1],j € [wil};
C*(w) £ [qg —1] x [q — 1J;

(8) E*(w) £ {((xij’xij')’ (sz)) S [q - 1]’ (.77.]/) € ([ZZ]>}

U {((:cij,xi/jf), Gy ie (15 0) el [wf]}.

For 4,5 € [¢ — 1], let G7; be a digraph with vertices y;;, 2;; and one directed edge
with color (4, ) from y;; to z;;. To define G*(w), we have the following two cases
depending on whether w; = ws:

(i) When wy > wa, let r be the largest integer such that wy = =w, = w; — 1.
Especially, if w; > ws + 1, we let » = 1. Then set G*(w) = {G*( )y u{Gy; -
@0 €lp—1xla =1\ {(D.(1.2),(19). ..., 0.7). 21). (1) ()]

(ii) When wy = ws, let r be the largest integer such that w; = --- = w,. Then set
G* (@) = {G* (@)} U{Gy; : (i,5) € [a— 1] x [a = 1]\ () }-
Ezample 3.6. Let W = [3,2]. The edge-colored digraph G*(w) is given below,

“ ”» “ ” “ 2

where the lines “ —— 7 “ — — > > 7 and ¢ ~~> " denote directed
edges with colors (1, 1), (1,2), (2,1), and (2,2) respectively.
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Then G3, is the digraph yos ~~> 290, and the family of digraphs is given by G*(w) =
{G*(w), G3o}-

Construction of an optimal CCC(n,2w — 3,W),. Suppose a superpure

G*(w)-decomposition of K, 7(;1_1)2 exists. For F' isomorphic to G*(@), there is a unique
partition of vertex V(F) = Ug:_ll S; so that the edges from = to y in F have color
(¢,7) if x € S; and y € S;. Construct a codeword u with support V(F') such that
u; =1 for x € S;. So, u has composition w. Let C be the code consisting of all the

codewords u constructed in this way. Now, we check that C is the desired code.

)?

Since we have a G*(w)-decomposition of KV for any 4,j € [¢ — 1], the pairs

(z,y) € (') in the edges ((z,y), (i, j)) with color (Z,]) are distinct; that is, the pairs
in {(z,y) : up =4,uy = j,x # y, for any u € C} are all distinct by the definition of
G*(w), and then (C3) of Lemma 3.5 is satisfied. Since the decomposition is superpure,
(C4) is also met as in section 3.1. Furthermore, if wy # wsq, since the number of
edges of color (1 1) in G*(w) is wy (w1 — 1), and the total number of edges of color

(1,1) in K~ D s n(n — 1), we obtain that C is a CCC(n, 2w — 3,W), code of size

n(n—1)/(wi(wy — 1)) by Lemma 3.5; if w; = w2, by counting the number of edges of
color (1,2) similarly, we obtain that C is a CCC(n,2w—3,w), code of size n(n—1) /w}.
The code C meets the upper bound in (2) and is hence optimal.

Computation of a(G(w)) and B(G(w)).

(i) When w; > wsy: Recall that r is the largest integer such that we = -+ = w, =
wy—1and g*(@) = {G*(@)}U{GZ : (7’»]) € [q_]-] X [q_l]\{(la 1)’ (17 2)a (17 3)7 AR (1a T)’
(2,1),(3,1)...,(r,1)}}.

Consider the digraph G*(w). Observe that for 7,5 € [¢ — 1] and k € [w],
we have ing ;) (g, G*(W0)) = out( s (wik, G*(W)) = w; — 1, ing 4 (v, G*(W)) =
out; ;) (i, G*(W)) = w; for j # i, and the other indegrees and outdegrees are zero.
For the digraph G7;, we have out(; ;) (vij, G7;) = in j)(2ij, G7;) = 1, and the other
indegrees and outdegrees are zero.

Consider the vector

qg—1
v=wT(x11, G*(W)) 4+ (w1 — 1) E (21, G
=2

For (i,7) € [q — 1] x [¢ — 1], let in(; jy(v) and out(; j)(v) denote the coordinates in v
corresponding to the summation of the indegrees and outdegrees with respect to color
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(,7). Then we have

wy(wy — 1) fori=7j=1,
wy(wy — 1) fori=1,7#1,
ing j)(v) = § wiw; for i # 1,5 =1,
(w1 —1)(w; —1) fori=j,i#1,
w; (w1 — 1) otherwise,
wy(wy — 1) fori=j=1,
WLW; fori=1,7 #1,
out(; j)(v) = q wi(wy — 1) fori # 1,5 =1,
(wy —1)(w; —1) fori=yj,i#1,
wj(wy — 1) otherwise.

Observe that the coordinates of v corresponding to indegrees and outdegrees with
respect to colors in {(1,1),(1,2),(1,3),...,(1,r),(2,1),(3,1)...,(r,1)} have value
wi(wy — 1). All other coordinates have values at most wi(w; — 1). Adding to v
a suitable nonnegative integral combination of 7(y;;, G7;)’s and 7(zi;, G};)’s, we ob-
tain wy(w; — 1) - (1,1,...,1). Hence, we conclude that a(G*(w)) | (wy(wy — 1)).

Next, consider the edge vector u(G) with G € G*(w). For G*(w), we have
M) (G*(W)) = wi(w; — 1) and m(; j)(G*(W)) = w;w; for j # i. On the other hand,
for G; we have m(; ;)(G7;) = 1 and my ;1 (G7;) = 0 for (i', j') # (i, ). Consider the

vector

v =p(G" (W) + > (wi(wi = 1) = m (G (@) (G).-
(i) €la=1]x[a=1\{(1.a) (a,1):a€[r]}

Since each coordinate of v’ is wi(w; — 1), we have B(G*(W)) | (wi(wy; — 1)). It
is obvious that wl(wllfl)v’ is the all one vector of positive rational combination of

{u(G) : G € G*(w)}; then we have that G*(w) is admissible.

(ii) When w; = ws: Recall that r is the largest integer such that wy = -+ = w,
and G* (@) = {G" ()} U{Gy; « (i) € [o— 1] < [g — 1\ ()}
Here, we consider the vector v = ;1:—11 7(241, G*(w)). Then the coordinates of v

corresponding to indegrees and outdegrees with respect to colors in ([g]) have value

wy. All other coordinates have values at most w;. Adding to v a suitable nonnegative

integral combination of 7(y;;, G7;)’s and 7 (25, G;)’s, we conclude that a(G*(w)) | w.

Similar to the case where w; # ws, we have 3(G*(w)) | w? and G*(w) is admissible.
Finally, applying Corollary 2.4, we obtain the following proposition.

PROPOSITION 3.7. Fiz W and let w = 221:—11 w;. There exists an integer ng such
that

_n(n-1)
A‘I(”a 2w — 3,@) = w(l(qfll;l) Zf w1 > w2,
% otherwise
1

for all n > ng satisfying
(i) n—1=0 (mod wy(wy — 1)) if wy > wa, and
(i) n —1 =0 (mod w?) otherwise.
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4. Asymptotic exactness of Johnson-type bounds for constant-weight
codes. In this section, we construct infinite families of optimal CWC(n,d, w), for
d = 2w — 2 or d = 2w — 3 and establish the asymptotic exactness of (3) and (4).

Note that constant-composition codes are special instances of constant-weight
codes. Hence, we make slight modifications of the definitions of G(w) and G*(w) in
section 3 to form the desired families of digraphs for constant-weight codes. Specifi-
cally, consider the following set of compositions:

q—1
W = {[wl,w27...7wq1]:0<w,- <w forie [q—lLZwi :w}.
i=1

Example 4.1. Let w = 3 and ¢ = 3. Then the set W of compositions is given by
{[0,3],[1,2],[2,1],[3,0]}. Furthermore, a 3-ary word u has weight w if and only u has
composition belonging to W.

For every w € W, we define G(w) = (V(w), C(w), E(w)) as in (7) and G*(w) =
(V*(w),C*(w), E*(w)) as in (8). Observe that we do not require all values in the
compositions in W to be positive and the compositions to be monotone decreasing.

Finally, we define the following families of digraphs:

Gw)2 |J Gw) and G*(w)2 | G*(w).

wew wew

Note that unlike the digraph families G(w) and G*(w), the above digraph families
G(w) and G*(w) do not contain digraphs with single edges.

Similar to constructions in section 3, we have that a superpure G(w)-decomposition
of K%Y and a superpure G* (w)-decomposition of Kflq_l)z yield a CWC(n, 2w—2,w),
and a CWC(n,2w — 3,w),, respectively. To show this, suppose a superpure G(w)-
decomposition of K7™ ") exists. For each F isomorphic to G(w) € G(w), there is a
unique partition of the vertex set V(F) = Uf:_ll S; (here, S; = @ if w; = 0), so that
all outgoing edges from z in F' have color ¢ if and only if x € S;. Then construct one
codeword u with support V(F') such that u, = i for z € S;. Hence, u has constant-
weight w. Let C be the code consisting of all the codewords u constructed in this way.
Now, we check that C is the desired code.

Since we have a superpure G(w)-decomposition of Kr(qul), similar to section 3.1,
the conditions (C1) and (C2) of Lemma 3.1 are satisfied. Therefore, the code C has
distance 2w — 2 by Lemma 3.1. Furthermore, since the total number of directed edges
in K7V s (g — D)n(n — 1), and each digraph in G(w) uses w(w — 1) of them, we
obtain that C is a CWC(n, 2w — 2,w), of size (¢ — 1)n(n — 1)/(w(w — 1)).

The case for CWC(n, 2w — 3,w), can be proved similarly.

Unfortunately, it is not straightforward to determine a(G(w)) and S(G(w)). In-
stead, we follow the methodology of Lamken and Wilson (see [23, Theorem 8.1]) to
complete the proof of Proposition 4.3. Specifically, by Theorem 2.3, to make sure the
superpure G(w)-decomposition of K@Y exists, it is sufficient to show that provided
(g—Dn(n—1)=0 (mod w(w —1)),n—1=0 (mod w — 1), we have the following:

(i) n(n—=1)-(1,1,...,1) of length ¢ — 1 is an integral linear combination of vectors
in {u(G) : G € G(w)}, that is, n(n — 1) =0 (mod B(G(w)));
(ii) (n—1)-(1,1,...,1) of length 2(¢—1) is an integral linear combination of vectors
in {7(u,G) :u € G,G € G(w)}, that is, n — 1 =0 (mod a(G(w))); and
(iii) G(w) is admissible.
To establish (i) and (ii), we apply the following lemma.
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LEMMA 4.2 (Schrijver [25]). Let M be a rational m by n matriz, and let ¢ be a
rational vector of length m. Then Mx = ¢ has an integral solution if and only if for
all rational vectors y of length m, yTc is integral whenever yT M is integral.

For convenience, we write a = b if a — b is an integer.

Proof of (i). To establish the implication by Lemma 4.2, it suffices to show the
following: whenever we are given ¢ — 1 rationals X; with ¢ € [¢ — 1] such that

ZXZ-mi(G) =0 forall G €G(w),

then

n(n—l)ZXZ- =0.

For ¢ € [¢ — 1], consider the digraph G(w) with w; = w and w; = 0 for j # .
Hence, we have

(9) w(w—1)X; =0.

For (i,7) € ([qgl]), consider the digraph G(w) with w; =w —1, w; =1, and wy =0
for k ¢ {i,7}. Hence, we have

(10) (w—1)2X; + (w—1)X; = 0.

Subtracting (10) from (9), we have (w — 1)X; = (w — 1)X; for all 4,5. Since w —1
divides n — 1, we have
(n—1X; =(n-1)Xj.

Finally, we have

n(n —1) ZX =(g—nn—-1)X,=0

since w(w — 1) divides (¢ — 1)n(n — 1) and (9) holds. ad

Proof of (ii). To establish the implication by Lemma 4.2, it suffices to show the
following: whenever we are given 2(q — 1) rationals X;,Y; with ¢ € [¢ — 1] such that

> Xiini(u, G) + Yiout;(u,G) =0 for all G € G(w) and u € G,

(11) (n—1)> (X;+Y;) =0,

?

For ¢ € [¢ — 1], consider the digraph G(w) with w; = w and w; = 0 for j # ¢,
and consider any vertex in G(w). Hence, we have (w — 1)X; 4+ (w — 1)Y; = 0. Since
(w—1) divides (n — 1),

m—1)X;+(n—-1)Y;=0.

Therefore, (11) is immediate. |

Proof of (iii). Summing up u(G) for G € G(w), we obtain a constant vector of
length ¢ — 1 by symmetry. Therefore, admissibility of G(w) is immediate. d
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PROPOSITION 4.3. Fiz w. There exists an integer ng such that

(¢—Dn(n-1)

Ay(n, 2w —2,w) = ww—1)

for alln > ng satisfying (g—1)n(n—1) =0 (mod w(w—1)) andn—1=0 (mod w—1).

On the other hand, G*(w) corresponds to the family of digraphs constructed in
the proof of [23, Theorem 8.1]. Therefore, we have the following proposition.

PROPOSITION 4.4. Fiz w. There exists an integer ng such that

(¢—1)°n(n —1)

Ay(n, 2w — 3,w) = ww—1)

for all n > ng satisfying (¢ —1)*>n(n—1) =0 (mod w(w — 1)) and (¢—1)(n—1) =0
(mod w —1).

5. Asymptotic exactness of Johnson-type bounds for codes with con-
stant composition using group divisible codes. Chee, Ge, and Ling [6] first
introduced the notion of group divisible codes (GDCs), and later many authors
[17, 35, 37, 36] made use of GDCs to construct many families of optimal CWCs
and CCCs. In this section, we construct families of GDCs using the decompositions
of edge-colored digraphs and hence obtain families of optimal CCC(n, 2w — 2, w) that
are different from those in section 3.

Given a vector u = (ug)zex € Z()f and Y C X, the restriction of u to Y, denoted
by uly, is the vector v € Z} such that v = (uy)zey. Let [X|=m, P ={Py,...,P,}
be a partition of X and C C Zg(. A g-ary GDC of distance d is a triple (X, P,C),
where C is a g-ary code of distance d, and H ulp, H <lforalueCand1l<i<n.
Elements of the partition P are called groups, and the type of GDC (X, P,C) is the
multiset {|P| : P € P}. We are interested in the special case where |P1| = |Ps| =
-+« =|P,| = g, and we say that the GDC is of type g".

If a GDC (X, P,C) with distance d and length m is of constant-composition w,
we denote C by GDC(m,d,w). Here, we construct a family of GDC(gn, 2w — 2,W)
of type g™ which yields another class of optimal CCC(gn,2w — 2,w). To do so, we
define the following family of edge-colored digraphs.

Definition of the family G(w,g). For a fixed composition @ and group size
g, let I(w, g) denote the following set of ((¢ — 1)g)-tuple of nonnegative integers:

g
F(W, g) £ {t = (tik’)ie[q—l],ke[g] : Ztik =w; for all ¢ € [q - 1]} .
k=1

For each t € I'(w, g), define an edge-colored digraph G(t) = (V (t), C(t), E(t)), where

qg—1 g
V(t) & U Ti., where Ty, = {,TEZ) ‘T e [tik]} ,
i=1 k=1
C(t) = [q— 1] x [g] x [g],
E(t) £ {((z,2"), (i, k,0)) : @ € Tig,2’ € Tjp and 2’ # x}.

In other words, G(t) is a digraph defined on w vertices. Its vertex set V(t) is par-
titioned into (¢ — 1)g classes, where the size of the class T is determined by t;,

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 05/20/19 to 218.22.21.24. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

222 Y. CHEE, F. GAO, H. KIAH, A. LING, H. ZHANG, AND X. ZHANG

1 € [g—1], and k € [g]. Suppose that = belongs to Tj, C V(t). Observe that the edges
leaving x necessarily have color (i, k,*). Since every vertex is connected to each of
the other w — 1 vertices and there are Zi:l t1 = wj vertices in Ui:l Tk, there are
exactly wy(w — 1) edges of color (1, *, *).

In addition to the graphs G(t), we consider the following graphs. Let s be the
largest integer such that w; = wy = -+ = w,. Foreach s+1 <7 <g—1and k,/ € [g],
let G;r¢ be an edge-colored digraph with two vertices y;re, zix¢ and one directed edge
with color (i, k,£) from y;pe to zike.

Finally, we define the family of graphs of interest. Set

Gw,g) 2{G(t):teT(W,9)} U{Gipe :s+1<i<q—1,kle]g]}.

Construction of a GDC(gn, 2w—2,w) of type g™. Suppose that a superpure
Klla=Dg%) o]

G(w, g)-decomposition of exists. Then we construct a code C C ZE,"]X
Specifically, for each F isomorphic to one digraph in {G(t) : t € I'(w, g)}, there is a
unique partition of vertex V(F) = Uf:_ll U7_, Tix so that the outgoing edges from
have color (i, k,x) if and only if # € T;;. Then we construct the codeword u with
support V(F') by assigning u, x) = i for z € Tjy. Let C be the code consisting of all
the codewords u constructed in this way.

Similarly to section 3.1, by checking the conditions (C1) and (C2) in Lemma 3.1,
we can see that the code C has distance 2w — 2. Furthermore, if we set X = [n] x [g]
and P = {{z} x [g] : © € [n]}, we verify that (X,P,C) is a GDC(gn,2w — 2,w) of
type ¢g". Observe that there are g?n(n — 1) edges with color (1,*,x) in Kfl(q_l)gz),
and each digraph in {G(t) : t € I'(w, g)} uses wy(w — 1) of them. Therefore, the size
of C is given by g*n(n — 1)/(wi(w — 1)).

To demonstrate the existence of such decompositions, we use a method similar to
that in section 4. As the proof is tedious and analogous, we defer it to the appendix.

PROPOSITION 5.1. Let g > 2 and wy > 2. For each @ = [w1,wa, ..., wq_1], there
exists ng such that a W-GDC(2w — 2) of type g" and size g*n(n —1)/(wi(w — 1))
exists for all n > ng satisfying

gn(n—1)=0 (mod wy(w — 1)),
gln—1)=0 (mod w—1).

Taking g = w — 1 in Proposition 5.1, we obtain a CCC((w — 1)n, 2w — 2,w) of

size (w —1)n(n —1)/w;. These codes are optimal since (1) provides the upper bound

{(w—l)n L(w—l)n—lJJ _(w-1’n(n-1) _ (w-1n(n-1)

w1y w—1

wy(w —1) wy

Hence, we obtain the following corollary.

COROLLARY 5.2. For each W = [wy,wa,...,wq_1] with wy > 2, there exists an
integer ng such that
—1 —1
Ay((w — 1)n, 2w — 2,@) = (w-1n(n-1)
w1

for all n > ng satisfying n(n —1) =0 (mod wy).

Finally, we remark that the family of optimal codes in Corollary 5.2 is different
from that in Proposition 3.4. Specifically, the length of codes in Corollary 5.2 is a
multiple of w — 1, while the codes in Proposition 3.4 have lengths congruent to 1
modulo w — 1.
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6. Asymptotic exactness of bounds for multiply constant-weight codes.
In this section, we consider the asymptotic exactness of the bounds in Lemma 2.2 for
multiply constant-weight codes using two different methods.

6.1. When distance d = 2mw — 2. First, we construct an infinite family of
optimal MCWC(m, n, 2mw — 2, w) that meets the upper bound (5). Fix m and w.

Using digraphs from section 3.2, we define the edge-colored digraph H*(m,w)
G*(mw), where w1 = wg = -+ = Wy, = w (here, ¢ — 1 =m). For i € [m], let G}; be
a digraph with vertices y;;, 2;; and one directed edge with color (,4) from y; to 2.
Finally, define H*(m,w) = {H*(m,w)} U{G}; : i € [m]}.

4L

Construction of an optimal MCWC(m,n,2mw — 2,w). Suppose an
H*(m, w)-decomposition of K,(Lmz) exists. For F isomorphic to H*(m,w), there is
a unique partition of vertex V(F) = (J!*; S; so that the edges from z to y in F have
color (7,7) if and only if z € S; and y € S;. Then construct one codeword u such that
UG,e) = 1 for i € [m] and = € S;. Let C be the code consisting of all the codewords u
constructed in this way.

Since we have an H*(m, w)-decomposition of K7(Lm2), for any u,v € C, |supp(u) N
supp(v)| < 1, which means that the distance of the code is at least 2mw — 2. Fur-
thermore, since the number of edges in K,(lm2) of color (1,2) is n(n — 1), and each
digraph isomorphic to H*(m,w) uses w? of them, we have an MCWC(m, n, 2mw —
2,w) of size n(n — 1)/w? that meets the upper bound given in Lemma 2.2. As
H*(m,w) = G*(mw), computations similar to those in section 3.2 yield a(H*(m, w)) |
w, B(H*(m,w)) | w?, and H*(m,w) is admissible. Applying Corollary 2.4, we obtain
the following.

PROPOSITION 6.1. Fiz m and w. There exists an integer ng so that

n(n—1)

M(m,n,2mw — 2,w) = 5
w

for alln > ng satisfyingn(n—1) =0 (mod w?) andn—1=0 (mod w), i.e., n—1=0
(mod w?).

6.2. When distance d = 2(mw — A). We consider the optimal multiply
constant-weight codes reaching the bound (6). First, we need the following concepts
from design theory.

For any positive integers v,k, A, a balanced incomplete block design, (v,k,\)-
BIBD, is a decomposition of AK, (that is, each edge in K, appears A times) into
K. The K}’s in the decomposition are called blocks. A (v, k, A)-BIBD is said to be
a-resolvable if the blocks can be partitioned into classes Ry, Ro, ..., R, (called parallel
classes) where r = A(v —1)/(a(k — 1)) such that each vertex of K, is contained in
precisely a blocks of each class.

Wang et al. [30] established the following relation between a-resolvable BIBDs
and multiply constant-weight codes.

PROPOSITION 6.2 (Wang et al. [30]). If there exists an a-resolvable (v, k,\)-
BIBD, then M(m,n,d,w) = v, where m = Av—1)/(a(k—1)), n = aw/k, d =
2(mw — A) =2X(v—k)/(k—1), and w = .

Using this relation, Wang et al. then determined the value of M (m,n,2(mw —
2),w) for sufficiently large m.

THEOREM 6.3 (Wang et al. [30]). Given positive integers k and w with k|w, there
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exists a constant mg = mo(k,w) such that
M(m,n,2(mw —w),w) =m(k—1)+1

with n = w(m(k — 1) + 1)/k for some m > my.

Recently, Dukes, Ling, and Malloch [15] established the following asymptotic
existence of a-resolvable BIBDs.

THEOREM 6.4. Let k,a, \ be positive integers, and let k > 2. The a-resolvable
(v, k, \)-BIBD ezists if and only if v =0 (mod k) and AM(v—1) =0 (mod a(k — 1))
for sufficiently large v.

Combining Proposition 6.2 and Theorem 6.4, we have the following result.

THEOREM 6.5. Given positive integers k, w, and A < w, there exists a constant
mo = mo(k,w, A) such that

mw(k — 1)

M(m,n,2(mw — \),w) = 3

+1

with n = w/k (1 + mw(k — 1)/\) for some m > my.

7. Conclusion. We verify that some bounds, in particular, the Johnson bounds,
are asymptotically exact for several generalizations of binary constant-weight codes.
This was achieved via an interesting application of superpure decompositions of edge-
colored digraphs. For easy reference, in Table 1 we summarize the families of digraphs
used in this paper and their corresponding codes.

TABLE 1
Families of edge-colored digraphs and their corresponding codes.

Family of digraphs | Codes Remarks
G(w) CCC(n,2w — 2,w)q Proposition 3.4
G*(w) CCC(n,2w — 3,W)q Proposition 3.7
G(w) CWC(n,2w — 2,w)q Proposition 4.3
G(w,g) GDC(gn, 2w — 2,w) of type g" | Proposition 5.1
H* (m,w) MCWC(m,n,2mw — 2,w) Proposition 6.1

Observe that in Propositions 3.4, 3.7, 4.3, 4.4, 5.1, and 6.1, the Johnson-type
bounds are shown to be exact for sufficiently large n satisfying certain congruence
conditions. We hypothesize that the Johnson-type bounds are tight up to an additive
constant for sufficiently large n. Specifically, we make the following conjecture.

Conjecture. Fix ¢, W, w, m, and let d € {2w — 2,2w — 3}. Define Uy(n,d, W),
Uqy(n,d,w), and U(m,n,d,w) to be the upper bounds given by (1)—(5). Then

Ay(n,d,w) =Uy(n,d, w) — O(1),
Ay(n,d,w) =Uy(n,d,w) — O(1),
M(m,n,2mw — 2,w) = U(m,n,2mw — 2,w) — O(1).

The case for binary constant-weight codes, that is, ¢ = 2 and d = 2w — 2, has been
verified by Chee et al. [2].

Finally, we point to recent remarkable results in design theory. Keevash [21]
established the asymptotic exactness of the Johnson bound for fixed weight w and
distance d. This implies that the Johnson bound is asymptotically exact for the
classes of codes studied in this paper. Another proof of the same result was later

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 05/20/19 to 218.22.21.24. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

DECOMPOSITIONS OF EDGE-COLORED DIGRAPHS 225

provided by Glock et al. [18, 19]. More recently, Keevash [22] extended his techniques
to demonstrate asymptotic existence of decompositions of edge-colored digraphs and
hypergraphs.

Appendix. On G(w, g) and the proof of Proposition 5.1. As with G(w)
in section 4, it is difficult to determine a(G(w,g)) and B(G(w, g)) exactly. Hence, we
adapt the methods of Lamken and Wilson (see [23, Theorem 8.1]) to complete the
proof of Proposition 5.1.

First, we make certain observations on the edge vectors and degree vectors of the
digraphs in G(w, g). Recall the definition of I'(w, g) and set t;, 2 3;11 ik

(A) For each G(t) with t € I'(w, g), the edge vector

w(G(t) = (Mg 21 € [q—1],k, £ € [g])

is of length (¢ —1)g*. In particular, m; y xy = tix(te — 1) and m k) = tinte
for ¢ # k.
For each u € V(t), the degree vector

T(’LL, G(t)> = (in(i,kl) (u7 G(t)), OUt(i,k,E) (’LL, G(t)) NS [q - 1]7 k7‘€ € [g])
is of length 2(q — 1)g*. Suppose u € Ty, for some i € [g — 1], k € [g]. Then
the entries of 7(u, G(t)) are as follows:
tip — 1 if (],E):(Z,k)7f/:k7
in(j,é,@’)(ua G(t)> = tjé if (.]7[) 7é (7’3 k)7 = ka

0 it #k
and
ty—1 if (4,0) = (i, k), ¢! =k,
out(jee(u,G(t) = qte i (7,0) = (i k), 0" £,
0 i (j,0) # (i, k).
(B) Recall that s is the largest integer such that wy = we = --- = w,. For

s+1<i<q—1, kL€ [g], recall that Gjxe is the edge-colored digraph with
two vertices ke, zike and one directed edge with color (i, k,£) from y;re to
Zike-

Therefore, the edge vector p(Gire) = (M pr oy 23" € [q — 1], K", €' € [g]) has
entry one at index (i, k, £) and zero otherwise. Similarly, the degree vectors for
the vertices yire and zjke have ing i o) (zine, Gike) = out(; i o) (Yire, Gire) = 1
and zeros at all other entries.

Proof strategy. To complete the proof of Proposition 5.1 using Theorem 2.3,
it suffices to show that provided gn(n — 1) = 0 (mod wy(w — 1)) and g(n — 1) =0
(mod w — 1), we have the following implications:

(i) The vector n(n —1)-(1,1,...,1) of length (¢ — 1)g? is an integral linear combi-
nation of the vectors in {4(G) : G € G(w, g)}.
(ii) The vector (n —1)-(1,1,...,1) of length 2(g — 1)g? is an integral linear combi-
nation of the vectors in {r(u,G) : u € G,G € G(w,g)}.
(iii) G(w, g) is admissible.

Proof of (i). As before, we establish the first implication using Lemma 4.2. Let X
be a rational column vector of length (¢—1)g? indexed by the color set [¢—1] x [g] x [g].
Let M be a matrix (¢ —1)g2 x |G(w, g)|, where each column of M is an edge vector of
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a digraph in G (w, g). To apply Lemma 4.2, it suffices to show that whenever X* M
is integral, then

(12) XT'n(n—l)~(1,1,...71)T:n(n—l)ZXikgEO.
ikl

Recall that a = b means that a — b is an integer.

For s+1<i<q—1, k, ¢ € [g], we have that ;(G;k¢) has one at the entry indexed
by ikf and zero at all other entries. Hence, since X” M is integral, we have X, = 0,
and it remains to consider the sum n(n —1) >, ; , Xk for i € [s]. Equivalently, we
consider the case where s = ¢ — 1, or w; = w; for all i € [¢ — 1].

Consider G(t) for any t € I'(w, g). From the characterization of edge vectors, we
have that

(13) XT . ,U,(G(t))T = Z ZtiktZXikf -+ Ztik(tk - ]-)szk =0.

i | ke k

In what follows, we select t from I'(w, g) and establish certain integral equations that
are implied from (13). Then using these integral equations, we establish the integral
equation (12).

Fix k € [g]. We take the sequence t with t;; = w; for all i € [¢ — 1], and all other
entries of t are zero. Then we have

(14) D fwi(w — 1) Xip] = 0.

)

Next, fix three indices i € [¢ — 1] and k,¢ € [g], k # ¢, and take the sequence t
with t;, = w; — 1, tye = 1, t; = w; for any j € [¢ — 1] \ {3}, and all other entries of t
are zero. Then

15 > {ijjké + wj(w — 2) Xjkk
i#i
+ (w; — D Xipe + (w — V)Xo + (w; — 1) (w — 2) X5, = 0.
Finally, we fix three indices i € [¢ — 1] and k,£ € [g], k # ¢, and take the sequence t
with ¢;, = w; — 2 and t;; = 2. Again, we set tj;, = w; for any j € [¢ — 1]\ {3}, and all
other entries of t are zero. Then

(16) > {ijXjké + wj(w — 3) Xk
J#i
+ 2(w; — 2) Xike + 2(w — 2) Xiop + (w; — 2)(w — 3) Xigr + 2X,00 = 0.
Taking 2 x (15) — (14) — (16), we have that
2(Xikg + Xi(k) = 2(XM@ + Xikk) for any i € [q — 1], k,f € [g], k 75 /.

Taking the summation over ¢, k, ¢ and multiplying both sides with n(n — 1)/2 € Z,

we have
n(n—1) Z Xike = gn(n —1) ZXWC.
ikl ik
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Suppose that gn(n—1) =0 (mod w;(w —1)). We have gn(n —1) = wy(w —1)n*
for some n* € Z. Therefore by (14),

n(n—1) Z Xie=n" Z Zwl(w — 1) Xk =0.

ikl k

Proof of (ii). As before, we establish the first implication using Lemma 4.2. Let
X = (Xike, Yire 2 i € [g—1], k, £ € [g]) be a rational column vector of length 2(g—1)g?.
Let M be a matrix where each column of M is a degree vector of some vertex of a
digraph in Q(E, g). To apply Lemma 4.2, it suffices to show that whenever X7 M is
integral, then

(17) X" =1 (L1,...,1)" = (n-1)) (X + Yier) = 0.
ikl
Similarly to the proof of (i), we assume that w; = wy = -+ = w,_1. Consider

the digraph G(t) for some t € I'(w, g), and consider the degree vector for some vertex
u € Ty, for some ¢ € [¢ — 1] and k € [g]. From our characterization of degree vectors,
we have that

(18) XT7(u, G))" = (tir — 1) Xikr+ (tx — 1) Yigr + Z tjerék+Z teYire = 0.
(3,0)#(i,k) £k

Again, we select t from I'(w, g) and establish certain integral equations using (18).
Then using these integral equations, we establish the integral equation (17).

First, we take the sequence t to be tj; = w; for any j € [¢ — 1], and ¢;; = 0 for
all £ # k. Then we have

(19) ijXjkk — Xk + (w— 1) = 0.
J

Now fix another index £, £ # k, and take the sequence t with t;; = w; — 1, t;p = 1,
and t;, = w; for any j € [¢ — 1], j # 4, and the other entries are all zero. Then we
have

(20) ijXjkk = 22Xk + Xierw + (w — 2)Yigr + Yire = 0.
J

Taking (19)—(20), we have that
Xior + Yire = Xigr + Yipn, forany i€ [qg—1], kL€ [g], k# L.

Summing on both sides over ¢, k, ¢, we have

Z(ka + Yike) = QZ(Xikk + Yikk)-
ik, L ik
Summing over i for (19),
> (Kiwk 4+ Yarr) = (¢ = 1) Y w0 Xnr +w Y Yiee = w Y (Xikk + Yik)-
i ] i i

Hence,
(w — 1) Z(Xikk + Y;kk) =0.

%
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Suppose g(n — 1) =0 (mod w — 1) and g(n — 1) = n*(w — 1) for some n* € Z;
then we have

(n—1) Z(Xikz +Yire) = (n = 1) Z(Xike + Yiek)

ik, ¢ ikl
=(n-1)yg Z(Xikk + Yikk)
ik
=n* Z(w — 1) Z(szk + Y;kk) =0.
k i
Proof of (ili). Again, we assume w; = wg = --- = Wy_1. Let my denote the

sum of p(G(t)) for all t € T'(w, g). Observe that from the symmetry of G(t), we can
assume the entries of vector my at indices (i, k, k) are A for i € [¢ — 1],k € [g], and
the entries at indices (i, k, £) are B for i € [¢ — 1], k, £ € [g], and k # .

Let my denote the sum of p(G(t)) for all t with ¢;, = w; for all i € [¢ — 1], and
some fixed k € [g], and all other entries zero. Again from symmetry, we can assume
that the entries of the vector my at indices (i,k,k) are C for i € [¢ — 1], k € [g].
Furthermore, the entries at the other indices are zero.

Let mg denote the sum of u(G(t)) for all t where t;, € {|wi/g],[w1/g]} for
i € ¢g—1] and k € [g]. Again from symmetry, we can assume that the entries of
vector mg at indices (i, k, k) are D for i € [¢ — 1],k € [¢g] and the entries at indices
(i,k,0) are E for i € [q — 1], k, ¢ € [g], and k # £. We can show that D < E.

To show that C;(@, g) is admissible, it suffices to demonstrate that we can obtain
a constant vector via a positive rational combination of edge vectors in G (w, g). We
have the following cases:

o If A= B, we simply take m;.
e If A < B, we add a nonnegative multiple of my to m;.
e if A > B, we add a nonnegative multiple of mg to m;.
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