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Problem: The number of cycles of length n over [m] s.t. i occurs k; times, i € [n].
Definition: (G, X), C¥ colorings. Let w : C — R be a weight function. Induce a weight

function of CX as follows
Ve CF, definew(f) = Mpexw(f(x)).

If f1, fo € C¥,inthe same orbit under (G, C¥), i.e.fo = fiog~!. Then w(fz) = Hpexw(fi(g~(x))) =
exw(fi(x)) = w(fi). i.e.w have the same value on each orbit.

Let F be the set of all orbits under (G,CX). VF € F, define w(F) = w(f), f € F.

Theorem 1: (G,C¥), w: CX — R as defined above. Then

> w(F)=Pe(d w(e), Y wl(e) -, wle)).

FeF ceC ceC ceC

Corollary 1: (G,C¥),|z| =n,C ={c1,¢2, -+ ,cm}, k1 + ko + -+ + ky = n, k; > 0. Denote
N (ky, - - - k) be the number of colorings of C¥ s.t. there are k; elements of X have color ¢;,i € [m].
then

PG(Z?Ji,Z?J?7"'aZ?J?): Z Ny, k)yi" -yl
i=1 =1 i=1

Proof Let w(c;) = yi,i € [m], then

m m m

> w(F) = Po(Y v d ol 3 i)

FeF i=1 i=1



f colors k; elements of X with ¢; & w(f) = yf'---ykm If f € F, then w(F) = w(f) =
Yo ykm Qo N(ky,- -+, km) is the number of orbits F s.t. w(F) =yt - ybm ie.N(ky, -  kp) =
[y (Pa (i v o U+ s 2o Y1) O

Proof of Theorem 1:Vg € G, let k = k(g) be the number of cycles of g and Ay, ---, Ay be
the set of elements of each cycle. For f € Fixz(g), suppose f(x) = ¢;, if v € A;,i € [k]. Then
w(f) =T (w(e) ™). So

Yoowlh= ) (I w(e)™h) =T, (Y w(e)™).

feFix(g) (c1,,cx)ECH ceC

Denote type(g) = (Ai(g),  An(g)), then

S0 wlf) = T (3 wle)

feFiz(g) ceC

By weighted Burnside Lemma,

S w(F) = ﬁz S w(f)

Fer 9€G feFix(g)
= S (e P )
|G| geG ceC
— PG(Z w(c), Zw(c)Q, R ZW(C)n)-
ceC ceC ceC

O
Problem: The number of different cycles of length n over [m] under rotation s.t. ¢ occurs k;
times, ¢ € [m].
Sol: P, (xy,-++ ,x,) == > djn ¢(d)(z4) . Then

Pr (Y > yi Y ) = %Zg@(d)(z yd)i.
=1 =1 i=1 i=1

dln

consider the coefficient T'(ky, - - - , k) of i - yfm So

; 1 ey 1 (2)!

T(k1, - km) = [y "'?JS{"](E S e @> yhi) = - > <P(d)m

d|(k1, km) i=1 d|(k1, km) d’/° d /"
U
Definition: (G, X),(H,Y), where X NY = (. Let G x H ={(g,h) : g € G,h € H}, define

(9,h) : XUY — X UY by
ga),if a € X
(g, h)(a) = .

h(a),if a €Y.

Then G x H is permutation group of X UY.



Lemma 1:(G x H, X UY),|X|=n,|Y| =m. Then

PGXH(Ila'" 7$n+m) = PG(xla"' axn)PH(xla"' axm)~

Distribution Problem:n balls with  colors. where there are n; balls with color 4, 2;1 n; =
n, Put them into m boxes: By, - -, By, s.t. there are k; balls in B;, > " ki =n

e If n, = 1,7 € [r] and r = n,then it is an ordered partition problem, s.t. the ith part is of size

ki,i c [m], SO #Ikm,

e In general, it is a coloring problem as follows. X, --- | X, where | X;| = n; with permutation
group G, since each ball in X; are considered to be the same, G; = S,,,. So we have a group
cartition S, X ---x S, over X;U--- X,. By lemma 1, it has cycle index IT[_, Py, (z1,- - - , Zn,).

So the number of distributions=II}_, P, (m,--- ,m).

e If r = 1, all balls have same color, n; = n. then total the number of distributions is the

-1 -1

number of sols to k4 + -+ + k,, = n,k; > 0O.i.e. (n—l—m ) = (n—l—m ) Since cy-

m—1 n
i ; n+m—1

cle index is Py (x1,-+- ,2,), so P (m, -+, m) = .so III_ P, (m,---,m) =
n 1

H::1<ni—|—m— 1)

n;
Eg.

e The number of n different balls into m membered boxes.
I, Py, (m) = IEZym = m".

The number of ways if required k; balls in the ith box= [y}* - y*m (I, P, 020, vi)) =
oy S )" = e

e The number of putting a, a, b, b into boxes A, B.r =2,n1 = ny = 2.

2+2—1>2_

I7_, P, (2,2) = < 5 =9.

e The number of putting a, a, b, b, ¢, c into boxes A, B,C. s.t. 3 balls in A, 2 balls in B, 1 ball
in C. .
Py, (21, 29) = 5@% + 22).
1
Poo(y1+ o+ 01 + 5 +3) = 51+ 2+ 5)" + 07 + 45 + 03]
W3 y3sl [Pe (1 + y2 + ys, u7 + 45 +3)]° = 15.

Problem: colorings of graphs.
Key point: find Aut(G).



