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Generating function(GF)

Definition: The ordinary GF of an infinity sequence agpa; ---is a power seriesf(z) =

> apx™.

n>0

(1) When > a,z™ converges(i.e.3 a radius R > 0 of convergence). View GF as a function of
n>0
x, and we can do operations of calculus on it including differentiation and integration. For

example: a, = ! T;(!O).

(2) Not sure about the convergence, view GF as a formal object with 4+ and -. Let a(x) = > a,a™

n>0
and b(z) = > bya".

n>0

a(x) + b(x) = Z(an + b,)z",

n>0

a(x)b(x) = Z Cnx”,

n>0

where ¢, = > a;b,_;.
n>0

A key GF: the GF of {1, 1, 1,---}is > 2" = -, |z| < 1.
n=0

Consequences:

l—ax"

o0
— GF of {a° a', a®,---}is ) a"a" = 2
n=0

CGFof {1, =1, 1, —1---}is 3 (=1)mam = L

14+ax°
n>0



—GFof{1,0,1,0,1,0---}is Y 22" = -

= 1—a2°

— Differentiate both sides of nio " = ﬁ We get ni na" 1l = (l_;x)Q = i(n + 1)2", GF
of {1, 2, 3,--- }.

— Take the k-th derivative of iox" = 1=, we get ikn(n —1)--(n—k+ DanF =
k!(l—a})kﬂ- i.e.(l_;)kH = nio '(nl+k)éi(n/+l)xnl = 20 <n Z k) "

x 1
Replace k + 1 by k, m = > (n Z g . >x", which is the GF of {a,}22,, where a,
n=0 -

is the finteger solutions to 1 + 23+ -+ xr =n, x; > 0.

Problem 1: Let a¢g =1, a, = 2a,_1, n > 1. Find a,,.
Sol: Let f(z) = >_ ay,2™ be GF. Then

n>0
Zanm" = Z 2a,_1x" = 23:2 Ayt = QxZana:”.
n=1 n=1 n=1 n=0
1 - n,..n n
:>f($):1+2xf(x):>f(:v):1_2x222x = a, =2".

n=0
O
Useful Trick: In a recurrence problem, first find GF', then expand GF' to find a,.

Problem 2: Let A, = {strings of length n over {a, b, ¢} s.t. No "aa” occuring }. Find
a, = |A,|, n> 1.

Sol: Observe that a; = 3, as = 8. For n > 2,
A, = {strings with prefiz a} U {strings with prefix b} U {strings with prefiz c}
= {prefiz ab or ac} U {prefiz b or c}
= {abls, ac|s: s € A, 2} U{bls, c|s: s€ A,_1}.

So a, = 2a, 9+ 2a,_1. Set ag = 1, Then > a,z" = 2> a, 22" + 2> a, 12" Let f(x) =

n=2 n=2 n=2
00
> an”,
n>0

i a,r" = ag + ayx + 22> i anx" + 2x(i a,x" — ap).
n=0 n=0

n>0
— f(z) =143z + 222 f(2) +22(f(2) — 1) = f(z)
By Partial Fraction Decomposition
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f()_1—\/§ 1 1 +1+\/§ 1 1
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Definition: For real r and integer k£ > 0, let (Z) = T(T’—l)("—i)!“'(r—kJrl).

Newton’s Binomial Theorem: For any real r,

(1+2) = f: (Z)x’f

k=0

holds for z € (—1,1).
Problem 3: Compute

sol:

n!
(-1)"1t1-3-5---(2n —3)
2n n!
C(-)"1-2-3-4-5---(2n—2)
- on n!(n —1)! . 2n-1
(=Dt (2n—2)!
~ 221 pl(n —1)!

(=D 20 -2
-1 o\ p—1

_ (—1);1 .2 (2:_—12)'

1
Catalan Sequence: ¢g =0, ¢; =1, ¢, = > CkCpk-
k=0

0

Problem 4: Given a product ajas---a, of n letters, how many ways can we calculate the

product by multiplying two factors at a time?
Sol: Denote the solution by ¢,,. Suppose at the last step of multiplication, we have bc, where
b=ajay---ag, ¢ = api1aks2---a,, 1 <k <n— 1. Notice that there are ¢, ways to put brackets

in b, andc,_; ways to put brackets in ¢. Thus for a given 7, there are cyc,_, ways. Then

n—1
Cp = E CkCn_k, T > 2.
k=1

3



Set cg =0, ¢ =1

[o.¢] o
= E 2" = E Crln_p2" = E E CLCn_12".

=2 n

=
Let C(z) = Y 2" Then C(2)? = 3. Y crenn2™

n>0 n=0 k=0

3

Then C(z) = 5 + 3/1—4z. Since C(0) = 0, C(z) = 5 — 3/1 —4z. By Newton’s Binomial

Theorem
n>0 ( )

2
_i":u 1)mttanzn
L2 2
n>1
= 1(2n—2> N
DI
n\n—1
n>1
2n — 2 2
So cn:%(n 1),cn+1:n+_l(n)(0atalan number). ]
n— n



