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Recall Fisher’s Inequality:Let A;,--- , A,, be subsets of X such
that |A, N A;| =k for all i # j € [m], then m < n.

Def: Let % C 2%, and L C {0,1,---} be a finite set of integers.
say Z is L—intersecting if |[AN B| € L for all A # B € #. Note
that Fisher’s inequality tells that |#| < n, if |L| = 1.

Thm1:(Frankl-Wilson) If .% is an L—intersecting family of sub-

|L|
sets of an n—elements set.then [.Z| < <n> . [Ex:Show the bound
—o \i

=0
is best possible.|

Def:A function space is the set of all functions from 2 — F. A set
of functions fi, fo, -+, fin is linearly independence if I\; s.t. Ay f1 +
)\2f2 + 4 )\mfm = O, then )\z = 0,2 € [m]

Lemmal:(Independence criterion) If i € [m], Let f; : Q@ —
F,(where F is a field) be functions and v; € €. such that

(i) fi(v;) #0,Vi € [m].
(i) fi(v)) =0,V1<j<i<m.

Then fi,---, fmn are linearly independent in the function space F*.

proof: If there is a nontrivial linear relation

Mfi+Xfo+ -+ A fin =0



Suppose i is the smallest index such that \; # 0. then

0= Nip1fir1(vi) + Nigafira(vi) + -+ Aafulvi) = = Nifi(vi) #0
O

proof of Thm1: Consider {f(z1,--- ,z,) polynomials with degree
< d },then each of f is combination of xﬁl coexlnowith ¢t + - +

t, < d. Suppose .F = {A;, -+, A, },with |A1\ < < ]Am|,and
L ={l,---ls}. That is,Vi # j,3k € [s],s.t.|A; N A;| = li, Let v; be
the indicator vector of A;,7 € [m], then < v;,v; >= |A4; N A;|. For

it =1,---,m. define f; with n variables by

fiz) = H (< v, x> —=lg).
k‘:lk<|Ai‘
if j <, then f;(v;) =0 and fi(v;) # 0,7 € [m]. Then fi,---, f,, are
linearly independent over R.
fi are polynomials of degree at most s. so 7' - - a/» with 7 +--- +

s 1 —1
r, < s are basic monomials,which has in total > (Z +7? ) =
i=0 v
s+n . : F
( ) but we can do it better! define new polynomials f; form
s
fi by replacing all term ¥ by x; since v; are 0 — 1 vectors.we have
fi(vy) = fi(vj),¥i,7 so fz, -+, fm are linearly independent.who lie in

a space with basis | ---2/" with ry +--- + 7, < s and r; € {0,1}.
som <y (n) O
i=0 \?

Thm?2:Let p be a prime and L C Z, = {0,1,--- ,p — 1}.Assume
F ={A,--- A} C 2" such that

(a) |A;| ¢ L (mod p),Vi € [m)].
(b) |[A;NA;| € L (mod p), Vi # j.

Then |F| < Z (”)
[Hint:define fl( )= 1I(< v,z > —1) (mod p),i € [m].]

leL



Recall Ramsey numberR(s,t)

L R(L6) > (t— 1)
2. R(s,t) > Q(t3) 1972,Zsigmond Nagy
3. R(t,t) > Q(22).
4. R(t,t) > t¥nt/nint) 1977 Frankl, 1981 F&Wlison.

A graph is Ramsey graph with respect ¢, if it has no clique of size ¢
and no independent set of size t.

3
Thm3:For any prime p,there is a graph G on n = ( 2p 1) ver-
tices s.t. the size of maximum clique or maximum independent set
p—1 3
is < > (p. )
i=0 \ ?

proof:Let G = (V, E) be as follows

"o (pQ[pi] 1)

o for ABeV,A~Biff [ ANB|#p—1 (mod p).

consider the clique Ay, -+, A, € V,|4;] =p* —1=p—1 (mod p),
|AN B| # p—1 (modp) means |[A N B| € L (mod p). where
L=1{01,--p-2}CZ,

p—1 p3
By Thm2,we have m < ( , )

i=0 \ ?
Now consider an independent set By,---, B, |B; N Bj| = p—1
(mod p),
so |BiNnBjle{p—12p—1,---,p(p—1)—1} = L* C Z>p. and
p—1 3
|L*| = p—1, By Thml, we have s < <p. : O
i=0 \ ?

MR@ + ]_,t + 1) > t@(lnt/lnlnt)‘

p—1 3 3
proof:Let t = > (p,),V: < 2;0 )

i=0 \ ? p°—1



n n en
Recall (E)k < (k;) < (?)k
3 3
e~ (M) oty =y = (%) =
p p

Int~2plnp =0O(plnp),Inlnt ~ Inp.
=p= @( Int ), V ~ (pr)p/Z ~ t&(lnt/lnlnt)‘ O

Inlnt

Recall a vector space over a field(C, R, Q, F,)

Thmb5:(0Odd/Even Town)Let .# C 2" s5.t.|A| is odd for all A €
F,and |AN B| is even for A # B € %, Then |Z| < n.

proof:VA € %, let ey be the indictor vector of A,consider ey as
a vector in [F}, Then

<eg,ea>=1 VAeF
<epep>=0, YVA£BeZF

Let # = m,we will show vectors e4A € % are linearly independent
in Fy. If oy €{0,1},8.8.3 4o aeqa =0

=< 6A>ZA@9?O‘A€A >=0 =ay=0

This shows e4, A € .Z are linearly independent,so |.Z| < n. O

Colloary6:R(t + 1,t + 1) > (;)

proof:Let G = (V, E) be as follows
V= C?),ANB, i ANB| =1,

Consider a clique Ay, --- ,A,,.|4; N A;| = 1 by Fisher’s inequality,
m < t.

Condsider an independent set By, - - - By

|B;| =3 0Odd,|B;NBj|=00r2 FEuven.

By Odd/Even Thm,s <t O



2017.12.1

Graham-Pollak Thm:

Biclique:i.e. a complete bipartite graph K4 p with vertex set AU B,
and edge set A X B.

Def:Let G be a graph and G, - - - , G be subgraph of G say Gy, - - - , G,
is an edge-decomposition of G if each edge of G occurs in exactly
one subgraph of G;.

Thm1:(Graham-Pollak Thm) The edges of K, can not be de-
composed into fewer than n — 1 edge-disjoint bicliques.

[Best possible:define Ky, p, with A; = {i}, B, = {i+1,--- ,n},i =
1,---,n—1, then Ky, g,,i € [n — 1] form a decomposition].

proof:Associate each vertex ¢ of K, with an indeterminate x; and

each edges i ~ j with z;z;, Let S(x) = ). x;z;. suppose K4, p,,1 €
1<i<j<n

[] is an edge decomposition of K, Vi € [t], Let Li(z) = > @, Ri(x) =

S s then Li@) - Ru(r) = (3 0)(S a) = S ey and

JEB; JEA; JEB; {i.7}€Ka,,B,

S(@) = 3 Lila) - Ri(o)

Let T(z) — (f;lxi)Q 2w, = (ilx,-)Q _25(x) = (f;lxm -
= 1<J 1= 1=

consider ¢t 4 1 linear equations over R.L;(z) = 0,14 € [t], i x; = 0,If
t < n — 2, then it has a nonzero solution =z € R", Plﬁlthis vec-
tor into equation T'(z) = (i r;)? — ZiLi(x) - R;(x), we have
LRH =T(z) # 0. Contradictli:olnl . O

Fix a field F, Let F[zy, - - x,] ={multivariate polynomial f : F" —
A polynomial f vanisheson £ C F™if f(xy, - ,x,) = 0,V(x1, -+ ,2,) €
E.



A point (zq,- -+ ,x,) € F™* with f(xy,---2,) =0 is a root of f.
A polynomial f is a zero polynomial if all coefficients are 0.

Reacll:univeriate case f(x) # 0,deg(f) = d,then f has < d root-
s.

1. If 0 # f vanishes on a subset S,then |S| < deg(f).
2. If Af # 0 that vanishes on S then |S| > deg(f).

n+d

d
0+# f € Flxy,--- ,x,] with deg(f) < d that vanishes on E.

Lemmal:Given £ C F™ of size |E| < ,there exists a

proof: Let V; = {f € Flxy, -+ ,2,],deg(f) < d}, then dimen-
d

sion of Vj is (n; )
Let F'Z be the set of vectors of length |E|,where each component
of a vector u € F'¥ has value in F and is indexed by an element in
Ethat is u = (uy),cp, and u, € F.

Consider the evaluation map V; — F¥, f — (f(a)),cp- since dimen-

d
sion of F¥ is |E| < (n; = dim(V}).

We have the map is non-injective.i.e.3f; # fo, such that (fi(a)),cp =
(fa(a@)),ep-then f = fi — f, vanishes on F

Lemma2:V0 # f(xy,---,x,) € Fy[z1,- -+, x,] with deg(f) = d,has
at most d¢" ! roots.(d < ¢,if d > ¢ trivial.)

proof:Assume n > 2, Write f = g+ h,where g is homogenous of de-
gree d,and deg(h) < d — 1. Since f # 0,9 # 0, 3w € F\{0}, g(w) #
0.

Vu ey, Let Ly = {u+tw:t € F}, [L.] = ¢

Ifv ¢ L, then L,NL, = ¢. Hence [y 1s partitioned into q"/q=q"!
lines.It remains to show that the number of roots of f on each line
is at most d.



Vu € F},define a univariate polynomial p,(t) = f(u + tw) ,then
deg(p.) < d. since the coefficient t¢ in p,(t) is g(w) # 0, pu(t) # 0.
so py(t) has at most d roots in L,,, implying that f has at most root
in L,. since we have ¢"~! lines, f has at most dg®! roots in Fy, U

Lemma3:VS C F,|S| > d,Y0 # f € Flxy,---,x,] of degree d
can have at most d|S|"~! roots in S™.

proof: Induction on n, the number of variables in f.

n = 1 is true,let n > 2. write f according to the powers of x,.f =
fo+ fizn+ -+ fixh t < d.fy #0. and f;,4 =0,1,--- |t are poly-
nomials in Flzy, -, z, 1]

Now estimate the number of points (a,b) € S"' x S, s.t.f(a,b) = 1.

1. fi(a) = 0.deg(f;) < d—t,by assumption, f; at most (d—t)|S|" 2
roots in |S|"~! so there are at most (d—t)|S|"~! points (a,b) €
Sn=1 xS for which f(a,b) =0 and fi(a) = 0.

2. fi(a) # 0 Fix a point a € S"! satisfying fi(a) # 0.then
ga(zn) = f(a,x,) is of degree t ,So g,(z,) has at most ¢ root-
s,since there are at most |S|"~! such points a,the number of
points (a,b) € S" x S, for which f(a,b) =0 and f;(a) # 0. is
at most ¢S]

Together, there are < d|S|"~! points (a,b) € S"! x S for which
fla,b) =0 O

Combinatorial Nullstellensatz

Lemmad:let f € F[xq,---,x,] be a polynomial,and let ¢; be the
maximum degree of z; in f.Let S; C F with |S;] > t; + 1. If
f(x) =0,Vx € Sy x --- x S, then f is zero polynomial.

proof:By induction.n = 1 is true,Assume that the lemma hold-
s for n — 1,we prove it for n(n > 2). Write f as a polynomial in

tn ,
o, f = > filxy, -+, xp_1)xl. where in each f;,the maximum de-
i=0

gree of z; is t;,j € [n — 1].

For each fixed (n — 1)—tuple (z1, -+ ,2,-1) € S1 X -+ X Sp_1,Let
g(x,) = f(x1, -+ ,x4_1,x,) vanishes on S,,Hence g(z,) = 0 That is
all coefficients f;(x1,- -+ ,xn-1) of g(x,,) is zero, for all (z1, - ,z,_1) €

7



S1 x -+ x S,_1, Hence by induction hypothesis, f; = 0, V¢, which im-
plies that f = 0. U



