Combinatorics, 2017 Fall, USTC
Week 3 Note 1

2017.9.26, Tuesday

1 Generating Function(GF) and Selections

Let f](x) = ano‘f](n)xnv ]: 1727"' ak

f@) = fil@)fale) - fr(z) = ( > film) fa(ng)- -~fk<nk)> "

n=0 \ni+--+ng=n

Denote [z"]f(z) = coefficient of =™ in f(x).
Facts:
(1) Let f3(2) = Siep, @' Iy € Zoo, J € [H],
f@)=fife- fx =3 ,50bna". Then

by, = > 1,

ni+-nr=n,n;€l;
i.e. b, = {f integer solutions to x1 + 2 + -+ -+ =n,x; € I;.
(2) Let I; = Zxo, then fj(z) =1+az+a2%+ - = L.

So f(z) = ﬁ is the generating function of b,, = finon-negative integer

solutions to x1 +x2 + -+ -+ x = n.

(3) Let I; = Zwo, i.e. z; >0, then f(x) = ufil;)k (Exercise)

Problem 1: How many ways to pay 20 yuan using five 1-yuan bills, four 2-
yuan bills, three 5-yuan bills ? Let a,, be fways to pay n-yuan given unlimited
numbers of three kinds of bills, find the GF of {a,,}.

Solution. (1) fi(z) =1+z+22+22+2t+2°, fo(z) = 1+22+2* + 26 +28,
fa(x) =1+ a% + 20+ 215 f(z) = f1fafs, then [22°]f(x) is the answer.



(2) L ={0,1,2,---}, I, = {0,2,4,---}, 13:{0 5,10,15,---},

filz) = Znelj ™. Then f(x) = fifafs = 1 —q 1y2 T 1;80 is the generating
function.

O

Integer Partition: Write n as a sum of positive integers without regard to the
ordering of the numbers.

Problem 2: Let p,, be the number of partitions of n. Find the GF of {p,}.

Solution. Let n; be § of the j’s in such a partition of n, then

Zj~nj:n.

Jjz1
Let 4; = j - n;, which is the contribution of the addends j in a partition of n,
then i; € {0,5,24,37,---}. Let fj(z) =1+ a7 + 2% + 2% + ... = 1= then
the GF of {p,} is
1

P(z) = jz1 f(@) = Wjz1 77—

O

E.g. Compute py
(1+z+2%+23 )(1+x +at 4+ ) A+t a2 ) (Tt a8
=1+2+222 —|—3x + 5t
4:4,3+1,2+2,2+1+1,1+1+1+1.

2 Exponential GF(EGF) and Arrangements

E.g. T,, = { strings of length n over {a,b,c} s.t. both the numbers of a and b
are even. Find T;,.

A selection of ey a’s, ex b’s and e3 ¢’s with e; + es + e3 = n contributes
to T;,. Therefore

|
n!
Tn — E

61!62!63!

e] +ex+ez3=mn
e1,e2 € 2>, e3 € Lxg

61'62'83

What’s the GF of T, ?

Def: The EGF of the sequence {a,} is f(z) = }_,5 32"

Fact 1: f;(z) =3, ('n)x j € [k].

Ik_, fi(n;
f@)=fife=) DRtV P
nilng! -+ ny!
n>0 ny+---+np=n
nis-comp =0



i.e. f(x) is the EGF of

> IS, £ (ny)

a = .
" nilng! - ng!

ny+--+np=mn
ny,--np >0

Fact 2: f;(z) = Zielj ”;—,, I; C Z>o, j € [k]. Let

b, = Zil . — 2 — dstrings of length n over

i =modp)etg!
{a1, -+ ,ax} s.t. the number of occurrence of a; is in I;.

Then H;?:lfj is the EGF of {b,,},>0.

Problem 3: Find EGF of {T,,}.

Solution. Let

T, ,
T(a)=) —ra",
n=0
.’Ei 0 an e e
Fo= = 2 =3 o
i€2Z>0 n=0
x & "
f3(1’) = Z 1 = F = ew
i1€Z>0 n=0
Therefore,
_ _ 3T F 24 (=)™ 2 _ 3"+ 24 (1)
T(x) = fifofs = Z (4) ) = T, = -4

n>0

Note: GF can find the number of selections, while EGF can be used to find
the number of arrangements.

Problem 4: Let a, be the number of ways to send n students to 4 classes
R1, Rs, R3, Ry, s.t. each class has at least one student.

Solution. Let b, be the number of vectors of length n over [4] s.t. each i € [4]
occurs at least once. Then

n!
an = b, = E ETETETEE
111iotigliy!

i1 +ig +iz+ng=n
i1, - mg 21



Let fi(x) =>_,5, %1 = €% — 1,1 € [4]. Then the EGF of {a,} is
xn
f=hbafsfa=) (A" =4:3"+6-2" — ) + 1.

n>0

=a,=4"—4-3"+6-2" -4, n>1, and a9 = 0.

Exercise: Use EGF to find a,, = § vectors of length n over [k].



