Combinatorics, 2017 Fall, USTC
Week 3 Note 2

2017.9.29 Friday

Given {a,}, we know GF }_ a,2™ and EGF }_ 42",

Def: Dirichlet series of {a,,}22, is a(z) = =g+ 2t
n>1

Let b(z) = 3 2. c(z) = a(x)b(z) = 3 &.Thenc, = Y. abs= Y. agbx,

n>1 n>1 rs=mn d|n

where > means d runs over all positive factors of n.
d|n

Dirichlet Convolution
Def: The Dirichlet Convolution of f = {f(n)}{° and g = {g(n)}{° is a sequence

fo©g,where fog(n) = 32 f(r)g(s) = X f(3)9(d).

rs=n d|n

Facts:

(1) ® is commutative, associative and distributive with +.
(2) All real sequences form a ring under ® and +.

1, n=1

0. n>1.Checkf®I:

(3) Identity is I = {I(n)} with I(n) = |1] = {
Iof=f Vvf.
(4) If f® g =1, we say f is the D-inverse of g.
Lemma 1. f = {f(n)} is D-invertible iff f(1) # 0.

Proof: =" f is D-invertible means 39 = {g(n)} such that f ® g = I. So

1=I(1)=(fog)l)=rf1)g1) = f(1)#0.
7<” f(1) #0. We want to prove 3g = {g(n)} such that f © g =1, i.e.

S ={ ¢ 23

d|n
That is

fg1) =1

2 ape J(@gld) + fF(Q)g(n) =0, n>1



1
9(n) = ——— f(=)g(d), n>1.
sm 2 /G
d#n
O
Invertible Formula: Assume a ® b = I, then
n n
Fn) = 3 a(3)gtd) <= gln) = 3" b(%) 7(d)
dln d|n
Proof: f=a0a0g<=g=00f. O
M 6bius Function: = {u(n)}i°, where
1 n=1
w(n) =< (=1)* nisaproduct of k distinct primes .
0 others
Theorem 1. Let e = {e(n)}° = {1}5°. Then u©e =1, that is
1 n=1
Zu(d){ 0 n>1"
d|n
Proof: n =1, true.
n > 1, write n = p’fl ---pkr where py,...,p, are distinct primes, k; > 0. If
d|nbut dt ] ps, then u(d) =0. So
i=1
T r ;
Sud= X ud= Y -0 =3 (7)1 =0
dn al Hop I¢in i=0
i=1
O

M obius Inverse Formula :
For any two sequences {f(n)} and {g(n)}, we have

fn) =Y gd) <= gln) = Y u(5)f(@)

d|n d|n

Recall: Euler function ¢(n) = f{m € [n] : ged(m,n) = 1}.
Write n = pj* - pkr, then p(n) = n- [T(1 - 2).
i=1 ‘



Theorem 2. Let N ={N(n)} ={1,2,3,---}. Then

(1) ¢ =NOp, ie p(n) = dilf an(d).

(2) N=pQe, ie. nz%g@(d),

Proof: (1) n=pi" .- pkr then

1 s 1 1
—¢(n) = H(l - =)= (-l ;
n i1 Di s il;[IPz'

(2) By Mobius Inverse Formula.
O

Def(Itemwise Product): The itemwise product of a = {a,} and b = {b, } is
a sequence ab, where (ab)(n) = a(n)b(n).
E.g. NI =1, Ne = N.

Lemma 2. (1) V two sequences f,g, (Nf)® (Ng)=N(f©g).
(2) If fog=1, then (Nf)® (Ng) =1I.
Theorem 3. NO (Nu)=1, p@(Nu©oe)=1.

Arrangements in a cycle(without seat number)

If no repetition, it is 2 = (n — 1)L.
Question: Let Cy,(n) =t cycles of length n over [m]. Find C,(n).
Consider how many lines of length n corresponds to the same n-cycle.
Suppose we have an n-cycle of the smallest period p(here p | n):

a1Gy ... Apa1a3 ... Ap...A1042 . . . Gp.
Cut it into lines, then we have p different lines:
a1G3 ... Apa1a32 ... Ap ... 4102 ... p
(az...apar)(az...apa1)...(az...apa)
(apaq ...ap—1)(apay ...ap—1)...(apas ...ap—1)
Let L(p) be tlines of period p, M(p) be ticycles of period p. Then

L(p) = pM(p).



Theorem 4. Cpo(n) = 32 3 35 p(§)m?.

pln " dlp

Proof: Cp,(n) =5 M(p), m™ =5 L(p), then use Mébius Inverse Formula.

pln pln
Theorem 5. Cy,(n) = > o(4)m?.
d]

Proof: Let C = {Cn(n)}, M = {M(n)}, L = {L(n)}, f = {f(n)} = {m"}
Then C =M@e, f=Loe = L=fOu, L=NM.So NC=N(M®oe)=
(NM)® (Ne)=LON=fOpoN=Ff0 . O

Exercise: Compute C1(9) = 111111340.




